ABSTRACT

YOO, WILLIAM WEIMIN. Sup-norm Posterior Convergence Rates for Regression Models
with Application to Estimating the Location of Function Maximum. (Under the direction of
Subhashis Ghoshal.)

In the setting of nonparametric multivariate regression with unknown error variance o2, we

propose a Bayesian method to estimate the regression function f and its characteristics, with
particular interest in estimating its mixed partial derivatives, location of function maximum g
and its value maximum M. Our prior consists of representing f using tensor-product B-splines

with normal basis coefficients, where o2

is either estimated using empirical Bayes or endowed
with an inverse-gamma prior. The frequentist properties of the resulting posterior distributions
and credible sets are studied extensively. In particular, we establish pointwise, Ls-and sup-norm
posterior convergence rates for f and its mixed partial derivatives, and show that they coin-
cide with the minimax rates. Also, pointwise, Lo-and sup-norm credible sets are constructed
to reflect their estimation uncertainties. Under appropriate conditions, we show that they have
guaranteed frequentist coverage with optimal size up to a logarithmic factor. We extent our
results on posterior convergence rates and credible sets to anisotropic f, such that f has dif-
ferent smoothness in each dimension. In addition, we introduce new results on tensor-product

B-splines.

We derive an inequality that relates sup-norm distance of partial derivatives of f with
Euclidean distance of u, and also prove a similar inequality between f and M. Hence, posterior
convergence rates and credible sets established for f and its mixed partial derivatives translate
directly to . and M. Moreover, we propose a two-stage Bayesian procedure to estimate these two
quantities. In the first stage, we endow f with the tensor-product B-splines prior as described.
We then construct credible region for g based on the posterior distributions of f and its mixed
partial derivatives. We sample from this region and represent f as a multivariate polynomial
with normal coefficients. The corresponding induced posterior distributions of g and M will have
improved posterior convergence rates. In particular, for a-smooth f, the optimal single-stage
posterior convergence rates (logn/n)@~1/Ca+d) and (logn/n)*/?*+4) for y and M improve to
n~(@=1/C) and n=1/2 respectively when a > 1 + \/m
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Chapter 1

Introduction

1.1 Bayesian nonparametrics

Bayesian nonparametrics is the application of Bayesian principles to nonparametric models for
parameter estimation and inference. These models contain infinite-dimensional parameters and
do not assume specific functional form for the true distribution. Bayesian inference on these
models consists of two main steps: specifying prior distribution on these infinite-dimensional
parameters, and combine the prior with the likelihood through Bayes formula to produce the

corresponding posterior distribution.

Unlike parametric models, which have overly restrictive and often unjustifiable assumptions
on the data generating mechanism, these models are flexible and can be applied to a wide va-
riety of statistical problems. A canonical example is density estimation where the parameter is
the density function itself. Another example, which will be the main focus of this dissertation is
regression, where the regression function is unknown and assumed to belong to a function class.
Additional examples include estimation of spectral density in time series, hazard rate function
in survival analysis, transition density of Markov chain, nonparametric hypothesis tests and
others. The Bayesian paradigm provides a unified and consistent framework for parameter esti-
mation and inference, since all quantities of interest such as point estimator and credible regions
can be derived solely from the posterior distribution. In addition, the development of Markov
Chain Monte Carlo (MCMC) sampling methodologies has provided a tremendous boost to the
use of Bayesian nonparametrics in practical applications. For example in genetics, machine

learning, neuroscience, engineering and many more.

However, the myriad of opportunities offered by Bayesian nonparametrics come with several

caveats. Unlike parametric Bayesian procedures, eliciting priors on infinite-dimensional spaces



poses unique conceptual and technical challenges. Natural choices of prior for certain statis-
tical problem might lead to an inconsistent posteriors, i.e., a posterior distribution that does
not concentrate at the true value of the parameter asymptotically. The inclusion of the true
parameter in a prior’s topological support does not by itself guarantee posterior consistency.
This stems from the fact that it is possible to construct priors on infinite-dimensional spaces

that will not be overwhelmed by the data even if we had indefinitely large sample sizes.

To avoid these difficulties, a list of default priors are introduced and catalogued for different
problems. Such priors are constructed through some automatic mechanism and their mass is
spread across the parameter space. Also, they are impartial with respect to any particular pa-
rameter, and they have low information content compared to the data. They are analogues to
improper priors in parametric Bayesian inference, but these default priors are invariantly proper
on infinite-dimensional spaces. Examples of default priors include Dirichlet process (Ferguson,
1973), Dirichlet mixtures (Ferguson, 1983, Lo, 1984), Gaussian process (Leonard, 1978, Lenk,

1988) and random series.

Sampling from the posterior distribution of infinite-dimensional parameters requires inno-
vative and novel sampling strategies. The basic idea is to decompose the posterior into more
elementary components, and reduce the problem into sampling from these finite-dimensional
pieces. Often, the sampling problem is cast into a hierarchical framework by introducing latent
variables. Examples include Gibbs sampling based on Pélya urn (MacEachern, 1994, Escobar
and West, 1995) with its variants such as stick breaking Gibbs (Ishwaran and James, 2001)
and no-gaps algorithm (MacEachern and Miiller, 1998), Metropolis-Hastings with Gibbs sam-
pling (Neal, 2000), slice sampling (Walker, 2007), non-MCMC sampling based on random series
(Shen and Ghosal, 2014), variational methods (Blei and Jordan, 2006), and direct sampling if

the posterior distribution has explicit expression due to conjugacy.

In the next section, we discuss Bayesian nonparametric regression, which is one of the main

applications of Bayesian nonparametrics.

1.2 Bayesian nonparametric regression

The Bayesian nonparametric regression problem is as follows: suppose we have noisy observa-

tions from some unknown function f : R* — R such that

Y = f(Xi) + &, (1.1)



where the covariates X; € U with U some bounded open set in R?, and ¢; are independent and
identically distributed (i.i.d.) errors. Our aim is to estimate f and perhaps some of its other
characteristics. Since f is unknown, we will typically assume that f belongs to some known
function space F. A Bayesian will then put a prior on f, compute its posterior, use the pos-
terior mean as estimate for f and quantifies its uncertainty by constructing credible sets for f

based on posterior variance.

There is a close connection between regression with spline theory since f can be modeled
as splines in some applications. In this framework, Kimeldorf and Wahba (1970) and Wahba
(1978) appear to be the first to use Gaussian process as prior for f, where they used what is
called the integrated Brownian motion polynomially released at zero. Cox (1993) expanded f
using random series with eigenfunctions as basis. de Jonge and van Zanten (2012) represented

f using tensor-product B-splines and studied its asymptotic properties.

Certain characteristics of f are also of interest. For example the derivatives of the regression
function assuming that the function is smooth enough. The location of the function maximum
and its maximum value are useful characteristics that we will fully investigate in this dissertation
(see Figure 1.1). Other characteristics include location of change-points or jump discontinuities

and estimating the inverse of a regression function evaluated at a point in the function’s range.

The regression function and its associated characteristics can be estimated in one or multi-
stages. In this context, single-stage estimation means we use a fixed design to collect all samples
for estimation in one go. For multi-stage estimation, we employ instead sequential design to
collect samples, i.e., one collects samples based on information gathered from previous samples,
and estimation is conducted through stages. It has been proven by many research papers that
multi-stage estimation improves the accuracy of the estimate, and it is possible to construct
estimators in sequential designs that have faster convergence rates than the minimax rates for
single-stage procedures. Examples in the literature include two-stage estimation of location of
function maximum (Belitser et al., 2012), change-points (Lan et al., 2009) and inverse regression
(Tang et al., 2011).

To start, we describe in detail some default priors for regression functions that are used in

this dissertation.
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Figure 1.1: The red dot is the point of global maximum, we are interested in determining the
location of this point in the z,y plane below and its maximum value.

1.3 Priors on regression functions

1.3.1 Gaussian process

Let X = {X(t) : t € U} be a stochastic process indexed by U C R?. Define its mean function
as E[X (¢)] = u(t) and covariance function as Cov[X (t), X(s)] = V (¢, s) for any t,s € R%. We

say X is a Gaussian process if for any n finite collection of points t1,...,%,,
[X(t1),..., X(tn)] ~ Np(p, V), (1.2)

where g = (u(t1), ..., u(t,))" and V is the Gram matrix of the covariance function V (-, ), i.e.,
vij = V(ti, t;) for 1 <id,j <n.

Since any realization of X is a function with domain U, X is a default prior on the function
space F. If additional functional properties are desired such as continuity and differentiability,
we modify the prior by imposing certain conditions on its covariance function. It turns out
that mixed partial derivatives of X are also Gaussian processes. The support of X is given by

the completion of its reproducing kernel Hilbert space (for an introduction see van der Vaart



and van Zanten, 2008a). Specific instances of Gaussian processes include the Brownian mo-
tion or Wiener process (Figure 1.2), integrated Brownian motion, fractional Brownian motion,

Riemann-Liouville process (see Section 4.2 of van der Vaart and van Zanten, 2008b).

sample paths
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Figure 1.2: Sample paths generated from a Brownian motion, each of this path is a continuous
function in R.

1.3.2 Random series

Let f : R — R be the regression function in (1.1) such that f € F. Suppose {¢; : j > 1} is a

set of basis for F, then we can represent f truncated at level J as

J
f(z) =) 0i0;(x). (1.3)
j=1

The above series representation is a random function and hence its name random series. Depend-
ing on the underlying function space F, commonly used basis functions include the polynomials,
Fourier basis, B-splines and wavelets. Prior elicitation can be accomplished by putting sepa-
rate independent priors on (f1,...,60;)7 and J respectively. This will then induce a prior on
f. For multivariate f, we replace ¢; by its tensor-product and sum over the different J’s in

all dimensions. It turns out that by the Karhunen-Loeve theorem, any Gaussian process can
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Figure 1.3: The figure on the left is the true f, while on the right is the posterior mean of f
using bivariate cubic B-splines random series.

be represented as a infinite random series with normal coefficients, and the eigenfunctions of
its covariance function as basis. Random series is a powerful tool in Bayesian nonparametrics.
With appropriate choices of basis and priors on the coefficients, random series can approximate

a wide variety of functions well (see Figure 1.3).

1.4 Consistency and convergence rates

Due to the sheer size of an infinite-dimensional parameter space, there is no guarantee that
the posterior distribution will converge to the point mass of the truth, even if the truth is
contained in the support of the prior. This property, which we call posterior consistency holds
in finite-dimensional parametric models under relatively mild conditions, but a much more in-
volved analysis is needed to establish consistency in nonparametric models. Freedman (1963)
constructed an example using geometric distribution showing posterior inconsistency. Other
examples can be found in Diaconis and Freedman (1986) for location models and de Blasi et al.
(2013) for Gibbs-type priors. The celebrated Schwartz (1965) paper introduced the concept of
using Kullback-Leibler neighborhoods and test with exponentially small errors to prove consis-
tency for dominated statistical models. Extensions of Schwartz’s result were provided by Barron
et al. (1999) and Ghosal et al. (1999).

Since the definitions given below apply to more general parameter spaces, we will tem-
porarily leave the regression framework. Let © be the parameter space endowed with a met-
ric d and a Borel sigma-field %. Let 8y € © be the true parameter. Suppose we observed
X = (X1,..., X,)T ~ P\, where P{" is the joint distribution of X indexed by 6 € ©. Also,



let Pe(:) be the corresponding true joint distribution and define X to be the sample space of
X . Note we do not assume independence or i.i.d. structure of the observations. Given a prior II
on the Borel sets of O, let II(:| X) denote the corresponding posterior. We say that the posterior
distribution II(-|X) is consistent at 6y if for any e > 0,

II(0 : d(0,6p) > €| X) — 0 (1.4)

in PH(:)—probabﬂity as n — oo. Consistency is a frequentist concept. But applying it in the
Bayesian context means that as we collect more and more samples, the posterior distribution
will converge to the point mass of 6. Another implication of consistency is that with large
enough samples, posterior distributions computed using different priors will agree (their dis-
tances in weak topology will go to zero). Hence Bayesians with different prior beliefs will have

their opinions merged, and will ultimately reach a consensus iff consistency holds.

We can take this concept one step further by asking how fast € can go to 0 with n maintaining
the property that the posterior probability in (1.4) goes to zero. This rate of convergence can
be succinctly described as follows: given a positive sequence €, such that €, — 0, we say that
posterior distribution II(-| X) converges to #y at the rate €, with respect to the metric d if for

any sequence M,, — oo,
II(6 : d(0,6p) > Myen| X) — 0 (1.5)

in Pg(:)—probabﬂity as n — oo. We are naturally interested in the fastest rate possible, i.e.,
smallest €,. Often the optimal rate will be equal to the minimax estimation rate in the fre-
quentist sense up to a constant or logarithm factor. In our case, © is the function space F
with true function fy. We will study supremum norm (sup-norm for short) convergence rates
of f € F and its derivatives, where the metric used is the function supremum norm, i.e.,
d(f, fo) = ||f — folloo = sup,ep | f(x) — fo(x)|. Note that estimating the derivatives of f can be

viewed as an inverse problem.

If we had analytic expression for the posterior through conjugacy, then (1.5) can be estab-
lished by Markov’s inequality. If not, then more elaborate theory is needed. In this case, there
are usually four conditions that we need to verify depending on the dependence structure of
X . Instead of providing the exact technical details of these conditions, we choose to provide
heuristic descriptions of them. Interested readers can refer to Ghosal et al. (2000) or Ghosal and
van der Vaart (2007) for a detailed discussion. The foremost condition needed is the existence

of test function ¢, : (™ — {0,1} with exponentially small error for the following hypothesis



radius e

Figure 1.4: Schematic diagrams: testing problem in (1.6) on the left while the right shows the
number of balls needed to cover ©,, (covering number).

testing problem. Let &, ¢, > 0 and some 6; € ©. Suppose X ~ P for some joint probability
distribution P and we wish to test the following (see left panel of Figure 1.4):

Hy:P=P)", Hi:P=PF" forsomef:d(,61) > ey (1.6)

A test function ¢,, for this problem is such that it rejects the null if ¢,,(X) = 1. We assume that
there exists ¢, such that its Type I and II errors are exponentially small. Construction of such
test function typically begins by considering a series of hypothesis tests where the alternative
is a small ball separated from the null value of the parameter. One then combine these tests
to obtain the desired ¢,. Generally, imposing this condition all over the parameter space is
impossible for non-compact parameter spaces, because the number of small balls needed to
cover the alternative parameter space in (1.6) is infinite. A useful technique is then to form such
exponentially powerful tests only within a sieve, which is a sequence of approximating compact
subsets ©,, C © such that U>? ;0,, = ©. Then the testing condition can be satisfied on ©,, by
controlling the covering numbers of ©,,, i.e., the number of small balls required to cover ©,.
This then effectively reduces the testing requirement to a condition on the entropy (logarithm
of covering number) of the sieve. The second condition requires the prior to put sufficient mass
near the true 6y, where distances are measured using Kullback-Leibler divergence. The last
condition needs the complement of ©,, to receive small prior mass, so that we can substitute ©
with ©,, in the first testing or entropy condition. If the prior is a Gaussian process, then more

explicit sufficient conditions are given by van der Vaart and van Zanten (2008b).



1.5 Coverage and credible region

Given parameter space O. Let 6y € © be the true parameter. We say that a subset C'(X) of ©
is a 1 — v credible region or set if the posterior mass of C(X) is 1 — v for v € [0, 1]. That is,

(0:0 € C(X)|X)=1-1. (1.7)

Credible regions are used to quantify the uncertainty of estimating 0, with the posterior spread
indicating the margin of error in estimation. Unlike frequentist’s confidence regions, (1.7) is
a true probability statement and we can say the posterior probability of € falling in C'(X) is
1 — ~. We note that C(X) depends on the data X. In parametric Bayesian inference, various
criteria were proposed as to what constitute the best 1 — ~ credible region, and methods were
developed to construct them. For example, constructing the highest posterior density (HPD)
credible region, where we try to find the smallest C'(X) region that satisfies (1.7). In finite-
dimensional setting, the credible region constructed will have the right asymptotic frequentist

coverage in most cases, i.e., as n — 00,
Py (6 € C(X))=1—7. (1.8)

However, this is no longer true for credible region constructed for infinite-dimensional parame-
ters. Using the Gaussian white noise model, Cox (1993) concluded that Bayesian credible sets
at any level have frequentist coverage zero for almost all true 6y. This disparaging conclusion
was furthered enforced by Freedman (1999) and he provided instances of credible sets with
asymptotically zero or sub-optimal coverage. It may be noted that their formulation consists of
drawing true function (equivalently sequences) from the prior itself, and failure is shown in the
almost sure sense with respect to the prior. The main cause of this is that in finite-dimensional
problems, the Bernstein-von Mises theorem holds. That is, the posterior distribution converges
to a normal distribution centered at the maximum likelihood estimate, with the inverse Fisher
information as its variance. Hence, if the sample size is large enough, credible sets will behave
like confidence regions and they will have asymptotically the right coverage. However, there is
often no Bernstein-von Mises theorem for nonparametric models and credible sets constructed
for these models are not guaranteed to have the right coverage. On the other hand, Leahu
(2011) and Castillo and Nickl (2013) showed that if the parameter space is extended beyond /o
sequence space, and normal priors with large variances are used for each component, then the

credible regions do possess adequate frequentist coverage.

It was only after the work of Knapik et al. (2011) that the entirety of the problem is known.

Zero coverage occurs when the prior oversmoothes the truth. They further showed that by un-



dersmoothing the prior, we can construct conservative credible sets with coverage tending to 1.
They then applied their findings to the problem of heat equation in Knapik et al. (2013). On
the other hand, Castillo and Nickl (2013) extended Leahu (2011) work beyond conjugate priors
and obtained parametric posterior convergence rates under norms weaker than the fs-norm,
called negative Sobolev norms. Assuming a weak Bernstein-von Mises phenomenon, Castillo
and Nickl (2013) constructed credible sets with right frequentist coverage for white noise mod-
els. They also showed that Bernstein-von Mises result holds for the negative Sobolev norm
under appropriate condition on the prior. Recent research considers the issue of constructing
adaptive credible sets, where these sets have guaranteed frequentist coverage with radius that
adapts to the unknown regularity of 6y, or function smoothness if © is a function space (see
Hoffman et al., 2013 and Szabo et al., 2014 for more details).

Motivated by the previous discussion, we will consider a reformulation of the Bayesian
credibility problem. For a given sequence L,, — 0o, our aim is to find a subset C'(X) C © with

the following properties, uniformly for g € D where D is a ball in O:
1. II(f € O(X)|X) = 1 — w, in P{"-probability,
2. Py (6y € O(X)) = 1,
3. diam(C(X)) = OP(n>(Lnen),

where €, is the minimax convergence rate for 6. The first condition creates a 1 — w,, credible
region, where w, € [0, 1] can be fixed or a sequence tending to 0. If w,, is a constant, then the
second condition holds if we inflate the radius of C'(X) by some factor, or we use a prior on 6
that is less regular than the true regularity of 6y (undersmoothing if © is a function space with
function smoothness as a measure of regularity). The second condition says that the frequentist
coverage under the true distribution of the credible region goes to one asymptotically. The last
condition limits the size of the constructed credible region by forcing it to have diameter at

most Ly€,.

1.6 Research questions and our contributions

There are roughly three problems that we hope to address in this dissertation. In what follows,
our parameter space O is the function space F. Consider again the nonparametric regression
problem in (1.1). Let fy be the true f. Assume that f has a unique maximum at pu € U C R?

with maximum value M = f(u).

10



1.6.1 Sup-norm convergence rates for f and its mixed partial derivatives

Convergence rates under Lo-norm and Hellinger distance were the first to be derived and stud-
ied, and the corresponding theory is well established. However, theory for convergence rates in
stronger norms such as the supremum norm is limited and has only caught attention in recent
years. In addition, there is an inequality relating the sup-norm distance of partial derivatives
of f and the Euclidean distance of w. Also, similar inequality holds between f and M. This
implies that the posteriors of f and its partial derivatives induce the same sup-norm rate on the
posteriors of M and p. Therefore, these two factors motivate the study of sup-norm posterior

convergence rates for f and its mixed partial derivatives.

The first paper to tackle this problem was Giné and Nickl (2011), where they derived rates
in Ly-metrics for all 1 <r < 0o, and they constructed new tests with exponentially small error
probabilities based on Talagrand’s inequality to handle L..-convergence. However their rates
are sub-optimal for r > 2, and they showed using a white noise model that optimal rate is
achievable for conjugate priors with diagonal structure. Castillo (2014) introduced techniques
based on semiparametric Bernstein-von Misses type results to obtain optimal sup-norm rates,
for the white noise model and density estimation using priors based on wavelet series. He split
the sup-norm distance into smaller components consisting of semiparametric functionals, and
the corresponding influence function is estimated using various uniform approximation schemes.
Hoffman et al. (2013) derived optimal adaptive sup-norm convergence rate for white noise model
using spike and slab priors. They then generalized their result by introducing sieve priors that
achieve the same adaptive sup-norm rate. For density estimation, Scricciolo (2014) employed
Gaussian kernel mixtures by endowing the mixing distribution with a Pitman-Yor or normal-
ized inverse Gaussian process. She obtained adaptive posterior convergence rates in L,-metric
for 1 <r < oo.

Most of the papers on sup-norm convergence rate focus on density estimation and white
noise model with known error variance, and contain only brief mentions of nonparametric re-
gression. Also, all papers considered univariate models. Most papers use random series prior
with wavelets as basis. In this dissertation, we will derive sup-norm convergence rates for multi-
variate nonparametric regression in the setting of (1.1). Instead of using wavelets, we represent
f using random series with tensor-product B-splines as basis. Although both B-splines and
wavelets are widely used in this context, B-splines have the added advantage in that mixed par-
tial derivatives of f are expressible also as tensor-product B-splines. Hence the same posterior
analysis for f carries over to its mixed partial derivatives. This allows us to study posterior

convergence rates for derivatives as well, a topic that was largely unaddressed so far, except
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implicitly as inverse problems in white noise models. Moreover, we allow function to have dif-
ferent smoothness in different dimensions, which is a useful generalization. In addition, we let
o be unknown, thus making the results more relevant for practical applications. The sup-norm
convergence rates under our proposed prior coincide with the minimax rates of estimating a

function and its mixed partial derivatives.

1.6.2 L. -credible sets for f and its mixed partial derivatives

The issue of constructing nonparametric confidence set has been studied by many authors. In
particular, Juditsky and Lambert-Lacroix (2003), Robins and van der Vaart (2006) and Cai and
Low (2006) showed that it is impossible to construct adaptive confidence sets that are simul-
taneously honest, and have radius that adapt to the underlying function smoothness. Bayesian
analog of a confidence set is given by a credible region in which has a guaranteed posterior
probability. Construction of credible sets in the context of function estimation is a challeng-
ing problem, since optimal smoothing typically makes the order of the bias and variability the
same. They are typically easy to obtain numerically from posterior sampling. Hence it is of
considerable interest to know that a credible region possesses asymptotically correct frequentist

coverage.

The issue of constructing credible sets for nonparametric models, and evaluating their per-
formance has received very little attention in the Bayesian nonparametrics literature, with the
main references mentioned in Section 1.5. Most of the credible sets for f in these papers are
sets in sequence fs-or function Lo-Hilbert spaces, while sets in Lo.-Banach space are not well
understood. Using our tensor-product B-spline prior, we propose methods to construct L.o-
credible sets for f and its mixed partial derivatives that satisfy the criteria listed in Section
1.5. In addition, we will also construct pointwise credible intervals for f(zx) at any x € (0, 1)¢
and Lo-credible sets for f. Under appropriate conditions, all pointwise, Le-and Lo-credible
sets are shown to have frequentist coverage tending to 1 asymptotically with optimal size up to
a logarithmic factor. Moreover, we carried out extensive simulations to compare finite sample
performance of our pointwise credible intervals and credible bands with pointwise confidence

intervals and confidence bands proposed by Zhou et al. (1998).

1.6.3 Bayesian estimation of location of maximum g and maximum value M

The estimation of p and M in one-dimensional regression setting is well studied in the fre-
quentist literature. For example Miiller (1985, 1989) estimated p via kernel estimators, Shoung
and Zhang (2001) used least squares and Klemela (2005) considered adaptive estimation of p.
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Kiefer and Wolfowitz (1952) proposed a Robbins-Monro type algorithm using sequential sam-
pling to estimate p in one-dimension. Blum (1954) extended their method to higher dimensions.
Mokkadem and Pelletier (2007) provided a method to simultaneously estimate g and M in a
sequential design setting. Belitser et al. (2012) proposed a two-stage procedure for estimation

of these two quantities and studied its asymptotic properties.

However, the papers described above used frequentist methods in estimating p and M,
and a Bayesian equivalent is lacking. Therefore, we will study this problem in a Bayesian
setting. Inspired by Belitser et al. (2012), we will propose a Bayesian two-stage procedure
to estimate pu and M. We study its asymptotic properties and investigate its finite sample
performance through a series of simulations. In particular, we show that our proposed Bayesian
two-stage procedure performs better in terms of mean square error than other common single-
stage methods, and is as good as the frequentist two-stage procedure proposed in Belitser et al.
(2012). We hope that this dissertation is a first step towards providing a Bayesian solution to
this problem.

1.7 Notations and preliminaries

We describe notations and technical definitions used throughout this dissertation. All asymp-
totic relations and symbols described below refer to the regime n — co. Given two numerical se-
quences a,, and by, a, = O(b,) or a, < b, means a,, /b, is bounded, while a,, = o(b,) or a,, < b,
means ap /b, — 0. Also, a, < b, means a,, = O(b,) and b, = O(ay,). Furthermore, a,, ~ b, is
an /b, — 1. For stochastic sequences X,,, X,, = Op(a,) means that P(|X,| < Ca,) — 1 for
some constant C' > 0, while X,, = op(ay,) means P(|X,| <¢€) — 1,Ve > 0. Let N = {1,2,...}
be the set of natural numbers and No = NU {0}.

Vectors are represented by bold symbols and can be upper or lower case English or Greek
letters. All vectors are in column format and the corresponding non-bold letters with subscript
denoting the components, i.e., for x,2; € RY, & = (z1,...,29)7 and x; = (z41,...,2iq)"
respectively. Let ||z, be the vector p-norm, i.e., ||x|, = (E‘,ﬁzl |z |P)Y/P. If p = 2, we suppress
the subscript and simply write ||| to be the usual Euclidean norm. Given another vector y
of the same dimension, we write * < y if z < yr, k = 1,...,d. Matrices are written in bold
and only upper case English letters are used to denote them. For a given symmetric matrix A
of dimension m x m, we denote its (7,7)th element by a;;. Let Ayin(A) and Amax(A) denote
the smallest and largest eigenvalues respectively. Denote A(A) to be the set of eigenvalues of

A. Define the (r, s) matrix norm of A as ||Al|(. s = sup{[|Az|[s : ||/, < 1}. In particular, the
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(2,2) and (00, 00) norms are defined as
HA”(ZQ = )\maX(ATA) = |Amax(A)],

HAH (00,00) :1r<na<x Z |aij| = lgzginz |aijl,

where they are the usual operator norms if we view A as a continuous linear operator on
(R™/ || - |I) and (R™, || - ||oc) respectively. In addition, define the matrix max-norm as ||A|ec =
maxi<; j<m |@ij|. Then the max-norm, (2,2) and (0o, co) matrix norms are related by ||Al/cc <
[All2,2) < | All(00,00)- With another symmetric and square matrix B of the same size, A < B
means B — A is non-negative definite and A < B means B — A is positive definite. We say
that A is a g-banded matrix if a;; = 0 for |i — j| > ¢. Also, we denote I, as the m x m identity
matrix and 14 as the vector of ones with dimension d. We define diag(as,...,ay) to be the

diagonal matrix with diagonal elements (a1, ..., am)".

For f: U — R on some bounded open set U C R?, let ||f||, be the L,-norm, i.e., |||, =
(f | f|Pdv)/P for some sigma-finite measure v. If the integrating measure needs to be emphasized,
we write || f|l,c = ([ |fIPAG)YP. If p = 00, ||flleo = Supyey |f(2)|. For a real-valued random
variable X and a function % : [0,00) — [0, 00), which is nondecreasing, convex and 1(0) = 0,

we define the Orlicz norm of X as

xiy=mnt{c >0 lu(B1)] <1},

We note that if (z) = aP for p > 1, then || X ||, = || X||,. We will mainly use the exponential
Orlicz norm, v, (x) = e* — 1 for p = 2 throughout this dissertation. For I C U, let f|; denote
the restriction of f onto I such that f(z) = f|;(z) for x € I. Furthermore, let 17(x) be the in-
dicator function on U such that 1y/(z) = 1 for z € U and 0 otherwise. Define an Euclidean ball
of center a with radius R in U to be B(a,R) = {y : ||ly—al| < R}. For § > 0, let N(4,U, ||-||) be
the covering number of U, and is defined as the minimum number of Euclidean balls of radius
¢ needed such that their union contains U. Let diam(U) = sup, ,cp || — y|| be the diameter
of U. We define U? to be the d-fold Cartesian product of U, and |U| to be the cardinality of U.

For multi-index ¢ = (i, ... ,id)T € Ng and a vector z € R%, define

d d d
|l| = E ik, il = Hik, ' = H (L'lk
k=1 k=1 k=1
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We denote P,, = span{z® : |i| < n} to be the space of multivariate polynomials of order n. Here,
span{ay,...,aq} means the set of all possible linear combinations of ay,...,aq. Furthermore,
for k,r € Ny and d € N, we define

Ih={ieN{:i1+...+ig=k}, I(r)=|]JL
k=0

Here we enumerate I(r) as Ip UI; U ... UI,. Also, the elements within each I} are arranged

lexicographically. For i # j, I; N I; = (). The cardinality of I and I(r) are given by

Tl = (dﬁ[l), 1) = 37 1 —i(d;ff).

k=0 k=0

Let H f(xo) be the Hessian matrix of f at xg € RY, whose (i, j)th entry evaluated at & = xg
is 02f(x) /0207 | p=n, for i,j =1,...,d. Given a vector r = (rq,...,rq)T € N¢, let D™ denote
the partial derivative operator

ol
If r = 0, we view D°f = f. If r = e, where e;, = (0,...,0,1,0...,0)7 with 1 in the kth
position, then we write D® = Dj. Moreover, we denote Vf(x) = (D1 f(x),...,Dyf(x)) to
be the gradient of f at . For any o > 0, let [a] be the smallest integer bigger than or equal
to . We then define the Holder norm || - ||ye as

Il = max sup |07 @)+ max  sup IZLEZDIWL )

r|<ma zeU rir|=ma g ycU:xty H$ - yHaima

where m, = [a — 1] is the largest integer strictly smaller than «. We introduce the isotropic
Holder function space H*(U) of order o > 0 with domain U, consisting of functions f : U — R
such that || f|le < 0o and for @, xy € U with constant C > 0,

D" f(@) = D" T, f(2)| < Cllz — 20|, (1.10)

where r € N&, |r| < m, and

Toof(@)= Y 5D f(@o)(@ - o) (L11)

i€l(my)

is the Taylor polynomial of order m,, by expanding f around xg. This implies that for all » € Ng
such that |r| < mg, D" f is uniformly bounded and Lipschitz on U as a result of the mean value

theorem. Also, it follows that f has a unique continuous extension onto the closure of U.
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We write X ~ N(&,Q) if X has a one-dimensional normal distribution with mean £ and
variance . If X ~ N(0,1), then X is a standard normal. Define ®(z) for z € R to be the
cumulative distribution function of a standard normal, i.e., ®(z) = ffoo(27r)_1/2 exp(—22/2).
We say X ~ N;(&,€Q) if X has a J-dimensional normal distribution with mean vector £ and
covariance matrix €. For a random function {X(¢),t € U}, we say that X ~ GP(§,Q) if X
is a Gaussian process with EX (t) = £(¢) and Cov(X(s), X (t)) = Q(s,t) for any s,t € U. We
say that X is a sub-Gaussian random variable if P(|X| > x) < aexp(—bx?) for any z > 0 and
constants a,b > 0. In addition, it has finite Orlicz 1)o-norm, i.e., || X||y, < co. We say that X
is a sub-Gaussian process with respect to a semi-metric d on its index set U if for any t,s € U

and x > 0, we have

2

P(X(t) — X(s)| > z) < 2exp <_;d(:"8)2> . (1.12)

Further properties of sub-Gaussian random variables and processes can be found in Appendix C.

1.8 Chapter organization

1.8.1 Chapter 2: Sup-norm posterior convergence rate for univariate regres-

sion

To avoid the added technicalities in dealing with higher dimensions, we first consider one-
dimensional version of (1.1). We represent f using univariate B-spline with normal coefficients.
We study pointwise, Lo-and L-posterior convergence rates for f and its derivatives. In addi-
tion, we construct pointwise, Lo-and Lo-credible sets for f and its derivatives to quantify their
estimation uncertainties. We compare the finite sample performance of our proposed pointwise
credible intervals and credible bands with the pointwise confidence intervals and confidence
bands proposed by Zhou et al. (1998).

1.8.2 Chapter 3: Sup-norm posterior convergence rate for multivariate re-

gression

Multivariate extension of the previous chapter using random series based on tensor-product
B-splines. As before, we derive pointwise, Lo-and Lo-posterior convergence rates for f and all
its mixed partial derivatives. We investigate the issue of constructing pointwise, La-and Lo-
credible sets for f and its mixed partial derivatives. Also, we consider anisotropic extension of

our results for functions will different smoothness in different dimensions.
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1.8.3 Chapter 4: Bayesian procedure for estimating location of maximum

We establish consistency for the posterior of u. We derive an inequality relating sup-norm
distance of partial derivatives of f with Euclidean distance of p, and also prove a similar
inequality between f and M. As an implication, posterior distributions of f and its partial
derivatives will induce their corresponding posterior convergence rates on M and p respectively.

In addition, we propose two different methods to construct credible regions for p and M.

1.8.4 Chapter 5: Two-stage Bayesian estimation of pu and M

We propose a Bayesian two-stage procedure to estimate p and M. Asymptotic properties of our
proposed method will be studied. In particular, we derive the corresponding two-stage posterior
convergence rates of p and M. Performance of our proposed method will be evaluated against
other single-stage methods, and also against the frequentist two-stage procedure proposed by
Belitser et al. (2012).

1.8.5 Appendices

We present new results on univariate and tensor-product B-splines in Appendices A and B
respectively. These results are used expensively to derive results on posterior convergence rates
and credible sets in Chapters 1-4. In Appendix C, we list several important properties of sub-
Gaussian random variables, and derive an upper bound for the L,-moments of the sup-norm of
a sub-Gaussian process with p > 1. Appendix D contains miscellaneous results on bounds for

banded matrices and quadratic forms.
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Chapter 2

Sup-norm posterior convergence

rate for univariate regression

2.1 Introduction

Consider the univariate version of the nonparametric regression problem in (1.1), such that for
some f: U CR — R, we have

Y = f(Xi) + &, (2.1)

where ¢; are independent and identically distributed (i.i.d.) as N(0,0%) and 0 < ¢ < oo is
unknown. The covariates can be deterministic or randomly distributed. In both cases, X; € U
fori=1,...,n, where U is some open interval in R. Since any such intervals is an affine trans-

formation of (0, 1), we can let U = (0, 1) without loss of generality.

In this chapter, we will estimate f and its derivatives using Bayesian procedures, i.e., by
expanding f using univariate B-splines and assigning normal priors on the basis coefficients. To

2 we consider two approaches: by estimating o2 using empirical Bayes,

deal with unknown o
or further endowing o2 with a conjugate inverse-gamma prior. Conjugacy with the model (2.1)
above enables explicit expression for the posterior distribution to be derived and analyzed. We
will study pointwise, Lo-and Lo-posterior convergence rates for f and its derivatives. Moreover,
pointwise, Lo-and L.-credible sets will be constructed to quantify their estimation uncertain-
ties. Under appropriate conditions, we show that they have guaranteed frequentist coverage

with optimal size up to a logarithmic factor.

