
ABSTRACT

HICKEY, JIMMY. Transfer Learning and Survival Analysis Methods with Biomedical Applications.
(Under the direction of Emily Hector and Jonathan Williams).

Electronic Health Record (EHR) systems have been adopted by a majority of hospitals and

office-based doctors in the United States. These systems track every patient encounter from

admission to discharge. While large research hospitals are flush with data, smaller hospitals

may lack necessary data to reliably make predictions or inferences. Transfer learning takes

information learned in a source domain and uses it to aid in making predictions or inferences

in a target domain, accounting for the differences between the domains. In Chapter 2 we

develop RECaST, a Bayesian transfer learning method that provides uncertainty quantification

for predictions while maintaining data privacy between domains. We apply our method to

leverage EHR data between hospitals to predict patient shock in the ICU. In Chapter 3 we

extend this framework to consider multivariate outcomes and online transfer learning with

sequential targets. These methods are validated in simulation studies and in an analysis of

dental data to predict periodontal outcomes.

While EHR data represents everything that happens in a healthcare system, cohort studies

are carefully designed experiments that follow a group of patients to observe whether they

experience a particular event. Survival analysis methods are used to determine patient risk

and expected time until an event occurs. In clinical settings with limited available data, it is

often preferable to judiciously partition the event time space into a limited number of intervals

well suited to the prediction task at hand. In Chapter 4 we develop a novel hierarchical method

to learn, from the data, a set of cut points defining such a partition without making parametric

assumptions. Avoiding placing parametric assumptions on the event density tends to improve

predictive performance. We demonstrate improved predictive performance on three real-world

observational datasets, including a large, newly harmonized stroke risk prediction dataset.
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CHAPTER

1

INTRODUCTION

It is necessary to apply statistical methods to biomedical problems in order to properly assess

risk factors in disease diagnosis and survival prediction. These insights can help clinicians

offer better care to patients, assist pharmaceutical companies to create medications, and guide

policy maker decisions on public health. There are many sources of medical data; we will focus

on Electronic Health Records (EHRs), observational dental data, and cohort studies.

EHR systems have become ubiquitous in the United States health care system, being used

by 89.9% of office-based physicians (Myrick et al. 2022) and 96% of non-federal acute care

hospitals (of the National Coordinator for Health Information Technology 2017). EHR systems

contain data from each patient interaction in a health care system including demographic

information, allergies, prescriptions, diagnoses, clinical notes, and more. In Chapter 2 we use

EHR data from the publicly available, multi-center eICU Collaborative Database (Pollard et al.

2018). By combining Internal Classification of Diseased 10 (ICD-10) codes, we are able to create

a diagnosis for patients that go into shock. In this database, shock is a rare outcome occurring

in less than 2% of patients. Because of this, some hospitals lack the data to properly learn shock

diagnoses. We address this problem by using transfer learning.

A longitudinal, observational data set of routine dental checkups is provided by the Health-

Partners Institute in Minneapolis Minnesota (Guan et al. 2020). This study tracks demographic,

dental, and insurance features of patients with at least 8 years of continual dental insurance
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during the study period. Two outcomes are measured which are important to diagnosing peri-

odontitis; however, these outcomes are difficult to measure and time consuming. In Chapter

3, we predict these outcomes prior to a patient’s first visit to the dentist. We also propose an

online modeling approach to handle the underrepresentation of certain racial groups in the

collected data.

Cohort studies, on the other hand, are carefully designed longitudinal studies that are often

concerned with measuring a certain outcome. In Chapter 4 we examine three cohort studies.

The first is the German Breast Cancer Study Group data set which is publicly available and

introduced by Schumacher et al. (1994). This studies an endpoint of recurrence free survival.

The second is the Assay of Serum Free Light Chain data set which is publicly available and

introduced by Dispenzieri et al. (2012). It studies the relationship between nonclonal serum

immunoglobulin free light chains and mortality. The final data set is three stroke risk cohorts

pooled together. This combined dataset consists of the Framingham Offspring Study (Feinleib

et al. 1975), The Atherosclerosis Risk in Communities Study (Investigators 1989), and the Multi-

Ethnic Study of Atherosclerosis (Bild et al. 2002). A properly designed cohort study can produce

high quality data that will be useful in improving patient care. A downside to cohort studies is

that they are often expensive to run and require a long time horizon to gather data. By learning

a partition of the survival timeline, we are able to provide accurate survival prediction even in

cases where data are limited.

1.1 Transfer Learning

In this section we present a general transfer learning framework that will be used throughout

Chapter 2. For consistency, this survey uses definitions and notation from past surveys (Pan

and Yang 2010; Weiss et al. 2016). To offer a concrete example as notation is introduced, our

goal is to train a learner to predict whether a patient will be diagnosed with shock.

A domain D is characterized by two parts: a feature spaceX and a marginal probability

distribution P (X ), where X = {x 1, . . . , x n} ∈ X . In our example, the feature vector x i is the

collection of measurements taken when patient i is admitted to the ICU, where there are n

total patients. We observe a certain sample of patients, X , from the all possible patient vectors,

X . Given a specific domain D, a task T is also characterized by two part: a label space Y
and a conditional distribution P (Y | X ). The distribution of P (Y | X ) is learned from feature

and label pairs {x i , yi }where x i ∈ X and yi ∈Y and is responsible for predicting yi based on

x i . In our example,Y = {false, true}would be the set of labels that a patient could take such

that yi = false means that patient i was not diagnosed with shock and yi = true means that

they were. The predictive distribution P (Y | X ) is the learner that predicts the discharge status
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likelihood from the measurements such as a logistic model or a neural network.

Using these definitions, we can create two different domains: the source domain and

target domain. First, define the source domain data as the observed features and labels pairs,

DS =
¦

(x S1
, yS1
), . . . (x SnS

, ySnS
)
©

where x Si
∈ XS and ySi

∈ YS . Also define the source predictive

distribution as PS (Y S | X S ). Similarly, define target domain data as the observed features

and labels pairs, DT =
¦

(x T1
, yT1
), . . . , (x TnT

, yTnT
)
©

where x Ti
∈ XT and yTi

∈ YT and the target

predictive distribution P (YT | X T ). With these definitions in place, we can define transfer

learning. Given a source domainDS with a corresponding source task TS and a target domain

DT with a corresponding target task TT , transfer learning aims to improve the learning of the

target predictive distribution, P (YT | X T ), by incorporating knowledge fromDS and TS , where

DS ̸=DT or TS ̸=TT . IfDS =DT and TS =TT , then this problem becomes a standard machine

learning problem. For traditional machine learning applications to EHR data, see Shickel et al.

(2017).

In Chapter 2 we introduce RECaST to address the transfer learning questions where there is

covariate shift between the source and target P (X S ) ̸= P (X T ) and there is context feature bias

P (YS | X S ) ̸= P (YT | X T ). We accomplish this by introducing a random effect term that captures

the relationship between the source and target data models. Using a Bayesian approach to

learning the distribution of this random effect allows us to learn the posterior predictive distri-

bution of new observations which facilitates uncertainty quantification. Our method is able to

accurately predict outcomes on unseen data and provide credible intervals for those predic-

tions. We are able to do this without making assumptions on the source model or requiring

access to the source data. These are especially meaningful benefits in medical applications.

Many transfer learning methods require the source model to be of a specific form (for example,

a neural network). If the model is not in this from, the target hospital would not be able to use

it. RECaST allows the target hospital to use the source hospital’s model without any changes.

The target hospital can do this without having any patient level data from the source hospital,

alleviating privacy concerns.

In Chapter 3 we extend the RECaST framework to consider multivariate outcomes and

to model sequential target data sets. The multivariate approach provides a source agnostic

method to transfer learning while providing Bayesian uncertainty quantification of the joint

outcomes. Sequential target data sets are modeled using an online framework where the current

target is informed by the previous targets through the prior distribution. Through simulation

studies and data analyses, we demonstrate the improvements in both predictive performance

and uncertainty quantification when compare to univariate RECaST.
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1.2 Survival Timeline Partitioning

Recently developed survival analysis methods improve upon older approaches by predicting the

probability of event occurrence in each of a number pre-specified time intervals. This approach

tends to improve prediction performance, particularly when data are plentiful. However, in

clinical settings with limited available data, it is often preferable to judiciously partition the

event time space into a limited number of intervals well suited to the prediction task at hand.

For example, it may be useful to partition your dataset daily, but if there is not enough data

to support that many intervals then the approach is not feasible. Learning a partition of the

timeline based on the data allows for tuning of the proper number intervals that can reliably

based on the size of the data set.

In Chapter 4 we develop a method to learn a set of cut points defining such a partition based

on data. By avoiding strong parametric assumptions on the event density, we are able to apply

this method to a wide array of applications. Our approach facilitates clinical decision-making

by learning time intervals that are most appropriate for each task, in the sense that they provide

more accurate risk prediction. In practice, better risk prediction can influence how long a drug

is prescribed, how long monitoring takes place, or how long the patient remains anxious after

receiving their prognosis.
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CHAPTER

2

TRANSFER LEARNING WITH

UNCERTAINTY QUANTIFICATION:

RANDOM EFFECT CALIBRATION OF

SOURCE TO TARGET (RECAST)

2.1 Introduction

The use of artificial intelligence and machine learning (ML) is frequently limited in practice by

a shortage of available training data and insufficient computational resources. To address these

difficulties, transfer learning has developed as a powerful idea for leveraging the resources

at leading institutions such as research hospitals (e.g., institutions having high quality data,

exceptional research clinicians, high performance computing environments, etc.) to facili-

tate implementation of ML technologies in resource scarce settings such as small or rural

hospitals. Developments in transfer learning methodologies are necessary to overcome re-

source allocation inequities, and they will likely drive the next decade of innovation in ML

technologies.
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Transfer learning consists broadly of two elements. The first is one or more target popula-

tion(s) of interest that are associated with data sets for which there are resource limitations

preventing the training of sophisticated models (e.g., a small hospital). The second is a source

population (or populations) that is separate but in some way related to the target population.

The source is associated with extensive data and/or resources for training sophisticated ML

models. The premise of transfer learning is to use trained source models to aid in the training

of target models. The source and targets are each composed of two components: a domain,

denotedD, and a task, denoted T . A domainD := {X , P (x )} consists of a feature spaceX and

a marginal probability distribution P (x ) over x ∈X . A task T := {Y , P (y | x )} is composed of

a label space Y and a conditional distribution P (y | x ) over y ∈ Y given x ∈X . Traditional

ML is described by the source and target sharing the same domain,DS =DT , and sharing the

same task, TS = TT . Transfer learning problems arise when the source and target domains

and/or the source and target tasks are similar but different. We propose a new Bayesian trans-

fer learning framework termed Random Effect Calibration of Source to Target (RECaST) for

source and target data sets that share the same outcome space but possibly have different

feature-to-outcome mappings.

2.1.1 Our Contributions

Early efforts in transfer learning focused on using labeled data to learn about unlabeled data

from the same population (see Joachims (1999) and Vapnik (2009) for examples). In contrast,

modern transfer learning methods explore how knowledge from one source domain can be

applied to a different target domain. In this spirit, we consider transfer learning in the supervised

learning problem that dominates ML applications. Our proposed method uses information

from the source and target features and labels to build a predictive model that can be applied

to obtain predictions of labels for new target data features of interest. The use of target labels is

common across transfer learning and is sometimes referred to as inductive transfer learning

(Pan and Yang 2010). For example, a method is proposed in Donahue et al. (2014a) to generalize

a model built on ImageNet data for use on different labeled target data sets. A neural network

is fine-tuned in Shao et al. (2019) to identify and classify machine faults. In Goussies et al.

(2014), a decision forest is proposed that uses mixed information gain and label propagation

to improve image and gesture recognition in the target domain.

RECaST is a Bayesian framework applied to the transfer learning setting where the feature-

to-outcome mappings P (y | x )may differ between the source and target. For example, source

and target hospitals might record largely the same patient data features, but nuances in clinician

practices/procedures, inconsistencies in data quality, population disparities, etc. may affect
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the suitability of using the source mapping as the target mapping. RECaST uses an estimated

source model in tandem with the target data to estimate the distributions of a random effect

that links the two domains. It then uses the estimated posterior distribution of the random

effect parent parameters to construct a posterior predictive distribution of the outcome variable

associated with a new target feature. The posterior predictive credible sets obtained through

RECaST deliver critical quantification of prediction uncertainty that is lacking in most existing

frameworks.

Two primary advantages of RECaST are its scalability, requiring estimation of only 2-3

parameters with no tuning parameters, and that it is agnostic to the source model specification.

Importantly, RECaST only requires the source model and parameter estimates, not the source

data itself; this is an immense benefit to applications with privacy concerns, such as with

medical data. Further, we show that RECaST is asymptotically valid in the canonical case of

distinct source and target Gaussian linear models, in that the coverage of prediction sets are

guaranteed to asymptotically achieve their stated nominal level of significance.

To evaluate our proposed RECaST approach, we design synthetic simulation studies with

both continuous and binary response data reflecting a variety of difficulty levels of transfer

learning problems. Next, we investigate the performance of RECaST in real data simulations

that arise by permuting real patient data from the multi-center eICU Collaborative Research

Database (Pollard et al. 2018). A variety of both point-valued and set-valued prediction metrics

are considered, including the empirical coverage of prediction sets. The performance of RECaST

is compared to other state-of-the-art transfer learning approaches, including other source-free

methods that do not require the source data while learning the target model. These include

freeze-unfreeze approaches that are popular for neural networks, as well as a method based on

adapting a random forest built on the source data to the target data (Gu et al. 2022). In some

cases, it may be possible to have access to both the source and target data. As such we also

compare RECaST to methods that require both data sets during training. These include an

adversarial learning method (Shen et al. 2018), a method based on penalized GLMs (Tian and

Feng 2022), and a popular weighting approach used on clinical data (Wiens et al. 2014).

The remainder of our paper is organized as follows. We discuss related works in transfer

learning in Section 2.2. In Section 2.3, we develop the theoretical basis for RECaST and its

uncertainty quantification. We then develop Bayesian parameter estimation and prediction

procedures in both the continuous and binary response cases in Sections 2.4 and 2.5, respec-

tively. We conduct extensive simulation studies in Section 2.6 by exploring transfer learning

problems of a range of difficulties. Section 2.7 considers a real data analysis for predicting

shock in ICU data. Section 2.8 concludes. Proofs and computational details are provided in the

Appendix. Throughout the paper we keep to the convention in the statistical literature of using
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(·) for innermost grouping followed by {·} and finally [·]. Thus, an expression with many nested

parentheses respects the ordering [{(·)}].

2.2 Related Work

General survey papers on transfer learning topics include Pan and Yang (2010); Lu et al. (2015);

Weiss et al. (2016); Dube et al. (2020). For hospital disease risk and mortality prediction prob-

lems, Wiens et al. (2014), Gong et al. (2015), and Desautels et al. (2017) propose transfer learning

approaches based on training algorithms using a learned weighted combination of source

and target patient observations. These methods learn many parameters and require access

to the source data. RECaST may at first glance appear similar to density ratio estimation, a

common approach to transfer learning. Density ratio transfer learning methods, such as the

one described in Stojanov et al. (2019), seek to learn the relationship between the source and

target data via a ratio of their densities; however, these methods require joint access to the

source and target data – a limitation avoided by RECaST. In Paul et al. (2016), Raghu et al. (2019),

and Ahishakiye et al. (2021), approaches are considered to improve classification accuracy

for medical imaging tasks using pre-trained deep neural networks (DNNs) on the ImageNet

database (Deng et al. 2009). In the context of ICU patient monitoring, in Shickel et al. (2021) a

data augmenting-based transfer learning approach is built for fitting a single-layer recurrent

neural network trained on electronic health records (EHR) and wearable device data. Their

model is limited in scope to only predicting the binary response of successful versus unsuccess-

ful discharge from a hospital. Implemented in Gao and Cui (2021) is a transfer learning strategy

for precision medicine in survival analysis with clinical omics data sets via freezing layers of

a pre-trained Cox neural network. Developed in Lee et al. (2012) is a method using support

vector machines to predict surgical mortality. Another approach, from Gu et al. (2023), is to

generate additional synthetic target data from a source data set and adjust for heterogeneity

in order to predict extreme obesity from medical records and genomics data. An example of

low-dimensional representation transfer learning is given in Maurer et al. (2015), and online

transfer learning is considered in Zhao et al. (2014); Wu et al. (2017a). These applied methods

are useful in modeling specific pieces of EHR data for prediction, but lack uncertainty quantifi-

cation. Additionally, some require the learning of many parameters and access to the entire

source data set.

Bayesian transfer learning adaptations include Baxter (1998), Raina et al. (2006a), Wohlert

et al. (2018), Bueno et al. (2020), Chandra and Kapoor (2020), Yang et al. (2020), Zhou et al.

(2020), Abba et al. (2023a); all except Baxter (1998) and Raina et al. (2006a) are based on priors

specified from neural network models fitted to source data sets. A posterior distribution fitted
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to a source DNN model is used as a prior on the parameters for the target task in Wohlert

et al. (2018), and the model is trained using mean field variational Bayes (for a reference

on variational Bayes, see Zhang et al. 2017). Boosting approaches to transfer learning are

considered by Freund and Schapire (1999), Dai et al. (2007), and Desautels et al. (2017). In Abba

et al. (2023a), a penalized complexity prior between the source and target tasks is considered.

While uncertainty quantification for predictions in transfer learning applications is mostly

absent in the literature, approximate inference from Bayesian neural networks is used in

Roy et al. (2022) to quantify uncertainty in parameter estimates and predictions to account

for misaligned feature distributions. This approach, referred to as U-SFAN, is related to our

RECaST framework in that it is source-free, but it requires that the source model is a neural

network. Another difference is that U-SFAN focuses on using uncertainty in the source domain

to guide uncertainty quantification in the target model, whereas RECaST provides uncertainty

quantification directly based on the target predictions themselves.

It is important to note the difference between source-free transfer learning methods and

“source-free domain adaption" (SFDA) methods: RECaST aims to use labels in the target domain

in tandem with a model built in the source domain to learn about the target domain. SFDA

methods, in contrast, have neither access to source data nor target labels, and often proceed

by learning pseudo-labels for the target data. A comprehensive survey of SFDA approaches is

given in Li et al. (2024). These surveyed strategies are predominantly non-model based, purely

empirical, and lack a unified underlying framework. Moreover, those that focus on fine-tuning

pre-trained neural network models on a target data set require the source model to be a neural

network, and often fail to provide crucial uncertainty quantification.

Recently, there have been efforts to investigate theoretical properties of transfer learning

approaches. For instance, a learning method based on LASSO for high-dimensional penalized

linear regression is considered in Li et al. (2022), while diminishing the effect of negative transfer.

Negative transfer occurs when including source data negatively impacts the performance on

target data. In a similar setting, asymptotically valid confidence intervals for generalized linear

model (GLM) parameters in high-dimensional transfer learning problems are established in

Tian and Feng (2022). This technique is adapted to a more complicated federated transfer

learning setting in Li et al. (2023). A parameter is defined in Cai and Wei (2021) to calculate

an “effective sample size" to quantify total amount of information that can be transferred

when the source and target conditional distributions differ. This approach is extended in Reeve

et al. (2021), where assumptions are relaxed on the relationship between the source and target

conditional distributions. Hector and Martin (2024) propose and study the inferential properties

of an information-driven shrinkage estimator that is robust to heterogeneity between source

and target feature-to-label mappings but assumes this mapping is of the same parametric
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form. These methods offer more mathematically rigorous motivations, but are restrictive in

their modeling options. Such restrictions are eliminated in our proposed framework.

2.3 RECaST Framework

Our transfer learning problem is defined by the following four assumptions: (i) there is a well-

developed structural component of the prediction model for the source domain denoted by

f (θ S , xS ) which represents the relationship between the features and parameters; (ii) there

exist ample source data for estimating the parameter(s) θ S ; (iii)XS =XT , and the structural

component of the target prediction model, denoted by g (θ T , xT ), is believed to be similar

to f (θ S , xT ); and (iv) there does not exist sufficient target data for reliably estimating the

parameter(s) θ T . We hereafter refer to f (θ S , xS ) and g (θ T , xT ) as structural components of their

respective models. The notion of similarity will be defined in the construction of our RECaST

framework for transfer learning, presented next.

Denote the forward data-generating representations of P (yS | x S ) and P (yT | x T ), respec-

tively, by

YS = h
�

f (θ S , x S ),US

	

and

YT = h
�

g (θ T , x T ),UT

	

,
(2.1)

where XS =XT = Rp , and UT and US are independent and identically distributed auxiliary

random variables. We give two examples of the h function (for continuous and binary response

examples), but the h function is much more general. It is to be understood as any scalar-valued

function that relates the covariates to the auxiliary random variable in the fashion of a data

generating equation. In fact, in the case of a continuous random variable, the h function can be

taken to be the inverse cumulative distribution function, by the probability integral transform.

For example, if

f (θ S , x S ) = x ⊤S θ S ,

h (x ⊤S θ S ,US ) = x ⊤S θ S +US , and

US ∼N (0, 1),
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then YS ∼N (x ⊤S θ S , 1). Or in the case of binary outcome data, for example, if

f (θ S , x S ) = expit(x ⊤S θ S ),

h (x ⊤S θ S ,US ) = 1{US < expit(x ⊤S θ S )}, and

US ∼Uniform(0, 1),

then YS ∼ Bernoulli{expit(x ⊤S θ S )}, where expit(z ) := e z/(1+ e z ). The similarity between the

source and target that makes this a formulation of a transfer learning problem is determined by

how well the structural component f (θ S , x T ) of the source model approximates the structural

component g (θ T , x T ) of the target model.

Accordingly, transfer learning should be effective if β := g (θ T , x T )/ f (θ S , x T )≈ 1, and suffi-

cient source data is available for reliable estimation of θ S ; in fact, the source and target models

are identical if β = 1. Assuming f (θ S , x T ) ̸= 0 almost surely (a.s.), it follows a.s. that

YT ,i = h
�

βi · f (θ S , x T ,i ),UT ,i

	

, (2.2)

for i ∈ {1, . . . , nT }, where YT ,1, . . . , YT ,nT
is an independent sample of nT target labels with asso-

ciated features x T ,1, . . . , x T ,nT
, and βi := g (θ T , x T ,i )/ f (θ S , x T ,i ). The identity given by Equation

(2.2) is further motivated by the fact that, for first-order approximations of the source and target

models, if we assume x T ,1, . . . , x T ,nT

iid∼Np (0, I p ), then by Lemma 1 (a well-known result for which

we provide a proof in Appendix A.1, for convenience), βi = (x ⊤T ,iθ T )/(x ⊤T ,iθ S ) ∼ Cauchy(δ,γ),

with

δ=
θ ⊤T θ S

∥θ S∥2 , and

γ=
1

∥θ S∥2

Ç

∥θ S∥2 ∥θ T ∥2− (θ ⊤T θ S )2.

Lemma 1. For any a ,b ∈ Rp , if x ∼ Np (0, I p ) then (x ⊤a )/(x ⊤b ) ∼ Cauchy(δ,γ), with δ =

a ⊤b /∥b ∥2 and γ= ∥b ∥−2
Æ

∥b ∥2 ∥a∥2− (a ⊤b )2.

That being so, while Equation (2.2) is motivated by a first-order approximation, f (θ S , x S )and

g (θ T , x T ) need not share the same structure to implement the RECaST framework described by

Equation (2.2). In fact, Equation (2.2) does not make any account of g (θ T , x T ); it only assumes

that the source model and parameters are available with the target data.

In practice, we assume without loss of generality that features have been centered and scaled

to have mean zero and unit variance. Central limit theory supports the Gaussian approximation

for more complex, nonlinear models (i.e., for the large p scenarios that characterize modern
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ML approaches). Specifically, appealing to the Lyapunov or Lindeberg central limit theorem

gives Gaussian approximations for the distributions of x ⊤T ,iθ S/∥θ S∥2 and x ⊤T ,iθ T /∥θ T ∥2. For

more general assumptions on f and g , first-order approximations motivate f (θ S , x T ,i )≈ x ⊤T ,iθ S

and g (θ T , x T ,i )≈ x ⊤T ,iθ T . The edge case with γ→∞ describes a situation in which there is no

link between the source and target domains. Assuming γ <∞, the RECaST model specified by

Equation (2.2) with random effect βi ∼Cauchy(δ,γ) fully characterizes the similarity between

the source and target domains. In addition to being the exact distribution in the linear model

case with Gaussian features, the Cauchy distribution also provides benefit through its heavy

tails. This attribute allows βi to capture large disparities between source and target data sets,

improving the frequentist coverage of resulting prediction sets.

Estimating parameters of Cauchy distributions is a notoriously difficult problem since the

heavy tails allow outlying events to happen with relatively high probability (Schuster 2012).

Some estimation procedures focus on estimating solely the location parameter (Zhang 2010) or

the scale parameter (Kravchuk and Pollett 2012), but rarely both. Fegyverneki (2013) explores

the trade-off between using simple robust estimators, for both parameters, which are less

asymptotically efficient than the maximum likelihood estimators. Recently, limit theorems are

established in Akaoka et al. (2022) for quasi-arithmetic means for point estimation in cases

where the strong law of large numbers fails, such as with Cauchy random variables. The fact

that the Cauchy distribution appears in our work speaks to the difficulty of a transfer learning

problem.

