ABSTRACT

HU, LIUYI. MM Algorithms for Variance Components Models. (Under the direction of Wenbin
Lu and Hua Zhou.)

The classical linear regression model assumes independence among the observations. How-
ever, in many real applications such as clustered data analysis and longitudinal data analysis,
observations are correlated with each other and people are interested in estimating the variance
from different sources. For example, in genetic analysis, people coming from the same family
share common genetic information and researchers would like to know how much variation
in the traits can be explained by the genetic effect. Despite the best efforts of generations of
statisticians and numerical analysts, maximum likelihood estimation and restricted maximum
likelihood estimation of variance component models remain numerically challenging. Building
on the minorization-maximization (MM) principle, this thesis work presents novel iterative
algorithms for variance components estimation as well as selection.

For the first part of the thesis, we develop MM algorithms in the linear mixed model frame-
work where we assume the covariance structures are known. The proposed algorithm is trivial
to implement and competitive on large data problems. The algorithm readily extends to more
complicated problems such as linear mixed models, multivariate response models possibly with
missing data, maximum a posteriori estimation and penalized estimation. We establish the
global convergence of the MM algorithm to a KKT point and demonstrate, both numerically
and theoretically, that it converges faster than the classical EM algorithm when the number of
variance components is greater than two and all covariance matrices are positive definite.

In the second part, we extend algorithms to logistic linear mixed model, which is widely
used in experimental designs and genetic analysis with binary traits. When the number of vari-
ance components is large, fitting the logistic linear mixed model is challenging. We develop two
efficient and stable MM algorithms for the estimation of variance components based on the
Laplace approximation of the logistic model since direct optimization of the likelihood function
is intractable. One of them leads to a simple iterative soft-thresholding algorithm for vari-
ance component selection using maximum penalized approximated likelihood. We demonstrate
the variance component estimation and selection performance of our algorithms by simulation

studies and a real data analysis.
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Chapter 1

Introduction

1.1 Variance Components Model

In statistics, linear regression model is an approach for modeling the linear relationship between
the mean of the response variable and a set of explanatory variables (or predictors). Let us
denote the set of observed response as a n x 1 column vector y = (y1,...,y,)" and the set of
explanatory variables as a n x p predictor matrix X, where each row of X refers an observation
and each column refers to a predictor. The classical linear regression model assumes y to be a

realization of a random variable Y, which is normally distributed with
E(Y) = X3 and Cov(Y) = oI,

where 3 is the unknown parameter. Thus the response variables are assumed to be independent
of each other and to have equal variance. However, in many applications, reponses are correlated
in a certain way. For example, a genetic study might try to answer what are the factors affecting
people’s height. It is not reasonable to assume that people’s heights are independent of each
other since people from the same family share common genes which might lead to similar
heights. Also longitudinal studies observes a response variable repeated for each subject at
different time points. The observations coming from the same subject are usually correlated
with each other. Analysis that ignores the correlation structure will lead to invalid standard
errors. Sometimes the observations are correlated via different structures and researchers want
to study the variance of different structures. In this scenario, variance compomemts model
comes into play.

The simplest form of variance components model assumes that Y ~ N (X3, Q), where

m
0 - Yo,
=1



and the Vi,...,V,, are m fixed positive semidefinite matrices. The parameters of interest are
B and variance components o2 = (¢%,...,02,)%.

For example, a genetic study wants to analyze the traits of n related individuals. It is
assumed that Y ~ N(X3,0?® + 2I) where ® is the kinship coefficient matrix summarizing
genetic similarity between individuals. The toal variability, having two variance components, is
0? 4 3. The heritability effect is the proportion of variation explained by genetic effects, that
is 01/ (01 + 03).

Another example is the multilevel models where the data structure is hierarchical with
sampled units nested in clusters that are themselves nested in other clusters. Suppose researchers
want to study the students’ performance on GRE and they sample students from a sample of
schools and a sample of departments under the school. Students in the same school and same
department tend to be more alike than students in different schools or different departments.

A multilevel model that takes into account the random effects of different levels has the form
Yijk = wfjkﬁ + o + V5 + €

where @;j;, is the vector of characteristics of students, {c;} are the random effects for schools
and {~;;} are the random effects for departments under each school. We assume that o, 7;;
and €;5; are independent with normal distributions N(0,02), N(0,02) and N(0, o). The school
level radom effects account for the variability among schools from unmeasured variables such
as the quality of teachers. The department level random effects account for the deparment
2 2

(') 0—’7

and o2 can help us understand the intraclass correlation between scores of different students in

characteristics such as emphasis on math or verbals. The three variance components, o

the same department and same school.

An extention to the standard variance components models is to encompass non-normal
response distributions. Just like the generalized linear models (GLM), the generalized variance
components model assumes that E(Y) = pu, g(n) = n where g(-) is some link function and
n ~ N(X3,Q), where

m
Q = ZO’?W.
i=1

For example, when the response is binary, ¢(-) can take the logic link function g(x) = In(x/(1 —
x)). When the response variables have counts as their possible values, we can use the log link
9(w) = In(a).

In this thesis work, we mainly work with the standard variance components model and then

extend to the logistic variance components model.



1.2 Optimization Techniques

In the above mentioned variance components model, the parameters of interest include coeffi-
cients 3 and the variance components o2 = (a%, ..., 02)T. In statistical models, maximum like-
lihood estimate (MLE) of parameters are widely used. However, in most applications, there are
no explicit solutions to the original optimization problem. Therefore, we need iterative methods.
Two commonly used iterative methods include Newton’s method and expectation maximiza-
tion (EM) algorithm. Here we give an overview of these optimization methods. Throughout we
reserve Greek letters for parameters and indicate the current iteration number by a superscript

t.

Newton’s Method

The Newton’s method is built on maximizing the quadratic approximation of the original ob-
jective function. Denote the objective function as f(6) and take second-order Taylor expansion

at the current iterate O(t), we have
1(6) = £(6) + V1(0)7(0 - 0) + (8~ 6)T T (610)(0 ~ )

where Vf(8®)) is the gradient of the f(6) evaluated at current iterate 8) and V2f(8®) is the
Hessian matrix of f(0) evaluated at current iterate 0™ . To maximize the quadratic function,

we set its gradient to zero, which yields the following update

e+ _ g(t) _ {vz f(g(t))} R

The Newton’s method is a second-order algorithm and can converge very fast. However, it has
several drawbacks. The first is that in the vanilla version each iteration involves the evaluation
and inversion of the Hessian matrix, which can be very computational expensive, especially
when the parameter space is high dimensional. The second is that Newton’s method can not
guarantee ascent property when the Hessian matrix is not negative definite. The third is that
when the Hessian matrix is close to singular matrix, the inverted Hessian can be numerically
unstable and the solution may diverge. There are several remedies to address these issues. Most
of them involve approximating —V?2f (O(t)) by a positive definite matrix, which leads to variants
of Newton’s method.

The general form of Newton’s method is

o =0+ s {m(e)} ' (o) (1)



where s is the step size and M(0®) is some approximation of —V2f£(6®). When M (")) = I,
(1.1) is the same as the gradient descent method. The gradient descent method does not use
the second order information, so it converges at a linear rate instead of quadratic rate. When
MO = E{—V2f(0(t))}, (1.1) gives the Fisher’s scoring method. The Fisher’s informa-
tion matrix is positive semi-definite under exchangeability of expectation and differentiation,

however, it could be hard to derive and computationally expensive to evaulate.

EM Algorithm

The EM algorithm was first introduced by Dempster et al. (1977) and it is widely used in
models that involve observed data X, unobserved latent variables Z and a vector of unknown
parameters 8. The MLE of 8 is the one that maximizes the marginal likelihood of the observed
data

(X | 6) = / (X, Z|0)dz

where p(X, Z | 0) is the density function of the complete data. However the marginal likelihood
is often intractable especially when Z involves high-dimensional data. The EM algorithm deals

with the problem by working with the complete data model. It involves two steps:

- Expectation step (E step): Calculate the conditional expectation of the log-likelihood

function of the complete data under the current estimate of the parameter %)

QO 16Y)=E, {nL(6; X, Z)}

where L(0; X,Z) =p(X,Z | 0).

- Maximization step (M step): Maximize Q(8 | )

o+ — argmélx QO | 6M).

By the information inequality, we have

QO 6") —In f(X | 6)
= B, g0 (InL(6: X, 2)} ~lnf(X |6)

E{l ix1e | *°

(t).
< E lnM|X,0(t)
(X 16W)
= QOW]0Y)—Inf(x|6W)



which leads to the following inequality
Inf(X ] 6)=Q0]69) - Q0 |6Y) +mf(X |6Y)
for all @ in the parameter space. Combining with the maximization step, we have

In f(X |61FY) > QO 0Y) — Q6" | 6) +n f(X | 6©)
> Inf(X|6").

Therefore we are guaranteed that the objective function moves towards the right direction at
each iteration. Unlike Newton’s method which can be applied to various optimization problems,
EM algorithm depends on the construction of latent variables and complete data likelihood.
Therefore, EM algorithm is more restricted and is often seen in maximizing likelihood functions.

In this thesis work, we develop a new set of algorithms based on MM principle, which will
be described in Chapter 2, for maximizing the likelihood function of the variance components

model and compare it to the Newton’s method as well as the EM algorithm.



Chapter 2

Preliminaries

2.1 The MM Principle

The MM principle for maximizing an objective function f(6) involves minorizing the objective
function f(6) by a surrogate function g(@ | 8") around the current iterate 8@ of a search

(Lange et al., 2000). Minorization is defined by the two conditions

£y = g(6® | oWy (2.1)
f6) > g016v), 06"

In other words, the surface 8 — g(8 | 8%) lies below the surface @ — f(8) and is tangent
to it at the point 8 = @M. Construction of the minorizing function g(8 | %) constitutes
the first M of the MM algorithm. The second M of the algorithm maximizes the surrogate
9(0 | 8®) rather than f(8). The point 8+ maximizing (8 | 8")) satisfies the ascent property
F(8 )y > £(6W). This fact follows from the inequalities

FOUY) = 96"V 60) > (8" |60) = F(8"), (2:2)

reflecting the definition of 0%+ and the tangency and domination conditions (2.1). The ascent
property makes the MM algorithm remarkably stable. The validity of the descent property
depends only on increasing g(8 | 8), not on maximizing ¢(@ | 8®)). With obvious changes,
the MM algorithm also applies to minimization rather than to maximization. To minimize a
function (), we majorize it by a surrogate function g(8 | 8%)) and minimize g(6 | 8%)) to

1) The acronym should not be confused with the maximization-

produce the next iterate 6
maximization algorithm in the variational Bayes context (Jeon, 2012).
The MM principle (De Leeuw, 1994; Heiser, 1995; Kiers, 2002; Lange et al., 2000; Hunter

and Lange, 2004a; Wu and Lange, 2010) finds applications in multidimensional scaling (Borg



and Groenen, 2005), ranking of sports teams (Hunter, 2004), variable selection (Hunter and Li,
2005), optimal experiment design (Yu, 2010), multivariate statistics (Zhou and Lange, 2010),
geometric programming (Lange and Zhou, 2014), and many other areas (Lange, 2016). The
celebrated EM principle (Dempster et al., 1977) is a special case of the MM principle. The
@ function produced in the E step of an EM algorithm minorizes the log-likelihood up to an
irrelevant constant. Thus, both EM and MM share the same advantages: simplicity, stability,
graceful adaptation to constraints, and the tendency to avoid large matrix inversion. The more
general MM perspective frees algorithm derivation from the missing data straitjacket and invites
wider applications (Wu and Lange, 2010). Figure 2.1 shows the minorization functions of EM
and MM for a variance components model with m = 2 variance components.

EM and MM algorithms often exhibit slow convergence. Fortunately, this defect can be reme-
died by off-the-shelf acceleration techniques for fixed point iterations. The recently developed
squared iterative method (SQUAREM) (Varadhan and Roland, 2008) and the quasi-Newton
acceleration method (Zhou et al., 2011) are particularly attractive, given their simplicity and
minimal memory and computational costs. Our numerical experiments feature the unadorned
MM algorithm and the quasi-Newton accelerated MM (aMM) algorithm based on one secant

pair. Using more secant pairs is likely to further improve performance.

2.2 Convex Matrix Functions

For symmetric matrices we write A < B when B — A is positive semidefinite and A < B if

B — A is positive definite. A matrix-valued function f is said to be (matrix) convex if
fAA+ (1 -XB} = Af(A)+(1-Nf(B)

for all A, B, and A € [0,1]. Our derivation of the MM variance components algorithm hinges

on the convexity of the two functions mentioned in the next lemma.

Lemma 1. (a) The matriz fractional function f(A, B) = ATB™'A is jointly convex in the
m X n matric A and the m x m positive definite matriz B. (b) The log determinant function

f(B) =Indet B is concave on the set of positive definite matrices.

Proof. The matrix fractional function is matrix convex because its epigraph
Tl B A
{(A,B,C):B~0,A"B"A<C} = (A,B,C): B >0, AT © =0

is a convex set. Here C' varies over the set of n xn positive semidefinite matrices. The equivalence

of these two epigraph representations is proved in Boyd and Vandenberghe (2004, A.5.5). For



the concavity of the log determinant, see Boyd and Vandenberghe (2004, p74). O

2.3 Supporting Hyperplane Minorization
If f(0) is convex and differentiable, then the supporting hyperplane
9(6) = F(8“) +Vr(6) (6 —6") (2.3)

is a minorization function of £(6) at 8) (Hunter and Lange, 2004b).
Since the negative log determinant function f(B) = —logdet B is convex on the set of

positive definite matrices (Boyd and Vandenberghe, 2004) and the supporting hyperplane of
f(B) is

g(B) = f(BY)+vfBYT(B-BY)

— _logdet BY _tr{(B(t))—l (B - B(t)>} ;

the supporting hyperplane minorization described above yields the following inequality
-1
“logdet B > —logdet BY — tr { (B(t)> (B - B(t)> } . (2.4)

2.4 Quadratic Minorization

If a convex function f(0) is twice differentiable and there exists a matrix M such that M <
V2£(0) for all 8, then

9(6) = f(6U) +VF(O) (6 - 0") + %(9 —6)"M(6-6") (2.5)

is a minorization function of f(8) at 8) (Hunter and Lange, 2004b).
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Figure 2.1: Log-likelihood surface of a 2-variance component model and the surrogate functions
of EM and MM minorizing the objective function at point (af(t) , O'g(t)) = (18.5,0.7).



Chapter 3

MM Algorithms for Linear Mixed
Model

3.1 Introduction

Variance components and linear mixed models are among the most potent tools in a statistician’s
toolbox. They are essential topics in graduate-level linear model courses and the subject of many
current papers and research monographs (Rao and Kleffe, 1988; Searle et al., 1992; Rao, 1997;
Khuri et al., 1998; Demidenko, 2013). Their applications in agriculture, biology, economics,
genetics, epidemiology, and medicine are too numerous to cover here in detail. The recommended
books (Verbeke and Molenberghs, 2000; Weiss, 2005; Fitzmaurice et al., 2011) stress longitudinal
data analysis.

