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ABSTRACT

AGAM NATH SINHA. Progressive Censoring Tests Based on Weighted

Empirical Distributions. (Under the direction of PRANAB

KUMAR SEN.)

In sequential time studies where time to an event is of
interest, such as in clinical trials and life testing problems,
progressive censoring schemes (PCS) when adopted, usually lead to a
shorter duration of experimentation with a combined reduction in
cost and in sparing of lives of experimental units. In this
dissertation time-sequential testing procedures based on empirical
distribution functions, for testing simple and multiple regressions
in problems where units enter into the experiment at the same point
of times are developed. Asymptotic distribution theory of the
proposed test statistics under the null hypothesis is studied and
power properties of the tests against contiguous alternatives are
examined. The two-sample and multi-sample problems are also
discussed as special cases of the simple and multiple regression'
models. Simulated critical values of the tests are also presented
for application purposes.

An extension is made to the case of staggering entry
situation when the units in the experiment enter at different points
of time. PCS testing procedures are developed for simple and
multiple regression in such situations. Asymptotic distribution
theory of the proposed test statistics under the null hypothesis
and relevant power properties are also discussed for the staggering

entry situation. The treatments for the two-sample and multi-sample



problems are similarly derived as special cases, of the simple and
multiple regression models. The critical values of the proposed
tests under the staggering entry are obtained through simulation.
Lastly some applications of the various proposed tests are
presented and a comparison of the powers and mean stopping times

of the proposed tests with some of the rival tests are studied.
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CHAPTER I

INTRODUCTION AND REVIEW OF LITERATURE

1.1 Introduction

In experiments involving clinical trials, life testing or any
study where the time to a specific event is of interest, schemes based
on progressive censoring can be ideally adopted. The aim of the
present dissertation is to provide useful tests appropriate under pro-
gressive censoring schemes. A class of tests based on empirical dis-
tribution functions and their applications in areas described above,
are proposed to be studied in depth in the following chapters.

It will be useful to present definitions of certain terms
which will often appear in the discussions to follow. These defini-
tions will be presented in Section 1.2. A review of literature on
the eXisting tests already in use will be given in Section 1.3.

Section 1.4 will outline the research proposal.

1.2 Definitions of Certain Terms

Progressive Censoring Scheme: When we are interested in study-

ing the times to a specific event of the experimental units, it is
sometimes quite impractical to wait until all the units in the experi-
ment have realized that specific event. Particularly, when this

specific even is 'death! because of a drug in a clinical experiment,



one may like to save the lives of experimental units for future use in
experiments and hence may not want to continue the experiment until all
the experimental units have been extinguished. Time and cost consider-
ations also, sometimes, impel the investigator to shorten the duration
of experiments, e.g., experiments involving human life testing when

the length of time until death or some other event, such as the absence
of clinical symptoms (remission), can be long. Progressive censoring
scheme, hereafter abbreviated as PCS, consists in monitoring the ex-
periments from the beginning so that if at any stage, during the course
of experimentation, the accumulated statistical evidences are suffi-
cient enough to provide a clear-cut decision, the experiment is cur-
tailed along with the adoption of that decision. The test procedures
which are based on progressive censoring schemes shall be referred to

as the PCS tests.

Single-Point and Staggering Entry: When the units enter the

experiment at the same point of time, the entry pattern is called
single-point entry pattern, as opposed to staggering entry pattern
when the units enter the experiment at different time points. Such a
staggering entry plan may be due to either some chance causes or some

recruitment policies regulating the entry in a stipulated manner.

Batch Arrival Mode: Under staggering entry pattern sometimes

the units enter the scheme in batches at different time points in

course of the experiment. We characterize this situation as batch

arrival mode.



Censoring and Truncation: In view of time and cost consider-

ations, termination of the experiment is decided on the basis of either
a specified number of observations or a specified duration. The two
procedures are known as censoring and truncation. Clearly, in case of
the former, the time of termination of the experiment is random while
in the latter case, the number of censored units is random. However,
in most experiments, number of experimental units or termination time
of the experiment is decided before the start of the experiment, and
that is why we call these two procedures as fiked plan censoring and

truncation respectively.

1.3 A Review of Literature

1.3.1 Tests Procedures Based on Linear Rank Order Statistics

Many commonly used two-sample rank tests can be classified
together as linear combinations of certain indicator variables for
the combined ordered samples. Such functions are often called linear
rank statistics. A formal definition of a linear rank statistic is as
follows. Assume that we have two independent random samples Xl,Xz,..,

an and Yl, Y2,...,Yn2, drawn from populations with continuous

cumulative distribution functions (cdf) Fx and Fy respectively.
Under the null hypothesis H_: Fx(x) = Fy(x) for all x, F unspeci-
fied we have then a single set of n, +n, =n random observations‘
from the common but unknown population, to which the integer ranks
1,2,..,n can be assigned. Let us denote the combined ordered sample

by a vector of indicator random variables as

Z = (ZI,ZZ,..,Zn)



where Z, =1 if the it random variable in the combined ordered ‘

sample i; an X, and 2Z; =0 if itisa Y, for i=1,2,..,n, with
n = n,+n,. The rank of the observation for which Z; is an indicator
is i, and therefore the vector Z 1indicates the rank-order statistics
of the combined samples and in addition identifies the sample to which
each observation belongs. We define the linear rank statistic as
n
T (2) = iZlaizi (1.3.1)

where a, are given numbers, called the weights or scores. Thus the
Wilcoxon test statistic for the two-sample problem for testing HO:
Fx(x) = Fy(x) is obtained from (1.3.1) by putting a; = i, i=1,2,..,

n, thus giving

W= )iz, . (1.3.2)

Gehan (1965) has considered a distribution free two-sample
test which is a generalization of the Wilcoxon test, for samples which
are arbitrarily censored on the right. The null hypothesis to be

tested is

Hy: Fx(t) = Fy(t), t < T

against either
H_: Fi(t) < Fy(t), t =T

1
or

H2: Fx(t) < Fy(t) or Fk(t) > Fy(t), t <T .



where T is the upper limit of observation. The test statistic W
of Gehan is then defined as follows.

Assume that nl,n2 individuals are allocated randomly to

treatments A,B, respectively, and observe

, k',x',,.,x' s - Ty censored
172 | ‘ receiving treatment A
X »X seesX_ n,-r, failures
Tie1 Trs2 M 11
and
' Yi,Yé,--,Y; s T, censored
2 receiving treatment B
y sy se+sY_ , n,~r, failures
Toe1l Tou2 n, 272

where xi,y, are times to failures and xi,y5 are times to censoring
(all measured from time of entry into study). The times to failures
for treatments A and B are respectively from Fx(x), Fy(x) (which may

be discrete or continuous). Define
-1, if x; or x.<y!

= i =Y. '=y! I<y. T<x, .3.
Wij 0, if X, yJ or X yJ or XJ yJ or yj X5 (1.3.3)

+1, if x.= x!2y.
s 1. X, yj or x; yJ

The test statistic W is defined as
w =..2.Uij . (1.3.4)
1,]

where the simulation is over all the nl,n2 observations. W is

asymptotically normally distributed and is consistent against one-



sided and two-sided alternatives. The asymptotic efficiency of the ‘
test relative to the efficient parametric test when the distributions
are exponential, is at least .75,

Gehan (1965b) also developed, on the same line, the test
statistic when the data are doubly-truncated with multiple-point entry.
Efron (1967) has pointed out that Gehan's test is not the most effi-
cient against certain parametric alternatives and has proposed modifi-
cation to increase its power.

For more than two samples case, Breslow (1970) has proposed a
generalization of the Kruskal-Wallis test, which extends Gehan's
generalization of Wilcoﬁon's test, for testing the equality of k con-
tinuous distribution functions when observations are subject to

arbitrary right censorship. He derived test statistics for two differ-

ent situations (Model I and Model II), one corresponding to random
censorship and the other corresponding to fixed censorship. These
statistics are shown to have asymptotic chi-square distributions under
the respective null hypothesis.

For censoring at the same fixed point Halperin (1960) has de-
rived the test which is an ektension of the Wilcoxon-Mann-Whitney test
for the uncensored samples.

Basu (1967a) has also obtained statistic based on the first
T observations in an ordered sequence of N observations, i.e., when
there is right censoring, the statistic being generalization of
Wilcoxon-Mann-Whitney statistic. He has shown the asymptotic normality
of his test statistic under the null and under the non-null cases

(for local alternatives). Also in a followup, Basu (1967b) has pro- ‘




posed two statistics for testing homogeneity of k samples for right
censored data with only first r out of N ordered observations —
one is a generaiization of Kruskal's H-statistic with unordered al-
ternatives and the other a generalization of Jonckhere's statistic
with ordered alternatives. The former is shown to have asymptotic
chi-square distribution and the latter to have asymptotic normal dis-
tribution.

Halperin and Ware (1974) have developed test procedures
appropriate for early termination of clinical eXperiments. The test
procedure is given as follows.

Suppose Xi’ i=1,2,..,M are the ordered survival times from
F(i) and Yj’ j=1,2,..,N are the ordered observations from G(y),

F and G being assumed to be continuous. The hypothesis tested is

Ho: F(t) = G(t) for all t
against
le F(t) 2 G(t) for all t and
F(t) > G(t) for some interval on t.
Define
1, if X.<Y.
1]

ij .
_ \o, i Xg2Y,

and for any m,n (ms<M, n<N) define the Wilcoxon statistic as
% ?
W _ = ) 6.,
mn j=1 is1 1JV

Now choose a number A(0<A<l). The stopping rule and one-sided asymp-



totic test proposed are as follows:

1. The experiment (when early decision does not occur) will
terminate after the smallest of XM °T Yoy has been
observed, i.e., after a proportion A of events has
occurred in one of the two groups.

2. Let n(m) be the number of events occurring in Y(X)

sample prior to XAM(YAN)‘ Compute the test statistic

] n+XM(>\N--n),if XAMSYAN

W = /. }‘M’
AM, AN .
w.m’m R if X)\M>Y)\N
and
2
)\N,)\M - B 3
V/i MN (M+N) (4-37)/12
3. Reject H0 if the statistic TXN,AM exceeds Za, the

upper o critical value of the standard normal distri-

bution.

The case of staggering entry also has been considered. The authors
describe an updating procedure which permits application of the early
stopping idea to bias with staggered entry.

A general class of linear rank order tests for one- and two-
sample problems under progressive censoring procedures has been pro-
posed by Chatterjee and Sen (1973). They have studied the asymptotic
distribution theory of the proposed statistics besides examining the
asymptotic performance of the proposed tests in terms of Bahadur

efficiency and stochastic smallness of stopping variables. The test




. procedure under progressive censoring is outlined as follows:

X Xnn) be the vector of random observa-

t
Let §n n1’ "’
. . - . . ' -
tions from continuous distribution and En (Rnl,..,Rnn) be
the vector of associated ranks. Let also S!' = (S _,..,S )
~N nl nn

be the vector of anti-ranks. Suppose '{an(i)} and {cni},

i=1,2,..,n are suitably chosen scores and (regression) con-

stants respectively, -such that

e
fle~13
- o
=]
~
[ d
A
1]
(=]

n-1

)
=2 8
r~
(=1
A
It

e
[y

eS8 N8 3
(¢]
=]
e
"
o

[ 5
Pt

and

=] N

(g}
[

[

i=1

. R th
Under a fixed-plan censoring, one observes up to the r
order statistic as envisaged in the design. The test statis-

tic based on the first r ordered observations is then given

by
T
T = ¢ {a (i) - a*(®)}
n,r izl Sni a1 - 2@
where 1 B
a*(r) = (n-r)7" ] a () .
j=r+1 B
Let T be the statistic constructed similarly as T
n,k n,r

but based on the first k order statistics, k s r. For a

progressive censoring test, the proposed test statistics are
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M = max T
n,r O<k<r n,k
M= max |T_ |
n,r O<k<r n,k

As the experiment progresses one compares Tn X (or lTn kl)
2 3
against the percentile point of the distribution of M; r
td

(or Mn r) under the null hypothesis,and rejects the null hy-
s .
pothesis if it exceeds some critical value and continues with

the experident if it does not.

Davis (1978) has compared the Chatterjee-Sen test statistic
with Halperin-Ware statistics and with the help of Monte Carlo data he
has shown that Halperin-Ware test has greater power than Chatterjee-

Sen test but with Chatterjee-Sen test procedure one can achieve earlier ‘

stopping time in course of eiperiment than the test procedure of
Halperin and Ware.

For the censored case Majumdar (1976) has derived Gramér-von
Mises statistic for the censored two sample problem but has limited to
Cramér-von Mises type statistics based on linear rank order statistics
for discussion of the asymptotic properties. His derivation is as
follows.

Let XI’XZ"

tinuous distribution functions Fl’FZ"”Fn respectively, given by

.,Xn be n independent random variables with con-

F (0 = F(o‘l[x-a-gci]), i=1,2,..n

where a,B,0(> 0) are real parameters and cl,cz,..,cn are known con-

stants. B is the parameter of interest and o and o are nuisance -‘
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parameters. It is further assumed that

n n 2 2
Je.=0, Jc?= Co, 0 < sup CI <=,
i=1 * i=1 ! l<i<n '
2
max —2—- = 0(1) »
l<ic<n C
n
dF (x) df(x)
f | Jeselih, el AN t =
x) = and f'(x) R

exist almost everywhere and

00

[£'()/£)]% £@)dx = A%(F) < =

Note that the two sample problem is a special case of the simple re-
gression problem, e.g., if we put c; = +1 for 1<i<n, and c. = -1
for n1+lsisn where n1+n2=n, and Fl(k)=:..=Fn1(x)=F(x)and Fn1+i(X)
=++:=F_(x) = G(x), then the above problem of simple regression
reduces to the two-sample one and then the test of HO: B=0 vs. H1:
g#0 for the simple regression case reduces to the test of HO: F(x)=
G(x) vs. le F(X)#G(x) for the two sample problem.

As in Chatterjee and Sen (1973), the linear rank order statis-

tic T is defined by
n,r

2

T
T, . = )) cg '{an(i) - a;(r)}, l1<r<n-1
T 421 “ni

where {an(l),..,an(n)} is a set of suitably chosen scores such that
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e~ 3

[y
~
 td
Nt
]
o
-

i :

n
=
H
—

n
DENC
i=1

and Sni is the position of the individual in the sequence (1,2,..,

n) whose rank is i, and

-1 2
ax(r) = (n-1)7" ] a (j)
j:‘r-l-l

Note that Tn,n—l = Tn,n = Tn’ say. Also let Tn,r =0 for r = 0.
Then E(Tn,r]HO) = 0. Let Var(Tn,IIHO) = Vﬁ,r for v =20 and
n > 1. In the censored case, one observes the first r observations,
r < n. Define

M -y vl where k=0,1,..,Tr ;

k n,k 'n,r
and

- (M), () (n) _
0 to < tl <...< tr 1

Also define the sample process '{Wn(t), 0<t<1} on D[0,1] where
(n) = -15 ] =
Wn(tk ) Tn,k[Var(Tn,rlHo)] . W (0) =0

Then Cramér-von Mises type statistic under the progressive censoring

scheme, based on the linear rank order statistic Tn is given by

>k

tén) 2
Hk(t) = J Wn(t) dt
0

2

Majumdar and Sen (1978b) have shown that Wi-EL-W on DJ[O0,1],
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where W is a Brownian motion process, and hence '{Hk(t): t ¢ [0,1],
O<k<r; r<n-1} converges weakly to a functional of the Brownian motion
process.

Majumdar and Sen (1977) have developed progressively censored
test for general model incorporating both staggering entry and random
withdrawal pertaining to a simple regression problem. The proposed
tests rest on the constructién of certain two-dimensional time-para-
meter stochastic processes from a triangular array of progressively
censored linear rank statistics and their weak convergence to_appropri-
ate Gaussian functions. The main results on weak convergence of the
two-dimensional time-parameter stochastic processes are due to Sen
(1976) . Majumdar and Sen also considered the case of batch arrivals

(as entry plan) in their test procedure. The test procedure is as

follows.

Let {Xi’ i>1} be a sequence of independent random vari-
ables with continuous distribution functions {Fi’ i2l}, all
defined on real line (-«,®). For every n(x= 1), let

n
an(l),..,an(n) be a set of real scores and let Rni[=_zlu(xi-

L J)=
Xj) where u(t) =1 or 0 according as t 2= or < O] be

the rank of Xi among xl,xz,..,xn, for i=1,2,..,n. By
virtue of the assumed continuity of the Fi, ties among the
X5 may be neglected in probability, so that En = (Rnl,..,Rnn)

is some (random) permutation of (1,2,..,n). Then a linear

rank statistic is defined by

n n
T = ) (c;~c ) 2 R .) =izl(cS -cn) an(l), nz1

. n .
i=1 ni ni
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where '{ci, i>1} 1is a sequence of known constants, c, =
n
i=1
i.e.,

-1 . _
no o) c, and §n = (Snl,..,snn) is the vector of anti-ranks,

and
XS = Zn,i’ i=1,2,..,n
<...<Z stand for the order statistics
n,2 n,n

1,..,Xn. The null hypothesis to be tested

where 2 Z

<
n,l
corresponding to X
is

HO: FiCi) = F(x), ¥ 121, -~oo<x<oe

In the context of-alife testing problem, a linear rank statis-

tic censored at the kth order statistic 2 is defined by

n,k
[ k _
1 (g -c )[a,(i)-a(k)], 1lsksn-2
i=1 "ni
Tn,k =
T, k=n-1, n
| n
where
-1 B
(n-k) } a_(j), O<ksn-1
. n
j=k+1
* =
ar (k)
0, k=n

and consequently, it is assumed that

and
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In a staggering entry plan, since the entry time points are not
all the same, the cumulative sample size Nt (of the entries
prior to any time point t) is a non-decreasing function of

t, and the failures may correspond to different cohorts — in-
troducing more complications in the analysis. If all the
entry points are distinct, then N, assumes all the integer
values between 1 to N while if the units are admitted in
£(z= 1) batches at the time points (0 <) ty<...<tp, there
being nj units in the jth batch, 1<j<f, then N = D +n,*

..+n£ and

Nt = Nt. = n0+..+nj for t e [tj, tj+1), O<j<t ,
where

no =0, to =0 and 1:‘&4_1 = o

For any censoring point t*(> tl), we need to take into ac-
count the set _{tl,..,ts} of entry points prior to t*. Then,
for the censoring point t*, the nj individuals entering at
time point tj have an exposure period t*—tj, for j =‘1,..,
s. The actual failure time of an individual is equal to tf-
te wvhere te is the entry point and ;§ is the failure point.
Then for each failure point in (tl,t*], by reference to the
respective cohort, one is able to find the actual failure time.
Now let N(t*,u)  be the total number of units entering the
scheme on or before the time point t*-u and let r(t*,u) be
the number of failures among these units with actual failure

times < u; the remaining N(t*,j) - r(t*,u) have failure
g ) ’
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times > u, for Osust*-tl, Thus, for every u € [O,t*-tl],

one can compute a censored linear rank statistic, namely

* *
TN(t*,u),r(t*,u) for Osust tg and t 2t; ,

N(t*,u) and r(t*,u) are non-negative integers. For every
t*, one needs to compute the set of statistics {TN(t*,u),k:
O<k<r(t*,u)} for every u such that Osust*—tl. Let 'a'
denote a particular configuration while A denote the class of

all configurations. Then

-1 -1

sup  sup max Cy AT ., .
aeA 0SuSt*—t1<m k<r(t*,u) N AN N(t*,J),k

1,-1 +
= m C T =D
ax max AN N,k

0<ns<N Osksn N N,1°?
and
' -1 -1
sup sup max C T |
aeA Osust*-t <= ker(t*,u) N NG, u
-1,-1
= max max C It .| =D
0<ns<N O<k<n N Ay n,k N,1°
where
n n
2 =32 42 _ -1 L= L2
C, = _2 (ci—cn) » AL = (n-1) .Z [an(l)-an]
i=1 i=1
and

— -1 1 2 2
a =n" Ya (i), n21l; C_ =A" =0 for n=0,1
n 4o m n n

+
Thus, if and be the er  1000% int of the
, 1 AN,a : AN,a upper o poi
null distribution of D§ 1 and DN 1 respectively, then the
» ?

progressive censoring test proceeds as follows:
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Review the process at each entry or failure point (to
follow). If for the first time, at one of these censoring
1 * P
point t*, TN(t*,u),k (or lTN(t*,u),kI for the two-sided
* THE +
test) for some k < r(t*,u) is > ANCNANQG (ox ANCNAN,a)
for any us<t*-t;, then stop the experiment at that time along

with the rejection of H . If no such t* exists, experimen-

0
tation is curtailed when N(t*,u)=N and r(t*,u)=N-1, along

with the acceptance of H The overall level of significance

0

of this test is < o.
Majumdar and Sen (1978a) also extended the results for sim?le regres-
sion to staggering entry situation and also Majumdar (1978b) to the
case of multiple regression for grouped data under nonstaggering entry
plan.