There are three primary advantages of our RECaST transfer learning model formulation

in Equation (2.2) with random effect βi ∼ Cauchy(δ,γ). First, regardless of the complexity

of the source model (e.g., f (θ S , ·) could represent a DNN with millions of parameters in θ S

trained on extensive source data), RECaST only ever requires estimation of the parameters δ

and γ, and perhaps a scale parameter associated with UT ,i through h (·,UT ,i ). Existing transfer

learning methods require either estimation of θ T (often via fine-tuning from an estimate

of θ S ) or learning of nT +nS weights for pooling the source and target data, where nS is the

number of source training labels. The scalability of our approach cannot be overstated. Second,

RECaST needs no source data, only requiring the estimated source parameters bθ S . Such a

feature is vital in applications such as with medical data where privacy constraints place

legal and ethical barriers to accessing certain data sets. Third, RECaST naturally facilitates

uncertainty quantification of target label predictions via the construction of prediction sets. The

following two sections propose a Bayesian framework for estimation of the posterior predictive

distribution of target labels in the continuous and binary response settings, respectively.

12



2.4 Continuous Response Data

2.4.1 Model and Estimation

Assume that YS ,1, . . . , YS ,nS
and YT ,1, . . . , YT ,nT

are mutually independent, continuous random vari-

ables generated according to source and target models, respectively, as expressed in Equation

(2.1). Also assume that an estimator f (bθ S , x ) is available for any feature vector x ∈XS =XT ,

where bθ S is an estimator of θ S based on YS ,1, . . . , YS ,nS
. In the continuous response setting, a nat-

ural choice for the h function in the RECaST model, defined by Equation (2.2), is the Gaussian

innovation formulation,

YT ,i =βi · f (bθ S , x T ,i ) +σ ·UT ,i ,

independently for i ∈ {1, . . . , nT }, where UT ,i ∼N (0, 1),σ> 0 is a scaling parameter to be learned

from the target data, and βi ∼Cauchy(δ,γ).

We specify a canonical prior on (δ,γ,σ) as

π(δ,γ,σ) =N (δ | 1,σ2
δ) · logN (γ | a , b ) · logN (σ | c , d ).

The prior distributions are standard for shape and scale parameters. The hyperparameters for

σ can be chosen based on prior information about the target domain. The hyperparameters

for δ and γ can be chosen based on prior information about similarity between the source

and target data. If the domains are known to be very similar, then the prior on δ may be

centered near 1 with a small variance and the prior on γmay be chosen to have a mode near

0 with a small variance. This will result in a prior favoring δ and γ values that encourage

β = g (θ T , x T )/ f (θ S , x T ) values of 1, which indicates a similar source and target. In practice, to

demonstrate the robustness of the RECaST framework and to cover a broad range of transfer

learning settings, we choose hyperparameter values that induce diffuse priors. See Appendix

A.3 for more details.
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A posterior distribution of the parameters (δ,γ,σ) can be expressed as

π
�

δ,γ,σ | yT ,1, . . . , yT ,nT
, bθ S

�

=

∫

R
· · ·
∫

R
π
�

δ,γ,σ,β1, . . . ,βnT
| yT ,1, . . . , yT ,nT

, bθ S

�

dβ1 . . . dβnT

∝π(δ,γ,σ) ·
∫

R
· · ·
∫

R

nT
∏

i=1

�

N
�

yT ,i |βi f (bθ S , x T ,i ),σ
2
	

·Cauchy(βi |δ,γ)
�

dβ1 . . . dβnT

=π(δ,γ,σ) ·
nT
∏

i=1

∫

R
N
�

yT ,i |βi f (bθ S , x T ,i ),σ
2
	

·Cauchy(βi |δ,γ) dβi

=π(δ,γ,σ) ·
nT
∏

i=1

∫

R
N
�

βi f (bθ S , x T ,i ) | yT ,i ,σ2
	

·Cauchy(βi |δ,γ) dβi

=π(δ,γ,σ) ·
nT
∏

i=1

∫

R
N
§

βi |
yT ,i

f (bθ S , x T ,i )
,

σ2

f 2(bθ S , x T ,i )

ª

·
Cauchy(βi |δ,γ)

| f (bθ S , x T ,i ) |
dβi , (2.3)

where the univariate integrals in the last expression can be evaluated numerically. Next, the

posterior predictive distribution of the label eYT associated with some new target feature vector

ex T can be derived as the marginal distribution of

π
�

eyT , eβ ,σ,δ,γ | yT ,1, . . . , yT ,nT
, bθ S

�

=N {eyT | eβ f (bθ S ,ex T ),σ
2} ·π
�

eβ ,σ,δ,γ | yT ,1, . . . , yT ,nT
, bθ S

�

=N {eyT | eβ f (bθ S ,ex T ),σ
2} ·Cauchy( eβ |δ,γ) ·π

�

δ,γ,σ | yT ,1, . . . , yT ,nT
, bθ S

�

. (2.4)

2.4.2 Remarks on Implementation

To estimate the posterior distribution given in Equation (2.3), we implement a random walk

Metropolis-Hastings algorithm, numerically solving the univariate integrals with the Julia
package QuadGK (Johnson 2013). Furthermore, by expressing these integrals as expectations

with respect to a Gaussian distribution (i.e., the final expression in Equation (2.3)), we show

that they are numerically equivalent to definite integrals from −39 to 39. See Appendix A.2 for

the mathematical details of this bound. This substantially reduces the computational overhead

for the numerical integration.

We detail our implementation of the Metropolis-Hastings algorithm in Appendix A.3. The

chosen number of iterations and length of the burn-in period can be adjusted based on com-

putational resources. Because Metropolis-Hastings evaluates the likelihood for all target data

points for each iteration, the computational complexity is O (nT ·niterations), with niterations the

number of Metropolis-Hastings iterations. The fact that nT is assumed to be small for trans-
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fer learning problems mitigates concerns about scalability. Posterior predictive credible sets

can be constructed as usual in Bayesian inference, from the highest posterior density regions

calculated via the empirical quantiles of the sampled posterior predictive values.

In Algorithm 1, we propose a procedure for drawing samples from the posterior predictive

distribution described by Equation (2.4). Again take ex T to be the feature vector for a new target

data point with label eYT . With the learned posterior distribution of (δ,γ,σ), we are able to

sample from the posterior predictive distribution of eYT . We first sample npost (δ,γ,σ) triplets

from the posterior distribution. For each of these triplets, we sample nβ β ’s from a Cauchy

distribution with location and scale parameters corresponding to the δ and γ sampled from

the posterior. Finally, for each sampled β we sample nY ỹT ’s from the normal distribution

with mean and variance determined by x̃ T , the sampled β , and the sampledσ. This gives a

total of npost ·nβ ·nY samples from the posterior predictive distribution for each new target

observation. These samples are used to construct the posterior predictive credible sets as

described in Algorithm 1 with a computational complexity of O (npost ·nβ ·nY ). We discuss our

choices for these parameters in Appendix A.3. We showcase the effectiveness of these proposed

computational strategies in a variety of simulation scenarios in Section 2.6.2.

Algorithm 1 RECaST posterior predictive sampling: continuous response data

Input: ex T , samples from π
�

δ,γ,σ | yT ,1, . . . , yT ,nT
, bθ S

�

, and sample sizes npost, nβ , and nY

Output: A sample of values from π
�

eyT | yT ,1, . . . , yT ,nT
, bθ S

�

for i ← 1 to npost do

δ,γ,σ← random
�

π
�

δ,γ,σ | yT ,1, . . . , yT ,nT
, bθ S

�	

for j ← 1 to nβ do
eβ ← random
�

Cauchy(δ,γ)
	

for k ← 1 to nY do
eYT ← random
�

N
�

eβ f (bθ S ,ex T ),σ2
	�

end for

end for

end for

2.4.3 Theoretical Guarantees

In this section, we establish the asymptotic validity of our proposed posterior predictive credible

sets in the case of linear source and target models with independent Gaussian innovations.

Here, asymptotic validity means that the empirical coverage of a 1−α level prediction credible
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set attains 1−α level coverage, asymptotically in nT , as described by the result of Theorem 3.

Our mathematical proof of this result and of all supporting results are organized in Appendix

A.1.

Suppose that YS , j follows a Gaussian distribution centered at x ⊤S , jθ S , independently for

j ∈ {1, . . . , nS}. In the class of transfer learning problems we consider, it is assumed that consis-

tent or meaningful estimators are available for all source model parameters, and that ample

data/resources are available for estimating them. Accordingly, assume that nS is sufficiently

large such that θ S is regarded as known. Next, assume that YT ,1, . . . , YT ,nT

iid∼ N (ex ⊤θ T ,σ2), for

some feature vector ex ∈XT =XS , and θ T unknown. Leveraging the RECaST transfer learning

framework, the likelihood function of (δ,γ) can be expressed as

L (δ,γ | yT ,1, . . . , yT ,nT
,β1, . . . ,βnT

) =
nT
∏

i=1

�

N
�

yT ,i |βi ex
⊤θ S ,σ2
	

·Cauchy(βi |δ,γ)
�

. (2.5)

We investigate the asymptotic coverage of prediction sets constructed from the RECaST

posterior predictive distribution with plugin maximum likelihood estimators (MLEs) bδ and bγ

for δ and γ, respectively:

π(eyT , eβ | y1, . . . , ynT
) =N (eyT | eβ ex ⊤θ S ,σ2) ·Cauchy( eβ | bδ, |bγ|).

This is the same as considering maximum a posteriori (MAP) estimators for δ and γwith a flat

prior π(δ,γ)∝ 1, and the choice of prior is not so meaningful in the nT →∞ setting. Recall

that in the RECaST framework the β1, . . . ,βnT
that appear in the likelihood function in Equation

(2.5) are iid Cauchy(δ,γ) random effects. Nonetheless, we demonstrate with Lemma 2 that the

MLEs bδ and bγ converge in probability to fixed points such that

π( eYT , eβ | y1, . . . , ynT
)≈N ( eYT | eβ ex ⊤θ S ,σ2) ·1

§

eβ =
ex ⊤θ T

ex ⊤θ S

ª

=N ( eYT | ex ⊤θ T ,σ2),

as desired. This fact leads to our main theoretical result, Theorem 3, which establishes the

asymptotic validity of 1−α level RECaST prediction sets of the form [aαnT
, b αnT
], with

aαnT
:=Φ−1(α/2) ·σ+ eβ · ex ⊤θ S and

b αnT
:=Φ−1(1−α/2) ·σ+ eβ · ex ⊤θ S ,

for any α ∈ (0, 1) and eβ ∼Cauchy(bδ, |bγ|).

Lemma 2. Assuming YT ,1, . . . , YT ,nT

iid∼ N (ex ⊤θ T ,σ2) and β1, . . . ,βnT

iid∼ Cauchy(δ,γ), indepen-
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dently, the MLEs of δ and γ for Equation (2.5) satisfy

bδ−→
ex ⊤θ T

ex ⊤θ S

and bγ−→ 0

in probability as nT →∞.

Theorem 3. Assume that eYT ∼N (ex ⊤θ T ,σ2). Then, for any α ∈ (0, 1),

P
�

eYT ∈ [aαnT
, b αnT
]
�

=

∫ b αnT

aαnT

1

σ
p

2π
e −

1
2σ2 (eyT −ex⊤θ T )2 d eyT −→ 1−α

in probability as nT →∞.

In Section 2.6, we provide empirical evidence that RECaST achieves near nominal coverage

even in more practical, small nT settings, trained on target data that arise from both linear and

non-linear models. In the empirical investigations in Section 2.6, we relax the assumptions of

knownσ and the availability of repeated samples from a fixed feature vector ex .

2.5 Binary Response Data

2.5.1 Model and Estimation

Assume that YS ,1, . . . , YS ,nS
and YT ,1, . . . , YT ,nT

are mutually independent, Bernoulli random vari-

ables generated according to source and target models, respectively, as expressed in Equation

(2.1). Also assume that an estimator f (bθ S , x ) is available for any feature vector x ∈XS =XT ,

where bθ S is an estimator of θ S based on YS ,1, . . . , YS ,nS
. In the binary response setting, a natural

choice for the h function in the RECaST model, defined by Equation (2.2), is the logistic model

formulation,

YT ,i = 1
�

UT ,i < expit
�

βi · f (bθ S , x T ,i )
	�

,

with UT ,i ∼Uniform(0, 1) independently for i ∈ {1, . . . , nT } and βi ∼Cauchy(δ,γ).

As in the continuous setting, the RECaST posterior distribution of the parameters can be
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constructed as

π
�

δ,γ | yT ,1, . . . , yT ,nT
, bθ S

�

=

∫

R
· · ·
∫

R
π
�

δ,γ,β1, . . . ,βnT
| yT ,1, . . . , yT ,nT

, bθ S

�

dβ1 . . . dβnT

∝π(δ,γ) ·
nT
∏

i=1

∫

R
Bernoulli
�

yT ,i | expit
�

βi f (bθ S , x T ,i )
	�

·Cauchy(βi |δ,γ) dβi ,

and the posterior predictive distribution of the label eYT associated with some new target feature

vector ex T can be derived as the marginal distribution of

π
�

eyT , eβ ,δ,γ | yT ,1, . . . , yT ,nT
, bθ S

�

=Bernoulli
�

eyT | expit
�

eβ f (bθ S ,ex T )
	�

·Cauchy( eβ |δ,γ) ·π
�

δ,γ | yT ,1, . . . , yT ,nT
, bθ S

�

. (2.6)

We specify a canonical prior on (δ,γ) as

π(δ,γ) =N (δ | 1,σ2
δ) · logN (γ | a , b ),

with diffuse choices of the hyperparametersσδ, a , b . A similar description to that in Section

3.1 of the choice of priors holds here.

A 1−α level RECaST prediction credible set, denoted Γ αnT
, for binary response values is

constructed as

Γ αnT
=















{0}, if ep < 1− ep and 1−α≤ 1− ep

{1}, if 1− ep ≤ ep and 1−α≤ ep

{0, 1}, else,

(2.7)

where ep :=π
�

eyT = 1 | yT ,1, . . . , yT ,nT
, bθ S

�

.

2.5.2 Remarks on Implementation

The RECaST transfer learning computations in the binary response setting follow analogously

to those described in Section 2.4.2. For completeness, Algorithm 2 specifies the procedure we

propose for drawing samples from the posterior predictive distribution described by Equation

(2.6).
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Algorithm 2 RECaST posterior predictive sampling: binary response data

Input: ex T , samples from π
�

δ,γ | yT ,1, . . . , yT ,nT
, bθ S

�

, and sample sizes npost, nβ , and nY

Output: A sample of values from π
�

ey | yT ,1, . . . , yT ,nT
, bθ S

�

for i ← 1 to npost do

δ,γ← random
�

π
�

δ,γ | yT ,1, . . . , yT ,nT
, bθ S

�	

for j ← 1 to nβ do
eβ ← random
�

Cauchy(δ,γ)
	

for k ← 1 to nY do
eYT ← random
�

Bernoulli
�

expit
�

eβ f (bθ S ,ex T )
	�

�

end for

end for

end for

2.6 Simulation Study

2.6.1 Objectives and Setup

In this section, we examine the finite sample performance of RECaST through simulations

on synthetic data. We consider continuous and binary responses with source models corre-

sponding to linear (RECaST LM) and logistic (RECaST GLM) regression, respectively, as well as

a DNN (RECaST DNN) source model for both response types. We assess the empirical coverage

with respect to the nominal coverage level of the prediction sets. If the method is calibrated,

the empirical coverage will match the nominal significance level. We use the terms empirical

coverage and observed coverage interchangeably.

We generate the synthetic data from linear and logistic regressions with source parameter

vector θ S and target parameter vector θ T , with p = 50 features (including an intercept). The

features are generated from the standard Gaussian distribution, x S ,i , x T , j ∼Np−1(0, I p−1). We

fix the source data generating parameters θ S . The source data generating parameters are set to

θ S = (−a ,b )where a ,b ∈R25 have components independently sampled from Uniform(0.75, 5)

and then fixed for all simulations. The similarity of source and target domains is controlled by

choosing the value ofσTL > 0 in constructing θ T = θ S +εwith ε∼Np (0,σ2
TLI p ). We consider

values ofσ2
TL ∈ {0, 0.25, 1, 4}. Settingσ2

TL = 0 corresponds to θ T = θ S , i.e., no difference between

the source and target distributions. Since the source parameters lie within [−5,−0.75]∪ [0.75, 5],

a variance ofσ2
TL = 4 allows for significant differences between θ T and θ S . We fix the source

sample size at nS = 1000, and vary the target sample size nT to examine performance when

p < nT (nT = 100, 250), p is near nT (nT = 40, 60), and p > nT (nT = 20). We simulate 300 source
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and target data sets for each of these 20 combinations ofσ2
TL and nT values, and implement the

estimation procedures described in Sections 2.4.2 and 2.5.2. See Appendix A.3 for additional

details about the specifics of our implementations.

We compare to a linear model baseline (LM) which is built only on the target data. An-

other baseline for comparison is constructed from training a DNN on the target data, without

any transfer learning, and we compare RECaST to other state-of-the-art transfer learning

approaches. We build a DNN on the source data and fine-tune the last layer on the target

data (Unfreeze DNN); this is often referred to as freezing the weights of the source DNN and

unfreezing the last layer. See Appendix A.4 for details on this procedure. Other state-of-the-art

transfer learning approaches that we compare RECaST to include TransRF (Gu et al. 2022), a

source-free method that adapts a random forest model built in the source domain to target

data, and glmtrans (Tian and Feng 2022), which is based on penalized GLMs and designed to

mitigate the impact of negative transfer. Unlike RECaST and TransRF, glmtrans requires the

source data to be available during the training of the model. In the continuous setting, we

compare to the source-free methods outlined by Tripuraneni et al. (2021). We compare to both

their first order method (MTL FO) and their method of moments approach (MTL MoM). Note

that while this method does not require the source data when learning the target model, it does

require that the source parameters were learned following their formulation whereas RECaST

is agnostic to the choice of source model. In the binary setting, we compare RECaST to the

regularized logistic regression (Wiens) approach of Wiens et al. (2014). This approach uses the

combined source and target EHR data to build a regularized model for disease prediction –

similar to the real data application we consider in Section 2.7, but with the disadvantage that

Wiens requires access to the source data (while RECaST does not). In the binary setting, we

also compare RECaST to the adversarial transfer learning approach WDGRL (Shen et al. 2018),

which also requires access to the source data.

Throughout this section, all DNN training proceeds by setting aside a portion of the training

data to be used as a calibration data set. The final DNN parameters are chosen from the

epoch with the minimum calibration loss to improve generalizability to out-of-sample test sets.

Additional details/specifications for our DNN training procedures are provided in Appendix

A.4.

2.6.2 Continuous Response Results

Table 2.1 and Figure 2.1 summarize the performance of the prediction uncertainty quantifica-

tion provided by our RECaST framework implementations. Table 2.1 presents the empirical

coverage for 95% nominal level prediction sets for each simulation setting. Recall that the em-
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pirical coverage should ideally match the nominal significance for a given level; an empirical

coverage greater than the nominal coverage level corresponds to a conservative interval esti-

mate. RECaST methods consistently provide empirical coverage at or slightly above nominal

levels, supporting the use of RECaST for inference on out-of-sample target domain predictions.

Additionally, Figure 2.1 plots empirical versus nominal coverage for theσ2
TL = 0.25, nT = 100

andσ2
TL = 4, nT = 20 settings at a grid of nominal levels. The empirical coverages consistently

achieve the associated nominal levels or are slightly conservative.

Figure 2.1: Reliability curves of the nominal coverage versus the empirical coverage, averaged
over 300 source and target data sets for each setting; the out-of-sample test sets each contain
250 observations. The left panel shows an easy setting: nT = 100 andσ2

TL = 0.25. The right panel
shows a difficult setting: nT = 20 andσ2

TL = 4.

Out-of-sample root mean squared errors (RMSEs) for all methods, averaged over 300 source

and target data sets are presented in Table 2.2. The LM provides the best prediction when

the sample size is large since in this case it correctly specifies the data generating model

and has enough data to estimate the parameters. There is a large decrease in performance,

noted by the increase in RMSE, when nT < p and a generalized inverse has to be used for

parameter estimation. As expected, the performance of DNN deteriorates as the target sample

size decreases. Note that the baseline DNN is overparameterized, which leads to it having

higher RMSEs than the baseline LM.

Interestingly, the RECaST RMSE values remain consistent for each value ofσ2
TL, regardless

of sample size, suggesting that RECaST is appropriate even when the target sample size is so

small as to preclude a target-only analysis. Meanwhile, Unfreeze DNN exhibits an increase
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in RMSE for each value ofσ2
TL as nT decreases. As source and target become more dissimilar,

both Unfreeze DNN and RECaST exhibit similar increases in RMSE. In fact, with nT = 250 and

σ2
TL = 4, the target-only DNN outperforms both RECaST methods. This setting is the most

prone to negative transfer: the target sample size is large enough to learn meaningful DNN

parameters, and the source and target data distributions differ greatly, making transfer difficult.

We see this phenomenon with the target only LM as well; with a sample size of nT = 40, both

RECaST methods outperform the LM except for when the source and target are most dissimilar.

When nT = 20, the RECaST methods outperform the LM in all settings. This highlights a

situation where transfer learning is necessary because the target domain lacks sufficient data

to efficiently estimate the target parameters, even with a correctly specified model.

Table 2.1: Empirical coverage (standard error) at the 95% nominal level, averaged over 300
source and target data sets for each setting; the out-of-sample test sets each contain 250
observations. All reported values are multiplied by 100.

nT σ2
TL RECaST LM RECaST DNN

250 0 96(1.8) 94(1.9)

0.25 95(1.9) 95(1.9)

1 95(1.9) 95(1.8)

4 95(2.0) 95(1.9)

100 0 96(1.8) 94(2.1)

0.25 96(1.8) 96(2.0)

1 96(1.8) 96(1.8)

4 96(1.8) 96(1.9)

60 0 97(2.2) 94(2.6)

0.25 96(1.9) 96(1.8)

1 96(1.8) 96(1.8)

4 96(1.8) 96(1.8)

40 0 97(2.1) 94(3.3)

0.25 96(2.4) 96(2.4)

1 96(2.6) 96(2.5)

4 96(2.8) 96(2.8)

20 0 98(1.8) 95(3.0)

0.25 97(2.6) 97(2.8)

1 97(2.6) 97(2.8)

4 97(2.7) 97(2.9)
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The MTL FO and MTL MoM both see increases in RMSE as the source and target become

more dissimilar and see a larger increase in RMSE as the target sample size decreases. Interest-

ingly, in this simulation these two methods have the same performance when there are more

target sample points than there are features. While in some settings with larger target sample

sizes the Unfreeze DNN slightly outperforms RECaST, it has larger standard errors and fails to

provide uncertainty quantification. We find that TransRF sometimes performs well but with

high RMSE variance. We were not able to evaluate TransRF when the target sample size was 20

as the software gave NA values instead of predictions without an accompanying error message.

While glmtrans sometimes has smaller RMSE than RECaST, recall that it requires access to the

source data and that only RECaST provides uncertainty quantification for predictions.

