ABSTRACT

WANG, HAN. Statistical Methods for Missing Data and Composite Outcomes in Reinforcement
Learning with Electronic Health Record Data. (Under the direction of Wenbin Lu and Rui
Song).

Electronic Health Record (EHR) data contains comprehensive patient information collected
from routine clinical practice. The rich observational data facilitates the investigation of
optimal treatment decisions. One way to learn optimal treatment policies is through the
application of Reinforcement Learning (RL), a branch of machine learning that solves
sequential decision-making problems. However, in practice, applying RL techniques to EHR
data poses some challenges, including potential bias due to missing data and the challenge of
reward construction for composite outcomes. In this dissertation, we develop novel statistical
methods to effectively handle the missing data issue and derive the data-driven reward
function using expert demonstrations.

In Chapter 2, we focus on a critical step of offline RL known as Off-Policy Evaluation
(OPE), which aims to estimate the value of a target policy using data collected from
potentially different policies. We investigate OPE in the presence of monotone missingness
and theoretically demonstrate that the value estimator remains consistent under ignorable
missingness but can be biased when the missing mechanism is nonignorable (informative). To
this end, we propose a semiparametric inverse probability weighted value estimator, which
is shown to be consistent under nonignorable missingness. Additionally, we establish the
asymptotic properties of the proposed value estimator and provide the associated confidence
interval. Numerical experiments are conducted to empirically demonstrate the effectiveness
of our proposed method in ensuring a more reliable value inference.

In Chapter 3, we consider the challenge of reward construction in the presence of multiple
outcomes that need to be optimized. Given expert demonstration data, the Inverse Rein-
forcement Learning (IRL) technique can be utilized to infer the underlying reward function
directly from the data, bypassing the need for manually crafting the reward functions. We
propose a novel offline IRL method called Inverse soft-Q and Reward Learning (IQRL), which
is accurate, fast, and stable. Through empirical evaluations, our method outperforms baseline
methods in various domains, including classic control tasks and real-world EHR data. On the
other hand, in practice, human experts often have diverse strategies while making decisions,
resulting in heterogeneous demonstrations. In light of this, we further introduce a variant of

our method that incorporates reward distillation to capture heterogeneity in expert strategies.
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Chapter 1

Introduction

1.1 Background

We begin by introducing the background of this work. In Section 1.1.1, we provide a brief
overview of Reinforcement Learning, and in Section 1.1.2, we introduce the MIMIC-III

database. These two key components motivate the research presented in this dissertation.

1.1.1 Reinforcement Learning

Reinforcement Learning (RL) is a general technique to solve sequential decision-making
problems with the goal of learning an optimal policy that maximizes cumulative rewards.
Take the classical Cart-Pole control task (Barto et al. 1983) as an illustrative example. In this
task, a pole is attached to a cart through an unactuated joint, and the cart can move along a
frictionless track. The goal is to balance the pole in an upright position by applying forces to
the cart in either the left or right direction. In this context, a policy specifies the appropriate
action given the current status of the cart and pole. To learn an optimal policy that keeps
the pole in the upright position for as long as possible, one can apply the RL techniques.
Recent years have seen significant progress in RL, with notable methods such as DQN
(Mnih et al. 2013), DDPG (Lillicrap et al. 2015), PPO (Schulman et al. 2017), SAC (Haarnoja
et al. 2018), and more. These developments have propelled the capabilities of RL and
demonstrated successful applications in diverse domains ranging from game playing (Mnih
et al. 2013; Silver et al. 2016) to robotic control (Kober et al. 2013). Notably, many of
these successes rely on simulators to generate large amounts of interaction data for RL
training. However, when applying RL in real-world scenarios, obtaining online data through
direct interaction with the environment is often challenging, and deploying a new policy

in the environment to evaluate its performance can sometimes be infeasible, especially in



safety-sensitive domains like healthcare (Gottesman et al. 2019; Coronato et al. 2020) and
autonomous driving (Sallab et al. 2017). Consequently, there has been a growing interest in

developing offline RL algorithms that rely solely on pre-collected data.

1.1.2 MIMIC-III Database

Electronic Health Records (EHRs) consist of data collected from routine hospital care. Initially
designed for record-keeping and billing purposes, EHRs are now also used for secondary data
analysis. The large volume of data available within EHRs enables researchers to explore a
wide range of problems and conduct in-depth investigations.

MIMIC-III (Medical Information Mart for Intensive Care I1I) database (Johnson et al.
2016), an example of EHRs, is a publicly accessible intensive care database that contains
de-identified health data from over 40,000 patients who were admitted to the Intensive Care
Units (ICUs) at the Beth Israel Deaconess Medical Center between 2001 and 2012. The
database encompasses different types of ICUs, including the Medical Intensive Care Unit
(MICU), Coronary Care Unit (CCU), Cardiac Surgery Recovery Unit (CSRU), Surgical
Intensive Care Unit (SICU), and Trauma Surgical Intensive Care Unit (TSICU).

Comprehensive information is captured in the MIMIC-III database, including patient
demographics, vital sign measurements taken hourly at the bedside, laboratory test results,
medications, procedures, caregiver notes, imaging reports, and mortality data. The rich
information in the database facilitates a diverse range of analytic studies, such as mortality
prediction (Pirracchio et al. 2015; Purushotham et al. 2018; Harutyunyan et al. 2019), sepsis
and septic shock prediction (Kam and Kim 2017; Scherpf et al. 2019), acute kidney injury
prediction (Zimmerman et al. 2019; Sun et al. 2019), and more. Among them, one area
of interest is exploring optimal treatment decisions to assist clinical decision-making. In
recent years, there have been some endeavors that leverage RL techniques to learn optimal
treatments using the MIMIC-III database. For example, Komorowski et al. (2018) and Raghu
et al. (2017) investigated the optimal treatments for intravenous fluid and vasopressor dosage
for patients with sepsis, and Prasad et al. (2017) studied the optimal decisions regarding
sedation dosage and ventilator support.

This dissertation primarily focuses on the application of RL to learn optimal treatment
policies using the MIMIC-III database. In Section 1.2, we will discuss some practical challenges

arising from real-world applications.



1.2 Practical Challenges in Applying RL to EHR Data

The Dynamic Treatment Regime (DTR) literature has extensively explored the derivation
of optimal treatment policies from complex longitudinal data (Murphy 2003; Schulte et al.
2014; Zhao et al. 2015). However, these methods are primarily designed for studies with
few decision points and may not be suitable for applications involving many decision steps.
Recognizing that the EHR data entails continuous decision-making over a prolonged time,
we consider the infinite-horizon setting.

While the RL literature has predominantly focused on simulation environments and
game-playing, the application of RL encounters additional challenges in real-world scenarios.
In this section, we discuss two practical challenges when applying RL to EHR data: the issue

of missing data and the construction of appropriate reward functions.

1.2.1 Missing Data and Dropout

Missing data is ubiquitous in EHRs, as patients in clinical practice are not as closely monitored
as those in clinical trials. Factors such as missed office visits, failure to follow up, and switching
healthcare systems often lead to the occurrence of missing data in EHRs. Similar to other
EHRs, the MIMIC-III database also exhibits a prevalent issue of missing data, as discussed
in Che et al. (2018). When performing data analysis or training models using such datasets,
it is crucial to appropriately handle missing data to avoid introducing potential bias into the
results.

Identifying the source of missing data is important when handling missing data. In the
missing data literature, there are three main mechanisms of missingness: Missing-Completely-
At-Random (MCAR), Missing-At-Random (MAR), and Missing-Not-At-Random (MNAR).

The MCAR mechanism describes the situation where missing observations are independent
of the observed and unobserved measurements. In this case, the complete data is representative
of the study population since the missing data can be viewed as a random sample of all the
data. It is important to note that this assumption rarely holds in real-world applications.

The MAR mechanism, also known as ignorable missingness, describes the case where
the missing probability does not depend on the unobserved elements conditional on the
observed data. Notably, MCAR is a special case of MAR. An example of the MAR mechanism
is non-response or lack of measurement that can be attributed to certain known baseline
characteristics. In practice, this assumption cannot be verified from the observed data alone,
so it is necessary to include as many covariates as possible to make the MAR assumption
plausible.

The MNAR mechanism, also known as nonignorable missingness, describes the case where



the missing probabilities depend on unobserved components. For example, patients with
low blood pressure are more likely to have fewer blood pressure measurements, leading to
missing data for the “blood pressure” variable that depends on the actual blood pressure
values. Such a type of missingness is the most challenging to model for. In practice, we cannot
evaluate whether missing data is MAR or MNAR from the observed data alone, the missing
mechanism needs to be justified based on the context and subject-matter knowledge.
When applying RL to patient trajectories from MIMIC-III, one notable pattern of
missingness arises from dropout, which occurred when patients were discharged from the ICU
or experienced mortality, resulting in truncated patient trajectories. Improper handling of
such dropouts can introduce potential bias into RL. In Chapter 2, we will delve deeper into

this issue and propose remedies to mitigate the bias.

1.2.2 Reward Construction for Composite Outcomes

RL aims to maximize the cumulative reward in sequential decision-making tasks, and it
relies on a reward function to guide policy learning. Unlike game environments where explicit
rewards are readily available, real-world applications rely on manually defined rewards.
Specifying the reward function can sometimes be challenging, as it involves balancing multiple
and possibly competing outcomes of interest. For example, in medical applications, there is
often a need to balance symptom reduction with the risk of an adverse event.

When expert demonstration data is available, such as clinician decisions recorded in
EHRs, an alternative approach is to apply Imitation Learning (IL) techniques to learn the
optimal policy without specifying the reward. However, general IL approaches solely focus
on learning the expert policy and do not provide insights into the underlying motivations
of the experts. To gain a deeper understanding of expert behavior, a preferred approach is
Inverse Reinforcement Learning (IRL), which is a special type of IL that aims to first derive
the reward function from expert demonstrations and use the retrieved reward function to
guide policy search. By learning the reward function from data, IRL bypasses the need for
manually designing reward functions, and the learned reward can also provide insights into
the motivations of experts.

While there is a significant body of literature on IRL that allows for flexible reward
models and complex state spaces (Wulfmeier et al. 2015; Finn et al. 2016; Ho and Ermon
2016; Fu et al. 2017), these methods are mainly intended for online settings that require
further interaction with the environment to gather additional data. However, for safety-critical
domains like medical applications, online interactions are not feasible. Therefore, it is essential

to develop IRL methods that are compatible with offline settings. In Chapter 3, we will dive



into offline IRL methods and introduce our approach.

1.3 Notations

In this section, we prepare for the subsequent contents by introducing some key concepts,
notations, and assumptions.

In the RL literature, the environment is often modeled with Markov Decision Processes
(MDP). An MDP can be defined by a tuple (S, A, po, p,7,7), where S is the state space, A
is the action space, po(s) is the initial state distribution, p(s’|a, s) is the Markov transition
distribution which characterizes the environment dynamics, r(s,a) is the reward function
with larger positive values indicating preferable outcomes, and v € (0, 1) is a discount factor
that trades off long-term rewards for immediate rewards. Let {(S;, A¢, Riy1) hi>0 denote a
trajectory generated by the MDP model, where (S, A;, R;11) represents the triplet of state,
action, and immediate reward. Here we use the notation R, instead of R; to emphasize that
the reward R;,; and next state S;;1 are jointly determined. A policy = maps the state space
S to a probability mass function over the action space A, which characterizes how the agent
ought to take action in the environment. A stationary policy is one that remains unchanged
over time and does not depend on the time step t. Denote the policy space for stationary
policies as II.

The following two assumptions are commonly imposed in infinite-horizon RL settings,

which guarantee the existence of an optimal stationary policy (Puterman 1994).

Assumption 1 (Time-homogeneous Markov Assumption). The transition probability satisfies
P(Si11|Sy = s, Av = a, {5, Aj, Rj1tocj<t) = p(Si41|Se = s, Ay = a) = p(S1]So = s, Ay = a),

where p s the transition function.

Remark 1. The Markovian assumption states that future states are independent of past
observations given the current state-action pair. This assumption may not hold for some appli-
cations such as chronic disease. If one suspects that the trajectory has higher-order Markovian
properties, the state variable S; can be constructed by aggregating the state information over

multiple time steps, as demonstrated by Shi et al. (2020).

Assumption 2 (Conditional Mean Independence Assumption). E(R;1|S; = s, A =
a,{S;,Aj, Rit1}o<j<t) = E(Riy1|S: = s, Ar = a) = r(s,a), where r is the reward func-

tion.

Remark 2. This assumption states that the expected current reward is conditionally indepen-

dent of the history given the current state-action pair, and the reward function is stationarity.



In practice, the stationarity property can be guaranteed by incorporating time-associated

covariates into state features.

For discounted infinite-horizon MDP, the state value function of policy 7 is defined as the

expected discounted cumulative rewards from a state s following the given policy 7,

Z'y r(S, Ar)

where E, denotes the expectation with respect to the trajectory distribution following policy

o0

Z ”YthH

t=0

V™(s) = E, So=s| =

So = S] s (11)

7, the second equivalence in (1.1) follows from Assumption 2. Similarly, the state-action value
function (better known as the Q-function) is defined as the expected cumulative rewards

from taking an action a in a state s and following the given policy 7,

i '7th+1 Z v St, At
t=0

Under Assumption 1 and 2, Q™ satisfies the Bellman equation,

SQZS,AOZCL So—SA()—CL

Q"(s,a) =E

(1.2)

QW(S, a) = 7“(8, CL) +7'ES’~p(~|s,a) [VW(SI)] = 7’(8, a) —l—’)/~ES/NP(.|S,G)’A/NW(.|5/) [QW(SI, AI)] . (1.3)

This equation plays a critical role in estimating the Q-function in many RL algorithms. The

policy value for 7 is defined as an integral of state values over a reference distribution G,

V™(G) = Eyog [V7(s)] = / _V(5)G(ds). (1.4)

The reference distribution G specifies the state distribution on which the policy is evaluated,
and is typically set to be the initial state distribution pg. For simplicity, we assume G to
be py for the remainder of the discussion. The integrated value V™ (G) quantifies the overall
performance of a policy and thus is the focus of policy evaluation.

Another way to express the policy value is through the marginal density of state-action
pairs. For any ¢ > 0, define pJ(s) as the marginal density of S; € S under the target policy 7
and the reference distribution G. With pJ(s), the normalized discounted visitation probability

density, or occupancy measure, is defined as

[e.9]

de(s,a) = (1 =) -wa | 5) D297 (5). (15)

t=0

It can be shown that there is a one-to-one correspondence between 7 and d.(s,a): given



d(s,a), the policy can be recovered as m(als) = dx(s,a)/>c 4 dx (5,a’), and 7 is the only
policy whose occupancy measure is d, (Syed et al. 2008). Based on the definition of d. (s, a),
the policy value can be equivalently reformulated as an expectation over state-action pairs
with density d,(s,a),

V™(G) = Eyug [V(s)

Z”Y (S, At)

1
= = (5, A (1.6)

The term 1/(1 — 7) appears at the front because the term d, (s, a) is normalized with (1 — )
by definition. Note that the value expression in (1.4) leads to the direct method of OPE
while (1.6) leads to the marginalized importance sampling method of OPE. We will provide
an overview of existing OPE methods in Section 2.2.

In standard RL, the policy evaluation step is followed by a policy improvement step, where

the optimal policy 7* is derived by maximizing the policy value: 7* = argmax, . V7 (G).

1.4 Overview

The rest of the dissertation is organized as follows. In Chapter 2, we focus on Off-Policy
Evaluation (OPE), a critical step in offline RL that evaluates policy performance using
off-policy data. We investigate OPE under monotone missingness and establish the key
condition for the complete-case value estimators to remain valid. To address potential bias
under nonignorable missingness, we propose a novel semiparametric IPW value estimator
that is shown to be consistent, and we also provide the confidence interval for the proposed
estimator. In Chapter 3, our focus shifts to the problem of learning a data-driven reward
function using the Inverse Reinforcement Learning (IRL) approach. We introduce a novel
offline IRL method that is accurate, fast, and stable. Furthermore, we present a variant of our
method that incorporates reward distillation to handle heterogeneity in expert demonstrations.
For each chapter, we conduct extensive simulation studies alongside a real data application

on MIMIC-III data to demonstrate the effectiveness of our proposed methods.



Chapter 2

Off-Policy Evaluation with
Nonignorable Missing Data

2.1 Introduction

Reinforcement learning (RL) has demonstrated many successes in various domains ranging
from game playing (Mnih et al. 2013; Silver et al. 2016) to robotic control (Kober et al.
2013). These successes often rely on simulators to collect large amounts of interaction data
for RL training. However, one usually does not have easy access to the environment in real-
world applications. Furthermore, deploying a new policy in the environment to evaluate its
performance is sometimes infeasible, especially in safety-sensitive domains such as healthcare
and autonomous driving. To make real-world RL more practical, pre-collected datasets have
become readily available for offline RL. For example, the widespread adoption of Electronic
Health Records (EHR) has paved the way for the potential application of offline RL in
healthcare, and recent years have seen many efforts toward investigating optimal treatments
to assist clinical decision-making (Prasad et al. 2017; Raghu et al. 2017; Wang et al. 2018).

Off-Policy Evaluation (OPE) is a critical step in offline RL to estimate the value of a
target policy using offline samples obtained from potentially different policies. In practice, the
offline data is often subject to missingness. For example, the sepsis data from the MIMIC-III
database (Komorowski et al. 2018) exhibits selection bias attributed to missing data: some
patients have shorter trajectories due to early mortality. As shown in Figure 2.1, the average
Sepsis-related Organ Failure Assessment (SOFA) score (Vincent et al. 1996) for deceased
patients in ICU is higher than that of the remaining patients in the dataset. A higher SOFA
score is typically associated with a more severe condition, indicating that patients with shorter

trajectories due to mortality in the ICU are generally in worse conditions. When performing



policy evaluation using this dataset, such monotone missingness may lead to biased results.
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Figure 2.1: The average SOFA scores for deceased patients (red) and patients who survived
(blue) during ICU stay. The shadow represents the 25% to 75% quantile.

Although OPE has been extensively studied in the literature (Jiang and Li 2016; Le
et al. 2019; Liu et al. 2018; Nachum et al. 2019), OPE with incomplete data is rarely
investigated. In this work, we study OPE in the presence of missing data and consider
two major missing data mechanisms: ignorable and nonignorable (informative) missingness.
Previous research by Goldberg and Kosorok (2012) explored multi-stage decision problems with
survival time as rewards that are subject to censoring, and Dong et al. (2020) investigated
general optimal treatment regimes under ignorable missingness. Both works applied the
Inverse Probability Weighting (IPW) approach to address bias, but these methods relied
on backward recursion and hence are vulnerable to model misspecification as the horizon
grows. To handle longer horizons, we consider infinite-horizon settings under the Markov
Decision Process (MDP) framework (Puterman 1994). Moreover, unlike ignorable missingness,
nonignorable missingness is rarely considered in the RL or OPE literature. In this work,
we study OPE under monotone missing data and consider both ignorable missingness and
nonignorable (informative) missingness. We theoretically demonstrate that the complete-case
value estimator remains valid under ignorable missingness but becomes biased when the
missing mechanism is nonignorable (informative). To mitigate the bias, we propose a novel
semiparametric Inverse Probability Weighted (IPW) value estimator that is shown to be
consistent under nonignorable missingness. Furthermore, we provide the associated confidence

interval for the proposed estimator to quantify the uncertainty in value estimation. The



effectiveness of the proposed method is empirically demonstrated through a simulation study
and a real-world application to EHR data.

We highlight our contributions as follows:

e To the best of our knowledge, we are the first to identify the key condition for the
complete-case OPE result to remain valid. In terms of practical implications, our work
justifies the application of OPE methods in the presence of missing data when certain

conditions are met.

e We bridge the gap in the literature by investigating nonignorable missingness in OPE
problems. We theoretically demonstrate that the complete-case value estimator is biased

in such cases.

e We introduce a novel semiparametric IPW value estimator that is consistent under
nonignorable missingness. Additionally, we provide the associated confidence interval

for this estimator.

The rest of the chapter is organized as follows. In Section 2.2, we review the three
major classes of model-free OPE methods in the infinite-horizon setting. In Section 2.3, we
investigate OPE under incomplete data with monotone missingness and identify the condition
for preserving the validity of complete-case OPE results. To mitigate potential bias under
nonignorable missingness, we propose a semiparametric IPW value estimator. In Section 2.4,
we discuss the generalizability of the proposed framework to more general dropout patterns
and a broader class of OPE methods. Simulation studies and a real data application are
presented in Sections 2.5 and 2.6. We summarize this work and discuss potential future

directions in Section 2.7.

2.2 An Overview of Off-Policy Evaluation Methods

Existing OPE algorithms can be categorized into three categories. The first category is
the Direct Method (DM), where the policy value is estimated by directly learning the
value function or Q-function via model-free function approximation. The definitions of value
function V7 (s) and Q-function Q™ (s, a) are given in equations (1.1) and (1.2) respectively.

After obtaining the estimator for either function, the policy value can be calculated as

Vﬂ-(G) =Es [Vﬂ-(s)] = IE:sw((}:,aw7r(-|s) [Qﬂ(sﬂ a)] :
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The key to estimating the value function or Q-function lies in the following equations:

EAtNW(~|St),Sz+1Np(-‘St,At) {Rt+1 + 'YVW (St+1) - Vﬂ' (St)

St} —0, (2.1)

ESt+1~p(‘|St,At) {Rt-H + VEa/NﬂHStH)QW (St-i-l’ a/) - QW (St’ At)

St,At} == 07 (22)

which follow from the Bellman equation (1.3) and Assumption 2. Several OPE methods have
been developed based on these equations. LSTD (Bradtke and Barto 1996) estimates the value
function using equation (2.1). However, this method requires the action A; to be sampled
from the policy 7, while the actual data is often collected under a different behavior policy .
To address the distribution mismatch between the target policy and the behavior policy, V-
Learning (Luckett et al. 2019) incorporates an importance sampling term 7 (A;|S;) /7 (A¢|St).
However, this method relies on the correct specification of the behavior policy m,(als), which
is not easily available from the observational data. An alternative approach is to estimate the
Q-function instead. Such an approach does not impose any restrictions on the behavior policy
and also does not require estimating the behavior policy. Based on equation (2.2), LSTDQ
(Lagoudakis and Parr 2003; Shi et al. 2021b) approximates Q7 (s, a) using basis functions,
which offers an analytical solution because of the linear formulation. To accommodate a
more flexible function class for the Q-function, FQE (Le et al. 2019) learns the Q-function by
iteratively minimizing the mean squared Bellman residuals.

The second category is the Importance Sampling-based (IS) method, which re-weights
the observed rewards to correct the mismatch of data distributions under the target policy

and the behavior policy. Recall that the policy value can be equivalently expressed as

1 1
Vi(G) = T,VE(St,At)rvalfr {Rev1} = ——E(s,a0~a, {7(S, A}

L—7

where d™ (s, a) is the normalized discounted visitation probability density defined in (1.5). In
off-policy settings, the data is collected from potentially different policies than the target
policy 7. Denote the state-action visitation probability density in the observed data as dp.

One can rewrite V™ (G) as

1

VW(G) - jE(st,Az)NdD {

d.(S,. A |
1 (5 lt)'Rt+1}=

m SE(St,At%dD {wr(Se, Ap) - Riqr }
(2.3)
where wy(s,a) 1= d(s,a)/dp(s,a) is called the marginalized state-action density ratio. Simi-
larly, the marginalized state density ratio can be defined as w,(s) = d(s)/dp(s). Compared
with trajectory-based importance sampling methods (Precup 2000; Rubinstein 1981; Hester-

11



berg 1988), such a marginalized density ratio plays a crucial role in breaking the curse of
horizon (Liu et al. 2018). To estimate w,(s, a), it is important to notice that d.(s, a) satisfies

the backward Bellman recursion

d(s,a) =(1 —v)G(s)m(als) + - 7(a|s) / Z d.(5,a)p(s|8,a)ds. (2.4)

5€S GeA
By integrating any function f(s,a) over the probability density on both sides of (2.4) and
then rewriting the expectation over d.(s,a) as an expectation over dp(s,a) with importance

sampling weight w, (s, a), we obtain the following equation

Ed’D {wﬂ(sta At) (f(St7 At) - 7E5t+1~p('|5t,At)7a’~7T('\St+1) [f(St-‘rlv a/)])}

(2.5)
= (]‘ - ’Y>ESONG,a~7r(~|So) {f (S(b CL)} :

The density ratio w,(s,a) can be estimated by minimizing the difference between the two

sides of equation (2.5) over a class of function f: S x A4 — R. This idea gives rise to several

Marginalized Importance Sampling (MIS) approaches. DICE (Liu et al. 2018) models the

marginalized state density ratio w,(s) and expresses the importance sampling weight as
m(als)

wr(s,a) = wx(s) - 207

approximate it accurately, which is sometimes infeasible in practice. To handle unknown

. This approach requires a known behavior policy 7, or a model to

behavior policies, a better way is to model the density ratio w, (s, a) directly. Several methods
have been proposed for this purpose, including DaulDICE (Nachum et al. 2019), GenDICE
(Zhang et al. 2020a), and MWL (Uehara et al. 2020).

The last category is the Doubly Robust (DR) method, which combines DM and MIS
methods for more robust and efficient value evaluation. Specifically, Kallus and Uehara (2022)

introduces the doubly robust value estimator based on the following expression of policy value

1
I—7

V]SFR(G) - Ed’D {WW(Sh At) (Rt+1 + v Ea~7r(~‘st+1)Q7r(St+l7 (l) - QW(SZH At))}

+ EsonG,amn([s0) 1@ (S0, @) } .

