
ABSTRACT

YOO, WILLIAM WEIMIN. Sup-norm Posterior Convergence Rates for Regression Models
with Application to Estimating the Location of Function Maximum. (Under the direction of
Subhashis Ghoshal.)

In the setting of nonparametric multivariate regression with unknown error variance σ2, we

propose a Bayesian method to estimate the regression function f and its characteristics, with

particular interest in estimating its mixed partial derivatives, location of function maximum µ

and its value maximum M . Our prior consists of representing f using tensor-product B-splines

with normal basis coefficients, where σ2 is either estimated using empirical Bayes or endowed

with an inverse-gamma prior. The frequentist properties of the resulting posterior distributions

and credible sets are studied extensively. In particular, we establish pointwise, L2-and sup-norm

posterior convergence rates for f and its mixed partial derivatives, and show that they coin-

cide with the minimax rates. Also, pointwise, L2-and sup-norm credible sets are constructed

to reflect their estimation uncertainties. Under appropriate conditions, we show that they have

guaranteed frequentist coverage with optimal size up to a logarithmic factor. We extent our

results on posterior convergence rates and credible sets to anisotropic f , such that f has dif-

ferent smoothness in each dimension. In addition, we introduce new results on tensor-product

B-splines.

We derive an inequality that relates sup-norm distance of partial derivatives of f with

Euclidean distance of µ, and also prove a similar inequality between f and M . Hence, posterior

convergence rates and credible sets established for f and its mixed partial derivatives translate

directly to µ andM . Moreover, we propose a two-stage Bayesian procedure to estimate these two

quantities. In the first stage, we endow f with the tensor-product B-splines prior as described.

We then construct credible region for µ based on the posterior distributions of f and its mixed

partial derivatives. We sample from this region and represent f as a multivariate polynomial

with normal coefficients. The corresponding induced posterior distributions of µ andM will have

improved posterior convergence rates. In particular, for α-smooth f , the optimal single-stage

posterior convergence rates (log n/n)(α−1)/(2α+d) and (log n/n)α/(2α+d) for µ and M improve to

n−(α−1)/(2α) and n−1/2 respectively when α > 1 +
√

1 + d/2.
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Chapter 1

Introduction

1.1 Bayesian nonparametrics

Bayesian nonparametrics is the application of Bayesian principles to nonparametric models for

parameter estimation and inference. These models contain infinite-dimensional parameters and

do not assume specific functional form for the true distribution. Bayesian inference on these

models consists of two main steps: specifying prior distribution on these infinite-dimensional

parameters, and combine the prior with the likelihood through Bayes formula to produce the

corresponding posterior distribution.

Unlike parametric models, which have overly restrictive and often unjustifiable assumptions

on the data generating mechanism, these models are flexible and can be applied to a wide va-

riety of statistical problems. A canonical example is density estimation where the parameter is

the density function itself. Another example, which will be the main focus of this dissertation is

regression, where the regression function is unknown and assumed to belong to a function class.

Additional examples include estimation of spectral density in time series, hazard rate function

in survival analysis, transition density of Markov chain, nonparametric hypothesis tests and

others. The Bayesian paradigm provides a unified and consistent framework for parameter esti-

mation and inference, since all quantities of interest such as point estimator and credible regions

can be derived solely from the posterior distribution. In addition, the development of Markov

Chain Monte Carlo (MCMC) sampling methodologies has provided a tremendous boost to the

use of Bayesian nonparametrics in practical applications. For example in genetics, machine

learning, neuroscience, engineering and many more.

However, the myriad of opportunities offered by Bayesian nonparametrics come with several

caveats. Unlike parametric Bayesian procedures, eliciting priors on infinite-dimensional spaces
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poses unique conceptual and technical challenges. Natural choices of prior for certain statis-

tical problem might lead to an inconsistent posteriors, i.e., a posterior distribution that does

not concentrate at the true value of the parameter asymptotically. The inclusion of the true

parameter in a prior’s topological support does not by itself guarantee posterior consistency.

This stems from the fact that it is possible to construct priors on infinite-dimensional spaces

that will not be overwhelmed by the data even if we had indefinitely large sample sizes.

To avoid these difficulties, a list of default priors are introduced and catalogued for different

problems. Such priors are constructed through some automatic mechanism and their mass is

spread across the parameter space. Also, they are impartial with respect to any particular pa-

rameter, and they have low information content compared to the data. They are analogues to

improper priors in parametric Bayesian inference, but these default priors are invariantly proper

on infinite-dimensional spaces. Examples of default priors include Dirichlet process (Ferguson,

1973), Dirichlet mixtures (Ferguson, 1983, Lo, 1984), Gaussian process (Leonard, 1978, Lenk,

1988) and random series.

Sampling from the posterior distribution of infinite-dimensional parameters requires inno-

vative and novel sampling strategies. The basic idea is to decompose the posterior into more

elementary components, and reduce the problem into sampling from these finite-dimensional

pieces. Often, the sampling problem is cast into a hierarchical framework by introducing latent

variables. Examples include Gibbs sampling based on Pólya urn (MacEachern, 1994, Escobar

and West, 1995) with its variants such as stick breaking Gibbs (Ishwaran and James, 2001)

and no-gaps algorithm (MacEachern and Müller, 1998), Metropolis-Hastings with Gibbs sam-

pling (Neal, 2000), slice sampling (Walker, 2007), non-MCMC sampling based on random series

(Shen and Ghosal, 2014), variational methods (Blei and Jordan, 2006), and direct sampling if

the posterior distribution has explicit expression due to conjugacy.

In the next section, we discuss Bayesian nonparametric regression, which is one of the main

applications of Bayesian nonparametrics.

1.2 Bayesian nonparametric regression

The Bayesian nonparametric regression problem is as follows: suppose we have noisy observa-

tions from some unknown function f : Rd → R such that

Yi = f(Xi) + εi, (1.1)
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where the covariates Xi ∈ U with U some bounded open set in Rd, and εi are independent and

identically distributed (i.i.d.) errors. Our aim is to estimate f and perhaps some of its other

characteristics. Since f is unknown, we will typically assume that f belongs to some known

function space F . A Bayesian will then put a prior on f , compute its posterior, use the pos-

terior mean as estimate for f and quantifies its uncertainty by constructing credible sets for f

based on posterior variance.

There is a close connection between regression with spline theory since f can be modeled

as splines in some applications. In this framework, Kimeldorf and Wahba (1970) and Wahba

(1978) appear to be the first to use Gaussian process as prior for f , where they used what is

called the integrated Brownian motion polynomially released at zero. Cox (1993) expanded f

using random series with eigenfunctions as basis. de Jonge and van Zanten (2012) represented

f using tensor-product B-splines and studied its asymptotic properties.

Certain characteristics of f are also of interest. For example the derivatives of the regression

function assuming that the function is smooth enough. The location of the function maximum

and its maximum value are useful characteristics that we will fully investigate in this dissertation

(see Figure 1.1). Other characteristics include location of change-points or jump discontinuities

and estimating the inverse of a regression function evaluated at a point in the function’s range.

The regression function and its associated characteristics can be estimated in one or multi-

stages. In this context, single-stage estimation means we use a fixed design to collect all samples

for estimation in one go. For multi-stage estimation, we employ instead sequential design to

collect samples, i.e., one collects samples based on information gathered from previous samples,

and estimation is conducted through stages. It has been proven by many research papers that

multi-stage estimation improves the accuracy of the estimate, and it is possible to construct

estimators in sequential designs that have faster convergence rates than the minimax rates for

single-stage procedures. Examples in the literature include two-stage estimation of location of

function maximum (Belitser et al., 2012), change-points (Lan et al., 2009) and inverse regression

(Tang et al., 2011).

To start, we describe in detail some default priors for regression functions that are used in

this dissertation.
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Figure 1.1: The red dot is the point of global maximum, we are interested in determining the
location of this point in the x, y plane below and its maximum value.

1.3 Priors on regression functions

1.3.1 Gaussian process

Let X = {X(t) : t ∈ U} be a stochastic process indexed by U ⊆ Rd. Define its mean function

as E[X(t)] = µ(t) and covariance function as Cov[X(t), X(s)] = V (t, s) for any t, s ∈ Rd. We

say X is a Gaussian process if for any n finite collection of points t1, . . . , tn,

[X(t1), . . . , X(tn)] ∼ Nn(µ,V ), (1.2)

where µ = (µ(t1), . . . , µ(tn))T and V is the Gram matrix of the covariance function V (·, ·), i.e.,

vij = V (ti, tj) for 1 ≤ i, j ≤ n.

Since any realization of X is a function with domain U , X is a default prior on the function

space F . If additional functional properties are desired such as continuity and differentiability,

we modify the prior by imposing certain conditions on its covariance function. It turns out

that mixed partial derivatives of X are also Gaussian processes. The support of X is given by

the completion of its reproducing kernel Hilbert space (for an introduction see van der Vaart
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and van Zanten, 2008a). Specific instances of Gaussian processes include the Brownian mo-

tion or Wiener process (Figure 1.2), integrated Brownian motion, fractional Brownian motion,

Riemann-Liouville process (see Section 4.2 of van der Vaart and van Zanten, 2008b).
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Figure 1.2: Sample paths generated from a Brownian motion, each of this path is a continuous
function in R.

1.3.2 Random series

Let f : R → R be the regression function in (1.1) such that f ∈ F . Suppose {φj : j ≥ 1} is a

set of basis for F , then we can represent f truncated at level J as

f(x) =

J∑
j=1

θjφj(x). (1.3)

The above series representation is a random function and hence its name random series. Depend-

ing on the underlying function space F , commonly used basis functions include the polynomials,

Fourier basis, B-splines and wavelets. Prior elicitation can be accomplished by putting sepa-

rate independent priors on (θ1, . . . , θJ)T and J respectively. This will then induce a prior on

f . For multivariate f , we replace φj by its tensor-product and sum over the different J ’s in

all dimensions. It turns out that by the Karhunen-Loève theorem, any Gaussian process can
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Figure 1.3: The figure on the left is the true f , while on the right is the posterior mean of f
using bivariate cubic B-splines random series.

be represented as a infinite random series with normal coefficients, and the eigenfunctions of

its covariance function as basis. Random series is a powerful tool in Bayesian nonparametrics.

With appropriate choices of basis and priors on the coefficients, random series can approximate

a wide variety of functions well (see Figure 1.3).

1.4 Consistency and convergence rates

Due to the sheer size of an infinite-dimensional parameter space, there is no guarantee that

the posterior distribution will converge to the point mass of the truth, even if the truth is

contained in the support of the prior. This property, which we call posterior consistency holds

in finite-dimensional parametric models under relatively mild conditions, but a much more in-

volved analysis is needed to establish consistency in nonparametric models. Freedman (1963)

constructed an example using geometric distribution showing posterior inconsistency. Other

examples can be found in Diaconis and Freedman (1986) for location models and de Blasi et al.

(2013) for Gibbs-type priors. The celebrated Schwartz (1965) paper introduced the concept of

using Kullback-Leibler neighborhoods and test with exponentially small errors to prove consis-

tency for dominated statistical models. Extensions of Schwartz’s result were provided by Barron

et al. (1999) and Ghosal et al. (1999).

Since the definitions given below apply to more general parameter spaces, we will tem-

porarily leave the regression framework. Let Θ be the parameter space endowed with a met-

ric d and a Borel sigma-field B. Let θ0 ∈ Θ be the true parameter. Suppose we observed

X = (X1, . . . , Xn)T ∼ P
(n)
θ , where P

(n)
θ is the joint distribution of X indexed by θ ∈ Θ. Also,
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let P
(n)
θ0

be the corresponding true joint distribution and define X(n) to be the sample space of

X. Note we do not assume independence or i.i.d. structure of the observations. Given a prior Π

on the Borel sets of Θ, let Π(·|X) denote the corresponding posterior. We say that the posterior

distribution Π(·|X) is consistent at θ0 if for any ε > 0,

Π(θ : d(θ, θ0) > ε|X)→ 0 (1.4)

in P
(n)
θ0

-probability as n → ∞. Consistency is a frequentist concept. But applying it in the

Bayesian context means that as we collect more and more samples, the posterior distribution

will converge to the point mass of θ0. Another implication of consistency is that with large

enough samples, posterior distributions computed using different priors will agree (their dis-

tances in weak topology will go to zero). Hence Bayesians with different prior beliefs will have

their opinions merged, and will ultimately reach a consensus iff consistency holds.

We can take this concept one step further by asking how fast ε can go to 0 with n maintaining

the property that the posterior probability in (1.4) goes to zero. This rate of convergence can

be succinctly described as follows: given a positive sequence εn such that εn → 0, we say that

posterior distribution Π(·|X) converges to θ0 at the rate εn with respect to the metric d if for

any sequence Mn →∞,

Π(θ : d(θ, θ0) > Mnεn|X)→ 0 (1.5)

in P
(n)
θ0

-probability as n → ∞. We are naturally interested in the fastest rate possible, i.e.,

smallest εn. Often the optimal rate will be equal to the minimax estimation rate in the fre-

quentist sense up to a constant or logarithm factor. In our case, Θ is the function space F
with true function f0. We will study supremum norm (sup-norm for short) convergence rates

of f ∈ F and its derivatives, where the metric used is the function supremum norm, i.e.,

d(f, f0) = ‖f − f0‖∞ = supx∈U |f(x)− f0(x)|. Note that estimating the derivatives of f can be

viewed as an inverse problem.

If we had analytic expression for the posterior through conjugacy, then (1.5) can be estab-

lished by Markov’s inequality. If not, then more elaborate theory is needed. In this case, there

are usually four conditions that we need to verify depending on the dependence structure of

X. Instead of providing the exact technical details of these conditions, we choose to provide

heuristic descriptions of them. Interested readers can refer to Ghosal et al. (2000) or Ghosal and

van der Vaart (2007) for a detailed discussion. The foremost condition needed is the existence

of test function φn : X(n) → {0, 1} with exponentially small error for the following hypothesis

7
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Figure 1.4: Schematic diagrams: testing problem in (1.6) on the left while the right shows the
number of balls needed to cover Θn (covering number).

testing problem. Let ξ, εn > 0 and some θ1 ∈ Θ. Suppose X ∼ P for some joint probability

distribution P and we wish to test the following (see left panel of Figure 1.4):

H0 : P = P
(n)
θ0
, H1 : P = P

(n)
θ for some θ : d(θ, θ1) > ξεn. (1.6)

A test function φn for this problem is such that it rejects the null if φn(X) = 1. We assume that

there exists φn such that its Type I and II errors are exponentially small. Construction of such

test function typically begins by considering a series of hypothesis tests where the alternative

is a small ball separated from the null value of the parameter. One then combine these tests

to obtain the desired φn. Generally, imposing this condition all over the parameter space is

impossible for non-compact parameter spaces, because the number of small balls needed to

cover the alternative parameter space in (1.6) is infinite. A useful technique is then to form such

exponentially powerful tests only within a sieve, which is a sequence of approximating compact

subsets Θn ⊆ Θ such that ∪∞n=1Θn = Θ. Then the testing condition can be satisfied on Θn by

controlling the covering numbers of Θn, i.e., the number of small balls required to cover Θn.

This then effectively reduces the testing requirement to a condition on the entropy (logarithm

of covering number) of the sieve. The second condition requires the prior to put sufficient mass

near the true θ0, where distances are measured using Kullback-Leibler divergence. The last

condition needs the complement of Θn to receive small prior mass, so that we can substitute Θ

with Θn in the first testing or entropy condition. If the prior is a Gaussian process, then more

explicit sufficient conditions are given by van der Vaart and van Zanten (2008b).
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1.5 Coverage and credible region

Given parameter space Θ. Let θ0 ∈ Θ be the true parameter. We say that a subset C(X) of Θ

is a 1− γ credible region or set if the posterior mass of C(X) is 1− γ for γ ∈ [0, 1]. That is,

Π(θ : θ ∈ C(X)|X) = 1− γ. (1.7)

Credible regions are used to quantify the uncertainty of estimating θ, with the posterior spread

indicating the margin of error in estimation. Unlike frequentist’s confidence regions, (1.7) is

a true probability statement and we can say the posterior probability of θ falling in C(X) is

1 − γ. We note that C(X) depends on the data X. In parametric Bayesian inference, various

criteria were proposed as to what constitute the best 1− γ credible region, and methods were

developed to construct them. For example, constructing the highest posterior density (HPD)

credible region, where we try to find the smallest C(X) region that satisfies (1.7). In finite-

dimensional setting, the credible region constructed will have the right asymptotic frequentist

coverage in most cases, i.e., as n→∞,

P
(n)
θ0

(θ0 ∈ C(X)) = 1− γ. (1.8)

However, this is no longer true for credible region constructed for infinite-dimensional parame-

ters. Using the Gaussian white noise model, Cox (1993) concluded that Bayesian credible sets

at any level have frequentist coverage zero for almost all true θ0. This disparaging conclusion

was furthered enforced by Freedman (1999) and he provided instances of credible sets with

asymptotically zero or sub-optimal coverage. It may be noted that their formulation consists of

drawing true function (equivalently sequences) from the prior itself, and failure is shown in the

almost sure sense with respect to the prior. The main cause of this is that in finite-dimensional

problems, the Bernstein-von Mises theorem holds. That is, the posterior distribution converges

to a normal distribution centered at the maximum likelihood estimate, with the inverse Fisher

information as its variance. Hence, if the sample size is large enough, credible sets will behave

like confidence regions and they will have asymptotically the right coverage. However, there is

often no Bernstein-von Mises theorem for nonparametric models and credible sets constructed

for these models are not guaranteed to have the right coverage. On the other hand, Leahu

(2011) and Castillo and Nickl (2013) showed that if the parameter space is extended beyond `2

sequence space, and normal priors with large variances are used for each component, then the

credible regions do possess adequate frequentist coverage.

It was only after the work of Knapik et al. (2011) that the entirety of the problem is known.

Zero coverage occurs when the prior oversmoothes the truth. They further showed that by un-
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dersmoothing the prior, we can construct conservative credible sets with coverage tending to 1.

They then applied their findings to the problem of heat equation in Knapik et al. (2013). On

the other hand, Castillo and Nickl (2013) extended Leahu (2011) work beyond conjugate priors

and obtained parametric posterior convergence rates under norms weaker than the `2-norm,

called negative Sobolev norms. Assuming a weak Bernstein-von Mises phenomenon, Castillo

and Nickl (2013) constructed credible sets with right frequentist coverage for white noise mod-

els. They also showed that Bernstein-von Mises result holds for the negative Sobolev norm

under appropriate condition on the prior. Recent research considers the issue of constructing

adaptive credible sets, where these sets have guaranteed frequentist coverage with radius that

adapts to the unknown regularity of θ0, or function smoothness if Θ is a function space (see

Hoffman et al., 2013 and Szabo et al., 2014 for more details).

Motivated by the previous discussion, we will consider a reformulation of the Bayesian

credibility problem. For a given sequence Ln →∞, our aim is to find a subset C(X) ⊆ Θ with

the following properties, uniformly for θ0 ∈ D where D is a ball in Θ:

1. Π(θ ∈ C(X)|X) = 1− ωn in P
(n)
θ0

-probability,

2. P
(n)
θ0

(θ0 ∈ C(X))→ 1,

3. diam(C(X)) = O
P

(n)
θ0

(Lnεn),

where εn is the minimax convergence rate for θ. The first condition creates a 1 − ωn credible

region, where ωn ∈ [0, 1] can be fixed or a sequence tending to 0. If ωn is a constant, then the

second condition holds if we inflate the radius of C(X) by some factor, or we use a prior on θ

that is less regular than the true regularity of θ0 (undersmoothing if Θ is a function space with

function smoothness as a measure of regularity). The second condition says that the frequentist

coverage under the true distribution of the credible region goes to one asymptotically. The last

condition limits the size of the constructed credible region by forcing it to have diameter at

most Lnεn.

1.6 Research questions and our contributions

There are roughly three problems that we hope to address in this dissertation. In what follows,

our parameter space Θ is the function space F . Consider again the nonparametric regression

problem in (1.1). Let f0 be the true f . Assume that f has a unique maximum at µ ∈ U ⊆ Rd

with maximum value M = f(µ).
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1.6.1 Sup-norm convergence rates for f and its mixed partial derivatives

Convergence rates under L2-norm and Hellinger distance were the first to be derived and stud-

ied, and the corresponding theory is well established. However, theory for convergence rates in

stronger norms such as the supremum norm is limited and has only caught attention in recent

years. In addition, there is an inequality relating the sup-norm distance of partial derivatives

of f and the Euclidean distance of µ. Also, similar inequality holds between f and M . This

implies that the posteriors of f and its partial derivatives induce the same sup-norm rate on the

posteriors of M and µ. Therefore, these two factors motivate the study of sup-norm posterior

convergence rates for f and its mixed partial derivatives.

The first paper to tackle this problem was Giné and Nickl (2011), where they derived rates

in Lr-metrics for all 1 ≤ r ≤ ∞, and they constructed new tests with exponentially small error

probabilities based on Talagrand’s inequality to handle L∞-convergence. However their rates

are sub-optimal for r > 2, and they showed using a white noise model that optimal rate is

achievable for conjugate priors with diagonal structure. Castillo (2014) introduced techniques

based on semiparametric Bernstein-von Misses type results to obtain optimal sup-norm rates,

for the white noise model and density estimation using priors based on wavelet series. He split

the sup-norm distance into smaller components consisting of semiparametric functionals, and

the corresponding influence function is estimated using various uniform approximation schemes.

Hoffman et al. (2013) derived optimal adaptive sup-norm convergence rate for white noise model

using spike and slab priors. They then generalized their result by introducing sieve priors that

achieve the same adaptive sup-norm rate. For density estimation, Scricciolo (2014) employed

Gaussian kernel mixtures by endowing the mixing distribution with a Pitman-Yor or normal-

ized inverse Gaussian process. She obtained adaptive posterior convergence rates in Lr-metric

for 1 ≤ r ≤ ∞.

Most of the papers on sup-norm convergence rate focus on density estimation and white

noise model with known error variance, and contain only brief mentions of nonparametric re-

gression. Also, all papers considered univariate models. Most papers use random series prior

with wavelets as basis. In this dissertation, we will derive sup-norm convergence rates for multi-

variate nonparametric regression in the setting of (1.1). Instead of using wavelets, we represent

f using random series with tensor-product B-splines as basis. Although both B-splines and

wavelets are widely used in this context, B-splines have the added advantage in that mixed par-

tial derivatives of f are expressible also as tensor-product B-splines. Hence the same posterior

analysis for f carries over to its mixed partial derivatives. This allows us to study posterior

convergence rates for derivatives as well, a topic that was largely unaddressed so far, except
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implicitly as inverse problems in white noise models. Moreover, we allow function to have dif-

ferent smoothness in different dimensions, which is a useful generalization. In addition, we let

σ be unknown, thus making the results more relevant for practical applications. The sup-norm

convergence rates under our proposed prior coincide with the minimax rates of estimating a

function and its mixed partial derivatives.

1.6.2 L∞-credible sets for f and its mixed partial derivatives

The issue of constructing nonparametric confidence set has been studied by many authors. In

particular, Juditsky and Lambert-Lacroix (2003), Robins and van der Vaart (2006) and Cai and

Low (2006) showed that it is impossible to construct adaptive confidence sets that are simul-

taneously honest, and have radius that adapt to the underlying function smoothness. Bayesian

analog of a confidence set is given by a credible region in which has a guaranteed posterior

probability. Construction of credible sets in the context of function estimation is a challeng-

ing problem, since optimal smoothing typically makes the order of the bias and variability the

same. They are typically easy to obtain numerically from posterior sampling. Hence it is of

considerable interest to know that a credible region possesses asymptotically correct frequentist

coverage.

The issue of constructing credible sets for nonparametric models, and evaluating their per-

formance has received very little attention in the Bayesian nonparametrics literature, with the

main references mentioned in Section 1.5. Most of the credible sets for f in these papers are

sets in sequence `2-or function L2-Hilbert spaces, while sets in L∞-Banach space are not well

understood. Using our tensor-product B-spline prior, we propose methods to construct L∞-

credible sets for f and its mixed partial derivatives that satisfy the criteria listed in Section

1.5. In addition, we will also construct pointwise credible intervals for f(x) at any x ∈ (0, 1)d

and L2-credible sets for f . Under appropriate conditions, all pointwise, L2-and L∞-credible

sets are shown to have frequentist coverage tending to 1 asymptotically with optimal size up to

a logarithmic factor. Moreover, we carried out extensive simulations to compare finite sample

performance of our pointwise credible intervals and credible bands with pointwise confidence

intervals and confidence bands proposed by Zhou et al. (1998).

1.6.3 Bayesian estimation of location of maximum µ and maximum value M

The estimation of µ and M in one-dimensional regression setting is well studied in the fre-

quentist literature. For example Müller (1985, 1989) estimated µ via kernel estimators, Shoung

and Zhang (2001) used least squares and Klemelä (2005) considered adaptive estimation of µ.
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Kiefer and Wolfowitz (1952) proposed a Robbins-Monro type algorithm using sequential sam-

pling to estimate µ in one-dimension. Blum (1954) extended their method to higher dimensions.

Mokkadem and Pelletier (2007) provided a method to simultaneously estimate µ and M in a

sequential design setting. Belitser et al. (2012) proposed a two-stage procedure for estimation

of these two quantities and studied its asymptotic properties.

However, the papers described above used frequentist methods in estimating µ and M ,

and a Bayesian equivalent is lacking. Therefore, we will study this problem in a Bayesian

setting. Inspired by Belitser et al. (2012), we will propose a Bayesian two-stage procedure

to estimate µ and M . We study its asymptotic properties and investigate its finite sample

performance through a series of simulations. In particular, we show that our proposed Bayesian

two-stage procedure performs better in terms of mean square error than other common single-

stage methods, and is as good as the frequentist two-stage procedure proposed in Belitser et al.

(2012). We hope that this dissertation is a first step towards providing a Bayesian solution to

this problem.

1.7 Notations and preliminaries

We describe notations and technical definitions used throughout this dissertation. All asymp-

totic relations and symbols described below refer to the regime n→∞. Given two numerical se-

quences an and bn, an = O(bn) or an . bn means an/bn is bounded, while an = o(bn) or an � bn

means an/bn → 0. Also, an � bn means an = O(bn) and bn = O(an). Furthermore, an ∼ bn is

an/bn → 1. For stochastic sequences Xn, Xn = OP (an) means that P (|Xn| ≤ Can) → 1 for

some constant C > 0, while Xn = oP (an) means P (|Xn| ≤ ε) → 1,∀ε > 0. Let N = {1, 2, . . .}
be the set of natural numbers and N0 = N ∪ {0}.

Vectors are represented by bold symbols and can be upper or lower case English or Greek

letters. All vectors are in column format and the corresponding non-bold letters with subscript

denoting the components, i.e., for x,xi ∈ Rd, x = (x1, . . . , xd)
T and xi = (xi1, . . . , xid)

T

respectively. Let ‖x‖p be the vector p-norm, i.e., ‖x‖p = (
∑d

k=1 |xk|p)1/p. If p = 2, we suppress

the subscript and simply write ‖x‖ to be the usual Euclidean norm. Given another vector y

of the same dimension, we write x ≤ y if xk ≤ yk, k = 1, . . . , d. Matrices are written in bold

and only upper case English letters are used to denote them. For a given symmetric matrix A

of dimension m ×m, we denote its (i, j)th element by aij . Let λmin(A) and λmax(A) denote

the smallest and largest eigenvalues respectively. Denote Λ(A) to be the set of eigenvalues of

A. Define the (r, s) matrix norm of A as ‖A‖(r,s) = sup{‖Ax‖s : ‖x‖r ≤ 1}. In particular, the
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(2, 2) and (∞,∞) norms are defined as

‖A‖(2,2) =

√
λmax(ATA) = |λmax(A)|,

‖A‖(∞,∞) = max
1≤i≤m

m∑
j=1

|aij | = max
1≤j≤m

m∑
i=1

|aij |,

where they are the usual operator norms if we view A as a continuous linear operator on

(Rm, ‖ · ‖) and (Rm, ‖ · ‖∞) respectively. In addition, define the matrix max-norm as ‖A‖∞ =

max1≤i,j≤m |aij |. Then the max-norm, (2, 2) and (∞,∞) matrix norms are related by ‖A‖∞ ≤
‖A‖(2,2) ≤ ‖A‖(∞,∞). With another symmetric and square matrix B of the same size, A ≤ B
means B −A is non-negative definite and A < B means B −A is positive definite. We say

that A is a q-banded matrix if aij = 0 for |i− j| > q. Also, we denote Im as the m×m identity

matrix and 1d as the vector of ones with dimension d. We define diag(a1, . . . , am) to be the

diagonal matrix with diagonal elements (a1, . . . , am)T .

For f : U → R on some bounded open set U ⊆ Rd, let ‖f‖p be the Lp-norm, i.e., ‖f‖p =

(
∫
|f |pdν)1/p for some sigma-finite measure ν. If the integrating measure needs to be emphasized,

we write ‖f‖p,G = (
∫
|f |pdG)1/p. If p = ∞, ‖f‖∞ = supx∈U |f(x)|. For a real-valued random

variable X and a function ψ : [0,∞) → [0,∞), which is nondecreasing, convex and ψ(0) = 0,

we define the Orlicz norm of X as

‖X‖ψ = inf

{
C > 0 : E

[
ψ

(
|X|
C

)]
≤ 1

}
.

We note that if ψ(x) = xp for p ≥ 1, then ‖X‖ψ = ‖X‖p. We will mainly use the exponential

Orlicz norm, ψp(x) = ex
p − 1 for p = 2 throughout this dissertation. For I ⊂ U , let f |I denote

the restriction of f onto I such that f(x) = f |I(x) for x ∈ I. Furthermore, let 1U (x) be the in-

dicator function on U such that 1U (x) = 1 for x ∈ U and 0 otherwise. Define an Euclidean ball

of center a with radius R in U to be B(a, R) = {y : ‖y−a‖ ≤ R}. For δ > 0, let N(δ, U, ‖·‖) be

the covering number of U , and is defined as the minimum number of Euclidean balls of radius

δ needed such that their union contains U . Let diam(U) = supx,y∈U ‖x − y‖ be the diameter

of U . We define Ud to be the d-fold Cartesian product of U , and |U | to be the cardinality of U .

For multi-index i = (i1, . . . , id)
T ∈ Nd0 and a vector x ∈ Rd, define

|i| =
d∑

k=1

ik, i! =

d∏
k=1

ik, xi =

d∏
k=1

xikk .
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We denote Pn = span{xi : |i| ≤ n} to be the space of multivariate polynomials of order n. Here,

span{a1, . . . , ad} means the set of all possible linear combinations of a1, . . . , ad. Furthermore,

for k, r ∈ N0 and d ∈ N, we define

Ik = {i ∈ Nd0 : i1 + . . .+ id = k}, I(r) =

r⋃
k=0

Ik.

Here we enumerate I(r) as I0 ∪ I1 ∪ . . . ∪ Ir. Also, the elements within each Ik are arranged

lexicographically. For i 6= j, Ii ∩ Ij = ∅. The cardinality of Ik and I(r) are given by

|Ik| =
(
d+ k − 1

d− 1

)
, |I(r)| =

r∑
k=0

|Ik| =
r∑

k=0

(
d+ k − 1

d− 1

)
.

Let Hf(x0) be the Hessian matrix of f at x0 ∈ Rd, whose (i, j)th entry evaluated at x = x0

is ∂2f(x)/∂xi∂xj |x=x0 for i, j = 1, . . . , d. Given a vector r = (r1, . . . , rd)
T ∈ Nd0, let Dr denote

the partial derivative operator
∂|r|

∂xr11 . . . ∂xrdd
.

If r = 0, we view D0f ≡ f . If r = ek, where ek = (0, . . . , 0, 1, 0 . . . , 0)T with 1 in the kth

position, then we write Dek = Dk. Moreover, we denote ∇f(x) = (D1f(x), . . . , Ddf(x))T to

be the gradient of f at x. For any α > 0, let dαe be the smallest integer bigger than or equal

to α. We then define the Hölder norm ‖ · ‖Hα as

‖f‖Hα = max
r:|r|≤mα

sup
x∈U
|Drf(x)|+ max

r:|r|=mα
sup

x,y∈U :x6=y

|Drf(x)−Drf(y)|
‖x− y‖α−mα

, (1.9)

where mα = dα − 1e is the largest integer strictly smaller than α. We introduce the isotropic

Hölder function space Hα(U) of order α > 0 with domain U , consisting of functions f : U → R
such that ‖f‖Hα <∞ and for x,x0 ∈ U with constant C > 0,

|Drf(x)−DrTx0f(x)| ≤ C‖x− x0‖α−|r|, (1.10)

where r ∈ Nd0, |r| ≤ mα and

Tx0f(x) =
∑

i∈I(mα)

1

i!
Dif(x0)(x− x0)i (1.11)

is the Taylor polynomial of order mα by expanding f around x0. This implies that for all r ∈ Nd0
such that |r| ≤ mα, Drf is uniformly bounded and Lipschitz on U as a result of the mean value

theorem. Also, it follows that f has a unique continuous extension onto the closure of U .
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We write X ∼ N(ξ,Ω) if X has a one-dimensional normal distribution with mean ξ and

variance Ω. If X ∼ N(0, 1), then X is a standard normal. Define Φ(x) for x ∈ R to be the

cumulative distribution function of a standard normal, i.e., Φ(x) =
∫ x
−∞(2π)−1/2 exp(−x2/2).

We say X ∼ NJ(ξ,Ω) if X has a J-dimensional normal distribution with mean vector ξ and

covariance matrix Ω. For a random function {X(t), t ∈ U}, we say that X ∼ GP(ξ,Ω) if X

is a Gaussian process with EX(t) = ξ(t) and Cov(X(s), X(t)) = Ω(s, t) for any s, t ∈ U . We

say that X is a sub-Gaussian random variable if P (|X| > x) ≤ a exp(−bx2) for any x > 0 and

constants a, b > 0. In addition, it has finite Orlicz ψ2-norm, i.e., ‖X‖ψ2 < ∞. We say that X

is a sub-Gaussian process with respect to a semi-metric d on its index set U if for any t, s ∈ U
and x > 0, we have

P (|X(t)−X(s)| > x) ≤ 2 exp

(
−1

2

x2

d(t, s)2

)
. (1.12)

Further properties of sub-Gaussian random variables and processes can be found in Appendix C.

1.8 Chapter organization

1.8.1 Chapter 2: Sup-norm posterior convergence rate for univariate regres-

sion

To avoid the added technicalities in dealing with higher dimensions, we first consider one-

dimensional version of (1.1). We represent f using univariate B-spline with normal coefficients.

We study pointwise, L2-and L∞-posterior convergence rates for f and its derivatives. In addi-

tion, we construct pointwise, L2-and L∞-credible sets for f and its derivatives to quantify their

estimation uncertainties. We compare the finite sample performance of our proposed pointwise

credible intervals and credible bands with the pointwise confidence intervals and confidence

bands proposed by Zhou et al. (1998).

1.8.2 Chapter 3: Sup-norm posterior convergence rate for multivariate re-

gression

Multivariate extension of the previous chapter using random series based on tensor-product

B-splines. As before, we derive pointwise, L2-and L∞-posterior convergence rates for f and all

its mixed partial derivatives. We investigate the issue of constructing pointwise, L2-and L∞-

credible sets for f and its mixed partial derivatives. Also, we consider anisotropic extension of

our results for functions will different smoothness in different dimensions.
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1.8.3 Chapter 4: Bayesian procedure for estimating location of maximum

We establish consistency for the posterior of µ. We derive an inequality relating sup-norm

distance of partial derivatives of f with Euclidean distance of µ, and also prove a similar

inequality between f and M . As an implication, posterior distributions of f and its partial

derivatives will induce their corresponding posterior convergence rates on M and µ respectively.

In addition, we propose two different methods to construct credible regions for µ and M .

1.8.4 Chapter 5: Two-stage Bayesian estimation of µ and M

We propose a Bayesian two-stage procedure to estimate µ and M . Asymptotic properties of our

proposed method will be studied. In particular, we derive the corresponding two-stage posterior

convergence rates of µ and M . Performance of our proposed method will be evaluated against

other single-stage methods, and also against the frequentist two-stage procedure proposed by

Belitser et al. (2012).

1.8.5 Appendices

We present new results on univariate and tensor-product B-splines in Appendices A and B

respectively. These results are used expensively to derive results on posterior convergence rates

and credible sets in Chapters 1–4. In Appendix C, we list several important properties of sub-

Gaussian random variables, and derive an upper bound for the Lp-moments of the sup-norm of

a sub-Gaussian process with p ≥ 1. Appendix D contains miscellaneous results on bounds for

banded matrices and quadratic forms.
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Chapter 2

Sup-norm posterior convergence

rate for univariate regression

2.1 Introduction

Consider the univariate version of the nonparametric regression problem in (1.1), such that for

some f : U ⊆ R→ R, we have

Yi = f(Xi) + εi, (2.1)

where εi are independent and identically distributed (i.i.d.) as N(0, σ2) and 0 < σ < ∞ is

unknown. The covariates can be deterministic or randomly distributed. In both cases, Xi ∈ U
for i = 1, . . . , n, where U is some open interval in R. Since any such intervals is an affine trans-

formation of (0, 1), we can let U = (0, 1) without loss of generality.

In this chapter, we will estimate f and its derivatives using Bayesian procedures, i.e., by

expanding f using univariate B-splines and assigning normal priors on the basis coefficients. To

deal with unknown σ2, we consider two approaches: by estimating σ2 using empirical Bayes,

or further endowing σ2 with a conjugate inverse-gamma prior. Conjugacy with the model (2.1)

above enables explicit expression for the posterior distribution to be derived and analyzed. We

will study pointwise, L2-and L∞-posterior convergence rates for f and its derivatives. Moreover,

pointwise, L2-and L∞-credible sets will be constructed to quantify their estimation uncertain-

ties. Under appropriate conditions, we show that they have guaranteed frequentist coverage

with optimal size up to a logarithmic factor.

Since univariate B-splines are used extensively in this chapter, we give a brief introduction
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to B-splines and discuss some of their important properties. Suppose we divide our domain

(0, 1) into N + 1 non-overlapping subintervals [tl, tl+1) for l = 0, . . . , N − 1 and [tN , tN+1] with

knot points 0 = t0 < t1 < · · · < tN < tN+1 = 1. A B-spline or Basis-spline of order q is a

piecewise polynomial defined on (0, 1), such that when restricted to a subinterval, B-spline is a

polynomial with degree no more than q − 1. It is differentiable up to q − 2 times at the knot

points, and is a continuous function globally if q ≥ 2 (B-splines are step-functions if q = 1).

For a given order q, there will be a set of J = q + N B-splines, which we denote as Bj,q(·) for

j = 1, . . . , J . Exact expression of each Bj,q(·) is given by (see Section 2 of Zhou et al., 1998)

Bj,q(x) = (tj − tj−q)[tj−q, . . . , tj ](t− x)q−1
+ , (2.2)

where [tj−q, . . . , tj ]h is the qth order divided difference of function h and z+ = z if z > 0 and

0 otherwise. In the above formula, we use tj = 0 for j < 0 and tj = 1 for j > N + 1. We

note that the expression above differs slightly with (4.16) of Schumaker (2007), where Bj,q(·)
is constructed using knots from tj to tj+q. Alternatively, Bj,q(·) can be derived recursively

from equation (14) of Chapter IX, de Boor (2001). This set of B-splines spans the entire J-

dimensional space of polynomial splines. Figure 2.1 shows a set of 10 cubic (q = 4) B-splines.

Below are important properties of univariate B-splines used in this dissertation. Proofs of

these results can be found in Chapter IX of de Boor (2001) or Section 4.3 of Schumaker (2007).

New results on univariate B-splines that we developed can be found in Appendix A.

1. 0 ≤ Bj,q(x) ≤ 1 for all x ∈ (0, 1) and 1 ≤ j ≤ J .

2. The support of Bj,q(x) is (tj−q, tj), i.e., Bj,q(x) > 0 on x ∈ (tj−q, tj) and is zero for

x /∈ [tj−q, tj ].

3. For a given x ∈ [tl−1, tl], only q adjacent B-splines (Bl,q(x), . . . , Bl+q−1,q(x))T are nonzero

(positive).

4. Partition of unity:
∑J

j=1Bj,q(x) = 1 for any x ∈ (0, 1).

Let f0 be the true regression function of f in (2.1). The assumption on f0 in this chapter is

as follows:

Assumption 1. Under the true distribution P0, we assume Yi = f0(Xi) + εi such that εi are

i.i.d. with mean 0, variance σ2
0 and ‖εi‖ψ2 <∞ for i = 1, . . . , n. Also, f0 belongs to the isotropic

Hölder space Hα(0, 1) for α > 2. To avoid boundary effects, f0 can be extended to a slightly

bigger set (−ε, 1 + ε) for some ε > 0.
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Figure 2.1: A set of 10 cubic (q = 4) B-splines.

Let p0 be the density of P0 with respect to the Lebesgue measure. Let E0(·) and Var0(·) be

the expectation and variance operators taken with respect to P0. For notational conciseness,

write F 0 = (f0(X1), . . . , f0(Xn))T and ε = (ε1, . . . , εn)T . We first describe in detail our prior

specifications and assumptions, and then derive the corresponding posterior distributions of f

and its derivatives.

2.2 Prior and posterior conjugacy

For any x ∈ (0, 1), we represent f(x) as

f(x) =
J∑
j=1

θjBj,q(x) = bJ,q(x)Tθ, (2.3)

where bJ,q(x) = (B1,q(x), . . . , BJ,q(x))T is the set of J B-spline basis functions of fixed order

q ≥ α and θ = (θ1, . . . , θJ)T are the corresponding basis coefficients. Let Y = (Y1, . . . , Yn)T ,

X = (X1, . . . , Xn)T and B = (bJ,q(X1), bJ,q(X2), . . . , bJ,q(Xn))T . Then the model for (2.1) can

be written compactly as

Y |X,θ, σ2 ∼ Nn(Bθ, σ2In). (2.4)

In this chapter, we treat J as deterministic and allow it to depend on n and α. Each B-spline
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function has knot sequence 0 = t−q = t1−q = · · · = t0 < t1 < t2 < · · · < tN < tN+1 = tN+2 =

· · · = tN+q = 1. The q duplicate knots at each boundary point {0, 1} are needed, because the

recursive formulas for B-spline and its derivatives (see equations (4.22) and (4.23) of Schumaker,

2007) entail using knot points with index exceeding N or have negative index. Although the

notation does not reflect, all knot points {t−q, . . . , t0, t1, . . . , tN+1, . . . , tN+q−1} and the number

of interior knots N may depend on n. We then have J = q + N , where N and thus J are

increasing with n. Moreover, we assume that J ≤ n.

Define δl = tl − tl−1 for l = 1, . . . , N to be the one-step knot increment, and let ∆ =

max1≤l≤N δl be the mesh size. We assume that the knot sequence is quasi-uniform (see Definition

6.4 of Schumaker, 2007), that is,
∆

min1≤l≤N δl
≤ C (2.5)

for some C > 0. This assumption is reasonable in view of Lemma 6.17 from Schumaker (2007),

which says that we can always choose a subset of knots from any given knot sequence to form

a quasi-uniform sequence with C = 3. In addition, this class of partition is general enough for

most applications and includes the uniform and nested uniform partitions as special cases (see

Examples 6.6 and 6.7 of Schumaker, 2007 respectively).