Table 2.2: Out-of-sample RMSE (standard error) averaged over 300 source and target data sets for each setting;
the out-of-sample test sets each contain 250 observations.

nT σ2
TL LM DNN RECaST LM RECaST DNN Unfreeze DNN TransRF glmtrans MTL FO MTL MoM

250 0 0.57(0.03) 2.8(0.38) 0.52(0.027) 1.2(0.090) 0.58(0.038) 14(1.5) 0.56(0.026) 1.9(0.07) 1.9(0.07)

0.25 0.57(0.03) 2.9(0.37) 3.6(0.43) 3.8(0.4) 2.8(0.42) 14(1.4) 0.56(0.027) 1.9(0.5) 1.9(0.5)

1 0.57(0.03) 3.1(0.43) 7.1(0.86) 7.2(0.84) 5.5(0.90) 14(1.5) 0.56(0.027) 2.0(1.0) 2.0(1.0)

4 0.57(0.03) 3.7(0.52) 14(1.7) 14(1.7) 11(1.8) 17(2.6) 0.56(0.027) 2.5(1.7) 2.5(1.7)

100 0 0.71(0.07) 8.9(1.6) 0.52(0.022) 1.2(0.095) 0.81(0.095) 22(12) 0.69(0.047) 2.4(0.2) 2.4(0.2)

0.25 0.71(0.06) 9.1(1.3) 3.6(0.42) 3.8(0.40) 3.2(0.57) 28(75) 0.73(0.068) 2.4(0.7) 2.4(0.7)

1 0.71(0.06) 9.4(1.3) 7.1(0.85) 7.2(0.83) 6.3(1.1) 23(16) 0.74(0.075) 2.5(1.2) 2.5(1.2)

4 0.71(0.06) 11(1.52) 14(1.7) 14(1.7) 13(2.1) 31(34) 0.74(0.073) 3.1(2.1) 3.1(2.1)

60 0 1.3(0.27) 14(2.5) 0.52(0.025) 1.2(0.11) 1.5(0.29) 46(73) 0.75(0.05) 4.0(0.87) 4.0(0.88)

0.25 1.3(0.23) 13(1.6) 3.6(0.43) 3.8(0.42) 3.7(0.78) 48(99) 1.2(0.21) 4.0(1.2) 4.0(1.2)

1 1.3(0.23) 14(1.8) 7.1(0.87) 7.2(0.86) 6.8(1.3) 54(85) 1.7(0.38) 4.2(2.1) 4.2(2.1)

4 1.3(0.23) 16(2.6) 14(1.8) 14(1.8) 13(2.0) 51(59) 3.0(0.85) 5.1(3.5) 5.1(3.5)

40 0 10(2.1) 17(2.6) 0.52(0.024) 1.2(0.089) 1.8(0.61) 74(64) 0.78(0.063) 11(2.1) 10(1.9)

0.25 11(1.8) 17(2.4) 3.6(0.41) 3.8(0.40) 4.1(1.1) 62(74) 2.5(0.51) 11(2.1) 10(1.9)

1 11(2.0) 18(2.5) 7.2(0.83) 7.3(0.83) 7.6(2.2) 69(110) 4.7(1.1) 11(2.4) 11(2.2)

4 12(2.0) 20(2.9) 14(1.7) 14(1.7) 14(3.0) 150(540) 8.9(2.3) 13(3.0) 13(2.9)

20 0 18(1.8) 21(1.8) 0.54(0.03) 1.2(0.11) 2.5(2.2) - 0.81(0.078) 18(2.0) 17(1.6)

0.25 18(1.8) 21(1.8) 3.7(0.44) 3.9(0.42) 4.7(2.5) - 3.4(0.39) 18(1.9) 18(1.7)

1 18(1.9) 22(2.0) 7.3(0.90) 7.4(0.90) 8.5(3.5) - 6.7(0.8) 19(2.1) 18(1.9)

4 21(2.4) 24(2.7) 15(1.8) 15(1.8) 16(4.0) - 6.7(0.8) 21(2.5) 20(2.4)

2.6.3 Binary Response Results

Table 2.3 shows that RECaST procedures, again, provide near nominal coverages with low

standard errors across sample sizes in the binary response setting.
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Table 2.3: Empirical coverage (standard error) at the 95% nominal level, averaged over 300 source and target
data sets for each setting; the out-of-sample test sets each contain 250 observations. All reported values are
multiplied by 100.

nT σ2
TL DNN

RECaST
GLM

RECaST
DNN Wiens

Unfreeze
DNN TransRF glmtrans WDGRL

250 0 84(9.5) 95(0.78) 96(0.090) 100(0) 91(8.4) 89(12) 98(4.4) 95(4.4)

0.25 89(7.5) 95(0.82) 96(0.13) 100(0) 93(6.8) 88(11) 98(2.6) 94(4.8)

1 91(6.2) 95(0.65) 96(0.14) 100(0) 95(4.5) 87(9.5) 98(3.6) 86(6.0)

4 93(6.4) 95(0.40) 95(0.39) 99(1.5) 95(4.8) 86(11) 97(4.1) 75(7.6)

100 0 80(12) 96(1.1) 96(0.25) 100.0(0) 90(8.7) 68(22) 96(6.4) 96(3.4)

0.25 83(11) 95(1.3) 96(0.27) 100(0) 92(7.8) 78(3.0) 94(6.2) 93(4.2)

1 88(8.2) 95(1.2) 96(0.35) 100(4.6) 94(5.9) 69(18) 94(8.5) 89(5.7)

4 92(6.2) 95(0.81) 95(0.90) 95(13) 94(10.0) 49(20) 83(4.6) 89(2.3)

60 0 80(13) 95(1.2) 96(0.54) 100(0.0) 92(6.4) 65(19) 93(9.3) 95(3.7)

0.25 77(17) 95(1.3) 96(0.67) 100(0.0) 91(8.1) 64(22) 88(12) 95(3.1)

1 80(21) 95(1.1) 95(0.867) 100(0.49) 94(6.1) 63(19) 88(15) 90(4.7)

4 84(15) 95(0.59) 95(1.0) 96.8(4.7) 93(8.7) 58(19) 89(11) 80(6.9)

40 0 68(23) 95(1.6) 96(0.86) 100(0.0) 89(11) 60(20) 88(14) 95(5.5)

0.25 72(20) 95(1.6) 96(0.99) 100(0.0) 90(7.9) 55(25) 81(16) 95(4.1)

1 76(19) 94(1.5) 95(1.2) 100(0.53) 89(8.7) 59(19) 85(14) 89(5.9)

4 77(25) 94(1.4) 94(1.1) 97(3.2) 90(7.2) 63(20) 78(14) 78(7.4)

20 0 67(22) 95(1.1) 96(0.78) 100(0.0) 85(17) - 86(15) -

0.25 75(16) 95(1.1) 95(0.98) 100(0.0) 86(14) - 68(15) -

1 75(16) 95(0.84) 95(1.1) 100(0.55) 86(17) - 63(18) -

4 72(13) 95(0.47) 94(0.99) 98(1.5) 80(18) - 66(17) -

Compared to the other approaches, RECaST provides substantial inferential advantages

that are robust to small target sample sizes and large dissimilarity between source and target.

Recall from Equation (2.7) that prediction sets in the binary response setting are determined

entirely by the Bernoulli probability of observing label 1. Thus, we can construct prediction sets

for the DNN, Unfreeze DNN, and Wiens methods, as well. When a method fails to discriminate

between the two labels at level 1−α (e.g., when the Bernoulli probability of success and failure

are both below 1−α), then the prediction set must include both labels to attain the 1−α level.

In such cases, as observed for the Wiens method in various settings in Table 2.3, the prediction

set achieves 100% empirical coverage, but is unhelpful for prediction.

Table 2.4 provides the area under the receiver operator characteristic curve (AUC) for all

methods and simulation settings. In all settings except one, RECaST DNN outperforms all

other methods. We see similar patterns here as in the continuous setting. The RECaST models

consistently report the highest AUC, with low standard errors across sample sizes. In contrast,

the AUC of DNN and Unfreeze DNN drastically declines as nT decreases. As expected, the

AUC of all transfer learning methods decreases as the difficulty of the problem increases with

larger values ofσ2
TL. RECaST DNN and WDGRL frequently outperform other methods; however,

WDGRL requires access to the source data, an important limitation that is unrealistic in many
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applications. WDGRL crashed with a sample size of nT = 20, so we are unable to evaluate its

performance in these settings.

The benefits to coverage properties and predictive performance of the RECaST method are

especially important in the binary response case. This demonstrates that RECaST can be used

even when the linearity assumption of Lemma 1 is violated.

Table 2.4: Out-of-sample AUC (standard error) averaged over 300 source and target data sets for each setting;
the out-of-sample test sets each contain 250 observations. All reported values are multiplied by 100.

nT σ2
TL DNN

RECaST
GLM

RECaST
DNN Wiens

Unfreeze
DNN TransRF glmtrans WDGRL

250 0 95(1.7) 98(2.1) 98(0.61) 80(3.5) 97(1.2) 66(13) 97(2.0) 97(0.95)

0.25 95(1.6) 97(2.3) 98(0.89) 80(3.9) 97(1.2) 69(10) 96(1.6) 97(1.3)

1 94(1.5) 93(3.8) 96(1.5) 79(3.9) 95(1.7) 66(11) 97(1.8) 95(1.5)

4 95(1.7) 84(5.5) 89(2.8) 76(4.0) 89(3.0) 67(12) 97(1.6) 88(3.2)

100 0 85(7.9) 96(2.2) 98(0.64) 81(4.2) 96(2.2) 47(19) 87(9.3) 98(0.66)

0.25 83(9.6) 95(2.7) 97(1.0) 80(4.1) 95(1.9) 18(14) 81(5.3) 97(1.0)

1 84(8.4) 92(3.8) 95(1.4) 79(4.4) 93(2.4) 48(20) 81(5.5) 95(1.4)

4 82(11) 83(4.7) 89(3.1) 74(4.3) 87(4.8) 49(20) 83(4.6) 89(2.3)

60 0 72(13) 96(1.9) 98(1.0) 80(4.3) 94(5.2) 49(20) 83(4.6) 89(2.3)

0.25 74(11) 94(2.5) 97(1.4) 80(4.3) 94(2.34) 36(21) 74(5.1) 97(0.78)

1 75(10) 90(3.5) 95(1.7) 78(4.1) 91(6.0) 33(20) 74(5.3) 95(1.9)

4 72(11) 83(4.0) 89(3.3) 73(4.7) 84(8.0) 29(18) 75(5.6) 89(2.4)

40 0 68(11) 96(1.6) 98(1.1) 80(3.8) 94(4.5) 27(16) 83(16) 97(1.1)

0.25 68(11) 94(2.2) 97(1.3) 80(4.0) 92(6.7) 19(15) 67(4.9) 97(1.2)

1 65(12) 90(3.0) 95(1.9) 78(3.9) 89(7.9) 32(18) 69(5.7) 95(1.7)

4 67(12) 82(4.1) 89(3.5) 74(4.2) 80(12) 31(18) 69(4.9) 89(3.2)

20 0 60(8.7) 96(1.7) 97(1.4) 80(3.9) 89(10) - 81(18) -

0.25 61(9.1) 94(2.1) 97(1.9) 79(4.2) 87(13) - 62(5.1) -

1 60(9.5) 90(2.7) 94(2.5) 77(4.5) 83(14) - 60(5.0) -

4 62(8.2) 82(3.5) 88(3.0) 72(5.0) 77(11) - 63(5.0) -

2.6.4 Robustness of RECaST

Over-Parameterized RECaST DNN

In all previous simulations, the true data generating mechanisms are linear or logistic models. To

test the robustness of RECaST, we now consider a more complex case where data are generated

from neural networks. We generate data from a neural network with a densely connected input

layer of size ℓ1 = (p ,10) and then pass through a ReLU activation function to an output layer

of size ℓ2 = (10, 1), where there are p = 50 features generated as described in Section 2.6.1. For

the binary response data, we append a sigmoid activation function to the end of the output

layer. While the source and target data generating networks share architectures, we consider

two relationships between the source and target neural network parameters.
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In our first set of simulations, as in Section 2.6.1, we take the parameters of the source

neural network to be θ S
iid∼U (−1,1) and define the parameters of the target neural network

as θ T = θ S + ε with ε ∼ Np×10+10×1(0,0.025I ). For a continuous outcome, Table 2.5 shows

that the RECaST DNN methods have the lowest RMSE for all sample sizes. Both RECaST

methods outperform the target-only DNN across all settings, even when the target sample size

is large (nT = 250). The glmtrans method performs similarly to RECaST LM but worse than

RECaST DNN. For all sample sizes, the RECaST framework produces wide posterior predictive

intervals with 100% observed coverage for the 95% nominal confidence level – see Table A.1 in

Appendix A.5. This greater than nominal coverage demonstrates RECaST will be conservative

but reliable. Indeed, the observed over-coverage is safer than narrower intervals centered

around incorrect values with below nominal coverage. For a binary outcome, Table 2.6 reveals

that both RECaST methods outperform the target-only DNN for all sample sizes. This shows

robustness to negative transfer. The performance of the RECaST methods is stable across target

sample sizes in this setting, with stable AUCs and standard errors, whereas other methods

degrade in performance as the target sample size decreases. Table 2.7 shows the empirical

coverages of each method at the 75% nominal level. Only the RECaST GLM, RECaST DNN, and

Wiens methods provide conservative coverage values for all sample sizes whereas the other

methods tend to under-cover the true labels as the target sample size decreases.

Table 2.5: Out of sample RMSE (standard error) averaged over 300 source and target data
sets when the generating models are neural networks and the target model parameters are
generated as θ T = θ S +εwith ε∼N (0, 0.025I ). The out-of-sample test sets each contain 250
observations. All reported values are multiplied by 100.

nT LM DNN
RECaST

LM
RECaST

DNN
Unfreeze

DNN TransRF glmtrans MTL FO MTL MoM

250 2.9(0.18) 3.1(0.22) 2.9(0.16) 2.1(0.15) 3(0.22) 3.9(0.53) 2.7(0.15) 3.1(0.21) 3.1(0.2)

100 3.8(0.36) 4.2(0.51) 2.9(0.16) 2.1(0.15) 3.3(0.37) 5.5(2.6) 2.7(0.18) 3.8(0.37) 3.9(0.38)

60 6.7(1.6) 5.1(0.56) 2.9(0.16) 2.1(0.15) 3.7(0.65) 12(10) 2.8(0.19) 6.3(1.3) 6.4(1.4)

40 6.1(1.1) 5.4(0.56) 2.9(0.16) 2.1(0.15) 4(0.67) 170(560) 2.8(0.18) 7.4(1.4) 6.8(1.5)

20 4.8(0.38) 5.8(0.44) 3(0.21) 2.2(0.17) 4.6(0.93) - 2.9(0.26) 7.2(0.83) 4.9(0.42)
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Table 2.6: Out-of-sample AUC (standard error) averaged over 300 source and target data sets when the generat-
ing models are neural networks and the target model parameters are generated asθ T = θ S+εwithε∼N (0, 0.025I ).
The out-of-sample test sets each contain 250 observations. All reported values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 85(3.3) 92(1.6) 91(1.9) 75(4) 89(2.8) 64(13) 86(2.5) 89(1.7)

100 73(9.5) 92(1.6) 91(1.8) 75(3.5) 85(5.9) 46(18) 76(4.4) 89(1.7)

60 66(9.7) 92(1.7) 91(2) 75(4.4) 81(9) 29(22) 71(6.9) 89(2.2)

40 62(9) 92(1.8) 91(1.8) 76.0(3.5) 78(11) 24(16) 67(8) 89(1.9)

20 58(7.9) 92(1.8) 91(2) 76.0(3.6) 72(14) - 56(6.4) -

Orthogonal Source and Target Data Generating Model Parameters

In our second set of simulations, we set the source and target weight matrices to be orthog-

onal, i.e., θ ⊤S θ T = 0. For a continuous outcome, Table 2.8 shows that RECaST again provides

consistent predictive performance across target sample sizes. For small sample sizes, both

RECaST methods outperform the target-only LM and DNN. The unfreeze DNN and glmtrans

also perform well, but we mention again that they do not provide uncertainty quantification

of predictions. Table A.2 in Appendix A.5 shows that RECaST provides conservative coverage

intervals which, again, is a safe feature in this difficult transfer learning setting. For a binary

outcome, Table 2.9 shows that RECaST again outperforms the target-only DNN in realistic set-

tings where the target sample size is small. The RECaST methods have consistent AUCs across

target sample sizes whereas other methods deteriorate as the sample size decreases. Table

2.10 shows that only RECaST GLM, RECaST DNN, and the Wiens method provide conservative

uncertainty quantification for all target sample sizes at the 75% nominal level.

Overall, the results presented in this section show that RECaST is robust to negative transfer

under more complex data generating mechanisms. In all cases, the RECaST methods outper-

formed the target-only DNN while boasting conservative predictive coverage intervals when

the target sample size is small. In Appendix A.6 we explore other relationships between the

source and target data when the data generating mechanism is a (generalized) linear model.

These include orthogonality of source and target parameters and the target data having more

features than the source.
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Table 2.7: Empirical coverage (standard error) at the 75% nominal level for a binary response, averaged over
300 source and target data sets when the generating models are neural networks and the target model parameters
are generated as θ T = θ S +εwith ε∼N (0,0.025I ). The out-of-sample test sets each contain 250 observations.
All reported values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 68(13) 98(2) 97(4.1) 88(6.6) 71(13) 72(12) 80(11) 70(7.9)
100 63(12) 95(6.1) 94(6.7) 86(7.5) 70(13) 58(15) 72(12) 64(16)
60 59(12) 90(14) 91(10) 88(7.6) 66(14) 53(26) 75(16) 69(12)
40 58(12) 87(15) 87(13) 88(5.2) 63(15) 61(13) 69(17) 67(15)
20 55(12) 81(17) 81(18) 89(6.6) 59(14) - 57(17) -

Table 2.8: Out of sample RMSE (standard error) averaged over 300 source and target data sets when the
source and target neural network weight matrices are orthogonal. The out-of-sample test sets each contain 250
observations. All reported values are multiplied by 100.

nT LM DNN
RECaST

LM
RECaST

DNN
Unfreeze

DNN TransRF glmtrans MTL FO MTL MoM

250 0.93(0.43) 1.1(0.19) 2.9(0.91) 3(0.98) 1.6(0.45) 3.5(1.1) 1(0.41) 1.3(0.69) 1.3(0.69)
100 1.2(0.56) 2.3(0.51) 2.8(0.89) 3(0.97) 1.8(0.52) 5.9(3.2) 1.3(0.52) 1.6(0.86) 1.6(0.86)
60 2.2(1.1) 3.2(0.88) 2.8(0.89) 3(0.96) 2.1(0.62) 7.7(6.3) 1.9(0.7) 2.6(1.4) 2.7(1.3)
40 2.8(0.94) 3.8(0.97) 2.8(0.89) 3(0.97) 2.4(0.8) 21(24) 2.3(0.61) 4.5(1.3) 3.4(1.4)
20 3.7(1.1) 4.5(1.1) 2.9(0.91) 3.1(1) 2.9(0.89) - 2.6(0.83) 6.6(1.1) 3.8(1.1)

2.7 eICU Data

The eICU Collaborative Research Database (Pollard et al. 2018) is a publicly available database

of ICU encounters across multiple hospitals in the United States, making it well-suited for

imitating transfer learning settings using real data. In the spirit of the transfer learning appli-

cation in Wiens et al. (2014), we focus on correctly diagnosing physiological shock for newly

admitted ICU patients. We define a binary response variable as the indicator of the event that

a patient experienced shock upon ICU admission, using a combination of Internal Classifica-

tion of Diseases 10 (ICD-10) codes: R57 Shock, not elsewhere classified; R58 Hemorrhage, not

elsewhere classified; or R65.21 Severe sepsis with septic shock. Features are limited to baseline

variables measured at admission. While the simulations of Section 2.6 explicitly link the source

and target data through the data generation process, the similarity between source and targets

defined in our eICU data application is unknown.

We consider 19 features including patient demographics, Acute Physiology Score III vari-

ables, and Glasgow Coma Scale test. Descriptions of these features can be found in Table A.11 in

Appendix A.8. The data consist of measurements on 45,945 patients across 156 unique hospitals.

Only 700 of these patients were diagnosed with shock upon admission. No individual hospital

had enough positive cases to be reliably used as a source data set. To curate a balanced data

set, we take all 700 patients with shock and randomly sample an additional 700 patients with
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Table 2.9: Out-of-sample AUC (standard error) averaged over 300 source and target data sets when the source
and target neural network weight matrices are orthogonal. The out-of-sample test sets each contain 250 observa-
tions. All reported values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 94(1.8) 76(17) 87(11) 72(6.7) 90(6.3) 69(9.5) 95(2.1) 89(11)
100 84(7.2) 77(17) 87(11) 67(7.4) 87(7.9) 43(16) 79(5.6) 87(11)
60 74(10) 78(16.0) 87(11) 64(9) 83(11) 33(19) 66(11) 83(14)
40 68(10) 79(15) 87(11) 64(9.7) 81(13) 24(17) 61(8.4) 87(12)
20 60(9.6) 83(12) 87(12) 65(11) 77(14) - 55(5.7) -

Table 2.10: Empirical coverage (standard error) at the 75% nominal level for a binary response, averaged over
300 source and target data sets when the source and target neural network weight matrices are orthogonal. The
out-of-sample test sets each contain 250 observations. All reported values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 68(18) 100(0) 98.0(1.8) 77(29) 70(14) 73(9.5) 79(9.7) 65(19)
100 65(14) 100(0) 99.0(2.2) 80(25) 69(15) 58(13) 72(10) 64(17)
60 63(12) 88(3.5) 94.0(6.2) 80(23) 67(15) 57(16) 68(16) 53(17)
40 60(13) 89(9.9) 89(15) 75(20) 63(15) 61(20) 63(18) 67(15)
20 56(12) 81(15) 81(17) 78(22) 61(15) - 56(15) -

no shock. Next, 80% of the hospitals associated with our sampled 1,400 patients are randomly

selected to define the ‘source hospital’. The source data set consists of all ICU encounters at the

‘source hospital’. Of the remaining 20% of hospitals, half are randomly assigned to the ‘target

training hospital’, and the other half define a ‘target testing hospital’. Notice that this procedure

splits hospitals rather than patients; the source data set may not consist of 80% of patients. The

target training and target testing data sets typically contain 80 to 130 patients each.

We repeat the described sampling procedure 300 times, to imitate 300 transfer learning

scenarios from real data. A logistic regression model and a DNN model are trained on each

of the 300 source data sets, and all previously considered binary response transfer learning

methods are implemented on the target data sets. To boost the performance of the source

DNN model, the architecture of the DNN is chosen from a set of candidate architectures by

maximizing AUC, averaged over 100 of the source data sets; additional details are provided in

Appendix A.4. In Figure 2.2, we report the empirical coverage and AUC.

Because the real data generating model is unknown we consider two additional target-

only models to test for negative transfer. We compare to a GLM and a Gaussian process (GP)

trained only on the target data. In this setting, they perform worse than all of the transfer

learning methods, with the GLM achieving an AUC of 0.606 and the GP achieving an AUC

of 0.512. Plots for the TransRF, glmtrans, and WDGRL methods can be found in Appendix
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Figure 2.2: The left panel displays the reliability curve of the nominal versus empirical out-of-sample coverage
of prediction sets averaged over 300 target-testing data sets; the right panel reports the out-of-sample receiver
operating characteristic (ROC) curve averaged pointwise over 300 target-testing data sets. The legend also reports
the AUC (standard error) averaged over the same 300 target-testing data sets. Note that we cut the reliability curve
at a nominal coverage of 0.8 because there are very few observations with higher coverage, undermining the
reliability of coverage estimation at higher nominal levels.

A.7. The AUCs of glmtrans and WDGRL were 0.68 and 0.708, respectively. RECaST has similar

predictive performance to Wiens and WDGRL but without requiring access to the source data,

and it outperforms the DNN and Unfreeze DNN approaches. Pairing RECaST with either the

logistic regression or DNN source models produced near optimal average AUC, with respect

to the average AUC values of 0.704 and 0.708, respectively, for the source logistic regression

model and source DNN model. Figure 2.2 also demonstrates that RECaST generally produces

prediction sets that achieve their nominal level of coverage for target test response values, even

for non-linear models with non-Gaussian data, whereas the other approaches do not.

In addition to splitting the data into source and target by hospital, we explore making this

division based on other features. First, we take the target data to be all patients aged 51 and

under. This split resulted in approximately 20% of the patients in the target data and 80% in

the source data. Second, we take the target data to be all patients aged 55 and under. This age

was chosen because 20% of the patients that experienced shock are aged 55 and under. Third,

we take the target data to be all female patients, which account for about 45% of the data. This

more even split between source and target will be a good test for negative transfer. Finally, we

take the target data to be all patients who are not Caucasian, corresponding to roughly 20% of

the data.

Table 2.11 shows the average AUC, AUC standard error, and average empirical coverage at

the 80% nominal level summarized over 300 target training and testing data sets. While the

standard errors are large, we see that the average AUC of RECaST is larger than that of the
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target-only methods in all but one setting. The only instance in which RECaST has smaller

AUC is when the target data consist of the female patients. This may be due to the similar

sample sizes between the source and target for this particular setting, as we demonstrated in

the synthetic data simulations that RECaST is most advantageous when the target sample size

is small. The RECaST AUCs are within a standard error of Wiens, glmtrans, and WDGRL, but

RECaST does not require access to the source data. We see that the empirical coverages for the

RECaST method are near the 80% nominal value; the Wiens and glmtrans methods are more

conservative when the data are split by age. The TransRF method reports coverage lower than

the 80% nominal level in all settings. This analysis demonstrates a general use case for RECaST

as a clinical tool across a broad range of scenarios.

Table 2.11: Out-of-sample AUC (standard error) [empirical coverage at the 80% nominal level]
averaged over 300 target training and testing data sets for each target data setting of the eICU
data. All reported values are multiplied by 100.

Age ≤ 51 Age ≤ 55 Female Non-Caucasian
Target only GLM 71(6.9) [0.74] 71(6.0) [0.73] 70(4.2) [0.74] 67(6.4) [0.72]

Target only GP 66(16) [0.78] 67(13) [0.73] 64(11) [0.67] 61(11) [0.74]
Target only DNN 69(8.1) [0.72] 69(7.0) [0.69] 68(5.2) [0.70] 67(8.4) [0.69]

RECaST GLM 73(6.8) [0.78] 72(6.2) [0.78] 69(4.5) [0.77] 71(6.0) [0.84]
RECaST DNN 73(6.8) [0.82] 72(6.1) [0.78] 69(4.5) [0.79] 71(6.1) [0.83]

Unfreeze DNN 69(9.0) [0.75] 69(7.8) [0.73] 68(5.2) [0.72] 66(8.4) [0.70]
Wiens 73(6.5) [0.85] 73(5.7) [0.87] 70(4.5) [0.79] 71(6.6) [0.87]

glmtrans 71(7.1) [0.85] 71(5.5) [0.84] 70(4.7) [0.76] 66(7.2) [0.82]
TransRF 54(14) [0.69] 59(13) [0.71] 66(7.6) [0.72] 56(12) [0.69]
WDGRL 72(7.2) [0.76] 71(6.7) [0.73] 70(3.8) [0.74] 73(6.4) [0.80]

2.8 Concluding Remarks

The RECaST framework is adaptable to virtually any source model that makes predictions, and

can accommodate both continuous and binary responses. The source data themselves are not

required, which is a significant advantage when legal or ethical barriers to access of source data

sets exist, e.g., due to privacy concerns. Unlike other transfer learning methods, RECaST always

provides uncertainty quantification through prediction sets. Our conclusions are supported by

both theoretical justifications and performance in simulation studies on synthetic and real

data using linear and two-layer neural network source models.

The RECaST framework may be extended in several directions to accommodate the com-
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plexity of EHR data. Broadening RECaST to handle differing feature spaces between source and

target hospitals would allow for it to be applied in more general settings. As EHR databases are

updated, it would be useful to perform online transfer learning. Patient clinical notes are also

frequently available in EHR data and have been used by other transfer learning approaches (e.g.,

Si and Roberts 2020). However, transfer learning approaches that combine quantitative and

text features to create a unified patient representation are currently lacking. Another promising

direction is to study RECaST framework formulations for multi-class classification. One such

formulation would be to specify the h function in Equation (2.2) as

h
�

f
�

θ S , x S ),US

	

=
K
∑

k=1

k ·1
�

US ∈∆k

�

f (θ S , x S )
	�

,

where K is the number of classes and US ∼ Uniform(∆) with ∆1, . . . ,∆K – all functions of

f (θ S , x S ) – being triangular regions that form a partition of the simplex∆ over the multi-class

outcome space (e.g., see, Jacob et al. 2021; Williams 2021).
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CHAPTER

3

MULTIVARIATE AND ONLINE TRANSFER

LEARNING WITH UNCERTAINTY

QUANTIFICATION

3.1 Introduction

The field of transfer learning has developed to solve machine learning problems where data

or computational resources may be limited. Transfer learning leverages information from

source domains where data are plentiful to aid in learning about related, resource scarce target

domains. Importantly, while these domains are similar they are not necessarily the same. If

the domains are different, transfer learning methods may incur negative transfer where the

inclusion of unrelated source information hinders the learning of the target task.