Since univariate B-splines are used extensively in this chapter, we give a brief introduction
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to B-splines and discuss some of their important properties. Suppose we divide our domain
(0,1) into N + 1 non-overlapping subintervals [¢;,¢;41) for { =0,..., N —1 and [tn,tn41] with
knot points 0 = tg < t; < -+ < ty < tyy+1 = 1. A B-spline or Basis-spline of order ¢ is a
piecewise polynomial defined on (0, 1), such that when restricted to a subinterval, B-spline is a
polynomial with degree no more than ¢ — 1. It is differentiable up to ¢ — 2 times at the knot
points, and is a continuous function globally if ¢ > 2 (B-splines are step-functions if ¢ = 1).
For a given order ¢, there will be a set of J = ¢ + N B-splines, which we denote as Bj4(-) for
j=1,...,J. Exact expression of each B;4(-) is given by (see Section 2 of Zhou et al., 1998)

Bjg(x) = (t; = tj—q)[tj—q»- -, t)(t — )", (2.2)

where [tj_q,...,tj]h is the gth order divided difference of function h and z4 = z if 2 > 0 and
0 otherwise. In the above formula, we use t; = 0 for j < 0 and ¢t; = 1 for j > N + 1. We
note that the expression above differs slightly with (4.16) of Schumaker (2007), where B 4(-)
is constructed using knots from t; to tj;4. Alternatively, B;,(-) can be derived recursively
from equation (14) of Chapter IX, de Boor (2001). This set of B-splines spans the entire J-

dimensional space of polynomial splines. Figure 2.1 shows a set of 10 cubic (¢ = 4) B-splines.

Below are important properties of univariate B-splines used in this dissertation. Proofs of
these results can be found in Chapter IX of de Boor (2001) or Section 4.3 of Schumaker (2007).

New results on univariate B-splines that we developed can be found in Appendix A.
1. 0< Bjy(xz) <1forallz € (0,1)and 1 < j < J.

2. The support of Bj4(x) is (tj—q,tj), i.e., Bjg(xz) > 0 on x € (tj_4,t;) and is zero for
z & [tj—q: tj]-

3. For a given = € [t;_1,], only ¢ adjacent B-splines (By4(z), ..., Biiq-14(z))T are nonzero

(positive).
4. Partition of unity: ijl Bjq(z) =1 for any = € (0,1).

Let fo be the true regression function of f in (2.1). The assumption on fj in this chapter is

as follows:

Assumption 1. Under the true distribution Py, we assume Y; = fo(X;) + €; such that ¢; are
i.i.d. with mean 0, variance 03 and ||g;||y, < oo for i = 1,...,n. Also, fo belongs to the isotropic
Holder space H*(0,1) for a > 2. To avoid boundary effects, fp can be extended to a slightly
bigger set (—e, 1+ €) for some € > 0.
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Figure 2.1: A set of 10 cubic (¢ = 4) B-splines.

Let po be the density of Py with respect to the Lebesgue measure. Let Eg(-) and Vary(-) be
the expectation and variance operators taken with respect to Fy. For notational conciseness,
write Fio = (fo(X1),..., fo(Xn))? and € = (e1,...,e,)T. We first describe in detail our prior
specifications and assumptions, and then derive the corresponding posterior distributions of f
and its derivatives.

2.2 Prior and posterior conjugacy

For any z € (0, 1), we represent f(z) as
J
f@)=>60;Bjq(x) = byy(x)"6, (2.3)
j=1

where by ,(z) = (By4(),...,Byg(x))T is the set of J B-spline basis functions of fixed order
q>aand @ = (01,...,05)" are the corresponding basis coefficients. Let Y = (Y1,...,Y,)T,
X =(Xy,...,Xn)T and B = (b 4(X1),b4(X2),...,b54(X,))T. Then the model for (2.1) can

be written compactly as
Y|X,0,0% ~N,(B0,5°I,). (2.4)

In this chapter, we treat J as deterministic and allow it to depend on n and a. Each B-spline
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function has knot sequence 0 =t_; =t1_g = =t < t1 <ta < -+ <ty <tny1 =tNy2 =
.-+ =tn4q = 1. The ¢ duplicate knots at each boundary point {0,1} are needed, because the
recursive formulas for B-spline and its derivatives (see equations (4.22) and (4.23) of Schumaker,
2007) entail using knot points with index exceeding N or have negative index. Although the
notation does not reflect, all knot points {t_4, ..., %0, t1, ..., tN+1,. .., tN+g—1} and the number
of interior knots N may depend on n. We then have J = ¢ + N, where N and thus J are

increasing with n. Moreover, we assume that J < n.

Define 6 = ¢t; — t;j_1 for [ = 1,..., N to be the one-step knot increment, and let A =
max;<;<y 0; be the mesh size. We assume that the knot sequence is quasi-uniform (see Definition
6.4 of Schumaker, 2007), that is,

A
=2 _<c 2.5
miny <<y (2:5)

for some C' > 0. This assumption is reasonable in view of Lemma 6.17 from Schumaker (2007),
which says that we can always choose a subset of knots from any given knot sequence to form
a quasi-uniform sequence with C' = 3. In addition, this class of partition is general enough for
most applications and includes the uniform and nested uniform partitions as special cases (see

Examples 6.6 and 6.7 of Schumaker, 2007 respectively).

If the design points X = (Xi,...,X,)T are deterministic, assume that there exists a cu-
mulative distribution function G(z) with positive and continuous density g(z) on [0,1] such
that

sup (G () — G(a)] = o(N7Y), (2.6)
z€[0,1]
where Gp(z) = n™t 31" 1[x, o) (2) is the empirical distribution of (X1...,X,)". As an ex-
ample, the discrete uniform design X; = (i —1)/(n — 1) for ¢ = 1,...,n satisfies (2.6) with G
being the uniform distribution on [0,1] and N < n!/(etD),

For random design points, we assume that X; ESNe (x), and they are mutually independent
of g; for i = 1,...,n. Here, G(z) = P(X; < x) is a cumulative distribution function with
continuous density g(z) on [0,1]. By Donsker’s theorem, (|G, — G|lcc = Op(1/y/n). I N <
n'/(2e+1) and a > 1/2, then

G = Gl = Op (%) — op(N7Y). (2.7)

In this dissertation, we will prove results on posterior convergence rates and credible sets based

on deterministic design points. The established theorems will then translate directly to the
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random case by conditioning X in the posterior distribution, i.e., by considering II(:|Y, X).

On the basis coefficients, we assign
0|o? ~ Nj(n,o*Q). (2.8)

We assume that ||9]je < oo and the entries of @ do not depend on n. Moreover, Q7! is a
v-banded matrix for some fixed v not depending on n. The bandedness of Q! ensures that the
posterior precision matrix is also banded, which allows upper bound on the bias of the posterior
mean to be established. We note that €2 depends on n only through its dimension, which is
J x J. Furthermore, as n — oo, we assume that there exists constants 0 < ¢; < ¢3 < 00 not
depending on n such that

al; <Q<cody. (2.9)

Therefore, the prior support of f in (2.3) is given by the closure of its reproducing kernel Hilbert
space (van der Vaart and van Zanten 2008a), which is the J-dimensional space of polynomial
splines spanned by elements of bj4(-). Since ¢ > a, this implies that the prior support of f is
a subspace of H(0, 1). Based on (2.4) and (2.8), the conditional posterior of 8 is

(0]Y,02) ~ Ny [(BTB +@ Y (BTY + Q') 02 (BB + Q‘l)_l] . (2.10)

It then follows that the induced conditional posterior for f is II(f|Y,0?) ~ GP(AY +cn, %Y%),
where A and c are bounded linear operators mapping R” and R” respectively to H*(0,1), and

¥ is the covariance function defined on (0, 1) x (0, 1) such that for any x,y € (0,1),

A(z) =by,x)" (B"TB+Q ) ' BT, (2.11)
c(x) = by (z)T (BTB+ Q) @, (2.12)
S(2,y) = byg(@)” (BTB+ 27 by,(y). (2.13)

Note that since the posterior mean is an affine transformation of Y, Assumption 1 with Prop-

erties 1 and 2 of Appendix C imply that AY + ¢n is a sub-Gaussian process under Py.

To deal with unknown o2, we will consider two approaches. The first is empirical Bayes

estimation. Based on (2.4) and (2.8), it follows that Y|o? ~ N,[Bn,c?(BQBT + I,)]. The
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corresponding marginal log-likelihood function is

1
I(0?) = —g log 27 — glog o? — 5 log{det (BQBT +I,,)}

L (v - Bn)"(BRB" + 1,)"\(Y - Bn),

T 202
with score function
di(o?) n 1 T T -1
=——+—(Y -B BQB I Y — Bn).
d0_2 20_2 + 20_4( 77) ( + ﬂ) ( 77)

Setting the above to zero and solving for o2, we obtain

> _ (Y —Bn)"(BQB" + 1) (Y — By) (2.14)

n n

Note that Py(c2 > 0) = 1 since Py(Y = Bn) = 0. By the second order condition,

d?l(o? n

d(02)2 02=02 20’%

Hence with Py almost surely, 52 is a local maximum. Since &2 is the unique critical point, we
conclude that 2 is the maximum marginal likelihood estimator for o2. Empirical Bayes then

entails substituting o2 for 52 in the conditional posterior of f, i.e.,
(f]Y,0%)p2=52 = 15, (f]Y) ~ GP(AY +¢n,5,5). (2.15)

We then write E; (-]Y) and Varg, (-|Y") for the expectation and variance operators taken with
respect to this empirical posterior. For the second approach, we will consider full hierarchical

Bayes by further endowing o2 with a conjugate inverse-gamma (IG) prior

2 By
~1G | =, = 2.16
16 (5.7) (216)
for some hyperparameters 8 > 4 and v > 0. Here, 8 > 4 ensures that the prior mean and

variance of o2 exist. By direct calculations, the posterior of o2 is

(2.17)

~2
oY ~1G <B+” 7+”"”>.

2 2

The (i, j)th element of BT B is 3" _| Bi(X;n)Bj(X). If X, € [ti_1,1] for some 1 <1 <
N + 1, only g adjacent basis functions (B 4(Xm),-- -, Bitq—1,4(Xm))T will be nonzero for each
m =1,...,n. Hence when |i — j| > ¢, B;(X;n)B;j(Xm) =0 for allm =1,...,n, and this implies
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that BT B is ¢-banded. Furthermore under assumptions (2.5) and (2.6), Lemma 6.1 of Zhou
et al. (1998) implies that there exist constants 0 < C7 < Cy < 0o not depending on n such that

as n — 0o,
Clgfj <BTB< CZgIJ. (2.18)

In particular, ||BTBH(272) = n/J. Combining the above with (2.9), it follows that

n 1 n 1
Ci—+— ) < Auin (BTB+ Q) <\ (BTB+Q7Y) < (Co— + — ). 2.19
<1J+02)— (B B+ 0 < (BB 07 < (054 (2.10)
By Theorem 22 of de Boor (2001) Chapter XII, for fo € H%(0,1), there exists a 6., € R/

such that for constant Cy 4 > 0 depending only on o and ¢ with R > 0, we have

sup  [|bsg(-) 0 — folloo < sup  Cogd || follan ST (2.20)
[ folla<R | follya <R

Since [|by4()T 0o lloo < |l follae + Cagd | folle < R+ 1 uniformly in || fo|lne < R, we have

sup [[0clloc S sup [[bag() Oclloc = O(1) (2.21)
I follpe <R [ follna<R
by Corollary 8 of de Boor (2001) Chapter XI. The next theorem shows that 52 derived in (2.14)

is a /n-consistent estimator of o3, uniformly over || fo|[3o < R.

Theorem 2.1. If J < n'/2ot) gnd o > 1/2, we have for R > 0,

sup  Eo(62— o022 =0 <1> . (2.22)

[ follya<R n
Proof. Let U = (BQBT 4 I,,)~'. By equation (33) of page 355 in Searle (1982), the absolute
bias |Eg(62) — o3| is

2

oh 9
—tr(U) —
- r(U) —op

1
+ —(Fo — Bn)"U(Fo — Bn)

< —ftr(I, —U) + (Fo — BOs)'U(Fy — BO,) + (B8, — Bn)'U(BO, — Bn)], (2.23)

S|

where we used (z +y)'D(z +y) < 22" Dz + 2y” Dy for any D > 0 in the last line. Let
P = B(B"B) !B Suppose that A is an m x m matrix, G an m x 7 matrix, T an r X r
matrix, and W an r X m matrix. Assume that A and T are invertible. Then the binomial

inverse theorem (see Theorem 18.2.8 of Harville, 1997 for a proof) says

(A+GTW) '=A"' - A 'GT ' +wAlG)'waL. (2.24)
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Therefore, two applications of (2.24) to U yield
U=BQB'+1,)'=1,-BB'B+Q H'B' =1, - Pp+V, (2.25)

where V = B(BTB)~'[Q + (BTB)"']"Y(BTB)~'BT > 0. Hence the first term in (2.23) is

1 1 J
—tr(Pg — V)< —tr(Pgp) = —. 2.26
- r(Pp ) < - r(Pp) n (2.26)

Note that U < I, since BQRBT > 0, and the second term in (2.23) is bounded by
1 2 2 —2a
Ul Fo = BOo|” < [[Fo — BOlls < 7 (2.27)

in view of (2.20). By (2.25) and the fact that (I — Pp)B = 0, the last term in (2.23) is

1 T T —171—1 - 2 J
= — — < = . — < = .
n(eoo n) [+ (B B) ] (0 —m) < n ¢+ n J0c — 1|5 S n’ (2.28)

where we used (2.9) and (2.18) to bound the maximum eigenvalue of [Q + (BT B)~!]~!. By
(2.21) and assumption on the prior, || —n|%, = O(1). Combining the bounds in (2.26), (2.27)
and (2.28) into (2.23), we obtain |Eg(52) — 0| < J/n + J 29,

Let Y = Fg + ¢ and write no2 = (Fo — Bn)TU(Fo — Bn) + 2(Fo — Bn)TUe + €'Ue.
Using the fact Var(T} + Ty) < 2Var(Ty) + 2Var(Ty), it follows that Varg(c?2) is bounded up to

a constant multiple by
%[(FO — BO.)TU(Fy — BO..) + (B — By)TU(BO. — Bn) + Varg(e'Ue)]. (2.29)
In view of (2.20) and U < I,, the first term above is bounded by
U | Po = BOIP < = [ Fo— Bo| £ 7 (2.30)
By repeated applications of (2.9) and (2.18),
V2,2 = HBTBH 2,2) (B"B)~ 1||(22 [I[€2 (BTB)_I]_IH(M)

,
SO (ran) =5 a2

Using (2.25), idempotency of I, — Pp and (I,, — Pg)B = 0, the second term in (2.29) can be
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written as

1 1
ﬁ(eoo - n)TBT(In —Pp+ V)QB(OOO - 77) = ﬁ(eoo - n)TBTV2B(Boo - 77)'

In view of (2.31) and (2.18), the right hand side above is bounded by

1 1 (T 1 (T

—VIH 1Bl —m)* S = (=) IB"Blley /0 —nl2 S = (= 2.32

VI BOw IS o (1) 1B Blealon—nlk s 1 (1) @32
where [0 — 1%, is bounded using (2.21) and assumption on the prior. By Lemma D.3, the
last term in (2.29) is O(1/n). Combining this with the bounds established in (2.30) and (2.32)
into (2.29), we obtain Vary(62) < 1/n. By taking J =< n'/(otD) <« n and a > 1/2, the mean

square error is

1 (T\?
Eo(35 — 03)* S -+ <n> +J g

1
—. O
n

A Bayesian analog of Theorem 2.1 above is given below, which shows that the posterior of

o2 in (2.17) converges to o3 at the parametric rate 1/y/n.

Theorem 2.2. If J < n'/2ot) gnd o > 1/2, we have for R > 0 and any M, — oo,

M,
sup  Epll (\02 — o] > —=
I follua <R vn

Proof. By Markov’s inequality, it suffices to show that EgE[(0? — 03)2|Y] = O(n~!). The

posterior mean and variance of o2 are

Y) 0. (2.33)

E(0?Y) = — e
(¥) = g s T 52
2 ¥ n 2
2 ~2
Y) = : 2.34

We have E[(0? — 02)?|Y] = [E(6?|Y) — 03]? + Var(c?|Y). Theorem 2.1 implies that Eg(2) =
02 + O(1//n), Varg(52) = O(1/n) and Eq(52)% = o + O(1/n). Hence, E¢[E(0?|Y) — 02)]? is

[EoE(o?|Y) — 03]? + Varg[E(o?|Y)]
{O< gsi)%w(i)] i+o()] i) e ()] o ()
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while EgVar(a?|Y) is

B beo o) -

2.3 Posterior convergence rates for f

Since the explicit expression for the posterior of f given (Y, 02) is available due to normal-
normal conjugacy, we will derive posterior convergence rates by directly analyzing the posterior
distribution. This is done by decomposing the posterior mean square error into three parts cor-
responding to: posterior variance, variance and bias of the posterior mean. We then bound these
three terms separately and use Markov’s inequality to arrive at our desired results. Theorem 2.3
below is for pointwise posterior convergence and is a crucial en-route step in deriving Theorems
2.4 and 2.5. For notational simplicity, we write o2 € U, if |02 — 03| < (,,/v/n for ¢, = o(v/n).

Theorem 2.3. If J =< n/CtD we have for R > 0, every fized z € (0,1) and any M, — oo,

Empirical Bayes: sup  Eolls (f : |f(z) — fo(x)| > Mpn~/CtD)y)y 0. (2.35)
I follpa <R

Hierarchical Bayes: sup  EoIl(f : |f(x) — fo(z)] > M,n~%/CFD|y) — 0. (2.36)

I follzo<R
Proof. At any z € (0,1), II(f(2)|Y,02) ~ N(A(2)Y + c(z)n,0?%(z, r)) where A(z), c(x) and
Y (z, x) were given by (2.11), (2.12) and (2.13) respectively. Under Py, A(z)Y + ¢(z)n is a sub-
Gaussian random variable with mean A(x)Fo+ c(x)n and variance 03V (z, ), where o3V is the

covariance function of the sub-Gaussian process AY + ¢n under Py, such that for z,y € (0, 1),
U(z,y) = byy(x)" (BTB+ Q) ' B"B(B"B+ Q) " by,(y). (2.37)

Note that the posterior variance o?%(z,x) does not depend on Y and fo, while the posterior

mean A(z)Y + c(z)n does not depend on 2. Therefore,

sup  Eg sup E{[f(z) — fo(2)?|Y, 0%}
lfollua <k o2eln

< sup E{[f(z) - A@@)Y —c(z)n]’|o®} + sup  EoE{[A(2)Y +c(z)n — fo(2)]*|Y}

o2ely [ follne <R
= sup o?%(z,z) +0dV(z,z)+ sup [A(x)Fo+ c(z)n — folz)]? (2.38)
o?ely [ follna <R
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To bound the posterior variance 02%(z, ) uniformly over 0% € U,,, first observe that

1<5<J

J
b4 (2 Z ) < max Bj(z) Y Bjglz) < 1. (2.39)
j=1
Cauchy-Schwarz inequality and the definition of spectral norm then imply

sup o°%(z,x) < (%"‘) H (B"B+a7)" 1H(2,2)

o2ely,
n 1\ ! J
< oL = — z 2.4
N<01J+CQ) O<n> (2.40)

where the last line follows from (2.19). In view of (2.37), the variance of the posterior mean,

i.e., 03U (z, x) can be bounded above by

112
o U(r,2) < of (BB +a7) || | B Blalbsg ()

J\?  /n J
— z Z) = . 241
0 <n> © (J) © (n) ’ (241)
where we have used (2.19), (2.18) and (2.39) to bound the three norms respectively. To bound

the last squared bias term in (2.38), we will appeal to (2.20) and the fact that ||bsq(z)|1 =
ijl Bj4(x) = 1. Holder’s inequality then implies uniformly in || fo||ne < R that

IN
S

=

[}
8

)" (
Y (BTB+Q ) (BTF,+Q ') - bJ,q(x)Tom] 41 fo() — byg(2)T 0]
)

IN

bJ’q(:[j T (BTB + Q—l)*l [BT(FO — BO) + Q—l(n _ 000)]‘ +O(J)
_1y—1
h H(mm) {IB" (o~ BO)llo + 27 oy (10ucll + [Inll)}

+0(J79). (2.42)

IN
sy
S
sy
_l_
o)

By assumption, Q! is v-banded with fixed v and uniformly bounded entries. Therefore,
HQ_IH(OO,OO) = O(1). Since BB is g-banded, Lemma D.1 and equation (2.19) imply that
[(B"B+Q27") (00,00 = O(J/n). Also, sup| ;1. <r Blloc and [[n]lo are both O(1) by (2.21)
and the assumption on the prior. To bound supj z,,.<r |BT(Fog — BOw)||00, we use the non-

28



negativity of B-splines, (2.20) and Lemma A.2 to write

n
sup |BT(Fo— Bux)lloe < sup  max Y Bj(Xi)| fo(Xi) = bug(Xi) O]
lfollua<R | folla <RISIST =
n

< sup CogJ | follue max » Bjq(X;)
Il folla <R 1<j<d

< pJ 0+, (2.43)

Therefore, combining the bounds obtained and squaring (2.42), we have for any = € (0, 1),

J2
sup [A(2)Fo+c(z)n — fo(z)]* =0 <2> +O(J29). (2.44)
llfolla<R n

Combining all bounds from (2.40), (2.41) and (2.44) into (2.38), we obtain

sup By sup E[(f(z) — fo(x))?|Y,0%] =0 (i) +0 <£> +O(J2)

lfollua<R  o2€Un
J
=<>()-%0@12ax (2.45)
n
where the last line follows since J < n by assumption. The two terms on the right will have
the same order when J = nl/(a+1)

error in (2.45) is of order n—2¢/(2a+1),

. This implies that the corresponding posterior mean square

Observe that by Markov’s inequality, Theorem 2.1 implies for R > 0 and any M,, — oo,

M M
inf %G%—”§ﬁ§£+7v%L 2.46
I follua <R 0 Vn " 0 Vn ( )

For the empirical Bayes version, by Markov’s inequality, (2.45) and (2.46) above, we have for

en = n~ %) and any M, — oo,

Eo sup,2cy, E([f (%) — fo(2)*]Y, 0?)

i +o(1) =0, (2.47)

Eolls, (|f(x) = fo(z)| > Mnen|Y) <

uniformly over || fy|lze < R. For the hierarchical Bayes procedure, we have for €, = n~%/(a+1)
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and any M,, — oo,

EolI([f () = fo(x)| > Mpen|Y)

<Eo sup T(f(2) - fol@)| > Myea|V,02) + Eoll (02 L)
o2el, \/ﬁ

uniformly over || fo|lxe < R. The first term on the right hand side is o(1) by (2.45), while the

second term goes to zero by Theorem 2.2. O

Y) : (2.48)

Theorem 2.4. If J = n*/2atD) ye have for R > 0 and every M, — oo,

Empirical Bayes: sup  Eoll; (f : ||f — foll2 > Mnn_a/(2a+1)|Y) — 0. (2.49)
[ follo <R

Hierarchical Bayes: sup  EoII(f : ||f — foll2 > Mun=®/Ce+l|y) 0. (2.50)
llfollna<R

Proof. By Fubini’s theorem,

sup  Eo sup E(||f — fol3]Y,0%) <
Ifollua <R  o2€ln

sup Ego sup E(|f(x) —fo(:c)|2\Y,02)da;
0 |lfolla<R  o2€Un

—

S

SN

= (2.51)

where the last line follows from (2.45). Setting J =< n'/(2¢+1) will balance the orders of these
two terms, yielding the rate of n=2%/(2¢+1) The empirical and hierarchical Bayes posterior
convergence rates then follow from (2.47) and (2.48) respectively with absolute values replaced

by Lo-norms. O

Theorem 2.5. If J = (n/logn)/?*+t1) we have for R > 0 and every M, — oo,

Empirical Bayes: sup  Eolls (f : If = follee > My (logn/n)®/ e+ |y) — 0.
[ follseea <R

Hierarchical Bayes: sup  EoII(f : ||f = folloo > My (logn/n)®/ZetD|y) — 0.
[l follua<R
Proof. Recall that II(f|Y,02) ~ GP(AY + ¢n, 0%%), with A, ¢ and X defined in (2.11), (2.12)
and (2.13) respectively. Let Z, ~ GP(0,%). Under the true distribution Py, AY + ¢n is a
sub-Gaussian process with mean function AFy + ¢n and covariance function O'S\I’, where ¥
was defined in (2.37). Let @, be a sub-Gaussian process with mean function 0 and covariance

function 03\11. Note that Z,, does not depend on Y and fy, while the posterior mean AY + cn
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does not depend on o2. Therefore,

sup Eg sup E(Hf—fngO]Y,a2)
lfollue <R  o2€ly

< sup E(|[f - AY —enl3lo®) +  sup  Eo{E(|AY +en — foll5[Y)}

o2€ln | folla<R
= sup o’E[|Z,|% + E|Qull% + sup  [|AFo+cn— foll. (2.52)
o2€ly, lfollna<R

Since @, = Ae, then by Property 2 of Appendix C and Assumption 1, @), is sub-Gaussian
with respect to the semi-metric d(t, s) \/Var (Qn(t) — Qn(s)). By Lemma A.4 with m = 0,
Zy, and @, satisfy the condition for Lemma C.1. Applying Lemma C.1 with p = 2, we see that
for any 0 < 0, < 1 and T}, = N(dp, (0,1),] - ),

sup JQEHZanO < ag log (1/6y) {n52 + max E[Zn(uZ)Q]}

J2Eun 1<’L<T
< log(1/6,) (na,% + ‘]> : (2.53)
n

where the last line follows from (2.40). Similarly,

EHQano < log (1/05) {n5 + max E[Qn(uz) ]} < log (1/6y) <n(52 + i) , (2.54)

1<:<T,

where the last inequality follows from (2.41). Setting &,, < v/.J/n for both (2.53) and (2.54),

J J
sup o?E||Z,||% < = logn, E|Qn?% < = logn. (2.55)
O'QGUn n n

Since the bound for (2.44) is uniform for all € (0,1) and all || fo||e < R, the last deterministic

squared bias term in (2.52) is

J2
sup [ AFy+en— foll2 —0( >+0<J—2a>. (2.56)
I follpa <R

Therefore, combining the bounds for (2.55) and (2.56) into (2.52), we will obtain
2 J i 20
sup  Eo Sup E(|f - fol2]Y,0%) S logn+ +J
llfollua <R  o2€lUyn n

J
< - logn + J 22, (2.57)

where the last line follows since J < n by assumption. Setting J =< (n/logn)'/(2*+1) will balance
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the orders of these two terms, yielding the rate (logn/n)?*/(2e+1) for the posterior mean square
error in (2.57). The empirical and hierarchical Bayes posterior convergence rates then follow

from (2.47) and (2.48) respectively with absolute values replaced by sup-norms. O

Note that we will incur an extra logarithmic factor in the rate once we move from pointwise
to sup-norm convergence. The pointwise, Lo-and L..-rates established above are the minimax
rates (see Stone, 1980 for pointwise and Theorem 1 of Stone, 1982 for general L,-norms, with
1 <r < ). By examining the proofs of Theorems 2.3, 2.4 and 2.5 above, it also follows that
the point estimator of fy(x), i.e., the posterior mean A(x)Y + ¢(x)n converges to fo(z) at the

2a+1)

same n~/( rate. Similarly, the posterior mean of f, i.e., AY + en converges to fy under

Lo-norm at the rate n~®/¢+1)  while in Lo-norm, it is (logn/n)®/ e+,

2.4 Posterior convergence rates for derivatives

Given our prior specification f(z) = by,(x)76 and 8|0? ~ N(n,02Q), the mth derivative of
f for m € Ny and m < « can be written as d™f(z)/dz™ = Z}]:l 6;d™Bj q(x)/dx™. Using
equations (15) and (16) of Chapter X in de Boor (2001), this expression reduces to

J—
m d" f(z m
po ) = TIE N g ), (2.58)
j=1
for
0; if m=0,
9§m) — pim=1) _ p(m=1) (2.59)
(g —m)—= ’ if m>1,
tj = tji—q+m

where Bj ,_m(-) is the corresponding ¢ — m order B-spline.

Define b gm(x) = (B1g—m(x), - Bj—mq-m(x))T. Then f™ () = by, m(x)TW,,0, where
W, is a (J —m) x J matrix. Each row of W, has only m + 1 consecutive nonzero entries
and their arrangement is analogues to a banded matrix with bandwidth m + 1, namely the
position of the m + 1 consecutive entries in the current row is a shift of one entry to the
right of the m + 1 consecutive entries’ position in the previous row. The first m columns will
have 1 to m nonzero entries respectively and the last m columns will have m to 1 nonzero en-

tries. The rest J —2m columns will have exactly m+ 1 nonzero entries. All other entries are zero.

In view of (2.59), the consecutive m+1 entries in each row of W, are actually the coefficients
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associated with taking m iterated finite difference of elements in @, and divided by products
of difference quotients of the knot sequence. Let w( ™ denote the (7,7)th entry of W,. The
expressions for the nonzero entries can be described as follows: for each row ¢ =1,...,J —m,

the endpoints of the m + 1 consecutive entries are

m m
(m ym (m) q—1
- ws = . 2.60

1;[ ti — 1t q+l Litm ll;ll ti+lfl - ti—q—i—m ( )

If m is odd, the intermediate entries for 1 <1 < (m —1)/2 are

(m) m—l1 m) ti —ti— b T lig+s
w, ., = (-1 w, 1+ E | | , 2.61
4,041 ( ) i1 — 1L z+1 _ tz+1 o+ ( )

while for (m +1)/2 <1 <m, it is

(m) _ -1, (m) ti+mfs - ti+qu
wi)y = ()" w1+ Z Hth R (2.62)
r=1 s=1 T T

If m is even, then the expression for wl(z_il is (2.61) for 1 <1 < m/2—1 and is (2.62) for

m/2+1<1<m. When [ =m/2, we have that w(JZ /o 18

bt (mw/L2 11) r—1 ¢
w@(;n)( .1 1,'q+1 > 1+ Z H Lits bits T lit2—q

t1+1 - t1+27q t2+1+s - tz+3 q

o t ()1 t
i —1 = Yi+m—q z-l—m 2 — li+m—q—s

+uw™" ( wm ) 1+ Y || . 2.63

nitm ti+m—2 - ti—l—m—l—q —1  5—=0 H—m 3 757,—&-771 1—q—s ( )

The conditional posterior distribution for f™ is II(f(™|Y,02) ~ GP(A,Y + ¢un, 02%0),
where for z,y € (0,1),

-1

A (z) =bygm(z)'W,, (BT B+ Q) B, (2.64)
(@) = brgm(@) W, (BTB+Q ) Q! (2.65)
S (@, 9) = by g (@)W (BTB+ Q) " Wb (y). (2.66)

Note that if m = 0 and defining W = I;, the three operators above reduce to that defined
n (2.11), (2.12) and (2.13) respectively. Using the same reasoning as before, we see that under
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Assumption 1 with Properties 1 and 2 of Appendix C, A,,Y + ¢,,n is a sub-Gaussian process
under Py. Analytical expression for the conditional posterior of f(™) given (Y, 0?) with m € Ny
and m < « is available due to normal-normal conjugacy, and we derive its pointwise, Ly-and
Loo-posterior convergence rates by directly bounding the posterior mean square error. Note

that Theorem 2.6 below is an important en-route step in deriving Theorems 2.7 and 2.8.

Theorem 2.6. If J =< n/CtD we have for R > 0, every fized x € (0,1) and any M, — oo,

Empirical Bayes: sup Eoll;, (f : |f™(z) — ém) ()] > Myn=(@=m)/Cat1y) 0,
175" lygo-m <R
Hierarchical Bayes: sup EoIl(f : | £ (z) — fém) (z)| > M,n~(@=m)/Cat1) 1y 0.
16" lygam <R

Proof. The posterior rate calculation proceeds similarly as illustrated in the proof of Theorem
2.3. That is, by bounding the corresponding posterior variance, variance of the posterior mean,
and the squared bias as in (2.38), and making the substitutions A = A,,, ¢ = ¢, and ¥ = %,
where A,,, ¢, and X, were defined in (2.64), (2.65) and (2.66) respectively. The only difference

is the extra matrix factor W, in these calculations.

Recall that each row of W, has m + 1 nonzero entries and each column has at most m + 1
nonzero entries. From the explicit expressions of these nonzero entries given in (2.60)—(2.63),

assumption (2.5) and Lemma A.1 imply that

m 1 m
), | = Nt (2.67)

for 1 <i<J—m,0<h<m and zero otherwise. This further implies that
i+m ) 1

1<i<J —m 4—
j=i

J
r = my, _ 1 _
1=

and

W Wil < IWanWnll om0 < Wil co,00) Wil (0o,00) = T (2.68)

It follows that the posterior mean square error is inflated by the introduction of a J?™ factor in
the bounds for the posterior variance and variance of the posterior mean, and a J™ in the bias.

Also, the bound on B-spline approximation error in (2.20) but for fém) is of the order J—(@=™)
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uniformly in || fém)HHQ_m < R, as a result of applying Corollary 6.21 of Schumaker, 2007 (or
Theorem 26, Chapter XII of de Boor, 2001). Therefore, the derivative analogs of (2.44) and
(2.45) for any x € (0,1) are given by

J2m+2

swp [ An(@)Fo +em(@)n — fo" @) $ g+ T (2.69)
175™ lya-m <R

and
J2m+1 J2m+2

s Bosw B[ (17 - 7 0) v | £ T T e

2
2 n n
Hf(gm>”’;.[afng o EMn

2m+1
< J

~

+ J~Ha=m) (2.70)

respectively, where the last line above follows since J < n by assumption. Setting the same
order of J as in Theorem 2.3, i.e., J = n'/2at1) will balance the two orders on the right of
(2.70) for all m < « including m = 0. Hence, the posterior mean square error will have order
n—2(a=m)/(2a+1) The empirical and hierarchical Bayes posterior convergence rates then follow
from (2.47) and (2.48) respectively with f and fy replaced by f(™ and fém) respectively. [

Theorem 2.7. If J =< n'/2otD) we have for R > 0 and every M, — oo,

Empirical Bayes: sup Eoll;, (f : || f(™ — me)H2 > M,n~(@=m)/Ca+) 1y 0,
176" lpga-m <R
Hierarchical Bayes: sup EolI(f : || f™ — fém)||2 > My,n~(@a=m)/Ca+1) 1y 5 0,

15 130 —m <R

Proof. Following the steps in (2.51) with f and fy replaced by f(™) and fém) respectively, the
bound is J2"+1 /n 4 J=2(@=™) in view of (2.70). Set J = n!/(22+1) to balance the orders of the

two terms. The result then follows from Markov’s inequality. O

Theorem 2.8. If J =< (n/logn)/ @t then for R > 0 and every M, — 0o, we have uniformly
over Hfém)”,}_[a,"L S R,

Empirical Bayes: Eollg, (f : || f™ — fom)Hoo > M, (logn/n)@=m/Cat1) |y 0.
Hierarchical Bayes: EoII(f : || f™ — fém)Hoo > M, (logn/n)@=m)/ ety 0.