If the design points X = (X1, . . . , Xn)T are deterministic, assume that there exists a cu-

mulative distribution function G(x) with positive and continuous density g(x) on [0, 1] such

that

sup
x∈[0,1]

|Gn(x)−G(x)| = o(N−1), (2.6)

where Gn(x) = n−1
∑n

i=1 1[Xi,∞)(x) is the empirical distribution of (X1 . . . , Xn)T . As an ex-

ample, the discrete uniform design Xi = (i − 1)/(n − 1) for i = 1, . . . , n satisfies (2.6) with G

being the uniform distribution on [0, 1] and N . n1/(2α+1).

For random design points, we assume that Xi
i.i.d.∼ G(x), and they are mutually independent

of εi for i = 1, . . . , n. Here, G(x) = P (Xi ≤ x) is a cumulative distribution function with

continuous density g(x) on [0, 1]. By Donsker’s theorem, ‖Gn − G‖∞ = OP (1/
√
n). If N .

n1/(2α+1) and α > 1/2, then

‖Gn −G‖∞ = OP

(
1√
n

)
= oP (N−1). (2.7)

In this dissertation, we will prove results on posterior convergence rates and credible sets based

on deterministic design points. The established theorems will then translate directly to the
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random case by conditioning X in the posterior distribution, i.e., by considering Π(·|Y ,X).

On the basis coefficients, we assign

θ|σ2 ∼ NJ(η, σ2Ω). (2.8)

We assume that ‖η‖∞ < ∞ and the entries of Ω do not depend on n. Moreover, Ω−1 is a

v-banded matrix for some fixed v not depending on n. The bandedness of Ω−1 ensures that the

posterior precision matrix is also banded, which allows upper bound on the bias of the posterior

mean to be established. We note that Ω depends on n only through its dimension, which is

J × J . Furthermore, as n → ∞, we assume that there exists constants 0 < c1 ≤ c2 < ∞ not

depending on n such that

c1IJ ≤ Ω ≤ c2IJ . (2.9)

Therefore, the prior support of f in (2.3) is given by the closure of its reproducing kernel Hilbert

space (van der Vaart and van Zanten 2008a), which is the J-dimensional space of polynomial

splines spanned by elements of bJ,q(·). Since q ≥ α, this implies that the prior support of f is

a subspace of Hα(0, 1). Based on (2.4) and (2.8), the conditional posterior of θ is

Π(θ|Y , σ2) ∼ NJ

[(
BTB + Ω−1

)−1 (
BTY + Ω−1η

)
, σ2

(
BTB + Ω−1

)−1
]
. (2.10)

It then follows that the induced conditional posterior for f is Π(f |Y , σ2) ∼ GP(AY +cη, σ2Σ),

where A and c are bounded linear operators mapping Rn and RJ respectively to Hα(0, 1), and

Σ is the covariance function defined on (0, 1)× (0, 1) such that for any x, y ∈ (0, 1),

A(x) = bJ,q(x)T
(
BTB + Ω−1

)−1
BT , (2.11)

c(x) = bJ,q(x)T
(
BTB + Ω−1

)−1
Ω−1, (2.12)

Σ(x, y) = bJ,q(x)T
(
BTB + Ω−1

)−1
bJ,q(y). (2.13)

Note that since the posterior mean is an affine transformation of Y , Assumption 1 with Prop-

erties 1 and 2 of Appendix C imply that AY + cη is a sub-Gaussian process under P0.

To deal with unknown σ2, we will consider two approaches. The first is empirical Bayes

estimation. Based on (2.4) and (2.8), it follows that Y |σ2 ∼ Nn[Bη, σ2(BΩBT + In)]. The
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corresponding marginal log-likelihood function is

l(σ2) = −n
2

log 2π − n

2
log σ2 − 1

2
log{det (BΩBT + In)}

− 1

2σ2
(Y −Bη)T (BΩBT + In)−1(Y −Bη),

with score function

dl(σ2)

dσ2
= − n

2σ2
+

1

2σ4
(Y −Bη)T (BΩBT + In)−1(Y −Bη).

Setting the above to zero and solving for σ2, we obtain

σ̂2
n =

(Y −Bη)T (BΩBT + In)−1(Y −Bη)

n
. (2.14)

Note that P0(σ̂2
n > 0) = 1 since P0(Y = Bη) = 0. By the second order condition,

d2l(σ2)

d(σ2)2

∣∣∣∣
σ2=σ̂2

n

= − n

2σ̂4
n

< 0.

Hence with P0 almost surely, σ̂2
n is a local maximum. Since σ̂2

n is the unique critical point, we

conclude that σ̂2
n is the maximum marginal likelihood estimator for σ2. Empirical Bayes then

entails substituting σ2 for σ̂2
n in the conditional posterior of f , i.e.,

Π(f |Y , σ2)|σ2=σ̂2
n

= Πσ̂n(f |Y ) ∼ GP(AY + cη, σ̂2
nΣ). (2.15)

We then write Eσ̂n(·|Y ) and Varσ̂n(·|Y ) for the expectation and variance operators taken with

respect to this empirical posterior. For the second approach, we will consider full hierarchical

Bayes by further endowing σ2 with a conjugate inverse-gamma (IG) prior

σ2 ∼ IG

(
β

2
,
γ

2

)
(2.16)

for some hyperparameters β > 4 and γ > 0. Here, β > 4 ensures that the prior mean and

variance of σ2 exist. By direct calculations, the posterior of σ2 is

σ2|Y ∼ IG

(
β + n

2
,
γ + nσ̂2

n

2

)
. (2.17)

The (i, j)th element of BTB is
∑n

m=1Bi(Xm)Bj(Xm). If Xm ∈ [tl−1, tl] for some 1 ≤ l ≤
N + 1, only q adjacent basis functions (Bl,q(Xm), . . . , Bl+q−1,q(Xm))T will be nonzero for each

m = 1, . . . , n. Hence when |i− j| > q, Bi(Xm)Bj(Xm) = 0 for all m = 1, . . . , n, and this implies
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that BTB is q-banded. Furthermore under assumptions (2.5) and (2.6), Lemma 6.1 of Zhou

et al. (1998) implies that there exist constants 0 < C1 ≤ C2 <∞ not depending on n such that

as n→∞,

C1
n

J
IJ ≤ BTB ≤ C2

n

J
IJ . (2.18)

In particular, ‖BTB‖(2,2) � n/J . Combining the above with (2.9), it follows that(
C1
n

J
+

1

c2

)
≤ λmin

(
BTB + Ω−1

)
≤ λmax

(
BTB + Ω−1

)
≤
(
C2
n

J
+

1

c1

)
. (2.19)

By Theorem 22 of de Boor (2001) Chapter XII, for f0 ∈ Hα(0, 1), there exists a θ∞ ∈ RJ

such that for constant Cα,q > 0 depending only on α and q with R > 0, we have

sup
‖f0‖Hα≤R

‖bJ,q(·)Tθ∞ − f0‖∞ ≤ sup
‖f0‖Hα≤R

Cα,qJ
−α‖f0‖Hα . J−α. (2.20)

Since ‖bJ,q(·)Tθ∞‖∞ ≤ ‖f0‖Hα + Cα,qJ
−α‖f0‖Hα ≤ R+ 1 uniformly in ‖f0‖Hα ≤ R, we have

sup
‖f0‖Hα≤R

‖θ∞‖∞ . sup
‖f0‖Hα≤R

‖bJ,q(·)Tθ∞‖∞ = O(1) (2.21)

by Corollary 8 of de Boor (2001) Chapter XI. The next theorem shows that σ̂2
n derived in (2.14)

is a
√
n-consistent estimator of σ2

0, uniformly over ‖f0‖Hα ≤ R.

Theorem 2.1. If J � n1/(2α+1) and α > 1/2, we have for R > 0,

sup
‖f0‖Hα≤R

E0(σ̂2
n − σ2

0)2 = O

(
1

n

)
. (2.22)

Proof. Let U = (BΩBT + In)−1. By equation (33) of page 355 in Searle (1982), the absolute

bias |E0(σ̂2
n)− σ2

0| is∣∣∣∣σ2
0

n
tr(U)− σ2

0

∣∣∣∣+
1

n
(F 0 −Bη)TU(F 0 −Bη)

.
1

n
[tr(In −U) + (F 0 −Bθ∞)TU(F 0 −Bθ∞) + (Bθ∞ −Bη)TU(Bθ∞ −Bη)], (2.23)

where we used (x + y)TD(x + y) ≤ 2xTDx + 2yTDy for any D ≥ 0 in the last line. Let

PB = B(BTB)−1BT . Suppose that A is an m ×m matrix, G an m × r matrix, T an r × r
matrix, and W an r × m matrix. Assume that A and T are invertible. Then the binomial

inverse theorem (see Theorem 18.2.8 of Harville, 1997 for a proof) says

(A+GTW )−1 = A−1 −A−1G(T−1 +WA−1G)−1WA−1. (2.24)
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Therefore, two applications of (2.24) to U yield

U = (BΩBT + In)−1 = In −B(BTB + Ω−1)−1BT = In − PB + V , (2.25)

where V = B(BTB)−1[Ω + (BTB)−1]−1(BTB)−1BT ≥ 0. Hence the first term in (2.23) is

1

n
tr(PB − V ) ≤ 1

n
tr(PB) =

J

n
. (2.26)

Note that U ≤ In since BΩBT ≥ 0, and the second term in (2.23) is bounded by

1

n
‖U‖(2,2)‖F 0 −Bθ∞‖2 ≤ ‖F 0 −Bθ∞‖2∞ . J−2α (2.27)

in view of (2.20). By (2.25) and the fact that (I − PB)B = 0, the last term in (2.23) is

1

n
(θ∞ − η)T [Ω + (BTB)−1]−1(θ∞ − η) ≤ 1

n

(
c1 +

1

C2

J

n

)−1

J‖θ∞ − η‖2∞ .
J

n
, (2.28)

where we used (2.9) and (2.18) to bound the maximum eigenvalue of [Ω + (BTB)−1]−1. By

(2.21) and assumption on the prior, ‖θ∞−η‖2∞ = O(1). Combining the bounds in (2.26), (2.27)

and (2.28) into (2.23), we obtain |E0(σ̂2
n)− σ2

0| . J/n+ J−2α.

Let Y = F 0 + ε and write nσ̂2
n = (F 0 −Bη)TU(F 0 −Bη) + 2(F 0 −Bη)TUε + εTUε.

Using the fact Var(T1 + T2) ≤ 2Var(T1) + 2Var(T2), it follows that Var0(σ̂2
n) is bounded up to

a constant multiple by

1

n2
[(F 0 −Bθ∞)TU2(F 0 −Bθ∞) + (Bθ∞ −Bη)TU2(Bθ∞ −Bη) + Var0(εTUε)]. (2.29)

In view of (2.20) and U ≤ In, the first term above is bounded by

1

n2
‖U‖2(2,2)‖F 0 −Bθ∞‖2 ≤

1

n
‖F 0 −Bθ∞‖2∞ .

1

n
J−2α. (2.30)

By repeated applications of (2.9) and (2.18),

‖V ‖(2,2) = ‖BTB‖(2,2)‖(BTB)−1‖(2,2)‖[Ω + (BTB)−1]−1‖(2,2)

.
(n
J

)(J
n

)2(
c1 +

1

C2

J

n

)−1

.
J

n
. (2.31)

Using (2.25), idempotency of In−PB and (In−PB)B = 0, the second term in (2.29) can be
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written as

1

n2
(θ∞ − η)TBT (In − PB + V )2B(θ∞ − η) =

1

n2
(θ∞ − η)TBTV 2B(θ∞ − η).

In view of (2.31) and (2.18), the right hand side above is bounded by

1

n2
‖V ‖2(2,2)‖B(θ∞ − η)‖2 .

1

n2

(
J

n

)2

‖BTB‖(2,2)J‖θ∞ − η‖2∞ .
1

n

(
J

n

)2

, (2.32)

where ‖θ∞ − η‖2∞ is bounded using (2.21) and assumption on the prior. By Lemma D.3, the

last term in (2.29) is O(1/n). Combining this with the bounds established in (2.30) and (2.32)

into (2.29), we obtain Var0(σ̂2
n) . 1/n. By taking J � n1/(2α+1) � n and α > 1/2, the mean

square error is

E0(σ̂2
n − σ2

0)2 .
1

n
+

(
J

n

)2

+ J−4α .
1

n
.

A Bayesian analog of Theorem 2.1 above is given below, which shows that the posterior of

σ2 in (2.17) converges to σ2
0 at the parametric rate 1/

√
n.

Theorem 2.2. If J � n1/(2α+1) and α > 1/2, we have for R > 0 and any Mn →∞,

sup
‖f0‖Hα≤R

E0Π

(
|σ2 − σ2

0| >
Mn√
n

∣∣∣∣Y )→ 0. (2.33)

Proof. By Markov’s inequality, it suffices to show that E0E[(σ2 − σ2
0)2|Y ] = O(n−1). The

posterior mean and variance of σ2 are

E(σ2|Y ) =
γ

β + n− 2
+

n

β + n− 2
σ̂2
n,

Var(σ2|Y ) =
2

β + n− 4

(
γ

β + n− 2
+

n

β + n− 2
σ̂2
n

)2

. (2.34)

We have E[(σ2 − σ2
0)2|Y ] = [E(σ2|Y )− σ2

0]2 + Var(σ2|Y ). Theorem 2.1 implies that E0(σ̂2
n) =

σ2
0 +O(1/

√
n), Var0(σ̂2

n) = O(1/n) and E0(σ̂2
n)2 = σ4

0 +O(1/n). Hence, E0[E(σ2|Y )− σ2
0)]2 is

[E0E(σ2|Y )− σ2
0]2 + Var0[E(σ2|Y )]

=

{
O

(
1

n

)
+

[
1 +O

(
1

n

)][
σ2

0 +O

(
1√
n

)]
− σ2

0

}2

+

[
1 +O

(
1

n

)]2

O

(
1

n

)
= O

(
1

n

)
,
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while E0Var(σ2|Y ) is

O

(
1

n

){
O

(
1

n2

)
+

[
1 +O

(
1

n

)]2 [
σ4

0 +O

(
1

n

)]}
= O

(
1

n

)
.

2.3 Posterior convergence rates for f

Since the explicit expression for the posterior of f given (Y , σ2) is available due to normal-

normal conjugacy, we will derive posterior convergence rates by directly analyzing the posterior

distribution. This is done by decomposing the posterior mean square error into three parts cor-

responding to: posterior variance, variance and bias of the posterior mean. We then bound these

three terms separately and use Markov’s inequality to arrive at our desired results. Theorem 2.3

below is for pointwise posterior convergence and is a crucial en-route step in deriving Theorems

2.4 and 2.5. For notational simplicity, we write σ2 ∈ Un if |σ2 − σ2
0| ≤ ζn/

√
n for ζn = o(

√
n).

Theorem 2.3. If J � n1/(2α+1), we have for R > 0, every fixed x ∈ (0, 1) and any Mn →∞,

Empirical Bayes: sup
‖f0‖Hα≤R

E0Πσ̂n(f : |f(x)− f0(x)| > Mnn
−α/(2α+1)|Y )→ 0. (2.35)

Hierarchical Bayes: sup
‖f0‖Hα≤R

E0Π(f : |f(x)− f0(x)| > Mnn
−α/(2α+1)|Y )→ 0. (2.36)

Proof. At any x ∈ (0, 1), Π(f(x)|Y , σ2) ∼ N(A(x)Y + c(x)η, σ2Σ(x, x)) where A(x), c(x) and

Σ(x, x) were given by (2.11), (2.12) and (2.13) respectively. Under P0, A(x)Y +c(x)η is a sub-

Gaussian random variable with mean A(x)F 0 +c(x)η and variance σ2
0Ψ(x, x), where σ2

0Ψ is the

covariance function of the sub-Gaussian process AY + cη under P0, such that for x, y ∈ (0, 1),

Ψ(x, y) = bJ,q(x)T
(
BTB + Ω−1

)−1
BTB

(
BTB + Ω−1

)−1
bJ,q(y). (2.37)

Note that the posterior variance σ2Σ(x, x) does not depend on Y and f0, while the posterior

mean A(x)Y + c(x)η does not depend on σ2. Therefore,

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E{[f(x)− f0(x)]2|Y , σ2}

≤ sup
σ2∈Un

E{[f(x)−A(x)Y − c(x)η]2|σ2}+ sup
‖f0‖Hα≤R

E0E{[A(x)Y + c(x)η − f0(x)]2|Y }

= sup
σ2∈Un

σ2Σ(x, x) + σ2
0Ψ(x, x) + sup

‖f0‖Hα≤R
[A(x)F 0 + c(x)η − f0(x)]2. (2.38)
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To bound the posterior variance σ2Σ(x, x) uniformly over σ2 ∈ Un, first observe that

‖bJ,q(x)‖2 =
J∑
j=1

B2
j,q(x) ≤ max

1≤j≤J
Bj,q(x)

J∑
j=1

Bj,q(x) ≤ 1. (2.39)

Cauchy-Schwarz inequality and the definition of spectral norm then imply

sup
σ2∈Un

σ2Σ(x, x) ≤
(
σ2

0 +
ζn√
n

)∥∥∥(BTB + Ω−1
)−1
∥∥∥

(2,2)

.

(
C1
n

J
+

1

c2

)−1

= O

(
J

n

)
, (2.40)

where the last line follows from (2.19). In view of (2.37), the variance of the posterior mean,

i.e., σ2
0Ψ(x, x) can be bounded above by

σ2
0Ψ(x, x) ≤ σ2

0

∥∥∥(BTB + Ω−1
)−1
∥∥∥2

(2,2)
‖BTB‖(2,2)‖bJ,q(x)‖2

= O

(
J

n

)2

O
(n
J

)
= O

(
J

n

)
, (2.41)

where we have used (2.19), (2.18) and (2.39) to bound the three norms respectively. To bound

the last squared bias term in (2.38), we will appeal to (2.20) and the fact that ‖bJ,q(x)‖1 =∑J
j=1Bj,q(x) = 1. Hölder’s inequality then implies uniformly in ‖f0‖Hα ≤ R that

|A(x)F 0 + c(x)η − f0(x)|

=
∣∣∣bJ,q(x)T

(
BTB + Ω−1

)−1 (
BTF 0 + Ω−1η

)
− f0(x)

∣∣∣
≤
∣∣∣bJ,q(x)T

(
BTB + Ω−1

)−1 (
BTF 0 + Ω−1η

)
− bJ,q(x)Tθ∞

∣∣∣+ |f0(x)− bJ,q(x)Tθ∞|

≤
∣∣∣bJ,q(x)T

(
BTB + Ω−1

)−1 [
BT (F 0 −Bθ∞) + Ω−1(η − θ∞)

]∣∣∣+O(J−α)

≤
∥∥∥(BTB + Ω−1

)−1
∥∥∥

(∞,∞)

{
‖BT (F 0 −Bθ∞)‖∞ +

∥∥Ω−1
∥∥

(∞,∞)
(‖θ∞‖∞ + ‖η‖∞)

}
+O(J−α). (2.42)

By assumption, Ω−1 is v-banded with fixed v and uniformly bounded entries. Therefore,

‖Ω−1‖(∞,∞) = O(1). Since BTB is q-banded, Lemma D.1 and equation (2.19) imply that

‖(BTB+Ω−1)−1‖(∞,∞) = O(J/n). Also, sup‖f0‖Hα≤R ‖θ‖∞ and ‖η‖∞ are both O(1) by (2.21)

and the assumption on the prior. To bound sup‖f0‖Hα≤R ‖B
T (F 0 −Bθ∞)‖∞, we use the non-
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negativity of B-splines, (2.20) and Lemma A.2 to write

sup
‖f0‖Hα≤R

‖BT (F 0 −Bθ∞)‖∞ ≤ sup
‖f0‖Hα≤R

max
1≤j≤J

n∑
i=1

Bj,q(Xi)|f0(Xi)− bJ,q(Xi)
Tθ∞|

≤ sup
‖f0‖Hα≤R

Cα,qJ
−α‖f0‖Hα max

1≤j≤J

n∑
i=1

Bj,q(Xi)

. nJ−(1+α). (2.43)

Therefore, combining the bounds obtained and squaring (2.42), we have for any x ∈ (0, 1),

sup
‖f0‖Hα≤R

[A(x)F 0 + c(x)η − f0(x)]2 = O

(
J2

n2

)
+O(J−2α). (2.44)

Combining all bounds from (2.40), (2.41) and (2.44) into (2.38), we obtain

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E
[
(f(x)− f0(x))2|Y , σ2

]
= O

(
J

n

)
+O

(
J2

n2

)
+O(J−2α)

= O

(
J

n

)
+O(J−2α), (2.45)

where the last line follows since J ≤ n by assumption. The two terms on the right will have

the same order when J � n1/(2α+1). This implies that the corresponding posterior mean square

error in (2.45) is of order n−2α/(2α+1).

Observe that by Markov’s inequality, Theorem 2.1 implies for R > 0 and any Mn →∞,

inf
‖f0‖Hα≤R

P0

(
σ2

0 −
Mn√
n
≤ σ̂2

n ≤ σ2
0 +

Mn√
n

)
→ 1. (2.46)

For the empirical Bayes version, by Markov’s inequality, (2.45) and (2.46) above, we have for

εn = n−α/(2α+1) and any Mn →∞,

E0Πσ̂n(|f(x)− f0(x)| > Mnεn|Y ) ≤
E0 supσ2∈Un E([f(x)− f0(x)]2|Y , σ2)

M2
nε

2
n

+ o(1)→ 0, (2.47)

uniformly over ‖f0‖Hα ≤ R. For the hierarchical Bayes procedure, we have for εn = n−α/(2α+1)
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and any Mn →∞,

E0Π(|f(x)− f0(x)| > Mnεn|Y )

≤ E0 sup
σ2∈Un

Π(|f(x)− f0(x)| > Mnεn|Y , σ2) + E0Π

(
|σ2 − σ2

0| >
ζn√
n

∣∣∣∣Y ) , (2.48)

uniformly over ‖f0‖Hα ≤ R. The first term on the right hand side is o(1) by (2.45), while the

second term goes to zero by Theorem 2.2.

Theorem 2.4. If J � n1/(2α+1), we have for R > 0 and every Mn →∞,

Empirical Bayes: sup
‖f0‖Hα≤R

E0Πσ̂n(f : ‖f − f0‖2 > Mnn
−α/(2α+1)|Y )→ 0. (2.49)

Hierarchical Bayes: sup
‖f0‖Hα≤R

E0Π(f : ‖f − f0‖2 > Mnn
−α/(2α+1)|Y )→ 0. (2.50)

Proof. By Fubini’s theorem,

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E(‖f − f0‖22|Y , σ2) ≤
∫ 1

0
sup

‖f0‖Hα≤R
E0 sup

σ2∈Un
E(|f(x)− f0(x)|2|Y , σ2)dx

.
J

n
+ J−2α, (2.51)

where the last line follows from (2.45). Setting J � n1/(2α+1) will balance the orders of these

two terms, yielding the rate of n−2α/(2α+1). The empirical and hierarchical Bayes posterior

convergence rates then follow from (2.47) and (2.48) respectively with absolute values replaced

by L2-norms.

Theorem 2.5. If J � (n/ log n)1/(2α+1), we have for R > 0 and every Mn →∞,

Empirical Bayes: sup
‖f0‖Hα≤R

E0Πσ̂n(f : ‖f − f0‖∞ > Mn(log n/n)α/(2α+1)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖Hα≤R

E0Π(f : ‖f − f0‖∞ > Mn(log n/n)α/(2α+1)|Y )→ 0.

Proof. Recall that Π(f |Y , σ2) ∼ GP(AY + cη, σ2Σ), with A, c and Σ defined in (2.11), (2.12)

and (2.13) respectively. Let Zn ∼ GP(0,Σ). Under the true distribution P0, AY + cη is a

sub-Gaussian process with mean function AF 0 + cη and covariance function σ2
0Ψ, where Ψ

was defined in (2.37). Let Qn be a sub-Gaussian process with mean function 0 and covariance

function σ2
0Ψ. Note that Zn does not depend on Y and f0, while the posterior mean AY + cη
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does not depend on σ2. Therefore,

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E(‖f − f0‖2∞|Y , σ2)

≤ sup
σ2∈Un

E(‖f −AY − cη‖2∞|σ2) + sup
‖f0‖Hα≤R

E0{E(‖AY + cη − f0‖2∞|Y )}

= sup
σ2∈Un

σ2E‖Zn‖2∞ + E‖Qn‖2∞ + sup
‖f0‖Hα≤R

‖AF 0 + cη − f0‖2∞. (2.52)

Since Qn = Aε, then by Property 2 of Appendix C and Assumption 1, Qn is sub-Gaussian

with respect to the semi-metric d(t, s) =
√

Var(Qn(t)−Qn(s)). By Lemma A.4 with m = 0,

Zn and Qn satisfy the condition for Lemma C.1. Applying Lemma C.1 with p = 2, we see that

for any 0 < δn < 1 and Tn = N(δn, (0, 1), ‖ · ‖),

sup
σ2∈Un

σ2E‖Zn‖2∞ . σ2
0 log (1/δn)

{
nδ2

n + max
1≤i≤Tn

E[Zn(ui)
2]

}
. log (1/δn)

(
nδ2

n +
J

n

)
, (2.53)

where the last line follows from (2.40). Similarly,

E‖Qn‖2∞ . log (1/δn)

{
nδ2

n + max
1≤i≤Tn

E[Qn(ui)
2]

}
. log (1/δn)

(
nδ2

n +
J

n

)
, (2.54)

where the last inequality follows from (2.41). Setting δn �
√
J/n for both (2.53) and (2.54),

sup
σ2∈Un

σ2E‖Zn‖2∞ .
J

n
log n, E‖Qn‖2∞ .

J

n
log n. (2.55)

Since the bound for (2.44) is uniform for all x ∈ (0, 1) and all ‖f0‖Hα ≤ R, the last deterministic

squared bias term in (2.52) is

sup
‖f0‖Hα≤R

‖AF 0 + cη − f0‖2∞ = O

(
J2

n2

)
+O(J−2α). (2.56)

Therefore, combining the bounds for (2.55) and (2.56) into (2.52), we will obtain

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E(‖f − f0‖2∞|Y , σ2) .
J

n
log n+

J2

n2
+ J−2α

.
J

n
log n+ J−2α, (2.57)

where the last line follows since J ≤ n by assumption. Setting J � (n/ log n)1/(2α+1) will balance
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the orders of these two terms, yielding the rate (log n/n)2α/(2α+1) for the posterior mean square

error in (2.57). The empirical and hierarchical Bayes posterior convergence rates then follow

from (2.47) and (2.48) respectively with absolute values replaced by sup-norms.

Note that we will incur an extra logarithmic factor in the rate once we move from pointwise

to sup-norm convergence. The pointwise, L2-and L∞-rates established above are the minimax

rates (see Stone, 1980 for pointwise and Theorem 1 of Stone, 1982 for general Lr-norms, with

1 ≤ r ≤ ∞). By examining the proofs of Theorems 2.3, 2.4 and 2.5 above, it also follows that

the point estimator of f0(x), i.e., the posterior mean A(x)Y + c(x)η converges to f0(x) at the

same n−α/(2α+1) rate. Similarly, the posterior mean of f , i.e., AY + cη converges to f0 under

L2-norm at the rate n−α/(2α+1), while in L∞-norm, it is (log n/n)α/(2α+1).

2.4 Posterior convergence rates for derivatives

Given our prior specification f(x) = bJ,q(x)Tθ and θ|σ2 ∼ N(η, σ2Ω), the mth derivative of

f for m ∈ N0 and m < α can be written as dmf(x)/dxm =
∑J

j=1 θjd
mBj,q(x)/dxm. Using

equations (15) and (16) of Chapter X in de Boor (2001), this expression reduces to

f (m)(x) =
dmf(x)

dxm
=

J−m∑
j=1

θ
(m)
j Bj,q−m(x), (2.58)

for

θ
(m)
j =


θj if m = 0,

(q −m)
θ

(m−1)
j+1 − θ(m−1)

j

tj − tj−q+m
if m ≥ 1,

(2.59)

where Bj,q−m(·) is the corresponding q −m order B-spline.

Define bJ,q,m(x) = (B1,q−m(x), . . . , BJ−m,q−m(x))T . Then f (m)(x) = bJ,q,m(x)TWmθ, where

Wm is a (J − m) × J matrix. Each row of Wm has only m + 1 consecutive nonzero entries

and their arrangement is analogues to a banded matrix with bandwidth m + 1, namely the

position of the m + 1 consecutive entries in the current row is a shift of one entry to the

right of the m + 1 consecutive entries’ position in the previous row. The first m columns will

have 1 to m nonzero entries respectively and the last m columns will have m to 1 nonzero en-

tries. The rest J−2m columns will have exactly m+1 nonzero entries. All other entries are zero.

In view of (2.59), the consecutivem+1 entries in each row ofWm are actually the coefficients
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associated with taking m iterated finite difference of elements in θ, and divided by products

of difference quotients of the knot sequence. Let w
(m)
ij denote the (i, j)th entry of Wm. The

expressions for the nonzero entries can be described as follows: for each row i = 1, . . . , J −m,

the endpoints of the m+ 1 consecutive entries are

w
(m)
i,i = (−1)m

m∏
l=1

q − l
ti − ti−q+l

, w
(m)
i,i+m =

m∏
l=1

q − l
ti+l−1 − ti−q+m

. (2.60)

If m is odd, the intermediate entries for 1 ≤ l ≤ (m− 1)/2 are

w
(m)
i,i+l = (−1)m−lw

(m)
i,i

1 +

(ml )−1∑
r=1

r∏
s=1

ti − ti−q+s
ti+1 − ti+1−q+s

 , (2.61)

while for (m+ 1)/2 ≤ l ≤ m, it is

w
(m)
i,i+l = (−1)m−lw

(m)
i,i+m

1 +

(ml )−1∑
r=1

r∏
s=1

ti+m−s − ti+m−q
ti+m−1−s − ti+m−1−q

 . (2.62)

If m is even, then the expression for w
(m)
i,i+l is (2.61) for 1 ≤ l ≤ m/2 − 1 and is (2.62) for

m/2 + 1 ≤ l ≤ m. When l = m/2, we have that w
(m)
i,i+m/2 is

w
(m)
i,i

(
ti − ti−q+1

ti+1 − ti+2−q

)1 +

( m−1
m/2−1)−1∑
r=1

r−1∏
s=0

ti+s − ti+2−q
ti+1+s − ti+3−q


+ w

(m)
i,i+m

(
ti+m−1 − ti+m−q
ti+m−2 − ti+m−1−q

)1 +

(m−1
m/2)−1∑
r=1

r−1∏
s=0

ti+m−2 − ti+m−q−s
ti+m−3 − ti+m−1−q−s

 . (2.63)

The conditional posterior distribution for f (m) is Π(f (m)|Y , σ2) ∼ GP(AmY + cmη, σ
2Σm),

where for x, y ∈ (0, 1),

Am(x) = bJ,q,m(x)TWm

(
BTB + Ω−1

)−1
BT , (2.64)

cm(x) = bJ,q,m(x)TWm

(
BTB + Ω−1

)−1
Ω−1, (2.65)

Σm(x, y) = bJ,q,m(x)TWm

(
BTB + Ω−1

)−1
W T

mbJ,q,m(y). (2.66)

Note that if m = 0 and defining W 0 = IJ , the three operators above reduce to that defined

in (2.11), (2.12) and (2.13) respectively. Using the same reasoning as before, we see that under
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Assumption 1 with Properties 1 and 2 of Appendix C, AmY + cmη is a sub-Gaussian process

under P0. Analytical expression for the conditional posterior of f (m) given (Y , σ2) with m ∈ N0

and m < α is available due to normal-normal conjugacy, and we derive its pointwise, L2-and

L∞-posterior convergence rates by directly bounding the posterior mean square error. Note

that Theorem 2.6 below is an important en-route step in deriving Theorems 2.7 and 2.8.

Theorem 2.6. If J � n1/(2α+1), we have for R > 0, every fixed x ∈ (0, 1) and any Mn →∞,

Empirical Bayes: sup
‖f (m)

0 ‖Hα−m≤R
E0Πσ̂n(f : |f (m)(x)− f (m)

0 (x)| > Mnn
−(α−m)/(2α+1)|Y )→ 0.

Hierarchical Bayes: sup
‖f (m)

0 ‖Hα−m≤R
E0Π(f : |f (m)(x)− f (m)

0 (x)| > Mnn
−(α−m)/(2α+1)|Y )→ 0.

Proof. The posterior rate calculation proceeds similarly as illustrated in the proof of Theorem

2.3. That is, by bounding the corresponding posterior variance, variance of the posterior mean,

and the squared bias as in (2.38), and making the substitutions A = Am, c = cm and Σ = Σm,

where Am, cm and Σm were defined in (2.64), (2.65) and (2.66) respectively. The only difference

is the extra matrix factor Wm in these calculations.

Recall that each row of Wm has m+ 1 nonzero entries and each column has at most m+ 1

nonzero entries. From the explicit expressions of these nonzero entries given in (2.60)–(2.63),

assumption (2.5) and Lemma A.1 imply that

|w(m)
i,i+h| �

1

∆m
� Jm (2.67)

for 1 ≤ i ≤ J −m, 0 ≤ h ≤ m and zero otherwise. This further implies that

‖Wm‖(∞,∞) = max
1≤i≤J−m

i+m∑
j=i

|w(m)
ij | �

1

∆m
� Jm,

‖W T
m‖(∞,∞) = max

1≤j≤J

j∑
i=1

|w(m)
ij | �

1

∆m
� Jm

and

‖W T
mWm‖(2,2) ≤ ‖W T

mWm‖(∞,∞) ≤ ‖Wm‖(∞,∞)‖W T
m‖(∞,∞) � J2m. (2.68)

It follows that the posterior mean square error is inflated by the introduction of a J2m factor in

the bounds for the posterior variance and variance of the posterior mean, and a Jm in the bias.

Also, the bound on B-spline approximation error in (2.20) but for f
(m)
0 is of the order J−(α−m)
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uniformly in ‖f (m)
0 ‖Hα−m ≤ R, as a result of applying Corollary 6.21 of Schumaker, 2007 (or

Theorem 26, Chapter XII of de Boor, 2001). Therefore, the derivative analogs of (2.44) and

(2.45) for any x ∈ (0, 1) are given by

sup
‖f (m)

0 ‖Hα−m≤R
|Am(x)F 0 + cm(x)η − f (m)

0 (x)|2 .
J2m+2

n2
+ J−2(α−m), (2.69)

and

sup
‖f (m)

0 ‖Hα−m≤R
E0 sup

σ2∈Un
E

[(
f (m)(x)− f (m)

0 (x)
)2
∣∣∣∣Y ] . J2m+1

n
+
J2m+2

n2
+ J−2(α−m)

.
J2m+1

n
+ J−2(α−m) (2.70)

respectively, where the last line above follows since J ≤ n by assumption. Setting the same

order of J as in Theorem 2.3, i.e., J � n1/(2α+1) will balance the two orders on the right of

(2.70) for all m < α including m = 0. Hence, the posterior mean square error will have order

n−2(α−m)/(2α+1). The empirical and hierarchical Bayes posterior convergence rates then follow

from (2.47) and (2.48) respectively with f and f0 replaced by f (m) and f
(m)
0 respectively.

Theorem 2.7. If J � n1/(2α+1), we have for R > 0 and every Mn →∞,

Empirical Bayes: sup
‖f (m)

0 ‖Hα−m≤R
E0Πσ̂n(f : ‖f (m) − f (m)

0 ‖2 > Mnn
−(α−m)/(2α+1)|Y )→ 0.

Hierarchical Bayes: sup
‖f (m)

0 ‖Hα−m≤R
E0Π(f : ‖f (m) − f (m)

0 ‖2 > Mnn
−(α−m)/(2α+1)|Y )→ 0.

Proof. Following the steps in (2.51) with f and f0 replaced by f (m) and f
(m)
0 respectively, the

bound is J2m+1/n+ J−2(α−m) in view of (2.70). Set J � n1/(2α+1) to balance the orders of the

two terms. The result then follows from Markov’s inequality.

Theorem 2.8. If J � (n/ log n)1/(2α+1), then for R > 0 and every Mn →∞, we have uniformly

over ‖f (m)
0 ‖Hα−m ≤ R,

Empirical Bayes: E0Πσ̂n(f : ‖f (m) − f (m)
0 ‖∞ > Mn(log n/n)(α−m)/(2α+1)|Y )→ 0.

Hierarchical Bayes: E0Π(f : ‖f (m) − f (m)
0 ‖∞ > Mn(log n/n)(α−m)/(2α+1)|Y )→ 0.

Proof. The calculations for finding the sup-norm rate as described in Theorem 2.5 apply with

slight modifications. The only difference is the extra Wm matrix appearing in Am, cm and

Σm from (2.64), (2.65) and (2.66) respectively. Recall that Π(f (m)|Y , σ2) ∼ GP(AmY +
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cmη, σ
2Σm). Define Zn,m ∼ GP(0,Σm). Under P0, AmY + cmη is a sub-Gaussian process with

mean function AmF 0 + cmη and covariance function σ2
0Ψm, such that for any x, y ∈ (0, 1),

Ψm(x, y) = bJ,q,m(x)TWm

(
BTB + Ω−1

)−1
BTB

(
BTB + Ω−1

)−1
W T

mbJ,q,m(y). (2.71)

Define Qn,m to be a sub-Gaussian process with mean function 0 and covariance function σ2
0Ψm.

From (2.68), we see that the ‖ · ‖(2,2) matrix norm of Wm is O(Jm). For any fixed x ∈ (0, 1),

Σm(x, x) = bJ,q,m(x)TWm

(
BTB + Ω−1

)−1
W T

mbJ,q,m(x)

≤ ‖bJ,q,m(x)‖2‖W T
mWm‖(2,2)‖

(
BTB + Ω−1

)−1 ‖(2,2)

.
J2m+1

n
, (2.72)

where we have used (2.39), (2.68) and (2.19) to bound the norms in line 2 respectively. By

similar reasoning, we have for any x ∈ (0, 1),

Ψm(x, x) ≤ ‖bJ,q,m(x)‖2‖W T
mWm‖(2,2)‖BTB‖(2,2)

∥∥∥(BTB + Ω−1
)−1
∥∥∥

(2,2)
.
J2m+1

n
, (2.73)

where we have used (2.39), (2.68), (2.18) and (2.19) to bound the norms respectively. Since

Qn,m = Amε, then by Property 2 of Appendix C and Assumption 1, Qn,m is sub-Gaussian

with respect to the semi-metric d(t, s) =
√

Var(Qn,m(t)−Qn,m(s)). By Lemma A.4, both Zn,m

and Qn,m satisfy the condition for Lemma C.1. Therefore, Lemma C.1 with p = 2 and the two

upper bounds from (2.72), (2.73) imply that for any 0 < δn < 1 and Tn = N(δn, (0, 1), ‖ · ‖),

sup
σ2∈Un

σ2E(‖Zn,m‖2∞) . σ2
0 log (1/δn)

[
nδ2

n + max
1≤i≤Tn

Σm(ui, ui)

]
. log (1/δn)

(
nδ2

n +
J2m+1

n

)
(2.74)

and

E(‖Qn,m‖2∞) . log (1/δn)

[
nδ2

n + max
1≤i≤Tn

σ2
0Ψm(ui, ui)

]
. log (1/δn)

(
nδ2

n +
J2m+1

n

)
. (2.75)

By setting δ2
n � J2m+1/n2 for both (2.74) and (2.75), we have

sup
σ2∈Un

σ2E(‖Zn,m‖2∞) . (J2m+1/n) log n, E(‖Qn,m‖2∞) . (J2m+1/n) log n. (2.76)
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Since the bound for (2.69) is uniform for all x ∈ (0, 1) and all ‖f (m)
0 ‖Hα−m ≤ R, we have

sup
‖f (m)

0 ‖Hα−m≤R
‖AmF 0 + cmη − f (m)

0 ‖2∞ = O

(
J2m+2

n2

)
+O(J−2(α−m)). (2.77)

Therefore, the derivative analog of (2.57) with f and f0 replaced by f (m) and f
(m)
0 is

sup
‖f (m)

0 ‖Hα−m≤R
E0 sup

σ2∈Un
E(‖f (m) − f (m)

0 ‖2∞|Y ) .
J2m+1

n
log n+ J−2(α−m). (2.78)

Setting the same J � (n/ log n)1/(2α+1) as in Theorem 2.5 will balance the two terms above

for all m < α including m = 0, yielding the rate (log n/n)2(α−m)/(2α+1) for the posterior mean

square error in (2.78). The empirical and hierarchical Bayes posterior convergence rates then

follow from (2.47) and (2.48) respectively with absolute values replaced by sup-norms and f, f0

replaced by f (m), f
(m)
0 respectively.

Given any mode of convergence, i.e., under pointwise, L2-or L∞-norms, the same optimal

J applies to both f and all its derivatives such that m < α. If we view f (0) ≡ f , then posterior

convergence rates established in Section 2.3 are special cases of Section 2.4 by setting m = 0.

These rates coincide with the minimax rates for estimating f (m)(x) at any x ∈ (0, 1) (Stone,

1980), f (m) in L2-and L∞-norms (Theorem 1 of Stone, 1982). It also follows from the proof

that the posterior mean of f (m)(x) converges to f
(m)
0 (x) at any x ∈ (0, 1) at the rate given

in Theorem 2.6. By the same reasoning, the posterior mean of f (m) converges to f
(m)
0 under

L2-and L∞-norms at the rates given by Theorems 2.7 and 2.8 respectively.

2.5 Credible sets for f and its derivatives

In this section, we will treat f and its derivatives in a unified framework by viewing f as f (0).

Then if we define W 0 = IJ , we will have A0 = A, c0 = c and Σ0 = Σ where Am, cm and Σm

were given in (2.64), (2.65) and (2.66) respectively. We begin by constructing pointwise credible

set for f (m)(x) at x ∈ (0, 1). Let ωn ∈ [0, 1] be a sequence such that ωn → 0 as n→∞. Define zδ

to be the upper δ-quantile of a standard normal. Using the fact that P (Z > z) ≤ z−1 exp(−z2/2)

for Z ∼ N(0, 1) and z > 0, we then have

zωn/2 = O(
√
− logωn). (2.79)

In particular, if ωn & 1/n, then zωn/2 = O(
√

log n); and if ωn & 1/ log n, then zωn/2 =

O(
√

log log n). Since Π(f (m)(x)|Y , σ2) ∼ N(Am(x)Y + cm(x)η, σ2Σm(x, x)), we can construct
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a 1− ωn pointwise credible interval for f (m)(x) at any x ∈ (0, 1) as

Π(f : |f (m)(x)−Am(x)Y − cm(x)η| ≤ zωn/2σ
√

Σm(x, x)|Y , σ2) = 1− ωn. (2.80)

Since σ2 is unknown, we will consider the empirical Bayes approach by substituting σ2 for σ̂2
n

derived in (2.14), leading to the following empirical credible set:

Ĉ(x) = {f : |f (m)(x)−Am(x)Y − cm(x)η| ≤ zωn/2σ̂n
√

Σm(x, x)}, (2.81)

where by construction, Πσ̂n(Ĉ(x)|Y ) = 1− ωn. We shall study the frequentist coverage of Ĉ(x)

at any x ∈ (0, 1) as n→∞, which is given by

inf
‖f (m)

0 ‖Hα−m≤R
P0(f0 ∈ Ĉ(x)). (2.82)

Theorem 2.9. If J � n1/(2α+1), then the asymptotic coverage of (2.82) is 1, and the radius

of Ĉ(x) is OP0(n−(α−m)/(2α+1)
√
− logωn) uniformly over ‖f (m)

0 ‖Hα−m ≤ R at any x ∈ (0, 1),

R > 0 and all m < α.

