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Summary. For a continuous and diagonally symmetric multivariate distrib-
ution, incorporating the idea of preliminary test estimators, a variant
form of the James-Stein type estimation rule is used té formulate some
admissible R-estimators of location. Asymptotic admissibilitf (and
inadmissibility} results pertaining to the proposed and classical

R-estimators are studied.

l. Introduction. For the mean (vector) of a p-variate normal distribution,

Stein (1956) established the inadmissibility of the maximum likelihood

estimator (the sample mean vector) under a squared error risk measure when -
p 2 3; a simple {non-linear) admissible estimator was later proposed by
James and Stein (196l). Since then, this theory has been extensively
studied, in the parametric case, by a host of workers; a detailed account

of these developments is given by Berger (1980). The object of the present

investigation is to consider some shrinkage estimators based on rank

statistics wherein the theory of preliminary test estimation (PTE) and

the James-Stein rule estimation are incorporated in the formulation of

the proposed estimators.
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Let .-)..(i = (Xil,...,xip)', i=1,...,mn be n independent and

identically distributed (i.i.d.) random vectors (r.v.) having a p-variate

*

continuous distribution function (4.f.} Fe , defined on the Euclidean .

~

space Ep, for some p z 1. Fe is assumed to be diagonally symmetric

~

about its location {vector) e(=(el,...,ep)'), so that

(1.1) F.(x) =F(x-8), xeE°,

where F 1is diagonally symmetric about 0. It is desired to estimate 8
using an estimator én = (Gnl,...,ﬁnp)' based on (X ,...,gn), where one

considers a quadratic loss function

(1.2) L(§_.8) = n(§, - 908

n 8}y .
for some given positive definité {(p.d.) matrix Q- The risk is then given by .
(1.3) pn(Qfg) = EL(én.Q) = Tr(ggn) ' ~
where
(1.4) ¥, = nE(Qn = Q)(Qn -8 .

For normal F and for p 2 3, it is well known that X = n_lE? .
~n i=l~

is not admissible (in the sense that there exists some James-Stein rule
estimators having smaller risk than Xn for every §). For possible
non-normal F, the sample mean R; may not be very robust and may even

be quite inefficient for distributions with heavy tails. Robust rank

based (R-) estimators of location in multivariate simple linear models

have been studied by Sen and Puri {1969), Puri and Sen (1971} and otheré.

PTE theory for such R-estimators has also been developed by Saleh and &

Sen (1978), Sen and Saleh (1979) and Saleh and Sen (1983), among others.



The object of the present study is to incorporate the PTE theory in the
proposal of James-Stein rule R-estimators of §, and, in this way, some
of the technical difficulties of the James-Stein rule in the nonparametric

case have been avoided.

Along with the preliminary notions, the R-estimators, their PTE
versions and the proposed estimators are considered in Section 2. The
concepts of asymptotic inadmissibility (for fixed and local alternatives)
are discussed in Section 3, and in the light of these results, (in-)
admissibi}ity‘resulfs kpertaining to the estimators under conéideration)
are studied in Section 4. Some general comments are made in the con-

cluding section.

2. The proposed estimators. For every real b, let sz(b) be the rank

- X
of xij b| among |
Also, for every ni(2l) and j{(=l,...,p), let a:j(l),...,a:j(n) be a set

1" b],...,|xnj.- §|, for i=1,...um, 3 =1,....p.

of scores, which we shall define more formally later on. Consider the

statistics

a0 .
-1 ) + ¥ )
(2.1) Tnj(b) =n ) sgn (X, b)anj(Rij(b)) , 153 sp.

i=1

Then, for monotone (A) scores, Tnj(b) is Yy in b [viz, Puri and Sen

(1971, Ch.6)], and we set

-~

(2.2) 8 . =
nj

N

b: T i : j :
(sup{ ng®) > 0} + inf{b T30 < 0}), 1 s 3 < p;

