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INTRODUCTTONL

The purpose of this thesis is that of setting forth a test
for sinusoidal components of erual period in two parallel time series.
A test based upon a "generalized intensity" in the form of a determin-
ant 1s proposed and the exact distribution of the greatest of these
intensities is easily obtained from existing distribution theory.

Chapter I is a review of the least squares analysis of period-
icities in a sirgle time series. Schuster’s_l'13_72 and Walker'ts
£ 17_7 tests are discussed, and Fisher's 1929 /75 7 distribution
of the ratio of the greatest intensity to the sum of the intensities
is given in detall. Some studies of the effect of the model period
being situated between two adjacent trial periods are presented, The
power function for Walker's test is obtained, and is shown to be un-
biassed.

A biveriate test for simple sinusoids in each of two con-
current series is vresented in Chapter IT. A general theorem on
the estimation of parameters in multiwvariate regression is given,
and the estimates of the coefficients for the case of une~rual model
periods are ohtained to show their dependenpe upon certain nuisance
parameters. An éxtremely simple exact test hased on the rintensity

determinant™ follows, with a short discussion of some of its pro-

1. Sponsored by the Office of Naval Research under the contract

for research in probability and statistics at Chapel Hill. Reproduction

in whole or in vart is nermitted for any nurpose of the United States
povernment .

?. The numbers in snuare brackets refer to the bibliography list-
ed at the end.
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perties. Othef possible test statisties are mentioned, none of which
appears to give rise to such a simple distribution as the intensity
determinant.

The expectation of the intensity determinant at a specified
point is obtained under a variety of conditions and model series in
Chapter ITI. The expectations of the twelve possible combinations of
equal, uneoual, and non-existent periods in the two series with equal
or unerual trial periods and two tvpes of estimates of the parameters
based on ecual or unequal model periods, are computed at a point and

compared.



CHAPTER I

TESTS OF SIGNIFICANCE FOR PERIODICITIES

1.1. Introduction

This chapter is an expository review of tests of significance
for a simple sinusoidal component in a single series of observations
ordered in time. No attempt is made to summarize the entire field
of harmonic analysis as it was set forth mainly by Fourier in 1822.
Rather, this chapter will be restricted to the concepts arising from
Sir Arthur Schuster's /13 7 definition of a periodogram, and its

ramifications by later workers in modern statistical theory.

1.2. The Least Squares Model

We hypothesize that the observations arise from the structure
(1.2.1) ut=Ao + Dsin t(e - eo) * ey t=1, ..., N.

For estimation purposes, &, 1is a random variable satisfying the

t

usual least squares conditions

E(at) =0 1, r=s
) ; where ars = .

E(erss) =50 0, r#s

(1.2.2)

To make tests of hynotheses concerning the parameters of (1.2.1),
it is further required that €y is a normally distributed random

varigble. This condition will be denoted by

WO, 02), t =1, our, N .

(1.2.3) ey



The vhase parameter Qo entering non-linearly into the model

may be changed into a more tractable form by writing the model equa-

tions as

(1.2.4) u,=C + Dsin %@ cos t8, - Dcos t8 sin e+ e,
or as,

(1.2.5) u=C + Acos t0 + B sin t0 + s ;

6, may be determined by the relation o = tan™t (B/n). While it

is sometimes desirable to put confidence bounds on the phase, we shall
be concerned only with the problem of estimating ©. In all further
work, (1.2.5) will be taken as the univariate model for a simple

sinusocidal component.

1.3. The Least Saquares Fstimates g£ the Parameters C, A, B, and é

Unless otherwise specified, in all further work the restric-

tions will be made that N 1is odd, and @ is of the form

(1.3.1) 0 = 3§5 , k=1, ..., E%l =n ,

This restriction on © 1is made to use the exact orthogonality of

certain trigonometric functions when summed over suitable intervals.

k variety of such sums needed in this study is given in the Appendix.
For a time series of N observations, we wish to estimate

the varameters C, 4, B, and 6 so that the residual sum of squares

N
(1.3.2) 2 (u, - Acos t8 - Rsin t@ - )2
g=1 U



is a minimum. Making the matrix definitions

(1 cos®  sing | [
)
. jc
(1.3.3) x= . . . s ¥y= 1. ,b= |4 s
[ . . ° B—?
] 1 cosNe sinNe uN

the least squares estimates of (C, A, and B are given by

1 - H
b= (x'x)" x'y)
: - 1 =l N ]
(1.3.4) N o0 o Zug
t=1
N N
=410 5 0 2z u,cos te R
+=1
N N
0 0 7 2z ut sin to
' ST ]

1
where the diagonal matrix (x x) has resulted from the use of the

Appendix sums (1.2.1) - (A.2.5).

Hence, the least square estimates are simply

. N
S |
C== 21
N oo b
~ 2 N
(1.3.5) B=% 3Zu coste .
t=1
A N
B=<5 Zu, sin t6
Nt

To find the least souare estimate of ©, consider the error



sum of squares (1.3.7). Using the three estimates just obtained, this

may be written as

N Al A 2
3SE = 3 (y, = C - Acos t6 ~ Bsin te )
]
t=1
(1.3.6) N

N u, 2
ooy 2 B N2 a2
‘tflut'( R R ¥

This is clearly at a minimum when the quantity
(1.3.7) I=2°4+3

is at a maximum. I 1is called the ‘intensity" associated with a
particular value of @. Since we have restricted our attention to
8's of the form -g§5 » k=1, 2, ..., n, our estimate of the true
period is N/k, where k is the integer from the set 1, ..., n that

makes I a maximum, We have thus connected Schuster's original

periodogram concept with the least squares criterion.

l.i.  Tests of Significance of Trial Periods

Schuster 1-13_7 is apparently the first to have considered a
test for the significance of a single trial period. He proposed that
the n intensities be computed, and then be plotted on a chart
against k =1, ..., n. The period is taken to be N/ko’ where ko
is the argument corresnmonding to the greatest preriodogram ordinate.
Although not set forth in this more modern notation, Schuster went

further to propose a test of the hypothesis

(1.4.1) H: 3




against the alternstive

(1.L.2) H,t 22 g%k # 0 .

Since A and B are real numbers, this test is equivalent to test-
ing whether A and B are both 0, and hence whether a periodic com-
ponent exists in the model.

We shall obtain the distribution of the sample intensity
l? + %2 under the null hypothesis (1.4.1) in modern terminology, then
discuss in what respect this differs from Schuster's original result.
Since the €, are distributed with zero mean and variance 02, it
follows from the properties of the trigonometric sums (4.2.4)-(A.2.6)

of the fppendix that
N

(1.4.3) 4= % 3 cos te
, t=1
and
~ 2 N
B= — 2 sin te
N g=1
202
each have a normal distribution with zero mean and varisnce -5 and
N ,
from the fact that Z sin t@ cos t@ = 0, they are distributed inde-
t=1

vendently of each other. Thus,

AD D
5 = N(A" + B" )

20

(1.4.4)

has a X 2 distribution with two degrees of freedom,

1+

(1.4.5) rx)dx = % e dx, x>0 |,



N(ﬁ2+%2)
——t

20

H
The probability that x = will exceed the value x by

chance under the null hypothesis of a strictly random normal series

is piven by the cumulative distribution

t
(1.1.6) Px>x') =g 2 .
This exnression is generally referred to as Schuster's Probability"
by contemporary writers on time series.
It will be interesting to compare this expression with Schuster's

actual 1898 1‘1}_7 paper. Schuster took as a measure of intensity the

souare root of our expression (1.3.7), denoting it by

(1.4.7) Ty = /.2 N b2

He then divided this by a,= %

[ =

. lut, for p = length of trial period,

r
to give his measure p = ;l. Disregarding the fact that a, is a
)

random variable, Schuster states that the probahility element ef P

is
n n'p2
(1.4.8) H(p )dp =3 e exp(- =2)dp .
) L
NN ’
From this he shows that E( p)= //i , B(p “)= T > and P(p>p )=
N

19 :
exp (~'§*E-_). “hile these are valid for ao constant, it must not

have heen apparent to Schuster that he was dealing with the ratio of

two random varlables, and not a single one.



Sir Gilbert Walker /[~ 17__7 noted in 191} that Schuster's test
failed to allow for the selection of the greatest intensity from a
set of n, and gave the probahility that the greatest intensity x
should exceed x' as

!

X
. - -
(1.4.9) P(x>x)=—.1-11—e?_7n s
~2.a2
where X = N(A +g-l provided all the n statistics x are inde-

vendent, The independence condition is satisfied if all these n
trial periods are submultiples of the number N of observations.
Tables of this probability are available in David, /3 7. We shall

discuss the power function of Walker's test in Section 1.8.