Proof. For any sequence ζn = o(
√
n), define tm(x) = inf |σ2−σ2

0 |≤ζn/
√
n zωn/2σ

√
Σm(x, x). By

(2.46), to show (2.82) has asymptotic coverage of 1, it suffices to show that

sup
‖f (m)

0 ‖Hα−m≤R
P0

(
|f (m)

0 (x)−Am(x)Y − cm(x)η| > tm(x)
)
→ 0. (2.83)

Since zωn/2 → ∞ as ωn → 0 and inf |σ2−σ2
0 |≤ζn/

√
n σ

2 = σ2
0 + o(1), we have tm(x)2 � Σm(x, x).

By (2.19), Σm(x, x) ≥ λmin{(BTB+Ω−1)−1}‖W T
mbJ,q,m(x)‖2 & (J/n)‖W T

mbJ,q,m(x)‖2. Hence,

we need a lower bound for ‖W T
mbJ,q,m(x)‖2 =

∑J
j=1B

(m)
j,q (x)2. For any x ∈ (0, 1), let ix be a

positive integer such that x ∈ [tix−1, tix ]. Hence, only (Bix,q−m(x). . . . , Bix+q−m−1,q−m(x))T are

nonzero. By (2.60)–(2.63), B
(m)
j,q (x) is a linear combination of (Bj,q−m(x), . . . , Bj+m,q−m(x))T

for any 1 ≤ j ≤ J . Choose j = ix + q −m− 1, and we have

‖W T
mbJ,q,m(x)‖2 =

J∑
j=1

(B
(m)
j,q (x))2 ≥

m∏
u=1

(q − u)2

(tix+q−m−1 − tix−m−1+u)2
Bix+q−m−1,q−m(x)2

≥ 1

∆2m

(
q −m
q

)2

& J2m, (2.84)

where the last line follows since (2.5) implies that tix+q−m−1 − tix−m−1+u ≤ (q − u+ 1)∆, and

we used Lemma A.1 to obtain the final lower bound. Consequently, tm(x)2 � J2m+1/n. Under

the true distribution P0, Am(x)Y + cm(x)η is a sub-Gaussian random variable with mean
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Am(x)F 0 + cm(x)η and variance σ2
0Ψm(x, x), where the expression for Ψm(x, x) at x ∈ (0, 1)

is given by (2.71). Define Qn,m(x) to be a sub-Gaussian random variable with mean 0 and

variance σ2
0Ψm(x, x). Then uniformly in ‖f (m)

0 ‖Hα−m ≤ R,

E0|f (m)
0 (x)−Am(x)Y − cm(x)η|2 = E0[Am(x)F 0 + cm(x)η − f (m)

0 (x) +Qn,m(x)]2

≤ 2E[Qn,m(x)2] + 2|Am(x)F 0 + cm(x)η − f (m)
0 (x)|2

.
J2m+1

n
+ J−2(α−m),

where the last line follows from (2.73) and (2.69) respectively. By Markov’s inequality,

sup
‖f (m)

0 ‖Hα−m≤R
P0(|f (m)

0 (x)−Am(x)Y − cm(x)η| > tm(x)) .
J2m+1/n+ J−2(α−m)

tm(x)2
.

Since tm(x)2 � J2m+1/n, we have tm(x)2 � J−2(α−m) if J � n1/(2α+1). Hence the right

hand side above will go to zero as n → ∞. We conclude that inf‖f (m)
0 ‖Hα−m≤R

P0(|f (m)
0 (x) −

Am(x)Y − cm(x)η| ≤ tm(x))→ 1 if J � n1/(2α+1). Let hm(x) = zωn/2
√

Σm(x, x) at x ∈ (0, 1).

By (2.79), we have zωn/2 = O(
√
− logωn). Since Σm(x, x) . J2m+1/n by (2.72), we conclude

using (2.46) that σ̂nhm(x) = OP0(n−(α−m)/(2α+1)
√
− logωn) uniformly over ‖f (m)

0 ‖Hα−m ≤ R

at any x ∈ (0, 1).

The conditional posterior distribution for f (m) is Π(f (m)|Y , σ2) ∼ GP(AmY +cmη, σ
2Σm).

The conditional distribution of (f (m)−AmY − cmη)/σ given (Y , σ2) is GP(0,Σm), and hence

does not depend on Y and σ2. This enables us to construct L2-credible ball for f (m), centered at

its posterior mean with radius σhm, where hm is chosen such that its posterior mass is exactly

1− ωn. That is,

Π(f : ‖f (m) −AmY − cmη‖2 ≤ σhm|Y , σ2) = 1− ωn, (2.85)

where hm → ∞ as ωn → 0 and hm does not depend on Y . The corresponding empirical

L2-credible set is

Ĉ2 = {f : ‖f (m) −AmY − cmη‖2 ≤ σ̂nhm}, (2.86)

where by construction, Πσ̂n(Ĉ2|Y ) = 1 − ωn. We shall study the frequentist coverage of Ĉ2 as

n→∞, which is given by

inf
‖f (m)

0 ‖Hα−m≤R
P0(f0 ∈ Ĉ2). (2.87)
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Theorem 2.10. If J � n1/(2α+1), the asymptotic coverage of (2.87) is 1, and the radius of Ĉ2

is OP0(n−(α−m)/(2α+1)
√
− logωn) uniformly over ‖f (m)

0 ‖Hα−m ≤ R for R > 0 and all m < α.

Proof. For any sequence ζn = o(
√
n), define tm = inf |σ2−σ2

0 |≤ζn/
√
n σhm. By (2.46), to show

(2.87) has asymptotic coverage of 1, it suffices to show

sup
‖f (m)

0 ‖Hα−m≤R
P0

(
‖f (m)

0 −AmY − cmη‖2 > tm

)
→ 0. (2.88)

Let Zn,m ∼ GP(0,Σm). Now Πσ̂n(Ĉ2|Y ) = 1− ωn implies that P (‖Zn,m‖2 > hm)→ 0. Observe

that
∫ 1

0 Zn,m(x)dx is normally distributed, and by Fubini’s theorem, its mean is 0 and variance

is
∫ 1

0

∫ 1
0 Σm(x, y)dxdy. Now since

∫ 1
0 Zn,m(x)dx ≤ ‖Zn,m‖1 ≤ ‖Zn,m‖2 a.s., we have

1− Φ

 hm√∫ 1
0

∫ 1
0 Σm(x, y)dxdy

 ≤ P (‖Zn,m‖2 > hm)→ 0. (2.89)

Hence, h2
m �

∫ 1
0

∫ 1
0 Σm(x, y)dxdy. To derive a lower bound for

∫ 1
0

∫ 1
0 Σm(x, y)dxdy, we first

need to establish lower bounds for integrals of B-splines, it turns out that by using the last two

equations in the proof of Lemma 6.7 in Zhou et al. (1998), we have∫ 1

0
Bj,q(x)dx ≥ 1

Cqq!
(2.90)

for any 1 ≤ j ≤ J , where the constant C is from the quasi-uniform knot assumption in (2.5).

Using the expression for Σm(x, y) at x, y ∈ (0, 1) given in (2.66),

∫ 1

0

∫ 1

0
Σm(x, y)dxdy =

(∫ 1

0
bJ,q,m(x)dx

)T
Wm(BTB + Ω−1)−1W T

m

(∫ 1

0
bJ,q,m(x)dx

)
≥ λmin

{
(BTB + Ω−1)−1

}∥∥∥∥W T
m

(∫ 1

0
bJ,q,m(x)dx

)∥∥∥∥2

&
J

n

∥∥∥∥W T
m

(∫ 1

0
bJ,q,m(x)dx

)∥∥∥∥2

, (2.91)

where the last line follows from (2.19). Now using expressions for the entries of Wm described
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in (2.60)–(2.63) and the lower bound in (2.90),∥∥∥∥W T
m

∫ 1

0
bJ,q,m(x)dx

∥∥∥∥2

=

m∑
j=1

(
j∑
i=1

w
(m)
ij

∫ 1

0
Bi,q−m(x)dx

)2

+

J−2m∑
j=1

(
m∑
i=0

w
(m)
j+i,j+m

∫ 1

0
Bj+i,q−m(x)dx

)2

+
m−1∑
j=0

(
j∑
i=0

w
(m)
J−m−i,J−j

∫ 1

0
BJ−m−i,q−m(x)dx

)2

≥

(
m∏
l=1

q − l
t1 − t1−q+l

)2(∫ 1

0
B1,q−m(x)dx

)2

≥ 1

[Cq−1(q − 1)!]2

(
q −m
q

)2 1

∆2m
� N2m � J2m.

The last line follows since (2.5) implies that t1 − t1−q+l ≤ (q − l + 1)∆ for l = 1, . . . ,m,

and we applied Lemma A.1 to obtain the final lower bound. In view of (2.91), we have∫ 1
0

∫ 1
0 Σm(x, y)dxdy & J2m+1/n. Therefore, t2m & σ2

0hm � J2m+1/n.

Under the true distribution P0, AmY + cmη is a sub-Gaussian process with mean function

AmF 0+cmη and covariance function σ2
0Ψm, where the expression for Ψm(x, y) at x, y ∈ (0, 1) is

given by (2.71). Define Qn,m to be a sub-Gaussian process with mean function 0 and covariance

function σ2
0Ψm. Then uniformly in ‖f (m)

0 ‖Hα−m ≤ R,

E0‖f (m)
0 −AmY − cmη‖22 = E‖AmF 0 + cmη − f (m)

0 +Qn,m‖22
≤ 2E‖Qn,m‖22 + 2‖AmF 0 + cmη − f (m)

0 ‖22

= 2

∫ 1

0
Ψm(x, x)dx+ 2

∫ 1

0
|Am(x)F 0 + cm(x)η − f (m)

0 (x)|2dx

.
J2m+1

n
+ J−2(α−m),

where the last line follows from (2.73) and (2.69) respectively. By Markov’s inequality,

sup
‖f (m)

0 ‖Hα−m≤R
P0(‖f (m)

0 −AmY − cmη‖2 > tm) .
J2m+1/n+ J−2(α−m)

t2m
.

Since t2m � J2m+1/n, we have t2m � J−2(α−m) if J � n1/(2α+1). Hence the right hand side will

go to zero as n→∞. We conclude that inf‖f (m)
0 ‖Hα−m≤R

P0(‖f (m)
0 −AmY − cmη‖2 ≤ tm)→ 1

if J � n1/(2α+1). Applying (3.5) from Ledoux and Talagrand (1991) to Zn,m with ‖ · ‖ as the
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L2-norm, we have

ωn = P (‖Zn,m‖2 > hm) ≤ 4 exp

(
− h2

m

8E‖Zn,m‖22

)
.

It then follows that hm . (E‖Zn,m‖22)1/2
√
− logωn. By Fubini’s theorem and (2.40), we have

E‖Zn,m‖22 =
∫ 1

0 Σ(x, x)dx . J2m+1/n. In view of (2.46), we have uniformly over ‖f (m)
0 ‖Hα−m ≤

R that the radius of Ĉ2 is σ̂nhm = OP0(n−(α−m)/(2α+1)
√
− logωn) .

We will use a slightly different approach to construct L∞-credible region for f (m) of size

1− ω. Note that here ω ∈ [0, 1] does not depend on n and we assume that ω < 1/2. We choose

a sequence h∞,m such that

Πσ̂n(f : ‖f (m) −AmY − cmη‖∞ ≤ σ̂nh∞,m|Y ) = 1− ω, (2.92)

where h∞,m does not depend on Y . As we shall see in Theorem 2.11 below, in order to ensure

frequentist coverage of 1 asymptotically, we need to introduce an inflation factor ρn in the

radius, such that ρn →∞ as n→∞. That is, we consider the following inflated credible region

Ĉ∞ = {f : ‖f (m) −AmY − cmη‖∞ ≤ ρnσ̂nh∞,m}, (2.93)

where by construction, Πσ̂n(Ĉ∞|Y ) ≥ 1− ω if ρn ≥ 1. We shall study the frequentist coverage

of Ĉ∞ as n→∞, which is given by

inf
‖f (m)

0 ‖Hα−m≤R
P0(f0 ∈ Ĉ∞). (2.94)

Theorem 2.11. If J � (n/ log n)1/(2α+1), the asymptotic coverage of (2.94) is 1 and the

radius of Ĉ∞ is OP0((log n/n)(α−m)/(2α+1)ρn), uniformly in ‖f (m)
0 ‖Hα−m ≤ R for R > 0 and

any m < α.

Remark To simultaneously control the size of Ĉ∞ and ensure guaranteed frequentist coverage,

we can take ρn to be a slowly varying factor tending to infinity. For example, ρn = (log log n)1/3

gives excellent results (see the simulation experiment in Section 2.6).

Proof. For any ζn = o(
√
n), let t∞,m = inf |σ2−σ2

0 |≤ζn/
√
n σh∞,m. By (2.46), to show (2.94) has

asymptotic coverage of 1 , it suffices to show

sup
‖f (m)

0 ‖Hα−m≤R
P0(‖f (m)

0 −AmY − cmη‖∞ > ρnt∞,m)→ 0. (2.95)
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Let Zn,m ∼ GP(0,Σm). Define M(Zn,m) to be the median of ‖Zn,m‖∞, i.e., M(Zn,m) is a

number satisfying both P (‖Zn,m‖∞ ≤ M(Zn,m)) ≥ 1/2 and P (‖Zn,m‖∞ ≥ M(Zn,m)) ≥ 1/2.

In addition, we define σ2
Z = supx∈(0,1) Var(Zn,m(x)) and note that by (2.72), σ2

Z . J2m+1/n.

Using the fact that σZ ≤ 2M(Zn,m) and |E‖Zn,m‖∞ −M(Zn,m)| ≤ σZ(π/2)1/2 (see Pages 52

and 54 of Ledoux and Talagrand, 1991), we have E‖Zn,m‖∞ ≤ (1 + 2(π/2)1/2)M(Zn,m). Since

σ2
Z = o(1) for J � (n/ log n)1/(2α+1), we have E‖Zn,m‖∞ ≥ M(Zn,m) + o(1). Consequently,

E‖Zn,m‖∞ �M(Zn,m).

Now, (2.92) implies that P (‖Zn,m‖∞ > h∞,m) = ω. Since ω < 1/2 by assumption, this

implies that h∞,m ≥ M(Zn,m) � E‖Zn,m‖∞. Hence, we need a lower bound for E‖Zn,m‖∞.

Define Vi = Zn,m(ti), where ti with 1 ≤ i ≤ N are the interior knots of the B-spline. By the

mean value theorem and (2.84), we have for some point t∗ ∈ λti + (1− λ)tr with λ ∈ [0, 1] that

J∑
j=1

(
B

(m)
j,q (ti)−B(m)

j,q (tr)
)2

=
J∑
j=1

(
B

(m+1)
j,q (t∗)

)2
(ti − tr)2 & J2m+2 min

1≤l≤N
δ2
l & J2m, (2.96)

where δl = tl − tl−1 for 1 ≤ l ≤ N , and the last inequality follows from assumption (2.5) and

Lemma A.1. Then for any 1 ≤ i, r ≤ N ,

E(Vi − Vr)2 = (bJ,q,m(ti)− bJ,q,m(tr))
TWm(BTB + Ω−1)−1W T

m(bJ,q,m(ti)− bJ,q,m(tr))

≥ λmin{(BTB + Ω−1)−1}‖W T
m(bJ,q,m(ti)− bJ,q,m(tr))‖2

&
J

n

J∑
j=1

(
B

(m)
j,q (ti)−B(m)

j,q (tr)
)2
≥ cJ

2m+1

n
, (2.97)

where c > 0 is a universal constant not depending on n, and we used (2.19) to lower bound the

minimum eigenvalue of (BTB + Ω−1)−1. Define Ui =
√

2n/(cJ2m+1)Vi and Hi i.i.d N(0, 1) for

1 ≤ i ≤ N . By equation (3.14) of Ledoux and Talagrand (1991), we have E(max1≤i≤N Hi) &
√

logN . Therefore for any 1 ≤ i, r ≤ N ,

E(Ui − Ur)2 ≥ 2 = E(Hi −Hr)
2, (2.98)

and by Slepian’s Lemma (Corollary 3.14 of Ledoux and Talagrand, 1991), we have

E

(
max

1≤i≤N
Ui

)
≥ E

(
max

1≤i≤N
Hi

)
&
√

logN. (2.99)

Since N ∼ J by Lemma A.1, we have t2∞,m & σ2
0h

2
∞,m & (E‖Zn,m‖∞)2 & (J2m+1/n) log n. Then
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uniformly in ‖f (m)
0 ‖Hα−m ≤ R,

E0(‖f (m)
0 −AmY − cmη‖2∞) = E(‖AmF 0 + cmη − f (m)

0 +Qn,m‖2∞)

≤ 2E(‖Qn,m‖2∞) + 2E(‖AmF 0 + cmη − f (m)
0 ‖2∞)

.
J2m+1

n
log n+

J2m+2

n2
+ J−2(α−m)

.
J2m+1

n
log n+ J−2(α−m), (2.100)

where the last two lines follow from (2.76) and (2.69) respectively. By Markov’s inequality,

sup
‖f (m)

0 ‖Hα−m≤R
P0(‖f (m)

0 −AmY − cmη‖∞ > ρnt∞,m) .
(J2m+1/n) log n+ J−2(α−m)

ρ2
nt

2
∞,m

. (2.101)

Now, since t2∞,m & (J2m+1/n) log n, then ρ2
nt

2
∞,m � (J2m+1/n) log n. If J � (n/ log n)1/(2α+1),

we have ρ2
nt

2
∞,m � J−2(α−m). Hence the fraction on the right hand side goes to 0 as n →

∞. We conclude that inf‖f (m)
0 ‖Hα−m≤R

P0(‖f (m)
0 − AmY − cmη‖∞ ≤ ρnt∞,m) → 1 for J �

(n/ log n)1/(2α+1). Applying (3.5) from Ledoux and Talagrand (1991) to Zn,m with ‖ · ‖ as the

L∞-norm, we have

ω = P (‖Zn,m‖∞ > h∞,m) ≤ 4 exp

(
−

h2
∞,m

8E‖Zn,m‖2∞

)
.

Hence, h∞,m . (E‖Zn,m‖2∞)1/2
√
− logω. By (2.76), we have E‖Zn,m‖2∞ . (J2m+1/n) log n. In

view of (2.46), we have uniformly over ‖f (m)
0 ‖Hα−m ≤ R that the radius of Ĉ∞ is ρnσ̂nh∞,m =

OP0((log n/n)(α−m)/(2α+1)ρn) .

Remark If we allow ω = ωn → 0 without using ρn, as in the construction for pointwise and

L2-credible regions, we need h2
∞,m � (J2m+1/n) log n to make the right hand side of (2.101)

approach 0. We currently are unable to show this but conjecture that the lower bound for

h2
∞,m established above, i.e., (J2m+1/n) log n is sharp regardless whether ω < 1/2 is fixed or

approaching 0. The introduction of an inflation factor is not unique to this problem, and it was

used by Szabo et al. (2014) in the context of constructing adaptive L2-credible regions.

Another way to ensure guaranteed frequentist coverage is to undersmooth the prior, i.e.,

using more B-splines in the expansion than the optimal number. However, it turns out that we

need two different priors to accomplish this task for L∞-credible sets. Namely, we use the optimal

J to estimate the center AmY +cmη and a larger J to estimate the size of the radius. We write

f as fJ to show that J B-splines have been used in the expansion of (2.3). In a similar manner,
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we write AJ
m for Am, cJm for cm, ΣJ

m for Σm and σ̂2
n,J for σ̂2

n. Let Jn � (n/ log n)1/(2α+1) be the

optimal number of basis. Using the same construction as in (2.93), we consider the following

empirical credible region for fJ with radius σ̂n,JhJ,m,

ĈJ∞ = {fJ : ‖f (m)
J −AJ

mY − cJmη‖∞ ≤ σ̂n,JhJ,m}, (2.102)

where hJ,m does not depend on Y . We first choose hJ,m such that Πσ̂n,J (ĈJ∞|Y ) = 1 − ω with

ω < 1/2, where the appropriate order of J will be determined in Theorem 2.12 below. Using

this hJ,m, we then study the frequentist coverage of the following set:

inf
‖f (m)

0 ‖Hα−m≤R
P0(‖f (m)

0 −AJn
m Y − cJnm η‖∞ ≤ σ̂n,JhJ,m). (2.103)

Theorem 2.12. Let m < β < α. If J � (n/ log n)1/(2β+1), the asymptotic coverage of (2.103)

is 1, and the radius of ĈJ∞ is OP0((log n/n)(β−m)/(2β+1)), uniformly over ‖f (m)
0 ‖Hα−m ≤ R for

R > 0 and any m < β.

Proof. Define tJ,m = inf |σ2−σ2
0 |≤ζn/

√
n σhJ,m. Following the same argument as in Theorem 2.11,

we see that t2J,m & (J2m+1/n) log n. Using the optimal Jn � (n/ log n)1/(2α+1) to estimate

the posterior mean, we see that E0(‖f (m)
0 −AJn

m Y − cJnm η‖2∞) . (J2m+1
n /n) log n + J

−2(α−m)
n

uniformly in ‖f (m)
0 ‖Hα−m ≤ R, by substituting J for Jn in (2.100) of Theorem 2.11. By Markov’s

inequality,

sup
‖f (m)

0 ‖Hα−m≤R
P0(‖f (m)

0 −AJn
m Y − cJnm η‖∞ > tJ,m) .

(J2m+1
n /n) log n+ J

−2(α−m)
n

(J2m+1/n) log n
. (2.104)

Since J � Jn, we have (J2m+1/n) log n � (J2m+1
n /n) log n and (J2m+1/n) log n � J

−2(α−m)
n .

These then imply the right hand side above will go to 0 as n → ∞. We conclude that

P0(‖f (m)
0 −AJn

m Y −cJnm η‖∞ ≤ tJ,m)→ 1 for J � (n/ log n)1/(2β+1) uniformly over ‖f (m)
0 ‖Hα−m ≤

R. As in the proof of Theorem 2.11, it follows from (3.5) of Ledoux and Talagrand (1991)

that hJ,m . (E‖ZJn,m‖2∞)1/2
√
− logω for ZJn,m ∼ GP(0,ΣJ

m). By (2.76), we have E‖ZJn,m‖2∞ .

(J2m+1/n) log n. In view of (2.46), we have uniformly over ‖f (m)
0 ‖Hα−m ≤ R that the radius of

ĈJ∞ is σ̂n,JhJ,m = OP0((log n/n)(β−m)/(2β+1)).

Remark If we had used the optimal Jn to estimate both the radius and the posterior mean,

then the right hand side of (2.104) does not approach 0, and hence the need for two different

priors. This is in contrast to the undersmoothing method described in Knapik et al. (2011)

where they considered L2-credible region. In Theorem 4.2 of that paper, one prior is sufficient

to do undersmoothing. The main difference is that unlike in the L2 case, the expectation and
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standard deviation of ‖ZJn,m‖∞ has the same order of magnitude, and their argument using

asymptotically completely separated distributions (see page 22 of the same paper) does not

apply here.

Theorem 2.11 uses the optimal number of B-spline basis to estimate both the center and

radius but inflates the width of the credible region by some factor to ensure frequentist cov-

erage of 1 asymptotically. Theorem 2.12 achieves the same aim by using the optimal number

to estimate the center but uses a larger J to estimate the radius. In terms of implementation,

Theorem 2.11 enjoys two advantages over Theorem 2.12. The first advantage is that we do not

have to use two priors, one with optimal Jn and the other with larger J for point estimation

and credible region construction respectively. Since the inflation factor ρn does not depend on

α, which is the underlying smoothness of f0, it can be used in the adaptive context, i.e, in the

case of unknown α and we put a prior on J . On the other hand, we cannot undersmooth if we

use an adaptive prior on J , since adaptive prior by definition smooths the right amount.

In view of Theorems 2.9–2.12, we see that there are three different types of credible region

constructions that will guarantee frequentist coverage of 1 asymptotically. The first is to let

the credible level 1 − ωn approach one as n → ∞, and it was used to construct pointwise and

L2-credible regions (Theorems 2.9 and 2.10). If ωn does not depend on n, then one could either

inflate the radius by some slowly varying factor ρn (Theorem 2.11), or do undersmoothing by

using a larger J in determining the radius (Theorem 2.12).

2.6 Simulation

In this section, we construct pointwise credible intervals and credible bands based on results

established in the previous section. In addition, we will compare finite sample performance of

our credible intervals and bands with the confidence intervals and bands proposed by Zhou

et al. (1998). Consider the following true function,

f0(x) =
√

2
∞∑
i=1

i−3/2 sin (i) cos{(i− 1/2)πx}, (2.105)

where x ∈ [0, 1]. This function is taken from Knapik et al. (2011), and they showed that it has

smoothness of α = 1 in the Sobolev sense. Figure 2.2 shows a plot of this function. We assume

that the data are generated using

Yi = f0(Xi) + σ0Zi, i = 1, . . . , n, (2.106)
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where Zi
i.i.d.∼ N(0, 1) and we set σ2

0 = 0.1. The covariates follow a discrete uniform design,

i.e., Xi = (i − 1)/(n − 1) for i = 1, . . . , n. We use B-splines of order 4 (cubic) and uniform

knot sequence where we added 4 duplicate knots at each of the boundary points {0, 1}. For the

prior parameters, we set η = 0 and Ω = IJ , where J is determined by cross-validation (to be

discussed below). Using the methods discussed in Section 2.5, we construct 1 − ωn pointwise

credible intervals for f with m = 0 where ωn = 5/n. The constant 5 is chosen such that ωn at

n = 100 is 0.05. Here, σ̂2
n is computed using (2.14). However, direct computation is expensive

since the matrix in the middle BΩBT + In is n × n and n � J . Instead, we use (2.25) and

rewrite σ̂2
n as

σ̂2
n =

(Y −Bη)T (Y −Bη)− (Y −Bη)B(BTB + Ω−1)−1BT (Y −Bη)

n
. (2.107)

This then results in huge reduction in the number of flops, since now BTB+ Ω−1 is J × J and

J � n. Moreover, this matrix is 4-banded by our choice of prior, Ω = IJ .

0.0 0.2 0.4 0.6 0.8 1.0

−
1

0
1

2
3

x

f 0

Figure 2.2: A plot of f0, note the distinguishing bump near x = 0.3

For comparison, we will use methods proposed by Zhou et al. (1998) to construct 1 −
ωn pointwise confidence intervals for f . Let f̂(x) = bJ,q(x)T θ̂ be the least squares estimator

for f where θ̂ = (BTB)−1BTY . Their asymptotic 1 − ωn pointwise confidence intervals are
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constructed as follows (see Theorem 4.1 of the same paper),

f̂(x)± zωn/2
√

Var(f̂(x)), (2.108)

where Var(f̂(x)) = σ2bJ,q(x)T (BTB)−1bJ,q(x). Note that since zωn/2 → ∞ as ωn → 0, under-

smoothing is not needed and J � n1/(2α+1) will be enough to ensure asymptotic coverage of

1. However, since σ2 is unknown, we use σ̃2
n = (Y −Bθ̂)T (Y −Bθ̂)/(n−J) as plug-in estimator.

As we will see below in our simulation (see Figures 2.5–2.6), there is a point that has

pointwise coverage of 0 for both Bayesian and frequentist methods, in all sample sizes considered.

Consequently, we need a better way to construct credible and confidence intervals, which will

ensure adequate coverage for all points under consideration. One way to accomplish this is to

construct simultaneous credible and confidence bands. For our proposed method, we construct

1− ω credible band as

(A(x)Y + c(x)η)± ρnσ̂nh∞,0 (2.109)

in view of (2.93). Note that here ω does not depend on n. To actually determine h∞,0 in (2.109),

we draw 1000 samples f̃ ∼ Πσ̂n(f |Y ) and compute Z̃∞ = ‖f̃ −AY − cη‖∞/σ̂n for each drawn

sample. Then, h∞,0 is estimated using the corresponding 1 − ω empirical quantile of Z̃∞. To

construct 1−ω asymptotic confidence band, we use Theorem 4.2 of Zhou et al. (1998). That is,

f̂(x)± c(ω)

√
Var(f̂(x)), (2.110)

where c(ω) solves the following equation

ω

2
=
|γ|
2π

exp(−c(ω)2/2) + 1− Φ(c(ω)).

The expression for |γ| is given by (see equation (41) of Zhou et al., 1998)

|γ| =
∫ 1

0

(bJ,q(x)T (BTB)−1H(BTB)−1H(BTB)−1bJ,q(x))1/2

(bJ,q(x)T (BTB)−1bJ,q(x))3/2
dx, (2.111)

where H = W T
1 bJ,q,1(x)bJ,q(x)T − bJ,q(x)bJ,q,1(x)TW 1. Hence, the confidence bands of Zhou

et al. (1998) have varying length at each data point while our credible bands have fixed length.

To determine the optimal J for both methods, we use leave-one-out cross validation (CV) based

on the posterior mean AY + cη and the least squares estimator f̂ respectively, with prediction

mean square error as our criterion function.
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We conduct our experiment across sample sizes n = 100, 300, 500, 700, 1000, 2000. For point-

wise credible and confidence intervals, we report the empirical coverage based on 1000 Monte

Carlo runs for each sample size. All computations were carried out in R and B-splines were

constructed using the bs function from the splines package.

Figures 2.3 and 2.4 show the optimal N (vertical dash lines) chosen based on cross-validation

for each level of sample size, where N is the number of interior knot points. The plots on the

left panel (Bayes) use the posterior mean AY + cη as estimator of f , while those on the right

(Frequentist) use the least squares estimator f̂ . We see that apart from the case where n = 100,

both Bayesian and frequentist methods choose the same optimal N . Also, we notice that the

plots for both methods become more and more similar as n increases. Hence, for the rest of the

simulation study, the same N or equivalently J will suffice for both methods. Table 2.1 shows

the growth rate of J selected by CV as n increases. Observe that there is a close agreement

between the optimal J by CV with those computed using the formula Cn1/(2α+1) for α = 1, and

C > 0 is a universal constant not depending on n. By trial and error, we found that C = 1.65

for the true function f0 we considered. This formula is useful for predicting the optimal J for

larger sample sizes. For example, one should use approximately 29 B-splines for n = 5000.

Table 2.1: Optimal J by CV (Bayes) vs. Computed J based on asymptotic formula with α = 1.

n 100 300 500 700 1000 2000

J 8 10 13 14 17 20

1.65n1/(2α+1) 7.66 11.05 13.1 14.65 16.5 20.79

The pointwise coverage probabilities of the credible and confidence intervals for different n

are shown in Figures 2.5 and 2.6. One distinguishing feature of these plots is the downward

spike at around x = 0.3, which corresponds to the bump in the plot of the true function f0 in

Figure 2.2. We see that the plots gradually narrow down to this point as n increases. Moreover,

the pointwise coverage is 0 at this point for both Bayesian and frequentist methods in all sample

sizes considered. Other than this point, both methods yield almost the same pointwise coverage,

especially in large samples sizes, i.e., n = 700 and above. We conclude that for high credibility

and confidence levels, credible and confidence regions are equivalent in quantifying uncertainty

of estimating f0.

Table 2.2 shows the coverage of 95% (ω = 0.05) simultaneous credible and confidence bands.

By trial and error, we found that ρn = (log log n)1/3 will cover the bump across all n. As a result,
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our method has coverage of 1 for all sample sizes considered. At n = 100, the apparent higher

coverage for the confidence bands is due to the positive bias of σ̃2
n at small n, which increases

the coverage probability. From n = 300 onward, the coverage of confidence bands increases

with n. The corresponding graphical representations of these bands are shown in Figures 2.7

and 2.8. The left panel corresponds to our proposed Bayesian method, with the red line as the

posterior mean and blue dash lines as our 95% credible bands. The right panel corresponds to

the frequentist method of Zhou et al. (1998), with the red line as the least squares estimator

f̂ and the blue dash lines as the 95% confidence bands. In both panels, the black line is the

true function f0. Except at the endpoints {0, 1}, we see that our credible band has larger width

than the confidence band across all n, but the width of our credible band is decreasing with

increasing n, a phenomenon similarly observed for confidence bands. At the endpoints, the

frequentist method has much larger width due to the fact that there are fewer observations at

these points. Note that our proposed credible bands cover the bump in f0 for all sample sizes

considered, while the frequentist method still misses the bump slightly, especially for n = 100

and sample sizes n = 700 and above.

Table 2.2: 95% simultaneous credible and confidence bands.

n 100 300 500 700 1000 2000

Credible band coverage 1 1 1 1 1 1
Confidence band coverage 0.972 0.948 0.963 0.978 0.985 0.986
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(a) Bayes: n = 100, N = 4
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(b) Frequentist: n = 100, N = 3
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(c) Bayes: n = 300, N = 6
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(d) Frequentist: n = 300, N = 6
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(e) Bayes: n = 500, N = 9
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(f) Frequentist: n = 500, N = 9

Figure 2.3: CV mean square error against N number of interior knots. Vertical dash lines
indicate optimal N .
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(a) Bayes: n = 700, N = 10
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(b) Frequentist: n = 700, N = 10
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(c) Bayes: n = 1000, N = 13
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(d) Frequentist: n = 1000, N = 13
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(e) Bayes: n = 2000, N = 16

●

●

●

●

●

●

●

●

● ●

●

● ●

●
●

●

● ●

●

● ●
●

● ●
●

● ●
● ● ●

0 5 10 15 20 25 30

0.
10

0
0.

10
2

0.
10

4
0.

10
6

0.
10

8
0.

11
0

0.
11

2

(f) Frequentist: n = 2000, N = 16

Figure 2.4: CV mean square error against N number of interior knots. Vertical dash lines
indicate optimal N .
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(a) n = 100, credibility = 0.95
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(b) n = 100, nominal = 0.95
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(c) n = 300, credibility = 0.9833
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(d) n = 300, nominal = 0.9833
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(e) n = 500, credibility = 0.99
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(f) n = 500, nominal = 0.99

Figure 2.5: Pointwise coverage probabilities for credible and confidence intervals.
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(a) n = 700, credibility = 0.9929
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(b) n = 700, nominal = 0.9929
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(c) n = 1000, credibility = 0.995
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(d) n = 1000, nominal = 0.995
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(e) n = 2000, credibility = 0.9975
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(f) n = 2000, nominal = 0.9975

Figure 2.6: Pointwise coverage probabilities for credible and confidence intervals.
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(f) Frequentist: n = 500

Figure 2.7: Red: posterior mean (left) and f̂ (right), Black: true function, Blue dash: 95%
L∞-credible (left) and confidence (right) bands.
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(f) Frequentist: n = 2000

Figure 2.8: Red: posterior mean (left) and f̂ (right), Black: true function, Blue dash: 95%
L∞-credible (left) and confidence (right) bands.

56



Chapter 3

Sup-norm posterior convergence

rate for multivariate regression

3.1 Introduction

Consider the nonparametric regression problem in (1.1), such that for some f : U ⊆ Rd → R,

we have

Yi = f(Xi) + εi, (3.1)

where εi are independent and identically distributed (i.i.d.) as N(0, σ2) and 0 < σ < ∞ is un-

known. The covariates Xi = (Xi1, . . . , Xid)
T for i = 1, . . . , n can be deterministic or randomly

distributed. In both cases, Xi ∈ U for i = 1, . . . , n, where U is some open rectangular region in

Rd. Since any such regions is an affine transformation of the unit cube, we can let U = (0, 1)d

without loss of generality.

This chapter is an extension of the previous chapter to higher dimensions. In the present

chapter, we will estimate f and its mixed partial derivatives using Bayesian procedures, by ex-

panding f using tensor-product B-splines and assigning normal priors on the basis coefficients.

To deal with unknown σ2, we consider two approaches: by estimating σ2 using empirical Bayes,

or further endowing σ2 with a conjugate inverse-gamma prior. Conjugacy with the model (3.1)

above then enables explicit expression for the posterior distribution to be derived and analyzed.

We will study pointwise, L2-and L∞-posterior convergence rates for f and its mixed partial

derivatives. Moreover, pointwise, L2-and L∞-credible sets will be constructed to quantify their

estimation uncertainties. Under appropriate conditions, we show that they have guaranteed

frequentist coverage with optimal size up to a logarithmic factor. Lastly, we will investigate the
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issue of anisotropy, i.e., functions with different smoothness in different dimensions, and study

its effect on posterior convergence rates and credible sets construction.

Since tensor-product B-splines are used extensively in this chapter, we will describe them

briefly and discuss some of their important properties. Suppose we have d system of order qk

univariate B-splines with knot sequence 0 = tk,0 < tk,1 < · · · < tk,Nk < tk,Nk+1 = 1, at each

dimension k = 1, . . . , d. That is, {Bjk,qk(·) : jk = 1, . . . , Jk, k = 1, . . . , d} for Jk = qk + Nk. We

construct tensor-product B-splines at x = (x1, . . . , xd)
T as

Bj1,...,jd(x1, . . . , xd) =

d∏
k=1

Bjk,qk(xk).

Figure 3.1 shows 100 bivariate cubic B-splines, where we plotted only the last 50 to show

its inner structure. Since tensor-product B-splines are products of univariate B-splines, its

properties can be derived from those listed in Section 2.1 of the previous chapter. Below is a

list of the most important properties of tensor-product B-splines used in this dissertation (see

Chapter 12 Section 2 of Schumaker, 2007 for proofs of these properties). For new results on

tensor-product B-splines that we developed for this dissertation, see Appendix B.

1. 0 ≤ Bj1,...,jd(x) ≤ 1 for all x ∈ (0, 1)d and 1 ≤ jk ≤ Jk, k = 1, . . . , d.

2. The support of Bj1,...,jd(x) is
∏d
k=1(tk,jk−qk , tk,jk). That is, we have Bj1,...,jd(x) > 0 on

x ∈
∏d
k=1(tk,jk−qk , tk,jk) and is zero for x /∈

∏d
k=1[tk,jk−qk , tk,jk ].

3. For a given xk ∈ [tk,l−1, tk,l], only qk adjacent B-splines (Bl,qk(xk), . . . , Bl+qk−1,qk(xk))
T

are nonzero (positive) for k = 1, . . . , d.

4. Partition of unity:
∑J1

j1=1 . . .
∑Jd

jd=1Bj1,...,jd(x) = 1 for any x ∈ (0, 1)d.

Unless otherwise noted, we now describe the assumption on f0 that will be used throughout

this chapter.

Assumption 2. Under the true distribution P0, we assume Yi = f0(Xi) + εi, such that εi

are i.i.d. with mean 0, variance σ2
0 and ‖εi‖ψ2 < ∞ for i = 1, . . . , n. Also, f0 belongs to the

isotropic Hölder space Hα((0, 1)d) of order α > max{d/2, 2}. To avoid boundary effects, f0 can

be extended to a slightly bigger set (−ε, 1 + ε)d for some ε > 0.

Let p0 be the density of P0 with respect to the Lebesgue measure. Let E0(·) and Var0(·)
be the expectation and variance operators taken with respect to P0 respectively. For notational

conciseness, write F 0 = (f0(X1), . . . , f0(Xn))T and ε = (ε1, . . . , εn)T .
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Figure 3.1: A set of 100 bivariate cubic B-splines. To show the inner structure, only the last
50 is plotted.

3.2 Prior and posterior conjugacy

For any x = (x1, . . . , xd)
T , we represent f(x) as

f(x) =

J1∑
j1=1

· · ·
Jd∑
jd=1

θj1,...,jdBj1,q1(x1) · · ·Bjd,qd(xd) = bJ ,q(x)Tθ, (3.2)

where bJ ,q(x) = {Bj1,q1(x1) · · ·Bjd,qd(xd)}
J1,...,Jd
j1=1,...,jd=1 is a vector of J =

∏d
k=1 Jk tensor-product

B-splines, and θ = {θj1,...,jd}
J1,...,Jd
j1=1,...,jd=1 are the corresponding basis coefficients. Each element

in bJ ,q(x) is a product of d univariate B-splines of fixed orders q = (q1, . . . , qd)
T , such that

qk ≥ α for k = 1, . . . , d, with number of basis J = (J1, . . . , Jd)
T for each B-spline component.

Let Y = (Y1, . . . , Yn)T , X = (XT
1 , . . . ,X

T
n )T and B = (bJ ,q(X1), . . . , bJ ,q(Xn))T . Then the

model for (3.1) can be written compactly as

Y |X,θ, σ2 ∼ Nn(Bθ, σ2In). (3.3)

In this chapter, we treat each component of J as deterministic and allow it to depend on n, d

and α. At each k = 1, . . . , d, the kth B-spline system has knot sequence 0 = tk,−qk = tk,1−qk =

· · · = tk,0 < tk,1 < · · · < tk,Nk < tk,Nk+1 = tk,Nk+2 = · · · = tk,Nk+q = 1. The qk duplicate knots
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at each boundary point {0, 1} are needed, because the recursive formulas for B-spline and its

derivatives (see equations (4.22) and (4.23) of Schumaker, 2007) entail using knot points with

index exceeding Nk or have negative index. We note that the knot points and the number of

interior knots Nk may depend on n. We then have Jk = qk + Nk, where Nk and thus Jk are

increasing with n. Moreover, we assume that
∏d
k=1 Jk ≤ n.

At each k = 1, . . . , d, define δk,l = tk,l − tk,l−1 to be the one-step knot increment, and let

∆k = max1≤l≤Nk δk,l be the mesh size. We assume that the knot sequence for each direction is

quasi-uniform (see Definition 6.4 of Schumaker, 2007), that is,

∆k

min1≤l≤Nk δk,l
≤ C (3.4)

for some C > 0. This assumption is reasonable in view of Lemma 6.17 from Schumaker (2007)

which says that we can always choose a subset of knots from any given knot sequence to form

a quasi-uniform sequence with C = 3. In addition, this class of partition is general enough for

most applications and includes the uniform and nested uniform partitions as special cases (see

Examples 6.6 and 6.7 of Schumaker, 2007 respectively).

If the design points Xi = (Xi1, . . . , Xid)
T for i = 1, . . . , n are deterministic, assume that

there exists a cumulative distribution function G(x) having support on [0, 1]d, with positive

and continuous density g(x) such that

sup
x∈[0,1]d

|Gn(x)−G(x)| = o

(
d∏

k=1

N−1
k

)
, (3.5)

where Gn(x) = n−1
∑n

i=1 1
∏d
k=1[Xik,∞)(x) is the empirical distribution of {Xi : i = 1, . . . , n}.