Given an observed n X 1 response vector y and n X p predictor matrix X, the simplest

variance components model postulates that Y ~ N (X3, Q), where

Q = fjafvi,
i=1

and the Vi, ..., V), are m fixed positive semidefinite matrices. The parameters of the model can
be divided into mean effects (f1,..., /) and variance components (02,...,02,), summarized

by vectors 3 and o2. Throughout we assume Q is positive definite. The extension to singular

Q2 will not be pursued here. Estimation revolves around the log-likelihood function
2 1 1 To-1
L(B,0°) = —ilndetﬂ—§(y—Xﬁ) Q Hy - XP). (3.1)
Among the commonly used methods for estimating variance components, maximum likelihood

estimation (MLE) (Hartley and Rao, 1967) and restricted (or residual) MLE (REML) (Harville,

10



1977) are the most popular. REML first projects y to the null space of X and then estimates
variance components based on the projected responses. If the columns of the matrix B span
the null space of X7, then REML estimates the 012 by maximizing the log-likelihood of the
redefined response vector BTY', which is normally distributed with mean 0 and covariance
BTQB =", 0BTV,B.

There exists a large literature on iterative algorithms for finding MLE and REML (Laird
and Ware, 1982; Lindstrom and Bates, 1988, 1990; Harville and Callanan, 1990; Callanan and
Harville, 1991; Bates and Pinheiro, 1998; Schafer and Yucel, 2002). Fitting variance components
models remains a challenge in models with a large sample size n or a large number of variance
components m. Newton’s method (Lindstrom and Bates, 1988) converges quickly but is nu-
merically unstable owing to the non-concavity of the log-likelihood. Fisher’s scoring algorithm
replaces the observed information matrix in Newton’s method by the expected information ma-
trix and yields an ascent algorithm when safeguarded by step halving. However the calculation
and inversion of expected information matrices cost O(mn?) + O(m?) flops for unstructured
V; and quickly become impractical when either n or m is large. The expectation-maximization
(EM) algorithm initiated by Dempster et al. is a third alternative (Dempster et al., 1977; Laird
and Ware, 1982; Laird et al., 1987; Lindstrom and Bates, 1988; Bates and Pinheiro, 1998).
Compared to Newton’s method, the EM algorithm is easy to implement and numerically sta-
ble, but painfully slow to converge. In practice, a strategy of priming Newton’s method by a few
EM steps leverages the stability of EM and the faster convergence of second-order methods.
Quasi-Newton methods dispense with explicit calculation of the observed information while
achieving a superlinear rate of convergence.

In this chapter we derive a minorization-maximization (MM) algorithm for finding the
MLE and REML estimates of variance components. We prove global convergence of the MM
algorithm to a Karush-Kuhn-Tucker (KKT) point and explain why MM generally converges
faster than EM for models with more than two variance components. We also sketch extensions
of the MM algorithm to the multivariate response model with possibly missing responses, the
linear mixed model (LMM), maximum a posteriori (MAP) estimation and penalized estimation.
The numerical efficiency of the MM algorithm is illustrated through simulated data sets and a

genomic example with more than 200 variance components.

3.2 Univariate Response Model

Our strategy for maximizing the log-likelihood (3.1) is to alternate updating the mean parame-

2

ters B and the variance components o2. Updating 3 given o2 is a standard general least squares

11



problem with solution
ﬁ(t+1) — (XTﬂf(t)X)fleﬂf(t)y’

m 2(t)
i=19;

where Q~® represents the inverse of Q) = >

V;. Updating o2 given el

(3.2)

t) depends on

two minorizations. If we assume that all of the V; are positive definite, then the joint convexity

of the map (X,Y) — X7TY 1 X for positive definite Y implies that

m m —1 m
i=1 i=1 =1

mo 2y 20 mo G2 5 52
_ g; i3 2(t)y g; 33 2y
= (Z 200 _2(t) Ui W) ' (Z 3w 2w 01V

i=1 Zj g; O i=1 Zj g; 9
m 2(t 2(t)
(> o X9 ey,
'12-02@ I ONRS !
1= J7J i
m 2 2(t) 2(t) -1 2(t)
<3 or (Zj(’j Uz(t)v> <Zj(’j a?v> (Zﬂj
— 2(t) 2(t) i v 2(t) t 7 2(t)
i=1 2.5 ; 9 o o;
m_ A1)
- YT
; g;
=1 ?
m _4(¢)
g;
= g V.
=1 ?

-1

)

When one or more of the V; are rank deficient, we replace each V; by V; . = V; + €l for € > 0

small and let Qgt) => Jf(t)Vi,E. Sending € to 0 in the just proved majorization
m_ A
oo ol < Y L v,
o*
=1 ?

gives the desired majorization

in the general case. Negating both sides leads to the minorization

m _4(t)

~(y-XB)'Q (- Xp) = —(y-xpT2" (Z C’Ugv> Q" Oy - Xp) (33)

i=1 "t
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2

that effectively separates the variance components o%,...,02,

log-likelihood (3.1).
The convexity of the function A — —logdet A is equivalent to the supporting hyperplane

in the quadratic term of the

minorization
—Indet Q2 > —Indet Q@ —tr{Q~O(Q - QW) (3.4)
that separates 02,...,02, in the log determinant term of the log-likelihood (3.1). Combination

of the minorizations (3.3) and (3.4) gives the overall minorization

g(o®] o)

m_4(t)
- —%tr(ﬂ_(t)ﬂ) - %(y _ x30)Ta-® (Z e v> Q- Oy — X30) £ (3.5)
i=1
i o? 1 04(t)
= — (@ OVh) — =L (y = XBY) OV (y - XBY) ¢+,
i=1 i

where c® is an irrelevant constant. Maximization of g(o? | %)) with respect to o? yields the

lovely multiplicative update

8N TQ- OV x30
204 _ af(”\/(y XBT)T TV Ty = XBT) o (36)

’ tr(Q~ V)

To preserve the uniqueness and continuity of the algorithm map, we must take a? ) — g
2(t)

whenever ;" = 0. As a sanity check on our derivation, consider the partial derivative

L(B.0%) = (@) 4 Sy XBTOVe - X8, ()

(2

(t) (t+1)

Given oz-z > 0, it is clear from the update formula (3.6) that 01-2
2(t+1) 9
i 307

MLE of the univariate response model (3.1).

< a?(t) when %L < 0.

Conversely o > JZ»Z ® Wwhen L > 0. Algorithm 1 summarizes the MM algorithm for

The update formula (3.6) assumes that the numerator under the square root sign is nonneg-
ative and the denominator is positive. The numerator requirement is a consequence of the posi-
tive semidefiniteness of V;. The denominator requirement can be verified through the Hadamard
(elementwise) product representation tr(Q2~®V;) = 17(Q~® © V;)1. The following lemma of

Schur (1911) is crucial. We give a self-contained probabilistic proof.

Lemma 2 (Schur). The Hadamard product of a positive definite matriz with a positive semidef-

inite matrix with positive diagonal entries is positive definite.

13



Input : vy, X,AVl,...,Vm
Output: MLE 3, 6%,...,6

O>0,i=1,...,m;

2
1 Initialize o
2 repeat

3 Q) « > Uz‘Z(t)Vi 3

4 | Y« argming (y - XB)"2 W (y - XB)

(®) —(®) —(®) ()
2041) 200 \/(y—xﬁ )T?(Q _‘2)53/ ) w-xB"

o So,m

5 until objective value converges;

Algorithm 1: MM algorithm for MLE of the variance components of model (3.1).

Proof. Let X = (X1,...,X,)T be a random normal vector with mean 0 and positive definite
covariance matrix A. Let Y = (Y7,.. .,Yn)T be a random normal vector independent of X
with mean 0 and positive semidefinite covariance matrix B having positive diagonal entries.
Then Z = X ©®Y has covariances E(Z;7;) = E(X;Y;X;Y;) = E(X;X;)E(Y;Y;) = a;;b;5. It
follows that Cov(Z) = A ® B. To show A ® B is positive definite, suppose on the contrary
that v’ (A ® B)v = Var(v?’' Z) = 0 for some v # 0. Then

0 = Var(w?Z) = E(ZviXiYi)Q - E{(ZviXin)Q | Y} —E{woY) AwoY)}

7

7

implies v © Y = 0 with probability 1. Since v # 0, Y; = 0 with probability 1 for some 4. This
contradicts the assumption b; = Var(Y;) > 0 for all i. O

We can now obtain the following characterization of the MM iterates.

Proposition 1. Assume V; has strictly positive diagonal entries. Then tr(ﬂf(t)Vi) > 0 for all
t. Furthermore if a?(o) >0 and QO (y — X3W) ¢ null(V;) for all t, then af(t) > 0 for all t.
When V; is positive definite, Jf(t) > 0 holds if and only if y # Xﬁ(t).

Proof. The first claim follows easily from Schur’s lemma. The second claim follows by induction.

The third claim follows from the observation that null(V;) = {0}. O
In most applications, V,,, = I. Proposition 1 guarantees that if 031(0) > 0 and the residual

2(t)

vector y — X ﬁ(t) is nonzero, then o, ’ remains positive and thus Q" remains positive definite

throughout all iterations. This fact does not prevent any of the sequences 01-2 ®

from converging
to 0. In this sense, the MM algorithm acts like an interior point method, approaching the

optimum from inside the feasible region.

14



Univariate Response: Two Variance Components

Input :y, X, V1, V;

Output: MLE ,6, 62,63

Simultaneous congruence decomposition: (D,U) «+ (Vi, V2) ;
Transform data: gy + UTy, X« UTX ;
Initialize O'EO), O'EO) >0;

repeat

wlgt) — (Uf(t)d +o (t)) , i=1,...,n
BY « argming Y7, wi (3 — &7 B)?

2(t+1) 2) | (@-XBNT(0*Y D+62D1)-1D(62Y D402 1)-1(5-%X B
01 — 04 200 200 ;
w{(e1" D403 D)1 D}

N =

[} [SL ]

(t) (i)
2(t+1 2(t X T D+ 2 X
7 0'2( ) — 2( )\/ v IB t)r{( 2(t)D+ 2(t)I; 1(}y 6 ;

8 until objective value converges;

Algorithm 2: Simplified MM algorithm for MLE of model (3.1) with m = 2 variance
components and = 0?V] + 03 V5.

The major computational cost of Algorithm 1 is inversion of the covariance matrix QO at
each iteration. The special case of m = 2 variance components deserves attention as repeated
matrix inversion can be avoided by invoking the simultaneous congruence decomposition for two
symmetric matrices, one of which is positive definite (Rao, 1973; Horn and Johnson, 1985). This
decomposition is also called the generalized eigenvalue decomposition (Golub and Van Loan,
1996; Boyd and Vandenberghe, 2004). If one assumes £ = o7V; + 02V; and lets (V, Vo)
(D,U) be the decomposition with U nonsingular, U7 ViU = D diagonal, and UTWL,U = I,
then

Qb — T (o (t)D+ 20 r I,)U"!
o ® — Ul(o? (t)DJr 2(t) I,)"\UT
det(Q®) = det( D+ 2()In)det(U_TU_1) (3.8)
= det(c?" D + o21,) det(V3).

With the revised responses 4 = UTy and the revised predictor matrix X = UTX, the up-
date (3.6) requires only vector operations and costs O(n) flops. Updating the fixed effects is

a weighted least squares problem with the transformed data (’Q,X ) and observation weights

15



wgt) = (of ® di+ag (t))_l. Algorithm 2 summarizes the simplified MM algorithm for two variance

components.

3.3 Numerical Experiments

This section compares the numerical performance of MM, quasi-Newton accelerated MM, EM,
and Fisher scoring on simulated data from a two-way ANOVA random effects model and a
genetic model. For ease of comparison, all algorithm runs start from ¢2? = 1 and terminate
when the relative change (L**1) — L®))/(JL®| 4 1) in the log-likelihood is less than 1076, In
order to respect nonnegativity constraint, quasi-Newton acceleration is performed on positive
square root of 2.

Two-way ANOVA: We simulated data from a two-way ANOVA random effects model

Yijk = 1+ o + B + (af)ij + €iji, 1 <i<a,1 <j<b,1 <k <k,

where a; ~ N(0,0%), B ~ N(0,03), (aB)ij ~ N(0,03), and €;j, ~ N(0,02) are jointly indepen-
dent. Here ¢ indexes levels in factor 1, j indexes levels in factor 2, and k£ indexes observations
in the (7, j)-combination. This corresponds to m = 4 variance components. In the simulation,
we set 03 = 02 = 02 and varied the ratio 07 /02; the numbers of levels a and b in factor 1 and
factor 2, respectively; and the number of observations ¢ in each combination of factor levels.
For each simulation scenario, we simulated 50 replicates. The sample size was n = abc for each
replicate.

Tables 3.1 and 3.2 show the average number of iterations and the average runtimes when
there are a = b = 5 levels of each factor. Based on these results and further results not shown
for other combinations of a and b, we draw the following conclusions. Fisher scoring takes the
fewest iterations. The MM algorithm always takes fewer iterations than the EM algorithm.
Accelerated MM further improves the convergence rate of MM. The faster rate of convergence
of Fisher scoring is outweighed by the extra cost of evaluating and inverting the covariance
matrix. When the sample size n = abc is large, Fisher scoring takes much longer than either
EM or MM.

Table 3.3 summarizes the the rooted mean squared error (RMSE) of the variance components

0? = (01,03,03,02). For each replicate, RMSE is calculated as

J=1

We can see that the estimation performance using different algorithms are comparable.
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Genetic model: We simulated a quantitative trait y from a genetic model with two variance
components and covariance matrix 2 = agfI; + 021, where ® is a full-rank empirical kinship
matrix estimated from the genome-wide measurements of 212 individuals using Option 29 of
the Mendel software (Lange et al., 2013). Table 3.4 summarizes the RMSE of each parameter:
the intercept Sy, the slope for gender 1, and two variance components o2 and o2. Table 3.5
summarizes the iteration number, runtime and objective value for different algorithms. In this
example, Fisher scoring excels at smaller o2 /02 ratios, while accelerated MM is fastest at larger
02 /a? ratios.

In summary, the MM algorithm appears competitive even in small-scale examples. Modern
applications often involve a large number of variance components. In this setting, the EM
algorithm suffers from slow convergence and Fisher scoring from an extremely high cost per

iteration. Our genomic example in Section 3.7 reinforces this point.

3.4 Global Convergence of the MM Algorithm

The KKT necessary conditions for a local maximum o? = (02,...,02,) of the log-likelihood

(3.1) require each component of the score vector to satisfy

{0} 02 >0
o (—00,0] 02=0.

In this section we establish the global convergence of Algorithm 1 to a KKT point. To reduce
the notational burden, we assume that X is null and omit estimation of fixed effects 3. The
analysis easily extends to the MLE case. Our convergence analysis relies on characterizing the
properties of the objective function L(o?) and the MM algorithmic mapping a2 + M(o?)
defined by equation (3.6). Special attention must be paid to the boundary values 01-2 = 0. We
prove convergences for two cases, which cover most applications. The genetic model in Section

3.2 satisfies Assumption 1, while the two-way ANOVA model satisfies Assumption 2.
Assumption 1. All V; are positive definite.

Assumption 2. Vj is positive definite, each V; is nontrivial, H = span{Va, ..., V;,} has di-
mension q < n, and y ¢ H.

The key condition y ¢ span{Va,...,V,,} in the second case is critical for the existence of
an MLE or REML (Demidenko and Massam, 1999; Grzadziel and Michalski, 2014). We will

derive a sequence of lemmas en route to the global convergence result declared in Theorem 1.

Lemma 3. Under Assumption 1 or 2, the log-likelihood function (3.1) is coercive in the sense

that the super-level set S. = {a? > 0: L(a?) > ¢} is compact for every c.
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Table 3.1:

factors. Standard errors are given in parentheses.

