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SUMMARY

As the reactor facilities became greater in scale and severer in loading conditions, sta-
tic analysis of structures beyond the elastic limit seems to have rolls of growing import-
ance. As for reinforced concrete structures, the method of elasto-plastic analysis allowing
for cracking in concrete has been successfully developed for various types of structures.
Nowadays the elasto-plastic finite element analysis of R/C structures provides us with an in-
dispensable tool to assess the ultimate capacity of structures in reactor facilities.

The purpose of this paper is to present a new model of finite element developed for
elasto-plastic analysis of R/C shells and to show examples of its application to concrete
containments and box-wall structures in a reactor building. The results of the analysis are
compared to those from model tests.

As the finite element for thin shells, which seems to be the simplest one within an accep-
table accuracy, a quadrilateral element composed of four triangular flat elements is adopted.
For each camponent triangle, the ordinary plane stress formulation in the constant strain
field and the one similar to the Morley model in plate bending in the deflection field of
constant curvature are also adopted. After the elimination of the freedom of central part,
the element has 16 degrees of freedom in the total.

Another characteristic of this elasto-plastic model is:incorporation of orthotropic con-
stitutive relation for concrete, which was proposed by one of the authors and successfully
applied to analyses of RC wall and PCRVs. To evaluate both the in-plane and bending stiff-
ness of the elements beyond the elastic limit or after cracking of concrete, so-called
"layered approach" was applied. Major assumptions in the analysis are as follows: a)
Kirchhoff-Iove's hypotheses are valid at any step. b) Concrete section is divided into some
imaginary layers, and each layer is in the state of plane stress. c) Concrete under a
biaxial stress state is idealized as an orthotropic material in which elastic moudli are
variable. d) Crack is governed by the uniaxial tensile strength and compressive failure
follows octahedral shear failure criterion. e) Steel is treated by a bilinear model.

An iteration procedure using a tangent stiffness is applied for each incremental loading
step. Residual forces caused by cracking and material nonlinearity are released in each
loading step. This method is applied to the test models of cylindrical containments and box-
wall structures of reinforced concrete. In comparison between the calculation and the
measurements, the applicability and the validity of the proposed method are investigated.



1. Introduction

In the design of reactor facilities, elasto-plastic analysis of reinforced
concrete structures is an indispensable tool to investigate their behavior
beyond the elastic limit and ultimate bearing capacity. Development of finite
element analysis of reinforced concrete with material nonlinearity was traced
in a survey paper by Bergan and Holand[l].

In the effort of research and development of concrete containment vessels,
the authors developed a new program of elasto-plastic analysis of reinforced
concrete shells, in which the simplest model of shell element and an orthotro-
pic constitutive relation are adopted, and verified its validity with refer-
ence to the results of model experiments of containers and box-wall structures
with various loading conditions.

The basic element for the elasto-plastic analysis is a flat triangular
shell element of assumed displacement type. It is formed by the combination
of a constant strain in-plane element and a constant curvature plate bending
element, the latter containing normal slopes of edges as nodal parameters.
The actual analysis utilizes a quadrilateral element of 16 degrees of freedom
formed by combination of four triangular basic elements, with the interior
degrees of freedom eliminated.

For the two~dimensional stress-strain relationship of concrete, an ortho-
tropic nonlinear formula proposed by one of the authors([2] was adopted.

For concrete, the octahedral shear failure and tension cut-off criteria were
also imposed. The Kirchhoff-Love's assumptions were assumed to be valid for
the whole range of the analysis and the layered approach of elasto-plastic
stiffness evaluation.

In this paper, derivation of the shell element is outlined with examina-
tion of its accuracy in elastic range and the assumption of elasto-plastic
material property and the procedure of nonlinear analysis are described.

As examples, the method is applied to the analysis of a cylindrical con-
tainer and a box-wall structure. Comparison of the computed results with the
corresponding experimental data indicates the applicability of the proposed
method.