Cox (1972) has given a pseudo-nonparametric method for the
- analysis of survival data in the presence of covariables. With known
values of one or more explanatory variables for each individual, the
hazard function is taken to be a function of the ekplanatory variables
and unknown regression coefficients multiplied by an arbitrary and un-
known function of time. A conditional likelihood is obtained leading
to inferences about the unknown coefficients. Kalbfleisch and Prentice
(1972; 1973) have discussed exactly how Cox's conditional likelihood
is derived and have criticized that likelihood given by Cox cannot be
derived using a conditional afgument.

For the two-sample problems, the procedures produced by Cox are

closely related to those of Mantel and Haenszel (1959) and Mantel (1963,
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1966) due to the fact that adjustment for covariables is automatically
made when a series of 2x2 tables are considered at each level of the
covariables. Cox's model, however, is not suitable for application in
general rank order tests because it isa quasi-parametric model assum-
ing suryival functions to have a specified parametric relationship with
each other. Moreover, since the rank order statistics are not linear
in the original observations, covariance analysis through the usual
approach cannot be done. The only way to control the effect of the co-
variable in such instances is by blocking by the levels of the concom-
mitant variables.

Kojiol and Petkau (1978) have proposed a modified savage
statistic and have discussed progressive testing using the modified
savage statistic for testing equality of two exponential survival dis-
tributions. They have used Chatterjee and Sen (1973) weak convergence
results to study the asymptotic behavior of the modified savage statis-
tic under the null hypothesis. Their derivation proceeds as follows.

Let X,,..,X) and X;,1,..,Xy be independent random samples

1’

of sizes m and n=N-m from populations m; and w, with continu-

ous d.f F1 and F2 respectively. It is desired to test the null

hypothesis H0=F1=F2=F where F 1is an unknown continuous cumulative

distribution function, against either H1: F1>F2 or H,: Fl#FZ. Let

X 9. GUTE ¢ denote the order statistics of the combined sample
(1" (2) (N) P

Xl,Xz,..,Xm,Xm+1,..,XN. Define
d. =1 if X . is from 7 .
1 (1) 1
=0 if X,_. is from =

(i) 2’
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and let RNi be the rank of Xi among Xl,..,XN. Also let

i -1
b () = } (N-j+1) 7,
j=1

th order statistic in

so that bN(i) is the eipected value of the 1
a random sample of size ‘N from the distribution with exponential
density £(v) = e V(vz0). Theﬁ the Savage statistic SN for testing
HO is (Savage, 1956; Hajek and Sidak, 1967, p.96)

m N
SN =‘izle(RNi)—m = iZldi{bN(i)—l} .

Under HO, it is seen that
mn 1 N -1
E(SylHY = 0, VGy[HY = g7 [1—§'1211 ]

Suppose now that only the first r of the N order statistics
are observed, and assume that r/N->p as N> (0<p<l), so that
censoring at the rth largest observation is asymptotically equivalent

to truncation at the pth quantile.

Following Gastwirth (1965) and Johnson and Mehrotra (1972), the

modified form of the Savage Statistic, S; , 1is defined by

T N N
s* = Y d.{b (i)-1}+ § d, ] (b (i)-1}/ (N-1)
T 121 1N i=§+1 1 i=§+1 N

Under Ho, it can be verified that

* = * =_TEI_1__ E. - 1
E(SrIHO) 0, V(Sr|H0) q I{N _bN(r)} .
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Using the weak convergence results of Chatterjee and Sen (1973), ‘
if min(m,n) - « and /N - p, 0<p<l, then for every x > 0,
1im PIS*/{V(S_|H )}* > x] = P{W(p)= x}
Novoo T N0
where W(+) is a standard Wiener process on [0,1]. Also under the
same assumption, we have
lim P [ max S;/{V(SNIHO)}!’z x] = P[ sup W(t)2 x]
N+  O<k<r O<t<p
and
lim P[ max |s;l/{V(sN|HO)}">. x] = P[ sup [W(t)|2 x]

N> Ok O<tsp

Under single censoring, when only the first r of the N

order statistics of the combined samples are observed, one uses all the
available observations to test HO by the modified Savage statistic

S: defined above. For large N, with r = Np, S;/{V(SNIHO}% is ap-
proximately normally distributed with mean 0 and variance p under
Ho. Thus, for the one-sided case for example, an approximate size o
test would reject H0 if S; > zl_d{p V(SN]HO)}%' Suppose now that a
progressive testing scheme is desired. For a one-sided test progres-
sively determine for every k(1<k<r), whether S; > X{V(SNIHO}%; if

so terminate the experiment along with the rejection of HO, if not

continue the ekperiment, where x satisfies
(
o= P{ sup W(t)z.ﬁ} = Z{I—Ql—é}}
O<t<p \

i.e., x=2z Yp . For the two sided case, x =

zl_a/4f5 .
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Kojiol and Petrau have presented an example to illustrate their

progressive testing procedure.

1.3.2 Test Procedures Based on Empirical Distribution Functions

Darling (1957) has given a good account of goodness of fit
tests and the two sample tests based on empirical distribution func-
tions. The k-sample analogues of such tests have been developed by
Kiefer (1959). Earlier Doob (1949) has given a very intuitive and
heuristic approach to Kolmogorov-Smirnov theorems and to stochastic
processes related with empirical distribution function. The weak con-
vergence properties of the empirical processes have been extensively
studied by Durbin (1973). Durbin gives an elaborate account of dif-
ferent types of statistics similar to the Kolmogorov-Smitnov ones.

For the censored case the two sample Cramér-von Mises statistic can be

derived as follows.

Let XI’XZ""xni’ be a random sample from cdf F and let
Yl..,Yn be another random sample from cdf G. Let order statistics
2
in the two samples be denoted by X X A ¢ , and Y '
P Y W@ 1" ()

and in the combined sample, by Z'(l)"Z'(Z)"""Z'(n)’ n=n1+h2. Let the

individual and combined empirical distribution functions be given

as follows: ,
' J 2 XXy
Faa(® = ﬁ » X)X Fe1
; li Xgii)SX
(.0, >);.<Y'(1)
Gp () = *B*J; s Y=Y Gay
Lml’ Y(nz)SX
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and

By = 2y )« (1-h) 6 (0
M2

where

n
= -1
A =X

Then the two-sample Cramér-von Mises statistic in the uncen-

sored case is given (Durbin [op.cit.]) by

2 n,n @
W . 12 J F
n

-0

2
RORCINENE

For practical work one can use the alternative form

n s -
2 n, 1[r. j _ j 2] n2(2n1+n2)
n

W = £ L
n,n N n2 12n1n2N

12 j=1 1

where rj is the rank in the combined sample of the jth observation
n
. . 2
in the first sample. When n, + «, L. o o>»0, W converges to
2 n, nn,
the corresponding one-sample von-Mises statistic under the assumption
that both samples come from the same continuous population.
In the censored case when only the first k order statistics

are observed in the combined samples, the Cramér-von Mises statistic

based on the first k order statistics is defined hy

n.n

k |
2 _ 172 2 . -T
Mok T 4 B Caay? 7 6, Bl Iy Gy Gy DT

where 0<r<l and [HN(Zfi))(l-HN(Z(i)))]-r is a weight function used

to strengthen the statistic in order to increase the power of the
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test.

The integral representation of A; K is

-1k}’
nn, (H =l
2 _ 121N [N} : 2 : ' -T
Ak =N f (F, () - 6 ()7 [Hy(x) (1-Hy(x))] ™ dHy (x)
—o 1 2

where

X}

1) - s myco - 3

The statistic A; x ¢an also be expressed in terms of the rank of one
i

sample in the combined samples as shown in the uncensored case above.

1.4 Outline of the Research Proposal

In the present research, we propose to derive a class of pro-
gressively censored tests based on weighted empirical distribution
functions. These tests will be developed in the general framework of
linear model and their applications will be found useful in the study
of clinical trials and life testing problems. We shall not, however,
present covariance analysis for testing the significance of the effects
of covariables because of the following obvious reason. Since, like
the linear rank statistics, the statistics based on empirical distri-
bution functions are not linear in the observations, the analysis of
covariance by the usual approach cannot be done. The same may be done
however, using the test procedures described here, by blocking by the
levels of concommitant variables, but in doing so, there is in general,
a loss of power of the test applied.

To start with, we shall discuss the PCS tests based on empiri-
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cal distribution functions for testing for simple regression in
problems where the units in an experiment or study enter at the same
point, which we have described as non~staggering entry situation.
These tests are developed and their asymptotic distribution theory and
power properties are discussed in Chapter 2. The subject matter of
Chapter 2 is developed on the following lines. Let Xl,Xz,..,Xn be
independent random variables with continuous distribution functions

(df) F ,Fn respectively, defined on the real line Rz (-%,%).

1°°2°°°

Consider the simple regression model

Fim = F(x-8,-Bc,), 1sizn, xeR,

where BO is the usual nuisance parameter, and B 1is the unknown
parameter of interest, and c, are known constants (regressors) which

are not all equal. It is desired to test the null hypothesis

HO: B=0 (i.e., F1=F2=..=Fn)

against

Hl: B<0 or H,: B#Q

2:

where BO and F are unknown.

In clinical trials and life testing experiments, the observa-
tions are gathered sequentially in time. Xi thus, may be time to
failure (or failure time) or the ith unit in the experiment and we

observe then X <X <. ..5X which are the order statistics cor-
n,1 n,2 n,n

1,Xz,..,Xn (ties neglected in probability, because of

the continuity of the Fi). We then consider the weighted empirical

responding to X

d.f.
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n
: -1 % J—
L (x) =C_ iZl(,ci-cn)u(_x-xi), xeR

where u(t) =1 or 0 accordingas t =2 or <0, and Eg =

n n
al Y Cis Ci = ¥ (c.-c )2. The usual empirical d.f is defined as
4 ,
S (x) =n zu('_x-xi), x€R
=1

The common points of discontinuities of both Ln(x) and Sn(%) are

Xn,l’xn,Z""xn,n' Also we define

L (0/a(S, (X)), X sx<X

>

0, otherwise

where q = {q(t), 0<t<l} is a suitable weight function.

Two types of test statistics — one based on Ln(x) called the
unweighted test statistic and the other based on En(x), called the
weighted test statistic are proposed. The asymptotic distribution
theory of the proposed test statistics are discussed by first reducing
Ln(x) and En(x) to the convenient equivalent form L;(t) and
E;(t) by the transformation Ui = F(Xi-BO), 1<i<n and Un,i = F(xn,i'
60), 1<i<n, so that P(Uist) = t, 0<t<l. It has been shown that

{L;(t), 0<t<1} under H_, constitutes a martingale sequence and con-

0
verge in law to the Brownian Bridge and similarly {L;(t), 0<t<1l}
converge in law to the Brownian Bridge in the sup-norm metric. These
asymptotic properties have been utilized to describe the asymptotic

PCS tests for simple regression under non staggering entry, and the

critical values of these asymptotic PCS tests are obtained using



26

Monte Carlo simulation procedure. Also two sample praoblem is studied
as a special case of the simple regression problem.

In Chapter III, we extend the results of Chapter II to the case
of multiple regression under non-staggering entry situation. Here we

assume that Xi, 1<i<n, has a continuous d.f Fi(x) given by

F.(x) = F(X-Bo-g'gi), 1<i<n, neR

where again BO is the nuisance parameter and B=(B1""Bb)' is a

vector of unknown parameters of interest, and ci=(c12,..,cpi)', 1<izn,

are vectors of known constants (regressors), Cji’ 1<j<p, 1<isn, are

not all equal. We shall test the null hypothesis

against HI: g#g

where BO and F are unknown. Further we define

- -1 n ) n B _ |
C. =n izlcji, Cn,jk— izl(cji-cj)(cki_ck), 15]5 kSp

.(c..-E}). Letting

ji n,jj " ji

c* = (¢c*.,c,.,..,c*.)"', l<izn
( 11’ 21, 3 pl) 2

~1i
and

- e

%t

Si

= c*xt

B = 15

nxp

c*'

-—-~n )
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we define the positive definite matrix A given by

PXp
A =8'8=((A.)).
~ <~ : k S,k=1,..,
pp ik’’j seesP
such that

1, j=k
Ay = :
J c‘1 .Ct ¢ j#k

n,jj n,kk n,jk’
Also, analogous to the simple regression situation, we define

L, ;0 -C,JJZ(c ;76;) ux-X;), xeR, 1sjsp,

and consider the vector

LG = (L (00,0 500,00,k ()"

For the multiple regression problem, we have proposed the unweighted

test statistic

A% = max {L'(X ) A L (X )}
D jcken M WK - -k

and the weighted test statistic
w > -1z
A7 = max {L_(X AL (X }
n lsksn{~n( n,k) ~ ~n( n,k)
where

_ . . R L .(x)
. } , _n,j
L, 00 = (g 00,0y 500,y (G0 Ly 500 = g8 gy 0

Sn(x) and q(Sn(x)) being defined as before. The asymptotic pro-

perties of these test statistics are studied in detail and critical
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values of the proposed asymptotic tests are obtained using simulation
technique. Also the general q-sample problem is discussed as a
special case of the multiple regression problem.

The staggering entry situation, and tests statistics appro-
priate for testing simple regression under such situations, are de-
scribed in Chapter 4. Unlike the nonwstaggering entry situation, the
observation in the staggering entry case correspond to different co-
horts characterized by the corresponding entry points of the units
entering into the study. The complication here arises 5ecause of the
fact that at any time point, the number of units in the experiment
constituting the risk set is a random variable. However, this com-
plication is taken care of, by considering a two-dimensional time-

parameter stochastic process

&1={&#arxh X €R, mﬂﬂk}

1
C L (x)
nofp ¢

where Wn(sT,x) =C

n. being the size of the subset of units entering the scheme by time
T, 0<tSTc where Tc is the termination point of the study. Cn and .

C are defined as

y — )2, and L (x) as

L.(x) =C "~ J (c.-c_ ) u(x-X.), xeR .
R S 1 D | t
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1:,8#0, we propose the unweighted test

statistic based on Wn(sT,x). For studying the asymptotic distribution

For testing Ho: B=0 vs. H

theory of the proposed test statistics, Wh(sT,x) is equivalently re-

duced to W;(sT,t) by the transformation U, = F(X.-B,). We also
W (S,X)

propose weighted test statistics based on Wh(sT,x) = S XE
a(s, (x))
T

where
n

-1 )
S (x) = n. ) u(x-X;), xeR
N Mr i=1 i

is the empirical d.f at the point T: 0<T$Tc. It has been shown that
the reduced process '{w;(s,t), 0sssl, 0<t<l} converge in law to the
tied-down Brownian Sheet (or the Kiefer process). We have utilized
this asymptotic property to obtain critical values of the asymptotic
PCS test statistics using simulation technique.

In Chapter V, the generalization to the case of multiple
regression under staggering entry situation is made. The proposed
test statistics are similar in form to those of Chapter IV, viz.,
multiple regression under non staggering entry situations.

Chapter VI deals with applications of the proposed test
statistics to problems of practical interests besides describing the
situations under which the proposed unweighted and weighted tests can
be applied, and also discusses the practical considerations for applying

the proposed weighted tests in particular.
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A note on the choice of weight function in the construction of

Weighted Test Statistics

As seen above we have defined the weighted test statistics in

general as

where Tu(x) 1is the unweighted test statistic, 2N(x) is the weighted
test statistic and q(x) 1is the weight function. As we shall see,

in order to establish certain large sample results for the weighted
test statistics, we have put some restriction on q(x), namely that,

q should be a bell-shaped square integrable function. . With this re-
striction on q, the choice of the weight function can he made in a
variety of ways. However, keeping in agreement with the classical
theory of tests of hypothesis, we shall choose the weight function q
as the square root of the variance of the unweighted test statistic in
the simple regression case, and since in case of multiple regression
T,(x) is in a quadratic form, say V'AV, we shall choose the weight
function q in such a way that A/q isthe inverseof variance-covariance
matrix of the vector V. These choices of the weight function are
quite logical in the sense that at any point during the caurse of ex-
periment when a progressively censored test is applied, we can think

of thetest as a terminal one and then the weighted test statistic is in
the form of a standard normal z test statistic or a binomial test
statistic, in case of simple regression, while in case of multiple re-
gression the weighted test statistic is similar to chi-square test

statistic (see Searle, 1971). The choices of weight function other than




the one described above may bring in complexities from the Bayesian

point of view.

31



CHAPTER II

PROGRESSIVELY CENSORED TESTS FOR SIMPLE
REGRESSION BASED ON EMPIRICAL DISTRIBUTIONS

2.1 Introduction

In clinical trials and life testing problems, progressive
censoring schemes (PCS) when adapted, usually lead to a shorter dura-
tion of experimentation with a combined reduction in cost and in
sparing of lives of experimental units. For the ungrouped data case,
Chatterjee and Sen (1973) developed a general class of PCS tests based
on linear rank order statistics and studied their asymptotic proper-
ties. Certain optimality properties of these tests were studied by
Sen (1976). Davis (1978) considered some small and moderate sample
size results for the particular case of the PCS Wilcoxon test.
Majumdar and Sen (1977) have extended the results of Chaterjee and
Sen (1973) to the grouped data situation. Gardiner and Sen (1978)
have reviewed some other statistics arising in a PCS test and studied
their asymptotic normality. Some quantile processes arising in PCS
are studies by Sen (1979). The object of the current investigation is
to propose and study a class of PCS tests for a simple regression
model based on weighted empirical distributions for both the ungrouped
and grouped data situationms.

Along with the preliminary notions, the proposed test pro-

cedures for the ungrouped data case are formulated in section 2.2.
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Asymptotic distribution theory of the test statistics under the null
hypothesis is considered in section 2.3. In section 2.4, some speci-
fic test procedures are discussed. A particular case of the two-
sample problem is discussed in section 2.5. Parallel results for the
grouped data case are presented in section 2.6. Section 2.7 deals
with the asymptotic power properties of the proposed tests. The criti-
cal values of the proposed test statistics are computed through com-

puter simulations and presented in section 2.8.

2.2 Preliminary Notions and Formulation of the Proposed
PCS Test Procedures for Ungrouped Data

Let xl’XZ’

tinuous distribution functions (d.f.) Fl’FZ”'”’Fn respectively, all
defined on the real line R = (-~»,x). Consider the simple regression

..,Xn be independent random variables with con-

model
Fi(x) = F(x—BO-Bci), 1<i<n, n R (2.2.1)

where BO,B are unknown parameters and the c; are known constants

(regressions), not all equal. It is desired to test the null hypothe-
sis

HO: B=0 (i.e., F1=F2=...=Fn]

VS. le B<0 or H2: B#0

(2.2.2)

where 60 and F are unknown. Thus, we intend to test for the

identity of F .,Fn against regression alternatives.

1 ’Fz’ .
In clinical trials and life testing experiments, generally, .
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observations are gathered sequentially in time. Thus, let Xn lsxn 2S
» »
--<Xpnsn be the order statistics corresponding to xl,xz,...,xn
(ties neglected, in probability, because of the continuity of the Fi)
and if Quy:Qq2s - +»Qpn stand for the anti-ranks (i.e., XQni=Xn’i,
1<i<n), then one observes sequentially XQ , X ,..,XQ . In a PCS,
nl Qn2 nn

one monitors the experimentation from the beginning, so that at each

failure X 1<ks<n, the statistical content of the accumulated data

n,k’
is examined with a view to terminating experimentation if the null
hypothesis is deemed unacceptable (see Chatterjee and Sen [1973]).

Keeping this in mind, we consider the weighted empirical d.f.
.13 -
L (x) =Cp iEl(ci-cn)u(x-xi), x € R, (2.2.3)

where u(t)=1 or 0 according as t> or <0, and

Cp=1 1y
i=1
n (2.2.4)
2 -2
cé= 7 (c;-c)
noga 2R
Side by side we consider the usual empirical d.f.
11
S (x) =n" ) u(-X,), xeR . (2.2.5)
n 101 i

Thus the (common) points of discontinuities of Ln and Sn are

xn’l,xn’z,..,xn’n. Also by (2.2.1) and (2.2.3), for every x € R,

E{Ln(x)ls} z 0 according as 8 : o , (2.2.6)
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while under HO: B=0,
E{L (x)[H)} =0, ¥xeR . (2.2.7)

In a PCS test, we therefore proceed to check the fluctuations
of Ln around 0 from the béginning.