(2.3) g = (6 ,,....8



-~

en is termed an R-estimator of 6. It is a robust, translation-

~ o

invariant and consistent estimator having the (coordinate wise) median-

unbiasedness property and other desirable properties too. The performance

-~

of gn would naturally depend on the underlying F and the set of scores
+ . :
{anj(k), l<k<n 1x5 3¢« p}. Towards this study, we set for each

i(=1,...,p),

+ +
(2.4) anj(k) = E¢j(U or <k<n, |

(n+l

where Unl < s < Unn stand for the ordered r.v. of a sample of size n

from the uniform (0,1) d.f. and for every u e (0,1), i

+ 1+u !
(2.5 Aw) = ¢ (=) .(u) + ¢.(1 - u) =0, l<3j<op. :
) b 0550 oy + 6,1 - w j<p
We also assume the ¢, to be square integrable. Let then F_, be the .
3 [3]
jth marginal d.f. corresponding to the d.f. F, for 3§ =1,...,p and let -
F[jlj be the bivariate marginal d.f. for j # 2 =1,...,p. We define
v o= ((vjz)) by
. F F_.
(2.6) L L (x)]%[ (9] WAF )
for j,%=1,...,p. Also, we assume that F{ ] possesses an absolutely
continuous probability density function (pdf) f[j]’ and set
' ' -1
2.7 .(u) = ~-f? () F.oqw)), 0<u=<l;
(2.7 Y5 53 (Fr3y 01784 (g ).
1 ‘
{2.8) £E. = I . {w¢g.(u)du , 1 < 3 < p; H
] 0 ] B
(2.9) { = biag (El.-.-.gp)_; ' ' 2




-1 ,-1
(2.10) I =4 vf = ((Tja)"

Then, it is known that

5:\
. g - 8)— N (0,.
{2.11} n (~n R) = P(~ I

We consider next the PTE. This estimator is particularly suit-

able when © is suspected to be close to 0, so that a preliminary test

for HO: g = Q is made first, and, depending on the outcome of this test,
the ultimate estimator is chosen. Towards this, we define g; = ((m; jl))
r
by letting
-1_n + + + +
* = . R, X.. X.
(2.12) mn,jf. n i=lanj[ 13)an£[ 1£)Sgn ij S9N %49

+ . .
for j,& =1,...,p, where R;j = Rij(O), for i=1,...,n, 1 £ 3 = p.

Then as in Sen and Puri (1967), the test statistic used is

. = nT' (M) T

(2.13) L =nr (M) T,

where T = [T vee,T ', T =T .,(0), 1 £j < p and (M*]- is a
~n nll’ r np L4 nj nj r ~n

(reflexive) generalized inverse of En' For small values of n, a
(conditionally) distribution-free test for HO: § = 0 may be based on

the exact (conditional}) distribution of Ln generated by the 2" equally
likely sign-inversions of the vectors fi' 1l <i < n, while, for large

n, Ln has closely the chi square distribution with p degrees of

freedom (DF). Thus, if x;(a) stands for the upper 100 ag peint of the
chi square 4.f. with p DF and if En N stands for the {(conditional)

t

critical value of Ln at the level of significance a(0 < a < 1}, then




' 2

(2.14 P as .

) gn,a —_ xp(a) n-w

~pp .
The PTE gn of 6 may be defined as
R 0, L <4
{2.15) eET = { T n n,o
gn' Ln 2 gn,a '

~

Naturally, the performance of _giT depends on o0 < a < 1} as well as

the true 68; if 8 1is away from 0, then giT and gn may behave very :

PT -
similarly, while for 6 «close to 0, Bn may behave better than gn.

o

Following James and Stein (1961), we may consider the estimator

67° defined by |

r~

~JS ~
(2.16) gn o= {1 - a/Ln}gn ’

where Ln is defined by (2.13) and a is an appropriate constant,
which we may discuss later on. Though the existence and convergence of
moments of R-estimates of location have been studied by Sen (1980b),

A

there seems to be a basic problem with the study of the risk of ggs

according to (1.3); this is mainly due to the fact that Pé{Ln = 0} > 0,
though it could be very small, and as such, L; "may not have a finite
moment of any positive érder. To avoid this technical problem and to

introduce more flexibility in the definition of the shrinkage estimator,

we consider the following modifications.