1.5, Fisher's Distribution of the Ratio of the Greatest of a Set of

Mean Squares to their Sum

It remained for Sir Ronald Fisher to obtain the distribution for
the general case of o? unknown. In his 1929 paper 1'5_7, Fisher

found the exact distribution of the ratio

22 a2
max(ﬁk+Bk)

i

(1.5.1)

: YR 22.22
(A1+B1+ e ¥ (An+Bn)
through the in-enious use of geometrical methods. We shall present
here a derivation in the same manner communicated te the author by

Professor Harold Hotelling, and in much greater detail than the original



1929 paper. An analytical derivation of the distribution of the r-th
greatest intensity ratio hes been eiven by Whittle /718 7, p. 99,
through the use of the Lévy inversion theorem fer the characteristic
function of the joint distribution of the intensities. Cochran [?__7
also obtained the distribution more straightforwardly by transforming
the n different g's to independent variates, then operating upon
their joint density.

The cumlative form of Fisher's distribution for the ratio g

given in (1.5.1) is

m
(1.5.1) Pp(e > g')= j§1(3‘)(->3"1<1--Jg)“‘1 ,

where m= _['g-l 7, t.e., the largest integer < g-l. This condition

is reocuired in order that the non-zero terms (1 - jg)n'l are always

posi tive,

We shall now obtain Fisher'!s distribution geometrically. The

Joint density of the n quantities

N /42 2
xi”;'?“i"%i)’ t=1,2 .., n
o7
is
n
(1.5.3) f(xl, coay xn) = 2 n exp{ - iflxi} .

It is apparent that the density is constant over hyperplanes of di-
mension (n-1), and g may vary from n'l, for all intensities equal,

to 1, for all but one ecusal to O. 8s o varies over this range,



the vortions of the hyperplane in which a oiven Xy is greatest may
overlap, so that the distribution has discontinuities for certain
definite values of g. The boundaries of these portions intersect in

the follewing sets of points:

- an — - -1 -
*17¥e™y - =X 8
={)e - - - - -l —
x2—0, X] =Xy .= xn—(n 1) =g
= =Me = - -~ ..l =
(1.5.&) x2-x3 O,xl . e . =xn-(n 2) g .

Xy=X3=X) .. X ~0;x1* 1 =g

Using this knowledge of the discontinuities at these vertices,

we may write the cumulative distribution in the form

k n-1l
(1.5.5) Pp = Za (1-xg) .
x=1

where k = Z-g'll_7, i.e., the greatest integer < g'l. Since g > 17t

~1

P(n ™) =1, fThus,

(1.5.6) 1= n;l (1 - %)yn-1
P I ‘xglﬁix "'n -

Similarly, the first (n-l) derivatives of the cumulative distribution

function must vanish at g = n~t. This requires that

n-1
(1.5.7) 0= Zax (1

,I‘*l, v ooy n-2 .
x=1 %

- _}S)n-r-l
n

2



1D

e are thus provided with a system of (n—l) equations inr the (n-l)

unknowns

(1.5.8)

Cll, ceey

&

n-1°

' 1
(1~ E)

(1- =

n-1

n-2

Ly

The matrix

of this system is

2,01 -1
(1- ) C . (1- = )
-
21- 2) (n-1)(1- 21"
n-2 (1- ~) (n-l)n 2(1_ n-l

—

n-1

J

We wish to show that the rank of this matrix is n-1, hence

equations.

(1.5.9)

We may factor n

the jth column by (n--j)l"n for all j.

After some minor changes,

"
3

L

-n+i

that there exists a unioue solution (@

n-1,071

n-1
(&

1 a 1) to the above

the matrix becomes

:’?J""

v n=-2
(n-1)

from the ith row for all i, and then multiply

This leaves
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1 1 o . 1
H%T ﬁ%? e o o (n-1)
(1.5.10) const . : : .
n-2 n-2

G Gy e e

P

But this is a Vandermonde matrix with rank n-1, since none of the
basic elements i(n-i)‘l are equal. Hence, the system has a unique
solution.

7e shall state the solubtion as

(1.5.11) o = (-1 ,

and then show by finite difference operations that this must be the
unique one. 2An attempt was made to find an inverse to (1.5.8), but
because of the asymmetry, no simply patterened inverse appears to be

readily availeble. From the equations (1.5.6) and (1.5.7) s

-1
(1.5.12) E (-)x'l(;)xr(l- %)“‘r"l =6
x=]

or? T = 0,1, ... n=2,

where 60r is the Kronecker 6. Let

(1.5.13) w, = x7(1 - %)n'r"l )

Then, the n=-th differehce, A“ux, of this (n-1)-degree polynomial

is zero. We further employ the "shift operator' E such that



(1.5.14) Ef(x) = flx+1)=(1+4)£lx) .

Thus, Anux = (-)n(l-E)nux. Fxpanding the binomial and setting x=0,

we have
(1.5.15) 0= (-)n(uo—nul (o, = e+ (<)

Since u, = 0 by (1.5.13), the last term in this expansion can be

omitted. Cancelling the (-)" as well, and rearranging terms,
u = nu,-(Du, + -(-)n~lnu
0 12772 e n-1

n-1

- -1, 7
‘xil( ) )x (;)ux

n"l _1 = _1
=x__.>§1(--1)x (;l)xr (1- 2 .

Xyn~1
For r= 0, u, = (1- H) , so that u_ =l. For r >0, u = 0. Hence
(_)x—l(z) = a, 1is the unioue solution of the system of equations.
Fisher's cumulative distribution becomes
[57
(1.5.17) Plg >g) = 2 (=) 1-3¢)1
(= g g “ ,j - -Jg ’
g=1
as was to be shown.
Fisher 1'2_7 considered the ecuivalence of this distribution
with the probability obtained by W. L. Stevens /15 7 for a certain

geometrical problem. Fisher also noted that Stevens' mors general
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result could be used to obtain the distribution of the second greatest

ratio of intensities in the set of n. Fisher has made reference %o
this é;stribution in his 1939 paper 176_7 on the distributions of
statistics arising from non-linear equat ions, and considered therein
the mean of the distribution for large n. Since these results will

not he reruired in the later chapters. we shall not consider them

here.

1.6.  An Identity Involving the Sum of the Intensities

We shall now establish in two ways a special case of Ressel's
Inequality:

n
1\2 /‘2 2 - 2
(10601) kfl(Ak"'Bk) 'ﬁ Z (ut - u) ’ N = 21’1 + l »

This enables us to find the sum of 2ll n intensities without the
laborious computation associated with each.

This identity can be shown most elegantly as follows: The
residual sum of squares for the complete Fourier sequence is iden-

tically zero, or,

N s ont A . Pnt A om, & . STy
(1.6.2) tEl(ut-c-t\l cos = = By sin S%= - ... ~Ancos—ﬁ—tn§n31n~ﬁ-)

= O .

If we expand the summation and note from the Appendix that

Yoo . _x ¥V 5, oy X
Z sin"te = 3 Z cos @ = 5 5 % 5in 10 cos t@ = 0, this becemes
t=1 t=1 t=1



V.

1L

N
2 (ut-u)Q-(3§+'§§) g =0
t=
Thus,
N —- noa
2 3(u8)° = 1 (858D
N 451 k=1

as was to be shown.
A more pedestrian derivation is given by using (A.1.}) of

the Appendix to sum

n N N
(1.6.3) E? z z b u_u_cos izzfléﬂk .
N- k=1 n=1 s=1 N

This becomes, for r # s,

N-
N N COS(_—}-)(r—s) 2_1:1- - COS (Eﬂ)gz(r_s)-lq.cos(r_s)g.g
r oy 3 ? N 2 N N ,
¥ r s s(l-cos&fl%lgﬂk)

where all trigonometric terms cancel, leaving the contribution for

N N
r#sa - 2? I 2 uw.u . Summing over k for r = s, each cosine term
N r s

in (1.6.3) is 1l, so that the sum of the n intensities for ?n+l odd is

n N N N
w222y N =Nl 2 1
2(W4B )= /T(-5=) Zui-22 Zuw 7
k=l B K ST gt T2, g T -
r s
N 2
o
=< 3 (u,-7)

88 we wished to show.
For N even, so that it is of the form N = 2(n+l), Fisher

/75 7 suggests that only the first n complete harmonics be consider-



ed, and states -in effect that the sum of these n intensities 1s

N _ 2 '-Z (-)I""l 2
(1.6.1) A O L e o
=1 N
o (m ™7
Actugl 1y, Fisher's result is Z(ut-u) - L
N

15

but the pnresence of our factor % is due to the fact that his esi-

We shdl 1l now find the sum of the n complete intensities.