From considerations of power and early stopping times, it may
sometime, prove useful to consider a weighted version of L, for a

PCS test. Let
q = {q(t), O<t<1} (2.2.8)

be a suitable weight function (to be defined formally later on). We

define

; 0 - L (x)/q(8,(x)), Xh, 150X, 4
n | 0, otherwise

(2.2.9)

Again, the points of discontinuities of L~ are the same as those of

L namely, xn,l,xn’z,..,xn,n. Conventionally, we let Xn’0=—m

n,

and Xn,n+1=+w,, so that

Ln(x) = Ln(xn,i)’ xn,isx<xn,i+1’ i=0,1,..,n . (2.2.10)

Hence one needs to observe the process Ln only at the failure points

~

xn,k’ 1<k<n. We assume Ln(xn,o) = Ln(xn,n+1) = 0.

We let

DD = max L_(X_.) ,
n 0<k<n n "n,k
(2.2.11)
D = max an(Xn,k)l s .

0<k<n
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and
D* = max L (X )
N g<k<n P n,ko
~ - (2.2.12)
D = max |Ln(xn’k)|

0<k<n

Finally, we conceive of two pairs of real numbers, A;a’ kna and

o, Ay, Such that

no
+ + nt +
P(D] > AnalHo) <as PO 2 Analno) s 2.2.1%
P(D, > AnaIHO) <as<P(@D 2 xnalﬂo) s
and
“4 I+ 4 T+
P(D_ > Analﬂo) <as PO 2 [H) 2.2.1)
P(D, > ApolHp) < @ < P(D 2 Analuo) ,

a(0<0o<l) being the desired level of significance of the proposed PCS
test. Then, the proposed PCS tests based on D; and D, consist in

computing Ln(xn k) at the successive failures xn,k’ k=1. The ex-

b

perimentation continues as long as Ln(Xn k) < A;a (for the one-
sided test) or ILn(xn,k)l < Ay (for the two-sided test) and ksn.
If for the first time, for some k=N(sn), Lj(X, \) is > A;a (or
!Ln(xn’N)|>Ana), then experimentation is curtailed at the Nth fail-

ure X, y along with the rejection of H If no such N(<n) exists,
b

0’
then Ho is accepted at the nth failure Xn n In this set up, N
>

and Xn are called the stopping number and stopping time respec-

»N
tively. Similarly, the proposed PCS tests based on D; and Dn

-~

consist in computing L_(X .) at the successive failures X_ .,
n- n,k n,k

k>1. The test is carried out as above replacing Ln(xn k) by
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~ ~

Ln(xn,k) and A7, Apo BY X;a , Anq Tespectively. Now sup-
pose the policy is to end the experimentation when a certain propor-
tions of responses in the sample has been realized. This kind of
policy may be qualified in view of time and cost considerations. As a
result of such policy, the investigator may decide to stop the experi-
ment by letting it be continued at most up to the rth fajilure Xn,r,
¥<n. In that case, in (2.2.11)-(2.2.12), we need to restrict k:
O<k<r and if Ln(xn’N) > A;a (or ILn(Xn,N)I > Mpg» for the two-
sided test) for the first time, for some k=Nsr, we stop the experi-
mentation at the Nt failure (N<r), along with the rejection of HO'
Similar argument holds when applying the weighted test and computing
Ln(X ,N)' If no such N exists, then we stop the experimentation at

n
the rth failure X, along with the acceptance of Hy. Thus here

N<r and xn,N < Xn,rr with probability 1.

It is apparent from the above discussions and (2.2.13) or
(2.2.14) that these PCS tests are size a(0<a<l) tests. Though a re-
peated significance testing scheme is involved in a PCS test, (2.2.13)
or (2.2.14) offer a desired pfotection over the level of significance.

. . + S+ T
The crux of the problem is to find Ana’ Ana and Ana’ A The

no”
particular choice of the weight function q = {q(t); 0<t<l} is also
important from power considerations.

Let

[
"

F(x-’Bo), 1<i<n ,
] ’ (2.2.15)
Un,i = F(Xn,i'Bo), l<i<n
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Then
n
Ln(Xn’k) = Cﬂl.il{ci:c-n)nwn,k'ui) , (2.2.16)
1=
~ n _ ‘ ‘
L0 = [Cl;lizl(ci—cn)u(un,k-ui)]/q[%]’ 1<k<n (2.2.17)

so that the distribution of D; (or Dh) or B; (or Bn) depends
only on €1,Cp5-+,Cp and the joint d.f. of Ul’U2’°"Un' Since
under Hy: =0, the U; are independent and identically distributed
random variables with the uniform (0.1) d.f., it follows that under
Hy, the distribution of D; (or Dn) or D; (or ﬁn) does not de-
pend on the underlying F, and hence, the proposed PCS tests are genu-
inely distribution free. For small n, one may proceed to enumerate
this distribution but the task becomes prohibitively laborious as n
increases. Besides, the dependence of this d.f. on C15Cos5Cph

makes it difficult to tabulate the exact d.f. for arbitrary Cpseres
c... For these reasons, we take recourse to the large sample case

n

where we have considerable simplification for the asymptotic distribu-

tion.

We shall study the asymptotic distribution thedry of the

statistics in the next section,

2.3 Asymptotic Distribution Theory of the Test Statistics
Under HO: g=0.

Let us define for every t e [0,1],
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n
* = -1 ~ :
L*(t) = C _Elcci-cn)u(t-ui)

1
n
| = Y
=C iZl(ci c)lu(t-u)-t] , (2.3.1)
n _ n _
as iZl(ci—cn)t = tizl(ci—cn) = 0, and let
~ n
Sx(t) = n'%izl{u(t-ui)-t} , (2.3.2)

where Ui = F(Xi—Bo), i=1,2,..,n are defined as in (2.2.15). Then it
suffices to study the distribution theory of the two stochastic pro-
cesses L% = {LA(t), t ¢ [0,1]} and S = {S%(t), t € [0,1]}. Both
L; and §; are real valued, right continuous functions on [0,1] with
left hand limits and their common points of discontinuity are Un,1<

<...<U Thus both L: and §; belong to the D[0,1] space.

U -++<Up n-

n,2

Under HO: B=0, the Ui are independent with the uniform

[0,1] d.f. and hence, by (2.3.1)-(2.3.2), we have

EOL;(t) = EOS;(t) =0, Vte [0,1]; (2.3.3)
* %* = q# ~* = - |
EoLn(s)Ln(t) EOSn(s)Sn(t) sat-st, Vs,t ¢ [0,1]; (2.3.4)
* Qi =
EOLn(s)Sn(t) 0, ¥s,t € [0,1] (2.3.5)

where EO stands for the expectation under HO and aab=min (a,b).

Let us define

LEx(t) = (1-1)7F L*(t), t e [0,1] , (2.3.6)

~** -1 N* '
S*(t) = (1-t)7 s*(t), t e [0,1] . (2.3.7)
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Then, we have the following

Lemma 2,3,1, Under HO: g=0, _for every n(x1), {L;*(t), 0<t<1}

(or, {§;*(t), 0<t<1}) is a martingale.

Proof: Let Fhs be the o-field generated by {u(t-Ui), l<isn, tss},
for s ¢ [0,1]. Then Ehs is nondecreasing in s ¢ [0,1] and for

every 0<s<t<1,

n
. -1
EO{L;*(t)ans} = iglc;i(l-t) Ep{u(t-U;) | Flolt (2.3.8)
ci-—ﬁ n n
where c*, = , 1<isn, so that Jc* =0 and ) c*2 =1,
ni C 6. ni e nd
n i=1 i=1
Also
Eo{u(t-Ui) IF st = P{Ui§t|Ho, F ot

1.1

t-s
{U;ss} ¥ I{Ui>s}LE:J

- t-Ss .
= I{UiSS}+ (I-I{Uiss}) [—i—_—s'}, 1<i<n (2.3.9)

where RAJ is the indicator function of the set A.

Hence from (2.3.8) and (2.3.9), we have for every n(z21),

and Oss<t<1,

n
P * (1_4y"Ljt-s , 1-t .
Eo{Ln (t) |Fns} - izlcni(l t) [l—s * 1-s I{Uiﬁs}]

-1
= - * -
(; s) iZlcniu(s u,)
n .
= L;*(s) ase., as ) c;i =0 . (2.3.10)

i=1
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Similarly we can show for g;*. Q.E.D.
Let

(L;,§;) = {(L;(t),§;(t)), O<t<1} (2.3.11)
and let

WO = {WOt) = (WO(t), WO(t))', Ostsl) (2.3.12)

where W? = {W?(t), 0<t<l}, j=1,2 are independent copies of a stand-

ard Brownian Bridge with the covariance function given by

E{W?(s)wg(t)} = sat-st, Vs,t e [0,1], j=1,2 , (2.3.13)

E{wg’cs)w;’.'(t)} 0, vs,t ¢ [0,1], j#j'=1,2 , (2.3.14)

and whose finite dimensional distributions are Gaussians. Then we

have the following.

Theorem 2,3,2. Under HO: 8=0 and the Noether-condition:

(c,-c )2
max __5_72__ +0 as n->o ,
1<k<n Cn

(2.3.15)

the finite dimensional distributions (f.d.d.) of (L;,gg) converge to
those of yo.

gfggi} Since the f.d.d of YO are Gaussians, it suffices to show
that £.d.d of (L;,§;) are normal.

Consider for any integer m21, a set of real numbers Ost1<

t.<...<t_<1 and non-null
2 m

vt =
1$2m (Xll,AZI,ASI,..,Aml,llz,kzz,hsz,...sz) . (2.3.16)
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Let

l<is<n . (2.3.17)

Consider then

m
. * nt
11T anpen
= ([r..c.: +n . ]{u(t.-U.)-t.})
i=1 j=1 jl ni JZ j 1 j
n
= .Z Z.4» SaY, (2.3.18)
i=1
where
m R .
zni =jZl([)\jlcni+n )\jzl{u(tj_ui)_tj}),
lsisn; (2.3.19)
m
= ) B.{u(t.-U.)-t, 2.3.20
jzl jlult;-Up-t ] ( )
where
_ -k . .
Bj = Ajlcni+n Ajz’ 1<j<m, 1l<is<n . (2.3.21)
Zni are independent (for each n) and bounded valued random
variables, with
E(Zni) = 0, l<isn . (2.3.22)
Clearly,
2 m m
E Z 3 = 2 Z B'Bijk’ Vi = 1,2...!1 3> (2.3.23)

nl o =1 k=1
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where

Yik tjAtk - tjtk (2.3.24)

j,k=1,2,..,m

Using (2.3.21), we get from (2.3.23)

=]

- m

2 _ 2 _ C*Z - c*
of =B Z= 1 L Dy Gt Ty 0 00 s
j=1 k=1
+n1a, 2 1<isn , (2.3.25)

5222 Y50

From (2.3.17), (2.3.22) and (2.3.25), therefore

EZ =0 ;. (2.3.26)
n
V(Z.) = E 72 - E Ez2 ,(as z are independent)
n no L4 ni’ ni p ’
)
= DA #A A o] Yay o (2.3.27)
j=1 k=1 j1 k1l "j1 k2 'jk
n n
as Jc*? =1, Jc¥ =0.
i=1 M i=1 B
Thus if
= . . 2.3.28
r ((YJk))j,k=1,2,..,m ( )

where ij is given by (2.3.24), then
V(Z.) = A'Z- A o (2.3.29)

where

I=TeQI (2.3.30)
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10
h I = L]
and where I [0 1]
Since, as mo, V(Z ) = o§+o, (fFrom (2.3.15) and (2.3.25)),

....(2.3.31)

Zni are Uniformly Asymptotically Negligible (UAN) and independent
bounded random variables, so that it is easy to verify the usual cen-
tral 1limit theorem under the condition (2.3.15) and HO.

Hence, by the Cramér-Wold theorem, we conclude that for every
m(> 1), and 0st)<t,<...<tp<l, [(Ly(ty), §;(tj)), j=1,2,..,m] has
asymptotically a 2m-variate normal distribution with null mean vector

and dispersion matrix I given by (2.3.30).Q.E.D.

Now, note that for Oss<t<l,

|(1-)L " (t) - (1-5)L;"(s)]
(1-8) L35 () -L () | + (t-8) L) (s) ]

L -1 ()| + (-9 L ()], (2.3.32)

L ()L (s) |

A

A

Thus, for every O0Oss<t<s+{§<k,

>* * N * % * % ‘ **
~.Sup ]Ln(t)—Ln(s)l s sup |L T(t)-LT(s)| + 8|L, (s)|
$<t<s+6 s<t<s+§
(2.3.33)
By Theorem 2.3.2, L;*(s) is asymptotically normally distributed with
mean O and variance .Ii_ (<1, Vs € [0,%]). Thus for every € > 0
-s

and n > 0, there exists a §3: 0 <83 <% and a positive number

n, = no(e,rﬂ, such that

P{S|Ly"(s)| > % €} < %W, ¥ n 2 n, and 0<8s§, . (2.3.34)
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For the first term on the right hand side of (2.3.33), we make use of
our Lemma 2.3.1 (&b{IL;*(t)—L;*(s)|, t>s} is a submartingale) and
this along with Lemma 4 of Brown (1971) and the proof of his Theorem 3
insure that under HO: B=0,
P{ Ssup IL**(t)—L**(s)I >% e} <¥s, ¥ n 2 ng and 0<8<68,. .
n n 0
s<t<s+§
(2.3.35)
& similar proof holds for {L;(t), L<t<l} by noting that

{t“lL;(t), 0<t<1} 1is a reverse martingale under H_: B=0, the proof

o
of which is quite similar to that of Lemma 2.3.1. Thus, for every
0<s<l, under HO: B=0,

P{ sup |L (t)-L3(s)| > e} < ns, ¥ nany, 0<8s, . (2.3.36)
s<t<(s+8)al

Virtually, the same proof holds for {§;}. This insures the tightness

of {L;,ga}, and hence by Theorem 2.3.2, we obtain the following.

Theorem 2.3.3 Under HO: B=0 and (2.3.15), {L; §;} converges in

law to Wo.

Weak convergence of a variant form of L; has been studied
by Hajek (1963). By using the martingale property in Lemma 2.3.1, we
have been able to provide here a considerably simpler proof of the
tightness part. Further, in view of the weighted versions of the

process in (2.2.9), we need to strengthen the tightness part in

Theorem 2.3.3 to that in the sup-norm metric pq where

pg(5sY) = sup{|x(£)-y(¥) |/q(t): 0<t<1) (2.3.37) o
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and we assume that q={q(t), 0<t<1} 1is a nonnegative, continuous and
bell-shaped function for which

1. 2
J [q°®)]1 7t < = . (2.3.38)
0

[t(l—t)]k—n, for some

(For example, we may take q(t)
n < 0). Note that t(l-t)/qz(t) + 0 or 1 and for every n: 0<n<k,

there exists a Cn, such that 1/q(t) < C_ for every n<t<li-n. Let

n

) ~

, 1<isn-1, Lnn =0 . (2.3.39)

*
~ ~ L_(U .
L.=L (X .)= o Rt
ni n n,1 1
afm
Since 1/q(t) is boundedly continuous for t € [n,1-n] (for every
0<n<%), (2.3.36) can be extended readily to L; = {L;(t)/q(t): t e

(0,1)}, whenever 0<nss<t<s+8<l-n<l. Thus, we need only to show that

under HO: B=0 and (2.3.15), for every ¢ > 0,

lim lim P{ max|L .| > e} =0 , (2.3.40)
&40 isn§

and
lim 1im P{ max [L_.| > e} =0 . (2.3.41)
840 i>n-ng§ ™

We shall prove (2.3.40) only, as (2.3.41) follows on parallel lines.

Note that the ranks of Ul,Uz,..,U are distributed indepen-

n

dently of the order statistics u, IRARRER U for every n 2 1.
. ’ n,n

Hence, it is easy to verify that

* *
EoLn(Un,k) = EO{Eo[Ln(u)|u=Un’k]} = 0, l<ksn (2.3.42)

a * * ((k/\)k)
= (nikAq)-Xq) . .3,
EoLn(Un,k)Ln(Un,q) oDy , 1<k, q=n (2.3.43)
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Further, by steps similar to those in (2.3.8)-(2.3.10), it

follows that

k-1) *
Bo{lA(Uy 4e1) LA (U, 3), sk} = [ k- ] Ly(U, ), lsken-1

(2.3.44)
so that

1<k=<n-1 . (2.3.45)

Noting that q(t) is 7 in t (near 0) and, thereby, letting it be
nondecreasing over (0,8], we obtain by using Theorem 2.1 of Birnbaum

and Marshall (1961) that for every ¢ > 0,

P{lmale w, )/q( ]l> e}

<né

[né] 82
-2 *2 -
121q [ ]{EOLF (Un,i)-[n?iill otn (Un i-l%

P{ max]L 11> €
i<né

<
[né] .. _
= "'2 1 (n—l) s b 2.3.4) ,
2 [](n—l)(n-i...]_) [by (2.3.48)]
[n6] )
S E—Z[—T) { Z [ ]} (2.3.46)
fa) -2 (8, |
) [E:T}ve J q “(t) dt,(as q(t) is#in te(0,6)).
0

Hence (2.3.40) follows from (2.3.38) and (2.3.46). A similar proof

holds for {5;} where §; = {gﬁﬁt)/q(t): te (0,1)} .
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Thus, from Theorem 2.3.3 and the above discussions, we

obtain the following

Theorem 2.3.4. Under (2.3.15), (2,3.38) and HO: g=0, ‘{E;, g;}

converges in law to Wo in the sup-norm metric Pq? defined by

(2.3.37).

As a result of Theorem 2.3.4, we have the following: for

every b 20,

— wo(t)
lim PO{ max Lni> b} = P{ sup 1 > b} s (2.3.47)
n-o l<i<n-1 \0<t <1 q(t)
and
0
W (®)

> b}, (2.3.48)

lim PO{ max |Lni| > b} = P{ sup

nso Oli<isn-1 o<t<l a(t)

where Py stands for the probability under H,: 8=0.

2.4 Some Specific PCS Test Statistics

We shall now consider certain specific PCS test statistics
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based on the weighted empirical distributions.

2.4.1 Unweighted Test Statistics

Letting q(t) =1 in (2.2.9), we have En(x) = Ln(x). Note
that for q(t) = 1 the right hand sides of (2.3.47) and (2.3.48) re-

duce to [viz. Billingsley (1968, p.85)]

2
P{ sup Wi(t) >b} = e | (2.4.1)
O<t<l
and
0 ® k-1 -2k%b?
P{ sup |w1(t)| >bl =27 (-1) e s (2.4.2)
O<t<l k=1
respectively.

Now let A; and Aa the solutions for b in (2.4.1) and
(2.4.2) when the left hand sides are equated to o (0<a<l). Then by
(2.2.13), (2.2.14), (2.3.47), (2.3.48), (2.4.1) and (2.4.2), we obtain

that in this case

A;a - x;, and A >A, as no>w . (2.4.3)

Thus, we can carry out the PCS test as in Section 2.2.2, where we use

L (X .) for L (X .) and A& (or 1,) for A;a (or A respec-

nn,i nn,i na)’
tively. The PCS test has an asymptotic level of Significance a (0

<o<l).

2.4.2 Weighted Test Statistics

We choose q = {q(t), O<t<l} satisfying (2.3.38). With the

help of (2.3.47)-(2.3.48), the asymptotic expressions for the corres-
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sponding i;a and Xna can be obtained. It may be noted that for
general q, the algebraic expressions for the right hand sides of
(2.3.47)-(2.3.48) (as a function of 6) are not known. However, the
computer simulation provides a useful technique to enumerate empirical-
ly the distributions in (2.3.47)-(2.3.48).