For example, let n = md for some m ∈ N, the discrete uniform design Xi ∈ {(j − 1)/(m− 1) :

j = 1, . . . ,m}d for i = 1, . . . , n satisfies (3.5) with G being the uniform distribution on [0, 1]d

and Nk . n1/(2α+d) for k = 1, . . . , d.

For random design points, we assume thatXi
i.i.d.∼ G(x), and they are mutually independent

of εi for i = 1, . . . , n. Here, G(x) = P (Xi ≤ x) is a cumulative distribution function with

continuous density g(x) on [0, 1]d. By Donsker’s theorem, ‖Gn − G‖∞ = OP (1/
√
n). If Nk .

n1/(2α+d) for k = 1, . . . , d and α > d/2, then

‖Gn −G‖∞ = OP

(
1√
n

)
= oP

(
d∏

k=1

N−1
k

)
. (3.6)
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In this dissertation, we will prove results on posterior convergence rates and credible sets based

on deterministic design points. The established theorems will then translate directly to the

random case by conditioning X in the posterior distribution, i.e., by considering Π(·|Y ,X).

Note that BTB is indexed by d-dimensional multi-indices. That is, for u = (u1, . . . , ud)
T

and v = (v1, . . . , vd)
T with 1 ≤ uk, vk ≤ Jk, k = 1, . . . , d, the (u,v)th entry is (BTB)u,v =∑n

i=1

∏d
k=1Buk,qk(Xik)Bvk,qk(Xik). Unlike in the one-dimensional case, BTB is not banded in

the usual sense, regardless of any permutations of the columns of B. In order to proceed, we

extend the concept of banded matrix to general array-indexed matrix in the following definition:

Definition 3.1. (Multidimensional banding). Let A be a 2d-dimensional square array of

order J×J for J = (J1, . . . , Jd)
T , such that each element of A is au,v for u = (u1, . . . , ud)

T and

v = (v1, . . . , vd)
T with 1 ≤ uk, vk ≤ Jk, k = 1, . . . , d. We represent A as a matrix with rows and

columns indexed by d-dimensional multi-indices 1d ≤ u,v ≤ J respectively, where arrangement

of the elements can be arbitrary, and the corresponding (u,v)th element of this matrix denoted

as au,v. We say that A is h = (h1, . . . , hd)
T banded if au,v = 0 when |uk − vk| > hk for some

k = 1, . . . , d.

Recall that the (u,v)th entry of BTB is
∑n

i=1

∏d
k=1Buk,qk(Xik)Bvk,qk(Xik). Given some Xi =

(Xi1, . . . , Xid)
T for i = 1, . . . , n such that Xik ∈ [tk,l−1, tk,l], only qk adjacent basis functions

(Bl,qk(Xik), . . . , Bl+qk−1,qk(Xik))
T will be nonzero for k = 1, . . . , d. Hence if |um− vm| > qm for

some m = 1, . . . , d, then Bum,qm(Xim)Bvm,qm(Xim) = 0, and we conclude that (BTB)u,v = 0.

It then follows that BTB is q-banded in view of Definition 3.1.

On the basis coefficients, we assign

θ|σ2 ∼ NJ(η, σ2Ω). (3.7)

We assume that ‖η‖∞ < ∞ and the entries of Ω do not depend on n. The entries of Ω are

indexed using d-dimensional multi-indices in a similar manner as for BTB described above.

We further assume that Ω−1 is a v = (v1, . . . , vd)
T banded matrix, where each element of v

does not depend on n. The bandedness of Ω−1 ensures that the posterior precision matrix is

also banded, which allows upper bound on the bias of the posterior mean to be established. We

note that Ω depends on n only through its dimension, which is J ×J . Furthermore, as n→∞,

we assume that there exists constants 0 < c1 ≤ c2 <∞ not depending on n such that

c1IJ ≤ Ω ≤ c2IJ . (3.8)

We see that a scaled identity matrix satisfies the multidimensional banding assumption and
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(3.8) for v = 1d. The prior support of f is given by the closure of its reproducing kernel Hilbert

space (van der Vaart and van Zanten, 2008a), which is the J-dimensional space of polynomial

splines spanned by elements of bJ ,q(·). Since qk ≥ α, this implies that the prior support of f is

a subspace of Hα((0, 1)d).

Based on (3.3) and (3.7), the conditional posterior of θ is

Π(θ|Y , σ2) ∼ NJ

[(
BTB + Ω−1

)−1 (
BTY + Ω−1η

)
, σ2

(
BTB + Ω−1

)−1
]
. (3.9)

It then follows that the induced posterior for f is Π(f |Y , σ2) ∼ GP(AY + cη, σ2Σ), where A

and c are bounded linear operators mapping Rn and RJ respectively to Hα((0, 1)d), and Σ is

the covariance function defined on (0, 1)d × (0, 1)d such that for any x,y ∈ (0, 1)d,

A(x) = bJ ,q(x)T
(
BTB + Ω−1

)−1
BT , (3.10)

c(x) = bJ ,q(x)T
(
BTB + Ω−1

)−1
Ω−1, (3.11)

Σ(x,y) = bJ ,q(x)T
(
BTB + Ω−1

)−1
bJ ,q(y). (3.12)

Note that since the posterior mean can be written as
∑n

i=1 ai(x)Yi + c(x)η at a fixed x, with

ai(x) being the ith element of the row vector A(x), Assumption 2 with Properties 1 and 2 of

Appendix C imply that AY + cη is a sub-Gaussian process under P0.

To deal with unknown σ2, we will consider two approaches. The first is empirical Bayes

estimation. Based on (3.3) and (3.7), it follows that Y |σ2 ∼ Nn[Bη, σ2(BΩBT + In)]. The

corresponding marginal log-likelihood function is

l(σ2) = −n
2

log 2π − n

2
log σ2 − 1

2
log{det (BΩBT + In)}

− 1

2σ2
(Y −Bη)T (BΩBT + In)−1(Y −Bη),

with score function

dl(σ2)

dσ2
= − n

2σ2
+

1

2σ4
(Y −Bη)T (BΩBT + In)−1(Y −Bη).

Setting the above to zero and solving for σ2, we obtain

σ̂2
n =

(Y −Bη)T (BΩBT + In)−1(Y −Bη)

n
. (3.13)
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Note that P0(σ̂2
n > 0) = 1 since P0(Y = Bη) = 0. By the second order condition,

d2l(σ2)

d(σ2)2

∣∣∣∣
σ2=σ̂2

n

= − n

2σ̂4
n

< 0.

Hence with P0 almost surely, σ̂2
n is a local maximum. Since σ̂2

n is the unique critical point, we

conclude that σ̂2
n is the maximum marginal likelihood estimator for σ2. Empirical Bayes then

entails substituting σ2 for σ̂2
n in the conditional posterior of f , i.e.,

Π(f |Y , σ2)|σ2=σ̂2
n

= Πσ̂n(f |Y ) ∼ GP(AY + cη, σ̂2
nΣ). (3.14)

We then write Eσ̂n(·|Y ) and Varσ̂n(·|Y ) for the expectation and variance operators taken with

respect to this empirical posterior. For the second approach, we will consider full hierarchical

Bayes by further endowing σ2 with a conjugate inverse-gamma (IG) prior

σ2 ∼ IG

(
β

2
,
γ

2

)
(3.15)

for some hyperparameters β > 4 and γ > 0. Here, β > 4 ensures that the prior mean and

variance of σ2 exist. By direct calculations, the posterior of σ2 is

σ2|Y ∼ IG

(
β + n

2
,
γ + nσ̂2

n

2

)
. (3.16)

Under assumptions (3.4) and (3.5), Lemma B.7 concludes that there exist constants 0 <

C1 ≤ C2 <∞ not depending on n such that as n→∞,

C1n

(
d∏

k=1

J−1
k

)
IJ ≤ BTB ≤ C2n

(
d∏

k=1

J−1
k

)
IJ . (3.17)

In particular, ‖BTB‖(2,2) � n
∏d
k=1 J

−1
k . Combining the above with (3.8), it follows that(

C1n

d∏
k=1

J−1
k +

1

c2

)
≤ λmin

(
BTB + Ω−1

)
≤ λmax

(
BTB + Ω−1

)
≤

(
C2n

d∏
k=1

J−1
k +

1

c1

)
. (3.18)

By Theorem 22 in de Boor (2001) Chapter XII, for f0 ∈ Hα((0, 1)d), there exists a θ∞ ∈ RJ
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such that for constant Cα,d,q > 0 depending only on α, d and q with R > 0, we have

sup
‖f0‖Hα≤R

‖bJ ,q(·)Tθ∞ − f0‖∞ ≤ sup
‖f0‖Hα≤R

Cα,d,q

d∑
k=1

J−αk ‖f0‖Hα .
d∑

k=1

J−αk . (3.19)

Since ‖bJ ,q(·)Tθ∞‖∞ ≤ ‖f0‖Hα + Cα,d,q
∑d

k=1 J
−α
k ‖f0‖Hα ≤ R + d uniformly in ‖f0‖Hα ≤ R,

we have

sup
‖f0‖Hα≤R

‖θ∞‖∞ . sup
‖f0‖Hα≤R

‖bJ ,q(·)Tθ∞‖∞ = O(1) (3.20)

by (12.25) of Theorem 12.5 in Schumaker (2007). The next theorem shows that σ̂2
n derived in

(3.13) is a
√
n-consistent estimator of σ2

0, uniformly over ‖f0‖Hα ≤ R.

Theorem 3.1. If Jk � n1/(2α+d) for k = 1, . . . , d and α > d/2, we have for R > 0,

sup
‖f0‖Hα≤R

E0(σ̂2
n − σ2

0)2 = O

(
1

n

)
. (3.21)

Proof. Let U = (BΩBT + In)−1 and J =
∏d
k=1 Jk. By equation (33) of page 355 in Searle

(1982), the absolute bias |E0(σ̂2
n)− σ2

0| is∣∣∣∣σ2
0

n
tr(U)− σ2

0

∣∣∣∣+
1

n
(F 0 −Bη)TU(F 0 −Bη)

.
1

n
[tr(In −U) + (F 0 −Bθ∞)TU(F 0 −Bθ∞) + (Bθ∞ −Bη)TU(Bθ∞ −Bη)], (3.22)

where we used (x + y)TD(x + y) ≤ 2xTDx + 2yTDy for any D ≥ 0 in the last line. Let

PB = B(BTB)−1BT . Suppose that A is an m ×m matrix, G an m × r matrix, T an r × r
matrix, and W an r × m matrix. Assume that A and T are invertible. Then, the binomial

inverse theorem (see Theorem 18.2.8 of Harville, 1997 for a proof) says

(A+GTW )−1 = A−1 −A−1G(T−1 +WA−1G)−1WA−1. (3.23)

Therefore, two applications of (3.23) to U yield

U = (BΩBT + In)−1 = In −B(BTB + Ω−1)−1BT = In − PB + V , (3.24)

where V = B(BTB)−1[Ω + (BTB)−1]−1(BTB)−1BT ≥ 0. Hence the first term in (3.22) is

1

n
tr(PB − V ) ≤ 1

n
tr(PB) =

J

n
. (3.25)
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Note that U ≤ In since BΩBT ≥ 0, and the second term in (3.22) is bounded by

1

n
‖U‖(2,2)‖F 0 −Bθ∞‖2 ≤ ‖F 0 −Bθ∞‖2∞ .

d∑
k=1

J−2α
k , (3.26)

in view of (3.19). By (3.24) and the fact that (I − PB)B = 0, the last term in (3.22) is

1

n
(θ∞ − η)T [Ω + (BTB)−1]−1(θ∞ − η) ≤ 1

n

(
c1 +

1

C2

J

n

)−1

J‖θ∞ − η‖2∞ .
J

n
, (3.27)

where we used (3.8) and (3.17) to bound the maximum eigenvalue of [Ω + (BTB)−1]−1. By

(3.20) and assumption on the prior, ‖θ∞−η‖2∞ = O(1). Combining the bounds in (3.25), (3.26)

and (3.27) into (3.22), we obtain |E0(σ̂2
n)− σ2

0| . J/n+
∑d

k=1 J
−2α
k .

Let Y = F 0 + ε and write nσ̂2
n = (F 0 −Bη)TU(F 0 −Bη) + 2(F 0 −Bη)TUε + εTUε.

Using the fact Var(T1 + T2) ≤ 2Var(T1) + 2Var(T2), it follows that Var0(σ̂2
n) is bounded up to

a constant multiple by

1

n2
[(F 0 −Bθ∞)TU2(F 0 −Bθ∞) + (Bθ∞ −Bη)TU2(Bθ∞ −Bη) + Var0(εTUε)]. (3.28)

In view of (3.19) and U ≤ In, the first term above is bounded by

1

n2
‖U‖2(2,2)‖F 0 −Bθ∞‖2 ≤

1

n
‖F 0 −Bθ∞‖2∞ .

1

n

d∑
k=1

J−2α
k . (3.29)

By repeated applications of (3.8) and (3.17),

‖V ‖(2,2) = ‖BTB‖(2,2)‖(BTB)−1‖(2,2)‖[Ω + (BTB)−1]−1‖(2,2)

.
(n
J

)(J
n

)2(
c1 +

1

C2

J

n

)−1

.
J

n
. (3.30)

Using (3.24), idempotency of In−PB and (In−PB)B = 0, the second term in (3.28) can be

written as

1

n2
(θ∞ − η)TBT (In − PB + V )2B(θ∞ − η) =

1

n2
(θ∞ − η)TBTV 2B(θ∞ − η).

In view of (3.30) and (3.17), the right hand side above is bounded by

1

n2
‖V ‖2(2,2)‖B(θ∞ − η)‖2 .

1

n2

(
J

n

)2

‖BTB‖(2,2)J‖θ∞ − η‖2∞ .
1

n

(
J

n

)2

, (3.31)
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where ‖θ∞ − η‖2∞ is bounded using (3.20) and assumption on the prior. By Lemma D.3, the

last term in (3.28) is O(1/n). Combining this with the bounds established in (3.29) and (3.31)

into (3.28), we obtain Var0(σ̂2
n) . 1/n. By taking Jk � n1/(2α+d) � n for k = 1, . . . , n and

α > d/2, the mean square error is

E0(σ̂2
n − σ2

0)2 .
1

n
+

(
J

n

)2

+
d∑

k=1

J−4α
k .

1

n
.

A Bayesian analog of Theorem 3.1 above is given below, which shows that the posterior of

σ2 in (3.16) converges to σ2
0 at the parametric rate 1/

√
n.

Theorem 3.2. If Jk � n1/(2α+d) for k = 1, . . . , d, and α > d/2, we have for R > 0 and any

Mn →∞,

sup
‖f0‖Hα≤R

E0Π

(
|σ2 − σ2

0| >
Mn√
n

∣∣∣∣Y )→ 0. (3.32)

Proof. By Markov’s inequality, it suffices to show that E0E[(σ2 − σ2
0)2|Y ] = O(n−1). The

posterior mean and variance of σ2 are

E(σ2|Y ) =
γ

β + n− 2
+

n

β + n− 2
σ̂2
n,

Var(σ2|Y ) =
4

β + n− 4

(
γ

β + n− 2
+

n

β + n− 2
σ̂2
n

)2

. (3.33)

We have E[(σ2 − σ2
0)2|Y ] = [E(σ2|Y )− σ2

0]2 + Var(σ2|Y ). Theorem 3.1 implies that E0(σ̂2
n) =

σ2
0 +O(1/

√
n), Var0(σ̂2

n) = O(1/n) and E0(σ̂2
n)2 = σ4

0 +O(1/n). Hence, E0[E(σ2|Y )− σ2
0)]2 is

[E0E(σ2|Y )− σ2
0]2 + Var0[E(σ2|Y )]

=

{
O

(
1

n

)
+

[
1 +O

(
1

n

)][
σ2

0 +O

(
1√
n

)]
− σ2

0

}2

+

[
1 +O

(
1

n

)]2

O

(
1

n

)
= O

(
1

n

)
,

while E0Var(σ2|Y ) is

O

(
1

n

){
O

(
1

n2

)
+

[
1 +O

(
1

n

)]2 [
σ4

0 +O

(
1

n

)]}
= O

(
1

n

)
.
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3.3 Posterior convergence rates for f

Since the explicit expression for the posterior of f given (Y , σ2) is available due to normal-

normal conjugacy, we will derive posterior convergence rates by directly analyzing the posterior

distribution. This is done by decomposing the posterior mean square error into three parts

corresponding to: posterior variance, variance and bias of the posterior mean. We then bound

these three terms separately and use Markov’s inequality to arrive at our desired results. The-

orem 3.3 below is for pointwise posterior convergence and is a crucial en-route step in deriving

Theorems 3.4 and 3.5. For notational simplicity, we write σ2 ∈ Un if |σ2− σ2
0| ≤ ζn/

√
n for any

ζn = o(
√
n).

Theorem 3.3. If Jk � n1/(2α+d) for k = 1, . . . , d, we have for R > 0, every fixed x ∈ (0, 1)d

and any Mn →∞,

Empirical Bayes: sup
‖f0‖Hα≤R

E0Πσ̂n(|f(x)− f0(x)| > Mnn
−α/(2α+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖Hα≤R

E0Π(|f(x)− f0(x)| > Mnn
−α/(2α+d)|Y )→ 0.

Proof. At any x ∈ (0, 1)d, Π(f(x)|Y , σ2) ∼ N(A(x)Y + c(x)η, σ2Σ(x,x)) where A(x), c(x)

and Σ(x,x) were given by (3.10), (3.11) and (3.12) respectively. Under P0, A(x)Y + c(x)η is

a sub-Gaussian random variable with mean A(x)F 0 + c(x)η and variance σ2
0Ψ(x,x), where

σ2
0Ψ is the covariance function of the sub-Gaussian process AY + cη under P0, such that for

x,y ∈ (0, 1)d,

Ψ(x,y) = bJ ,q(x)T
(
BTB + Ω−1

)−1
BTB

(
BTB + Ω−1

)−1
bJ ,q(y). (3.34)

Note that the posterior variance σ2Σ(x,x) does not depend on Y and f0, while the posterior

mean A(x)Y + c(x)η does not depend on σ2. Therefore,

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E{[f(x)− f0(x)]2|Y , σ2}

≤ sup
σ2∈Un

E{[f(x)−A(x)Y − c(x)η]2|σ2}+ sup
‖f0‖Hα≤R

E0E{[A(x)Y + c(x)η − f0(x)]2|Y }

= sup
σ2∈Un

σ2Σ(x,x) + σ2
0Ψ(x,x) + sup

‖f0‖Hα≤R
[A(x)F 0 + c(x)η − f0(x)]2. (3.35)
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To bound the posterior variance σ2Σ(x,x) uniformly over σ2 ∈ Un, first observe that

‖bJ ,q(x)‖2 =

J1∑
j1=1

. . .

Jd∑
jd=1

d∏
k=1

B2
jk,qk

(xk)

≤
d∏

k=1

max
1≤jk≤Jk

Bjk,qk(xk)

J1∑
j1=1

. . .

Jd∑
jd=1

Bjk,qk(xk) ≤ 1. (3.36)

Cauchy-Schwarz inequality and the definition of spectral norm then imply

sup
σ2∈Un

σ2Σ(x,x) ≤
(
σ0 +

ζn√
n

)∥∥∥(BTB + Ω−1
)−1
∥∥∥

(2,2)

.

(
C1n

d∏
k=1

J−1
k +

1

c2

)−1

= O

(
1

n

d∏
k=1

Jk

)
, (3.37)

where the last line follows from (3.18). In view of (3.34), the variance of the posterior mean,

i.e., σ2
0Ψ(x,x) can be bounded above by

σ2
0Ψ(x,x) ≤ σ2

0

∥∥∥(BTB + Ω−1
)−1
∥∥∥2

(2,2)
‖BTB‖(2,2)‖bJ ,q(x)‖2

= O

(
1

n

d∏
k=1

Jk

)2

O

(
n

d∏
k=1

J−1
k

)
= O

(
1

n

d∏
k=1

Jk

)
, (3.38)

where we have used (3.18), (3.17) and (3.36) to bound the three norms respectively. To bound

the last squared bias term in (3.35), we will appeal (3.19) and the fact that ‖bJ ,q(x)‖1 =∑J1
j1=1 . . .

∑Jd
jd=1

∏d
k=1Bjk,qk(xk) = 1. Hölder’s inequality implies uniformly in ‖f0‖Hα ≤ R,

|A(x)F 0 + c(x)η − f0(x)|

=
∣∣∣bJ ,q(x)T

(
BTB + Ω−1

)−1 (
BTF 0 + Ω−1η

)
− f0(x)

∣∣∣
≤
∣∣∣bJ ,q(x)T

(
BTB + Ω−1

)−1 (
BTF 0 + Ω−1η

)
− bJ ,q(x)Tθ∞

∣∣∣+ |f0(x)− bJ ,q(x)Tθ∞|

≤
∣∣∣bJ ,q(x)T

(
BTB + Ω−1

)−1 [
BT (F 0 −Bθ∞) + Ω−1(η − θ∞)

]∣∣∣+O

(
d∑

k=1

J−αk

)
≤
∥∥∥(BTB + Ω−1

)−1
∥∥∥

(∞,∞)

{
‖BT (F 0 −Bθ∞)‖∞ +

∥∥Ω−1
∥∥

(∞,∞)
(‖θ∞‖∞ + ‖η‖∞)

}
+O

(
d∑

k=1

J−αk

)
. (3.39)

By assumption, Ω−1 is v-banded with fixed v and uniformly bounded entries. Therefore,
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‖Ω−1‖(∞,∞) = O(1). Since BTB is q-banded, Lemma D.2 and equation (3.18) imply that

‖(BTB + Ω−1)−1‖(∞,∞) = O(n−1
∏d
k=1 Jk). Also, sup‖f0‖Hα≤R ‖θ∞‖∞ and ‖η‖∞ are both

O(1) by (3.20) and the assumption on the prior. To bound sup‖f0‖Hα≤R ‖B
T (F 0 −Bθ∞)‖∞,

we use the non-negativity of B-splines, (3.19) and Lemma B.2 to write uniformly in ‖f0‖Hα ≤ R,

‖BT (F 0 −Bθ∞)‖∞ ≤ max
1≤jk≤Jk,k=1,...,d

n∑
i=1

d∏
k=1

Bjk,qk(Xik)|f0(Xi)− bJ ,q(Xi)
Tθ∞|

.
d∑

k=1

J−αk max
1≤jk≤Jk,k=1,...,d

n∑
i=1

d∏
k=1

Bjk,qk(Xik)

. n
d∑

k=1

J−αk

(
d∏

k=1

J−1
k

)
.

Therefore, combining the bounds obtained and squaring (3.39), we have for any x ∈ (0, 1)d,

sup
‖f0‖Hα≤R

[A(x)Y + c(x)η − f0(x)]2 .
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2α
k . (3.40)

Combining all bounds from (3.37), (3.38) and (3.40) into (3.35), we obtain

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E
[
(f(x)− f0(x))2|Y , σ2

]
.

1

n

d∏
k=1

Jk +
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2α
k

.
1

n

d∏
k=1

Jk +
d∑

k=1

J−2α
k , (3.41)

where the last line follows since
∏d
k=1 Jk ≤ n by assumption. To balance the orders of the two

terms on the right, let Jk = J for k = 1, . . . , d. Then the right hand side of (3.41) reduces to

O

(
Jd

n

)
+O

(
J−2α

)
. (3.42)

Hence, they will have the same order when Jk = J � n1/(2α+d) for k = 1, . . . , d. This implies

that the corresponding posterior mean square error will have order n−2α/(2α+d).

Observe that by Markov’s inequality, Theorem 3.1 implies for R > 0 and any Mn →∞,

inf
‖f0‖Hα≤R

P0

(
σ2

0 −
Mn√
n
≤ σ̂2

n ≤ σ2
0 +

Mn√
n

)
→ 1. (3.43)

For the empirical Bayes version, by Markov’s inequality, (3.41) and (3.43) above, we have for
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εn = n−α/(2α+d) and any Mn →∞,

E0Πσ̂n(|f(x)− f0(x)| > Mnεn|Y ) ≤
E0 supσ2∈Un E([f(x)− f0(x)]2|Y , σ2)

M2
nε

2
n

+ o(1)→ 0, (3.44)

uniformly over ‖f0‖Hα ≤ R. For the hierarchical Bayes procedure, we have for εn = n−α/(2α+d)

and any Mn →∞,

E0Π(|f(x)− f0(x)| > Mnεn|Y )

≤ E0 sup
σ2∈Un

Π(|f(x)− f0(x)| > Mnεn|Y , σ2) + E0Π

(
|σ2 − σ2

0| >
ζn√
n

∣∣∣∣Y ) , (3.45)

uniformly over ‖f0‖Hα ≤ R. The first term on the right hand side is o(1) by (3.41), while the

second term goes to zero by Theorem 3.2.

Theorem 3.4. If Jk � n1/(2α+d) for k = 1, . . . , d, we have for R > 0 and every Mn →∞,

Empirical Bayes: sup
‖f0‖Hα≤R

E0Πσ̂n(f : ‖f − f0‖2 > Mnn
−α/(2α+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖Hα≤R

E0Π(f : ‖f − f0‖2 > Mnn
−α/(2α+d)|Y )→ 0.

Proof. By Fubini’s theorem,

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E(‖f − f0‖22|Y , σ2) ≤
∫

(0,1)d
sup

‖f0‖Hα≤R
E0 sup

σ2∈Un
E(|f(x)− f0(x)|2|Y , σ2)dx

.
1

n

d∏
k=1

Jk +
d∑

k=1

J−2α
k , (3.46)

where the last line follows from (3.41). Setting Jk � n1/(2α+d) for k = 1, . . . , d will balance

the orders of these two terms in view of (3.65). The empirical and hierarchical Bayes posterior

convergence rates then follow from (3.44) and (3.45) respectively with absolute values replaced

by L2-norms.

Theorem 3.5. If Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d, then for R > 0 and any Mn →∞,

Empirical Bayes: sup
‖f0‖Hα≤R

E0Πσ̂n(‖f − f0‖∞ > Mn(log n/n)α/(2α+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖Hα≤R

E0Π(‖f − f0‖∞ > Mn(log n/n)α/(2α+d)|Y )→ 0.

Proof. Recall that Π(f |Y , σ2) ∼ GP(AY + cη, σ2Σ), with A, c and Σ defined in (3.10), (3.11)
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and (3.12) respectively. Let Zn ∼ GP(0,Σ). Under the true distribution P0, AY + cη is a

sub-Gaussian process with mean function AF 0 + cη and covariance function σ2
0Ψ, where Ψ

was defined in (3.34). Let Qn be a sub-Gaussian process with mean function 0 and covariance

function σ2
0Ψ. Note that Zn does not depend on Y and f0, while the posterior mean AY + cη

does not depend on σ2. Therefore,

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E(‖f − f0‖2∞|Y , σ2)

≤ sup
σ2∈Un

E(‖f −AY − cη‖2∞|σ2) + sup
‖f0‖Hα≤R

E0{E(‖AY + cη − f0‖2∞|Y )}

= sup
σ2∈Un

σ2E‖Zn‖2∞ + E‖Qn‖2∞ + sup
‖f0‖Hα≤R

‖AF 0 + cη − f0‖2∞. (3.47)

Since Qn = Aε, then by Property 2 of Appendix C and Assumption 2, Qn is sub-Gaussian with

respect to the semi-metric d(t, s) =
√

Var(Qn(t)−Qn(s)). By Lemma B.4 with r = 0, Zn and

Qn satisfy the condition for Lemma C.1. Applying Lemma C.1 with p = 2, we see that for any

0 < δn < 1 and Tn = N(δn, (0, 1)d, ‖ · ‖),

sup
σ2∈Un

σ2E‖Zn‖2∞ . σ2
0 log (1/δn)

{
nδ2

n + max
1≤i≤Tn

E[Zn(ui)
2]

}

. log (1/δn)

(
nδ2

n +
1

n

d∏
k=1

Jk

)
, (3.48)

where the last line follows from (3.37). Similarly,

E‖Qn‖2∞ . log (1/δn)

{
nδ2

n + max
1≤i≤Tn

E[Qn(ui)
2]

}
. log (1/δn)

(
nδ2

n +
1

n

d∏
k=1

Jk

)
, (3.49)

where the last line follows from (3.38). Setting δn � n−1
∏d
k=1 J

1/2
k for both (3.48) and (3.49),

we have

sup
σ2∈Un

σ2E‖Zn‖2∞ .
log n

n

d∏
k=1

Jk, E‖Qn‖2∞ .
log n

n

d∏
k=1

Jk. (3.50)

Since the bound for (3.40) is uniform for all x ∈ (0, 1)d and all ‖f0‖Hα ≤ R, the last deterministic

squared bias term in (3.47) is

sup
‖f0‖Hα≤R

‖AF 0 + cη − f0‖2∞ = O

(
1

n2

d∏
k=1

J2
k

)
+O

(
d∑

k=1

J−2α
k

)
. (3.51)
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Therefore, combining the bounds for (3.50) and (3.51) into (3.47), we will obtain

sup
‖f0‖Hα≤R

E0 sup
σ2∈Un

E(‖f − f0‖2∞|Y , σ2) .
log n

n

d∏
k=1

Jk +
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2α
k

.
log n

n

d∏
k=1

Jk +

d∑
k=1

J−2α
k , (3.52)

where the last line follows since
∏d
k=1 Jk ≤ n by assumption. To balance the orders of the two

terms on the right, let Jk = J for k = 1, . . . , d. Then the right hand side of (3.52) reduces to

O

(
Jd

n
log n

)
+O

(
J−2α

)
.

Hence, they will have the same order when Jk = J � (n/ log n)1/(2α+d) for k = 1, . . . , d, yielding

the rate (log n/n)2α/(2α+d) for the posterior mean square error in (3.52). The empirical and

hierarchical Bayes posterior convergence rates then follow from (3.44) and (3.45) respectively

with absolute values replaced by sup-norms.

Note that we will incur an extra logarithmic factor in the rate once we move from pointwise

to supremum norm convergence. The pointwise, L2-and L∞-rates established above are the

minimax rates (see Stone, 1980 for pointwise and Theorem 1 of Stone, 1982 for general Lr-

norms, with 1 ≤ r ≤ ∞). By examining the proofs of Theorems 3.3, 3.4 and 3.5 above, it also

follows that the point estimator of f0(x), i.e., the posterior mean A(x)Y + c(x)η converges to

f0(x) at the same n−α/(2α+d) rate. Similarly, the posterior mean of f , i.e., AY + cη converges

to f0 under L2-norm at the rate n−α/(2α+d), while in L∞-norm, it is (log n/n)α/(2α+d).

3.4 Posterior convergence rates for mixed partial derivatives

Recall that our prior is f(x) = bJ ,q(x)Tθ and θ|σ2 ∼ N(η, σ2Ω). The r = (r1, . . . , rd)
T mixed

partial derivative of f with respect to x is

Drf(x) =

J1∑
j1=1

. . .

Jd∑
jd=1

θj1,...,jd

d∏
k=1

∂rk

∂xrkk
Bjk,qk(xk).

We define |r| =
∑d

k=1 rk for notational simplicity, and require that |r| < α. Let Drk
jk

be the

rk forward difference quotient operator with respect to the jkth index, such that for rk = 0,
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D0
jk
θj1,...,jd = θj1,...,jd , and for rk ≥ 1,

Drk
jk
θj1,...,jd = (qk − rk)

Drk−1
jk

θj1,...,jk−1,jk+1,jk+1,...,jd −Drk−1
jk

θj1,...,jk−1,jk,jk+1,...,jd

(tk,jk − tk,jk−qk+1)
. (3.53)

Furthermore, let (
∏d
k=1 D

rk
jk

)θj1,...,jd be the application of Drk
jk

to θj1,...,jd for all direction k =

1, . . . , d, i.e., (
∏d
k=1 D

rk
jk

)θj1,...,jd = Dr1
j1
. . .Drd

jd
θj1,...,jd . Using equations (15) and (16) of Chapter

X from de Boor, 2001, Drf can also be written as

Drf(x) =

J1−r1∑
j1=1

. . .

Jd−rd∑
jd=1

(
d∏

k=1

Drk
jk

)
θj1,...,jdBjk,qk−rk(xk) (3.54)

where Bjk,qk−rk(·) is the corresponding qk − rk order B-spline.

Let bJ ,q,r(x) = {
∏d
k=1Bjk,qk−rk(xk)}J1−r1,...,Jd−rdj1=1,...,jd=1 . Then Drf(x) = bJ ,q,r(x)TW rθ, where

W r is a
∏d
k=1(Jk − rk) × J matrix. The structure and entries of W r depend on the order of

elements in θ, which does not have natural ordering since its d-dimensional indices do not form

a totally ordered set. Instead, we impose a lexicographic or dictionary ordering to its elements.

Each row of W r has only
∏d
k=1(rk + 1) nonzero entries and their arrangement is analogues to

a banded matrix, namely the position of the
∏d
k=1(rk + 1) nonzero entries in the current row

is a shift of one entry to the right of the
∏d
k=1(rk + 1) nonzero entries’ position in the previous

row. Also, each column of W r has at most
∏d
k=1(rk + 1) nonzero entries. We index the rows

and columns of W r using d-dimensional indices as in Definition 3.1.

Define r̃ =
∏d
k=1(rk + 1)− 2, and let G = {u = (u1, . . . , ud) : 0 ≤ u ≤ r,u 6= r,u 6= 0}. By

ordering the elements in G lexicographically, we can enumerate its elements by G = {g1, . . . , gr̃}.
Furthermore, define sets I = {(i1, . . . , id) : 1 ≤ ik ≤ Jk−rk, k = 1, . . . , d} and J = {(j1, . . . , jd) :

1 ≤ jk ≤ Jk, k = 1, . . . , d}, where we order their elements lexicographically. Let w
(r)
i,j denote the

(i, j)th element of W r such that i ∈ I and j ∈ J . Also, let θ = {θj : j ∈ J }. The expressions

for the nonzero entries of W r can be described as follows: for each row i ∈ I, the first and last

nonzero entries are given by

w
(r)
i,i = (−1)

∑d
k=1 rk

d∏
k=1

rk∏
l=1

qk − l
tk,ik − tk,ik−qk+l

,

w
(r)
i,i+r =

d∏
k=1

rk∏
l=1

qk − l
tk,ik+l−1 − tk,ik−qk+rk

. (3.55)

If r̃ is odd, we partition G = G1 ∪ {g(r̃+1)/2} ∪ G2 such that G1 = {g1, . . . , g(r̃−1)/2} and

73



G2 = {g(r̃+3)/2, . . . , gr̃}. The intermediate nonzero entries for h = (h1, . . . , hd)
T ∈ G1 are

w
(r)
i,i+h = (−1)

∑d
k=1(rk−hk)w

(r)
i,i

1 +
d∏

k=1

(rkhk)
−1∑

t=1

t∏
s=1

tk,ik − tk,ik−qk+s

tk,ik+1 − tk,ik+1−qk+s

 , (3.56)

while for h ∈ G2, it is

w
(r)
i,i+h = (−1)

∑d
k=1(rk−hk)w

(r)
i,i+r

1 +

d∏
k=1

(rkhk)
−1∑

t=1

t∏
s=1

tk,ik+rk−s − tk,ik+rk−qk
tk,ik+rk−1−s − tk,i+rk−1−qk

 . (3.57)

When h = g(r̃+1)/2, then w
(r)
i,i+h is

w
(r)
i,i

d∏
k=1

(
tk,ik − tk,ik−qk+1

tk,ik+1 − tk,ik+2−qk

)1 +

d∏
k=1

( rk−1

rk/2−1)−1∑
t=1

t−1∏
s=0

tk,ik+s − tk,ik+2−qk
tk,ik+1+s − tk,ik+3−qk


+ w

(r)
i,i+r

d∏
k=1

(
tk,ik+rk−1 − tk,ik+rk−qk
tk,ik+rk−2 − tk,ik+rk−1−qk

)

×

1 +
d∏

k=1

(rk−1

rk/2
)−1∑

t=1

t−1∏
s=0

tk,ik+rk−2 − tk,ik+rk−qk−s
tk,ik+rk−3 − tk,ik+rk−1−qk−s

 . (3.58)

If r̃ is even, we partition G = G1 ∪ G2 where G1 = {g1, . . . , gr̃/2} and G2 = {gr̃/2+1, . . . , gr̃}.
Then the expression for w

(m)
i,i+h is (3.56) for h ∈ G1 and is (3.57) for h ∈ G2.

The conditional posterior distribution for Drf is Π(Drf |Y , σ2) ∼ GP(ArY + crη, σ
2Σr),

such that for x,y ∈ (0, 1)d,

Ar(x) = bJ ,q,r(x)TW r

(
BTB + Ω−1

)−1
BT , (3.59)

cr(x) = bJ ,q,r(x)TW r

(
BTB + Ω−1

)−1
Ω−1, (3.60)

Σr(x,y) = bJ ,q,r(x)TW r

(
BTB + Ω−1

)−1
W T

r bJ ,q,r(y). (3.61)

Note that if r = 0 and defining W 0 = IJ , the three operators (3.59), (3.60) and (3.61) above

reduce to that defined in (3.10), (3.11) and (3.12) respectively. Using the same reasoning as

before, we see that under Assumption 2 with Properties 1 and 2 of Appendix C, ArY +crη is a

sub-Gaussian process under P0. Analytical expression for the conditional posterior of Drf with

r ∈ Nd0 and |r| < α is available due to normal-normal conjugacy, and we derive its pointwise,
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L2- and L∞-posterior convergence rates by directly bounding the posterior mean square error.

Note that Theorem 3.6 below is an important en-route step in deriving Theorems 3.7 and 3.8.

Theorem 3.6. If Jk � n1/(2α+d) for k = 1, . . . , d, then for R > 0, any x ∈ (0, 1)d and any

Mn →∞, we have uniformly over ‖Drf0‖Hα−|r| ≤ R,

Empirical Bayes: E0Πσ̂n(|Drf(x)−Drf0(x)| > Mnn
−(α−|r|)/(2α+d)|Y )→ 0.

Hierarchical Bayes: E0Π(|Drf(x)−Drf0(x)| > Mnn
−(α−|r|)/(2α+d)|Y )→ 0.

Proof. The posterior rate calculation proceeds similarly as illustrated in the proof of Theorem

3.3. That is, by bounding the corresponding posterior variance, variance of the posterior mean

and the squared bias as in (3.35), and making the substitutions A = Ar, c = cr and Σ = Σr,

where Ar, cr and Σr were defined in (3.59), (3.60) and (3.61) respectively. The only difference

is the extra matrix factor W r in these calculations.

Recall that each row of W r has
∏d
k=1(rk + 1) nonzero entries and each column has at most∏d

k=1(rk + 1) nonzero entries. From the explicit expressions of these nonzero entries given in

(3.55)–(3.58), assumption (3.4) and Lemma B.1 imply that each of these nonzero entries is of

the order
∏d
k=1 ∆−rkk �

∏d
k=1 J

rk
k . This further implies that

‖W r‖(∞,∞) = max
1≤i≤

∏d
k=1(Jk−rk)

J∑
j=1

|(W r)ij | = O

(
d∏

k=1

1

∆rk
k

)
= O

(
d∏

k=1

Jrkk

)
,

‖W T
r ‖(∞,∞) = max

1≤j≤J

∏d
k=1(Jk−rk)∑

i=1

|(W r)ij | = O

(
d∏

k=1

1

∆rk
k

)
= O

(
d∏

k=1

Jrkk

)

and

‖W T
rW r‖(2,2) ≤ ‖W T

rW r‖(∞,∞) ≤ ‖W r‖(∞,∞)‖W T
r ‖(∞,∞) = O

(
d∏

k=1

J2rk
k

)
. (3.62)

It follows that the posterior mean square error is inflated by the introduction of a
∏d
k=1 J

2rk
k

factor in the bounds for the posterior variance and variance of the posterior mean, and a∏d
k=1 J

rk
k in the bias. Also, the bound on tensor-product B-splines approximation error in

(3.19) but for Drf0 is of the order
∑d

k=1 J
−(α−rk)
k uniformly in ‖Drf0‖Hα−|r| ≤ R, as a result

of applying Corollary 6.21 of Schumaker, 2007 (or Theorem 26, Chapter XII of de Boor, 2001).
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Therefore, the derivative analogs of (3.40) and (3.41) for any x ∈ (0, 1)d are given by

sup
‖Drf0‖Hα−|r|≤R

|Ar(x)Y + cr(x)η −Drf0(x)|2 .
d∏

k=1

J2rk
k

(
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2α
k

)
, (3.63)

and uniformly over ‖Drf0‖Hα−|r| ≤ R,

E0 sup
σ2∈Un

E
[
(Drf(x)−Drf0(x))2|Y

]
.

(
1

n

d∏
k=1

J2rk+1
k

)
+

d∏
k=1

J2rk
k

(
1

n2

d∏
k=1

J2
k +

d∑
l=1

J−2α
k

)

.
d∏

k=1

J2rk
k

(
1

n

d∏
k=1

Jk +
d∑

k=1

J−2α
k

)
(3.64)

respectively, where the last line above follows from
∏d
k=1 Jk ≤ n. To balance the orders of the

two terms on the right, let Jk = J , k = 1, . . . , d. Then the right hand side of (3.64) reduces to

O

(
J2

∑d
k=1 rk+d

n

)
+O

(
J−2(α−

∑d
k=1 rk)

)
. (3.65)

Hence they will have the same order when Jk = J � n1/(2α+d) for k = 1, . . . , d and all r ∈ Nd0
such that

∑d
k=1 rk < α. This implies that the posterior mean square error in (3.64) will have

order n−2(α−
∑d
k=1 rk)/(2α+d). The empirical and hierarchical Bayes posterior convergence rates

then follow from (3.44) and (3.45) respectively with f and f0 replaced by Drf and Drf0.

Theorem 3.7. If Jk � n1/(2α+d) for k = 1, . . . , d, then for R > 0 and every Mn →∞, we have

uniformly over ‖Drf0‖Hα−|r| ≤ R,

Empirical Bayes: E0Πσ̂n(f : ‖Drf −Drf0‖2 > Mnn
−(α−|r|)/(2α+d)|Y )→ 0.

Hierarchical Bayes: E0Π(f : ‖Drf −Drf0‖2 > Mnn
−(α−|r|)/(2α+d)|Y )→ 0.

Proof. Following the steps in (3.46) with f and f0 replaced by Drf and Drf0, the bound is

given by (3.64). Set Jk � n1/(2α+d) for k = 1, . . . , d, to balance the orders of the two terms. The

result then follows from Markov’s inequality.

Theorem 3.8. If Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d, then for R > 0 and any Mn → ∞,

we have uniformly over ‖Drf0‖Hα−|r| ≤ R,

Empirical Bayes: E0Πσ̂n(‖Drf −Drf0‖∞ > Mn(log n/n)(α−|r|)/(2α+d)|Y )→ 0.

Hierarchical Bayes: E0Π(‖Drf −Drf0‖∞ > Mn(log n/n)(α−|r|)/(2α+d)|Y )→ 0.
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Proof. The calculations for finding the sup-norm rate as described in Theorem 3.5 apply with

slight modifications. The only difference is the W r matrix appearing in Ar, cr and Σr from

(3.59), (3.60) and (3.61) respectively. Recall that Π(Drf |Y , σ2) ∼ GP(ArY + crη, σ
2Σr).