2. Shell Element and Its Accuracy in Elastic Range

As a basic unit, we take a flat triangular shell element. Because of flat-
ness, in-plane stiffness and bending stiffness can be separately formulated
and straight combined. For the former, we adopt the well-known constant
strain plane stress element having six corner node degrees of freedom. For
the latter, we introduce the simplest plate bending model of assumed dis-
placement type, i.e. a triangular element whose nodal parameters are corner
node deflection, Wi (i=1,2,3), and rotation of normal slope at the middle
points of three edges, %g j(j=4,5,6). Referring to Fig. 1, let the nodal
parameter be defined by
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We assume the following shape function of w in terms of area coordinate:

W= 0 0 +0alat0slatau1LatastaLstaelaly (2)

The vector of curvature ) 5 :
=1 = T _ (9w _9°w _,3°w T
(R} = (ky Ky ®xy)® = (=577 =577 =255,) (3)
is first related to the parameter {y} in the forms of derivatives of w with
respect to ¢j (i=1,2), which are then transformed to x-y coordinate system,

i.e. (&) = [8%){a} (4)
where {o}= (01 a2 o3 oy as Ote)T B (5)
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The rotation of normal slope is given by
ow| _[owdx _dwdy| _ ow . oW .
3 i‘[ﬁiﬁﬁ'ﬁﬁﬁﬁdi_ COSeig; i+51nelay‘i '1 4,5,6 (7)

and is written in terms of %%;(i=1,2) by the coordinate transformation.
Substituting the area coordinate of each node into Egs. (2) and (7), we can
represent ‘the nodal parameters in terms of {a}, i.e.

1
{a} = [¢) 1o} = ® |{a} (8)

a Co
where I ¢ unit matrix
CyY23 +SyX32 CuyY31 +SuXi3 CyVi2 +Sy X2
C21= f% CsY23 +S5X32 CsY31 +SsX13 CsYi2 +Ss5Xo) (9.a)
CeY23 ¥SeX32 CsYs +SeX13 CeYi2 +SeX21 s
CyY23 +SuX32 Cu¥ia2 +SuyX23 Cuy2s +SuXa2
C,= & Cs5Y31 +S5X13 CsYs +Ss5X13 Csys: +SsXg3 (9.b)
CeY21 ¥S6X12 CeYi2 +SeX21 CeYi2 +SeXa1 s

cij=cosbi, sj=sinbji, i=4,5,6 (9.c)

By a well-known procedure, the bending part of element stiffness matrix is
formulated as

(k) = alc™)" (89)" (p) (%) (¢ ™) (10)
where [D] is a matrix of moment-curvature relation of plate.

The plate bending element we derived seemed to be similar to the one deve-
loped by L.S.D. Morley[3] and, by test computation of square plates, we found
that the both yielded the same results. At the same time, we thought that
this simple element was not satisfactory in accuracy. Therefore, we formed a
quadrilateral shell element as an assembly of four basic units, where the
freedom of five interior nodes was eliminated (Fig. 2). To see the perform-
ance of the new element, an elastic cylindrical shell loaded vertically was
analyzed (Fig. 3). The results of the test analysis show that the quadri-
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lateral shell element of 16 degrees of freedom works well with accuracy suf-
ficient to the purpose (Figs. 4 and 5). The accuracy of the present element
seems to be comparable to Herrmann's shell element in mixed formulation [4].
It has also advantage of facilitating the assessment of tangent stiffness
because it is based on the assumption of constant strain field.

3. Elasto-plastic Model

3.1 Stress-Strain Relation of Concrete in Plane Stress

Many constitutive models of concrete have been proposed, because the
concrete behavior under multi-axial stresses is not so clear as the one of
uniaxial stresses. The orthotropic assumption mentioned below provides the
freedom that the constitutive equation can be written by more parameters than
those in the isotropic body, and it may also represent the behavior after
cracking by a single equation.