In view of the fact that E{L_(t)[Hy} = 0, V{L}(t)|H,} = t(1-

t), we can consider the weighted version of L;(t) as

% L (t)
L (t) = —2= , 0O<t<1 (2.4.3)
n Je(l-t)
or equivalently,
~ L (X .) L(X_ .)
_ nn,i n‘'n,i .
Ln(xn,i) = 2 = -———-—_——-— > 12 1
: / i{n-i
J/b(Ln(xn,i)IHO) n(n-1) (2.4.4)

In that case then, the choice of the weight function q is
q(t) = {t(1-£)}%, o<t<l . (2.4.5)

The basic trouble in this choice of q is that (2.4.5) does not
satisfy (2.3.38) and as a result Theorem 2.3.4 may not hold for such

a q. Nevertheless, if we exclude a small neighborhood [0,e] at the
beginning and a similar neighborhood [1-g€,1] at the extreme end,
then on the interval [g,1-g] (for O0<e<d), {L;(t), g<t<l-e}. con-
verges in law to {Wg(t), g<t<l-¢} in the sup-norm metric pq, with

q defined by (2.4.5). Thus for every 0<e<¥,



L.(X .)
max  —nomi’ D sup Wg(t)/VETT:fT (2.4.6)
ne<is<n(l-¢) /i(n-i est<l-¢
n(n-1)
and
Ly (Xg,1) | 2 W ()
max _nni | =X sup 1 (2.4.7)

ne<isn(l-g} /i(n-1) est<l-g| /t(1-t)
n(n-1)

which are the same as

* 0
max ;EESEE__ 2, sup _!l(t) (2.4.8)
est<l-g YE(1-t) estsl-e Jt(1-t)
nd
0
L |, W, (t)
max |5 sup | ———— (2.4.9)
gst<l-g |Vt(1-t) est<l-g| /t(1-t

under probability integral transformation.

Operationally, this means that significance testing in the
PCS starts with the [na]th failure and continues (if needed), at
most, up to the [n(l-e)]th failure. Guidelines for choosing ¢
under different experimental conditions will be discussed in Chapter
6. The distributions of the statistics on the right hand sides of
(2.4.6) and (2.4.7) depend on (> 0). For very small g(> 0), the
percentile points of the distributions are larger - however, as ¢
increases, these tend to become stable. We shall consider the simu-
lation of the critical values for different values of & in section

2.7.

2.4.3 Rényi-Type Statistics

We may also consider a Réhyi—type statistic (see Hajek and




52

~ 4
and Sidak, 1967), viz.,

max {;n(xn’i)/tﬁ}} or max {ILn(Xn’i)l/[%)} (2.4.10)

ne<i<n ne<i<n

which corresponds to q(t) = t; an equivalent way to write (2.4.10)

is
L*(t) LY (1)
max -2 or n( l . (2.4.11)
est<l ¢ est<l |t
Let us write
~ L )~ *
A I _2552;22, Rety = (8 (2.4.12)
n* n,i i/n n t

Again, this choice of q (viz., q(t) = t) also does not
satisfy (2.3.38). However, for every ¢ > 0, there is no problem in
claiming that (2.4.10) or (2.4.11) converges in distribution (under
HO: =0) to those of

0
W (t)

t

0
nw (2.4.13)

sup and sup
est<t T estsl

respectively, where by an appeal to Theorem b of Hajek and Sidak

(1967, p.183), we have, for every b 20, ¢ > 0,

W (t) |
p{ sup 1t > b} = 2|1 - @[b. 18 ] 5 (2.4.14)

e<t<1 ~€

-

and

-

Wet)
11> b} = 4|1 _.q>[b €
t (1-¢) J

bl ) o)

P{ sup
est<l

(2.4.15)
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X 2
where o&(x) = (2w)'% I et 4t is the standard normal d.f. (2.4.15)

-0
can fairly accurately be approximated by the first term on the right

hand side, when b / ¢ is not very small.
l-¢g

Thus the critical values are computed by (2.4.14)-(2.4.15).
As will be seen in Chapter 6, these Rényi—type statistics do not pro-
vide earlier stopping times as provided by the weighted test statistics
discussed in Section 2.4.2; and also from power considerations, these
are definitely not better than the weighted test statistics of Section

2.4.2.

2.5 Two Sample Problem (A Special Case of General Simple Regression
Problem)

In the model (2.2.1), if we put for some n lsn1<n, Ci=Cy=...

1:

= n1=0, °n1+1=cn1+2=“‘=cn=1’ where n-ny=n,, and where Xl’XZ""
X, are independent random variables identically distributed with
1
d.f. F(x) are independent random variables

and X R see3X

n1+1 Xn1+2 n1+n2
distributed identically with d.f. G(x), then the problem reduces to
testing the null hypothesis
H: F(x) = G(x)

0 (2.5.1)

VER le F(x) # G(x)

which is the classical two sample problem.

Now let Fn (x) and Gn (x) be the empirical distribution

1 2
functions based on the observations XI’XZ""an and xn1+1’xn1+2""
X respectively; thus
ny




F () =] ] u(x=X,) (2.5.2)
n i=1
n—n1+n2
G, ) =ny' ] uxX) . (2.5.3)
2 i=n1+1
Now
n n
- -1 2
c_=n""Jec, =% (2.5.4)
n i=1 * n
and
n n.n
2 —.2_M"2
c = izlcci c) = - . (2.5.5)
Hence (2.2.3) reduces to
( n n
2 2 }
L (x) = |2 -<£nF (x) + |1-4In_ G (x
W0 = (2] -2 mE, @ (-2, 6, @
(2.5.6)

[nlnzr{ ) ( )} (ce0,0)
: G, (x) - F (X))}, x g-o0,
n ny n

The unweighted tests considered in Section 2.4.1, then, re-
duces to the simple two-sample Kolmogorov-Smirnov tests, but adapted

in a PCS, so as to monitor the experiment from the beginning (for ex-

ample, see Chapter 6).

For the weighted tests with weights specified by (2.4.3), we

obtain similarly

. I b
L x ) ={"%“2(I_1 1 {c (x) - F (x} , n e<i<n(l-g€). (2.5.7)
n-n,l i(n-1i) n2 nl

From (2.5.7) it is clear that for small "i/n (or 1-i/n), 'the first
factor on the right hand side of (2.5.7) is large, so that more weight

is attached to a given difference of the two d.f.'s at the two ends
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and this should make early termination more likely, 1f the null hy-
pothesis is not true.

For the Rényi—type statistics in a PCS, we have from (2.4.12)

LR(x

n-'n,i {6, x) - F, (x)}, nesisn . (2.5.8)

2 1

"

1

) = [nlnzn}%

The asymptotic null distribution theory of Lﬁ(xn i) is given by
’

(2.4.14) and (2.4.15). Again, like (2.5.7), here also more weight is
attached in the lower tail of the values of 1/n, so that early

termination may occur (whenever H_ 1is not true) with higher probabil-

0
ity. However, as will be shown empirically in Chapter 6, Rényi—type
statistics do not fare better than the weighted test statistics given

by (2.5.7) in respect of power and stopping times.

2.6 PCS Tests for Grouped Data Based on Empirical Distribution
Function

As in Majumdar and Sen (1977), consider a time sequential ex-

periment involving k + 1 ordered intervals Jl’JZ""’Jk’Jk+1

*
(= Jk+1) where Jj = (a, 1

j-1
cee<ay<ay . o= o [The number k or the points a1,32,..,3, may or

,aj), 1<j<k, Jk+1 = (ak,«o and 0 = a0<a <

may not be specified in advance.]
We define J. =UJ_, for j 1. Let X,,X.,
s2j S 1°72
fined as in Section 2.2 [see (2.2.1)-(2.2.2)]. In the grouped data

.., X Dbe de-
n

set up, the observable random variables are



¥
J" (1gjsk+1), for i = 1,2,..,n

{l,iinEJ

Z..
1J 0, otherwise

Let us denote the observed cell frequencies by

n
n.= Z.., 1<j<k+1
and let
n’.= In_, il
J s<j

Let us also define
. { 1, if Xi € J1UJ2U....UJj,

® » 15js<k

0, if X; 8 Jy,; i1

* .
where Zik+1 =1 Vixl.

Further, we define Eh and Ci as in (2.2.4). Let: then

n
=c1 Y (i) zh., §j=1,2,..,kel
R T
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(2.6.1)

(2.6.2)

(2.6.3)

(2.6.4)

(2.6.5)

Note that an is identifiable Wiﬁan(aj) given by (2.2.3) where

j=1,2,..,k+1 and an+1 = 0.

Also, note that as defined in (2.2.5)

it

-1 .
Sh(aj) n (n;1+n +..+n‘j), j=1,2,..,k+l

2

= n'1 n*.
')

As in (2.2.9), we let

Qj = _—Lﬁqcsn(aj I

(2.6.6)

(2.6.7)
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Then we proceed as follows under PCS.
At aj, the end-point of the jth time interval Jj, the pro-
posed PCS test procedure consists in computing anj’ for jzl1. The
L Y . ~ + o~
experimentation continues as long as an < Xna (or |an]s Ana’ for
a two-sided test), where A;a and Ana are defined by (2.2.13)-
. . . ~ + ~
(2.2.14). If for the first time for some j=N, Qy > Ana (or IQnN|>
Xna)’ experimentation is curtailed at time ay along with the rejec-
tion of HO: B=0. If no such N(g k) eXists, experimentation is
stopped at time a, along with the acceptance of HO' The stopping
time is ay and the stopping number here is n;+No+. . +ny.
In view of the fact that 6 . =L (a,) for 1<j<k where L
nj nj n
is given by (2.2.9), if we let tj = F(aj—Bo), 1<j<k+1, we conclude
directly from the results of Section 2.3 that under (2.3.15) and

HO: g8=0,

: 0 0
~ - D w1 (tl) w1 (tk)
{qu“.”qm} > G ”..q““ ) (2.6.8)

As such, for every b >0

. [ W)
lim PO{ max .>b} = P max J_>b

n->o l<j<k 1<j<k q(tj)
\
[
WY ()
< P{ sup — > b (2.6.9)
0<t<1 q(t)
\

and

. ~ 0
lim P { max |Q .|> b} = P{ max |W.(t.)|/q(t.)> b}
oo Ol g5k % 1<jsk 13 J

< p{ sup IW?(t)I/q(t)> b} . (2.6.10)
0<t<1



t

If k gty

is not too small and tl,t

0,1),

be replaced by approximate equality signs.

+

A
no

or A
no

conservative test for the grouped data case.
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are spread over
the inequality signs in the last step in (2.6.9)-(2.6.10) can
Thus, the use of the same

as in the case of ungrouped data leads to a somewhat

The two sample cases for the grouped data will have a configu-

ration in the form of a 2x(k+1) table (Table 2.6.1, below).

Let

i
n-j ) n,_ o, 1<j<k+1 (2.6.11)
s=1
Then (2.6.5) reduces to
n_\%
_ 172 1 o1
an = [nll ] {H;(n21+"+n2j) n (n11+..+n1j)} (2.6.12)
for j =1,2,..,k+1, and (2.6.6) to
S (a.) = n-l(n +n,. +..+n, .+n,_.)
n- j 11 21 15 23
-1 % (2.6.13)
=n'n .
‘]
TABLE 2.6.1
Time Intervals
Samples: J1 J2 Jk Jk+1 Total
Sample 1 n,, n,, Ny Nyl ™
Sample 2 n,, Ny, ceee My Mool | M
Total n.y n., n., LI
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where 1<j<k+1. Thus, (2.6.7) reduces to

CEnJ’ ) [nlnz i v % 151/ Q(“_‘lsgllnls*nzﬂ)’

2s” nl s=1
(2.6.14)
1<j<k+1

Statistic similar to (2.5.7) for the grouped data case is given by

~ n.n_yk j
_ (1) )1 1
an - ( n } {n si“Zs n

(2.6.15)

as

"
V(Q,;) = - [- — ] . (2.6.16)

n

Looking at (2.6.15), it is apparent that for n?j = 0, (2.6.15)

becomes infinite and so the condition given by (2.3.38) is not satis-
n¥, n*,

fied for ¢t. = —El-. However, if for €>O,'pi= nJ 2 £, then it can be

shown, as in the case of ungrouped data that

- 0
max an —2+ max wl(tj) (2.6.17)
ne<n¥.<n(l-¢) e<t.<l-¢ T
t.(1-t.
J j /J( J)
and
Wo(t.)

max
nESn?an(l-s)

- l )
Qn’ —_— max
J estjsl-e

—1J———l (2.6.18)

/tj(l-tj)

Hence, for every b >0, as in (2.6.9) and (2.6.10), we have
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wl(t.)
Lim PO max max ——J >
n->o nesn¥.<n(l-¢ e<t 1-¢ /t.(1-t.
j ( ) /J( J)
W (t) (2.6.19)
sup >bp
e<t<1 € /t(l t)
i WO(t,)
Lim P Jax IQnJ.]>b =P{ max [|———1I>p
n>o nes<n. <n{l-¢€ e<t.<l-¢ t.(1-t.
L (1-¢) ; /J( J)
0 (2.6.20)
W) (t)
<P sup |————>b
est<l-e|/t(1-t)

Thus, again the use of the same %; and Aa as in the case of un-
grouped data will provide a conservative test for the grouped data case.
The Rényi-type statistic, similar to (2.5.8) is given by

*

éij - (nlnnz]% I‘L %nzg)-ni %nls /[nnj} (2.6.21)

lnz s=1 1s=1

The percentile points given by (2.4.14)-(2.4.15) in this case will

provide a conservative test for the grouped data case.

2.7 Asymptotic Power Properties of the PCS Test

With the intention of studying the (asymptotic) power proper-
ties of the proposed PCS tests, we first consider the non null dis-
tribution theory of (L;,gﬁ). For fixed alternatives, these PCS tests
are consistent, and hence, their asymptotic power is equal to one.
Thus, we confine ourselves to suitable sequence of local alternatives

for which the asymptotic power will be different from 1.
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We assume that there is a triangular array {Xni,lsisn; nzl} of

row-wise independent random variables, where for each n,

= - - * 3
P{XniSn} F(x BO B(:ni), 1<i<n, x e R . (2.7.1)
where _
€5 n n %2
c*. = B oi<isn ks Jc* =0, Jc¥f =1 (2.7.2)
ni <, 12 ni L7 ni

and the Ci satisfy (2.3.15).

As before we let HO: B=0 and frame a sequence {Hn} of al-

ternatives by letting

Hn: (2.7.1) holds for some R#0 . (2.7.3)

Regarding F in (2.7.1), we assume that it possesses an absolutely
continuous density function f with a finite Fisher information

2

1(£) = l;—n tafx)| = J [£'(0/60]% d F(x)< ©  (2.7.4)

where f'(x) = Qﬁﬁ{l . As before we define
dx

o~

= C * -
Ln(x) . 1Cni u(x xni)’ x € R . (2.7.5)

Then

E(L (x) [Hn) e F(x-B,-8 %)

ot
=]
[

[ )
13 03

—

ey [F(x-Bp)-Be* £(x-B))+o (c 1)1,

[N

(by Taylor series expansion
of F(x-BO—BC;i) around (X-BO))

(2.7.6)

-B f(x_Bo) + o(c;i)
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3 - - *
Oy if we put U, F(Xi BO Béni), then the d.f. of U, under H

is

P(U;<t[H ) = P[F(X;-By-Ber,)< t] = P[xi-BOSF'l(t)+3c;i]
_1 *

= F(F 1 (t) + Be2,)

= FFTL(0) + Bex, £CETI(6)) ¥ o(er)

by expanding F(F—l(t) + Bc;i)

around F-l(t) according to Taylor
series expansion,

=t + Bc;if(F_l(t)) + o(ck) (2.7.7)

where 0<t<l and o(c;i)+ 0 as n* >, Hence, since
n
- * -
L*(t) = iZlcm.ﬁu(t u.), Ostsl, : (2.7.8)

as defined in (2.3.1), we have

n
i§1c e E(u(t-U;) [Hn)

E(LX(t) [H))

n
izlc . P(UistIHn)

n
Log;leeBey,; € El(e)) + ol )]

i=1
=g L)) + o(cx.) (2.7.9)
by (2.7.2))
=B (t) + o(ct.)
where
E(t) = 8 trle)), te[0,1] . (2.7.10)



63

Now for any integer m(z 1), consider a set of numbers Ost1<t2...

<tms1. Next consider the vector
Lo = (L)(t)), Lp€t)) ..., La(ep))! . (2.7.11)

Following the line of approach as in the proof of Theorem 2.3.2,:we
can show that L; is asymptotically distributed as m-variate normal

distribution with mean vector
u= (BECFTI(L)), BECFI(t), ., 8P (e )) . (2.7.12)

Then using Theorem 2.3.3, the contiguity of the probability measures
(under {Hn} to those under HO) as developed in Chapter VI of Hajek
and Sidak (1967), and proceeding as in the proof of Theorem 2 of Sen

(1976), if follows that under ‘{Hn},

"
L; “?gw? + & as no>ow, (2.7.13)

In fact, the result extends to the convergence in the $up-norm metric
as well. Thus, for q = {q(t), 0<t<l} satisfying (2.3.38), the

asymptotic~power of the proposed test based on Eni is given by

’Wg(t)+€(t)~ ~
vt = P{ sup |[————|> \*}, (one-sided case), (2.7.14)
<t<1l\ Q(t) J &

<
fl

wo(e)+ (), .
P{;sup Ao s Aa}, (two-sided case), (2.7.15)
<t<1 q(t)

where X; and Xa' are the critical values of the null distributions
"WO(t . t
of sup _lE_l and sup EEE_l

respectively for an a size test.
o<t<1 4(t) o<t<1! q(t)
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For the weighted case where the weight function is given by

(2.4.3), the asymptotic power is given by

(
WD (£) +E (1) ~+l
v*+ =P{ sup ——--—> Aa , (one-sided case), (2.7.16)
Lsstsl-e YE(1-t) J
or
0
. W (0)+E(8)| -
v =P{ sup |——|> A ¢, (two-sided case), (2.7.17)
est<l-e|vE(1-) o
\

~

. ~
where Aa and Aa are the appropriate asymptotic critical values.

Similarly, for the Rényi—type statistic, the asymptotic power

is
0
R J WO+ () g,
V' = P{ sup - > X ), (one-sided case), (2.7.18)
LEStSl '
or
0
R W)+ (0]
v = P{ sup [——————I> X"}, (two-sided case), (2.7.19)
Le'stsl t

where AN and A} are the solutions for b in (2.4.14) and (2.4.15)
respectively, when equated to .

Actual evaluation of these asymptotic powers demands the know-
ledge of & and requires them to be of some simple form._ In general
this is not the case and the prospect depends on using simulation
technique to evaluate them. For the grouped data case, the power
functions are given by (2.7.14)-(2.7.19) but the '"sup" are replaced by
{ max } and t by aj, 1<j<k, where k and aj are defined in

1<j<k
section 2.6.
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2.8 Simulated Critical Values of the Null Distributions of

WO () WO (t)
sup ——— and sup |————
est<l-g Vt(1-t) est<l-e|vVt(1-t)

Let Xl,Xz,..,Xn be n independent observations from the

standard normal distribution N(0,1). Let

k
Sy = .2 X;, lsksn (2.8.1)
i=1
where we assume SO=0. Let
S
Z. = X, - 2, 1sis<n (2.8.2)
i i n
and
* k k
= - = = <k<n (2.8.3)
S, =Sk -7 S, = L2 18 . .8.
i=1
Now define the empirical process
W = {wo[i], lskSn} (2.8.4)
n ni{n
where
Ofk| _ _-%.*
wn(ﬁ} =n Sk’ 1<ksn . (2.8.5)
It can easily be verified that
E WO[EJ =0 (2.8.6)
n|n
ot f€] w2[g) - 000 a2 @
n{n} n{n n 2

With the help of the methodology developed in Section 2.3, and since

X, | =
maximum jump of the process (2.8.4) is max k’ . 0(/%qpn) ass »+ 0
1<ksn /n /n

a*s as n > o
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Wg 2+ Wg as n-»>o , (2.8.8)

where as defined earlier (in Section 2.3) Wg ='{W0(t), 0<t<1} is the

Brownian Bridge.

Define
w [k
Yk = ' , lsksn (2.8.9)
Kf, K
n[ n
*
= A S 2.8.10
Ao (2.8.10)
Hence
0
~ ~ W, (t
Y = {Yk,[en]sks[n—ne]} 2, Wg = {w(l)(t) = —1(1— ; estgl-¢ }
vt (i-t)
(2.8.11)
and
W (1)
max Yk = sup — (2.8.12)
[en]<k<[n-en] gst<l-e vt (1-t)
0.
W, (t
max IYk[= sup __lg;l__ (2.8.13)
[en]<k<[n-gn] estsl-gl/t(1-t) | ° :

where 0O<e<i.

We have utilized (2.8.12) and (2.8.13) in deriving the simu-

0 W0
lated distributions of sup ;Elffl__ and sup _,l(t) '
estsl-e Jt(1-t) e<t<l-elyt(1-t)

For n=1000 and €=:005,+01,+05 and <10, we have found the distri-

butions of
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™ = max Y, (2.8.14)
[en]<k<[n-en]
T=  max Y, | (2.8.15)

[en]<k<[n-en] X

by simulating 1000 times. The-order statistics of T* and T were
obtained. Through the method of moments, we fitted the Pearsonian Type
I distribution; the fit was found quite satisfactory for each value of
¢ and for both T and T. From the fitted Type I curves, the per-
centile points were obtained with the help of incomplete Beta integrals.
For o = .01, .025, .05 and .10, the fitted and the simulated critical
values, X&(e), corresponding to T, and i&(e), corresponding to
T are tabululated in Table 2.8.1 .