Proof. The calculations for finding the sup-norm rate as described in Theorem 2.5 apply with
slight modifications. The only difference is the extra W,, matrix appearing in A,,, ¢, and
Y, from (2.64), (2.65) and (2.66) respectively. Recall that II(f(™|Y,0?) ~ GP(A,Y +
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cmn,02Y,). Define Znm ~ GP(0,%,,). Under Py, ApY +c,,m is a sub-Gaussian process with

mean function A,,Fo + ¢,n and covariance function o3 W,,, such that for any =,y € (0, 1),
_1y 1 -1
U (2,9) = bygm(z) W, (BTB+Q7') B"B(B"B+Q7') Wlbj,m(y). (2.71)

Define @, to be a sub-Gaussian process with mean function 0 and covariance function O'g\l’m.
From (2.68), we see that the || - [|(2,2) matrix norm of W, is O(J™). For any fixed z € (0, 1),

S, 2) = bygm() W, (BTB+ Q) Wy (x)

1y —1
< 1bygm @) P IWEW nll o) | (BTB+ Q7)) 7 (22
J2m+l

S ; (2.72)

n

where we have used (2.39), (2.68) and (2.19) to bound the norms in line 2 respectively. By

similar reasoning, we have for any x € (0,1),

J2m+1

_1\—1
U (2,2) < b1 (@) P IWE Wl 2) | B Bllo || (B"B+ 27 || <

s . (2713)

where we have used (2.39), (2.68), (2.18) and (2.19) to bound the norms respectively. Since
Qnm = Ape, then by Property 2 of Appendix C and Assumption 1, @y, is sub-Gaussian
with respect to the semi-metric d(t, s) = \/Var(Qnm(t) — Qnm(s)). By Lemma A.4, both Z, ,,
and @, satisfy the condition for Lemma C.1. Therefore, Lemma C.1 with p = 2 and the two
upper bounds from (2.72), (2.73) imply that for any 0 < 6,, < 1 and T,, = N (6, (0,1),] - ),

sup 0?E(| Zum|%) < 02 1og (1/5,) [n62+ max zm<u@-,ui>]
o2el, 1<i<Ty,

J2m+1
<log(1/dy) (nég + - > (2.74)

and

2m—+1

E(HQango) < log (1/0y,) néz + 12@2}} Ué@m(ui,ui)} < log (1/0y) (nég + J ) . (2.75)

By setting 62 < J?>™*+1/n? for both (2.74) and (2.75), we have

sup I E([Znml3) S (S n)logn,  E(|Quuml) S (J2F /n)logn. (2.76)
g°€Un
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Since the bound for (2.69) is uniform for all z € (0,1) and all ||f0m) |lgga—m < R, we have

(m) 12 JAm+2 —2(a—m)
sup lAmFo +emn = follsc = O —5— | + O )- (2.77)

175 Nl ya—m <R

Therefore, the derivative analog of (2.57) with f and fj replaced by M) and fém) is

2m+1

J
sup  Eo sup E( /0~ f{™%1Y) S
1™ lyga-m <R o°EUn

logn + J—2(@=m), (2.78)

Setting the same J =< (n/logn)?/(+Y) as in Theorem 2.5 will balance the two terms above
for all m < a including m = 0, yielding the rate (logn/n)2@=")/(2a+1) for the posterior mean
square error in (2.78). The empirical and hierarchical Bayes posterior convergence rates then
follow from (2.47) and (2.48) respectively with absolute values replaced by sup-norms and f, fo
replaced by f(™), fém) respectively. O

Given any mode of convergence, i.e., under pointwise, La-or Lso-norms, the same optimal
J applies to both f and all its derivatives such that m < . If we view f(©) = f, then posterior
convergence rates established in Section 2.3 are special cases of Section 2.4 by setting m = 0.
These rates coincide with the minimax rates for estimating £ (z) at any = € (0,1) (Stone,
1980), (™ in Ly-and Ls.-norms (Theorem 1 of Stone, 1982). It also follows from the proof
that the posterior mean of f(™(z) converges to fém) (x) at any = € (0,1) at the rate given
in Theorem 2.6. By the same reasoning, the posterior mean of f(™) converges to fém) under

Lo-and Loo-norms at the rates given by Theorems 2.7 and 2.8 respectively.

2.5 Credible sets for f and its derivatives

In this section, we will treat f and its derivatives in a unified framework by viewing f as f(©.
Then if we define W = I;, we will have Ag = A,cy = ¢ and Xy = X where A,,, ¢, and X,,
were given in (2.64), (2.65) and (2.66) respectively. We begin by constructing pointwise credible
set for f(™)(z) at = € (0,1). Let w, € [0,1] be a sequence such that w, — 0 as n — oco. Define z;
to be the upper §-quantile of a standard normal. Using the fact that P(Z > z) < 2z~ exp(—22/2)
for Z ~ N(0,1) and z > 0, we then have

Zyn/2 = O(y/ = logwn). (2.79)

In particular, if w, 2 1/n, then z, 5, = O(Vlogn); and if w, 2 1/logn, then 2z, , =

~

O(y/Toglogn). Since TI(f™ (2)|Y", 0?) ~ N(Ann(2)Y + cpm(z)n, 0?Sm (2, ), we can construct
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a 1 — w, pointwise credible interval for f(™(z) at any z € (0,1) as

(2 |f"™(2) = Ap(2)Y = em(2)n] < 2, 20V Em(2,2)|Y, 0%) = 1 — w,. (2.80)

2

Since 02 is unknown, we will consider the empirical Bayes approach by substituting o2 for 52

derived in (2.14), leading to the following empirical credible set:

C(z) = {f : If"™(z) — An(@)Y — en(@)n] < 24, /200 Sm (@, 7)}, (2.81)

where by construction, I, (CA (2)]Y) = 1 — wy,. We shall study the frequentist coverage of Cl (x)
at any x € (0,1) as n — oo, which is given by

~

inf Po(fo S C($)) (2.82)

1™ jamm <R

Theorem 2.9. If J = nY/ ot then the asymptotic coverage of (2.82) is 1, and the radius
of C(x) is Op, (n~(@=m)/QRat1) /"Togw,) uniformly over Hf(gm)HHafm < R at any x € (0,1),
R >0 and all m < a.

Proof. For any sequence (, = o(y/n), define t,,(z) = inflo_o21<¢, ) /m 2 /20 B (T, 7). By
(2.46), to show (2.82) has asymptotic coverage of 1, it suffices to show that

sup Py (| ™ (@) = A (2)Y — enm(z)n] > tm(:v)) 0. (2.83)

175 pyamm <R

Since z,, /2 = 00 as wp — 0 and infi2 o2 /o 0? = o2 + o(1), we have t,, ()2 > X, (v, z).
By (2.19), Syu(2,2) = Anin BV B ) Wby ()2 2 (/0| Wb g ()] Hence,
we need a lower bound for [|[WZI1b;, n(2)|? = Z}'le B](-ZL) (z)%. For any = € (0,1), let i, be a
positive integer such that = € [t;,_1,t;,]. Hence, only (Bi, g—m(Z)- ..., Bi,+q-m—14-m(z))T are
nonzero. By (2.60)—(2.63), B](.ZL) (z) is a linear combination of (Bjg—m(z), ..., Bjtmqg-m(z))T
for any 1 < j < J. Choose j =i, +q¢—m — 1, and we have

J m
m (g —u)?
Wb gm(@)? =S (B () > T + — =Bt mtgm(T)’
j=1 u=1 (tlw‘*‘q—m—l tlac—m—l—f—u)
1 qg—m 2
>_— (L) > g2m 2.84
- A2m < q > ~ ‘] ) ( 8 )

where the last line follows since (2.5) implies that t; 4 q—m—1 — ti,—m—14u < (¢ —u+1)A, and
we used Lemma A.1 to obtain the final lower bound. Consequently, ¢,,(x)? > J?™*!/n. Under

the true distribution Py, A,,(2)Y + ¢n(x)n is a sub-Gaussian random variable with mean
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A (z)Fo + ¢p(z)n and variance o3 W,, (7, x), where the expression for ¥, (z,z) at = € (0,1)
is given by (2.71). Define @, mn(x) to be a sub-Gaussian random variable with mean 0 and

variance o3V, (x,z). Then uniformly in ||f(§m) |lgga—m < R,

Eolf§™ () = A (2)Y — em(@)n]? = EolAn(2)Fo + cu(a)n — [ (2) + Quum(2)]?

< 2E[Qnn ()] + 2| A (2)Fo + em(a)n — ™ (2)?

2m—+1
< J

~

+ J—Q(a—m),

where the last line follows from (2.73) and (2.69) respectively. By Markov’s inequality,

J2m+1/n+J72(afm)
tm(2)?

sup Bo(|f™ (@) = An(@)Y = em(@)n] > tm(2)) S
1FS™ lyjamm <R

Since tp,(z)? > J*™*1/n, we have tp,(z)? > J~2em) if J = pl/2a+D) Hence the right
hand side above will go to zero as n — oo. We conclude that inf\\fém)llﬂafng P0(|fém) () —
An(2)Y — ep(@)n| < t(2)) = 1if J < nt/Cet) Let hp(2) = 2, 2/ Sm(x, 7) at z € (0,1).
By (2.79), we have z,, o = O(v/—logwy). Since Ly, (z,2) < J*"+1/n by (2.72), we conclude
using (2.46) that G,hm,(z) = Op,(n~(@=™)/2at1)/“Togw,) uniformly over Hfém)HHafm <R
at any x € (0,1). O

The conditional posterior distribution for f™ is TI(f(™|Y, 02) ~ GP(A,LY +cmn, 025,).
The conditional distribution of (f™ — A,,Y — ¢,,n)/o given (Y, 0?) is GP(0, ,,), and hence
does not depend on Y and 2. This enables us to construct Lo-credible ball for f(™)| centered at
its posterior mean with radius oh,,, where h,, is chosen such that its posterior mass is exactly
1 — wy,. That is,

I(f: ||f™ — ALY —epnlla < 0hm|Y,02) = 1 — wy, (2.85)

where h,, — oo as w, — 0 and h,, does not depend on Y. The corresponding empirical

Lo-credible set is
Co={f: |f™ = AnY — emnll2 < Guhim}. (2.86)

where by construction, Ilz, (€2|Y) = 1 — wy. We shall study the frequentist coverage of Cy as

n — oo, which is given by

inf Po(fo S 62) (2.87)
1£5™ llsga-m <R
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Theorem 2.10. If J =< n'/2otD) ihe asymptotic coverage of (2.87) is 1, and the radius ofCAz
is Op,(n=(@=m)/QCetD) /Tlogw,) uniformly over Hfém)HHa—m <R for R>0 and allm < a.

Proof. For any sequence (, = o(y/n), define t,, = infig2_g21<¢, 7 /m Ohm- By (2.46), to show

(2.87) has asymptotic coverage of 1, it suffices to show

sup Py (Hfém) —A,Y —cennll2 > tm) — 0. (2.88)
176" llygo-m <R

Let Zpm ~ GP(O, Sm). Now Iz, (C2]Y) = 1 — w, implies that P(|| Znml2 > hm) — 0. Observe
that fol n,m(x)dz is normally distributed, and by Fubini’s theorem, its mean is 0 and variance

is fo fo (z,y)dzdy. Now since fo o (2)dx < || Znmllh < | Znmll2 a.s., we have

P Znmll2 > hm) — 0. (2.89)

\/fo fo (2, y)dwdy

Hence, h2, > fo fo (z,y)dzdy. To derive a lower bound for fo fo (x,y)dxdy, we first
need to establish lower bounds for integrals of B-splines, it turns out that by using the last two

equations in the proof of Lemma 6.7 in Zhou et al. (1998), we have

1
/(]Bqu(:v)dxz Cagl (2.90)

for any 1 < j < J, where the constant C' is from the quasi-uniform knot assumption in (2.5).

Using the expression for 3,,(x,y) at x,y € (0,1) given in (2.66),

/ / (z,y)dzdy = ( /0 b J,q,m(x)dx>

> Amin {(BTB+Q 1)1} Hwﬁ </01 bJ,q,m(x)dx>

J 1 2
> Hwﬁ ( / bJ,q,m@)dm)
n 0

) (2.91)
where the last line follows from (2.19). Now using expressions for the entries of W, described

T 1
Wn(BTB+Q ) twl < / bj,q,m(x)dx>
0

2
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n (2.60)—(2.63) and the lower bound in (2.90),

1 2
o i
0
n 1 2 Jom 9
= Z (Z wl‘;n)/ B,q m(ﬁ)d‘%’) + Z (Z w](T37]+m/ B]+Z7q m(x)dl'>
=1 \e=l j=1 1=0
m—1 i 2
+ Z (Z w{(frﬁ?m—i,(]—]/ BJm'L,qm(SL‘)dl‘>
7=0 \1i=0
= B g—m(z)dz
B (H ti—ti- q+l> (/ b= )
1 g—m\~ 1 o o
= = = .
—[Cri(g-DI? ( q > Az =N J

The last line follows since (2.5) implies that t; — 141 < (¢ =1+ 1)A for [ = 1,...,m,
and we applied Lemma A.l1 to obtain the final lower bound. In view of (2.91), we have
fo fo (z,y)dzdy 2 J¥™ L /n. Therefore, t2, > o2h,, > J*™ T /n,

Under the true distribution Py, A, Y + ¢,,n is a sub-Gaussian process with mean function
A Fo+cnm and covariance function (78 U,,, where the expression for ¥,,(z,y) at x,y € (0,1) is
given by (2.71). Define @, to be a sub-Gaussian process with mean function 0 and covariance

function o3 W,,. Then uniformly in Hfém)HHa—m <R,

Eoll /™ — AmY — e} = EllAnFo + com — 3™ + Qumll3
< 2E||Qumll3 + 2 AmFo + eom — £3

1 1
:2/ \I/m(x,x)da:+2/ | Ay (@) Fo + em(@)n — £ () da
0 0

J2m+1

< + J72(a7m)
~Y n M

where the last line follows from (2.73) and (2.69) respectively. By Markov’s inequality,

J2m+1/n+J—2(a—m)

swp  Ro(lfg™ — AnY — cunll > tn) S 2

175 pyamm <R

Since t2, > J>"*1 /n, we have t2, > J~2@=m) if J = pl/(e+1) Hence the right hand side will
go to zero as n — co. We conclude that imf”f(m)H <R P0(||f0m) —AnY —cmnll2 <tm) — 1
0 Hoa—m >

if J < n!/CetD) Applying (3.5) from Ledoux and Talagrand (1991) to Z,, with || - | as the
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Lo-norm, we have

h2
Wn = P(HZn,m”Q > hm) < 4dexp <_m> .
8E|| Znmll3
It then follows that h,, < (E||Zn.ml2)'/?v/—logw,. By Fubini’s theorem and (2.40), we have
EZnml3 = fol Y(x, z)dr < J*™ L /. In view of (2.46), we have uniformly over Hf(gm)HHafm <
R that the radius of 52 is Gnhm = Op, (n_(o‘_m)/(%‘*‘l)\/— logwy,) . O

We will use a slightly different approach to construct Ls-credible region for f(™) of size
1 — w. Note that here w € [0, 1] does not depend on n and we assume that w < 1/2. We choose

a sequence Moo m such that
s, (f: [f™ = AnY — ent]loo < Gnhoom|Y) =1 —w, (2.92)

where hoo m, does not depend on Y. As we shall see in Theorem 2.11 below, in order to ensure
frequentist coverage of 1 asymptotically, we need to introduce an inflation factor p, in the

radius, such that p, — oo as n — oo. That is, we consider the following inflated credible region
Coo = {f: I/ — A Y — clloo < Prudnhoom)s (2.93)

where by construction, Ilz, (5m\Y) > 1—wif p, > 1. We shall study the frequentist coverage

of CAC>o as n — 0o, which is given by

inf Po(fo € Coo). (2.94)
1™ l3gam <R

Theorem 2.11. If J = (n/logn)Y@etD the asymptotic coverage of (2.94) is 1 and the
radius of Coo is Op, ((logn/n)@=m/Cat1) 5y “uniformly in Hfém)HHa—m < R for R > 0 and

any m < «.

Remark To simultaneously control the size of 500 and ensure guaranteed frequentist coverage,
we can take p, to be a slowly varying factor tending to infinity. For example, p,, = (loglog n)l/ 3

gives excellent results (see the simulation experiment in Section 2.6).

Proof. For any ¢, = o(v/n), let toom = inf|y2_g21<¢,//m Thoom- By (2.46), to show (2.94) has

asymptotic coverage of 1 , it suffices to show

sup Po(Hf(gm) —A,Y —cpnlloo > prtoom) — 0. (2.95)
18 N30 —m <R
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Let Z,m ~ GP(0,%,,). Define M(Z, ) to be the median of || Z, m|lcc, i.€., M(Zpm) is a
number satisfying both P(||Znmllec < M(Znm)) > 1/2 and P(||Znmllcc > M (Zpm)) > 1/2.
In addition, we define 0% = SUPge(0,1) Var(Zn,m(z)) and note that by (2.72), o2 < JPmrl iy,
Using the fact that oz < 2M (Zpm) and |E||Znmllee — M (Znm)| < 07(7/2)Y/? (see Pages 52
and 54 of Ledoux and Talagrand, 1991), we have E||Z, m|loo < (14 2(7/2)"/2)M (Z,,1n). Since
0% = o(1) for J < (n/logn)/o) we have E||Znmlloc > M(Znm) + o(1). Consequently,

E|Znml|loo < M(Zym)-

Now, (2.92) implies that P(||Znmllcc > hoom) = w. Since w < 1/2 by assumption, this
implies that heom > M(Zpm) < El|Zpm|leo. Hence, we need a lower bound for E||Z;, 1 ||oc-
Define V; = Z, p,(t;), where t; with 1 < ¢ < N are the interior knots of the B-spline. By the
mean value theorem and (2.84), we have for some point t* € At; + (1 — A\)t, with A € [0,1] that

J
(m) (y. > ( m+1 ) — )2 > g2 2> j2m
Z (Bm (t:) — = (ti = 1) 2 7" min 67 2 ", (296)
7j=1 7j=1
where 0, = t; — t;_1 for 1 <[ < N, and the last inequality follows from assumption (2.5) and

Lemma A.1. Then for any 1 <i,r < N,

E(V; = Vi)? = (brgm(ti) — bigm(te) Win(B"B + Q) "W (bygm(t:) — brgm(t))
ZAmln{(BTB‘f'Q ) 1}HWT(qu, ( ) qu, (tr))HQ

J
J (m) (m),, \2 o S
R ; (Bj,q (t:) = Bj, (m) >, (2.97)

where ¢ > 0 is a universal constant not depending on n, and we used (2.19) to lower bound the
minimum eigenvalue of (BT B+ Q~1)~1. Define U; = \/2n/(cJ?™+1)V; and H; i.i.d N(0,1) for
1 < i < N. By equation (3.14) of Ledoux and Talagrand (1991), we have E(maxi<;<n H;) 2
V/log N. Therefore for any 1 < i,r < N,

E(U; - U,)? >2=E(H; — H,)?, (2.98)

and by Slepian’s Lemma (Corollary 3.14 of Ledoux and Talagrand, 1991), we have

E ( max U,-> >E < max H) VIogN. (2.99)

1<i<N 1<i<N

h2

oco,Mm ~v

Since N ~ J by Lemma A.1, we have t> > (Bl Znmlls)? 2 (J*™ 1 /n)log n. Then

OOTI’LN
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uniformly in ||f0m) |lgga-m < R,

Eo(|lf§™ — AnY — o) = E(| AmFo + cmm — £§™ + Qumll%)
< 2B(|Quaml%) + 2E(|AnFo + cm — f™1%)

2m+1 J2m+2
< logn+ —5—+ J~Ha=m)
n n
2m—+1
< logn + J—2(@=m), (2.100)

where the last two lines follow from (2.76) and (2.69) respectively. By Markov’s inequality,

J2mHL inY logn + J—2(@=m)
Sup PO(Hf(gm) - AmY - CmnHoo > pntoo,m) S ( / ) 2g2
™ = pntoo,m
“fo ||Ha—m7R

. (2.101)

Now, since 2., > (J*™1/n)logn, then p2t% ,, > (J*™*1/n)logn. If J < (n/logn)'/(Zet1),

we have p%tgqm > J~2@=m)_ Hence the fraction on the right hand side goes to 0 as n —
() Po(lfg™ — AnY — enmlloc < putocm) = 1 for J =

o™ lyga-m<R

(n/logn)Y/ e+ Applying (3.5) from Ledoux and Talagrand (1991) to Z,,, with || - || as the

Loo-norm, we have

0o. We conclude that inf

h2
= P(|Z h <4 L
Hence, hoom S (Bl Znml|2)Y?v/—Tlogw. By (2.76), we have E||Z,||% < (J2F!/n)logn. In
view of (2.46), we have uniformly over Hf(gm)H’Hafm < R that the radius of CAOO i PrOnhoom =
Ory((log n/n)(@=m)/ a1 ) =

Remark If we allow w = w, — 0 without using p,, as in the construction for pointwise and
Lo-credible regions, we need h2, ,, > (J*™*!/n)logn to make the right hand side of (2.101)
approach 0. We currently are unable to show this but conjecture that the lower bound for
hZ, . established above, i.e., (J*™*!/n)logn is sharp regardless whether w < 1/2 is fixed or

approaching 0. The introduction of an inflation factor is not unique to this problem, and it was

used by Szabo et al. (2014) in the context of constructing adaptive La-credible regions.

Another way to ensure guaranteed frequentist coverage is to undersmooth the prior, i.e.,
using more B-splines in the expansion than the optimal number. However, it turns out that we
need two different priors to accomplish this task for L..-credible sets. Namely, we use the optimal
J to estimate the center A,,Y + ¢, and a larger J to estimate the size of the radius. We write

f as fy to show that J B-splines have been used in the expansion of (2.3). In a similar manner,
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we write A7, for A,,, ¢/, for ¢,,, &7, for ¥, and 6721,,] for 52. Let J,, = (n/logn)'/(+1) be the
optimal number of basis. Using the same construction as in (2.93), we consider the following

empirical credible region for f; with radius o, jhjm,
CL={fr: 15" = ALY = eimlloo < Gnhum}, (2.102)

where hj,, does not depend on Y. We first choose h,, such that Hanyj((?gO]Y) =1—w with
w < 1/2, where the appropriate order of J will be determined in Theorem 2.12 below. Using

this h ., we then study the frequentist coverage of the following set:

., inf Po(I£™ = AIY = ¢lrmllco < Gnshm)- (2.103)
15 pga-m <R

Theorem 2.12. Let m < § < . If J =< (n/logn)Y/@P+Y) | the asymptotic coverage of (2.103)
is 1, and the radius of C is Op, ((log n/n)B=m)/CB+1) “yniformly over Hfém)HHafm < R for
R >0 and any m < .

Proof. Define tj,, = inf\ataglgcn/\/ﬁ ohjm. Following the same argument as in Theorem 2.11,
we see that t?]’m > (J*™+1/n)logn. Using the optimal .J, < (n/logn)/(*+1) to estimate
the posterior mean, we see that Eo(Hfém) — Ay — clh||%) < (I n)logn + gy
uniformly in Hfém) l3a—m < R, by substituting J for J,, in (2.100) of Theorem 2.11. By Markov’s

inequality,

(a—m)

" (J2+ /n)logn + e
swp A" AY = emlloe > tam) S S T
/8™ ll30—m <R

(2.104)

Since J > J,,, we have (J2™1/n)logn > (J2™+!/n)logn and (J2™+/n)logn > J, 2™,
These then imply the right hand side above will go to 0 as n — oo. We conclude that
Po(I£™ = ARY —edomlloe < tym) — 1for J = (n/logn)Y/8+1) uniformly over || £\™||3ja-m <
R. As in the proof of Theorem 2.11, it follows from (3.5) of Ledoux and Talagrand (1991)
that by < (Bl Z;],,1%)Y2V/=Tlogw for Z7,, ~ GP(0,%;,). By (2.76), we have E[|Z;],||%, <
(J?"+1 /n)logn. In view of (2.46), we have uniformly over ||f(§m)H’Ho¢—m < R that the radius of

CL 8 G hsm = Op,((logn/n) =™/ GOTD), O

Remark If we had used the optimal J, to estimate both the radius and the posterior mean,
then the right hand side of (2.104) does not approach 0, and hence the need for two different
priors. This is in contrast to the undersmoothing method described in Knapik et al. (2011)
where they considered Lo-credible region. In Theorem 4.2 of that paper, one prior is sufficient

to do undersmoothing. The main difference is that unlike in the Lo case, the expectation and
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standard deviation of HZ,{mHOO has the same order of magnitude, and their argument using
asymptotically completely separated distributions (see page 22 of the same paper) does not

apply here.

Theorem 2.11 uses the optimal number of B-spline basis to estimate both the center and
radius but inflates the width of the credible region by some factor to ensure frequentist cov-
erage of 1 asymptotically. Theorem 2.12 achieves the same aim by using the optimal number
to estimate the center but uses a larger J to estimate the radius. In terms of implementation,
Theorem 2.11 enjoys two advantages over Theorem 2.12. The first advantage is that we do not
have to use two priors, one with optimal J,, and the other with larger J for point estimation
and credible region construction respectively. Since the inflation factor p, does not depend on
«, which is the underlying smoothness of fj, it can be used in the adaptive context, i.e, in the
case of unknown « and we put a prior on J. On the other hand, we cannot undersmooth if we

use an adaptive prior on J, since adaptive prior by definition smooths the right amount.

In view of Theorems 2.9-2.12, we see that there are three different types of credible region
constructions that will guarantee frequentist coverage of 1 asymptotically. The first is to let
the credible level 1 — w,, approach one as n — oo, and it was used to construct pointwise and
La-credible regions (Theorems 2.9 and 2.10). If w,, does not depend on n, then one could either
inflate the radius by some slowly varying factor p,, (Theorem 2.11), or do undersmoothing by

using a larger J in determining the radius (Theorem 2.12).

2.6 Simulation

In this section, we construct pointwise credible intervals and credible bands based on results
established in the previous section. In addition, we will compare finite sample performance of
our credible intervals and bands with the confidence intervals and bands proposed by Zhou

et al. (1998). Consider the following true function,
fo(z) =v2> i3 sin (i) cos{(i — 1/2)mx}, (2.105)
i=1
where z € [0, 1]. This function is taken from Knapik et al. (2011), and they showed that it has

smoothness of a = 1 in the Sobolev sense. Figure 2.2 shows a plot of this function. We assume

that the data are generated using

Y= fo(Xi) +00Zi, i=1,...,n, (2.106)
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where Z; YN (0,1) and we set 03 = 0.1. The covariates follow a discrete uniform design,

ie, X; = (i—1)/(n—1) for i = 1,...,n. We use B-splines of order 4 (cubic) and uniform
knot sequence where we added 4 duplicate knots at each of the boundary points {0, 1}. For the
prior parameters, we set 7 = 0 and Q = I;, where J is determined by cross-validation (to be
discussed below). Using the methods discussed in Section 2.5, we construct 1 — w,, pointwise
credible intervals for f with m = 0 where w,, = 5/n. The constant 5 is chosen such that w, at
n = 100 is 0.05. Here, 52 is computed using (2.14). However, direct computation is expensive
since the matrix in the middle BQBT + I,, is n x n and n > J. Instead, we use (2.25) and
rewrite G2 as

~2_ (Y -Bn)"(Y - Bn)— (Y - Bn)B(B"B+9Q")"'B"(Y — Bn) (2.107)

" n

This then results in huge reduction in the number of flops, since now BT B+ Q! is J x J and
J < n. Moreover, this matrix is 4-banded by our choice of prior, Q = I ;.

fo
1
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.2: A plot of fy, note the distinguishing bump near x = 0.3

For comparison, we will use methods proposed by Zhou et al. (1998) to construct 1 —
wy, pointwise confidence intervals for f. Let f(a:) =b J,q(:c)Ta be the least squares estimator

for f where 0= (BTB)"'BTY . Their asymptotic 1 — w,, pointwise confidence intervals are
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constructed as follows (see Theorem 4.1 of the same paper),

F(@) £ 2, ;o) Var(f(z)), (2.108)

where Var(f(z)) = 0%b;4(x)T (BT B)~1b;,(x). Note that since Zin /2 — 00 as wy, — 0, under-
smoothing is not needed and J = n'/(22+1) will be enough to ensure asymptotic coverage of

1. However, since o is unknown, we use 52 = (Y’ —BOA)T(Y —Bé\)/(n— J) as plug-in estimator.

As we will see below in our simulation (see Figures 2.5-2.6), there is a point that has
pointwise coverage of 0 for both Bayesian and frequentist methods, in all sample sizes considered.
Consequently, we need a better way to construct credible and confidence intervals, which will
ensure adequate coverage for all points under consideration. One way to accomplish this is to
construct simultaneous credible and confidence bands. For our proposed method, we construct

1 — w credible band as
(A(2)Y + c(x)n) £ pnonhoo,o (2.109)

in view of (2.93). Note that here w does not depend on n. To actually determine h o in (2.109),
we draw 1000 samples f ~ II; (f|Y) and compute Zoo = |f — AY — cn|so /G for each drawn
sample. Then, h o is estimated using the corresponding 1 — w empirical quantile of Zso. To

construct 1 —w asymptotic confidence band, we use Theorem 4.2 of Zhou et al. (1998). That is,

Flz) £ c(w)y/ Var(f(z)), (2.110)

where ¢(w) solves the following equation

Y- |277r| exp(—c(w)?/2) + 1 — D(c(w)).

The expression for || is given by (see equation (41) of Zhou et al., 1998)

da, (2.111)

= [ oale)! (BB BT B) (B B) o)
0

(byq(z)T (BT B)~1b4(x))3/?

where H = WTb;,1(2)bs,(2)T — by4(2)bs,1(2)T W1, Hence, the confidence bands of Zhou
et al. (1998) have varying length at each data point while our credible bands have fixed length.
To determine the optimal J for both methods, we use leave-one-out cross validation (CV) based

on the posterior mean AY + cn and the least squares estimator f respectively, with prediction

mean square error as our criterion function.
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We conduct our experiment across sample sizes n = 100, 300, 500, 700, 1000, 2000. For point-
wise credible and confidence intervals, we report the empirical coverage based on 1000 Monte
Carlo runs for each sample size. All computations were carried out in R and B-splines were

constructed using the bs function from the splines package.

Figures 2.3 and 2.4 show the optimal N (vertical dash lines) chosen based on cross-validation
for each level of sample size, where NN is the number of interior knot points. The plots on the
left panel (Bayes) use the posterior mean AY + cn as estimator of f, while those on the right
(Frequentist) use the least squares estimator f We see that apart from the case where n = 100,
both Bayesian and frequentist methods choose the same optimal N. Also, we notice that the
plots for both methods become more and more similar as n increases. Hence, for the rest of the
simulation study, the same N or equivalently J will suffice for both methods. Table 2.1 shows
the growth rate of J selected by CV as n increases. Observe that there is a close agreement
between the optimal J by CV with those computed using the formula Cn!/**1) for o = 1, and
C > 0 is a universal constant not depending on n. By trial and error, we found that C' = 1.65
for the true function fy we considered. This formula is useful for predicting the optimal J for

larger sample sizes. For example, one should use approximately 29 B-splines for n = 5000.

Table 2.1:  Optimal J by CV (Bayes) vs. Computed J based on asymptotic formula with oo = 1.

n 100 300 500 700 1000 2000

J 8 10 13 14 17 20
1.65n1/Catl) 766 11.05 13.1 14.65 16.5 20.79

The pointwise coverage probabilities of the credible and confidence intervals for different n
are shown in Figures 2.5 and 2.6. One distinguishing feature of these plots is the downward
spike at around z = 0.3, which corresponds to the bump in the plot of the true function fj in
Figure 2.2. We see that the plots gradually narrow down to this point as n increases. Moreover,
the pointwise coverage is 0 at this point for both Bayesian and frequentist methods in all sample
sizes considered. Other than this point, both methods yield almost the same pointwise coverage,
especially in large samples sizes, i.e., n = 700 and above. We conclude that for high credibility
and confidence levels, credible and confidence regions are equivalent in quantifying uncertainty

of estimating fjy.

Table 2.2 shows the coverage of 95% (w = 0.05) simultaneous credible and confidence bands.

By trial and error, we found that p,, = (loglogn)'/? will cover the bump across all n. As a result,
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our method has coverage of 1 for all sample sizes considered. At n = 100, the apparent higher
coverage for the confidence bands is due to the positive bias of 2 at small n, which increases
the coverage probability. From n = 300 onward, the coverage of confidence bands increases
with n. The corresponding graphical representations of these bands are shown in Figures 2.7
and 2.8. The left panel corresponds to our proposed Bayesian method, with the red line as the
posterior mean and blue dash lines as our 95% credible bands. The right panel corresponds to
the frequentist method of Zhou et al. (1998), with the red line as the least squares estimator
f and the blue dash lines as the 95% confidence bands. In both panels, the black line is the
true function fy. Except at the endpoints {0, 1}, we see that our credible band has larger width
than the confidence band across all n, but the width of our credible band is decreasing with
increasing n, a phenomenon similarly observed for confidence bands. At the endpoints, the
frequentist method has much larger width due to the fact that there are fewer observations at
these points. Note that our proposed credible bands cover the bump in fy for all sample sizes
considered, while the frequentist method still misses the bump slightly, especially for n = 100

and sample sizes n = 700 and above.

Table 2.2: 95% simultaneous credible and confidence bands.

n 100 300 500 700 1000 2000

Credible band coverage 1 1 1 1 1 1
Confidence band coverage 0.972 0.948 0.963 0.978 0.985 0.986
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1.0

0‘,0 0‘,2 04‘4 0.‘6 0.‘8 1‘,0 0.‘0 0‘,2 0‘,4 04‘6 04‘8 1.‘0
(a) n = 100, credibility = 0.95 (b) n =100, nominal = 0.95

0‘,0 0‘,2 04‘4 0.‘6 0.‘8 1‘,0 ° 0.‘0 0‘,2 0‘,4 04‘6 0.‘8 1.‘0
(¢) n = 300, credibility = 0.9833 (d) n = 300, nominal = 0.9833

0‘.0 0‘.2 0.‘4 0.‘6 0.‘8 1‘.0 0.‘0 0‘.2 0‘.4 0.‘6 0.‘8 1.‘0
(e) n = 500, credibility = 0.99 (f) n = 500, nominal = 0.99

Figure 2.5: Pointwise coverage probabilities for credible and confidence intervals.
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0‘.0 0‘.2 04‘4 D.‘G O.‘B 1‘.0 O.‘D 0‘.2 0‘.4 04‘6 D.‘B 1.‘0
(a) n = 700, credibility = 0.9929 (b) n = 700, nominal = 0.9929

0‘.0 0‘,2 04‘4 D.‘G 0.‘8 1‘.0 0.‘0 0‘.2 0‘,4 04‘6 04‘8 1.‘0
(¢) m = 1000, credibility = 0.995 (d) n» = 1000, nominal = 0.995

04‘0 O‘,Z 0.‘4 04‘6 0‘,8 1‘.0 0‘,0 0‘.2 0.‘4 OTG 0‘.8 1.‘0
(e) n = 2000, credibility = 0.9975 (f) n = 2000, nominal = 0.9975

Figure 2.6: Pointwise coverage probabilities for credible and confidence intervals.
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(e) Bayes: n = 500 (f) Frequentist: n = 500

Figure 2.7: Red: posterior mean (left) and f (right), Black: true function, Blue dash: 95%
Loo-credible (left) and confidence (right) bands.
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) Bayes: n = 700 (b) Frequentist: n = 700

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(e) Bayes: n = 2000 (f) Frequentist: n = 2000

Figure 2.8: Red: posterior mean (left) and f (right), Black: true function, Blue dash: 95%
Loo-credible (left) and confidence (right) bands.
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Chapter 3

Sup-norm posterior convergence

rate for multivariate regression

3.1 Introduction

Consider the nonparametric regression problem in (1.1), such that for some f: U C R — R,

we have
Y; = f(Xl) + Ei, (31)

where ¢; are independent and identically distributed (i.i.d.) as N(0,0?) and 0 < o < oo is un-
known. The covariates X; = (X1, ... ,Xid)T for i =1,...,n can be deterministic or randomly
distributed. In both cases, X; € U for i = 1,...,n, where U is some open rectangular region in
R, Since any such regions is an affine transformation of the unit cube, we can let U = (0,1)¢

without loss of generality.

This chapter is an extension of the previous chapter to higher dimensions. In the present
chapter, we will estimate f and its mixed partial derivatives using Bayesian procedures, by ex-
panding f using tensor-product B-splines and assigning normal priors on the basis coefficients.

To deal with unknown o2

, we consider two approaches: by estimating o2 using empirical Bayes,
or further endowing o2 with a conjugate inverse-gamma prior. Conjugacy with the model (3.1)
above then enables explicit expression for the posterior distribution to be derived and analyzed.
We will study pointwise, Lo-and L.-posterior convergence rates for f and its mixed partial
derivatives. Moreover, pointwise, La-and Ly-credible sets will be constructed to quantify their
estimation uncertainties. Under appropriate conditions, we show that they have guaranteed

frequentist coverage with optimal size up to a logarithmic factor. Lastly, we will investigate the
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issue of anisotropy, i.e., functions with different smoothness in different dimensions, and study

its effect on posterior convergence rates and credible sets construction.