Average iterations until convergence for MM, quasi-Newton accelerated MM (aMM),
EM, and Fisher scoring (FS) for fitting a two-way ANOVA model with a = b = 5 levels of both

0?/a?  Method ¢ = # observations per combination
2 8 20 50
0 MM  34.52(15.79)  25.90(8.69)  18.62(7.22)  15.48(5.34)
aMM 16.68(5.69)  13.48(3.47)  11.76(3.12)  10.88(2.43)
EM 123.70(63.72) 61.58(31.36) 38.44(18.58) 25.66(10.31)
FS 6.10(1.09) 6.74(0.99) 6.68(0.79) 6.36(0.72)
0.05 MM  27.78(13.05)  22.82(8.96)  19.82(6.55)  15.48(3.97)
aMM 14.80(4.33)  12.32(3.27)  12.08(2.62)  11.20(2.52)
EM 108.04(62.58) 58.42(33.67) 43.52(19.48) 27.62(12.47)
FS 6.20(1.29) 6.72(1.25) 6.62(0.73) 6.60(1.07)
0.1 MM  31.26(14.90)  23.38(9.21)  16.84(6.72)  14.88(4.56)
aMM 15.96(5.65)  12.72(3.59)  10.36(2.51)  10.80(2.46)
EM 112.12(72.70) 62.26(28.87) 34.86(22.61) 24.10(11.96)
FS 6.10(1.25) 6.90(0.79) 6.48(0.86) 6.52(0.86)
1 MM  29.72(15.85) 22.72(10.86)  17.78(8.18)  13.94(4.73)
aMM 15.24(5.60)  12.40(4.12)  10.72(2.70)  10.24(2.01)
EM  85.86(63.85) 41.50(30.46) 28.40(20.02) 21.36(13.86)
FS 5.96(1.19) 6.90(0.91) 6.36(1.05) 6.44(0.93)
10 MM 16.46(9.74)  13.28(7.75)  12.80(6.41)  10.74(3.67)
aMM 11.60(3.70) 9.36(2.78) 9.04(3.00) 8.68(2.54)
EM  24.50(32.87) 16.18(23.06) 15.10(16.55) 12.36(11.13)
FS 6.98(0.80) 6.96(0.70) 6.74(0.83) 6.76(0.52)
20 MM  17.34(10.70)  14.20(6.79)  11.58(4.46)  10.16(4.26)
aMM 12.12(5.96) 9.92(2.68) 8.92(2.07) 8.48(2.00)
EM  31.08(42.11) 20.50(24.55) 10.84(10.86) 8.98(8.94)
FS 7.18(0.98) 7.02(0.82) 6.90(0.74) 6.78(0.79)
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Table 3.2: Average run times (x 1072 seconds) of MM, quasi-Newton accelerated MM (aMM),
EM, and Fisher scoring (FS) for fitting a two-way ANOVA model with a = b = 5 levels of both

factors. Standard errors are given in parentheses.

o?/o?  Method ¢ = # observations per combination
2 8 20 50
0 MM  30.50(81.58)  132.50(48.51) 739.80(272.66) 4004.10(1317.90)
aMM  16.76(36.57) 92.06(34.42) 638.76(231.86) 3691.90(873.70)
EM 70.76(43.58) 376.82(184.27)  1912.30(918.56) 8276.98(3269.26)
FS 17.52(27.99) 241.06(51.79) 4039.73(6955.91) 43315.42(76563.64)
0.05 MM 16.79(11.73)  117.33(50.33) 867.41(296.24) 4083.60(1016.71)
aMM  14.23(14.21) 80.93(31.83) 692.54(196.19) 3841.10(948.55)
EM 66.73(44.87) 376.78(206.19) 2291.69(1035.80) 9054.02(3989.52)
FS 13.33(18.33)  253.10(61.72)  3198.17(379.00)  34057.87(7132.36)
0.1 MM  17.01(8.97)  122.03(55.77) 733.37(329.08) 3992.52(1166.67)
aMM  12.39(8.86) 88.34(33.87) 593.27(174.93) 3745.50(922.99)
EM 76.65(53.37) 389.45(179.41) 1814.91(1152.64) 7951.40(3810.34)
FS  10.24(8.57)  257.63(45.53)  3140.15(481.08)  33490.67(4533.51)
1 MM 16.50(13.08)  112.94(52.73) 736.32(322.26) 3746.87(1221.92)
aMM 9.86(4.10) 80.98(39.49) 585.98(158.65) 3536.90(754.48)
EM 56.93(48.16) 267.86(194.49)  1465.45(986.31) 7079.60(4430.10)
FS 15.75(17.26)  262.49(44.28)  3003.68(481.92)  33215.82(4801.38)
10 MM 10.80(11.16) 70.94(47.94) 545.71(256.97) 2316.96(1022.51)
aMM 8.64(4.17) 62.50(26.13) 483.63(183.47) 2317.43(1061.57)
EM 21.51(31.61) 113.76(158.82) 803.36(816.05) 3256.65(2624.29)
FS  12.32(9.81) 261.85(37.84)  3190.52(394.75)  26163.81(8451.96)
20 MM 8.83(5.05)  104.94(54.66) 552.13(190.42) 1706.71(680.84)
aMM 9.57(9.80) 92.94(35.84) 524.70(137.22) 1750.99(489.96)
EM 23.13(31.17) 175.12(198.18) 642.39(576.82) 2007.86(1901.66)
FS 12.71(11.90)  340.81(48.29)  3543.18(464.36)  18796.59(2445.74)
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Table 3.3: Rooted mean squared error (RMSE) of o2 using MM, quasi-Newton, accelerated
MM (aMM), EM, and Fisher scoring (FS) for fitting a two-way ANOVA model with a =b =15
levels of both factors. Standard errors are given in parentheses.

0?/a% Method ¢ = # observations per combination
2 8 20 50
0 MM 0.092(0.061)  0.041(0.027) 0.024(0.019) 0.016(0.012)
aMM 0.092(0.061)  0.040(0.027) 0.024(0.019) 0.016(0.012)
EM 0.092(0.060)  0.040(0.027) 0.024(0.019) 0.016(0.012)
FS 0.093(0.062)  0.041(0.027) 0.024(0.019) 0.016(0.012)
0.05 MM 0.138(0.069)  0.061(0.027) 0.042(0.020) 0.031(0.011)
aMM 0.138(0.069)  0.062(0.027) 0.042(0.020) 0.031(0.011)
EM 0.137(0.069)  0.061(0.027) 0.042(0.020) 0.030(0.011)
FS 0.141(0.072)  0.062(0.027) 0.043(0.021) 0.031(0.011)
0.1 MM 0.161(0.085)  0.083(0.026) 0.063(0.024) 0.063(0.030)
aMM 0.162(0.084)  0.083(0.026) 0.064(0.024) 0.064(0.031)
EM 0.159(0.085)  0.082(0.026) 0.063(0.024) 0.063(0.030)
FS 0.168(0.088)  0.085(0.027) 0.064(0.024) 0.064(0.031)
1 MM 0.563(0.206)  0.525(0.273) 0.440(0.236) 0.504(0.230)
aMM  0.566(0.206)  0.529(0.272) 0.446(0.238) 0.512(0.230)
EM 0.561(0.205)  0.525(0.272) 0.440(0.236) 0.505(0.230)
FS 0.567(0.207)  0.531(0.273) 0.447(0.238) 0.514(0.231)
10 MM 4.961(2.289)  4.419(1.986) 5.253(3.416) 4.819(2.208)
aMM  4.974(2.297)  4.446(1.993) 5.304(3.456) 4.886(2.224)
EM 4.962(2.290) 4.427(1.988) 5.258(3.454) 4.820(2.224)
FS 4.976(2.298) 4.447(1.994) 5.311(3.457) 4.897(2.228)
20 MM  9.552(3.922) 10.595(4.606) 9.410(4.032) 8.731(3.391)
aMM  9.575(3.923) 10.661(4.636) 9.507(4.071) 8.844(3.443)
EM 9.550(3.917) 10.597(4.632) 9.424(4.057) 8.733(3.429)
FS 9.579(3.924) 10.660(4.635) 9.512(4.073) 8.848(3.447)
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Table 3.4: Rooted mean squared error (RMSE) of fixed effects and variance components in the
genetic model. Standard errors are given in parentheses.

02/02  Method Bo Ieh 52 52
0.00 MM 0.12(0.10) 0.18(0.14) 0.27(0.27) 0.20(0.16)
aMM  0.12(0.10) 0.18(0.14) 0.24(0.26) 0.19(0.15)
EM 0.12(0.10) 0.18(0.14) 0.35(0.24) 0.20(0.16)
FS 0.12(0.10) 0.18(0.14) 0.23(0.26) 0.21(0.16)
0.05 MM  0.13(0.08) 0.16(0.11) 0.28(0.29) 0.21(0.17)
aMM  0.13(0.08) 0.16(0.11) 0.26(0.27) 0.21(0.17)
EM 0.13(0.08) 0.16(0.11) 0.29(0.29) 0.21(0.17)
FS 0.13(0.08) 0.16(0.11) 0.25(0.27) 0.21(0.17)
0.10 MM 0.11(0.09) 0.15(0.13) 0.30(0.30) 0.22(0.18)
aMM  0.11(0.09) 0.15(0.13) 0.29(0.31) 0.22(0.18)
EM 0.11(0.09) 0.15(0.13) 0.31(0.32) 0.21(0.19)
FS 0.11(0.09) 0.15(0.13) 0.29(0.30) 0.22(0.18)
1.00 MM 0.11(0.10) 0.17(0.13) 0.65(0.45) 0.25(0.19)
aMM  0.11(0.10)  0.17(0.13)  0.69(0.45)  0.26(0.20)
EM 0.11(0.10) 0.17(0.13) 0.66(0.42) 0.25(0.20)
FS 0.11(0.10) 0.17(0.13) 0.69(0.46) 0.26(0.20)
10.00 MM 0.17(0.13) 0.29(0.23) 2.84(2.10) 0.80(0.56)
aMM  0.17(0.14)  0.30(0.24) 5.04(3.45) 1.32(0.73)
EM 0.17(0.13) 0.29(0.23) 2.71(1.92) 0.76(0.52)
FS 0.17(0.13) 0.30(0.23) 3.66(2.77) 0.96(0.71)
20.00 MM 0.27(0.22) 0.45(0.38) 4.46(3.55) 0.89(0.70)
aMM  0.27(0.22) 0.46(0.39) 7.94(3.94) 1.83(0.50)
EM 0.27(0.21) 0.45(0.38) 4.39(3.53) 0.84(0.68)
FS 0.27(0.22) 0.45(0.38) 5.75(3.85) 1.18(0.75)
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Table 3.5: Average performance of MM, quasi-Newton accelerated MM (aMM), EM, and
Fisher scoring (FS) for fitting a genetic model. Standard errors are given in parentheses.

o2/a? Method Iteration Runtime (1073 sec) Objective
0 MM 88.10(29.01) 778.24(305.37)  -374.35(9.82)
aMM 23.65(5.74) 293.16(146.23)  -374.34(9.82)

EM  231.93(123.39)  3500.02(1851.11)  -374.41(9.83)

FS 5.05(1.24) 137.76(65.74)  -374.36(9.83)

0.05 MM 84.97(31.18) 710.56(260.24)  -377.19(10.85)
aMM  23.05(5.45) 272.04(67.01) -377.18(10.85)

EM 220.57(124.70) 3292.87(1865.91) -377.25(10.85)

FS 5. 08(1 21) 136.47(33.18) -377.21(10.83)

0.1 MM 82.45(34.39) 673.96(268.23) -379.62(10.54)
aMM  22.55(6.01) 269.55(86.69) -379.61(10.54)

EM 199.70(113.47) 2917.71(1607.33) -379.68(10.54)

FS 4.97(1.03) 129.71(40.51)  -379.62(10.54)

1 MM 31.00(15.59) 160.21(80.45)  -409.66(11.26)
aMM  12.55(5.38) 90.21(43.54) -409.66(11.26)

EM  51.10(28.70) 550.55(321.89)  -409.67(11.26)

FS 4.60(0.59) 80.28(25.56) -409.66(11.26)

10 MM 72.67(39.23) 374.80(209.31)  -532.57(9.11)
aMM  20.15(10.18) 146.25(81.06)  -531.24(9.28)

EM 294.20(717.05) 3079.82(7520.30)  -532.71(9.11)

FS 10. 18(4 92) 168.63(80.34)  -532.08(9.21)

20 MM 78.35(34.32) 425.40(188.08)  -591.36(7.05)
aMM 14.80(6.53) 117.14(71.14)  -589.13(7.15)

EM 362.07(764.60) 4144.92(8862.65)  -591.62(6.82)

FS  10.93(4.75) 181.48(83.96)  -590.68(7.08)




Proof. Let us first prove the assertion when all of the covariance matrices V; are positive definite.

If we set r = ||o?||; and «; = r~1o? for each 4, then the log-likelihood satisfies
5 n 1 - 1 1/ -1
Lic") = —2lnr—2lndet(;aiVi)—2ry (ZloziVi)
1= 1=

The functions In det (Egl oeiVZ-) and y7 ( 221 ain) _ly of o are defined and continuous on
the unit simplex and hence bounded there. The dominant term —& Inr of the loglikelihood
tends to —oo as r tends to oo.

To prove the assertion under Assumption 2, consider first the case Vi = I,,. Setting «; =

02 /o% for i = 2,...,m reduces the loglikelihood to

1 - 1
Lo}, a) = —g Ino? — §lndet (In + Z%V) (I + Zaz 1) y. (3.10)
=2

The middle term on the right satisfies

1 m
5 Indet <In + Zam) <0

1=2

because det (I, + > "5 o;V;) > det I, = 1. Now let U = (U, U,—q) be an n x n orthogonal

matrix whose left columns U, span ‘H and whose right columns U,,_, span H+. The identity

m I+, aUTViU, 0
UT(In—i_ZaZ‘/Z)U — < q 20 q q Inq)

follows from the orthogonality relations U, Vi = Ul ¢Uq = O(n_g)xn- This in turn implies

(In + ianz) T owv (Uq + 2L, U ViU 0 > U”
=2

0 I,

v(® °ur
0 I,,

= Un*qU'r?—q

Y

Therefore the quadratic term in equation (3.10) is bounded below by the positive constant

m
-1
v (L+Y Vi) y = yUUly = [Byl® > o
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Here the assumption y ¢ H guarantees the projection property Py, 1y # 0.
Next we show that the loglikelihood tends to —oo when o2 tends to 0 or oo or when ||a||2

tends to co. The second of the two inequalities

1 = 1
L(od,a) < —glnaf—ilndet (In+ E oziVi) _@HPHL"U‘F
i=2 1
n 1
< ——lno? - —||P 2
< —Ghot - olPy|

2

renders the claim about o? obvious. To prove the claim about o, we make the worst case choice

02 = ||PyLyl|/? in the first inequality. It follows that

1 “ n n
L(od,a) < ~5 In det (In + ;ai‘/i> - Eln Py Ly — 3
If oj tends to oo, then the inequality
1 “ 1 1 &
-3 In det (In + Zg ozl-Vl-) < —5 In det (In + ajVj> = -3 ; In(1+ ajAji)
1= =

holds, where the \;; are the eigenvalues of V. At least one of these eigenvalues is positive
because Vj is nontrivial. It follows that L(03, «) tends to —oo in this case as well.
For the general case where V] is non-singular but not necessarily I, let Vll/ ? be the Sym-

metric square root of V; and write

Vi + ZU?VL' _ V11/2 <I+ ZU?Vll/Q‘/iVll/Q) V11/2.