From the closeness between the simulated and fitted values of
X;(e) and %a(e) {as seen from Table 2.8.1), we can say that the
fit has been quite accurate. Uses of these critical values will be
made in Chapter 6 where we shall present some examples of practical

interests for explaining the PCS using the proposed test statistics.




68

TABLE 2.8.1

Simulated and Fitted Values of wQﬁmu and wQﬁmu
for Selected Values of o and ¢

(S = Simulated, F = Fitted)

+025

+
ag@

NE

F

S

3+158

3+ 356

2+ 958

3+143

34342

2+931

*05

‘34052

3+ 275

2+ 833

*10

2+ 945

30251

2+748




CHAPTER III

PCS TESTS FOR MULTIPLE
REGRESSION BASED ON EMPIRICAL DISTRIBUTIONS

3.1 Introduction

In Chapter II we proposed and studied progressive censoring
tests for a simple regression model based on weighted empirical
distributions. Here, we intend to do the same for multiple
regression. Some of the results in this chapter follow as direct
extensions to those proved and obtained for the case of simple
regression in Chapter II. The layout of this chapter is as follows.

Section 3.2 describes and formulates the PCS test procedure
for multiple regression for the case of ungrouped data besides giving
preliminary notions. In Section 3.3, asymptotic distribution theory
of the proposed test statistics under the null hypothesis is discussed.
Some specific asymptotic PCS tests are considered in Section 3.4. 1In
Section 3.5, the general q-sample (q>2) case is described in the
framework of multiple regression, and a special case of three
sample problem is worked out. Section 3.6 describes the parallel
results for the grouped data case. The power properties of the
proposed tests are studied in Section 3.7. The concluding Section
3.8, presents some simulation studies of the critical values of the

proposed test statistics for some special cases.
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3.2 Preliminary Notions and Formulation of the PCS test Procedure
for Ungrouped Data

Let X = (Xl,X .,Xn) be a vector of independent random

A

variables, where Xi has a continuous distribution function (d.f.)

Fi(x), i=1,2,...,n, n21, given by

Fi(x) = F(x—BO—g'gi), 1<i<n, (3.2.1)
= -0 00 = 1
where x € R = (~»,®), and BO and B (81,82,...,Bp) are
unknown parameters, and
= ' ]
S (Cli’CZi""’cpi) , 1<i<n, (3.2.2)

are vectors of known constants (regressors), Cji’ 1<j<p being not

all equal. It is desired to test the null hypothesis

HO:Q‘:O (i.e.,F = F =.--=F)

against Hy: B# 0,

where 80 and F are unknown. Thus again, as in the case of simple

regression, we wish to test for the identity of FI’FZ""’F

(3.2.3)

n

against the multiple regression alternative.

We define
_ .10 n _ »
= Lesys G g = _Z (eg3-c) (epy=cp)s isi, kep. (3.2.4)
i=1 i=1
Also, let
* = * * * ! 1<
[ (cli’CZi""’cpi) , 1l<izn, (3.2.5)

e*. = €% (c..-C.), (= )t =0, ) c*tl=1), 1sjsp, (3.2.6)

ji n,jj  ji 7j o It jop 1
and L N
* t
L1
CE'
= ~ = ! =
Bn : v Mo gngn ((Anjk))J,k=1,...,p ?
nxp . pXp
c*! (3.2.7)
| “n | [
1, j =Kk
Anjk = Yo% ¢ c 4k
J n,jj n,kkn,jk *J ' )
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Further, assume that

max (c..—E&)Z/C +~ 0, as n > ©

1<isn Ot n,jJ

<<

1<3<p (3.2.8)
1.e., max c* > 0, as n > ®

1<is<n 7

1<j<p

More strictly, we shall assume the Hajek (1968) condition

max nc%?=0(1), as n —»®
l<isn J (3.2.9)
1<j<p
and that A +A%=((2.))
n~ jk’7j,k=1,...,p
definite with full rank p.

0 s
, as n» _ where A and A" are positive

With these definitions and assumptions we proceed to propose
the PCS test for multiple regression as follows.

First of all, we note that in clinical trials and life
testing experiments, generally observations are obtained sequentially

in time. Thus, if X <X <versg X are the order statistics
n,l n,2 n,n

corresponding to X ,Xn (ties neglected in probability, because

1’X2""
of the continuity of the Fi) and if in,an,...,an stand for the

antiranks (i.e., XQ = Xn i 1<i<n), then one observes sequentially
ni ’

X , X ,...,XQ . Further, it should be noted that in a PCS, one
in Qn2 nn
monitors the experimentation from the beginning, so that at each

failure Xn,k’ 1<k<n, the statistical content of the accumulated
data is examined with a view to terminating experimentation if the
null hypothesis is deemed unacceptable (see Majumdar and Sen [1978b,
and also, Chatterjee and Sen [1973]).

We then define

1
-4

n
.. c..-c.)u(x-X.), x € R, 1<j<p, (3.2.10
n’”izl( 57y ulxXy) j<p )

Ln,j(x) = C
and
-1 n
S (x) =n " ) u(x-X,), xe€R, (3.2.11)
n i=1 1
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where u(t) is 1 or 0, according as t is 20 or is <0, Sn(x) is
the usual empirical distribution function of Xi’ 1<i<n,

Thus the common points of discontinuities of Ln j

>

and S are
n

xn’lxxn,2,~"’xn’ny for J = 1:2,"',p'
Let
= 1]

L, (Ln,l(x)’Ln,Z’(x)""’Ln,p(x)) (3.2.12)
and

~ _ ~ ~ .

kn(X) (Ln,l(x)’Ln,Z(X)"'"Ln,p(x)) (3.2.13)
where

- L .(x)/q(S5_(x)), X . =<n<X
L () =4{™J n n,1 o n,n (3.2.14)
0, otherwise

where
q = {q(t), O<t<1}, (3.2.15)

is a suitable weight function to be defined formally later on, Thus,

~

the points of discontinuities of Ln j(x) are the same as those of
2

Ln j(x) or Sn(x). Now by (3.2.1), (3.2.10) and (3.2.12), for every

x € R,

0
while under the alternative le B #0, E{Ln(x)lHl} depends on the

E{kn(x)|HO} = 0, where H: B8 =0, (3.2.16)

values of Bi in the vector f = (81,...,Bp)'. Hence, ina PCS test

we examine the fluctation of Ln around 0 from the beginning

through some test statistics.

Let
~ ___1~
= '
Mn(x) Ln(x) An kn(x), X € R, (3.2.17)
Note that xn,O = -0, Xn,n+1 = +o (conventionally), so that
Mn(x) = Mn(xn,i) s Xn,iSX<Xn,i+1 . (3.2,18)
The PCS test for HO: B = 0 based on Mn(x) proceeds as

follows:
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We propose the test statistic

A = max M_(X
n

) . (3.2.19)
1<k<n n

n,k
Let ana be the real number such that
< > .2,

P(An>6na|H0) asP (A 6na|H0), (3.2.20)

where a is the desired level of significance of the proposed test.
Then, under the proposed PCS testing procedure, as the
experimentation continues, one computes Mn(Xn k) at the successive
K

failures Xn K’ 1<k<n, If, for the first time, for some k = N(<n),

3
M (X_,) >6__, then the experimentation is curtailed at the Nth
n " n,N no
failure along with the rejection of HO. If no such N(<n) exists,
then H_, 1is accepted at the nth failure X . As usual N and

0 n,n

Xn N are called the stopping number and the stopping time respectively.

Now let us make transformation

Ui = F(Xi—BO), Un,i = F(xn,i_BO)’ 1<i<n , (3.2.21)
Clearly, U_ .<U _<..-<U are the order statistics corresponding
n,1" 'n,2 n,n
to Ul’UZ" "Un' Therefore, (3.2.18) can be written equivalently as
* Ty ~1~x
Mn(Un,k) Ln (Un,k)én Ln(Un,k) ’ (3.2.22)
where
% T Tx Tx '
Ln(Un,k) - (Ln,l(Un,k)’Ln,Z(Un,k)""’Ln,p(Un,k) ’
Tk _ * _ E
Ln,j(Un,k) - Ln,J(Un,k)/q(k/n)’ as Sn(Un,k) - n ]
(from (3.2.11));
and n
*
- * - 3 :
Ln,j(Un,k) iZlcjiu(un,k U;), 1sjsp, lsksn, (3.2.23)
where we assume Un,0= 0 and Un,n+1 = 1 (conventionally). Or,we can
write
* 2 Tk L:l J(t)
L™ .(t) = * u(t-U.), L. .(t) = 2 , 3.2.24
a3 (0 12=:1C31U( R R TER O ( )
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and hence
* _ T o a2
M (t) = L (1A "L (t) , (3.2.25)
where t; 0 < E—s t < E:l-s 1,
n n
A particular choice of q = {q(t); 0<t<l} 1is important from
power considerations.

If we write

A* = max M;(t) , (3.2.26)
0<t<1

then it is clear that

(3.2.27)
The distribution of Ar under H, depends

on c#i and the joint distribution of U .,Un which are

1°Y2
independent and identically distributed as uniform (0,1) under HO.
Therefore, it follows that the distribution of A; does not depend
on the underlying F, and so the proposed test is distribution free.
For small n, one may find the exact distribution of A; but as n
increases, the task becomes tedious, For this reason, we take

recourse to large sample distribution of A; where we have consider-

able simplification,

3.3 Asymptotic Distribution Theory of the Test Statistic Under
H.,: B =0.
0 ~

We shall present in this section, the asymptotic distribution

theory of the test statistic, A; based on M;(t), where
* = N*' "1~* . 3.3.1
M (t) = L '(e)A "LE(t), O<t<l; ( )

where

Tx = (T* Tx '
L (t) (Ln,l(t)""’Ln,p(t)) , 0<t<1,  5.3.2)

~x ok <i
Ln,j(t) = Ln,j(t)/Q(Sn(t)) » 1sjs<p, 0<t<l,
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and
n
L; j(t) = Z u(t u;)- t}, <p, 0<t<l,
1/ n , (3.3.3)
s (t) = 2 Z {u(t-u;)-t}, ostsl.
In Chapter II, we studied the distribution theory of the two
stochastic processes L' . = {L* .(t), t e [0,1]}, V¥j, and
n,j n,j
= {S;(t), t € [0,1]} in Section 2.3. We also studied there, the
g _ T _1* .
weak convergence of Ln,j = {Ln,j(t)"Ln,j(t)/q(t)’ 0<t<1}, Vj, to
Wy () 0 _ .0
= {W (t) = O 0<t<1} , where W, = {Wl(t), t e [0,1]1} is
Brownian Bridge and q = {q(t), O0<t<1} satisfies
1 2 -1
J[q (t)] "dt < = ., (3.3.4)
0

Since M;(t) is a quadratic form in g;(t), 0<t<1, it is difficult

to show the martingale property of M;(t) and hence the weak convergence
{M;(t)} to some functional of Brownian Bridge with the same ease 2s
could be done with tbe vector g;(t), 0<t<l. However, it can be

shown easily that M;(t) can be expressed as the sum of squares of
independent quantities each of which in turn converge to some
functional of Brownian Bridge as n -+ ® . This is possible since A
is symmetric positive definite, and therefore, there exists a non-

singular matrix V; such that

pXp
VA=
or ~“n "n"n "P
Aty (3.3.5)

One can obtain this diagonalization of Qn through the transformation

* = * * * Y1
dr = (d7;,d3;,..-,450)
L.
= ('Y= Vet (3.3.6)

where gz is defined by (3.2.5)-(3.2.6). Clearly, then
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n
Ld¥r =0, (3.3.7)
. 1
i=1
Writing
Vo= (V,,Vayees,V )
~N 7R H ?
pxp P
(3.3.8)
V. = (V. , Ve, 000,V )
~j ( j1?7j2 ’ JP) ’
px1

we have from (3.3.6),

d*. = v!c¥
ji o ~j~i

= * . )
(le’ij""’Vjp)ci ; (3.3.9)
and hence

b
max |d?i| < max lcfil( max J |Vj£|) ~ 0, (because of (3.2.8)).

l1<isn 1<is<n 1<j<p £=1
1<j<p 1<j<p (3.3.10)
Thus, defining
n
+ _ * _ - .
n,j(t) = iEldji{u(t u;) t}, 0st<1, 1<js<p ,
LV .(t) = 17 (t)/q(t), O<t<l, Isj<
n,jo T A ST
+ ~4 ~4 /
L (t) = (Ln,l(t)""’Ln,p(t))’ 0<t<1
~
= Y'LT(t) , O0<t<l, (3.3.11)
M;(t) then reduces to M;(t), where
+ _ T ~+
Mn(t) = Ln (t)kn(t) , (3.3.12)
as we see that
+ ~ay ~4
Mn(t) = kn (t)kn(t)
_ T* Y %
- En (t)MhVnLn(t)
‘_ N*' —lN*
= Ln (t)én Ln(t)
= M;(t) ,  (from (3,3.1)), (3.3.13)

which shows that M;(t) is invariant under any non-singular trans-

formation on c;i satisfying (3.3.5). With this invariance property



77

in mind, we shall now extend some of the results of Chapter 2,

As a direct extension of Lemma 2.3.1, we have the following

lemma.
Lemma 3.3.1. Let
* & - -1+ .
Ln,j(t) =(1-t) Ln,j(t)’ 1<j<p, O<t<l

and

* % _ * % %* % *%
Lo (t) -(Ln,l(t), Ln’z(t),...,Ln,p(t))', 0<t<l. (3.3.14)

Then, under HO: B =0, for every n(z1), {L;*(t); O<t<l} is a
martingale.
We now prove the following theorem.

Theorem 3.3.2. Let for any integer m 21, k;(tj) =

* * ' s . -
(Ln,l(tj)""’Ln,p(tj)) , 1<j<m. Then, under HO. B =0 and (3.2.8a),
* * * . .
(kn(tl)’ En(tz),...,kn(tm))‘ is asymptotically Nmp(g,z), where
=A@

T= ((t£ AtK_thK))ﬁ,K =1,...,m> " 21

(3.3.15)

and AO is defined after (3.2.9), (® denoting the Kronecker product.

Proof: Let
* * * * *
X,n = (Ln,l(tl)’ .. "Ln,p(tl)’ Ln,l(tz): .. °1Ln’p(t2)’ .. ',Ln’p(tm)) 'S,
mpx1 (3.3.16)
and let
mAXI =(A1’A2,...,Ap, Xp+1”'"A2p""’k(m—1)p+1’""Amp)'
p (3.3.17)
be any non-null vector. Consider
Z =AY (3.3.18)

n ~n
In order to prove the theorem, it suffices to show that Zn is

asymptotically Nl(g, A'TA) under HO and (3.2.8), i.e.,



[}
z ~N (0, XIN) . (3.3.19)
Now
m P
“n Zl 21 j+(i-1)p' J('c )
=1% (3.3.20)
m
= Yy,
i=1 *
where
P
Yi = le i (i l)p o J(t ), 1<i<m. (3.3.21)
Thus
E(Yi|HO) =0, l1<is<m
2 .
EQY; [Hp) = QA Mt (1 -t.), l<ism

E(YiYk|HO) = (A{\ﬂv)(t Aotit), 1si, kem (3.3.22)

Hence it follows that

E(z)) =0, v(z)-= EZ = A'(4, ® DA ~-A'TA. (3.3.23)
Let us now write Zn as
Zy < A,
n,m P
= 221{121 jzlc§£Aj+(i_l)p[u(ti -UK)—ti]} (3.3.24)
= ;legncuz) (3.3.25)
where
m
gn(Uz) = izl lecJt (- l)p[u(t Up)-t.] . (3.3.26)

gn(-) are bounded and for different £, they are independent too.
Hence (3.3.18) follows by using the classical central limit theorem
along with (3.3.23). Q.E.D.

Note that
+ it * . ;
Ln(ti) "Xn&n(ti)’ Yi, (3.3.27)

78
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where !n is defined by (3.3.5)-(3.3.8). Hence we have the

following corollary to Theorem 3.3.2.

Corollary 3.3.3. Under HO: B =0 and (3.3.10),

+ + . + . .
(kn(tl),...,kn(tm)) , where Ln(ti), O<ti<1, l<i<m, 1is as
defined above, is asymptotically Npm(g, lp ®n.

As special cases to Theorem 3.3.2 and Corollary 3.3.3, we

have the following corollaries.

*
Corollary 3.3.4. Under HO: B =0 and (3.2.8), Ln(t) =
* * . . 0
(Ln,l(t)""’Ln,p(t))" 0<t<l is asymptotically Np(g, At(1-t))
where L; j(t), 1<j<p is given by (3.3.3) and AO is defined

after (3.2.9).

Corollary 3.3.5. Under Hy: g =0 and (3.3.10), L'(t) defined by
(3.3.27), is asymptotically Np(g, Lpt(l-t)), O<t<l1.
Now let us define

pq(x,y) = sup{|x(t) -y(t)|/q(t): O<t<1}, (3.3.28)

where q = {q(t), 0<t<l} is non-negative, continuous, and bell-

shaped function satisfying (3.3.4). Foliowing exactly on the lines of
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discussions after the proof of Theorem 2,3.2, and Theorem 2,3,3 in
Chapter 2, and Lemma 3,3.1, we can extend the results (of Chapter 2)

to insure the tightness of {L;(t); O<t<l}, and similarly,

{L;(t), 0<t<1}, and can strengthen the tightness in the sup-norm metric
pq defined by (3.3,28). By virtue of these, Theorem 3,3.2, and
Corollary 3.3.3, we obtain the following theorems, the proofs of which

follow as direct extensions to similar theorems proved in Chapter 2.

*
Theorem 3.3,4. Under HO: g =0 and (3.3.10), Ln =

*
{L (t); t e [0,1]}
converges in Law to ﬂo = {Ho(t); t € [0,1]} where
Eo(t) = (wg(t),wg(t),...,wg(t))' is a vector of p independent

copies of Brownian Bridges.

Theorem 3.3.5. Under HO: g =0, (3.3,10), (3.3.4), and (3.3.28)

k; = {L;(t); t € (0,1)} converges in law to ﬂo = {ﬂo(t), t e (0,1)}

in the sup-norm metric pq defined by (3.3.28),

Thus, from the above theorems, and (3.,3.12)-(3.3.13) we get

p 2
D
M) = M S (R () = ZW;’ (t), O<t<l, (3.3.29)
j=1
where 0
~0 W, (t)
Wj(t) = —J——q(t) , 0<t<l, (3.3.30)
and hence 02
. 0 p Wj (t)
max M (t) = sup { ) 2} , (3.3.31)
0<t<1 0<t<1%Yj=1 {q(t)}
so that
0%
. Py, (v)
lim po{ max M (t)>6} = P{ sup | § —Ll—5/ > &}, (3.3.32)
no o 0<t<l M 0<t<1|j=1 {q(t)}

where P0 stands for the probability under HO: g =0.