Starting with (1.2.L4), this sum is, (for ¢ = 2A(E=8))

N
y NN cos G(N%2)~cos %E - 1l+cos N,
(1.6.5) —?.Z ZZuu ( ¢+ m 3 u
N rs ?(l-cos @) t=1
s

where the firgt expression is eaual to O for r-s odd, and equal to

7% Z u,vy for r-s even. (1.6.5) can thus be written as
r,s

r#s
N NN N N
(16.6) 25/ zul-3EZun +2Zua (N0 7.
N t=1 rs r#s

r#s

Sincs

the gbove 1s equal to

[

N N N
b /n 2 wl -2 VAR Zurus+( z ut(—)t+l)2- 3wl YA

t

n

2T g1

=

ris t=1 t=1

mates of 4 smd B involve //3, and not ‘§, as chosen for this study.
. \

7



Since N = 2(n+l), this becomes

N N N
L [0zl -3 2P (2 ,G>?-2t51u 7
N 2 N t+1.2
1, 3l S
(n+1)  t= 2(n+1) 2(n+1)
y t+1,2
N (,Zu(=)""T)
-t VAR (ut-uﬁz b1t = 7
(n+1) = t=1 2(n+1) -

~i

To show the similarity to the case N = 2n+l, this may be written

N N
2 t=1
A (u, —u) s

N
t=1 N2

as originally stated in (1.6.4) .

1.7. The Fxpectation of the Periodogram Ordinate in the Vicinity

of the True Period

Let the model be of the usual standard univariate form

(1.7.1) u, = + Acosth+Bsinth+e

wl th the assumptions (1.2.2) on the residuals &y satisfied. Let

us compute the expectation of the intensity 32 4 %2 for the trial

period corresponding to @ =.2ﬁ5 .

N o N
) = ( Z u, cos te)“ + = E( 2z u
:.-.-1 N =

a2

(232

16

as
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N
SISz (A,+A cos At + B sin tA + G, )cos t@ 72
I b -

(1.7.2) -

» LE /~ Zu. (A +A cos th + B sin tA + e, )sin t@ 72
§§ ~ 0 t o t -

N N
= hA ( 2 cos %\ cos tg)2 é§~( % cos th sin t9)2
N t=1 N t=1

( J5in A cos )¢ + =5~(,Z,5in A sin t8)

g N n
+ —?—( 108 A cos t@)(z Sin £ cos te)

N N
ﬁ%ﬁ( Z cos tA sin te)( 3 sin tA sin t6)
N t":l = 1
e’
N L]
e = 2n(k+ %)
For A\ = —, the model period is farthest from any of

N
the possible trial periods of the usual form-g§5. Using the trigo~
nometric sums (A,5.1) - (A.5.8) of the Aprendix, we may evaluate

the expectation (1.7.2) when the true period is half-way between two

consecutive sub-multiples of N as
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Y R N N VN s N
(1.7.3) w(h%3%)- - +F+FZ T

(1.7.8)  B(4%B%) = A5 SAE ﬁﬁl,fl 72482 _/_"%2‘%..72 7
L 52
s bta?)

It follows from these computations that the expectation of
the neriodogram ordinate when the true period is one-half a unit
between it and the next ordinate is about 0.L406 that of the popula-
tion intensity A2+Bg, or 0.406 times the expectation of the ordinate
resulting from trial and model periods being exactly equal.

In similar fashion, the expectaticn of the ordinate for

nllk+1)

55— » May be found from the tppendix sums (4. 6. 1) - (4.6.6).

A=

Omitting the details of computation, save to note that the terms in
8B are convenlently of the order N-2, and that all the coefficients
of A and B are asymptotically eoual, the expectation for this value

of I is

(1.7:5) s(s%8%) = 2 (Bp?) = 0.81( 230
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It is evident that a model period as close as one-quarter of a unit
to any trial period would, for large N, be reflected in that trial
period's intensity.

These results have been known for some time, the first one
having been discussed under slightly different circumstances by
Vhittle Zf18‘7, p. 107. They have been presented here not only to
illustrate the effect of non-integral sub-multiple periods upon the
periodogram, but also because it is felt that more explicit deriva-

tions of the summations involved would be useful.

1.8. The Power Function for Walker!s Test

The probability of not rejecting the null hypothesis of any
simple sinusoidal component when 02 is known can be found quite
simply. Consider Wglker's cumilative distribution (1.&.9)3

Xl
P(x > x') =1-/1-e 2 _7“

22,52 .
where in the usual notation, x = EKé;%E_l . For a fixed x = X
: 20

corresponding to a Type I error of prescribed size g, we wish to

know the probahility

(1.8.1) p=P/x<x |H:%p%-%x_7 |,

that is, the probability of accepting HO: A2 + B? = 0, given that

Haz A2 + B2 = X is true. If this alternative is correct, then one

of the n Xy has a non-central ¥ ? distribution with 2 degrees of



freedom and non-centrality parameter X\ = %(Az + B2), while the re-

maining (n-1) of the xy have central )(%2) distributions.

Fisher /L /, p. 670, gives the probability element for a non-

1
central X,Q, i.e., % 2 , variabe with n degrees of freedom and

non-centrality parameter A\ as

12,2
- x_é+x I
12727 00 ;02\ d. 12
t 1
(1.8.2) #(x 2A,n)dx 2 = 2 () 3 ((x ))x d);) :
3=0 P(5+1)T(J+m)r
2? *2
For n = 2, this reduces to
12
- x +)\' 17 Iy 1
s T o (KOHhdax?

Z -
2 3=0 (3143

(1.8.3) #C x 2, A, 2)ax '

The probability of accepting Ho’ given Ha true, is then

, o %o
p=1- {1 - [/ 1-e 2 Vi / ¢(‘x'2,7~,2)d'xi?2
- = b
(o]

-XO KQ - Xf12+x [

(1'8Fh) = _[-l-e -—g‘ 71'1'—1 / 3 3 ? ﬁ)dxjd‘)\.ﬁ
-/ 2 3=0 31)%,9
o

The power function becomes
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1-8 =
x 12
-‘ (1.8.5) o -2 ,./°-X2~oo
- ?‘ n-l © g (X )j XJ 2

No simpler expression apoears to be available at this time. We may
put a very loose upper bound on (1.8.5) by interchanging the integral

and summation signs, so that the power function may be written as

12
X _A Xy A |
= - 2 o J - 2 t 1
(1.8.6) 1/1-0 ° 77 5 2 A e (x%dax'®
3=0 (31)°% —
o
i X X
l.I' e} A o Xo u
A B B B "3
=1-/I1-e.“ 7 e [ i~e T+ = 3 - .
. - -2 s J
j_
o kj
This is justified by the uniform convergence of the seriss 3
=1 (30)°

That such convergence holds is obvious if we note that

© 3 A ond
z ——, 2 === , so that Welerstrass's M-test is satisfied.
A (gnT = gt Hy

x

Since each of the integrals //'
o]

(o] "'? j
e u“du is positive, it is evi-

dent that the power function is bounded above by

(1.8.7) 1- [T1-e
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For j a positive integer, the integral may be integrated by

parts repeatedly, so that

X u X

o .
-5 - s ] -y
(1.8.8) /f uje 2du = 2J+lj! /[ 1-e 2 b 1 ( 52)3"1 7.
i=o (j-i)1 2 -

“mploying this in (1.8.6), the power function becomes

X X

0 . o ,
" TPl "7 90 3J ! Xoy -1
1.8.9) 1-(1- N, T - J X
(1.8.9) e ) e Rl L1-e 2 G =) T

We shall now demonstrate that Walker's test is unbiassed, i.e.,
that the power is greater than the probability of the first kind of

error, a. We thus wish to show that

Xo
1~ (1l-e '§)n <
(1.8.10)
Fo A o Zo .
2.an-1 ~ D AW o- T 1 oyj=i
1-(1-e ) A ooty
j=0 ,23 3=0 Jj=iJ)1'2
This simplifies to
X A+X ' _—_—
=5 -3 00 j Kngl
e <@g z 3 - s
j=o i=o j129(j-i)!
or
2 oo AY %, xo
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Since X A >0, it is readily seen that the inequality holds. Hence,

Walker's test is unbiassed.



CHAPTYR 1I

A TEST FOR SIGNTFICANCE OF PERIODIC COMPONENTS

IN BIVARTIATE TIME SERTIES

2.1. Introduction

We shall now consider the case of two parallel series of ob-
servations ordered in time, and each with a single sinusoidal com-
ponent. In the case of the same model period in each series, an
exact test for the significance of a trial period is obtained. This
test is based upon the determinant of the matrix of intensities and
cross~intensities of the two series.