Then VSR(G) can be calculated by plugging in the estimator for Q-function Q\” obtained from
direct methods and marginalized state-action density ratio &, obtained from MIS methods.
The term “doubly robust” refers to the property that when either @’T or W, is consistent,
‘751{(@) is also consistent, offering two chances to ensure consistency in the estimation process.

In addition to obtaining point estimates of value, many applications would benefit from
quantifying the level of uncertainty in the OPE estimates. This type of OPE method is referred
to as High-Confidence Off-Policy Evaluation (HCOPE). Dai et al. (2020) estimated the value
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confidence interval (CI) using the empirical likelihood approach under the assumption of
i.i.d. transitions, which is often violated in practice (Shi et al. 2021a). Recently, Luckett et al.
(2019) and Shi et al. (2021b) derive the value CI based on asymptotic distribution, which
holds for S-mixing data (Bradley 2005).

2.3 Off-Policy Evaluation with Incomplete Data

In this section, we discuss OPE under incomplete data with monotone missingness. Such a
missing pattern often occurs when some subjects drop out of the study before the end of the
follow-up time window.

Let D = {7;}1<i<n denote the observed data consisting of n independent and identically
distributed trajectories, where each trajectory 7; = {(Si+, Ait, Rit+1, Sit+1) fo<t<r, terminates
at time 7}, and the immediate rewards are uniformly bounded. For simplicity, we assume that
all trajectories have the same number of observed time steps, i.e., T; =T for i = 1,...,n. Let
n = (M0, M1,7M2,--.,mr) " denote the vector of binary response indicators. 7;; is a sample of 7,
that represents the response indicator for subject ¢ at time ¢: n;; = 1 if subject ¢ is still in
the study at time ¢ and we observe the corresponding data (R;;, Si, Ait), otherwise n;; = 0.
Assume the baseline covariates and initial treatment assignment are always observable, i.e.,
nio = 1. We consider a general setting where the reward R,y depends on (S;, As, Sii1):
if S;11 is unobserved, R;;; is also missing. Therefore, a trajectory can be represented as
Ti = {(Mi+Sits MitAirs Mit+1Rirs1,Mit+15 44+1) Jo<t<r. Under monotone missingness, 7; is a
decreasing sequence: if 7;; = 0, then n; ; = 0 for all s > ¢. To describe the lengths of observed
trajectories, we also define the dropout time C: C' =t if the subject dropped out right after
action Ay, which corresponds to (n, m,.1) = (1,0). If the trajectory is fully observed, C' is set

to T'. Given the offline data D, our goal is to estimate the value of target policy .

Remark 3. In this section, we focus on a particular dropout pattern where the dropout
occurs after observing an action but before observing the next state. Nevertheless, the proposed
framework and theoretical results apply to more general dropout patterns; see Section 2.4.1

for more discussions.

2.3.1 Missing Data Mechanism

There are two major types of missing data mechanisms: ignorable and nonignorable missing-
ness. Ignorable missingness refers to the case where the missingness can be fully explained
by the observed information, which is also referred to as Missing-At-Random (MAR). An

example of MAR would be dropout in a clinical trial due to recorded side effects and lack
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of efficacy, or other known baseline characteristics. The term “randomness” in MAR, im-
plies that once one has conditioned on all the available data, any remaining missingness is
completely random (Graham et al. 2009). On the other hand, if the missingness depends
on unobserved components, the missing data mechanism is referred to as nonignorable, or
Missing-Not-At-Random (MNAR). Dropout in a clinical trial due to the unobserved current
health status or other unrecorded factors is an example of an MNAR.

We give the formal definition of the two mechanisms under our MDP framework as follows.

Definition 1 (Ignorable Missingness, MAR). The missingness can be fully accounted for by

the observed information, that is,

M1 AL (Rytr, Sevn) | (St Ar, {(S5, Aj, Rja) Yo<j<ts Mt)

fort=0,....,T — 1. Here 1L means independence.

Definition 2 (Nonignorable Missingness, MNAR). The missingness depends on the next

state regardless of whether it is observed or not, that is,

Nev1 W (Reyr, Sevn) | (e, A, {(S), Ajy Rjva) Yo<j<ts M)

fort=0,...,T —1.

Remark 4. In the special case where S; 1 and R;q are fully determined by S; and A;
(e.g., deterministic dynamics), nonignorable missingness reduces to ignorable missingness. In
practice, we cannot evaluate whether the missing data mechanism is ignorable or nonignorable
from the observed data alone, the missing mechanism needs to be justified based on the context

and subject-matter knowledge.

For nonignorable missingness in longitudinal data, it is common to also assume that
the dropout right after time ¢ is conditionally independent of future observations after time
t + 1 (Diggle and Kenward 1994). Thus, the dropout propensity can be expressed as P(C' =
t {085, 45, Rjs1,Si41) Yo<jcrr1, C > t) = P = 0 | {05, Ay, Rjgr, Sje1) Yo<jcert, e = 1),
which is the probability of the subject dropping out right after time ¢. We impose the following

assumption regarding the dropout propensity.

Assumption 3. The dropout propensity satisfies P(n1 = 0| Sp = s4, Ay = ag, Ry =
Tt+1,St+1 = St—l—lv{SijjaRj+1}O§j<t777t = 1) = P(77t+1 =0 | Sy = s, Ay = ap, Rip1 =

Tie1, Sta1 = Ser1, e = 1) := N(8¢, ag, rea1, Se11), where X is the dropout propensity function.

Remark 5. This assumption states that whether a subject will drop out right after receiving

A; depends on the history only through the current state-action pair (Si, Ay). Moreover,
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such dependency is stationary over time. The assumption shares some similarities with the
Markovian assumption. Therefore, if one suspects the missing probability depends on several

past steps, one can instead aggregate that information into the state variable.

2.3.2 Value Inference under Missing Data

We use the value inference method of Shi et al. (2021b) as the base algorithm, which utilizes
linear sieves to approximate the Q-function and estimates the parameters based on the
Bellman equation. The linear formulation leads to an explicit expression for the parameter
estimator as well as the policy value. Its simplicity, along with strong theoretical guarantees,
makes it well-suited for studying further theoretical properties. This approach is an extension
of Least-Square Temporal Difference QQ (LSTDQ) (Lagoudakis and Parr 2003) and is also a
special case of Minimax Q-Function Learning (MQL) (Uehara et al. 2020). Because of its
close connection to LSTDQ), we still refer to it as LSTDQ without loss of generality.
Specifically, the Q-function is approximated with linear sieves as Q" (s,a) ~ ®; (5)Br.a;
where ®,(-) = {¢r1(-), -+ ,dro(-)} denotes a vector of L sieve basis functions, one can
use splines (De Boor 1976) or wavelet basis (Huang et al. 1998). The number of basis
functions L is allowed to grow with the sample size to reduce the approximation error.
Let By = (Brts--+sBrm)’ € R™E then the Q-function can be expressed as Q™(s,a) =
£(s,a)' By, where &(s,a) = {®](s)l(a = 1),---,®](s)I(a = m)}". The correspond-
ing value function is given by V™(s) = Eyur(js) (@7 (s,a)] = Ux(s)" B, where U,(s) =

{®](s)m(1]s), -+, @} (s)7(m|s)}T. By Bellman equation and Assumption 2, we have
E{Ri1 + V7 (Se41) — Q7(St, Ar)|Sk, A} = 0. (2.6)

Replace Q™, V™ with the linear expression and use &, U to represent &(S;, Ay), Ur(S;), we
obtain E [M,(3,)] = 0, where

M,(Br) = & {Riv1 + 7V (Se1) — Q7 (Si, A)} = & {Rt+1 — (& — 'yUth)Tﬁﬂ} .

The true parameter 3% can be estimated by solving the estimating equations E,.;- [M,(8,)] = 0,
where E, r[-] denotes the empirical average over nT" transition pairs (S;¢, ity Riti1, Sitt1)-
The problem reduces to a linear regression.

When the data is incomplete, the response indicator 7; needs to be taken into account.
One approach is to estimate the parameters using only the observed data, which is known as
the Complete-Case (CC) estimator. In general, the CC estimator refers to the value estimator

using standard OPE methods without any adjustment for missingness. In our discussion, it
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corresponds to the base algorithm proposed by Shi et al. (2021b) without applying any adjust-
ment. The corresponding estimating equation becomes E,r {M; (3,) | n:-1 = 1} = 0. Here,
the expectation is conditioned on 7,1 = 1 because M, (3,) involves the next state and reward:
if ;.01 = 0, then (R4, S¢11) is unobserved, and the transition (S, A;, Rit1, Si+1) does not
contribute to the estimation of B,. Note that E,r {M; (B;) | nix1 = 1} = Eur {m1 M, (Br) }-

Therefore, given the observed data D, the complete-case estimator of 3, is given as follows

=1 t=0 =1 t=0

n T—1 -1 n T—1
Brcc I{ Z Nit+1&it (&t — ’YUTr,z',tH)T} ( Z 77i,t+1€i,tRi,t+1> (2.7)

-~

Yr,ce

The estimators for the Q-function and value function are given by @gc(s, a) =€ (s, a),é\w,cc,
‘7&3(3) =U' (S)Bﬂ,cc, respectively. Given a reference distribution G on state space S, the

policy value can be estimated as

Te®) = [ e ={ [ o >} B.co

In practice, the integration fsES U, (s)G(ds) can be approximated with a sample average of
U, (s) over the reference distribution G.

When there are no missing data, the value estimator is shown to be asymptotically normal
as either n — oo or ' — oo under some mild conditions (see Theorem 1 of Shi et al. (2021b)).
However, when the data is incomplete, the solution to E {1 M; (B,)} = 0 may differ from
the solution to E,r { M, (3,)} = 0. The following theorem outlines when the complete-case

value estimator remains valid and when it may not.

Theorem 1. Suppose Assumption 1-4 holds. ‘A/C”C(G) is a consistent estimator if the missing
mechanism is ignorable (MAR). However, if the missing mechanism is nonignorable (MNAR),

VC“C(G) can be biased.

Assumption 1-3 have been previously discussed. Assumption 4 encompasses the necessary
conditions that ensure the consistency and asymptotic distribution of value estimation when
there is no missing data. The complete proof of Theorem 1 can be found in Appendix A.5.1.
Here, we sketch the big idea behind the proof. The key to consistency under MAR is the con-
ditional independence between 7,1 and M, (B,) given (S, A;, n;), which allows the two terms
to be separated. Specifically, E {n, 1M, (B:)} = E{E (151 | St, Ae, ) E (M (Br) | Si, Ar)} -
Let B% denote the true parameter. It follows from (2.6) that E{M;(3%)|S;, A:} = 0. Conse-
quently, E {n,,1 M, (B%)} = 0, indicating that 3% is still the solution to E {n;,1 M, (8,)} = 0.
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As a result, the corresponding value estimator remains consistent. However, when the missing-
ness is nonignorable, 7,41 and M, (3,) are no longer conditionally independent. Consequently,
E {m+1M,; (B5)} = 0 does not hold.

To the best of our knowledge, this is the first result establishing the validity of the
OPE method in the presence of missing data. As per Theorem 1, the complete-case value
estimator remains valid if the missing data mechanism is ignorable. However, for nonignorable

missingness, further adjustments are required to retrieve consistency.

2.3.3 Value Inference with Inverse Weights

To address the bias in value estimation under nonignorable missingness, we adopt the Inverse
Probability Weighting (IPW) approach that is widely used in the missing data literature.

Consider the IPW estimating equation as follows

Tt+1
e i wwer LACH) B
where A (Sy, Ay, Rit1, Si11; %) is the dropout propensity model parameterized by .

To solve for B;, the first step is to fit the dropout propensity model. For ignorable missing-
ness, the dropout propensity function can be simplified to A(S;, A;) since 1,41 is conditionally
independent of Sy and R;, 1. In such cases, the propensity can be modeled with any binary
classification method. However, unlike ignorable missingness, modeling the nonignorable
missingness is much more challenging. The difficulty lies in that if both the dropout propensity
A(Sy, Aty Rey1, Siy1) and the conditional density function f(Ryi1, Sit1|St, A¢) are completely
unknown, the joint distribution of (941, Rit1, Si+1) given (S, A;) is non-identifiable (Rot-
nitzky and Robins 1997). One solution is to posit a model on (S, As, Ri11, Si+1) and allow
f(Ris1, Si+1|St, Ay) to be unspecified. Inspired by the recent development of the semipara-
metric framework to model nonignorable missing data (Kim and Yu 2011; Shao and Wang

2016), we consider a semiparametric exponential tilting model for the dropout propensity as
—1
A0Sy, A, Riy1, Siy13 ) = {1 + explg (S, Ar) + Z;ﬂ/)]} )

where @ € R? is an unknown tilting parameter, Z;,; € R? are features constructed from
(Rit1,Se41), g(+) is a non-parametric function of observed variables (S, A;). For succinctness,
we suppress the data arguments in A(S;, A;, Riy1, Siv1; ) and write it as A\jq1(2)).

Note that the semiparametric model alone still suffers from non-identifiability issues, as
there is only one estimating equation to estimate both g and 7. One way to resolve such

non-identifiability issue is by using the instrumental variable (Shao and Wang 2016). An
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instrumental variable V; is a covariate in (S;, A;) that is related to the outcome (Ryi1,Sii1)
but not related to the dropout propensity given other covariates. For instance, in the clinical
trial setting, it is reasonable to believe that some baseline measurements do not provide
additional information about dropout given the outcomes, hence some baseline measurements
prior to the treatments can often serve as instrumental variables. In practice, identifying
instrumental variables can be a challenging task and often requires subject-matter knowledge.
A discussion on how to find such instrumental variables is provided in Section 6 of Shao and
Wang (2016).

Based on the definition of the instrumental variable, V; can be removed from the model.
Denote the non-instrumental part of (S;, A;) as U;, the exponential tilting model can be

rewritten as

A () = {1+ explgUs) + 9 Zep]} (2.8)

With the instrumental variable, multiple estimating equations can be constructed to estimate
the parameters of interest. If the instrumental variable V, is discrete with L levels, the L

estimating equations can be constructed as

EnT{l(Vt:l) (%-1)}:0, lefl,...,L}.

Here we use the notation L to differentiate it from the notation L, which represents the number
of basis functions. In the case of V, being a continuous variable, it can be first discretized
into L bins. Given the definition of the instrumental variable, V; is conditionally independent
of my1 given (U, Spi1, Ryy1), meanwhile, E (1(Vy = 1) | Uy, Sia1, Rys1) 1S not a constant since
V, is related to (Syi1, Riv1), hence the L estimating equations will not reduce to a single one.
Therefore, this approach effectively addresses the aforementioned non-identifiability issue. To
estimate 1), the non-parametric component g is first profiled with a kernel estimator. The
remaining L—1 estimating equations are used to solve for 1) using the Generalized Method
of Moments (GMM) (Hansen 1982). More estimation details are provided in Appendix A.4.

Denote the estimated dropout propensity parameter as @nT. The proposed IPW estimator
for 3, is given by

B\W,IPW -
1 n T-1 " -1 1 n T-1 n
i1 T i1
— ———&i+ (&t — YUrir41) } <— —— §i,tRi,t+1> .
{\nT ; ; 1= Ait1(Pur) ) nT ; ; 1 — X1 (nr)
i\:7'r,IPVV

(2.9)
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Compare with the complete-case estimator in Equation (2.7), both terms of Bmlpw are
multiplied with an inverse weighting term, {1 — )\i,Hl({p\nT)}_l. Intuitively, observations
with higher dropout propensities are assigned higher weights to adjust the data distribution.
The other part of the estimation procedure is similar to the complete-case estimator. The

estimator of value function is \A/ﬁSW(s) =U/ (S)Bmlpw, and the policy value is given by

‘Z;W<G>:/SVIPW {/ U-( ds)} ﬂw,lpw-

Theorem 2 and 3 establish the consistency and asymptotic distribution of the proposed

estimator under nonignorable missingness.

Theorem 2 (Bidirectional Consistency). Assume conditions 1-5 and 6(a)-(d) hold. VI}W(G)

is a consistent value estimator, that is, Visy(G) 2 V™(G) as either n — oo or T — oo.

Theorem 3 (Bidirectional Asymptotics). Assume conditions 1-6 hold. As either n —

o orT — oo, we have
VTG, fow (G){ViEw(G) — VT(G)} 5 N (0, 1),

where G2 1pw(G) is given by (A.24) in Appendiz A.5.3.

Assumption 5 is the boundedness condition imposed on the dropout propensities, while
Assumption 6 ensures the consistency and asymptotic normality of the dropout propensity
estimation. The proofs for these two theorems can be found in Appendix A.5.2 and A.5.3.
Different from the asymptotic result presented in Shi et al. (2021b), we now take into account
the response indicator 7, and the uncertainty associated with dropout propensity estimation.

Based on Theorem 3, the 2-sided CI for V™ (G) with significance level a can be constructed as

or1rw(G) o-1rw(G) ]

{‘/}Iigw(@) — Za/2° W? View (G) + zay2 - N

where 2,5 is the (1 — o/2)-quantile of the standard normal distribution. The original form of
572r,1PW(G) has a complicated form. For ease of computation, we suggest using an approximation

of 02 ;pw(G) given by

77w (G {/ Ux( } iﬁpwﬁw,mw 2 IPW) { U ( )} (2.10)
seS
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Here, 2 1pw is an approxiamation of €2 ipw and can be calculated as follows

n T-1 2

P 1 Mit+1 > ~

Qripw = — > Y &kl { = (Ri,t-H + 7 Vibw (Sier1) — @ipw (S, Am)) :
nT i=1 t=0 1— )\i,t+1(¢nT)

Our experiments suggest that this approximation is close to the result of bootstrapping, so

we deploy it in our implementation.

The outline for the proposed estimator is presented in Algorithm 1.

Algorithm 1 Off-Policy Evaluation with Nonignorable Monotone Missingness

1: Input: Observed dataset D = {7;}_,, target policy m, discount factor v, number of basis
L

Fit dropout propensity model (2.8) using the semiparametric approach

Construct a set of basis ®(s) from state variables and estimate 3, pw by (2.9)
Estimate policy value: Vipy(s) = UWT(S>B;,IPW7 Vibw(G) = stS Vibw(s)G(ds)
Calculate the approximated asymptotic variance 572r,IPW(G) given by (2.10)

Return: The CI of Vi (G): |Viw(G) = 24 /Q(nT)_l/QEMPW(G)]

2.4 Generalizability of Proposed Framework

In the previous section, we focus on the scenario where dropout occurs after the action is
observed but before the reward and the next state are observed. Additionally, we use LSTDQ
as the base OPE algorithm to investigate the effect of missing data. In this section, we will

expand our scope to more general dropout patterns and other OPE methods.

2.4.1 More General Dropout Patterns

The proposed framework is universally applicable to a broader class of dropout patterns.
Specifically, the theoretical results for our IPW estimator are valid when dropout occurs after
the observed action, regardless of whether the reward is observed or not. This is because the
key idea behind the proposed IPW estimator is to assign weights to each transition based on
the inverse probability of observing the complete transition quadruple (S, Ay, Riy1, Sie1) given
observed (S, A;). On the other hand, when dropout occurs after an observed state but before
an observed action, the proposed framework also applies. The distinction lies in that MAR and

MNAR are now defined with respect to S; instead of (S, A;). If the missingness of the current
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action only depends on the current state and not on the action itself, it is considered ignorable.
In such cases, the CC estimator remains valid, and no further adjustment is required. This can
be seen from the decomposition E {n.1 M, (B%)} = E{E (n;11 | St,m) E (M, (B%) | S¢)} = 0.
Here, E (M, (B%) | S¢) = 0 follows from the law of total probability together with equation
(2.6). In the case of nonignorable missingness where the dropout is dependent on the potential
action, the CC estimator can be biased, and the proposed IPW estimator can still be used to
mitigate such bias.

Moreover, the idea of IPW adjustment can potentially be extended to handle intermittent
missingness. The key distinction from monotone missingness lies in estimating the dropout
propensity, which should be determined on a case-by-case basis and sometimes requires

additional assumptions regarding the missing pattern. We leave this for future investigation.

2.4.2 Extension to Other Off-Policy Evaluation Methods

In Section 2.3, we use LSTDQ as the base OPE algorithm. However, one limitation of LSTDQ
is that it is only applicable to discrete action spaces and low-dimensional state spaces due to
basis approximation. As the dimension grows, the instability of the matrix inversion step will
become an issue. Nevertheless, it is worth noting that the IPW adjustment is flexible enough
to be potentially combined with other direct methods of OPE. Take Fitted Q Evaluation
(FQE) (Le et al. 2019) as an example. The Q-function is approximated with some function

class @ and iteratively estimated by minimizing the following loss function

n T-1 2

Lt Z Z {Qﬂ (Sigs Aig) — (Ri,tJrl +7 Z m(alS; 1) Q-1 (Si41, G)) } )
i=1 t=0 acA

where ()1 is the estimated Q-function obtained from the last iteration. To handle nonig-

norable missingness, we can incorporate the inverse weighting term into the loss function as

follows

n T-1
i t4+1

T i=1 t=0 1 _)‘ZtJrl("pnT)

1
n

2
{ (Sits Ait) — <Ri,t+1 + Z 7(alS;41)QF—_1(Si 41, a)) } .

acA

X

nT QW -

Besides direct methods, we can further extend the proposed framework to Marginalized
Importance Sampling-based (MIS) methods. Based on equation (2.5), several methods have

been developed to estimate the density ratio w,(s,a), as discussed in Section 2.2. These
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methods typically learn w,(s,a) by minimizing the difference between the two sides of the
equation (2.5) within the chosen function classes for Q7 (s, a) and w,(s, a). Denote the function
class for Q7 (s,a) as Q and the function class for w,(s,a) as 2. To illustrate the estimation
process, we use Minimax Weight Learning (MWL) (Uehara et al. 2020) as an example, where

wy is estimated by solving @, ,7(s,a) = argmin sup L,7(w,, Q™)* with L,7(w,, Q™) defined

wr€Q  QTEQ
as follows
n T-1
71' 1 / iy / s
EnT(wﬂ'a Q e Nit+1Wr Szt, A'Lt v Z W(a |Sz',t+1)Q (Si,t+1, a) -Q (Si,t7 Ai,t)
nT i=1 t=0 a’eA

+(1=7) Esns {Z 7(alSo) Q™ (So, a)} :
" (2.11)

The complete-case MIS value estimator can be obtained by plugging in &, ,r(s, a) as follows,

n T-1

1, t+1w7r nT Sz t)Al t)Rz t+1- (212>
i=1 t=0

VCC(G P nT

Next, we present the consistency results under the two missingness mechanisms.

Theorem 4. Assume conditions 1-3 and 4(a)(f) hold. Let w.(s,a) denote the true density
ratio under missing data and ©.(s,a) denote the estimated density ratio from the observed

data. Further, assume

(a) There exists a constant c,, > 0 such that sup, , |wx(s,a)| < ¢, and the function class Q

satisfies ||wl|oo < ¢y for all w € Q.

(b) Lor(Or, Q7) = 0,(1), where Q™ represents the true Q-function.

Under ignorable missingness (MAR), the value estimate (2.12) remains consistent. On the
other hand, if the missingness is nonignorable (MNAR), the value estimator (2.12) can be

biased.

In Assumptions (a), the boundedness of marginalized state-action density ratio w, can
be ensured if the enumerator d, is bounded above and the denominator dp is bounded
away from 0. Such an assumption is commonly made in the literature related to importance
sampling or inverse weighting. Additionally, the boundedness of function class €2 can be
guaranteed through a truncation argument. Assumption (b) states that @, ensures equation
(2.5) approximately holds when substituting f(s,a) with the true Q-function Q™ (s, a). This
assumption can be achieved when the function class Q captures the true Q-function, i.e.,
Q™ € Q, and the OPE algorithm minimizes qupg L7 (wr, Q™)? sufficiently close to 0.

me
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The proof for Theorem 4 can be found in Appendix A.5.4. It is noteworthy that the
statement in Theorem 4 can also be viewed from a special case of MWL, where w,(s,a) and
Q™ (s,a) are modeled with the same set of basis functions, i.e., w.(s,a) = ®1(s) e, and

Q™ (s,a) = ®1(s) " Bra. The corresponding value estimator can be shown to be
VEa(G) =

n T—1 -1 n T—1
{/Uw(S)G(dS)} {% Z Z Ni+18i.t (fzt - VUw,z',tH)T} (% Z Z 77i,t+1£i,tRi,t+1> .

i=1 t=0 i=1 t=

which is identical to the complete-case LSTDQ estimator discussed in Section 2.3.2; see
Appendix A.5.6 for a detailed derivation. Consequently, these two estimators share the same
theoretical properties described in Theorem 1. In the case of nonignorable missingness, the

IPW adjustment discussed in Section 2.3.3 can be applied to this estimator as well.

2.5 Simulation Study

We conduct a simulation study to investigate the finite-sample performance of the proposed
estimator and the associated confidence interval. We consider the 2D-Linear environment
used in Luckett et al. (2019) and Shi et al. (2021b). The environment is characterized by
2-dimensional state variable S; = (St(l), St(Q))T and binary action A; € {0,1}. The initial states
are generated from the standard bivariate normal distribution A (0y, I). For ¢ > 0, we slightly
modify the original dynamics and consider the following transition: St(i)l = (24;— 1)575(1) +€§1),
Sﬁ)l =(1- 2At)St(2) + 59), where SEI) and 59 are independent N(0,0.25) random variables.
The immediate reward is Ry = 25831 + St(i)l + 0592 — 0.25(24; — 1) + e® where
5§3) ~ N(0,107%). The behavior policy follows a Bernoulli distribution with a mean of 0.5.
Throughout the simulation studies, the reference distribution G is set to the initial state
distribution, and the discount factor « is set to 0.9. We evaluate the following two different

target policies:

(a) m(a = 1]s) = 1{s™M + s > 0}, which is a deterministic policy characterized by a

discontinuous function with respect to the state;

(b) ma(a = 1|s) = exp (s + @) /{1 + exp (sV) + s?))}, which is a stochastic policy

characterized by a smooth function of the state.