3.4, Some Specific Asymptotic PCS Test Statistics

From power considerations, the choice of the weight function
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q = {q(t), 0<t<1} is very important, Also, a particular choice of
q(t) may help in achieving early stopping time of the experimentation,
For q(t) = 1, the unweighted test statistic is given by

u * 3 1l %
A = max L™ '(£)A TLT(t) (3,4.1)
o<t<1 ™ T om

where E;(t) and A have been defined in the preceeding sections,

In large samples, the distribution of AE under HO’ as
shown above, can be approximated by
02
T = sup ) W, (t), (3.4.2)
O<t<l j=1
i.e., for some positive Su,
. u_u, _ u
11mPO(An>6 ) = P(Tu>6 ). (3.4.3)

T)>oo

Hence in large samples, the test based on (3.4.1) are given by the
percentile points of the null distribution of T,

Because of the fact that for t small, the elements L;(t),
namely L;’j(t), 1<j<p have smaller fluctuations, so that a shift may
not produce significant results, the test proposed above may not
provide early stopping of the experimentation in a PCS setting, and
may not be very powerful, For such cases, we opt for weighted test
statistic by a proper choice of q(t). In consistence with the
classical theory of tests of hypotheses, if we consider a terminal
test at any point t in course of the experiment, then we can choose

q(t) = {t(l-t)}l/2 , 0<t<1, - (3.4.4)
so that the resulting weighted statistic is a quadratic form X'Q—lx
where A is the variance covariance matrix of the vector Y, and in
that case the test statistic has a chi-square distribution (see

Searle, 1971), Here Y is E;(t), and V(kﬁ(t))=t(1—t)&n=é, say, so that
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* * -1» . 0—1 * + L;(t)’&;(t)
My (t)=L ' L. @=L @A L () /tAt)=M, (1) =~y

2

D
— T t) Zw (t), 0<t<l  (3.4,5)

The basic trouble in this choice of q is that (3,4.4) does
not satisfy (3.3.,4), and so Theorem 3,3.5 does not hold for such a q.
However, if we exclude (0,e] at the beginning and [1-€,1) at the
entreme end from the interval [0,1], th. n {k;(t), e<t<l-€} in sup-norm

metric pq on the interval [e,1-¢] with p, and q defined by (3.3.28)

q

and (3.4.4) respectively, where 0<e<). Guidelines for selecting a
particular e(0<e<1) will be discussed in Chapter 6. Thus, we propose

the weighted test statistic -1
Lrn) Lo
(t) max D)

e<t<l-¢ e<t<l-¢

(3.4.6)

which in large samples has the approximate distribution same as that

of T , where
W

02
T = sup Zw (t)/t(1-t) (3.4.7)
est<l-glj=1

. ‘s W
i.e., for some positive ¢,

1imP0(A:><S) = P(T>8), t e [e,1-€], O<e<h  (3.4.8)

N>

Hence in large samples the test under PCS based on A are given by
the percentile points of the null distribution of Ta

Besides (3.4,1) and (3.4.6), one might also be interested in
the following test statistic

AR = max

e<t<l t

L (t)A L (t)
2 2

(3.4.9)

where q(t) = t. This choice of q is appealing as a natural extension

of the Rényi—type statistic considered for simple regression in
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Chapter 2, Here also, q(t) does not satisfy (3.3,4), However,

as argued in case of Az above, we have for some positiye s}

Lin By (ah>6") =P(Tp>8%), t € [e,1], O<e<, (3.4,10)
n-»o
where )
5 02 2
Tp = max ) Wj ®)/t7| . (3.4,11)
e<t<l|j=1
For very small €, the percentile points of the distributions
of Tw and TR will be larger; however in case of Tw unlike TR’ as €

increases these tend to become stable, In case of T,, the percentile

R}
points start getting stable after €, has increased considerably. As
i+l

0 < %-s t < —— < E, in both the weighted tests described above, one has

to wait until the [ne]th failure to start with the significance
testing in the PCS, Moreover in case of the test based on Aﬁ, one

has to continue the experiment (if needed), at most, up to the [n(l-
[n(l—e)]th failure. It may be noted that for general q, the algebraic
expression for the right hand side of (3.3.32) as a function of § is
not precisely known. Because of this limitation, one has to take
recourse to simulation for generating the distribution in (3.3.32)
empirically. In the concluding section of this chapter we shall
present some simulation studies of the critical values of the proposed
test statistics,

3.5 More than Two Sample Problem in the Format of General Multiple
Regression Model

Let us consider the q sample problem, where there are q
samples of sizes nl,nz,,..,nq respectively, drawn independently from
d.f.'s F1(x),F2(x),,..,Fq(x) respectively, Let the observations

of the q samples be denoted by



Xl,
xn
1
Xn
1
where
Let
Fi(x
where
el,ez,...,eq

functions F1
are unknown,

follows:

Thus the q
testing f =
hypothesis is

fo

against

H,:
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x2""’xn1’ from Sample 1,
sX y ot ,Xn . ? from Sample 2,
+1° M2 2
P +1""’xn , from Sample gq ,
q-1
n = n1+n2+,..+nq . (3.5.1)
) = Flx-Bo-Bycqi-BaCoirBq161,1)
= F(x-B,-8'c;), Isisn, (3.5.2)
= ' = [
’(‘:‘i (cli:"')cpi) > E (le-"’Bp)
Bj = ej+1-61, 1<j<p, p =q-1, (3.5.3)
being the parameters of the q distribution
(x),...,Fq(x) respectively, so that § = (81’82""’Bq~1)'
and we define cji’ j=1,2,...,p, 1<isn, as
J j+1
0, ls<i< ) n_, ) n_+1<i<n
c.., = ,ossl 7 s=l (3.5.4)
ji ] i+l
1, ] n+lsi<) ng
s=1 s=1
1<j<p=q-1, 1<isn .

sample problem of testing homogeneity reduces to one of

0 for the model given by (3.5.2)., Hence our null

B = (81,82,...,BP)' =0
(i.e., Fl(x) = Fz(x) Sz Fq(x)) s (3.5.5)
B#0,
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where BO and F are unknown, That is, we intend to test for the

F

identity of F Fn against regression alternatives,

1? 22t
To apply the test procedures discussed in the preceeding
sections to the q-sample problem, we then proceed to define and

compute the following

_ 1 n N N
cC. =n C.. = —= , 1<j<p(=q-1)
j 4o 91 n .
n n. ,(n-n. )
C .. = Z (c.._E)z _JL]‘___.li_
n,jj = L5 n
- (3.5.6)
j q
=n,  (Yn+ } n)/n, 1s<jsp
317621 S s=je2 S
1Mkl
Co ik —-AL—E———-, #k , 1<j, k< J

Also, as defined in (3.2.7), we have

A= (g5 k=1, .. .,p
where

1, j=k

c J+1“k+1

n,33%n,kkCn, jk ; q
YADS NI
n =1 7 s=j+2/ 's=1 7 s=k+2

Z/ri j+1"k+1
.

ng ) em ), gk |
(3.5.7)

1 1
- ok

\

In order to compute the unweighted and the weighted test statistics

discussed in Section 3.4, we need to compute L; J.(t), 1<j<p(=q-1),
s

where L; J.(t) is defined in (3.3.3),

’
Let

0, if the sth failure has not occured in the jth

sample, 1<j<q
st = )1, if the s™M failure has occurred in the jth (3.5.8)

sample, 1<j<q.
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where 1<s=r, rsn; r(<n) being the censoring point if it is planned

. . . t . .
to continue the experimentation until the r h failure, otherwise r = n,

Let
2 th
n.. = ) Z.£'= Total number of failures in the j
J £=1 ) sample up to the sth failure point;
1<j<q, 1<s<r(<n) j (3.5.9)
j-1
H = i I =
Under HO. g =10, if we let Li Fj(xi) for .Z nmsis Z nos where
m=0 m=1
j=1,2,...,q, 1<isr(<n) and we assume n0=1 (for notational con-
venience), and if U _<U  .<...<U be the ordered statistics
n,1 n,2 n,r

corresponding to Ui’ 1<i<r(<n), then L; J.(Un P) as defined by (3,2.23)

is the same as L* .(t), where t = P, (U.<t), Ost<l, and
n,j 0-1

0<Xcuy < k¢l

< 1. If censoring is done at the rth failure then
n n,k n

n is replaced by r(<n)inthe aboveand the following discussions.

Now n
1
* = =3 - ’ i = -
Lo Un i) cn,jjizlcjiu(un’k U.), 1sksn, 1<jsp(=q-1)
n.n
_ n 1 j+1,
- J q [j n (Un,k)—Fn (Un,k))
j+1 1

n, n_+ n
j+l szl S s=§+2 S}

nznj+1 n.n.+1
M (Fnj+l(Un,k)-Fnz(Un,k))J"''+ n (Pnj+1(un,k)"Fnj(Un,k))

n'+1n'+2 n'+£31
AR, 00, G0 B, @ 0o, o )]

nj+1 J
= ] sglrls(l<‘n.+l('U k) Fns(Un,k))
n( % n + g n_ B J
s=1 7 s=j+2 q
h Z ng(Fy (Un,k)—ln. (v ,k))
s=j+2 j+1
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where Fn (t) is the empirical distribution function of Ui’s in the
s
sth sample, 1<s<q, 1<is<n, so that
k
Z
£ n
_p=1 5t sk
Fn (Un,k) = = ==, from (3.5.8)-(3.5.9)
S 3 s
1<ks<n, 1ss<q. (3.5.11)

Thus from (3,5.10)-(3.5.11), we get

W) = M41 % n (nj+1 k nsk) ; n (nsk nj+1 k)
n,j n,k n(n—nj+1i 621 S nj+1 n sej+2 s ng nj+1
nn, n, n
. /¥l xlk Ky (3.5.12)
n-n, n. n
j+1 j+1
q
where n, = ) n., = total number of failures in the combined
i=1 * sample at the kth failure point
= k, 1<k=n,
ik th
Letting tik = 7%— = proportion of failures in the i~ sample at
i  the kM failure point, 1<ksn, 1<isq;
and
te = §-= proportion of failures in the combined sample at

the kth failure point, 1<k<n ,

we can write (3.5.12) as

(b5 1 5-t)» 1si%p, lsken . (3.5.13)
nn, nn !
(ty b n-n, L R ERPRY vl A
(3.5.14)

We get then, from (3.5.7), and (3.5.14)

q ) 1 qQ 19

Zzni(tik“tk) - 122 jzzninj(tik‘tk)(tjk‘tk)’
1<ksn . (3,5.15)

*4 1. % _
LA L (5 =

1
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Thus the unweighted and the weighted test statistics of Section 3.4

are given by
q

9 q ,
1
max 2 n, (t,, -t )2 L 1 Inn(t,-t)(t. -t)], (3.5.16)
1<ken|i52 I N TIE o2 R AE e e

" q 1 q q
N max Xn(t )+n—z Znn(t )(tkk)/

>
1]

AP =
[ne]<k<[n-ne] 1 i=2 j=2 1]
tk(l-tk)}, (3.5.17)
R K % K 2
A = max Z n, (t,, -t ) + — 2 n. n (t ) (t. ) t
n [nE]SkSnk jop 1 ik 'k n1 =2 j=2 k jk~ k k
(3.5.18)
Note that the conditions
[ne] < k < [n-ne] = € < tk <1-¢
(3.5.19)
[ne] <k <n == e<t <1

where 0O<e<1.

Thus for q = 3, i.e., p =2, we have from (3.5.15) L;'(tk)éilkg(tk)

n.n n,+n n, +n
23 1 2
[(—)(t ) +(
n1 n3 2k~ k

3 2
n ) (g ty) 20ty -ty ) (g -ty ) ]

(3.5.20)

and for q = 4, i.e., p = 3, we get similarly L;'(tk)A'lL*(tk)
n, +n,

[(
1 nany

n.+n n,+n
4

1*73 2. M
E R e S )

n,

; n2n3n4
n

)t -t,) %+

1
* zcﬁz{tzk t ) (g -t )+ _;(tZk_tk)(t4k t)* ‘;{ 3k ) (Egy )]
(3.5.21)

u w

We can compute similarly the test statistics An, An, Ag using the

conditions 1gk<n and those given by (3.5.19) respectively,

3.6. PCS Tests for Multiple Regression for Grouped Data

As in case of simple regression, consider a time sequential
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experiment involving k+1 ordered intervals Jl,JZ,...,Jk,Jk+1(=J;+1)

where Jj = (aj—l’aj]’ 1<izk, Jk+1 = (ak, ©), and

a = a,<a,<a, <+ +<a <a o , Note that k or the points a ,a

0°%17%2 Kk Pk+l

may or may not be specified in advance,

177777k

We define

J¥= UJ, Vij21,
I e S

Let X = (xl,..,,Xn) be the vector of r.v.’s as defined in Section
3.2 where Xi has the distribution given by (3,2.1). In the grouped
data set up, one observes the random variables

1, if Xi € J.

i = I 1gj<kel (3.6.1)
J 0, otherwise 1<i<n ,

As usual, we define the observed cell frequencies by

n
n_. = ) Z,., 1sjsk+l .
Joo51
Also let
n*, = J n, o, 0= ¥ n, o, jx1 (3.6.2)
I s2j I s<j
and define
1, if X, € J;UJ, -+ UJ,
zt. =4 . . I o1g<k, i2l (3.6.3)
J 0, if X, e J,
i j+1
* = 3
Clearly, Zik+1 1, 1<is<n ,

. * . _
We define S50 Cn,jj’ Cn,jk’ gi, B, A as in (3.2.2) and (3.2.4)

(3.2.7), where i =1,2,...,n, j,k = 1,2,...,p.
Let

= ey

.-c[’)zi , l<f<p, | (3.6.4)
l<m<k+1 ,

H is identifiable with L

n,p n

2 3

k+1
n,t

K(am) given by (3,2,10) where

m=1,2,.,.,k+1, and H =0, ¥&=1,2,...,p.
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Let
= '
g (Hn,l’Hn,Z""’Hn,p) , lsmsk+1 (3.,6.5)

Also define

-1
Sn(am] = n (_n.1+n'2 Fored n.m)
= n7'nt*  (from (3.6.2)), (3.6.6)
and
m

~m Hn £
= < s < y07
HY 4 TE G l<msk+1,1s8<p, (3,6.7)

_ &m om smoo

ﬁﬂ = (Hn’l,Hn,z,...,Hn’p) , lems<k+1, (3.6.8)

where q(t), O<t<l, satisfies (3.3.4). 1In view of the fact that

Hﬂ,z' =L @), lamsk+l, f=1,...,p, if we put t_= F(a_-B,),
l1<m<k+1, it follows from the results of Section 3.3 that under
HO: g=20,
~] ~2 ~k ~0 ~0 ~0
BB BB — W), 0(e,), .., 0 (t,)) (3.6.9)
where
0 WCe ) WOt ) W)
W (tm) = ( ) l<ms<k, (3.6.10)

aty) * ) > qeE

W% = {w%(t), 0<t<l}, 1<g<p, being p independent copies of Brownian
Bridges.
Let
L.
R® = {0 -1 (3.6.11)
n  ~n ™~ ~n
which because of the fact that J is positive symmetric definite, RE
can be equivalently reduced to ﬁ: where
'
R = ﬁm ﬁm (3.6.12)
n  ~n ~n
where
H' = V'
| (3.6.13)
=y Vv
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1<

is as defined in (3.3.5),
Eﬂ can be thought of similar to Z;(am) defined in (3.3,11).
Hence following the same discussionsas under Theorem 3,3.5, it can be

shown easily that

D P 42
R" 2 T Wt (3.6.14)
n . j m
j=1
o WOt )
where Wj(tm) = E%E;T—-, 1<m<k, as defined in (3.6.10).
Thus we have for every 6g20
P 2
lim Po{ max R">8 } = P{ max [ Z Wq (t )] > 8}
n L) T m g
n-o 1<m<k l1sm<k Vj=1
p ~O2
< P{ sup [ LW, (t)] >8 1. (3.6.15)
o<t<1'j=1J &

If k is not too small and tl,tz,...,tk are spread over (0,1), the
inequality sign in (3.6.15) can be replaced by the approximate equality
sign., Thus using the same critical values for the case of ungrouped
data, leads to a somewhat conservative test for the grouped data
situation,
s s A, u W R . .
The test statistics similar to An’ An and An , in this case

are then given by

| .
Yo = max gl A-tHD , (3.6.16)
l<m<k
Hm' -le
Yw = max :BT:E_:% ’ (3.6,17)
n astmsl-e tn 1-tm
1<m<k

~

el
¥,
3Ty

. (3.6.18)
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The q-sample problem for the grouped data case has the

following tabular setup where nij represent the number of
failures in the ith sample and the jth time interval i = 1,2,...,q,
j=1,2,,..,k+1,
Time Intervals
*
Jq Iy Iy Jre1 Total
Sample 1 my; My eeeee M My M
Sample 2 n,, 10, ceeee Mo Moy M,
Sample q n n ceees n n n
ql q2 qk qgk+l g
Total n, n, cees ny LY
Let as before
n*. = })n _, n** = )n__, (3.6.19)
J s2j s J s<j s .
n¥,6 = Z n, , n¥** = Z ., 1 1,2,...,q,
Uoosx3 % M 55 521,200,k .

Then, we have from (3.6.4) on analogy with (3.5.12),

g £+1 L -m , lsm<k, 1=zd< (3.6.20)
n-n P
£+1 -

£+1
Let nk* nf*

= =2, t = R, 1lsi<q ; (3.6.21)
so that

/ / ' o
~n n-n, ( 2m m (t3m -t )""’V41 n m—tm{I . (3.6,22)

We compute A; in the same way as in the case of ungrouped data
considered in Section 3,5. Hence, as obtained in (3.5,15) for the

ungrouped data, we get here

m',-1.m g 1 % ;

H A H = ) n(t, -t ) + n,n(t, -t J(t, -t ) (3.6.23)
~n ~ne~nLo,d Ny, 422 522 i m - jm m
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u {» % 2 1 % ;
yo = max {[ }n.(t, -t )" + —~ “n.n, (t, -t )(t, -t )]}
g cn<k U ie2 im m n oo §22 i3im m” VTjm m
(3.6.24)
yw = max {[ % n,(t, -t )2 + 1 % Z n.n, (t, -t }(t. -t )]/t _(1-t )}
n ESthl-S je2 1 Ny 522 =2 im m” “jm m m m
(3.6.25)
q 49
R 2 1 2
Y. = max <[ n.(t. -t )7 + — n.n.(t, -t )(t. -t )]/t } .
A A
(3.6.26)
Note that the conditions
estmsl_e => [ne]< n**<[n-ne]
m (3.6.27)

est_<1 => [ne]l<n**<n |
m °m
where 0<e<l.
For q=3, i.e., p = q-1=2, we have

nn,|[m +n n_ +n
v -1 _ 23 1 2 2 173 2
Eﬁ 0 52 N [I N, ](th t [ n, ](tSm_tm) ¥ 2(t2m“tm)(t3m_tm{1’

(3.6.28)
where tim and tm are given by (3.6.21). We can compute similarly
the test statistics Yﬁ, Y:, Yi using the conditions OStmsl, estmsl-e,

estmsl respectively.

3.7 Asymptotic Power of the Proposed PCS Test

For studying the asymptotic power of the proposed PCS test, we
need to consider the non-null distribution of the proposed test
statistic. Let us consider then a double sequence of independent
random variables X = (X ,,...,X_)', where X . has a continuous

~n nl nn ni
distribution function given by

= -B_-Blc* i
P(Xnisx) F(x BO B Eni)’ xeR, 1l<is<n, n=21 , (3.7.1)
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C..-C,
* = * * * * L. J1 ]
where c*. (Cnali’cn,zi""’cn,pi)3 -°~—_Eg , thus
n,jj
implyin c* =0 = 1<jsp, c, and c¢_ ., bein
ply glzl nji ’E"jl 1, Isjsp, T, nj g
defined by (3.2,4) and c, satisfy (3.2.8).