Since tensor-product B-splines are used extensively in this chapter, we will describe them
briefly and discuss some of their important properties. Suppose we have d system of order g
univariate B-splines with knot sequence 0 =t o < tp1 < -+ < g N, < tg,N,+1 = 1, at each
dimension k = 1,...,d. That is, {Bj, ¢.(-) 1 jx = 1,..., Jk,k =1,...,d} for J, = g + Nj. We
)T

construct tensor-product B-splines at © = (x1,...,24)" as

d
le,u-,jd(xl’ ey Tg) = H Bjy. a1 (k).
k=1

Figure 3.1 shows 100 bivariate cubic B-splines, where we plotted only the last 50 to show
its inner structure. Since tensor-product B-splines are products of univariate B-splines, its
properties can be derived from those listed in Section 2.1 of the previous chapter. Below is a
list of the most important properties of tensor-product B-splines used in this dissertation (see
Chapter 12 Section 2 of Schumaker, 2007 for proofs of these properties). For new results on

tensor-product B-splines that we developed for this dissertation, see Appendix B.
1.0< By, j,(x)<lforallze (0,1)and 1 <jp < Jp, k=1,...,d.

2. The support of By, () is szl(tk’jk_qk,tk,jk). That is, we have Bj, () > 0 on

d . d
LS Hk:l (thk_Qk’thk-) and is zero for = ¢ Hk:l[tkyjk_Qk’tkyjk]'

3. For a given xj € [ty —1,tx,], only g, adjacent B-splines (B g, (), .-, Biig. 1.0, ()T

are nonzero (positive) for k =1,...,d.

4. Partition of unity: Y7 S B;

FRIRROTD Py (x) =1 for any x € (0,1)4.

1yerdd

Unless otherwise noted, we now describe the assumption on fy that will be used throughout

this chapter.

Assumption 2. Under the true distribution Py, we assume Y; = fo(X;) + €;, such that ¢;
are i.i.d. with mean 0, variance o3 and |||y, < oo for i = 1,...,n. Also, fy belongs to the
isotropic Holder space H((0,1)9) of order a > max{d/2,2}. To avoid boundary effects, fy can
be extended to a slightly bigger set (—e, 1 + €)¢ for some € > 0.

Let po be the density of Py with respect to the Lebesgue measure. Let Eg(-) and Varg(-)
be the expectation and variance operators taken with respect to Py respectively. For notational

conciseness, write Fo = (fo(X1),..., fo(Xn))T and € = (e1,...,e,)7.
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Figure 3.1: A set of 100 bivariate cubic B-splines. To show the inner structure, only the last
50 is plotted.
3.2 Prior and posterior conjugacy

For any @ = (x1,...,24)7, we represent f(x) as

Z Zeh, JaBia (@1) -+ Bjygu(wa) = by g(x)"0, (3.2)

Jji=1 Ja=1

where by q(x) = {Bj, (1) - - Bjqu(xd)}‘] rodd _, is a vector of J = szl Ji, tensor-product

11—1, Jd
B-splines, and 6 = {6;,._j, };]11 l’Jd _, are the corresponding basis coefficients. Each element
in by 4(x) is a product of d univariate B-splines of fixed orders q = (g1, ...,¢4)7, such that
qr > o for k =1,...,d, with number of basis J = (Ji,...,Jy)T for each B-spline component.

Let Y = (Yi,...,Y)T, X = (XT,...,X)T and B = (bj 4(X1),...,b74(X,))T. Then the

model for (3.1) can be written compactly as
Y|X,0,0° ~N,(B0,5I,). (3.3)

In this chapter, we treat each component of J as deterministic and allow it to depend on n, d
and a. At each k =1,...,d, the kth B-spline system has knot sequence 0 =t _q, = ti1—q, =
=tpo <tpg <o <lgn, <N+l =teNgt2 = " =l N4qg = 1. The q; duplicate knots
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at each boundary point {0,1} are needed, because the recursive formulas for B-spline and its
derivatives (see equations (4.22) and (4.23) of Schumaker, 2007) entail using knot points with
index exceeding N or have negative index. We note that the knot points and the number of
interior knots N may depend on n. We then have J. = qr + Nk, where N; and thus J, are

increasing with n. Moreover, we assume that szl Ji < n.

At each k = 1,...,d, define 0;; = ty; — tx;—1 to be the one-step knot increment, and let
A} = maxi<j<p, Ok, be the mesh size. We assume that the knot sequence for each direction is

quasi-uniform (see Definition 6.4 of Schumaker, 2007), that is,

Ay

ming<;<n, Ok

<C (3.4)
for some C' > 0. This assumption is reasonable in view of Lemma 6.17 from Schumaker (2007)
which says that we can always choose a subset of knots from any given knot sequence to form
a quasi-uniform sequence with C' = 3. In addition, this class of partition is general enough for
most applications and includes the uniform and nested uniform partitions as special cases (see

Examples 6.6 and 6.7 of Schumaker, 2007 respectively).
If the design points X; = (X1,...,Xiq)? for i = 1,...,n are deterministic, assume that

there exists a cumulative distribution function G(z) having support on [0,1]¢, with positive

and continuous density g(x) such that

d
sup |Gn(x) — G(x)| =0 (H Nk1> , (3.5)

xz€[0,1]4 —
where Gp(z) =n"1> 0, L [Xpe00) () is the empirical distribution of {X; : ¢ =1,...,n}.
For example, let n = m? for some m € N, the discrete uniform design X; € {( j -1)/ ( —1):

j=1,....,m} fori = 1,... n satisfies (3.5) with G being the uniform distribution on [0, 1]¢
and Ny < nl/Qatd) for | = 1, cd.

M (x), and they are mutually independent

For random design points, we assume that X
of g; for i = 1,...,n. Here, G(z) = P(X; < x) is a cumulative distribution function with
continuous density g(z) on [0,1]?. By Donsker’s theorem, |G, — G|looc = Op(1/y/n). If Ni <

nt/(etd) for k =1,...,d and o > d/2, then

|Gn — Glloo = Op (\F) = (f[ ) (3.6)
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In this dissertation, we will prove results on posterior convergence rates and credible sets based
on deterministic design points. The established theorems will then translate directly to the
random case by conditioning X in the posterior distribution, i.e., by considering II(:|Y, X).

Note that BT B is indexed by d-dimensional multi-indices. That is, for u = (u1,...,ug)t
and v = (v1,...,v9)T with 1 < ug, v < Jp, kb = 1,...,d, the (u,v)th entry is (BT B)y» =
S T4, Buygn (Xit) Buy g (Xix)- Unlike in the one-dimensional case, BT B is not banded in
the usual sense, regardless of any permutations of the columns of B. In order to proceed, we

extend the concept of banded matrix to general array-indexed matrix in the following definition:

Definition 3.1. (Multidimensional banding). Let A be a 2d-dimensional square array of
order J x J for J = (J1,...,J4)7, such that each element of A is @y for u = (ug, ..., ug)’ and
v=(v1,...,v9)" with 1 < ug,vx < Jp,k=1,...,d. We represent A as a matrix with rows and
columns indexed by d-dimensional multi-indices 15 < u, v < J respectively, where arrangement
of the elements can be arbitrary, and the corresponding (u, v)th element of this matrix denoted
as Gyp. We say that A is h = (hy,..., hq)T banded if Ay,p = 0 when |up — vg| > hy for some
k=1,...,d.

Recall that the (u,v)th entry of BT B is 3% T1%_, Buy.q. (Xit) Buy g (Xir). Given some X; =
(Xi1,..., X;q)T for i = 1,...,n such that X, € [tki—1,tk,), only g, adjacent basis functions
(Brg.(Xik), - - s Birgu—1.g, (Xix))T will be nonzero for k = 1,...,d. Hence if [ty — 0| > gy, for
some m = 1,...,d, then By, 4. (Xim)Bu,..qm(Xim) = 0, and we conclude that (BT B),, = 0.
It then follows that BT B is g-banded in view of Definition 3.1.

On the basis coefficients, we assign
0|o* ~ Nj(n,o*Q). (3.7)

We assume that ||7|. < oo and the entries of € do not depend on n. The entries of Q are
indexed using d-dimensional multi-indices in a similar manner as for BT B described above.
We further assume that Q71 is a v = (v1,...,v4)T banded matrix, where each element of v
does not depend on n. The bandedness of Q7! ensures that the posterior precision matrix is
also banded, which allows upper bound on the bias of the posterior mean to be established. We
note that € depends on n only through its dimension, which is J x J. Furthermore, as n — oo,

we assume that there exists constants 0 < ¢; < ¢o < o0 not depending on n such that
ClIJ S Q S CQIJ. (38)

We see that a scaled identity matrix satisfies the multidimensional banding assumption and
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(3.8) for v = 1,4. The prior support of f is given by the closure of its reproducing kernel Hilbert
space (van der Vaart and van Zanten, 2008a), which is the J-dimensional space of polynomial
splines spanned by elements of by 4(-). Since ¢ > «, this implies that the prior support of f is
a subspace of H*((0,1)%).

Based on (3.3) and (3.7), the conditional posterior of 0 is
me|Y,o%) ~Ny [(BTB+97") " (BTY +27'n) 0* (B"B+07") |, (3.9)

It then follows that the induced posterior for f is II(f|Y,0?) ~ GP(AY + cn, o2Y), where A
and ¢ are bounded linear operators mapping R™ and R” respectively to H*((0,1)%), and ¥ is
the covariance function defined on (0,1)% x (0,1)¢ such that for any x,y € (0,1)%,

1

Az)=byqx) (B'B+Q') BT, (3.10)
c(@) =byg(x)’ (BTB+Q 1) ' (3.11)
S(x,y) = byg(@)” (BTB+Q7) " by g(y). (3.12)

Note that since the posterior mean can be written as > . ; a;(x)Y; + c¢(x)n at a fixed x, with
a;(x) being the ith element of the row vector A(x), Assumption 2 with Properties 1 and 2 of
Appendix C imply that AY + ¢n is a sub-Gaussian process under Fy.

2

To deal with unknown o<, we will consider two approaches. The first is empirical Bayes

estimation. Based on (3.3) and (3.7), it follows that Y|o? ~ N,[Bn,c?(BQBT + I,)]. The

corresponding marginal log-likelihood function is

1
1(0?) = —g log 21 — glog 0” — 5 log{det (BQB + I,,)}

~ L (v - Bn)"(BQB" + 1) (Y - Bn),

202
with score function
dl(0'2) n ]. T T -1
=———+—(Y-B BOQB I Y — Bn).

Setting the above to zero and solving for o2, we obtain

52 (Y- Bn)T(BQBZ +1,)"'(Y — Bn) (3.13)
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Note that Py(52 > 0) = 1 since Py(Y = Bn) = 0. By the second order condition,

d?l(o?
@) __n

=4
o2 :6'\721 2Un

Hence with Py almost surely, 52

is a local maximum. Since &2 is the unique critical point, we
conclude that 2 is the maximum marginal likelihood estimator for o2. Empirical Bayes then

entails substituting o2 for 52 in the conditional posterior of f, i.e.,

(f]Y,0%)|2m52 = s, (fIY) ~ GP(AY +cn,525). (3.14)

o

We then write E5 (-]Y) and Varg, (-|Y") for the expectation and variance operators taken with
respect to this empirical posterior. For the second approach, we will consider full hierarchical

Bayes by further endowing o2 with a conjugate inverse-gamma (IG) prior

2 By
~IG | =, = 3.15
716 (5.3) (315)
for some hyperparameters 8 > 4 and v > 0. Here, 8 > 4 ensures that the prior mean and

variance of 02 exist. By direct calculations, the posterior of o2 is

(3.16)

oY ~ IG (5;”, H;a%) .

Under assumptions (3.4) and (3.5), Lemma B.7 concludes that there exist constants 0 <

C1 < (5 < o0 not depending on n such that as n — oo,

d d
Cin (H J,;1> I;<BTB <O <H J,;1> I,. (3.17)
k=1

k=1

In particular, HBTBH(M) =n Hi:l J; . Combining the above with (3.8), it follows that

d
(Cm 17"+ 1) < Amin (B"B+Q71)
k=1

C2

d
1
< Amax (BTB+0Q71) < (Czn 17"+ Cl) : (3.18)
k=1

By Theorem 22 in de Boor (2001) Chapter XII, for fo € H*((0,1)%), there exists a 6, € R’
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such that for constant Cy 44 > 0 depending only on «,d and q with R > 0, we have
d

d
sup  [[br,q() 0o — folle < sup  Coaq Y Ji llfollae ST (3.19)
||f0||H&§R ||fOHHﬂ§R k=1 k=1

Since [|b.g() 0o lloc < Iollnr + Cog Sy T follie < R+ d uniformly in | follye < R,

we have

sup [0l S sup [[bag(-) 0cclloc = O(1) (3.20)

lfolla <R [follna<R

by (12.25) of Theorem 12.5 in Schumaker (2007). The next theorem shows that 52 derived in

(3.13) is a y/n-consistent estimator of o2, uniformly over || fo|lze < R.

Theorem 3.1. If J, < n¥/@td) for b =1,...,d and a > d/2, we have for R > 0,

sup Eg(62-02)2=0 <1> . (3.21)

lfollpa <R n

Proof. Let U = (BQBT +1,) ! and J = szl Jk. By equation (33) of page 355 in Searle
(1982), the absolute bias [Eq(c2) — o3| is

2
1
%tr(U) ~ob| + (Fo— Bn)"U(Fy - Bn)
1
S ~[tr(In = U) + (Fo — BOs) "U(Fo — BOx) + (B0 — Bn) U (B — Bn)],  (3.22)

where we used (z + y)' D(z + y) < 22T Dz + 2y" Dy for any D > 0 in the last line. Let
Pp = B(BTB)"!'BT. Suppose that A is an m x m matrix, G an m x r matrix, T an r x r
matrix, and W an r x m matrix. Assume that A and T are invertible. Then, the binomial

inverse theorem (see Theorem 18.2.8 of Harville, 1997 for a proof) says
(A+GTW) '=A"' - A 'GQT '+ wWA™'G)"'wAaL. (3.23)
Therefore, two applications of (3.23) to U yield
U=BQB' +1,)'=1,-BB'B+Q Y 'B' =1, - Pg+V, (3.24)
where V = B(BTB)"'[Q + (BTB)"']"Y(BTB)~' BT > 0. Hence the first term in (3.22) is

1 1 J

64



Note that U < I,, since BQBT > 0, and the second term in (3.22) is bounded by
1 d
2 2 —2a
LUl o)1 — BOuc|? < [ Fo — BOIZ < 37 75 (3.26)

k=1

in view of (3.19). By (3.24) and the fact that (I — Pg)B = 0, the last term in (3.22) is

Lo 704 (BB (0 —my < (e L) Jlom—miz <L, o
noon Oon_n 1C’gn oon(’ONn7 ’

where we used (3.8) and (3.17) to bound the maximum eigenvalue of [2 + (BT B)~!]"!. By
(3.20) and assumption on the prior, ||@. —n||%, = O(1). Combining the bounds in (3.25), (3.26)
and (3.27) into (3.22), we obtain [Eg(62) — o3| < J/n+ S0, J 2.

Let Y = Fy + ¢ and write ng2 = (Fg — Bn)"U(Fo — Bn) + 2(Fg — Bn)"Ue + €"Ue.
Using the fact Var(Ty + T) < 2Var(T}) + 2Var(T3), it follows that Varg(c2) is bounded up to

a constant multiple by

1
—[(Fo - B0, )'U*(Fy — B8..) + (BO,, — Bn)'U*(B6,, — Bn) + Varg(e' Ue)]. (3.28)

In view of (3.19) and U < I, the first term above is bounded by

d
1 1 1 _
U2 Fo — Bl < —[|Fo = BOoo |3 < — > J > (3.29)
k=1

By repeated applications of (3.8) and (3.17),
IVl2) = IB"Blloa(B"B) @2+ (B"B) " ey

ny (J\? 1J\'_J

<(Z\[Z —Z <

N(J) (n) (Cl+02n> n

Using (3.24), idempotency of I,, — Pg and (I,, — Pg)B = 0, the second term in (3.28) can be

written as

N

. (3.30)

1 1
ﬁ(eoo —n)"'B"(I,, - Pg+V)’B(0 — 1) = ﬁ(eoo —n)"B"V’B(0. — 7).
In view of (3.30) and (3.17), the right hand side above is bounded by

1 /J

1 2 2 2 T 2 1 J ?
VI 1B O~ =l < o (1) 1B Bl lox a5 (1) @3
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where [0 — n||%, is bounded using (3.20) and assumption on the prior. By Lemma D.3, the
last term in (3.28) is O(1/n). Combining this with the bounds established in (3.29) and (3.31)
into (3.28), we obtain Varg(62) < 1/n. By taking Jj, =< n*/(e*td) <« n for k = 1,...,n and

a > d/2, the mean square error is

Eo(0; —05)? S - +( ) +ZJ‘4O‘<— O

A Bayesian analog of Theorem 3.1 above is given below, which shows that the posterior of

o2 in (3.16) converges to o3 at the parametric rate 1/y/n.

Theorem 3.2. If J, < n*/Catd) for k =1,....d, and o > d/2, we have for R > 0 and any
M, — oo,

M,
sup Eoll <\0 — il > —=
I follzo <R

> — 0. (3.32)

Proof. By Markov’s inequality, it suffices to show that E¢E[(¢? — 03)?|]Y] = O(n™!). The

posterior mean and variance of o2 are

2 y n 52
B(0?Y) = g + g—g0n
4 ¥ n =R 2
2 2
Var(o™]Y) = B+n—4 <6+n—2+ﬁ+n—20”> ) (3.33)

We have E[(0? — 03)?|Y] = [E(0?]Y) — 03]*> + Var(¢?|Y). Theorem 3.1 implies that E(52) =
02 + O(1/y/n), Varg(52) = O(1/n) and Eq(c2)? = o + O(1/n). Hence, E¢[E(0?|Y) — 03)]? is

[EoE(c?|Y) — 02]* 4 Varg[E(c?|Y)]
o)+ [reo (D] [pro ()] -2} <[+e ()] e (5)
=0~

()

while EgVar(o?|Y) is
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3.3 Posterior convergence rates for f

Since the explicit expression for the posterior of f given (Y, 0?) is available due to normal-
normal conjugacy, we will derive posterior convergence rates by directly analyzing the posterior
distribution. This is done by decomposing the posterior mean square error into three parts
corresponding to: posterior variance, variance and bias of the posterior mean. We then bound
these three terms separately and use Markov’s inequality to arrive at our desired results. The-
orem 3.3 below is for pointwise posterior convergence and is a crucial en-route step in deriving

Theorems 3.4 and 3.5. For notational simplicity, we write 02 € Uy, if |02 — 03| < (,//n for any

Cn = o(v/n).

Theorem 3.3. If J, < n¥/@otd) for k= 1,...,d, we have for R > 0, every fized x € (0,1)2
and any M, — oo,

Empirical Bayes: sup  Eolls (|f(x) — fo(z)| > Myn~®/Cetd |y - 0.
[ follna <R

Hierarchical Bayes: sup  EoIl(|f(x) — fo(z)| > M,n=%/Ce+d|y) - 0.
[ follna<R
Proof. At any x € (0,1)%, II(f(x)|Y,0?) ~ N(A(2)Y + c(x)n, 0?S(x, z)) where A(x),c(x)
and X(x, x) were given by (3.10), (3.11) and (3.12) respectively. Under Py, A(x)Y + ¢(x)n is
a sub-Gaussian random variable with mean A(z)F + c(x)n and variance o3¥(zx,x), where

03 W is the covariance function of the sub-Gaussian process AY + cn under Py, such that for
x,y < (0,1)4,

U(z,y) =byq(x)” (BTB+Q ) 'B"B(B"B+Q7) by ,y). (3.34)

Note that the posterior variance 0?Y(z, x) does not depend on Y and fy, while the posterior

mean A(x)Y + ¢(x)n does not depend on 2. Therefore,

sup  Eo sup E{[f(z) — fo(x)’|Y, 0%}
lfollua <k o2eln

< sup E{[f(z) - A@)Y —c(@)n]*lo’} + sup EE{[A(x)Y +c(x)n — fo(z)]’|Y}

a2eldy [l folla<R
= sup o’S(x, @) +ogU(w,z) + sup [A(@)Fo+ c(@)n — fo(a)]. (3.35)
a2eUy, Ifollpa<R
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To bound the posterior variance o2%(x, ) uniformly over o2 € U,,, first observe that

1.1 ()] —Z ZH

Jj1=1 Jja=1k=1
d

< max B]k % l’k E E B]k a xk (3.36)
1<jp <Jg
k=1 a=l  ja=1

Cauchy-Schwarz inequality and the definition of spectral norm then imply

—1
e (s ) wm
1 d
(Cm ]/ +- ) =0 (1 11 J’f) ) (3:37)
k=1 "is

where the last line follows from (3.18). In view of (3.34), the variance of the posterior mean,

i.e., 03U (x, x) can be bounded above by

—_1112
o) < of (BB ||| B Bloybra@))

L4 2 d 14
k=1 k=1 k=1

where we have used (3.18), (3.17) and (3.36) to bound the three norms respectively. To bound
the last squared bias term in (3.35), we will appeal (3.19) and the fact that ||byq(x)|1 =

Z‘j]ll:l e ng 1 Hk 1 Bji.qi (xr) = 1. Holder’s inequality implies uniformly in || fo||%e < R,

|A(z)Fo + c(z)n — fo(z)]
= bJ’q(m)T (BTB + Q_l)il (BTFO + Q_l’l’]) - fo(w)‘

_1\—1 _
<|bjqx)’ (BTB+Q ) (B'Fo+9Q'n) - bJ,q(m)Tooo\ + | fo(x) — by g(x)T 0|

d
< |brg(x)” (BTB+97Y) ' [BT(Fy - BO) + Q1 (n - 6.)] ( +0 (Z Jko‘)
k=1
< ’(BTB + Q—l)*lu(oo’oo) {||BT(F0 — BO)|loo + ||27 1“ (sor00) (10sclloc + ||'r]||oo)}

d
+0 (Z J,;a) . (3.39)
k=1

By assumption, 2! is v-banded with fixed v and uniformly bounded entries. Therefore,
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||Q_1H(oo,oo) = O(1). Since BB is g-banded, Lemma D.2 and equation (3.18) imply that
(BB + Q_l)*1||(oo7oo) = O(n~! szl Jk). Also, sup|ify(a<hi 10xllc and |n]l are both
O(1) by (3.20) and the assumption on the prior. To bound sup s, <r |BT(Fy — BOy)||so,
we use the non-negativity of B-splines, (3.19) and Lemma B.2 to write uniformly in || fo||xe < R,

BT(F,- B Xt
B~ (Fo Oc0) o0 < 1<Jk<r}llfx L. 211}_[1 Jsan (Xik) | fo(Xi) — by,g(Xi)" 0o
d
S/ Z ‘]k:_a 1<]k<r}}€ax 77777 Z H Bﬂk,% Zk
k=1 i=1 k=1
d d
< nZkaa (H‘]k1> .
k=1 k=1
Therefore, combining the bounds obtained and squaring (3.39), we have for any « € (0,1)4,
14
sup_ [A(2)Y +e(2)n — fo(@)]* S — +§jJ”a (340)
lfollpa<R k=1

Combining all bounds from (3.37), (3.38) and (3.40) into (3.35), we obtain

d d d
1 1 Con
sup_ Eo sup E[(f(@) ~ fo@)’[Y, 0% <~ [[ e+ 5 [T+ D77
k=1

lfollua<R  o2€ln k=1 k=1
L4 d
<=-TT1J J 2 3.41
Nnglk+;;k (3.41)

where the last line follows since Hizl Ji < n by assumption. To balance the orders of the two
terms on the right, let J, = J for k = 1,...,d. Then the right hand side of (3.41) reduces to

0] ({j) +0 (J7%). (3.42)

Hence, they will have the same order when Ji = J < nt/@etd) for k= 1,..., d. This implies

that the corresponding posterior mean square error will have order n~=2¢/(2a+d),

Observe that by Markov’s inequality, Theorem 3.1 implies for R > 0 and any M, — oo,

M,
inf P 02—n§32§02—|—>—>1. 3.43
lfollpa<R 0 < 0 Vn " 0 Vn ( )

For the empirical Bayes version, by Markov’s inequality, (3.41) and (3.43) above, we have for
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€n = n~o/(2atd) and any M, — oo,

Eo sup,2cy, E([f () — fo(x)’|Y,0?)
Mge;

Bolls, (|f () — fo(z)| > Mpe,|Y) < +o(l) = 0, (3.44)

uniformly over || fo||z« < R. For the hierarchical Bayes procedure, we have for €, = n~®/(2a+d)

and any M, — oo,

Eoll(|f(z) — fo()| > Mpen|Y)

< Eo sup TI(|f(x) — folx)| > Mpen|Y, 0?) + Eoll (\02 —op| > n Y) : (3.45)

o2ely, \/’E
uniformly over || folze < R. The first term on the right hand side is o(1) by (3.41), while the
second term goes to zero by Theorem 3.2. O

Theorem 3.4. If J, < n'/Cetd) for k. =1,....d, we have for R > 0 and every M, — oo,

Empirical Bayes: sup  Eolls, (f: |If — foll2 > M,n~®/Ce+d|y) 0.
llfollza <R

Hierarchical Bayes: sup  EoII(f : ||f = foll2 > Mun=®/Ce+d|y) - 0.
[follna<R

Proof. By Fubini’s theorem,

sup o sup B(If ~ fl3fY.0%) < [ swp g sup B(f(e) - fo(@)Y . 0)de
lfollua<R  o%cUn 0,1)4 || follua<R  o2€Un

d d
1 —2a
S I+ 7 (3.46)
k=1 k=1
where the last line follows from (3.41). Setting J;, =< n'/(?*+d) for k = 1,...,d will balance

the orders of these two terms in view of (3.65). The empirical and hierarchical Bayes posterior
convergence rates then follow from (3.44) and (3.45) respectively with absolute values replaced

by Lo-norms. O

Theorem 3.5. If J;, < (n/logn)/2otd) for k=1,...,d, then for R > 0 and any M,, — oo,

Empirical Bayes:  sup  Eollz, (||f — follso > My (logn/n)®/Ze+d|y) — 0.
llfolla<R

Hierarchical Bayes: sup  EoII(||f — folleo > My (logn/n)*/atd|y) — 0.
I follee <R

Proof. Recall that II(f|Y,02) ~ GP(AY + ¢n, 0%Y), with A, ¢ and X defined in (3.10), (3.11)
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and (3.12) respectively. Let Z, ~ GP(0,%). Under the true distribution Py, AY + ¢cn is a
sub-Gaussian process with mean function AF, + en and covariance function 0¥, where ¥
was defined in (3.34). Let @), be a sub-Gaussian process with mean function 0 and covariance
function o2 W. Note that Z,, does not depend on Y and fj, while the posterior mean AY + cn

does not depend on o2. Therefore,

sup Eg sup E(Hf—fngo]Y,az)

[follua<R  o2€ln

< sup E(|[f - AY —enl3lo®) +  sup  Eo{E(|AY +en — foll5[Y)}

o2elly | folla<R
= sup 0°E||Z,|% + E|Qull2 + sup  [|AFo+en— foll. (3.47)
o2€ln | folla <R

Since ), = Ae, then by Property 2 of Appendix C and Assumption 2, ), is sub-Gaussian with
respect to the semi-metric d(t, s) = /Var(Qn(t) — Q,(s)). By Lemma B.4 with 7 = 0, Z,, and
@, satisfy the condition for Lemma C.1. Applying Lemma C.1 with p = 2, we see that for any
0 <6, <1andT,=N(6, 0,1 ),

sup UQEHZ,ZHZO < 0(2) log (1/4y,) {nég + max E[Zn(u,)Q]}
o2y 1<i<T

d
1
< log (1/4, i 4
Nog</6><n6n+nng>, (3.48)

where the last line follows from (3.37). Similarly,
1 d
2 < 2 A2 <« 2, =
B||@Qnl|2, < log (1/6,) {msn + max B[Qn(w) ]} < log (1/6n) <n5n + = k]:[l Jk> . (3.49)

where the last line follows from (3.38). Setting d,, < n~* HZ:I J;/Q for both (3.48) and (3.49),

we have

d d
logn logn
swp °B|Z, )% € 5 T ElQali S 50 ] (3.50)
o€y k=1 k=1

Since the bound for (3.40) is uniform for all € (0,1)% and all || fo|l1e < R, the last deterministic

squared bias term in (3.47) is

d d
1 _
sup ||[AFg+cn— fol|% =0 (712 H J,?) +0 < g Jy. 2“) . (3.51)
k=1 k=1

lfollza <R

71



Therefore, combining the bounds for (3.50) and (3.51) into (3.47), we will obtain

d d
logn _
sup Eo sup E(|f — follX]Y,02) S HJH H )
k=1 k=1 k=

lfollwa <R  o?€Un

logn 9
< Ji J 3.52

where the last line follows since HZZI Jir < n by assumption. To balance the orders of the two
terms on the right, let Jy = J for k = 1,...,d. Then the right hand side of (3.52) reduces to

‘]d —2«
O ;logn +O(J )

Hence, they will have the same order when Jj, = J < (n/logn)/+d) for k = 1,...,d, yielding
the rate (logn/n)2®/(22+4) for the posterior mean square error in (3.52). The empirical and
hierarchical Bayes posterior convergence rates then follow from (3.44) and (3.45) respectively

with absolute values replaced by sup-norms. ]

Note that we will incur an extra logarithmic factor in the rate once we move from pointwise
to supremum norm convergence. The pointwise, Lo-and L.-rates established above are the
minimax rates (see Stone, 1980 for pointwise and Theorem 1 of Stone, 1982 for general L,-
norms, with 1 < r < c0). By examining the proofs of Theorems 3.3, 3.4 and 3.5 above, it also
follows that the point estimator of fy(x), i.e., the posterior mean A(x)Y + ¢(x)n converges to
fo(x) at the same n~/(2e4d) pate. Similarly, the posterior mean of f, i.e., AY + cn converges

to fo under Lo-norm at the rate n~%/ e+ while in Lo.-norm, it is (logn/n)*/(2et+d),

3.4 Posterior convergence rates for mixed partial derivatives

Recall that our prior is f(x) = by 4(z)76 and 0|c* ~ N(n,c*Q). The r = (r1,...,r4)" mixed

partial derivative of f with respect to x is

Z Z Oj1...-da H ox Tk By i (@k)-

Jji=1 Ja=1

We define |r| = Zizl ry, for notational simplicity, and require that |r| < a. Let D" be the

ri forward difference quotient operator with respect to the jith index, such that for r, = 0,
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0 —
0551, ja = Ojr,...jgr and for rp > 1,

rg—1 rE—1
D]k 9‘71’ Jk 17]k+17]k+17 7]d _ij 6‘71? 7.]k 17]k73k+17 7]d

Qrkeﬂ’ a = (0 = 1%) (thjr — thju—qe+1)
Jk sJk—dk

(3.53)

Furthermore, let (Hk 1 T‘“)Qh, jq be the application of ’D * to 0., for all direction k =
., d, e, (Hk 195051 da = o .. @Tdé?]h .ja- Using equatlons (15) and (16) of Chapter
X from de Boor, 2001, D" f can also be written as

Ji—r1 Ja—rq
Z Z (H@Tk> Oi1....5aBijrqu—ri (Tk) (3.54)

71=1 Ja=1 k=1

where Bj, 4., () is the corresponding g; — 7, order B-spline.

Let by (@) = {TT1y Bjy gy (1)} 275747, Then D" f (@) = by g.0(@)7 W 0, where
W, is a Hk 1 (Jg — rg) x J matrix. The structure and entries of W, depend on the order of
elements in 6, which does not have natural ordering since its d-dimensional indices do not form
a totally ordered set. Instead, we impose a lexicographic or dictionary ordering to its elements.
FEach row of W,. has only szl(rk + 1) nonzero entries and their arrangement is analogues to
a banded matrix, namely the position of the ngl(rk + 1) nonzero entries in the current row
is a shift of one entry to the right of the ngl(rk + 1) nonzero entries’ position in the previous
row. Also, each column of W, has at most szl(rk + 1) nonzero entries. We index the rows

and columns of W,. using d-dimensional indices as in Definition 3.1.

Define 7 = HZ:1(7%+ 1) —2,and let G = {u = (u1,...,uq) : 0 <u <7, u+#ru#0} By
ordering the elements in G lexicographically, we can enumerate its elements by G = {g1,...,95}.
Furthermore, define sets Z = {(i1,...,iq) : 1 <ip < Jp—ri, k=1,...,d} and T = {(j1,...,74d) :
1<k < Jg,k=1,...,d}, where we order their elements lexicographically. Let wg;.) denote the
(4,7)th element of W, such that ¢« € Z and j € J. Also, let 8 = {0 : j € J}. The expressions
for the nonzero entries of W, can be described as follows: for each row ¢ € Z, the first and last

nonzero entries are given by

d Tk
wff) = (= T 2

b
P — thiy, — Thyip—qi+l

d Tk
r —1
wie, =111 2 ‘ (3.55)

E=11=1 tlcz;ﬁ—l 1= tk,ik—qk-‘ﬂ"k

If 7 is odd, we partition G = Gi U {g(;1)/2} U G2 such that Gi = {gy,...,g(_1)/2} and
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G2 ={9(i4+3)/2: - - - - g5} The intermediate nonzero entries for h = (hy,.. ., hq)T € Gy are

t
H iy = thyiy—quts (3.56)

d
= (OB 14 ]
7 k=1 t=1 s=1 g1 = hiprl—gpts

1,1

while for h € Go, it is

(Z;Z)fl t
d_(r—hy, H hintre—s — thyintri—
wz(,:)—i-h = (_1)Zk:1(7'k k)wz(g)-i—r 1+ — i +TE—S — z% Tk —qk ) (3.57)
k=1 =1 s—1 kig+rg—1—s ki+re—1—qx
When h = g(;11)/2, then wETi)Jrh is

d (7‘;};2_—11)_1 t—1

,wz(;‘i) ﬁ ( iy = thyip—qut1 > 14+ H Z H Ukip+s — hiip+2—qp

el thint1 — thip+2-qs k=1  t=1  s=0 thint14s = hip+3—qy

d
+ (r) H higtr—1 — thjigtri—qs
Wi itr - 1.
k=1 \Ukiptr—2 kyig+re—1—qx

d (7;127;)_1 t—1

tk 1 _9 — tk . o
el S e | asn
k=1 t=1 s=0 thintre—3 — thyigtri—l-qu—s

If 7 is even, we partition G = Gy U G where G; = {g,,... ,g,—;/2} and Gy = {gf/2+1, cey Gite

Then the expression for wg:)_h is (3.56) for h € G; and is (3.57) for h € Gs.

The conditional posterior distribution for D7 f is II(D" f|Y,0%) ~ GP(A,Y + ¢;n,0°%,),
such that for ,y € (0,1)¢,

1

Ap(z) =bygr(@)'W,(B"B+Q ') BT, (3.59)

cr(@) =bggr(@) W, (BTB+ Q) Q7 (3.60)
_1\—1

So(@y) =bggr(@) W, (BT B+ Q™) Wibygr(y). (3.61)

Note that if » = 0 and defining W = I, the three operators (3.59), (3.60) and (3.61) above
reduce to that defined in (3.10), (3.11) and (3.12) respectively. Using the same reasoning as
before, we see that under Assumption 2 with Properties 1 and 2 of Appendix C, A, Y +c¢,nis a
sub-Gaussian process under Fy. Analytical expression for the conditional posterior of D" f with

r e Ng and |r| < « is available due to normal-normal conjugacy, and we derive its pointwise,
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Lo- and L-posterior convergence rates by directly bounding the posterior mean square error.

Note that Theorem 3.6 below is an important en-route step in deriving Theorems 3.7 and 3.8.

