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SUIMARY

In this paper we consider a staticnary sequence {gn;n =1, 2 ...}
satisfying weak dependence restrictions ( (2.1) and (2.2) below). For each n
the point process Nn is defined to consist of the exceedances of a certain
level u, (i.e. the instants j for which Ej >u, ). It is shown that the
point »processes Nn converge weakly (as random elements of the natural metric
space to which they belong) to a Poisson process. This gives, in particular,
generalizations of results of [6, Section 5]. The arguments use results of
[6] and a general convergence theorem for point processes (based on conver-

gence of probabilities of no events), which gives a simplifying and clarifying

viewpoint.

1. INTRODUCTION

The asymptotic Poisson nature of the upcrossings of a high level by a
staticnary normal process has been known for a considerable time (cf. (2} and
references therein). This result has been especially useful, in demonstrating
that the maximum of such a normal process in a given time, has the asymptotic
double exponential extreme value distribution. Conversely it is possible to

show (as in [1]) from this asymptotic distribution of the maximum, that the

*
Research supported by Gffice of Iaval pesearch under Contract MN00014-57-A-
0321-002, TSK N2-042-214.



-2-

upcrossings of n high level by this stationary normal process, are approxi-
mately Poisson.

Because of these facts, one is led to suspect that the asymptotic Poisson
nature of high level crossings is related closely to normality of the sequence,
or at least to the occurrence of the doutle exponential asymptotic distribu-
tion of the maximum. This is not the case, however. In fact the Poisson
property of high level upcrossings occurs in rather general circumstances and
in combination with any of the three "extreme value distributions' according
to the basic distributional properties of the process.

Come properties of this kind have been discussed for stationary sequences
in [6]. As noted there, it is more natural, for a stationary sequence
{En tn=1, 2 ...} to consider exceedances of a level u (i.e. instants n
for which €, > u ) rather than strict uperossings (i.e. instants n for
which gn_l <u < En ), it being easily seen that these are asymptotically
equivalent" notions.

It was shown in [6] that, under wide distributional conditions, the
number Ln of exceedances of a suitably chosen level u in the time inter-
val (1, 2 ... n) has a limiting Poisson distribution. We shall show here
that this result is true not only for intervals, but (based on an obvious
normalization) for (almost) arbitrary Borel sets, and that convergence of
joint probabilities of this type also occurs. These facts will be shown very
simply from the asymptotic distribution of the maximum [6, Theorem 3.1] by
neans of a general point process convergence theorem. It will, in fact, be
shown that, after a suitable change of time scale, the point processes

consisting of exceedances of u, , converge weakly (as random elements of a



certain metric space) to a Poisson process on the real line. This provides a
clarifying viewpoint as well as simplification of the arguments and generali-
zation of the results of Section 5 of [67.

The conditions used apply most simply and naturally to the discrete para-
meter case considered here (as in [61). A later paver is planned to deal with

the corresponding (but more comnlex) situation in continuous tirme.

2. ASSUMPTIONMS, NOTATION, AND BASIC RESULTS

Ye assume that {En tn=1, 2 .,.. is a stationary sequence with finite
-dimensional distribution functions F, . (x . X ) and write
Jl...Jn g | n : .
F.. . (u) = F, : (u, u ... u) . Two dependence conditions referred to as
Jy---dg Jpeeedgt , >E1 T . C

D(un) R D’(un) in [6] are also relevant here. In fact the form of Q(un)
given here will be very slightly weaker than that used in 6] (but still suf-
ficient for the proofs and results given there). Specifically if {up} is 3

sequence of real numbers we shall say that {gn} satisfies the condition

D(un) if for any integers

1< iy < 12 < 1P < Iy +-- < Jq <n, Jl - 1P -3 A

we have

(2.1) |F. . . . (W) - F. . (u) F, . (u)l < a
11"'1p31"'3q 11...1p 31...Jq n,%

where o g is non-increasing in £ and where 1lim @y = 0 for some
3 . »

n-o n

sequence kn + o _ and such that kn/n > 0 . (Mote that if (2.1) holds for
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some a, , it is clearly possible to take o to be non-increasing in %).
3

n,
Further the condition D’(un) is said to hold if

n

(2.2) 1im su n Pleg, >u, , £. > = 0(1/k k> o,

m sup j§2 £ > Uy s E5 > up ) (1/k) as
A discussion of these conditions may be found in [ 6].