As before we let HO: g = 0 and construct a sequence {Hn}
of contiguous alternatives by letting
Hn: (3.7.1) holds for B#0 . (3.7.2)

We assume that F in (3.7.1) has an absolutely continuous density

function f with a finite Fisher information

I(f) = f [f'(x)/f(x)]zdF(x)<w s (3.7.3)
where f'(x) = QELEl

dx

As before we define

L .(x c* .uf{x X xeR . 3.7.4
a3 00 = z PRUEE S (3.7.4)
Hence
n n
= * tek = L *
E(L, sGI[H) izlcn FO-By-g'ghy) 1=Z]gm ch jif(x-Bp) + 0(ch .0
(3.7.5)
Now if we let
rL1al
Sn1
* 1
B Sn2 »
r;‘)’(% = : (3..".6)
c;‘
~nn
where E;i is as defined above, and if
= ' =
4 LA ((Anjk))j,k=1,...,p (3.7.7)

p>*p
where
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Jla j=k
A = (3.7.8)
njk PR RRRS )
[6n55 1o, g » 95
Cn ik being defined in (3.2.4), we then get from (3,7.5)
= Rt - *
E(Ln’j(x)lﬂn) 8 anf(x By) * o(cn,ji) (3.7.9)
where
A .= jth column of A
~nj ~n
p*p
= (Anjl’ anz,...,xnjp)' (3.7.10)

or, if we put U . = F(Xni—BO-ﬁ‘g;i), since P(Unistlﬂn) =
-1 -1
PIF(X ,-B-B'ch )st] = FET1(8) + B'gh) = ¢ + B'eh £(FT (tD) + o(gh,)

(by Taylor series expansion), we have then

B(L) ;(6) [H) B'A £ (1)) + olery)

uj + o(g;i) , (3.7.11)

Thus, applying the same line of approach as in the proof of Theorem

. * D
3.3.2, we can show easily that under Hn’ kn(t) — NP(E,*), where
H= (uls u2:°":up)’ where

-1
= ' 1
uy = B anf(F (t)), 1<j<p . (3.7.12)
Hence using (3.3.27), Theorem 3,34, the contiguity of the probability
measures under {Hn} to those under HO as developed in Chapter VI

of Hajek and $idak (1967), and proceeding as in the proof of Theorem 2

of Sen (1976), it follows that under {Hn}

L; ZL-EO+E as noo, (3.7.13)
and hence under {Hn}
P
* iy +1 + D 0 2 .
L V(AL () = L (D)L () — J_Zlcwj(t) + w7, (3.7.14)
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Therefore, the asymptotic powers of the proposed tests based on AE,

W R . :
An’ and An are given by

¢" = P{ sup Z (w (t)+u )2 a}’ (3.7.15)
0<t<1 j=1
y P
¢ =Pl sup ] (w (©)+1,) ree-1) > 8% (3.7.16)
gst<l-¢ j=1
and
R R
¢ = P{ sup Z (w (t)+u ) /t > a} (3.6.17)
gst<l j=1
respectively, where 63, 6;2 62 are respectively the critical values

of the null distribution of the test statistics Tu’ T,» and TR
defined by (3.4.2), (3.4.7) and (3.4.11) respectively,

The evaluation of these asymptotic powers require knowledge
of y which should be in some simple form. But in general this is
not the case, and so the prospect depends on the use of simulation
technique to evaluate them empirically. For the grouped data case,
the power functions are given by (3.7.15)-(3.7.17) wherein, the
"sup" are replaced by { max } and t by ap, 1<8<k where k

1s€<k
and a, are as defined in Section 3.6,

3.8 Simulated Critical Values of the Null Distributions of

P 2
sup Z wq (t), sup { Z W (t)/t(l 1)} and  sup { ) W (*)/t }
0<t<l j=1 J est<l-ej= =1 J e<t<1l V=
Let [Xij’ j=14L,2,,..,n, i=1,2,...,p] be p independent
random samples of size n each drawn from N(0,1),
Let
n
S. = ) 1<i<p, (3.8.1)

X..
j=1



97

and
s =s., -Ks, l<isp, 1<ksn
ik ik N 7in’ ?
k
= jglzij (3.8.3)

We define the empirical process

0 0 k

Win = {win(ﬁa, 1<ksn} , 1<i<p (3.8.4)
where
0 k - ]
W, () =n zs;k, l<i<p, 1sksn } (3.8.5)
Let
0 0.k
W o= {w,n(;), 1<k<n}
0k, 0 Kk 0 k
W@ = W s W ) (3.8.6)

Following the theory developed in Section 3.3, it can be shown that
Eg-2+ ﬂo = {ﬂo(t), 0<t<1} , where ﬂo(t) = {Wg(t),.,.,wg(t)}'
is a vector of p independent copies of Browian Bridges, and also

it follows that

P o2k, D Y.
max Z W. (=) — sup z w. (t) , (3.8.7)
1<k<n i=1 1D 0<t<li=1 *
P o2k k.. k\\ D P02
max { W, (—J/—{l-—J} —  sup { Z W. (t)/t(l—t)}, (3.8.8)
[en] <k<[n-ne] izl inmonson est<l-gli=1 *
P 2 P 2 |
0° k., k2 D 0 2) . (3.8.9)
max YW, D/ } —> sup { W, (t)/t }
[en]sksl{i=1 inntm e<t<l 121 .

We shallexploit (3.8,7)-(3.8.9) to derive the simulated distributions

P42 _ !
YW (t)/t(l-—t)}J, and

Poz
of Tu(= sup ) W, (t)), Tw{= sup {i=1 i

0<t<l i=1 g<t<l-¢
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T [: sup { § W, (t)/t } . The order statistics of the simulated
-\ oestsl

distributions of these test statistics have been obtained by

simulating the empirical distributions of

0 k| ,k
max Z w €S max { LW, (—9/—{1—-—)} and
1<k<n i=1 ™™ '[en]sk<[n-en] lz=1 R R0

{ 2 W ( )/( } 1000 times for n = 1000 and p = 2,3,4, For the

distributions of the weighted test statistics, we have taken
e =.005, .01, .05, .10. As has been noted in Section 3.4 after
(3.4.11), that for very small values of €, the critical values of

the distributions of Tw and TR will be very large. In case of TR

particularly, these values start getting stabilized after ¢ has
increased considerably. For € =.005 and .01, the critical values

of TR are very large. For this reason we have tabulated these

values for € =.05 and .10 only,

Tables 3.8.1, 3.8.2 and 3.8,3 present the critical values

u w

§7, 6 and s’ corresponding to the test statistics Tu, Tw and T

R
respectively for p=2,3,4 and o =.01, .05, .10, where p is the
number of parameters involved in the multiple regression model

(or for the g-sample case, p+1(=q) is the number of samples

involved), and o is the size of the test,
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TABLE 3,8,1

Simulated values of &:(p) for typical values of o and p

p=2 p=3 p=4

a=,01 o=.05 a=.10 0=,01 o0=.05 a=,10 o=,01 o=,05 @a=.10

3,319 2,421 2,063 4,098 3,019 2.606 4,713 3,560 3,038




Simulated values

TABLE 3,8,2

100

of Gg(p,e) for typical values of p, € and «

p=2

p=3

p=4

a=,01 o=,05 o=,10

0=,01 0=,05 0=.10

a=,01 0=,05 o=.10

.005

.010

.050

.100

16,246 13,587 11,823

15,601 13,170 11.604
14,996 12,806 11,023

14.755 11.973 10.584

19,792 16,188 14.690
19,577 15.972 14.550
18.661 15,477 13.726

18,550 15,071 12,925

22.410 17,965 16.441
22,347 17,829 16.210
21,741 17,136 15.425

20,810 16,987 14,952
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TABLE 3.8,3

Simulated values of awmw“mu for typical values of p, € and «

p=2

p=3

p=4

a=.01 o=,05 @o=.10

a=.01 a=,05 a=,10

o=.01 ¢=,05 0=.10

.05

.10

177.579 132,760 104.101

83.671 57.898 47,687

230.696 166,718 138,287

108,751 79,051 64,500

245,307 199.357 164.924

126.642 92.427 79,042




CHAPTER IV

PROGRESSIVELY CENSORED TESTS FOR SIMPLE REGRESSGION
UNDER STAGGERING ENTRY

4,1 Introduction

In many studies, particularly those involving human population,
subjects do not enter the study at the same time point. Also, there
may be withdrawals or dropouts from the study before the planned
conclusion. Majumdar and Sen (1977) developed PCS tests for simple
regression under staggering entry and random withdrawal, based on
linear rank order statistics, The asymptotic properties of the test
statistics proposed by them are based oﬁ certain basic convergence
results studied by Sen (1976),

In this Chapter we shall develop the PCS test procedures for
simple regression under staggering entry, based on empirical distri-
bution functions, when the subjects enter uniformly also extend
the results to the case when they enter in batches. Section 4.2
formulates the simple regression problem under staggering entry plan
and proposes the appropriate PCS tests. Section 4.3 presents the
asymptotic distribution theory of the proposed test statistics under
the null hypothesis, In Section 4.4, specific tests are considered.
Section 4.5 is devoted to the discussion or random withdrawals to be
dccomodated in a study involving staggering entry. Section 4.6
presents parallel results when the arrivals of the subjects (or

units) in the scheme are in batches. In Section 4,7, the two sample
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problem is discussed as a special case of simple regression model.

Section 4,8 deals with the asymptotic power properties of
the proposed test statistics and in Section 4,9 critical values of
the test statistics obtained through simulation are presented.

4,2 Preliminary Notions and Formulation of the PCS Test Procedures
for Simple Regression under Staggering Entry with Uniform Arrival

Consider a sequence of independent random variables
{Xi, i1} where Xi has a continuous distribution function Fi(x),
iz2l, defined on the real line R = (-,+x), We consider a simple
regression model by setting
Fi(x) = F(x-Bo—Bci), i2l, xeR, (4.2.1)

where 8., B are unknown parameters and the c, are known regression

0
constants. As before we are interested in the test of hypothesis

HO: B = 0 (,]-oe', Fi=F2="')

against
Hi: B#0 (4.2.2)

where F in (4.2.1) is unknown, Thus we want to test the
homogeneity of Fi's against regression alternatives.

If X ,<X .<...<X be the order statistics of X, in a
nl™ n2 nn i

sample size n, then in the case of nonstaggering entry (when the
subjects enter the scheme at the same point of time), one observes

X X sequentially. The statistics for testing the

nl’ xn2"’
hypotheses in (4.2,2) in the case of nonstaggering entry, as

nn

developed in Chapter 2, were based on the weighted empirical df

n
L (x) = c;lizl(ci-Eg)u(x-xi), X <x<X (4.2.3)
and the usual empirical df
S (x) = ! E u(x-X.), X_,sx<X (4.2.4)
n 101 i’ “ni nn’

where u(t) is 1 or 0 according as t = or <0, and where
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n -2
RN R (4.2.5)

i=;

ol
{
I~
[¢]
-
-
(@]
n

c; being known constants. More specifically, we considered a
class of test statistics

En(x) = L (0/q(S (X)), X ;<x<X -, (4.2,6)

where q = {q(t), 0<t<1} is the weight function such that

1
J [qz(’c)]-ldt <o, (4.2.7)

0
Now consider the situation in which subjects enter the scheme at

different time points. If Sl? S denote the subjects entering

2, Ter
the scheme of different time points, where we shall assume that
subjects enter uniformly and, their entry points are all distinct,

then the staggering entry situation is best depicted by the

following figure.

s ex —
’ l
: |
S, X4 ) |
. |
3 %3 ’ .
|
?2 X . |
S U |
e | N
—ﬂfi Té T3 T4"iﬁz-""°""""Tc Time
Fig. 1

In the above figure, Tc denotes the censoring time, i.e,, the

observations in the study at this time point are censored, Thus, S1
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enters the scheme and fails before the censoring time TC, so do

S2 and S4.

Tc at which it is censored. So is the case with Si’ and so on, In

But SS enters the scheme, and is observed up to time

general, for the ith subject Si’ one observes Xi, where

Xi = min(failure time, censored time), i=1 (4,2,8)
where failure time of Si is the difference between the failure and
entry points of Si (if it has failed), and censored time of Si is the
difference between the censoring time Tc and the entry point of Si
(if it has not failed). For the sake of distinction, we shall
denote the failure time of the ith subject by Xi, and censored time
by XI. Thus, Xi are not ordered as one observes them sequentially in
time, izl,

Our main interest is in constructing the test statistics

suitable for testing the hypothesis

_Ho: P(XISx) = P(X2 X) = »0e , (4.2.9)
against - le P(Xin) # P(Xj x),
for at least one i#j, i,j21, where P(Xisx) = Fi(x) is the df of
xi. Let us again consider the model (4,2,1), and hence (4.2.9) is
the same as - (4.2,2), The complication, however, arises because of
the fact that at any time point, the number of subjects exposed to
risk (called the 'risk set') is a random variable., The cumulative
sample size, say n,. at any time point is nondecreasing and describes

almost a smooth curve (as the steps are very small), as clear from

Figure 2,
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(
an'
1.
"(1-h) | R g\
npp |
T-h T T, Time
Figure 2

Our approach to overcome this complication due to varying cumulative
sample size at different time points, will be similar to Sen (1976)
with the difference that we shall consider statistics based on
weighted empirical df, instead of censored linear rank statistics.

We define now

-1 nT — ,
L (x) = C izl(ci-ck Ju(x-X,), xeR (4.2.10)

where : k

< -yl Y c,, and C2 = E (c.<,)2 4.2.11)
c, = i k= . ik (4.2,

k i=1 i=1

for O0<ks<n. Consider then a subset of subjects of size n, which has
entered the scheme by time T, OSTSTC, O<nTsn, Tc being the

censoring time. Thus for k=nT, we have from (4.2.10)
n

T
-1 —_

L x) =C } (c.-c_ Ju(x-X.), xeR (4.2.12)

nT nT ji=1 1 nT 1

where c_ and Ci are given by (4.2.11) with k replaced by n..

n
T T
In view of the model (4.2.1), we have from (4,2.12)

E{LnT(x)IHO} =0, VxR, (4.2.13)
and for B#0,

E{L_ (x)|8} # 0, ¥ xeR, (4.2,14)
Ny

the right hand side being a quantity (not equal to 0) which is a
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function of n. Therefore under the PCS testing procedure, we

shall examine the fluctuations of LnT(x) around 0 for each T

0<TSTC, through a suitable test statistic having some nice properties,

With this objective in mind, let us define

-1
Wh(sT,x) = Cn Cn Ln (x), xeR
T'T
where C2.
P
0<s,, = <1, O<T<T .
T 2 ? c
C
n
We propose the test statistics
K¥ = max max Wh(sT,x), XeR
0<T<T_ 0ss_ <1
c T
for the one-sided case, and
K, = max max |W (sp,x)|, xeR

0<T<T 0<s, <1
c T

for the two-sided case,

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)

Let u;a and Moo be the (1-0)100 percent points of the

null distributions of K; and Kn respectively. Thus

+ + +
PK| > [H} <o < P{K 2 [H},

IA

P{K_ > um|H0} <a <P 2 IHO} ,

no

(4.2.19)

where 0(0<a<l) is the desired level of significance of the porposed

PCS tests, Then, the proposed PCS test consists in computing

Wn(sT,x) or (lwn(sT,x)I) at each entry or failure point T, where

xe(xl,xz,...,xn), Xi being the ith observed value of the random

variable X, i=1,2,,..,n, as defined earlier, and then comparing

with u;a (or Mo, ) each time. If, for some T=T* for the first

time, Wn(sT*,x)Zu;a (or IWn(éT*,x)|2una ,. for the two sided case),

we stop the experiment at T* along with the rejection of HO: B=0.
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If no such T* is found during the course of the experiment, one
accepts Hj: B=0 after the conclusion of the experiment at T.. We
may modify the above procedure by prefixing a positive integer r(<n)
and letting the experimentation be continued at most up to the rth
failure instead of continuing up to Tc' The former being called
the fixed-plan truncation scheme, the latter is called fixed-plan
censoring scheme, In that case, in (4.2,19), we need to restrict
ourselves to k: O<k<r and if Wn(sT,x)Su;a (or |Wn(sT,x)|5pna)
for every k<r, we stop the experimentation at the rth failure Xr
along with the acceptance of Hy. It appears from the above discussion
and (4.2.19) that these PCS tests are size a(0<a<l) tests. Though
a repeated significance testing scheme is involved, (4.2.19) offer
the desired protection over the level of significance. The crux of
the problem is to determine u;a and ..
Let

u, = F(Xi—Bo), 1<i<n (4.2.20)

so that OSUisl, V i, Thus from (4.2,12), the reduced equivalent

forms of Lk(x), LnT(x) are given by

k
* -1 —
L (t) = C igl(ci-ck)u'(t-ui) ,

. (4.2.21)
n
L") = ¢! XT (c.~c_ Ju(t-U,)
- - . ™ -V, ’
np N oioy 1ong i
0<t<1l, Define then
* ., - "1 *
Wn(sT,t) = Cn CnTLnT(t), O0<t<1 (4.2.22)

where St is given by (4,2,16), Also let
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K~ = sup sup W (5.,t) ’

n-T?
OSTSTc 0sts<l (4.2,23)

K; = sup sup lWi(éT,t)| .
0 STSTC 0<t<1

Now if we put t = F(x), Ui = F(Xi”BO) in u(t-Ui), we notice that

u(t—Ui) is positive or negative according as u(F(x)—F(Xi-BO) is

positive or negative, Hence from (4,2,21)-(4.2.23) it follows that
*

Kn+ and K; are equivalent, and similarly K; and K are

equivalent. Hence, it is obvious that

K+ ___D_ K*+,
n n

and Kn=JL X (4.2.24)

This equivalent reduction will be found useful when we work
with large sample distribution of the proposed test statistics.

Note that the actual computation of the test statistics in
practice proceeds as follows, Consider the time point T in Figure 2.
At this time point, those subjects which have failure times <h (a
positive number), must have entered the scheme on or before the

time point (T-h). Let n -h) be the cumulative sample size at (T-h).

(T
Thus for the proposed PCS test, we compute

_ RS |
wn(s(T-h)’x) = C Cn(T-h)Ln(T—h)(X), x20, Oshst, 0<TsTc
(4.2.25)
where S(T—h) is given by (4,2.16). Then we have
+ .
K = sup sup W _(s.. ,,x) , x20
" 0<T<T_ OsheT " T-h
(4.2.26)
K = sup sup |W (sp_,x) , x20

0<TsTc 0<hsT
and the PCS tests are carried out in the same way as described after

(4.2.,19), The distribution of K; (or Kn) under H0 depends on cys
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joint distribution of Ui which are independent and identically
distributed as uniform (0,1), and the process '{nT, OSTSTC} whichis
random, Because of the random nature of {nT}, it is very difficult
to find the distribution of K; (or Kn) analytically, To avoid this
problem, we consider the two-dimensional time-parameter stochastic
process Wn = {Wn(s,t), 0<s<l, 0<t<l} where Wn(s,t) is given by
(4.2.,18). In any experiment the actual domain of W is the
shaded area in Figure 3, Consider the unit square

12 = {s,t, 0<S<1, Osts<l}.

S S Sy rrrrrreeS sn=1

Figure 3

2

Let t = (s,t). Then w;(g), over EeI; where IZCI , in the shaded

area constitutes the random part. We can find an upper bound
I*(cIZ) for I; such that the distribution of sugsz(s,t) does not

tel
depend on the random variable n,, ~
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Thus instead of finding the distribution of max W (s,t), we shall

tel* . n
find the distribution of sup W)(s,t), and so the tests based on
tel*
sup W (s,t) will be distribution free,

tel*
In passing we note that
2 2 2
C C C

E{W;(El(z‘ s t) |H0} =0, COV{VQZ(E};-&t)_’ W:I(E%’t') [HO}
n n

2 2
¢, C
= min(— , —-‘zl) [min(t,t')~tt'],
c: ¢
n n
and
ci Ci ci c?
VW (—=,t)|H } = t(1-t), 0s — , -2 < 1, ostx<1, (4.2.27)
n Ef 0 Cz 2’ 2
n n n n

4,3 Asymptotic Distribution Theory of the Test Statistics Under H0:6=0

We shall assume the Noether condition
max (cl—c )

1ip 15isn - (4.3.1)
n-ro Cn

Now we can write
2 2 k+1

Cont = S = G T’ 1 (4.3,2)
we assume C0 = C1 = 0. It follows then, from (4,3.1)
lin{c?*[ max (¢, -cH1} = o, (4.3.3)
n-o 1<k<n- 1
We can write (4,2,17) as
*
W;(sk,t) C. c L (t) = /5, L (t), O<ksn, (4.3,4)
where
C
Sk = Ei-, 0<s<1, 0st<1 ,
n

Let us define a nondecreasing integer valued function
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2 2

k = k(s) = max{k: C7Clss} , Osssl, (4.3.5)

and consider the stochastic process W: = {W;(g), EsIz} defined on
unit square I2 = {E = (s,t): 0st<l} where

1

W’ (N) w (s,t) = k(s) k(s) (t). (4.3,6)
By virtue of (4.3.1), (4.3.3) and (4,3,5) it follows that
c%c? + S, as now (4.3.7)
n k(s) ? e
Clearly then EOWi(s,t) = 0 where EO means expectations under HO.
Consider
*,,(G)y _ ~-1 * .
W) =T Ly (), 5 = 1,2, (4.3.8)
J )
where
E(J) = (5-:t-) > 3 o= 1:2:
0551,52s1 0<t1,tzsl ,
and
2 2
k., = k(s,) = max{k C = }, Oss, <1
1 1 k
2 2 (4.3.9)
k, = k(sz) = max{k: C_ Ckss 1, 055251 .

Then from (4.2.23), (4.3.1), (4.3.3) and (4.3.7), we have n-

coviw® (£ 1)), Wit Py [Hy} > (sns,) (£t -8t (4.3.10)

min(a,b), and

where aab

VO (D) [Hy) > st(1-t), 0st = (s,t)<l. (4,3.11)
Now define the Gaussian function
0. @), te1?), ¢ = (s,0) (4.3.12)

on I2 such that
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W B =0,
(1) 2)
(11) E{W’ (t )w N1} = €syas 2)(t1At2«t1t2L
(iii) for m21, there exists t (s t ) such that
(t )<1, j=1,,..,m and W (t) = (W (tl),...,W (t !
is distrlbuted as Nm(g,gm), where £m=((yj£)), with
Yjﬂ = (sjAsﬂ)(tjAtZ"tjti)’ i, £=1,2,.,.,m,
then the process WO is known as the tied-down Brownian sheet or
the Kiefer process, which is a two-dimensional time-parameter

stocahstic process,

Theorem 4,3.1. Under HO, (4.3,1) and (4.3.5)-(4.3.7), the f.d.d. of
W; = {W;(t), teI’} are Gaussians.