For each target policy, the true policy values are estimated with 100,000 Monte Carlo approx-
imations. To generate incomplete data, we consider both ignorable (MAR) and nonignorable

(MNAR) mechanisms. Assume St(2) is an instrument variable such that it is correlated with
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(R¢+1, St+1) but uncorrelated with dropout propensity. The MNAR dropout model is con-
structed as Ay (Sy, Ay, Ris1, Sp1) = {1+ exp(7+ 085" — 1.5R,;,1)} " and the MAR dropout
model is Ao (Ry, Sy, Ar) = {1+ exp(7 + 0.85 ") — 1.5R;)} 1. The difference between the two
models is that A\; relies on the next state S;.; through reward R;,; while Ay does not. In this
setting, higher reward leads to higher dropout propensity, so the distribution of the observed
data is biased towards the low-reward region. More implementation details are reported in
Appendix A.2.

To the best of our knowledge, no other method has ever considered OPE under nonignorable
missingness, so we mainly focus on the comparison between the IPW and CC estimator. We
consider four different combinations of n and 7": (500, 10), (1000, 10), (500, 25), (1000, 25).
For each setting, we run 250 experiments. In each experiment, we generate a new dataset
and estimate the value as well as its confidence interval. The Empirical Coverage Probability
(ECP) is calculated as the percentage of intervals out of 250 that contain the true value of the
target policy. The Average Length (AL) is the average length of the 250 computed intervals.

Tables 2.1 and 2.2 present the complete results of value estimation for both target policies.
We observe that the CC estimator under ignorable missingness remains consistent with low
bias, which aligns with our theoretical findings. The associated confidence intervals also
achieve nominal coverage probability, indicating that no further adjustment is necessary in this
scenario. However, when it comes to nonignorable missingness, the CC estimator exhibits high
bias, resulting in poor coverage probability of the associated confidence intervals. This under-
coverage issue gets worse as the sample size grows. In contrast, the proposed IPW estimator
effectively reduces the bias and yields more accurate confidence intervals, which is consistent
with our theoretical results. Moreover, we performed a sensitivity analysis in Appendix A.1
to evaluate the robustness of our proposed estimator in case of misspecification of the missing
propensity. The analysis revealed that, even if there is model misspecification, the proposed
IPW estimator still yields satisfying results, provided that the estimated propensities are
approximately accurate.

We also visualize the ECP and AL of the estimated confidence intervals across different
confidence levels in Figure 2.2. As depicted in the figure, the confidence intervals obtained by
the CC estimator suffer from the poor coverage issue, while the IPW intervals achieve ECPs
close to the intended coverage, even though the lengths of the two intervals are very close to
each other.

To illustrate the extension of the proposed framework to other OPE methods, we further
compare the value estimation results obtained from LSTDQ (Lagoudakis and Parr 2003;
Shi et al. 2021b), FQE (Le et al. 2019), and MWL (Uehara et al. 2020). To ensure a fair

comparison, we utilize the same set of basis functions to approximate the Q-function and
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Table 2.1: Results of value estimates and 95% confidence intervals for policy 7 in the
2D-Linear environment. The average bias, MSE values, ECP, and AL are reported for each
estimator (with standard error in parenthesis).

T n Dropout  Method Bias MSE ECP AL
no dropout CcC 0.111 (1.762) 3.105 0.960 7.362 (0.353)
MAR CcC 0.090 (2.253) 5.062 0.960 9.139 (2.131)
50  MAR [PW  -0.007 (2.285) 5.202 0.968 9.404 (3.511)
MNAR cC -2.157 (2.191) 9.434 0.843 9.062 (1.052)
10 MNAR IPW 0.559 (2.408) 6.090 0.952 10.270 (1.494)
no dropout CC -0.069 (1.313) 1.722 0.968 5.172 (0.178)
MAR CC 0.056 (1.505) 2258 0.968 6.181 (0.328)
1000 MAR IPW 0.031 (1.561) 2.428 0.956 6.282 (0.377)
MNAR CC  -2.234 (1.560) 7.414 0.704 6.263 (0.403)
MNAR  IPW  0.320 (1.909) 3.733 0.920 6.963 (0.563)
no dropout CC -0.004 (1.236) 1.523 0.932 4.740 (0.150)
MAR CC 0.086 (1.793) 3.209 0.964 7.355 (2.038)
500 MAR IPW  -0.006 (1.915) 3.653 0.948 7.366 (1.740)
MNAR CcC -2.334 (1.933) 9.172 0.768 7.801 (1.204)
95 MNAR IPW 0.210 (2.302) 5.320 0.932 8.916 (1.928)
no dropout ~ CC  -0.011 (0.728) 0.528 0.976 3.344 (0.078)
MAR CcC 0.054 (1.159) 1.340 0.968 4.974 (0.239)
1000 MAR IPW  -0.009 (1.174) 1.373 0.968 5.004 (0.313)
MNAR CcC -2.313 (1.338) 7.134 0.604 5.384 (0.342)
MNAR IPW 0.184 (1.614) 2.630 0.956 6.040 (0.549)

density ratio for all three methods. Given that not all estimators provide interval estimation,
we only compare the point estimators of the policy value. The evaluation focuses on the
scenario with 7" = 25, n = 500, and target policy 71, with the results summarized in Table 2.3.
The results indicate that MWL and LSTDQ yield identical results, validating our derivation
that these two estimators are equivalent when using the same set of basis functions for
approximation. For both FQE and MWL, the complete-case value estimator demonstrates
approximate unbiasedness under ignorable missingness but exhibits higher bias and MSE
under nonignorable missingness. By incorporating the proposed IPW adjustment, both the
bias and MSE can be effectively reduced. These results align with our discussion in Section
2.4.2.
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Table 2.2: Results of value estimates and 95% confidence intervals for policy 7y in the
2D-Linear environment. The average bias, MSE values, ECP, and AL are reported for each
estimator (with standard error in parenthesis).

T n Dropout  Method Bias MSE ECP AL
no dropout CC 0.076 (1.038) 1.078 0.960 4.218 (0.210)
MAR CcC 0.080 (1.312) 1.720 0.956 5.152 (0.765)
500 MAR IPW 0.042 (1.401) 1.958 0.936 5.255 (1.238)
MNAR  CC  -2.142 (1.337) 6.371 0.560 5.085 (0.717)
10 MNAR IPW 0.144 (1.577) 2.497 0.936 6.064 (1.268)
no dropout CC 0.017 (0.761) 0.577 0.964 2.967 (0.103)
MAR CC 0.088 (0.892) 0.800 0.952 3.568 (0.189)
1000 MAR IPW 0.060 (0.916) 0.838 0.960 3.610 (0.207)
MNAR CC -2.172 (0.893) 5514 0.304 3.525 (0.243)
MNAR  IPW  0.050 (1.183) 1.395 0.928 4.156 (0.417)
no dropout CC 0.011 (0.725) 0.523 0.940 2.715 (0.087)
MAR CC 0.038 (1.030) 1.059 0.960 4.138 (0.519)
500 MAR IPW  -0.039 (1.088) 1.180 0.956 4.154 (0.593)
MNAR CcC -2.322 (1.113)  6.625 0.404 4.369 (0.628)
95 MNAR IPW  -0.084 (1.415) 2.002 0.924 5.391 (2.108)
no dropout  CC  0.045 (0.419) 0.177 0.976 1.916 (0.044)
MAR CC 0.089 (0.705) 0.503 0.968 2.885 (0.132)
1000 MAR IPW 0.038 (0.709) 0.502 0.968 2.886 (0.148)
MNAR CC -2.293 (0.754) 5.824 0.148 3.042 (0.216)
MNAR IPW  -0.014 (0.957) 0.912 0.960 3.663 (0.399)

2.6 Real Data Application

We apply the proposed method to a sepsis dataset from the Medical Information Mart
for Intensive Care (MIMIC-III v1.4) database (Johnson et al. 2016), following the cohort
definition and inclusion/exclusion criteria of Komorowski et al. (2018). Sepsis is a severe
medical condition that occurs when the body’s response to infection causes damage to its
tissues and organs (Singer et al. 2016). Intravenous fluids (IV) and vasopressors (VASO) are
two commonly administered interventions to correct hypotension caused by infection (Gotts
and Matthay 2016), and we are interested in evaluating different IV and VASO management
policies using this offline dataset.

The state space is constructed using 15 features including demographics (e.g., age), lab
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Figure 2.2: The ECP (top) and AL (bottom) of value confidence intervals for policy 7 under
nonignorable missingness obtained from IPW (blue) and CC (red) estimators.

measurements (e.g., arterial pH, arterial lactate), and vital signs (e.g., heart rate, respira-
tory rate). These are important features that clinicians would examine when determining
appropriate treatment and dosage for patients. Our action space consists of three actions:
no intravenous fluids and no vasopressors, intravenous fluids only, and vasopressors. The
Sequential Organ Failure Assessment (SOFA) score reflects sepsis-related organ dysfunction,
with a lower score being preferable during sepsis treatment. Thus, we consider a reward of
Rip1=1—2-1(SPOA > 12), which penalizes high SOFA scores that exceed some threshold.

As shown in Figure 2.1, there is a portion of dropouts in the dataset that is closely
related to the patient’s health status, necessitating proper adjustment in OPE. Given that
mortality is commonly correlated with the current status of patients, it is reasonable to
assume a nonignorable missing mechanism, i.e., the missingness cannot be fully explained
by the observed data. To investigate how such dropouts impact the OPE results, we apply
the proposed value estimator and compare it to the complete-case estimator. Target policies
include a fitted behavior policy and optimal policies trained from Dueling Double Deep
Q-Network (Wang et al. 2016) and Batch-Constrained Deep Q-Learning (BCQ) (Fujimoto
et al. 2019). More details on this experiment can be found in Appendix A.3. The value
estimation results are presented in Table 2.4. In general, the IPW estimator yields lower value
estimates than the CC estimator. This aligns with our intuition since patients who dropped
out early due to mortality were considered to be in worse condition with lower rewards than

those who did not, hence the CC estimator tends to overestimate the value.
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Table 2.3: Results of various value estimators for policy m; in the 2D-Linear environment
with horizon T' = 25 and n = 500 trajectories. The average bias (with standard error in
parenthesis) and MSE values are reported for each estimator.

OPE Dropout  Method Bias MSE

no dropout CcC -0.004 (1.236) 1.523

MAR CC 0.086 (1.793) 3.209

LSTDQ-spline MAR IPW  -0.006 (1.915) 3.653

(1.915)
MNAR CC  -2.334 (1.933) 9.172

MNAR  IPW 0210 (2.302) 5.320

no dropout CcC 0.025 (1.249) 1.555

MAR CC 0128 (1.811) 3.283

FQE-spline MAR IPW 0.061 (1.957) 3.818
MNAR  CC  -2.208 (1.951) 9.071

MNAR IPW 0.366 (2.341) 5.594
no dropout CcC -0.004 (1.236) 1.523

MAR CC  0.086 (1.793) 3.209
MWL-spline MAR IPW  -0.006 (1.915) 3.653
MNAR CC  -2.334 (1.933) 9.172

MNAR  IPW  0.210 (2.302) 5.320

In this case study, our primary goal is to illustrate the application of the proposed method
and raise the concern for nonignorable (informative) missingness in real-world offline data. The
construction of states, actions, rewards, and the dropout model requires further examination
by domain experts. Besides the presented medical application, our proposed method is general

enough and does not target any specific application area.

2.7 Discussion and Future Work

This work studies OPE with monotone missing data. We theoretically show that the complete-
case value estimator is still valid under ignorable missingness but can be biased if the missing
mechanism is nonignorable. To address the bias, we propose a semiparametric IPW value
estimator, which is shown to be consistent and asymptotically normal under nonignorable
missingness. The effectiveness of the proposed method is empirically demonstrated through
several simulation studies. One limitation of our method results from the difficulty of justifying

the missingness mechanism and identifying the instrumental variables, which often require
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Table 2.4: Off-Policy evaluation results for three different target policies using the MIMIC-III
sepsis dataset. The value estimates and confidence intervals are reported.

Policy Method V7™ CI
. CC  4.274 (4.191,4.357)
eHavio IPW 4259 (4.177,4.341)
. CC 4561 (4.420,4.702)
Dueling DN ypyw 479 (4.312.4.615)
BOQ CC 4566 (4.427,4.705)
IPW  4.482 (4.348,4.616)

context and subject-matter knowledge. Handling nonignorable missingness is still an ongoing
research area in the field of missing data methodology, and we leave the integration of these
evolving advancements for future investigations. Besides, We believe extending this work to
learning optimal policies using incomplete data can be an interesting direction worthy of

future work.
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Chapter 3

Offline Inverse Reinforcement Learning

via Joint Soft-(Q and Reward Learning

3.1 Introduction

Reinforcement Learning (RL) is a general technique to derive optimal policies for sequential
decision-making problems with the goal of maximizing cumulative rewards. In real-world
applications, manually specifying the reward function can sometimes be challenging, as it
often involves balancing multiple and possibly competing outcomes. For example, in medical
applications, there is often a need to balance symptom reduction with the risk of an adverse
event. When expert demonstration data is available, Imitation Learning (IL) techniques can
be applied to learn the optimal policy without specifying the reward. Inverse Reinforcement
Learning (IRL) is a special type of IL that seeks to first derive the reward function from
expert demonstrations and then use the retrieved reward function to guide policy search. In
practice, IRL is often preferred over general IL, as it provides insights into the motivations of
experts and facilitates knowledge transfer to similar environments or tasks.

Our work is motivated by the application of RL to Electronic Health Record (EHR)
data. EHR data has gained increasing popularity in the research community due to its
rich information collected from daily clinical practice, allowing for the study of a wide
range of problems. The MIMIC-IIT database (Johnson et al. 2016), an example of EHRs,
contains intensive care patient trajectories that record patients’ conditions and therapeutic
interventions. The extensive longitudinal data along with treatment information facilitates
the investigation of optimal treatment decisions (Prasad et al. 2017; Raghu et al. 2017). When
applying IRL to EHR data, a notable challenge is that the methods should be applicable to

offline settings since online interaction is infeasible in such a safety-critical domain. While
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there is a significant body of literature on IRL that allows for flexible reward models and
complex state spaces (Wulfmeier et al. 2015; Finn et al. 2016; Ho and Ermon 2016; Fu et al.
2017), these methods are mainly intended for online settings that require further interaction
with the environment. Furthermore, existing IRL methods typically presume homogeneous
demonstrations for a single task, whereas in practice it may be easier to collect data on
heterogeneous but related behaviors. For example, patients are admitted to different types
of intensive care units (e.g., medical ICU or surgical ICU) depending on their conditions,
and the optimal treatment rules may vary across different types of care units (Jabaley et al.
2018; Zhang et al. 2020b). In such cases, a single reward function and optimal policy are
insufficient to account for all the demonstrations.

To address the aforementioned challenges in EHR applications, we developed a novel
offline IRL method called Inverse soft-Q and Reward Learning (IQRL), which offers several
advantages over existing approaches. First, our method is more stable as it does not rely on
adversarial training and has good convergence performance. Second, it avoids computationally
expensive inner-loop operations by jointly learning the reward and soft Q-function, thereby
improving computational efficiency. Third, our method provides a portable reward function
and offers flexibility in applying potential constraints to the reward model. The proposed
method achieves state-of-the-art performance in numerical experiments and also provides a
reliable estimate of the reward function. To handle heterogeneity in expert demonstrations,
we further propose a variant of IQRL called Distilled-IQRL (D-IQRL), which inherits the
advantages of IQRL while incorporating a reward distillation module that jointly learns task
rewards and strategic-specific rewards.

The rest of the chapter is organized as follows. In Section 3.2, we provide a review of the
preliminary framework for RL and maximum entropy IRL. In Section 3.3.1, we introduce
our IQRL algorithm, and in Section 3.3.2, we propose a reward-distilled extension of IQR to
handle heterogeneous demonstrations. Section 3.4 presents simulation studies, and Section 3.5
showcases a real data application to demonstrate the effectiveness of our proposed methods.

We summarize our work and discuss future directions in Section 3.6.

3.2 Preliminaries

In this section, we provide an overview of maximum entropy RL and maximum entropy IRL.
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3.2.1 Maximum Entropy Reinforcement Learning

The framework of standard RL is reviewed in Section 1.3. Recall that the optimal policy 7*

is learned by maximizing the expected discounted cumulative rewards

7 = argmax E, {ny (S, At)} = argmax

mell —0 mell

1
— VEdTr {r(Se, A},

where d, (s, a) is the normalized discounted visitation probability density defined in (1.5).
Another RL framework is Maximum Entropy RL (MaxEnt-RL), which encourages explo-

ration by augmenting the reward with an entropy of 7 defined as follows,

H (7 (15)) = Ear( o {~ log 7(a | 5)}

A higher entropy value indicates a more stochastic policy. In the MaxEnt-RL framework,
the goal is to learn a policy that not only maximizes rewards but also exhibits a certain
level of randomness. Therefore, the optimal policy is obtained by maximizing the expected

entropy-regularized cumulative reward

7 = argmax E, . {Z’y (Si, Ag) + - H (m (- ’St))]} ’

mell —0

where « is a temperature parameter that determines the relative weight of entropy and reward.
Slightly different from standard RL, the optimal soft Q-function and soft value function for
MaxEnt-RL are given by

Qion(s, ) = (s, M{D (Sis Ar) + - H (7" (15)]
(s = a logzexp{ >}. (3.)

acA

S(]:S,AOZCL},

For discrete action space, the optimal soft value for a given state is obtained by taking the
log-sum-exp of the Q-values, serving as a “soft” maximum. The corresponding soft Bellman

equation (Haarnoja et al. 2017) is given by

Qsoft(s a) (S a) +7- ES'NP (-Is, (1){ soft( )} (32)

A nice property of MaxEnt-RL is that the optimal policy can be explicitly expressed with
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the optimal soft Q-function as follows

exp { Qsoft )} _ exXp { Qsoft )}
Za’GA exp {EQsoft (87 CL/)} exp {a soft 8)}

" (als) = —ep{auea). 63)
where A% ;. is the soft advantage function defined as A% (s, a) = Q% (s, a) — V.ig(s). This
expression indicates that the optimal policy is a stochastic policy characterized by the soft
advantage function. Intuitively, for a given state, the action with the highest soft Q-value
is more likely to be selected. The temperature parameter o controls the randomness of the
optimal policy: a higher « leads to a more uniform policy, while a lower « will bring 7*(a|s)
closer to a deterministic policy. This nice property gives rise to an important IRL framework
known as Maximum Entropy IRL (MaxEnt-IRL).

3.2.2 Maximum Entropy Inverse Reinforcement Learning

The Maximum Entropy IRL (MaxEnt-IRL) framework (Ziebart et al. 2008, 2010) aims to
learn a reward function that generates an optimal policy with similar performance to expert
demonstrations while also promoting higher policy entropy. Denote the expert policy as g,
and assume the observed trajectories have a horizon of T'. Parameterize the reward function

with w, MaxEnt-IRL learns the reward function r, (s, a) by solving the following optimization

- {E’TNW

problem

max min L(w, ) = E.,,,

T—1
Z’Yt Ty (Sta At)
t=0

T—1
Z 7t *Tw (St, At)
t=0

+a-7—[(7r)},

w mell
(3.4)
where
T—1 T-1
H(7) =EBrr | D A H (1) | = Bran [— > 2" -logm(AlS))
t=0 t=0

is known as the causal entropy (Ziebart et al. 2010). The inner optimization in (3.4) learns
the optimal policy by solving a forward MaxEnt-RL under the current reward function, and
the outer optimization updates the reward function to distinguish expert policy from the

learned optimal policy. The gradient of £(w, ) with respect to the reward parameter w is

T-1 T-1
Vol(w,m) =Eop, [Z'yt-vwrw (St A) | = Brnn [ D '+ Var (S, Ar) | (3.5)
t=0 t=0

which can be interpreted as the discrepancy of expected cumulative reward gradients between

the expert policy and the learned policy.
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An alternative formulation is from the perspective of maximum likelihood. Denote the
optimal policy under reward r, as m,, the expected discounted log-likelihood of expert

trajectories is given by

T-1
]Erer log (po SO H St+1 | StaAt> Tw (At | St)rY >
t=0
T-1 T-1
T~TE Z ’Yt . 1Og Tw (At | St) ETNﬂ'E Z ’Yt : logp (St—l-l | Sta At) + E’TNWE [1ng0(50)] .
t=0 t=0

Since only the first term involves reward parameter w, the maximum likelihood objective can

be converted to the following optimization problem

max L(w)=E. .,

T—1
S 4t logm (A | S»]

=0 (3.6)

T—

Z Tw StaAt +oa- H( ( |St)))]

t=0

st m,=argmaxE,

Tw

By plugging in the expression for the optimal policy from (3.3), the gradient of £(w) can be

shown to be

T-1 T-1
vw£<w> :ETNTI'E [Z ’Yt : vaw (St7 At) T Z ’Yt ' vwrw (Sta At) (37>
t=0 t=0
T-1 T-1
- Vt : Epf(s,a) [vwrw (St7 At)] - Z ’7t ’ IEp{r(s,a) [vwrw (SM At)] ) (38)
t=0 t=0

where pP(s,a) and pf(s,a) denote the marginal density of (S;, A;) € S x A under expert
policy g and learned policy 7. A detailed derivation is provided in Section 3.2 of Gleave and
Toyer (2022). Notably, the gradient in (3.7) is identical to the gradient in (3.5), indicating
the equivalence between these two formulations. When applying gradient ascent to update w,
the first term of V,L(w) can be easily estimated using the expert trajectories. However, the
difficulty arises in estimating the second expectation with respect to trajectory distribution
under the learned optimal policy.

The original proposal of MaxEnt-IRL (Ziebart et al. 2008, 2010) considers the undiscounted
setting with v = 1 and a linear reward function r,(s,a) = ¢(s,a) w, where ¢(s,a) is a
pre-specified feature mapping. By converting the expectation with respect to trajectories
to an expectation over occupancy measure as in (3.8), the gradient can be estimated by

explicitly calculating the state-action visitation probabilities under the learned optimal policy.
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Wulfmeier et al. (2015) extends the linear reward model to neural networks, allowing for
the representation of more complex reward structures. However, both methods rely on the
explicit calculation of state-action visitation probability, which is only feasible in small and
discrete domains with known state transition dynamics.

To handle larger or even continuous state and action spaces, one can apply the sampling
approach to estimate the second expectation term of V,L(w). GCL (Finn et al. 2016) samples
trajectories under a baseline policy and couples reward learning with policy optimization,
which allows the baseline policy to gradually approach the optimal policy throughout the
training process. However, as pointed out by Fu et al. (2017), one drawback of GCL is that it
operates at the level of entire trajectories, which often results in high variance in gradient
estimation and is not flexible enough to be applied to more complex problem settings. To
address this issue, a better approach is to operate on the state-action pairs instead of the

whole trajectories. Define the average visitation probability as follows:

pals,0) = = 7 (s)w(a | ).

Note that the distinction between p.(s,a) and previously defined d, (s, a) lies in that p,(s,a)
only involves finite horizons, and it takes the average of pf (s, a) instead of the normalized
discounted cumulative summation. Therefore, p,(s,a) can be seen as the marginalized
distribution of state-action pair under some policy 7, and we still refer to it as occupancy
measure. Denote the marginalized state-action distribution in expert trajectories as pg, and

set v = 1. The objective and its gradient can be rewritten as

[T—1 T-1
'C(w?ﬂ-) :]ETNﬂ'E er (St7At) - {ETWW ZTUJ (St?At> + o H(Tf)}
L t=0 t=0

={E,; [rw (St; At)] = Ep [re (St, Ar) + - H(m(:|Sy))]} - T,

-1 T—1
VEW(W, 7T) - ]ETNﬂ'E Z vwrw (Sta At) - ]ETNﬂ' Z Vwrw (St7 At)
Lt=0 t=0

={Ey; [Vure (S, Al = B, [Vore (S, A} - T

Ho and Ermon (2016) demonstrate that by introducing a convex reward regularizer 1(r,) to
the objective function £(w, ), the optimization problem can be reformulated as an occupancy

measure matching problem:

glei%[l dy(pr, pE) — - E, [H(7(-[S))]
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where dy(pr, pr) = V*(pr — pr) reflects the discrepancy between occupancy measures under
the learned policy and expert policy, * is the convex conjugate of ¢ given by ¥*(p) =
Sup,cgsxa p' r — ¥(r). This leads to a branch of MaxEnt-IRL that focuses on occupancy
matching using various divergence measures (Ghasemipour et al. 2020).