Theorem 3.6. If J, = n'/@otd) for k= 1,....d, then for R > 0, any x € (0,1)¢ and any
M, — oo, we have uniformly over | D" fo|3a—1r < R,

Empirical Bayes: Eollz, (|D" f(x) — D" fo(x)| > M,n~(@~I"D/@atd)yy 0,
Hierarchical Bayes: EoIl(|D" f(x) — D" fo(x)| > M,n~(@=I"D/Catd)yy 0,

Proof. The posterior rate calculation proceeds similarly as illustrated in the proof of Theorem
3.3. That is, by bounding the corresponding posterior variance, variance of the posterior mean
and the squared bias as in (3.35), and making the substitutions A = A,., ¢ = ¢, and ¥ = %,
where A,, ¢, and X, were defined in (3.59), (3.60) and (3.61) respectively. The only difference

is the extra matrix factor W, in these calculations.

Recall that each row of W . has Hizl(rk + 1) nonzero entries and each column has at most
szl(m + 1) nonzero entries. From the explicit expressions of these nonzero entries given in
(3.55)—(3.58), assumption (3.4) and Lemma B.1 imply that each of these nonzero entries is of
the order []¢_, A, ™ =< []¢_, Ji*. This further implies that

J

d
HWT“H(OO,OO) = max Z ‘(WT)Z]| =0 <H Al;;k) =0 H Jl:k> )

1§i§HZ:1(Jk—Tk) j=1

HZ:1(Jk*7’k)

d
1 r

i=1 k=1

and

d
k=1

It follows that the posterior mean square error is inflated by the introduction of a Hi:l Jirk
factor in the bounds for the posterior variance and variance of the posterior mean, and a
szl Ji* in the bias. Also, the bound on tensor-product B-splines approximation error in
(3.19) but for D" fy is of the order S¢_, Jk_(a_rk) uniformly in || D" foll3a-1r1 < R, as a result
of applying Corollary 6.21 of Schumaker, 2007 (or Theorem 26, Chapter XII of de Boor, 2001).

75



Therefore, the derivative analogs of (3.40) and (3.41) for any « € (0,1)¢ are given by

d d d
sup | Ap(2)Y + ep(@)n — D" folx) P < [T (12 [17+> Jﬁa) . (363)

D7 foll o SR k=1

and uniformly over || D" fo|yja-ir < R,

o2ely,

d d d d
e sup B[00 - 07 o] £ (L0 ) o T (Tt o)

k=1 k=1 =1
d d
ST 7@ ( I17+> J,;2°‘> (3.64)
k=1 k=1 k=1

respectively, where the last line above follows from szl Jir < n. To balance the orders of the
two terms on the right, let Jy = J, k = 1,...,d. Then the right hand side of (3.64) reduces to

259 rptd
o (Jm ) +0 (y¥aTharn) (3.65)

n

Hence they will have the same order when J; = J =< n/Cetd) for k =1,... d and all r € Ng
such that zzzl ri < a. This implies that the posterior mean square error in (3.64) will have
order n—2(@=k=17%)/(2a+d) The empirical and hierarchical Bayes posterior convergence rates
then follow from (3.44) and (3.45) respectively with f and fy replaced by D" f and D" fy. O

Theorem 3.7. If J, =< n¥/@etd) for k =1,....d, then for R > 0 and every M, — oo, we have
uniformly over || D7 follya—ir < R,

Empirical Bayes: Eolls, (f : |D"f — D" folla > Myn~(@~IT)/Cetd) |y 5 g,
Hierarchical Bayes: EoIl(f : | D" f — D" folla > Myn~(@~Irh/Cetd)jyy 4 g,

Proof. Following the steps in (3.46) with f and fy replaced by D" f and D7 fy, the bound is
given by (3.64). Set Jj, =< nl/(2etd) for k. =1,...,d, to balance the orders of the two terms. The

result then follows from Markov’s inequality. O

Theorem 3.8. If J;, =< (n/logn)Y/Cetd) for k= 1,....d, then for R > 0 and any M, — oo,
we have uniformly over || D" foll3ja-ir < R,

Empirical Bayes: Eolls, (| D™ f — D" folleo > My (logn/n)@~Imh/Cerd)jyy s g,
Hierarchical Bayes: EoII(| D" f — D" folloo > My (logn/n)@ImD/Catd)jyy g,
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Proof. The calculations for finding the sup-norm rate as described in Theorem 3.5 apply with
slight modifications. The only difference is the W, matrix appearing in A,, ¢, and X, from
(3.59), (3.60) and (3.61) respectively. Recall that TI(D"f|Y,0?) ~ GP(A,Y + ¢yn,0°%,).
Define Z,, , ~ GP(0,%;). Under Py, A, Y + c,n is a sub-Gaussian process with mean function

A, Fq+ c.n and covariance function aglll,,, such that for any x,y € (0, 1)d,
U, (2,y) = bygr(@) W, (BTB+Q ) 'B'B(B"B+ Q") ' Wlbs,.(y). (3.66)

Define @, » to be a sub-Gaussian process with mean function 0 and covariance function o3W,..
From (3.62), we see that the || - [|(29) matrix norm of W, is of the order szl J*. Observe
that for any « € (0,1)%,

_1\—1
Se(@,x) =bygr(@) W, (BTB+Q7') Wlbjqr(z
_1\—1
< [bgqr @) PIWEiW ol 22| (B"TB+Q71) 7 |[(29)

d
1 2rp+1
< = k
S5 k||1 J (3.67)

where we have used (3.36), (3.62) and (3.18) to bound the norms in line 2 respectively. By

similar reasoning, we have for any x € (0,1)¢,

_1\—1
Ur(@,) < [brqr@|IWI Wl B Bley (BB |

d
1 241
< k
S klll T (3.68)

where we have used (3.36), (3.62), (3.17) and (3.18) to bound the norms in the first line re-
spectively. Since @, = Are, then by Property 2 of Appendix C and Assumption 2, @y » is
sub-Gaussian with respect to the semi-metric d(¢,s) = \/Var(Qnr»(t) — Qnr(s)). By Lemma
B.4, both Z,, and @, satisfy the condition for Lemma C.1. Therefore, Lemma C.1 with
p = 2 and the two upper bounds from (3.67), (3.68) imply that for any 0 < 4, < 1 and
T, = N8, (0,14, ),

sup O'QE(HZH,T
o2el,

2\ < 2 2 . .
) S oflon (1/0,) 102+ may (i)

d
1
< 1 1 2 - 2rp+1 )
< log (1/5,) (vwn g (3.69)

k=1
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and

B Qnr %) < log (1/6,) [msi T max %(ui,un]

1<i<T,

d
1
< 2 2rg+1
< log (1/6y,) (n&n + - | | Jy, ) . (3.70)

k=1

By setting 62 =< n~?2 szl J,fr’“q for both (3.69) and (3.70), we have

d d
log n 2r+1 logn 2r+1
Sup B Znrl%) < == [T Bll@nslZ) s =[] (3.71)
ooCHn k=1 k=1

Since the bound for (3.63) is uniform for all € (0,1)¢ and all || D" fo||;ja—r < R, we have

d

d d
1
sup [ ArFo+eon = D7 foll% < [T (2 [17+> J,;M) - (372
1D foll e~ <R k=1 et k=1

Therefore, the derivative analog of (3.52) with f and fy replaced by D" f and D" fj is

d d d

logn

sup  Eo sup B(|D"f - D" foll2|Y) < [ 72 (g I17+> J,;M) . (3.73)
D7 follyyamim SR o?€Un k=1 (" k=1

To balance the orders of the two terms on the right, let J, = J for k = 1,...,d. Then the right

hand side of (3.73) reduces to

o (]2 Zzzl re+d

log n) +0 (J_Q(O‘_ZZZIT’“)) .

They will have the same order when J;, = J =< (n/logn)/2otd) for k = 1,...,d, and all
Zzzl rp < «a including r = 0, yielding the rate (log n/n)2(a*2i:1 re)/(20+d) for the posterior
mean square error in (3.73). The empirical and hierarchical Bayes posterior convergence rates

then follow from (3.44) and (3.45) respectively with absolute values replaced by sup-norms and
f, fo replaced by D" f, D" fj. O

Given any mode of convergence, i.e., under pointwise, La-or Loo-norms, the same optimal
Ji for k= 1,...,d, applies to both f and all its mixed partial derivatives with r € Ng such
that |r| < a. If we view DOf = f, then posterior convergence rates established in Section 3.3
are special cases of Section 3.4 by setting r» = 0. These rates coincide with the minimax rates
for estimating D" f(z) at any = € (0,1)% (Stone, 1980), D" f in Ls-and Ls-norms (Theorem
1 of Stone, 1982). It also follows from the proof that the posterior mean of D” f(x) converges
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to D" fo(x) at any = € (0,1)? at the rate given in Theorem 3.6. By the same reasoning,
the posterior mean of D" f converges to D" fy under Lo-and L,-norms at the rates given by

Theorems 3.7 and 3.8 respectively.

3.5 Extension to anisotropic Holder space

In this section, we will investigate the effect of anisotropy on posterior rates of convergence. A
function f is anisotropic if it has different smoothness at different dimensions. Formally, if f
is anisotropic with order o = (avy,...,q)7, then f has partial derivatives up to order oy, at
direction k for k =1,...,d.

Let » € Nd such that Zi:l ri/ oy < 1. We define the anisotropic Holder norm as

d
oo = ||D7’f||oo_|_zHD(ak—rk)ekDer ‘ (3.74)
k=1 o

10" £

Note that the norm above includes the case where D? f = f. We introduce the anisotropic Holder
space H¥((0,1)%) of order a = (ay, ..., aq)" € N? with domain (0,1)%, consisting of functions
f:(0,1)% — R such that || f||a,00 < co. Therefore, if f belongs to this space, then 9% f /dz* for
k=1,...,d are uniformly bounded. Here, we assume o € N¢ because approximation results for
anisotropic tensor-product B-splines assume integer smoothness (see Chapter 12, Section 3 of
Schumaker, 2007). Hence strictly speaking, this section is not a generalization of the isotropic
case discussed in previous sections, where a was not restricted to be positive integers. The

anisotropic analog of Assumption 2 is as follows:

Assumption 3. Under the true distribution Py, we assume Y; = fo(X;) + €;, such that ¢;
are i.i.d. with mean 0, variance o3 and ||g;lly, < oo for i = 1,...,n. Also, fo belongs to
the anisotropic Holder space H*((0,1)%) of order @ = (ay,...,aq)T € N% such that oy, >
max{d/2,2} for k = 1,...,d. To avoid boundary effects, fy can be extended to a slightly bigger
set (—e, 1+ €) for some € > 0.

Define o* to be the harmonic mean of (aq,...,aq)7, ie., a*~! = d7! Zgzl agl. Note
that if @ = (a,..., )7, then the anisotropic Hélder space H((0,1)?) reduces to its isotropic
counterpart H*((0,1)%). As in the isotropic case, fp has a unique continuous extension onto
the closure of (0,1)?. With the exception that o € N?, all prior specifications and assumption
on the knots for each B-spline component are identical to Section 3.2. For random covariates,
Jp < n@Hoew@e+d)} for k= 1,... . d, and a* > d/2 ensure (3.5), while the deterministic case

is identical.
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Hence, we will only highlight any major differences with the isotropic case when discussing
anisotropic analogs of pointwise, Lo-and Lo-posterior convergence results from previous sec-
tions. Here, the order of each B-spline component at every direction is assumed to be g > ai

for k =1,...,d. Also, the prior support of f in this case is a subspace of H((0,1)%).

By equation (12.37) of Theorem 12.7 in Schumaker (2007), for fo € H%((0,1)%), there exists
a 05 € R’ such that for constant Ca,q,d4 > 0 depending only on e, g and d with R > 0,

0%k
oxp* Jo

d d
sup brg() 0 — follo < sup Cagay Jpy™ <Y Tt (3.75)
k=1 o0 k=1

”fO“a,ooSR HfOHa,ooSR

Since ||bJ,q(')T00<>Hoo < ||f0||a,00+ca7q,d Z;‘izl Jk_akaOHa,oo < R+d uniformly in ||f0||a,oo <R,

sup [[Ooolle S sup by g(-) sl = O(1) (3.76)
||f0||a,ooSR HfOHa,oogR

by (12.25) of Theorem 12.5 in Schumaker (2007). The next two theorems are anisotropic analogs

of Theorems 3.1 and 3.2 respectively, and their proofs are almost identical.
Theorem 3.9. If Jj, =< n® /{ox@a"+d)} for =1 ... d, and o* > d/2, we have for R >0,

1
sup  Eo(62 —02)* =0 () : (3.77)
[folla,co<R n
Theorem 3.10. If J, < n® /{ex@e™+d} for k=1, ... d and a* > d/2, then for R > 0 and

any M, — oo,

M,
sup  EolI <|a2 — g > 2~
R

1 follec,00 < Vn

Y) — 0. (3.78)

The three results below are anisotropic analogs of Theorems 3.3, 3.4 and 3.5 respectively.

Theorem 3.11. If J;, =< n® /{ex@a™+d)} for L =1, d, we have for R > 0, any = € (0,1)¢
and any M, — oo,

Empirical Bayes: sup  Eolls, (|f(z) — fo(x)| > M,n~o"/C"+d |y 0.
lfolle,co<R
Hierarchical Bayes: sup  Boll(|f(z) — fo(x)| > M,n=®"/C"+d 1y - 0.
[folla,co<R

Proof. Aside from the added technicalities of working with different smoothness, the posterior

rate calculations follow closely with the steps detailed in the proof of Theorem 3.3, but with
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a = (ar,...,a9)T € NL At = € (0,1)%, the expressions for both sup,2qy, 0°S(z,z) and
o3¥(z, ) in (3.37) and (3.38) will be O(n1 H‘,i 1 Ji) respectively. To bound the squared bias
|A(2)Y + c(z)n — fo(z)|? in (3.35) uniformly in || fo|la.co < R, we use instead (3.75) to write

A(@)Fo + ela)n — fo()
<|@Bra)|  {IB(Fo— Bl + 27 ) (180l + 1)

d
+0 (Z J,;“k) . (3.79)
k=1

By following the same argument of bounding the norms above, the anisotropic analogs of (3.40)
and (3.41) will be

sup  [A(@)Y +c(z)n — folz HJk+ZJ 2 (3.80)
folloe,co <R
and
14 d d
Ifollaoo<R o2l n[[ kHl kzl
1 d d
—~ I, 20k 3.81
Su e (3381)

respectively, where the last line follows since HZZI Ji < n by assumption. To balance the orders
of the two terms on the right, let Jj, = JY/ for k = 1,...,d. Then the right hand side of (3.81)

reduces to
JXhe1 (/) )
0] — +0O(J7 ). (3.82)

They will have the same order if J =< n®/(2e"+d) and J, = JVor =< po/{er@a™+d)} for
k = 1,...,d. This implies that the posterior mean square error in (3.81) will have order
n~20"/(2a"+d) The empirical and hierarchical Bayes posterior convergence rates then follow
from (3.44) and (3.45) respectively. O
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Theorem 3.12. If J;, =< n® /{axa+d)} for 1 — 1 . d, we have for R > 0 and any M,, — oo,

Empirical Bayes: sup  Bolls, (||f — folla > M,n=@"/G"+d 1y - 0.
[folle,co <R
Hierarchical Bayes: sup  BoIL(||f — folla > M,n=®"/Ce"+d) |y 5 0.
lfollee,co <SR

Proof. Following the steps in (3.46), the bound is given by (3.81). Set J;, =< n® /{axRa"+d)} for
k =1,...,d, to balance the orders of the two terms. The result then follows from Markov’s

inequality. O

Theorem 3.13. If J;, < (n/logn)® /s +d} for | — 1 .. d, we have for R > 0 and any

M, — oo,
Empirical Bayes: sup  Eolls, (||f — folleo > My (logn/n)®" /G +dy) — 0.
lfolla,oo <R
Hierarchical Bayes: sup  EolI([|f = follso > Mp(logn/n)® /" +d |y — 0.
lfolla,co <R

Proof. The proof is identical to the proof of Theorem 3.5, with the exception that the last
squared bias term in (3.47) is bounded using (3.80), i.e.,

d d
1 _
sup [|[AFo+en— fol2 S <5 [ 72+ D 7. (3.83)
I folla,co<R s k=1

By Lemma B.4 with 7 = 0 (see the associated remarks), Z,, and @,, satisfy the condition for

Lemma C.1. Then the anisotropic analog of (3.52) is
sup  Eo sup E(||f — folA]Y) < logn I 7%+ 7.2 (3.84)
u 00 ~ k

lfolla,co<R  02€Un k=1 k=1

To balance the orders of the two terms on the right, let J = JYex for k=1,...,d. Then the
right hand side of (3.84) reduces to

T (1 a) )
@) #logn +O0(J 7).

Both terms will have the same order if J =< (n/logn)®/(2¢"+d) This implies that Jj, = J/ =
(n/logn)® Hexa™+d)} for = 1,... d, yielding the rate (logn/n)?*"/(2e"+d) for the posterior
mean square error in (3.84). The empirical and hierarchical Bayes posterior convergence rates

then follow from (3.44) and (3.45) respectively with absolute values replaced by sup-norms. [J
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3.5.1 Anisotropic posterior convergence rates for mixed partial derivatives

The basic setup is identical to Section 3.4 with the exception that Zzzl(rk/ak) < 1. The

posterior convergence rates below are uniform in || D" fp||a,c0 < R for R > 0.

Theorem 3.14. If J;, =< n® /{ox@e™+d} for o =1, d, we have for any x € (0,1)* and any
M, — oo,

Empirical Bayes: Eollz (|D" f(x) — D" fo(x)| > Mnn_o‘*{l_zzzl(Tk/ak)}/(Qa*-Fd)|Y) 0.
Hierarchical Bayes: EoIl(|D" f(x) — D" fo(x)| > Mnn_o‘*{1_2211(“/“’“)}/(2“*”)|Y) — 0.

Proof. The proof is identical to the proof of Theorem 3.6, with the exception that the tensor

(O‘k k)

B-spline approximation error in (3.75) but for D" fy is of the order Zk v/ , as a result

of applying Lemma B.8. Therefore, the derivative analogs of (3.80) and (3.81) are given by

d d d
r 1 @
sup |Ar(2)Y + cr(x)n — Drf0($)‘2 S | | J]? g (nQ H Z - k)
k=1 k=1 k=1

ID7 folle,co <R

and uniformly over || D" fy|la,00 < R,

d d d
By sup B[(D"f(z) - D" fo()’|¥] < (ig +> it (51} o )

o2eldy, k=1
d

ST ( H i, + Z I 20%) (3.85)

respectively, where the last line above follows from szl Jr < n by assumption. To balance the
orders of the two terms on the right, let J, = JYex for k =1,...,d. Then the right hand side
of (3.85) reduces to

n

4 @rp+1)/a

They will have the same order if J =< n®/(2e"+d) and J, = JVor =< po/{ex@a™+d)} for
k=1,...,d,and all » € Ng such that Zzzl(rk/ak) < 1. Hence, the posterior mean square
error in (3.85) will have order n 20 {1=300 (i fen)}/ (207 +d) - Te empirical and hierarchical

Bayes posterior convergence rates then follow from (3.44) and (3.45) respectively with f and
fo replaced by D" f and D" fj. O
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Theorem 3.15. If J, < n® /tex@e"+d} for k=1, ... d, we have for any M, — oo,

Empirical Bayes: Eolls, (|[D"f — D" foll2 > Mnn*"‘*{172221(’"’“/0"“)}/(20‘“@\Y) — 0.
Hierarchical Bayes: EolI(||D" f — D" fo|l2 > Mnn_a*{l_z:g:l(T’“/O"")}/@a“rd)]Y) — 0.
Proof. Following the steps in (3.46) with f and fy replaced by D" f and D" fy, the bound is

given by (3.85). Set J =< no Haxa™+d)} for | — 1, ... d, to balance the orders of the two

terms. The result then follows from Markov’s inequality. O

Theorem 3.16. If J;, =< (n/logn)® /{exa™+td)} for b =1,... d, we have for any M, — oo,

Empirical Bayes: Eoll; (|| D" f — D" folloo > Mpy(log n/n)a*{l—Zﬁ:1(Tk/ak)}/(2a*+d)|Y) 0.
Hierarchical Bayes: EolL(||D" f — D" fol|oo > My (log n/n)a*{l_zg:l(T’“/o‘k)}/(2o‘*+d)|Y) — 0.

Proof. The proof is identical to the proof of Theorem 3.8 with the exception that we use (3.80)

to bound the squared bias, i.e.,

d d d
sup [|AFo+ e — D" fol% < [ 72 (n 1H7%+> J,;Q“’“) :
||Drf0||a,ooSR k=1 k=1 k=1

By Lemma B.4 (see the associated remarks) with r € N¢ and Zgzl(rk/ak) <1, Zpr and Qp
satisfy the condition for Lemma C.1. Then the anisotropic analog of (3.73) is given by

d d d
T 1 —2a
sup B sup E(|D"f - D" fol%Y) S [[ 72 ( BRI e+ >0 ) (3.87)
D™ follee,co <R o?elly k=1 n k=1 k=1

To balance the orders of the two terms on the right, let J = JYex for k=1,...,d. Then the
right hand side of (3.87) reduces to

o ( JXho @ret1) fa

log n) + O(JZ(Zzzl Tk/akfl))'

Both terms will have the same order if J =< (n/logn)®"/(2¢"+d) This implies that Jj, = J/ =
(n/logn)® /ex@a+d)} for = 1,... d and all » € N¢ such that ZZ:1(Tk/0‘k) < 1, yielding
the rate (log n/n)za*{lfzzzl(Tk/o‘k)}/(Qo‘*+d) for the posterior mean square error in (3.87). The
empirical and hierarchical Bayes posterior convergence rates then follow from (3.44) and (3.45)

respectively with absolute values replaced by sup-norms and f, fy replaced by D" f, D" fo. O

If ap = a for k = 1,...,d, then a* = «. This implies that the pointwise, Lo and Lso-
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posterior convergence rates established in this section will reduce to its isotropic counterparts
of Sections 3.3 and 3.4.

3.6 Credible sets for f and its mixed partial derivatives

In this section, we will treat f and all its mixed partial derivatives in a unified framework by
viewing f as D?f. Then if we define Wy = I;, we will have Ag = A, cp = c and g = X where
A,,c, and X, were given by (3.59), (3.60) and (3.61) respectively. We begin by constructing
pointwise credible set for D" f(x) at « € (0,1)%. Let w,, € [0, 1] be a sequence such that w, — 0
as n — o00. Define z5 to be the upper d-quantile of a standard normal. Using the fact that
P(Z > 2) < z7Yexp(—22/2) for Z ~N(0,1) and z > 0, we then have

Zun/2 = O(y/ —logwy). (3.88)

In particular, if w, 2 1/n, then z, ,» = O(ylogn); and if w, 2 1/logn, then z, 5 =

O(y/Ioglogn). Since II(D" f(x)|Y,0?) ~ N(A,(2)Y + c.(x)n, 02T, (x,x)), we can construct

a 1 — w, pointwise credible interval for D" f(z) at any x € (0,1)? as

H(f: D" f(x) — Ar(2)Y — cr(z)n| < 2, 20V Zn(z, 2)|Y, 0?) =1—wp. (3.89)

2

Since 02 is unknown, we will consider the empirical Bayes approach by substituting o2 for 2

derived in (3.13), leading to the following empirical credible set:

Cl@) = {f : D" f(2) — Ar(@)Y — ep(@)n] < 2, 50/ Erl@ @)}, (3.90)

~ ~

where by construction, Iz, (C(x)|Y) = 1 — wy,. We shall study the frequentist coverage of C(x)
at any « € (0,1)¢ as n — oo, which is given by

~

inf Py(fo € C(x)). 3.91
Dl < 0(fo € C()) (3.91)

Theorem 3.17. If J,, =< n'/+d) for k= 1,... d, the asymptotic coverage of (3.91) is 1 and
the radius of C(z) is Op, (n= (= Ir)/Qatd) /"Tog ), uniformly over | D follgya—iri < R at any
€ (0,1)%, R >0 and for all 7| < a.

Proof. For any sequence (, = o(y/n), define t,.(x) = inflo2 21<c,//m Zn /20 Zr(x, ). By
(3.43), to show (3.91) has asymptotic coverage of 1, it suffices to show that

sup Py (|ID" fo(x) — Ar(2)Y — cr(x)n| > t(x)) — 0. (3.92)
1D foll e~ SR
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Since 2,72 = 00 as wp — 0 and infi2_ 21/ /m 0? = a2 + o(1), we have t,.(x)? > X, (z, ).
By (3.18), Se(2,2) > Ain{ (BT B+ Q) [ Wby gn(@) |2 2 0 [Ty T Wby gn() 2
For any « = (1,...,74)7 € (0,1)4, let i, be a positive integer such that z) € [thiy, —15 thoia, |5

T are nonzero at each k =

then it follows that only (Bi,, g,—r,(Tk), - - -+ Biy, +ap—rk—1,g5—r (Tk))
.,d. By (2.60)—(2.63), (9"t /0x}*)Bj, q.(xx) can be written as a linear combination of
(Bje.gu—re (Tk); -+ +» Bjotrpsqu—r (xx))T for any 1 < ji < Jp with &k = 1,...,d. Choose j, =

iz, +qx — 1k — 1 for k=1,...,d, and we have

Wby @l =3 ZH( xk>)2

J11 Ja=1k=1

> H H (Qk - u)2 B, (ZL‘ )2
tay, +qe—Te—La—r \ Lk

. _ . 2
k=1u=1 tkﬂzk‘FQk*rk*l tklzk*'rk*1+u)

d

1 —
b (%) = 11 09
k=1 Ak

v

where the last line follows since (3.4) implies that Chsiay +an—ri—1 ki, —rp—1+u < (g —u+1)Ag
for k = 1,...,d, and we used Lemma B.1 to obtain the final lower bound. Consequently,
tr(@)? > n T, o

Under the true distribution Py, A.(x)Y + ¢.(x)n is a sub-Gaussian random variable with
mean A,(x)F( + ¢,(z)n and variance o3¥,.(z, ), where U,.(z,z) at = € (0,1)¢ is given by
(3.66). Define Q,, () to be a sub-Gaussian random variable of mean 0 and variance 03¥,.(z, ).
Then uniformly in |[|[D” fo|lya—ir < R,

Eo|D" fo(z) — Ar(2)Y — cr(ﬂc)n|2 = E[A,(z)Fo + cr(x)n — D" fo(x) + Qnm(x)]Q
< 2B [Qnr(2)?] + 2| Ap(x) Fo + cp(x)n — DT fo(z)|?

1 ‘ (a=ri)
27"k+1 2CMT’k
S+ >0
Lt k=1

where the last line follows from (3.68) and (3.63) respectively. By Markov’s inequality, we have
uniformly over ||D" fo|3ja-- < R that

_117d 2r+1 d  g=2(a=r)
RID" ola) ~ Ar(@)Y — ep(@n] > ty(a) 5 ALzl t(;)QZkZI —_

Since tp(x)? > n'[]4_, Jgr”l, we have t.(z)? > ¢, J,;Q(afr’“) if Jp =< nl/Cetd) for

k = 1,...,d. Hence the right hand side above will go to zero as n — oo. We conclude
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that ianDrfoHHa_lTISRPo(‘Drfo(m) — AT(ZB)Y - C',»(il:)’r[‘ < tr(m)) — 1if Jp = nl/(2a+d)
for k = 1,...,d. Let hy(x) = z,,/2¢/2r(z,x) at € (0, 1)4. By (3.88), we have Zin )2 =
O(v/—=Tlogwy,). Since ¥(x,z) < nt szl J,fr’“H by (3.67), we have by (3.43) that uniformly
over || D" follyaeirl < R, Gphn(x) = Op, (n~(@7ITD)/Catd) /Togw,) at any x € (0,1)% O

Remark For the anisotropic case, assuming that fy satisfies Assumption 3, then if J; <
ne Hox@a™+d} for k = 1,... d, we have uniformly over ||D” fo|laco < R that the asymp-

~

totic coverage of C(x) is 1, and its radius is Op, (n_o‘*{1—ZZ:1(Tk/ak)}/(20¢*+d)\/— log wy,) for any
x € (0,1)%

The conditional posterior distribution of D7 f is II(D" f|Y,02) ~ GP(A,Y + ¢cyn,0%%,).
Note that the conditional distribution of (D" f — A, Y — ¢,n)/c given (Y, 0?) is GP(0,%,),
and hence does not depend on Y and o2. This enables us to construct Lo-credible ball for D" f,
centered at its posterior mean with radius oh,., where h,. is chosen such that its posterior mass

is exactly 1 — w,. That is,
(f: |D"f — AY — epmllz < ohe]Y,0%) =1 — wy, (3.94)

where h, — 00 as w, — 0 and h, does not depend on Y. The corresponding empirical Lo-

credible set is
Co={f:|D"f — AY — comllz < Guhr} (3.95)

where by construction, Ilz, (52|Y) = 1 — wy. We shall study the frequentist coverage of Cy as

n — 0o, which is given by

inf Py(fo € Co). 3.96
Dl <R o(fo € Ca) (3.96)

Theorem 3.18. If J;, < n'/(22*d) for k =1,...,d, the asymptotic coverage of (3.96) is 1 and
the radius of Cy is Op,(n~a=IrD/@atd) /S "og w,,), uniformly over | DT follzja-i1r < R for R >0

and all |r| < a.

Proof. For any sequence ¢, = o(y/n), define t, = inf|,2_g21<¢,/ym The- By (3.43), to show (3.96)

has asymptotic coverage of 1, it suffices to show

sup Py (|ID" fo — ArY —cpmll2 > t) — 0. (3.97)
D7 follyya— | <R

Let Zp,p ~ GP(0,%,). Now Il (C2]Y) = 1 — w,, implies that P(||Znr|l2 > hs) — 0. Observe

that [, (0.1 Zpr(x)dz is normally distributed, and by Fubini’s theorem, its mean is 0 and vari-
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ance is f01 df(01 « Xr(x,y)dzdy. Now since f01 i Znp(@)de < | Zprli < || Zn,

have

., We

I
1-® < P(|Znrlla > he) — 0. (3.98)

\/f(o,l)d f(071)d Yr(x,y)dxdy

Hence, h2 > f(O,l)d f((],l)d Y (z, y)dxdy. To derive a lower bound for f(O,l)d f((],l)d Yy (x,y)dzdy,
we first need to establish lower bounds for integrals of tensor-product B-splines, and this is done
by extending the last two equations in the proof of Lemma 6.7 in Zhou et al. (1998) to higher
dimensions. Given @ = (z1,...,z4)" such that zj € [ty j,—1,tj,] for some jp = 1,..., Ny + 1,
with £k = 1,...,d, we have by repeated applications of the B-spline recursive formula at each

dimension (see equation (4.22) of Schumaker, 2007),

d d qr—1
) qr—1 ) ) -1
H JkoQk xk H(tlwk - xk) i H (t’wk - tkv]k+lk*Qk+1)
k=1 k=1 lpy=1
d 7qk+1 -1
> 11 T P
-_ )
P (qx — 1)!
where Ay = maxi<j<n, (tx; — tg—1) is the maximum knot increment at direction k =1,...,d.

Therefore, by the quasi-uniform knot assumption in (3.4),

Ng+1 Ni1+1 tdjd d
/ H B g (zp)de = D ) / H Bjy g (zk)dz1 - - - dzg
0.1) Ja=1 ji=1 Ytdig—1 b1 -1 k=1

qk A qr+1

A
= H e < k) Qk!
d -1
> (H C’qqu!> , (3.99)

where the constant C' > 0 is from (3.4). Using the expression for ¥, (x,y) at «,y € (0,1)¢ given
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, (3.100)

where the last line follows from (3.18). Now using expressions for the entries of W,. described

n (3.55)—(3.58) and the lower bound in (3.99),

T
er </(0,1)d barl?) m)

d

2
qr — ) /
I L B @
H 1;[ <tk,1 — th1—qutl < 0,1)d kl_[l Lap—ry. (T)d )

(i o) 15 s}
SIEIES

k=1

The second last line follows since (3.4) implies that t51 — tp1—go+1 < (g — ! + 1)Ay for
Il=1,...,7 with £k = 1,...,d, and we applied Lemma B.1 to obtain the final lower bound.
In view of (3.100), we then have f((),l)d f(O,l)d Sz, y)dedy > n ' T[¢, J25 L. Therefore,
2 2 oghZ > n~ T, Ji

Under the true distribution Py, A, Y + ¢,.n is a sub-Gaussian process with mean function

A, Fy+cyn and covariance function 03 ¥,., where the expression for ¥,.(z,y) at =,y € (0, 1) is

given by (3.66). Define @), » to be a sub-Gaussian process with mean function 0 and covariance
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function 03 W¥,.. Then uniformly in || D" fo||lye-ir < R,

Eo||D" fo — ArY — emn|3 = E||ArFo + ¢on — D" fo + Qnr
< 2E||Qnrl3 + 2| ArFo + con — D" fol[3

_ 2/ W@, @) + | A (2)Fo + e (@) — D" fo(e)[?] de
01

d d
1 _9(a—
Sl ey,
k=1 k=1

2
2

where the last line follows from (3.68) and (3.63) respectively. By Markov’s inequality,

-1717¢ 2rp+1 d —2(a—ry,)
n —1, +>5 1
s B(ID"fo— ALY —ennlls > 1) 5 " Lli=t e 2 i I .
ID7 foll , o—ir| <R 2

Since 2 > n ' []4_, JI we have 12 > S, J,;Q(a_r’“) if Jy, < nl/Cotd) for k=1,...,d.
Hence the right hand side will go to zero as n — co. Consequently, inf”DrfOHHa—\r\ <rPo(|| D" fo—
ALY — ez < tp) = 1if Jp < n/Cetd) for k = 1,... d. Applying (3.5) from Ledoux and
Talagrand (1991) to Z,, , with || - || as the La-norm, we have
h2
= P(||Z, > h,) <4 ——Tr .
o= Pnrke > ) < 40 gz
It then follows that hy < (E||Z,.[3)Y/?v/~Tlogw,. By Fubini’s theorem and (3.37), we have
E|Znrl3 = f(o e D@, x)de S n I, J,f”““. In view of (3.43), we have uniformly over
| D" foll3ga—r < R that the radius of é\Q is ophy = Op, (n_(o‘_|’”|)/(2a+d)\/— log wy,). O

Remark For the anisotropic case, assuming that fy satisfies Assumption 3, then if J; <
ne Hewa™+d)} for = 1,...,d, we have uniformly in |D” fo||a.co < R that the asymptotic

coverage of Cy is 1 and its radius is Op, (n_a*{1—ZZ:1(Tk/ak)}/(2a*+d)w/— log wy,)-

We will use a slightly different approach to construct L..-credible region for D7 f of size
1 — w. Note that here w € [0, 1] does not depend on n and we assume that w < 1/2. We choose

a sequence heo 4 such that
Ha\'n (f : HDrf —AY — C’r"r/”oo < ZT\nhoo,rnf) =1-w, (3.101)

where ho  does not depend on Y. As we shall see in Theorem 3.19 below, in order to ensure
frequentist coverage of 1 asymptotically, we need to introduce an inflation factor p, in the

radius, such that p, — 0o as n — oo. That is, we will consider the following inflated credible
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region
Coo = {f:ID"f — ArY — o]l < pudnhoor}, (3.102)

where by construction, Il (CAOO\Y) >1—w if p, > 1. We shall study the frequentist coverage
of é\oo, which is given by

inf Py(fo € Coo). 3.103

”DTfOHHafH\SR ( ) ( )
Theorem 3.19. If J,, < (n/logn)Y/?otd for k. =1,...,d, the asymptotic coverage of (3.103)
is 1 and the radius of Coo is Op, ((log n/n)te=IrD/@axd) oy “umiformly in | D" foll3ya-i1r < R for
R >0 and any |r| < a.

Remark To simultaneously control the size of 500 and ensure guaranteed frequentist coverage,
we can take p, to be a slowly varying factor tending to infinity. For example, p,, = (loglog n)l/ 3

gives excellent results (see the simulation experiment in Section 2.6).