The Random Effect Calibration of Source to Target (RECaST) framework proposed in Hickey

et al. (2024) is a Bayesian transfer learning method. The RECaST framework represents the

similarity between the source and target as a Cauchy-distributed random effect. The posterior

distribution of the random effect parameters is learned on the target data using a model built

in the source domain. This learned posterior distribution is used to construct predictions
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and posterior predictive credible sets for unseen target data – providing both prediction and

uncertainty quantification without necessitating the access to the source data.

The HealthPartners Institute at Minneapolis, Minnesota has collected a longitudinal, obser-

vational data set of their participants through routine dental checkups as described in Guan

et al. (2020). The data consider demographic and dental features along with two outcomes

that are indicators of periodontal disease. Certain racial groups are much less represented

than others in the data. Ignoring this imbalance and using all of the data jointly to build a

single model could result in poor predictive predictive performance and uncertainty quan-

tification on underrepresented populations. We address this disparity by sharing information

across related groups with multivariate online RECaST. The proposed methods enable us to

model both outcomes jointly and to create better models for underrepresented racial groups.

While transfer learning methods to model online or multivariate data exist, no others provide

uncertainty quantification on the predictions.

We extend the RECaST framework in two ways. First, we model multivariate outcomes

whereas the original framework was limited to univariate outcomes. We provide two different

multivariate random effect distributions to model the similarity between source and target.

One uses a multivariate Cauchy distribution, a natural extension from the univariate Cauchy.

The other incorporates the univariate Cauchy marginal distributions of the original RECaST

framework with a multivariate Gaussian copula. Second, we propose an online method to

share information between sequential target data sets while mitigating negative transfer. As

we demonstrate in the data analysis, this online analysis can also be applied to data that are

collected concurrently but modeled sequentially.

The newly proposed methods retain many of the advantages of the original RECaST frame-

work. Data privacy is maintained between all data sets. Only the source model, not the source

data, is required when fitting the posterior distribution for the target data. When considering

multiple target data sets, only the learned posterior distribution from previous targets are

shared and not the data themselves. This property is especially important when working with

sensitive data such as medical information. Additionally, the framework remains agnostic to

the specification of the source model, such that it can correspond to a parametric generalized

linear model or a highly flexible neural network.

The RECaST methods are evaluated on both predictive performance and posterior pre-

dictive coverage. We consider synthetic simulation studies that vary sample size, outcome

correlation, and similarity between source and target data sets. Changes in these parameters

represent different challenges of real data sets and enables us to isolate the effects that each

parameter has on predictive performance and uncertainty quantification. Negative transfer is

examined throughout the studies.
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The remainder of this paper is organized as follows. In Section 3.2 we discuss related work

in transfer learning. We provide a summary of the original RECaST framework that this work

builds upon in Section 3.3. We extend this framework in Section 3.4 to model multivariate

outcomes, providing two natural modeling choices. In Section 3.5, we develop an online

extension to handle sequential target data sets. We test these methods in Section 3.6 through

extensive simulation studies. Section 3.7 analyzes the periodontal disease outcomes. Section

3.8 concludes. Further mathematical and computational details can be found in the Appendix.

3.2 Related Work

Pan and Yang (2010), Lu et al. (2015), Weiss et al. (2016), Dube et al. (2020), Zhuang et al. (2021)

are general survey papers on transfer learning. See Suder et al. (2023) for a specialized survey

of Bayesian transfer learning methods.

Using transfer learning for underrepresented demographic groups can provide significant

improvement when compared to building models where demographic differences are ignored.

TransRF is a random forest based approach to predict breast cancer using European women as

the source population and patients with African and South Asian ancestry as the target popula-

tion (Gu et al. 2022). In Hong et al. (2024), a LASSO based federated transfer learning method is

proposed to address demographic and outcome class imbalance for stroke risk prediction. In Li

et al. (2023), ideas from sparse high-dimensional regression are used to construct polygenic risk

scores for Type II diabetes for patients in underrepresented racial groups using genome-wide

association studies. The STRIFLE method builds upon this by including nuisance parameters

which provide robustness to negative transfer (Tianxi Cai and Liu 2024).

Multivariate outcomes are common in transfer learning, especially for computer vision

tasks. A deep convolutional neural network built to classify images on a fixed set of outcome

classes is generalized to predict outcomes in other domains in Donahue et al. (2014b). In

Maddox et al. (2021), a method is proposed to handle posterior sampling for a large number

outcomes which incurs expensive sampling because of a large covariance matrix in . In Singh

et al. (2023), the standard approach of pre-training a neural network in the source domain and

fine-tuning in the target domain is expanded to include an additional pre-pre-training step

to improve foundational models. Sequential improvement through online image data sets is

considered in Yu et al. (2024). These methods focus exclusively on prediction while multivariate

RECaST also provides valuable uncertainty quantification.

Multitask learning uses information from a source domain to improve performance on

multiple target domains (Caruana 1997). In Bakker and Heskes (2003), a Bayesian neural

network method is proposed that fits the output network weights with task-specific data, but
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uses data from all domains to learn shared parameters for the rest of the network. A multitask

Bayesian optimization for Gaussian process models that focuses on efficiently handling the

exploitation-exploration trade-off of parameter optimization to jointly minimize error over

all tasks is developed in Swersky et al. (2013). These methods generally optimize over all of

the target tasks jointly. In contrast, the proposed online RECaST method learns a posterior

distribution specific to each target task.

Online and online-batch transfer learning methods focus on updating model parameters

as data sets arrive sequentially. This is in contrast to batch learning which requires all of the

data to be present before training can occur. Opper and Winther (1999) develop an early

approach to updating a Bayesian posterior distribution as new data points arrive, boasting

asymptotic efficiency with Gaussian families. An online Bayesian method that combines models

from multiple data sets is proposed by Chen et al. (2001). Wu et al. (2017b) perform online

transfer learning by weighing models built on multiple source domains in an ensemble in

combination with a target domain classifier to improve prediction in the target domain. In Wu

et al. (2023), performance bounds are calculated based on source and target sample sizes to

choose informative Bayesian priors when the target domain data arrive in one batch, online,

or in sequential batches. In Patel et al. (2023), a federated, online approach is proposed to

a sequential decision making framework where communication between sites is limited. A

weighting scheme is developed for online data across multiple sites to control the trade-off

between training time and bias in Marfoq et al. (2023).

Some Bayesian transfer learning methods focus on learning an informative prior to improve

prediction on a target task. Raina et al. (2006b) propose a method to learn a covariance matrix

from source text classification tasks which is used as a prior on the covariance matrix in the

target domain. In Kapoor et al. (2021), a continual learning approach to Bayesian inference is

developed that updates a posterior distribution as new tasks arrive using a Gaussian process. A

tuning parameter that adapts the posterior learned on a source task to be used as the prior

on a target task is introduced in Shwartz-Ziv et al. (2022). This is similar to the proposed

online RECaST with some key differences: online RECaST uses posterior information from

previous target data sets in the prior distribution and introduces a weighting parameter that is

learned rather than tuned. In Abba et al. (2023b), a penalized complexity prior based on the

Kullback–Leibler divergence between the source and target models is developed. A shrinkage

estimator is used in the prior when the difference between the source and target tasks is sparse

in Abba et al. (2024). The online RECaST method that we propose uses a prior informed by

previous target data sets while mitigating negative transfer.
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3.3 Summary of the RECaST Framework

We begin with a summary of the RECaST framework from Hickey et al. (2024). RECaST is a

Bayesian transfer learning method for source and target data sets that share the same outcome

and feature spaces but may have differences in feature-to-outcome mappings. It is scalable,

requiring estimation of only 2-3 parameters, which is especially important when there are

minimal target data. RECaST maintains data privacy, requiring only the fitted source model to

be shared and not the source data. The estimation of a Bayesian posterior distribution naturally

begets uncertainty quantification through posterior predictive credible intervals.

Take YS to be an observation from the source data set with corresponding features x S

and YT to be an observation from the target data set with features x T . Denote the forward

data-generating mechanism of the feature-to-outcome mappings PS (yS | x S ) and PT (yT | x T ),

respectively, by

YS = h
¦

f (θ S , x S ),US

©

and YT = h
¦

g (θ T , x T ),UT

©

,

where f (θ S , x S ) and g (θ T , x T ) are the structural components that relate an observation’s features

x to the data generating parameters θ . The h function relates these structural components to

US and UT , which are independent auxiliary random variables. For example,

f (θ S , x S ) = x ⊤S θ S ,

h (x ⊤S θ S ,US ) = f (θ S , x S ) +US , and

US ∼N (0, 1),

then YS ∼N (x ⊤S θ S , 1). With a small target sample size it may be infeasible to estimate g (θ T , x T )

making transfer learning necessary to model the target task.

The RECaST framework defines β := g (θ T , x T )/ f (θ S , x T )which intuitively represents the

similarity between the source and target data generating mechanisms. If the source and tar-

get are generated in a similar way, then β ≈ 1. With this new β term, the target generating

mechanism can be expressed as

YT ,i = h
¦

g (θ T , x T ,i ),UT ,i

©

= h
¦ f (θ S , x T ,i )

f (θ S , x T ,i )
· g (θ T , x T ,i ),UT ,i

©

= h
¦

βi · f (θ S , x T ,i ),UT ,i

©

for i ∈ {1, . . . , nT }, where YT ,1, . . . , YT ,nT
is an independent sample of nT target outcomes with
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associated features x T ,1, . . . , x T ,nT
and βi = g (θ T , x T ,i )/ f (θ S , x T ,i ). Notice that now the model

for YT ,i depends on f (θ S , x T ,i ), which is assumed to have a reliable estimate from the source,

and βi . The reliance on estimating g (θ T , x T ,i ) has been replaced with βi which is modeled as a

random effect.

Lemma 1 of Hickey et al. (2024) states in the canonical case where x T ,1, . . . , x T ,nT

iid∼Np (000, I p ),

and g (θ , x ) = f (θ , x ) = x ⊤θ that βi ∼Cauchy(δ,γ)with

δ=
θ ⊤T θ S

∥θ S∥2
and γ=

1

∥θ S∥2

Ç

∥θ S∥2∥θ T ∥2− (θ ⊤T θ S )2. (3.1)

In this case, the distribution of βi exactly follows a Cauchy distribution. In fact, the heavy tails

of the Cauchy distribution also make it practically useful for situations where those canonical

assumptions are violated. Since βi characterizes the similarity between the source and the

target domains, these heavy tails allow the random effect to capture large disparities between

the source and target. RECaST models the βi terms as random effects following a Cauchy(δ,γ)

distribution with shared parameters δ and γ. The joint posterior distribution of (δ,γ) is learned

using the target data and the pre-fitted source model. RECaST parameters δ and γ can be

learned using standard Markov chain Monte Carlo methods even outside of the canonical case.

The Bayesian posterior predictive distribution can be sampled to generate empirical credible

intervals for uncertainty quantification.

3.4 Multivariate RECaST

3.4.1 Data Generating Mechanism

We now extend the RECaST framework to model multivariate outcomes. Take y = [y1, . . . , ym ]⊤

to be a vector of m outcomes, x = [x1, . . . , xp ] to be the corresponding vector of p features, and

Θ to be the generating parameters. The forward data-generating mechanisms PS (y S | x S ) and

PT (y T | x T ) can be represented, respectively, by

Y S = h
¦

f (ΘS , x S ), U S

©

and Y T = h
¦

g (ΘT , x T ), U T

©

,

where U S and U T are independent auxiliary random variables with dimension m ×m .

As before, the transfer learning question arises when there is not enough target data to

reliably estimate g (ΘT , x T ). To capture the similarity between the source and target domains

we define βi , j := g (ΘT , j , x T ,i )/ f (ΘS , j , x T ,i ) for i = 1, . . . , nT and j = 1, . . . , m . In words, for each

target observation i , there is a βi , j ratio for each outcome that models the relation between
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the source and the target outcome. Take β i = [βi ,1, . . . ,βi ,m ]⊤ to be the vector of ratios and

diag(β ) to be the matrix with elements of β on the diagonal and 0’s elsewhere. With this, we

now express the target generating mechanism as

Y T ,i = h
¦

g (ΘT , x T ,i ), U T ,i

©

= h
¦

diag(β i ) f (ΘS , x T ,i ), U T ,i

©

.

Thus, Y T ,i is no longer expressed as a function of g (ΘT , x T ,i ), which cannot be reliably

estimated. The function g (ΘT , x T ,i ) is replaced by f (ΘS , x T ,i ), which we assume can be reliably

estimated from the source domain, and β i , the random effect for individual i , i = 1, . . . nT . In

addition to removing the dependence on g (ΘT , x T ,i ), considering The relationship between

the outcomes in the target domain will be estimated through the parameters of U T ,i .

Considering ratios of different outcomes, such as g (ΘT , j , x T ,i )/ f (ΘS ,k , x T ,i ) for j ̸= k , would

result in a non-diagonal matrix multiplied by f (ΘS , x T ,i ) and thus would not remove the depen-

dence on g (ΘT , x T ,i ). Additionally, considering only ratios makes the βi , j terms interpretable:

if the source and target are generated from the same distribution, then β i = 1m , a vector of

1’s. This mirrors β = 1 in univariate RECaST described in Section 3.3. It is unclear what the

expected behavior would be if a ratio of different outcomes were considered.

Unlike univariate RECaST, the multivariate random effect β i does not always follow a mul-

tivariate Cauchy distribution, even in the canonical case. A vector of random variables follows

a multivariate Cauchy distribution if and only if every linear combination of the components

follows a univariate Cauchy distribution. Because of the covariance between the elements of

β i , this is not always the case (Pillai 2016; Pillai and Meng 2016). Thus, we provide two choices

of random effect distributions for β i . The first is a multivariate Cauchy distribution. While this

may not always be the exact distribution of β i , it is a natural extension of the univariate model.

In practice, the heavy tails are, again, beneficial for capturing the relationship between source

and target even if the underlying distributions differ. Second, we propose a copula-based

approach that leverages the fact that, in the canonical case, the marginal distributions of the

elements of β i are known to be univariate Cauchy. A multivariate Gaussian copula is used to

model the dependence structure. In practice, these models can be used regardless of the form

of the source model f (ΘS , x ).

3.4.2 Multivariate Cauchy

Univariate RECaST models the scalar β term with a Cauchy distribution. This follows from

β representing the ratio of two normally distributed random variables in the canonical case.
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The natural extension for a multi-dimensional outcome is to model β with an m-dimensional

multivariate Cauchy distribution: β i ∼Cauchym (δ,Γ ). Here δ ∈Rm×1 is the location vector and

Γ is an m ×m positive definite scale matrix, i ∈ {1, . . . , nT }. If the source and target come from

similar distributions we expect the elements of δ to be close to 1. The Γ matrix captures the

dependence between the elements of β i . For continuous responses y ∈Rm×1, a natural choice

for the h function is the Gaussian innovation function,

y T ,i = diag(β i ) f (bΘS , x T ,i ) +U T ,i ,

where U T ,i ∼ Nm (0,Σ), Σ is an unknown m ×m covariance matrix, and bΘS are parameter

estimates from the source model. Denotingπ(δ,Γ ,Σ) as a prior density on (δ,Γ ,Σ), the posterior

distribution of (δ,Γ ,Σ) is

p (δ,Γ ,Σ | y T ,1, . . . , y T ,nT
, bΘS )

∝π(δ,Γ ,Σ) ·
nT
∏

i=1

∫

Rm

Nm{y T ,i | diag(β i ) f (bΘS , x T ,i ), Σ} ·Cauchym (β i |δ,Γ ) dβ i . (3.2)

Since δ is a real valued location vector, Γ is a scale matrix, and Σ is a covariance matrix, a

canonical choice of prior distribution is

π(δ,Γ ,Σ) =Nm (δ |111m ,Σδ) · IWm (Γ |ΨΓ ,νΓ ) · IWm (Σ |ΨΣ,νΣ),

where IW is the inverse-Wishart distribution. The hyperparameters for Σ can be chosen based

on prior information known about the covariance of the outcomes in the target domain. The

hyperparameters for δ and Γ can be chosen based on the relationship between the source

and target domains; if they are known to be similar then a small covariance for δ and a mean

near the identity for Γ will result in a prior that favors β being near 1m . In practice, we choose

hyperparameters that are diffuse to demonstrate that RECaST can still perform well on unseen

target test data without prior information.

The posterior distribution is estimated using the random walk Metropolis-Hastings algo-

rithm using the nimble package for R (de Valpine et al. 2017). The total number of iterations

niterations and number of burn-in steps can be chosen based on available computational re-

sources at the target site or stopped early based on convergence. The computational complexity

is O (nT ·niterations). This alleviates concerns about scalability since nT is assumed to be small for

transfer learning problems. For this choice of random effect distribution, a Gibbs sampler could

also be used; the details for this, including the full conditional distributions, are outlined in

Appendix A.9. Once the posterior distribution is estimated, the posterior predictive distribution
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is constructed as follows.

Take ey T to be the outcome vector of a newly observed target observation with corresponding

features ex T . The posterior predictive distribution of ey T is the marginal distribution of

π(ey T , eβ ,δ,Γ ,Σ | y T ,1, . . . y T ,nT
, bΘS )

=Nm

�

ey T | diag(eβ ) f (bΘS ,ex T ),Σ
	

·Cauchym (eB |δ,Γ ) ·p (δ,Γ ,Σ | y T ,1, . . . y T ,nT
).

Algorithm 3 describes a procedure for drawing posterior predictive samples from this distri-

bution. This procedure gives a sample of outcome vectors for the newly observed features

ex of size npost · nβ · nY . Correspondingly, the computational complexity is O (npost · nβ · nY );

the sampling parameters can be adjusted based on available computing resources. Given a

nominal coverage level α, we create elliptical posterior predictive credible sets from these

samples. For each sampled outcome, we compute the Mahalanobis distance to the mean of

the samples; denote this set of Mahalanobis distances as MHMHMH. The outcome is covered if the

Mahalanobis distance between the true value ey T and the mean of the sampled outcomes is

within the inner 1−α percentile interval of MHMHMH.

Algorithm 3 Multivariate Cauchy RECaST Posterior Predictive Sampling

Input: ex T , an estimated posterior p (δ,Γ ,Σ | y T ,1, . . . y T ,nT
), and sample sizes npost, nβ , and nY

Output: A sample of values from π
�

ey T | y T ,1, . . . , y T ,nT
, bΘS

�

for i ← 1 to npost do

δ,Γ ,Σ← random
�

p
�

δ,Γ ,Σ | y T ,1, . . . , y T ,nT
, bθ S

�	

for j ← 1 to nβ do
eβ ← random
�

Cauchym (δ,Γ )
	

for k ← 1 to nY do
eY T ← random
�

Nm

�

ey T | diag(eβ ) f (bΘS ,ex T ),Σ
	�

end for

end for

end for

3.4.3 Multivariate Normal Copula with Cauchy Marginals

Copulas are a modeling approach that construct a joint distribution from marginal distributions

(Nelsen 2006). From univariate RECaST we know that the ratios β j = (ΘT , j x T )/(ΘS , j x T ) ∼
Cauchy(δ j ,γ j ) in the canonical case where j = 1, . . . , m indexes the outcomes. That is, the

marginal distributions of the elements of β are known to be univariate Cauchy with their own
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center and scale parameters δ j and γ j , respectively. As with univariate RECaST, this canonical

linear form is used to motivate the choice of parametric family but is not required to apply

RECaST. Define u j := Fβ j
(β j ) where Fβ j

(·) is the cumulative distribution function of the Cauchy

distribution associated with β j . By the probability integral transform, ui , j ∼U (0, 1). We use a

Gaussian copula centered at 0m with correlation matrix R to capture the dependence between

the β j ’s. The joint distribution function of the β j ’s is given by

π(β1, . . . ,βm |R ,δ1, . . . ,δm ,γ1, . . . ,γm )

=
m
∏

j=1

fβ j (β j ) · c (u1, . . . , um |R ,δ1, . . . ,δm ,γ1, . . . ,γm )

=
m
∏

j=1

�

fβ j {F −1
β j
(u j )}
�

·Nm

��

Φ−1{Fβ1
(β1)} . . . Φ−1{Fβm

(βm )} | 0m , R
��

,

where Φ−1(·) is the inverse of the standard Gaussian cumulative distribution function. The un-

known parameters are the center parameters for the Cauchy marginal distributions δ1, . . . ,δm ,

the scale parameters for the Cauchy marginal distributions γ1, . . . ,γm , the correlation matrix

for the multivariate Gaussian copula over the random effects R , and the covariance matrix

over the target outcomes Σ. The posterior distribution for these unknown parameters is

p (δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ | y 1, . . . , y nT
, bΘS )

∝π(δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ)·
nT
∏

i=1

¦

∫

R
· · ·
∫

R
π(y i |βi ,1, . . . ,βi ,m ,Σ, bΘS )·

π(βi ,1, . . . ,βi ,m |δ1, . . . ,δm ,γ1, . . . ,γm , R ) dβi ,1 . . . dβi ,m

©

. (3.3)

As before, the posterior is estimated using the Metropolis-Hastings algorithm. The integrals

of this posterior distribution can also be calculated with respect to the ui , j ; this may have

computational advantages since the integrals are on the bounded interval [0, 1]. The conversion

of these integrals is provided in Appendix A.10. A canonical choice of prior for the unknown

parameters is

π(δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ)

= IWm (R |ΨR ,νR ) · IWm (Σ |ΨΣ,νΣ) ·
m
∏

j=1

N (δ j |µδ j
,σ2
δ j
) · IG(γ j | aγ j

, bγ j
),

where IG is the inverse-gamma distribution.
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The posterior predictive distribution for a new target observation ey T with associated fea-

tures ex T is the marginal distribution of

π(ey T , eβ1, . . . , eβm ,δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ | y 1, . . . , y nT
, bΘS )

=π(ey T | eβ1, . . . , eβm ,Σ) ·π( eβ1, . . . , eβm |δ1, . . . ,δm ,γ1, . . . ,γm , R )·

π(δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ | y 1, . . . , y nT
, bΘS ).

Algorithm 4 describes how to sample outcomes from this posterior distribution. These samples

can be used to create posterior predictive credible intervals and calculate empirical coverages

as discussed in the previous section.

Algorithm 4 Multivariate Copula RECaST Posterior Predictive Sampling

Input: ex T , an estimated posterior p (δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ | y 1, . . . , y nT
, bΘS ), and sample sizes npost,

nβ , and nY

Output: A sample of values from π
�

ey T | y T ,1, . . . , y T ,nT
, bΘS

�

for i ← 1 to npost do

δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ← random
�

p (δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ | y 1, . . . , y nT
, bΘS )
	

for j ← 1 to nβ do
eβ1← random
�

Cauchy(δ1,γ1)
	

...
eβm ← random
�

Cauchy(δm ,γm )
	

for k ← 1 to nY do
eY T ← random
�

Nm

�

ey T | eB f (bΘS ,ex T ),Σ
	�

end for

end for

end for

3.5 Online RECaST

We further build upon the RECaST framework to model multiple sequential target data sets. We

address the problem of online transfer learning, with multiple target domains, each of which

may be lacking in sample size or computational resources. As with previous RECaST methods,

we operate under the assumption that the data are private and cannot be shared across sites,

even between targets. We propose a sequential approach that includes a RECaST model built

in one target domain to inform a new target domain.
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We motivate the problem with an example. A hospital has data from the past 10 years to

build a model that reliably diagnoses whether a patient has the flu – this will act as the source.

Now the hospital wants to use that model on incoming patients for this year’s flu season – this

target data set is T1. The influenza virus itself, however, may have changed or evolved and the

previously built model may not be directly applicable. So a RECaST transfer learning model

is used to calibrate the source model to this year’s target data. The following year’s flu season

will see more patients – this target data set is T2. The online RECaST method uses the source

model and the T1 model to build a model on the T2 patients. It is possible, however, that the new

flu strain is very different between T1 and T2 and that including this extra information would

be harmful. This would be an example of negative transfer. Our online method incorporates

source and previous target data sets while reducing the influence of negative transfer.

The online RECaST method can be applied to the univariate and multivariate outcome cases.

Take y T1,1, . . . y T1,nT1
to be a sample of nT1

outcomes from the first target, T1, and y T2,1, . . . y T2,nT2
to

be a sample of nT2
outcomes from the second target, T2, with associated features x T2,1, . . . x T2,nT2

.

Take Ω to be the unknown parameters: in the multivariate Cauchy model Ω= {δ,Γ ,Σ} and in

the multivariate Gaussian copula model Ω = {δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ}. Let f (bΘS , x ) be the

fitted source model and p (Ω | y T1,1, . . . y T1,nT1
, bΘS ) be the learned RECaST posterior distribution

for T1 given by either Equation (3.2) or Equation (3.3). Only the learned posterior distribution

on T1 is shared and not the data themselves. In transferring from S and T1 to T2, we construct a

new prior distribution on Ω given by

π⋆(Ω,α) =π(α)
¦

α ·p (Ω | y T1,1, . . . y T1,nT1
, bΘS ) + (1−α) ·π(Ω)

©

.

where α ∈ [0,1] is a weight parameter to be estimated. The prior distribution is a convex

combination of the RECaST posterior distribution learned from T1 and another prior π(Ω) that

is uninformed by T1. The weight parameterα controls the degree to which each prior influences

the posterior. An additional priorπ(α) is included as a prior on the weight parameter. A larger α

value indicates an increase in the weight of the posterior from T1; this is the behavior we would

expect the model to learn if T1 is informative for T2. If α= 0 no information from the T1 is used;

then this reverts to the same posterior as single target RECaST and avoids negative transfer.