Based on this insight, GAIL (Ho and Ermon 2016) harnesses generative adversarial
training (Goodfellow et al. 2020), where a discriminator is trained to distinguish between the
distributions p, and pg, while a policy is trained to generate samples that resemble expert
behaviors. Specifically, GAIL parameterizes the policy with # and the discriminator with w,

and solves the following optimization problem
m@in meXEpw,, log (D (S, Ar))] + Epp [log(1 — Du(Se, Ar))] — o - Epry [H(mo(-[5))] -

The algorithm alternates between a gradient step on w to update the discriminator using
the cross-entropy loss and a forward MaxEnt-RL step to update the policy using r(s,a) =
—log D, (s, a) as the pseudo-reward function. At convergence, the learned policy 7y produces
a similar occupancy measure to that of expert trajectories. However, GAIL only focuses
on learning the policy and does not explicitly estimate the reward function through the
discriminator. Therefore, this approach does not strictly fall under the category of IRL. To
explicitly learn the reward function, AIRL (Fu et al. 2017) inherits the adversarial training

procedure and constructs the discriminator as

exp [fu(s, a)/a]
exp [fo(s, a)/a] + mg(a | s)’

D, o(s,a) =

where f,(s,a) is a function related with the reward function. Similar to GAIL, this algorithm
alternates between training the discriminator to classify expert data from policy samples
and updating the policy to confuse the discriminator. In the policy optimization step, the

pseudo-reward function is constructed as

r(s,a) =log[Dyg(s,a)] —log[l — Dyg(s,a)] = éfw(s,a) —logmy(a | s),

which is an entropy-regularized version of f,, and thus f,, plays the role of reward function. At
optimality, f,, recovers the optimal soft advantage function A* ;, defined as Q% (s, a)— V.5 ().
It can be shown that the gradient of the discriminator objective aligns with the gradient of
the general MaxEnt-IRL objective (3.5) at optimality when v = 1.

It is worth mentioning that the aforementioned MaxEnt-IRL methods for continuous state
space all require online sampling from the environment. This is because either the objective

(3.4) or the gradient (3.5) involves estimating the expectation with respect to the state-
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action visitation probability density under the learned policy. This restriction makes these
algorithms not suitable for offline settings. Furthermore, in terms of computational stability,
the adversarial training procedure employed by GAIL and AIRL is prone to convergence

1ssues.

3.3 Offline Inverse Reinforcement Learning

In this section, we present our proposed offline IRL algorithm. In Section 3.3.1, we introduce
the Inverse soft-QQ and Reward Learning (IQRL) algorithm and highlight its advantages over
existing methods. In Section 3.3.2, we introduce an extension of IQRL called Distilled-IQRL
(D-IQRL) to handle heterogeneous demonstration data.

3.3.1 Inverse soft-Q and Reward Learning (IQRL)

Let D = {7;}1<i<n denote the expert demonstrations, where n is the number of trajectories,
and each trajectory can be represented as 7; = {(Si+, Ait, Sit+1) fo<t<r;- In order to learn a
reward function that produces an optimal policy resembling the demonstrated behavior, we
utilize the maximum likelihood formulation and attempt to maximize the log-likelihood of
observing the expert trajectories. Unlike the MaxFEnt-IRL methods discussed in Section 3.2.2,
we specifically focus on the objective of the log-likelihood instead of its gradient form (3.5),
and we demonstrate that the likelihood objective can be estimated solely from the observed
trajectories.

Parameterize the reward as r,(s,a) and denote the optimal policy under reward r, as m,,

the log-likelihood of observing D is given by

n Ti—l
{(w; D) =log {Hpo(si,o) H P (Sigsr | Siey Aie) T (Aig | Si,t)}
i t=0
n T;—1 n T;—1
_Zzlogﬂ—w zt|Szt +Zzlogp Zt+1|SZt7Azt +210gp0 10-
i=1 t=0 i=1 t=0

By dropping the constant terms with respect to w, we obtain the following objective

max L(w) :=Ep {logm, (Ais | Sit)}

w

s.t = argmaxEmm {ZW Ty (St Ar) +a - H(m (- |St))]}:

t=0

where Ep[-] = ﬁi?ﬂ ZtT;Bl[] denotes the empirical average. By plugging in the
=17

37



analytical expression of the optimal policy as shown in (3.3), £(w) can be expressed as follows

«

1
£(w) =Ep {log 7 (Ais | Su)} = Eo { QT (Suas Ave) — vszmsi,t)]}

(1 T -
ZEED {TW<Si,t7 Aii) +7- E8t+1~p(-\5i,t,Ai,t)Vsoft(StH) - ‘/soft(si:t)}

() 1 - -
~ EED {r0(Sies Aie) + 7 Vgt (Sier1) — Vg (Sie) }

S S

(i) 1 Lo
= EED {Tw(si,t, Aiz) + - alog Z exp (aQsoft (Sitt1, CL))

acA

—alog Z exp (é@ggft (Sits a)) } (3.9)

acA

In the above derivation, step (i) follows from the soft Bellman equation (3.2), step (i7) is
a reasonable approximation if the demonstration dataset D is sufficiently large, and step
(7i1) is obtained by expressing the soft value using soft Q-function as shown in (3.1). We
remark that the reward function can be relaxed to include the next state, allowing for
dependence on (s, as, s;11). Such a reward function facilitates easier interpretation on some
occasions, especially when the reward is determined by the changes in consecutive state
features. This extension is justified by an alternative formulation of the soft Bellman equation,
Qi (stsa) = By, op(elsisar) 17(5t: @z, 5e41) + 7 - Vaoi (se41) }, and then the RHS of (i) can also
be written as (1/a) - Ep {ry,(Sit, Ait, Sigt1) + 7 - Vi (Sins1) — Vg (Sie) }. For the remaining
discussion, we will primarily focus on the base case where the reward is solely a function of
(8¢, at).

The objective function (3.9) is well-suited for offline settings as it only requires sampling
from the observed data. To learn the reward function based on this objective, it is necessary
to estimate the soft Q-function as well. One approach is to use a nested loop, where the
inner loop performs forward RL to learn the soft-Q function for the current reward while
the outer loop updates the reward function. However, this approach can be computationally
expensive. In light of this, we propose to learn the reward function and the soft-Q function
simultaneously with a constraint on the soft Bellman residual to ensure the reward function
and soft-Q function are aligned and satisfy the soft-Bellman equation (3.2).

We parameterize the reward function and soft-QQ function with w and ( respectively.

For succinctness, we use Vz(s) := alog) . exp[(1/a)Q@s(s,a)] to represent the soft value

38



function as a function of ()3. Our objective function can be written as follows

max J (w, B) := Ep [ry, (Sit, Air) + 7 - Va(Sisr1) — Va(Sie)]
w,B (3.10)

s.t. Ep [1u(Sie, Aig) +7 - Va(Siat1) — Qa(Si, Ai,t)]Q <.

Here, ¢ controls the strength of the constraint applied to the loss function of soft-Q iteration

(Haarnoja et al. 2017). Rewriting the above objective as the Lagrangian dual yields

IB%X j(% B) =Ep [Tw (Si,h Ai,t) + - Vﬁ(Si,t—i-l) - Vﬁ(si,t)]

(3.11)
— X -Ep [r,(Sis, Aig) + 7 - Va(Sint1) — Qs(Siy, Ai,t)]2 ,

where the Lagrangian multiplier A > 0 controls the strength of constraint. Based on the
objective (3.11), the parameters w and § are updated through stochastic gradient ascent.
For the reward function, when there are several pre-specified reward components, we can
use a weighted average to represent the reward as r,(s,a) = ¢(s,a) w, where ¢(s,a) is a
vector of reward components constructed from the state-action pair. Such a linear model
offers better interpretability, and the learned weight w provides insights into how to balance
different aspects in a composite reward. When knowledge about potential reward components
is limited, a more flexible way is to directly model the reward function using neural networks
or other non-parametric models, which allows for capturing complex patterns within the data
and does not rely on predefined reward features. In terms of the soft Q-function, since it is
not the primary focus of the IRL algorithm, it is preferable to impose minimal assumptions
on it by using non-parametric models such as neural networks or spline approximation. The

pseudo-code for the proposed algorithm is outlined in Algorithm 2.

Algorithm 2 Inverse soft-Q and Reward Learning (IQRL)

1: Input: Expert trajectories D = {7;}1,, discount factor v, penalty weight A\, mini-batch
size b, learning rate n
Initialize the parameters w, 3
while not converged do
Randomly sample a mini-batch Dy, with b transitions (sg, ay, s441) from D
Calculate the objective J(w, ) using the sampled transitions Dyyini
Perform one step of gradient ascent (w', 5') < (w,8) +1 - V3T (w,B)
Update parameters (w, 8) < (v, ')
end while
Return: Parameters w of reward function and 3 of soft Q-function
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Our method offers several advantages over existing methods. First, it is more stable in
convergence because it does not involve adversarial training with mini-max optimization as
in GAIL (Ho and Ermon 2016), AIRL (Fu et al. 2017), and ValueDICE (Kostrikov et al.
2019). Second, it is suitable for offline settings as it only needs to sample from observed
data, and does not rely on state-action distribution under the learned policy. As such, it
does not need to sample new trajectories for estimation, unlike ML-IRL (Zeng et al. 2022)
and other on-policy distribution matching approaches (Ho and Ermon 2016; Fu et al. 2017).
Additionally, our method is efficient in computation as we estimate the reward and soft
Q-function simultaneously, avoiding the need to repeatedly solve for the soft Q-function or
optimal policy in the inner loop. A similar idea is utilized by AVRIL (Chan and van der
Schaar 2021), which simultaneously learns a variational distribution of reward posterior and
Q-function, but its objective is the Evidence Lower BOund (ELBO) of the log-likelihood
under the Bayesian IRL framework. Our numerical experiments indicate that AVRIL is
sensitive to parameter initialization, and its performance is comparatively weaker in more
complex domains compared to our proposed method. Recently, IQ-Learn (Garg et al. 2021)
optimizes a regularized objective function solely with respect to the soft Q-function and
expresses the reward with soft Q-function as Q7% (s¢, ar) — YV.oe (S¢+1). While this method is
compatible with offline settings and demonstrates stable convergence, it compromises the
accuracy of reward estimation as it indirectly recovers the rewards from a soft Q-function
approximator, which heavily relies on the environment dynamics and does not strictly adhere
to the soft-Bellman equation, as pointed out by Zeng et al. (2022). Without an explicit and
accurate reward estimation, it might fail to provide insights into how experts make decisions
in the given context. Another advantage of modeling an explicit reward function is that it

enables the incorporation of various constraints and structures into the reward function.

3.3.2 Distilled Inverse soft-Q and Reward Learning (D-IQRL)

Existing IRL methods typically assume expert demonstrations to be homogeneous, while in
practice, the logged trajectories may exhibit heterogeneity due to slightly different strategies. In
this section, we present a variant of the proposed IQRL algorithm that handles heterogeneous
demonstrations. Specifically, we consider the scenario with a single high-level task and K
types of strategies, the strategy label is assumed to be known. The expert trajectories for
strategy k is denoted as Dy, = {m;}ir, k=1,..., K.

If the reward functions for each strategy are unrelated, one cannot do better than applying
the base IRL algorithm to each strategy separately. However, in practice, similar tasks

often have reward functions with similar structures, and joint training can lead to more
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sample-efficient inference of the reward functions. Furthermore, the knowledge obtained from
joint training can facilitate knowledge transfer to similar tasks. To leverage the common
task reward structure and borrow information from each other, a common approach is to
share parameters across strategies to improve data efficiency. However, it may result in
negative transfer, where the training of some strategies adversely affects others and hence
makes training unstable (Sun et al. 2020). One way to mitigate negative transfer is through
knowledge distillation (Hinton et al. 2015). The key idea is to “distill” knowledge from
multiple models into a single model that consolidates the common knowledge. The distillation
technique has been studied in the context of RL for multi-task learning and transfer learning
(Rusu et al. 2015; Teh et al. 2017). Inspired by this line of research, we perform distillation

on the reward functions and decompose the strategy reward function into two parts,
r®(s,a) = r9(s,a) + 7™ (s, a),

where r(©)(r, s) is the “distilled” task reward that captures common reward across strategies,
and 7*) (s, a) is the strategy-specific reward that allows for a certain degree of heterogeneity
among strategies. The two reward sources 7(”)(s,a) and 7*)(s,a) are modeled separately.
Such two-column architecture is shown to yield faster convergence (Teh et al. 2017). We
parameterize the task reward with wy, the k-th strategy-specific reward with wy, and the k-th
soft Q-function with [.

We first consider linear reward models: 79 (s, a) = ¢o(s,a) wo, 7¥)(s,a) = ¢1(s,a) w,
where ¢g(s,a) represents a vector of task features constructed from the state-action pair
while ¢4 (s, a) represents the strategy features. Then the strategy reward can be expressed as
rg?,wk(s, a) =r(s, a) +7A"{w]f€)(s, a) = ¢o(s,a) wo+ d1(s, a) Twy. To facilitate knowledge sharing
among strategies, we impose a constraint on the magnitude of wy, in the form of Lyeq . = ||wi||3,
which ensures that the shared task reward resides at the centroid of all strategy rewards and
that each strategy reward stays close to the shared reward. The proposed objective is given

as follows

K
1
max  —» Ep, [Tﬁfz)wk (Sigs Ai) +7 - Va2 (Sienr) — Vg(f)(sz‘,t)] 7
wOv{wk7ﬁk}kK:1 K k=1

K
1 2
s.t. T ZEDk [Tfulz)wk (Sits Aig) + - Vé,f)(si,tﬂ) - Q(glz)(si,t, Ai,t)} <oy,

k=1
1 K
2
=D lll3 < 6
k=1
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where 9; and d5 control the strength of constraints imposed on the average soft Bellman
residual loss and the average squared Lo-norm of strategy-specific reward weights, respectively.
Note that we do not perform distillation on the soft Q-function, as our primary goal is to
learn the reward function. The corresponding dual Lagrangian can be expressed as follows,
with A\; and Ay being the penalty weights:

max  J (wo, {wk, Bi Ho
wo’{wk,ﬂk}i‘;l ( { ) }k 1)

K
1 k ke
= B 18 (St ) 47 VA i) = VI (510

k=1

K
1 Z (k) (k) 2
e K= Ep, [Tf;?,wk(sz‘,tw‘lm) 7 Vg, (Sigr) — Qg <S"’t’A"’t>}

| X
2
— A2~ g;nwkng

The limitation of linear reward models is that they rely on hand-crafted reward features,
which can be challenging to specify in practice. To obviate the need for explicitly specifying a
reward feature map, an alternative approach is to use neural networks to directly model both
7 (s,a) and 7*) (s, a). However, the aforementioned regularization is not directly applicable
to neural networks because regularizing the parameter space may not necessarily regularize
the output space, and small changes in certain parameters can have a large impact on the
predicted reward. Therefore, instead of regularizing the parameter space, we penalize the

magnitude of the strategy-specific reward as follows
2
Lreg,k = ]EDk [%?(Sz,ta Ai,t)] ) k= 17 SR 7K'
The corresponding objective function is then given by

max j(wo, {Wlm Bk}fzﬁ

wo{wr, B},

K
1 ; ;
K > En, [Tu(f?wk (i Aig) +7 - Vi (Sien) — vﬁ(k)wi’t)}
k=1

K
1 k k ’
TNR > En, [rc(u]f)),wk(si,h Ai) +7 - Vg (Siaen) = Q) (S, A"’t)}

k=1

1 K
— Ay - ? Z E’Dk [%’?(S@t, Ai:tﬂ : )

k=1
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Such regularization shares some similarities to Meta-AIRL (Gleave and Habryka 2018) and
MSRD (Chen et al. 2020), both of which attempt to exploit similarities among reward
functions. However, they are built on top of AIRL (Fu et al. 2017), which involves online
sampling and adversarial training. In contrast, our method applies to fully offline settings
and offers better computational stability.

The pseudo-code for the proposed algorithm is outlined in Algorithm 3.

Algorithm 3 Distilled Inverse soft-Q and Reward Learning (D-IQRL)

1: Input: Expert trajectories for each strategy Dy = {7}, k= 1,..., K, discount factor

v, penalty weights \; and A\, mini-batch size b, learning rate 7
2: Initialize the parameters wy, {wy, B},
3: while not converged do
4: for k=1,...,K do

5: Randomly sample a mini-batch Dy, i with b transitions (sq, at, S¢+1) from Dy,
6: end for
7 Calculate the objective J (wo, {wk, B }1,) using the sampled transitions { Dy mini F1,
8: Perform one step of gradient ascent
(w(/b {wllcv Bllc}i(:l) — (w07 {wkv Bk}le) +n- VJ(WO’ {wkv Bk}szl)
9: Update parameters (wo, {wr, B }o_,) < (wh, {w}, B 1)

10: end while
11: Return: Parameters wy of task reward, wy of k-th strategy-specific reward, and [y of
k-th soft Q-function

3.4 Simulation Study

In this section, we demonstrate the effectiveness of our methods in simulation environments.
We first conduct a range of numerical experiments in Section 3.4.1 to evaluate the performance
of IQRL. In Section 3.4.2, we investigate a more challenging scenario with heterogeneous

demonstrations to assess the performance of D-IQRL.

3.4.1 Performance of IQRL

To investigate whether the learned reward function can recover the ground-truth rewards
with high accuracy, we conduct a simulation study using two simple environments. The first

environment is a tabular GridWorld with a 5 x 5 grid, the reward is 1 at the bottom-left,
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bottom-right, and upper-right corners, and 0 otherwise. The action space consists of five
possible actions: (up, down, left, right, stay). The optimal policy is derived through value
iteration (Bellman 1957), then n = 30 expert trajectories are generated with random initial
states and a horizon of T' = 20 following the learned optimal policy. We apply a tabular
version of our IQRL to learn the reward for each grid and normalize the rewards to range
[0, 1]. More experiment details are provided in Appendix B.1. Figure 3.1 presents the learned
rewards and the ground-truth rewards, along with their corresponding values. By comparing
the top and bottom rows, we observe that the learned rewards effectively capture the pattern
of the ground-truth rewards with satisfactory accuracy, and the corresponding values closely
align with the ground-truth values. This result demonstrates the capability of our method to

recover the underlying reward function using expert demonstrations.

Rewards Map - Ground Truth Lo Value Map - Ground Truth

Value Map - Recovered

Figure 3.1: The heatmaps of ground-truth reward (top-left), value of the ground-truth reward
(top-right), recovered reward (bottom-left), and value of the recovered reward (bottom-right)
in 5 x 5 GridWorld environment.

The second environment is a continuous 2D-Linear environment with binary action A =
{0,1}. The initial state Sy follows a standard bivariate normal distribution, and the transition
dynamics are given by St(i)l =(3/4)(24; — 1) S 4 M), St(i)l =(3/4) (1 -2A4A)) S 4+ &)

)

where St(i) represents the i-th feature of S;, 5?) and 55/2 are independent normal random
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variables with mean 0 and variance 0.04. This environment was previously used in Luckett
et al. (2019) and Shi et al. (2021b). Here we slightly modify the reward to suit our IRL
experiment. Specifically, the immediate reward is a weighted average of two components,
Ryt = w-R£21+(1 —w)-Rﬁ)I, where R&)I = 2S§41-)1+S§-2+)17 Rﬁ)l = St(_ﬂ —SSt(i)l. As aresult, the
reward function can also be expressed as a linear combination of two components, r,,(S;, A;) =
E{Rps1] S, A} = w - E{R{ IS, A} + (1 — w) - E{R{) S, A}, where E{R{},|S,, A} =
(3/4)(24; — 125" — 5), E{R®),|S:, A} = (3/4)(24; — 1)(S™) + 35)). We experiment
on three different weight values, w € {0.3,0.6,0.8}. For each value of w, we first learn an
optimal policy using Proximal Policy Optimization (PPO) (Schulman et al. 2017), and then
generate n synthetic expert trajectories with a horizon of T' following the learned policy. The
estimated weight @ is obtained by running the proposed IQRL algorithm with the constraint
that the weights add up to 1. We fix n = 100 and experiment on 7" € {10,20}. Additional
experiment details can be found in Appendix B.1. The experiment is repeated 100 times, and
the results are presented in Table 3.1. Overall, our method is capable of estimating the reward
weight with satisfying accuracy, and the estimated rewards exhibit a strong correlation with
the ground-truth rewards. Additionally, the learned optimal policy aligns with the actions

taken in the expert demonstrations.

Table 3.1: Results of reward weight estimation. The estimated weight w, the correlation
between ground-truth rewards and recovered rewards, and the accuracy (ACC) of action
prediction are reported (with standard errors in parentheses).

T w‘ w Corr(R, R) ACC
0.3 | 0.283 (0.021) 0.999 (0.002) 0.983 (0.005)

10 0.6 | 0.572 (0.023) 0.993 (0.009) 0.979 (0.005)
0.8 | 0.798 (0.026) 0.997 (0.005) 0.985 (0.004)
0.3 | 0.202 (0.015) 0.999 (0.001) 0.979 (0.003)

20 0.6 | 0.581 (0.020) 0.996 (0.005) 0.977 (0.003)
0.8 | 0.807 (0.014) 0.999 (0.001) 0.982 (0.003)

We further experiment on three classic control tasks from OpenAl gym (Brockman et al.
2016): (a) CartPole, which aims to balance the pole by pushing the cart to the left or
right; (b) Acrobot, which tries to swing the free end of the chain above a given height; (c)

LunarLander, which guides a landing module to a safe touchdown on the moon surface. In
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this experiment, we focus on the learned policies and compare our method with other baseline
IL or IRL methods, including (a) Behavior Cloning (BC), which casts IL as a supervised
learning problem but does not leverage any dynamics information; (b) ValueDICE (Kostrikov
et al. 2019), which minimizes a variational representation of the KIL-divergence of occupancy
measures between the expert and learned policies but has a biased gradient estimator and
suffers from instability due to adversarial optimization; (¢) AVRIL (Chan and van der Schaar
2021), which adopts a variational approach within the Bayesian IRL framework and learns
a posterior distribution over the reward function; (d) IQ-Learn (Garg et al. 2021), which
learns a single soft Q-function that implicitly represents both reward and policy. Additional
implementation details can be found in Appendix B.1. This experiment primarily focuses on
comparing the average returns of learned policies against the number of trajectories used for
training. The results are visualized in Figure 3.2. In all three environments, the proposed
IQRL demonstrates the capability to learn an optimal policy that achieves comparable
performance to the expert when given a sufficient amount of data. Notably, both IQRL
and IQ-Learn outperform other baseline algorithms in the more challenging LunarLander
environment. However, when the sample size is small, IQRL exhibits better performance
than IQ-Learn, as indicated by their performance on Acrobot and Cartpole. These results

demonstrate the competitive performance of our method across a variety of tasks.
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Figure 3.2: The average returns of learned policies using different imitation learning al-
gorithms for Acrobot (left), CartPole (middle), and LunarLander (right). The number of
training trajectories increases in the sequence of 1,3,7,10,15 for each algorithm.

3.4.2 Performance of D-IQRL

We also conducted a simulation study to evaluate the performance of the proposed D-IQRL.

We utilize the 2D-Linear environment described in Section 3.4.1, and construct the reward
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function for strategy k to be r® (S, A;) = 7y, (Si, A) + wl é1 (Si, 4y), k = 1,...,K. In
this formulation, r,,(S;, 4;) = (wo, 1 — wo) "¢ (S, A¢) is the task reward function, where
b0 : S x A — R? is the task feature map used in the previous simulation, ¢; : S x A — R%
represents the strategy-level feature map, and K is the number of strategies. We consider
K = 3 strategies, the strategy-level feature map is given by ¢;(S;, A;) = St(Q). The weight
for the task reward is set to wy = 0.8, and the weights for the strategy-specific rewards are
(w1, ws,w3) = (1,0.2,—1). To generate heterogeneous expert demonstration data, we first
train the optimal policy for each strategy using PPO (Schulman et al. 2017), then generate
100 trajectories for each strategy. The ground-truth rewards under strategy k are obtained
from a Gaussian distribution centered at r*) (S,, 4,) with a standard deviation of 0.2. More
experiment details are described in Appendix B.1. Figure 3.3 visualizes the ground-truth
rewards and recovered rewards, where each row corresponds to an action. The subfigures in
the odd columns depict the ground-truth rewards for each strategy, while the subfigures in
the even columns represent the recovered rewards. The plots indicate that our D-IQRL is

able to capture the patterns of the ground-truth reward for each strategy.
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Figure 3.3: The recovered rewards and ground-truth rewards for each strategy. In each
subplot, the x-axis and y-axis represent the two dimensions of the state variable. The top
row corresponds to the reward function for action 0, and the bottom row corresponds to that
of action 1.

To further demonstrate that the proposed algorithm can accommodate heterogeneity in
expert demonstration while leveraging common task information, we compare it with two
alternative training approaches: (a) local IQRL, which trains IQRL for each strategy without
sharing information, and (b) centralized IQRL, which pools the data from all strategies
and learns a single reward function. We compare the three training approaches based on
three criteria: (a) the correlation between the true rewards and recovered rewards, (b) the

accuracy of action prediction, and (c) the obtained values under the learned policies. Table
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3.2 summarizes the results for three training approaches. Based on the overall performance
evaluated on the pooled data, local IQRL shows superior performance compared to centralized
IQRL, even with a smaller sample size due to stratification. This highlights the benefit of
taking heterogeneity into account. Furthermore, our proposed D-IQRL outperforms local
IQRL in all three criteria, demonstrating the benefit of knowledge sharing among strategies.
To gain a deeper understanding of its performance, we examine each individual strategy. For
strategy 1, which lies closer to the centroid of all strategy rewards, the results from all three
approaches are quite similar. However, for strategies 0 and 2, which deviate more from the
task reward, both local and distilled training outperform centralized training in terms of
action matching rate and policy value, with the distilled approach slightly outperforming
local training. It is worth noting that for strategy 2, while local training and distilled training
exhibit similar action matching rates, the distilled training achieves a significantly higher
reward correlation compared to local training. This indicates the advantage of leveraging

common knowledge among strategies.