Parallel to (2.4)-(2.5), we let .anj(k) = E¢j(Unk) or

¢j(k/(§+1)), for k=1,...,n; 1.£ j £ p, and define En = ({mn,jﬂ)) by

- n
(2.17) mn,jE, =n lEj_:lanj (RijJanﬂ,(Riﬂ,] ' j09'=1r-l--rpr

"



where R,.. = rank of X,, among X .,...,X ., for 1 <1 <£n and
i3 ij 13 nj

j=l,...,p- Then M is a translation-invariant, robust and consistent

-~ -

estimator of v, defined by (2.6). Also, we define t = Diag[énl,---,

~n

)

np.

KASTE

by letting

- ok : _ _ - .
(2.18) Enj = n {Tnjtenj a//;) Tnj(enj + a/fza}/(2a), l1 <3< p,

where a is some pre-fixed positive number. Let then
. c-1 (-1
= M .
(2.19) In in ~n En

Finally, let dn = chp(an) be the smallest characteristic root of an
and c: 0 < ¢ < 2(p=-2) be a given number; naturally, we assume that p > 3.

Then our proposed estimator is

- o, if Ln < g ,
(2.20)} 6 = { ~
~TI1

-1 -1°-1 .
E-chler e . if L =z e,
nne~ =~n-“~Mn n

where ¢(> 0} is an arbitrarily small number, Ln is defined by (2.13)
and én by (2.3). Note that the idea of PTE is incorporated in (2.20)
through Ln (being < or = g}, though we are not adapting (necessarily)
£ = En.a {which would require o to be close to 1}). Also, the James-

Stein rule is adapted here for Ln z e > Q.

3. Preliminaries on agymptotic admissibility. Note that according to

. . A *
{(1.3), for any En' if there exists some other estimator én’ such that

(3.1) p (6%,8) <p (5,0), Y86 ,
n [l Ll n~~ ~



with strict inequality holding for some 68, then én is termed an

inadmissible estimator of §. If instead of (3.1), we have

(3.2) lim pn(g*,g) < limp_(8,8), ¥ 8,

n -+ « n <+ «

with strict inequality holding for some 0, then 6n is termed

~ P~

asymptotically inadmissible {for fixed alternatives). For the mean of

a p-variate normal distribution, it has been observed by Judge and Bock
(1981, p.172) that for values of g at or close to the origin, the
risk advantage of the James-Stein estimator, relative to that of the
maximum likelihood estimator, could be considerable., To exploit this
result.fully in the context of nonparametric estimation, we conceive of

a sequence {Kn} of local translation alternatives, where under

Kty

a.f. F{z -n

.,gn (more precisely,

%

Enl""'gnn) are i.i.d. r.v. with the

1), for some given ) € EF. Then, in (1.2)-(1.4), we
. - *
replace & by n %A and denote the corresponding risk by p;(g ,i). A

*
similar notation is used for p;(d fA). If

~

*
(3.3) lim p;(6*,x) < lim p_(8,)),¥ ) ¢ EF,

n -+ w« n >

with the strict inequality holding for some A, then 6n is termed

—~ ~

asymptotically inadmissible for local translation alternatives.

The main objectives of this study are two-fold: (i) To establish .
the asymptotic admissibility of éh for fixed alternatives (according
to (3.2)), and (ii) to establish the asymptotic ihédmissibility of én
for local translation alternatives, according to (3.3). 1In either case,

for the sake of compatibility, we confine ourselves to the class of

{a

(8



R-estimators. Note that for (3.3), we have to deal with a triangular

array of (row wise) i.i.d.r.v. (whose d.f. may depend on n), and this
may cause some problems with manipulations. However, Bn is a translation-

invariant estimator, and hénce, most of these problems can be avoided by

L

replacing X . by X . - n ‘A, 1<4i$n, which are i.i.d.r.v. with

location 0 (under Kn).

4. Asymptotic admissibility results. We shall consider first the fixed

alternative asymptotic admissibility results. In this context, we need

some moment convergence results on Bn, and these we introduce first.