The posterior distribution of (Ω,α) is

p (Ω,α | y T2,1, . . . y T2,nT2
, bΘS )∝π⋆(Ω,α) ·

nT2
∏

i=1

∫

Rm

p (y T2,i | diag(β i ),Ω, bΘS ) ·p (βi |Ω) dβ i .

As this new parameter α in only present in the prior, the posterior predictive sampling algo-

rithms for ey T2
are unchanged.
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The marginal mean of α gives insight into the amount of information shared from T1. First,

the marginal posterior distribution of α is

p (α | y T2,1, . . . y T2,nT2
, bΘS )

=

∫

p (Ω,α | y T2,1, . . . y T2,nT2
, bΘS ) dΩ

∝π(α) ·
�

α ·
�

∫

p (Ω | y T1,1, . . . y T1,nT1
, bΘS ) ·p (y T2,1, . . . y T2,nT2

|Ω, bΘS ) dΩ
�

+

(1−α) ·
�

∫

π(Ω) ·p (y T2,1, . . . y T2,nT2
|Ω, bΘS ) dΩ
�

�

.

The first integral contains information from the T1 posterior distribution whereas the second

does not. As they are constant with respect to α, take the first integral to be k1 and the second

to be k2. The marginal mean of α is

E(α | y T2,1, . . . y T2,nT2
) =

k1

¦

Eπ(α)(α)2+Varπ(α)(α)
©

+k2

¦

Eπ(α)(α)−Eπ(α)(α)2−Varπ(α)(α)
©

k1Eπ(α)(α) +k2{1−Eπ(α)(α)}
,

where Eπ(α)(α) and Varπ(α)(α) are the expected value and variance of αwith respect to its prior

distribution, respectively. From this, we can determine the behavior based on the choice of

prior on α. A natural, uninformative choice of prior for α is the Uniform(0, 1), which gives the

posterior mean

E(α | y T2,1, . . . y T2,nT2
) =

2
3 k1+

1
3 k2

k1+k2
.

While the Metropolis-Hastings algorithm used to estimate the posterior distribution of (Ω,α)

will explore the entire parameter space, this choice of prior gives a maximum marginal mean of

α of 2/3 if the T1 data are informative to learning the posterior on T2 or a minimum of 1/3 if the

T1 data are not informative. The value of the posterior mean of α is thus determined by both

the similarity between T1 and T2 and the prior π(α). A prior such as Beta(1/a , 1/a ) for a > 1 will

give posterior means closer to 0 and 1 for large values of a . This may be preferable in practice

if the T1 information is very likely (or unlikely) to be informative for T2.

This idea naturally extends to more target data sets as well. If there are ℓ target data sets,

we take α= {α1, . . . ,αℓ} to be a weight vector where αk ≥ 0 for k = 1, . . . ,ℓ and
∑ℓ

k=1αk = 1. The
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online posterior distribution for Tℓ is given by

p (Ω,α | y Tℓ,1
, . . . y Tℓ,nTℓ

, bΘS )

∝π(α)
¦

αℓ ·π(Ω) +
ℓ−1
∑

k=1

αk ·p (Ω | y Tk ,1, . . . y Tk ,nTk
, bΘS )
©

·

nTℓ
∏

i=1

∫

Rm

p (y Tℓ,i
|β i , bΘS ) ·p (β i |Ω) dβ i ,

where π(α) is now a multivariate prior on α, for example a Dirichlet distribution. An analogous

derivation for the posterior means of the elements of α for the multivariate prior is provided in

Appendix A.11.

3.6 Simulation Study

3.6.1 Overview

In this section we examine the performance of the multivariate and online RECaST methods

through simulations on synthetic data. We consider two methods for comparison. The first

is a group ridge regression model that is built only on the target data set implemented with

the glmnet package in R (Friedman et al. 2010). The second is the univariate RECaST method

where a posterior is fit on each outcome separately. This will serve as validation to determine

whether the multivariate RECaST methods improve predictive performance and uncertainty

quantification.

The source model for the RECaST Cauchy and RECaST copula methods is a group ridge

regression fit to the source data. The Mahalanobis distance d (ey , by ) =
Æ

(ey − by )⊤S −1(ey − by )
measures the distance between the test values ey and the predicted values by , where S is the

empirical covariance of the test set. The test sets are of size 100. The posterior predictive

sampling values are npost = 50, nB = 50, and nY = 20, and the posterior predictive sample is of

size 50, 000 for each test observation. This sample is used to calculate the empirical coverage

and the Mahalanobis distance. Each simulation setting is repeated over 100 target test data

sets. The Mahalanobis distances and empirical coverage values reported are averages the over

the 100 target test data sets.

The source sample size is large at nS = 1,000. The data are generated from a multivari-

ate linear regression with fixed source data generating parameters ΘS with p = 50 features

(including an intercept) and m = 2 responses, Y S ∼ Np (ΘS x S ,Σ) where Σ is the covariance

between the responses. The features are generated from the standard Gaussian distribution,
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x S ∼Np−1(0, I p−1).

3.6.2 Multivariate Single Target Simulations

While the source sample size nS = 1, 000 is fixed, the target sample sizes vary: nT ∈ {20, 50, 100}.
With the data generating mechanism of linear regression, the ridge baseline model built only

on the target data should perform well with 100 target data points. This provides a good test

for negative transfer since the ridge baseline should have enough data to reliably estimate the

true data generating parameters. With a sample size of 50, there are as many data points in the

target as there are features and for a sample size of 20, there are fewer data points than features.

With such little data, it is expected that target only models would perform poorly and that the

inclusion of source information could be beneficial. We also vary the covariance between the

outcomes Σ used to generate data: no covariance Σ=
�

1 0
0 1

�

, positive covariance Σ=
�

1 0.5
0.5 1

�

, and

negative covariance Σ=
�

1 −0.5
−0.5 1

�

.

We first consider an additive relationship between the source and target data generating

parameters. The source parameters for the first response ΘS ,1,· are fixed between 0.5 and 5

and the parameters for the second response ΘS ,2,· are fixed between −0.5 and −5. The target

data generating parameters are constructed by adding uniformly distributed noise to ΘS .

The target parameters for the first response are generated as ΘT ,1,· = ΘS ,1,· +U (0, a ) and the

parameters for the second response are generated as ΘT ,2,· =ΘS ,2,·+U (b ,0). This controls the

similarity between the source and the target data: as a increases or b decreases, the target data

generating parameters can grow further from the source parameters. We consider values of

(a , b ) ∈ {(0.5,−0.5), (1,−1), (2,−2)}.
Tables 3.1, 3.2, and 3.3 summarize the performance results stratified by Σ. RECaST using a

multivariate Cauchy and a multivariate Gaussian copula is presented as MV Cauchy and MV

Copula, respectively. In all cases, the multivariate RECaST methods have better predictive per-

formance than the univariate method, demonstrating the benefit of considering the outcomes

jointly. The multivariate methods also boast lower standard errors than univariate RECaST.

This shows that the multivariate methods have more concentrated predictions. Across every

scenario, both multivariate RECaST methods outperform the baseline ridge when nT = 20 or 50

as shown by the lower Mahalanobis distances. As expected, as the target sample size increases

the baseline ridge method improves. In fact, ridge has lower Mahalanobis distances when

nT = 100, indicating negative transfer. Even with a large sample size, when the source and target

data sets are similar, (a , b ) = (0.5,−0.5), the Mahalanobis distances for the ridge and RECaST

methods are close (in some cases less than a standard error apart) indicating less negative

transfer. In contrast, when the sample size is large (nT = 100) and the source and target are the
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most dissimilar, (a , b ) = (2,−2), negative transfer is most apparent.

There is slight improvement in performance when the covariance between the outcomes

is negative compared to when they are independent shown by the decrease in Mahalanobis

distances. There is a similar slight decrease in performance when the responses are positively

correlated. For every scenario, the multivariate RECaST methods achieve excellent empirical

coverage of 96% or 97% at the 95% nominal level. The marginal coverages from univariate

RECaST are often 100, which is a result of the entire outcome space being in the credible set. In

these cases the credible set is uninformative at the 95% level.

Table 3.1: Performance metrics for ΘT ,1,· = ΘS ,1,· +U (0, a ) and ΘT ,2,· = ΘS ,2,· +U (b ,0) with

Σ =
�

1 0
0 1

�

. The reported values are averaged over 100 source and target data sets: average
Mahalanobis distance (standard error of Mahalanobis distances) [empirical coverage at the
95% nominal level]. For univariate RECaST the marginal coverages are reported.

a , b nT Ridge Univariate MV Cauchy MV Copula

0.5,−0.5 20 1.2 (0.23) 1.1 (0.19) [100, 100] 0.18 (0.032) [97] 0.18 (0.032) [97]

50 0.48 (0.09) 1.1 (0.14) [100, 100] 0.17 (0.022) [97] 0.17 (0.022) [97]

100 0.21 (0.02) 1 (0.1) [99, 99] 0.16 (0.016) [97] 0.16 (0.015) [97]

1,−1 20 1.2 (0.24) 1.1 (0.2) [99, 100] 0.29 (0.051) [97] 0.29 (0.052) [97]

50 0.47 (0.09) 1.1 (0.15) [100, 100] 0.27 (0.039) [97] 0.27 (0.039) [97]

100 0.2 (0.02) 1 (0.11) [100, 100] 0.27 (0.032) [97] 0.27 (0.031) [97]

2,−2 20 1.2 (0.25) 1.1 (0.21) [99, 100] 0.5 (0.096) [97] 0.49 (0.09) [97]

50 0.44 (0.09) 1.1 (0.15) [100, 100] 0.48 (0.078) [97] 0.47 (0.078) [97]

100 0.18 (0.02) 1.1 (0.11) [100, 100] 0.47 (0.067) [97] 0.46 (0.065) [97]
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Table 3.2: Performance metrics for ΘT ,1,· = ΘS ,1,· +U (0, a ) and ΘT ,2,· = ΘS ,2,· +U (b ,0) with

Σ =
�

1 0.5
0.5 1

�

. The reported values are averaged over 100 source and target data sets: average
Mahalanobis distance (standard error of Mahalanobis distances) [empirical coverage at the
95% nominal level]. For univariate RECaST the marginal coverages are reported.

a , b nT Ridge Univariate MV Cauchy MV Copula

0.5,−0.5 20 1.2 (0.23) 1.1 (0.19) [100, 100] 0.19 (0.035) [97] 0.19 (0.035) [97]

50 0.42 (0.09) 1.1 (0.14) [99, 100] 0.18 (0.023) [97] 0.18 (0.023) [97]

100 0.16 (0.02) 1 (0.1) [99, 99] 0.18 (0.017) [97] 0.18 (0.017) [97]

1,−1 20 1.2 (0.24) 1.1 (0.2) [99, 100] 0.3 (0.052) [97] 0.29 (0.051) [97]

50 0.42 (0.09) 1.1 (0.14) [100, 100] 0.28 (0.04) [97] 0.28 (0.039) [97]

100 0.15 (0.02) 1 (0.1) [100, 100] 0.27 (0.032) [96] 0.27 (0.031) [96]

2,−2 20 1.2 (0.25) 1.1 (0.19) [100, 100] 0.5 (0.095) [96] 0.5 (0.095) [97]

50 0.4 (0.09) 1.1 (0.14) [100, 100] 0.48 (0.078) [97] 0.48 (0.078) [97]

100 0.14 (0.02) 1.1 (0.11) [100, 100] 0.47 (0.067) [97] 0.47 (0.067) [97]

Table 3.3: Performance metrics for ΘT ,1,· = ΘS ,1,· +U (0, a ) and ΘT ,2,· = ΘS ,2,· +U (b ,0) with

Σ=
�

1 −0.5
−0.5 1

�

. The reported values are averaged over 100 source and target data sets: average
Mahalanobis distance (standard error of Mahalanobis distances) [empirical coverage at the
95% nominal level]. For univariate RECaST the marginal coverages are reported.

a , b nT Ridge Univariate MV Cauchy MV Copula

0.5,−0.5 20 1.2 (0.23) 1.1 (0.19) [100, 100] 0.17 (0.03) [97] 0.16 (0.03) [97]

50 0.54 (0.09) 1.1 (0.14) [99, 100] 0.16 (0.02) [97] 0.15 (0.019) [97]

100 0.24 (0.03) 1 (0.1) [99, 99] 0.15 (0.014) [97] 0.15 (0.014) [97]

1,−1 20 1.2 (0.24) 1.1 (0.2) [99, 99] 0.28 (0.051) [97] 0.28 (0.052) [97]

50 0.525 (0.09) 1.1 (0.15) [100, 100] 0.27 (0.038) [97] 0.26 (0.037) [97]

100 0.24 (0.03) 1 (0.11) [100, 100] 0.26 (0.032) [97] 0.26 (0.031) [97]

2,−2 20 1.2 (0.25) 1.1 (0.2) [99, 99] 0.46 (0.067) [97] 0.46 (0.065) [97]

50 0.48 (0.09) 1.1 (0.15) [100, 100] 0.47 (0.078) [97] 0.47 (0.077) [97]

100 0.21 (0.03) 1.1 (0.11) [100, 100] 0.46 (0.067) [97] 0.46 (0.065) [97]

We next consider a multiplicative relationship between the source and target data gen-

erating parameters. Our source parameters remain the same as above, but now the target
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parameters are constructed as ΘT = c ·ΘS with c ∈ {0.5,2}. The data are generated as above.

Table 3.4 summarizes the results. As before, the baseline ridge regression performance im-

proves as the sample size increases; however, notice that for nT = 100 both multivariate RECaST

methods have lower Mahalanobis distances for both c = 0.5 and c = 2 than the baseline ridge.

In this setting, the multivariate RECaST methods are robust to negative transfer. They also

outperform univariate RECaST. Here we see a greater improvement in predictive performance

for both multivariate RECaST methods when the results are positively correlated than in the

previous simulation. Both methods again provide excellent coverage slightly above the 95%

nominal level.

Table 3.4: Performance metrics for ΘT = c ·ΘS . The reported values are averaged over 100
source and target data sets: average Mahalanobis distance (standard error of Mahalanobis
distances) [empirical coverage at the 95% nominal level]. For univariate RECaST, the marginal
coverages are reported.

Σ c nT Ridge Univariate MV Cauchy MV Copula
�

1 0
0 1

�

0.5 20 1.2 (0.23) 1.1 (0.21) [100, 100] 0.23 (0.046) [97] 0.22 (0.045) [97]

50 0.74 (0.12) 1 (0.13) [99, 99] 0.21 (0.022) [97] 0.21 (0.022) [97]

100 0.39 (0.04) 1 (0.1) [98, 99] 0.2 (0.02) [97] 0.2 (0.019) [97]

2 20 1.2 (0.24) 1 (0.2) [100, 100] 0.06 (0.012) [97] 0.06 (0.011) [97]

50 0.36 (0.08) 1 (0.13) [99, 99] 0.06 (0.0061) [97] 0.06 (0.0061) [97]

100 0.11 (0.012) 1 (0.1) [98, 99] 0.06 (0.0053) [96] 0.06 (0.0053) [97]
�

1 0.5
0.5 1

�

0.5 20 1.2 (0.24) 1 (0.21) [100, 100] 0.25 (0.051) [97] 0.25 (0.053) [97]

50 0.6 (0.1) 1 (0.13) [99, 99] 0.23 (0.026) [97] 0.23 (0.026) [97]

100 0.3 (0.03) 1 (0.1) [98, 99] 0.23 (0.024) [97] 0.23 (0.024) [97]

2 20 1.2 (0.24) 1 (0.2) [100, 100] 0.07 (0.013) [97] 0.07 (0.0073) [97]

50 0.34 (0.08) 1 (0.13) [99, 99] 0.07 (0.0073) [97] 0.07 (0.0073) [97]

100 0.09 (0.01) 1 (0.1) [98, 99] 0.07 (0.0064) [97] 0.07 (0.0065) [97]

3.6.3 Multivariate Online Simulations

We now consider two target data sets, T1 and T2. The data are again generated from multivariate

linear regressions with p = 50 features (including an intercept) and m = 2 outcomes. The source

data generating parameters are fixed within the intervals ΘS ,1,· ∈ [2,2.5] and ΘS ,2,· ∈ [−2.5,−2].

The source sample size is nS = 1,000. The target T1 data generating parameters ΘT1
are also

fixed within the intervals ΘT1,1,· ∈ [6.5,7] and ΘT1,2,· ∈ [−7,−6.5]. We take the target T1 sample
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size to be large with nT1
= 1, 000. Thus, this analysis isolates the effects of the online results on

target T2.

As before, we use sample sizes of nT2
∈ {20, 50, 100}. We test the same covariance structures

as in Section 3.6.2 with the responses either having no covariance, positive covariance, or

negative covariance. The data generating parameters for the domain of interest, T2, are based

on the other target data set T1. We take ΘT2,1,· =ΘT1,1,·+U (0, a ) and ΘT2,2,· =ΘT1,2,·+U (b ,0). We

consider two scenarios, the first with a = 0 and b = 0 and the second with a = 3 and b =−3. The

first corresponds to the T1 and T2 data coming from close underlying distributions. In this case,

we expect the multivariate, online methods to perform well because the posterior distribution

from T1 should be informative. In the second scenario, the target data sets are not coming from

close distributions as the data generating parameters could be substantially different.

We compare the multivariate RECaST methods to a baseline group ridge model fit only on

the T2 data and to univariate RECaST. For all RECaST methods, we use a group ridge model fit

on the source data as the source model. The multivariate RECaST methods we consider in this

analysis are:

• multivariate RECaST using the multivariate Cauchy distribution learned on T2 (MV

Cauchy),

• multivariate, online RECaST using a multivariate Cauchy distribution learned on T2 with

a prior informed by the posterior fit on T1 (MV-On Cauchy),

• multivariate RECaST using the multivariate Normal copula learned on T2 (MV Copula),

• multivariate, online RECaST using a multivariate Normal copula learned on T2 with a

prior informed by the posterior fit on T1 (MV-On Copula).

A standard uniform distribution is used as the prior on the weight parameter α.

Tables 3.5, 3.6, and 3.7 summarize the predictive performance results for the multivariate,

online simulations stratified byΣ. All of the multivariate RECaST methods have better predictive

performance univariate RECaST. They also had lower Mahalanobis distances than the ridge

baseline when nT2
= 20. This is also the case when nT2

= 50 except when there is negative

covariance between the outcomes andΘT2
if far fromΘT1

. When nT2
= 100 the effects of negative

transfer are clear as the baseline ridge method outperforms all RECaST methods.

We do not see any effects of negative transfer between T1 and T2, even when ΘT2
if far from

ΘT1
. This is evident by comparing the MV Cauchy and MV-On Cauchy Mahalanobis distances

and the MV Copula and MV-On Copula Mahalanobis distances. In both cases the MV-On

method performs as well or better, indicated by an equal or smaller Mahalanobis distance, than
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the corresponding offline method. This is even the case when ΘT2
if far from ΘT1

. This lends

merit to the idea of using a convex combination of priors to mitigate negative transfer. The

MV-On Cauchy has the best performance shown by the lowest Mahalanobis distances. This

difference between methods is most apparent when the T2 sample sizes are small; this is where

transfer learning would be the most necessary as there is the least amount of information

provided in the target domain of interest.

Tables 3.8, 3.9, and 3.10 present the empirical coverage values at the 95% nominal level

for the RECaST methods, stratified by Σ. In all cases, the MV Cauchy, MV-On Cauchy, and

MV Copula RECaST methods achieve empirical coverage of at least 95%. This is true even

when the ΘT2
is far from ΘT1

. The MV-On Copula method under-covers slightly when sample

sizes ar larger, but achieves nominal coverage when transfer learning is most necessary, when

nT2
= 20. In most cases, univariate RECaST provides marginal coverages of 100, indicating that

the credible sets are not helpful at the 95% nominal level.

For the online methods, Tables 3.11, 3.12, and 3.13 summarize the average estimated α

weights, stratified byΣ. For the multivariate Cauchy method, the posterior mean ofα is centered

around 0.67 when ΘT2
is close to ΘT1

. Since a uniform distribution was used as the prior for

α, this is the expected mean when the posterior for T1 is more useful than an uninformative

prior. When ΘT2
is far from ΘT1

, more information is shared when sample sizes are small. As

nT2
increases, the information from T1 does not need to be relied upon as much and the

posterior mean of α decreases. The copula-based method tends to borrow the same amount

of information from T1 in all settings except when there is negative correlation between the

outcomes.

Table 3.5: Mahalanobis distances for multivariate, online RECaST averaged over 100 source

and target data sets for Σ =
�

1 0
0 1

�

. The reported values are: Average Mahalanobis distance
(standard error of Mahalanobis distances)

a , b nT2 Ridge Univariate MV Cauchy MV-On Cauchy MV Copula MV-On Copula

0, 0 20 1.2 (0.23) 1 (0.20) 0.67 (0.16) 0.62 (0.11) 0.65 (0.13) 0.64 (0.12)

50 0.94 (0.15) 0.96 (0.14) 0.61 (0.08) 0.59 (0.08) 0.59 (0.08) 0.59 (0.08)

100 0.52 (0.06) 0.92 (0.10) 0.58 (0.07) 0.58 (0.07) 0.61 (0.18) 0.61 (0.19)

3,−3 20 1.2 (0.26) 12 (2.6) 0.97 (0.22) 0.93 (0.18) 1.04 (0.26) 1.03 (0.25)

50 0.46 (0.1) 11 (1.7) 0.87 (0.11) 0.87 (0.11) 0.86 (0.11) 0.86 (0.11)

100 0.18 (0.03) 11 (1.3) 0.83 (0.1) 0.83 (0.1) 0.83 (0.1) 0.83 (0.1)
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Table 3.6: Mahalanobis distances for multivariate, online RECaST averaged over 100 source

and target data sets for Σ =
�

1 0.5
0.5 1

�

. The reported values are: Average Mahalanobis distance
(standard error of Mahalanobis distances)

a , b nT2 Ridge Univariate MV Cauchy MV-On Cauchy MV Copula MV-On Copula

0, 0 20 1.3 (0.22) 1 (0.19) 0.71 (0.13) 0.67 (0.11) 0.7 (0.12) 0.7 (0.13)

50 1.1 (0.16) 0.95 (0.14) 0.67 (0.1) 0.66 (0.09) 0.66 (0.09) 0.66 (0.09)

100 0.62 (0.07) 0.93 (0.11) 0.64 (0.07) 0.63 (0.07) 0.64 (0.07) 0.64 (0.08)

3,−3 20 1.2 (0.26) 12 (2.5) 0.98 (0.23) 0.93 (0.19) 1.02 (0.24) 1.02 (0.23)

50 0.51 (0.1) 11 (1.6) 0.86 (0.11) 0.86 (0.12) 0.86 (0.11) 0.86 (0.11)

100 0.22 (0.03) 11 (1.3) 0.84 (0.1) 0.84 (0.1) 0.83 (0.1) 0.83 (0.1)

Table 3.7: Mahalanobis distances for multivariate, online RECaST averaged over 100 source

and target data sets for Σ=
�

1 −0.5
−0.5 1

�

. The reported values are: Average Mahalanobis distance
(standard error of Mahalanobis distances)

a , b nT2 Ridge Univariate MV Cauchy MV-On Cauchy MV Copula MV-On Copula

0, 0 20 1.2 (0.24) 1 (0.20) 0.61 (0.13) 0.56 (0.1) 0.58 (0.12) 0.58 (0.12)

50 0.76 (0.13) 0.95 (0.14) 0.53 (0.07) 0.53 (0.07) 0.53 (0.07) 0.52 (0.07)

100 0.4 (0.04) 0.92 (0.1) 0.53 (0.05) 0.52 (0.05) 0.53 (0.09) 0.51 (0.11)

3,−3 20 1.2 (0.26) 12 (2.6) 0.98 (0.22) 0.92 (0.18) 1.04 (0.27) 1.04 (0.27)

50 0.4 (0.1) 11 (1.7) 0.87 (0.12) 0.87 (0.12) 0.86 (0.11) 0.86 (0.11)

100 0.14 (0.02) 11 (1.3) 0.83 (0.1) 0.83 (0.1) 0.83 (0.1) 0.83 (0.1)

Table 3.8: Empirical coverage values at the 95% nominal level for multivariate, online RECaST

and empirical coverage values averaged over 100 source and target data sets for Σ=
�

1 0
0 1

�

. For
univariate RECaST the marginal coverages are reported.

a , b nT2
Univariate MV Cauchy MV-On Cauchy MV Copula MV-On Copula

0, 0 20 100, 100 97 97 97 96

50 100, 100 96 97 97 94

100 100, 100 96 97 97 93

3,−3 20 96, 95 96 96 97 95

50 99, 100 96 97 97 94

100 100, 100 97 97 97 93
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Table 3.9: Empirical coverage values at the 95% nominal level for multivariate, online RECaST

and empirical coverage values averaged over 100 source and target data sets for Σ =
�

1 0.5
0.5 1

�

.
For univariate RECaST the marginal coverages are reported.

a , b nT2
Univariate MV Cauchy MV-On Cauchy MV Copula MV-On Copula

0, 0 20 100, 100 97 96 96 97

50 100, 100 96 97 97 94

100 100, 100 96 96 97 94

3,−3 20 96, 95 95 96 97 95

50 99, 100 96 97 97 94

100 100, 100 97 97 97 93

Table 3.10: Empirical coverage values at the 95% nominal level for multivariate, online RECaST

and empirical coverage values averaged over 100 source and target data sets for Σ=
�

1 −0.5
−0.5 1

�

.
For univariate RECaST the marginal coverages are reported.

a , b nT2
Univariate MV Cauchy MV-On Cauchy MV Copula MV-On Copula

0, 0 20 100, 100 96 96 97 96

50 100, 100 96 97 97 95

100 100, 100 97 97 97 94

3,−3 20 95, 95 96 96 97 95

50 99, 100 96 96 97 94

100 100, 100 97 97 97 93
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Table 3.11: Posterior means of α for multivariate, online RECaST averaged over 100 source

and target data sets for Σ=
�

1 0
0 1

�

: average posterior mean (standard deviation of the posterior
means).

a , b nT2
MV-On Cauchy MV-On Copula

0, 0 20 0.67 (0.0028) 0.46 (0.15)

50 0.67 (0.0027) 0.47 (0.15)

100 0.67 (0.0031) 0.45 (0.15)

3,−3 20 0.62 (0.12) 0.47 (0.15)

50 0.41 (0.14) 0.47 (0.15)

100 0.34 (0.057) 0.46 (0.15)

Table 3.12: Posterior means of α for multivariate, online RECaST averaged over 100 source

and target data sets forΣ=
�

1 0.5
0.5 1

�

: average posterior mean (standard deviation of the posterior
means).

a , b nT2
MV-On Cauchy MV-On Copula

0, 0 20 0.67 (0.0027) 0.51 (0.15)

50 0.67 (0.0026) 0.47 (0.15)

100 0.67 (0.0032) 0.47 (0.15)

3,−3 20 0.59 (0.14) 0.47 (0.15)

50 0.38 (0.12) 0.47 (0.14)

100 0.35 (0.066) 0.45 (0.14)
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Table 3.13: Posterior means ofα for multivariate, online RECaST averaged over 100 source and

target data sets for Σ=
�

1 −0.5
−0.5 1

�

: average posterior mean (standard deviation of the posterior
means).

a , b nT2
MV-On Cauchy MV-On Copula

0, 0 20 0.67 (0.0027) 0.34 (0.11)

50 0.67 (0.0029) 0.37 (0.1)

100 0.67 (0.0029) 0.39 (0.12)

3,−3 20 0.64 (0.091) 0.38 (0.11)

50 0.43 (0.15) 0.41 (0.13)

100 0.36 (0.096) 0.39 (0.12)

3.7 Dental Data Analysis

Difficult measurements need to be taken at each tooth to diagnose periodontitis. A reliable

model for these outcomes would help alleviate the burden on dentists and provide additional

information to inform their decision making.