Table 3.2: Comparison of the three training approaches. The correlation between true rewards
and recovered rewards, the accuracy (ACC) of action prediction, and the obtained values
under learned policies are reported (with standard errors in parentheses).

Strategy ‘ Centralized IQRL  Local IQRL  Distilled IQRL

0 0.552 (0.031)  0.793 (0.019)  0.807 (0.016)

. 1 0.687 (0.023)  0.668 (0.049)  0.662 (0.018)
Corr(R,R) 0.577 (0.027)  0.516 (0.158)  0.816 (0.010)
pooled | 0594 (0.025)  0.659 (0.072)  0.772 (0.012)

0 0.871 (0.012)  0.956 (0.005)  0.955 (0.005)

o 1 0.956 (0.010)  0.970 (0.005)  0.972 (0.005)
2 0.825 (0.014)  0.971 (0.003)  0.971 (0.004)

pooled | 0884 (0.006)  0.965 (0.003)  0.966 (0.003)

0 0.747 (0.183)  10.364 (0.108)  10.370 (0.109)

- 1 8869 (0.127)  8.942 (0.124)  8.456 (0.122)
2 7552 (0.200)  9.212 (0.108)  9.716 (0.107)

pooled | 8723 (0.125)  9.506 (0.111)  9.514 (0.029)
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3.5 Real Data Application

We apply the proposed IQRL algorithm to the Medical Information Mart for Intensive
Care (MIMIC-III) database (Johnson et al. 2016), which includes patient trajectories in
intensive care units. The target dataset extracted from the database contains the physiological
features and therapeutic interventions at one-day intervals. We assess the performance of
our method in both the two- and four-action settings, focusing on the choice of whether to
put the patient on a ventilator, and whether to combine ventilation with antibiotic therapy.
Since there is no recorded notion of reward, we evaluate the performance in terms of action
matching against a held-out test set of demonstrations with cross-validation. Action matching
serves as a primary quantitative performance metric for assessing whether the algorithm is
able to recommend treatments that align with clinical practice. We compare our proposed
method with several baseline IRL/IL methods used in the numerical experiments. Further
details regarding the dataset and implementation can be found in Appendix B.2. Table
3.3 summarizes the action-matching metrics for optimal policies obtained through different
methods. Our IQRL algorithm outperforms other baseline methods across all three metrics,

especially in the more challenging 4-action setting.

Table 3.3: Comparison of policy performance of different imitation learning algorithms
on the MIMIC-III dataset, evaluated by the quality of action matching against a held-out
test set of demonstrations with cross-validation. The accuracy (ACC), the area under the
receiving operator characteristic curve (AUC), and the average precision score (APS) of
action prediction are reported (with standard error in parenthesis).

‘ Ventilator ‘ Ventilator + Antibiotics

Metric | ACC AUC APS | ACC AUC APS

VDICE | 0.669 (0.018) 0.728 (0.024) 0.620 (0.030) | 0.411 (0.011) 0.658 (0.009) 0.409 (0.008
BC 0.785 (0.008) 0.863 (0.006) 0.797 (0.013) | 0.525 (0.010) 0.772 (0.006) 0.551 (0.006

IQ-Learn | 0.786 (0.007) 0.869 (0.004) 0.808 (0.008) | 0.531 (0.007) 0.774 (0.003) 0.552 (0.004

(0.018) (0.024) (0.030) (0.011) (0.009) (0.008)
(0.008) (0.006) (0.013) (0.010) (0.006) (0.006)
AVRIL | 0.774 (0.009) 0.859 (0.004) 0.798 (0.007) | 0.517 (0.006) 0.767 (0.004) 0.542 (0.005)
(0.007) (0.004) (0.008) (0.007) (0.003) (0.004)
(0.003) (0.004) (0.008) (0.002) ( (0.003)

IQRL ‘0.798 0.003) 0.876 (0.004) 0.817 (0.008 ‘0.541 0.002) 0.782 (0.003) 0.567 (0.003

Our proposed method offers the advantage of learning an explicit reward that is portable
and flexible in specifying the expression for the reward function, allowing us to better
understand the intent of the experts. To gain further insights into the learned reward function
for this dataset, we delve into how the learned reward varies with respect to a specific state

feature for an otherwise average patient and also investigate how different actions affect the
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reward. For illustration, we focus on two state features: blood pH value and partial pressure of
carbon dioxide (PaCO2). The corresponding reward functions are visualized in Figure 3.4. For
blood pH, the normal range is between 7.35 and 7.45. When the pH value deviates from this
range, such as in cases of metabolic acidosis (low pH) or metabolic alkalosis (high pH), the
use of mechanical ventilation becomes beneficial in maintaining appropriate levels of carbon
dioxide and oxygen, leading to higher rewards than without ventilator. Similarly, a PaCO2
level over 50 mm Hg is considered a concerning condition, and the initiation of mechanical
ventilation is often recommended. The learned reward function also indicates a preference for
managing mechanical ventilation when PaCO2 exceeds this threshold. Therefore, the reward

function depicted in Figure 3.4 aligns with clinical practice.
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Figure 3.4: The state-action reward for an otherwise average patient as their blood pH (left)
or PaCO2 level (right) varies.

To better interpret the reward function, we also consider the reward as a linear function of
pre-specified reward components and use the proposed algorithm to learn the coefficients. We

adopt the seven reward components proposed by Prasad et al. (2017) with slight modifications.
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Specifically, the reward components are given by

1
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Here, V is a collection of the three vital signs: heart rate, respiratory rate, and arterial pH.
VP corresponds to features related to extubation conditions (i.e., FiO2, SpO2, and PEEP).
These reward components capture various aspects of ventilator management: r; measures
physiological stability and yields a higher value when the vital measurements are within the
expected ranges; 79 is a negative feedback signal that penalizes sharp changes in consecutive
vital measurements; r3 yields a positive reward at the time of successful extubation; r4 assigns
a positive reward for each additional day without a ventilator; r5 acts as a negative feedback
signal when the criteria on extubation-related features are not met during extubation; rg
penalizes additional days spent on the ventilator; r; imposes a penalty due to reintubation.
The reward function is constructed as a linear combination of the seven reward components:
(8¢, ag, Sir1) = 237:1 w; - rj(S¢, ar, Se+1). To construct a reward function for policy learning,
instead of specifying the weights by hand, one can apply IRL techniques to derive the reward
weights. By applying the proposed algorithm with the constraint that the reward coefficients
sum up to 1, we obtained the following weights: [0.205, 0, 0,0.206, 0.015, 0, 0.574]. The learned
reward indicates that the penalty for reintubation plays an important role in guiding ventilator
decision-making. Additionally, maintaining the vital signs within a normal range and reducing
patients’ reliance on mechanical ventilation are also crucial factors to consider.

The previous results are obtained by pooling all expert demonstrations from different
types of care units together and learning a single reward function. However, patients admitted
to different care units often exhibit different conditions. Previous studies have recognized the
heterogeneity among patients across different ICU types (Alves et al. 2018; Suresh et al. 2018).
To account for potential heterogeneity in treatment decision-making, we apply the proposed

D-IQRL to learn the reward function for each specific ICU type, and compare the performance
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with local and centralized training to demonstrate the benefit of sharing information across
strategies. Following the grouping criteria used in Qian et al. (2023), we consider three
types of ICUs: (a) MICU (Medical ICU), a specialized ICU for critically ill patients with
medical conditions; (b) SICU/TSICU (Surgical / Trauma Surgical ICU), specialized ICUs
for critically ill patients who had major surgeries or traumatic injuries; and (¢) CCU/CSRU
(Cardiac Care Unit / Cardiovascular Surgical Recovery Unit), specialized ICUs for critically
ill patients with cardiovascular conditions. We focus on ventilator management and evaluate
the performance on different ICU types. The results are presented in Table 3.4. For simplicity,
we only report the accuracy of action matching. Overall, the results obtained from the three
training approaches show close performance, indicating a relatively low level of heterogeneity
in ventilator management based on the observed data. Despite this, we still observe that
the D-IQRL method slightly outperforms localized training in most cases, demonstrating
the benefit of information sharing. Furthermore, the distilled approach not only achieves
comparable performance to centralized training for MICU and SICU/TSICU but also yields
higher accuracy for CCU/CSRU. These results demonstrate the effectiveness of our distilled

IQRL in capturing the patterns of heterogeneous strategies in the expert demonstrations.

Table 3.4: Comparison of policy performance of the three training approaches on the MIMIC-
[T dataset, evaluated by the site-wise accuracy (ACC) of action prediction against a held-out
test set of demonstrations with cross-validation.

Site ‘ Centralized IQRL Local IQRL Distilled IQRL

MICU 0.798 (0.009)  0.795 (0.013)  0.796 (0.011)
CCU/CSRU | 0.817 (0.010)  0.822 (0.006)  0.820 (0.003)
SICU/TSICU |  0.782 (0.005)  0.778 (0.005)  0.781 (0.008)

(0.003) (0.004) (0.005)

pooled ‘ 0.798 (0.003 0.796 0.797 (0.005

0.004

To gain a better understanding of the variations in the learned reward functions, we again
consider a linear reward model that encompasses the seven reward components defined in
(3.12). In Figure 3.5, we present the learned reward weights, with each ICU group represented
by a different color. The plot reveals a certain level of heterogeneity in the learned weights,
with slight differences observed between CCU/CSRU and MICU /SICU/TSICU. Specifically,
for CCU/CSRU, the learned reward function assigns higher weights to r; and ro and a lower
weight to r;. This implies that the experts’ decision-making pays more attention to the

stability of vital signs for patients with cardiovascular conditions.
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Figure 3.5: The average rewards weights for different care unit types obtained from D-IQRL.

In summary, the above results together demonstrate the effectiveness of our method in
accommodating the specific characteristics of different ICU types while leveraging shared

knowledge.

3.6 Discussion and Future Work

In this work, we present a novel offline IRL method called IQRL, which provides a stable and
efficient solution to recovering the reward function for imitation learning. Our proposed method
achieves appealing performance and also offers a reliable estimate of the reward function.
Furthermore, we propose an extension called D-IQRL to handle potentially heterogeneous
demonstrations. This method incorporates reward distillation to facilitate information sharing
among different strategies. One limitation of our method is its reliance on known strategy
labels, which may not always be available. In light of this, one direction for future work is
to incorporate cohort discovery methods or latent class models to identify subgroups within
heterogeneous demonstrations. Besides, we believe delving into the theoretical property of
the proposed algorithms to better understand their performance can also be an interesting

direction worthy of future work.

53



REFERENCES

Alves, T., Laender, A., Veloso, A., and Ziviani, N. (2018). Dynamic prediction of icu mortality
risk using domain adaptation. In 2018 IEEE International Conference on Big Data (Big
Data), pages 1328-1336. IEEE.

Barto, A. G., Sutton, R. S., and Anderson, C. W. (1983). Neuronlike adaptive elements that
can solve difficult learning control problems. IEEFE Transactions on Systems, Man, and

Cybernetics, SMC-13(5):834-846.

Bellman, R. (1957). A markovian decision process. Journal of Mathematics and Mechanics,
pages 679-684.

Boyd, S., Boyd, S. P., and Vandenberghe, L. (2004). Convex Optimization. Cambridge
university press.

Bradley, R. C. (2005). Basic properties of strong mixing conditions. a survey and some open
questions. Probability Surveys, 2:107-144.

Bradtke, S. J. and Barto, A. G. (1996). Linear least-squares algorithms for temporal difference
learning. Machine Learning, 22(1):33-57.

Brockman, G., Cheung, V., Pettersson, L., Schneider, J., Schulman, J., Tang, J., and Zaremba,
W. (2016). Openai gym. arXiv preprint arXiv:1606.01540.

Chan, A. J. and van der Schaar, M. (2021). Scalable bayesian inverse reinforcement learning.
International Conference on Learning Representations.

Che, Z., Purushotham, S., Cho, K., Sontag, D., and Liu, Y. (2018). Recurrent neural networks
for multivariate time series with missing values. Scientific reports, 8(1):6085.

Chen, L., Paleja, R., Ghuy, M., and Gombolay, M. (2020). Joint goal and strategy inference
across heterogeneous demonstrators via reward network distillation. In Proceedings of the
2020 ACM/IEEE International Conference on Human-Robot Interaction, pages 659-668.

Coronato, A., Naeem, M., De Pietro, G., and Paragliola, G. (2020). Reinforcement learning for
intelligent healthcare applications: A survey. Artificial Intelligence in Medicine, 109:101964.

Dai, B., Nachum, O., Chow, Y., Li, L., Szepesvari, C., and Schuurmans, D. (2020). Coindice:
Off-policy confidence interval estimation. Advances in Neural Information Processing
Systems, 33:9398-9411.

De Boor, C. (1976). Splines as linear combinations of B-splines: A survey. University of
Wisconsin-Madison. Mathematics Research Center.

Diggle, P. and Kenward, M. G. (1994). Informative drop-out in longitudinal data analysis.
Journal of the Royal Statistical Society: Series C' (Applied Statistics), 43(1):49-73.

o4



Dong, L., Laber, E., Goldberg, Y., Song, R., and Yang, S. (2020). Ascertaining properties
of weighting in the estimation of optimal treatment regimes under monotone missingness.
Statistics in Medicine, 39(25):3503-3520.

Finn, C., Levine, S., and Abbeel, P. (2016). Guided cost learning: Deep inverse optimal
control via policy optimization. In International Conference on Machine Learning, pages
49-58.

Fu, J., Luo, K., and Levine, S. (2017). Learning robust rewards with adverserial inverse
reinforcement learning. In International Conference on Learning Representations.

Fujimoto, S., Meger, D., and Precup, D. (2019). Off-policy deep reinforcement learning
without exploration. In International Conference on Machine Learning, pages 2052—2062.
PMLR.

Garg, D., Chakraborty, S., Cundy, C., Song, J., and Ermon, S. (2021). Ig-learn: Inverse soft-q
learning for imitation. Advances in Neural Information Processing Systems, 34:4028-4039.

Ghasemipour, S. K. S., Zemel, R., and Gu, S. (2020). A divergence minimization perspective
on imitation learning methods. In Conference on Robot Learning, pages 1259-1277. PMLR.

Gleave, A. and Habryka, O. (2018). Multi-task maximum entropy inverse reinforcement
learning. arXiv preprint arXiv:1805.08882.

Gleave, A. and Toyer, S. (2022). A primer on maximum causal entropy inverse reinforcement
learning. arXiv preprint arXiv:2203.11409.

Goldberg, Y. and Kosorok, M. R. (2012). Q-learning with censored data. Annals of Statistics,
40(1):529.

Goodfellow, I., Pouget-Abadie, J., Mirza, M., Xu, B., Warde-Farley, D., Ozair, S., Courville,
A., and Bengio, Y. (2020). Generative adversarial networks. Communications of the ACM,
63(11):139-144.

Gottesman, O., Johansson, F., Komorowski, M., Faisal, A., Sontag, D., Doshi-Velez, F., and
Celi, L. A. (2019). Guidelines for reinforcement learning in healthcare. Nature Medicine,
25(1):16-18.

Gotts, J. E. and Matthay, M. A. (2016). Sepsis: pathophysiology and clinical management.
BMJ, 353.

Graham, J. W. et al. (2009). Missing data analysis: Making it work in the real world. Annual
Review of Psychology, 60(1):549-576.

Haarnoja, T., Tang, H., Abbeel, P., and Levine, S. (2017). Reinforcement learning with deep
energy-based policies. arXiv preprint arXiv:1702.08165.

Haarnoja, T., Zhou, A., Abbeel, P., and Levine, S. (2018). Soft actor-critic: Off-policy
maximum entropy deep reinforcement learning with a stochastic actor. In International
Conference on Machine Learning, pages 1861-1870. PMLR.

55



Hansen, L. P. (1982). Large sample properties of generalized method of moments estimators.
Econometrica: Journal of the Econometric Society, pages 1029-1054.

Harutyunyan, H., Khachatrian, H., Kale, D. C., Ver Steeg, G., and Galstyan, A. (2019).
Multitask learning and benchmarking with clinical time series data. Scientific Data, 6(1):96.

Hesterberg, T. C. (1988). Advances in importance sampling. Stanford University.

Hinton, G., Vinyals, O., and Dean, J. (2015). Distilling the knowledge in a neural network.
arXiwv preprint arXiw:1503.02551.

Ho, J. and Ermon, S. (2016). Generative adversarial imitation learning. In Advances in
Neural Information Processing Systems, pages 4565-4573.

Huang, J. Z. et al. (1998). Projection estimation in multiple regression with application to
functional anova models. Annals of Statistics, 26(1):242-272.

Jabaley, C. S., Groff, R. F., Sharifpour, M., Raikhelkar, J. K., and Blum, J. M. (2018). Modes
of mechanical ventilation vary between hospitals and intensive care units within a university
healthcare system: a retrospective observational study. BMC Research Notes, 11:1-8.

Jarrett, D., Yoon, J., Bica, 1., Qian, Z., Ercole, A., and van der Schaar, M. (2021). Clairvoyance:
A pipeline toolkit for medical time series. In International Conference on Learning
Representations.

Jiang, N. and Li, L. (2016). Doubly robust off-policy value evaluation for reinforcement
learning. In International Conference on Machine Learning, pages 652-661. PMLR.

Johnson, A. E., Pollard, T. J., Shen, L., Lehman, L.-w. H., Feng, M., Ghassemi, M., Moody,
B., Szolovits, P., Anthony Celi, L., and Mark, R. G. (2016). Mimic-iii, a freely accessible
critical care database. Scientific Data, 3(1):1-9.

Kallus, N. and Uehara, M. (2022). Efficiently breaking the curse of horizon in off-policy
evaluation with double reinforcement learning. Operations Research.

Kam, H. J. and Kim, H. Y. (2017). Learning representations for the early detection of sepsis
with deep neural networks. Computers in Biology and Medicine, 89:248-255.

Kim, J. K. and Yu, C. L. (2011). A semiparametric estimation of mean functionals with
nonignorable missing data. Journal of the American Statistical Association, 106(493):157—
165.

Kingma, D. P. and Ba, J. (2014). Adam: A method for stochastic optimization. arXiv
preprint arXiv:1412.6980.

Kober, J., Bagnell, J. A., and Peters, J. (2013). Reinforcement learning in robotics: A survey.
The International Journal of Robotics Research, 32(11):1238-1274.

56



Komorowski, M., Celi, L. A., Badawi, O., Gordon, A. C., and Faisal, A. A. (2018). The
artificial intelligence clinician learns optimal treatment strategies for sepsis in intensive
care. Nature Medicine, 24(11):1716-1720.

Kostrikov, I.; Nachum, O., and Tompson, J. (2019). Imitation learning via off-policy distribu-
tion matching. In International Conference on Learning Representations.

Lagoudakis, M. G. and Parr, R. (2003). Least-squares policy iteration. The Journal of
Machine Learning Research, 4:1107-1149.

Le, H., Voloshin, C., and Yue, Y. (2019). Batch policy learning under constraints. In
International Conference on Machine Learning, pages 3703-3712. PMLR.

Lillicrap, T. P., Hunt, J. J., Pritzel, A., Heess, N., Erez, T., Tassa, Y., Silver, D., and
Wierstra, D. (2015). Continuous control with deep reinforcement learning. arXiv preprint
arXiv:1509.02971.

Liu, D. C. and Nocedal, J. (1989). On the limited memory bfgs method for large scale
optimization. Mathematical Programming, 45(1):503-528.

Liu, Q., Li, L., Tang, Z., and Zhou, D. (2018). Breaking the curse of horizon: Infinite-horizon
off-policy estimation. Advances in Neural Information Processing Systems, 31.

Luckett, D. J., Laber, E. B., Kahkoska, A. R., Maahs, D. M., Mayer-Davis, E., and Kosorok,
M. R. (2019). Estimating dynamic treatment regimes in mobile health using v-learning.
Journal of the American Statistical Association.

McLeish, D. L. (1974). Dependent central limit theorems and invariance principles. The
Annals of Probability, 2(4):620-628.

Mnih, V., Kavukcuoglu, K., Silver, D., Graves, A., Antonoglou, 1., Wierstra, D., and Riedmiller,
M. (2013). Playing atari with deep reinforcement learning. arXiv preprint arXiv:1312.5602.

Murphy, S. A. (2003). Optimal dynamic treatment regimes. Journal of the Royal Statistical
Society: Series B (Statistical Methodology), 65(2):331-355.

Nachum, O., Chow, Y., Dai, B., and Li, L. (2019). Dualdice: Behavior-agnostic estimation of
discounted stationary distribution corrections. Advances in Neural Information Processing
Systems, 32.

Newey, W. K. (1994). Kernel estimation of partial means and a general variance estimator.
Econometric Theory, 10(2):1-21.

Newey, W. K. and McFadden, D. (1994). Large sample estimation and hypothesis testing.
Handbook of Econometrics, 4:2111-2245.

Peng, X., Ding, Y., Wihl, D., Gottesman, O., Komorowski, M., Lehman, L.-w. H., Ross, A.,
Faisal, A., and Doshi-Velez, F. (2018). Improving sepsis treatment strategies by combining
deep and kernel-based reinforcement learning. In AMIA Annual Symposium Proceedings,
volume 2018, page 887. American Medical Informatics Association.

57



Pirracchio, R., Petersen, M. L., Carone, M., Rigon, M. R., Chevret, S., and van der Laan, M. J.
(2015). Mortality prediction in intensive care units with the super icu learner algorithm
(sicula): a population-based study. The Lancet Respiratory Medicine, 3(1):42-52.

Prasad, N., Cheng, L.-F., Chivers, C., Draugelis, M., and Engelhardt, B. E. (2017). A
reinforcement learning approach to weaning of mechanical ventilation in intensive care
units. In 33rd Conference on Uncertainty in Artificial Intelligence.

Precup, D. (2000). Eligibility traces for off-policy policy evaluation. Computer Science
Department Faculty Publication Series, page 80.

Purushotham, S., Meng, C., Che, Z., and Liu, Y. (2018). Benchmarking deep learning models
on large healthcare datasets. Journal of Biomedical Informatics, 83:112—-134.

Puterman, M. L. (1994). Markov decision processes: Discrete stochastic dynamic programming.

Qian, J., Qin, R., Hong, L., Shi, Y., Yuan, H., Zhang, B., Nie, W., Li, Y., and Han, B. (2023).
Characteristics and clinical outcomes of patients with lung cancer requiring icu admission:
a retrospective analysis based on the mimic-iii database. Emergency Cancer Care, 2(1):1.

Raffin, A. (2020). Rl baselines3 zoo. https://github.com/DLR-RM/rl-baselines3-zoo.

Raffin, A., Hill, A., Gleave, A., Kanervisto, A., Ernestus, M., and Dormann, N. (2021).
Stable-baselines3: Reliable reinforcement learning implementations. Journal of Machine
Learning Research, 22(268):1-8.

Raghu, A., Komorowski, M., Celi, L. A., Szolovits, P., and Ghassemi, M. (2017). Continuous
state-space models for optimal sepsis treatment: a deep reinforcement learning approach.
In Machine Learning for Healthcare Conference, pages 147-163. PMLR.

Rotnitzky, A. and Robins, J. (1997). Analysis of semi-parametric regression models with
non-ignorable non-response. Statistics in Medicine, 16(1):81-102.

Rubinstein, R. Y. (1981). Simulation and the Monte Carlo Method. John Wiley & Sons, Inc.

Rusu, A. A., Colmenarejo, S. G., Gulcehre, C., Desjardins, G., Kirkpatrick, J., Pascanu, R.,
Mnih, V., Kavukcuoglu, K., and Hadsell, R. (2015). Policy distillation. arXiv preprint
arXiv:1511.06295.

Sallab, A. E., Abdou, M., Perot, E., and Yogamani, S. (2017). Deep reinforcement learning
framework for autonomous driving. Electronic Imaging, 2017(19):70-76.

Scherpf, M., Grafler, F., Malberg, H., and Zaunseder, S. (2019). Predicting sepsis with a
recurrent neural network using the mimic iii database. Computers in Biology and Medicine,
113:103395.

Schulman, J., Wolski, F., Dhariwal, P., Radford, A., and Klimov, O. (2017). Proximal policy
optimization algorithms. arXiv preprint arXiw:1707.06347.

58


https://github.com/DLR-RM/rl-baselines3-zoo

Schulte, P. J., Tsiatis, A. A., Laber, E. B., and Davidian, M. (2014). Q-and a-learning
methods for estimating optimal dynamic treatment regimes. Statistical science: a review
journal of the Institute of Mathematical Statistics, 29(4):640.

Shao, J. and Wang, L. (2016). Semiparametric inverse propensity weighting for nonignorable
missing data. Biometrika, 103(1):175-187.

Shi, C., Wan, R., Chernozhukov, V., and Song, R. (2021a). Deeply-debiased off-policy interval
estimation. In International Conference on Machine Learning, pages 9580-9591. PMLR.

Shi, C., Wan, R., Song, R., Lu, W., and Leng, L. (2020). Does the markov decision process fit
the data: Testing for the markov property in sequential decision making. In International
Conference on Machine Learning, pages 8807-8817. PMLR.

Shi, C., Zhang, S., Lu, W., and Song, R. (2021b). Statistical inference of the value function
for reinforcement learning in infinite-horizon settings. Journal of the Royal Statistical
Society. Series B: Statistical Methodology.

Silver, D., Huang, A., Maddison, C. J., Guez, A., Sifre, L., Van Den Driessche, G., Schrittwieser,
J., Antonoglou, 1., Panneershelvam, V., Lanctot, M., et al. (2016). Mastering the game of
go with deep neural networks and tree search. Nature, 529(7587):484-489.