The motivation for such a model and test might for example
be provided from astronomy by a series of simultaneous observations

on the brightness and radial velocity of a variable star.

2.2 The Rivariate Model

The general bivariate model used for the results of this

chavter is

_ 2nk 2nk
ut—Cl + Al cos - t o+ Bl sin —N— t 4+ St .
(2.2.1)
- 2nm T g4 OTm
vt-C2 + A2 cos -~ t + B2 gin 5 t + 6t .

t runs through the integers 1, 2, ..., N, N being restricted to be
0dd to take advantare of certain properties of sums of intensities
of a complete Fourier seruence. k and m are integers from the set

1, 2, ..., n, where, as in the univariate model, n will b used
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henceforth to denote E%l. The test of significance developed in this
chapter will be based upon k = m to avoid the introduction of nuisance
parameters, although the effects of different model periods, as well
as ones not of the integral sub-multiple form will be considered in

¢ 2.3 and Chapter IIT.

The foliowing assumntions on the errors wlll be made:

E(e,) = E(Gt) =0 |,

2
(2.2.2) E(er,ss) = olsrs’ E(Sr,ss) = cgﬁrs s

Cov(sr,ﬁs) = 8., p90,

where Srs is the Kronecker &, assuming the value 1 for r ecual to

8, and the value O for r and s different. A more general sheme

of correlation will be assumed in Chapter IIT to determine its effect

upon certain expected values. We assume that p 2 < lg this is

necessary and sufficient for the covariance matrix to be positive

definite, and therefore for the consistency of the assumptions (2.2.2).
For the test of significance obtained in this chapter, it is

further necessary to assume that the (et, St) have a bivariate normal

distribution with means and covariance matrix determined by (2.?.2).

C B

2.3. Estimation of the Parameters C B

1> O20 A5 Byy By By
We shall begin this section with a theorem on multivariate

least squares. For the case of egual periods in each of the series of

(?.2.1), this theorem states that the estimates of Cl’ Al’ Bl’ and
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Cos Ap, B, are the same as those given by (1.3.5) for a single series.
First define the follewing matrices for a general multivariate

regression model:

Matrix of Predictors:

-
't -
Xqp - - ¢ xlp E}'—
(2-341) X(N X p) = - . = . . .
X, X '
"Nl . “Np Xy |
Multiple Predictand Matrix:
(V47 ¢+ - ¢+ Y4 .
11 1q MY
(2.3.2) N x q) - ’ : - : .
i 1
I * qu ’ZN ]
Regression Coefficients:
Bll - L] L] ﬁlq ¥
(2.3.3)  Bloxag) = : D = By e By
. . - .-q
Ppr + 0 r Prg
Frrors:
o — - '-‘
®11 * * - ®1q 2
(2.3.4) MNx q) = ‘ ’ = : .
H
Py 0 0 ®Ng SN
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The elements eij of A sre random variables with

E(eij)=o! (i=19 R N;'j:l’ vey Q) 3
(9!3-5)
' .
E(ar ) =7\ (g x q),‘non-singular'

For each value of 1, (1 =1, ..., N), the elements eiJ of the row

t
vector Ei have the multivariate normal distribution

Nlj-g'(q x 1), /A (axq)_/. These N distributions are independent,

so that Ele. e ) =18 op

o] where & is the Kronecker
™ &n rs"mn mn’ s K

symbol described in Section 2.2.

We shall now prove the following theorem?

Theorems

For the multiple predictand regression model

(2.3.6) Y(Nxgqg)=X(Nxp)Bpxaqg)+ANxaq),

the pq estimates bij of the elements of B are given p at a
time by the least squaves solutions for the g predictands tsaken

separately.

Proof't

From the conditions (2.3.5), the likelihood of the matrix A

mgy be written as

1 ¥
(2.3.7)  L(a) = const. exp /" - 3 ze, [N 8 7
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N g g
= const. exp /- Eytzl kzl (21 Xkﬁ;tket( _7

L ]

t

Taking logarithms and substituting for the ey from the multiple
predictand model (2.3.6), T{4) 1s a monotonic decreasing function
of the exponent:

N g ¢ p

*

(2.3.8) L (A)= 2 3z = xk([ytk- 3 Bikxti—]

=1 k=1 f=1 i=1

p
Ly AL AT

Differentiation with respect to the 5jk’ with the resulting
derlvatives set equal to O, yields
N g

.
(2.3.9) L) . 3 5 3k
Pyx t=1 f=1

(/ p ) (jal,---,p)o
% £10tq 7 % By %45)=0> (k=1,...,q).

Next interchange the summations over t and 3

2.3.10) (ilk t_fl( L A 321 Xpy XygByp) =0

If we adopt the notation of single-predictand least squares theory,
where
1
a= X (PxN)X (Nxp)

(2.3.11) N
=/ 1-,51 %y Ti 7, a #0
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g = X'(px V) y(¥ x 1)

N
=/ S x., Yy _J
ST = T
we finally obtain
q
(2.3.22) z N (g, - gp=0 .

In this set of g equations 1let Ty = qﬁ« -8 - Then,
since the covariance matrix /A is non-singular, we have a set of

homogeneous linear equations in the y[ whose only solution is given

by Y(/= 0, ({=1, ..., q), or,

(2.3 .13) /é(/ = a-l_g(/

Thus, the estimates of the elements of B are given by the g matrix
eouations, each containing p estimates, as was to be shown.

From this theorem it follows that the estimates of Cl’ Al’
Bl’ 02, A2, B2, for ecual model periods are the same as those given

by Chapter I, (1.3.5), or in the notation of the bivariate model,

A N A 1 N

C, = Zu Ch®== Z vV

1 N =1 % ’ 2 N t=1 t o
N N

D2 onk A2 Pre

(2.3.1h) A =5 Zucos =t Ay=% Z v, cosopt,

t=1 t=1
N N

2 22 2nk = 2 2nk

Bl -N.' tflut sin Tt » B2 N tflvt sin T t .



30

For the case of different model periods, the X matrix (2.3.1)
is not the same for each series, so that the theorem does not apply.
The resulting estimates are rather interesting, and will now be ob-

tained. We may write the likelihood (2.3.7) as

1 N
(2.3.15) L=const. exp /~% 2 e, 2o 7 |,
£77 2t Zt -
where
u, - Cl - Al cos )\lt - Bl sin Xlt
&, = s
vt - 02 - A2 cos th - B2 sin >\2t
2 -
0'2 -p0'10’2 ;
PO S N Y D
1 N 2 N 2 2 2
C’102(1-"’) -00 ol
| 1’2 %1

-

Taking logarithms and expanding the summation over r and s, the like-

lihood (2.3.21) is proportional to

) . 2
L= o, Z(ut ¢y "Al cos A;t-By s:m»llt)

(2.3.16)

2 2
+0] tzl(vt~CQ-A2 cos At ~ B2 sin th)

N

-2 010, 2(u ~Cq- 4, cosA, t-B, sinky (v +~Com A2cosk2t-B2sin}\2t)(.

t=1

Differentiating with respect to Cl’ Crs 4. By, A,, and B,

using the sums (4.2.1) - (A.2.6) of the Appendix, and setting the
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resulting expressions equal to 0, the estimates are:

N
A
Cl =} Zu‘b .
N =1
N
" 1
C, = 2w .
27% %
s 2 ¥ o 2 V¥
(2.3.17) b= Zupeos Mt - p= g Zvcosmt .
t=1 2 =1
" o N 9 o N
B, == Zu.,oink.t -~ —- = 2 Vv.,sin .t .
2 N g=1 t 1 p o, N t=1 t Xl
. > N O 5, N
A== Zv,cosr bt -~ p == < 32 u,cosi.t .
2 N =1 t 2 o N =1 t 2
s o N 9 o N
By Zv,sinAt ~ & == = 2 usin.t .
2 N =1 t 2 oy N =1 t 2

It is especially noteworthy that the assumption of unequal

o o
periods has introduced nuisance parameters ;)53 and o E; into
’ ' 2

the estimates. For this reason, the test proposed in this chapter
will be concerned only with equal model periods. Some proverties of

the more general model will be treated in Chapter TIT.

2.0 A Bivariate Test for a Simple Sinusoid

From the complete sample Fourier sequence of estimates given

by (2.3.18)-(2.3.20), form the 2n intensities
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A2 ~e

T ™ Ak * Bk
_ 72 a2 ?
Top = Ao + Boy

and the n "cross intensities?”