Participants included in the data set had at least 8 years of continuous dental insurance

during the study period. We consider two periodontal measurements measured in millimeters

(mm): clinical attachment level (CAL) and pocked depth (PD). PD is the “distance from the

gingival margin to the base of the gingival sulcus or periodontal pocket" and CAL is the “distance

from the cemento-enamel junction (or another definite chosen landmark) to the base of the

sulcus or periodontal pocket" (Page and Eke 2007). These are both important measurements

in diagnosing periodontitis. A general categorization of periodontitis is: slight = 1 to 2 mm of

CAL, moderate = 3 to 4 mm of CAL, and severe ≥ 5 mm of CAL (AAP 2015). Figure 3.1 shows the

skewness in the outcome measurements; CAL has a range of [0, 7.75] and PD has a range of [0,

6.2]. These measurements are whole-mouth averages, averaged over all of each participant’s

teeth.

Our goal is to be able to predict CAL and PD based on a number of demographic, general

health, and insurance variables. These outcomes are time consuming and challenging to

measure; being able to predict them would aid in predicting gum disease. To achieve this

we take the information of each participant at their first visit. There are 23,529 participants

considered. There is a large disparity in the racial groups represented in the study. Of those

participants 21,029 are White, 1,297 are Black or African American, 1,050 are Asian, and 153 are

Native American or Alaskan Native. Table 3.14 shows the breakdown of the measured features

and outcomes by demographic group. As we saw in the literature in Section 3.2, using models
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Figure 3.1: The outcome measurements for each participant’s first visit.

built on a majority population to make predictions on underrepresented groups can produce

poor results. To address this, we use these groups to split the data set into source (White) and

three target (Black or African American, Asian, and Native American or Alaska Native) data sets.

We perform 10-fold cross validation to split the data into training and testing for the target

data set of interest T2. The reported metrics are those calculated on the held out testing data

while the training data are used to learn the RECaST posterior distribution or the baseline ridge

parameter estimates. We use 1 fold as the training and the remaining 9 as testing. This process

is repeated 10 times, until all of the target data have been used for training exactly once. Note

that the T1 data is not split and all of it is used to learn the posterior distribution for T1. The

posterior predictive sampling values are set as npost = 50, nB = 100, and nY = 20. We perform

three analyses corresponding to different target data sets to explore the relationship between

racial groups. This will help leverage the most similar data to build reliable target models.
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Table 3.14: HP Data feature and outcome summaries stratified by racial group. For age, CAL,
and PD the 25th, 50th, and 75th percentiles are presented.

White Black or African American Asian Native American or Alaska Native

n 21,029 1,297 1,050 153

Age [25%, 50%, 75%] [46, 55, 67] [37, 45, 54] [36, 44.5, 57] [41, 51, 59]
Female 12,577(59.8%) 744(57.4%) 617(58.8%) 102(66.7%)

Diabetes

Not indicated 19,460(92.5%) 1,148(88.5%) 959(91.3%) 134(87.6%)

Type 1 147(0.7%) 17(1.3%) 7(0.7%) 2(1.3%)

Type 2 1,422(6.8%) 132(10.2%) 84(8%) 17(11.1%)

Tobacco Use

Never 16,909(80.4%) 1,062(81.9%) 946(90.1%) 114(74.5%)

Former 2,200(10.5%) 89(6.9%) 37(3.5%) 21(13.7%)

Current 1,920(9.1%) 146(11.3%) 67(6.4%) 18(11.8%)

Brushing

Not indicated 4,277(20.3%) 231(17.8%) 184(17.5%) 28(18.3%)

Daily 16,635(79.1%) 1,057(81.5%) 863(82.2%) 124(81%)

Weekly 96(0.5%) 8(0.6%) 3(0.3%) 1(0.7%)

Less than weekly 21(0.1%) 1(0.1%) 0(0%) 0(0%)

Flossing

Not indicated 6,672(31.7%) 466(35.9%) 331(31.5%) 49(32%)

Daily 7,321(34.8%) 404(31.1%) 434(41.3%) 50(32.7%)

Weekly 4,583(21.8%) 229(17.7%) 174(16.6%) 39(25.5%)

Less than Weekly 2,453(11.7%) 198(15.3%) 111(10.6%) 15(9.8%)

Insurance

Commercial (C) 16,186(77%) 1029(79.3%) 806(76.8%) 125(81.7%)

Government Subsidized (G) 2,594(12.3%) 232(17.9%) 213(20.3%) 22(14.4%)

Private Pay (P) 67(0.3%) 0(0%) 3(0.3%) 1(0.7%)

C + G 312(1.5%) 13(1%) 1(0.1%) 1(0.7%)

C + P 34(0.2%) 1(0.1%) 0(0%) 0(0%)

G + P 2,594(12.3%) 232(17.9%) 213(20.3%) 22(14.4%)

All 10(<0.1%) 0(0%) 1(0.1%) 0(0%)

CAL [25%, 50%, 75%] [0.611, 1.518, 2.086] [0.625, 1.766, 2.375] [1, 1.821, 2.378] [0.406, 1.413, 1.981]
PD [25%, 50%, 75%] [1.552, 1.984, 2.302] [2.032, 2.379, 2.745] [1.763, 2.135, 2.458] [1.625, 2.069, 2.431]

The first analysis uses the data from the Black or African American participants as T1 and

the Asian participants as the domain of interest T2. Based on the cross validation scheme, this

gives a training size of 105 for each fold; there are many more training data points than features.

Table 3.15 reports the predictive and coverage results. We see that all of the multivariate transfer

learning methods boast lower Mahalanobis distances when compared to the target only ridge

baseline. Univariate RECaST performs worse than both the baseline and the other transfer

learning methods. This again demonstrates the importance of considering the outcomes jointly.

All of the multivariate methods achieve desirable empirical coverage values slightly above the

nominal 95% level. Univariate RECaST also achieves near nominal marginal coverage on the

PD outcome, but an empirical coverage of 100% on CAL indicating that at the 95% nominal

level the credible set contains the entire outcome space.

Interestingly, the online methods have posterior means of α centered on opposite ends

of the spectrum. Since a uniform prior was used for α, an average posterior mean of 0.67

corresponds to the online multivariate Cauchy method putting significant weight on the prior

informed by the model built using the Black or African American participants. An average

posterior mean of 0.33 for the online copula-based method shows that it minimized the use of
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Table 3.15: Performance metrics averaged over 10-fold cross validation. We report the joint
empirical coverage at the 95% nominal level; for univariate RECaST the marginal coverages are
reported. For the online methods we report the posterior mean of α averaged across the fold.
The source population is the White participants. The target of interest is the Asian participants
where 10% of the data was used for training in each cross validation fold (nT2

= 105). For the
online methods, the informative prior is created using the corresponding multivariate RECaST
method with the Black or African American participants.

Model Mahalanobis Distance 95% Coverage E(α | y T2,1, . . . y T2,nT2
)

Target Ridge 1.22 (0.07)
Univariate 1.54 (0.11) 100, 97

MV Cauchy 1.21 (0.06) 98
MV-On Cauchy 1.21 (0.07) 98 0.67

MV Copula 1.22 (0.07) 97
MV-On Copula 1.2 (0.06) 97 0.33

information from T1.

The next analysis uses the data from the Black or African American participants as T1 and the

Native American or Alaska Native participants as the domain of interest T2 with a training size

of 15 for each fold. Table 3.16 reports the predictive and coverage results where we see similar

results as before. All of the multivariate RECaST methods outperform the ridge regression

with smaller Mahalanobis distances. In this case, the MV-On Cauchy method has the best

overall predictive performance. Again, all of the multivariate methods achieve desired slightly

conservative joint coverage. Neither of the marginal coverages from univariate RECaST provide

information at the 95% level.
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Table 3.16: Performance metrics averaged over 10-fold cross validation. We report the joint
empirical coverage at the 95% nominal level; for univariate RECaST the marginal coverages are
reported. For the online methods we report the posterior mean of α averaged across the fold.
The source population is the White participants. The target of interest is the Native American
and Alaska Native participants where 10% of the data was used for training in each cross
validation fold (nT2

= 15). For the online methods, the informative prior is created using the
corresponding multivariate RECaST method with the Black or African American participants.

Model Mahalanobis Distance 95% Coverage E(α | y T2,1, . . . y T2,nT2
)

Target Ridge 1.61 (0.64)

Univariate 1.92 (0.35) 100, 100

MV Cauchy 1.51 (0.25) 97

MV-On Cauchy 1.46 (0.25) 98 0.67

MV Copula 1.5 (0.26) 97

MV-On Copula 1.5 (0.26) 97 0.36

Finally, we use the data from the Asian participants as T1 and the Native American or Alaskan

Native participants as the domain of interest T2. Table 3.17 reports the predictive and coverage

results. Again all multivariate RECaST methods provide better predictive performance than the

baseline ridge. This data setting shows the biggest difference between the baseline and transfer

learning methods with the MV-On Cauchy method again performing the best. Empirical joint

95% coverage is achieved by all of the multivariate RECaST methods; univariate RECaST again

fails to provide useful uncertainty quantification for both CAL and PD.

Table 3.17: Performance metrics averaged over 10-fold cross validation. We report the joint
empirical coverage at the 95% nominal level; for univariate RECaST the marginal coverages are
reported. For the online methods we report the posterior mean of α averaged across the fold.
The source population is the White participants. The target of interest is the Native American
and Alaska Native participants where 10% of the data was used for training in each cross
validation fold (nT2

= 15). For the online methods, the informative prior is created using the
corresponding multivariate RECaST method with the Asian participants.

Model Mahalanobis Distance 95% Coverage E(α | y T2,1, . . . y T2,nT2
)

Target Ridge 1.61 (0.64)
Univariate 1.96 (0.79) 100, 100

MV Cauchy 1.55 (0.58) 97
MV-On Cauchy 1.47 (0.61) 97 0.67

MV Copula 1.5 (0.6) 97
MV-On Copula 1.5 (0.6) 97 0.34
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To summarize, all of the multivariate RECaST methods improve joint prediction of CAL

and PD in underrepresented populations. The biggest improvements are seen on the Native

American and Alaska Native population, which is the least represented population in the data.

The online approaches give the most accurate predictions, demonstrating the importance of

including related target data. All of the multivariate RECaST methods provided excellent joint

coverage properties, which could provide clinicians both improved predictions and credible

sets.

3.8 Concluding Remarks

Future work for this method includes considering multiple measurements per participant.

Some dental data sets provide CAL and PD measurements for all of the teeth in a participant’s

mouth rather than a single averaged outcome (Guan et al. 2020). This could further expand

into including modeling longitudinal data with multiple follow-up visits for each participant.

With the inclusion of other dental measurements, the spatial relationship between teeth can

also be used (Jhuang et al. 2020). Additionally, this multivariate framework can be applied to

multiclass outcomes that are common for image classification (Deng et al. 2009).
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CHAPTER

4

ADAPTIVE DISCRETIZATION FOR EVENT

PREDICTION (ADEPT)

4.1 Introduction

Time to event modeling, also called survival analysis, is ubiquitous throughout clinical medicine

as well as in many other fields concerned with predicting risk of events of interest (e.g., clinical

outcomes) based on available features (e.g., patient characteristics). Traditional approaches

include the well-known Cox proportional hazards (Cox-PH) model (Cox 1972), in which features

modulate a baseline hazard rate; and the accelerated failure time (AFT) model (Wei 1992) model,

in which features accelerate or decelerate a learned, parametric event time density.

Recently developed methods have focused on a ) allowing effects of features on the hazard

rate or event time density to be non-linear and flexible (Katzman et al. 2018; Ranganath et al.

2016; Kvamme et al. 2019; Miscouridou et al. 2018); and b ) also allowing greater flexibility in

the form of the event time density itself via approaches that discretize time, then predict the

probability of event occurrence in each resulting time interval (Yu et al. 2011; Lee et al. 2018;

Ren et al. 2019; Tjandra et al. 2021; Engelhard and Henao 2022).

The prognostic information provided by these models often has direct and significant

impact on stakeholder decision-making. In a clinical setting, for example, information about
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risk within a particular time interval might influence providers’ or patients’ decisions about

whether to pursue treatment, or which specific treatment to pursue. It is therefore critical not

only that predictions are accurate, but also that they are easily interpretable by stakeholders

who wish to integrate them in decision-making. The predictions of a Cox-PH model might be

presented to stakeholders as relative hazards, for instance, whereas it is natural to present the

predictions of more recent models as the probability of event occurrence in a time interval of

interest.

Importantly, however, decisions about these intervals made during model development – in

other words, choices about the number and placement of cut points used to discretize the event

time space – can have substantial impact on interpretability as well as performance. Equipped

with unlimited data, we might use a large number of cut points to divide the timeline into tiny

intervals; this would then allow us to summarize risk over an arbitrary time period of interest by

combining predictions across all the intervals that comprise that period. However, the amount

of data required to accurately estimate risk in each interval increases as the number of intervals

increases, making this approach impractical even for large observational datasets. Equipped

with unlimited time, on the other hand, we might present risk in a format most relevant to a

particular patient, or to the decision at hand. Again, however, practical considerations typically

require us to instead summarize risk over a consistent, limited number of time-frames (e.g.,

10-year risk, 5-year risk). In some cases a particular discretization is most actionable given the

clinical context, but in others the choice is arbitrary, and it would be preferable to identify a

discretization that facilitates more accurate prediction.

To illustrate the problem more concretely, consider the following example from the maternal

health setting, which partly motivated this work. Patients with preeclampsia and gestational

hypertension have substantially increased risk of postpartum cardiovascular events (Meng et al.

2022), but this risk can be mitigated by regular monitoring (e.g., increased visits) of high-risk

patients in the months after delivery. When developing a monitoring strategy, it is important

to determine not only (a) which patients are at highest risk, but also (b) how long monitoring

should take place; yet we have limited data available for learning because the outcome rates

are low.

Our goal, therefore, is to develop a principled, data-driven approach to answer both of

these questions. Specifically, we wish to develop a method that providers can use to identify

time intervals that are optimal when understanding risk, for example to design an intervention

or monitoring strategy, as well as when reporting risk to patients. At the same time, we wish

to retain the substantial advantages and flexibility of other recently developed approaches,

including their lack of strong parametric assumptions about the form of the event density. To

solve this problem, we develop Adaptive Discretization for Event PredicTion (ADEPT).
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We begin by recasting learning from discrete survival times as learning from continuous

survival times under the assumption that the density is piecewise constant; and then formulate

a smooth relaxation of this piecewise constant density that allows cut points (i.e., interval

boundaries) to be learned by gradient-based optimization methods. We then present our

learning procedure and results of experiments with two simulated and three real datasets –

including a newly harmonized stroke risk prediction dataset that pools data across three large

cohorts – that illustrate the effectiveness and potential clinical relevance of ADEPT.

Our performance evaluation focuses on comparing our method to its state of the art alter-

native, namely, discrete-time, neural network-based risk prediction over fixed-length intervals.

In summary, our contributions are as follows:

• Present ADEPT, a novel model and associated learning procedure to learn an optimal

event time partition from data rather than fixing it a priori.

• Present simulation results illustrating effective learning of cut points that are consistent

with the true, underlying generative model.

• Demonstrate improved prediction performance across three real datasets, including two

clinical datasets.

• Identify clinically meaningful risk cut points illustrating the potential of the approach to

provide improved prognostic information.

4.2 Methods

4.2.1 Setup and Notation

Consider a time-to-event outcome where each observation is represented by the triplet {X , Y ,S},
where X ∈X ∈Rp is a p -dimensional feature vector, Y ∈ (0, Tmax] is an observed event time

over a finite time horizon, and S ∈ {0, 1} indicates whether Y is a right-censoring time (S = 0)

or an event time (S = 1). The observed time Y is the minimum of the event time T and the

right-censoring time U , i.e., Y =min(T ,U ), and S = I(T <U ), where the indicator function I(·)
is 1 when the argument is true and 0 otherwise.

We consider possible sequences of M cut points C = {c j }Mj=1, where 0 = c0 < c1 < · · · <
cM < cM+1 = Tmax, that partition the event time space, (0, Tmax], into the intervals I1, . . . , IM+1,

where I j = (c j−1, c j ]. Figure 4.1 provides an example of the event time space partitioned into

four intervals: I1 = (0, c1], I2 = (c1, c2], I3 = (c2, c3], and I4 = (c3, Tmax]. Given such a partition, we
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Figure 4.1: The event time space partitioned by three cut points into four intervals.

introduce an auxiliary random variable Z ∈ {1, . . . , M +1} that indicates which interval contains

T , i.e., Z = j ⇐⇒ t ∈ I j .

4.2.2 Piecewise Constant Density

We begin by considering learning with fixed cut points, which is currently the predominant

approach. For example, Lee et al. (2018) and other recently-developed methods (Ren et al. 2019;

Tjandra et al. 2021; Engelhard and Henao 2022) use fixed cut points to discretize time in order

to avoid placing restrictive, parametric assumptions on the form of the event time density.

Instead, the density is restricted to be piecewise constant according to the intervals defined

by the cut points. The cut points themselves might be evenly spaced in time, or alternatively

they might be evenly spaced across the observed or estimated event time distribution, e.g., via

empirical quantiles. The goal of learning is then to estimate P (Z |X ), the conditional probability

that T will fall in each of the pre-defined intervals, rather than p (T |X ), the conditional density

of T . Typically T is discretized to Z a priori.

However, it is not possible to learn the cut points C with this approach, because Z depends

on C in addition to T . To see this, consider the value of Z associated with an observed time

t ∈ (0, Tmax] under the binary partition defined by the single cut point c1. If we choose c1 ≥ t ,

then t ∈ (0, c1], therefore Z = 1; but for c1 < t , we have t ∈ (c1, Tmax], therefore Z = 2.

To circumvent this limitation, we note that estimating P (Z |X ) is equivalent to estimating

p (T |X ) with the following piecewise constant model, which supposes p (T |X ) has uniform

density over each interval I j :

p̂ (t |x ) =
M+1
∑

j=1

pφ(z j |x )
II j
(t )

|I j |
, (4.1)

where II j
(·) is the indicator function associated with the interval I j , and φ parameterizes

our model of P (Z |X ). Importantly, we must normalize by |I j |, the length of I j , to ensure
∫

(0,Tmax]
p̂ (t |x ) = 1 and

∫

I j
p̂ (t |x ) = pφ(z j |x ). As a potential drawback of this approach, we note

that whereas standard discrete-time approaches are well suited to handle outlying event times,

in principle this normalization term could cause the loss to become numerically unstable in
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the case of extreme event time outliers.

4.2.3 Smooth Relaxation of Piecewise Density

The parameters φ of our model for Z can be learned directly from equation (4.1). However,

our goal is to learn not onlyφ but also C , the specific partition that allows our model to best

approximate p (T |X ) across a given dataset. Unfortunately, (4.1) cannot be optimized with

respect to C via gradient-based methods. This is because the indicator function II j
(·) implicitly

depends on C , and is discontinuous whenever a cut point is equal to an observed event time.

To illustrate, consider learning a single cut point c1 while holding the parametersφ fixed.

For small ϵ such that 0< ϵ < t , where t is an observed event time associated with covariates x ,

suppose the cut point c1 = t +ϵ is just after the observed event time. In this case, we have t ∈ I1,

therefore II1
(t ) = 1 and II2

(t ) = 0, and consequently p̂ (t |x ) = pφ(z1|x )/|I1|. On the other hand,

suppose the cut point c1 = t − ϵ is just before the observed event time. In this case, we have

t ∈ I2, therefore II1
(t ) = 0 and II2

(t ) = 1, and consequently, p̂ (t |x ) = pφ(z2|x )/|I2|. Thus, for any

non-trivial model pφ for which pφ(z1|x ) ̸= pφ(z2|x ), equation (4.1) is discontinuous at c1 = t .

This argument readily generalizes to all cut points.

To smooth this discontinuity and allow gradient-based optimization, we replace the indica-

tor function II j
(t ) in (4.1) with the smooth approximationσ((t − c j−1)/τ) ∗σ((c j − t )/τ), where

σ(z ) = (1+ e −z )−1 is the sigmoid function. The temperature τ is a hyperparameter of the model

that should be tuned based on the scale of the observed event times.

This results in the following relaxed model:

p̂ (t |x ) =
M+1
∑

j=1

pφ(z j |x )
σ( t−c j−1

τ )σ( c j−t
τ )

|I j |
, (4.2)

which is approximately piecewise constant for τ≪ Tmax, yet differentiable everywhere with

respect to C and thus suitable for gradient-based optimization.

4.2.4 Learning Procedure

Under the common assumption of non-informative right-censoring, we may ignore the censor-

ing density and optimize p̂ (y , s |x ;θ ), where θ = {φ, C }, over the observed dataD = {x i , yi , si }Ni=1

as follows:

θ = arg max
θ

N
∑

i

�

si log p̂ (ti |x ;θ ) (4.3)

+ (1− si ) log P̂ (ti > yi |x i ;θ )
�

,
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where P̂ (ti > yi |x i ;θ ) = 1−
∫ T

0
p̂ (τ|x i ;θ ) is the survival function associated with p̂ (ti |x i ;θ ) for

observation i .

However, optimizing equation (4.2) alone can result in degenerate solutions in which cut

points become arbitrarily close together or even coincide. In the extreme case, it is possible to

have I j = (0, Tmax] for a particular j ∈ {1, M +1}, resulting in the trivial model in which pφ(z |x )
places all mass on z j .

It is therefore critical to balance optimizing equation (4.2) versus ensuring that pφ(z |x )
is non-trivial. We accomplish this by incorporating a regularization term, H (pφ(z |x )), with

associated hyperparameter λ1 in our optimization procedure. We use a scaled Beta(1.5,1.5)

distribution on each cut point. For example, suppose there are three cut points c1 < c ⋆2 < c3

where c ⋆2 is the newly proposed value for the middle cut point c2. We scale the value of the cut

point to find its location relative to the cut points near it: c ⋆2,scaled = (c
⋆
2 − c1)/(c3− c1). The final

regularization value is the PDF value of c ⋆2,scaled evaluated over a Beta(1.5, 1.5) distribution. This

regularization term encourages cut points to be near the center of their two surrounding cut

points.

We may then optimize θ overD by choosing θ = arg minθ
∑

DL (θ ), whereL (θ ) is defined

as follows:

L (θ ) =− log p̂ (y , s | x ;θ )−λ1H (pφ). (4.4)

Here the first term is the negative log likelihood in (4.3) and the second is our beta distribu-

tion regularizer. Our learning procedure then becomes:

θ = arg min
θ

∑

D
L (θ ) +λ2R (θ ), (4.5)

where we have included an additional regularization term R (·) (e.g., L2-regularization) along

with an associated hyperparameter λ2 to control for overfitting.

4.3 Implementation Details

4.3.1 Baseline Model: Discrete-Time Neural Network

We compare ADEPT to a discrete-time neural network baseline that is identical to the proposed

model, except the cut points (and corresponding intervals) are initialized based on the observed

outcomes and remain fixed when learning the classifier. This approach, hereafter called the

DTNN, was popularized by DeepHit (Lee et al. 2018) and is currently the predominant approach.