=2 i=2
The above arguments still apply since each Vl_l/ 2V¢V1_1/ 2 is nontrivial and y belongs to the
span{Vs, ..., V,,} = S if and only if V1_1/2y belongs to V1_1/25V1_1/2. =

Lemma 4. The iterates possess the ascent property L(M(o?®)) > L(o*®). Furthermore,
when L(M (a?)) = L(a?), a2 fulfills the fived point condition M (o?) = o2, and each component
satisfies either (i) o2, =0 or (ii) 02, > 0 and %L(O’z) =0.

Proof. The ascent property is built into any MM algorithm. Suppose L(M (o2)) = L(c?) at a
point o2 € R™. Then equality must hold in the string of inequalities (2.2). It follows that

g(M(a3) | o3) = glo?|a?).

g(- | 02) has a unique maximum since its Hessian is diagonal with strictly negative entries,
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hence M (o?) = o2. If 02, > 0, the stationarity condition

9 2 9 2 2
—Lo,) = —=g(oi|o;) = 0
57100 = g0t o)
applies. The equivalence of the two displayed partial derivatives is a consequence of the fact

that the difference f(o?) — g(a? | %) achieves its minimum of 0 at o2 = o2. O
Lemma 5. The distance between successive iterates ||a+D) — a2®) ||y converges to 0.

Proof. Suppose on the contrary that ||a’2(t+1) — o2®) |2 does not converge to 0. Then one can

extract a subsequence {t;}x>1 such that
o2t — g2t |y, > e > 0 (3.11)

for all k. Let Cy be the compact super-level set {o? : L(6?) > L(o*®)}. Since the sequence
{ag(tk)} x>1 is confined to Cp, one can pass to a subsequence if necessary and assume that o 2(tk)
converges to a limit o2 and that o2(**t1) converges to a limit o2,. Taking limits in the relation
o2tetl) = M(a2(t)) and invoking the continuity M (o2) imply that o2, = M(o?). Because
the sequence L(UQ(tk)) is monotonically increasing in k& and bounded above on Cj, it converges

to a limit L.. Hence, the continuity of L(o?) implies
L(e?) = lim Le®®™)y = L, = lim Lie® Mty = L(g2,) = L(M(c?)).

Lemma 4 therefore gives 02, = M(o?) = o2, contradicting the bound ||o? — a2, |2 > € entailed
by inequality (3.11). O

Theorem 1. The MM sequence {UQ(t)}tZO has at least one limit point. Every limit point is a
fized point of M(a?). If the set of fived points is discrete, then the MM sequence converges to

one of them. Finally, when the iterates converge, their limit is a KKT point.

2(t)}t20 is contained in the super-level compact set Cjy defined in Lemma,

Proof. The sequence {o
5 and therefore admits a convergent subsequence o2(*) with limit ¢2(*). As argued in Lemma
5, L(6*(®)) = L(M(o*(*))). Lemma 4 now implies that %) is a fixed point of the algorithm
map M (o?).

According to Ostrowski’s theorem (Lange, 2010, Proposition 8.2.1), the set of limit points
of a bounded sequence {62}, is connected and compact provided ||e2¢+1) — g2(0)||y — 0. If
the set of fixed points is discrete, then the connected subset of limit points reduces to a single

2(t)

point. Hence, the bounded sequence o*\* converges to this point. When the limit exists, one can

check that o2(°°) satisfies the KKT conditions by proving that each zero component of o2(>)
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has a non-positive partial derivative. Suppose on the contrary a?(oo) =0 and %L(UQ(OO)) > 0.

2(t+1) 2(t)

By continuity 8%_QL(CI'Q(“) > 0 for all large t. Therefore, o; > o, for all large ¢t by the

(2
observation made after equation (3.7). This behavior is inconsistent with the assumption that

o2 0. 0

3.5 MM versus EM

Examination of Tables 3.2 and 3.5 suggests that the MM algorithm usually converges faster
than the EM algorithm. We now provide theoretical justification for this observation. Again for
notational convenience, we consider the REML case where X is null. Since the EM principle is
just a special instance of the MM principle, we can compare their convergence properties in a
unified framework. Consider an MM map M (0) for maximizing the objective function f(8) via

the surrogate function g(0 | O(t)). Close to the optimal point 8°°,
Ot — 9> ~ dM(07)(0Y) —6>),

where dM (0°°) is the differential of the mapping M at the optimal point 8> of f(8). Hence,
the local convergence rate of the sequence 831 = M(01) coincides with the spectral radius
of dM(0°°). Familiar calculations (McLachlan and Krishnan, 2008; Lange, 2010) demonstrate
that

AM(0%) = T—{dg(6®|6%)} " d>f(6™).

In other words, the local convergence rate is determined by how well the surrogate surface
g(@ | 8>) approximates the objective surface f(6) near the optimal point 8°°. In the EM
literature, dM (6°°) is called the rate matriz (Meng and Rubin, 1991). Fast convergence occurs
when the surrogate g(@ | 8°°) hugs the objective f(0) tightly around 0. Figure 2.1 shows a
case where the MM surrogate locally dominates the EM surrogate. We demonstrate that this
is no accident.

McLachlan and Krishnan (2008) derive the EM surrogate

m 2(t) 4(t)
1 . .
gem(o?|a?®)) = -2 g rank(V;) Ino? + rank(V;) ) —U’—Qtr(ﬂf(t)‘/})
2 pt o; o;
! Zm o -ty
—= ! Q" Yviao
2 o? Y Y

i=1 v

minorizing the log-likelihood up to an irrelevant constant. Appendix A.l gives a detailed

derivation for the more general multivariate response case. The rank of the covariance ma-
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trix V; appears because V; may not be invertible. Both of the surrogates gpy(o? | o2(°)
and gyvm(o? | (72(00)) are parameter separated. This implies that both second differentials
gpn (2 | g2()) and d2gyn (02 | a2(°)) are diagonal. A small diagonal entry of either
matrix indicates fast convergence of the corresponding variance component. OQur next result
shows that, under Assumption 1, on average the diagonal entries of d2gg\i (a2 |a2(>)) dom-
inate those of d2gym(2(>) | 62(>)) when m > 2. Thus, the EM algorithm tends to converge
more slowly than the MM algorithm, and the difference is more pronounced as the number of

variance components m grows.

Theorem 2. Let 02 = 0,, be a common limit point of the EM and MM algorithms. Then

both second differentials d?gpm(a?™) |a*()) and d>gpp (e | ) are diagonal with

rank(V;
&gpu(a®>) | *>)); = _%
20,
T () 0—() tr(Q— (v
2 (00) _ Y Q i y _ r( 2
dgMM( |0' )u = 2(00) = 02(00) .
Furthermore, the average ratio
d2gMM 2(c0) ’0.2 oo)) 2 m 9 2
L i 2 N2y = 2o
Z B (02 | a2, mnz r( i ) m S

for m > 2 when all V; have full rank n.

Proof. MM algorithm: The minorizing function for the MM algorithm is

gum(a?|o?™)

m 4

1 1 o
(D) — (g — XBNT—®) iy

2m~(n Q) -5y - XBY)" Q2 <i§:1 g

where )
) = _n In 27 — = Indet Q® + E.
2 2 2
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Taking derivatives, we have

0 1 B J{l(t) - B
Saou(e?|e?) = —Su(@ V) + S (y - X)) T v Wy - x8Y),
do; 2 20;

A0 B B ' .

52 . (02102(0) . (y_Xﬂ(t))TQ QhvAe) (t)(y_XI@(t)) i =
ﬁ MM = 7

do; 8aj 0 i

EM algorithm: Assume Y = X3 + Y.1*, Z;, where Z; ~ N(0,0?V;) are independent.

Then the complete data is Z = (Z;,--- , Z,,). From the information inequality, we have
L(yle?) > Q(a’|o*")) — Q(a*M o)) + L(y|o*"),

where

Lylo?) = ~2in(en) — Sindet@ Ly~ XB)'Q 7 (y ~ XB)
2y 2(t 1 2 i o t
Q(a?|o*®) = -3 rank(V;) Ino; + (’712 rank(V;) — lilztr(ﬂf( V)

Iz 10

4A(t)
{U" 5 (y = X))V 0 (y - Xﬁ(”)} .
9

DN |

The minorizing function

grni(a]a*®)

Q(e*15* V) = Qo V]o*?) + L(ylo*?)

1 & 20 ©
= -3 Z {rank(‘/}) Ino? + ;2 rank(V;) — 5 tr(ﬂ(t)v;)}
=1 2 %

ol

A(t)
{ oy = XB) Vi Oy - Xﬂ“))}
9

=1

{—rank(Vi) In af(t) — rank(Vg)} — % {nln(27r) +Indet Q® + n}

NE

1
2
1

<.
I
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of the EM algorithms depends on 2 only through Q(o2|o>*)). Taking derivatives, we have

0
o292 (1)

~ rank(V;)

2
207

L rank(Vi)o?” — of (@ OV + 0y — XY OV Oy — XBY)

1
4 bl
20;

62
i“g

rank(V;) rank(Vi)o?(”—af(”tr(ﬂfmV7;)+of(t)(nyB(”)Tﬂﬁwwﬂf(t)(y—xﬁ(”) i
_ 202L o of -

0 i # .

0_2‘0_2(15))

EM vs MM: Let 62 be a common limit point of EM and MM. By Lemma 4, each

component of a2(>°) is either 0 or has vanishing gradient. Therefore

Gt e =
8 2( -2(c0 tr(Q V)
(8012)29MM(‘7 o)) lo2=0r2(e0) —702(00)

)

and, when all the V; all non-singular,

3=

i [d29MM (0.2(00) |0.2(oo))]“,

- [ngEM(O-Z(oo) |0-2(c>o))]ZZ

U?(Oo)tr(ﬂ_(oo)‘/})
rank(V;)

i:

Slw 3w
IA

O]

Both the EM and MM algorithms must evaluate the traces tr(ﬂ_(t)Vi) and quadratic forms
(y — XBNTQ-Ov,Q- Oy — X31) at each iteration. Since these quantities are also the
building blocks of the approximate rate matrices d?g(a?®) | ¢2()), one can rationally choose
either the EM or MM updates based on which has smaller diagonal entries measured by the
l1, £, or L5 norms. At negligible extra cost, this produces a hybrid algorithm that retains the

ascent property and enjoys the better of the two convergence rates.

29



3.6 Extensions

Besides its competitive numerical performance, Algorithm 1 is attractive for its simplicity and
ease of generalization. In this section, we outline MM algorithms for multivariate response mod-

els possibly with missing data, linear mixed models, MAP estimation, and penalized estimation.

3.6.1 Multivariate Response Model

Consider the multivariate response model with n x d response matrix Y, mean EY = X B,

and covariance
Q = Cov(vecY) = > T;@Vi.
i=1

The p x d coefficient matrix B collects the fixed effects, the I'; are unknown d x d covariance
matrices, and the V; are known n X n covariance matrices. If the vector vecY is normally
distributed, then Y equals a sum of independent matrix normal distributions (Gupta and
Nagar, 1999). We now make this assumption and pursue estimation of B and the T';, which
we collectively denote as I'. Under the normality assumption, the Kronecker product identity
vec(CDE) = (ET @ C)vec(D) yields the log-likelihood

L(B,T)
1 1
= —5mdet Q- Svee(Y - XB)TQ vec(Y — XB) (3.12)

1 1
= -5 Indet 2 — 5 {vecY — (I; ® X)vecB} Q7! {vecY — (I; ® X)vecB}.

Updating B given r® is accomplished by solving the general least squares problem met earlier
in the univariate case. Maximization of the log-likelihood (3.12) is difficult due to the require-
ment that each I'; be positive semidefinite. Typical solutions involve reparameterization of
the covariance matrix (Pinheiro and Bates, 1996). The MM algorithm derived in this section
gracefully accommodates the covariance constraints.

Updating I" given B ®) requires generalizing the minorization (3.3). In view of Lemma 1 and
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the identities (A ® B)(C ® D) = (AC) ® (BD) and (A® B)"! = A~! @ B!, we have

1 m
1
HO-100 _ T 2N"r® .
QYO 10 m{ 2 }{ E ®V} {m;:l eV,

Do Vi)(T; ® Vi)*l(rgt) ®V;)

3=

WE
sl
®
=

IA
3

or equivalently

Q! < o0 {Z(rgﬂr;lrgt))@w}n—“). (3.13)
=1

This derivation relies on the invertibility of the matrices V;. One can relax this assumption by
substituting V. ; = V; + eI, for V; and sending € to 0.
The majorization (3.13) and the minorization (3.4) jointly yield the surrogate

g(T |T®) = ;i[n{ (Ts @ Vi) }+(vee RO)T {00 1)@ Vi) (vee RO)| 41,

where R® is the n x d matrix satisfying vec R®) = Q_(t)vec(Y —XB®) and ¢ is an irrelevant
constant. Based on the Kronecker identities (vec A)Tvec B = tr(ATB) and vec(CDE) =
(ET ® C)vec(D), the surrogate can be rewritten as

| =

Il
i

gT|TW) = — [tr{ﬂ_(t)(ri@)Vi)}+tr(R()TVR() 1 11““))}+c<t>

)

Ms

% [tr {Q_(t)(I‘,- ® w)} + tr(rgt)R“)TwR(t)rg”r;l)} + )
=1

The first trace is linear in I'; with the coefficient of entry (I';);i equal to
w(@, V) = 1T(vioe; 1,

where Qj_k(t) is the (j, k)-th n x n block of Q™). The matrix M; of these coefficients can be
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input : Y, X, Vi,....V,

output: MLE B, I'y,...,T,,
(0)

Initialize I';” positive definite, i = 1,...,m ;

1
2 repeat

s | Qe TV

4 B — argming {vecY — (I; ® X)vecB}' Q= {vecY — (I; ® X )vecB} ;
5 R® « reshape(Q~vec(Y — XBW), n,d) ;

6 fori=1,...,mdo

7 Cholesky LV LY « (I, © 1,,)T {(1d1dT ®V) o Q—<t>} (I;©1,) ;

(2

9 end

10 until objective value converges;
Algorithm 3: The MM algorithm for MLE of the multivariate response model (3.12).

written as
17 of ... oT 0
ol 1T ... of Vi Vi 0
Mz = : . : QQ(_t)} .
ol o ... 17T ! ! 00 1

= (Le1,)"[(11]eV)e V)(I;e1,).
The directional derivative of g(T" | I‘(t)) with respect to I'; in the direction A; is
—%tr(MiAi) + %tr(rgt)R<t>Tv;R<t>r§”r;1Air;1)
_ —%tr(MiA,-) + %tr(ri—lrgt)R(t)TwR(ﬂrgt)rglAi).

Because all directional derivatives of g(I' | T'Y)) vanish at a stationarity point, the matrix

equation
M;, = 1;'TVROTYV,ROTIT; ! (3.14)

holds. Fortunately, this equation admits an explicit solution. For positive scalers a and b, the
solution to the equation b = x tax~! is 2 = £,/a/b. The matrix analogue of this equation is

the Riccati equation B = X' AX !, whose solution is summarized in the next lemma.

Lemma 6. Assume A and B are positive definite and L is the Cholesky factor of B. Then
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Y = L_T(LTAL)1/2L_1 is the unique positive definite solution to the matriz equation B =
X 'AX—1,

Proof. Direct substitution shows that Y solves the equivalent equation X BX = A. To show
uniqueness, suppose Y TAY ! = B and Z"'AZ ! = B. The equations

(Bl/QYBl/Q)Q _ B1/2YBYB1/2 — Bl/QABl/Q
(31/2ZBl/2)2 — B1/2ZBZBl/2 — Bl/QABl/Q

imply B 12y B1/2 — BY/2ZB/? by virtue of the uniqueness of symmetric square root. Since
B~1/2 is positive definite, Y = Z. ]

The Cholesky factor L in Lemma 6 can be replaced by the symmetric square root of B.
The solution, which is unique, remains the same. The Cholesky decomposition is preferred for
its cheaper computational cost and better numerical stability.