-~

We assume that there exist a positive number a {not necessarily greater

than or equal to 1), such that
(4.1) E_|x Ia < ® for 3 =1,...,p.
F lj r ’ r

It follows from Theorem 2.1 of Sen (1980b) that for monotone ¢j with

vjj >'0, for every k(> 0), there exists a sample size n0(=n0(k,a)),

such that EFlendk < w,¥n >n., and further

0'

(4.2) lim sup EF enj - ejlk <w, ¥Yk: 0 < k ¢ =,

n > o«

We need, however, results stronger than (4.2). Hence, we introduce some

additional regularity conditions. As in Sen (1980b), we assume that for

each j(=l,...,p),A¢;r)(u) = (dr/dur]¢j(u), r = 0,1,2, exist almost every-

where (0 < u < 1), and there exist positive constants KO (< =) and

6{< 4%), such that



10.

. . -
(4.3) 657 | < Kpfut - w1, 0cu<1, r=0,,2 A
As in (2.7), we assume the existence of ij] almost everywhere and
further that for some n > 0,
=-6-n )
. - L4 i .
{4.4) s:p f[j](x){F[j](X)[l F[j](x)]} <=2,'¥1<3z< P

Then, from Theorem 2.2 and (2.49)-(2.50) of Sen (1980b), it follows

that for each j{(=1,...,p),

(4.5) n(e . -6.) =ETnT L(0.) +w_.,
n 3 i njj nj

i
where n-¥|mnj| + 0 almost surely (a.s.) as n + =, and

K5 0,¥ k< (1-28/6=23", say.

(4.6) Eln % |
nj

In the sequel, we assume that (4.3} holds for some 6 < %, so that
§* > 2. In passing, we may remark that {(4.3) holds for the Wilcoxon
scores (6 = 0), Normal scores (6 arbitrarily close to 0) and all the

other commonly used score functions.

Note that by (1.2}, (1.3), (2.3), (4.5)and (4.6), under (4.1),

{(4.3) and (4.4) (for some § <-%),

(4.7) lim p (6,8) = Tr(Q lim nE(g =~ 8)(g - 8)')

n -« n > w@

Tr(Ql)

o

where [ 1is defined by (2.6)-(2.10) and under (4.3), Tr(gz) < o, Next,

fe.

we note that by (2.15),

~“PT - S~ aPT _ - _ e
{(4.8) n(gn En) g(gn En) = n(gnggn)I(Ln < ln a)'

r
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so that by the HSlder inequality, we obtain that

L

1
~pp ~ 9 ~pT _ ~ i q &' g
-‘ (4.9) s{n[gn -8 ) ofe En)} < n[E{ (e,98,) }] [p{Ln < ln,u}] '

where q(> 1) is some positive number. Note that by (4.2), under (4.1),

(4.10) E{[g;g’gn)q} < [chl(g)]qs{(g:‘gn)q}
ag-1¢P _1a 2q _
‘ | < [m@]% Zj=lslenj| <®, ¥n2n,
| the 4, a3), L2
On the other han | by (2.13) n 122}5‘;_)("’1‘“3/ N 1]] s0 that

P{Ln <2 } £ min P{Tz. < n*lzn m* ..}
n,a 1<j<p n? 2 N,J]
s (4.11)

. = min P{|T | o< n'l’(z o’ ]L‘}
1s3sp U 0 n,e n,3j

Now, incorporating Theorem 3 of Sen (1970) into the proof of his Theorem 1,

we conclude that under (4.3) with &6 < %, whenever Bj # 0,

P{|Tnj| sn (e )"|aj} =0(n"%), as n -+ e Thus, if in (4.9),

n,a n,jj
we choose g > 2, then by (4.10) and (4.11), we conclude that (4.9)

converges to 0 (as n -+ «} whenever 9 + 0 f(i.e., Bj * 0 for some
j=1,...,p)- Hence, under (4 1), (4.3), (8 < %)} and (4.4), for every
(fixed) @ + 0, 8 and En are asymptotically risk equivalent. We
shall see later on that this feature does not hold for_g = 2 or close

to 0 (in a local sense). After (2.16)(<we have noticed that because

of the positive probability mass (however small) of Ln at 0, BJS

may not have a finite risk even asymptotically as n -+ =. Hence, we
proceed to study the case of Gi in (2.20). Note that

- -~

~g ~ -
{4.12) n(gn E ) 2 o En)

~y n -2 ornelo-1n-1g
. -I(Ln<s)n3ngqn+1(l_ >e)ch nerg .