A N n ~
Lo = Mutar®PuPox .
These form a mstrix whose determinant is

12k

i

~ A ~ ~ 2

Lo ok

It has long been known 1'3,p.7;~}, from Parseval's Theorem

A

AN ~ .
that terms of the form AlkA2k+Blk'B2k measure the covariance between

the two series of the model (2.2.1). In fact, under this model, and

the usual error scheme (2.2.&),

A A A ”~ )-I- ;
(2.4.2) BCA Ay By Boy) = g Pop + (B by vBy By ) 0

where &, ,is the usual Kronecker symbol, assuming the value 1 for

k = m, that is, for trial and model periods equal and corresponding

to arguments of the form 2%51;, and 0 for other trial periods in the

‘orthogonal set. Thus, since the matrix of Sk is a covariance

mabrix associated with the contribution of the kth trial period, we

shall take the determinant S, as the bivariate analogue of the

k

univariate periodogram intensity. In accordance with the univariate

procedure, we now wish the distribution of the greatest of the n
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intensity determinants, or better, the distribution of some "student-

ized" function of them.
To obtain this distribution, consider Wilks' /718 7 distribu-
tion of the determinant & of the matrix of product-sums of bi-

variate normal variates:

Vi

n~-l n-2

n-2, 2 . ¢ ~2(Ag)
(?.4.3) Fag= A5 _° % . >0,

(n-2)t

A

where

1

222
2 0102( l-p

A=

2) ‘

Wilks' original notétion in the 1932 paper involved the sample size
N, which has been replaced here by the number of degrees of freedom,
n = N-1. Wilks! A also contains the factor Nn, since his & 1is a

determinant of mean squares, while our intensity determinant is one

of product-sums. For the intensity determinant, A thus becomes
yan Vér(Al)Var(AE)(l~;)2}_7"1. Henceforth, 2 will denote the

_ _ ‘ 2 2 2

: : - hojo5(1ep %)

population covariance determinant 5 . For n = 2 degrees
N

of fresdom, the distributior of a sample intensity determinant for no

periodic component and errcrs satisfying the conditions (2.2.2) 1s |

S1/2
1 -
, -7 3172
(2.14.5) a(s Jas = S8 s
1/
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If we let s = 221/?81/?, the distribution of s is

-5,

1,7

(2.4.6) £(s)ds = 55— © ds ,

er merely a X 202 distribution with 2 degrees of freedom. Hence

Fisher's g becomes

(2,4.7) g = —Yr—— ’

and has the cumlative distribution (1.5.2) of Chapter I. Thus,
using the iﬁtensity determinant as a test statistic, we are pro-
vided with an exact significance test for a periodic component in two

parallel time series.

n .
The sum 3 /Sk of the denominstor of g can be written as
k=1
n N N
o s onk(r-s)
(2.4.8) b3 ! b7 b3 u.vy sin - .

=l | =1 e=1

Because the positive sauare root is taken in each case, no exact ex-~
pression 1s available at this time for the Sum, nor has ay close
practical upper bound been obtained for it. Examination for small
values of N has indicated that its value may involve irregular
sums of cross products of the U,y Vg5 whose terms are multiplied
by the often irrational value of the sine factor involved. Even for

positive observations, it does not appear that relations similar to
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those for the sums of univariate intensities exist.

n
We may obtain a lower bound on the sum z iSt/? | in the
k=1

following manner. Disregard the absolute value signs, and write the

sum as

n N N
(2.4.9) E? z z Z u vy sin Qﬂ(ﬁ-s)k X

Using the fundamental sum (A.l.S) of the Appendix, with the appro-

priate values of a, b, 8, and [ inserted, this becomes

sin(Ntl)Qnﬁr—s) _ sin(Nfl)?n(r-s)

NN
(2.4.10) _’4_9 2zuv, [ 2N el
N §¥: 2(1-cos 3E£§:§2 )

sin 2n(r-s)
N

—

2n(r-s)

2(1-cos W )

With the aid of some trigonometric identities, this simplifies

further to

i ﬂ(r"s n(r-s) r-S
(2.}.11) L ; 2 wv S1in "N"l [ cos —g— - (=) 7

N rs ‘ ?(1—0032 n(§-s))

cos M=2) L ()77

N
Zuv, L n(r=s) 7 -
] sin W
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Since it is well known that

|81+32+a3+...+anj‘§]all v olayl 4 ... # jani s

we have the lewer bound

) o |V X cos E£§:El - (_)r-s n ' % ,
(2.4.22) |2 Zuyv, /[ ) AR 7 S |-
N |Ir s sin -5 k=1
rfs

Although Chapter ITII is devoted completely to the expectation
of the intensity determinant under a variety of assumptions, we shall
give some basic results here as a justification of its use as the
test statistic. Under the basic bivariate model (2.2.1), with equal
periods, the expectation for model period exactly equal to the trial

period can be found from the general expression (3.2.3) of Chapter

ITT to be
AL AN D 2 2 w20 2. 2,2 2
(2.4.13) E(AlB?~A?B1) <A1B2-A2Bl) v 5/ ql(Al+Bl)+cz(A2+B?)_7
22
L poy0 8o-o
9199 192 )
T U AptByBy) ¢ (- %) -

Under the null hypethesis of no periodic component, that is, fer

Al’ Bl’ A?. B2 all ecual to zero, the determinant’s expectation is
simply
80502 2
(2.4.1L) 5 (1- %) ,
N
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as may he checked by direct integration for the first moment of the

distribution of S, 1in (2.4.5). The variance under the null hy-

k

pothesis is best found Ly recourse to the dstribution function (2.h.5)

as well, and is

C. 0,

L_L
172

(2.1.15) 320_@_ (1- %)

From the first expectation above, one serious objection to the
use of the intensity determinant as a test statistic is immediately
evident. Unlike the univariate intensity, the part of the expectation

free of terms in N—l can vanish if

A A
(2.1,.16) 1. 2
By B,

Further, the complete absence of a periodic component in one series

could obscure the presence of a real one in the second series.

2.5. Other Possible Statistics
e deficiency mentioned in the last paragravh of the previous
Section might possibly be alleviated by considering some functions

of the roots of the determinantal enuation
-2 W
(2.5.1) IS =7 5! =© ,

3#*
where Sy 1s an indevnendent matrix of the error sums of squares and
cross products obtained after the contribution due te a given kth

sinusold has been removed. It is known that Sk and s: are inde-~
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pendently distributed. Or, the roots of the equation

(2.5.2) |8, ~6(S148, .. + 5 )1 =0

2

might be used. Actually, there is a correspondence between these
*_. X S -

two eruations, since 8 = ?(SI+S2+ eee B Sk), so that the roots

Ksk of the first may be expressed as a function of those ef the

second by means of the relation

e
ki
(?'5'3) Xik TR cewemm—— °

1--Gki

One possible statistic might be the sum of the roots of (2.5.1).
The distribution of this sum was obtained by Hotelling [9_7 as an
incomplete Beta integral, and the sum was shown to be free from the
effect of collinearity that causes the intensity determinant to be
zero when a real period may be present. However, the distribution

of max (Ay,+\,, ) has not been obtained, and since s* changes for
Kk 1k "2k k

each intensity determinant Sk’ the ﬁroblem is further complicated.
Because the determinant of a sum of matrices is not necessarily equal
to the sum of the determinants, the use of Cochran's transfermations
/727 to derive Fisher's distribution is prohibited.

The product of the roots of the equation (2.5.1) might con-
ceivably form a test criterion. Since this product is equal to the
determinant of S divided by that of s*, it is guite similar to the
mere itensity determinant, ad has been shown by Wilks /718 _7 to

have the same regretiable property of vanishing whenever all of the
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observations lie on a stralght line. Again, the same preblems men-
tioned in the vprevious paragraph would arise in attempting to find
the distribution of the maximum product of roots, although unlike

the sum, the distribution of a single product is an elementary closed
function readily transformable into the variance-ratio distribution.

The trace of the intensity matrix Sk seems te be ruled out
for general use. T%ven if both series were measured in the same units,
it seems llkely that the variances and covariance would enter as
nulsance parameters in such a way as to resist "studentisation' by
dividing by, say, the sum of the traces for the complete Fourier se-
quence.

Many other possible statistics might be investigated, notably
the greatest or least roots of the second equation, ‘S-Q(Sl+ coo
Sk) ‘ = 0. This equation has a slightly greater intuitive appeal
over (2.5.1), since 1t is so formally analogous to Fisher's g ratio.
4s for the sum of the roots, the distribution of the greatest rcot
involves incomplete integrals.