Proof. For any (u = o(y/n), define tosr = infipo_g2/<¢, /i Ohoo,r- By (3.43), to show (3.103)

has asymptotic coverage of 1, it suffices to show

sup Py(|D" fo — ArY — ¢rM|co > prtoor) — 0. (3.104)
IIDTfO||Ha7",“SR

Let Z, , ~ GP(0,%,). Define M(Z, ) to be the median of ||Z,, »| , i.€., M(Zy ) is a number
satisfying both P(||Znrloc < M(Zny)) > 1/2 and P(| Znr oo > M(Znr)) > 1/2. In addition,
we define 0% = SUPge(0,1)¢ Var(Zn,»(z)) and note that by (3.67), 02 <nt Hi:l J,?r“_l. Using
the fact that o7 < 2M(Z,,) and |E||Znrlleo — M (Znr)| < 07(7/2)'/? (see Pages 52 and 54 of
Ledoux and Talagrand, 1991), we have E||Z,, »||cc < (14+2(7/2)Y/2)M (Z,, ). Since 0% = o(1) for
Ji < (n/logn)Y/Cet) with k = 1,...,d, we have E|| Zy 4 |loc > M (Zyr) + 0(1). Consequently,
ElZnrllcc = M(Zn.r)-

Now, (3.101) implies that P(||Zpr|loc > hoor) = w. Since w < 1/2 by assumption, this
implies that heor > M(Zyr) < E||Z), || co- Hence, we need a lower bound for E||Z,, , || oo Define
Tt = {tk1,....tkn,} to be the sequence of N} interior knot points of the kth component
B-spline for £k = 1,...,d. Let T = szlﬁ be the d-fold Cartesian product of the sets Tg
for k = 1,...,d. Define Z = {(i1,...,iq) : 1 < i < Ng,k = 1,...,d} and we arrange the
elements of 7 lexicographically. Then, we can enumerate the N = szl Ny elements of T
as {T; : © € I}, where 73 = (t14,,...,ta4,) With (i1,...,iq) € Z. Define u(z1,...,zq) =
H‘,ﬁzl(ﬁrk/axzk)Bjk,qk (zx). Applying the multivariate mean value theorem to u(z1,...,zq) at
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points 7; and Tp,, we have for some point 7* = (t},...,t)) = AT; + (1 — \)Tm with X € [0,1]
that

J1
DRI SITCA RIS SRR gl HeS LT
=1 ja=1 a=l  ja=1
2
J1 Jq d 8’[,L
=> .3 D o ) iy = tym,)| - (3.105)
1=l ja=1|y=1 > 7
For any = (z1,...,24)7 € (0,1)%, let iy, be a positive integer such that z;, € [ 7

for K = 1,...,d. Then it follows that only (B, g.—r.(Tk)--- . Bi,, +qi—ri—1,g5—r% (zx))T are
nonzero for k = 1,...,d. By (2.60)-(2.63), (9" /0x}*)Bj, q,(xr) can be written as a linear
combination of (Bj, go—ri (Tk)s - - - s Bjtresqu—r (Tx))T for any 1 < ji < Jj, with k = 1,...,d.
Choose j1 =iy, +q1 —r1 —2 and ji =iy, +qx —rp— 1 for k =2,...,d, then only Ju/0x; will
be positive while Ou/0x, will be zero for k =2, ..., d. Therefore,

d d d
du gt o
Z (8) (t%iw - t%mw) - Z WBJ&,% (xw) H (MBjkan (xk)> (tw'y - twm)
—1 \9Ty =1 Oy ky Nk
67'1+l d aTk
= WB]&,% (1) kl;[Q (WBjk,qk(wk)> (triy — timy). (3.106)

By repeated applications of (2.84),

J1 Ja 2 d 2
8T1+1 87‘k
3 )~ ulrm)l? 2 (a B w) IT (g Bintov)) (1= t1m

a=1 ja=1
d

2 2
2 i H T (gg}v Ji l) z 17 (3.107)
k=2 k=1

where 81, = t1; —t1;—1 for 1 <1 < Ny, and the last line follows from assumption (3.4) and
Lemma B.1. Define V; = Z, »(7;) for 15 < i < N where N = (Ny,...,Ng). Then for any
1d < i, m < N’

E(V; — Vm)z = (bJ,q,r(Ti) - bJ,q,r(Tm))TWr(BTB + 9_1)_1W$(bJ,q,r(7'i) - bJ,qﬂ"(Tm))
> Amin{(BTB + 971)*1}!\WT(5J,q r(Ti) — by, r(Tm))II2

( H Jk) Z Z u(t3) — u(Tm)® > c( H ﬂk“) (3.108)

Jji=1 Ja=1
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where ¢ > 0 is a universal constant not depending on n, and we used (3.18) to lower bound
the minimum eigenvalue of (BT B + Q71)~!. Define U; = \/anzl Jk_(Tk—H/Q)Vi and H;
iid. N(0,1) with 1; < ¢ < N. By equation (3.14) of Ledoux and Talagrand (1991), we have
E(maxy,<;<n H;) 2 v/Iog N. Therefore,

E(U; — Um)? > 2 = E(H; — Hp,)? (3.109)

and by Slepian’s Lemma (Corollary 3.14 of Ledoux and Talagrand, 1991), we have

E( max Ui> ZE( max HZ> 2 y/log N. (3.110)
1,<i<N 1,<i<N

Since N = HZ:1 Ny ~ ngl Jy, by Lemma B.1, then t2_,. > o3h% ,. 2 (logn/n) ngl JirkH.

o0, T~V o0, A~V

Therefore, we have uniformly in || D" fol|3ja-r < R,

Eo(|D" fo — ArY — epn||%) = E(|ArFo + ¢ — D" fo + Qnrl|%)
< 2E(||Qn.r||2) + 2E(| Ay Fo + erm — D7 fo||%)

d d d
logn 1 9 —
< g Hjlgrkﬂ"'ﬁnjlimw"‘zjk 2(a—ry)
k=1 k=1

n
k=1
logn d d
< i [T 72+ 3 g2, (3.111)
k=1 k=1

where the last two lines follow from (3.71) and (3.63). By Markov’s inequality, we have uniformly
over || D7 follyja—irl < R that

(logn/n) [1d_, J2rett 4 50d | g2
p2¢2 :

nvoo,r

Po(ID" fo = ArY = eomlloe > puto) < (3.112)

Now, since t2_, 2 (logn/n) szl J,fr’“ﬂ, we have p2tZ . > (logn/n) szl J,?T’“H. If Jp, <
(n/logn)'/etd for k =1,... d, we have p2t2, . > S Jk_Q(a—T’“). Hence the fraction on the
follyya i <R PO(ID7 fo = ArY = €rmlloc <

pntoor) — 1if Jp < (n/logn)/2e+d) for k = 1,...,d. Applying (3.5) from Ledoux and
Talagrand (1991) to Z,,, with || - || as the Lo-norm, we have

right hand side goes to 0 as n — oo. Therefore, inf|pr

" 8E|Znr

h2
W = P(HZTL,’I‘HOO > hooﬂ.) S 4exp < 007""2> )
[o.¢]

Then, hoe,r S (B[ Znr|%)"?v=Togw. By (3.71), we have E|| Zur 1% S (logn/n) [Te_y J7™ .
In view of (3.43), we have uniformly over || D" fo||3ja—|» < R that the radius of Coo is PrOnhocr =
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O ((logn/m)(@-Ir/@atd) . O

Remark For the anisotropic case, assuming that fy satisfies Assumption 3, then if Jp <
(n/log n)a*/{ak(za“rd)} for kK = 1,...,d, the asymptotic coverage of CAOO is 1, and its radius
is Op,((log n/n)o‘*{l_zzzl(rk/o‘k)}/(Qo‘*‘Fd)pn) uniformly over || D" fo||a,c0 < R.

Remark If we allow w = w,, — 0 without using p,,, as in the construction for pointwise and Lo-
credible regions, we need hZ,,. > (logn/n) Hi:l J,f”“ﬂ to make the right hand side of (3.112)
approach 0. We currently are unable to show this but conjecture that the lower bound for hgoﬂ,
established above, i.e., (logn/n) szl J,frﬁl is sharp regardless whether w < 1/2 is fixed or
approaching 0. The introduction of an inflation factor is not unique to this problem, and it was

used by Szabo et al. (2014) in the context of constructing adaptive Lo-credible regions.

Another way to ensure guaranteed frequentist coverage is to undersmooth the prior, i.e.,
using more B-splines in the expansion than the optimal number at each dimension. However, it
turns out that we need two different priors to accomplish this task for L..-credible sets. Namely,
we use the optimal Ji to estimate the center A, Y + ¢,.m and a larger J to estimate the size
of the radius for each k = 1,...,d. We write f as fy to show that J = (Ji,...,Jg)7 tensor
B-splines have been used in the expansion of (3.2). In a similar manner, we write A; for A,
¢ for ¢, B for By and 52 ; for 67. Let Jy, = (Jn1,- -+, Jna)” where Jy ;< (n/log n)l/ (2o+d)
is the optimal number of basis at each dimension £ = 1,...,d. Using the same construction as
in (3.102), consider the following empirical credible region for fy with radius o, jhjr,

CL ={fs:ID" fs = A]Y — ¢/nlloc <G ghas}, (3.113)

where hj, does not depend on Y. We first choose hj, such that HanyJ(é\‘OIo‘Y) =1—w with
w < 1/2, where the appropriate order for each component of J will be determined in Theorem

3.20 below. Using this hj ,, we then study the frequentist coverage of the following set:

inf  P(ID"fo— APY — &l lloo < Fngha ). 3.114
HDTfOHHa_|7.|§R (” T T ”OO n, ,"') ( )

Theorem 3.20. Let |[r| < § < a. If Jp < (n/logn)Y/ P+ fork =1,...,d, then the asymptotic
coverage of (3.114) is 1, and the radius of é\go is Op,((logn/n)B=IPD/@B+d)) yniformly over
| D" follgga-iri < R for R >0 and any |r| < S.

Proof. Define tj, = inf |02 —02|<Cn v/ ohg . Following the same argument as in Theorem 3.19,
we see that 3, 2 (logn/n) [1{_, J."**". Using the optimal J,j < (n/logn)"/ o+ for k =
1,...,d to estimate the posterior mean, Eqo(|| D" fo—AJ"Y —ctnn||%) < (logn/n) szl JS%H—F
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Zzzl Jn*z(afr’“) by substituting Ji with J,, j for k£ = 1,...,d in (3.111) of Theorem 3.19. By
Markov’s inequality, we have uniformly over || D" fo|yja—ir < R that

(log n/n) TTi_y J2E T + 0y g @™

Po(| D" fo — AI"Y — el nllae > tyr) S i . (3.115
(” T T ”OO ,7‘) (log TL/TL) szl J]frkJrl ( )

Since Jj, > Ju for k = 1,...,d, we have (logn/n) [, J,fr’ﬁl > (logn/n) [14, Ji;f“
and (logn/n) [1¢_, J,?T’“H > e Jniz(afr’“), and the right hand side above will go to 0 as
n — oo. We then conclude that ianD’"foHHafmSR Py(|D" fo — ALY — ¢l < tgr) — 1
with Ji, < nt/@F+d) for k= 1,...,d. As in the proof of Theorem 3.19, it follows from (3.5) of
Ledoux and Talagrand (1991) that hy, < (E||Z,|%)Y?V/=logw for Z], ~ GP(0,%;). By
(3.71), we have E||Z;L7,q\|gO < (logn/n) Hi:l er”l. In view of (3.43), we have uniformly over
| D" foll3ga-1r < R that the radius of cJ is Gn.ghyr = Op,((logn/n)B=IrD/(26+d)) O

Remark If we had used the optimal J,, to estimate both the radius and the posterior mean,
then the right hand side of (3.115) does not approach 0, and hence the need for two different
priors. This is in contrast to the undersmoothing method described in Knapik et al. (2011)
where they considered Ls-credible region. In Theorem 4.2 of that paper, one prior is sufficient
to do undersmoothing. The main difference is that unlike in the Lo case, the expectation and
standard deviation of [|Z;], |« has the same order of magnitude, and their argument using
asymptotically completely separated distributions (see page 22 of the same paper) does not

apply here.

Remark For the anisotropic case, we assume that fy satisfies Assumption 3. Let 8 < «ay, for
all k = 1,...,d and 39, (re/Br) < 1. If Jj, < (n/logn)? /@ +d} for | = 1,... d, we

have uniformly in ||[D" fy|la,cc < R that the asymptotic coverage of CJ is 1 and its radius is

Op, ((logn/n)P 1= Xims (r/B)}/ (267 +d))

Theorem 3.19 uses the optimal number of tensor B-spline basis to estimate both the center
and radius, but inflates the width of the credible region by some factor to ensure frequentist
coverage of 1 asymptotically. Theorem 3.20 achieves the same aim by using the optimal number
to estimate the center but uses a larger J component-wise to estimate the radius. In terms of
implementation, Theorem 3.19 enjoys two advantages over Theorem 3.20. The first advantage
is that we do not have to use two priors, one with optimal J, and the other with larger J
component-wise for point estimation and credible region construction respectively. Since the
inflation factor p, does not depend on «, which is the underlying smoothness of fj, it can be
used in the adaptive context, i.e, in the case of unknown o and we put a prior on each com-

ponent of J. On the other hand, we cannot undersmooth if we use an adaptive prior on each
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component of J, since adaptive prior by definition smooths the right amount.

In view of Theorems 3.17-3.20, we see that there are three different types of credible region
constructions that will guarantee frequentist coverage of 1 asymptotically. The first is to let
the credible level 1 — w,, approach one as n — 0o, and it was used to construct pointwise and
Lo-credible regions (Theorems 3.17 and 3.18 respectively). If w,, does not depend on n, then
one could either inflate the radius by some slowly varying factor p, (Theorem 3.19), or do

undersmoothing by using a larger J component-wise in determining the radius (Theorem 3.20).
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Chapter 4

Bayesian procedure for estimating

location of maximum

Consider the regression problem in (3.1) with true function fo : (0,1)4 — R. Recall that
Assumption 2 says fy belongs to the isotropic Holder space H*((0,1)%) for o > 2. To estimate
the location of maximum for f in (3.1), we make an additional assumption by requiring that
fo has a unique maximum. That is, for positive constants 7,7, and Ay such that 7 < 7, we

have the following condition:

Assumption 4. There is a unique point p, in (0,1)% that maximizes fy. That is, My =
SUPge(0,1) fo(x) = fo(pg). Moreover, fy has a well-separated maximum, i.e., fo(po) > fo(x)+d
for all © ¢ B(pg, 1), and

sup  Amax(H fo(z)) < —Xo. (4.1)
:BEB(/J,O,T)

Assumptions 2 and 4 imply that V fy(pg) = 0 and the Hessian H fo(p) is symmetric
and negative definite. In addition, the Hessian matrix H fy(x) is continuous. Observe that
Assumption 4 is still valid under the anisotropic case, and both Assumptions 3 and 4 will
yield the same implications. Let W<((0,1)%) be a subspace of H((0,1)?) such that each of its
elements satisfies Assumptions 2 and 4. We endow this subspace with the following norm, such
that for f € W((0,1)%),

d
£ llwa = [1Fllaee + > 1Dk S lpger,s
k=1

where || - ||« is the isotropic Holder norm defined in (1.9). For the anisotropic case, let f €
We((0,1)4) € H*((0,1)4) with a = (o, ...,aq)T, and we introduce the following norm:

o005

d
1 Iweco = 1 lawoo + Y |1 DS |
k=1
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where || - [|a,00 is the anisotropic Holder norm defined in (3.74). In what follows, we will mainly
concentrate on isotropic fy, with brief remarks on its anisotropic version. If we do not pursuit

uniformity over balls in W%((0, 1)4) for our results, then Assumption 4 can be simplified to:

Assumption 4.1. There is a unique point y in (0, 1)d that maximizes fy. Moreover, fy has a

well-separated maximum and Amax(H fo(pg)) < 0.

In this case, (4.1) becomes an implication of Assumptions 2 and 4.1, with the constants 7
and Ay depending on fy. Suppose that f is endowed with the tensor-product B-splines prior as

in (3.2), with normal basis coefficients. Define

p =argmax f(x),  py = argmax fo(x)
2€(0,1)d z€(0,1)d

to be the locations of the maximum of f and fy respectively, with

M = f(p), Mo = fo(pg)

their corresponding maximum values. To begin with, we show that p is almost always unique.

Lemma 4.1. Assume that f is given the tensor-product B-splines prior as in (3.2). Then w is
unique for almost all sample paths of f under the posterior distribution given' Y (empirical or

hierarchical Bayes).

Proof. For the empirical Bayes case, the reproducing kernel Hilbert space of the Gaussian
posterior process {f(t) : t € (0,1)?} given Y is the .J-dimensional space of polynomial splines
spanned by elements in by 4(-) (van der Vaart and van Zanten, 2008a). This implies that it has

continuous sample path at every realization. Observe that 52 > 0 a.s. from (3.13). Now if
~2 T T _1\—1
0 = Varg, (f(t) = f(s)]Y) =G, (brq(t) — brg(s))” (B B+Q77) ~ (byg(t) —byg(s)),

this implies that Bj, g, (tk) = By, q.(sk) for jr =1,..., Jyand k =1,...,d. Since ¢ > o > 2 (B-
splines are not step functions) for k = 1,...,d, this further implies that ¢ = s. Thus by Lemma
2.6 of Kim and Pollard (1990), g is unique for almost all sample paths of {f(t) : t € (0,1)%}

under the empirical posterior distribution given Y .

For the hierarchical Bayes case, consider the conditional posterior process II(f|Y,0?) for
arbitrary 2 > 0. The reproducing kernel Hilbert space of this Gaussian process is still the space
of splines as before, and each realization of II(f|Y,0?) has continuous sample path. Now by

substituting o2 for 52 in the preceding display, we see that Var(f(¢)—f(s)|Y,0?) = 0 implies t =

98



s. By Lemma 2.6 of Kim and Pollard (1990), almost every sample path of II( f|Y', 0%) has unique
maximum for any o2 > 0. Note that f ~ II(f|Y') is generated from the following scheme: draw
02 ~(0?]Y) =IG((B + n)/2, (v + n62)/2), and then f ~ II(f|]Y,0%) = GP(AY + ¢n, 0°X).

Hence, almost every draw of f will have unique maximum g under II(f|Y"). O

Lemma 4.2 below describes the exact conditions needed in order for the induced poste-
rior distribution of p to be consistent. Since the following consistency result holds in greater

generality, we will temporarily leave the nonparametric regression setting.

Lemma 4.2. Consider a sequence of statistical experiments {%("), FAQN Pg(n) : 0 € ©}, where
© is an arbitrary parameter space with observations X ™ indexed by n. We assume that there
is a true Oy that generates X ™. For any 6 € ©, define transformation gg : U — R, with U be

some Euclidean space. Further, define pig = argmax,c;; go, () and p = argmax, gy go(x).

Assume that we have posterior consistency for gg under the supremum norm, i.e., for all

6 >0,
o P,
II (Ilge = 960l > 6)X 8 ) 0 (4.2)

as n — oo. In addition, gs, has well-separated maximum, i.e., there exists jig € U such that

sup  gg,(x) < gg,(po) for any e > 0. (4.3)
& B(po,€)

Then for any € > 0, we have II (||u — pol| > 6|X(”)) 2% 0 as n — oo, i.ec., the posterior

X(ﬂ))

<II ( sup  go(x) > go(po)s  go(Ho) = ga, (o) — /2
2¢B(po.€)

+ 11 (gol0) < gy (10) — /2| X))

distribution of u is consistent at pg.

Proof. For all e > 0 and 6 > 0,

IT <||u — poll > e‘X(”)) <11 ( ¢Zl(1p )ge(ﬂf) > go(to)
T 1o ,€

X(ﬂ))

The second term above goes to 0 in Pé:)—probability by (4.2). In addition, (4.3) implies that
there exists a 6 > 0, such that gg,(x) < gg,(1t0) — 9 for x ¢ B(uo,€). Hence, for this § > 0, the

first term is bounded above by

I1 (gg(x) > gp,(x) +0/2 for some x ¢ B(uo,¢€)

X®) <11 (llgo = ganllow > 6/2| X)) = 0
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in Pe(:)—probability as n — 00. Thus the posterior distribution of p is consistent at pyg. O

In the lemma above, 8 can be a continuously differentiable function and gy is the derivative
function. Note that if (4.2) holds uniformly over 6y € D where D is a ball in ©, then the posterior
of u is consistent uniformly in g € D. Returning to our present context, to show consistency
for the posterior of p, observe that the first condition (4.2) in Lemma 4.2 is satisfied through
Theorem 3.5. By Assumption 4, fy has a well-separated maximum as defined in the second
condition (4.3). Hence, Lemma 4.2 above concludes that the induced posterior of p given Y is

consistent at p, uniformly over || fo|[we < R for R > 0.

A6

8‘_

1 o,

Figure 4.1: A function that has no well-separated maximum. This function ¢(6|-) has global
maximum at 6y, but the horizontal asymptote is approaching this maximum as well.

4.1 Posterior convergence rates for u and M

In the present case, the most elegant way of deriving posterior convergence rates of u and M is
by inducing them from the corresponding posterior convergence rates of f and its mixed partial
derivatives established in the previous chapter. To accomplish this, we need to find inequalities

relating these two sets of quantities. Lemma 4.3 provides this for p.

Lemma 4.3. Under Assumptions 2 and 4, we have with posterior probability (empirical or

hierarchical Bayes) tending to 1 that

Vd
e — poll < N max | Dr.f — Di foll oo (4.4)

where \g is the constant defined in (4.1).

Proof. By Taylor’s theorem, we have

Vio(w) =V foluo) + H fo(r") (1 — o)
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for p* = A+ (1 — AN pg, A € [0, 1]. Now since the posterior distribution of p is consistent at
by Lemma 4.2, we have that as n — oo and Ve > 0, II(||p* — g || < €]Y) Lo, 1, where II(-|Y") is a
generic posterior that can be either empirical or hierarchical Bayes. Under both Assumptions 2
and 4, equation (4.1) implies that on the event B;,, = {Amax(H fo(pt*)) < —Xo}, II(B,L]Y) Lo,
Hence, H fo(p*) is invertible with probability tending to one under the posterior. Therefore, as

n — oo and on event B,

1 — pg = H fo(u*) (Y fo(w) = V fo(po))-

Noting that V fo(pg) = Vf(p) = 0, then

1
e — poll < yollvfo(u) = Vi)l

Vd
< — Dyf—D . O
Sy lréllil%(d\\ kf — Drfolloo
Note that the preceding lemma holds uniformly over || folyy« < R if the posterior of p is
consistent at py uniformly over the same set. For the anisotropic case, (4.4) holds assuming

that fy satisfies Assumptions 3 and 4.

Theorem 4.4. If J;, =< (n/logn)/?*+d) fork =1,... d, we have for R > 0 and any M, — oo,

Empirical Bayes: sup  Eolls, (1 : || — poll > My (logn/n) @0/ CGatd) |y g,
I follwa <R
Hierarchical Bayes: sup  Eoll(p : || — poll > My (log n/n) @1/ Catd)yy 0,
lfollwa <R

Proof. Apply Theorem 3.8 with r = ej, the sup-norm convergence rate for Dyf is €, =
(logn/n)e=D/Q@atd) for all k = 1,...,d. Using (4.4), for any M,, — oo and uniformly in
| follwe < R,

A
Eollz, ([l — poll > Mpen|Y) < Eollz, (1?1?§d | Di.f — Dy folloo > 7%Mn€n Y)
d Ao
< ZEOH'&n HDkf - Dka”oo > ﬁMnen Y )—0.
k=1
The same argument applies to the hierarchical Bayes version. O
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Theorem 4.5. If J;, =< (n/logn)/?*+d) fork =1,... d, we have for R > 0 and any M, — oo,

Empirical Bayes: sup  Egllz, (M : |M — My| > M, (logn/n)*/ e+ |y = 0.
lfollwe<R
Hierarchical Bayes: sup  BoIL(M : |M — M| > M, (logn/n)*/+d|y) - 0.
[ follwe<R

Proof. Assume that f(zx), fo(z) > 0 for all x € (0,1)%. If not, we can always add a large
enough constant C' > 0 such that f(z) + C > 0 and fo(x) + C > 0 for all z € (0,1)%,
which leaves ||f — follo and |M — Mp| unchanged. Note that we can always find such a C
not depending on f and fj since fy is uniformly bounded by Assumption 2, and the posterior
support of f is a subspace of H((0,1)?) consisting of uniformly bounded functions. Then
[ flloc = Supge(o)e f(®) = M and || folloc = Supge(o1ye fo(x) = Mo. Hence by the triangle

inequality, we have

| M — Mo = [|flloc = Il folloo| < [If = folloo- (4.5)

Applying Theorem 3.5 and the inequality above will then induce the desired convergence rate
on M. O

Apart from the logarithmic factors, these rates are the minimax rates for estimating p and
M respectively (see Belitser et al., 2012). For the anisotropic case assuming that fy satisfies
Assumptions 3 and 4, if J; =< (n/log n)o‘*/{o‘k(m**d)} for k = 1,...,d, then the posterior
convergence rates for g and M are (logn/n)(@ —1)/2a"+d) and (logn/n)®"/2e"+4) yniformly in

|| follwe 0o < R respectively.

4.2 Credible regions for pu and M

We will discuss two methods to construct credible regions for pu and M. The first method is by
constructing Euclidean balls with some radius around the posterior means of p and M. Using
(4.4), we can then establish that these balls have high posterior concentrations with frequentist
coverage tending to 1 asymptotically. The second method is to first construct credible regions
for f and its partial derivatives using techniques discussed in Section 3.6, and then we induce

the corresponding credible regions for p and M by the argmax or max operators respectively.
We begin by discussing the first construction method. Let fn be some estimator of fy. Define

fi, = arg max f,(x). (4.6)
xe(0,1)¢
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Suppose ﬁl converges to fo uniformly in (0,1)¢ under Py-probability, i.e., as n — oo,

-~ P
sup | fu(x) — fo(z)| = 0. (4.7)
xe(0,1)¢
By Assumption 4, fy has a well-separated maximum. Hence Theorem 5.7 of van der Vaart
(1998) implies that p,, is consistent in estimating p, under Pp-probability. We then have a

frequentist analog of Lemma 4.3 as given below:

Lemma 4.6. Suppose (4.7) holds for fn Under Assumptions 2 and 4, we have with probability
Py tending to 1 that

. Vd -
£, — poll < N max, | Dk fr. = Di. follso> (4.8)

where Ny is the constant defined in (4.1).

Proof. The argument follows almost identically with the proof in Lemma 4.3, by substituting
u,, for p and #, for f. In the present case, P, (Bp) — 1 follows from the implied consistency of
w,, and (4.1). O

Recall that the empirical posterior mean process for f is AY + ¢n, where A and ¢ were
given by (3.10) and (3.11) respectively. Choose E5 (f|Y) for n such that

R, = argmaxE; [f(x)|Y] = argmax[A(x)Y + c(x)n] (4.9)

xe(0,1)4 xe(0,1)4
is an estimator of the location of function maximum g1,. By Theorem 3.5, it follows that AY +cn
converges in Py-probability to fo under Lo,-norm with rate (logn/n)®/(?*+4) Hence fi,, defined

in (4.9) is consistent in estimating g, under Py-probability, and (4.8) holds in this case.

Recall that the empirical posterior of D" f given Y is GP(A,Y +¢,n,52%,.), where A, c,
and X, were given by (3.59), (3.60) and (3.61) respectively. For notational simplicity, if » = ey,
where e;, = (0,...,0,1,0,...,0)7 with 1 in the kth position and the rest zero, we write D as
Dy, Ae, as Ay, ce, as ¢ and X, as Xy, respectively for any k = 1,...,d. In view of Lemma
4.3 and utilizing the inflation factor approach (see the discussion preceding Theorem 3.19), we

can construct a 1 — w credible ball for pu centered at p,, with radius p,0,hmax. That is,

Co=An: 1 —H,l < pnOnhmax} (4.10)

where p, — 00 as n — 00 and Apax = Maxj<p<d hoo k- For each 1 < k < d, hoo i is determined
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such that
Han(f : HDkf - AkY - canoo < a\nhoo,k’Y) =1- w, (411)

where w € [0, 1] does not depend on n and we assume that w < 1/2. Observe that A;Y +c¢xn =
E(Dyf|Y) = DLE(f|Y)]. By (4.4), the credibility of C, is at least 1 — w,

Y)

Y) <w.  (412)

A
|Dif — Di[E(f|Y)]]lo0 > ﬁpnanhmax

Ny, @) <1, (s

Ao~
< dlrgl?%(dnan (”Dkf - AkY - CkTIHoo > %pnanhmax

We shall study the frequentist coverage of CAM as n — 00, given by

' i = Bl < pn&nfimax) 413
P 1) = b a1

Theorem 4.7. If J; < (n/logn)/?e*d) for k =1,...,d, the asymptotic coverage of (4.13) is
1 and the radius of 5“ is Op,((logn/n)@=1/@atd) oy uniformly in || folwe < R for R > 0.

Proof. Applying Theorem 3.19 for r» = e and in view of (4.8), we have

. . A~
— < — Y
Po (lrg — By |l > prOnhmax) < Po <llgnl?§d | Dxfo — De[E(f]Y)][loo > \/gpno-nhmax>

Ao
< dlréll?%(dpo <”Dkf0 — ALY — il > \/%pngnhmax> — 0,

uniformly in || follwe < R. O

Remark For the anisotropic case, assuming that fy satisfies both Assumptions 3 and 4, if
Ji, = (n/logn)® /texatd} for p = 1,..., d, the asymptotic coverage of CA“ is 1, and its radius
is Op, ((logn/n)@" —1/2a"+d) 5y uniformly in || follwe co < R.

Now let M, = A(p,)Y +c(p,)n be an estimator of the function maximum value M, where
1., was defined in (4.9). Using the inflation factor approach with w < 1/2, we construct a 1 —w

credible interval for M as
Cur = {M : [M — My| < pnBnhoc}, (4.14)

where h is chosen such that II5 (|| f — AY — enlloc < 0phoo|Y) = 1 —w. Applying Theorem
3.19 with » = 0 and identifying heo o With hs, (4.5) implies that Cu has credibility at least
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5, (CarlY) > s, ([|f = AY = enllo < pudnhoclY) =1 - w.
We shall study the frequentist coverage of C M as n — oo, given by

Po(|Mo — M| < pnonhoo). (4.15)

in
[l follwa<R

Theorem 4.8. If J;, =< (n/logn)/+d) for k =1,... d, the asymptotic coverage of (4.15) is
1, and the radius of Cpy is Op, ((logn/n)2/Ze+d) p Y uniformly over || follwe < R for R > 0.

Proof. Apply Theorem 3.19 with 7 = 0 and use (4.5) to get uniformly in || fo|lx~ < R,
1> Py(|Mo — My| < pptnhoo) = Po(llfo — AY — enllse < painhos) » 1. O

Remark For the anisotropic case, assuming that fp satisfies both Assumptions 3 and 4, if
Jr =< (n/log n)a*/{ak‘@aﬂrd)} for k=1,...,d, the asymptotic coverage of 5M is 1, and its radius

)a*/(Qa*—i—d)

is Or,((logn/n pu) wniformly in | follye e < R.

For the second method, we begin by constructing a credible region for f using techniques
discussed in Section 3.6. In particular, in view of the inequality in (4.4) and the inflation method

used in Theorem 3.19, we construct a 1 — w credible region for f as
o = {15 s |00 = ALY = il < 3} (1.16)

where h > 0 is chosen such that II;, (Cmax|Y) = 1 — w. Here, w does not depend on n and
we assume that w < 1/2. Also, h does not depend on Y. Observe that the posterior mean
AY +cn € 5max. It also follows from Theorem 4.9 below that fy € 5max as n — oo, uniformly
over || follwe < R for any R > 0.

Theorem 4.9. If J;, =< (n/logn)/?e*Y) for k=1,...,d, then as n — oo,

nf  Py(fo € Cax) — 1,

i
[l follwa<R

and the radius of Coax is Op, ((log n/n)@=D/Cetd) oy yniformly over | follwe < R for any
R>0.

Proof. The proof is similar to the proof of Theorem 3.19. For any &, = o(y/n), define t =
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inf 02— 02|<bn /v oh. By (3.43), to show Conax has asymptotic coverage of 1, it suffices to show

sup Py < max, | Di.fo — ALY — cxnlloo > pn > — 0. (4.17)
|l follwa<R 1<k

Now, let Z, , ~ GP(0,3). Then II5, (Cmax|Y) = 1 — w implies that P(maxi<g<d || Znklloo >
h) = w for w < 1/2. Since P(||Zyillcc > h) < P(maxi<p<d||[Znklloc > h) = w for any 1 <
i < d, this implies that h > M (Z,, ;) where M(Z, ;) is the median of ||Z, ;||~. Using the facts
established in the proof of Theorem 3.19, we have h > M(Z,, ;) < E||Z,i||~, and it follows that
t2 > o2h* Z (logn/n)J?. Now by (3.111), we have uniformly over || fo|we < R that

Eo (s, 1 Do~ ACY — cinll ) < d o Bo(1Dufo ~ AcY — )

< max (log"J3+J‘2<“ 1)) (4.18)
1<k<d n

By Markov’s inequality, we have uniformly over || fo| e < R that

maxi<g<d <(logn/n>J;§+Jk_2(O‘_1))
P (s, 1Dk~ A6Y —exnllc >t ) < o 1)

Now, since Ji, < (n/logn)/o+D) for k = 1,...,d, we have p2t> > (logn/n)J} and p2t? >
Jk_2(a_1) for any 1 < k < d. Hence the fraction on the right hand side goes to 0 as n —
oo. We conclude that inf|f . <r Po(maxi<r<a |[[Difo — ArY — cxnllo < put) — 1if Jp <
(n/logn)Y/Ze+d) for = 1,...,d. Applying (3.5) from Ledoux and Talagrand (1991) to Z, x

with || - || as the Loo-norm, we have

h2
= < < _
o= P (o | Zusle > 1) < d s P(1Zusll > 1) < 40 s e e )

h2
=4d - :
exp < 8maxi<i<d EHZn,k”go>

Hence, h < v/maxi<g<q E[|Z ]2 log (4d/w). By (3.71), we have E|Z, |2 < (logn/n)J3.
In view of (3 43), we have uniformly over || fOHW“ < R that the radius of 5max is ppoph =
Op,((log n/m)(e=D/@atd) ) s

Remark For the anisotropic version, we assume that fy satisfies Assumptions 3 and 4. If
Ji = (n/logn)® /{ox@a"+d)} for | = 1,... d, the asymptotic coverage of Cumax is 1 and its
radius is Op, ((logn/n)@" ~1/Za"+d) 5y uniformly over || follwa 0 < R for any R > 0.

By applying the argmax operator to each element of 5max, we will induce a corresponding
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credible region ﬁmax for . By Lemma 4.1, it follows that Z:l\max has credibility 1 — w exactly,
s (1 € Unax|Y) =15 (f € Crnax|Y) = 1 — w. (4.20)

By Assumption 4, p is the unique point of maximum for fy. It then follows from Theorem 4.9

that as n — oo,

PO(P’O € Z:{\max) = PO(fO € é\max) — 1, (421)

uniformly over || fo|lwe < R for any R > 0. Using this particular CAmaX to induce LA{maX en-
sures that the diameter of Z:imax is bounded above by some constant multiple of the minimax

convergence rate, possibly up to a slowly varying factor.

Lemma 4.10. The diameter of Upax is Op, ((log n/n)@=D/Catd) 5y “umiformly over || follye <
R for any R > 0.