We are particularly concerned with sequences {u = u (r)} satisfying
(2.3) 1 - Fl(un) = P{gl > un} ~t/n as n-> ® .,

The question of definition of such sequences is mentioned in [ 6]. HNote that
if {un(l)} is defined satisfying (2.3) for T = 1 then we may define
un(t) = ﬁ[n/r] (1) , where'[x] (here and below) denotes the integer part of x.

It will be useful to give Theorem 3.1 of [ 6] the following slightly more

general form

THEOREM 2.1

Let {En} be a stationary sequence and suppose that D(un(ar)) ,
DV(un(aT)) are satisfied for some a > 0 , v > 0 , where un(°) is defined

to satisfy (2.3). Then

P{M[an] <u (1} > e as noow,

PROOF: It follows at once from Theorem 3.1 of [6] that

P{M[an] < u[an](ar)} + 70T

and hence it is only necessary to show that
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(2.9 p{M[an] < un(T)} - P{M[un] < u[an](at)} >0 .

If un(r) > u[an](ar) the left hand side of (2.4) is

IA

P{u[an](ar) < M[an] <u (1)} 2

[an]
F .U_ {u[qn](qu»f Ej < qnﬁt)

A

an{F(un(r)) - F(u[an](ar))} .

If u (1) < u[an](ar) the same result holds with reversed signs. Hence the

left hand side of (2.4) is in all cases dominated in modulus by

o |F(u (1)) - F(u[an](ar))l an|{1 - Flupgny @} - {1 - Fu (1))}

an| ey (1 + o)) - Z(1 + o]

o(l1) as n-+ o ,

as required,

3. CONVERGENCE OF EXCEEDANCES TO A POISSON PROCESS

Throughout this section we assume that {En} is a stationary sequence
and that D(un) s U(un) hold (un = un(T) satisfying 2.3)), for all =t >0 .

For each n =1, 2, ... , define a discrete parameter process nn(t)

1]
(oY
-
N
-

for t =j/n (j . 5 ) by nn(j/n) = Ej . Thus the n, are
obtained from {Ej} simply by time scale changes. Let N, be the point
process consisting of the exceedances of un(T) by n, (Mn(B) denoting the

number of such exceedances in the Borel set B ).
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The point processes Nn may be properly regarded as random elements in
either the space of integer-valued increasing step functions on [0,») , or
the space N of integer-valued Borel measures on [0,) . In either case the
space is metric under the ''vague topology' (e.g., generated in N by the
functions u - Ifdu for continuous f with bounded support - cf. [3,4]) and
we may consider convergence in distribution of such random elements. (cn g C
will be used to indicate this convergence.) The following result is a special
case of a theorem of Kallenberg ([4]Theorem 2.3) modified according to a

remark of Kurtz [5].

THEQREM 3.1
Let th > =1, 2, ... be point processes on the positive real line and
let ¢ be a point process without multiple points and such that t({a}) = 0

a.s. for every fixed real a >0 . If

(i) P{z (B) = 0} » P{z(B) = 0}

T
for all sets B of the form g (ai’bi] (a1 < bl < a, < b2 ces <@ < br)
(ii) lim sup Ecn(a,b] < Ez(a,b] for all finite a < b ,
n
. d
then 7 +¢
The main task is to verify Condition (i) in our case, where &y = Nn s
and ¢ = N is a Poisson process with parameter Tt . (i) in fact has already

been shown for intervals B = (0,a] in Theorem 2.1. We verify it for finite

unions of intervals in the following short lemmas.