The authors adopt an orthotropic model where both moduli of elasticity
and Poisson's ratios are variable[2]. Let us take principal stress axes as
orthotropic axes, and introduce parameters nNi (i=1,2) with respect to two
Young's moduli Ei 3

Ei = ni*Eo (11)
where Ey is the initial tangent modulus of elasticity.
Then we take parameters &;j (i,j=1,2,i#j) of Poisson's ratios Vvij in the form
iy vz Y = By Eg (12)
Therefore, substituting Egs. (11) and (12) into the stress-strain relationship
of the orthotropic medium, the incremental stress-strain matrix is derived as

follows:
(Ao} = [Dec){Ae} (13)
where
ni £12n¥2n¥? 0
[0e) = =88 | £ ¥ ns o, (14.a)
0 0o b,
i
{Aoc} = (80,802 8012)" (14.Db)
{Ae} = (AelAezAslz)T (l4.c)

Now we approximate the uniaxial stress-strain relationship in the form of

0; = F(e;) = C1Eoey/{|(e3/e)?| + C2|(e3/e)|+ Cu} (15)
where C; and C, are experimental constants, €c being the strain corresponding
to the uniaxial compressive strength %¢ (Fig. 6)
By the definition of Eg. (13), nNji is given as

niy = dF(e4) /Eodej (16)
We assume that £,, , the parameter of Poisson's ratio, depends on the principal
strains and can be represented by the form of

£12 = E(e1,€2) = {1-(1=2vo)k(ey,€2)}/2 (17)
where

k(e,,e2) = n¥2n¥2/{1+drerez/e2 + dy(erez+leres|) /ed} (18)

>
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d, and d, being experimental constants which conform with the uniaxial and
biaxial compressive failure tests, Vo the initial value of £ .
Shear modulus of elasticity Gy, in non-crack state is assumed by

G2 = n¥2n¥Y?E,/2(1+E12) (19.a)
For cracked state, we take Gy
Gz =0Gp , 0 <o <1 (19.b)

where o is the empirical constant, and G, the initial value of G.
3.2 Fracture condition

Both cracking and compressive failure are taken into consideration as
fractures under biaxial stresses. We assume that the crack occurrs perpen-
dicularly to the principal tensile stress when the latter exceeds the uni-
axial tensile strength ot . The compressive failure is assumed to follow the
octahedral shear failure criterion:

Toct 2 ROget + C (20)

where 1,ct means the octahedral shear stress and Coct the octahedral normal
stress. In the above criterion, the experimental constants n and ¢ are deter-

mined by
n = -/2(a-1)/(2a-1) , (21.a)
c = -/2ao./3(2a-1) (21.b)

where a is a parameter representing the strength under uniform biaxial com-
pression defined by o0;=0;=acc .
4. Elasto-Plastic Analysis

In the elasto-plastic analysis, so-called "layered approach"{5] is applied,
and the following assumptions are adopted.

1) Kirchhoff-Love's hypotheses are valid at any loading step.

2) Concrete section is divided into imaginary layers, and each layer is
assumed to be in the state of plane stress.

3) Reinforcement and prestressing steel are idealized by bilinear models
(Fig. 6).

4) Reinforcement and prestressing steel are treated as infinitely thin
layers having effective stiffness in their direction, and their strains
conforming with those of concrete in their position.

The constitutive relation of reinforced concrete section in the x-y coordinate
system is derived as follows from the definition of stress resultants and the
assumptions in the analysis.

I i )E[ cJibzg + Z[Ds] Agy E E[Bc] 210%1+3 (Ds)y Bsj Asj —A_E_o (22)
AR 3 5;L'Z'ZE'iEfB;jJ";JTR;j'E"EiTBZL“E_ZE'IEID 13225855 |6k

where
{aN} = (aNx ANy ANgy)T, {AM) = (AMgx AMy AMxy)T (23.a)
{80} =(hexo Beyo Bexya)', {AF} =(Aky Bky Akyy)T (23.0)
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top bar means value in the x-y coordinate system, [Bc]i is the constitutive
matrix of ith concrete layer and [Bs]j the one of jth steel layer. Z; and
Zgj are the distances of the concrete layer and steel layer respectively from
the reference surface. AZ; and Asj are thickness of concrete layer and area
of steel section a unit length.