Define Zn,r ∼ GP(0,Σr). Under P0, ArY + crη is a sub-Gaussian process with mean function

ArF 0 + crη and covariance function σ2
0Ψr, such that for any x,y ∈ (0, 1)d,

Ψr(x,y) = bJ ,q,r(x)TW r

(
BTB + Ω−1

)−1
BTB

(
BTB + Ω−1

)−1
W T

r bJ ,q,r(y). (3.66)

Define Qn,r to be a sub-Gaussian process with mean function 0 and covariance function σ2
0Ψr.

From (3.62), we see that the ‖ · ‖(2,2) matrix norm of W r is of the order
∏d
k=1 J

rk
k . Observe

that for any x ∈ (0, 1)d,

Σr(x,x) = bJ ,q,r(x)TW r

(
BTB + Ω−1

)−1
W T

r bJ ,q,r(x)

≤ ‖bJ ,q,r(x)‖2‖W T
rW r‖(2,2)‖

(
BTB + Ω−1

)−1 ‖(2,2)

.
1

n

d∏
k=1

J2rk+1
k , (3.67)

where we have used (3.36), (3.62) and (3.18) to bound the norms in line 2 respectively. By

similar reasoning, we have for any x ∈ (0, 1)d,

Ψr(x,x) ≤ ‖bJ ,q,r(x)‖2‖W T
rW r‖(2,2)‖BTB‖(2,2)

∥∥∥(BTB + Ω−1
)−1
∥∥∥

(2,2)

.
1

n

d∏
k=1

J2rk+1
k , (3.68)

where we have used (3.36), (3.62), (3.17) and (3.18) to bound the norms in the first line re-

spectively. Since Qn,r = Arε, then by Property 2 of Appendix C and Assumption 2, Qn,r is

sub-Gaussian with respect to the semi-metric d(t, s) =
√

Var(Qn,r(t)−Qn,r(s)). By Lemma

B.4, both Zn,r and Qn,r satisfy the condition for Lemma C.1. Therefore, Lemma C.1 with

p = 2 and the two upper bounds from (3.67), (3.68) imply that for any 0 < δn < 1 and

Tn = N(δn, (0, 1)d, ‖ · ‖),

sup
σ2∈Un

σ2E(‖Zn,r‖2∞) . σ2
0 log (1/δn)

[
nδ2

n + max
1≤i≤Tn

Σr(ui,ui)

]

. log (1/δn)

(
nδ2

n +
1

n

d∏
k=1

J2rk+1
k

)
(3.69)
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and

E(‖Qn,r‖2∞) . log (1/δn)

[
nδ2

n + max
1≤i≤Tn

Ψr(ui,ui)

]
. log (1/δn)

(
nδ2

n +
1

n

d∏
k=1

J2rk+1
k

)
. (3.70)

By setting δ2
n � n−2

∏d
k=1 J

2rk+1
k for both (3.69) and (3.70), we have

sup
σ2∈Un

σ2E(‖Zn,r‖2∞) .
log n

n

d∏
k=1

J2rk+1
k , E(‖Qn,r‖2∞) .

log n

n

d∏
k=1

J2rk+1
k . (3.71)

Since the bound for (3.63) is uniform for all x ∈ (0, 1)d and all ‖Drf0‖Hα−|r| ≤ R, we have

sup
‖Drf0‖Hα−|r|≤R

‖ArF 0 + crη −Drf0‖2∞ .
d∏

k=1

J2rk
k

(
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2α
k

)
. (3.72)

Therefore, the derivative analog of (3.52) with f and f0 replaced by Drf and Drf0 is

sup
‖Drf0‖Hα−|r|≤R

E0 sup
σ2∈Un

E(‖Drf −Drf0‖2∞|Y ) .
d∏

k=1

J2rk
k

(
log n

n

d∏
k=1

Jk +
d∑

k=1

J−2α
k

)
. (3.73)

To balance the orders of the two terms on the right, let Jk = J for k = 1, . . . , d. Then the right

hand side of (3.73) reduces to

O

(
J2

∑d
k=1 rk+d

n
log n

)
+O

(
J−2(α−

∑d
k=1 rk)

)
.

They will have the same order when Jk = J � (n/ log n)1/(2α+d) for k = 1, . . . , d, and all∑d
k=1 rk < α including r = 0, yielding the rate (log n/n)2(α−

∑d
k=1 rk)/(2α+d) for the posterior

mean square error in (3.73). The empirical and hierarchical Bayes posterior convergence rates

then follow from (3.44) and (3.45) respectively with absolute values replaced by sup-norms and

f , f0 replaced by Drf , Drf0.

Given any mode of convergence, i.e., under pointwise, L2-or L∞-norms, the same optimal

Jk for k = 1, . . . , d, applies to both f and all its mixed partial derivatives with r ∈ Nd0 such

that |r| < α. If we view D0f ≡ f , then posterior convergence rates established in Section 3.3

are special cases of Section 3.4 by setting r = 0. These rates coincide with the minimax rates

for estimating Drf(x) at any x ∈ (0, 1)d (Stone, 1980), Drf in L2-and L∞-norms (Theorem

1 of Stone, 1982). It also follows from the proof that the posterior mean of Drf(x) converges

78



to Drf0(x) at any x ∈ (0, 1)d at the rate given in Theorem 3.6. By the same reasoning,

the posterior mean of Drf converges to Drf0 under L2-and L∞-norms at the rates given by

Theorems 3.7 and 3.8 respectively.

3.5 Extension to anisotropic Hölder space

In this section, we will investigate the effect of anisotropy on posterior rates of convergence. A

function f is anisotropic if it has different smoothness at different dimensions. Formally, if f

is anisotropic with order α = (α1, . . . , αd)
T , then f has partial derivatives up to order αk at

direction k for k = 1, . . . , d.

Let r ∈ Nd0 such that
∑d

k=1 rk/αk < 1. We define the anisotropic Hölder norm as

‖Drf‖α,∞ = ‖Drf‖∞ +

d∑
k=1

∥∥∥D(αk−rk)ekDrf
∥∥∥
∞
. (3.74)

Note that the norm above includes the case whereD0f ≡ f . We introduce the anisotropic Hölder

space Hα((0, 1)d) of order α = (α1, . . . , αd)
T ∈ Nd with domain (0, 1)d, consisting of functions

f : (0, 1)d → R such that ‖f‖α,∞ <∞. Therefore, if f belongs to this space, then ∂αkf/∂xαkk for

k = 1, . . . , d are uniformly bounded. Here, we assume α ∈ Nd because approximation results for

anisotropic tensor-product B-splines assume integer smoothness (see Chapter 12, Section 3 of

Schumaker, 2007). Hence strictly speaking, this section is not a generalization of the isotropic

case discussed in previous sections, where α was not restricted to be positive integers. The

anisotropic analog of Assumption 2 is as follows:

Assumption 3. Under the true distribution P0, we assume Yi = f0(Xi) + εi, such that εi

are i.i.d. with mean 0, variance σ2
0 and ‖εi‖ψ2 < ∞ for i = 1, . . . , n. Also, f0 belongs to

the anisotropic Hölder space Hα((0, 1)d) of order α = (α1, . . . , αd)
T ∈ Nd, such that αk >

max{d/2, 2} for k = 1, . . . , d. To avoid boundary effects, f0 can be extended to a slightly bigger

set (−ε, 1 + ε)d for some ε > 0.

Define α∗ to be the harmonic mean of (α1, . . . , αd)
T , i.e., α∗−1 = d−1

∑d
k=1 α

−1
k . Note

that if α = (α, . . . , α)T , then the anisotropic Hölder space Hα((0, 1)d) reduces to its isotropic

counterpart Hα((0, 1)d). As in the isotropic case, f0 has a unique continuous extension onto

the closure of (0, 1)d. With the exception that α ∈ Nd, all prior specifications and assumption

on the knots for each B-spline component are identical to Section 3.2. For random covariates,

Jk . nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, and α∗ ≥ d/2 ensure (3.5), while the deterministic case

is identical.
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Hence, we will only highlight any major differences with the isotropic case when discussing

anisotropic analogs of pointwise, L2-and L∞-posterior convergence results from previous sec-

tions. Here, the order of each B-spline component at every direction is assumed to be qk ≥ αk

for k = 1, . . . , d. Also, the prior support of f in this case is a subspace of Hα((0, 1)d).

By equation (12.37) of Theorem 12.7 in Schumaker (2007), for f0 ∈ Hα((0, 1)d), there exists

a θ∞ ∈ RJ such that for constant Cα,q,d > 0 depending only on α, q and d with R > 0,

sup
‖f0‖α,∞≤R

‖bJ ,q(·)Tθ∞ − f0‖∞ ≤ sup
‖f0‖α,∞≤R

Cα,q,d

d∑
k=1

J−αkk

∥∥∥∥ ∂αk∂xαkk
f0

∥∥∥∥
∞

.
d∑

k=1

J−αkk . (3.75)

Since ‖bJ ,q(·)Tθ∞‖∞ ≤ ‖f0‖α,∞+Cα,q,d
∑d

k=1 J
−αk
k ‖f0‖α,∞ ≤ R+d uniformly in ‖f0‖α,∞ ≤ R,

sup
‖f0‖α,∞≤R

‖θ∞‖∞ . sup
‖f0‖α,∞≤R

‖bJ ,q(·)Tθ∞‖∞ = O(1) (3.76)

by (12.25) of Theorem 12.5 in Schumaker (2007). The next two theorems are anisotropic analogs

of Theorems 3.1 and 3.2 respectively, and their proofs are almost identical.

Theorem 3.9. If Jk � nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, and α∗ > d/2, we have for R > 0,

sup
‖f0‖α,∞≤R

E0(σ̂2
n − σ2

0)2 = O

(
1

n

)
. (3.77)

Theorem 3.10. If Jk � nα
∗/{αk(2α∗+d)} for k = 1, . . . , d and α∗ > d/2, then for R > 0 and

any Mn →∞,

sup
‖f0‖α,∞≤R

E0Π

(
|σ2 − σ2

0| >
Mn√
n

∣∣∣∣Y )→ 0. (3.78)

The three results below are anisotropic analogs of Theorems 3.3, 3.4 and 3.5 respectively.

Theorem 3.11. If Jk � nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have for R > 0, any x ∈ (0, 1)d

and any Mn →∞,

Empirical Bayes: sup
‖f0‖α,∞≤R

E0Πσ̂n(|f(x)− f0(x)| > Mnn
−α∗/(2α∗+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖α,∞≤R

E0Π(|f(x)− f0(x)| > Mnn
−α∗/(2α∗+d)|Y )→ 0.

Proof. Aside from the added technicalities of working with different smoothness, the posterior

rate calculations follow closely with the steps detailed in the proof of Theorem 3.3, but with
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α = (α1, . . . , αd)
T ∈ Nd. At x ∈ (0, 1)d, the expressions for both supσ2∈Un σ

2Σ(x,x) and

σ2
0Ψ(x,x) in (3.37) and (3.38) will be O(n−1

∏d
k=1 Jk) respectively. To bound the squared bias

|A(x)Y + c(x)η − f0(x)|2 in (3.35) uniformly in ‖f0‖α,∞ ≤ R, we use instead (3.75) to write

|A(x)F 0 + c(x)η − f0(x)|

≤
∥∥∥(BTB + Ω−1

)−1
∥∥∥

(∞,∞)

{
‖BT (F 0 −Bθ∞)‖∞ +

∥∥Ω−1
∥∥

(∞,∞)
(‖θ∞‖∞ + ‖η‖∞)

}
+O

(
d∑

k=1

J−αkk

)
. (3.79)

By following the same argument of bounding the norms above, the anisotropic analogs of (3.40)

and (3.41) will be

sup
‖f0‖α,∞≤R

|A(x)Y + c(x)η − f0(x)|2 .
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2αk
k (3.80)

and

sup
‖f0‖α,∞≤R

E0 sup
σ2∈Un

E
[
(f(x)− f0(x))2|Y

]
.

1

n

d∏
k=1

Jk +
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2αk
k

.
1

n

d∏
k=1

Jk +
d∑

k=1

J−2αk
k (3.81)

respectively, where the last line follows since
∏d
k=1 Jk ≤ n by assumption. To balance the orders

of the two terms on the right, let Jk = J1/αk for k = 1, . . . , d. Then the right hand side of (3.81)

reduces to

O

(
J
∑d
k=1(1/αk)

n

)
+O(J−2). (3.82)

They will have the same order if J � nα
∗/(2α∗+d), and Jk = J1/αk � nα

∗/{αk(2α∗+d)} for

k = 1, . . . , d. This implies that the posterior mean square error in (3.81) will have order

n−2α∗/(2α∗+d). The empirical and hierarchical Bayes posterior convergence rates then follow

from (3.44) and (3.45) respectively.
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Theorem 3.12. If Jk � nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have for R > 0 and any Mn →∞,

Empirical Bayes: sup
‖f0‖α,∞≤R

E0Πσ̂n(‖f − f0‖2 > Mnn
−α∗/(2α∗+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖α,∞≤R

E0Π(‖f − f0‖2 > Mnn
−α∗/(2α∗+d)|Y )→ 0.

Proof. Following the steps in (3.46), the bound is given by (3.81). Set Jk � nα
∗/{αk(2α∗+d)} for

k = 1, . . . , d, to balance the orders of the two terms. The result then follows from Markov’s

inequality.

Theorem 3.13. If Jk � (n/ log n)α
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have for R > 0 and any

Mn →∞,

Empirical Bayes: sup
‖f0‖α,∞≤R

E0Πσ̂n(‖f − f0‖∞ > Mn(log n/n)α
∗/(2α∗+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖α,∞≤R

E0Π(‖f − f0‖∞ > Mn(log n/n)α
∗/(2α∗+d)|Y )→ 0.

Proof. The proof is identical to the proof of Theorem 3.5, with the exception that the last

squared bias term in (3.47) is bounded using (3.80), i.e.,

sup
‖f0‖α,∞≤R

‖AF 0 + cη − f0‖2∞ .
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2αk
k . (3.83)

By Lemma B.4 with r = 0 (see the associated remarks), Zn and Qn satisfy the condition for

Lemma C.1. Then the anisotropic analog of (3.52) is

sup
‖f0‖α,∞≤R

E0 sup
σ2∈Un

E(‖f − f0‖2∞|Y ) .
log n

n

d∏
k=1

Jk +
d∑

k=1

J−2αk
k . (3.84)

To balance the orders of the two terms on the right, let Jk = J1/αk for k = 1, . . . , d. Then the

right hand side of (3.84) reduces to

O

(
J
∑d
k=1(1/αk)

n
log n

)
+O(J−2).

Both terms will have the same order if J � (n/ log n)α
∗/(2α∗+d). This implies that Jk = J1/αk �

(n/ log n)α
∗/{αk(2α∗+d)} for k = 1, . . . , d, yielding the rate (log n/n)2α∗/(2α∗+d) for the posterior

mean square error in (3.84). The empirical and hierarchical Bayes posterior convergence rates

then follow from (3.44) and (3.45) respectively with absolute values replaced by sup-norms.
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3.5.1 Anisotropic posterior convergence rates for mixed partial derivatives

The basic setup is identical to Section 3.4 with the exception that
∑d

k=1(rk/αk) < 1. The

posterior convergence rates below are uniform in ‖Drf0‖α,∞ ≤ R for R > 0.

Theorem 3.14. If Jk � nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have for any x ∈ (0, 1)d and any

Mn →∞,

Empirical Bayes: E0Πσ̂n(|Drf(x)−Drf0(x)| > Mnn
−α∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)|Y )→ 0.

Hierarchical Bayes: E0Π(|Drf(x)−Drf0(x)| > Mnn
−α∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)|Y )→ 0.

Proof. The proof is identical to the proof of Theorem 3.6, with the exception that the tensor

B-spline approximation error in (3.75) but for Drf0 is of the order
∑d

k=1 J
−(αk−rk)
k , as a result

of applying Lemma B.8. Therefore, the derivative analogs of (3.80) and (3.81) are given by

sup
‖Drf0‖α,∞≤R

|Ar(x)Y + cr(x)η −Drf0(x)|2 .
d∏

k=1

J2rk
k

(
1

n2

d∏
k=1

J2
k +

d∑
k=1

J−2αk
k

)

and uniformly over ‖Drf0‖α,∞ ≤ R,

E0 sup
σ2∈Un

E
[
(Drf(x)−Drf0(x))2|Y

]
.

(
1

n

d∏
k=1

J2rk+1
k

)
+

d∏
k=1

J2rk
k

(
1

n2

d∏
k=1

J2
k +

d∑
l=1

J−2αk
k

)

.
d∏

k=1

J2rk
k

(
1

n

d∏
k=1

Jk +
d∑

k=1

J−2αk
k

)
(3.85)

respectively, where the last line above follows from
∏d
k=1 Jk ≤ n by assumption. To balance the

orders of the two terms on the right, let Jk = J1/αk for k = 1, . . . , d. Then the right hand side

of (3.85) reduces to

O

(
J
∑d
k=1(2rk+1)/αk

n

)
+O(J2(

∑d
k=1 rk/αk−1)). (3.86)

They will have the same order if J � nα
∗/(2α∗+d), and Jk = J1/αk � nα

∗/{αk(2α∗+d)} for

k = 1, . . . , d, and all r ∈ Nd0 such that
∑d

k=1(rk/αk) < 1. Hence, the posterior mean square

error in (3.85) will have order n−2α∗{1−
∑d
k=1(rk/αk)}/(2α∗+d). The empirical and hierarchical

Bayes posterior convergence rates then follow from (3.44) and (3.45) respectively with f and

f0 replaced by Drf and Drf0.
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Theorem 3.15. If Jk � nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have for any Mn →∞,

Empirical Bayes: E0Πσ̂n(‖Drf −Drf0‖2 > Mnn
−α∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)|Y )→ 0.

Hierarchical Bayes: E0Π(‖Drf −Drf0‖2 > Mnn
−α∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)|Y )→ 0.

Proof. Following the steps in (3.46) with f and f0 replaced by Drf and Drf0, the bound is

given by (3.85). Set Jk � nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, to balance the orders of the two

terms. The result then follows from Markov’s inequality.

Theorem 3.16. If Jk � (n/ log n)α
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have for any Mn →∞,

Empirical Bayes: E0Πσ̂n(‖Drf −Drf0‖∞ > Mn(log n/n)α
∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)|Y )→ 0.

Hierarchical Bayes: E0Π(‖Drf −Drf0‖∞ > Mn(log n/n)α
∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)|Y )→ 0.

Proof. The proof is identical to the proof of Theorem 3.8 with the exception that we use (3.80)

to bound the squared bias, i.e.,

sup
‖Drf0‖α,∞≤R

‖ArF 0 + crη −Drf0‖2∞ .
d∏

k=1

J2rk
k

(
n−2

d∏
k=1

J2
k +

d∑
k=1

J−2αk
k

)
.

By Lemma B.4 (see the associated remarks) with r ∈ Nd0 and
∑d

k=1(rk/αk) < 1, Zn,r and Qn,r

satisfy the condition for Lemma C.1. Then the anisotropic analog of (3.73) is given by

sup
‖Drf0‖α,∞≤R

E0 sup
σ2∈Un

E(‖Drf −Drf0‖2∞|Y ) .
d∏

k=1

J2rk
k

(
log n

n

d∏
k=1

Jk +
d∑

k=1

J−2αk
k

)
. (3.87)

To balance the orders of the two terms on the right, let Jk = J1/αk for k = 1, . . . , d. Then the

right hand side of (3.87) reduces to

O

(
J
∑d
k=1(2rk+1)/αk

n
log n

)
+O(J2(

∑d
k=1 rk/αk−1)).

Both terms will have the same order if J � (n/ log n)α
∗/(2α∗+d). This implies that Jk = J1/αk �

(n/ log n)α
∗/{αk(2α∗+d)} for k = 1, . . . , d and all r ∈ Nd0 such that

∑d
k=1(rk/αk) < 1, yielding

the rate (logn/n)2α∗{1−
∑d
k=1(rk/αk)}/(2α∗+d) for the posterior mean square error in (3.87). The

empirical and hierarchical Bayes posterior convergence rates then follow from (3.44) and (3.45)

respectively with absolute values replaced by sup-norms and f , f0 replaced by Drf , Drf0.

If αk = α for k = 1, . . . , d, then α∗ = α. This implies that the pointwise, L2 and L∞-
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posterior convergence rates established in this section will reduce to its isotropic counterparts

of Sections 3.3 and 3.4.

3.6 Credible sets for f and its mixed partial derivatives

In this section, we will treat f and all its mixed partial derivatives in a unified framework by

viewing f as D0f . Then if we define W 0 = IJ , we will have A0 = A, c0 = c and Σ0 = Σ where

Ar, cr and Σr were given by (3.59), (3.60) and (3.61) respectively. We begin by constructing

pointwise credible set for Drf(x) at x ∈ (0, 1)d. Let ωn ∈ [0, 1] be a sequence such that ωn → 0

as n → ∞. Define zδ to be the upper δ-quantile of a standard normal. Using the fact that

P (Z > z) ≤ z−1 exp(−z2/2) for Z ∼ N(0, 1) and z > 0, we then have

zωn/2 = O(
√
− logωn). (3.88)

In particular, if ωn & 1/n, then zωn/2 = O(
√

log n); and if ωn & 1/ log n, then zωn/2 =

O(
√

log log n). Since Π(Drf(x)|Y , σ2) ∼ N(Ar(x)Y + cr(x)η, σ2Σr(x,x)), we can construct

a 1− ωn pointwise credible interval for Drf(x) at any x ∈ (0, 1)d as

Π(f : |Drf(x)−Ar(x)Y − cr(x)η| ≤ zωn/2σ
√

Σr(x,x)|Y , σ2) = 1− ωn. (3.89)

Since σ2 is unknown, we will consider the empirical Bayes approach by substituting σ2 for σ̂2
n

derived in (3.13), leading to the following empirical credible set:

Ĉ(x) = {f : |Drf(x)−Ar(x)Y − cr(x)η| ≤ zωn/2σ̂n
√

Σr(x,x)}, (3.90)

where by construction, Πσ̂n(Ĉ(x)|Y ) = 1−ωn. We shall study the frequentist coverage of Ĉ(x)

at any x ∈ (0, 1)d as n→∞, which is given by

inf
‖Drf0‖Hα−|r|≤R

P0(f0 ∈ Ĉ(x)). (3.91)

Theorem 3.17. If Jk � n1/(2α+d) for k = 1, . . . , d, the asymptotic coverage of (3.91) is 1 and

the radius of Ĉ(x) is OP0(n−(α−|r|)/(2α+d)
√
− logωn), uniformly over ‖Drf0‖Hα−|r| ≤ R at any

x ∈ (0, 1)d, R > 0 and for all |r| < α.

Proof. For any sequence ζn = o(
√
n), define tr(x) = inf |σ2−σ2

0 |≤ζn/
√
n zωn/2σ

√
Σr(x,x). By

(3.43), to show (3.91) has asymptotic coverage of 1, it suffices to show that

sup
‖Drf0‖Hα−|r|≤R

P0 (|Drf0(x)−Ar(x)Y − cr(x)η| > tr(x))→ 0. (3.92)
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Since zωn/2 → ∞ as ωn → 0 and inf |σ2−σ2
0 |≤ζn/

√
n σ

2 = σ2
0 + o(1), we have tr(x)2 � Σr(x,x).

By (3.18), Σr(x,x) ≥ λmin{(BTB+ Ω−1)−1}‖W T
r bJ ,q,r(x)‖2 & n−1

∏d
k=1 Jk‖W

T
r bJ ,q,r(x)‖2.

For any x = (x1, . . . , xd)
T ∈ (0, 1)d, let ixk be a positive integer such that xk ∈ [tk,ixk−1, tk,ixk ],

then it follows that only (Bixk ,qk−rk(xk), . . . , Bixk+qk−rk−1,qk−rk(xk))
T are nonzero at each k =

1, . . . , d. By (2.60)–(2.63), (∂rk/∂xrkk )Bjk,qk(xk) can be written as a linear combination of

(Bjk,qk−rk(xk), . . . , Bjk+rk,qk−rk(xk))
T for any 1 ≤ jk ≤ Jk with k = 1, . . . , d. Choose jk =

ixk + qk − rk − 1 for k = 1, . . . , d, and we have

‖W T
r bJ ,q,r(x)‖2 =

J1∑
j1=1

. . .

Jd∑
jd=1

d∏
k=1

(
∂rk

∂xrkk
Bjk,qk(xk)

)2

≥
d∏

k=1

rk∏
u=1

(qk − u)2

(tk,ixk+qk−rk−1 − tk,ixk−rk−1+u)2
Bixk+qk−rk−1,qk−rk(xk)

2

≥
d∏

k=1

1

∆2rk
k

(
qk − rk
qk

)2

&
d∏

k=1

J2rk
k , (3.93)

where the last line follows since (3.4) implies that tk,ixk+qk−rk−1−tk,ixk−rk−1+u ≤ (qk−u+1)∆k

for k = 1, . . . , d, and we used Lemma B.1 to obtain the final lower bound. Consequently,

tr(x)2 � n−1
∏d
k=1 J

2rk+1
k .

Under the true distribution P0, Ar(x)Y + cr(x)η is a sub-Gaussian random variable with

mean Ar(x)F 0 + cr(x)η and variance σ2
0Ψr(x,x), where Ψr(x,x) at x ∈ (0, 1)d is given by

(3.66). Define Qn,r(x) to be a sub-Gaussian random variable of mean 0 and variance σ2
0Ψr(x,x).

Then uniformly in ‖Drf0‖Hα−|r| ≤ R,

E0|Drf0(x)−Ar(x)Y − cr(x)η|2 = E[Ar(x)F 0 + cr(x)η −Drf0(x) +Qn,r(x)]2

≤ 2E0[Qn,r(x)2] + 2|Ar(x)F 0 + cr(x)η −Drf0(x)|2

.
1

n

d∏
k=1

J2rk+1
k +

d∑
k=1

J
−2(α−rk)
k ,

where the last line follows from (3.68) and (3.63) respectively. By Markov’s inequality, we have

uniformly over ‖Drf0‖Hα−|r| ≤ R that

P0(|Drf0(x)−Ar(x)Y − cr(x)η| > tr(x)) .
n−1

∏d
k=1 J

2rk+1
k +

∑d
k=1 J

−2(α−rk)
k

tr(x)2
.

Since tr(x)2 � n−1
∏d
k=1 J

2rk+1
k , we have tr(x)2 �

∑d
k=1 J

−2(α−rk)
k if Jk � n1/(2α+d) for

k = 1, . . . , d. Hence the right hand side above will go to zero as n → ∞. We conclude
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that inf‖Drf0‖Hα−|r|≤R
P0(|Drf0(x) − Ar(x)Y − cr(x)η| ≤ tr(x)) → 1 if Jk � n1/(2α+d)

for k = 1, . . . , d. Let hr(x) = zωn/2
√

Σr(x,x) at x ∈ (0, 1)d. By (3.88), we have zωn/2 =

O(
√
− logωn). Since Σr(x,x) . n−1

∏d
k=1 J

2rk+1
k by (3.67), we have by (3.43) that uniformly

over ‖Drf0‖Hα−|r| ≤ R, σ̂nhr(x) = OP0(n−(α−|r|)/(2α+d)
√
− logωn) at any x ∈ (0, 1)d.

Remark For the anisotropic case, assuming that f0 satisfies Assumption 3, then if Jk �
nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have uniformly over ‖Drf0‖α,∞ ≤ R that the asymp-

totic coverage of Ĉ(x) is 1, and its radius is OP0(n−α
∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)

√
− logωn) for any

x ∈ (0, 1)d.

The conditional posterior distribution of Drf is Π(Drf |Y , σ2) ∼ GP(ArY + crη, σ
2Σr).

Note that the conditional distribution of (Drf − ArY − crη)/σ given (Y , σ2) is GP(0,Σr),

and hence does not depend on Y and σ2. This enables us to construct L2-credible ball for Drf ,

centered at its posterior mean with radius σhr, where hr is chosen such that its posterior mass

is exactly 1− ωn. That is,

Π(f : ‖Drf −ArY − crη‖2 ≤ σhr|Y , σ2) = 1− ωn, (3.94)

where hr → ∞ as ωn → 0 and hr does not depend on Y . The corresponding empirical L2-

credible set is

Ĉ2 = {f : ‖Drf −ArY − crη‖2 ≤ σ̂nhr} (3.95)

where by construction, Πσ̂n(Ĉ2|Y ) = 1 − ωn. We shall study the frequentist coverage of Ĉ2 as

n→∞, which is given by

inf
‖Drf0‖Hα−|r|≤R

P0(f0 ∈ Ĉ2). (3.96)

Theorem 3.18. If Jk � n1/(2α+d) for k = 1, . . . , d, the asymptotic coverage of (3.96) is 1 and

the radius of Ĉ2 is OP0(n−(α−|r|)/(2α+d)
√
− logωn), uniformly over ‖Drf0‖Hα−|r| ≤ R for R > 0

and all |r| < α.

Proof. For any sequence ζn = o(
√
n), define tr = inf |σ2−σ2

0 |≤ζn/
√
n σhr. By (3.43), to show (3.96)

has asymptotic coverage of 1, it suffices to show

sup
‖Drf0‖Hα−|r|≤R

P0 (‖Drf0 −ArY − crη‖2 > tr)→ 0. (3.97)

Let Zn,r ∼ GP(0,Σr). Now Πσ̂n(Ĉ2|Y ) = 1 − ωn implies that P (‖Zn,r‖2 > hr) → 0. Observe

that
∫

(0,1)d Zn,r(x)dx is normally distributed, and by Fubini’s theorem, its mean is 0 and vari-
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ance is
∫

(0,1)d

∫
(0,1)d Σr(x,y)dxdy. Now since

∫
(0,1)d Zn,r(x)dx ≤ ‖Zn,r‖1 ≤ ‖Zn,r‖2 a.s., we

have

1− Φ

 hr√∫
(0,1)d

∫
(0,1)d Σr(x,y)dxdy

 ≤ P (‖Zn,r‖2 > hr)→ 0. (3.98)

Hence, h2
r �

∫
(0,1)d

∫
(0,1)d Σr(x,y)dxdy. To derive a lower bound for

∫
(0,1)d

∫
(0,1)d Σr(x,y)dxdy,

we first need to establish lower bounds for integrals of tensor-product B-splines, and this is done

by extending the last two equations in the proof of Lemma 6.7 in Zhou et al. (1998) to higher

dimensions. Given x = (x1, . . . , xd)
T such that xk ∈ [tk,jk−1, tjk ] for some jk = 1, . . . , Nk + 1,

with k = 1, . . . , d, we have by repeated applications of the B-spline recursive formula at each

dimension (see equation (4.22) of Schumaker, 2007),

d∏
k=1

Bjk,qk(xk) =

d∏
k=1

(tk,jk − xk)
qk−1

qk−1∏
lk=1

(tk,jk − tk,jk+lk−qk+1)−1

≥
d∏

k=1

∆−qk+1
k (tk,jk − xk)qk−1

(qk − 1)!
,

where ∆k = max1≤l≤Nk(tk,l − tk,l−1) is the maximum knot increment at direction k = 1, . . . , d.

Therefore, by the quasi-uniform knot assumption in (3.4),

∫
(0,1)d

d∏
k=1

Bjk,qk(xk)dx =

Nd+1∑
jd=1

· · ·
N1+1∑
j1=1

∫ td,jd

td,jd−1

· · ·
∫ t1,j1

t1,j1−1

d∏
k=1

Bjk,qk(xk)dx1 · · · dxd

≥
d∏

k=1

Nk

(
∆k

C

)qk ∆−qk+1
k

qk!

≥

(
d∏

k=1

Cqkqk!

)−1

, (3.99)

where the constant C > 0 is from (3.4). Using the expression for Σr(x,y) at x,y ∈ (0, 1)d given
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in (3.61),∫
(0,1)d

∫
(0,1)d

Σr(x,y)dxdy

=

(∫
(0,1)d

bJ ,q,r(x)dx

)T
W r(B

TB + Ω−1)−1W T
r

(∫
(0,1)d

bJ ,q,r(x)dx

)

≥ λmin

{
(BTB + Ω−1)−1

}∥∥∥∥∥W T
r

(∫
(0,1)d

bJ ,q,r(x)dx

)∥∥∥∥∥
2

&
1

n

d∏
k=1

Jk

∥∥∥∥∥W T
r

(∫
(0,1)d

bJ ,q,r(x)dx

)∥∥∥∥∥
2

, (3.100)

where the last line follows from (3.18). Now using expressions for the entries of W r described

in (3.55)–(3.58) and the lower bound in (3.99),∥∥∥∥∥W T
r

(∫
(0,1)d

bJ ,q,r(x)dx

)∥∥∥∥∥
2

≥
d∏

k=1

rk∏
l=1

(
qk − l

tk,1 − tk,1−qk+l

)2
(∫

(0,1)d

d∏
k=1

B1,qk−rk(xk)dx

)2

≥

(
d∏

k=1

Cqkqk!

)−2 d∏
k=1

{(
qk − rk
qk

)2 1

∆2rk

}

&
d∏

k=1

N2rk
k �

d∏
k=1

J2rk
k .

The second last line follows since (3.4) implies that tk,1 − tk,1−qk+l ≤ (qk − l + 1)∆k for

l = 1, . . . , rk with k = 1, . . . , d, and we applied Lemma B.1 to obtain the final lower bound.

In view of (3.100), we then have
∫

(0,1)d

∫
(0,1)d Σr(x,y)dxdy & n−1

∏d
k=1 J

2rk+1
k . Therefore,

t2r & σ2
0h

2
r � n−1

∏d
k=1 J

2rk+1
k .

Under the true distribution P0, ArY + crη is a sub-Gaussian process with mean function

ArF 0 +crη and covariance function σ2
0Ψr, where the expression for Ψr(x,y) at x,y ∈ (0, 1)d is

given by (3.66). Define Qn,r to be a sub-Gaussian process with mean function 0 and covariance
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function σ2
0Ψr. Then uniformly in ‖Drf0‖Hα−|r| ≤ R,

E0‖Drf0 −ArY − crη‖22 = E‖ArF 0 + crη −Drf0 +Qn,r‖22
≤ 2E‖Qn,r‖22 + 2‖ArF 0 + crη −Drf0‖22

= 2

∫
(0,1)d

[
Ψr(x,x) + |Ar(x)F 0 + cr(x)η −Drf0(x)|2

]
dx

.
1

n

d∏
k=1

J2rk+1
k +

d∑
k=1

J
−2(α−rk)
k ,

where the last line follows from (3.68) and (3.63) respectively. By Markov’s inequality,

sup
‖Drf0‖Hα−|r|≤R

P0(‖Drf0 −ArY − crη‖2 > tr) .
n−1

∏d
k=1 J

2rk+1
k +

∑d
k=1 J

−2(α−rk)
k

t2r
.

Since t2r � n−1
∏d
k=1 J

2rk+1
k , we have t2r �

∑d
k=1 J

−2(α−rk)
k if Jk � n1/(2α+d) for k = 1, . . . , d.

Hence the right hand side will go to zero as n→∞. Consequently, inf‖Drf0‖Hα−|r|≤R
P0(‖Drf0−

ArY − crη‖2 ≤ tr) → 1 if Jk � n1/(2α+d) for k = 1, . . . , d. Applying (3.5) from Ledoux and

Talagrand (1991) to Zn,r with ‖ · ‖ as the L2-norm, we have

ωn = P (‖Zn,r‖2 > hr) ≤ 4 exp

(
− h2

r

8E‖Zn,r‖22

)
.

It then follows that hr . (E‖Zn,r‖22)1/2
√
− logωn. By Fubini’s theorem and (3.37), we have

E‖Zn,r‖22 =
∫

(0,1)d Σ(x,x)dx . n−1
∏d
k=1 J

2rk+1
k . In view of (3.43), we have uniformly over

‖Drf0‖Hα−|r| ≤ R that the radius of Ĉ2 is σ̂nhr = OP0(n−(α−|r|)/(2α+d)
√
− logωn).

Remark For the anisotropic case, assuming that f0 satisfies Assumption 3, then if Jk �
nα
∗/{αk(2α∗+d)} for k = 1, . . . , d, we have uniformly in ‖Drf0‖α,∞ ≤ R that the asymptotic

coverage of Ĉ2 is 1 and its radius is OP0(n−α
∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)

√
− logωn).

We will use a slightly different approach to construct L∞-credible region for Drf of size

1− ω. Note that here ω ∈ [0, 1] does not depend on n and we assume that ω < 1/2. We choose

a sequence h∞,r such that

Πσ̂n(f : ‖Drf −ArY − crη‖∞ ≤ σ̂nh∞,r|Y ) = 1− ω, (3.101)

where h∞,r does not depend on Y . As we shall see in Theorem 3.19 below, in order to ensure

frequentist coverage of 1 asymptotically, we need to introduce an inflation factor ρn in the

radius, such that ρn → ∞ as n → ∞. That is, we will consider the following inflated credible
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region

Ĉ∞ = {f : ‖Drf −ArY − crη‖∞ ≤ ρnσ̂nh∞,r}, (3.102)

where by construction, Πσ̂n(Ĉ∞|Y ) ≥ 1− ω if ρn ≥ 1. We shall study the frequentist coverage

of Ĉ∞, which is given by

inf
‖Drf0‖Hα−|r|≤R

P0(f0 ∈ Ĉ∞). (3.103)

Theorem 3.19. If Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d, the asymptotic coverage of (3.103)

is 1 and the radius of Ĉ∞ is OP0((log n/n)(α−|r|)/(2α+d)ρn), uniformly in ‖Drf0‖Hα−|r| ≤ R for

R > 0 and any |r| < α.

Remark To simultaneously control the size of Ĉ∞ and ensure guaranteed frequentist coverage,

we can take ρn to be a slowly varying factor tending to infinity. For example, ρn = (log log n)1/3

gives excellent results (see the simulation experiment in Section 2.6).

Proof. For any ζn = o(
√
n), define t∞,r = inf |σ2−σ2

0 |≤ζn/
√
n σh∞,r. By (3.43), to show (3.103)

has asymptotic coverage of 1, it suffices to show

sup
‖Drf0‖Hα−|r|≤R

P0(‖Drf0 −ArY − crη‖∞ > ρnt∞,r)→ 0. (3.104)

Let Zn,r ∼ GP(0,Σr). Define M(Zn,r) to be the median of ‖Zn,r‖∞, i.e., M(Zn,r) is a number

satisfying both P (‖Zn,r‖∞ ≤ M(Zn,r)) ≥ 1/2 and P (‖Zn,r‖∞ ≥ M(Zn,r)) ≥ 1/2. In addition,

we define σ2
Z = supx∈(0,1)d Var(Zn,r(x)) and note that by (3.67), σ2

Z . n−1
∏d
k=1 J

2rk+1
k . Using

the fact that σZ ≤ 2M(Zn,r) and |E‖Zn,r‖∞ −M(Zn,r)| ≤ σZ(π/2)1/2 (see Pages 52 and 54 of

Ledoux and Talagrand, 1991), we have E‖Zn,r‖∞ ≤ (1+2(π/2)1/2)M(Zn,r). Since σ2
Z = o(1) for

Jk � (n/ log n)1/(2α+1) with k = 1, . . . , d, we have E‖Zn,r‖∞ ≥ M(Zn,r) + o(1). Consequently,

E‖Zn,r‖∞ �M(Zn,r).

Now, (3.101) implies that P (‖Zn,r‖∞ > h∞,r) = ω. Since ω < 1/2 by assumption, this

implies that h∞,r ≥M(Zn,r) � E‖Zn,r‖∞. Hence, we need a lower bound for E‖Zn,r‖∞. Define

Tk = {tk,1, . . . , tk,Nk} to be the sequence of Nk interior knot points of the kth component

B-spline for k = 1, . . . , d. Let T =
∏d
k=1 Tk be the d-fold Cartesian product of the sets Tk

for k = 1, . . . , d. Define I = {(i1, . . . , id) : 1 ≤ ik ≤ Nk, k = 1, . . . , d} and we arrange the

elements of I lexicographically. Then, we can enumerate the N =
∏d
k=1Nk elements of T

as {τ i : i ∈ I}, where τ i = (t1,i1 , . . . , td,id) with (i1, . . . , id) ∈ I. Define u(x1, . . . , xd) =∏d
k=1(∂rk/∂xrkk )Bjk,qk(xk). Applying the multivariate mean value theorem to u(x1, . . . , xd) at
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points τ i and τm, we have for some point τ ∗ = (t∗1, . . . , t
∗
d) = λτ i + (1− λ)τm with λ ∈ [0, 1]

that

J1∑
j1=1

. . .

Jd∑
jd=1

|u(τ i)− u(τm)|2 =

J1∑
j1=1

. . .

Jd∑
jd=1

|∇u(τ ∗)T (τ i − τm)|2

=

J1∑
j1=1

. . .

Jd∑
jd=1

∣∣∣∣∣∣
d∑

γ=1

(
∂u

∂xγ

)
(tγ,iγ − tγ,mγ )

∣∣∣∣∣∣
2

. (3.105)

For any x = (x1, . . . , xd)
T ∈ (0, 1)d, let ixk be a positive integer such that xk ∈ [tixk−1 , tixk ]

for k = 1, . . . , d. Then it follows that only (Bixk ,qk−rk(xk). . . . , Bixk+qk−rk−1,qk−rk(xk))
T are

nonzero for k = 1, . . . , d. By (2.60)–(2.63), (∂rk/∂xrkk )Bjk,qk(xk) can be written as a linear

combination of (Bjk,qk−rk(xk), . . . , Bjk+rk,qk−rk(xk))
T for any 1 ≤ jk ≤ Jk with k = 1, . . . , d.

Choose j1 = ix1 + q1 − r1 − 2 and jk = ixk + qk − rk − 1 for k = 2, . . . , d, then only ∂u/∂x1 will

be positive while ∂u/∂xk will be zero for k = 2, . . . , d. Therefore,

d∑
γ=1

(
∂u

∂xγ

)
(tγ,iγ − tγ,mγ ) =

d∑
γ=1

∂rγ+1

∂x
rγ+1
γ

Bjγ ,qγ (xγ)
d∏

k 6=γ

(
∂rk

∂xrkk
Bjk,qk(xk)

)
(tγ,iγ − tγ,mγ )

=
∂r1+1

∂xr1+1
1

Bj1,q1(x1)

d∏
k=2

(
∂rk

∂xrkk
Bjk,qk(xk)

)
(t1,i1 − t1,m1). (3.106)

By repeated applications of (2.84),

J1∑
j1=1

. . .