Proof. Let py and py be two arbitrary elements of Unax. Then by Lemma 4.1, there are functions
f1, f2 € Cmax such that py = argmaxge(gq)e f1(x) and py = argmaxye g 1ye fo(x). Let fr, =
AY + cn. By (4.4) and the triangle inequality,

[l £ty —N2H
<y — poll + Nl — pol|

Vid
max, | D fi — Dy folloo + ~— max | Dy f2 — Di foll o

1<k<d

<
B Ag 1<
< e, IDefi = Difalloc + max | Difz = Difalloc +2 max [|Defo = Dkfnnoo>

Vd
Qo
vd
Ao
Or

o (PnFnh) = Opy((log n/n)( @D/t d)p ),

Both max<x<q || Dk f1 — Dkﬁlﬂoo and maxi<g<q || Dy fo — Dkanoo are bounded by p,o,h follow
from the definition of 5max. By Theorem 4.9, maxj<x<q || Dgfo — DkﬁLHoo = Op,(pnonh). The
last line then follows from (3.43) with the upper bound for h established in Theorem 4.9. [

We use the same technique to construct credible interval for M. That is, we construct a
credible region for f and apply the max operator to each of its element. In view of (4.5) and

Theorem 3.19 with w < 1/2, we construct a 1 — w credible region for f as

Coo = {f 1 |lf = AY — enlo < pubinhoc}, (4.22)

where ho, > 0 is chosen such that IT5 (Coo|Y) = 1—w, and Ay does not depend on Y. Note that
the posterior mean AY + en € Coo. It also follows from Theorem 3.19 that Py(fo € 500) —1
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as n — oo uniformly over || folwe < R for any R > 0. By applying the max operator to each
element of 500, we will induce a corresponding credible region M\m for M. By Lemma 4.1, M\OO

has credibility 1 — w exactly,
I, (M € Muoo|Y) =15 (f €CooY) =1 —w. (4.23)

By Assumption 4, p is the unique point of maximum for fy with maximum value Mj. It then

follows from Theorem 3.19 that as n — oo,
Po(My € Muo) = Po(fo € Coo) — 1, (4.24)

uniformly over | fo|we < R for any R > 0. Now, using this particular Coo to induce Mo
ensures that the diameter of ./\//YOO is bounded above by some constant multiple of the minimax

convergence rate, possibly up to some slowly varying factor.

Lemma 4.11. The diameter of Mo is Op, ((logn/n)*/Ze+d) oy “uniformly over || follwe < R
for any R > 0.

Proof. Let My and M, be two arbitrary elements of /T/l\oo. Then by Lemma 4.1, there are
functions f1, fa € Cso such that M; = maxge (o,1) f1(x) and My = maxg (g 1y¢ f2(x). By (4.5)

and the triangle inequality, we have
(M — M| < [|f1 = folloo < [[fi — AY —enlloc + | f2 = AY —enlloc < 2pn0nhoo.  (4.25)

By the definition of Cos, both ||fi — AY — enlles and ||fz — AY — en)|os are bounded by
PnOnhoo. The result then follows from (3.43) with the upper bound for h., established in
Theorem 3.19. ]

Remark The anisotropic versions of the results established above follow by changing a to o*

and the norm || - [y to || - e co-
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Chapter 5

Two-stage Bayesian estimation of u
and M

5.1 Introduction

The idea is to derive the posterior distributions of ¢ and M in two stages. Given a sampling
budget of n, we first allocate n; < n samples to compute the posterior distribution of f, based
on tensor-product B-splines prior with normal basis coefficients. Using this posterior, we then
construct a credible region for g based on the methods discussed in the previous section. The
rest ng = n — ny samples are then obtained from sampling points inside this region. Assuming
that this region is small enough, we can approximate f around this vicinity with a multivariate
polynomial. By further endowing the coefficients with a normal prior, we then use the second
stage samples to construct an improved posterior distribution for f. By (4.4) and (4.5), this
translates to improved posterior distributions for p and M, where improvement here refers to

faster posterior convergence rates.

5.2 Two-stage Bayesian procedure

Let m € (0,1). In the first stage, we choose n; € N design points {Z;,i = 1,...,n1} such that
0 < ny <n and ny/n — 7. If we have no information on these points, then they should be
chosen as uniform as possible across the domain of interest. Since our domain is (0,1)% and
assuming that ny = m? for some m € N, we can divide (0,1)? into n; hypercubes of length m,
and sample from the uniform grid points formed. That is, z; € {(j —1)/(m—1),j =1,...,m}?
for ¢ = 1,...,n1. In general, for constants c1,co > 0, we can select these points such that the
family of balls {B(ii,clnfl/d),é =1,...,n1} covers (0,1)% and ||Z; — ;|| > cznl_l/d for i # j
(see Belitser et al., 2012). Therefore, we have data D; = {(x;,Y;),i = 1,...,n1} for the model
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in (3.1).

In view of Dp, we endow f in (3.1) with tensor-product B-splines prior described in Sec-
tion 3.2 to yield the empirical posterior Iz (f|D;). Then, we construct a credible set for p
as C(p,vd,) = {p : |p — ptlloc < v}, where @ is some preliminary estimator of p. For ex-
ample, u,, in (4.9). Here, v is the smallest integer such that 2v > m, for m, = [a — 1], and
dn > 0 is a localization parameter such that é,, — 0 as n — oo. Note that C (g, vd,) is a cube
in R? centered at i with diameter 2vd,. Since ||z|s < ||| < Vd||/s for any x € RY, it

follows from Theorem 4.7 that if p,0phmax = 0py(dn), then II; (C(H,,,v0,)|D1) > 1 —w and
Py(pg € C(my,,v6,)) — 1 uniformly over || fo|we < R for any R > 0.

Therefore, we have no = n — nq samples left for the second stage. Choose ng € N such that
ng = n3(2v + 1)%. Divide C(f,vd,) into (2v)¢ smaller cubes of diameter §,. The stage two
samples are then obtained by sampling n3 times at each of the (2v + 1)? vertices formed. To be

more precise, define the set of (2v 4+ 1)% cube vertices as

d
[T + tebn,te = 0,51, .. 20} = (T, .., Tggyy1ya}-
k=1
Denote the second stage design points as {x1,..., &y, }, and they are chosen such that for sets
I ={1<i<ng:z=mu;} with j = 1,...,(20 + 1)¢, we have |I;| = ng where |A| denotes
the cardinality of set A. Hence, each vertices in {uq,... s W (2 +1)d} is replicated ng times to
form {xi,...,xn,}. Note that ng > cn for some constant ¢ > 0. Using the model in (3.1), i.e.,
Y; = f(x;)+¢; fori =1,...,ng, we observe second stage samples Dy = {(x;,Y;),i =1,...,n2}.
At the second stage, we represent f(x) at & = (x1,...,74)" as a multivariate polynomial

function of fixed order m, = [a — 1], i.e.,

folx)= > vz’ = Z > vixt = p(x)", (5.1)

i€l(ma) k=0 i€l

where p(z) = (2 : i € I(my))” and 9 = (¥; : i € I(my))T are the corresponding basis

coefficients. The elements of I(m,) can be enumerated as {ig,%1,...,%} where W + 1 =
I(ma)| = Y5 (dgﬁzl) and note that 49 = 0. By observing second stage samples Do, define
Y =M,....Y)T, X = (zf,...,2] )T and P = (p(x1),...,p(xn,))". Moreover, we write

Fo = (fo(x1),. .., fo(xn,))" and € = (e1,...,en,)T. Note that for d = 1, P is a Vandermonde
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matrix. Hence, the model in (3.1) can be written compactly as
Y|X,9,0% ~ N,,(P9,0%I,,). (5.2)
For the basis coefficients, we assign
9)o? ~ Ny 41(€,0%V). (5.3)

We assume that the entries of & do not depend on n and V = diag(C’éE'm :j=0,...,W) for
some constant C' > 0 not depending on n. Based on (5.2) and (5.3), it then follows that the
induced conditional posterior for fy is II(f9|Y,0?) ~ GP(TY +d€,0?H), where T and d are
bounded linear operators mapping R™? and RW*! respectively to Prm.,, and H is the covariance

function defined on C'(m,vd,,) x C(, vdy,) such that for any @,y € C(p@, vd,),

1

T(z) = p(x)” (PTP +Vvh pPT, (5.4)
d(z) = p(x)” (PTP+V) v, (5.5)
H(2,y) = p()” (PTP+ V") p(y). (5.6)

Note that since the posterior mean can be written as .2, T;(x)Y; + d(x)n at a fixed x, with
T;(x) being the ith element of the row vector T'(x), Assumption 2 with Properties 1 and 2 of
Appendix C imply that TY + d§ is a sub-Gaussian process under F.

2

As in Section 3.2, since o is unknown, we will consider the empirical and hierarchical Bayes

approaches. In the present context, the empirical Bayes posterior is
5, (fs|Y) ~ GP(TY +d¢,5, H), (5.7)

where

2

For the hierarchical Bayes approach, we further endow o2 with the inverse-gamma prior in

(3.15). The corresponding posterior is given by

(5.9)

Y ~1G (54—”2 7-1'7123721) ’

2 2

where 52 is from (5.8) above with 8 > 4 and v > 0. By Lemma 1 of Belitser et al. (2012), P
has full column rank and it follows that PT P is invertible.
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Let » = (r1,...,74)7 be such that |r| < m,. Then the r mixed partial derivative of f with

respect to x is

d

., o i
D" fy(x)= > ﬁinka’@: > ﬂi(i_r)!m’ , (5.10)

" =0if ¢ < r, we can perform

which is a multivariate polynomial of order m,—|r|. Now since x*~
a change of variable and write D" fy(x) = p,.(x)T N9, where p,.(x) = (x? : 3 € I(mq — |7|))T.
The [I(mq—|r|)| x|I(mq)| matrix N, is of the following block matrix form: N, = [0 R], where
Oisa |l(ma—|7r])| X (|I(ma)|—|L(me—|r|)|) matrix of zeroes, and R is a |I(mq—|r|)| x [I(mo—|7])]
diagonal matrix with diagonal elements {(r +2)!/é! : © € I(my — |7|)}. Note that in this frame-

work, N, and p,.(z) reduce to Iy, ) and p(x) respectively when r = 0.

It then follows that II5, (D" f9|Y) ~ GP(T,Y +d,.£,52H,.), such that for z,y € C (@, v5,),

T,(z) = p,(x)"N, (PTP+ V)" PT, (5.11)
dy(z) = p,(x)"N, (PTP+ V1V, (5.12)
H,(z,y) = p,(x) N, (PTP+ V') Nlp,(y). (5.13)

Note that if » = 0, the three operators (5.11), (5.12) and (5.13) above reduce to that defined
in (5.4), (5.5) and (5.6) respectively. Using the same reasoning as before, we see that under
Assumption 2 with Properties 1 and 2 of Appendix C, T,.Y + d,.£ is a sub-Gaussian process

under Fy. Define the location of maximum for fy and its maximum value as

p= argmax fo(z), M= fo(u). (5.14)
xzeC(m,v0n)

Following the same reasoning as in Lemma 4.1, we see that p is unique for almost all sample

paths of fy under the empirical or hierarchical posterior. The following two theorems establish

the second stage posterior convergence rates of u and M for any smoothness level o > 2.

Theorem 5.1. Under Assumptions 2 and 4, if ||t — poll = op, (0r) uniformly over || folwe < R
with R > 0, then for any M,, — oo,

Empirical Bayes:  sup  Eolls (| — poll > Mn(n™V26,1 + 627 YY) = 0. (5.15)
lfollwe <R

Hierarchical Bayes: — sup  Eoll(||p — poll > Mn(n™ Y2671 + 647 1|Y) — 0. (5.16)
[follwa<R
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Theorem 5.2. Under Assumptions 2 and 4, if ||t — pol|| = op, (0) uniformly over || folwe < R
with R > 0, then for any M,, — oo,

Empirical Bayes:  sup  Eollz, (|M — Mo| > M, (n~? 4 5%)|Y) — 0. (5.17)
Il follwe <R

Hierarchical Bayes: — sup  EoII(|M — M| > M, (n""/? + §2)|Y) — 0. (5.18)
Il follwe<R

Before we prove the two theorems above, we will first discuss some of their important
consequences. The condition || — py|| = op,(9,,) arises as a result of (1.10) in the definition of
H((0,1)9). Tt says that we should construct credible region around & at the second stage that
is big enough to cover its estimation error. Note that by balancing the orders of the two terms
in the posterior convergence rates for Theorems 5.1 and 5.2, we have d,, < n~!/(2®)_ This choice

of §,, is optimal as shown in the corollary below.

Corollary 5.3. Suppose Assumptions 2 and 4 hold with o > 1+ /14 d/2. If the convergence
rate of i is faster than n=Y 2 ynder Py, and the localization parameter is 6, = n= /2% | then

for any M,, — oo,

Empirical Bayes:
Eolls, (| — poll > Mpn= @~ D/Coy)y 0, Eolls, (M — M| > Mun~2Y) — 0.
Hierarchical Bayes:

Eoll(||pe — poll > Mun=@=D/Cyy 50, Eoll(|M — My| > Mun~?|Y) — 0,

uniformly over || follwe < R for any R > 0.

Proof. Let €, be the convergence rate for 1, i.e., ||t— || = Op,(€,). By the discussion preceding
Corollary 1 of Belitser et al. (2012), we choose d,, = max(ppe,, n~ /(%) where p, is a slowly
varying sequence tending to infinity. Since €, < n~1/(2% by assumption, we have 6, = n~1/(®
and ||pt — pgl| = op,(6r). Hence, Theorem 5.1 applies and the posterior convergence rate for p
in this case follows from substituting §,, = n~'/(2®)_ By Theorem 5.2, the posterior convergence
rate for M is max(p®e?, n~/2). Hence if ¢, < n~"/(2%  the rate becomes n~'/2. By Belitser
et al. (2012), the minimax rate for estimating p is €, = n~(@~D/(a+d) Then ¢, < n=1/(2) if
(a—1)/(2a+d) > 1/(2a) or equivalently o > 1+ /1 + d/2. The corresponding minimax rate

for M is n=/(2atd) and it is o(n~'/(2®) under the same lower bound for a. O

Remark If we used p,, defined in (4.9) as the preliminary estimator for p, the first stage pos-
terior convergence rate for p is (logn/n)(@~1/(2e+d) by Theorem 4.4. Then take §,, = n~/(2®)
in Theorem 5.1 and we have second stage posterior convergence rate as n~(@~D/2) for o >
1+ +/1 4 d/2. Similarly, the first stage posterior convergence rate for M is (logn/n)®/ 22+ by
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Theorem 4.5. Then the second stage posterior convergence rate in Theorem 5.2 becomes n~1/2

for the same §,, and same lower bound on «.

Observe that the dimension d, which is present in the first stage posterior convergence rates
(logn/n)@=N/Catd) and (logn/n)*/?e+4) for u and M (Theorems 4.4 and 4.5), does not ef-
fect the corresponding second stage rates n~(@=1/(2®) and n=1/2 respectively. Therefore, if the
true function is smooth enough such that oo > 1 + \/m, then the curse of dimensionality
is nearly avoided. Moreover, the Bayesian two-stage procedure removes the logarithmic factors
from the first stage posterior convergence rates. The lower bound on « increases with dimension
d. If a > 3, then the posterior convergence rates established in Corollary 5.3 are optimal for all
dimensions such that 3 > 1+ \/m, whichis d =1,...,6, and includes the most commonly

used dimensions d =1, 2, 3.

We now prove Theorems 5.1 and 5.2. Before we can actually do that, we will first center the
second stage design points and establish some preliminary results. Centering is a simplifying
device that will make the analysis easier without changing the basic problem structure. Hence,
we start by centering z; = ; — p for i = 1,...,ng. Define C(vd,,) to be a cube centered at 0
with radius v6,, that is C(v,) = [~vd,,vd,]? C RY. For notational simplicity, we write I(1m)
as I. Let uj =u; — p for j = 1,...,(2v 4+ 1)% Then for all i = 1,...,n2, we have

2 € {0, %6, ..., 00, } = {1, ... wp, 1ya} © C(06,). (5.19)

Our shifted domain is now a cube of radius vd,, centered at 0 instead of the original . Hence,
we are sampling n3 = ny/(2v + 1)% times at each cube vertices to form {z1, ..., z,,}. In view
of (5.1), we represent f(x) at @ € C(vdy) as

fol@) = bz’ = p(x)79, (5.20)
1€l
and it follows that fg(x) = fe(x — p) for any * € C(m,vd,). We endow 6 with the prior
0lo? ~ Ny 41(€,0%V), where the entries of & do not depend on n and V = diag(C’éJlm :
j =0,1...,W) for some constant C > 0 not depending on n. Define the design matrix as
Z = (p(z1),...,p(zn,))T. Then it follows that II; (D" fa|Y) ~ GP(T»,Y +d.£,02H ),
such that for x,y € C(vdy,),

T.r(x)=p,(x)'N.(Z"'Z + Vv 1)"1ZT (5.21)
der(z) = pp(2) N (Z"Z+ VIV, (5.22)
H.,(x,y) =p.(x)" N.(Z"Z+V ) 'Nip,(y). (5.23)
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~2
Here, o073 is

52 = (Y — Zg)T(szz + 1) (Y — z¢) (5.24)
2

Note that we interpret D°fg = fg. For the hierarchical Bayes approach, we endow o2 with the

inverse-gamma prior in (3.15). The corresponding posterior is given by

oY ~1G <ﬁ+n2’7+n262>7 (5.25)

2 2
with 8 > 4 and ~ > 0. By shifting, the design points z;’s are symmetrically centered around
zero at each dimension. Hence Z7 Z will have a lot of zero entries because each entry contain
products of elements in z;, and the entry is zero if some element is zero. Therefore, this simplifies
calculations especially in deriving upper bounds for the posterior mean and variance. Define
foz(x — ) = fo(z) to be the shifted true function. Let 8y = (6p; : % € )T be a random vector
such that fg,(x — ) = T, fo(x), where T, fo(x) is the Taylor polynomial of order m,, defined

in (1.11) by expanding fp around p, that is,

S toate = folm) + 3 DI )t (5.26)

iel icl,|i|>2

where V fo(pg) = 0 by Assumptions 2 and 4. Hence 6y can be thought of as the true 6 by
projecting fo onto Py, . Note that 6y is random and depends on p, p, and fy. By applying
D* on both sides of (5.26) and evaluate @ at f1, we have il6; = DT}, fo(f). Note that since
Dify(x),i € 1, are continuous by Assumption 2, they are bounded over C(f,vd,), and this
implies that for any ¢ € I,

%

— Op(1) (5.27)

uniformly over || folyy« < R. By Lemma 1 of Belitser et al. (2012), Z has full column rank,
which is W + 1, and it follows that Z7 Z is invertible. By equation (17), Lemma 2 of Belitser
et al. (2012), it follows that for some constants C1, Cy > 0, we have uniformly over || fo|we < R,

|Fo — Z80l|ow < C102 + Cal|i — o (5.28)

Recall that we enumerate the elements of I as {g,...,4y}. For the rest of this section, we
will follow this convention and index the entries of vectors &, 8 and 6y by elements of I. For
matrices Z7Z and V', we will enumerate their rows and columns starting from 0 and ending

at W. Recall that n3 > cn for some constant ¢ > 0. Since ny = n3(2v + 1)%, this implies that
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n < ng < n. Hence, for the purpose of asymptotic analysis, n and ny are exchangeable. The
next theorem shows that 52 defined in (5.24) is a y/n-consistent estimator of o3, uniformly over
Il follwe < R for R > 0.

Theorem 5.4. If 5, < n= 2% and ||ft — po|| = op, (5,) uniformly over || follwe < R, we have

sup  Eo(G2 —02)*=0 <1) . (5.29)

Il follwe <R n
Proof. Let U = (ZV Z* +1,,)~'. By equation (33) of page 355 in Searle (1982), the absolute
conditional bias |E(52|6y) — o3| is

2

@tr(U) —of

i + = (Fo — 26T U(F, - 2€)

<1
~n

[tr(I,, —U) + (Fo — Z60)"U(Fy — Z8y) + (20, — Z£)T'U (26, — Z€)), (5.30)

where we used (z + y)' D(z + y) < 22T Dz + 2y" Dy for any D > 0 in the last line. Let
Pz = Z(Z¥Z)"'Z". Suppose that A is an m x m matrix, G an m x r matrix, T an r x r
matrix, and W an r x m matrix. Assume that A and T are invertible. Then, the binomial

inverse theorem (see Theorem 18.2.8 of Harville, 1997 for a proof) says
(A+GTW) l=A"1 - A 'GTrt+wAlG)"'waL. (5.31)
Therefore, two applications of (5.31) to U yield
U=(2zvzZ'+1,)'=1,-22Z"z+v Y1z =1,- Pz +C, (5.32)
where C = Z(Z1Z)" [V 4+ (27Z)"'|7(Z7 Z)"'Z" > 0. Hence the first term in (5.30) is

1 1 W+1
—tr(Pgz — < —tr(Pgz) = . .
ntr( z—C)< ntr( z) - (5.33)

Note that U < I, since ZV Z1 > 0, and the second term in (5.30) is bounded by

1 (0% -~ (0%
MUl Fo ~ Z00|* < |Fo — Z60|l5 < 077 + || — mol*, (5.34)
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in view of (5.28). By (5.32) and the fact that (I — Pz)Z = 0, the last term in (5.30) is
(00— €)'V +(Z272)7] (00— €) < (00— €)'V (60— &)

1 W l4;] 1
- n Zoénj (90”3 - fij>2 =Or <n> ’ (5.35)
]:

S|

1
n

where we have used the fact that 6, = o(1), 6p;; = Op,(1) by (5.27) and &, = O(1) by as-
sumption on the prior for any 0 < j < W. Combining the bounds in (5.33), (5.34) and (5.35)
into (5.30), we obtain [E(62]0) — 02| = Op,(1/n) + 629 + || — po|**.

Let Y = Fo+e and write no2 = (Fo—Z&)TU(Fo—Z&)+2(Fo—Z¢)"Ue+eTUe. Observe
that e and @ are independent by definition. Using the fact Var(T1 +7%) < 2Var(77)+ 2Var(12),
it follows that Var(52|6) is bounded up to a constant multiple by

1
—[(Fo— Z00)TU*(Fo— Z6y) + (200 — Z6)TU*(Z6y — Z¢€) + Var(e'Ue). (5.36)
In view of (5.28) and U < I, the first term above is bounded by

1 2 2 1 2 < 1 20 ~ 20

SO | Fo — 20017 < 1 Fo — 2001 S (63 + B~ uol™). (537)
Observe that since V' > 0, we have

z'c?z=\v+(ZTz2) " z"z) ' \Vv+(2Tz)" !
<[V+(Z2Tz) ' <27z (5.38)

Using (5.32), idempotency of I,, — Pz and (I, — Pz)Z = 0, the second term in (5.36) can be

written as

00— &) 2T (L~ P+ CP (00— €) = (00— &) 2T C°Z(0 &

-3

< (80— 872" Z(80 - &), (5.39)

2

3

where the last line follows from (5.38). In the proof of Lemma 3 in Belitser et al. (2012),
Z'Z = n3AAA where A = diag(&‘:j' :7=0,...,W)and Aisan (W+1)x (W+1) invertible
matrix of constants. Note that [|A[|(2,2) = 1. Using the fact n3 < n, this further implies that
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the right hand side of (5.39) is bounded by

ns 1

2214l o Al 60— €17 = On, (1), (5.40)
where [|0o—&||* = ij;o(QO,ij —¢&i;)? = Op,(1) is bounded using (5.27) and the assumption on &.
By Lemma D.3, the last term in (5.36) is O(1/n). Combining this with the bounds established
in (5.37) and (5.40) into (5.36), we obtain Var(5%|8p) = Op,(1/n). By taking &, =< n~1/ ()
the mean square error is

Eo (02 — 05)” = E{E[(eZ — 0§)*|60]} <

-

A Bayesian analog of Theorem 5.4 above is given below, which shows that the posterior of

02 in (5.25) converges to o3 at the parametric rate 1/y/n.

Theorem 5.5. If 6, =< n~ Y% and ||t — po| = op, (6,) uniformly over | follwe < R, we have
for R >0 and any M,, — oo,

M,
sup  Eoll <02 — o > —=
Il follwa<R vn

Y> — 0. (5.41)
The proof of Theorem 5.5 is identical to the proof of Theorem 3.2. For notational simplicity,
we write 02 € U, if |02 — 03| < (u/v/n for ¢, = o(v/n).

Lemma 5.6. Under Assumption 2, we have for any ¢ € 1 that

sup E[(0; — 00,4)°|Y, 0] = Op,(n™ 16,211 + 0529721y + O(|| ;e — o) >3, 21%).
=y

Proof. Let 0 < h < W. Since V' > 0 by assumption, we have by Lemma 3 of Belitser et al.

(2012) that the conditional posterior variance is bounded by

sup Var(03, Y03 = (03 + G/VAZTZ+ V) s S (Z72) an S 26,200, (5.42)
o2el,

Now the bias for the conditional posterior mean in vector form is

E@|Y,0%) - 00=(ZTZ +V H Y ZTY + V1¢) -6,
=(ZTZz+Vv Y ZTe + ZT(Fy— Z6y) + V1€ — 00)]. (5.43)

Since Eg(e) = 0 and Varg[(ZTZ+V )1 ZTe| =02(ZTZ+V )1 Z2TZ2(ZT"Z + V1) it
follows from Markov’s inequality that the order of each entry in (ZT Z+V ~1)~1 ZT¢ is bounded
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by the diagonal entries of its corresponding covariance matrix. Following the same reasoning as
n (5.42),

ot(Z2' 2+ Vv )2 Z(Z"Z + V) Ny < ab1Z2TZ + V) g

)

1 .
(Z7Z) n < Haflzhl. (5.44)
Therefore, this implies that
(Z7Z +Vv )12 = (Op,(n"?),0p,(n" V26101 . Op, (n= V25 WINT (5.45)

Let 3;; be the (i, j)th element of (ZT Z+V 1)~ v¥ be the (4, j)th element of V! and v; be the
ith entry of Fo — Z0y. By (5.28), we have uniformly over 1 < i < n that |v;| < 0%+ || — pol|*
Now using the fact that for A > 0, a;; < ,/a;aj; by the Cauchy-Schwarz inequality, we have
for 0 < h,j <W,

(Z"Z+V )y < \/[(ZTZ +V Y wal(ZTZ + V),
< \/ Z'Z) w27 2)71),

< 5 (‘7'h|+|7‘JD (546)

~

Observe that since z; € C(vdy,), j = 1,...,ng, we have |z']‘| < vma&'f' for ¢ € I. Therefore, using
the fact that ngp <n, (ZTZ +VH)"1ZT(Fy - Z8,) is

Poo 252 1z3° o+ Bow 252, =5 0(63) + Ol = po1*)
PoXaZ v+t B X 2 vy || o4 4 0017 — ol
o St o+ e S =) N0 4 01— ™)

(5.47)

It then remains to bound each entry of the last term in (5.43). Note that [0 ;; —&o4s;| = Op,(1)
for j =0,...,W by (5.27) and the assumption on £. By Lemma 3 of Belitser et al. (2012) and
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the assumption on V, (Z1Z + V"H7lV=1(¢ — 0y) is

Boo Z}/VO v (&, —0o4,) + .- + Bow ijio oW (&, — o) O, (n—l).
510 Z] 0 ’U (61,7 - 9071:‘7-) + ...+ ﬂlW Z;/ZO ij (517 — 9071:‘7_) B OPO (n—15;|11|)
Bwo S50 v (G, — o) + - Bww 0" (&, —bos))  \Or (71 ™)

(5.48)

Hence, combining the bounds established into (5.43), we have that the squared bias is
(E03,]Y,0%) = 60.6,)> = Oy (015, 21i01) 1 O(322=2inly 4 O([ — pao|26, %), (5.49)
Combining the above with (5.42), we conclude that for any ¢ € I,

sup E((0; — 00,4)|Y,07%) = Op, (n 16,211 + O (3272 + O(|||e — pol**0, %), O
o2ely,

Remark From (5.48), we see the reason for choosing the prior variance as V' = diag(Cdy, el
j=0,...,W) with C > 0. The diagonal entries of V' are used to cancel out one of the d,
factors in each the entries of (Z7Z + V1)~ Another possible prior on 6 is Zellner’s prior,
ie, 8 ~ Nyy1(0,MZ72)71) or 9 ~ Nyy1(0, \(PTP)~1) in the original design points for
A > 0. We see that Theorems 5.4, 5.5 and Lemma 5.6 still hold under this prior with some

modifications. This is the prior that we will use for our simulation study (see Section 5.3).

Theorem 5.7. Under Assumptions 2 and 4, if ||[f— pol| = op, (dn) uniformly over || folwe < R,
we have for any |r| < mg, x € C(vdy,) and M, — oo, uniformly over || fo|lwe < R that

Empirical Bayes: Eolls, (|D” fo(x) — D" fo..(x)] > M,(n~Y/25, 1"l + 52~ |y) — 0.
Hierarchical Bayes: EoXI(|D” fo(x) — D" fo..(x)| > M, (n~Y/25, " 4 52=Irhyy) — 0.

Proof. In view of (5.10) with 6; instead of ¥;, we have

1l . | .
Dfo()= Y i@t T =rlo Y o fat (5.50)

= L = (i—1)!
telie>r telia>r i#r

Observe that for any & € C(vé,), |x¢~"| < v syl Also, by noting that r; < i < m,, for
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k=1,...,d, we have r! < m@™e and 4! < md™. Therefore,

il -
D" fo(x) — D" fo,(x)| < rll6r — Oor| + > il 1(6; — 0p.5)x*"|
i€li>r i#r ’
< mime|0, — Opp| +mdmewme N0 — g0l (5.51)
telii>r i#r

Using the fact (30 a;|)? < nP~1 3", |a;|P for p > 1 and squaring both sides above yield
D" fo(@) — D foo (®)* < 2m2"™2 (0, — Oo.p|* + 2[Tm 0™ " |6 — Oo 65772
telii>r i#r

Therefore, for any |r| < m, and any @ € C(vd,,), we have uniformly over || fo| e < R that

Eo sup E(|D" fo(x) — D fo,(x)|*|Y, 0?)
ag GZ/{n

SEo sup E[(6r — 00,)°|Y, 0%+ > 62y sup B[(6; — 600)°|Y, 0% (5.52)
o?eUn i€Li>r itr % €ln

Observe that sup| ¢, ,va<r Eoll8 — poll = 0(0,) by assumption. In view of Lemma 5.6, the first
term above is bounded by n_15;2|r‘ + 5,%&72'7“. By noting that the sum over I such that ¢ > r
and ¢ # r has at most |I| terms, where |I| depends only on « and d, another application of

Lemma 5.6 implies that the second term in (5.52) is bounded above by

Z 6T2L|i|_2(n_157:2|i| + 5T2La—2|i| + EDHﬁ o ﬂ0||2a6772m) SJ n—151:2|r| + 572La—2\r\‘
tel:i>r i#r

Observe that for € € C(vd,), we have ||| < Vdvs,. Using the c,-inequality, |a + b|" <
max(1,2" 1) (|a|” + |b]"),r > 0, and (1.11) in the definition of H*((0,1)9), we have

D7 fay @) — D" fou(@)| = |D" T (a + i) — D fol + )|
< Clla+ i — o™
S el 4 [ — g
ST A = pol oM (5.53)

Therefore, uniformly over || folywe < R,
Eo|D" fo, (@) — D" fo.(®)* S 622" + Eol|fa — po|** 72" < 620727, (5.54)

Combining the bounds established for (5.52) and (5.54), we conclude that uniformly over
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[ follwe < R,

Eo sup E[(D" fo(x) — Drf(),z(:c))Z\Y,aQ] < 2Eq sup E(|D" fo(x) — Drf90($)’2|Y,0'2)

o2€Un o2ely,
+2Eo| D" fo, () — D" fo ()|
< nlg Al 4 g2a=2r], (5.55)

Observe that by Markov’s inequality, Theorem 5.4 implies for R > 0 and any M,, — oo,

M M,
inf Py (02 — <5<+ ”) — 1. 5.56
Ifolwe <R O n= FT 0 m (5.36)

For the empirical Bayes version, by Markov’s inequality, (5.55) and (5.56) above, we have for
€, = nfl/Q(H‘rl + (55_'?‘ and any M, — oo,
EOHEn(|DTf0(m) - DrfO,z(m” > Mn€n|Y)

1
< M2e2 Eo sup E([Drfg(w) - Drf()’z(w)]aY, 02) + 0(1> -0, (557)
ntn o2el,

uniformly over || fo|lwe < R. For the hierarchical Bayes procedure, we have for ¢, = n~1/24, "l 4

570{7“1' and any M, — oo,

EoII(|D" fo(x) — D" fo.2(x)| > Myen|Y) < Eo sup II(|D" fo(x) — D" fo . (x)| > Mye,|Y, o?)

o2el,
Cn
+ EolIl (|02 — i > NG Y ), (5.58)
uniformly over || fol[yye < R. The first term on the right hand side is o(1) by (5.55), while the
second term goes to zero by Theorem 5.5. O

Corollary 5.8. Under Assumptions 2 and 4, if ||[p — pol| = op, (0n) uniformly in || follwe < R,

we have for any |r| < mq and M, — oo that

BEmpirical Bayes:  sup  Eolls, (| D" fo — D" fo.z|leo > Myn(n~Y26; 171 4 52=I"hy) — 0.
Ifollwe <R

Hierarchical Bayes: — sup  EolI(||D" fo — D" fo 2|00 > M, (n= 25171 4 go=Irhy) — 0.
[ follwa<R
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Proof. By (5.51), we have

D" fo — D" foolloo = sup  [D"fo(x) — D" fo, ()]
xzeC(vdn)
S0 —borl+ D> 10— g0l (5.59)

i€lii>r i#r

This implies that the same upper bounds established in (5.52) of Theorem 5.7 apply in the

present case, therefore uniformly over || folyye < R,

By sup BIID"Jo — D foy 2l o) £ n~', % 4 g3 20 (5.60)
o°€Un

Moreover, since the bound in (5.53) is uniform for all € C'(vdy,), it follows from (5.54) that

sup  EollD" fa, — D foll% < 52072, (5.61)

o0~ TN
I follwa<R

Therefore, we conclude that uniformly over || fo|lwe < R,

Eo sup E[||D"fo — D" foz[5|Y] S Eo sup E[||D" fo — D foyl|c[Y]+ Eol| D" fo, = D" fozl5
g Eun g EMn

< nlg Al 4 g2a2r], (5.62)

The empirical and hierarchical posterior convergence rates then follow from (5.57) and (5.58)

respectively with absolute values replaced by sup-norms. ]
We are now ready to prove Theorems 5.1 and 5.2.

Proof of Theorem 5.1. We will prove the empirical Bayes case, the corresponding proof for
hierarchical Bayes is identical, i.e., by substituting Iz, (-|Y") with II(-|Y"). Observe that for any

r including r = 0,

sup  |D" fyg(x) — D" fo(x)| = sup |D"fo(x —p) — D" fo(x — )|
xzeC(p,vén) xzeC(p,vén)
= sup [D"fo(x) — D" fo ()| (5.63)
xeC(vén)
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Define €, = n~1/25, 1 + §2~1. By (4.4) and Corollary 5.8 with r = ey, for any M, — oo,

Y)

A
1Dy fo — D folloo > —%=Myen

Eoll; — > Myen|Y) < Eoll;,
oL, (12 — prol V) < ( >

max
1<k<d

d
A
< Eolls, (HDkfﬂ = Difolloo > 70>Mn€n Y)
k=1 d
d o
= EOHGn HDka - Dkf(],z |oo > TMnEn Y )0,
k=1 d
uniformly over || follwe < R. O

Proof of Theorem 5.2. By (4.5), Corollary 5.8 with » = 0, and (5.63), for any M,, — oo,
Eolls, (|M — Mo| > My (n™ '/ + 60)|Y) < Eolls, (| fo — fozllee > Mu(n™'? +67)|Y) = 0,

uniformly over ||folwe < R. The hierarchical Bayes case follows similarly by substituting
I, (-]Y") with II(-|Y"). O

5.3 Simulation

In this section, we will compare the performance of our proposed two-stage Bayesian procedure
with three other estimation methods. Namely, the corresponding single-stage Bayesian, single-
stage frequentist, and two-stage frequentist as proposed by Belitser et al. (2012). We consider

a bivariate true function fo : [0,1]2 — R given by
fo(z,y) =bx(z — 1)y(y — 1) sin(11z) sin(11y). (5.64)

A 3-D plot of fy is in Figure 5.1. In the first stage, we observed fy on a uniform 25 x 25 grid with
i.i.d. errors distributed as N(0,0.01) (see Figure 5.2 with gray points as observations). We used
bivariate tensor B-splines with normal coefficients as our prior (see Section 3.2). Note that fj is
a product of two identical functions, hence it has the same smoothness at each dimension. This
implies that the isotropic assumption applies with the same set of knots and hence identical J
for each B-spline component. At each dimension, the B-spline is of order 4 (cubic) with uniform
knot sequence, and we added 4 duplicate knots at each of the boundary points {0, 1}. For the
prior parameters, we set n = 0 and Q = I ;2 for J = 11 (we set it the same as the J for
single-stage Bayesian as will be discussed below). Figure 5.3 shows the surface of the posterior
mean, where the red point is the point of maximum with corresponding location p,,. We zoom-

in around this vicinity by constructing a credible region C(u,,,0) = {p : ||t — B, llec < 0}.
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Figure 5.1: A plot of fp, with the true maximum indicated by the red dot.