Singer, M., Deutschman, C. S., Seymour, C. W., Shankar-Hari, M., Annane, D., Bauer,
M., Bellomo, R., Bernard, G. R., Chiche, J.-D., Coopersmith, C. M., et al. (2016). The
third international consensus definitions for sepsis and septic shock (sepsis-3). JAMA,
315(8):801-810.

Sonabend, A., Lu, J., Celi, L. A., Cai, T., and Szolovits, P. (2020). Expert-supervised
reinforcement learning for offline policy learning and evaluation. In Advances in Neural
Information Processing Systems, volume 33, pages 18967-18977.

Sun, M., Baron, J., Dighe, A., Szolovits, P., Wunderink, R. G., Isakova, T., and Luo, Y.
(2019). Early prediction of acute kidney injury in critical care setting using clinical notes
and structured multivariate physiological measurements. MedInfo, 264:368-72.

Sun, X., Panda, R., Feris, R., and Saenko, K. (2020). Adashare: Learning what to share for
efficient deep multi-task learning. Advances in Neural Information Processing Systems,

33:8728-8740.

Suresh, H., Gong, J. J., and Guttag, J. V. (2018). Learning tasks for multitask learning:
Heterogenous patient populations in the icu. In Proceedings of the 24th ACM SIGKDD
International Conference on Knowledge Discovery & Data Mining, pages 802-810.

Syed, U., Bowling, M., and Schapire, R. E. (2008). Apprenticeship learning using linear
programming. In Proceedings of the 25th International Conference on Machine Learning,
pages 1032-1039.

59



Teh, Y., Bapst, V., Czarnecki, W. M., Quan, J., Kirkpatrick, J., Hadsell, R., Heess, N., and
Pascanu, R. (2017). Distral: Robust multitask reinforcement learning. Advances in Neural
Information Processing Systems, 30.

Uehara, M., Huang, J., and Jiang, N. (2020). Minimax weight and g-function learning for
off-policy evaluation. In International Conference on Machine Learning, pages 9659-9668.
PMLR.

Vincent, J. L., Moreno, R., Takala, J., Willatts, S., De Mendonca, A., Bruining, H., Reinhart,
C. K., Suter, P. M., and Thijs, L. G. (1996). The sofa (sepsis-related organ failure assessment)
score to describe organ dysfunction/failure. Intensive Care Medicine, 22(7):707-710.

Wang, L., Zhang, W., He, X., and Zha, H. (2018). Supervised reinforcement learning with
recurrent neural network for dynamic treatment recommendation. In Proceedings of the
24th ACM SIGKDD International Conference on Knowledge Discovery € Data Mining,
pages 2447-2456.

Wang, Z., Schaul, T., Hessel, M., Hasselt, H., Lanctot, M., and Freitas, N. (2016). Dueling
network architectures for deep reinforcement learning. In International Conference on
Machine Learning, pages 1995-2003. PMLR.

Wulfmeier, M., Ondruska, P., and Posner, 1. (2015). Maximum entropy deep inverse rein-
forcement learning. arXiv preprint arXiv:1507.04888.

Zeng, S., Li, C., Garcia, A., and Hong, M. (2022). Maximum-likelihood inverse reinforcement
learning with finite-time guarantees. Advances in Neural Information Processing Systems.

Zhang, R., Dai, B., Li, L., and Schuurmans, D. (2020a). Gendice: Generalized offline estimation
of stationary values. arXiv preprint arXiw:2002.09072.

Zhang, Z., Zheng, B., and Liu, N. (2020b). Individualized fluid administration for critically
ill patients with sepsis with an interpretable dynamic treatment regimen model. Scientific
Reports, 10(1):1-9.

Zhao, Y.-Q., Zeng, D., Laber, E. B., and Kosorok, M. R. (2015). New statistical learning
methods for estimating optimal dynamic treatment regimes. Journal of the American
Statistical Association, 110(510):583-598.

Ziebart, B. D., Bagnell, J. A., and Dey, A. K. (2010). Modeling interaction via the principle
of maximum causal entropy. In International Conference on Machine Learning.

Ziebart, B. D., Maas, A. L., Bagnell, J. A.; Dey, A. K., et al. (2008). Maximum entropy
inverse reinforcement learning. In AAAI volume 8, pages 1433-1438. Chicago, 1L, USA.

Zimmerman, L. P., Reyfman, P. A., Smith, A. D., Zeng, Z., Kho, A., Sanchez-Pinto, L. N.,
and Luo, Y. (2019). Early prediction of acute kidney injury following icu admission using a
multivariate panel of physiological measurements. BMC Medical Informatics and Decision
Making, 19(1):1-12.

60



APPENDICES

61



Appendix A

Off-Policy Evaluation with
Nonignorable Missing Data

A.1 Sensitivity Analysis

We also conducted a sensitivity analysis to evaluate the robustness of the IPW adjustment
method under model misspecification. Specifically, we aimed to assess the performance of
the proposed approach in the presence of (a) a misspecified instrumental variable and (b) a

misspecified missing propensity model. The following propensity model is considered
Xs(Se, Ap, Rigt, Sigr) = {1+ exp(8.5 + 055 — Ry —0.1R%,)}

In this scenario, the variable Sf@ still serves as an instrumental variable, while the logit of
missing propensity becomes nonlinear in outcome variables (Ryy1, Si+1). We utilize this model
to assess the robustness of our proposed method to potential misspecifications. Additionally,
we investigate the impact of misspecifying the instrumental variable. Specifically, we examine
the case where we use St(l) instead of St(z) as the instrumental variable when fitting the
dropout model. Here we focus on the scenario of T" = 25 and target policy of m;. The
results are summarized in Table A.1, which indicate that the IPW estimator can still provide
more reliable value estimation than the complete-case estimator even under slight model
misspecification. However, if the instrumental variable is misspecified, the proposed method
may fail. Based on this observation, we suggest careful selection of the instrumental variable

based on subject matter knowledge or through ad hoc data diagnosis.
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Table A.1: Results of value estimates and 95% confidence intervals for policy 7 under
dropout propensity A3. The average bias, MSE values, ECP, and AL are reported for each
estimator (with standard error in parenthesis). The suffix (IVx) indicates misspecification
of instrumental variable, and the suffix (modx) indicates misspecification of the parametric
model for outcome variables.

n DrorouT METHOD Bias MSE ECP AL
NO DROPOUT cC -0.004 (1.236) 1.525 0.932 4.740 (0.150)
500 CC -2.340 (1.693) 8.330 0.736 7.008 (0.707)
MNAR IPW 0.201 (2.104) 4.451 0.948 8.619 (2.236)
IPW(IVx) -2.441 (1.845) 9.348 0.699 7.058 (1.224)
IPW(MmoDx) 0.031 (2.126) 4.503 0.932 8.693 (2.416)
NO DROPOUT CcC -0.011 (0.728) 0.528 0.976 3.344 (0.078)
1000 cC -2.339 (1.226) 6.971 0.552 4.893 (0.299)
MNAR IPW 0.255 (1.566) 2.507 0.928 6.032 (0.932)
IPW(IVx) -2.413 (1.405) 7.787 0.472 4.927 (0.670)
IPW(MoDx) 0.040 (1.736) 3.004 0.908 6.041 (1.064)

A.2 Additional Experimental Details

In this section, we provide more details on the experiments and our implementation.

Data generation To generate complete data with n trajectories, we first sample n initial
states from the reference distribution G, and then generate the action, next state, and
reward following the generative model introduced in Section 2.5. This process is repeated
until reaching the maximum horizon 7. To generate incomplete data, we first calculate the
dropout probability \;; at each step using the dropout model \;(-) defined in Section 2.5,
this corresponds to the probability of subject ¢ dropping out after taking action A;. Given
the dropout probability, we sample the response indicator 7; ;.1 from a Bernoulli distribution
with mean (1 — \;;). To control the overall missing rate, we also set a no-dropout period of
two steps, i.e., 1,0 = 1,1 = 1. After the second step, the dropout probability is applied and a

trajectory will terminate when the response indicator 7, turns 0.

Complete-Case (CC) estimator The OPE step of Shi et al. (2021b) approximates the
Q-function with linear sieves, Q™(s, a) &~ ®] (5)Bx.q, where ®L(-) = {pr1(-), -, pro()} " is
a vector consisting of L spline bases. In our implementation, we first scale the state variables

onto [0, 1] and then construct 6 cubic B-spline bases for each dimension, where the knots are
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placed at equally-spaced quantiles of the transformed state variables. To avoid extrapolation
of the basis function, three repeated knots are placed on the boundary. The tensor product of
the basis for each dimension is used to construct the final basis, hence L = 36. The number of
basis functions L is allowed to grow with the sample size to reduce the approximation error.
For a fair comparison, here we fix L = 36 throughout the experiments despite the sample sizes.
The CC estimator of the Q-function parameter 8% is given in (2.7). The matrix inversion
of f]w € RmExmL tends to be unstable when mL is large, so we add a small ridge penalty
with weight 107° to improve the stability. Given Bﬁ, the value function can be calculated
as V™(s) = U;(S)B\,r. We approximate the integrated value V™ (G) = Locs V™(3)G(ds) by
sampling 10,000 states from the reference distribution G and take the average of the estimated

value for each state.

Fitting dropout propensity model To calculate the IPW estimator, we need to estimate
the dropout probability from the data first. For ignorable missingness (MAR), we fit a
logistic regression with the correctly specified model to predict the dropout probability.
For nonignorable missingness (MNAR), we adopt the semiparametric method proposed by
Shao and Wang (2016) and treat Sy as the instrumental variable. To construct multiple
estimating equations, the instrumental variable S5 is first discretized into 4 bins based on the
quartiles. The nonparametric part is approximated using Gaussian kernel with bandwidth

1/ 3, where o;’s and n;’s are the estimated standard deviation and the sample size

hl =C-0 ﬂ”Ll_
for samples with Sy =1 € {1,2,3,4}. We pick ¢ = 7.5 in the bandwidth formula based on
an inspection of the objective function curve. In the minimization step of GMM, we use the
limited-memory BFGS algorithm (Liu and Nocedal 1989) with several initial values to avoid

local minimum.

Inverse Probability Weighted (IPW) estimator After getting an estimate of the
parameter 1,/b\nT for the dropout model, we plug in the estimated probability to calculate
,é\ﬂ—’lpw, which is given in (2.9). To avoid extremely large inverse weights, we bound the missing
propensity below 0.01. After obtaining Bﬂ,lpw, we calculate the integrated value VﬁSW(G) in
a similar way to the CC estimator.

We can also construct confidence intervals for the proposed IPW estimator. The theoretical
form of the asymptotic variance is very complicated. For ease of computation, we suggest
using an approximation of EfrJPW(G) given by (2.10). Based on our empirical experiments,
this approximation is very close to the result of bootstrapping, so we deploy it in our

implementation.
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A.3 Additional Details for Real Data Application

Data overview The sepsis dataset is extracted from the MIMIC-III v1.4 database (Johnson
et al. 2016). We follow the data processing procedure described in Komorowski et al. (2018)
and use a pure-python re-implementation available at https://github.com/microsoft/
mimic_sepsis. The trajectories start from the onset of sepsis or transfer into ICU, whichever
came later, and are collected until 48 hours afterward. We focus on this time window to
capture treatment management in the early phase. There are 16,735 trajectories in the
dataset. After examining the dataset, we found that some patients were discharged early due
to recovery or other reasons. However, we did not observe any significant difference in critical
physiological features between these patients and those who stayed for the entire duration of
the ICU stay. Therefore, we believe that adjustment for such dropout is not necessary, which
is also supported by our numerical results. On the other hand, around 5% of trajectories are
incomplete due to mortality within the time window. As seen in Figure 2.1, patients who died
during their ICU stay were generally in a worse state, and thus, adjusting for missing data in
such cases is expected to yield more reliable results. Although previous works have applied
offline RL or OPE to this sepsis dataset (Raghu et al. 2017; Peng et al. 2018; Sonabend
et al. 2020), to the best of our knowledge, none of these works considered the aforementioned

monotone missingness issue.

State, action, and reward Given the physiological features available in the dataset, we
construct a 15-dimensional state feature vector to represent important features that clinicians
would examine when deciding treatment and dosage for patients. The following features are

used in our model:

Demographics: Age

Lab values: Arterial pH, Chloride, Hemoglobin, INR-International Normalized Ratio,
PT-Prothrombin Time, Arterial Blood Gas, Ionised Calcium, Calcium, Arterial Lactate

Vital signs: Saturation of Peripheral Oxygen (SpO2), Temperature, Heart Rate (HR),
Respiratory Rate (RR)

Other: Sequential Organ Failure Assessment (SOFA) score

The state features are aggregated over a time resolution of 4 hours, and in the absence of
data in the current time window, the last recorded value is carried forward. The action space
consists of three actions: no intravenous fluids and no vasopressors, intravenous fluids only,
and vasopressors. The reward is constructed as Ry = 1 —2- 1(SPSF > 12), which penalizes

high SOFA scores over a threshold.
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Target policies In our experiments, we evaluate three target policies: a fitted behavior
policy, and optimal policies learned via Dueling Double Deep Q-Network (Wang et al. 2016)
and a discrete version of Batch-Constrained Deep Q-Learning (BCQ) (Fujimoto et al. 2019).
The behavior policy is fitted with a random forest with 250 trees. For the other types of
Q-learning algorithms, we run for 2 x 10° iterations with mini-batch size 256 and learning
rate 0.001. The dataset is split into two parts, the first part is used for learning the optimal

policy, and the second part is used for policy evaluation.

More details on implementation Similar to the synthetic environment, we first scale
the state variables onto [0,1] and construct 4 cubic B-spline basis for each dimension,
so there are L. = 60 basis functions in total. We do not use tensor product here due to
high-dimensionality concerns. The discount factor « is set to 0.8. To handle nonignorable
missingness, we incorporate a dropout propensity model into the value estimator. To fit
the dropout propensity model, we use the Ionised Calcium level as an instrument variable
and discretize it into 4 bins based on quartiles. We consider a dropout propensity model
in (2.8) with 24, = (SP9? GHR GRRy 7 | — GSOFA and a bandwidth of b = 7.5 - oyn, /*.
For such a large dataset, the kernel estimator used in the semiparametric method can be
a bottleneck in computation. To accelerate the computation, we apply the downsampling
technique, where we repeatedly sample random subsets from the whole dataset and aggregate

the value estimation results by taking the average.

A.4 Assumptions

In this section, we provide the assumptions for the theoretical results. The following assumption
is introduced by Shi et al. (2021b) to ensure the consistency and asymptotic distribution of

value estimation when there is no missing data.

Assumption 4. The following conditions hold.

(a) The transition kernel p(:|s,a) is absolutely continuous with respect to the Lebesque
measure, then there exists some transition density function q such that p(ds'|s,a) =
q(s'|s,a)ds’. Let A(p,c) denotes the class of p-smooth functions as follows

|D%h(s) — D*h(s")|
<
_ S/HIS*LPJ

A(p,c) =< h: sup sup|D%h(s)|<¢, sup
lelli<lp] s€S lelli=p] s,s'€S HS
s#s’

where D* denotes the differential operator D*h(s) = ;[ZH;Z(%, s; denotes the j-th
s 08y

element of s, |p| denote the largest integer that is smaller than p. Assume there exist
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some p,c > 0 such that r(-,a),q(s'|-,a) € A(p,c) for anya € A, s €S.

(b) Let BSpl(L,r) denote a tensor-product B-spline basis of degree r and dimension L
on [0,1]%, and let Wav(L,r) denote a tensor-product Wavelet basis of regqularity r
and dimension L on [0,1]%. The sieve ®y, is either BSpl(L,r) or Wav(L,r) with r >
max(p, 1).

c) Assume the Markov chain has a unique invariant distribution with some density function
A the Markov chain h ' ' jant distributi ith densit ti
wu(+) on S, the probability density function of Sy is denoted as vy. The density functions

1 and vy are uniformly bounded away from 0 and co on S.

(d) Suppose (i) and (ii) hold when T — oo and (iii) holds when T is bounded.

(1) Din oo Soaen {€(5, V€7 (5, ) — v22un(s, a)uul (5, )} bals)u(s)ds] >  for some
constant ¢ > 0, where u,(s,a) = E{U, (51) Sy = s, Ao = a} and A (K) denotes

the minimum eigenvalue of a matriz K.

(i4) The Markov chain {Si},5, is geometrically ergodic, i.e, there exists some function
M(-) on S and some constant p < 1 such that [ _sM(s)u(s)ds < +oo and
105(- | 8) = p()|lpyy < M(s)p" for any t > 0, where || - |7y denotes the total

variation norm, p(B|s) = P (S; € B|Sy = s) is the t-step transition kernel.

(71) Amin [ tT:_Ol E {ététT — 2ur (Sy, Ap) uw] (S, At)}] > T¢ for some constant ¢ > 0.
(¢) The number of basis L satisfies L = o{/nT /log(nT)}, L*/? > nT{1+| [, ®.(s)G(ds)||5>}.

(f) There exists some constant co > 1 such that

So=sA=a| >c*

0z(s,a) = E {31 +v ) w(al$1)Q"(S1,a) - Q”(SO,AO)}

acA

for any s € S,a € A, and P (max; |R;| < ¢g) = 1.

These assumptions together guarantee consistent value estimation under complete data.
Assumption 4(a) basically assumes the smoothness of the reward function r and the transition
density function ¢ with respect to the current state s, this allows us to establish the smoothness
of the Q-function. Assumption 4(b) specifies the types of sieve ® to approximate the Q-
function. Assumption 4(c) is a mild condition on the marginal distribution over states, when
vo = 1, {St}e>0 is stationary. Assumption 4(d) is imposed to guarantee the invertiblility
of 3. The geometric ergodicity condition in Assumption 4(d)(ii) ensures that {St}>0 18

exponentially S-mixing (see Theorem 3.7 of Bradley (2005)). We remark that the geometric
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ergodicity condition is less restrictive than the independence assumption imposed in some
existing reinforcement learning literature (e.g., Dai et al. (2020)). For Assumption 4(e), the
constraint on the number of basis functions is to bound the approximation error for the
Q-function. Assumption 4(f) is a mild condition on the randomness of observed the reward
Ry 11 around r(Sy, A;) and the uniform boundedness of the observed reward.

Besides the assumptions on Q-function approximation, we also make the following as-
sumption regarding the dropout propensity. Recall that the dropout propensity model takes

the form
A(S, Ay, Riyy, Si13 ) = {1 + explg(Uy) + 1/’TZt+1]}71 )

where ¥ € R? is an unknown tilting parameter, Z;,; € R? are features mapped from
(Rit1, St+1), Uy is the non-instrumental part of (S, A;), and ¢(-) is a non-parametric function
of U;.

The following assumption is a boundedness assumption imposed on the dropout propensi-

ties, which ensures that the inverse weights are bounded above.
Assumption 5. There exist some cy > 0 such that 1 — X\(Sy, Ay, Ryi1, Si1) > ca.

To estimate the parameter of dropout propensity model ¥*, the L estimating equations

are constructed as follows

ETLT {ml(ut)Vt7Rt+17St+1’T/t+1;ga¢)} = 07 for | = 17 CII) Za

where ml(utaVtaRt-‘rl)St-‘y-l?,r]t-i-l;gad;) = ]]'(Vt = l) (1 )\(ut R:]tJrll St 19 'l,b) - 1) :
- 9 +1, ~Mt+1y I
(A1)

For succinctness, suppress the data arguments in m; (U, Vi, Ryi1, Sia1, Ni41; 9, ¥) and write it

as my¢(g, ). Stack my(g,1) together and denote the vector as m,(g, ). The estimating

equation becomes

Enr {mu(g,4)} = 0.

To estimate 1), the non-parametric part g is first profiled based on the following relationship

E{l — Nt | Ut}

exp{gy(Us)} = E{n1exp(¥ T Z;11) | U}

(A.2)

The corresponding kernel estimator is given by

n -1
~ . . 1 —n; K Z/{ _ul
exp{gy(U)} = = Zz_;_gzt_o ( 77,ti1) n (U, +) |
Zi:l Zt:() i t+1 €XP (’(/) Zi,t+1) K, (Z/{t _ Z/{i,t)

where Kj(-) = h™'K(-/h), K(-) is symmetric kernel function, h is the bandwidth. By
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Assumption 5(a), the true function of g(u) can be expressed as go(u) = gy- ().
To guarantee the consistency and asymptotic normality of the dropout propensity estima-

tor, the following assumption is imposed; see Section 3 of Shao and Wang (2016).
Assumption 6. The following conditions hold.

(a) The kernel K (u) has bounded derivatives of order ', satisfies [ K(u)du =1, and has

zero moments of order up to m' — 1 and nonzero m’-th order moment.

b) The true function of g(u) is continuously differentiable to order d' and bounded on an
( g y

open set containing the support of u.

(¢) The moment E{exp(4vp " Z)} is finite and the function E{exp(4ep’ Z)} f(u) is bounded,

where f(u) is the marginal density of .

d) The bandundth of the kernel, h = hy,r, is such that h,r — 0, nT - W — 00,
nT
(nT)2hP 52 [og(nT) — 0o and nT - h2™ — 0 as nT — oo, where p' is the dimension

of u.

(e) Let m(gy, ¥) = E{m(gy,¥)}. Y¥* is the unique solution to my(gy, ) = 0, and that
sup,y [molg. )| < ox.

(f) Let
w:< E{1 -7 |u} >::<w1<u>>
E{nexp(e2) | u}) ~ \wolw) )’

w0:< E{1—n|u} )

E{nexp(y*"Z) | u} )

v,y 2,1, w, ) = 1(v = 1) [n {1 + exp(d)Tz)wl(u)} - 1] .

wo(u)

There exists a vector of the functional G(z,u,n,w) which is linear in w such that

(i) For small enough ||w — wy,

||7’7’L(v, u, z, T]vw7¢*) - Th(v, u, z,1n,wWo, d"*) - G(”?“a 2,1, W — wO)H

< b(”U,’LL, 2777) ||w - w0||2 )

where E{b(v,u, z,n)} < 0o, and m(-) is the L-dimensional vector with [-th compo-

nent as my(-).

(it) G (v,u, 2,m,w)|| < c(v,u, 2,9)||lw| and B{c(v, u, z,7)*} < co.
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(iii) There exists an almost everywhere continuous function v(u) with [ |jv(u)||du <
o0, such that E{G(v,u,z,n,w)} = [v(w)w(u)du for all |w| < oo, and also
E{supj¢j<. [[v(u + )[|*} < oo for some e > 0.

(g) For small enough ||w — wql|, m(v,u, z,n,w, ) is continuously differentiable in 1 in a
neighbourhood of ¥*, and there is k(v,u, z,n) with E{k(v,u, z,n)} < co such that

IVym(v,u, z,n,w,¥) — Vym (v,u, 2,1, wo, ")
< kv, u,2,m) (| — 9*|° + [|w — wol%)

forane >0, and T = E{Vym(v,u, z,n,wo, ¥*)} exists and is of full rank.

Assumption 6(a) imposes restrictions on the kernel, the boundedness condition of the
d'-th derivative ensures that ||g|| is well defined. Here, ||g|| denotes the Sobolev norm of g for
. The other

two conditions control the bias of g(u), a larger m’ will lead to a faster convergence rate of

g(u)
ouf

some nonnegative integer d’, whic is defined by ||g|| = max/<s sup,cy

E [g(u)] to go(u), where go(u) represents the true function for g(u). Assumption 6(b) imposes
smoothness on go(u) in order for the bias-reducing kernels to have the desired effect. The
fourth-moment condition in Assumption 6(c) is useful for obtaining optimal convergence
rates for g (Newey 1994). Assumption 6(d) imposes restrictions on the bandwidth. These
four assumptions together guarantee the consistency of the kernel estimator, combining
with Assumption 6(e) leads to the consistency of 1 estimator (see Theorem 1 of Shao and
Wang (2016)). Assumption 6(f)(g) are required to prove the asymptotic normality of z,/b\ (see
Theorem 2 of Shao and Wang (2016) and Theorem 8.12 of Newey and McFadden (1994)).
More discussions on these assumptions for semiparametric two-step estimators can be found
in Section 8.3 of Newey and McFadden (1994).

A.5 Proof of Main Results

In this section, we provide the proofs for Theorem 1, 2 and 3. For simplicity, we will omit the
subscript 7 in X, f)w,ﬁ,r, @r, Or, 0. We first introduce the following lemmas from Shi et al.

(2021b), the proofs can be found in Section E of their paper.

Lemma 1. Under Assumption 4(a), there exists some constant ¢ > 0 such that Q™(s,a) €

A(p, ) for any policy m and a € A.

Lemma 2. Under Assumption 4(b), there exists some constant ¢* > 1 such that

(@) < A { / . @L(s)cpz(s)ds} < N { / . ¢L<s)q>{(s)ds} <
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and supyg ||Pr(s)|, < VL.

Lemma 3. Suppose Assumption 4 holds. Define & = ES, we have | S|, < 3¢7L, |2, =
O(1),||Z — ||, = 0, {L2(nT) Y log(nT)}, |7 — 7|, = O, { L3 (nT)""/?log(nT)}
and | S|y < 6271 with probability approaching 1, as either n — oo or T — 0o,

Lemma 4. Suppose Assumption 4 holds. As either n — oo or T — oo, we have

n T-1

max Z Eﬁt&t - )7 max{ TLT Z Z €z téz t} O )

i=1 t=0
n T-1

mln Z E&tét > C/2 mm{ TLT - Z Z fz t&z t} > C/3

i=1 t=0
with probability approaching 1.
Lemma 5. || [ U(s)G(ds)|, > m™/?|| [, ®L(s)G(ds)

in the action space.