In closing this discussion of other statistics than the in-
tensity determinat, it would be interesting to note a property of that
quantity that makes the need of alternative statistics impera ive if
one wishes to extend these methods beyond the bivariate case. For the

general p~series problem, the intensity matrix becores



(2 2 1
M*BY + o . AASBIB
(Z-S-h) - . . - .
A +RB_.B A2+B
AAptPBp - o ARy

With a little insight, this may be factorized into the prod-

uct of a (p x 2) matrix and its transposet

: 1
A By
A B, | i 3
2 2! A A . - - A
(2.5.5) o v 4 :
) . ; B1 B2 e e Bp}
* L ] i
B |
wp p.i

Hence, the rank of any intensity matrix is at most 2, so that the

use of its determinant as a test statistic is meaningless.



CHAPTER IIT

CERTAIN EXPECTATTIONS OF THE INTENSITY

DETERMINANT

3.1. Introduction

It is the purpose of this chapter to obtain the expectation
of the intensity determinant under the alternative hypothesis of
Chapter TI, (2.2.1), and fer different estimates of the Ays Ayy By,

B It has been necessary to restrict nearly all of the results to

?l
the point at which the trial and model periods are eaual, and then to
reatrict the angular argument to be of the form 2nk/N, k = 1, 2,

.e.s (N-1)/2. Otherwise, the trigonometric sums would be retractable.

3.2. The Intensity Determinant under the Model of Chapter II

We assume that the parallel series may be represented by the

basic model of Chapter II, that is,

u, = A01+A1cos Xlt+81sin xlt * ey ,

(3.2.1) vy, +A, cos A, t+B,sin A b + 5t .

b2 o¥8, 2

At this point no assumptions are made on Xl‘ Xg, Eys and St, except

B., B are assumed to have been made

10 f2s Bys By

for Xl = XQ, with the veriod a sub-multiple of the number of obser-

vations in the series. Under this representation of Up, Ty, the in-

that the estimates of A

tensity determinant may be expanded as



L2

T A Y

(3.2.2) Z"ﬁiﬁg - By _7?

16 )
EE Z‘(Z(A°1+Alcoskltcoset+ﬁlsinxlt cos et + &, cos et) ) X

x(z(a cesXQt sin et +B_.sin th sin Ot + 5t sin ot)

02t P 2

- (z(A02+A?cos At cos @t + B_sin A cos Ot) ) 2

5 5 2t cgs et + &

t

X (3(A ,+A cos At sin Ot + B sin \.t sin et + e, sin 6t) )

ol 1 1 1 1 t

The summations here, and elsewhere in this chapter, are all over the
values 1, ..., N of t. For the trial argument & of the form 2nk/N,

the terms involving Aol’ A02’ vanish, and for other values of e,_they
are of or@er small enough to be neglected. If we make that elimination,
distrihute the summation operators. and carry out multiplication between

the guantities in parentheses. this may be written as

nA

(3.2.3) /a8, -1 7 =

tcoset)(Zsink tsinot)

16 Z‘{AIAQ(ZGOSGtCOS?\lt) (Zcosh,,tsinl% )+A1B2(Zcos)\

2 1 2

+BlA2(Zsinxltcosgt)(Zcosxgtsinet)+B182(zsinxltcoset)(Zsinkgtsingt)

-A?Al(Zcosetcoslzt)(Ecosxltsith)-A2Bl(ZCOSX tcoset)(Zsink, tsinot)

2 1

-B2A1(Zsink tcoset)(zAlcoskltsinOt)-B1B2(zsinx tcosOt)(ZsinﬁﬁsineQ}

2 2

+ {(AIZcosetcasxlt+BlzsinX1tcoth)Zﬁtsinst

t8in6t+B, ZsinA

0 » 2tsin0t)26tcos@t

+(A22cosl
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-(AQZC039t00312t+B?ZsinX2tcoset)ZetsinGt

—(AIZcoskltsinet+BlzsinX tsinet)25tcoseﬁ}

1

\
+ igZatcosgt)(zatsinet)—(zstcos@t)(z:stsinet)_; 7

We shall denote the three braced terms as I, II, and III.

The expectation of the intensity determinant under the assump-
tions (2.2.2) of uncorrelated residuals of zero expectation may now
be obtained. Expanding the trinomial in I, IT, III, one obtains the

individual expectations:

2
E(I2)= I,

(3.2.L) E(I.IT) = 0, since Be, = E6, = 0 3

B(IT.ITI) = 0, since all expectations are either Wyppstog OF

Hip 3
N

B(I.III) = O; since 2 sin 6t cos 6t =0 .

=1

5 aiog(l- p2)N2
EITT = s
2
> Ncg ) 2

EII° = —5~ 17'{AiZcosetcosxlt+B126inxltcosgt }

) -
+ {1, Zcosh, ts1n0t+B, Isin, tsinct | 7

no

Nbl

2
+ 5 / AEZ',c:osk?tsin t BQZsinXQtsinQ }

t+B,ZsinA

¢
+_iA22ccsatcosk2 5 o

tcoset } 2 7
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t+B, Zaink, teosOt }

1

-Npa,0, _[ {Alz‘cosetcos)\ 1

Azzcosebcosx2t+3225inlztcosgt

+ A _ZcosA,tsinet+B_ ZsinA tsinot

2 2 2 2
x A, Zcos), tsindt+B. Isink, tsin6t 7.
= . 2m i .
If we now let Xl = xz =0 = 5 for m=1, ..., n with the

2

help of Appendix Sums (4.2.1)-(A.2.6), EI and E112 become

i °

Z (4B, - 4,8,

3

and

NB"S o 2 NB"i -2 2 W 0919
—g [ M*By Jr —g— [ by*By T~ — == [ A A*BB, 7,

respectively. Hence the expectation of the intensity determinant as

given previously in Chapter II is

(3.2.5) E(A;B = A2B1)2

2

i i
2 2
L o,0 8c-c
2 2
- ""“""‘Nl [8jhy + BBy 7+ 1? (-0 %)
. 2

In the manner of Chapter I, Section 1.7, it will be instructive
to consider the effect of the model period exactly half-way between

two trial periods of the integral sub-multiple form N/k. We shall
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omit all terms in Nl and N g'considaring only the terms I of (3.2.3).

Using the 4ppendix sums (A.5.1)=(A.5.8), I becomes

(3.2.5) 17 3 [ap(-10(0)-aBy G EE(- § iy )

NG t’,:::) -,’;’m%‘-'{-% )= Ay (=1)(0) 7 ?

16 2. 2
3 [ ABy=ABy 7 = 0.16(AB,~AB,) .

This 13 a considerable proportionate reduction in the expectation. It
is the square of the proportionate reduction in the univariate case of
Section 1.7, and may indicate that the ability of the intensity deter-

minant to detect a non-integral sub-multiple periodbmay be quite low,

3.3. ° The Expectation of the Intensity Determinant for Different

Model Periods and Types of Estimates

It is the purpose of this section to compare the expectations .
of the inteﬁsity determinant under twelve combinations of hypotheses,
trial periods, and estimates of the parameters Al' A2. Bl, 82. .These
twelve situations can be outlined in the followinglnannersr

I. A Real Sinusoidal Component with the Same Period for Both
Series.

A. Conventional Estimates (2.3.1l)
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1. Equal Trial Periods

2. Different Trial Periods
BEstimates (2.3.17) Based on Different Model Periods
1. Eoval Trial Periods

?. Different mpial Periods

II. A Real Sinusoidal Component with a Different Period in Each

Series

A.

Conventional Estimates (2.3.1k)

1. Equal Trial Periods

2. Different Trial Periods

Estimates (2.3.17) Based on Different Model Periods
1. Equal Trial Periods

2. Different Trial Periods

IITI. No Periodic Component in Either Series

.

Conventional Fsiimates (2.3.1k)

1. Egual Trial Periods

?. Different Trial Periods

Estimates (2.3.17) Based on Different Model Periods
1. FEaual Trial Pericds

2. Different Trial Periods

Throughout all expectations involving the estimates (2.3.17) it has

. e o
been necessary to assume the nuisance parameters P¥ and PY1 as

known.

———

0'1 02

We chall now obtain in detail ten of these expectations. The
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cases of (I-A-1) and (TII-A-1) of the outline have already been given
in (3.2.5) and (2.4.14). 411 of these expectations are evaluated at
the point at which the trial period coincides with one or both of the
model periods.