However, to isolate the effect of learning the partition we do not include the ranking loss used
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in DeepHit . Our method and the DTNN have similar computational complexity, which is

dominated by the computation of gradients with respect to model parameters θ rather than

the cut points C . In this work, we instantiate pθ as neural network, but our approach is flexible

to the model choice; thus it can be changed based on application if, for example, interpretability

is more important that predictive performance.

We initialize the DTNN model’s cut points to be evenly spaced on the percentiles of the

empirical Kaplan-Meier curve of the observed outcomes; for example, if there are three cut

points then they would be placed at the time points associated with the 25th, 50th, and 75th

percentiles on the estimated Kaplan-Meier curve. With these cut points fixed, we then build a

model predicting the probability that the patient will experience the outcome in each interval.

Note that this differs from ADEPT in which we also consider the cut points themselves as

parameters. The DTNN classification model learns the probability of each observation being in

each of the pre-defined intervals. In the notation of Section 4.2.2, the DTNN approach learns

only the model parameters,φbaseline, whereas ADEPT learns both model parametersφ and the

cut points C . Importantly, we search the same grid of hyperparameters for the DTNN model as

for ADEPT.

Due to its popularity, we also include a comparison to DeepSurv (Katzman et al. 2018).

However, understanding differences between DeepSurv and other approaches is challenging

due to their stark differences, notably the assumption of proportional hazards, which can

either improve or worsen performance depending on the degree to which this assumption

holds. Moreover, because DeepSurv does not incorporate discretization, it will have fewer

comparative performance metrics.

4.3.2 Performance Quantification

With simulated data we were able to judge the correctness of the estimated cut points by their

proximity to the true cut points used in the data generation mechanism. For the real data we do

not know the true cut point values and thus need other metrics to judge performance. While we

focus on several metrics quantifying predictive performance, clinical collaboration is necessary

to determine which metrics are most relevant in a particular clinical context, including when

implementing treatment decisions.

Time-Dependent Concordance Index (CI) Since we consider a time-to-event outcome with

censored observations rather than a regression or classification outcome, standard metrics

such as root mean square error and area under the receiver operating characteristic are in-

sufficient to capture prediction performance. Initially developed by Harrell Jr et al. (1984),

the concordance index (CI) measures how well predicted event times match the order of the
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true event times. However, both ADEPT and the DTNN predict discrete interval membership

rather than continuous event times, and the ordering of predicted risk can change over time.

To properly account for these characteristics, we use a discrete-time implementation of the

time-dependent concordance index developed by Antolini et al. (2005). This metric compares

model-predicted risk at observed failure times to the model-predicted risks at that time for

other individuals known to have later failure times. Pairs of individuals are only considered

if (a ) both failure times are known (neither are censored), or (b ) one failure time is known to

have occurred before the censoring time of the other.

AUC at last cut point The Area Under the Receiver Operating Characteristic Curve (AUC) is a

common metric to evaluate predictive performance for a binary outcome. To adapt this to our

method, we focus on the AUC at the last cut point. That is, we are interested in determining if

the methods are able to predict whether an event happens before or after the final cut point.

This is especially relevant for data sets with high amounts of censoring at the end of the study.

The cases are all observations that experienced an event prior to the final cut point and the

controls are all observations with an observed time (either an event or censored) after the final

cut point. Notice that observations that are censored prior to the last cut point are omitted

from this metric.

Integrated Brier Score (IBS) The Brier Score evaluated at time a chosen time t is the mean

squared difference between the model-predicted cumulative event probability at time t and

the true, binary, observation of whether the even occurred by t . The Integrated Brier Score

improves upon this by integrating over all times t ∈ {tmin, tmax} (Graf et al. 1999). An IBS of 0

indicates that the model was able to perfectly predict outcomes.

Calibration slope and intercept We also consider the calibration slope and intercept as de-

scribed by Crowson et al. (2016), which quantify the degree to which model-predicted probabil-

ities accurately estimate true event probabilities, as determined based on observed event rates.

A well calibrated model will have a calibration slope near 1 and a calibration intercept near 0.

It is important to note that DeepSurv does not discretize the event time space; because

of this, only the AUC and IBS metrics are included. We cannot compare the discrete-time

concordance index to the standard concordance index because there are inevitably more ties

with the discrete-time approach.

4.3.3 Hyperparameter Tuning

ADEPT is flexible, allowing for any number of cut points. In our simulation examples we will

know exactly how many cut points were used to generate the data; however, this is not the case

for the real data experiments. Thus, we use 3, 5, and 10 cut points. We use a two layer neural
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Figure 4.2: A training plot of the training and validation loss at each epoch for the two interval
simulation example. The vertical lines represent drops in sigmoid temperature τ and the
accompanying new value of τ.

network as our predictive model. The first layer has input dimension p based on the feature

dimension of the data and output dimension h , for which we explore values of 32, 128, and

512. This is then connected by a Rectified Linear Unit activation function to another layer with

input dimension h and output dimension. These networks are optimized using Adam (Kingma

and Ba 2014) with a learning rate of 0.01 and weight decay values between 0.0001 and 0.1. We

vary the strength of the regularization on the cut points λ1 from values in the range of 0.1 to 20

and use a mini-batch size of 64 for the training data.

During training, we initially set the sigmoid temperature used in our smooth approximation

(see Equation (4.2)) to a value τ= 0.1, then lower it when the loss stops changing significantly

between epochs. Lowering the temperature reduces the degree of smoothing and sharpens the

boundaries between intervals defined by each cut point. Figure 4.2 shows an example training

plot where the temperature drops after multiple epochs with no improvement in the validation

loss. It is clear that this drop then leads to an improvement in both training and validation loss.

We perform a grid search over the hyper parameters, testing every combination of output

dimension, weight decay, and regularization strength. The evaluation process to compare

hyperparameters is described in Section 4.3.2. We train each network for 250 epochs.

To evaluate performance we perform five-fold cross validation. We randomly partition the

data into training (75%), validation (15%), and test (10%) sets. For each set of hyperparameters

70



−2 −1 0 1 2 3

−1.5

−1

−0.5

0

0.5

1

1.5

2 Cluster 1
Cluster 2

Feature-Cluster Relationship

Feature 1

F
ea

tu
re

 2

(a) The noisy, nonlinear feature-cluster
relationship.

0 20 40 60 80 100
0

20

40

60

80

100

120

140
True Cluster 1
True Cluster 2

Event Times

Time

C
ou

nt

(b) The event times colored by true clus-
ter.

0 20 40 60 80
0

50

100

150

200
Event
Censored

Cut Points on Two Cluster Data

Observed Times

C
ou

nt

65.578
65.01

49.262

(c) The cut points for ADEPT with n = 7,500 (black, solid), ADEPT with
n = 300 (blue, dotted), and DTNN (red, dashed).

Figure 4.3: The event times and observed times of the two interval data. The true cut point is
at time 67.

we perform this partition five times, using the training sets for learning the model parame-

ters. We then calculate average performance metrics metrics on the out of sample validation

sets. Only the model with the best average validation set performance is then applied to the

corresponding, yet unseen, test sets. We report the average and standard deviations of the

performance metrics calculated across the folds on the test sets. Through this general cross-
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Table 4.1: Performance metrics for synthetic data. We report average metrics across 5-fold
cross validation with standard errors in parentheses. In bold are the highest CI values for each
setting.

Intervals ADEPT CI DTNN CI
Two (n = 7, 500) 0.947 (0.001) 0.797 (0.002)

Two (n = 300) 0.813 (0.039) 0.756 (0.016)
Four (n = 7, 500) 0.980 (0.012) 0.937 (0.007)

Four (n = 300) 0.964 (0.013) 0.931 (0.013)

validation strategy, we are able to find the hyperparameter setting that performs the best on out

of sample data from the hyperparameters tested. We report the mean and standard deviation

of each metric across the folds.

We perform the same parameter search and evaluation to find the best DTNN model as

described in Section 4.3.1. We compare the metrics of the best ADEPT model to that of the

best baseline models. We report the performance metrics all both methods calculated on the

unseen test set.

4.4 Simulation Examples

4.4.1 Learning Two Intervals

We start with the simple case of data generated from two clusters with uniform censoring.

Cluster membership is generated using the make_moons function sklearn Python package

to get a noisy, nonlinear relationship between p = 2 features (Pedregosa et al. 2011). Figure

4.3a shows the feature-cluster relationship; each cluster has 5,000 observations for a total of

n = 7, 500 observations. These clusters are used to generate the event times.

Event times in Cluster 1 are generated uniformly on the interval (0, 67] and event times in

Cluster 2 are uniformly on the interval (67, 100). Censoring times are then generated uniformly

throughout the entirety of (0,100). Note that while the censoring and event times are both

uniformly distributed, the observed times are the minimum of the two and therefore not

uniformly distributed. These observed times are shown in Figure 4.3b. Because these intervals

are determined by the relationship between the covariates, this simulates data generated with

a true cut point at time 67.

Figure 4.3c shows out of sample test set along with the DTNN cut point in red at t = 49.3

and the ADEPT learned cut point in black at t = 65.6. Knowing that the true cut point is at time

67 demonstrates the efficacy of our method. Even with a starting point far from the true cut
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(c) The cut points for ADEPT with n = 7,500 (black, solid), ADEPT with
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Figure 4.4: Event times and observed times of the four interval data. The true cut points are at
10, 30, and 70.

points, we are able to recover the true cut point. Table 4.1 reports the performance metrics,

showing a large gain in CI.

In this simple example, many combinations of hyperparameters were able to recover the

true cut point; reported are the results from using a small neural network with h = 32 with

Adam weight decay of 0 and a regularization strength of λ= 1.

73



To demonstrate that our method works in limited data settings, we repeat this experiment

randomly selecting only n = 300 training data points. Despite this data limitation, the blue

lines in Figure 4.3c shows that ADEPT was still able to recover the true cut point. Table 4.1

shows that ADEPT still outperforms the DTNN model in prediction.

4.4.2 Learning Four Intervals

With confidence in ADEPT’s ability to learn a single cut point when it is present in the data

generation, we expand to learning three true cut points. Again we use the make_moons func-

tion to generate noisy, nonlinear relationships between p = 2 features, however now for four

separate clusters as shown in Figure 4.4a; each cluster has 2,500 observations for a total of

n = 7,500 observations. Figure 4.4b shows the how these clusters are used to generate event

times. Event times are generated using a Beta(1.5, 1.5) distribution which are then scaled to be

in the appropriate interval based on the observation’s cluster. The first cluster has event times

on the interval (0, 10], the second on the interval (10, 30], the third on the interval (30, 70], and

the fourth on the interval (70, 100). This corresponds to the true but points being at t = 10, 30, 70.

We again apply uniform censoring times to all observations. Note that with uniform censoring,

there are particularly few uncensored observations for events in the last interval. This makes

learning the final cut point more difficult.

The black lines in Figure 4.4c shows that ADEPT was able to successfully recover all three

cut points despite the challenges due to censoring. Table 4.1 shows that the ADEPT’s learned

intervals provide an increase in CI over the DTNN. Since we know the data generating mecha-

nism, it is intuitive for this simulation example that including more than 3 cut points leads to

worse performance as introducing more would overparametrize the model. The results in the

next section suggest that it is beneficial to consider models with fewer cut points even when

the generating mechanism is unknown.

We repeat this simulation with only n = 300 data points. With the uniform censoring, this

results in even fewer observed events in the final cluster. As in the two interval case, ADEPT

is still able to recover the true cut points, shown in Figure 4.4c, and outperform the DTNN

baseline model in predictive performance, shown in Table 4.1.
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4.5 Data Analysis

4.5.1 Real-World Data Sources

We apply our method to three real-world data sources of varying sizes.

German Breast Cancer Study Group (GBSG) The GBSG data set is a publicly available data set

introduced by Schumacher et al. (1994). It is a multicenter clinical trial which includes n = 686

patients with p = 8 features. The endpoint of recurrence free survival occurred for 299 (43.6%)

patients.

Assay of Serum Free Light Chain (FL Chain) The FL Chain data set is a publicly available

data set introduced by Dispenzieri et al. (2012) studies the relationship between nonclonal

serum immunoglobulin free light chains and mortality. We examine the data for the n = 6, 524

patients that had no missing data with p = 8 features. The endpoint of death occurred for 1, 962

(30.1%) of these patients.

Pooled Stroke Risk Cohorts This is a combined dataset consisting of the Framingham Off-

spring Study (Feinleib et al. 1975) (n1 = 8, 348), The Atherosclerosis Risk in Communities Study

(Investigators 1989) (n2 = 23,158), and the Multi-Ethnic Study of Atherosclerosis (n3 = 6,390)

(Bild et al. 2002). Data harmonization procedures and characteristics of the dataset have previ-

ously been described by Hong et al. (2023). We consider a total of n = 35,450 data points of

which 1, 221 (3.44%) experience a stroke. There are p = 69 features that include cardiovascular

medical history, demographic indicators, and diet information.

4.5.2 Results

Figure 4.5 shows the best ADEPT learned cut points for each data set compared to the DTNN.

Note Figure 4.5c is a histogram of the proportion of observations rather than raw counts

because of the high amount of censoring. Table 4.2 shows the performance metrics for all

real-world data sets. The reported metrics are calculated on the held-out test sets not used for

training or model validation.

Two interesting trends strongly support the benefits of ADEPT. First, for all data sets, the CI

was the highest for the models that used only 3 cut points and tended to decrease as more cut

points were added. Additionally, for all numbers of cut points, the predictive performance in

both CI and AUC for the learned cut point model was higher than the DTNN model.

Notice that the greatest improvement in CI was observed for the GBSG data set, which has
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the fewest observations among all data sets. This underscores the importance of ADEPT. For

small data sets with a limited number of outcomes, it is necessary to limit the number of cut

points, but performance can be improved by optimizing their locations. Notice that for the

FL Chain data set, the DTNN model achieved its highest CI with 10 cut points, but this was

still lower than the performance of ADEPT using only 3 learned cut points. Interestingly, the

Stroke data set, which had the most data points and the highest outcome imbalance, also had

a higher CI and AUC with 10 cut points than with 5. Similar to the other data sets, it achieved

its highest CI and AUC using 3 cut points.

A model that is well calibrated has a calibration slope near 1 and a calibration intercept

near 0. While the DTNN model had slightly better calibration slopes for the GBSG and FL Chain

data sets for 3 cut points, ADEPT was better calibrated in nearly every setting with more cut

points demonstrating model robustness.

While ADEPT was able to outperform DTNN in IBS for any given number of cut points, the

continuous prediction of DeepSurv had the lowest overall IBS for each data set.

4.6 Conclusion

Herein we develop ADEPT, a flexible method to learn an optimal partitioning of the event time

space that does not place strong assumptions on the form of the event density. Our approach

is designed for clinical applications in which it is advantageous to learn, from data, a time

discretization that facilitates more accurate prediction. The simulated examples demonstrated

the ability of our method to recover cut points when they are truly present in the data genera-

tion mechanism. Moreover, results on real data show that the approach improves prediction

performance over otherwise equivalent, state of the art models that use a fixed discretization

scheme.

Our approach can be extended in several ways. In future work, we will consider a similar

approach to learn separating hyperplanes in higher dimensional output spaces. The method

can also be extended to sequential or time series data by using an appropriate encoder (e.g.,

a recurrent neural network). Another interesting extension motivated by the real-world data

analysis would be to learn the number of cut points from the data instead of fixing it a priori.
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Figure 4.5: The DTNN (red, dashed) and ADEPT learned (black, solid) cut points.
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Table 4.2: Test-set performance metrics for real-world data averaged across 5-fold cross validation with
standard errors in parentheses. In bold are the highest CI, highest AUC, and lowest IBS models for each data set.

3 Cut Points 5 Cut Points 10 Cut Points
GBSG

ADEPT CI 0.744 (0.015) 0.68 (0.018) 0.671 (0.024)
DTNN CI 0.681 (0.027) 0.651 (0.059) 0.619 (0.065)

ADEPT AUC 0.804 (0.021) 0.801 (0.02) 0.822 (0.024)
DTNN AUC 0.800 (0.03) 0.750 (0.034) 0.807 (0.016)

DeepSurv AUC 0.795 (0.054) — —

ADEPT IBS 0.180 (0.005) 0.189 (0.012) 0.173 (0.006)
DTNN IBS 0.187 (0.006) 0.198 (0.008) 0.194 (0.005)

DeepSurv IBS 0.165 (0.007) — —

ADEPT Calibration Slope 0.813 (0.089) 0.995 (0.112) 0.793 (0.165)
DTNN Calibration Slope 1.00 (0.091) 1.855 (0.154) 1.397 (0.254)

ADEPT Calibration Intercept 0.178 (0.048) 0.130 (0.042) 0.142 (0.06)
DTNN Calibration Intercept 0.129 (0.057) -0.285 (0.084) -0.215 (0.129)

FL Chain
ADEPT CI 0.798 (0.003) 0.793 (0.003) 0.787 (0.004)
DTNN CI 0.763 (0.007) 0.772 (0.004) 0.774 (0.012)

ADEPT AUC 0.806 (0.004) 0.81 (0.004) 0.834 (0.002)
DTNN AUC 0.788 (0.008) 0.809 (0.004) 0.828 (0.004)

DeepSurv AUC 0.831 (0.002) — —

ADEPT IBS 0.194 (0.005) 0.163 (0.006) 0.146 (0.005)
DTNN IBS 0.191 (0.008) 0.153 (0.004) 0.13 (0.002)

DeepSurv IBS 0.099 (0.001)

ADEPT Calibration Slope 1.199 (0.103) 1.182 (0.075) 1.057 (0.098)
DTNN Calibration Slope 1.005 (0.04) 0.999 (0.039) 0.898 (0.076)

ADEPT Calibration Intercept 0.056 (0.007) 0.050 (0.01) 0.085 (0.018)
DTNN Calibration Intercept 0.102 (0.008) 0.100 (0.009) 0.116 (0.026)

Stroke
ADEPT CI 0.789 (0.014) 0.747 (0.02) 0.765 (0.006)
DTNN CI 0.778 (0.01) 0.739 (0.017) 0.758 (0.022)

ADEPT AUC 0.766 (0.011) 0.701 (0.03) 0.723 (0.013)
DTNN AUC 0.743 (0.01) 0.681 (0.031) 0.713 (0.021)

DeepSurv AUC 0.705 (0.015)

ADEPT IBS 0.027 (0.002) 0.029 (0.002) 0.03 (0.002)
DTNN IBS 0.032 (0.003) 0.033 (0.002) 0.032 (0.002)

DeepSurv IBS 0.019 (0.001)

ADEPT Calibration Slope 0.783 (0.013) 1.117 (0.195) 1.270 (0.321)
DTNN Calibration Slope 1.098 (0.321) 1.370 (0.248) 1.295 (0.376)

ADEPT Calibration Intercept 0.019 (0.002) 0.022 (0.003) 0.025 (0.002)
DTNN Calibration Intercept 0.022 (0.003) 0.019 (0.002) 0.025 (0.002)
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APPENDIX

A

CHAPTER 2 SUPPLEMENTARY MATERIAL

A.1 Proofs

Proof of Lemma 1. It is well-established (see, e.g., Hinkley 1969) that if V ∼ N (0,σ2
V ) and

W ∼N (0,σ2
W )with correlation coefficient ρ, then

V

W
∼Cauchy
�ρσV

σW
,
σV

σW

p

1−ρ2
�

. (A.1)

Accordingly, since
�

a ⊤

b ⊤

�

x ∼N
�

�

0

0

�

,

�

a ⊤a a ⊤b

b ⊤a b ⊤b

�

�

,

it follows that x ⊤a ∼N (0, a ⊤a ), x ⊤b ∼N (0,b ⊤b ), and ρ = (a ⊤b )/(∥b ∥∥a∥). The result follows

from Equation (A.1) by taking V = x ⊤a and W = x ⊤b .

Before proceeding directly to the proof of Lemma 2, the following necessary supporting

result is stated and proved.
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Lemma 4. The MLEs of γ and δ for Equation (2.5), respectively, are

bγ=

∑nT

i=1(vi − v )(yi − y T )

ex ⊤θ S

∑nT

i=1(vi − v )2
and

bδ=
y T

ex ⊤θ S

− v · bγ,

where vi = (βi −δ)/γ for i ∈ {1, . . . , nT }, v :=
∑nT

i=1 vi/nT and y T :=
∑nT

i=1 yT ,i/nT .

Proof of Lemma 4. After the change of variables vi = (βi −δ)/γ for i ∈ {1, . . . , nT }, the likelihood

function in Equation (2.5) takes the form

nT
∏

i=1

�

N
�

yT ,i | (γvi +δ)ex
⊤θ S ,σ2
	

·Cauchy(vi | 0, 1)
�

.

Taking partial derivatives with respect to δ and γ gives the first-order conditions

nT
∑

i=1

¦ yT ,i

ex ⊤θ S

−γvi −δ
©

= 0

nT
∑

i=1

¦ yT ,i

ex ⊤θ S

−γvi −δ
©

vi = 0.

Solving this system yields the MLEs in Lemma 4.

Proof of Lemma 2. With the assumptions that YT ,1, . . . , YT ,nT

iid∼ N (ex ⊤θ T ,σ2) independent of

V1, . . . , VnT

iid∼ Cauchy(0, 1), first, define the following notations:

Y :=







YT ,1
...

YT ,nT






, Y := Y T ·1nT

, Y T :=
1

nT

nT
∑

i=1

YT ,i ,

and

V :=







V1
...

VnT






, V :=V ·1nT

, V :=
1

nT

nT
∑

i=1

Vi ,

where 1nT
is an nT -dimensional column vector with every component having value 1.

By the Cauchy-Schwarz inequality,

|bγ|=

�

�

�

∑nT

i=1(Vi −V )(Yi −Y T )
�

�

�

�

�

ex ⊤θ S

�

�

∑nT

i=1(Vi −V )2
≤





Y −Y






2





V −V






2
�

�

ex ⊤θ S

�

�





V −V






2

2

=





Y −Y






2
�

�

ex ⊤θ S

�

�





V −V






2

,
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where ∥·∥2 is the Euclidean norm. We first need to establish the fact that square-root sums of

independent, centered, and squared Cauchy random variables grow in value at the rate of at

least n
α+ 1

2
T for any α ∈ (0, 1/2). Accordingly, for any ϵ > 0 and any α ∈ (0, 1/2),

P
�





V −V






2
< n

α+ 1
2

T ϵ−1
�

= P
�





V −V






2

2
< n 2α+1

T ϵ−2
�

= P
� nT
∑

i=1

V 2
i −nT V

2
< n 2α+1

T ϵ−2
�

≤ P
� nT
∑

i=1

V 2
i −n 1+α

T < n 2α+1
T ϵ−2
�

+P
�

−nT V
2
<−n 1+α

T

�

= P
� nT
∑

i=1

V 2
i < n 2α+1

T ϵ−2+n 1+α
T

�

+P
�

|V |> n
α
2

T

�

≤ P
� nT
∑

i=1

V 2
i < n 2α+1

T {ϵ−2+1}
�

+2FV

�

−nα/2T

�

, (A.2)

where FV (·) is the Cauchy(0, 1) distribution function. The first term vanishes for any α ∈ (0, 1/2)

as nT →∞ by Lemma 2.1 in Eicker (1985), and the second term vanishes as nT →∞ by the

definition of a distribution function.

Next, in order to show the convergence of both MLEs, we need that nα/2T bγ→ 0 in probability

as nT →∞. Our argument goes as follows. For any ϵ > 0 and any α ∈ (0, 1/2),

P
�

|bγ|> n−α/2T ϵ
�

≤ P

�





Y −Y






2
�

�

ex ⊤θ S

�

�





V −V






2

>
n (1+α)/2T

n (1+α)/2T

ϵ

nα/2T

�

≤ P

�





Y −Y






2
�

�

ex ⊤θ S

�

�

> n (1+α)/2T

�

+P

�

1




V −V






2

>
ϵ

nα+1/2
T

�

= P

�





Y −Y






2

2

σ2
>

�

�

ex ⊤θ S

�

�

2

σ2
n 1+α

T

�

+P
�





V −V






2
< n

α+ 1
2

T ϵ−1
�

.

Denoting S :=




Y −Y






2

2
/σ2 ∼χ2

nT −1, and applying the Chernoff bound to the first quantity in

the last expression gives, for any t < 1/2,

P

�

S >

�

�

ex ⊤θ S

�

�

2

σ2
n 1+α

T

�

≤ (1−2t )−(nT −1)/2 exp
§

−
t
�

�

ex ⊤θ S

�

�

2

σ2
n 1+α

T

ª

.

Choosing t = 1/4 yields the bound

P
�

|bγ|> n−α/2T ϵ
�

≤ e −n 1+α
T · 12
�

1
2σ2 |ex

⊤θ S |2−n−αT +n−1−α
T

�

+P
�





V −V






2
< n

α+ 1
2

T ϵ−1
�

.
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Thus, by Equation (A.2), it follows that nα/2T bγ→ 0 in probability as nT →∞. This fact implies

that bγ→ 0 in probability as nT →∞, and is needed to prove the asymptotic convergence of bδ,

next.

Since YT ,1, . . . , YT ,nT

iid∼N (ex ⊤θ T ,σ2), it follows that Y T = ex
⊤θ T +σn

− 1
2

T U , where U ∼N (0, 1).