Lemma 6. Define * = [ >, &(s,a){&(s,a) — yu(s,a)}"b(a | s)u(s)ds. Suppose
T — 0o. Under the given conditions in Lemma 3, we have ||X — X*||o =< T~V/2.

,» where m is the number of actions

Remark 6. The notation a, = b, means that there exists some constant C' > 0 such that

a, < C by for any n. The notation a, < 1 means a, = O,(1).

Next, we will go through the proof for the consistency and asymptotic result for the
proposed IPW estimator. The big idea is similar to the proof of Theorem 1 in Shi et al.

(2021b) but with additional components to handle inverse weights and associated uncertainty.

A.5.1 Proof of Theorem 1

Proof. We first provide a sketch of the big idea. Assume the true Q-function is Q7(s,a) =
] (s)B: and the true parameter 3* satisfies

E{M,(B;)} = 0,where M;(8,) = & {RtH — (& — ”YUfr,tH)TBn} .

Under incomplete data, the equation becomes E {n;.1M; (8:)} = 0. Using the condition of
MAR (Definition 1), we apply the conditional independence between 7,1 and (Syy1, Riy1) to

separate the 7,1 and M, term as follows

E {77t+1Mt (ﬂn>} =E {]E (77t+1Mt (187r) \ St,At,ﬁt)}
=EA{E (41 | St, Ay ne) E (M (Br) | Si, Ae)} -
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It follows from E{Rt+1 + ,}/ZQ,E_A Qﬂ(St+1, a’)ﬂ(a’|5t+1) - Qﬂ-(St, At>|St7 At} = 0 that
E{M,(8;)]5, A} = 0.

Therefore, E {n,, 1M, (B%)} = 0, then 3* is still the solution to E {n, 1M, (3,)} = 0. As are-
sult, the corresponding value estimator is still unbiased under some regularity conditions. How-
ever, for nonignorable missingness (MNAR), E {n;.1 M, (3%)} = 0 no longer holds because 71
and M, cannot be separated using the conditional independence. Thus the complete-case esti-
mator Bﬂﬁcc will be biased from 3% unless the probability P (n41 = 1| Sy, As, Rev1, Sev1, M) 18
a constant. Next, we provide a more rigorous proof that takes into account the approximation
error.
By Condition 4(a)(b)(e), the number of basis L for the Q-function satisfies L?/¢ >>

nT {1+ [, ®.(s)G(ds)||5*}. It follows from Lemma 5 that

-2

)

By Lemma 1 and Condition 4(b), there exist a set of vectors {5} that satisfy

L/ > T {1 + G(ds)

(A.3)

sup |Q"(s,a) — @y (s)5;

s€S,aeA

for some constant C' > 0 (Huang et al. 1998). Let 8* = (5;",...,3:1)7, define

Tig = VZ {(I) Sie1) Ba = Q7 (Sig+1, 0 )} T (alSi41) — {<I>I (Sit) @u,t - Q" (Sz',t>Az',t)} )

acA

gir = Ri1 + ’YZQ Siti1, )T (alSitr1) — Q" (Sit, Ait).
acA
(A.4)

The condition P (max; |R:| < ¢p) = 1 in Assumption 4(f) implies that R;; < ¢o, Vi, t, almost
surely. By Lemma 1, we have |Q"(s,a)| < ¢ for any 7, s, a. Therefore, the error term ¢;; can

be bounded as follows

] < 1) < 2¢, al ly. A.
0§t£“?i§i§n|€l’t|_co+(’y+ )& < o+ 2¢, almost surely (A.5)

In addition, it follows from (A.3) that

max ]r”\ <2 sup |Q"(s,a) — ©/(s)B;] <2CL~ p/d, (A.6)
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For incomplete data, we can only leverage the observed samples for inference. With the
response indicator 7, defined in Section 2.3, the estimating equations can be written as

E{M; (B*) |n+1 = 1} = 0, or equivalently, E {n, 1M, (B8*)} = 0. The estimator for 3* is
given by

t= i=1 t=0

N 1 n T-1 -1 1 n T-1
Bcc = {n_T ; 0 Nigr1&ie (it — ’YUi,t—H)T} <n_T 77i,t+1£i,tRi,t+1> :

(.

Yce

Let Soc = EXce. By definition,

n T-1
Bec— " - 52 —zzmmsm{ Ml—(si,t—wi,tﬂfm}]
=1 t=0

n T-—

=3 Ni+18i0 X

Q-

1
zltO

{Ri,t—I—l - CDI (Sit) BZM +7 Z CI)I (Sip41) Bam (a | Sz‘,tH)}]

acA
n T-1
26 { ZZU@H—IEzt 61t+rzt)}
i=1 t=0
n T-1 n T-1
-1 PN 1
= cc ( i, t+1€z t€i t> ( c - > <_ 77i,t+1£i,t5i7t)
nT
N i=1 t=0 i=1 t=0 P
a e
1 n T-1
+ ( an t+1£z tTi t> .
N =1 t=0
G

It suffices to derive the error bounds for ||(1||2, ||¢2]]2, and [|C5]|2.
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Error bound for ||(3]|s. For any a € R™E,

n T-1
( ZZ% 1+1&i tﬁt)

i=1 t=0
1 n T-1 1 o
< ar 2 2 la bl el < maxrid (ﬁ > IaT@,J) (A7)
i=1 t=0 , b
< 9CL~Pd| — ¢ <ocp-vid | L Te. |
B (nT pa o |a, g’t‘ = nT;;a & tszta

The second inequality uses the bound of binary 7, that |n;| < 1, the third inequality follows
from (A.6), and the fourth inequality applies the Cauchy-Schwarz inequality. Then we obtain

n T-1 n T-1
‘ ZZm t+1€z triell < 2CL~ p/d)\rln/:x ( Z €zt€ ) .
i=1 t=0 i=1 t=0

By Lemma 3 and Lemma 4, we have

n T-1

Z Z Nit+1&iiTi e

i=1 t=0

= 0,(1)0, (L") = 0, (L"), (A.8)

sl < || B

which indicates that (3 is driven by the approximation error of the Q-function, and can be
controlled by increasing the number of basis functions.

The main difference between ignorable missingness (MAR) and nonignorable missingness
(MNAR) lies in (¢ + ¢2). In the following steps, we will show that the complete-case value
estimator VC”C((G) is still consistent under ignorable missingness (MAR) but becomes biased

under nonignorable missingness (MNAR).
e MAR

To show H,é\cc — B*||2 = 0,(1), we need to derive the error bound for ||¢i||5, [|¢2]|, and

show they are o0,(1).

Error bound for |y, We first derive the error bound for [|(z||,. By Markov As-
sumption, Conditional Mean Independence Assumption and Bellman equation, E (g,|F;) =
E (4] S, At) = 0, where F; = {(S;, 4;, Rj11) bo<j<t U{St, A:} denotes the past information up
to time t. Together with the conditional independence of 7,1 and &; based on the definition

of MAR, we have E {n;1&ie} = E{E (n1&eee| Fro i)} = EL&E (g1 [Fo, me) E (| F)} =0
Similarly, for any 0 < ¢; < t, < T, we obtain E{m, 1111160 ,€, &} = 0. In addition, by

74



the independence assumption among trajectories, we have

T _
E {771'1,t1+1ni27t2+15i17t15i27t2€i1,t1€i27t2} =0.

It follows that

2

n T-1 n T-1 T-1
2 2 T 2 24T
E Z Z Mi1&itcit| = Z E {ni7t+15i,t€i,t€i7t} =n Z E {m+1€t 3 Et} :
i=1 =0 9 =1 t=0 =0

Together with (A.5) and Lemma 2, we obtain

n T-1 T-1
Z Z Mirsr&ivcinl| < (co+2¢)n ZE&T& < (co+2¢)’ nTsup | ®L(s)||2 < nTL.
i=1 t=0 t=0 €S
By Markov inequality,
1 n T-1
T Ni+1&i1€it = Op{\/ L/(nT)}.

i=1 t=0

Combine with Lemma 3 yields
— OV T og(n )0 {V/LIWT)} = O, {L(nT) MognT)} . (A9)
Error bound for ||(;||,. Using similar arguments as bounding ||(z||,, we obtain
= O, {L**(nT)""/?}. (A.10)
Combining (A.8), (A.9), and (A.10), we have
Boc — B = 0, {LY2(nT)™V2} + 0, {L(nT) M log(nT)} + O, {L 77/} .
It follows from Condition 4(e) that
1Bec = BNl = O, (L) + 0, {LY*(nT) ™} = 0,(1).

Recall that Vi,(G) = {[.U(s)G(ds)} " Bac, thus,

Vze(G) - v

B H — 0,(1 (A.11)
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that is, ‘A/(’fc(G) 2 V7 (G) as nT — oo. Therefore, the value estimator \A/éTC(G) is still consistent
when the dropout mechanism is MAR.

e MNAR

Error bounds for [|(; + (3|l,- Under nonignorable missingness, the conditional indepen-

dence of 7,1 and &; no longer holds, so

E{ni41&ee} = E{E {ms1&eer | Fro Sev1, Revr, e} = E{&eE {1 | Fo, Seqrs Regrme}}
=E {€t5t77t( /\(St7 Ata St+17 Rt+1))} 7’5 0.

We cannot bound the term T ZZ 1 Zt o Mit+1&i€ir as in the MAR case. As a result,
1¢1 + C2f] = 0p(1) may no longer holds. Therefore, \7”(@) can be biased when the dropout
mechanism is MNAR. O

A.5.2 Proof of Theorem 2

Proof. The steps in this proof will be very similar to the proof of Theorem 1, but now we

incorporate the inverse weights. For succinctness, we use the notation

Wi,t+1(¢) = 77i,t+1{1 - )\(Si,ta A’i,ta Ri,t+17 Si,t+1; ¢)}71

to represent the weighting term, where 1 € R¥ is the parameter of the dropout propensity
model. Under assumption 5(a) on the correct specification of the dropout propensity, there ex-
ists some 1* such that \(S;, Ay, Rit1, Sev1) = M(Sy, Ay, Rit1, Sper; ™). It follows from the def-
inition of dropout propensity that E(n1|F:, Rit1, Sta1,me = 1) = 1= A(St, Ay, Rivq, Ser1; ¥),
therefore, E {w;1(¥*)|Fi, Riv1, Sev1, e = 1} = 1.

Similar to the previous proof, BIPW — B* can be decomposed as

n T-1
BIPW -pr=x" < Z sz t41( Eu&t)

N =1 t=0 P

G

1 n T-1
+ (S5 — — w; E €
IPW — nT [ t+1 1,t<0,t
N =1 t=0 P
G2
1 n T-1
IPW TLT Wws t+1 52 tTie | -
=1 t=0 .
¢3
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To prove its consistency, it suffices to show |[(i[|y, [|C2ly, and [[G3]|, are 0,(1). To bound these
terms, we first introduce the following lemma. This lemma is similar to Lemma 3, but it is

with respect to ilpw instead of 3. The proof can be found in Appendix A.5.5.

Lemma 7. Suppose Assumption 4-6 holds. We have | S pw—3|2 = O, {L'*(nT)~"?10g(nT)},
HZ]PW X7 = O, {LY3(nT) 2 log(nT)} and |Spy |2 < 667 with probability approach-

g 1, as either n — oo or T — 0.

Next, we will use Lemma 7 to derive the error bounds for ||(1]],, |[C2]],, and ||Cs]],.

Error bound for ||(3,. It follows from condition 5(b) that max;<i<po<i<7 [wir(¥)] < ¢t

Using similar arguments in (A.7), we have

1/2
20L71 (1 S
RN <—T > a6t

i=1 t=0

n T-1
( Tzzwzt-i-l gztrzt>

i=1 t=0

for any @ € R™F. Thus,

n T-1 n T-1
20 ~P/d 1
ZZM t41( €z triel| < —)\rln/fx <— §i7t§;t> — Op(L—P/d).
C nT ,
i=1 t=0 2 i=1 t=0
By Lemma 7, we obtain
(3= 0, (L7 (A.12)

Error bounds for ||(3]|,. The RHS of ¢; and (3 can be decomposed as follows

1
WZZW e = 30D ()6
i=1 t=0 i=1 t=0
1 n T-1 (A13)
T Z Z <Wi,t+1("‘/)) - Wi,t—i—l(",b*)) &iiCit
i—1 1=0

We first show that

*ﬂ
L

n

1

nT
=1t

Wi t+1 Ez’,t&‘,t = Op{\/ L/(nT)}

By the property of conditional expectation, we have

Il
o

E{wir1(¥")&er} =EA{E (w1 (") | Fo, Regr, Sersme) §eee} = E{n&iei} = 0. (A.14)
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Using similar arguments in deriving (»’s error bound in Proof A.5.1, we show

2

—nZE{th 5t£t €t}

2

n T-1

E E Wi t+1 €z tEit

i=1 t=0

2c/)? 2c
(o +27)° + ‘) ZEQ & < L)nTsup |®L(s)||5 < nTL.
s€S

Then by the Markov inequality,

n T-1

—Zszm D&iigin = Op{V/L/(nT)}. (A.15)

=1 t=0

Next, we show that

nT Z Z (wz +1() —wi t+1(¢*)> iy = 0,{(nT) "2},

A mean value expansion of the LHS around %* and multiply by vnT yields

n T-— n T-—
\/%ZZ 1t+1 éztgzt_ \/_ZZ lt+1 €2t€zt+\/_H1(1/J Qp )+Op( )

i=1 t=0 i=1 t=0
(A.16)
where H; = E {Stgtv¢wt+1(¢*)T} . Similarly, we obtain

n T-1 n T-1

%ZZ%M WL_TZZWH W) + VITE { Vw1 ()} (= 7) + 0,(1),

i=1 t=0 i=1 t=0

Here, we apply the semiparametric IPW approach (Shao and Wang 2016) to estimate the
dropout probability. The nonparametric part g(-) is first profiled as a function of @ using
(A.2), and then the parameter of interest 1) is estimated via GMM (Hansen 1982). According
to the proof of Theorem 2 in Shao and Wang (2016), \/ﬁ(@ —1)*) can be written as

n T-1

\/_(¢ () MZZ@HVF% 1).

i=1 t=0

Here ¢; 111 = (DTWT) ' Wm,; (Gy+, "), where my(Gy, 1) is a concatenation of my (G, ¥)
defined in (A.1), T is defined in Assumption 6(g), W is the inverse of positive definite L x L
matrix with element at ([,1') equals to E {my¢(gy+, ¥Y*)mp (gy, ¢¥*)}. Under Assumption
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(M ¢ (G, ™) — M (G, P°) — Ti,t(¢*))} 50,

L—mn
o(Uy) (.
Nit+1 €xXp(Y™" Zii11)
(A.17)
where the function v(-) is defined in Assumption 6(f)(iii). By Theorem 8.11 of Newey and

McFadden (1994) , we have

i=1 t=0

I —nitn1
where 7, ,(¢Y") = v(U; 1) ’ —-E
Nig+1exp(V* Zig41)

Y

1 n T-1
\/n_T{n—T ZZmzt(wa,w*)} iN(()» Qw*)’
i=1 t=0

1 I
where Q- = T ZE {(mu(gye, ¥*) + T (")} {my(gy-, ") + ()}’
=0

Together with Assumption 6(g), we have
VnT (9 — %) 5 N(0, ), where By = (I W) 'T" WQ,- WL TWT) ™. (A.18)

Plug (A.18) into (A.16) yields

nT 4 (wi:tﬂ(fﬁ) - Wi,t+1(¢*)> Eiscin = VNTH (3 — ¢) + 0,(1) = O, {(nT) ™%}

(A.19)
Combining (A.15) and (A.19) yields

n T-1

€ Z Z Wi,t+1<12)\>€i,t€i,t = O,{\/L/(nT)}.

nT 4
=1 t=0

Together with Lemma 7, we obtain
G = Op{\/L/nTlog(nT)}Op{/L/(nT)} = O, {L(nT) " log(nT)} . (A.20)

Error bounds for [[(;]|,. Similarly, we obtain the error bound for ¢; as follows

¢ =0, {LY*(nT)~1/?}. (A.21)
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Combining (A.12), (A.20) and (A.21), we have
Birw — B = O, {LY*(nT)™ 2} + 0, {L77} + O, {L(nT) ' log(nT)} = 0,(1). (A.22)

Following similar arguments as (A.11), we show |17I’FT,W(G) —V™(G)| = 0,(1), therefore XZ}EW(G)
is a consistent value estimator.

]

A.5.3 Proof of Theorem 3

Proof. We first provide an outline for the proof, which consists of four steps. In the first step,

we give the form of %y (s) and 02w (s). In the second step, we show the linear representation
VnT {‘Z’éw(G) - vrr<@)} Jow(G) = VAT { [.U(5)G(ds)} " ¢1/oww(G) + 0,(1) holds. In
the third step, we show vnT { [, U(S)G(dS)}T ¢ /opw(G) < N(0,1) based on the martingale
central limit theorem. In the last step, we show Gipw(G)/opw(G) = 1. A detailed proof is
presented as follows. For succinctness, we will write wtﬂ(z;) and w1 () as Weyq and wi
respectively for the rest of the derivation, and use notation wy;;, to replace wiq(p). Also,

-~

we will use m;, m, to represent my(gy-, ¥*), mt(glz, 1), and use 7", T; to represent (),

().

Step 1. Derive Gy (s) and ooy (s).
In the previous proof, we have already shown that BIPW — B = (1 + (o + (3, where

n T-1

1 - _
G = >t n_T Zzwi,t+1£i,t5i¢> = Op {Ll/Q(”T) 1/2}
i=1 t=0

n T-1

b= (S s LZZA. €200 | = 0, {L(nT) " log(nT)}
9 = IPW nT Wit+18it€it | = Up n og\n

i=1 t=0

n T-1

~ 1 —~ -
(3= EI’PlW n_T Z Zwi,t+1§i,t7"i,t> = Op (L p/d)

i=1 t=0
As long as the number of basis L satisfies Assumption 4(e), we have
n T

N 1 -1
VT (Bipw — B°) =V'nT( + 0,(1) = &7 (ﬁ Zl ;) wi,t+lgi,tai,t> +0,(1).

t

Plug (A.18) into the mean expansion in (A.16) and define Hy, = H(TTWT)"'T'"W, we
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can express vVn1'(; as follows

n T-1
VnT¢ =37 { Z (thJrlgi,tEi,t + H1¢i,t+1)} + 0p(1)

i=1 t=0

(wzt+1£i,t5i,t + Hgmi’t</g\¢*, Qp*)) } + 0p<1)

%
=

N

n

=

1 n T-1
=3 {ﬁ Z ( Zt—i-léi,tgi,t + H (m:t + Tz*t))} + 0p(1).
i=1 t=0

M

The last line applies the result of (A.17).
Let iy := wiyy1&iscin + Ho(m], + 774) , the expression for v/nT'(; can be simplified as

1 1 "
VnT¢ =%~ {WZZ }+o,, (A.23)

i=1 t=0

The asymptotic variance of (; is given by

- _ZE{%H@ &inkic) +

=
+ T Z E {thJrlgi,tgi,t (m:t + Tz"ft)T} H2T
t=0

-1

N

+ HLE {wzt+1€i7t (mft + T;:t) £ZTt

%IH

0
-1

’ﬂ

H>E { (m;kt + T:t) (m:t + TiTt)T} HzT
0

N[ =

t

Remark 7. Its estimator Q pw can be calculated using the empirical form. In our implemen-

tation, since 0 pw has a complicated form, we ignore the uncertainty associated with dropout
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propensity estimation and only keep the first term. The approximation (NZIPW 1S given by

n T-1

=7 Zzwztﬂg t€zt€zt

i=1 t=0
n T-1

Nit+1
gi,tg;l,—t = X
T i=1 t=0 1— )‘(Si,h Ai,ﬁa Ri,t+17 Si,tJrl; wnT)

B 1
- n
2

zt+1 ""YZ(D zt+1 IBaW(@|Sz t+1) I<Si,t)ﬁx4i,t)} :

acA

Despite of the proposed approximation for computational purpose, we still use the theoretical

version for the rest of our derivation.

The asymptotic variance of ‘/}I}ZW(S) and its estimator are given by

Tipw(s) = U ()57 Qupw (2 1) Uk (s),
8I2PW(5) = U;(S)i ﬁIPW(EIPW) lUw(S)‘

It follows that

otow (G {/U G(ds) } S Qpw(ET) {/U(S)G(ds)},

(A.24)
UIPW {/U G(ds) } EIPWQIPW 2Ipw {/U }
Step 2. Show the following linear representation holds
nT VI@W(G) - V7(G) nT U(s)G(ds)}
VT { J_VIT{LUOE@Y G e

UIPW<G> B UIPW(G)

Using arguments similar to step 2 of Theorem 1’s proof in Shi et al. (2021b), we have

-6 o)

Here we introduce the following lemma.

,+HCL™

)|, [P 67— 6

(A.26)

Lemma 8. Suppose Assumption 4-6 holds. Then there exist Cq such that Ayin(Qpw) > Can
with probability approaching 1. Besides, Amax(Qpw) = Op(1).
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Lemma 8 can be shown by noting that

mln < Z E {wz t+18 té’L tE ) - mln < 1 Z E { )\* ,t£i,t£iTt})

T-1
1 _ 1 c
2 )\min (T E {5?,t€i,t€;r¢ ) 2 CO 1)\min <T E {&,tf; > 2 —3 = CQ,la

t=0 t=0

T-1
)\max(A) S 0;1(00 + 20/)2>\max (% ; E {Ez,tg;r,t}) = Op(l)

By Lemma 8, the lower bound of o7y (G) satisfies

(@) 2 Car{ [ U(s)@(d@}T 2t @) [oeea | o

According to Lemma 3, we have A (X 72) = O(1). This implies that A\, {S~HZT)"1} > C

for some constant C' > 0, hence

2

otow (G) > Cq C (A.28)

/ U(s)G(ds)

S

2

Combining Equation (A.28) together with Equation (A.26) yields that

‘71715W(G {/U G(ds) } Gi

C'[—p/d

VG LUGEEs)],

1
UIPW(G)

= [ B — -

1
<
~ VCa,)C

According to the previous proof, we have
BIPW B =G+0, {L(nT)fl log(nT)} +Op (Lip/d)

Together with the conditions that L < v/nT/log(nT), L*/* > nT {1 + || [, U(s)G(ds) H;Q},

we obtain
ViT{Vpw(C) = V™(G)}  VaT {[ U(s)G(ds)} " G

orrw(G) a orrw(G)

+0,(1). (A.29)

This completes the second step of the proof.
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Step 3. Show
W{fs U( dS } §1 d
UIPW(G)

In this step, we first construct a martingale and then apply the martingale central limit

4 A0, 1),

theorem. For any integer 1 < g < nT', let i(g) and ¢(g) be the quotient and the remainder of
g+ T —1divided by T, that is, g = {i(g) — 1} - T+ t(9) + 1,1 <i(g) <n, 0<t(g) <T. Let
0 = {5, A1}, then iteratively define {F9} <, <.z as follows:

F = Fl- Yy {R 9)+15 Mi(g),t(g)+1> Sl(g) t(g)+1> Al(g) t(g) +1} if t(g) <T-1
F = Fl-1 {R 7> Mig),T> Si(g), T Si(g)+1,05 Ai(g)Jrl,O} ,  otherwise.

Use £9), m@), 70 @ w9 to represent &(g).u(). Mi(g)(9) Tit)t(e)» Eito)stle)> AN Wig) t(g) 1.6

respectively. It follows from (A.23) that

\/_{f UO‘IPW (és } < Z {f e leivsi(@z; <+ + 0p(1), (A.30)

where (9 = w*@¢gWe@) 4 Hy(m*9) + 749)). Using similar arguments as (A.14), we can
show E{w*@WgWe0) | Flo=U1 = 0. Meanwhile, E{m*@ | F9=D} = 0 holds as a result
of E{w*@ | FUV} = 1, and E{r*¥ | F4=Y} = 0 holds by construction. Therefore,
E{¢9 | F¥=D} = 0, the first term of the RHS of (A.30) forms a martingale with respect to
the filtration {o(F9))},50, where o(F9)) stands for the o-algebra generated by F9.

We can then use a martingale central limit theorem for triangular arrays (Corollary 2.8 of
McLeish (1974)) to show the asymptotic normality. This requires to verify the following two

conditions:

(2) maxi< cnr ]{ [ U(5)G(ds)} " =1¢0| /{vnToww(s)} 5 0.

(b) (nT)~ 5)G(ds)} ' =1¢@ ()} B 1.

First, we verify condition (a). It follows from Cauchy-Schwarz inequality that

_trwemeay =] el

{[U(5)G(ds)} ¢
VnTopw(s)

\/ﬁ opw(s)
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Notice that

HC(g)Hz — ‘ w* @ g la) 4 Hg(m*(g) + 7-*(9))”2 < W*(g)s(g)g(g)H2 + ||H2(m*(9) + 7+
< ‘w*(g)‘ Hé(g)Hz ‘5(9)‘ + || Hy||, Hm*(g) + ,,.*(g)H2

(C() +20,) * *
ST, W 1@L(s)]l, + (M @lo + [|[77@]|2) | Holl

JiB

< (co+2d)c*

1
VL + (_ 1+ ||7-*(9)||2> | Hs|, < C:VL, for some constant Ct.
x

Cx

Together with Equation (A.28), we have

.G VL
- \/CQJC_’ vV TLT‘

{[U(5)G(ds)} ¢
\/ﬁalpw( )

Since L < v/nT/log(nT), condition (a) is proven.
Next, we verify condition (b). Notice that

| {LUeas) s

nT =1 UIQPW(S)

{/U } -1 (%édg)gwﬁ _ QIPW> (=1 {/SU(S)G(CZS)} :

T-1
Qipw = % Z E {C(Q)C(Q)T}
t=0

In view of Equation (A.27), it suffices to show

o IPW

where

= 0,(1). (A.31)

This can be proven using similar arguments in bounding ||§3 — 3|2 in the proof of Lemma
3. Therefore,

s tLUb) ds} G Z{f Uﬁ(dsﬁ =7 4 o, )

UIPW(G)
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It follows from (A.29) and Slutsky’s theorem that,

VIT{V™(G) = V™ (G)} 4
p—c) — N(0,1).