LEMMA 3,2
Under the conditions and notation stated at the start of this section, if

0<a<b, B= (a,b]

P{N_(B) = 0} ~ e .

PROOF P{N_(B) = 0} PLE; <u , a<j/n<b)

n

P{ij

In

u , [an] < j < [bn]}

= P{M[bn]-[an] < un}

by stationarity. But it is easily seen that
[(® -2a)n] < [bn] - [an] < [(b - a)n] +1 < [(b +h - a)n]
for any fixed h > 0 , when n is large enough, and hence then

P{M[(b+h-a)n] < un} < P{Nn(B) = 0} < P{M[(b-a)n] < un} .
By Theorem 2.1, the outside terms have the respective limits e-T(b+h'a) s

~-T{b-~ . . 1
e (b-2) » and since h is arbitrary we have the conclusion of the lemma.

LEMMA 3.3
T
Under the same conditions if B = g(ai,bi} a, < b1 < a, < b2 e
< a. < br , then
lin P{N_(8) = 0} = ¢"™(3)
I

where m(B) = )(b. - ai) is the Lebesgue measure of B .

1

P g 4
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PROOF: 1If Bj = (aj’bj] s Nn(Bj) = 0 is equivalent to M(Ej) < Uy where

E. = ([naj] + 1, [naj] +2, ... [nbj]) and M(Ej) max(gk P ke Ej) .

J
Hence
T
P{Nn(B) = 0} = P{ jzl(M(Ej) < un)} =
T by T
= jElP{Nn(Bj) = 0} + [:%{jzfﬁ(ﬁj) <u)l- jilp{M(Ej) < un}:]

r -1(b.-a.)
The first term converges, as n » = ,to Qe J I
j=1

¢ ™m(B) by Lemma

3.2. Cn the other hand, by Lemma 2.3 of [6], the modulus of the remaining

difference of terms does not exceed (r - 1)a where A = min (b, ,-a.).
n[ni] 1< 153
<jsr-1
But by D(u)) , un,kn > 0 for some k >, k/n >0 . Since o, ismon-

increasing in & , and eventually [nA]> kn , we have an[nk] +0 as n > oo,

from which the result follows.
We may, finally, now obtain the main result.

THEOREM 3.4

Let D(un) s D‘(un) hold (un = un(r) satisfying (2.3) ) for all
T > 0 , for the stationary sequence {gj} . Let nn(j/n) = gj s J=1,2, ...
n=1, 2, ... , and let N, be the point process consisting of the exceed-
ances of un(r) by Nn . Then Nn Q N as n-> o , where ¥ is a Poisson

process with parameter 1 .

PROOF: (i) of Theorem 3.1 holds by Lemma 3.3 since for such B ,

-tm(3) _

P{N_(3) = 0} > e P{}(B) = 0}



(ii) is immediate since

EN, (a,b]} = ([nb] - [mal)(1 - Fy(u))

?

nkd - a){t/n) = t(b - a)

EN(a,b] .
Hence the result holds.

CCRCLLARY
Under the conditions of the theorem if B is any Borel set whose

boundary has Lebesgue measure zero (m(3B) = 0) then, for any r =0, 1, 2...
P{N_(B) = r} ~ "™ (B) [n(B)]" / 1!

The joint distribution of any finite number Nn(Bl) cen Nn(Bk) corresponding
to disjoint Bi (with maBi = 0 for each 1 ) converges to the product of
the corresponding Poisson probabilities

This follows at once since the random variables Nn(B) converge in
distribution to N(B) (and (Nn(Bl) cee Nn(Bk) ) $ (N(Bl) ces N(Bk) ) , if
Nn 3 N (cf. [4]1). ((3B) =0 a.s. if m(3B) = 9 since N is a Poisson

process).

Thus we have a "full” weak Poisson 1limit for the exceedances of un(r)
under rather general dependence restrictions. It is easily seen (even by con-
sidering i.i.d. sequences) that this Poisson behaviour can occur together with

any of the possible asymptotic extreme value distributions for the maximum.
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