Jd∑
jd=1

|u(τ i)− u(τm)|2 ≥

(
∂r1+1

∂xr1+1
1

Bj1,q1(x1)

)2 d∏
k=2

(
∂rk

∂xrkk
Bjk,qk(xk)

)2

(t1,i1 − t1,m1)2

& J2r1+2
1

d∏
k=2

J2rk
k

(
min

1≤l≤N1

δ2
1,l

)
&

d∏
k=1

J2rk
k , (3.107)

where δ1,l = t1,l − t1,l−1 for 1 ≤ l ≤ N1, and the last line follows from assumption (3.4) and

Lemma B.1. Define Vi = Zn,r(τ i) for 1d ≤ i ≤ N where N = (N1, . . . , Nd). Then for any

1d ≤ i,m ≤N ,

E(Vi − Vm)2 = (bJ ,q,r(τ i)− bJ ,q,r(τm))TW r(B
TB + Ω−1)−1W T

r (bJ ,q,r(τ i)− bJ ,q,r(τm))

≥ λmin{(BTB + Ω−1)−1}‖W T
r (bJ ,q,r(τ i)− bJ ,q,r(τm))‖2

&

(
1

n

d∏
k=1

Jk

)
J1∑
j1=1

. . .

Jd∑
jd=1

|u(τ i)− u(τm)|2 ≥ c

(
1

n

d∏
k=1

J2rk+1
k

)
, (3.108)
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where c > 0 is a universal constant not depending on n, and we used (3.18) to lower bound

the minimum eigenvalue of (BTB + Ω−1)−1. Define Ui =
√

(2n/c)
∏d
k=1 J

−(rk+1/2)
k Vi and Hi

i.i.d. N(0, 1) with 1d ≤ i ≤ N . By equation (3.14) of Ledoux and Talagrand (1991), we have

E(max1d≤i≤N Hi) &
√

logN . Therefore,

E(Ui − Um)2 ≥ 2 = E(Hi −Hm)2 (3.109)

and by Slepian’s Lemma (Corollary 3.14 of Ledoux and Talagrand, 1991), we have

E

(
max

1d≤i≤N
Ui

)
≥ E

(
max

1d≤i≤N
Hi

)
&
√

logN. (3.110)

Since N =
∏d
k=1Nk ∼

∏d
k=1 Jk by Lemma B.1, then t2∞,r & σ2

0h
2
∞,r & (log n/n)

∏d
k=1 J

2rk+1
k .

Therefore, we have uniformly in ‖Drf0‖Hα−|r| ≤ R,

E0(‖Drf0 −ArY − crη‖2∞) = E(‖ArF 0 + crη −Drf0 +Qn,r‖2∞)

≤ 2E(‖Qn,r‖2∞) + 2E(‖ArF 0 + crη −Drf0‖2∞)

.
log n

n

d∏
k=1

J2rk+1
k +

1

n2

d∏
k=1

J2rk+2
k +

d∑
k=1

J
−2(α−rk)
k

.
log n

n

d∏
k=1

J2rk+1
k +

d∑
k=1

J
−2(α−rk)
k , (3.111)

where the last two lines follow from (3.71) and (3.63). By Markov’s inequality, we have uniformly

over ‖Drf0‖Hα−|r| ≤ R that

P0(‖Drf0 −ArY − crη‖∞ > ρnt∞,r) .
(log n/n)

∏d
k=1 J

2rk+1
k +

∑d
k=1 J

−2(α−rk)
k

ρ2
nt

2
∞,r

. (3.112)

Now, since t2∞,r & (log n/n)
∏d
k=1 J

2rk+1
k , we have ρ2

nt
2
∞,r � (log n/n)

∏d
k=1 J

2rk+1
k . If Jk �

(n/ log n)1/(2α+d) for k = 1, . . . , d, we have ρ2
nt

2
∞,r �

∑d
k=1 J

−2(α−rk)
k . Hence the fraction on the

right hand side goes to 0 as n→∞. Therefore, inf‖Drf0‖Hα−|r|≤R
P0(‖Drf0−ArY − crη‖∞ ≤

ρnt∞,r) → 1 if Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d. Applying (3.5) from Ledoux and

Talagrand (1991) to Zn,r with ‖ · ‖ as the L∞-norm, we have

ω = P (‖Zn,r‖∞ > h∞,r) ≤ 4 exp

(
−

h2
∞,r

8E‖Zn,r‖2∞

)
.

Then, h∞,r . (E‖Zn,r‖2∞)1/2
√
− logω. By (3.71), we have E‖Zn,r‖2∞ . (log n/n)

∏d
k=1 J

2rk+1
k .

In view of (3.43), we have uniformly over ‖Drf0‖Hα−|r| ≤ R that the radius of Ĉ∞ is ρnσ̂nh∞,r =
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OP0((log n/n)(α−|r|)/(2α+d)ρn).

Remark For the anisotropic case, assuming that f0 satisfies Assumption 3, then if Jk �
(n/ log n)α

∗/{αk(2α∗+d)} for k = 1, . . . , d, the asymptotic coverage of Ĉ∞ is 1, and its radius

is OP0((log n/n)α
∗{1−

∑d
k=1(rk/αk)}/(2α∗+d)ρn) uniformly over ‖Drf0‖α,∞ ≤ R.

Remark If we allow ω = ωn → 0 without using ρn, as in the construction for pointwise and L2-

credible regions, we need h2
∞,r � (log n/n)

∏d
k=1 J

2rk+1
k to make the right hand side of (3.112)

approach 0. We currently are unable to show this but conjecture that the lower bound for h2
∞,r

established above, i.e., (log n/n)
∏d
k=1 J

2rk+1
k is sharp regardless whether ω < 1/2 is fixed or

approaching 0. The introduction of an inflation factor is not unique to this problem, and it was

used by Szabo et al. (2014) in the context of constructing adaptive L2-credible regions.

Another way to ensure guaranteed frequentist coverage is to undersmooth the prior, i.e.,

using more B-splines in the expansion than the optimal number at each dimension. However, it

turns out that we need two different priors to accomplish this task for L∞-credible sets. Namely,

we use the optimal Jk to estimate the center ArY + crη and a larger Jk to estimate the size

of the radius for each k = 1, . . . , d. We write f as fJ to show that J = (J1, . . . , Jd)
T tensor

B-splines have been used in the expansion of (3.2). In a similar manner, we write AJr for Ar,

cJr for cr, ΣJr for Σr and σ̂2
n,J for σ̂2

n. Let Jn = (Jn,1, . . . , Jn,d)
T where Jn,k � (n/ log n)1/(2α+d)

is the optimal number of basis at each dimension k = 1, . . . , d. Using the same construction as

in (3.102), consider the following empirical credible region for fJ with radius σ̂n,JhJ ,r,

ĈJ∞ = {fJ : ‖DrfJ −AJrY − cJr η‖∞ ≤ σ̂n,JhJ ,r}, (3.113)

where hJ ,r does not depend on Y . We first choose hJ ,r such that Πσ̂n,J (ĈJ∞|Y ) = 1 − ω with

ω < 1/2, where the appropriate order for each component of J will be determined in Theorem

3.20 below. Using this hJ ,r, we then study the frequentist coverage of the following set:

inf
‖Drf0‖Hα−|r|≤R

P0(‖Drf0 −AJnr Y − cJnr η‖∞ ≤ σ̂n,JhJ ,r). (3.114)

Theorem 3.20. Let |r| < β < α. If Jk � (n/ log n)1/(2β+d) for k = 1, . . . , d, then the asymptotic

coverage of (3.114) is 1, and the radius of ĈJ∞ is OP0((log n/n)(β−|r|)/(2β+d)) uniformly over

‖Drf0‖Hα−|r| ≤ R for R > 0 and any |r| < β.

Proof. Define tJ ,r = inf |σ2−σ2
0 |≤ζn/

√
n σhJ ,r. Following the same argument as in Theorem 3.19,

we see that t2J ,r & (log n/n)
∏d
k=1 J

2rk+1
k . Using the optimal Jn,k � (n/ log n)1/(2α+d) for k =

1, . . . , d to estimate the posterior mean, E0(‖Drf0−AJnr Y −cJnr η‖2∞) . (log n/n)
∏d
k=1 J

2rk+1
n,k +

94



∑d
k=1 J

−2(α−rk)
n,k by substituting Jk with Jn,k for k = 1, . . . , d in (3.111) of Theorem 3.19. By

Markov’s inequality, we have uniformly over ‖Drf0‖Hα−|r| ≤ R that

P0(‖Drf0 −AJnr Y − cJnr η‖∞ > tJ ,r) .
(log n/n)

∏d
k=1 J

2rk+1
n,k +

∑d
k=1 J

−2(α−rk)
n,k

(log n/n)
∏d
k=1 J

2rk+1
k

. (3.115)

Since Jk � Jn,k for k = 1, . . . , d, we have (log n/n)
∏d
k=1 J

2rk+1
k � (log n/n)

∏d
k=1 J

2rk+1
n,k

and (log n/n)
∏d
k=1 J

2rk+1
k �

∑d
k=1 J

−2(α−rk)
n,k , and the right hand side above will go to 0 as

n → ∞. We then conclude that inf‖Drf0‖Hα−|r|≤R
P0(‖Drf0 − AJnr Y − cJnr η‖∞ ≤ tJ ,r) → 1

with Jk � n1/(2β+d) for k = 1, . . . , d. As in the proof of Theorem 3.19, it follows from (3.5) of

Ledoux and Talagrand (1991) that hJ ,r . (E‖ZJn,r‖2∞)1/2
√
− logω for ZJn,r ∼ GP(0,ΣJr ). By

(3.71), we have E‖ZJn,r‖2∞ . (log n/n)
∏d
k=1 J

2rk+1
k . In view of (3.43), we have uniformly over

‖Drf0‖Hα−|r| ≤ R that the radius of ĈJ∞ is σ̂n,JhJ ,r = OP0((log n/n)(β−|r|)/(2β+d)).

Remark If we had used the optimal Jn to estimate both the radius and the posterior mean,

then the right hand side of (3.115) does not approach 0, and hence the need for two different

priors. This is in contrast to the undersmoothing method described in Knapik et al. (2011)

where they considered L2-credible region. In Theorem 4.2 of that paper, one prior is sufficient

to do undersmoothing. The main difference is that unlike in the L2 case, the expectation and

standard deviation of ‖ZJn,r‖∞ has the same order of magnitude, and their argument using

asymptotically completely separated distributions (see page 22 of the same paper) does not

apply here.

Remark For the anisotropic case, we assume that f0 satisfies Assumption 3. Let βk < αk for

all k = 1, . . . , d and
∑d

k=1(rk/βk) < 1. If Jk � (n/ log n)β
∗/{βk(2β∗+d)} for k = 1, . . . , d, we

have uniformly in ‖Drf0‖α,∞ ≤ R that the asymptotic coverage of ĈJ∞ is 1 and its radius is

OP0((log n/n)β
∗{1−

∑d
k=1(rk/βk)}/(2β∗+d)).

Theorem 3.19 uses the optimal number of tensor B-spline basis to estimate both the center

and radius, but inflates the width of the credible region by some factor to ensure frequentist

coverage of 1 asymptotically. Theorem 3.20 achieves the same aim by using the optimal number

to estimate the center but uses a larger J component-wise to estimate the radius. In terms of

implementation, Theorem 3.19 enjoys two advantages over Theorem 3.20. The first advantage

is that we do not have to use two priors, one with optimal Jn and the other with larger J

component-wise for point estimation and credible region construction respectively. Since the

inflation factor ρn does not depend on α, which is the underlying smoothness of f0, it can be

used in the adaptive context, i.e, in the case of unknown α and we put a prior on each com-

ponent of J . On the other hand, we cannot undersmooth if we use an adaptive prior on each
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component of J , since adaptive prior by definition smooths the right amount.

In view of Theorems 3.17–3.20, we see that there are three different types of credible region

constructions that will guarantee frequentist coverage of 1 asymptotically. The first is to let

the credible level 1 − ωn approach one as n → ∞, and it was used to construct pointwise and

L2-credible regions (Theorems 3.17 and 3.18 respectively). If ωn does not depend on n, then

one could either inflate the radius by some slowly varying factor ρn (Theorem 3.19), or do

undersmoothing by using a larger J component-wise in determining the radius (Theorem 3.20).
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Chapter 4

Bayesian procedure for estimating

location of maximum

Consider the regression problem in (3.1) with true function f0 : (0, 1)d → R. Recall that

Assumption 2 says f0 belongs to the isotropic Hölder space Hα((0, 1)d) for α > 2. To estimate

the location of maximum for f in (3.1), we make an additional assumption by requiring that

f0 has a unique maximum. That is, for positive constants τ, τ1, δ and λ0 such that τ1 ≤ τ , we

have the following condition:

Assumption 4. There is a unique point µ0 in (0, 1)d that maximizes f0. That is, M0 =

supx∈(0,1)d f0(x) = f0(µ0). Moreover, f0 has a well-separated maximum, i.e., f0(µ0) ≥ f0(x)+δ

for all x /∈ B(µ0, τ1), and

sup
x∈B(µ0,τ)

λmax(Hf0(x)) ≤ −λ0. (4.1)

Assumptions 2 and 4 imply that ∇f0(µ0) = 0 and the Hessian Hf0(µ0) is symmetric

and negative definite. In addition, the Hessian matrix Hf0(x) is continuous. Observe that

Assumption 4 is still valid under the anisotropic case, and both Assumptions 3 and 4 will

yield the same implications. Let Wα((0, 1)d) be a subspace of Hα((0, 1)d) such that each of its

elements satisfies Assumptions 2 and 4. We endow this subspace with the following norm, such

that for f ∈ Wα((0, 1)d),

‖f‖Wα = ‖f‖Hα +
d∑

k=1

‖Dkf‖Hα−1 ,

where ‖ · ‖Hα is the isotropic Hölder norm defined in (1.9). For the anisotropic case, let f ∈
Wα((0, 1)d) ⊆ Hα((0, 1)d) with α = (α1, . . . , αd)

T , and we introduce the following norm:

‖f‖Wα,∞ = ‖f‖α,∞ +
d∑

k=1

‖Dkf‖α,∞,
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where ‖ · ‖α,∞ is the anisotropic Hölder norm defined in (3.74). In what follows, we will mainly

concentrate on isotropic f0, with brief remarks on its anisotropic version. If we do not pursuit

uniformity over balls in Wα((0, 1)d) for our results, then Assumption 4 can be simplified to:

Assumption 4.1. There is a unique point µ0 in (0, 1)d that maximizes f0. Moreover, f0 has a

well-separated maximum and λmax(Hf0(µ0)) < 0.

In this case, (4.1) becomes an implication of Assumptions 2 and 4.1, with the constants τ

and λ0 depending on f0. Suppose that f is endowed with the tensor-product B-splines prior as

in (3.2), with normal basis coefficients. Define

µ = arg max
x∈(0,1)d

f(x), µ0 = arg max
x∈(0,1)d

f0(x)

to be the locations of the maximum of f and f0 respectively, with

M = f(µ), M0 = f0(µ0)

their corresponding maximum values. To begin with, we show that µ is almost always unique.

Lemma 4.1. Assume that f is given the tensor-product B-splines prior as in (3.2). Then µ is

unique for almost all sample paths of f under the posterior distribution given Y (empirical or

hierarchical Bayes).

Proof. For the empirical Bayes case, the reproducing kernel Hilbert space of the Gaussian

posterior process {f(t) : t ∈ (0, 1)d} given Y is the J-dimensional space of polynomial splines

spanned by elements in bJ ,q(·) (van der Vaart and van Zanten, 2008a). This implies that it has

continuous sample path at every realization. Observe that σ̂2
n > 0 a.s. from (3.13). Now if

0 = Varσ̂n(f(t)− f(s)|Y ) = σ̂2
n(bJ ,q(t)− bJ ,q(s))T

(
BTB + Ω−1

)−1
(bJ ,q(t)− bJ ,q(s)),

this implies that Bjk,qk(tk) = Bjk,qk(sk) for jk = 1, . . . , Jk and k = 1, . . . , d. Since qk ≥ α > 2 (B-

splines are not step functions) for k = 1, . . . , d, this further implies that t = s. Thus by Lemma

2.6 of Kim and Pollard (1990), µ is unique for almost all sample paths of {f(t) : t ∈ (0, 1)d}
under the empirical posterior distribution given Y .

For the hierarchical Bayes case, consider the conditional posterior process Π(f |Y , σ2) for

arbitrary σ2 > 0. The reproducing kernel Hilbert space of this Gaussian process is still the space

of splines as before, and each realization of Π(f |Y , σ2) has continuous sample path. Now by

substituting σ2 for σ̂2
n in the preceding display, we see that Var(f(t)−f(s)|Y , σ2) = 0 implies t =
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s. By Lemma 2.6 of Kim and Pollard (1990), almost every sample path of Π(f |Y , σ2) has unique

maximum for any σ2 > 0. Note that f ∼ Π(f |Y ) is generated from the following scheme: draw

σ2 ∼ Π(σ2|Y ) = IG((β + n)/2, (γ + nσ̂2
n)/2), and then f ∼ Π(f |Y , σ2) = GP(AY + cη, σ2Σ).

Hence, almost every draw of f will have unique maximum µ under Π(f |Y ).

Lemma 4.2 below describes the exact conditions needed in order for the induced poste-

rior distribution of µ to be consistent. Since the following consistency result holds in greater

generality, we will temporarily leave the nonparametric regression setting.

Lemma 4.2. Consider a sequence of statistical experiments {X(n),X (n), P
(n)
θ : θ ∈ Θ}, where

Θ is an arbitrary parameter space with observations X(n) indexed by n. We assume that there

is a true θ0 that generates X(n). For any θ ∈ Θ, define transformation gθ : U → R, with U be

some Euclidean space. Further, define µ0 = arg maxx∈U gθ0(x) and µ = arg maxx∈U gθ(x).

Assume that we have posterior consistency for gθ under the supremum norm, i.e., for all

δ > 0,

Π
(
‖gθ − gθ0‖∞ > δ

∣∣∣X(n)
) P

(n)
θ0−→ 0 (4.2)

as n→∞. In addition, gθ0 has well-separated maximum, i.e., there exists µ0 ∈ U such that

sup
x/∈B(µ0,ε)

gθ0(x) < gθ0(µ0) for any ε > 0. (4.3)

Then for any ε > 0, we have Π
(
‖µ− µ0‖ > ε

∣∣X(n)
) P

(n)
θ0−→ 0 as n → ∞, i.e., the posterior

distribution of µ is consistent at µ0.

Proof. For all ε > 0 and δ > 0,

Π
(
‖µ− µ0‖ > ε

∣∣∣X(n)
)
≤ Π

(
sup

x/∈B(µ0,ε)
gθ(x) > gθ(µ0)

∣∣∣∣∣X(n)

)

≤ Π

(
sup

x/∈B(µ0,ε)
gθ(x) > gθ(µ0), gθ(µ0) ≥ gθ0(µ0)− δ/2

∣∣∣∣∣X(n)

)
+ Π

(
gθ(µ0) < gθ0(µ0)− δ/2

∣∣∣X(n)
)
.

The second term above goes to 0 in P
(n)
θ0

-probability by (4.2). In addition, (4.3) implies that

there exists a δ > 0, such that gθ0(x) < gθ0(µ0)− δ for x /∈ B(µ0, ε). Hence, for this δ > 0, the

first term is bounded above by

Π
(
gθ(x) > gθ0(x) + δ/2 for some x /∈ B(µ0, ε)

∣∣∣X(n)
)
≤ Π

(
‖gθ − gθ0‖∞ > δ/2

∣∣∣X(n)
)
→ 0
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in P
(n)
θ0

-probability as n→∞. Thus the posterior distribution of µ is consistent at µ0.

In the lemma above, θ can be a continuously differentiable function and gθ is the derivative

function. Note that if (4.2) holds uniformly over θ0 ∈ D whereD is a ball in Θ, then the posterior

of µ is consistent uniformly in θ0 ∈ D. Returning to our present context, to show consistency

for the posterior of µ, observe that the first condition (4.2) in Lemma 4.2 is satisfied through

Theorem 3.5. By Assumption 4, f0 has a well-separated maximum as defined in the second

condition (4.3). Hence, Lemma 4.2 above concludes that the induced posterior of µ given Y is

consistent at µ0 uniformly over ‖f0‖Wα ≤ R for R > 0.

Figure 4.1: A function that has no well-separated maximum. This function `(θ|·) has global
maximum at θ0, but the horizontal asymptote is approaching this maximum as well.

4.1 Posterior convergence rates for µ and M

In the present case, the most elegant way of deriving posterior convergence rates of µ and M is

by inducing them from the corresponding posterior convergence rates of f and its mixed partial

derivatives established in the previous chapter. To accomplish this, we need to find inequalities

relating these two sets of quantities. Lemma 4.3 provides this for µ.

Lemma 4.3. Under Assumptions 2 and 4, we have with posterior probability (empirical or

hierarchical Bayes) tending to 1 that

‖µ− µ0‖ ≤
√
d

λ0
max

1≤k≤d
‖Dkf −Dkf0‖∞, (4.4)

where λ0 is the constant defined in (4.1).

Proof. By Taylor’s theorem, we have

∇f0(µ) = ∇f0(µ0) +Hf0(µ∗)(µ− µ0)
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for µ∗ = λµ+ (1−λ)µ0, λ ∈ [0, 1]. Now since the posterior distribution of µ is consistent at µ0

by Lemma 4.2, we have that as n→∞ and ∀ε > 0, Π(‖µ∗−µ0‖ < ε|Y )
P0−→ 1, where Π(·|Y ) is a

generic posterior that can be either empirical or hierarchical Bayes. Under both Assumptions 2

and 4, equation (4.1) implies that on the event Bn = {λmax(Hf0(µ∗)) ≤ −λ0}, Π(Bn|Y )
P0−→ 1.

Hence, Hf0(µ∗) is invertible with probability tending to one under the posterior. Therefore, as

n→∞ and on event Bn,

µ− µ0 = Hf0(µ∗)−1(∇f0(µ)−∇f0(µ0)).

Noting that ∇f0(µ0) = ∇f(µ) = 0, then

‖µ− µ0‖ ≤
1

λ0
‖∇f0(µ)−∇f(µ)‖

≤
√
d

λ0
max

1≤k≤d
‖Dkf −Dkf0‖∞.

Note that the preceding lemma holds uniformly over ‖f0‖Wα ≤ R if the posterior of µ is

consistent at µ0 uniformly over the same set. For the anisotropic case, (4.4) holds assuming

that f0 satisfies Assumptions 3 and 4.

Theorem 4.4. If Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d, we have for R > 0 and any Mn →∞,

Empirical Bayes: sup
‖f0‖Wα≤R

E0Πσ̂n(µ : ‖µ− µ0‖ > Mn(log n/n)(α−1)/(2α+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖Wα≤R

E0Π(µ : ‖µ− µ0‖ > Mn(log n/n)(α−1)/(2α+d)|Y )→ 0.

Proof. Apply Theorem 3.8 with r = ek, the sup-norm convergence rate for Dkf is εn =

(log n/n)(α−1)/(2α+d) for all k = 1, . . . , d. Using (4.4), for any Mn → ∞ and uniformly in

‖f0‖Wα ≤ R,

E0Πσ̂n(‖µ− µ0‖ > Mnεn|Y ) ≤ E0Πσ̂n

(
max

1≤k≤d
‖Dkf −Dkf0‖∞ >

λ0√
d
Mnεn

∣∣∣∣Y )
≤

d∑
k=1

E0Πσ̂n

(
‖Dkf −Dkf0‖∞ >

λ0√
d
Mnεn

∣∣∣∣Y )→ 0.

The same argument applies to the hierarchical Bayes version.
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Theorem 4.5. If Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d, we have for R > 0 and any Mn →∞,

Empirical Bayes: sup
‖f0‖Wα≤R

E0Πσ̂n(M : |M −M0| > Mn(log n/n)α/(2α+d)|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖Wα≤R

E0Π(M : |M −M0| > Mn(log n/n)α/(2α+d)|Y )→ 0.

Proof. Assume that f(x), f0(x) > 0 for all x ∈ (0, 1)d. If not, we can always add a large

enough constant C > 0 such that f(x) + C > 0 and f0(x) + C > 0 for all x ∈ (0, 1)d,

which leaves ‖f − f0‖∞ and |M − M0| unchanged. Note that we can always find such a C

not depending on f and f0 since f0 is uniformly bounded by Assumption 2, and the posterior

support of f is a subspace of Hα((0, 1)d) consisting of uniformly bounded functions. Then

‖f‖∞ = supx∈(0,1)d f(x) = M and ‖f0‖∞ = supx∈(0,1)d f0(x) = M0. Hence by the triangle

inequality, we have

|M −M0| = |‖f‖∞ − ‖f0‖∞| ≤ ‖f − f0‖∞. (4.5)

Applying Theorem 3.5 and the inequality above will then induce the desired convergence rate

on M .

Apart from the logarithmic factors, these rates are the minimax rates for estimating µ and

M respectively (see Belitser et al., 2012). For the anisotropic case assuming that f0 satisfies

Assumptions 3 and 4, if Jk � (n/ log n)α
∗/{αk(2α∗+d)} for k = 1, . . . , d, then the posterior

convergence rates for µ and M are (log n/n)(α∗−1)/(2α∗+d) and (log n/n)α
∗/(2α∗+d) uniformly in

‖f0‖Wα,∞ ≤ R respectively.

4.2 Credible regions for µ and M

We will discuss two methods to construct credible regions for µ and M . The first method is by

constructing Euclidean balls with some radius around the posterior means of µ and M . Using

(4.4), we can then establish that these balls have high posterior concentrations with frequentist

coverage tending to 1 asymptotically. The second method is to first construct credible regions

for f and its partial derivatives using techniques discussed in Section 3.6, and then we induce

the corresponding credible regions for µ and M by the argmax or max operators respectively.

We begin by discussing the first construction method. Let f̂n be some estimator of f0. Define

µ̂n = arg max
x∈(0,1)d

f̂n(x). (4.6)
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Suppose f̂n converges to f0 uniformly in (0, 1)d under P0-probability, i.e., as n→∞,

sup
x∈(0,1)d

|f̂n(x)− f0(x)| P0→ 0. (4.7)

By Assumption 4, f0 has a well-separated maximum. Hence Theorem 5.7 of van der Vaart

(1998) implies that µ̂n is consistent in estimating µ0 under P0-probability. We then have a

frequentist analog of Lemma 4.3 as given below:

Lemma 4.6. Suppose (4.7) holds for f̂n. Under Assumptions 2 and 4, we have with probability

P0 tending to 1 that

‖µ̂n − µ0‖ ≤
√
d

λ0
max

1≤k≤d
‖Dkf̂n −Dkf0‖∞, (4.8)

where λ0 is the constant defined in (4.1).

Proof. The argument follows almost identically with the proof in Lemma 4.3, by substituting

µ̂n for µ and f̂n for f . In the present case, P0(Bn)→ 1 follows from the implied consistency of

µ̂n and (4.1).

Recall that the empirical posterior mean process for f is AY + cη, where A and c were

given by (3.10) and (3.11) respectively. Choose Eσ̂n(f |Y ) for f̂n such that

µ̂n = arg max
x∈(0,1)d

Eσ̂n [f(x)|Y ] = arg max
x∈(0,1)d

[A(x)Y + c(x)η] (4.9)

is an estimator of the location of function maximum µ0. By Theorem 3.5, it follows thatAY +cη

converges in P0-probability to f0 under L∞-norm with rate (log n/n)α/(2α+d). Hence µ̂n defined

in (4.9) is consistent in estimating µ0 under P0-probability, and (4.8) holds in this case.

Recall that the empirical posterior of Drf given Y is GP(ArY + crη, σ̂
2
nΣr), where Ar, cr

and Σr were given by (3.59), (3.60) and (3.61) respectively. For notational simplicity, if r = ek

where ek = (0, . . . , 0, 1, 0, . . . , 0)T with 1 in the kth position and the rest zero, we write Dek as

Dk, Aek as Ak, cek as ck and Σek as Σk respectively for any k = 1, . . . , d. In view of Lemma

4.3 and utilizing the inflation factor approach (see the discussion preceding Theorem 3.19), we

can construct a 1− ω credible ball for µ centered at µ̂n with radius ρnσ̂nhmax. That is,

Ĉµ = {µ : ‖µ− µ̂n‖ ≤ ρnσ̂nhmax} , (4.10)

where ρn →∞ as n→∞ and hmax = max1≤k≤d h∞,k. For each 1 ≤ k ≤ d, h∞,k is determined
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such that

Πσ̂n(f : ‖Dkf −AkY − ckη‖∞ ≤ σ̂nh∞,k|Y ) = 1− ω, (4.11)

where ω ∈ [0, 1] does not depend on n and we assume that ω < 1/2. Observe that AkY +ckη =

E(Dkf |Y ) = Dk[E(f |Y )]. By (4.4), the credibility of Ĉµ is at least 1− ω,

Πσ̂n(Ĉcµ|Y ) ≤ Πσ̂n

(
max

1≤k≤d
‖Dkf −Dk[E(f |Y )]‖∞ >

λ0√
d
ρnσ̂nhmax

∣∣∣∣Y )
≤ d max

1≤k≤d
Πσ̂n

(
‖Dkf −AkY − ckη‖∞ >

λ0√
d
ρnσ̂nhmax

∣∣∣∣Y ) ≤ ω. (4.12)

We shall study the frequentist coverage of Ĉµ as n→∞, given by

inf
‖f0‖Wα≤R

P0 (‖µ0 − µ̂n‖ ≤ ρnσ̂nhmax) . (4.13)

Theorem 4.7. If Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d, the asymptotic coverage of (4.13) is

1 and the radius of Ĉµ is OP0((log n/n)(α−1)/(2α+d)ρn) uniformly in ‖f0‖Wα ≤ R for R > 0.

Proof. Applying Theorem 3.19 for r = ek and in view of (4.8), we have

P0 (‖µ0 − µ̂n‖ > ρnσ̂nhmax) ≤ P0

(
max

1≤k≤d
‖Dkf0 −Dk[E(f |Y )]‖∞ >

λ0√
d
ρnσ̂nhmax

)
≤ d max

1≤k≤d
P0

(
‖Dkf0 −AkY − ckη‖∞ >

λ0√
d
ρnσ̂nhmax

)
→ 0,

uniformly in ‖f0‖Wα ≤ R.

Remark For the anisotropic case, assuming that f0 satisfies both Assumptions 3 and 4, if

Jk � (n/ log n)α
∗/{αk(2α+d)} for k = 1, . . . , d, the asymptotic coverage of Ĉµ is 1, and its radius

is OP0((log n/n)(α∗−1)/(2α∗+d)ρn) uniformly in ‖f0‖Wα,∞ ≤ R.

Now let M̂n = A(µ̂n)Y +c(µ̂n)η be an estimator of the function maximum value M , where

µ̂n was defined in (4.9). Using the inflation factor approach with ω < 1/2, we construct a 1−ω
credible interval for M as

ĈM = {M : |M − M̂n| ≤ ρnσ̂nh∞}, (4.14)

where h∞ is chosen such that Πσ̂n(‖f −AY − cη‖∞ ≤ σ̂nh∞|Y ) = 1− ω. Applying Theorem

3.19 with r = 0 and identifying h∞,0 with h∞, (4.5) implies that ĈM has credibility at least
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1− ω,

Πσ̂n(ĈM |Y ) ≥ Πσ̂n(‖f −AY − cη‖∞ ≤ ρnσ̂nh∞|Y ) = 1− ω.

We shall study the frequentist coverage of ĈM as n→∞, given by

inf
‖f0‖Wα≤R

P0(|M0 − M̂n| ≤ ρnσ̂nh∞). (4.15)

Theorem 4.8. If Jk � (n/ log n)1/(2α+d) for k = 1, . . . , d, the asymptotic coverage of (4.15) is

1, and the radius of ĈM is OP0((log n/n)α/(2α+d)ρn) uniformly over ‖f0‖Wα ≤ R for R > 0.

Proof. Apply Theorem 3.19 with r = 0 and use (4.5) to get uniformly in ‖f0‖Hα ≤ R,

1 ≥ P0(|M0 − M̂n| ≤ ρnσ̂nh∞) ≥ P0(‖f0 −AY − cη‖∞ ≤ ρnσ̂nh∞)→ 1.

Remark For the anisotropic case, assuming that f0 satisfies both Assumptions 3 and 4, if

Jk � (n/ log n)α
∗/{αk(2α∗+d)} for k = 1, . . . , d, the asymptotic coverage of ĈM is 1, and its radius

is OP0((log n/n)α
∗/(2α∗+d)ρn) uniformly in ‖f0‖Wα,∞ ≤ R.

For the second method, we begin by constructing a credible region for f using techniques

discussed in Section 3.6. In particular, in view of the inequality in (4.4) and the inflation method

used in Theorem 3.19, we construct a 1− ω credible region for f as

Ĉmax =

{
f : max

1≤k≤d
‖Dkf −AkY − ckη‖∞ ≤ ρnσ̂nh

}
, (4.16)

where h > 0 is chosen such that Πσ̂n(Ĉmax|Y ) = 1 − ω. Here, ω does not depend on n and

we assume that ω < 1/2. Also, h does not depend on Y . Observe that the posterior mean

AY + cη ∈ Ĉmax. It also follows from Theorem 4.9 below that f0 ∈ Ĉmax as n→∞, uniformly

over ‖f0‖Wα ≤ R for any R > 0.

Theorem 4.9. If Jk � (n/ log n)1/(2α+1) for k = 1, . . . , d, then as n→∞,

inf
‖f0‖Wα≤R

P0(f0 ∈ Ĉmax)→ 1,

and the radius of Ĉmax is OP0((log n/n)(α−1)/(2α+d)ρn) uniformly over ‖f0‖Wα ≤ R for any

R > 0.

Proof. The proof is similar to the proof of Theorem 3.19. For any ξn = o(
√
n), define t =
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inf |σ2−σ2
0 |≤ξn/

√
n σh. By (3.43), to show Ĉmax has asymptotic coverage of 1, it suffices to show

sup
‖f0‖Wα≤R

P0

(
max

1≤k≤d
‖Dkf0 −AkY − ckη‖∞ > ρnt

)
→ 0. (4.17)

Now, let Zn,k ∼ GP(0,Σk). Then Πσ̂n(Ĉmax|Y ) = 1 − ω implies that P (max1≤k≤d ‖Zn,k‖∞ >

h) = ω for ω < 1/2. Since P (‖Zn,i‖∞ > h) ≤ P (max1≤k≤d ‖Zn,k‖∞ > h) = ω for any 1 ≤
i ≤ d, this implies that h ≥ M(Zn,i) where M(Zn,i) is the median of ‖Zn,i‖∞. Using the facts

established in the proof of Theorem 3.19, we have h ≥M(Zn,i) � E‖Zn,i‖∞, and it follows that

t2 & σ2
0h

2 & (log n/n)J3
i . Now by (3.111), we have uniformly over ‖f0‖Wα ≤ R that

E0

(
max

1≤k≤d
‖Dkf0 −AkY − ckη‖∞

)
≤ d max

1≤k≤d
E0(‖Dkf0 −AkY − ckη‖∞)

. max
1≤k≤d

(
log n

n
J3
k + J

−2(α−1)
k

)
. (4.18)

By Markov’s inequality, we have uniformly over ‖f0‖Wα ≤ R that

P0

(
max

1≤k≤d
‖Dkf0 −AkY − ckη‖∞ > ρnt

)
.

max1≤k≤d

(
(log n/n)J3

k + J
−2(α−1)
k

)
ρ2
nt

2
. (4.19)

Now, since Jk � (n/ log n)1/(2α+1) for k = 1, . . . , d, we have ρ2
nt

2 � (log n/n)J3
k and ρ2

nt
2 �

J
−2(α−1)
k for any 1 ≤ k ≤ d. Hence the fraction on the right hand side goes to 0 as n →
∞. We conclude that inf‖f0‖Wα≤R P0(max1≤k≤d ‖Dkf0 − AkY − ckη‖∞ ≤ ρnt) → 1 if Jk �
(n/ log n)1/(2α+d) for k = 1, . . . , d. Applying (3.5) from Ledoux and Talagrand (1991) to Zn,k

with ‖ · ‖ as the L∞-norm, we have

ω = P

(
max

1≤k≤d
‖Zn,k‖∞ > h

)
≤ d max

1≤k≤d
P (‖Zn,k‖∞ > h) ≤ 4d max

1≤k≤d
exp

(
− h2

8E‖Zn,k‖2∞

)
= 4d exp

(
− h2

8 max1≤k≤d E‖Zn,k‖2∞

)
.

Hence, h .
√

max1≤k≤d E‖Zn,k‖2∞ log (4d/ω). By (3.71), we have E‖Zn,k‖2∞ . (log n/n)J3
k .

In view of (3.43), we have uniformly over ‖f0‖Wα ≤ R that the radius of Ĉmax is ρnσ̂nh =

OP0((log n/n)(α−1)/(2α+d)ρn).

Remark For the anisotropic version, we assume that f0 satisfies Assumptions 3 and 4. If

Jk � (n/ log n)α
∗/{αk(2α∗+d)} for k = 1, . . . , d, the asymptotic coverage of Ĉmax is 1 and its

radius is OP0((log n/n)(α∗−1)/(2α∗+d)ρn) uniformly over ‖f0‖Wα,∞ ≤ R for any R > 0.

By applying the argmax operator to each element of Ĉmax, we will induce a corresponding
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credible region Ûmax for µ. By Lemma 4.1, it follows that Ûmax has credibility 1− ω exactly,

Πσ̂n(µ ∈ Ûmax|Y ) = Πσ̂n(f ∈ Ĉmax|Y ) = 1− ω. (4.20)

By Assumption 4, µ0 is the unique point of maximum for f0. It then follows from Theorem 4.9

that as n→∞,

P0(µ0 ∈ Ûmax) = P0(f0 ∈ Ĉmax)→ 1, (4.21)

uniformly over ‖f0‖Wα ≤ R for any R > 0. Using this particular Ĉmax to induce Ûmax en-

sures that the diameter of Ûmax is bounded above by some constant multiple of the minimax

convergence rate, possibly up to a slowly varying factor.

Lemma 4.10. The diameter of Ûmax is OP0((log n/n)(α−1)/(2α+d)ρn), uniformly over ‖f0‖Wα ≤
R for any R > 0.

Proof. Let µ1 and µ2 be two arbitrary elements of Ûmax. Then by Lemma 4.1, there are functions

f1, f2 ∈ Ĉmax such that µ1 = arg maxx∈(0,1)d f1(x) and µ2 = arg maxx∈(0,1)d f2(x). Let f̃n =

AY + cη. By (4.4) and the triangle inequality,

‖µ1 − µ2‖

≤ ‖µ1 − µ0‖+ ‖µ2 − µ0‖

≤
√
d

λ0
max

1≤k≤d
‖Dkf1 −Dkf0‖∞ +

√
d

λ0
max

1≤k≤d
‖Dkf2 −Dkf0‖∞

≤
√
d

λ0

(
max

1≤k≤d
‖Dkf1 −Dkf̃n‖∞ + max

1≤k≤d
‖Dkf2 −Dkf̃n‖∞ + 2 max

1≤k≤d
‖Dkf0 −Dkf̃n‖∞

)
= OP0(ρnσ̂nh) = OP0((log n/n)(α−1)/(2α+d)ρn).

Both max1≤k≤d ‖Dkf1−Dkf̃n‖∞ and max1≤k≤d ‖Dkf2−Dkf̃n‖∞ are bounded by ρnσ̂nh follow

from the definition of Ĉmax. By Theorem 4.9, max1≤k≤d ‖Dkf0 −Dkf̃n‖∞ = OP0(ρnσ̂nh). The

last line then follows from (3.43) with the upper bound for h established in Theorem 4.9.

We use the same technique to construct credible interval for M . That is, we construct a

credible region for f and apply the max operator to each of its element. In view of (4.5) and

Theorem 3.19 with ω < 1/2, we construct a 1− ω credible region for f as

Ĉ∞ = {f : ‖f −AY − cη‖∞ ≤ ρnσ̂nh∞}, (4.22)

where h∞ > 0 is chosen such that Πσ̂n(Ĉ∞|Y ) = 1−ω, and h∞ does not depend on Y . Note that

the posterior mean AY + cη ∈ Ĉ∞. It also follows from Theorem 3.19 that P0(f0 ∈ Ĉ∞) → 1
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as n → ∞ uniformly over ‖f0‖Wα ≤ R for any R > 0. By applying the max operator to each

element of Ĉ∞, we will induce a corresponding credible region M̂∞ for M . By Lemma 4.1, M̂∞
has credibility 1− ω exactly,

Πσ̂n(M ∈ M̂∞|Y ) = Πσ̂n(f ∈ Ĉ∞|Y ) = 1− ω. (4.23)

By Assumption 4, µ0 is the unique point of maximum for f0 with maximum value M0. It then

follows from Theorem 3.19 that as n→∞,

P0(M0 ∈ M̂∞) = P0(f0 ∈ Ĉ∞)→ 1, (4.24)

uniformly over ‖f0‖Wα ≤ R for any R > 0. Now, using this particular Ĉ∞ to induce M̂∞
ensures that the diameter of M̂∞ is bounded above by some constant multiple of the minimax

convergence rate, possibly up to some slowly varying factor.

Lemma 4.11. The diameter of M̂∞ is OP0((log n/n)α/(2α+d)ρn), uniformly over ‖f0‖Wα ≤ R
for any R > 0.

Proof. Let M1 and M2 be two arbitrary elements of M̂∞. Then by Lemma 4.1, there are

functions f1, f2 ∈ Ĉ∞ such that M1 = maxx∈(0,1)d f1(x) and M2 = maxx∈(0,1)d f2(x). By (4.5)

and the triangle inequality, we have

|M1 −M2| ≤ ‖f1 − f2‖∞ ≤ ‖f1 −AY − cη‖∞ + ‖f2 −AY − cη‖∞ ≤ 2ρnσ̂nh∞. (4.25)

By the definition of Ĉ∞, both ‖f1 − AY − cη‖∞ and ‖f2 − AY − cη‖∞ are bounded by

ρnσ̂nh∞. The result then follows from (3.43) with the upper bound for h∞ established in

Theorem 3.19.

Remark The anisotropic versions of the results established above follow by changing α to α∗

and the norm ‖ · ‖Wα to ‖ · ‖Wα,∞.
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Chapter 5

Two-stage Bayesian estimation of µ

and M

5.1 Introduction

The idea is to derive the posterior distributions of µ and M in two stages. Given a sampling

budget of n, we first allocate n1 < n samples to compute the posterior distribution of f , based

on tensor-product B-splines prior with normal basis coefficients. Using this posterior, we then

construct a credible region for µ based on the methods discussed in the previous section. The

rest n2 = n− n1 samples are then obtained from sampling points inside this region. Assuming

that this region is small enough, we can approximate f around this vicinity with a multivariate

polynomial. By further endowing the coefficients with a normal prior, we then use the second

stage samples to construct an improved posterior distribution for f . By (4.4) and (4.5), this

translates to improved posterior distributions for µ and M , where improvement here refers to

faster posterior convergence rates.

5.2 Two-stage Bayesian procedure

Let π ∈ (0, 1). In the first stage, we choose n1 ∈ N design points {x̃i, i = 1, . . . , n1} such that

0 < n1 < n and n1/n → π. If we have no information on these points, then they should be

chosen as uniform as possible across the domain of interest. Since our domain is (0, 1)d and

assuming that n1 = md for some m ∈ N, we can divide (0, 1)d into n1 hypercubes of length m,

and sample from the uniform grid points formed. That is, x̃i ∈ {(j−1)/(m−1), j = 1, . . . ,m}d

for i = 1, . . . , n1. In general, for constants c1, c2 > 0, we can select these points such that the

family of balls {B(x̃i, c1n
−1/d
1 ), i = 1, . . . , n1} covers (0, 1)d and ‖x̃i − x̃j‖ ≥ c2n

−1/d
1 for i 6= j

(see Belitser et al., 2012). Therefore, we have data D1 = {(x̃i, Yi), i = 1, . . . , n1} for the model
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in (3.1).