Algorithm 3 summarizes the MM algorithm for fitting the multi-response model (3). Each
iteration invokes m Cholesky decompositions and symmetric square roots of d x d positive
definite matrices. Fortunately in most applications, d is a small number. The following result

guarantees the non-singularity of the Cholesky factor throughout iterations.

Proposition 2. Assume V; has strictly positive diagonal entries. Then the symmetric matrix
M; = (I;®1,)" {(1(115 ®V;) o Q_(t)} (I ® 1,) is positive definite for all t. Furthermore if

FEO) > 0 and no column of R® lies in the null space of V; for all t, then I‘l(-t) >0 for all t.

Proof. If V; has strictly positive diagonal entries, then so does ldldT ® V;, and the Hadamard
product (1d1£ ®V;) o QO s positive definite by Schur’s lemma. Since the matrix Iy ® 1,
has full column rank d, the matrix M; is also positive definite. Finally, if no column of R® lies
in the null space of V;, and T'® is positive define, then I‘Et) R(t)TV;R(t)I‘Z(»t) is positive definite.

The second claim follows by induction and Lemma 6. O

Multivariate Response, Two Variance Components

When there are m = 2 variance components £ =I'y ® V] + I's ® Va, repeated inversion of the
nd xnd covariance matrix {2 reduces to a single nd x nd simultaneous congruence decomposition
and, per iteration, two d x d Cholesky decompositions and one d x d simultaneous congruence
decomposition. The simultaneous congruence decomposition of the matrix pair (V1, V3) involves
generalized eigenvalues d = (dy,...,d,) and a nonsingular matrix U such that UTViU =
D = diag(d) and UTVRU = I. If the simultaneous congruence decomposition of (I‘gt) , I‘gt)) is
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(AD 30 with OTTH SO = A® = diag(A®)) and @OTTV&® = I, then

QY = @ VWeUu HY'AYeD+I;0L)(® WU
QO = @) AYeD+ ;1) (Y oU)T
det Q0 = det(AV) @ D+ I, ® I)) det {(qr(f) U LY (@ Og U*l)}

= det(AD @ D+ I;® I,,) det(TY  V3)
= det(A" @ D + I; ® I,) det(T'Y)" det(V3) .

To update the fixed effects B given th) and I‘gt) , the general least squares criterion is

% {vee(Y — XB)YT 0 {vec(Y — X B)}
_ % (vee(Y - XB)YT (80 0 U)AD © D + I, I,) (89 © U)T {vee(Y — X B))
- %Vec {UT(Y - XB)<1><t>}T (AY @D+ I I,) 'vec {UT(Y - XB)<I>(t)}
_ % [vee(U"Y2") — (@07 & UTX)vecB}T AD @D+ 1,01,)"

: {Vec(UTY<I>(t)) (80T g UTX)vecB} .

Minimization of this criterion reduces to a weighted least squares problem for the trans-
formed responses Y = UTY, transformed predictor matrix X = U7TX, and observation
weights ()\,(:)di + 1)~!. To update th) and th), we need to evaluate the matrices M; and
I‘Et) R(t)TViR(t)I‘l@ that appear in the stationarity condition (3.14).

Evaluation of M;: Note the (j, k)-th entry of M; is tr(€2,”V;), where ©2,) is the (j, k)-th
block of

00 = @YeUu)AYeD+I;0I,) (@Y e U)T,

which can be expressed as

d
o, = N ol un"D + 1)U
=1
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Therefore M7 has entries
(M), = tr(vie;")
- {U TpUu- 12@ sUN'D + 1) 1UT}
d
(t
— {Z¢ "6 DO D+ 1,)” }
=1
d
= Y olollu{DO D+ 1)},
=1
and M has entries

(Mo, = tr(Va;,")

= { _TU12¢Jl¢ UWN'D+1,)" 1UT}

d
= {Z¢ AND + 1) }
=1
d

= Y oW uND + 1)

=1

Collectively we have
M, = ®Ddiag [tr {D(Al(t)D + In)‘l}] T
M, = ®Ddiag {tr()\l(t)D + In)_l} T,
Evaluation of T ROTV,ROT: Write

r"ROTY ROTY = NTN,
TV ROTVROTY = NIN,,

where

N, = DY2U RO OTABG-®
Ny, = U RO DT H—()
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To further simplify, note

vec N,

= (@ OTAWS=®) @ DV2U~)vecRY

= (@ OTAWS ) o D21 Ovec(Y — XBWY)

= (@ WTAWe~- o DV2U @ e U)(AY oD+ I, I,)  (8Y o U)T
vec(Y — X BY)

= (@ WTAW @ DY)(AY @ D+ I; ® I,,) 'vec(UT (Y — XBM)3 1)

= (@ WTA® g DV2)vec {UT(Y ~ XBM&W® ¢ (dA®T 4 1n1§)}

— vec [DW {(UT(Y — XBW)3W) o (dAWT + 1n1dT)} A(t><1>*<t>} ,
where @ denotes a Hadamard quotient. Thus,
N = D2 [{(¥ - XBY)@W} o (AT 4 1,17)| AV @0,
and similarly
Ny = H(if - XB(t))q:(“} o (AT 4 1,115)} ),
Algorithm 4 summarizes the simplified MM algorithm.

3.6.2 Multivariate Response Model with Missing Responses

In many applications the multivariate response model (3.12) involves missing responses. For
instance, in testing multiple longitudinal traits in genetics, some trait values y;; may be missing
due to dropped patient visits, while their genetic covariates are complete. Missing data destroys
the symmetry of the log-likelihood (3.12) and complicates finding the MLE. Fortunately, MM
algorithm 3 easily adapts to this challenge.

The familiar EM argument (McLachlan and Krishnan, 2008, Section 2.2) shows that

—g In det Q) — %tr [Q_(t) {VGC(Z(t) — XBW)vec(Zz® — X BT + C(t)}] (3.15)

minorizes the observed log-likelihood at the current iterate (B(t),l"gt), . J‘gﬁ)). Here Z® is
the completed response matrix given the observed responses Y;@ and the current parameter
values. The complete data Y is assumed to be normally distributed N (vec(X B®), Q®). The
block matrix C®) is 0 except for a lower-right block consisting of a Schur complement.

To maximize the surrogate (3.15), we invoke the familiar minorization (3.4) and majorization
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Input 'Y, X, V, VW

Output: MLE é, f‘l, T

Simultaneous congruence decomposition: (D,U) «+ (V1, V2) ;
Transform data: Y < UTY, X «+ UTX ;

Initialize T\*), T positive definite ;

3
4 repeat
5

N =

(t)) .

Simultaneous congruence decomposition (A(t), ‘I’(t)) — (th), I,
6 B® « argming {vec(f"b(t)) — (@97 X)vecB}T AY oD+ I;®
1) {vec(f’q)(t)) _(@0T g X)vecB} :

7 | Cholesky LY LT « ®Odiag <tr (D(AS)D v In)_1> k=1,... ,d) O .
s | Cholesky LYV LYT « ®Odiag <tr ((A,(j)D + In)_1> k=1,..., d) T .

o | NV D2 {(Y ~ XBW)3®) o (dAOT + 1n1§)} ADP-® .

10 | NP« {(if — XBW)3®) ¢ (dAOT + 1n1dT)} .

| T OO O O L Oy2g 0 G — 12

3 (2

12 until objective value converges;

Algorithm 4: MM algorithm for multivariate response model @ =T @ V] + Ty ® V,
with two variance components matrices. Note that @ denotes a Hadamard quotient.

(3.13) to separate the variance components T';. At each iteration we impute missing entries by
their conditional means, compute their conditional variances and covariances to supply the
Schur complement, and then update the fixed effects and variance components by the explicit
updates of Algorithm 3. The required conditional means and conditional variances can be
conveniently obtained in the process of inverting Q® by the sweep operator of computational
statistics (Lange, 2010, Section 7.3).

3.6.3 Linear Mixed Model (LMM)

The linear mixed model plays a central role in longitudinal data analysis. For the sake of
simplicity, consider the single-level LMM (Laird and Ware, 1982; Bates and Pinheiro, 1998) for
n independent data clusters (y;, X;, Z;) with

E = XZIB—"_ZZ’YZ—’_EZ? 7;:17"'7“7

where 3 is a vector of fixed effects, the v, ~ N(0, R;(0)) are independent random effects,
and €; ~ N(0,02I,,) captures random noise independent of ~,. We assume the matrices Z;

have full column rank. The within-cluster covariance matrices R;(6) depend on a parameter
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vector 6; typical choices for R;(6) impose autocorrelation, compound symmetry, or unstructured
correlation. It is clear that Y; is normal with mean X;3, covariance ; = ZiRi(O)ZiT + UQIni,
and log-likelihood

1 1 _
Li(B,0,0%) = —ilndet Q; — §(yi - X:8)"  (yi — XiB).

The next three facts about pseudo-inverses are used in deriving the MM algorithm for LMM.
Lemma 7. If A has full column rank and B has full row rank, then (AB)T™ = BT AT,

Proof. Under the hypotheses, the representations AT = (AT A)T AT = (ATA)~1AT and BT =
BT(BB")~! are well known. The choice BT AT = BT(BBT)~!(AT A)~! AT satisfies the four

equations characterizing the pseudo-inverse of AB. ]

Lemma 8. If A and B are positive semidefinite matrices with the same range, then

hﬁ? (B+eIl)(A+eIl)"Y(B+elI) = BA'B.
Proof. Suppose A has spectral decomposition ), /\zuluZT The matrix P = ) A >0 uZuZT projects
onto the range of A and therefore also projects onto the range of B. It follows that PB = B
and by symmetry that BP = B. This allows us to write

(B+el)(A+eI) (B +eI)
= BP(A+el) 'PB+¢BP(A+cd) ' +e(A+el) 'PB+ (A +el)™h

The last three of these terms vanish as € | 0; the first term tends to the claimed limit. These

assertions follow from the expressions

1

A +€

PA+e)'P = PA+e)"' = (A+ed)'P = )
A >0

and (A +el)" =Y, %UZUT O

i
Lemma 9. If R and S are positive definite matrices, and the conformable matric Z has full

column rank, then the matrices ZRZ" and ZSZ" share a common range.

Proof. In fact, both matrices have range equal to the range of Z. The matrices Z and ZR/?
clearly have the same range. Furthermore, the matrices ZRY? and ZR'/?R'/?Z" also have

the same range. O
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The convexity of the map (X,Y) — XTY ' X and Lemmas 7, 8, and 9 now yield via the

obvious limiting argument the majorization

QW0 100 = (Z,R(0MZ! +5>VI, )(Z;Ri(0)Z] +05°1,,,) " (Z; Ri(6)) Z] +5°VT,,))

= (ZiRi(0Y)Z])(Z:Ri(0)Z])* (Z:R:(6) Z]) + "j(;) L,
- {ZiRi(O(t))ZiTZZ.T*} R7(6) {Z;LZiRi(O(t))ZiT} + U{j(;)Ini
In combination with the minorization (3.4), this gives the surrogate
50,07 100,5°0) = v (279, ZR(0)) — o R O)r!
@) - T - XA 0y, - X80 4 o)

for the log-likelihood L;(8,c?), where
r = (27 ZR(09)20) 9 Oy - X:i8Y) = R0z Oy - X:6).

The parameters 6 and o2 are nicely separated. To maximize the overall minorization function
> 9i(0,0% | 2108 o2®), we update o2 via

) 20 Zi(yi_Xiﬁ(t))TQi—z(t)(yi_Xl.g(t)).
5 tr(2, )

For structured models such as autocorrelation and compound symmetry, updating @ is a low-

dimensional optimization problem that can be approached through the stationarity condition

T
Zvec (ZZ»TQEt)Zi - R;l(G)rEt)rgt)TR;l(O)) %Vec R;(0) = 0
i J

for each component 6;. For the unstructured model with R;(#) = R for all i, the stationarity

condition reads

S zlalz, = R (Z rgﬂrgt”) R

%

and admits an explicit solution based on Lemma 6.

Similar tactics apply to a multilevel LMM (Bates and Pinheiro, 1998) with responses

Y, = XiB+Zuva+ - ZimYim + €
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Minorization separates parameters for each level (variance component). Depending on the com-
plexity of the covariance matrices, maximization of the surrogate can be accomplished analyti-

cally. For the sake of brevity, details are omitted.

3.6.4 MAP Estimation

Suppose 3 follows an improper flat prior, the variance components af follow inverse gamma
priors with shapes «; > 0 and scales «; > 0, and these priors are independent. The log-posterior

density then reduces to

In f(B,0°%y, X)

1 1 l ;
= —5hdetQ—S(y—XB)TQ(y - XB) - > (@i +1)Ino? — 72 +e, (3.16)
i=1 =1

where c is an irrelevant constant. The MAP estimator of (3,0?) is the mode of the posterior
distribution. The update (3.2) of 3 given o remains the same. To update o2 given 3, apply the
same minorizations (3.3) and (3.4) to the first first two terms of equation (3.16). This separates
parameters and yields a convex surrogate for each O'ZZ. The minimum of the O'iz surrogate is

defined by the stationarity condition

4(t)

_ _ o; +1 i
Ly - X80T Oy Oy - xg0) - -4 T
207 o; 0;

1
0 = —?cr(ﬂ_(t)vi) +

Multiplying this by o} gives a quadratic equation in ¢2. The positive root should be taken to

meet the nonnegativity constraint on af.

For the multivariate response model (3.12), we assume the variance components I'; follow
independent inverse Wishart distributions with degrees of freedom v; > d — 1 and scale matrix

W, > 0. The log density of the posterior distribution is
1 1 To-1
LB, T|X,)Y) = —ilndetﬂ—ivec(Y—XB) Q vec(Y — XB)

1 — 1 —
-3 D (vi+d+1)IndetT; — 3 D (L) + o (3.17)

where ¢ is an irrelevant constant. Invoking the minorizations (3.4) and (3.13) for the first two

terms and the supporting hyperplane minorization

~ndetT; > —IndetT — o {r; O — 1)}
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for —Indet I'; gives the surrogate function

| =

s
I
—

o) - -

(]

w{Q T o)} - % i or (T ROTV,ROT{T; )
=1

ol

| Oy _ LN (@ 1) 4
1(Vz+d+1)tr(f‘i Fz)—2;tr(\hl‘i )+ .

.
Il

The optimal T'; satisfies the stationarity condition

(I;©1,)7 {(1d1§ ?V) o ﬂ‘“)} (Is® 1) + (i +d + )T, Y

- 7' @PROTV,ROTY 4+ w1} !

2

and can be found using Lemma 6.