Step 4. Show 6’}(@)/0’[13\)\/(@) ﬁ) 1.

Using similar arguments in verifying condition (b), it suffices to show

HEﬁDI\zvﬁIPw(ilpr)_l — 21 Qpw(ET)7!

= 0,(1).

Lemma 8 indicates that || Qpw||2 = O,(1). This together with Lemma 7 and the condition
L < V/nT/log(nT) yields that

/\_ ~ _ _ _1 /\_ _ /\_
IZ W rw (Ehw) " =27 Qpw (1) 2 < 1w — 7l Qw2 Zpwll2
+ | Z w2 w2 | Epw — 272
=0, {Ll/Q(nT)_l/2 log(nT) } = o0,(1).

Thus, it remains to show || Sy Qew (Efow) ™! — Sk Qew (Efbw) L2 = 0p(1), or
||§IPW — Qpwll2 = 0,(1). (A.32)

In view of (A.31), we only need to show Hﬁlpw - = Zzzl ¢y = 0,(1). Notice that

~

n

C DT _ @) a)T
{CogeT - (Tl

3
i

nT
~ 1
Q _ @ @T —
IPW — 75 ;1 ¢

i
I

||
5[
NE

C0) _ @) EOT 4 ) (Fo) _ ) L
(€9 = @) {97 4 ¢ ({9 — (@)

g=1

By the triangle inequality, we have

nT

nT nT
~ 1 1 ~ ~ 1 ~ T
Qipw — — Z ¢@c@T] < — Z <C(g) _ C(g)> COT| + — Z ¢ (C(g) _ C(a))

g=1 9 g=1 2 g=1 ( 2 )

A.33
It suffices to show
nT nT
1 ~ ~ 1
5 2 Q9 = (T = o(1) and |57~ ()T = 0y(1)
g=1 2 g=1 2
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Recall that (@) = 5@z@)¢@) 4+ f—I\Q(Tﬁ(g) + 79)), where

e = Rigy g1 +7 > 7 (a| Sigreor1) 1 (Sitgrit+1) Ba — 1 (Sitgtte)) Btiigyiay:
acA

and 39, H,,m@, 79 are obtained by plugging in .

We first show |-k 30T, ¢9(C'9 — )Tl = || 20T, (C9) — ¢lo))¢ g)Tllz = 0p(1), the
other statement can be shown using similar arguments. By definition, C — (9 can be

expressed as

Z(g) — (W =5Wa9eW L Hy(m + 79) — ,*9)9glo) Hg(m*(g) + T*(g))
— (@(g)g(g) — w*(g)g(g)) 9 4 f{\Q(m(g) + 5:(9)) _ Hg(m*(g) + T*(g)),

By the triangle inequality,

nT nT nT
1 1 . 1 .
— Z(C(g — ¢W@ycT — Z Eig)E:gg) = Z Efg)EA(tg)
2 9=1 g9=1 2
L i gogoT| 4|1 i EY BT
nT S nT
g9=1 2 2
Thus, it suffices to show |- Z"T E; g)E(g) |2 = 0,(1) for all i € {1,2},j € {3,4}.
We first show || Z"T E; g)E "l = 0,(1). It is equivalent to showing
sup | — Za gWg@T ( w*(g)g(g)) WD) = o (1),
acS™m
where SmL’l denotes the unit sphere {a € R™ : |lall; = 1}. According to Lemma 4,

SUDgegmL—1 ~ ZnT a’¢9¢WTa = 0,(1), hence we only need to show max;< <,z |(@@WEW —
w*@e@G5WEW| = 0,(1). The bound in (A.5) indicates that £9)’s are uniformly bounded,

together with the bound for w*¥) given in condition 5(b), we obtain max;<,<,r |w*@e®| =
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O,(1). Therefore, it remains to show

9zl _ 9 9] —
1?;,12%‘&} w*9e ‘ op(1).
Note that the term can be decomposed as B9&9) — *9 @) = (G — y*9))2W9) 4 y*(9)(Elo) —
(). Using similar arguments in showing (E.50) in Shi et al. (2021b), we have max; <<, |9 —

£9| = 0,(1). On the other hand, the consistency of dropout propensity model, 1Z B b,

indicates that @@ % w9 for any g, thus max;<y<,r [w9 — G¥| = 0,(1). Combine them
together yields
max_ | (@9)zle) _ *9)g | = max |(@ (9) _ ,*lg ))g(g) + w*(g)(g(g) _ 5(9))’
1<g<nT 1<g<nT
< max |w(9 w9 ||’%g |+ max |w* (g)||’{g) ) | = 0,(1).
1<g<nT 1<g<nT
(A.34)
This completes the proof for |- Z"T EVEDT |y = 0,(1).
Next, we show |- ZnT EVEYT|, = op(l). Using similar arguments in bounding

| — 3|5 in the proof of Lemma 3, we obtain

nT

1
— Z(m*(g) + 7N (m* 9D 4 )T — Q.

g=1

= op(1),

|H> — H |l = 0,(1), ‘
2

where
1 T
* * * *1 T

It follows from ) 2 4p* that L ZZL |m@ — m*@ H; 50, L ZZ; | 7@ — 7+9) H; 24 0. By
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the triangle inequality, we have — ZZ; |9 + 79) — (m*@) 4 T*(g))Hz 2 0. Therefore,

nT nT
— (m(g) + ;(g))(m*(g) NEY 2 [— (m*(g) + T*(g))(m*(g) + T*(g))T
g=1 g=1

2

”(ﬁ(g) + 7A.(g))(m*(g) + T*(g))T — (m*(g) + T*(g))( 9 4 7-*(9 H2

||(m(g) + $(g)) — (m*(g) + T*(g))||2 Hm*(g) + .,-*(9)H2

1 nT . R . . ) nT .
< (n_TZ H(m(g) + 79Dy — (m*9) 7 (9))H2> (nT Z ||'m @) 4 7= g)” )

the last step is because the convergence of the diagonal elements of %Z;Zl(m*(g) +
74@)(m*@ 4+ 7)) T implies that - Z;Zl |m @) 7+ Hz is bounded in probability. Based

on the aforementioned results, we can show

nT
1 T
> BVEY
9=1

2
nT
1 -y ~
=7 Z {H2<m(9) + 79 (@ + 7 NTH, — Hy(m*9 + 79)(m*9) 1 T*(g))THQ}
g=1 2
nT
T 1 — =~ * *
< |[(Hy — Hy) {ﬁ Z(m(g) + 7Y (m*W 4 (g))T} H,
g=1 2
1 nT
+ || H, {_T Z(frﬁ(g) + 7)Y (im0 4 )T — () 4 740 () 4 T*(g))T} H,
nT )
= 0,(1).
It remains to show |-= Z"T EYE?T|, = = 0,(1) and |5 ZnT EY E(Q)TH = 0,(1).
They can be shown in similar ways, here we only prove || Z"T E( )E4 ll2 = 0,(1) for
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brevity. Notice that

— Z (@(g)gg) _ w*(g)g(g)) £9 (M) 4 T\ || Hy|,

2

< LS [(@929) — @) g @ 1 70| || F|

f(%f;‘lu@w ) €01 ) (e Sl ) i

Smce = Z || @ H2 and HH2H2 are bounded in probability, it suffices to show
nT an ||( 9gle) — g)) £ H = 0,(1). We have already prove max;<,<,r |09l —

@e@| = 0,(1) in (A.34), hence max;<,<,r (@YW — w*9e@)2 = o,(1). Meanwhile, by
Lemma 4, we have sup,cgme—1 =7 ZZ; a’¢9WeWTa = 0,(1). Thus,

Te@e@)T “(9)-9)?] — (1
2 nTZa §UETa (@2 —w )] = 0,1,
equivalently, 1T Z H( 9Negle) — *@)el ) 9)” 0p(1). This completes the proof for
|- ZnT EY ig)TH = 0,(1). We can also show || - ZnT EYEYT|, = = 0,(1) using similar

steps.

Combine these results together yields ||=5 Z;L; C(g)(ag) — 9Ty = 0,(1) . Similarly we
can show || 5777 (C19) — ¢@)(DT|y = 0,(1) . Therefore, |Qpw — - 307 ¢COCOT||, =
0p(1), and hence (A.32) is proven.

A.5.4 Proof of Theorem 4

Proof. Similar to the proof of Theorem 1, we define ¢;; as follows:

git = Ri1 + ’YZQ Sitt1, )T (alSi1+1) — QT (Sies Air),
a€eA

and use F; = {(5;, 4;, Rj+1) bo<j<t U {S:, Ai} to denote the past information up to time ¢.
Based on Assumption 1, 2, and Bellman equation, ¢;; satisfies E (&;|F;) = E (¢S, A¢) = 0.

For simplicity, we use W, ;¢ and wy ;¢ to represent Wy 7 (Sis, Ait) and wy(S;+, A;¢) respectively.
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The value estimation error \A/éTC(G) — V™(G) can be decomposed as
VgC(G) - Vi(G)

n T-1

1

“1_~nT Z Zﬁz 1100 Rit11 — Espng {Z 7(a|So)Q™ (So, a)}
T i=1 t=0 acA

n T-1

1 _f}/n%z—wzznlt+lwﬁlt

i=1 t=0

— Esyng {Z 7(alSo) Q™ (So, a)}

acA

i1+ Q" (Sie, Aiy) ’YZQ Sit41,0 (a’Si,tJrl)]

acA

n T-1

]- - ’y TLT Z Z T’Z t+1w7r 7 tgz PAR IR (II)

i=1 t=0

For (I), note that L£,r (@, Q™) captures the difference between two sides of equation (2.5)
under the estimated density ratio and the true Q-function. This loss term is dependent on
the specific algorithm, the choice of function class @ and the computation procedure. Here

we assume this term converges to 0. For (II), by applying the Cauchy inequality, we have

n T-1 2
E § nthrlerztgzt

zltO

1 n T-1 n T-1
2
<E (nT Z Wi zt) (nT Z - YA t+15zt> (A.35)

i=1 t=0 =1 t=

n T-1
( 5 77)

i=1 t=0

The last inequality follows from the boundedness of @, ;;. Next, we derive the bound for
E ((nT)_1 DDA Dy Me41€0 t) Under the MAR assumption, 7,4, and &; are conditionally
independent, it follows that

E{ni1ei} = E{E (epaee Fo,me) } = EAE (g1 | Fosme) E (64| F2)} =0

Similarly, for any 0 < t; < ty < T, we obtain E{n, 1m,+16,1,} = 0. In addition, by the

independence assumption among trajectories, we have

E {nil7t1+177i27t2+15i1,t1Eiz,tQ} =0

91



Applying the bound for €; derived from (A.5) yields

n T—1 2 n T—1 T—1
{ T Z Ti t+1€zt} = T)? Z E{"ht+15m} T)? 'nZ]E{Tlt2+15t2}
(e i=1 t=0 =0 (A.36)
1
<ﬁ (Co+20)2.

Combine (A.35) and (A.36), we have

n T-1 2 1
{nTZ 07721;+1wmt€zt} Sﬁ(c(ﬁ—QC’)QCi.

=1 t=

By Markov inequality,

’ﬂ
L

n

1
nT

=1t

77z,t+10AJ7r,¢,t€¢,t = Op{(nT)*l/Q}_

Il
o

As a result, \7&3(@) 2 V™ (G) as nT — oo, indicating that ‘7{3‘0(@) is a consistent estimator
of V™(G) under ignorable missingness.

However, when the missingness is nonignorable, the conditional independence between
Ne+1 and €; no longer holds. As a result, the convergence of (II) to 0 is not guaranteed, and

the complete-case value estimator Vi, (G) will be biased from V™(G). O

A.5.5 Proof of Lemma 7

Proof. Recall that

n T-—
= 1
EIPW = n_T Z Z t+1£zt Ezt - ’YUth)T

=1 t=0

Y =FE{w; &€& —VUriri1)} =E{&1(&r — YUriri1)}-
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It follows that

n

T-1
~ 1 R
Yipw — 2 = _T : ;Wi,t+1£i,t (Ei,t - '7U7r,i,t+1)—r -3

n
=1
1 n T-1
- (n_T Z Z (@ijp41 — z*t+1)€i,t (&1 — va-,tH)T)
i=1 t=0
1 n T-1
(nT Z sz i1t (&i — VWrizs1) — E)
i=1 t=0

Using similar arguments in proving Lemma 3, we obtain

=0, {LI/Q(TLT)_I/Q log(nT)} .

n T-—
1
nT ZZ Zt+1£zt (&t — '7U7r,i,t+1)T -

i=1 t=0

On the other hand, using a similar technique as in (A.16), we have
1 ~ . I -~ .
e Z Z (wi,tJrl - Wi,t+1) & (fzt - ’YUn,z’,tH)T = VnTH3(¢ — ™) + Op(l)a

for some tensor Hj. By convergence of 9 given in (A.18), we have

n T-1
1 N . )
nT (@ier1 = Wiggr) Eit (& — VWriri1) || = Op{(nT)~V/?}.
[ p— )
Therefore,
n T-1
HEIPW_EH Z w18t &t—’YUth) - X
i=1 t=0 )
1 n T-1
* T
_T Z Z Bigp1 — wipy1) &i (Gt — YUrin)
i=1 t=0 )

=0, {Ll/2 T)~Y2log(nT }+Op{ nT)~ Y%}
=0, {LM2(nT) " log(n)}.

Based on this result, we can follow similar steps in the proof for Lemma 3 to show ||§3ﬁjlw||2 <
6c7! and |Sy — =7 = O, {LY*(nT)~"/?1og(nT)}. The proof is hence completed.
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A.5.6 Connection Between LSTD(Q and MWL

Here we provide a detailed derivation to show that MWL is equivalent to LSTDQ when w, (s, a)

and Q" (s,a) are modeled with the same set of basis functions, i.e., w,(s,a) = ®1(s) Ara
and Q7 (5,a) = ®1(s) B

Let ar = (apy,-+- 00 ,)", Br = (Bry,--- B, ,,) ", using the notation of £(s,a) and
U,(s) defined in Section 2.3.2, w, and Q™ can be expressed as wy(s,a) = &(s,a)" ay,
Q™ (s,a) = &(s,a)" By. Similarly, we denote &(S;, A;) and U, (S;) as & and U, for simplicity.

The objective function in (2.11) is equivalent to
n T-1

1
EnT Wm nT i, t+1w7r SztaAzt ( ; ‘Sz t+1 (Si,t+1,@/) - Qﬂ(Si,bAi,t))

+(1=17) Egyng {Z 7(alSo)Q™ (S, a)}

acA

n T-1
:—Z Nit+100; Ezt ’YUmt+1 ézt) Br + {/UT }Igﬂ

i=1 t=0

. 1 n T-1 T
=4 &, n_TzznthrlElt ’}/Uﬂ'lt+1_€lt) 1_ /U ﬁﬂ'

i=1 t=0

Notice that L, r(w,, Q) is linear in B,. To attain maxgreg Lor(wy, @T)? = 0, it suffices to
satisfy

n T-1
1
. <_T Nigr1&ie (YUr i1 — £i,t)T> +(1—7)- /U;(S)G ds) =

n i=1 t=0 s
Consequently, the estimation of a is given by

n T-1
a7r { ZZT/ZH_l Szt ,YUTI'Zt-i-l zt} {/U }

i=1 t=0
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Finally, by substituting &, into the value estimator, we arrive at the following estimator

?&;(G)
n T-1

n
-7 =1 t=

1
T
0
1 n T-1
<_ nz,t+1£ZtRz‘,t+1> Or

n
-7 =1 t=0

T
1 n T 1 n T-1
( an,t+1£;—tRi,t+1> {nT Nitt1 (&t — YUrits1) 5;} {/Uw (dS)}
i=1 t=0 i=1 t=0

n T-1 1 n T-1
= {/Uﬂ'( ) } { Z 771 t+1€zt €zt P)/Ufrlt+1) } ( Zznz t+1£z tRz t+1>
i=1 t=0 i=1 t=0 (A 37)

This estimator is identical to the complete-case LSTDQ estimator discussed in Section 2.3.2.

1, t+1w7r nT z t Ai,t)Ri,t—I—l
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Appendix B

Offline Inverse Reinforcement Learning

via Joint Soft-(Q and Reward Learning

B.1 Additional Experimental Details

Gridworld Experiment In this experiment, we evaluate the performance of IQRL in a
tabular GridWorld environment !. The action space consists of five possible actions: (up,
down, left, right, stay), with a 0.3 probability of random movement. Here we follow the steps
of Chan and van der Schaar (2021) and Garg et al. (2021) for this experiment: the optimal
policy is first obtained through value iteration under discount factor v = 0.9, then the expert
demonstrations are collected by generating n = 30 trajectories under the learned optimal
policy with a horizon of 7' = 20 and random initial states. To accommodate the tabular
environment, we modified our implementation to support tabular state space. Instead of
utilizing function approximation, we directly learned the state-only reward r(s) for each state
and the soft Q-function Q™ (s, a) for each state-action pair. The temperature parameter is set
to a = 1 and the soft Bellman residual weight is set to A = 0.05. The parameters are updated
until convergence via Adam optimizer (Kingma and Ba 2014) with a batch size of 256 and a

learning rate of 5 x 1073,

2D-Linear Experiment In this experiment, we evaluate the performance of IQRL in a
continuous 2D-Linear environment. The transition dynamics and the ground-truth reward
function are described in Section 3.4.1. We first learn the optimal policy using the Proximal
Policy Optimization (PPO) algorithm (Schulman et al. 2017) via the Stable Baselines3 library
(Raffin et al. 2021). We use the hyper-parameters given in Stable Baselines3 Zoo (Raffin 2020)

LOpen-source implementation of GridWorld: https://github.com/yrlu/irl-imitation
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for the CartPole environment, which also yields satisfactory performance in the 2D-Linear
environment. The discount factor is set to be v = 0.99, and the training of the RL agent was
executed until convergence. The expert demonstrations are then collected by generating n
synthetic expert trajectories with a horizon of T following the learned policy, where n = 100,
T = 10, 20. In our implementation of IQRL, the reward function is parameterized with a
linear model such that the weights add up to 1. The soft Q-function is modeled with neural
networks consisting of 2 hidden layers, each with 64 units. The hidden layers were connected
by exponential linear unit (ELU) activation functions. The temperature parameter is set to
a = 0.1. We further tuned the soft bellman residual weight A via grid-search based on the
action matching rate. Specifically, for w values of 0.3, 0.6, and 0.8, the A values that yield the
best performance are 0.75, 15 and 0.75, respectively. The parameters for the reward and soft
Q-function are updated until convergence via Adam optimizer with a batch size of 64 and a

learning rate of 3 x 1074,

Classic Control Experiment For the three classic control tasks (i.e., CartPole, Acrobot,
and LunarLander), we generate demonstrations by running pre-trained and hyperparameter-
optimized agents from the RL Baselines Zoo (Raffin 2020) in OpenAl Stable Baselines
(Raffin et al. 2021). Following the experimental setup of Chan and van der Schaar (2021), we
randomly sample (1,3,7,10,15) trajectories from a pool of 1000 expert trajectories for each
algorithm. These trajectories are then sub-sampled, taking every 10th step in Acrobot and
CartPole, and every 5th step in LunarLander. For the baseline methods, we utilize a PyTorch
reimplementation that is based on the publicly available code of AVRIL?, IQ-Learn?, and
ValueDICE*. Note that the original ValueDICE is designed for continuous environment, we
adapt it for discrete environments by using an actor with a Gumbel-softmax distribution
output. For IQRL, the penalty weight for soft bellman residual is fixed to A = 0.1. To
ensure a fair comparison, all algorithms use neural networks with 2 hidden layers of 64 units
each, connected by ELU activation functions. We use a temperature of 0.1 for CartPole and
Acrobot, and 0.01 for LunarLander. Through experimentation, we find that when the sample
size is relatively small in terms of the complexity of the task, a smaller temperature tends to
yield better results. As the sample size grows, a slightly larger temperature typically leads
to improved performance. All algorithms are trained until convergence, and evaluated by
the value of the learned policy, which is calculated by performing 300 live roll-outs in the

simulation environment. This entire process is repeated 10 times with different seeds and

2AVRIL code: https://github.com/XanderJC/scalable-birl

3IQ-Learn code: https://github.com/Div99/IQ-Learn

4ValueDICE code: https://github.com/google-research/google-research/tree/master/value_
dice
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seen trajectories.

Multi-Strategy 2D-Linear Experiment In this experiment, we assess the performance
of D-IQRL in the presence of heterogeneous expert demonstrations, and compare it with local
IQRL and centralized IQRL. We consider K = 3 strategies. For each strategy, we obtain the
optimal policy using the PPO algorithm and generate n = 100 trajectories for each strategy
with a horizon of T" = 20. There are a total of n x K = 300 trajectories. Based on a grid
search, the temperature parameter is set to 0.1 and the soft bellman residual weight A; is
set to 0.75 for all three training approaches. For D-IQRL, the regularization weight of the
strategy-specific reward is set to Ay = 0.01. The rest of the specifications are the same as in
the single-strategy experiment. We run the algorithms until converge to obtain a more reliable
reward estimation. During the evaluation, the reward correlation is calculated between the
learned strategy reward for observed state-action pairs and the ground-truth strategy reward
obtained from the environment. Additionally, the policy value is estimated by performing

100 roll-outs in the environment following the learned policy.

Automated Hyperparameter Tuning In the aforementioned experiments, the reward
and Q-function are simultaneously learned under a prespecified penalty weight A. This hyper-
parameter needs to be carefully tuned for each task via a grid search. Alternatively, we can
automate A tuning by applying the dual ascent (Boyd et al. 2004). This approach entails
alternating between the optimization of the Lagrangian with respect to the primal variables w
and 3, followed by a gradient step on the dual variable \. Based on the constrained objective

in (3.10), we can write the objective for optimizing A as follows
TN =X {Ep [ru(Sis, Aiz) +7 - Va(Sien1) — Qa(Sie, Aig)]* — 0} . (B.1)

The parameter \ is optimized by maximizing the objective function [J(\) via gradient ascent.
A similar strategy is also used in the automatic temperature tuning for the Soft Actor-Critic
(SAC) algorithm (Haarnoja et al. 2018).

B.2 Additional Details for Real Data Application

We extract the mechanical ventilation and antibiotics trajectories from the MIMIC-III
database (Johnson et al. 2016) following the steps of Jarrett et al. (2021)°. The data is

aggregated into one-day intervals. Different from the original implementation that only

®Code for MIMIC-III data extraction: https://github.com/vanderschaarlab/clairvoyance/tree/
main/datasets/mimic_data_extraction
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considered patients who received antibiotic therapy, we included all available patients to
learn the optimal treatment decision for both mechanical ventilation and antibiotic therapy.
The dataset comprises a total of 18,313 trajectories in total, with 7,683 from MICU, 5,107
from CCU/CSRU, and 5,523 from SICU/TSICU. We adopt 5-fold cross-validation to tune
the parameter and evaluate the performance. The temperature parameter « is set to 1 for
all algorithms. Besides, we set A = 2.5 for IQRL, and A\; = 0.01, Ay = 2.5 for distilled IQRL.

The models are trained until convergence with a batch size of 64 and a learning rate of 1073.

99



	List of Tables
	List of Figures
	Introduction
	Background
	Reinforcement Learning
	MIMIC-III Database

	Practical Challenges in Applying RL to EHR Data
	Missing Data and Dropout
	Reward Construction for Composite Outcomes

	Notations
	Overview

	Off-Policy Evaluation with Nonignorable Missing Data
	Introduction
	An Overview of Off-Policy Evaluation Methods
	Off-Policy Evaluation with Incomplete Data
	Missing Data Mechanism
	Value Inference under Missing Data
	Value Inference with Inverse Weights

	Generalizability of Proposed Framework
	More General Dropout Patterns
	Extension to Other Off-Policy Evaluation Methods

	Simulation Study
	Real Data Application
	Discussion and Future Work

	Offline Inverse Reinforcement Learning via Joint Soft-Q and Reward Learning
	Introduction
	Preliminaries
	Maximum Entropy Reinforcement Learning
	Maximum Entropy Inverse Reinforcement Learning

	Offline Inverse Reinforcement Learning
	Inverse soft-Q and Reward Learning (IQRL)
	Distilled Inverse soft-Q and Reward Learning (D-IQRL)

	Simulation Study
	Performance of IQRL
	Performance of D-IQRL

	Real Data Application
	Discussion and Future Work

	References
	APPENDICES
	Off-Policy Evaluation with Nonignorable Missing Data
	Sensitivity Analysis
	Additional Experimental Details
	Additional Details for Real Data Application
	Assumptions
	Proof of Main Results
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4
	Proof of Lemma 7
	Connection Between LSTDQ and MWL


	Offline Inverse Reinforcement Learning via Joint Soft-Q and Reward Learning
	Additional Experimental Details
	Additional Details for Real Data Application