~n ~n
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Now, proceeding as in (4.9) through (4.11), it follows that

in

{4.13) lim sup E{I(Ln < E)ngn22n|2 * 2} = 0.

n + o

‘o

Also, note that dn =,Chp‘22n" so that

(4.14) nd? e r'lQ 114

~ ~I ~ID

(n6.08_ { (6.1 "o lr'le /8 Qen]}

(nb' 98 yaZeh, (1 o7 1 to™h

A

-~ ~ 2 - 2 A' -~
(ng 190,14,/ [en (1 0)]% = no, 00, -

Therefore choosing some ¢' (> 0) arbitrarily small, we have '

-2 "1l =12-17 toE
(4.15) I(Ln 2 glc d L qgnfn‘g T8 .

2,=-2 v~ :
< I(Ln 2 e)c Ln ngngﬂn .

|

I(e < L < ns')ch_zne'Qe + I(L_ = ne')czl-znefQ§'
n n  ~N~u n- n A~

I(L < ng )c € nB QB + I(L Zz ne )c%bJ { B Qe } .

in

Now proceeding as in (4.9)-(4.11), the first term on the right hand side
of (4.15) converges in the first mean to O {as n -+ =), when g + 2,

for the second term we make use of k4.2) and conclude {(by using the HSlder
n -+ w)

inequality) that this also converges in the first moment to 0O (as

for every fixed 8. Hence, we obtain that for every (fixed} ¢ + a,

~

under (4.1), (4.3) (6 < %) and (4.4), as n » =,

~

LT

(4.16) lim sup E{n(éi - én]'N(éi ]19 + }

n + w ;
S

so that for every (fixed}) © +,0, gi and Bn are asymptotically risk
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equivalent. Again, we shall see later on that the situation is different

for local translation alternatives.

We proceed on next to study the asymptotic inadmissibility of

-~

the classical RFestimator‘ Bn for local translation alternatives, as
considered before (3.3). We conceive of a triangular array

{X ., 1<isn;n21} of row-wise i.i.d.r.v. with the d.f. {F,k .},

(n)
and, as before, let Kn stand for the hypothesis that for the given

n, 8 =606 = n-kl, i.e.,
~ ~T ~
- & I £P
(4.17) F(n)(z) = F(x n A), X € ’

where A 1is finite (e EP) and fixed, and the d.f. F satisfies all the

. regularity conditions stated in earlier sections.

For the PTE EET in (2.15), we have, under Kn in {4.17),

1

(4.18) n(éPT - en)'g[ép'r -8

= (A'QA)I(LH < zn 0‘) + I(Ln - nn

L r

RILU N R N IF

so that by (2.14) and (4.17),

. x (o PT = 14 oFT - "ofeFT -
(4.19) nlimmp“[g ,A] ~nlimmnE{ (En En) 18 En] IKn}

. . 2
= (A QA) lim P{Ln < xp(a)lKn} +

n > x®

+ lim E{I(Ln 2 x;(a)]n(én - gn)'g@m -8} IKn} .

n +~ «©

. We denote by Hp(';A) the non-central chi square d.f. with p degrees
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of freedom (DF) and non-centrality parameter A(z 0). Thén, we have
[see Sen and Puri (1967)]

. 2 -
(4.20) lim P{Ln < )(_p(d.) |Kn} = Hp(x;(a) ;A'E 12&] .'{

n-—>x

For the second term on the right hand side of (4.19), 'wé make use of

{i} the incomplete moments of mult‘inofmal distributions [c.f. Section 4

of Sen and Saleh (1979)1, (ii)} (2.11), (4.5), {4.6) and [(iii) the integrability
of the |Tnj(8j) |4 (under (4.3) for & <%), and obtain that