In view of D1, we endow f in (3.1) with tensor-product B-splines prior described in Sec-

tion 3.2 to yield the empirical posterior Πσ̂n(f |D1). Then, we construct a credible set for µ

as C(µ̃, vδn) = {µ : ‖µ − µ̃‖∞ ≤ vδn}, where µ̃ is some preliminary estimator of µ. For ex-

ample, µ̂n in (4.9). Here, v is the smallest integer such that 2v ≥ mα for mα = dα − 1e, and

δn > 0 is a localization parameter such that δn → 0 as n → ∞. Note that C(µ̃, vδn) is a cube

in Rd centered at µ̃ with diameter 2vδn. Since ‖x‖∞ ≤ ‖x‖ ≤
√
d‖x‖∞ for any x ∈ Rd, it

follows from Theorem 4.7 that if ρnσ̂nhmax = op0(δn), then Πσ̂n(C(µ̂n, vδn)|D1) ≥ 1 − ω and

P0(µ0 ∈ C(µ̂n, vδn))→ 1 uniformly over ‖f0‖Wα ≤ R for any R > 0.

Therefore, we have n2 = n− n1 samples left for the second stage. Choose n3 ∈ N such that

n2 = n3(2v + 1)d. Divide C(µ̃, vδn) into (2v)d smaller cubes of diameter δn. The stage two

samples are then obtained by sampling n3 times at each of the (2v+ 1)d vertices formed. To be

more precise, define the set of (2v + 1)d cube vertices as

d∏
k=1

{µ̃k + tkδn, tk = 0,±1, . . . ,±v} = {ũ1, . . . , ũ(2v+1)d}.

Denote the second stage design points as {x1, . . . ,xn2}, and they are chosen such that for sets

Ij = {1 ≤ i ≤ n2 : xi = ũj} with j = 1, . . . , (2v + 1)d, we have |Ij | = n3 where |A| denotes

the cardinality of set A. Hence, each vertices in {ũ1, . . . , ũ(2v+1)d} is replicated n3 times to

form {x1, . . . ,xn2}. Note that n3 ≥ cn for some constant c > 0. Using the model in (3.1), i.e.,

Yi = f(xi)+εi for i = 1, . . . , n2, we observe second stage samples D2 = {(xi, Yi), i = 1, . . . , n2}.

At the second stage, we represent f(x) at x = (x1, . . . , xd)
T as a multivariate polynomial

function of fixed order mα = dα− 1e, i.e.,

fϑ(x) =
∑

i∈I(mα)

ϑix
i =

mα∑
k=0

∑
i∈Ik

ϑix
i = p(x)Tϑ, (5.1)

where p(x) = (xi : i ∈ I(mα))T and ϑ = (ϑi : i ∈ I(mα))T are the corresponding basis

coefficients. The elements of I(mα) can be enumerated as {i0, i1, . . . , iW } where W + 1 =

|I(mα)| =
∑mα

k=0

(
d+k−1
d−1

)
and note that i0 = 0. By observing second stage samples D2, define

Y = (Y1, . . . , Yn2)T , X = (xT1 , . . . ,x
T
n2

)T and P = (p(x1), . . . ,p(xn2))T . Moreover, we write

F 0 = (f0(x1), . . . , f0(xn2))T and ε = (ε1, . . . , εn2)T . Note that for d = 1, P is a Vandermonde
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matrix. Hence, the model in (3.1) can be written compactly as

Y |X,ϑ, σ2 ∼ Nn2(Pϑ, σ2In2). (5.2)

For the basis coefficients, we assign

ϑ|σ2 ∼ NW+1(ξ, σ2V ). (5.3)

We assume that the entries of ξ do not depend on n and V = diag(Cδ
−|ij |
n : j = 0, . . . ,W ) for

some constant C > 0 not depending on n. Based on (5.2) and (5.3), it then follows that the

induced conditional posterior for fϑ is Π(fϑ|Y , σ2) ∼ GP(TY + dξ, σ2H), where T and d are

bounded linear operators mapping Rn2 and RW+1 respectively to Pmα , and H is the covariance

function defined on C(µ̃, vδn)× C(µ̃, vδn) such that for any x,y ∈ C(µ̃, vδn),

T (x) = p(x)T
(
P TP + V −1

)−1
P T , (5.4)

d(x) = p(x)T
(
P TP + V −1

)−1
V −1, (5.5)

H(x,y) = p(x)T
(
P TP + V −1

)−1
p(y). (5.6)

Note that since the posterior mean can be written as
∑n2

i=1 Ti(x)Yi + d(x)η at a fixed x, with

Ti(x) being the ith element of the row vector T (x), Assumption 2 with Properties 1 and 2 of

Appendix C imply that TY + dξ is a sub-Gaussian process under P0.

As in Section 3.2, since σ2 is unknown, we will consider the empirical and hierarchical Bayes

approaches. In the present context, the empirical Bayes posterior is

Πσ̂n(fϑ|Y ) ∼ GP(TY + dξ, σ̂2
nH), (5.7)

where

σ̂2
n =

(Y − Pξ)T (PV P T + In2)−1(Y − Pξ)

n2
. (5.8)

For the hierarchical Bayes approach, we further endow σ2 with the inverse-gamma prior in

(3.15). The corresponding posterior is given by

σ2|Y ∼ IG

(
β + n2

2
,
γ + n2σ̂

2
n

2

)
, (5.9)

where σ̂2
n is from (5.8) above with β > 4 and γ > 0. By Lemma 1 of Belitser et al. (2012), P

has full column rank and it follows that P TP is invertible.

111



Let r = (r1, . . . , rd)
T be such that |r| ≤ mα. Then the r mixed partial derivative of f with

respect to x is

Drfϑ(x) =
∑

i∈I(mα)

ϑi

d∏
k=1

∂rk

∂xrkk
xikk =

∑
i∈I(mα)

ik≥rk,k=1,...,d

ϑi
i!

(i− r)!
xi−r, (5.10)

which is a multivariate polynomial of order mα−|r|. Now since xi−r = 0 if i < r, we can perform

a change of variable and write Drfϑ(x) = pr(x)TNrϑ, where pr(x) = (xi : i ∈ I(mα− |r|))T .

The |I(mα−|r|)|×|I(mα)|matrixNr is of the following block matrix form:Nr = [0 R], where

0 is a |I(mα−|r|)|×(|I(mα)|−|I(mα−|r|)|) matrix of zeroes, andR is a |I(mα−|r|)|×|I(mα−|r|)|
diagonal matrix with diagonal elements {(r+ i)!/i! : i ∈ I(mα − |r|)}. Note that in this frame-

work, Nr and pr(x) reduce to I |I(mα)| and p(x) respectively when r = 0.

It then follows that Πσ̂n(Drfϑ|Y ) ∼ GP(T rY +drξ, σ̂
2
nHr), such that for x,y ∈ C(µ̃, vδn),

T r(x) = pr(x)TNr

(
P TP + V −1

)−1
P T , (5.11)

dr(x) = pr(x)TNr

(
P TP + V −1

)−1
V −1, (5.12)

Hr(x,y) = pr(x)TNr

(
P TP + V −1

)−1
NT
r pr(y). (5.13)

Note that if r = 0, the three operators (5.11), (5.12) and (5.13) above reduce to that defined

in (5.4), (5.5) and (5.6) respectively. Using the same reasoning as before, we see that under

Assumption 2 with Properties 1 and 2 of Appendix C, T rY + drξ is a sub-Gaussian process

under P0. Define the location of maximum for fϑ and its maximum value as

µ = arg max
x∈C(µ̃,vδn)

fϑ(x), M = fϑ(µ). (5.14)

Following the same reasoning as in Lemma 4.1, we see that µ is unique for almost all sample

paths of fϑ under the empirical or hierarchical posterior. The following two theorems establish

the second stage posterior convergence rates of µ and M for any smoothness level α > 2.

Theorem 5.1. Under Assumptions 2 and 4, if ‖µ̃−µ0‖ = oP0(δn) uniformly over ‖f0‖Wα ≤ R
with R > 0, then for any Mn →∞,

Empirical Bayes: sup
‖f0‖Wα≤R

E0Πσ̂n(‖µ− µ0‖ > Mn(n−1/2δ−1
n + δα−1

n )|Y )→ 0. (5.15)

Hierarchical Bayes: sup
‖f0‖Wα≤R

E0Π(‖µ− µ0‖ > Mn(n−1/2δ−1
n + δα−1

n )|Y )→ 0. (5.16)
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Theorem 5.2. Under Assumptions 2 and 4, if ‖µ̃−µ0‖ = oP0(δn) uniformly over ‖f0‖Wα ≤ R
with R > 0, then for any Mn →∞,

Empirical Bayes: sup
‖f0‖Wα≤R

E0Πσ̂n(|M −M0| > Mn(n−1/2 + δαn)|Y )→ 0. (5.17)

Hierarchical Bayes: sup
‖f0‖Wα≤R

E0Π(|M −M0| > Mn(n−1/2 + δαn)|Y )→ 0. (5.18)

Before we prove the two theorems above, we will first discuss some of their important

consequences. The condition ‖µ̃−µ0‖ = oP0(δn) arises as a result of (1.10) in the definition of

Hα((0, 1)d). It says that we should construct credible region around µ̃ at the second stage that

is big enough to cover its estimation error. Note that by balancing the orders of the two terms

in the posterior convergence rates for Theorems 5.1 and 5.2, we have δn � n−1/(2α). This choice

of δn is optimal as shown in the corollary below.

Corollary 5.3. Suppose Assumptions 2 and 4 hold with α > 1 +
√

1 + d/2. If the convergence

rate of µ̃ is faster than n−1/(2α) under P0, and the localization parameter is δn = n−1/(2α), then

for any Mn →∞,

Empirical Bayes:

E0Πσ̂n(‖µ− µ0‖ > Mnn
−(α−1)/(2α)|Y )→ 0, E0Πσ̂n(|M −M0| > Mnn

−1/2|Y )→ 0.

Hierarchical Bayes:

E0Π(‖µ− µ0‖ > Mnn
−(α−1)/(2α)|Y )→ 0, E0Π(|M −M0| > Mnn

−1/2|Y )→ 0,

uniformly over ‖f0‖Wα ≤ R for any R > 0.

Proof. Let εn be the convergence rate for µ̃, i.e., ‖µ̃−µ0‖ = OP0(εn). By the discussion preceding

Corollary 1 of Belitser et al. (2012), we choose δn = max(ρnεn, n
−1/(2α)) where ρn is a slowly

varying sequence tending to infinity. Since εn � n−1/(2α) by assumption, we have δn = n−1/(2α)

and ‖µ̃− µ0‖ = oP0(δn). Hence, Theorem 5.1 applies and the posterior convergence rate for µ

in this case follows from substituting δn = n−1/(2α). By Theorem 5.2, the posterior convergence

rate for M is max(ραnε
α
n, n

−1/2). Hence if εn � n−1/(2α), the rate becomes n−1/2. By Belitser

et al. (2012), the minimax rate for estimating µ is εn = n−(α−1)/(2α+d). Then εn � n−1/(2α) if

(α− 1)/(2α+ d) > 1/(2α) or equivalently α > 1 +
√

1 + d/2. The corresponding minimax rate

for M is n−α/(2α+d) and it is o(n−1/(2α)) under the same lower bound for α.

Remark If we used µ̂n defined in (4.9) as the preliminary estimator for µ0, the first stage pos-

terior convergence rate for µ is (log n/n)(α−1)/(2α+d) by Theorem 4.4. Then take δn = n−1/(2α)

in Theorem 5.1 and we have second stage posterior convergence rate as n−(α−1)/(2α) for α >

1 +
√

1 + d/2. Similarly, the first stage posterior convergence rate for M is (log n/n)α/(2α+d) by
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Theorem 4.5. Then the second stage posterior convergence rate in Theorem 5.2 becomes n−1/2

for the same δn and same lower bound on α.

Observe that the dimension d, which is present in the first stage posterior convergence rates

(log n/n)(α−1)/(2α+d) and (log n/n)α/(2α+d) for µ and M (Theorems 4.4 and 4.5), does not ef-

fect the corresponding second stage rates n−(α−1)/(2α) and n−1/2 respectively. Therefore, if the

true function is smooth enough such that α > 1 +
√

1 + d/2, then the curse of dimensionality

is nearly avoided. Moreover, the Bayesian two-stage procedure removes the logarithmic factors

from the first stage posterior convergence rates. The lower bound on α increases with dimension

d. If α > 3, then the posterior convergence rates established in Corollary 5.3 are optimal for all

dimensions such that 3 ≥ 1+
√

1 + d/2, which is d = 1, . . . , 6, and includes the most commonly

used dimensions d = 1, 2, 3.

We now prove Theorems 5.1 and 5.2. Before we can actually do that, we will first center the

second stage design points and establish some preliminary results. Centering is a simplifying

device that will make the analysis easier without changing the basic problem structure. Hence,

we start by centering zi = xi − µ̃ for i = 1, . . . , n2. Define C(vδn) to be a cube centered at 0

with radius vδn, that is C(vδn) = [−vδn, vδn]d ⊆ Rd. For notational simplicity, we write I(mα)

as I. Let uj = ũj − µ̃ for j = 1, . . . , (2v + 1)d. Then for all i = 1, . . . , n2, we have

zi ∈ {0,±δn, . . . ,±vδn}d = {u1, . . . ,u(2v+1)d} ⊆ C(vδn). (5.19)

Our shifted domain is now a cube of radius vδn centered at 0 instead of the original µ̃. Hence,

we are sampling n3 = n2/(2v + 1)d times at each cube vertices to form {z1, . . . ,zn2}. In view

of (5.1), we represent f(x) at x ∈ C(vδn) as

fθ(x) =
∑
i∈I

θix
i = p(x)Tθ, (5.20)

and it follows that fϑ(x) = fθ(x − µ̃) for any x ∈ C(µ̃, vδn). We endow θ with the prior

θ|σ2 ∼ NW+1(ξ, σ2V ), where the entries of ξ do not depend on n and V = diag(Cδ
−|ij |
n :

j = 0, 1 . . . ,W ) for some constant C > 0 not depending on n. Define the design matrix as

Z = (p(z1), . . . ,p(zn2))T . Then it follows that Πσ̂n(Drfθ|Y ) ∼ GP(T z,rY + dz,rξ, σ̂
2
zHz,r),

such that for x,y ∈ C(vδn),

T z,r(x) = pr(x)TNr(Z
TZ + V −1)−1ZT , (5.21)

dz,r(x) = pr(x)TNr(Z
TZ + V −1)−1V −1, (5.22)

Hz,r(x,y) = pr(x)TNr(Z
TZ + V −1)−1NT

r pr(y). (5.23)
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Here, σ̂2
z is

σ̂2
z =

(Y −Zξ)T (ZV ZT + In2)−1(Y −Zξ)

n2
. (5.24)

Note that we interpret D0fθ ≡ fθ. For the hierarchical Bayes approach, we endow σ2 with the

inverse-gamma prior in (3.15). The corresponding posterior is given by

σ2|Y ∼ IG

(
β + n2

2
,
γ + n2σ̂

2
z

2

)
, (5.25)

with β > 4 and γ > 0. By shifting, the design points zi’s are symmetrically centered around

zero at each dimension. Hence ZTZ will have a lot of zero entries because each entry contain

products of elements in zi, and the entry is zero if some element is zero. Therefore, this simplifies

calculations especially in deriving upper bounds for the posterior mean and variance. Define

f0,z(x− µ̃) = f0(x) to be the shifted true function. Let θ0 = (θ0,i : i ∈ I)T be a random vector

such that fθ0(x− µ̃) = Tµ0
f0(x), where Tµ0

f0(x) is the Taylor polynomial of order mα defined

in (1.11) by expanding f0 around µ0, that is,

∑
i∈I

θ0,i(x− µ̃)i = f0(µ0) +
∑

i∈I,|i|≥2

Dif0(µ0)

i!
(x− µ0)i, (5.26)

where ∇f0(µ0) = 0 by Assumptions 2 and 4. Hence θ0 can be thought of as the true θ by

projecting f0 onto Pmα . Note that θ0 is random and depends on µ̃, µ0 and f0. By applying

Di on both sides of (5.26) and evaluate x at µ̃, we have i!θi = DiTµ0
f0(µ̃). Note that since

Dif0(x), i ∈ I, are continuous by Assumption 2, they are bounded over C(µ̃, vδn), and this

implies that for any i ∈ I,

|θ0,i| = OP0(1) (5.27)

uniformly over ‖f0‖Wα ≤ R. By Lemma 1 of Belitser et al. (2012), Z has full column rank,

which is W + 1, and it follows that ZTZ is invertible. By equation (17), Lemma 2 of Belitser

et al. (2012), it follows that for some constants C1, C2 > 0, we have uniformly over ‖f0‖Wα ≤ R,

‖F 0 −Zθ0‖∞ ≤ C1δ
α
n + C2‖µ̃− µ0‖α. (5.28)

Recall that we enumerate the elements of I as {i0, . . . , iW }. For the rest of this section, we

will follow this convention and index the entries of vectors ξ, θ and θ0 by elements of I. For

matrices ZTZ and V , we will enumerate their rows and columns starting from 0 and ending

at W . Recall that n3 ≥ cn for some constant c > 0. Since n2 = n3(2v + 1)d, this implies that
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n . n2 ≤ n. Hence, for the purpose of asymptotic analysis, n and n2 are exchangeable. The

next theorem shows that σ̂2
z defined in (5.24) is a

√
n-consistent estimator of σ2

0, uniformly over

‖f0‖Wα ≤ R for R > 0.

Theorem 5.4. If δn � n−1/(2α) and ‖µ̃−µ0‖ = oP0(δn) uniformly over ‖f0‖Wα ≤ R, we have

sup
‖f0‖Wα≤R

E0(σ̂2
z − σ2

0)2 = O

(
1

n

)
. (5.29)

Proof. Let U = (ZV ZT + In)−1. By equation (33) of page 355 in Searle (1982), the absolute

conditional bias |E(σ̂2
z|θ0)− σ2

0| is∣∣∣∣σ2
0

n
tr(U)− σ2

0

∣∣∣∣+
1

n
(F 0 −Zξ)TU(F 0 −Zξ)

.
1

n
[tr(In −U) + (F 0 −Zθ0)TU(F 0 −Zθ0) + (Zθ0 −Zξ)TU(Zθ0 −Zξ)], (5.30)

where we used (x + y)TD(x + y) ≤ 2xTDx + 2yTDy for any D ≥ 0 in the last line. Let

PZ = Z(ZTZ)−1ZT . Suppose that A is an m ×m matrix, G an m × r matrix, T an r × r
matrix, and W an r × m matrix. Assume that A and T are invertible. Then, the binomial

inverse theorem (see Theorem 18.2.8 of Harville, 1997 for a proof) says

(A+GTW )−1 = A−1 −A−1G(T−1 +WA−1G)−1WA−1. (5.31)

Therefore, two applications of (5.31) to U yield

U = (ZV ZT + In)−1 = In −Z(ZTZ + V −1)−1ZT = In − PZ +C, (5.32)

where C = Z(ZTZ)−1[V + (ZTZ)−1]−1(ZTZ)−1ZT ≥ 0. Hence the first term in (5.30) is

1

n
tr(PZ −C) ≤ 1

n
tr(PZ) =

W + 1

n
. (5.33)

Note that U ≤ In since ZV ZT ≥ 0, and the second term in (5.30) is bounded by

1

n
‖U‖(2,2)‖F 0 −Zθ0‖2 ≤ ‖F 0 −Zθ0‖2∞ . δ2α

n + ‖µ̃− µ0‖2α, (5.34)
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in view of (5.28). By (5.32) and the fact that (I − PZ)Z = 0, the last term in (5.30) is

1

n
(θ0 − ξ)T [V + (ZTZ)−1]−1(θ0 − ξ) ≤ 1

n
(θ0 − ξ)TV −1(θ0 − ξ)

=
1

n

W∑
j=0

δ
|ij |
n (θ0,ij − ξij )

2 = OP0

(
1

n

)
, (5.35)

where we have used the fact that δn = o(1), θ0,ij = OP0(1) by (5.27) and ξij = O(1) by as-

sumption on the prior for any 0 ≤ j ≤ W . Combining the bounds in (5.33), (5.34) and (5.35)

into (5.30), we obtain |E(σ̂2
z|θ0)− σ2

0| = OP0(1/n) + δ2α
n + ‖µ̃− µ0‖2α.

Let Y = F 0+ε and write nσ̂2
z = (F 0−Zξ)TU(F 0−Zξ)+2(F 0−Zξ)TUε+εTUε. Observe

that ε and θ0 are independent by definition. Using the fact Var(T1 +T2) ≤ 2Var(T1)+2Var(T2),

it follows that Var(σ̂2
z|θ0) is bounded up to a constant multiple by

1

n2
[(F 0 −Zθ0)TU2(F 0 −Zθ0) + (Zθ0 −Zξ)TU2(Zθ0 −Zξ) + Var(εTUε). (5.36)

In view of (5.28) and U ≤ In, the first term above is bounded by

1

n2
‖U‖2(2,2)‖F 0 −Zθ0‖2 ≤

1

n
‖F 0 −Zθ0‖2∞ .

1

n
(δ2α
n + ‖µ̃− µ0‖2α). (5.37)

Observe that since V > 0, we have

ZTC2Z = [V + (ZTZ)−1]−1(ZTZ)−1[V + (ZTZ)−1]−1

< [V + (ZTZ)−1]−1 < ZTZ. (5.38)

Using (5.32), idempotency of In −PZ and (In −PZ)Z = 0, the second term in (5.36) can be

written as

1

n2
(θ0 − ξ)TZT (In − PZ +C)2Z(θ0 − ξ) =

1

n2
(θ0 − ξ)TZTC2Z(θ0 − ξ)

≤ 1

n2
(θ0 − ξ)TZTZ(θ0 − ξ), (5.39)

where the last line follows from (5.38). In the proof of Lemma 3 in Belitser et al. (2012),

ZTZ = n3∆A∆ where ∆ = diag(δ
|ij |
n : j = 0, . . . ,W ) and A is an (W +1)×(W +1) invertible

matrix of constants. Note that ‖∆‖(2,2) = 1. Using the fact n3 . n, this further implies that
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the right hand side of (5.39) is bounded by

n3

n2
‖A‖(2,2)‖∆‖2(2,2)‖θ0 − ξ‖2 = OP0

(
1

n

)
, (5.40)

where ‖θ0−ξ‖2 =
∑W

j=0(θ0,ij−ξij )2 = OP0(1) is bounded using (5.27) and the assumption on ξ.

By Lemma D.3, the last term in (5.36) is O(1/n). Combining this with the bounds established

in (5.37) and (5.40) into (5.36), we obtain Var(σ̂2
z|θ0) = OP0(1/n). By taking δn � n−1/(2α),

the mean square error is

E0(σ̂2
z − σ2

0)2 = E{E[(σ̂2
z − σ2

0)2|θ0]} . 1

n
+ δ4α

n .
1

n
.

A Bayesian analog of Theorem 5.4 above is given below, which shows that the posterior of

σ2 in (5.25) converges to σ2
0 at the parametric rate 1/

√
n.

Theorem 5.5. If δn � n−1/(2α) and ‖µ̃−µ0‖ = oP0(δn) uniformly over ‖f0‖Wα ≤ R, we have

for R > 0 and any Mn →∞,

sup
‖f0‖Wα≤R

E0Π

(
|σ2 − σ2

0| >
Mn√
n

∣∣∣∣Y )→ 0. (5.41)

The proof of Theorem 5.5 is identical to the proof of Theorem 3.2. For notational simplicity,

we write σ2 ∈ Un if |σ2 − σ2
0| ≤ ζn/

√
n for ζn = o(

√
n).

Lemma 5.6. Under Assumption 2, we have for any i ∈ I that

sup
σ2∈Un

E[(θi − θ0,i)
2|Y , σ2] = OP0(n−1δ−2|i|

n ) +O(δ2α−2|i|
n ) +O(‖µ̃− µ0‖2αδ−2|i|

n ).

Proof. Let 0 ≤ h ≤ W . Since V > 0 by assumption, we have by Lemma 3 of Belitser et al.

(2012) that the conditional posterior variance is bounded by

sup
σ2∈Un

Var(θih |Y , σ
2) = (σ2

0 + ζn/
√
n)[(ZTZ + V −1)−1]h,h . [(ZTZ)−1]h,h .

1

n
δ−2|ih|
n . (5.42)

Now the bias for the conditional posterior mean in vector form is

E(θ|Y , σ2)− θ0 = (ZTZ + V −1)−1(ZTY + V −1ξ)− θ0

= (ZTZ + V −1)−1[ZTε+ZT (F 0 −Zθ0) + V −1(ξ − θ0)]. (5.43)

Since E0(ε) = 0 and Var0[(ZTZ +V −1)−1ZTε] = σ2
0(ZTZ +V −1)−1ZTZ(ZTZ +V −1)−1, it

follows from Markov’s inequality that the order of each entry in (ZTZ+V −1)−1ZTε is bounded
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by the diagonal entries of its corresponding covariance matrix. Following the same reasoning as

in (5.42),

σ2
0[(ZTZ + V −1)−1ZTZ(ZTZ + V −1)−1]h,h < σ2

0[ZTZ + V −1)−1]h,h

< σ2
0[(ZTZ)−1]h,h .

1

n
δ−2|ih|
n . (5.44)

Therefore, this implies that

(ZTZ + V −1)−1ZTε = ((OP0(n−1/2), OP0(n−1/2δ−|i1|n , . . . , OP0(n−1/2δ−|iW |n ))T . (5.45)

Let βij be the (i, j)th element of (ZTZ+V −1)−1, vij be the (i, j)th element of V −1 and γi be the

ith entry of F 0−Zθ0. By (5.28), we have uniformly over 1 ≤ i ≤ n that |γi| . δαn + ‖µ̃−µ0‖α.

Now using the fact that for A > 0, aij ≤
√
aiiajj by the Cauchy-Schwarz inequality, we have

for 0 ≤ h, j ≤W ,

[(ZTZ + V −1)−1]h,j ≤
√

[(ZTZ + V −1)−1]h,h[(ZTZ + V −1)−1]j,j

<
√

[(ZTZ)−1]h,h[(ZTZ)−1]j,j

.
1

n
δ
−(|ih|+|ij |)
n . (5.46)

Observe that since zj ∈ C(vδn), j = 1, . . . , n2, we have |zij | ≤ vmαδ
|i|
n for i ∈ I. Therefore, using

the fact that n2 ≤ n, (ZTZ + V −1)−1ZT (F 0 −Zθ0) is
β00
∑n2

j=1 z
i0
j γj + . . .+ β0W

∑n2
j=1 z

iW
j γj

β10
∑n2

j=1 z
i0
j γj + . . .+ β1W

∑n2
j=1 z

iW
j γj

...

βW0
∑n2

j=1 z
i0
j γj + . . .+ βWW

∑n2
j=1 z

iW
j γj

 =


O(δαn) +O(‖µ̃− µ0‖α)

O(δ
α−|i1|
n ) +O(‖µ̃− µ0‖αδ

−|i1|
n )

...

O(δ
α−|iW |
n ) +O(‖µ̃− µ0‖αδ

−|iW |
n )

 .

(5.47)

It then remains to bound each entry of the last term in (5.43). Note that |θ0,ij − ξ0,ij | = OP0(1)

for j = 0, . . . ,W by (5.27) and the assumption on ξ. By Lemma 3 of Belitser et al. (2012) and
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the assumption on V , (ZTZ + V −1)−1V −1(ξ − θ0) is
β00
∑W

j=0 v
0j(ξij − θ0,ij ) + . . .+ β0W

∑W
j=0 v

Wj(ξij − θ0,ij )

β10
∑W

j=0 v
0j(ξij − θ0,ij ) + . . .+ β1W

∑W
j=0 v

Wj(ξij − θ0,ij )
...

βW0
∑W

j=0 v
0j(ξij − θ0,ij ) + . . .+ βWW

∑W
j=0 v

Wj(ξij − θ0,ij )

 =


OP0(n−1)

OP0(n−1δ
−|i1|
n )

...

OP0(n−1δ
−|iW |
n )

 .

(5.48)

Hence, combining the bounds established into (5.43), we have that the squared bias is

(E(θih |Y , σ
2)− θ0,ih)2 = OP0(n−1δ−2|ih|

n ) +O(δ2α−2|ih|
n ) +O(‖µ̃− µ0‖2αδ−2|ih|

n ). (5.49)

Combining the above with (5.42), we conclude that for any i ∈ I,

sup
σ2∈Un

E((θi − θ0,i)
2|Y , σ2) = OP0(n−1δ−2|i|

n ) +O(δ2α−2|i|
n ) +O(‖µ̃− µ0‖2αδ−2|i|

n ).

Remark From (5.48), we see the reason for choosing the prior variance as V = diag(Cδ
−|ij |
n :

j = 0, . . . ,W ) with C > 0. The diagonal entries of V are used to cancel out one of the δn

factors in each the entries of (ZTZ + V −1)−1. Another possible prior on θ is Zellner’s prior,

i.e., θ ∼ NW+1(0, λ(ZTZ)−1) or ϑ ∼ NW+1(0, λ(P TP )−1) in the original design points for

λ > 0. We see that Theorems 5.4, 5.5 and Lemma 5.6 still hold under this prior with some

modifications. This is the prior that we will use for our simulation study (see Section 5.3).

Theorem 5.7. Under Assumptions 2 and 4, if ‖µ̃−µ0‖ = oP0(δn) uniformly over ‖f0‖Wα ≤ R,

we have for any |r| ≤ mα, x ∈ C(vδn) and Mn →∞, uniformly over ‖f0‖Wα ≤ R that

Empirical Bayes: E0Πσ̂n(|Drfθ(x)−Drf0,z(x)| > Mn(n−1/2δ−|r|n + δα−|r|n )|Y )→ 0.

Hierarchical Bayes: E0Π(|Drfθ(x)−Drf0,z(x)| > Mn(n−1/2δ−|r|n + δα−|r|n )|Y )→ 0.

Proof. In view of (5.10) with θi instead of ϑi, we have

Drfθ(x) =
∑

i∈I:i≥r

i!

(i− r)!
θix

i−r = r!θr +
∑

i∈I:i≥r,i 6=r

i!

(i− r)!
θix

i−r. (5.50)

Observe that for any x ∈ C(vδn), |xi−r| ≤ vmαδ
|i|−|r|
n . Also, by noting that rk ≤ ik ≤ mα for
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k = 1, . . . , d, we have r! ≤ mdmα
α and i! ≤ mdmα

α . Therefore,

|Drfθ(x)−Drfθ0(x)| ≤ r!|θr − θ0,r|+
∑

i∈I:i≥r,i 6=r

i!

(i− r)!
|(θi − θ0,i)x

i−r|

≤ mdmα
α |θr − θ0,r|+mdmα

α vmα
∑

i∈I:i≥r,i 6=r
|θi − θ0,i|δ|i|−|r|n . (5.51)

Using the fact (
∑n

i=1 |ai|)p ≤ np−1
∑n

i=1 |ai|p for p ≥ 1 and squaring both sides above yield

|Drfθ(x)−Drfθ0(x)|2 ≤ 2m2dmα
α |θr − θ0,r|2 + 2|I|m2dmα

α v2mα
∑

i∈I:i≥r,i 6=r
|θi − θ0,i|2δ2|i|−2|r|

n .

Therefore, for any |r| ≤ mα and any x ∈ C(vδn), we have uniformly over ‖f0‖Wα ≤ R that

E0 sup
σ2∈Un

E(|Drfθ(x)−Drfθ0(x)|2|Y , σ2)

. E0 sup
σ2∈Un

E[(θr − θ0,r)
2|Y , σ2] +

∑
i∈I:i≥r,i 6=r

δ2|i|−2|r|
n E0 sup

σ2∈Un
E[(θi − θ0,i)

2|Y , σ2]. (5.52)

Observe that sup‖f0‖Wα≤R E0‖µ̃−µ0‖ = o(δn) by assumption. In view of Lemma 5.6, the first

term above is bounded by n−1δ
−2|r|
n + δ

2α−2|r|
n . By noting that the sum over I such that i ≥ r

and i 6= r has at most |I| terms, where |I| depends only on α and d, another application of

Lemma 5.6 implies that the second term in (5.52) is bounded above by∑
i∈I:i≥r,i 6=r

δ2|i|−2
n (n−1δ−2|i|

n + δ2α−2|i|
n + E0‖µ̃− µ0‖2αδ−2|i|

n ) . n−1δ−2|r|
n + δ2α−2|r|

n .

Observe that for x ∈ C(vδn), we have ‖x‖ ≤
√
dvδn. Using the cr-inequality, |a + b|r ≤

max(1, 2r−1)(|a|r + |b|r), r > 0, and (1.11) in the definition of Hα((0, 1)d), we have

|Drfθ0(x)−Drf0,z(x)| = |DrTµ0
(x+ µ̃)−Drf0(x+ µ̃)|

≤ C‖x+ µ̃− µ0‖α−|r|

. ‖x‖α−|r| + ‖µ̃− µ0‖α−|r|

. δα−|r|n + ‖µ̃− µ0‖α−|r|. (5.53)

Therefore, uniformly over ‖f0‖Wα ≤ R,

E0|Drfθ0(x)−Drf0,z(x)|2 . δ2α−2|r|
n + E0‖µ̃− µ0‖2α−2|r| . δ2α−2|r|

n . (5.54)

Combining the bounds established for (5.52) and (5.54), we conclude that uniformly over
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‖f0‖Wα ≤ R,

E0 sup
σ2∈Un

E[(Drfθ(x)−Drf0,z(x))2|Y , σ2] ≤ 2E0 sup
σ2∈Un

E(|Drfθ(x)−Drfθ0(x)|2|Y , σ2)

+ 2E0|Drfθ0(x)−Drf0,z(x)|2

. n−1δ−2|r|
n + δ2α−2|r|

n . (5.55)

Observe that by Markov’s inequality, Theorem 5.4 implies for R > 0 and any Mn →∞,

inf
‖f0‖Wα≤R

P0

(
σ2

0 −
Mn√
n
≤ σ̂2

z ≤ σ2
0 +

Mn√
n

)
→ 1. (5.56)

For the empirical Bayes version, by Markov’s inequality, (5.55) and (5.56) above, we have for

εn = n−1/2δ
−|r|
n + δ

α−|r|
n and any Mn →∞,

E0Πσ̂n(|Drfθ(x)−Drf0,z(x)| > Mnεn|Y )

≤ 1

M2
nε

2
n

E0 sup
σ2∈Un

E([Drfθ(x)−Drf0,z(x)]2|Y , σ2) + o(1)→ 0, (5.57)

uniformly over ‖f0‖Wα ≤ R. For the hierarchical Bayes procedure, we have for εn = n−1/2δ
−|r|
n +

δ
α−|r|
n and any Mn →∞,

E0Π(|Drfθ(x)−Drf0,z(x)| > Mnεn|Y ) ≤ E0 sup
σ2∈Un

Π(|Drfθ(x)−Drf0,z(x)| > Mnεn|Y , σ2)

+ E0Π

(
|σ2 − σ2

0| >
ζn√
n

∣∣∣∣Y ) , (5.58)

uniformly over ‖f0‖Wα ≤ R. The first term on the right hand side is o(1) by (5.55), while the

second term goes to zero by Theorem 5.5.

Corollary 5.8. Under Assumptions 2 and 4, if ‖µ̃−µ0‖ = oP0(δn) uniformly in ‖f0‖Wα ≤ R,

we have for any |r| ≤ mα and Mn →∞ that

Empirical Bayes: sup
‖f0‖Wα≤R

E0Πσ̂n(‖Drfθ −Drf0,z‖∞ > Mn(n−1/2δ−|r|n + δα−|r|n )|Y )→ 0.

Hierarchical Bayes: sup
‖f0‖Wα≤R

E0Π(‖Drfθ −Drf0,z‖∞ > Mn(n−1/2δ−|r|n + δα−|r|n )|Y )→ 0.
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Proof. By (5.51), we have

‖Drfθ −Drfθ0‖∞ = sup
x∈C(vδn)

|Drfθ(x)−Drfθ0(x)|

. |θr − θ0,r|+
∑

i∈I:i≥r,i 6=r
|θi − θ0,i|δ|i|−|r|n . (5.59)

This implies that the same upper bounds established in (5.52) of Theorem 5.7 apply in the

present case, therefore uniformly over ‖f0‖Wα ≤ R,

E0 sup
σ2∈Un

E[‖Drfθ −Drfθ0‖2∞|Y , σ2] . n−1δ−2|r|
n + δ2α−2|r|

n . (5.60)

Moreover, since the bound in (5.53) is uniform for all x ∈ C(vδn), it follows from (5.54) that

sup
‖f0‖Wα≤R

E0‖Drfθ0 −Drf0,z‖2∞ . δ2α−2|r|
n . (5.61)

Therefore, we conclude that uniformly over ‖f0‖Wα ≤ R,

E0 sup
σ2∈Un

E[‖Drfθ −Drf0,z‖2∞|Y ] . E0 sup
σ2∈Un

E[‖Drfθ −Drfθ0‖2∞|Y ] + E0‖Drfθ0 −Drf0,z‖2∞

. n−1δ−2|r|
n + δ2α−2|r|

n . (5.62)

The empirical and hierarchical posterior convergence rates then follow from (5.57) and (5.58)

respectively with absolute values replaced by sup-norms.

We are now ready to prove Theorems 5.1 and 5.2.

Proof of Theorem 5.1. We will prove the empirical Bayes case, the corresponding proof for

hierarchical Bayes is identical, i.e., by substituting Πσ̂n(·|Y ) with Π(·|Y ). Observe that for any

r including r = 0,

sup
x∈C(µ̃,vδn)

|Drfϑ(x)−Drf0(x)| = sup
x∈C(µ̃,vδn)

|Drfθ(x− µ̃)−Drf0,z(x− µ̃)|

= sup
x∈C(vδn)

|Drfθ(x)−Drf0,z(x)|. (5.63)
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Define εn = n−1/2δ−1
n + δα−1

n . By (4.4) and Corollary 5.8 with r = ek, for any Mn →∞,

E0Πσ̂n(‖µ− µ0‖ > Mnεn|Y ) ≤ E0Πσ̂n

(
max

1≤k≤d
‖Dkfϑ −Dkf0‖∞ >

λ0√
d
Mnεn

∣∣∣∣Y )
≤

d∑
k=1

E0Πσ̂n

(
‖Dkfϑ −Dkf0‖∞ >

λ0√
d
Mnεn

∣∣∣∣Y )

=
d∑

k=1

E0Πσ̂n

(
‖Dkfθ −Dkf0,z‖∞ >

λ0√
d
Mnεn

∣∣∣∣Y )→ 0,

uniformly over ‖f0‖Wα ≤ R.

Proof of Theorem 5.2. By (4.5), Corollary 5.8 with r = 0, and (5.63), for any Mn →∞,

E0Πσ̂n(|M −M0| > Mn(n−1/2 + δαn)|Y ) ≤ E0Πσ̂n(‖fθ − f0,z‖∞ > Mn(n−1/2 + δαn)|Y )→ 0,

uniformly over ‖f0‖Wα ≤ R. The hierarchical Bayes case follows similarly by substituting

Πσ̂n(·|Y ) with Π(·|Y ).

5.3 Simulation

In this section, we will compare the performance of our proposed two-stage Bayesian procedure

with three other estimation methods. Namely, the corresponding single-stage Bayesian, single-

stage frequentist, and two-stage frequentist as proposed by Belitser et al. (2012). We consider

a bivariate true function f0 : [0, 1]2 → R given by

f0(x, y) = 5x(x− 1)y(y − 1) sin(11x) sin(11y). (5.64)

A 3-D plot of f0 is in Figure 5.1. In the first stage, we observed f0 on a uniform 25×25 grid with

i.i.d. errors distributed as N(0, 0.01) (see Figure 5.2 with gray points as observations). We used

bivariate tensor B-splines with normal coefficients as our prior (see Section 3.2). Note that f0 is

a product of two identical functions, hence it has the same smoothness at each dimension. This

implies that the isotropic assumption applies with the same set of knots and hence identical J

for each B-spline component. At each dimension, the B-spline is of order 4 (cubic) with uniform

knot sequence, and we added 4 duplicate knots at each of the boundary points {0, 1}. For the

prior parameters, we set η = 0 and Ω = IJ2 for J = 11 (we set it the same as the J for

single-stage Bayesian as will be discussed below). Figure 5.3 shows the surface of the posterior

mean, where the red point is the point of maximum with corresponding location µ̂n. We zoom-

in around this vicinity by constructing a credible region C(µ̂n, δ) = {µ : ‖µ − µ̂n‖∞ ≤ δ}.
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x

y

●

Figure 5.1: A plot of f0, with the true maximum indicated by the red dot.

We take δ = 0.08 (see Figure 5.5) and generate 70 observations at each of the 9 cube vertices

(µ̂1 +t1δ, µ̂2 +t2δ), t1, t2 = 0,±1 (see gray points in Figure 5.3). With this second stage samples,

we use a bivariate (quadratic) polynomial with normal coefficients as prior (see (5.1) and (5.3)).

That is for x, y ∈ [0, 1],

fϑ(x, y) = ϑ0 + ϑ1x+ ϑ2y + ϑ3x
2 + ϑ4y

2 + ϑ5xy, (5.65)

and we used Zellner’s prior ϑ ∼ N5(0, (P TP )−1). The empirical posterior for ϑ is

Πσ̂n(ϑ|Y ) ∼ N5((P TP )−1P TY /2, σ̂2
n(P TP )−1/2), (5.66)

where Y are the 630 second stage samples and σ̂2
n is computed using (5.8). Now, to compute

µ = arg maxx∈C(µ̂n,δ)
fϑ(x) for a fixed ϑ, we solve the following system of equation∇fϑ(µ) = 0,

which is equivalent to solving (
2ϑ3 ϑ5

ϑ5 2ϑ4

)(
µ1

µ2

)
=

(
−ϑ1

−ϑ2

)
(5.67)

for µ = (µ1, µ2)T . Therefore, to induce the posterior distribution of µ, we draw samples from

Πσ̂n(ϑ|Y ) and solve for µ using (5.67) for each sample.
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Figure 5.2: A plot of f0, with gray points as the first stage 625 observations.
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Figure 5.3: Posterior mean based on bivariate B-spline prior, the location corresponding to red
dot is µ̂n, and grey points are the 670 second stage samples.
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Figure 5.4: The second stage posterior density for µ.