3.6.5 Variable Selection

In the statistical analysis of high-dimensional data, the imposition of sparsity leads to better
interpretation and more stable parameter estimation. MM algorithms mesh well with penalized
estimation. The simple variance components model (3.1) illustrates this fact. For the selection

of fixed effects, minimizing the lasso-penalized log-likelihood

~L(B,0%) + > 18]
J

is often recommended (Schelldorfer et al., 2011). The only change to the MM Algorithm 1 is
that in estimating 3, one solves a lasso penalized general least squares problem rather than
an ordinary general least squares problem. The updates of the variance components o? remain
the same. For selection among a large number of variance components, one can minimize the

ridge-penalized log-likelihood
m
—L(B,0%) + A Z o?
i=1

subject to the nonnegativity constraints 01-2 > 0. Here the standard deviations o; are the un-

derlying parameters. The variance update (3.6) becomes

02(t+1) _ Uz(t) (y — Xﬁ(t))TQ_(t)‘/ZQ_(t) (y — Xﬂ(t))
’ ’ tr(Q~OV;) + 2x
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which clearly exhibits shrinkage but no thresholding. The lasso penalized log-likelihood

m

~L(B,0%) + A o (3.18)

i=1
subject to nonnegativity constraint o; > 0 achieves both ends. The update of ¢; is chosen among
the positive roots of a quartic equation and the boundary 0, whichever yields a lower objective

value.

3.7 A Numerical Example

Quantitative trait loci (QTL) mapping aims to identify genes associated with a quantitative
trait. Current sequencing technology measures millions of genetic markers in study subjects.
Traditional single-marker tests suffer from low power due to the low frequency of many markers
and the corrections needed for multiple hypothesis testing. Region-based association tests are a
powerful alternative for analyzing next generation sequencing data with abundant rare variants.

Suppose y is a n x 1 vector of quantitative trait measurements on n people, X is an
n x p predictor matrix (incorporating predictors such as sex, smoking history, and principal
components for ethnic admixture), and G is an n X m genotype matrix of m genetic variants

in a pre-defined region. The linear mixed model assumes
Y = XB+Gy+e, v~N(0,0.I), €~ N(0,01,),

where 3 are fixed effects, «v are random genetic effects, and O'g and o2 are variance components
for the genetic and environmental effects, respectively. Thus, the phenotype vector Y has co-
variance USGGT + 021, where GGT is the kernel matrix capturing the overall effect of the
m variants. Current approaches test the null hypothesis 03 = 0 for each region separately and
then adjust for multiple testing (Lee et al., 2014). Instead of this marginal testing strategy, we

consider the joint model

y = XpB+ 31_1/2G171 4+ 3;1/2Gm’7m + €,
~; ~ N(0,02I), €~ N(0,0°I,)

and select the variance components ¢? via the penalization (3.18). Here s; is the number of

1/

variants in region 4, and the weights s, 2 put all variance components on the same scale.
We illustrate this approach using the COPDGene exome sequencing study (http://www.
copdgene.org/) (Regan et al., 2010). After quality control, 399 individuals and 646,125 genetic

variants remain for analysis. Genetic variants are grouped into 16,619 genes to expose those
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Table 3.6: Top 10 genes selected by the lasso penalized variance component model (3.18) in
an association study of 200 genes and the complex trait height.

Lasso Rank Gene Marginal P-value # Variants
1 DOLPP1 2.35 x 1076 2
2 C9orf21 3.70 x 107° 4
3 PLS1 2.29 x 1073 5
4 ATP5D 6.80 x 1077 3
5 ADCY4 1.01 x 1073 11
6 SLC22A25 3.95 x 1073 14
7 RCSD1 9.04 x 104 4
8 PCDHT7 1.20 x 1074 7
9 AVIL 8.34 x 10~* 11
10 AHR 1.14 x 1073 7

genes associated with the complex trait height. We include age, sex, and the top 3 principal
components in the mean effects. Because the number of genes vastly exceeds the sample size
n = 399, we first pare the 16,619 genes down to 200 genes according to their marginal likelihood
ratio test p-values and then carry out penalized estimation of the 200 variance components in
the joint model (3.18). This is similar to the sure independence screening strategy for selecting
mean effects (Fan and Lv, 2008). Genes are ranked according to the order they appear in the
lasso solution path. Table 3.6 lists the top 10 genes together with their marginal LRT p-values.
Figure 3.1 displays the corresponding segment of the lasso solution path. It is noteworthy that
the ranking of genes by penalized estimation differs from the ranking according to marginal
p-values. The same phenomenon occurs in selection of highly correlated mean predictors. This
penalization approach for selecting variance components warrants further theoretical study. It

is reassuring that the simple MM algorithm scales to high-dimensional problems.

3.8 Discussion

The current chapter leverages the MM principle to design powerful and versatile algorithms for
variance components estimation. The MM algorithms derived are notable for their simplicity,
generality, numerical efficiency, and theoretical guarantees. Both ordinary MLE and REML
are apt to benefit. Other extensions are possible. In nonlinear models (Bates and Watts, 1988;
Lindstrom and Bates, 1990), the mean response is a nonlinear function in the fixed effects
B. One can easily modify the MM algorithms to update 3 by a few rounds of Gauss-Newton

iteration. The variance components updates remain unchanged.
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Variance Component Estimate

Figure 3.1: Solution path of the lasso penalized variance component model (3.18) in an asso-
ciation study of 200 genes and the complex trait height.

One can also extend our MM algorithms to elliptically symmetric densities

B o~ 3867
NCE PR

N

defined for y € R™, where 62 = (y — u)" Q! (y — p) denotes the Mahalanobis distance between
y and p. Here we assume that the function x(s) is strictly increasing and strictly concave.
Examples of elliptically symmetric densities include the multivariate ¢, slash, contaminated
normal, power exponential, and stable families. Previous work (Huber and Ronchetti, 2009;
Lange and Sinsheimer, 1993) has focused on using the MM principle to convert parameter
estimation for these robust families into parameter estimation under the multivariate normal.
One can chain the relevant majorization r(s) < k(s®) + &/(s®)(s — s®)) with our previous
minorizations and simultaneously split variance components and pass to the more benign setting

of the multivariate normal.
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Chapter 4

MM Algorithms for Logistic Linear
Mixed Model

4.1 Introduction

Generalized linear mixed model (GLMM) is an extension of generalized linear model to incor-
porate random effects accounting for heterogeneity among responses (McCulloch and Neuhaus,
2001; Stroup, 2012). It is widely used in clustered, longitudinal, and panel data analysis (Zeger
and Karim, 1991; Breslow and Clayton, 1993). Logistic linear mixed model is one of the GLMMs

for binary responses and assumes

yj | nj ~ Bernoulli(z;)

(4.1)
pj =1/{1+ exp(—n;)}
forj=1,...,nand 9= (n1,...,m,)" takes the form
nN=XB+Ziuy+ -+ Z, U,
where X and Z = (Z1,...,Z,,) are known predictor matrices, 3 is the coefficient vector for

fixed effects, and u; ~ N(0,,,021,,) are independent random effects. Because
n~N(XB,0{Z1Z] + -+ 03, ZmZy,),

we call 0%7 ...,02, variance components.

Logistic linear mixed model finds applications in agriculture, econometrics, biology and
genetics. Two motivating examples are the analysis of variance (ANOVA) for dichotomous
responses (Anderson and Aitkin, 1985; Quené and Van den Bergh, 2008) and the quantitative
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trait loci (QTL) mapping for binary traits (Yi and Xu, 1999; Che and Xu, 2012). In ANOVA, Z;
corresponds to each factor or their interactions. In modern applications, the number of factors
can be large and the number of interaction terms increases quadratically with the number of
factors. In QTL mapping, Z; corresponds to a gene region. The number of genes m is at order
of 102 ~ 10? in a typical genetic study. In Section 4.3 and 4.4, we will discuss further about
these two applications as well as associated analysis using our proposed algorithms.

In general direct maximization of the GLMM likelihood function is computationally in-
tractable because it involves potentially high-dimensional integrals. The existing methods in-
volve various forms of approximations. The first class of methods use numerical integration
such as Gaussian quadrature (Davidian and Gallant, 1992) and adaptive Gaussian quadrature
(Pinheiro and Bates, 1995). These methods are applicable only to low dimensional integrals and
thus limited to problems where data form very small independent clusters. The second type of
methods invoke the Laplace approximation (Wolfinger, 1993; Shun and McCULLAGH, 1995)
or its variants such as the penalized quasi-likelihood (Breslow and Clayton, 1993) and the in-
tegrated nested Laplace approximation (Rue et al., 2009). The third class of methods resort to
Monte Carlo methods to approximate either the original integral (Sung and Geyer, 2007) or the
E step of EM algorithm (Booth and Hobert, 1999). Pinheiro and Bates (1995) compare and dis-
cuss penalized quasi-likelihood (PQL), Laplace approximation, importance sampling, Gaussian
quadrature, and adaptive Gaussian quadrature (AGQ). They conclude that Laplace approxi-
mation and adaptive Gaussian quadrature give the “best mix of efficiency and accuracy”. In
this chapter, we propose algorithms based on the Laplace approximation of the log-likelihood
function because AGQ is numerically infeasible for the ANOVA and genetic applications we are
considering.

Our primary interest is in the estimation and selection of variance components. Researchers
have worked on selecting fixed effects in GLMMs (Groll and Tutz, 2014; Schelldorfer et al., 2014).
For random effects selection, however, most procedures are developed in the framework of linear
mixed models (Bondell et al., 2010; Ahn et al., 2012) for quantitative responses. In contrast
only few references discuss random effects selection in GLMM. Ibrahim et al. (2011) develop
a simultaneous fixed and random effects selection procedure based on the SCAD and adaptive
LASSO penalties using a Monte Carlo EM for general mixed models. Cai and Dunson (2006)
propose a method for random effect selection in GLMMs within the Bayesian framework using
a stochastic search MCMC algorithm. Pan and Huang (2014) propose a backfitting algorithm
to select effective random effects based on penalized quasi-likelihood (PQL) function. However
all the above mentioned papers study the clustered data with repeated measurements on the
subjects. They assume n independent subjects with observations (y1, X1, Z1), ..., (Yn, Xn, Zn)
and

E(yi | Xi,Zi,bi) = g(n;) = g(XiB + Ziby) (4.2)
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where g(-) is some known link function, X; and Z; are known matrices and b; ~ N, (0, D) is
the random effect. Here, D is the unknown covariance matrix shared by the subjects that is
to be estimated by maximizing some penalized likelihood. For example, Ibrahim et al. (2011)
perform the penalization on the Cholesky decomposition of D, denoted as I, such that each
row of I' either are all not zero or all zero and Pan and Huang (2014) penalize on positive
elements proportional to the standard deviation of the random effects b;. In this chapter, we
propose an algorithm for selection of random effects by shrinking the variances of ineffective
random effects towards zero based on penalized likelihood defined in Section 4.2.3. There are
two key differences between our variance components selection and previous work. First, model
(4.2) is not the same as model (4.1) we want to address in this chapter even though they
both can deal with clustered data as well as non-clustered data. Model (4.1) assumes that the
random effects u; ~ N(0y,,021,,) are independent. If we write model (4.1) in the framework of
model (4.2), then the covariance in model (4.1) is diagonal with some equality constraints on
the random effect variances while the covarariance in model (4.2) can be any covariance matrix.
Second, the random effects selection on model (4.2) is selecting individual random effect while
for model (4.1) we are selecting groups of random effects, i.e. the random effects in each u; are
either all selected or not. To the best of our knowledge, there exist no literature about variance
components selection for model (4.1).

In this chapter, based on the minorization-maximization (MM) principle (Lange et al.,
2000), we propose two novel algorithms for variance component estimation under two differ-
ent parameterizations of logistic linear mixed model and then extend to variance component
selection by incorporating penalization. The first parameterization is efficient for estimating
parameters without penalty, while the second easily generalizes to penalized estimation. Both
algorithms are simple to implement and numerically stable. Our simulation studies and real
data analysis demonstrate that the proposed algorithms outperform the commonly used tools

and are scalable to high-dimensional problems.

4.2 Algorithms for Estimation

4.2.1 Model Formulation 1

The likelihood for model (4.1) is

L(B.0) = / exp{h(u | B,0%)} du, (4.3)
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2 2

where o = (01, ... ,am)T with o; > 0fori=1,...,m, 0° = (a%, .. ,om)T and the complete

log-likelihood is

. 1 — [|us |3

2 _ o 4 , 2 2

h(u | B,0%) = E {yjn; —In(1 +€")} 5 g 1 <ql Ino; + 703
J i=

, 1 o= |lu;l|2 .
= Z {yjnj —In(1+€")} — 5 Z H012||2 4 terms without w;.
J i=1 (

Direct optimization of the likelihood defined in (4.3) is computationally challenging be-
cause of the integral. The Laplace approximation (LA) to the likelihood L(3, o) is obtained
by replacing h(u | B,a2) by its second-order Taylor expansion at the conditional maximum.
Given current iterate (8,0), let u* be the maximizer of h and n* = X8 + Zu* where
Z = (Z1,Zy,...,Zy). Then the approximated log-likelihood is

Lia(B,0) = h(u* | B,0°) — %lndet V2 {-h(u* | B,0%)},

where

* 1 & 1 & *]2
h(u* | B,0°) = Z{yjn; —1In (]_—|—e"7j>} — 52%’111012 _ gln27r— 52 ||1:2"2'
=1 i=1 i

J

The gradient and Hessian of h(u | 3,0) at u = u* are

oy u]
Vuh(u| B0y = Z(y—-p)—| |,
o 2uk,
Vih(u|B,0%) ey = —{Z"W*Z +blkdiag(o7*I,,,...,00,°1,,)},
where p* = (p3,...,p*)" with p; = ¢l /(1+¢€") and W* = diag(w*) is a diagonal matrix with
entries
el

w; =p;(1—p;) =

«\2°
(1—1—6"]’)
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Therefore,

* * 1 n n 1 m ut 2
Lia(B,0) = Y. {yjnj —In (1 —|—677j>} _ §Zqz'1n0i2 ~ Sz - 52 I (;2||2
3 =1 i=1 i

(2

1
—5 Indet {Z"W*Z + blkdiag(o; %1, . ..,0,,21,,)} - (4.4)

Using the matrix determinant lemma, we have

Indet { ZTW*Z + blkdiag(o; %I, . .., 0,2 1,,)}
= Indet (W*l +Y 0?z,z] ) + Indet (blkdiag(oy 2Ly, . . ., 0,,21,,.)) + Indet W*
= Indet <W*_1 +ZU¢2Z¢Z¢T) - Z(h Ino? + Indet W*. (4.5)
7 i=1

Substitute (4.5) to (4.4) gives

. . 1 m ur 2
y )

J 1=1

(4.6)
—_ ln det (W* Ty ZJ2Z ZT> — —Indet W* + constant term,

where the constant term equals —% In 27.

The MM algorithm cycles through following updates of u, 3 and 2.

1. To maximize h(u | 3,02), the gradient and Hessian are

afzul
Vuh = ZT(y—p)—
o2 U,
Vih = —{ZTWZ+blkd1ag(0121q17--~7 o’ Iy, )}

where p = (p1,...,pn)" with pj =€V /(14 €%) and W = diag(ws,...,wy) with w; =
pj(1 — p;). Since each w; is upper bounded by 0.25, it follows that

VZh = —1{0.25Z7 Z + blkdiag(o; %I, ..., 0,2 1,,) } -

Thus we can construct a quadratic minorization function at ) using (2.5) and maxi-
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mizing the quadratic surrogate gives the MM update

ul = u® 4 {0.2527 Z + blkdiag(oy 2I,,, ..., 0520,,) ) Vah(u®), (4.7)

rYm

To find the maximizer u* given 3, 02, we iterate the MM update (4.7) until convergence.
Note that the indicated matrix inverse in (4.7) only needs to be done once and remains

constant through the iterations.

. Updating 3 given o2 and u* is a regular logistic regression with offset Zu*. We invoke a

similar MM update as above
B = g0 4 (0.25XTX) " XT(y — p*). (4.8)

Again the matrix inverse (0.25X Tx )_1 only needs to be done once.