(a) Equal model pesriods, conventional estimates, different

periods:

Using (8.2.5) in the basic expression (3.2.2),

A A AN D
(3.3.1) E(4)B,- AB )T =

=200 N 5e cos aine
E/ LN (A 5 + Ze,c06,%)(26,51n0,t)

B,N

—hN-z (Zstcosszt)(~%- + Je, sin elt).,7

t
 en—=l 2.2 2 -1, 2 2
= 2N 02(A1+P?)+ N 80102 .
The effect of correlation has been lost, as well as all terms free of
the number of observations, N.
(b) Equal model periods,eocual trial periods, estimates (2.3.17):

Using the sums (4.2.1.)~(A.2.6), the estimates (2.3.17) become

AN po, AN
-1, -1P9 4 )
= 2N ('—‘-2"- + ZEtCOSQt)—ZN -—o-_-?- (——?—- + 26 COogt)

A1 %

Dcl -1 8 01
=~( Al" -—6:-2- A2)'»’ 21\]‘ Z(Et" "‘a?; Gt)cos et 5
1P% B,.N

BN
(3.3.2)  By=2N"H(- + zeysnet)-ant X (2 425

sin 6t)
1 2

t

POy -1 !
=(B;- —-5-2-{32)+2N 2(e ., "E;at)"”in et ,
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AN 1 P9, AlN
A =2N" (..?_ + 6,080t )-"N “5{<T + Ze, coset)

po po
2 -1
= ( Ay~ —E{Al)-b—?N (8 £~ -—-—-)cos 8t

B N -1 po?
B,=N" (-.- + 36,8in ot)-2N (—-- + Ze,s1indt)
2" v 51 2
P9y -1 POy
=(R,~ -5-1-31)»,21\1 z(8, - -—Ei-at)sin st .
Thus,
A2
E(A1 0" 2131)
i o7 po o po
| 1 2 p 2
=E { (Ay= —== A, (B = —e=B. J=(B, = —B_ ) (A~ —2A. )
(1 0,727 72 oll 1 022 2 011
(3.3.3) - po po
v oont(a,—- La )2(6, - —Z6, )sin et
1 o, 2 s
2 %
~1 P92 !
+ N (B?— "5'51)2(%" —=6, )cos 6t
1 2
-1 pO’ DO'
2N (B, - _.5.;:132)2(5{% —-—-—-)cos ot
%1
-1 ch pcl
1 2
+ LN Z(at- —B-?-ét)cos et Z‘.(ﬁt- ——G—ist)sin 8t
0 pol pc } 2
~LN Z(et- -o-z-at)sin ot z(at b ———I)cos 6t
(02-0%)
- 2 9279 2
=/ (A1B2-A2Bl)(1- o )+p—————-——--02 5, (4,B,- A?B2>_7



2y, P01 !
i 0y05(1-p )/ (A —E;A?)(AQ— )

2
P poy
+(B,- "6;131)(31‘ "8;32) 7

(c) Bavual model perieds, ewual trisl periods, Estimates (2.3.17):

In the same manner as the previous expectation,

5T

Py 1 P9y

’

N -
A1= Al- —C_I-Q- A2 + 2 - Z(St" TQ ﬁt)GOB Qlt 5
! -1 !
A ; A
B, = (Bl— ——c-; :52) + 2N~ x( £4" -7'-2- 5§ .)sin ot ,
(3.3.4)
a -1 pOg .
A2 = 2N © 5 6" '—g € t)COS 62 B
R 1 pay
B, = 2N { 8- "'6'2' st) sin @5t
.- p ~ N A —2
E [ ABymhgB, /
po po
oyt =1 .. _=°
= B/ 2 (A~ 5, A,) 2( 8.~ ey ol)sin 6%
-2 pay P
+4N Tx( g" —E; St)cas @lt ( 8- —EI st)sin 6,t
(3.3.5) N oo, 50
-ON - = § = —— +
oN (Bl 5, BQ) =( 5y 5, st)cos 6,
pa pa

-2 1 2 -2
4 S n( 85" Top 8¢)sin ot ( 84" XA et)cos egt_/



-1 2 o, - 9 |2 99 2 v a2 22 2,2
+iN Ta,(1-p 7)/ (&,-p —E;AE) +(B-p = B,)"_/+8N “0lo5(1-p )

.

(d) Different model periods, mcual trisl periods, Estimates

(7.3.1h):
Taking the expectation & the point Ql =pn ¥ 8

A A AA 2_ — =g v
E/ AB,=A,By /=E/7UN (A, Zcos0 tcosut+B, Zsind, teosut+e cosyt)

1 t

(A2Zcos@2tsinut+ﬂlzsin0 teinub+26, sinut)

2

HLN”2(A?:COS 6, tcospt+B Zsins,tcosut+St, cosut)

2 t

(AlZcoseltsinut+BlZsin@1tsinut+Ze sinut) 7 2

t

:EZ—QN-I(Al-B1)+hN~?Zs cosutZStsinut-hN-?Ee sinut2B cosut _7?

t b

-2 2 2 22 D . ,
=N (Al-Bl) +8N olo?—32N EZ ZetcosutZGtsinutZets1nut26tcosut 7

=hN'2(A1-B1)2+8N-2c§o§(1- p2)

.

(e) Different model veriods, different trial periods, Estimates
(2.3.14)¢

Evsluating the expectation at the point Ql = Ky @? = oo

- -2 T
=B : Q 231
/ LN (qlrcos 1 beosp, 148, 1nelt005plt+25tcosult)

.(APZcoset51nu2t + B2251n02uslnu2t + Zétsinuzt)

(3.3.7)

-2 . .
-l (A2Zcosgztcos;2u + B, 20ing tcosuzt + Zﬁtcosu2t>

2 2
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2
. -( AlzcosOltsinp,lt + Blzsincltsinult + ZEtSinl-th) ..7

- == = . “1 +
L (0 B,~A B, )+on (1,78, sini b+ B,Je, cosu b
- AQZstsinult— Blﬂﬁtcosu2t)

-2 . 2
+LN"(Ze, vosu 26, sinp,t~26, cosu b Zetsinplt) 7

1

2 222
= (A1B2~A2Bl) -+ BN “olo, .

The effect of correlation has been lost in this choice of trial and

model periods.

(f) Different model periods, equal trial veriods, Estimates

(2.3.17):
_ . Expecting at the point © ey # b, with estimates given by
- i = _1 ’p 01
AT+ Z}(et- 5, 6,5) cos 6t
8L -1 P o .
Bl = Bl + 2N Z(at- 5, St)sn.n ot
(3.3.8
3.3.8) pa, 1y o,
Ay = - -———01 A1 + 2N T Z 5,0- 5 et)cns et ,
: PI% -1 eI
B, = = — + 2N z(st- 5 st)51n ot
1 1
02
I B i “12,,2. 2 ¢ L 2
(3.3.9) E/ A By~1,8. 7 =LATBY o - + 2N 02(A1+Bl)_/ (1-p%)+2(1~6%) 7
1
. 222 2
+ 8N 0'10?(1'-p Y)B .
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(g) Different model periods, different trial periods, Estimates
(».3.17):
Let the model Periods be My Hoe We wish the expectation at

the point e = b Q Using the necessary Appendix sums, the

2= Moo
estimates Al’ A?, Bl’ B2 become

N 2

A 2
Al =% [ wa + & lcoselt_]- T

1 G]_
N ——-C;E(ZGtcosQlt) ,

A 2 POy
By =By + ﬁ_[z(at - 8, Gz)sin ot 7,

(3.3.10)
002
t o

)cos 8t 7

P 0’2
cl)s:Ln 8,t 7 .

8 = 2
By =B, + £ ['z(st-s,G

Inserting these in the intensity determinant and expecting, after

some simplification we have

A A NOA

- 2 _ 2
EL A By=aB, 7" = (8B~ 2,8;)

A No
MY ot T W o TV
(3.3.11) N 2
2,2
NoJ A
1% 2 N 22 5
+ > (1-p )+-502B1(1-p ) 7
L1600 22 22, W2 22 2) 5
FL T % 91%(1- 07



53

=(AIB?-A?31)2*~%(1- DQXZ'GS(A§+Bi)+ Gi(A;+Bg) ~7

22
8cic
+ I]\-Iz (1"‘)2)2 *

(h) Null hypothesis of no periodic component in either series,
different trial periods, Estimates (°.3.1h)3

The estimates become simply

1 1

Ao N 0 A= oy 0
(3.3.12) Al. 2N Zstcos.lt , A2 N Zﬁtcos 2t s

A -1 A -1

= 4 = 2N

By = o7 Zesin @t , B, = 2N 36,s1n 6,1

Hence,
AN AN LD 2D

(3.3.13) ELAB,-AgB, ]° = 8N 0195

The use of different trial vperiods and conventional estimates under
the null hypothesis has removed the effect of inter-series correlation

from this expectation.