(4.21) lim E{I(L‘n z x;(a)]n@n - EnrQ(én - En) lKn}

ne ~
_ - 2 el _. ' g 2 -l
= Tr(QD) 1 ap+2(xpt_a),i£,_5]] (A"Qn) [Hp(q(p(a);if‘ ﬁ]

2 ey T = . ‘I —
- 2o (Xp(“);i‘. r ) Hp+4(x;(°‘) AT 12‘)]

From (4.19) through (4.21), we have

W 2P, [y _ 2,5 30l
(4.22)  Lim pX(8",%) = [1 Hp+2(xp(°‘"i‘ r
e

' 2 r -1 2 Lr=1
+ (9N [2Hp+2[xp(a); ATTA) - HP+4(XP(0|.);F?_\‘ ra] -

We may note that (4.7) holds as well for {Kn} in (4.17), so
that for the classical R-estimator ,(.;..n , we have

(4.23) - lim p;(é‘,xl = Te(Qr), ¥ A € E°.

oo

Since Hq(x;ﬁ) > Hq+i(x;6), ¥viz>1l, x2.0, § 20, the right hand side

of (4.22) is hounded from below by

(m

{4

o

fe.
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2 -l ! 2 R
(4.24) Tr{gf){l - HP+2(XP(0)'3 L i)} + Eﬂ’“p*z(xp‘“)'i A

'

Thus, for all ) for which A'QA 2 Tr(Qr), (4.24) exceeds (4.23), though

the difference may not be large for any A and it converges to 0 as

A'F-li + + w. On the other hand, for all A:A'QA‘S LTe (Qr), the right
hand side of (4.22) is bounded from above by
(4.25) 1l - N&H (xz(u):h'r_lkl}Tr(QF) < Tr(QT),

p+4 !~p ~ ~ L] o

wo that the asymptotic risk of the PTE is smaller than that of Bn for

r 1
A:h Q) < MTr(QI). For A:NTr(Ql) < X QA < Tr{Qr), towards the lower

L R

boundary (4.23) is greater than (4.22) and conversely towards the upper

boundary, though the actual difference may be quite small. Thus, the PTE

-~

BzT turns out to be a robust competitor, with better performance for

o~ ~

close to 0 and not so poor for )\ away from O. However, in

~d ~

accordance with (3.3}, we can not conclude that either en or éPT is

~

inadmissible with respect to the other for all A ¢ EF.

The picture is different with respect to éi. By (2.20), we

~

have

~ 1 g
(260 n(e1-5) 06, - o))

~

= I(Ln < e)(l'gi) + I(Ln > E){n(én - 8 )'Q(e - 8)

~T) ~ ~I ~T

-1 -~ 1 =1~ 2.2
- - +
ZCdnLn n(gn 9.,1'1) ..I.:n En ¢ dnLn ngn"l:n '-Q-t -l:'n En

1=2 senel ~17-14 }
Now, by (4.20), as n + w,

| (] ] l_.l
(4.27) E{I(Ln < e)i 21|Kn} -+ 1 gﬁHp(e;A r A,

~ N e
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while proceeding as in (4.21)-(4.22),
i L' 2 ein(d ‘o6 -8 )]K
(4.28) ii: B{T1(L =z eIn(8 -8 Q8 - 9‘“)]\n

a _ . . ' -1 _ R ' . N -1..
= {1 Hopa (€72 L A{}Tr;gg) -Q gg){gp(efg I

v =1 s |
ZHP+2(Efi E i) + Hp+4(E.A T k)}.

Also we may note that

2 2vn=1 =12-1% L I 2 2in=1 =1 -1z P
P e i M O I R WA
s A2 rn-l =15-1 -1
< (ng,00,)azem (T 70 T )
“~a o . oy
= (ngnggn)dn/chp(gnggng]_ = nd 08 .
- ta=la 4
(4.30) [n(gn 8y Iy gn.‘ nl.