In prestressed concrete structures, prestressing members are treated as
reinforcements with initial stresses.

An iteration procedure using a tangent stiffness is applied for each incre-
mental loading step. Incremental constitutive coefficients of shell section
are evaluated based on Eq. (22) in which those of concrete and steel layers
are updated for each loading step. After tangent stiffnesses of four consti-
tuent triangular elements are calculated, that of a quadrilateral element is
evaluated in the same manner as in the elastic analysis. Residual nodal
forces caused by cracking and material nonlinearity are released in each step.
5. Numerical Examples

The first example is a case of axi-symmetric problem. Shell wall ends of
reinforced concrete containment vessel subjected to the internal pressure were
tested to clear the resistance mechanism of transverse shear at the wall bo-
ttom (Fig. 8). The present method was applied to analyze the nonlinear
behavior of these models. Fig. 9 shows that analytical defections simulate
bilinear behaviors of the test models. Fig. 10 shows transverse shear at the
wall bottom. Transverse shear in the analysis increases after vertical crack-
ing and is close to constant after yielding of reinforcement at the bottom,
while the experimental resuslt increases monotonically. There is a difference
which was produced by the non-axisymmetric behaviors of the test models caused
by a large deformation with cracking and yielding. Fig. 11 shows analytical
bending moment distributions.

As another example, a box-wall structure subjected to lateral loads such
as applied to reactor facilities was analyzed (Fig. 12). Analytical results
have a good agreement with experimental ones with respect to deflection,
strain and cracking pattern.

6. Conclusions

A quadrilateral element composed of four triangular elements in which
strains and curvatures are constants is introduced to study the elasto-plastic
behaviors of R/C shells. The accuracy of the present element is examined, and
it is verified that the element has a good accuracy in practical usage.

In elasto-plastic analysis, "layered approach" is adopted, and concrete
constitutive relation of each layer is idealized as the orthotropic medium
where modulus of elasticity and Poisson's ratio are parameters.

This method is applied to the test models of thin walled structures such
as applied to reactor facilities. Analytical results showed a good agreement
with the experiments. Therefore it is confirmed that this method is of prac-
tical value in the prediction of elasto-plastic behaviors of thin walled

reinforced concrete structures and prestressed concrete structures.
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TABLE 1 Data for Analysis of R/C Shell Wall Ends

Eq o o €c | REINFORCEMENT RATIO (%)
MODEL Vo )
(kg/cm?) (kg/cm?) | (kg/cm?2) (%) VERTICAL HOOP
I 186,000 | 0.17 -240 20.8 -0.24 1.11 0.88
II 210,000 | 0.16 -277 21.3 -0.24 0.55 0.88

Es = 2,100,000 kg/cm?, oy = 3,900 kg/cm2, & = 0.04

ne = 0.1, d1 = 5, dy = 2.5, a = 1.1, ¢ = =0.432 oc, n = -0.118 AW

TABLE 2 Data for Analysis of R/C Box-Wall Structure

Eg v . o ec REINFORCEMENT RATIO (%)
(kg/cm ) s (kg/cm?) (kg/cm?) (%) VERTICAL | HORIZONTAL
183,0004J 0.16 -257 23.6 -0.24 1.15 1.15

Eg = 1,910,000 kg/cm?, ey = 3,950 kg/cm?, g= 0.04

ng = 0.1, dg =5, dy = 2.5, a=1.1, c = -0.432 og, n = -0.118

N4
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Fig.l Constant Curvature . X
. Fig.2 Quadrilateral Shell Element
Plate Bending Element
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