(1) Null hypothesis of no periodic component in either series,
equal trial periods, Estimates (2.3.17):
For © the common trial veriod, the expected value of the in=

tensity determinant under the above conditions is

A A A~ 2
(3.3.14) EL A R,~AyB, 7

-y =2 p9y o T P92
= B/7WN0T2(e - 5, 8, )cos 6t_7/ 2(5, - ~5, e, )sinet_7



ok

- po - po.
~LN ?[' E(Bt' ——Eg et)coseh‘zz E(st--——ai ﬁt)sinOQ_Z_7?
1

- 8N~ ol 2(1 P )3 .
The usual expectation under the mull hypothesis is decreased by the
factor (1= p2)2.

(j) Null hypothesis of no periodic component in either series,

different trial periods, Fstimates (2.3.17):
Wpite the estimates (2.3.25)-(2.3.28) as

pO‘

,o 2 = 1 _2_ =
A =5 / Z(ut- —5; vt)cosklt_7— 5 Zetcosklt =x;
(3.3.15)
B =2 /[ 2(u,- ! v, )einh.t 7= 2 Ze.wimh.b = x
1 N& t 95 t 1-~/"N 1 2’
A 2 - pCo 2
by = N'Z Z(vi- —E; ut)cosx2§_7; § Z0ycoshst =X,
po

a2 2y 2
By = q ZNZ(Vh‘ = ut)31n12t_7— % 26, sink b X,

i

Inserting these into the determinant (Al 2~A281)2 , and expecting, we

2.2 2.2 .
wish the values of Exlx?, Ex xh, 2x3xh. -Since the following re-
lations:
= =0
Ex(X, = 0, Ex2x3 s
(3.3.16) Exlx3 = 0, Ex?xh =0 y
Exlxh = 0, Ex3xh =0 ,
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hold frem the arthogonality of the trigonometric sums invelved we

have? .

(3.3.17) Esz.xg - Exgxi - -% "i"i (1- o2
T

s

Ex1x5x3xu =0 .
Thus, under the condlitions imposed sbove,

2

2 8 27 2.2
(3.3,18) E(AlB?— AQBI) == ojo,(1 - o )

1

The usual null hypothesis expectation has been decreased by the factor

(1- p2) .
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APPENDIX

CFRTATN TRIGONOMETRIC SUMS

1.1. Introduction

Throughout this thesis it has been necessarv to evaluate many

triconometric sums of the type

Ny

2D cc;sr-—?-ﬁr—rx t sins EEB v,
£=1 N N

where r or s 1s usually small, if not zero, and p 1is usually 1.

These results have long been known to workers in applied mathematics,

but a detailed table for certain values of r, s, m, and n, is
given in this Appendix because of their freauent use in Chapters II

and TII.

The sum

ist t

R Neg
(0]
ko)

(A.1.1)

is simply a geometric progression, and may be written as

(5.1.2) pbragiolbra)_ a 1ea '

peie_l

Multiplying the numerator and denominator by the complex conjurate

of the latter, this becomes

(5.1.3) pb+l+a el@(b+a—l)_EP+aei@(b+a)_pa+1eig(3,1)+paeiga

p2_ 0 ei@_ pe-19+ 1
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Taking resl and imaginary parts separately, we have

(2.1.h)

'b N A . + ) . ) - +1 - ) -

5 ptcoggrba p it aCOS(b*'a‘l)G-pbzacos(bm)g-p & lcoa(a~1)e+ pcosoa .
t=a p*~2 pcos & + 1

(4.1.5)

b b+lva

sin(b+a~1)0- pb+asin(b+a)- pa+lsin( a«1)0+ p%inva .

téa 0 t's:i.n@’cF

D ?-?pCOSQ +1

These general expressions form the basis for the following table of

summations.

A2, A Tgble _g_f_' Trigonometric Sums

(a) 4=—?;—7—d-$,8=1,b=N.
N
(2.2.1) Z cos 8t = 0
t=1
N
(8.2.2) 2 ein 6t = 0
t=1
N
(8.2.3) % sin t@ cos t8 = 0
t=1
N
(8.2.1) 2 sin’te = g
t=1
N
(4,2,5) z cothG =1§
—.:1 !
N 2nm 2nn
(1.2,6) 1;fls:m ~rt sin -

t=0.m#n
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N

. 2nm on
A°2- —— ......:3 =
( 7) tillcos NtoosNt O, m#n
(b) 9= §§E ,a=2, b=N, p=1; k=1,?,..., N-1:

N
(2.3.1) 2 sin(t=~1)e ain to = ¥

t 2 = '5 cos ©
N
(A4.3.2) t229&:1‘_n(’c,--1)e cos te = '_5 sin &
Yo
(A.3.3) 2 cos“(t-1)8 = 82
=2 2
N N
(4.3.4) tZ,'?cos(t--l)e cos 10 = ( ;?) cos 6
N ?
(1.3.5) = sin’(t-1)e =X
t=2 2
N
(#.3.6) 2 cos(t~l)e sin(t-1)e = 0
£=2
I (v
(4.3.7) tZt?cos(t--l)e sin t6 = ---2':22 sin @
N
(4.3.8) 2 sin(t-1)e =0
t=0
2nk
(¢) 6= _%\lf'" b =N, p areal number, k = 1.2,..., N=-1:¢
N N+a+l N+a
(Ah.1) 5 plcos to = R 505(3'1)9 - ©_ cos @@
t=2 P -2 pcos @+ 1



-0

a+lcOS( a—l)@+ _pacos ae

D?-Q pcos © + 1

For a = 1,
N N+2 2 N+l
(rb2y 3 5F cos tg = P ~P =0 cos @ + ncos 8
= o -2pcos 6+ 1
N N+l+a _, N+2 .
(8.4.3) Z p¥sin te = : sin(a-1)8 =o' ° sin a0
t=2 o ~2pcos @ + 1
a+l 5
- p sinla-1)e + p® sin a0
p? ~?pcos 8 + 1
For a = 1,

L
(4.4.) 2 p'sin te =

t=1

nk

(a) e= 5

sA

N
(A.5.1) £ sin te
t=1 :

N
(4.5.2) I cos t@
'b::

N
(a.5.3)  Zcost
t=1

]

3+
- oV 1

sin @ + psin @

2
p

~2pcos O+ 1
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3§(k+%), a=1,b=N, p=1, k=1, 2, ..., N-:

sin @
T-cos &

0,

..]_’

O-

-1

s k odd .
k even .
k odd .
k even .
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N
(2.5.4) 7 cos t{d+20) = -1 .
t=1
N
(A.5.5) % cos t\ cos 2t = <) .
=1
N
(A.5.6) % sin t\ sin 2t0 = O , .
=2
(4.5.7) 2 1, i 2 aan
(A.5.7 Z sin tA cos 2t0 = = /7 ' ' + ol
t=1 2 l-cos n(Lks+1) l-cos IE\I 7
N Lik+2
* 74 Lo/ :
N 1 sin __ﬂ(h§+l) sin -1%
(4.5.8) 2 sin 2te cos tA = -2-[ - =
t=1 1-cos n(m;;-l) l-cos %
- =Nike .
~ kvl
(9) o= = n(%ﬂ)’ &1, b=n, p =1, k = 0, 1, ..., N-l:
N 1 in A 1. oN
(4.6.1) Zsinth = =+ 8 =4 ]
t=1 2 2(1-cos)) 2 (Lk+l)
v -1 sin A 1. oy
(4.6.2) 2 cos t = = 4 ¥ 2o+ .
=1 2 21-cos A) 2 (Lk+l)
N sin X gin M8irl)
(A.6.3) Z sin tA cos to = % [ 1+ AN, 2N 7

t=1 o l-cos-»a%) 1~cos 3-(-9-%}2)
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1 N k+2
poy '5 ',{ .] ’
N 1 sin gﬁ sin Eigﬁill
(4.6.1) % cos th\ cos t6 = 5‘[~~1+ + -
t=1 2(1-cos %N) 2(1~cos 3Lg§i£2 )
1, N 8k+2 N
RS M VA - OAR I
(4.6.5) £ sin th sin t0 = = /= & , 1 N~
t=1 2 ces n(8k+l)) o1 ny
N A LmC08 g
N 8 N
n Bk+l  m )
N 1 sin M(8k+1) sin 1
(2.6.6) 2 cos t\ sin t0 = % /" % » ﬁ?dﬁ$17 1_ oN
=1 2(1-cos ) 2(1-cos ?N)
b T (8k+1) n

It is interesting to note that the last four sums are all

approximately equal to Nm

1 4n sbsolute value. The range of values of

k has been "chcsen to only supnly the needed sums for Section 1.7.
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