P Tt . T
6, - 0 T - I e, - 4l

A

~ [T . h o a et B
(G, - 20" 16, - 20 - o) laefa 8]

13
)
1o

{n(é - )'
~n n

5[, - 8, R, ~ &) O8] -

~ ~

{2

Notice that because of the translation invariance of ‘gn' {4.5)-(4.86)

nold under {Kn} as well (with 6 being replaced by Bn), so that for

every k (> 0), under Kn, with n adequately large, (néAQén)k and

~ L k :
(n(8_ - gn) Qe - Bn)) are integrable. Further, making use of the
Jurefkova-linearity of rank statistics in the multivariate case [viz.,

sen and Puri (1977)], it follows that under {Kn}. as n > =,

L]

2



Y

b

L3

(4.31) L =nb 1 %8 +n_,
n ~lm~ ~T1 n

where

(4.32) nn-_g+ 0, as n~+=

Therefore, on the set -I(Ln >e), e 0,

-1
-1 Ay =1
Ln - (m8'r En]

~n~

(4.33) P

Finally, under {Kn], by (4.5)-(4.6),

I).

(4.34) n’rT % — N(rT, o

~ ~n P ~

let us now denote by w a p-vector having

%

with mean vector w =T °A and dispersion

be a random variable having the noncentral

under

— 0,

17.

{K },
n

as n > =

the multinormal distribution
. 2
matrix lp. Also, let Xq,A

chi square d.f. Hq(';A).

Then, by using (4.29)-(4.34) along with the desired integrability

conditions, we conclude that for every

(4.35) 8

nr«

chp(gg){s(x;iz'a] - E[T(w'w

where A = A'F_ll, and

) 2,-2 ~1~=]1
{4.36) lim E{I(Ln 2 E)dnLn nEnIn 0

n-»o

= [chp(QF)]z{Tr(g_lI_l]E[ -4

- (1l W < E"E'E’_zﬂ'éﬂ]}

where A% = R'F_lQ—lr?lA and A =T

~ e e ~ ~

r

lim E{I(L 2 eg)d L-ln(é -0 )'
n nn  ~n n

- _1_
%Q el

e > 0,

r-1g IK}
~n ~N n

A~ i~ ~

< s)(m'w)'lm'r’55]}

“1i7lg |k }
~N n

r
~ ~n

-4
xp+2,A] + A*E(Xp+4,0]

Now
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(4.37) lE[I(u'® <€) (w'w Ya' 0] |

A~ e

]

A

Bl < o w'm o T

‘ [
oIy J x 1 8H (x;4)

1]

N e"‘:A Zm 1_"(1115):

r=0 r! dx

A

£
1 J e /2 hx
0

l[‘2?+r]2 (p/2+1)

A

- o . -1
A;’ e b Z 0 %T (*:A)r[ W 2p/2) sr+(P_l)/2(r+(p_1)/2)
r= .

1A

| [|p/2 ZP/ZJ'l pt g P31/2 e'l’Ml'E), ¥ p22,0<c¢g¢91.

Also,

(4.38) E[T(w'W < ¢) (g'g)"zg'ﬂ]

< E[T(w'W < ¢) (g'ﬂ)—lTr(g)]

Tr(A)E[T(w'W < €) (g'yj)'l]

12

Tr(&)(]p/é 29/2]_1 ¢(Pr2) hA(1-e) p22,0<e=1.

Therefore, whenever p 2z 3, from (4.'26) throu;;h {4.38), we obtain that

(4.39) linm p;(gs,’a)

n-e

1im 5{n(5S - 8,)"95 - 2,) 1K}
e

= T(D{1 - B o (esa)} + Qo [, (ei8) - B (e500]

pt+

- 2 h (QT)E
c C o 2£

-2
[XE;+2 :ﬂ]

| 2 -1_-1 -4
+ o2 [chp(gz)] {Tf(g 1£ )E[Xp+2,a]

l ]

w w)

& -4 ’ ‘ N v
+ A E(xp+4,A]} + 2c Chp(SI)E(I‘E W< el (.li’. E)

t

2m'Aw),

~ P

2 ' -
- ?fen (@n]” EI'W < e w'w

Lay

iy

is
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where the last term is non-negative, while the term before last is
bounded from above by 2c chp(QI’)e(p-l)/z/(zp/z#p/‘?), uniformly in 2A.