We take § = 0.08 (see Figure 5.5) and generate 70 observations at each of the 9 cube vertices
(i1 4110, fia +120), t1,t2 = 0, £1 (see gray points in Figure 5.3). With this second stage samples,
we use a bivariate (quadratic) polynomial with normal coefficients as prior (see (5.1) and (5.3)).
That is for z,y € [0, 1],

fo(z,y) = 9o + Dz + Yoy + 9322 + 9ay® + sy, (5.65)
and we used Zellner’s prior 9 ~ N5(0, (PTP)~!). The empirical posterior for ¥ is
II5,(9Y) ~ Ns((P"P)"'PTY /2,5, (PTP)™"/2), (5.66)

where Y are the 630 second stage samples and 3?1 is computed using (5.8). Now, to compute
p = arg maxgeo(n, ) fo(x) for afixed 9, we solve the following system of equation V fy(u) = 0,
which is equivalent to solving

203 U5 %51 -

_ (5.67)
U5 204) \ 2 —

for g = (u1, u2)”. Therefore, to induce the posterior distribution of p, we draw samples from

IT;, (¥|Y') and solve for p using (5.67) for each sample.
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Figure 5.3: Posterior mean based on bivariate B-spline prior, the location corresponding to red
dot is ,,, and grey points are the 670 second stage samples.
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Figure 5.4: The second stage posterior density for p.

Figure 5.4 shows the posterior density of p by sampling 1000 times from II5 (9|Y"). The
mean of this induced posterior fi5,4 will be an improved point estimator of g, over the first
stage estimator p,,. The choice of § = 0.08 comes from repeating the above experiment 1000
times for each different ¢. For each replicated experiment, we computed ||fto,q — toll- The left
panel of Figure 5.5 shows the corresponding box-plots of the 1000 computed ||ftong — ol for
a range of possible §’s. We see that the optimal § is 0.08. The procedure described above is
implemented in the statistical software package R. Univariate B-splines are constructed using
the bs function from the splines package. We then use tensor.prod.model.matrix from the

crs package to form their corresponding tensor-product.

Observe that we have used a total of 25 x 25 + 9 x 70 = 1255 observations. We then
compare our two-stage procedure with a Bayesian single-stage method that uses roughly the
same amount of samples. The closest is a uniform 36 x 36 grid of 1296 points. As in the previous
case, we observed fy at these points with i.i.d errors N(0,0.01). We then use bivariate tensor
B-splines with normal coefficients as prior with the same setting as before. However, the number
of interior knots IV is determined by leave-one-out cross validation (CV), with prediction mean
square error as our criterion function. From the left panel of Figure 5.6, we see that N =7 or
J = N + q = 11 at each dimension is optimal. To be consistent, we set the same J for both

single and two-stage Bayesian procedures.
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Figure 5.5: Box plots of 1000 computed || ftg,q —
(left) or frequentist (right) estimator of p for each 6 = (0.01,...

Loll, where 15,4 is the second stage Bayesian
,0.2).

For comparison, we conducted the same experiment described using single and two-stage
frequentist procedures. For the single-stage frequentist method, we used the least squares es-
timator f(z,y) = by,(z,9)T(BTB)"!BTY to estimate fo(z,y). As in the Bayesian case, we
used bivariate B-splines to construct bj,(z,y) and B, such that g =4 and J =N +¢ =9 at
each dimension. The optimal N is determined by leave-one-out cross validation (see right panel

of Figure 5.6), and we used the same J = 9 for the single and two-stage frequentist procedures.

Figure 5.6: CV mean square error against N number of interior knots at each dimension.

Q ; Q ;
S ; I ;
=] ' S '
o H © H
" " °
] | ) |
] : = .
o | o |
S | © |
© H © '
= 1 = 1
3 i 3+ i °
=} | S :
° ! :
' o '
< " < " °
S ° ; 3 ;
= . 2 .
(=} i o i
H H °
~ ' o '
b=l ° i B i o
= \ = H
o i o i
° ' ° © ' 3
i ° © i
! °°o°°° 0 0
I} e ©
S © 400 °° S °
S ' 3 4 :
o (=]

(a) Bayes single-stage: N =7

Vertical dash lines indicate optimal N.
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The frequentist two-stage procedure follows closely with its Bayesian counterpart, except
that we use the location of maximum for fas our preliminary estimator. Also, the correspond-
ing optimal d is 0.1 as shown in the right panel of Figure 5.5. The coefficients for the bivariate
polynomial is estimated using least squares, i.e., 9 = (PTP)_lPTY, and the corresponding

second stage estimator of p is computed using (5.67).

To compare the performance of the Bayesian and frequentist methods with single and two-
stage procedures, we replicated the experiment 1000 times for each of the four methods by
setting their corresponding optimal values for the tuning parameters J and §. For each replicated
experiment, we computed the Ls-norm of the difference between the Bayesian or frequentist
estimator with p,. Note here that we sampled 1000 times from the posterior of p to compute
the posterior mean as our Bayesian estimator for each replicated experiment and for each single
or two-stage procedures. Figure 5.7 shows the box-plots of these 1000 computed Lo-norms for

Bayesian and frequentist methods with single or two-stage procedures.
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Figure 5.7: Lo-norms of the difference between Bayesian or frequentist estimator with p for
1000 Monte Carlo replications.

We see that for both Bayesian and frequentist methods, the two-stage procedures perform

slightly better than single-stage estimators, in terms of lower mean square errors and smaller
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spread, especially for the Bayesian case. This is true despite the fact that the second stage
estimators have used less observations, namely 1255 as compared to 1296 used by single-stage
estimators. We also note that our proposed Bayesian two-stage method seems to perform slightly
better than its two-stage frequentist counterpart. However, our Bayesian two-stage procedure
has relatively much wider spread when compared to the two-stage frequentist procedure. This is
due to the fact that we are sampling from the empirical posterior of p to calculate its posterior
mean, and it takes into account the error in estimating 72 and also the posterior spread. On
the other hand, the frequentist estimators do not use ¢ in their computation and this results

in smaller variation.
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Appendix A

New Results on Univariate B-splines

We introduce new results on univariate B-splines that we developed during the course of writing

this dissertation.
Lemma A.1. Under assumption (2.5), we have A < N™' ~ J71,

Proof. By (2.5), we have min; <<y 6 < A < C'minj<j<y §;. This implies that A < min;<;<y d;.
Then for all 1 <! < N, we have min; <<y 0; < 9y < A, and hence N minj<j<y 6 < leyzl dy <
NA. Using the fact that Zl]yzl oy < 1, we have N-! < A and minj<j<nx 6 < N1 Since
A < minj<<y &, we obtain A < N~1. By definition, J = ¢+ N, where ¢ does not depend on n
and both J and N are assumed to increase with n, hence J/N =¢/N +1 and N/J =1—q/J
are 1+ o(1). O

Lemma A.2. For1<j <.J, we have Yy ;- | Bj(X;)? = O(n/J) for any fized p € N.

Proof. As Bj4(-)? is bounded by 1 for any p € N, and is positive only inside (t;_q,1;),
D Bjg(Xi)P < {i: Xi € (tj-g,t5)} = nGnltj—g, ;). (A.1)
i=1

By assumption (2.5), we have t; —t;_, < ¢A and t; —tj_4 > gminj<<n 6; > gA/C. Moreover,
assumption (2.6) and Lemma A.1 imply that

nGn(tj—q,t;) = nG(tj—q,t;) + o(n/N)
S nA+o(nA)
Sn/l. (A.2)

Hence, from (A.1) above, we have )" | B; .(X;)P = O(n/J). O
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Lemma A.3. Let by,(z) = (B1y(2),...,Byg(x))T. Then ||byy(t) — byy(s)|? < J2|t — s|* for
any t,s € (0,1).

Proof. By equation (8) of Chapter X in de Boor (2001) and the triangle inequality, we have

\B;-’q(az)| =(¢g—1) (|Bj7q—l(33)| I ’Bj+1,q—1($)|>

tivg-1 =t ljrq — tjn1
2

minlSlSN (Sl

<20-15 57

<(¢-1)

where we have used the quasi-uniform knot assumption (2.5) and Lemma A.1 in the last line.
Since at most 2q elements in b;,(t) and b 4(s) will be nonzero for any ¢,s € (0, 1), the bound
above together with the mean value theorem give

J
1bsq(t) = bg(s)]* = |Bjq(t) — Bjg(s)[?
j=1
< - — B 2
<2q lfél]?g] |By,q(t) BJ7Q(‘9)|

< J2)t - 8|2 O

Lemma A.4. Let m € Ny be such that m < a. Let Zy ,;, ~ GP(0,%,,) and Qnm be a sub-
Gaussian process with mean function 0 and covariance function agllfm, where X, and V,, were
defined in (2.66) and (2.71) respectively. If m = 0, we write Zy m = Z, ~ GP(0,%X) and
Qnm = Qn 5 a mean zero sub-Gaussian process with covariance function 03\1', where ¥ and W
were defined in (2.13) and (2.37) respectively. Let J =< nY/CotD) then for any t,s € (0,1), we
have Var|Zy m(t) = Zn.m(s)] < Cnlt—s|? and Var(Qp.m(t) — Qnm(s)] < C'nlt —s|? for constants
C,C" > 0.

Proof. Let J = n'/(2+1) then we have

Var[Zym(t) — Znm(9)]
= (bugn(t) = brgm(s) "W (BTB+ Q) " WE(brgm(t) — bigm(s))

_1y—1
< bsgm(t) = bigm(s)I [ (B* B+ @) 7| | IWE W)
2m+3
< s Sl sl

where we have used Lemma A.3, equations (2.19) and (2.68) to bound the three norms in line
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3 respectively. Similarly,

Var[Qpnm(t) — Qnm(s)]
— 03 (Brgm(t) = bigum(s) "W, (BTB + Q1)
x BTB(B"B+ Q)" W (b gm(t) — brgm(s))

_1y 12
< bsgm(®) = bagm ) [ (BT B+ | IB By WL Wnlleo

J2m+3
S |t — s[> S nlt — s/,
n

where we have used Lemma A.3, equations (2.19), (2.18) and (2.68) to bound the four norms
in line 4 respectively. O
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Appendix B

New Results on Tensor-product

B-splines

We introduce new results on tensor-product B-splines that we developed during the course of

writing this dissertation.
Lemma B.1. Under assumption (3.4), we have Ay =< N,;l ~ J,;l fork=1,....d.

Proof. By (3.4), minj<j<n, 0x; < Ap < Cpmini<j<n, 0x. Therefore, Ay < mini<j<n, O -

N, . N, _ .
Zl,il 5,{,[/ < N, A,. Using the fact that 21’21 5k7l/ < 1, we have N, L< Ajand minj<j<n, Op1 S

~

Then for all 1 < ! < Ng, we have minj<j<n, dx1 < 6,y < Ay, and hence N, mini<j<p, dp; <

Nk_l. Since Ay < minj<j<n, 0k, we obtain Ay =< Nk_l. By definition, Ji = qr + Ng, where g,
does not depend on n and both Ny and Jj are assumed to increase with n, hence Ji/Nj =
1+ qx/Ni and N/ J, =1 —q/J; are 1 +0o(1) for k=1,...,d. O

Lemma B.2. For 1 < ji < J; and pr € N where k = 1,...,d, Y 1", Hi:l Bj, g (Xig)Px =
@) (n e, Jk_l).
Proof. For k =1,...,d, as Bj, 4, (-)P* is bounded by 1 and is positive only inside (4 j, —q, s tk,ji. )

n

d
H Bjy g (Xik)™ < H (kg —ap, U, 7k]( )dGn(x)

i=1 k=1 [o, 1] k=1

= nGn[H(tk,jk*QMtk,jk)]' (B.1)

k=1

By assumption (3.4), we have ty j, — tiji—q < @Ak and tyj, — thj—q, = QG Min<j<n, Op; >
gk A /Cy. This implies that ty, j, — tr j,—q. < A for k= 1,...,d. Moreover, assumption (3.5)
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and Lemma B.1 imply that

d d
nGy [H(tkd‘ktImtk,]k ] = [H tkvjk*Qlwtk»jk)

k=1

+o (ngz\fﬁ)

d
5 II +m)<n1]}ﬁk>
N
<n H J,;l
k=1
Hence, from (B.1) above, we have 7 TT¢_, Bj, .qn (Xin)?* = O <n e, kal). O

Lemma B.3. Let by ,(x) = {[I{, ]k,qk(g;k)}jl p _ for I = (J1,...,Jo)T and q =
(1, ,4a)"- Then [[bq(t) —bsq(s)|* S Tihey JkHt —s|? for any t,s € (0,1)%.

Proof. By equation (8) of Chapter X in de Boor (2001) and the triangle inequality, we have

! B, g B. B
|Bjpa (@r)] = (g — 1) <| a1 (@E)| | Bitia 1(ﬂfk)|>

tjlﬁ“]k*l - tjk tijer - tjk+1
S | —
<(gp —1)—/———
4 ming <;<n, Ok,
Cy,
< 2(qk — 1)A S Ik (B.2)

where we have used the quasi-uniform knot assumption (3.4) and Lemma B.1 in the last line.
Using the fact that |Hf:1 a; — Hle bi| < Zle la; — by| for |a;| <1, |b] <1,i=1,...,d, and

applying the mean value theorem in view of (B.2), we have

d

d
H Tk (tk) — H JkrQk (sk) Z ’Bjk:(Ik (tx) — Bjk:‘]k(sk)|

k=1 k=1

U

B
Il
—

d d 1/2
<SS Tilty — sl <( Jk> It — s|,
k=1

k=1

where we have used Cauchy-Schwarz inequality in the last line. Since at most 2 Hizl gk, elements
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in both by 4(t) and by 4(s) will be nonzero for any t, s € (0,1)%,

2

J1 Jq d d
167,4(t) — by q(s) )? = Z Z H oar (Lk) — H By a1 (sk)
ji=1  jg=1lk=1 k=1
d d
< (znqk) Sl 812 S 3 Al s 0
k=1 k=1 k=1

Lemma B.4. Let r € Ng be such that ZZZI ry < a. Let Zp, ~ GP(0,%,) and Qn, be a
sub-Gaussian process with mean function 0 and covariance function 0'3\111-, where X, and ¥,
were defined in (3.61) and (3.66) respectively. If r = 0, we write Zy, » = Z, ~ GP(0,X) and
Qnr = Qn is a zero mean sub-Gaussian process with covariance function c3%¥, where &3 and
U were defined in (3.12) and (3.34) respectively. Let Jy, < n'/?otd) for k= 1,... d, then for
any t,s € (0,1)%, we have Var[Z, »(t) — Znr(s)] < Cn||t — s||? and Var[Qn,(t) — Qnr(s)] <
C'n||t — s||? for some constants C,C" > 0.

Proof. Let Ji, =< n'/2atd) for o =1, d, we then have

Var(Zp o (8) = Zor(s)]
T —1\ 1 T
= (bJ,q,r(t) - bJ,q 1'(3)) (B B +Q ) Wr (bJ,q,r(t) - bJ,q,r(S))
1
< b1r(®) = brgr (| BB+ 7| IWIW. 2y

d

1 241

< () (o) i st e
k=1 k=1

where we have used Lemma B.3, equations (3.18) and (3.62) to bound the three norms in line

3 respectively. Similarly,

Va’r[Qn,r (t) - Qn,r(s)]
= Ug(bJ,q,T (t) - bJ,q,r(S))TW',« (BTB —+ ﬂil)
x BB (BTB + Qil)_l WZ(bJ,q,T(t) - bJ7q,T(3))

-1

112
S bs.qr(t) = bagr(o)|* | (BTB + 27 H@ 2|

d d
1 21
< (M) () o e

k=1 k=1

where we have used Lemma B.3, equations (3.18), (3.17) and (3.62) to bound the four norms

in line 4 respectively. O
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Remark For the anisotropic case where Zzzl(rk/ak) < 1,7 € N¢, we let J;, =< n® /{ox(2a”+d)}
for k =1,...,d, and both Var[Z, »(t) — Z, »(s)] and Var[Qy, »(t) — Qn»(s)] will be of the order
it — s

Lemma B.5. Let f(x) = by q(x x)7'0 and define L . Hk 1tk je—ar» thji) - Furthermore,
let flz,
q=(q-.. ,qd)T such that

, be the restriction of f onto I, .. ;,- Then there exists constant C' > 0 depending on

,,,,,

mi1=1 mg=1

q1—1 ga—1

:Z Zall’ JdH:Ek for ty j,—q. < ok <tpj.k=1,....d

=0  14=0

If x € I, j,, then x € szl[tk,jk,hk,l,tk,jk,hk] for some h; = 0,1,...,q; — 1. This im-
plies that only terms associated with coefficients v = {0, ... m, irlllfjl;rq,llhl’m;id ]Zdzgd L will be
nonzero. Also, we define o = {oy,. d};’f;(};;;_'ﬁﬁgol. From the two equivalent representation of
fon I . i, above, we observe that there is a one-to-one mapping between v and «a, i.e., each
element of ¢ is a linear combination of elements in « and vice-versa. Hence, there are matri-
ces T and V of dimension szl qr X szl qr. respectively, such that Ty = o and Vo = «
Since these two linear transformations have entries and dimensions not depending on n, we
have ||T'[[(s0,00) = O(1) and ||V (s0,00) = O(1), with constants in O(1) depending only on q.
Let Uy, = (1 U, U2,... .U T where Uy, ~ Uniform(tyj, gtk )k = 1,...,d. Since

E(U.q, Uk,qk) is nonsingular, its minimum eigenvalue is bounded below by a positive constant.

146



Therefore,

-1 gqq—1
b= [ X ,lde da

Il Jd 11=0 lq=0

q1—1 qa—1q1—1 qa—1

d
le+1,
X S ey, 11 T
k=1

L=0 =0y =0 =0 [Bh.ig—ap b

I
:&.

[(tk7]k tk ]k: qk)a E(Uk QkUk qk) ]

el
Il
—

vV
:&

(tk:jk - tkvjk*Qk)Amin (E(Uk,% Ug,qk)) HaH2

>
Il
—

LV
N

(kg — thgp—a)llatlZ

T
I

Y,
z&

(tl%jk - tk‘,jk—%)HVHZOiOQ) ||’7Hgo

k=1
d
>C H ke — hgr— qk)Hf|IJ1 ..... JdH
where [|f11,, 12 < V120 S50 e S T Bungan Oy, 1% < I for the last
line. O

Lemma B.6. There exists constant ¢ > 0 depending only on q = (q1...,qq)" such that for
f(x) =byq(x)T0, we have

d
Z Z ,]dH (b — thje—as) < I FI13 < Z Z 2 Tt — trgea):
k=1

a=l  ja=1 a=1 jg=1
Proof. Since by 4(x) is a probability vector at a given x, we use Jensen’s inequality to write

Jd

)
/[o 1)d da < /[01]d 31, Jd H By g, (w)d

111 Jdl

d
< Z e Z 1yeesdd /[0 1 H ]]-(tk,jk—qk,tk,jk)(xk)dm
k=1

ji=1 jd*1

Ji d
= Z Z J1yeensdd H gy, — tkyjk_Qk)'
k=1

ji=1 Ja=1
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Using Lemma B.5 and equation (5) of Chapter XI from de Boor (2001), we have

J1 Ja
IFIE=D" - D If1,. 13

a=1 ja=1

1=l ja=lk=1
d

J1 Jq
2
zc Z Z 05, g H(tk,jk — U j—ai)- O
=l ja=1 k=1

The following result is a multivariate generalization from Lemma 6.1 of Zhou et al. (1998).

Lemma B.7. Let f(x) = by 4(x)T0. Under assumptions (3.4) and (3.5), we have that for any
0 cR/,

d
nllf113.c, = 6" B'BO = n <H Jk1> 1611*.
k=1

Proof. To obtain upper bound for 87 BT B, we first use assumption (3.4), Lemma B.6 and

Write gmax = SUPze(o,1)¢ 9(2) < 00 to get

/ F(@)2dG () < gumasl| 112
[0,1]¢

J1 Ja d
2
< Gmax Z cee Z Hjl,..‘,jd H(tk,jk - tk,jk—Qk)
ji=1 ja=1 k=1
d
S gmaxH0H2 H QkAk (BS)
k=1

Noting that (G, — G)(14) = (Gn — G)(0) = 0, we use multivariate integration by parts and
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assumption (3.5) to write

‘ / (G, — G) ()
01
d Xr
= | 110G — G)(10)] — F(0)*[(Gr — G)(0)] -2 / (Gn = G)(@)f <“’>aaf(a)d“"
0,14 r1...0%q
e o Q@) |
<2mes[l(1ﬁ]d|Gn(w ool [0,1)¢ o1 .04

o4 f
01 ...0xq||y

where we have used the Cauchy-Schwarz inequality in the last line. From (3.53), we have that

1g. R _ . 0. . R S -1 . 0. J—s ) ) . P
ije.]lw--a]k = (aw l)ojkejhmdd(tk,]k tk,]k—%-i-l) , where 95,05, ., = 9]1r~~7]k717]k+1’]k+17--~7]d

O it dirinstsnia- BY setting 7 =14 in (3.54), we have

Ji—1 Jg—1 d
8df(gc) B 1 d @1 ) .
o0x1 or. o Ji 7 J1sesdd Jk,qk—l(fﬁk)
d J1=1 ja=1 k=1
Ji—1 Jg—1 d d ¢ 1
e —
N [1 25050 1] o Bia1(@n).
Jji1=1 ja=1 k=1 k=1 Jk Je—qr+1

Hence, applying Lemma B.6 to f and its derivatives,

1/2

d
:0<HN_1> Z Z J15eesid H ke~ the—ai)

Jji=1 Ja=1 =1
1/2

Ji-1  Jy-1 2 4 k_l)
ns (H% ) I,

—t;
ji=1 ja=1 Jk Jk—qr+1

d d J-1 Jg-1
- (H Nk_l) kl;‘[l <mlH1<l<N 5kl> I Z Z (H 03ui- ’Jd>

Jji=1 Ja=1

d
:o(HN )w (B.4)
k=1

o1 1/2

2
where the last line follows from assumption (3.4) and Z}Jf;l e Z}I;;l (HZ:I 0,05, d)

IN
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224||6||2. Combining this result with (B.3) and using Lemma B.1, we will obtain

d d
/[0 1}d fQ(Q:)dGn(m) - (H ) ||0H2 + gmax||0H2 H QkAk

k=1

S <li[ ) 1011*.

To obtain the lower bound, we use the same technique by applying assumption (3.4), Lemma

B.6 and write gmin = infycp 14 g(x) > 0 to get
[ f@PdG@) = gl 113
[0,1]

d
23%m§: Z:h, i = tegi-an)
k=1

Jji1=1 Ja=1

d
2 gomnll01” T] ' A
k=1

Therefore, combining the above with (B.4) and appealing to Lemma B.1, we get
d d
/ F2(@)dGr (@) = guinl|0]” ] C 'Ak — 0 (H > 16?
[0,1]4 k=1 =
d
2 (H Jﬁ) Gl
k=1

The proof is completed by observing that ||f||%Gn = f[o 14 f?(x)dG,(z) = 6T B Bo/n. O

Lemma B.8. Let fo € H*((0,1)%), then for constant C' > 0 depending on q and d, we have

d
b2 0 (VW80 — D7 ol < C (Z g
k=1

‘D(ak_rk)ech"’fOH > ’

where O is the same as the one in (3.19).

Proof. Let I, . ;, = Hz:l[tkyjk_(ﬂc’tkf} and define a bounded linear operator Q such that for
any f € H*((0,1)%),

Ja d
Z Z J15-- ».]df H Jk >k xk
k=1

Jji=1 Ja=1
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where Aj, i, = szl Ak, and Ay j, is the dual basis of Bj, 4, (+), i.e., Axj, is a linear functional
such that g, Bj, q.(-) = L1g,—;1 () for k = 1,...,d (see Section 4.6 of Schumaker, 2007).
Using Theorem 13.20 of Schumaker (2007), there exists a tensor-product Taylor’s polynomial

-1 -1 d j
Dj1,.ida (x) = 2?11:0 s Z?ddzo - Hk:l :U?ck such that

9

’D(Oék—rk)ekD’f‘fO

1,

,,,,,

k=1

with constant C' > 0 depending on g and d. By equations (12.30) and (12.31) of Theorem 12.6
in Schumaker (2007), we have

jd”OO

,,,,,,,,,,,

.....

d
S C Z Jk_(ak_rk)
k=1

’D(akﬂ“k)ekDTfO

Ijl

Since QD" fo = D"Qfo, identifying (0)j, .. j, defined in (3.19) with X;, _;,fo and apply-
ing equations (15) and (16) of Chapter X in de Boor, 2001, we see that QD" fy is equal
to bJ7q77‘(')TWreoo. The proof is completed by summing both sides over 1 < jp < Ji, k =
1,....d. 0
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Appendix C

Sub-Gaussian Inequalities

Here we list important properties of sub-Gaussian random variables used in this dissertation.
1. If X is sub-Gaussian, then X + a is also sub-Gaussian for any a € R.

2. For independent sub-Gaussian random variables Y1,...,Y,, then Y " | ¢;Y; is also sub-

Gaussian for any a; € R,7 =1,...,n. Moreover, for any x > 0,

1'2
Zall >z | <2exp _W ,

Lemma C.1 below bounds the L,-moments of the sup-norm of a sub-Gaussian process with

where a = (a1,...,a,)".

finite pointwise maximums of its mean and variance, by incurring a logarithmic factor.

Lemma C.1. Let {X(t ) tt e [0 1]} be a sub-Gaussian process with respect to the semi-
metric d(t,s) = +/Var[X X (s)] such that Var[X(t) — X(s)] < C(n)||t — s||* for any

t,s € [0,1]¢, where C(n ) is a polynomial in n. Choose points (w1, ...,ur,)" in [0,1]? such
that UiTznl B(u;,0,) 2 [0,1]¢, for any sequence 6, — 0 as n — oo with 6, < 1 and T,
N(6,,[0,1]%, || - 1]). Then for all p>1,

B £ 1o (/6,177 { (8,/CT0)) "+ mag [BLX (wlP + may {VarlX (w]}?"2}.
(C.1)
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Proof. Using the c,-inequality, we have

E([X]I%) < E( max  sup )IX(t)|p>

1<i<Th 4 B(uy 0

< 2P7'g ( max  sup [X(t) — X(u;)[’ + max X(ui)|p>
1<i<Tn ¢€ B(us,6,) 1<<T,

SE( sup |X(t)—X(s)|p> +E<

”t_SHSCSn

 max. |X(uz)]p> . (C.2)

Since {X(t) : t € [0,1]?} is a sub-Gaussian process by assumption, we have from Section 2.2.1
of van der Vaart and Wellner (1996) that

1X () = X (8)lly, < V6[Var {X(t) - X(s)}]'/?
S VCm)|t - s,

where the last line follows by assumption. Applying Corollary 2.2.8 of van der Vaart and Wellner
(1996) with d(t,s) = ||t — s][,

sup | X(t) — X(s)]
l[t—s[|<én

< Vel / VIog N (=, [0, 114, - )d
< \/C(n)/o " Jlog (1/ed)de

< 0/ C(n)log (1/6y).

P2

Since ||Y]|, < p!y/log2||Y ||y, for any random variable Y with finite 1)9-Orlicz norm, the first
term in (C.2) can be bounded by

< 68{C(n)log (1/6,)}"/. (C.3)
2

sup | X(t) — X(s)]
=5l <6

E( wpxw—xww>s

lt—sl<én

In order to bound the second term in (C.2), first observe that for Y ~ N(u, 0?) and Z ~ N(0, 1),

Yy, =l + 0 Zlly, < lpllys + ol Zlly, = lul/10g2 + 01/8/3. (C.4)
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Therefore, applying Lemma 2.2.2 of van der Vaart and Wellner (1996) and using (C.4) above,

p

X
2, 1w

E X Pl <
oy X(l| 5

P2
/2 (IR
S {log (L+ TP max X (u)lf,

< g 1+ 7)1 (g [BX (Il + may (VarlX (u]}?”).
(C.5)

Since Ty, > 2 if 6, < 1, this implies that log (14 T},) < 2logT;,, < log (diam{[0,1]9}/6¢) <

~

log (1/6%). Combining the bounds derived from (C.3) and (C.5) into (C.2), we will obtain

1<:<T,

E(|[ X2 < {log (1/5, }m{((s VEm)' + max [ELX (uz')]lp+1gg§n{Var[X(ui)]}p/2}. 0
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Appendix D

Miscellaneous Results

Lemma D.1. Let A be a J x J symmetric, positive definite and q-banded matriz. Assume that
the eigenvalues of A are contained in the interval [aTy,, bTy] for fited 0 < a < b < 0o and some

sequence T,,. Then HA_lﬂ(oo,oo) = O(7;,Y).

Proof. Since we can scale A by 7,,, such that its eigenvalues are in [a, b], we set 7, = 1 without
loss of generality. Using Proposition 2.2 from Demko et al. (1984) and writing h;; to be the
(i,)th element of A7,

J J
-1 _ . i3]
HA H(oo,oo) - 1I£z‘a§XJZ |hZ,J| < IQ%XJZC)‘ ’
7=1 7j=1
where C' = max{1/a, (14 \/b/a)?/(2b)} and X = [(\/b/a — 1)/(1/b/a + 1)]"/9. Since b > a > 0,

we have that 0 < A < 1. Therefore,

J 00
-1 J J

A7 se.00) < € pmax, 1+QZ)\ <C 1+QZ)\ < 0. O

7j=1 7=1
Lemma D.2. Let A be a J x J symmetric and positive definite matriz with its rows and
columns indezed by d-dimensional multi-indices, i.e., for i = (i1,...,iq) and J = (J1,..-,jd),
such that 1 < i, jp < Jp,k = 1,...,d,J = Hizl Ji, the (i,7)th element of A is a;; =
A{(i1, .. iq), (Ji,-- -, da)}. Givenq = (qi,...,q2)"
3.1. Furthermore, we assume that the eigenvalues of A are contained in [aTpm,bry] for fived

, we assume A is q-banded as in Definition

0 <a<b<oo and some sequence Ty,. Then HA71||(OO7OO) = O(1;,Y).

Proof. We adapt the proof given in Proposition 2.2 of Demko et al. (1984) to the case of multi-
dimensional banded matrices. Note that all matrices involved in this proof are indexed by

d-dimensional multi-indices of total size J. We first establish by induction that if A is g-banded
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as in Definition 3.1, then A" is ng-banded for n € N. That is, A"{(i1,...,%q), (j1,---,Ja)} =0
if |ig — ji| > ngy for some k =1,...,d.

Suppose A is ¢ = (q1,...,qq) -banded and B is w = (wy, ..., wq)"-banded, where both
A and B are J x J symmetric and positive definite matrices, then we will have (AB); ; =
le 1 Zijdzl iy ,oiia) (. ld)b(jl ja)(l1ig) 7 0 only if at least one of the terms in the sum
is nonzero. Therefore a;, . .y 1,00 7 0 and by, iy s, 7 0 for some (I1,...,1;). Hence
lik — ] < qx and |ji — U] < wy for k = 1,...,d. This implies that |ix — ji| < qx + wy for
k =1,...,d by the triangle inequality. We then conclude that AB is q + w banded. Letting
B = A, we sce that A? is 2¢-banded. Suppose A" is rg-banded, then A" = A" A is (r + 1)g-
banded by the reasoning above. Hence, we conclude that A" is ng-banded for all n € N by

induction.

Since we can scale A by 7,,, such that its eigenvalues are in [a, b], we set 7,,, = 1 without loss of
generality. Let p,(-) be a polynomial of degree n, then p,(A) is ng-banded. Since A(A) C [a, ]
by assumption, spectral theorem and Proposition 2.1 of Demko et al. (1984) implies that

|47 = pa(A)llez) = max 1/ = pa(@)] < Col(Vo/a = 1)/(Vofat DI (D)

T

for Co = (1 ++/b/a)?/(2b). For any n € N, p,(A); j = 0 if |ix — jk| > nqx for some 1 < k < d.
Suppose i # 7, choose n to satlsfy n < maxi<k<d |k —jk\qk_l < n+1. Therefore by (D.1) above,

|AT(E,5)] = AT (4,5) = pa(A)igl < AT = pa(A) [ 22)
< Col(v/b/a —1)/(\/b]a + 1)]m2x1<k<a lin=kl/ax
< CO)\Zg:I ik =kl (D.2)

for A = [(v/b/a—1)/(y/b/a+1)] Ti-19% When ij, = ji forall k = 1,.. ., d, we have A~1(4, j) <
”A_1H(2,2) = 1/Amin(A) < 1/a. Combining this case with (D.2), we conclude that

|A_1(i,j)| < C}\Zgﬂ |ik—jk|’ (D.3)
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for C = max{Cp, 1/a}. Now using (D.3) above and observing that 0 < A < 1,

A (co00) = max Z Z\A i ia), G, - - da)

1<ip <Jg,k=1,..
1=1 Ja=1
<C max Nie=ixl
- lgikSJkyk: . Z Z H
: ]d 1k=1
d Ji
<C max 1+2 Mk
T 1SipSJkk=1,...d H Z
k=1 ]kil
d
o0
<Cl142) V| <o O
Jj=1

Remark The crux of the lemma’s proof lies in (D.1), where we used polynomials to approxi-
mate 1/x on a bounded interval, and relate this approximation error on the real line to that on
matrices by the spectral theorem. Theorem 60 of Meinardus (1967) and the fact (n + 1)! > 27
for n € N imply that any analytic function on a compact interval can be approximated by
polynomials with exponential error rate as n — oo. Hence, the above lemma applies to g(A)
where g is analytic over [aTy,, bTn), €., [[9(A)|(00,00) = O(7,"). For instance, the result could

also be applied on square root of A.

Lemma D.3. Let A be a n x n symmetric positive definite matriz. Assume that || Al|(22y < 1.
Lete = (e1,...,en)T such that ; are iid mean 0, variance 03 and has finite fourth moment for
i=1,...,n. Then Var(ef Ae) = O(n).

Proof. By eigen-decomposition, A = PTAP where A = diag(\y,...,\,) and P is an orthogo-
nal matrix, with p;; its (i, j)th element. Define Z = (Z,...,Z,)T = Pe. Then,

Var(el Ae) = Var (Z )\iZi2> = Z MVar(Z?) + Z M AsCov(Z2, Z2). (D.4)
i=1 i=1 r#s
Forany 1 <r,s <n,

Z2Z2 Z Z Z Z prhprjgpsj’psjfE(Eheme € ,)

J1=1jo= 1]1—1]2_1

n n n
4 2 2 4 2 2 4
=E(e)) D> p2p% + 00 Y ribiy +200 Y PrisDePrinPsjs- (D.5)
= J1#j2 J1#d2
Since A; <1 for i =1,...,n and each row of P has unit norm, the first variance term in (D.4)
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is bounded by

2

n n n n
Z E(E%) Zp?j + 303 Z P?jlp?p S Z Zpgj S n. (D.6)
j=1

3

i=1 j=1 1742 i=1

Observe that by orthonormality of P, Var(Z) = Var(e) = o3I, and E(Z?) = o3. Since
Z?:1 prjpsj = 0, then for r # s, ZZ#Q PrjiPsjiPrijaPsja = (Zj:l Prjpsj> - Zj:l P?«jpgj <0
and 30 >0 pq%jlp%j2 =i p;lj + 24 pfjlpfh = 1. Hence for r # s and in view of
(D5),

n n
COV(Z2 Z2 < E Zpsjp'l‘j + JO 1- Zpr] - Z2 < E 61 Zpsjp'l‘j : )

It then follows that the second covariance term in (D.4) is bounded by

Zn:Cov 72, 7% < E(e}) ZZZPSJPTJN n. O

r#s r=1 j=1 s=1
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