. To update o2 given B and u*, the minorization (2.4) leads to the surrogate function

Lo w3
2 20ty .+ ill2
g(o® | o*V) = 22 -2
m -1
1
—§Zalztr (Zaf(t)ZiZiT—i-W*l> Z,Z! % + 9, (4.9)
=1 7

where ¢() is a constant irrelevant to optimization. Maximization of g(a? | o>®)) with

respect to o? yields the explicit MM update

[

2(t+1) _ ;13
w{zZl(52,0}" 2,27 + W)z,

When ¢ < n, the Woodbury formula facilitates the inversion

—1
(Z oz, 27 + W*1>

= W - W*Z(o){I,+ Z(a)"W*Z(o)} ' Z(a)" W™,

where Z (o) = (0121, ...,0mZy). Since the iterate is derived based on MM principle, it

possesses the ascent property

Lpa(@"V | B,u") > Lpa(a® | B,u"). (4.10)
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Proof. From (4.6), the approximated log-likelihood is

Lia(B,0) = Z{yjn;—ln<1+e"?)} ZH ;;
7 5

1 *—1 2 T 1 *
_ilndet (W —i—Zai Z,Z; ) — ilndetW

i

+ terms without 3, o2,
where u* is the maximizer of h(u | 8,0), n* = XB + Zu" and W* = diag(w™) is a
diagonal matrix with entries

e'li

* 2.
<1+e"i)

wj = pj(1-}) =

Thus

1 m
Lia(o | B,u") 52 ’2 — flndet <W* ! +ZJ2Z ZT) +c,

where ¢ = Zj {yjn; —In (1 + e";>} — %ln det W* — 5 In 27 is a constant not involving

o.

The minorization (2.4) leads to the surrogate function of Ly (o | B, u*)

—1
1 m * 2 1 m
w1720 = S IR0y el (S otzar e w ) nar
- 7 i=1 i
+c(t),
where ¢() is a constant irrelevant to optimization. Since o2t+1) — (a%(tﬂ), .. ,a,%,gtﬂ))

with

G2 ||U*”%
' tr{ZT(ZJ V2,27 + W*fl)flzi}

maximizes the surrogate function g(o? | 0'2(t)), we have the following inequality satisfied

Lea(a"™ | B,u*) > g(a* ™) | 6*V) > g(0®" | 6*V)) = Lra(a® | B,u").

Therefore, the iterates possess the ascent property. O
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Like the penalized iteratively reweighted least squares (PIRLS) algorithm described in Bates
et al. (2015), parameter estimates are determined for a fixed weights matrix W* and then
the weights are updated to the current estimates and the process is repeated. The resulting
algorithm is extremely simple to implement. Algorithm 5 summarizes the MM algorithm for
parameter estimation of the logistic linear mixed model (4.1). Each iteration involves one-step

update of B and o2. Several more steps of updating 3 and o? give similar results in practice.

Input 1y, X, Z,...,2Z,,
Output: MLE g3, &%, N

rYm
1 Initialize 39,6/ > 0,i=1,...,m;
2 repeat
3 u* — argmax, h(u | o2®,80)

4 p*(—l/{1+eXP (‘Xﬁ(t)_zu*)} ;

s | Bith gt 4 (0.25XTX)71 XT(y—p*);
6 p*el/{lJreXp (-Xﬁ(m)_zu*)} ;

7 | W* < diag {p*(1 —p*)};

N[

2(t+1) lufll3
9 2(0)
w{Zl(2,07V z: 2T+ w112,
9 until objective value converges;

, 1=1,...,m;

Algorithm 5: MMLA1 - a MM algorithm to maximize the Laplace approximation of
likelihood for model (4.1).

4.2.2 Model Formulation 2

In Laplace approximated log-likelihood (4.6), we have o; in the denominator, thus it cannot be
combined with penalized estimation which will shrink some of ;s to zero. Therefore we consider

another reparameterization of model (4.1) by assuming that n takes the form

n=XB+o1Z1u+ -+ onZpunm, (4.11)
where u; ~ N(0,,I,,) are independent. Let u = (uf,...,ul)T € R be the concatenated

random effects and Z = (Zi,...,Z,) € R"*?, ¢ = >, ¢. Then n = XB + ZDu, where
D = blkdiag (o011, . ..,o0ml,,,) and the complete log-likelihood is

1
h(u|B,o) = Z {ynj —In(1 +e")} — iﬂuﬂg + terms without wu.
J
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Given current iterate (3,0), let u* be the maximizer of h and n* = X3 + ZDwu*. Then the
approximated log-likelihood is

Lia(B,0) = hu" | B,0) — 5 Indet P*{~h(u* | B,0%)},

where
(1 + )} — ~fuff - 21
h(u| B, o Z {yjn; —In(1 + ")} - 5”“”2 — 5 in2m.

The gradient and Hessian h(u | B,0) at u = u* are

vuh(u | B, a)|u:u* DTZT(y - p*) -
2h(u] B,0) s = —(DTZ™W*ZD +1,),

where p* = (p3,...,p*)" with p; = ¢l /(1+€") and W* = diag(w*) is a diagonal matrix with
entries

*

e'li

«\2°
(1—1—6"]’)

wj = pj(1-p}) =

Using the matrix determinant lemma, we have

Indet (D" Z"W*ZD + I,) = Indet <W*1 +Y 0?z,z] ) + Indet W™

i

Therefore,
LLA(ﬁ7 U)
- 1 1
= > {ym—n (1 + e"j)} ~ Sl - gln 2r — 5 Indet (DTZ"W*ZD + 1)
J
* n¥ 1 *112 1 *—1 2 T
= Z{yjnj—ln<1+eﬂ)}—§|]u H2—§lndet w +ZaiZiZi
j i
1
—3 Indet W* + constant term, (4.12)
where the constant term equals —% In 27.

Maximizing h(u | 3, o) follows sumlar MM updates as in (4.7). Given o2 and 3, u* can be
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found through MM iterates
uw) = u® 4 {0.25(ZD)"ZD + 1,} ' Vuh(u) | B,02)

until convergence, where V h(u®) | 8,02) = DT Z(y — p) — uV). Updating B given u* and
o? is the same as update in (4.8).
Updating o2 given B and u* depends on three minorizations, which differ from the first

reparameterization. Quadratic minorization implies that

1T <1+€n*) S 0T (77*_ *(”)—éHn*— 72 4 o®

= —pWTZDu* — ||Z(D D)2 + ), (4.13)
where ¢(®) is an irrelevant constant, p® is a vector with the jth element equal to

*(t) *(t)
pgt) =eli / (1 + el )

() .

and 77; is the jth element of n*) = X8 + ZD®wu*. The Cauchy inequality implies that

~|Z(D -DY)u*|} =

2
> i Zm: Ziu! Zm: oM)2 (4.14)
7j=11i=1 =1

where (Z;u}); is the jth element of vector Z;u;. Combining (4.13), (4.14) and (2.4) gives the

overall minorization function

m T 1 n m m
t _ t ok kN2 ) (t)\2
g(o | o®) = Z" (y_po) Ziuf — ¢ 4 D> (Zu); Z(a, — o)
i=1 J=11=1 =1
18 -
—5 D oitr <Z o2z, Z7 + W*—1> Z,ZT % + e, (4.15)
=1 7

where o; are nicely separated and only involve quadratic terms. Maximization of g(o | o®)
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results the following update

O

(y_p(t))TZlu;k—i_%{Z] 121 1<Zu ) } (t)

i

To account for the non-negative constraint of o, at each iteration we set o,

tr { (Zi 02,27 + W*‘1>_1 Zz‘Zz-T} +3 {Z?:l Z?L(Zz‘uf)?}.

(4.16)

(t+1) (t+1)

= max <0, o;

Algorithm 6 summarizes the MM algorithm for model formulation 2 defined in (4.11).

Input :y, X, Zl,...,Zm
Output: MLE ,8, 62,...,6
Initialize 8% 0) >0,1=
repeat

2
m
1,.

=

9

N

4 u* < arg maxy,

6 Bl gt
7 p(t)<—1/{1+exp (—
8 W* < diag {p(

+(0.25X7X)"

2(t+1)

3 DO = diag (oét)lql7 . ,0'1(7?
h(u | o8, 80)
5 | pbf® 1/ {1 + exp (—Xﬁ(t) -

Xt —
D(1—p")};
(v=

L

1q,. )

)}
XT(y p") ;
ZD<>u)};

p")" Zow;+ {0 L (Ziuwp)3 ol

9 o; < max |0,

1,....,m;

10 until objective value converges;

tr{ (Zi Uf(ﬁziziTer*— ) ziZiT} Z{ijl 7o Ziu;f)§}

Algorithm 6: MMLA2 - a MM algorithm to maximize the Laplace approximation of

likelihood for model (4.11).

4.2.3 MM Algorithm for Maximizing the Penalized Approximated Likeli-

hood

For variance component selection, we consider the penalization approach using lasso penalty.

Since the minorization function of o derived in second model formulation is a quadratic function

of o, it meshes well with penalized estimation. Other penalties such as the adaptive lasso (Zou,
2006) and smoothly clipped absolute deviation (SCAD) (Fan and Li, 2001) lead to similar

algorithms.
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The lasso penalized approximated log-likelihood is
— Lia(B,o) + AZ o] (4.17)

Finding u* to maximize h(u | 8, 0) and updating 3 are the same as described in algorithm 6.

The only difference lies in the update of o given u* and 3 in (4.16), which now becomes

1 1 n m
ai(tH) = arg min o? | - {202(tZZT—|—W* hy= 1ZZT}+8 ZZ (Ziu;)

(o] =11i=1

|

N
—~
<
ﬁ/'\
N
N

g

+
= |
(]
gk
N
e

= Q

+
>
D
N
—
*

where

o1
ST(2,7) = arg minz(z — 2)2 +yla| = sng(z) (12| — 7)., (4.19)

is the soft-thresholding operator and

(v )" Zoug + § { S 1 (Ze)? o)

w {020 z,2] + Wi z,27 4 LS S (2t}
A
%_t%(NW@@#W%W&%H+H2%Zﬂ%@m'

4.2.4 Choice of Regularization Parameter

The best A can be selected over a grid using Akaike information criterion (AIC), Bayesian
information criterion (BIC), or cross-validation. Here we consider AIC and BIC. Since it is hard
to evaluate the log likelihood function, we replace it by its Laplace approximation. Specifically,

we use

BIC(\) = —2LpaA(B,62
AIC(\) = —2LpA(B,62

)+ log(n) x df(\)
) 42 x dE(N),

where df()) is the number of non-zeros in &2()\). In the following simulation studies, we compare

AIC and BIC on variance component selection.
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4.3 Simulation Studies

4.3.1 Random Effects ANOVA

In this section we compare the estimation error and runtime of the MM algorithms (MMLA1
and MMLAZ2) to three different implementations: (1) the glmer () function in the popular 1me4
package in R (Bates et al., 2015) (2) glmm() function in the glmm package in R (Knudson, 2016)
and (3) stan_glmer () function in the rstanarm package in R (Stan Development Team, 2016).
glmer () fits a generalized linear mixed-effects model and the default (nAGQ=1) uses Laplace
approximation to approximate the original log-likelihood. glmm() calculates and maximizes the
Monte Carlo likelihood approximation (MCLA) (Geyer, 1990) to find Monte Carlo maximum
likelihood estimates (MCMLESs) (Sung and Geyer, 2007) for the fixed effects and variance com-
ponents. rstanarm package is an R interface to the Stan C++ library for Bayesian estimation.
stan_glmer () adds independent prior distributions on the regression coefficients as well as pri-
ors on the covaraince matrices of the group-specific parameters and perform Bayesian inference
via MCMC.

We simulated data from the following two-way ANOVA model with crossed random effects

P(yijr = 1) = 1/(exp(—niji))
Nijk = 101 + 2202 + 383 + o + 75 + ()5,
i=1,...5j=1.. . 5k=1.. ¢

where a; ~ N(0,02), 7 ~ N(0,02) and (ay)ij ~ N(0,03,) are jointly independent. Here i
indexes levels in factor 1, j indexes levels in factor 2, and k indexes observations in the (i, j)-
combination. This corresponds to m = 3 variance components. Table 4.1 displays the results
when there are a = b = 5 levels of each factor, the number of observations ¢ in each combination
of factor levels varies from 2 to 200, and the true parameter values are (31, 32, 83,02, (73, aiv) =
(0.6,1.0,—1.0,0.5,0.9,0.3). For each scenario, we simulated 50 replicates. The sample size was
n = abc for each replicate. Therefore the largest model in Table 4.1 involves covariance matrix
of size 5000 x 5000. For ¢ = 100 and 200, we omit the results of glmm and rstanarm since they
take too much time when sample size gets larger and the whole simulation takes more than a
week to complete.

We made the following observations. Two MM algorithms (MMLA1 and MMLA2) have
very close results, but MMLA2 takes longer time to converge than MMLA1, especially when
the number of groups c is large. This is what we expected since the surrogate function derived
in MMLA2 involves two more layers of minorizations, which result in slower convergence. The
glmer () function failed to converge in many replicates when ¢ = 2 and produced much worse

estimates than MM algorithms. For other values of ¢, glmer () delivered estimates comparable
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to MM algorithm but was 3 ~ 4 fold slower than MMLA1. glmm() and stan_glmer() are
much slower since they involve sampling and their estimation performance are not good. The
core algorithm in glmer () is coded in C and extensively utilizes sparse linear algebra. Our
MM algorithms are implemented in the high-level Julia language and ignore sparsity structure.
Although it is hard to draw conclusions based on implementations in different languages, this
example clearly demonstrates the efficiency and scalability of the MM algorithms for GLMM

estimation.
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Table 4.1: Comparison of the MM algorithms with two different parameterizations (MMLA1 and MMLA2) and the glmer () function
(with nAGQ=1) in the 1me4 package, rstanarm package, and glmm package. Standard errors are given in parentheses. Results for rstanarm
and glmm with ¢ = 100, 200 are not reported because the simulation takes more than 1 week.