- Hence, we have for every €: 0 < g S 1, A € EP,

. * S ] .
(4.40) l11.1:: P, (87:2) S Tr QD) [1- HP+2(€;A)] + 0'oh [2Hp+2(E,A)

-2

3 - Hp+4(e;A)] - 2c-chp(gpz(xp+2'a)

+ czch;(gp [ @'t he(CY )

' + A E(x ]] + 0(5 (P;l)/z]

p+d,A

-2 2.2 -1.-1 -4 4
= {T;(gp - zc-chpcg_pﬂ(xwz'd)f cch_(Qr) [ret™'T )E(xﬁ2'6)+A E[xp+4 o]

i , ' - ] 4 ofe (P-1)/2
H o o (e48)TE(QT) + () 2&)[2Hp+2(e,b) HP+4(E,A)] + ofe )

-2

= {Tr (QT) - 2cech (QI‘)E( Xor2,a

) + czch;(&r) [1x (g_lE-l)E(x;iZ,A)

1"

+ 4 E( )]} + 0( (rl)/z) + 0( P/2]' uniformly in A.

~

p+4A

Now, by the results of Section 2 of Sclove, Morris and Radhakrishnan (1972),
the leading term on the right hand side of (4.40) is < Tr(QD),

¥ec: 0 <c < 2(p-2), and X € eP. Hence,

-~

R T~ .o
(4.41) lim lim p_(67,)) < Tr(Qr) = lim p (6,1,

Lo )

€40 niw ni>w
so that for e(> 0) chosen sufficiently small and for 0 < c < 2(p-2),

N p 23, Bn is asymptotically inadmissable with respect to éi This

also exhibits the asymptotic inadmissibility of én for local

i

translation alternatives.
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5. Some General Comments. As has been mentioned after (2.16) for the
James~Stein type estimator in (2.16), one faces a technical problem in
evaluating the risk, as Ln = 0, with a positive probability. The . .
proposed estimator in (2.20) eliminates this problem. It may be noted

that rank statistics are not invariant under linear transformation, hence

general loss function with matrix g and l‘ is considered. However, in

this context, the choice of €{(> 0) and c(> 0) remains to be worked

out. Because of (4.37)-(4.38), we need to restrict €: 0 < € S 1, while

in (4.40),to derive the inequality in (4.41) we need to restrict ¢ to

0 < c < 2(p-2). In the simple James-Stein (1961) estimator, c¢ has been

restricted to ¢ = (p-2). As a general rule, the same choice of ¢ may

[

be recommended in (2.20). However, for the normal mean case, the study

of Berger, Bock, Brown, Cassella and Gleser (1977) shows that for small
values of n, c(s cn,p) has a range depending on n and p and cn,p
may be quite small compared to p-2 when n is small. Hence, from a
practical point of view, for n -not véry large, we would be tempted to
use a smaller value of c¢. 1Ideally, E{(*> 0) should be as small as
possible, so that in (4.40), the;e terms are really negligible. However,
ags £ becomes small, {4.35) and (4.36) demand more larger sample sizes
for a valid justification. Hence, the choice of € ‘also needs to be

made with relation to the sample size. Some numerical studies

may be more appropriate to study the elegancy of the asymptotic theory

o

for moderate sample sizes, Finally, we may remark that though for local

translation alternatives, én is asymptotically inadmissible with

O

~ ~PT .
respect to Gi ’ Gn is not so. Actually, for A close to g, the
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-

S
PTE performs better than Bn ¢+ though for some AO(>0), for all

A: A'E'IA;zAO ,éi may perform better than énT. Hence, the proposed

. S .
shrinkage estimator gn does not dominate over Qn everywhere.
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