That being so, for any ϵ > 0 and any α ∈ (0, 1/2),

P
�
�

�

�

bδ−
ex ⊤θ T

ex ⊤θ S

�

�

�> ϵ

�

= P
§
�

�

�

1

ex ⊤θ S

�

ex ⊤θ T +σn
− 1

2
T U
�

−V bγ−
ex ⊤θ T

ex ⊤θ S

�

�

�> ϵ

ª

= P
�
�

�

�

σ

ex ⊤θ S

n
− 1

2
T U −V bγ
�

�

�> ϵ

�

≤ P
�
�

�

�

σ

ex ⊤θ S

n
− 1

2
T U
�

�

�>
ϵ

2

�

+P
�

|V bγ|>
ϵ

2

�

= 2Φ
¦

−n
1
2

T · ϵ|ex
⊤θ S |/(2σ)
©

+P
�

|V |> nα/2T /2
�

+P
�

|bγ|> n−α/2T ϵ
�

= 2Φ
¦

−n
1
2

T · ϵ|ex
⊤θ S |/(2σ)
©

+2FV

�

−nα/2T /2
�

+P
�

|bγ|> n−α/2T ϵ
�

,

where Φ(·) is the standard Gaussian distribution function. The first two terms in the last ex-

pression vanish by the definition of a distribution function, and the third term vanishes by

the same because we previously established that nα/2T bγ→ 0 in probability as nT →∞. Hence,
bδ→ ex ⊤θ T /(ex

⊤θ S ) in probability as nT →∞.

Proof of Theorem 3. Our argument begins with direct evaluation of the probability that eYT ∼
N (ex ⊤θ T ,σ2) is contained in the interval [aαnT

, b αnT
], and it finishes by applying the result of

Lemma 2.

P
�

eYT ∈ [aαnT
, b αnT
]
�

=

∫ b αnT

aαnT

1

σ
p

2π
e −

1
2σ2 (eyT −ex⊤θ T )2 d eyT

=Φ
�b αnT

− ex ⊤θ T

σ

�

−Φ
�aαnT

− ex ⊤θ T

σ

�

,

whereΦ(·) is the standard Gaussian distribution function. We will first demonstrate thatΦ(W )→
1−α/2, with

W :=
b αnT
− ex ⊤θ T

σ

=Φ−1
�

1−
α

2

�

+
1

σ

�

eβ · ex ⊤θ S − ex ⊤θ T

�

∼Cauchy
§

Φ−1
�

1−
α

2

�

+
1

σ

�

bδ · ex ⊤θ S − ex ⊤θ T

�

,
�

�

�

bγ

σ
ex ⊤θ S

�

�

�

ª
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since eβ ∼Cauchy(bδ, |bγ|).
For any ε> 0,

P
�

|Φ(W )− (1−α/2)|<ε
�

= P
�

1−α/2−ε<Φ(W )< 1−α/2+ε
�

= P
¦

Φ−1(1−α/2−ε)<W <Φ−1(1−α/2+ε)
©

= FW

¦

Φ−1(1−α/2+ε)
©

− FW

¦

Φ−1(1−α/2−ε)
©

,

where FW (·) is the Cauchy distribution function associated with W . Then,

FW

¦

Φ−1(1−α/2+ε)
©

=
1

2
+

1

π
arctan

�

c1− (bδ · ex ⊤θ S − ex ⊤θ T )/σ

|bγ · ex ⊤θ S |/σ

�

,

with c1 :=Φ−1(1−α/2+ε)−Φ−1(1−α/2)> 0, and similarly,

FW

¦

Φ−1(1−α/2−ε)
©

=
1

2
+

1

π
arctan

�

c2− (bδ · ex ⊤θ S − ex ⊤θ T )/σ

|bγ · ex ⊤θ S |/σ

�

,

with c2 :=Φ−1(1−α/2−ε)−Φ−1(1−α/2)< 0. Accordingly, it follows by Lemma 2 that

FW

¦

Φ−1(1−α/2+ε)
©

−→ 1 and FW

¦

Φ−1(1−α/2−ε)
©

−→ 0

in probability as nT →∞, and so

Φ
�b αnT

− ex ⊤θ T

σ

�

=Φ(W )−→ 1−α/2

in probability as nT →∞. A similar argument shows that

Φ
�aαnT

− ex ⊤θ T

σ

�

−→α/2,

in probability as nT →∞, concluding the proof.
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A.2 Bounding Continuous Integral

Recall the posterior distribution of the calibration parameters for the continuous response

setting,

π
�

δ,γ,σ | yT ,1, . . . , yT ,nT
, bθ S

�

=π(δ,γ,σ) ·
nT
∏

i=1

∫

R

Cauchy(βi |δ,γ)

| f (bθ S , x T ,i ) |
·N
§

βi |
yT ,i

f (bθ S , x T ,i )
,

σ2

f (bθ S , x T ,i )2

ª

dβi .

Calculating this posterior requires the evaluation of nT integrals over R. For computational

efficiency, we estimate the posterior by integrating over closed intervals. The incurred numerical

error can be tuned to be lower than computer precision.

Performing the substitution ui =
�

βi − yT ,i/ f (bθ S , x T ,i )
	

/
�

σ/| f (bθ S , x T ,i )|
	

re-expresses the

i th integral as

∫

R

N (ui | 0, 1)
σ

·Cauchy

�

ui |
| f (bθ S , x T ,i )|

σ

§

δ−
yT ,i

f (bθ S , x T ,i )

ª

,
| f (bθ S , x T ,i )|γ

σ

�

d ui

≤
1

σ

�∫ s2

s1

N (ui | 0, 1) ·Cauchy

�

ui |
| f (bθ S , x T ,i )|

σ

§

δ−
yT ,i

f (bθ S , x T ,i )

ª

,
| f (bθ S , x T ,i )|γ

σ

�

d ui

+φ(s1) +φ(s2)

�

,

for any s1 and s2 satisfying s1 < 0 < s2, where φ(·) is the standard Gaussian density function.

Then choose s1 and s2 so thatφ(s1)+φ(s2) is as small as desired. For example, we set s1 =−39

and s2 = 39, giving φ(s1) and φ(s2) numerically equal to zero in the base Julia software (for

comparison,φ(38) = 1.097×10−314).

A.3 MCMC Implementation Details

Sections 2.4.2 and 2.5.2 detail the procedure for sampling from the posterior predictive distribu-

tion of a new observation. RECaST first estimates the joint posterior density of the re-calibration

parameters (δ,γ,σ) in the linear model and (δ,γ) in the logistic model. We specify disperse

priors δ∼N (1, 400), log(γ)∼N (0, 9), and in the continuous setting log(σ2)∼N (0, 9). We run

the Metropolis-Hastings estimation algorithm of the posterior distribution for 100,000 itera-

tions with the initial 20,000 iterations used as a burn-in period to tune the proposal variance.

The parameters from the final 50,000 iterations are used as the posterior distribution. Finally,

npost = 300 equally spaced triplets/pairs of this distribution are taken as a posterior sample to
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be used in the posterior predictive estimation, which we denote by {δi ,γi ,σi }300
i=1 and {δi ,γi }300

i=1

in the linear and logistic models respectively. For each triplet/pair, a sample of nβ = 300 β ’s

are taken from the Cauchy distribution, each used to generate nY = 300 samples from the

posterior predictive distribution. This gives 300×300×300= 27, 000, 000 posterior predictive

observations for each out-of-sample test point, (YT ,test,ex T ).

A.4 Neural Network Training Procedure

The following procedure is used to train all neural networks considered: the source DNN, the

DNN trained only on target data, and the Unfreeze DNN.

We initialize the weights using Xavier initialization (Glorot and Bengio 2010). The network

is trained for 2500 epochs using the ADAM optimizer and an MSE loss. A portion of the training

data is set aside as an out-of-sample calibration set during training. At each epoch, the training

and calibration loss are tracked. The final parameterization used is taken from the epoch with

the lowest calibration loss to avoid overfitting.

The candidate architectures ranged from networks with 316 parameters to 11,641 parame-

ters with varied number of layers, layer sizes, activation functions, and dropout proportions.

The architecture described below was chosen as it had the best test set AUC on the eICU data

of all considered architectures. We use a two layer neural network with layer sizes ℓ1 = (p ,25)

and ℓ2 = (25,1). These layers are connected with a Rectified Linear Unit (ReLU) activation

function. In the binary response setting, the output of ℓ2 is converted to a probability through

a softmax activation function. For consistency, this architecture is also used for the simulated

data analysis in Section 2.6.

The source neural network for RECaST learns parameters in both layers using only source

data. The DNN network learns parameters in both layers using only the target data. The

Unfreeze DNN network learns parameters in both layers first using only the source data. Then,

the target data are processed through the same neural network, re-training parameters in the

second layer and leaving the first layer unchanged from the values learned on the source data

set.
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Table A.1: Empirical coverage (standard error) at the 95% nominal level for a continuous response, averaged
over 300 source and target data sets when the when the target model parameters are generated as θ T = θ S +ε
with ε∼Np×10+10×1(0, 0.025I ). The out-of-sample test sets each contain 250 observations. All reported values are
multiplied by 100.

nT RECaST LM RECaST DNN
250 100(0.4) 100(0.28)
100 100(0.33) 100(0.33)
60 100(0.35) 100(0.32)
40 100(0.29) 100(0.32)
20 100(0.37) 100(0.37)

Table A.2: Empirical coverage (standard error) at the 95% nominal level for a continuous response, averaged
over 300 source and target data sets when the source and target neural network weight matrices are orthogonal.
The out-of-sample test sets each contain 250 observations. All reported values are multiplied by 100.

nT RECaST LM RECaST DNN
250 100(0.53) 100(0.24)
100 100(0.42) 100(0.68)
60 100(0.36) 100(0.3)
40 100(0.3) 100(0.93)
20 100(0.26) 100(0.25)

A.5 Additional Tables for Section 2.6.4

A.6 Additional Robustness Results

Here, we consider the case where θ S and θ T are orthogonal. We take θ S to be the same p = 50

feature vector as in Section 2.6.1 and take θ T to be a vector in the null space of θ S . The data

are otherwise generated following Section 2.6.1 from a linear or logistic regression with a fixed

source sample size of nS = 1000 and a varying target sample size of nT ∈ {20, 40, 60, 100, 250}.
In the continuous outcome case, we compare RECaST to the DNN, Unfreeze DNN, TransRF

and glmtrans approaches. In the binary outcome case, we compare RECaST to the target-only

DNN, Unfreeze DNN, TransRF, glmtrans, WDGRL and Wiens methods. Table A.3 shows the

predictive performance of RECaST for the orthogonally misaligned source and target setting

with a continuous response.
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Table A.3: Out of sample RMSE (standard error) averaged over 300 source and target data sets when the source
data generating parameters are orthogonal to the target data generating parameters. The out-of-sample test sets
each contain 250 observations. All reported values are multiplied by 100.

nT LM DNN
RECaST

LM
RECaST

DNN
Unfreeze

DNN TransRF glmtrans MTL FO MTL MoM

250 0.56(0.03) 0.85(0.061) 1.1(0.051) 1.1(0.051) 0.92(0.082) 0.63(0.066) 0.54(0.025) 0.6(0.03) 0.6(0.03)

100 0.71(0.06) 1.1(0.12) 1.1(0.050) 1.1(0.051) 1.1(0.19) 0.97(1.1) 0.55(0.031) 0.76(0.06) 0.76(0.06)

60 1.3(0.28) 1.3(0.13) 1.1(0.05) 1.1(0.051) 1.2(0.28) 1.8(2.0) 0.57(0.043) 1.3(0.26) 1.3(0.26)

40 1.2(0.22) 1.3(0.13) 1.1(0.056) 1.1(0.056) 1.5(0.40) 3.0(6.2) 0.6(0.066) 3.2(0.71) 1.4(0.29)

20 1.0(0.07) 1.4(0.14) 1.2(0.078) 1.2(0.073) 1.9(0.59) - 0.66(0.08) 5.5(0.81) 1.0(0.07)

When the target data are plentiful (nT = 100, 250) the RMSE for the LM built solely on the

target data outperforms the RECaST methods. This aligns with previous results where there

is a large amount of data and a large discrepancy between the source and target (i.e., when

transfer learning is not appropriate). As the number of target data points decreases, RECaST

outperforms target-only DNN. These results further demonstrate the robustness of RECaST to

negative transfer. Notice that glmtrans is also robust; in each of these scenarios glmtrans opted

to not use the source data. The MTL MoM method also provides good predictive performance

for all sample sizes without requiring access to the source data. Similar to the previous robust-

ness tests, Table A.4 shows that RECaST provides conservative predictive intervals resulting in

over-coverage at the 95% level.

Table A.4: Empirical coverage (standard error) at the 95% nominal level, averaged over 300 source and target
data sets when the source data generating parameters are orthogonal to the target data generating parameters.
The out-of-sample test sets each contain 250 observations. All reported values are multiplied by 100.

nT RECaST LM RECaST DNN

250 100(0) 100(0)

100 100(0) 100(0)

60 100(0) 100(0)

40 100(0) 100(0)

20 100(0.024) 100(0.024)

For a binary response, Table A.5 shows the difficulty of this problems. All methods have very

low AUCs, including the target-only DNN. For large sample sizes, glmtrans performs relatively

well, again due to its ability to ignore the source data entirely and because the model matches

the data generating mechanism. Table A.6 shows that all methods have predictive coverages
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with very high standard errors, again displaying the difficulty of this problem.

Next we consider a setting in which the source feature space is a subset of the target feature

space: XS ⊊XT . We assign 12 features to the true target data X T but only 9 features to the

true source data X S . The parameters are generated as θ T = (−a ,b )where a ,b ∈R6 have com-

ponents independently sampled from Uniform(0.75,5), and θ S = [θT ,1, . . . ,θT ,9], the first nine

components of θ T . The responses, Y S and Y T , are generated via linear or logistic regression

with their respective feature vectors.

Table A.7 shows that for a continuous response, every method has similar predictive perfor-

mance when the target sample size is large. As the target sample size decreases, RECaST and

glmtrans have the best performance, maintaining a stable RMSE value and outperforming the

target-only DNN. This shows that RECaST is robust to negative transfer in this setting.

Table A.5: Out-of-sample AUC (standard error) averaged over 300 source and target data sets when the source
and target model parameter vectors are orthogonal. The out-of-sample test sets each contain 250 observations.
All reported values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 59(5.6) 51(3.1) 50(3.7) 49(3.6) 55(4.7) 57(9.1) 72(3.5) 49(3.7)

100 54(5.3) 50(3.5) 49(3.4) 45(3.7) 53(4.7) 37(14) 69(7.1) 50(3.5)

60 52(5.3) 50(3.8) 50(4.2) 43(3.4) 51(4.7) 25(16) 61(10) 48(3.6)

40 52(4.9) 50(3.5) 50(3.8) 42(2.9) 52(4) 23(16) 59(9.1) 49(4)

20 52(4.8) 50(3.5) 50(3.4) 41(4.1) 51(4.5) - 56(9.5) -

Table A.6: Empirical coverage (standard error) at the 75% nominal level, averaged over 300 source and target
data sets when the source and target model parameter vectors are orthogonal. The out-of-sample test sets each
contain 250 observations. All reported values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 59(11) 100(0) 100(0) 53(10) 55(10) 61(13) 81(11) 52(17)

100 55(11) 83(29) 100(0) 52(11) 52(11) 54(13) 77(15) 47(18)

60 50(11) 89(19) 51(10) 48(11) 49(12) 52(15) 74(19) 47(17)

40 52(11) 45(16) 77(27) 47(11) 52(11) 52(27) 67(19) 48(10)

20 51(11) 60(27) 57(25) 51(12) 51(14) - 59(13) -
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Table A.8 shows RECaST again provides conservative predictive intervals at the 95% level.

We see similar results for a binary response outcome in Table A.9. Both RECaST methods have

stable AUCs as the target sample size decreases, outperforming the target-only DNN and the

other transfer learning methods. WDGRL and glmtrans also perform well for larger sample sizes,

but both require access to the source data while training. Table A.10 shows that the RECaST

and Wiens methods again provide conservative predictive coverage for all target sample sizes.

WDGRL and glmtrans under-cover in some scenarios.

Table A.7: The reported values are: average out-of-sample RMSE (standard deviation). These summaries are
over all 300 different source and target data sets for each target sample size when the target data had more features
than the source.

nT LM DNN
RECaST

LM
RECaST

DNN
Unfreeze

DNN TransRF glmtrans MTL FO MTL MoM

250 5.5(1.3) 5.8(1.4) 5.4(1.3) 5.4(1.3) 5.52(1.36) 6.5(1.5) 5.3(1.2) 6.3(1.2) 6.3(1.2)

100 5.7(1.3) 6.3(1.5) 5.4(1.3) 5.4(1.3) 5.68(1.35) 11.0(14.0) 5.4(1.2) 6.5(1.2) 6.5(1.2)

60 5.8(1.4) 6.8(1.7) 5.4(1.3) 5.4(1.3) 5.94(1.53) 14.0(14.0) 5.3(1.2) 6.7(1.3) 6.7(1.3)

40 6.2(1.5) 7.2(1.8) 5.4(1.4) 5.4(1.4) 6.06(1.76) 30.0(43.0) 5.4(1.3) 6.9(1.4) 6.9(1.4)

20 7.3(2.1) 8.2(1.9) 5.5(1.3) 5.5(1.4) 6.63(1.93) - 5.6(1.5) 8.1(1.9) 8.1(1.9)

Table A.8: Empirical coverage (standard error) at the 95% nominal level, averaged over 300 source and target
data sets when the target data had more features than the source. The out-of-sample test sets each contain 250
observations. All reported values are multiplied by 100.

nT RECaST LM RECaST DNN

250 100(0) 100(0)

100 100(0) 100(0)

60 100(0) 100(0)

40 100(0) 100(0)

20 100(0.022) 100(0.2)
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Table A.9: Out-of-sample AUC (standard error) averaged over 300 source and target data sets when the target
data had more features than the source. The out-of-sample test sets each contain 250 observations. All reported
values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 86(5.3) 89(4.5) 89(4.5) 74(7.9) 89(3.9) 60(16) 90(5.9) 89(6.5)
100 83(10) 89(4.4) 89(4.3) 75 (8.0) 84(10) 46(18) 88(4.1) 89(4.2)
60 75(13) 89(4.2) 89(4) 74(7.2) 79(12) 38(21) 86(3.8) 90(3.4)
40 73(11) 89(4.3) 89(4.3) 73(7.3) 78(14) 32(12) 82(9.2) 89(4.0)
20 75(7.9) 88(4.5) 88(4.3) 74(6.6) 81(9.6) - 69(13) -

Table A.10: Empirical coverage (standard error) at the 75% nominal level, averaged over 300 source and target
data sets when the target data had more features than the source. The out-of-sample test sets each contain 250
observations. All reported values are multiplied by 100.

nT DNN
RECaST

GLM
RECaST

DNN Wiens
Unfreeze

DNN TransRF glmtrans WDGRL

250 70(14) 100(0) 98(1.6) 87(11) 75(13) 73(14) 71(12) 63(15)
100 65(7.6) 96(0) 95(7.3) 85(8.9) 73(12) 64(15) 72(11) 64(13)
60 67(16) 89(6.5) 90(12) 86(8.2) 70(14) 58(22) 79(13) 69(9.9)
40 60(11) 86(16) 88(11) 86(8.2) 72(13) 53(17) 74(15) 63(17)
20 59(12) 82(17) 80(19) 86(9.8) 67(19) - 70(16) -
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A.7 Comparative eICU Results

Figure A.1: Results for TransRF, glmtrans, and WDGRL on the eICU data set. The left panel displays the
reliability curve of the nominal versus empirical out-of-sample coverage of prediction sets averaged over 300
target-testing data sets; the right panel reports the out-of-sample receiver operating characteristic (ROC) curve
averaged pointwise over 300 target-testing data sets. The legend also reports the AUC (standard error) averaged
over the same 300 target-testing data sets. Note that we cut the reliability curve at a nominal coverage of 0.8
because there are very few observations with higher coverage, undermining the reliability of coverage estimation
at higher nominal levels.
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A.8 eICU Feature Descriptions

Table A.11: Descriptions of the features from the eICU Collaborative Research Database used in the shock
data analysis.

Variable Description

Age age in years

Gender gender as either Male, Female, Unknown or Other

Ethnicity ethnicity as either Asian, Caucasian, African American, Native

American, Hispanic or Other/Unknown

Weight weight upon admission

Temperature worst temperature measured from a midpoint of 38◦C

White blood cell count worst white blood cell count from a midpoint of 11,500 white

blood cells per microliter

Respiratory rate worst respiratory rate from a midpoint of 19 breaths per minute

Heart rate worst heart rate from a midpoint of 75 beats per minute

Hematocrit level worst hematocrit from a midpoint of 45.5%

Creatinine level worst serum creatinine from a midpoint of 1.0 milligrams per

deciliter

Glucose level worst glucose from a midpoint of 130 milligrams per deciliter

Oxygen saturation oxygen saturation in the blood measured by a pulse oximeter

Dialysis an indicator reporting if the patient is on dialysis

Intubated an indicator reporting if the patient was intubated during the

worst measurement of their arterial blood gas

Ventilated binary an indicator reporting if the patient was ventilated dur-

ing the measurement worst respiratory rate

Eye eye score ranging from 1 to 4 on the Glasgow Coma Scale

Motor motor score ranging from 1 to 6 on the Glasgow Coma Scale

Verbal verbal score ranging from 1 to 3 on the Glasgow Coma Scale
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A.9 Multivariate Cauchy Gibbs Sampler

For univariate RECaST, the following is the equivalent of putting a location-scale t-distribution

prior on the mean of a Gaussian random variable

y 1, . . . , y nT
|µ,σ2,σ2

0 ∼N (µ,σ2)

µ |σ2
0 ∼N (δ,σ2

0)

σ2
0 ∼ IG
�ν

2
,
ν ·γ2

2

�

.

Then take priors

δ∼N (µδ,σ2
δ)

γ∼ IG(aγ, bγ).

For the multivariate t -distribution, we have the following hierarchical representation:

Y T ,1, . . . , Y T ,nT
|µ,Σ∼Nm (µ,Σ)

µ | u ,δ,Γ ∼Nm (δ, u−1Γ )

u ∼Gamma
�ν

2
,
ν

2

�

with priors

Σ∼ IWm (ΨΣ,νΣ)

δ ∼Nm (µδ,Σδ)

Γ ∼ IWm (ΨΓ ,νΓ ),

where ν is the degrees of freedom for the t -distribution prior on µ. The following full

conditional distributions can be used for Gibbs sampling

µ | Y T ,1, . . . , Y T ,nT
,Σ,δ,Γ , u ∼N
�

�

uΓ −1+nTΣ
−1
�−1�

uΓ −1δ+nTΣ
−1 ¯y T

�

,
�

uΓ −1+nTΣ
−1
�−1
�

Σ | Y T ,1, . . . , Y T ,nT
,µ,δ,Γ , u ∼ IW

�

nT +νΣ,ΨΣ+
nT
∑

i=1

[y T ,i −µ][y T ,i −µ]
⊤
�

δ | Y T ,1, . . . , Y T ,nT
,µ,Σ,Γ , u ∼Nm

�

[Σ−1
δ +uΓ −1]−1[Σ−1

δ µδ +uΓ −1µ], [Σ−1
δ +uΓ −1]−1

�

Γ | Y T ,1, . . . , Y T ,nT
,µ,Σ,δ, u ∼ IWm

�

νΓ −1, u (µ−δ)(µ−δ)⊤+ΨΓ
�

u | Y T ,1, . . . , Y T ,nT
,µ,Σ,δ,Γ ∼Gamma

�ν+m

2
,

1

2
[µ−δ]Γ −1[µ−δ] +

ν

2

�

.
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Setting ν= 1 corresponds to setting a multivariate Cauchy prior on µ.

A.10 Multivariate Gaussian Copula Finite Integrals

π(δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ | y1,1, . . . , ynT ,m , bΘS )

=

∫

R
· · ·
∫

R
π(δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ,β1,1, . . . ,βnT ,m | y1,1, . . . , ynT ,m , bΘS ) dβ1,1 . . . dβnT ,m

∝π(δ1, . . . ,δm ,γ1, . . . ,γm , R ,Σ)·
nT
∏

i=1

∫ 1

0

· · ·
∫ 1

0

π(yi ,1, . . . , yi ,m | F −1
βi ,1
(ui ,1), . . . , F −1

βi ,m
(ui ,m ),Σ, bΘS )·

c (ui ,1, . . . , ui ,m |δ1, . . . ,δm ,γ1, . . . ,γm , R ) d ui ,1 . . . d ui ,m .

A.11 Online Mean Derivation

When there are ℓ target data sets, the marginal posterior of α is

p (α | y Tℓ,1
, . . . y Tℓ,nTℓ

)∝π(α) ·
�

αℓ ·kℓ+
ℓ−1
∑

i=1

αi ·ki

�

.

Whereπ(α) is the prior on the vectorα, αℓ is the weight associated with the uninformative prior

term kℓ and αi and ki are the weights associated and posterior distribution terms associated

with Ti , respectively, for i ∈ 1, . . . ,ℓ−1. The normalizing constant is

1= c ·
∫

α1

· · ·
∫

αℓ−1

π(α) ·
¦�

1−
ℓ−1
∑

i=1

αi

�

kℓ+
ℓ−1
∑

i=1

αi ki

©

dαℓ−1 . . . dα1

= c ·
¦

kℓ

∫

α1

· · ·
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αℓ−1

π(α) dαℓ−1 . . . dα1+ (ki −kℓ)

∫

α1

· · ·
∫

αℓ−1

π(α) ·αi dαℓ−1 . . . dα1

©

= c ·
¦

kℓ+
ℓ−1
∑

i=1

(ki −kℓ)Eπ(α)(αi )
©

c =
¦

kℓ+
ℓ−1
∑

i=1

(ki −kℓ)Eπ(α)(αi )
©−1

.
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The posterior mean of α j is

E(α j | y Tℓ,1
, . . . y Tℓ,nTℓ

) = c ·
∫

α1

· · ·
∫

αℓ−1

α j ·π(α) ·
��
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�
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