¢ Method runtime $1(0.6) B2(1.0) B3(—1.0) 02(0.5) (O 9) 037(0.3)
2 MMLA1 0.19(0.55) 0.68(0.51) 1.08(0.43) -0.92(0.51) 0.52(0.91) 1. 03(1 55)  0.22(0.37)
MMLA2 0.14(0.12) 0.68(0.51) 1.08(0.43) -0.92(0.51) 0.52(0.91) 1.04(1.56) 0.22(0.37)
lme4 0.46(0.37) 2.83(7.22) 3.52(7.39) -2.42(4.04) 187(753) 108(580)  558(2049)
rstanarm 8.15(0.49) 0.91(0.69) 1.42(0.45) -1.20(0.58) 1.38(1.32) 2.14(2.23) 2.60(1.86)
glmm 23.95(45.66) 0.64(0.53) 0.91(0.55) -0.76(0.59) 1.54(3.13) 0.03(0.07) 0.06(0.14)
8 MMLA1 0.10(0.03) 0.55(0.21) 0.96(0.24) -0.98(0.20) 0.36(0.33) 0.96(0.94) 0.34(0.34)
MMLA2 0.17(0.08) 0.55(0.21) 0.96(0.24) -0.98(0.20) 0.36(0.33) 0.96(0.94) 0.34(0.34)
Ime4 0.37(0.10) 0.60(0.23) 1.04(0.27) -1.07(0.22) 0.42(0.38) 1.15(1.13) 0.47(0.48)
rstanarm 21.85(1.15) 0.61(0.24) 1.05(0.27) -1.09(0.22) 0.68(0.44) 1.48(1.20) 0.72(0.53)
glmm 224.53(492.52) 0.46(0.17) 0.82(0.24) -0.85(0.17) 0.78(1.50) 0.02(0.03) 0.04(0. 08)
50 MMLA1 0.19(0.10) 0.58(0.07) 1.01(0.08) -1.00(0.08) 0.52(0.43) 0.96(0.81) 0.31(0.16)
MMLA2 1.65(0.52) 0.58(0.07) 1.01(0.08) -1.00(0.08) 0.52(0.43) 0.94(0.72) 0.31(0.16)
Ime4 0.92(0.12) 0.59(0.07) 1.03(0.08) -1.02(0.09) 0.54(0.45) 1.01(0.86) 0.32(0.17)
rstanarm 198.38(26.88) 0.59(0.07) 1.04(0.08) -1.02(0.09) 0.82(0.58) 1.37(0.92) 0.42(0.21)
glmm 3613.26(2272.85) 0.48(0.09) 0.86(0.12) -0.84(0.12) 0.88(1.39) 0.04(0.06) 0.04(0.07)
100 MMLA1 0.58(0.18) 0.61(0.06) 1.01(0.06) -1.00(0.06) 0.65(0.46) 0.94(0.61) 0.30(0.11)
MMLA2 4.28(0.78) 0.61(0.06) 1.01(0.06) -1.00(0.06) 0.67(0.44) 0.91(0.54) 0.30(0.11)
lme4 1.49(0. 18) 0.62(0. 06) 1.02(0. 06) -1.01(0. 06) 0.67(0.47) 0.97(0. 63) 0.31(0. 12)
rstanarm —
glmm — — — — — — —
200 MMLA1 0.98(0.16) 0.60(0.04) 0.99(0.04) -0.99(0.04) 0.45(0.33) 0.92(0.62) 0.29(0.12)
MMLA2 13.49(3.42) 0.60(0.04) 0.99(0.04) -0.99(0.04) 0.50(0.33) 0.91(0.51) 0.29(0.12)
lme4 2.76(0. 33) 0.60(0. 04) 1.00(0. 04) -1.00(0. 04) 0.46(0.33)  0.94(0. 63) 0.30(0.13
rstanarm — —
glmm — — — — — — —
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4.3.2 Genetic Example

In this section, we use a genetic example to demonstrate the performance of variable selection
using our algorithm derived in Section 3.3. Consider the QTL mapping example introduced in

Section 1

g(n) = XB+Gr,

where G is an n x k genotype matrix for k variants of interest, g(p) = logit (u), B are fixed
effects, and ~ are random genetic effects with v ~ Normal (0, o’I k) The response y isann x 1
vector of binary trait measurements with mean p. One way to identify important genes is to
test the null hypothesis 02 = 0 for each region separately and then adjust for multiple testing

(Lee et al., 2014). Here we consider the joint model for all regions instead of marginal tests
g(m) = XB+s PG+ 45, G, (4.20)

where v; ~ N(0,02I) and select the variance components o via the penalization (4.17). Here
1/

s; is the number of variants in region ¢, and the weights s, 2 put all variance components on
the same scale.

In this simulation study, we use the genetic data from COPDGene exome sequencing study
(Regan et al., 2010), which has 399 subjects and genotype information of 16,610 genes. The
covariate matrix X contains intercept, age, sex, and the top 3 principal components in
the mean effects. We consider four experimental settings for sparse random effects. In all the
examples, we set 3 = (0.1,—1.0,0.8,—0.3,—1.2,1.5) and randomly select m genes G;, i =

1,...,m, from the COPD data.

Setting 1: &% = (5.0,7.5,10.0,0%_,)" with m varying from 5, 10, 20, 100

Setting 2: o = (10, 15, 20, oﬁ,S)T with m varying from 5, 10, 20, 100

Setting 3: o = (5,6,7,8,9, 10, oﬁ_G)T with m varying from 10, 20, 40, 100

Setting 4: o = (10, 12, 14, 16, 18, 20, og_G)T with m varying from 10, 20, 40, 100

We use mean squared error (MSE) = |3 — B||? to evaluate the performance of fixed effect
estimation. Four measures are used to assess the variable selection performance: the number of
truly non-zero variance components that are selected as non-zero variance components (denoted
as “True Positive”), the number of truly zero variance components that are selected as non-
zero variance components (denoted as “False Positive”) , the frequency of exactly selecting the
correct variance components (denoted by “Exact”), and the frequency of over-selecting variance

components (denoted by “Over”). In each experimental setting, 100 data sets are simulated from
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the model, and we report the average performance over the 100 runs for both AIC and BIC.
Table 4.2, 4.3, 4.4 and 4.5 summarize the results for the above four settings. We can see that
our proposed method for variable selection does a good job in identifying the significant random
effects. For example, under Setting 1 and Setting 2 for different m, our method based on both
AIC and BIC can identify the truly significant random effects 97% ~ 99% of the time with
AIC more prone to over-selection than BIC. Setting 3 and Setting 4 are more challenging since
they involve a larger number of random effects. But our method can still identify the non-zero

random effect 96% of the time under m = 10 when using AIC.

Table 4.2: Estimation and selection results for Setting 1.

Variance components selection

m  Criteria  MSE (8) True Positive (3) False Positive (0) Exact Over
) AIC 0.31(0.20) 2.98 0.33 66%  32%
BIC 0.31(0.20) 2.98 0.15 84%  14%
10 AIC  0.27(0.17) 2.96 114 26% 70%
BIC 0.29(0.18) 2.93 0.61  50% 44%
20 AIC 0.26(0.16) 2.96 2.01 11%  86%
BIC  0.29(0.17) 2.87 1.25 1% T72%
100 AIC  0.30(0.18) 2.74 205 4% T1%
BIC 0.38(0.21) 2.50 057  27% 24%

Table 4.3: Estimation and selection results for Setting 2.

Variance components selection

m  Criteria  MSE (8) True Positive (3) False Positive (0) Exact Over
) AIC 0.37(0.22) 2.99 0.40 63%  36%
BIC 0.38(0.22) 2.99 0.22 9%  20%
10  AIC 0.33(0.20) 2.98 1.17 28%  70%
BIC 0.36(0.21) 2.98 0.68  44% 54%
20 AIC 0.34(0.22) 2.98 1.60  25% 74%
BIC 0.38(0.24) 2.95 085  39% 58%
100 AIC 0.37(0.19) 2.83 3.31 3%  80%
BIC 0.48(0.22) 2.68 0.61  38% 30%
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Table 4.4: Estimation and selection results for Setting 3.

Variance components selection

m  Criteria MSE (8) True Positive (6) False Positive (0) Exact Over
10 AIC 0.78(0.30) 5.96 0.84 34%  62%
BIC 0.83(0.32) 5.66 0.33 54%  25%
20 AIC 0.73(0.27) .88 1.49 15%  73%
BIC 0.82(0.32) 5.56 0.48 1%  32%
40 AIC 1.04(0.33) 5.68 1.96 5% 5%
BIC 1.17(0.37) 4.96 0.74 29%  27%
100 AIC  0.85(0.34) 5.40 254 2% 48%
BIC 0.98(0.38) 4.82 0.63 12% 14%

Table 4.5: Estimation and selection results for Setting 4.

Variance components selection

m  Criteria  MSE (8) True Positive (6) False Positive (0) Exact Over
10  AIC 1.06(0.32) 9.97 0.85 32% 65%
BIC 1.09(0.32) 5.91 0.56  45%  47%
20 AIC 1.02(0.34) 5.96 1.36 15%  81%
BIC 1.07(0.34) 5.92 0.70 38%  54%
40 AIC 1.44(0.39) 5.74 1.82 13%  62%
BIC 1.51(0.40) 5.54 0.85  29% 39%
100 AIC 1.18(0.42) 5.72 210 6% 68%
BIC 1.29(0.43) 5.29 071 21% 22%

4.4 Real Data Analysis

In this real data analysis, we still use the data from COPDGene exome sequencing study
described in the above simulated genetic example. The binary trait is smoke or not (denoted as
smoke). There are 399 individuals with 646,125 genetic variants in 16,610 genes. The covariates
include age, sex, and the top 3 principal components. Because the number of genes is too large,

we first screen the 16,610 genes down to 200 genes according to their marginal p-values from
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the Sequence Kernel Association Test (SKAT) and then carry out penalized estimation of the
200 variance components in the joint model (4.20). This is similar to the sure independence
screening strategy for selecting mean effects (Fan and Lv, 2008). AIC selects 16 genes, while
BIC criteria selects only one gene “AFAP1L2”. Table 4.6 lists the top 5 genes selected using AIC
criteria (PLVC-AIC) and SKAT. We can see that the top 3 genes selected using both methods
are the same but with different order. To compare the selection performance between SKAT
and PLVC-AIC, we evaluate the log-likelihood of model (4.20) with the top 5 genes listed in
Table 4.6 entering the model one by one. To evaluate the log-likelihood, we use the R package
bernor which implements the Monte Carlo approximation method described in Sung and Geyer
(2007). From Figure 4.1, we can see that the log-likelihood with genes selected by PLVC-AIC is
above that of SKAT, which in some sense indicates that genes selected by PLVC-AIC explain
more variability in the model.

Besides, we also compare the prediction performance between the top 5 genes selected by
PLVC-AIC and SKAT. We evaluate the prediction performance using model (4.20) by including
the genotype matrix G; of the corresponding selected genes similar to what is done in Wu et al.
(2011). For example, if the genotype matrix of the top k genes selected are G, Gh,, - - -, Gh,,

then the predictive model becomes
—-1/2 —-1/2 * ok
gm) = XB+s, PG+ + s, PGy = XS

where X* = (X,sgll/QGhl, .. ,S;kl/Qth) and g% = (BT,’le, .. ,’yf). This is the ordinary
logistic regression model that can be used for prediction. Table 4.7 summarizes the prediction
performance using 5-fold cross validation as the top 5 genes selected by both methods entering
the model (4.20) one by one. We can see that on average the model with genes selected by PLVC-
AIC performs slightly better than SKAT in terms of prediction. The penalization approach
for selecting variance components warrants further theoretical study. This real data analysis

demonstrates that the proposed simple MM algorithm scales to high-dimensional problems.

4.5 Discussion

This chapter discusses two MM algorithms for variance component estimation and selection in
the logistic linear mixed model. The algorithms are simple to implement and scale to models
with a large number of variance components. Other extensions are possible. This chapter only
considers the binary response. The extension of the algorithm MMLA1 to the Poisson count
data is straightforward with almost identical derivation. There is work on selecting fixed effects
in GLMMs in literature. Here we only focus on random effects selection. Our algorithms can be

easily extend to selecting fixed and random effects simultaneously. We leave a thorough study
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Table 4.6: Top 5 genes selected by (1) the lasso penalized variance component model (4.17)
with AIC criterion (PLVC-AIC) and (2) SKAT in an association study of 200 genes and the
binary trait smoke.

PLVC-AIC SKAT
No. | Gene Marginal p-value # Variants | Gene Marginal p-value # Variants
1 | AFAP1L2 6.0 x 1077 18 KIAA1377 5.7x 1072 14
2 | RREB1 6.0 x 107* 18 RREB1 6.0 x 107* 18
3 | KIAA1377 5.7 x 107% 14 AFAP1L2 6.0 x 107* 18
4 | PSG5 3.7x 1073 11 KARS 6.1 x 107* 15
5 | TDRD1 1.2x 1073 14 PZP 1.0 x 1073 21

Table 4.7: 5-fold cross validation performance on prediction accuracy with top 5 genes selected
by PLVC-AIC and SKAT added to the model respectively in an association study of 200 genes
and the complex trait smoke.

Prediction accuracy
No. of genes entered into model | PLVC-AIC SKAT
1 79.4%(6.2%) | 78.2%(4.6%)
2 79.9%(6.0%) | 77.9%(2.9%)
3 80.7%(4.1%) | 80.7%(4.1%)
4 81.7%(2.3%) | 80.7%(5.4%)
5 81.4%(3.4%) | 78.7%(5.8%)

of these topics to future research.
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Figure 4.1: Log-likelihood evaluation with top 5 genes selected by PLVC-AIC and SKAT added
to the model respectively in an association study of 200 genes and the complex trait smoke.
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Appendix A

Supplementary Materials for
Chapter 3

A.1 EM Algorithm for the Multivariate Response Model

In this section we review the derivation of the EM algorithm for the multivariate response
model (Glanz and Carvalho, 2013; Reinsel, 1984). If the response matrix Y can be written as
the sum Y = XB + Z; + -+ + Z,, of independent random matrices with vec Z; ~ N (0, £;),
then vecY ~ N(vec(Xp3),Q), where @ = /" ;. Under the matrix normal assumption,
Q, =T; ® V;. As in the text, the p x d coefficient matrix B collects the fixed effects, the T';
are unknown d x d covariance matrices, and the V; are known n x n covariance matrices. The
complete data log-likelihood for the unobserved Z; is
m

1 & 1
—5 Z; Indet™ Q; — 5 z;,vec(Zi) vaec(Zi),
1= 1=

where det™€; denotes the pseudo-determinant of €; and Qj the pseudo-inverse of €2;. To

compute the surrogate function for the EM algorithm, one needs the conditional expectations
E(vec Z; | YV,00) = QP Oyec(y - xB®) = EY
and the conditional covariances

Cov(vec Z; | Y,0%) = QZ@ _ Wt _ F(t),
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where 6 is the parameter vector. These are employed to compute the conditional second mo-
ments

E(vec Zivec ZF | Y,00) = FY+ EVEDT = GV,

(2

Here the random vector Z; should be replaced by Z,, — X B®") when i = m.
One can readily check that Q;r = I‘j ® Vf = l"l-_1 ® Vf for T'; invertible. Since the pseudo-
determinant of a positive semidefinite matrix equals the product of its positive eigenvalues, the

formulas

det™ ; (det T';)"(det™ V;)%i
Indet™Q; = r;IndetT; + s;Indet™ V;

apply, where r; = rank(V;") and s; = rank(I'}"). In the M step of the EM algorithm, one

maximizes the surrogate

—% Zn Indet T'; — %Ztr[(rfl ® V;JF)GZ@]. (A.1)
i=1 i=1

For T'; unstructured, we substitute A; = I‘i_1 and maximize with respect to A;. Fortunately,

the next lemma can be invoked.
Lemma 10. If the matrices A, B, and C are d X d, n X n, and dn X dn respectively, then
tr(A® B)CT] = tr{(I;®1,)" (1417 ® B)o C|(I; ® 1,)AT}.
Proof. This trace identity is essentially proved in the text. O
Lemma 10 yields
w[(A @ VG = w{(Li®1,) (1415 @ Vi) 0 GPV)(I; @ 1,) A}
The stationarity condition
0 = %riAi_l - %(Id ©1,) (1415 ® VY 0 GP)(I, © 1,,).
now entails the update

p(t+D)

()

1
—(L121,)" (1417 @ V;H) 0 GV](I; @ 1,).

i

7



In the case m = 1, the single update reduces to
ri+h — 1(Y —~ XBNTvH(y — X BWY),
T
which matches the earlier result of Glanz and Carvalho (2013). When T; is the scalar o2,

EY = Z20via -0y - xp0)
FO — 20y 20y0-0,20y,

7 (2

One recovers the representation (3.12) by substituting these quantities in equation (A.1) and
invoking the identities ViViJrVi = V; and tr(ViVﬁ) = rank(V;) and the cyclic permutation
property of the trace.
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