Figure 5.4 shows the posterior density of µ by sampling 1000 times from Πσ̂n(ϑ|Y ). The

mean of this induced posterior µ̃2nd will be an improved point estimator of µ0 over the first

stage estimator µ̂n. The choice of δ = 0.08 comes from repeating the above experiment 1000

times for each different δ. For each replicated experiment, we computed ‖µ̃2nd − µ0‖. The left

panel of Figure 5.5 shows the corresponding box-plots of the 1000 computed ‖µ̃2nd − µ0‖ for

a range of possible δ’s. We see that the optimal δ is 0.08. The procedure described above is

implemented in the statistical software package R. Univariate B-splines are constructed using

the bs function from the splines package. We then use tensor.prod.model.matrix from the

crs package to form their corresponding tensor-product.

Observe that we have used a total of 25 × 25 + 9 × 70 = 1255 observations. We then

compare our two-stage procedure with a Bayesian single-stage method that uses roughly the

same amount of samples. The closest is a uniform 36×36 grid of 1296 points. As in the previous

case, we observed f0 at these points with i.i.d errors N(0, 0.01). We then use bivariate tensor

B-splines with normal coefficients as prior with the same setting as before. However, the number

of interior knots N is determined by leave-one-out cross validation (CV), with prediction mean

square error as our criterion function. From the left panel of Figure 5.6, we see that N = 7 or

J = N + q = 11 at each dimension is optimal. To be consistent, we set the same J for both

single and two-stage Bayesian procedures.
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(a) Two-stage Bayes: δ = 0.08
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(b) Two-stage frequentist: δ = 0.1

Figure 5.5: Box plots of 1000 computed ‖µ̃2nd−µ0‖, where µ̃2nd is the second stage Bayesian
(left) or frequentist (right) estimator of µ0 for each δ = (0.01, . . . , 0.2).

For comparison, we conducted the same experiment described using single and two-stage

frequentist procedures. For the single-stage frequentist method, we used the least squares es-

timator f̂(x, y) = bJ,q(x, y)T (BTB)−1BTY to estimate f0(x, y). As in the Bayesian case, we

used bivariate B-splines to construct bJ,q(x, y) and B, such that q = 4 and J = N + q = 9 at

each dimension. The optimal N is determined by leave-one-out cross validation (see right panel

of Figure 5.6), and we used the same J = 9 for the single and two-stage frequentist procedures.
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(a) Bayes single-stage: N = 7
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(b) Frequentist single-stage: N = 5

Figure 5.6: CV mean square error against N number of interior knots at each dimension.
Vertical dash lines indicate optimal N .
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The frequentist two-stage procedure follows closely with its Bayesian counterpart, except

that we use the location of maximum for f̂ as our preliminary estimator. Also, the correspond-

ing optimal δ is 0.1 as shown in the right panel of Figure 5.5. The coefficients for the bivariate

polynomial is estimated using least squares, i.e., ϑ̂ = (P TP )−1P TY , and the corresponding

second stage estimator of µ0 is computed using (5.67).

To compare the performance of the Bayesian and frequentist methods with single and two-

stage procedures, we replicated the experiment 1000 times for each of the four methods by

setting their corresponding optimal values for the tuning parameters J and δ. For each replicated

experiment, we computed the L2-norm of the difference between the Bayesian or frequentist

estimator with µ0. Note here that we sampled 1000 times from the posterior of µ to compute

the posterior mean as our Bayesian estimator for each replicated experiment and for each single

or two-stage procedures. Figure 5.7 shows the box-plots of these 1000 computed L2-norms for

Bayesian and frequentist methods with single or two-stage procedures.
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Figure 5.7: L2-norms of the difference between Bayesian or frequentist estimator with µ0 for
1000 Monte Carlo replications.

We see that for both Bayesian and frequentist methods, the two-stage procedures perform

slightly better than single-stage estimators, in terms of lower mean square errors and smaller

129



spread, especially for the Bayesian case. This is true despite the fact that the second stage

estimators have used less observations, namely 1255 as compared to 1296 used by single-stage

estimators. We also note that our proposed Bayesian two-stage method seems to perform slightly

better than its two-stage frequentist counterpart. However, our Bayesian two-stage procedure

has relatively much wider spread when compared to the two-stage frequentist procedure. This is

due to the fact that we are sampling from the empirical posterior of µ to calculate its posterior

mean, and it takes into account the error in estimating σ̂2
n and also the posterior spread. On

the other hand, the frequentist estimators do not use σ2 in their computation and this results

in smaller variation.
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Appendix A

New Results on Univariate B-splines

We introduce new results on univariate B-splines that we developed during the course of writing

this dissertation.

Lemma A.1. Under assumption (2.5), we have ∆ � N−1 ∼ J−1.

Proof. By (2.5), we have min1≤l≤N δl ≤ ∆ ≤ C min1≤l≤N δl. This implies that ∆ � min1≤l≤N δl.

Then for all 1 ≤ l′ ≤ N , we have min1≤l≤N δl ≤ δl′ ≤ ∆, and hence N min1≤l≤N δl ≤
∑N

l′=1
δl′ ≤

N∆. Using the fact that
∑N

l′=1
δl′ ≤ 1, we have N−1 . ∆ and min1≤l≤N δl . N−1. Since

∆ . min1≤l≤N δl, we obtain ∆ � N−1. By definition, J = q+N , where q does not depend on n

and both J and N are assumed to increase with n, hence J/N = q/N + 1 and N/J = 1− q/J
are 1 + o(1).

Lemma A.2. For 1 ≤ j ≤ J , we have
∑n

i=1Bj,q(Xi)
p = O(n/J) for any fixed p ∈ N.

Proof. As Bj,q(·)p is bounded by 1 for any p ∈ N, and is positive only inside (tj−q, tj),

n∑
i=1

Bj,q(Xi)
p ≤ |{i : Xi ∈ (tj−q, tj)}| = nGn(tj−q, tj). (A.1)

By assumption (2.5), we have tj − tj−q ≤ q∆ and tj − tj−q ≥ qmin1≤l≤N δl ≥ q∆/C. Moreover,

assumption (2.6) and Lemma A.1 imply that

nGn(tj−q, tj) = nG(tj−q, tj) + o(n/N)

. n∆ + o(n∆)

. n/J. (A.2)

Hence, from (A.1) above, we have
∑n

i=1Bj,q(Xi)
p = O(n/J).
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Lemma A.3. Let bJ,q(x) = (B1,q(x), . . . , BJ,q(x))T . Then ‖bJ,q(t) − bJ,q(s)‖2 . J2|t − s|2 for

any t, s ∈ (0, 1).

Proof. By equation (8) of Chapter X in de Boor (2001) and the triangle inequality, we have

|B′j,q(x)| = (q − 1)

(
|Bj,q−1(x)|
tj+q−1 − tj

+
|Bj+1,q−1(x)|
tj+q − tj+1

)
≤ (q − 1)

2

min1≤l≤N δl

≤ 2(q − 1)
C

∆
. J,

where we have used the quasi-uniform knot assumption (2.5) and Lemma A.1 in the last line.

Since at most 2q elements in bJ,q(t) and bJ,q(s) will be nonzero for any t, s ∈ (0, 1), the bound

above together with the mean value theorem give

‖bJ,q(t)− bJ,q(s)‖2 =

J∑
j=1

|Bj,q(t)−Bj,q(s)|2

≤ 2q max
1≤j≤J

|Bj,q(t)−Bj,q(s)|2

. J2|t− s|2.

Lemma A.4. Let m ∈ N0 be such that m < α. Let Zn,m ∼ GP(0,Σm) and Qn,m be a sub-

Gaussian process with mean function 0 and covariance function σ2
0Ψm, where Σm and Ψm were

defined in (2.66) and (2.71) respectively. If m = 0, we write Zn,m = Zn ∼ GP(0,Σ) and

Qn,m = Qn is a mean zero sub-Gaussian process with covariance function σ2
0Ψ, where Σ and Ψ

were defined in (2.13) and (2.37) respectively. Let J � n1/(2α+1), then for any t, s ∈ (0, 1), we

have Var[Zn,m(t)−Zn,m(s)] ≤ Cn|t−s|2 and Var[Qn,m(t)−Qn,m(s)] ≤ C ′n|t−s|2 for constants

C,C
′
> 0.

Proof. Let J � n1/(2α+1), then we have

Var[Zn,m(t)− Zn,m(s)]

= (bJ,q,m(t)− bJ,q,m(s))TWm

(
BTB + Ω−1

)−1
W T

m(bJ,q,m(t)− bJ,q,m(s))

≤ ‖bJ,q,m(t)− bJ,q,m(s)‖2
∥∥∥(BTB + Ω−1

)−1
∥∥∥

(2,2)
‖W T

mWm‖(2,2)

.
J2m+3

n
|t− s|2 . n|t− s|2,

where we have used Lemma A.3, equations (2.19) and (2.68) to bound the three norms in line
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3 respectively. Similarly,

Var[Qn,m(t)−Qn,m(s)]

= σ2
0(bJ,q,m(t)− bJ,q,m(s))TWm

(
BTB + Ω−1

)−1

×BTB
(
BTB + Ω−1

)−1
W T

m(bJ,q,m(t)− bJ,q,m(s))

. ‖bJ,q,m(t)− bJ,q,m(s)‖2
∥∥∥(BTB + Ω−1

)−1
∥∥∥2

(2,2)
‖BTB‖(2,2)‖W T

mWm‖(2,2)

.
J2m+3

n
|t− s|2 . n|t− s|2,

where we have used Lemma A.3, equations (2.19), (2.18) and (2.68) to bound the four norms

in line 4 respectively.
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Appendix B

New Results on Tensor-product

B-splines

We introduce new results on tensor-product B-splines that we developed during the course of

writing this dissertation.

Lemma B.1. Under assumption (3.4), we have ∆k � N−1
k ∼ J−1

k for k = 1, . . . , d.

Proof. By (3.4), min1≤l≤Nk δk,l ≤ ∆k ≤ Ck min1≤l≤Nk δk,l. Therefore, ∆k � min1≤l≤Nk δk,l.

Then for all 1 ≤ l
′ ≤ Nk, we have min1≤l≤Nk δk,l ≤ δk,l′ ≤ ∆k, and hence Nk min1≤l≤Nk δk,l ≤∑Nk

l′=1
δk,l′ ≤ Nk∆k. Using the fact that

∑Nk
l′=1

δk,l′ ≤ 1, we haveN−1
k . ∆k and min1≤l≤Nk δk,l .

N−1
k . Since ∆k . min1≤l≤Nk δk,l, we obtain ∆k � N−1

k . By definition, Jk = qk + Nk, where qk

does not depend on n and both Nk and Jk are assumed to increase with n, hence Jk/Nk =

1 + qk/Nk and Nk/Jk = 1− qk/Jk are 1 + o(1) for k = 1, . . . , d.

Lemma B.2. For 1 ≤ jk ≤ Jk and pk ∈ N where k = 1, . . . , d,
∑n

i=1

∏d
k=1Bjk,qk(Xik)

pk =

O
(
n
∏d
k=1 J

−1
k

)
.

Proof. For k = 1, . . . , d, as Bjk,qk(·)pk is bounded by 1 and is positive only inside (tk,jk−qk , tk,jk),

n∑
i=1

d∏
k=1

Bjk,qk(Xik)
pk ≤ n

∫
[0,1]d

d∏
k=1

1(tk,jk−qk ,tk,jk ](x)dGn(x)

= nGn[
d∏

k=1

(tk,jk−qk , tk,jk)]. (B.1)

By assumption (3.4), we have tk,jk − tk,jk−qk ≤ qk∆k and tk,jk − tk,jk−qk ≥ qk min1≤l≤Nk δk,l ≥
qk∆k/Ck. This implies that tk,jk − tk,jk−qk � ∆k for k = 1, . . . , d. Moreover, assumption (3.5)
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and Lemma B.1 imply that

nGn

[
d∏

k=1

(tk,jk−qk , tk,jk)

]
= nG

[
d∏

k=1

(tk,jk−qk , tk,jk)

]
+ o

(
n

d∏
k=1

N−1
k

)

. n

d∏
k=1

∆k + o

(
n

d∏
k=1

∆k

)

. n
d∏

k=1

J−1
k .

Hence, from (B.1) above, we have
∑n

i=1

∏d
k=1Bjk,qk(Xik)

pk = O
(
n
∏d
k=1 J

−1
k

)
.

Lemma B.3. Let bJ ,q(x) = {
∏d
k=1Bjk,qk(xk)}J1,...,Jdj1=1,...,jd=1 for J = (J1, . . . , Jd)

T and q =

(q1, . . . , qd)
T . Then ‖bJ ,q(t)− bJ ,q(s)‖2 .

∑d
k=1 J

2
k‖t− s‖2 for any t, s ∈ (0, 1)d.

Proof. By equation (8) of Chapter X in de Boor (2001) and the triangle inequality, we have

|B′jk,qk(xk)| = (qk − 1)

(
|Bjk,qk−1(xk)|
tjk+qk−1 − tjk

+
|Bjk+1,qk−1(xk)|
tjk+qk − tjk+1

)
≤ (qk − 1)

2

min1≤l≤Nk δk,l

≤ 2(qk − 1)
Ck
∆k

. Jk, (B.2)

where we have used the quasi-uniform knot assumption (3.4) and Lemma B.1 in the last line.

Using the fact that |
∏d
i=1 ai −

∏d
i=1 bi| ≤

∑d
i=1 |ai − bi| for |ai| ≤ 1, |bi| ≤ 1, i = 1, . . . , d, and

applying the mean value theorem in view of (B.2), we have∣∣∣∣∣
d∏

k=1

Bjk,qk(tk)−
d∏

k=1

Bjk,qk(sk)

∣∣∣∣∣ ≤
d∑

k=1

|Bjk,qk(tk)−Bjk,qk(sk)|

.
d∑

k=1

Jk|tk − sk| ≤

(
d∑

k=1

J2
k

)1/2

‖t− s‖,

where we have used Cauchy-Schwarz inequality in the last line. Since at most 2
∏d
k=1 qk elements
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in both bJ ,q(t) and bJ ,q(s) will be nonzero for any t, s ∈ (0, 1)d,

‖bJ ,q(t)− bJ ,q(s)‖2 =

J1∑
j1=1

. . .

Jd∑
jd=1

∣∣∣∣∣
d∏

k=1

Bjk,qk(tk)−
d∏

k=1

Bjk,qk(sk)

∣∣∣∣∣
2

.

(
2

d∏
k=1

qk

)
d∑

k=1

J2
k‖t− s‖2 .

d∑
k=1

J2
k‖t− s‖2.

Lemma B.4. Let r ∈ Nd0 be such that
∑d

k=1 rk < α. Let Zn,r ∼ GP(0,Σr) and Qn,r be a

sub-Gaussian process with mean function 0 and covariance function σ2
0Ψr, where Σr and Ψr

were defined in (3.61) and (3.66) respectively. If r = 0, we write Zn,r = Zn ∼ GP(0,Σ) and

Qn,r = Qn is a zero mean sub-Gaussian process with covariance function σ2
0Ψ, where Σ and

Ψ were defined in (3.12) and (3.34) respectively. Let Jk � n1/(2α+d) for k = 1, . . . , d, then for

any t, s ∈ (0, 1)d, we have Var[Zn,r(t) − Zn,r(s)] ≤ Cn‖t − s‖2 and Var[Qn,r(t) − Qn,r(s)] ≤
C
′
n‖t− s‖2 for some constants C,C

′
> 0.

Proof. Let Jk � n1/(2α+d) for k = 1, . . . , d, we then have

Var[Zn,r(t)− Zn,r(s)]

= (bJ ,q,r(t)− bJ ,q,r(s))TW r

(
BTB + Ω−1

)−1
W T

r (bJ ,q,r(t)− bJ ,q,r(s))

≤ ‖bJ ,q,r(t)− bJ ,q,r(s)‖2
∥∥∥(BTB + Ω−1

)−1
∥∥∥

(2,2)
‖W T

rW r‖(2,2)

.
1

n

(
d∏

k=1

J2rk+1
k

)(
d∑

k=1

J2
k

)
‖t− s‖2 . n‖t− s‖2,

where we have used Lemma B.3, equations (3.18) and (3.62) to bound the three norms in line

3 respectively. Similarly,

Var[Qn,r(t)−Qn,r(s)]

= σ2
0(bJ ,q,r(t)− bJ ,q,r(s))TW r

(
BTB + Ω−1

)−1

×BTB
(
BTB + Ω−1

)−1
W T

r (bJ ,q,r(t)− bJ ,q,r(s))

. ‖bJ ,q,r(t)− bJ ,q,r(s)‖2
∥∥∥(BTB + Ω−1

)−1
∥∥∥2

(2,2)
‖BTB‖(2,2)‖W T

rW r‖(2,2)

.
1

n

(
d∏

k=1

J2rk+1
k

)(
d∑

k=1

J2
k

)
‖t− s‖2 . n‖t− s‖2,

where we have used Lemma B.3, equations (3.18), (3.17) and (3.62) to bound the four norms

in line 4 respectively.
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Remark For the anisotropic case where
∑d

k=1(rk/αk) < 1, r ∈ Nd0, we let Jk � nα
∗/{αk(2α∗+d)}

for k = 1, . . . , d, and both Var[Zn,r(t)−Zn,r(s)] and Var[Qn,r(t)−Qn,r(s)] will be of the order

n‖t− s‖2.

Lemma B.5. Let f(x) = bJ ,q(x)Tθ and define Ij1,...,jd =
∏d
k=1[tk,jk−qk , tk,jk ]. Furthermore,

let f |Ij1,...,jd be the restriction of f onto Ij1,...,jd. Then there exists constant C > 0 depending on

q = (q1 . . . , qd)
T such that

‖f |Ij1,...,jd‖∞ ≤ C
d∏

k=1

(tk,jk − tk,jk−qk)−1/2‖f |Ij1,...,jd‖2.

Proof. By equation (12.8) of Theorem 12.2 from Schumaker (2007), we have that

f(x)|Ij1,...,jd =

J1∑
m1=1

. . .

Jd∑
md=1

θm1,...,md

d∏
k=1

Bmk,qk(xk)|Ij1,...,jd

=

q1−1∑
l1=0

. . .

qd−1∑
ld=0

αl1,...,ld

d∏
k=1

xlkk for tk,jk−qk ≤ xk ≤ tk,jk , k = 1, . . . , d.

If x ∈ Ij1,...,jd , then x ∈
∏d
k=1[tk,jk−hk−1, tk,jk−hk ] for some hk = 0, 1, . . . , qk − 1. This im-

plies that only terms associated with coefficients γ = {θm1,...,md}
j1−h1+q1−1,...,jd−hd+qd−1
m1=j1−h1,...,md=jd−hd will be

nonzero. Also, we define α = {αl1,...,ld}
q1−1,...,qd−1
l1=0,...,ld=0 . From the two equivalent representation of

f on Iji,...,jd above, we observe that there is a one-to-one mapping between γ and α, i.e., each

element of α is a linear combination of elements in γ and vice-versa. Hence, there are matri-

ces T and V of dimension
∏d
k=1 qk ×

∏d
k=1 qk respectively, such that Tγ = α and V α = γ.

Since these two linear transformations have entries and dimensions not depending on n, we

have ‖T ‖(∞,∞) = O(1) and ‖V ‖(∞,∞) = O(1), with constants in O(1) depending only on q.

Let Uk,qk = (1, Uk, U
2
k , . . . , U

qk−1
k )T where Uk ∼ Uniform(tk,jk−qk , tk,jk), k = 1, . . . , d. Since

E(Uk,qkU
T
k,qk

) is nonsingular, its minimum eigenvalue is bounded below by a positive constant.
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Therefore,

‖f |Ij1,...,jd‖
2
2 =

∫
Ij1,...,jd

q1−1∑
l1=0

. . .

qd−1∑
ld=0

αl1,...,ld

d∏
k=1

xlkk

2

dx

=

q1−1∑
l1=0

. . .

qd−1∑
ld=0

q1−1∑
l
′
1=0

. . .

qd−1∑
l
′
d=0

αl1,...,ldαl′1,...,l
′
d

d∏
k=1

∫
[tk,jk−qk ,tk,jk ]

x
lk+l

′
k

k dx1 . . . dxd

=
d∏

k=1

[
(tk,jk − tk,jk−qk)αTE(Uk,qkU

T
k,qk

)α
]

≥
d∏

k=1

(tk,jk − tk,jk−qk)λmin

(
E(Uk,qkU

T
k,qk

)
)
‖α‖2

&
d∏

k=1

(tk,jk − tk,jk−qk)‖α‖2∞

≥
d∏

k=1

(tk,jk − tk,jk−qk)‖V ‖−2
(∞,∞)‖γ‖

2
∞

≥ C
d∏

k=1

(tk,jk − tk,jk−qk)‖f |Ij1,...,jd‖
2
∞,

where ‖f |Ij1,...,jd‖
2
∞ ≤ ‖γ‖2∞‖

∑J1
m1=1 . . .

∑Jd
md=1

∏d
k=1Bmk,qk(·)|Ij1,...,jd‖

2
∞ ≤ ‖γ‖2∞ for the last

line.

Lemma B.6. There exists constant c > 0 depending only on q = (q1 . . . , qd)
T such that for

f(x) = bJ ,q(x)Tθ, we have

c

J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
k=1

(tk,jk − tk,jk−qk) ≤ ‖f‖22 ≤
J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
k=1

(tk,jk − tk,jk−qk).

Proof. Since bJ ,q(x) is a probability vector at a given x, we use Jensen’s inequality to write

∫
[0,1]d

f(x)2dx ≤
∫

[0,1]d

J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
k=1

Bjk,qk(xk)dx

≤
J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

∫
[0,1]d

d∏
k=1

1(tk,jk−qk ,tk,jk )(xk)dx

=

J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
k=1

(tk,jk − tk,jk−qk).
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Using Lemma B.5 and equation (5) of Chapter XI from de Boor (2001), we have

‖f‖22 =

J1∑
j1=1

. . .

Jd∑
jd=1

‖f |Ij1,...,jd‖
2
2

&
J1∑
j1=1

. . .

Jd∑
jd=1

d∏
k=1

(tk,jk − tk,jk−qk)‖f |Ij1,...,jd‖
2
∞

≥ c
J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
k=1

(tk,jk − tk,jk−qk).

The following result is a multivariate generalization from Lemma 6.1 of Zhou et al. (1998).

Lemma B.7. Let f(x) = bJ ,q(x)Tθ. Under assumptions (3.4) and (3.5), we have that for any

θ ∈ RJ ,

n‖f‖22,Gn = θTBTBθ � n

(
d∏

k=1

J−1
k

)
‖θ‖2.

Proof. To obtain upper bound for θTBTBθ, we first use assumption (3.4), Lemma B.6 and

write gmax = supx∈[0,1]d g(x) <∞ to get∫
[0,1]d

f(x)2dG(x) ≤ gmax‖f‖22

≤ gmax

J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
k=1

(tk,jk − tk,jk−qk)

≤ gmax‖θ‖2
d∏

k=1

qk∆k. (B.3)

Noting that (Gn − G)(1d) = (Gn − G)(0) = 0, we use multivariate integration by parts and
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assumption (3.5) to write∣∣∣∣∣
∫

[0,1]d
f(x)2d(Gn −G)(x)

∣∣∣∣∣
=

∣∣∣∣∣f(1d)
2[(Gn −G)(1d)]− f(0)2[(Gn −G)(0)]− 2

∫
[0,1]d

(Gn −G)(x)f(x)
∂df(x)

∂x1 . . . ∂xd
dx

∣∣∣∣∣
≤ 2 sup

x∈[0,1]d
|Gn(x)−G(x)|

∫
[0,1]d

∣∣∣∣f(x)
∂df(x)

∂x1 . . . ∂xd

∣∣∣∣ dx
= o

(
d∏

k=1

N−1
k

)
‖f‖2

∥∥∥∥ ∂df

∂x1 . . . ∂xd

∥∥∥∥
2

,

where we have used the Cauchy-Schwarz inequality in the last line. From (3.53), we have that

D1
jk
θj1,...,jk = (qk−1)djkθj1,...,jd(tk,jk−tk,jk−qk+1)−1, where djkθj1,...,jd = θj1,...,jk−1,jk+1,jk+1,...,jd−

θj1,...,jk−1,jk,jk+1,...,jd . By setting r = 1d in (3.54), we have

∂df(x)

∂x1 . . . ∂xd
=

J1−1∑
j1=1

. . .

Jd−1∑
jd=1

d∏
k=1

D1
jk
θj1,...,jdBjk,qk−1(xk)

=

J1−1∑
j1=1

. . .

Jd−1∑
jd=1

d∏
k=1

djkθj1,...,jd

d∏
k=1

qk − 1

tjk − tjk−qk+1
Bjk,qk−1(xk).

Hence, applying Lemma B.6 to f and its derivatives,∣∣∣∣∣
∫

[0,1]d
f(x)2d(Gn −G)(x)

∣∣∣∣∣
= o

(
d∏

k=1

N−1
k

) J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
i=1

(tk,jk − tk,jk−qk)

1/2

×

J1−1∑
j1=1

. . .

Jd−1∑
jd=1

(
d∏

k=1

djkθj1,...,jd

)2 d∏
k=1

(qk − 1)2

tjk − tjk−qk+1

1/2

= o

(
d∏

k=1

N−1
k

)
d∏

k=1

(
∆k

min1≤l≤Nk δk,l

)
‖θ‖

J1−1∑
j1=1

. . .

Jd−1∑
jd=1

(
d∏

k=1

djkθj1,...,jd

)2
1/2

= o

(
d∏

k=1

N−1
k

)
‖θ‖2, (B.4)

where the last line follows from assumption (3.4) and
∑J1−1

j1=1 . . .
∑Jd−1

jd=1

(∏d
k=1 djkθj1,...,jd

)2
≤
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22d‖θ‖2. Combining this result with (B.3) and using Lemma B.1, we will obtain

∫
[0,1]d

f2(x)dGn(x) = o

(
d∏

k=1

N−1
k

)
‖θ‖2 + gmax‖θ‖2

d∏
k=1

qk∆k

.

(
d∏

k=1

J−1
k

)
‖θ‖2.

To obtain the lower bound, we use the same technique by applying assumption (3.4), Lemma

B.6 and write gmin = infx∈[0,1]d g(x) > 0 to get∫
[0,1]d

f(x)2dG(x) ≥ gmin‖f‖22

≥ c2gmin

J1∑
j1=1

. . .

Jd∑
jd=1

θ2
j1,...,jd

d∏
k=1

(tk,jk − tk,jk−qk)

& gmin‖θ‖2
d∏

k=1

C−1
k ∆k.

Therefore, combining the above with (B.4) and appealing to Lemma B.1, we get

∫
[0,1]d

f2(x)dGn(x) = gmin‖θ‖2
d∏

k=1

C−1
k ∆k − o

(
d∏

k=1

N−1
k

)
‖θ‖2

&

(
d∏

k=1

J−1
k

)
‖θ‖2.

The proof is completed by observing that ‖f‖22,Gn =
∫

[0,1]d f
2(x)dGn(x) = θTBTBθ/n.

Lemma B.8. Let f0 ∈ Hα((0, 1)d), then for constant C > 0 depending on q and d, we have

‖bJ ,q,r(·)TW rθ∞ −Drf0‖∞ ≤ C

(
d∑

k=1

J
−(αk−rk)
k

∥∥∥D(αk−rk)ekDrf0

∥∥∥
∞

)
,

where θ∞ is the same as the one in (3.19).

Proof. Let Ij1,...,jd =
∏d
k=1[tk,jk−qk , tk] and define a bounded linear operator Q such that for

any f ∈ Hα((0, 1)d),

Qf(x) =

J1∑
j1=1

. . .

Jd∑
jd=1

(λj1,...,jdf)

d∏
k=1

Bjk,qk(xk),
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where λj1,...,jd =
∏d
k=1 λk,jk and λk,jk is the dual basis of Bjk,qk(·), i.e., λk,jk is a linear functional

such that λk,ikBjk,qk(·) = 1{ik=jk}(·) for k = 1, . . . , d (see Section 4.6 of Schumaker, 2007).

Using Theorem 13.20 of Schumaker (2007), there exists a tensor-product Taylor’s polynomial

pj1,...,jd(x) =
∑α1−1

j1=0 . . .
∑αd−1

jd=0 ζj1,...,jd
∏d
k=1 x

jk
k such that

‖Dr(f0 − pj1,...,jd)|Ij1,...,jd‖∞ ≤ C
d∑

k=1

J
−(αk−rk)
k

∥∥∥D(αk−rk)ekDrf0

∣∣∣Ij1,...,jd∥∥∥∞ ,
with constant C > 0 depending on q and d. By equations (12.30) and (12.31) of Theorem 12.6

in Schumaker (2007), we have

‖(Drf0 −QDrf0)|Ij1,...,jd‖∞ ≤ ‖D
r(f0 − pj1,...,jd)|Ij1,...,jd‖∞ + ‖Q(Drf0 −Drpj1,...,jd)|Ij1,...,jd‖∞

≤ C‖Dr(f0 − pj1,...,jd)|Ij1,...,jd‖∞

≤ C
d∑

k=1

J
−(αk−rk)
k

∥∥∥D(αk−rk)ekDrf0

∣∣∣Ij1,...,jd∥∥∥∞ .
Since QDrf0 = DrQf0, identifying (θ∞)j1,...,jd defined in (3.19) with λj1,...,jdf0 and apply-

ing equations (15) and (16) of Chapter X in de Boor, 2001, we see that QDrf0 is equal

to bJ ,q,r(·)TW rθ∞. The proof is completed by summing both sides over 1 ≤ jk ≤ Jk, k =

1, . . . , d.
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Appendix C

Sub-Gaussian Inequalities

Here we list important properties of sub-Gaussian random variables used in this dissertation.

1. If X is sub-Gaussian, then X + a is also sub-Gaussian for any a ∈ R.

2. For independent sub-Gaussian random variables Y1, . . . , Yn, then
∑n

i=1 aiYi is also sub-

Gaussian for any ai ∈ R, i = 1, . . . , n. Moreover, for any x > 0,

P

(∣∣∣∣∣
n∑
i=1

aiYi

∣∣∣∣∣ > x

)
≤ 2 exp

(
− x2

2‖a‖2

)
,

where a = (a1, . . . , an)T .

Lemma C.1 below bounds the Lp-moments of the sup-norm of a sub-Gaussian process with

finite pointwise maximums of its mean and variance, by incurring a logarithmic factor.

Lemma C.1. Let {X(t) : t ∈ [0, 1]d} be a sub-Gaussian process with respect to the semi-

metric d(t, s) =
√

Var[X(t)−X(s)] such that Var[X(t) − X(s)] . C(n)‖t − s‖2 for any

t, s ∈ [0, 1]d, where C(n) is a polynomial in n. Choose points (u1, . . . ,uTn)T in [0, 1]d such

that
⋃Tn
i=1B(ui, δn) ⊇ [0, 1]d, for any sequence δn → 0 as n → ∞ with δn < 1 and Tn =

N(δn, [0, 1]d, ‖ · ‖). Then for all p ≥ 1,

E‖X‖p∞ . {log (1/δn)}p/2
{(

δn
√
C(n)

)p
+ max

1≤i≤Tn
|E[X(ui)]|p + max

1≤i≤Tn
{Var[X(ui)]}p/2

}
.

(C.1)
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Proof. Using the cp-inequality, we have

E(‖X‖p∞) ≤ E

(
max

1≤i≤Tn
sup

t∈B(ui,δn)
|X(t)|p

)

≤ 2p−1E

(
max

1≤i≤Tn
sup

t∈B(ui,δn)
|X(t)−X(ui)|p + max

1≤i≤Tn
|X(ui)|p

)

. E

(
sup

‖t−s‖≤δn
|X(t)−X(s)|p

)
+ E

(
max

1≤i≤Tn
|X(ui)|p

)
. (C.2)

Since {X(t) : t ∈ [0, 1]d} is a sub-Gaussian process by assumption, we have from Section 2.2.1

of van der Vaart and Wellner (1996) that

‖X(t)−X(s)‖ψ2 ≤
√

6[Var {X(t)−X(s)}]1/2

.
√
C(n)‖t− s‖,

where the last line follows by assumption. Applying Corollary 2.2.8 of van der Vaart and Wellner

(1996) with d(t, s) = ‖t− s‖,∥∥∥∥∥ sup
‖t−s‖≤δn

|X(t)−X(s)|

∥∥∥∥∥
ψ2

.
√
C(n)

∫ δn

0

√
logN(ε, [0, 1]d, ‖ · ‖)dε

.
√
C(n)

∫ δn

0

√
log (1/εd)dε

. δn
√
C(n) log (1/δn).

Since ‖Y ‖p ≤ p!
√

log 2‖Y ‖ψ2 for any random variable Y with finite ψ2-Orlicz norm, the first

term in (C.2) can be bounded by

E

(
sup

‖t−s‖≤δn
|X(t)−X(s)|p

)
.

∥∥∥∥∥ sup
‖t−s‖≤δn

|X(t)−X(s)|

∥∥∥∥∥
p

ψ2

. δpn{C(n) log (1/δn)}p/2. (C.3)

In order to bound the second term in (C.2), first observe that for Y ∼ N(µ, σ2) and Z ∼ N(0, 1),

‖Y ‖ψ2 = ‖µ+ σZ‖ψ2 ≤ ‖µ‖ψ2 + σ‖Z‖ψ2 = |µ|/
√

log 2 + σ
√

8/3. (C.4)
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Therefore, applying Lemma 2.2.2 of van der Vaart and Wellner (1996) and using (C.4) above,

E

[
max

1≤i≤Tn
|X(ui)|p

]
.

∥∥∥∥ max
1≤i≤Tn

|X(ui)|
∥∥∥∥p
ψ2

. {log (1 + Tn)}p/2 max
1≤i≤Tn

‖X(ui)‖pψ2

. {log (1 + Tn)}p/2
(

max
1≤i≤Tn

|E[X(ui)]|p + max
1≤i≤Tn

{Var[X(ui)]}p/2
)
.

(C.5)

Since Tn ≥ 2 if δn < 1, this implies that log (1 + Tn) ≤ 2 log Tn . log (diam{[0, 1]d}/δdn) ≤
log (1/δdn). Combining the bounds derived from (C.3) and (C.5) into (C.2), we will obtain

E(‖X‖p∞) . {log (1/δn)}p/2
{(

δn
√
C(n)

)p
+ max

1≤i≤Tn
|E[X(ui)]|p + max

1≤i≤Tn
{Var[X(ui)]}p/2

}
.
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Appendix D

Miscellaneous Results

Lemma D.1. Let A be a J ×J symmetric, positive definite and q-banded matrix. Assume that

the eigenvalues of A are contained in the interval [aτm, bτm] for fixed 0 < a < b <∞ and some

sequence τm. Then ‖A−1‖(∞,∞) = O(τ−1
m ).

Proof. Since we can scale A by τm such that its eigenvalues are in [a, b], we set τm = 1 without

loss of generality. Using Proposition 2.2 from Demko et al. (1984) and writing hij to be the

(i, j)th element of A−1,

‖A−1‖(∞,∞) = max
1≤i≤J

J∑
j=1

|hi,j | ≤ max
1≤i≤J

J∑
j=1

Cλ|i−j|,

where C = max{1/a, (1 +
√
b/a)2/(2b)} and λ = [(

√
b/a− 1)/(

√
b/a+ 1)]1/q. Since b > a > 0,

we have that 0 < λ < 1. Therefore,

‖A−1‖(∞,∞) ≤ C max
1≤i≤J

1 + 2
J∑
j=1

λj

 ≤ C
1 + 2

∞∑
j=1

λj

 <∞.

Lemma D.2. Let A be a J × J symmetric and positive definite matrix with its rows and

columns indexed by d-dimensional multi-indices, i.e., for i = (i1, . . . , id) and j = (j1, . . . , jd),

such that 1 ≤ ik, jk ≤ Jk, k = 1, . . . , d, J =
∏d
k=1 Jk, the (i, j)th element of A is ai,j =

A{(i1, . . . , id), (j1, . . . , jd)}. Given q = (q1, . . . , qd)
T , we assume A is q-banded as in Definition

3.1. Furthermore, we assume that the eigenvalues of A are contained in [aτm, bτm] for fixed

0 < a < b <∞ and some sequence τm. Then ‖A−1‖(∞,∞) = O(τ−1
m ).

Proof. We adapt the proof given in Proposition 2.2 of Demko et al. (1984) to the case of multi-

dimensional banded matrices. Note that all matrices involved in this proof are indexed by

d-dimensional multi-indices of total size J . We first establish by induction that if A is q-banded
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as in Definition 3.1, then An is nq-banded for n ∈ N. That is, An{(i1, . . . , id), (j1, . . . , jd)} = 0

if |ik − jk| ≥ nqk for some k = 1, . . . , d.

Suppose A is q = (q1, . . . , qd)
T -banded and B is w = (w1, . . . , wd)

T -banded, where both

A and B are J × J symmetric and positive definite matrices, then we will have (AB)i,j =∑J1
l1=1 . . .

∑Jd
ld=1 a(i1,...,id),(l1,...,ld)b(j1,...,jd),(l1...,ld) 6= 0 only if at least one of the terms in the sum

is nonzero. Therefore a(i1,...,id),(l1,...,ld) 6= 0 and b(j1,...,jd),(l1,...,ld) 6= 0 for some (l1, . . . , ld). Hence

|ik − lk| ≤ qk and |jk − lk| ≤ wk for k = 1, . . . , d. This implies that |ik − jk| ≤ qk + wk for

k = 1, . . . , d by the triangle inequality. We then conclude that AB is q + w banded. Letting

B = A, we see that A2 is 2q-banded. Suppose Ar is rq-banded, then Ar+1 = ArA is (r+ 1)q-

banded by the reasoning above. Hence, we conclude that An is nq-banded for all n ∈ N by

induction.

Since we can scaleA by τm such that its eigenvalues are in [a, b], we set τm = 1 without loss of

generality. Let pn(·) be a polynomial of degree n, then pn(A) is nq-banded. Since Λ(A) ⊆ [a, b]

by assumption, spectral theorem and Proposition 2.1 of Demko et al. (1984) implies that

‖A−1 − pn(A)‖(2,2) = max
x∈Λ(A)

|1/x− pn(x)| ≤ C0[(
√
b/a− 1)/(

√
b/a+ 1)]n+1 (D.1)

for C0 = (1 +
√
b/a)2/(2b). For any n ∈ N, pn(A)i,j = 0 if |ik − jk| > nqk for some 1 ≤ k ≤ d.

Suppose i 6= j, choose n to satisfy n < max1≤k≤d |ik−jk|q−1
k ≤ n+1. Therefore by (D.1) above,

|A−1(i, j)| = |A−1(i, j)− pn(A)i,j | ≤ ‖A−1 − pn(A)‖(2,2)

≤ C0[(
√
b/a− 1)/(

√
b/a+ 1)]max1≤k≤d |ik−jk|/qk

≤ C0λ
∑d
k=1 |ik−jk|, (D.2)

for λ = [(
√
b/a−1)/(

√
b/a+1)]1/

∑d
k=1 qk . When ik = jk for all k = 1, . . . , d, we haveA−1(i, j) ≤

‖A−1‖(2,2) = 1/λmin(A) ≤ 1/a. Combining this case with (D.2), we conclude that

|A−1(i, j)| ≤ Cλ
∑d
k=1 |ik−jk|, (D.3)
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for C = max{C0, 1/a}. Now using (D.3) above and observing that 0 < λ < 1,

‖A−1‖(∞,∞) = max
1≤ik≤Jk,k=1,...,d

J1∑
j1=1

. . .

Jd∑
jd=1

|A−1{(i1 . . . , id), (j1, . . . , jd)}|

≤ C max
1≤ik≤Jk,k=1,...,d

J1∑
j1=1

. . .

Jd∑
jd=1

d∏
k=1

λ|ik−jk|

≤ C max
1≤ik≤Jk,k=1,...,d

d∏
k=1

1 + 2

Jk∑
jk=1

λjk


≤ C

1 + 2
∞∑
j=1

λj

d

<∞.

Remark The crux of the lemma’s proof lies in (D.1), where we used polynomials to approxi-

mate 1/x on a bounded interval, and relate this approximation error on the real line to that on

matrices by the spectral theorem. Theorem 60 of Meinardus (1967) and the fact (n+ 1)! > 2n

for n ∈ N imply that any analytic function on a compact interval can be approximated by

polynomials with exponential error rate as n → ∞. Hence, the above lemma applies to g(A)

where g is analytic over [aτm, bτm], i.e., ‖g(A)‖(∞,∞) = O(τ−1
m ). For instance, the result could

also be applied on square root of A.

Lemma D.3. Let A be a n× n symmetric positive definite matrix. Assume that ‖A‖(2,2) ≤ 1.

Let ε = (ε1, . . . , εn)T such that εi are iid mean 0, variance σ2
0 and has finite fourth moment for

i = 1, . . . , n. Then Var(εTAε) = O(n).

Proof. By eigen-decomposition, A = P TΛP where Λ = diag(λ1, . . . , λn) and P is an orthogo-

nal matrix, with pij its (i, j)th element. Define Z = (Z1, . . . , Zn)T = Pε. Then,

Var(εTAε) = Var

(
n∑
i=1

λiZ
2
i

)
=

n∑
i=1

λ2
iVar(Z2

i ) +
n∑
r 6=s

λrλsCov(Z2
r , Z

2
s ). (D.4)

For any 1 ≤ r, s ≤ n,

E(Z2
rZ

2
s ) =

n∑
j1=1

n∑
j2=1

n∑
j
′
1=1

n∑
j
′
2=1

prj1prj2psj′1
p
sj
′
2
E(εj1εj2εj′1

ε
j
′
2
)

= E(ε41)
n∑
j=1

p2
rjp

2
sj + σ4

0

n∑
j1 6=j2

p2
rj1p

2
sj2 + 2σ4

0

n∑
j1 6=j2

prj1ps1prj2psj2 . (D.5)

Since λi ≤ 1 for i = 1, . . . , n and each row of P has unit norm, the first variance term in (D.4)
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is bounded by

n∑
i=1

E(ε41)

n∑
j=1

p4
ij + 3σ4

0

n∑
j1 6=j2

p2
ij1p

2
ij2

 .
n∑
i=1

 n∑
j=1

p2
ij

2

. n. (D.6)

Observe that by orthonormality of P , Var(Z) = Var(ε) = σ2
0In and E(Z2

i ) = σ2
0. Since∑n

j=1 prjpsj = 0, then for r 6= s,
∑n

j1 6=j2 prj1psj1prj2psj2 = (
∑n

j=1 prjpsj)
2 −

∑n
j=1 p

2
rjp

2
sj ≤ 0

and
∑n

j1=1

∑n
j2=1 p

2
rj1
p2
rj2

=
∑n

j=1 p
4
rj +

∑n
j1 6=j2 p

2
rj1
p2
rj2

= 1. Hence for r 6= s and in view of

(D.5),

Cov(Z2
r , Z

2
s ) ≤ E(ε41)

n∑
j=1

p2
sjp

2
rj + σ4

0

1−
n∑
j=1

p4
rj

− E(Z2
r )E(Z2

s ) ≤ E(ε41)
n∑
j=1

p2
sjp

2
rj . (D.7)

It then follows that the second covariance term in (D.4) is bounded by

n∑
r 6=s

Cov(Z2
r , Z

2
s ) ≤ E(ε41)

n∑
r=1

n∑
j=1

n∑
s=1

p2
sjp

2
rj . n.
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