Proof: Consider for any integer m>1, and arbitrary Eielz,

i=1,2,..,,m, where L, =(si,ti),
*
= ]
(t) w* (tl) W (t ),...,Wn(gm)) (4.3.13)
It will suffice to show then, that Eh m(1:) has asymptotically a
2
multivariate normal distribution under the conditions described in

the theorem. We shall follow the line of approach used by Sen (1976).

Now

* - *
wn(Ei) = wn(si’t-)

k
n s
1 .
= z z§~§ , l<i<m (4.3.14)
where

(c —c )[u(t —U )-t. ]

. , V j<k., l<ism
zﬁl?j - C, i (4.3.15)
?

0, otherwise
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and where
k. = k,(n,s,) = max{k,: C2c® <s.} , 1l<i<m Oss, <l (4.3.16)
i iv v i ™n ki i’ - Uit T
Clearly
Ezﬁlz =0, 1<ism, 1<j<n,
. _ (1) ,2) (m) _ .
Hence, if En,j = (z n,j’ z j""’zn,j)" then E(zn,j) =0, 1<j<n.
Thus v
n
n(t) = 2 =0, (4.3.17)
,n Jl ~n, j
Let
alm c (c S ) l<i<m, 1<js<n (4.3.18
i Tk TR -3.18)
Then

Chy [ECZ) 5 2, )] < Chl[((d§2) d(“)))1 1,2, .n]e (4:3.19)

Let then ) = (Al,...,km)' be any non-null vector, Therefore

max {sup[V(z' AR A/AALY

1sjsn A=0
(n) (n)
< max [Ch {((d d )). H
1<j<n 1 i,f=1,...,m
-+ 0, by virtue of (4.3.1). (4.3.20)

Hence as n-», Z, j? 1<j<n have all infinitesimal elements, so that
>

in order to prove the theorem, we need to show that for every €>0,

n
! Bz, jllzl(llzn ;11>320, as o=, (4.3.21)
1 3 H

: 1
where || u || = (g'g)’i is the Euclidean norm of u = (uj,...,u )’

and I(A) is the indicator function of the set A,

Now
n
Nz 5117 = 20 520 5 = Z @S tute -up)-¢,1%, L LR, s1171d g,
N n),2 2
€)} < max (d:.’) Z z Ul I(U i ——9 + 0, as n> , (4,3.22)
1sism  J1 7 j=1i=1 I o

1<j<m n
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because of (4,3,9), and the fact that

lim E[U%,1(U,.5k)] = 0 (4.3.23)
and that
£ 3o as mw, (4.3.24)
%
where
az =  max (d(‘r.'))2 -0 as nio (4,3.25)
N j<i<m J -
1<j<n

by (4.3.25)., Hence the proof of the convergence of the f.d.d of

Wn = {Wn(s,t), 0<s,t<l} to the normal distribution is complete.
Q.E.D.

Now in order to show that the process Wn EL~W0, we have to
show first the tightness of Wn = {Wn(t), teIz}. Usually for pd-
values processes, some probability inequalities (see Bickel and
Wichura [1971]) or some momement inequalities (see Billingshg [1968])
insure tightness. Following Billings&y, the tightness of

W; = {w;(g); EEIZ} will be insured if we can show for some Y>0,

o>} that for every Si» Sys Szs ty, t,, tg

. Y . Y Ore o 3O
E[[B_ (sq,ty; 5,ot,) [ T]B (s1,t5; S,»t) [ T[Hy] < Kk (tg-t)) (s,-5)
(4.3.26)
. Y - Y 2+ V%< _e 1@
E[|Bn(sl,t1, 52,t2)| |Bn(sz,t1,s3,t2)| IHO] < Kk, (ty=t,) " (s5-5;)
(4.3.27)
where $155,554, tIStZStS’ and k1 and k2 are some positive constants,

and where
B (S,t 5 s ,t) =W(s,t)-Wis_,t)-Wis,t)+W (s,,t)
nSprtps Spats) T NSt~ Sty MR Seets nSertnt>

szssr, thts s (4.3.28)

and W;(s,t) is given by (4.3.6),
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Actually, the inequalities (4.3,26)-(4.3.27) follow
immediately under Hy from (4.3.1) and Lemmas 4,3.2, 4,3,3 and 4,3.4
proved below,

First we define

_ow¥ * * o *
Wn(A) = Wn(sz,tz) - Wh(sz,tl) - Wh(sl,tz) + Wn(sl,tl)
* * -* *
wn(B) = Wn(SS’tZ) - WnCSS"tl) - wn(sz,tz) * Wn(sz,tl) (4.3.29)
- w* % * &
Wh(C) = wh(SZ’tS) - Wn(sz,tz) - Wn(sl,ts) + Wh(sl,tz)

for 035155255351, Ostlstzstssl, where W;(sj,tj) as given by
.

i
. * -1 .
(4.3.6), is W (s;,t.) = C kgl(ckncn )[u(tj-Uk)-tj], U, being

i
independent uniform (0,1) r.v. Let
HA) = (s,-s))(t,-t)) ,
H(B) = (s5-s,)(ty-t;) , (4.3.30)

uC) = (s,-s{)(ts-t,) .
We also define
A =R (s)t) - B (s,0t)) - W (s,t,) « W (s),t))
W (B) = ﬁn(ss,tz) - ﬁn(ss,tl) - ﬁh(sz,tz) + W (s,,t)) (4.3.31)
W (C) = W (s,,t) = W (s,,t,) - W (s),t.) + W (s),t,)

for 0551552553511; OStIStZStssl where

~ -1 1 _— _
Wn(si,tj) =C_ kzl(ci—cn)[u(tj-uk)-tj], 0stsl, n.=n(s,) (4.3.32)

We now prove the following Lemmas.

Lemma 4.3,2, Assume that
1

(a) n"% >Cy <=, as o, (4.3.33)

(b) Ek +¢c: |c] <=, as k +w,

then
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sup [an(A) - # (1 >0 (4.3,34) o

AeI2

which is true for any A, B, or C defined above, 12 being the unit
square, 1% = {s,t: 0ss<1, 0st<1}

Proof: We have

A ~ ~ ~ A ~
Wn(A) - Wn(A) = Wn(sz,tz) - Wh(szatl) - Wn(sl,tz) + Wh(sl,tl)

* . W*
Wa(s2stp) + Wi(sp,ty) + Wi(syhty) - WiGsyuty)

(c. -< )c“lnz[pnzctz) ~F (t)-t, v t]

n,”n''n 2
- (Enl-En)C;lnl[Fnl(tz) S En () -t ]
S [
=C (an“cn)HZ[Fnz(tZ) - Fnzctl) mtyt t1]
-1 - - .
* G (cnl“cn){nz[Fnz(tZ) B Fnz(tl) -ty t1]
- nl[Fnl(tz) - Fnl(tl) -ty 4 t1]}
/ﬁ; yn. =
= — (c. -¢)vn, [F_(t,)) - F_ (t,) - t, + t.]
/ﬁ- /C—n' n2 n 2 n2 2 1'12 1 2 1
s nz[FnICtz)-Fnz(tl)-tznl]-nl[l:nl(tz)-Fnl(tl)-t2+t1]}
+ = (c_ -c.)
Cn n, n : /i
(4.3.34)

Now by assumption (a) of (4.3,33),
vﬁycn'+ 1/Cy < = as noo

and also we have from assumption (a) of (4.3.33),
"y
1im o = 830 Ossisl, i=1,2,3
so that
1imﬁf2‘//i = /572‘ . (4,3.35)

Again, by assumption (b) of (4,3,33),
(Ehz—Eg) +0 as min(nz,n) + o
- - (4.3.36)
(cnl-cn) -+ 0 as min(nl,n) + o |
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=0,

Furthermore, /5;'[Fn2(t2) —'Fn (tl) -ty +t
nz[Fnz(tZ)“Fnz('t )-t +t1]-n [F (t21 F -t +t1]

v/n n

= 1). (4.3,
Op( ). ( 37)

Hence we have from (4.3,34)

sup [W_(A) - W_(A)] >0,

AeI2

Similarly, we can show that
W_(B B)] + 0
sup2 W (B) ~ W (B)] ~
Bel

sw[&@)-%&”+0.

CEIZ Q.E.D,

Lemma 4.3.3. Under H,, and (4,3.1), (4.3.1), (4.3.6), (4.3.7),

(4.3.29)-(4.3.31) and under the conditions of Lemma 4.3,2, for n21,
2
E[R (A)W (B) sk [u(A)u(B)] (4.3.38)

where k is some positive constant,

Proof: We have
n

2
W) =ch (T [ulty-U)-ult,-U)-tyse 1)
1=n1+1
s
-1
W (B) =C_( [u(t,-U,)-u(t,-U.)-t +t.])
n n i=n§+1 2 1 171 2 1
Note that WH(A) and W (B) are independent '‘of each other, Hence
n
R R @ = ¢t ; (e; -6 21t ,mt)) = (-t D2])
1-n1+1
]
( —n§+1(c —C ) [(tz"tl) (,tz-t1) ])
n, n, .
= e, Z (c,-c)? g I (e;c)%.  (4.3.39)
i= 1 +1 ) n2+1
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Now n n n
22 c)? 22 )’ 21 2
(c,-c )" = (c,~c )" - (c.-c.)
S B € O =
-c2 & (€ <€ )-n (€, <) (4.3.40)
2 1 2 1
Similarly,
Ny
Y} (c,~c ) = C. ~C +n,(c. ~c ) -n, (c. ~c)”, (4.3.41)
i=n1+1 i n n; n, 3 n3 n 2 n, n

Hence by assumptions (a), (b) and (c) of (4.3.33) in Lemma 4.3,2,

and condition (4,3,7), we have

2 2
n C Cc
2 n n n n
-2 - .2 2 2 - —=.2
Cn ) (ci_cn) N 21 * f(cn -Cn) 'g - 13( n, n) g
i=n,+1 C C 2 C 1 C
1 n n n n
(4.3.42)

The right hand side quantity in the above, because of assumptions
(a) and (b) of (4.3.33), goes to (sz—sl). Hence, for e€>0, there

exists an n_ (sn) such that

n

1
-2 Y/
Cn ) Z (ci-cu) < 2(52-51), Ynz n_, e>0 .
i=n_+1
1
2 3 — .2
Similarly, Cn ' z (ci-cn) < 2(53-52), Vn2 n_, e>0 ,
1=n2+1

Hence from (4.3.39), we have
~2 N2 2
E[Wn(A)wn(B)] < k(tz-tl) (52'51)(53'52)
where k=4, or
A2 N2 .
E[Wn(A)Wn(B)] < k[u(A)u(B)], using (4.3.30).

Lemma 4.3.4, Under H,, and (4,3.1), (4.3,6)-(4.3.7), (4.3,29)-

0’
(4.3.31) and under the conditions of Lemma 4,3,2, for nx1,

B[R (R (@] < kInAu©]. (4.3.42)
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Proof: The proof follows exactly on the same times as in Lemma 4.3.3,
Q.E.D,

Theorem 4,3,1 together with Lemmas 4.3,2, 4,3,3 and 4.3.4
proved above imply the convergence of W to WO in distribution,
and so we have the following
Theorem 4,3.4. Under HO, (4.2,1) and (4,3.1), the two-dimensional
time-parameter stochastic process Wh = {Wn(g), tsIz} defined on
the unit square converge in distribution to the tied-down Brownian
sheet (or the Kiefer process) WD = {Wo(g), teIZ} > l.e. W Qg—wo.

Also if we define a weight function

q(t) = q(s,t) = q;(s)q,(t), 0<s, t<1 (4.3.43)
such that
Lo 1 5 1
J [ql(s)] ds < @ J [qz(t)] dt < o , (4.3.44)
0 * 0 0
~ Wh(g) ~0 W (t)
then letting Wn(g) = —ETET-, Wi(t) = —ETET » We can prove that
W W, (4.3.45)
~ ~x 2 ~0 ~0 2
where W = (W (1), tel®} , W = {W (v), teI'}l.
(4.3.45) follows from the fact that if
sup [W;(s,t)l 2" ) 2 4 46
t -—q-;m— = Wn(s) s (s,t)el” (4.3.46)

then {W;(s), 0<s<1} is a sub-martingale. We can then apply
Theorem 2,1 of Birnbaum and Marshall (1961) as it holds for sub-

martingales also, to show that
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W (s, 1) | W) (s, 0) |
su = su sup
05526‘ q(s,t) 05526 0st<y AC5:t)
0<t<1
IW*(s t) |
=  su sup from (4,3,43)
0202|9105 |02te1 qztt) ’
{W;(s)}
= su — 0, as now (4.3.47)
02525 17 ) ’ ’

We can prove (4.3.47) in the same way as described in after (2.3.44)

in Chapter 2, but before doing that, we have to show that

E{W;(s)} <w

(4.3.48)

because otherwise Birnbum-Marshall theorem is not applicable. To

show this, we need stricter condition on qz(t) than what is stated

in (4.3.44), i.e., we need for &>0

J [qz(t)] dt < ®

Hence from Birnbaum-Marshall theorem (1961), we have

p{ﬁ;(s) > A}

gt
A,

0(x

Hence we have the following

Theorem 4,3.5, Under H

W (t)

= W =55

0)

te?

¢

converge in distribution to

t = (s,t).

(4.3.49)
|W (s, t)| }
IO
wies, 1%,
sup { 246 > A }
<t<1 q (t)
~2-9 . (4.3.50)

4,2,1), (4.3,1),

= {#w)

= [s,t; 0ss<§,

(4,3.43)-(4,3.44) and (4.3.49)

- 0sts<1], 0<6<1}
WO (1)

~2
" IGD tel”}, where
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Now consider any I* CIZ; then Theorem 4,.3,4 insures the

following:

sipi* (1), te1*} L supth’(w), ter*)

%* x, D 0 * (4.3.51)
sup{lwn(g)|, tel”} <> sup{|W (g)l, tel' }
where t = (s,t), Similarly for any 1**cf2, it follows from
Theorem 4.3.5 that
[y *xxq D wo('g) %k
sup{W_(t), teI "} — S“P{ETE*?T" tel™ "}
H
(4.3.52)

0
S *x, D S W® *x
sup{[W_(t)|, teI "} —+‘sup{laz§:£71, tel }

where t = (s,t). As a direct consequence of the tightness and

convergence of the f.d,d, of Wn (and of Wn), we note that if I; , I;*

be stocahstic subsets of IZ, such that there exist I*CIZ,
% T2

Ier C12, for which

*
I as niw ,

{= e

(4.3.53)

*
*

*%
I as nie ,

=

then (4.3.51) and (4.3.52) hold for I* replaced by I° and I**
replaced by I;* on the left hand side quantities of (4.3.51) and
(4.3.52) respectively.

4.4 Some Specific Tests for Simple Regression Under Staggering Entry

We shall describe here two types of tests, viz,, the
unweighted test based on W;(t) and the weighted test based on W;(t)-

4,4,1 Unweighted test statistics

It follows from (4.3,51) that for some positive b,

limPO{ max W;(s,t)>b} = P{ sup Wo(s,t)>b}, (4.4.1)
n-o 0<s<1 - 0<s<1
0<t<1 0<t<1
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lim PO{ max |W§(§,t)|>b} = P{ sup IWo(s,t)|>b} (4,4,2)
n-»o O<s<1 0<s<1
0<t<1 0<t<1

where P, stands for the probability under H Let p; and My, be the

0 0’
solutions of b in (4,4,1)-(4.4,2) when the right hand side quantities
are equated to a (0<a<l), o being the desired level of significance,

Hence it follows from (4,2,19), (4,2,23) and (4,4.1)-(4,4,2) that

+ +
Yno > Mo Pna T Hy o 35 M2 (4.4.3)

The proposed PCS tests are then carried out as in after (4,2,19)
replacing u;a and Mo by p; and o, respectively., The proposed
PCS test statistics are therefore Wn(sT,x) for the one-sided
case and |Wn(sT,x)| for the two-sided case, where W_(s;.,x)

is given by (4.2.15).

4.4,2 Weighted Test Statistics

We shall discuss here the weighted test statistics based

on W;(t), when the weight function

q(s,t) = {st(l-t)}%, 0<s<1, 0<t<1, (4.4.4)
so that
q;(s) = /5, q,(t) = VE(I-t) (4.4.5)

(from (4.3.46)). The justification in this choice of the weight

function 1is seen from the fact that if we assume a terminal test

at the point (s,t), then the suitagle test statistic similar to
Wﬁ(s,t)

Binomial type test would be '

/VariWiis,ti)

Since q(s,t) given by (4.,4.4) is the square root of the variance

of W;(s,t), we consider the weighted tests based on
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. W (s,t)

K;*-: sup - - (4.4,6)
O<s<1 YSt(_lx-ti
Ost<1

for the one-sided case, and

N W (s,t)

R = sup . (4.4,7)
0<s<l /st(l-t)

0<t<1

for the two-sided case,

But the problem here is that in this choice of q(s,t),
ql(s) and qz(t) given in (4.4,5) do not satisfy the condition
given by (4.3.47). However, if we exclude a small neighborhood
(0, n] at the beginning of the interval of the first cross-section
of the unit square Iz, and a small neighborhood (0, €] at the
beginning, and [l-g,1) at the end of the interval of the second

cross-section of the unit square 12, then for Tz = [n,l]x[e,l-e]CIz,

W (s,t) 0 .
0<n<1, {—Jl————— s £€IZ} converge in law to {_—E—gilil s teIz} .
Vstil—ti Vst(1-t)

Hence we have from (4.3.54)

W¥(s,t) ~ 0 ~
Sup{ B bl (S’t)elz}g sup{w_(i,_t)__, t = (s,t)dz}

/st(1-t) Yst(1-t)
(4.4.8)
W (s,t) o~
sup{l——ﬂ—————|, t = (s,t)eIz}-2+ sup{|E—£§L£l—| t = (s, t)eIz}
/st(l-t) vst(1l t) (4.4.9)
.4.9
so that for a positive b, we have
W (L) W0
limPO{ max —————— > b} = { Sup e N >b} , (4.4.10)
ne Ch 72 Vst (1-t) ~2 /std-t)
W (L) W)
limPO{ max] —_—] > b} P{sup fomoee| > b} s (4.4.11)
N /st(1-t) ¢ TZ /st(1-t)
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Note that as shown in Section 4,2, W (s,t) is equivalent to
W;(s,t) under probability integral transformation and hence the
proposed test statistics are

~ W_(s.,x)

K’ = max n'T . ) (4.4.12)
O<T<T c YVar (Wn LsT, X)
OssTsl

for the one-sided case, and

~ W (sp,x)
K = max | |, x=0 (4.4.13)
OS‘I‘STC vvar (Wn (sT, X)

OSSTSI

where
Var(wn(sT,xi)= Var{vs; LnT(Xi)} = spi(ng-1)/ni(ng-1),  (4.4.14)

and Wn(sT,x) is given by (4.2.15), and OsTsTC, Tc being the

termination time point of the study. As shown in Section 4.2, in

(4.2.24), we have here similarly

S~k Doy :
K=K, K- (4.4.15)

Lo ~ .
Thus if Wio, and Moo be the 100(1-a) percent point of the null
distributions of E; and ﬁn respectively, and ﬁ; and ﬁ& be the
solution of b when the right hand side quantities of (4.4.10) and

(4.4.11) are equated to o, then we have from (4,4.10)-(4.4.11),

~, ~d ~ ~

Mg ~ Mo Png T My (4.4.16)

The PCS tests are similarly carried out as in after (4.2.19)
using ﬂ; for the one-~-sided case and ﬂa for the two-sided case,

Operationally, the application of the weighted test

statistics means taht the actual PCS testing of significance does I

not start until the accumulated sample size (or the size of the risk
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set) is at least equal to [nn] and the accumulated failures equal
at least [ne], 0<n<1, 0<e<l, Furthermore, the experiment and
the PCS testing have to be continued, if needed, only up to the
[n-.-ne]th failure. For very small values of n and € the critical
values of the proposed weighted test statistics are very large but
get stabilized as n and € increase such that O0<n, e<1, Since
restriction on the accumulated number of failures, viz,, choosing €
implies that proportion of the size of the risk set in the target
sample is >0, the only restriction is on the accumulated number of
failures. A basis for choosing € will be discussed in Chapter 6
in detail. The situation underwhich the application of the
weighted tests is advantageous, will also be discussed in Chapter 6.
The main crux of the problem, however, is to find the

~

critical values u; > My is the unweighted case and ﬁ;, My in
the weighted case, Since it is very difficult to find the exact
solution of b when the r.h,s quantities of (4.4.1)-(4.4.2) and
(4.4.10)-(4.4.11) are equated fo o, we shall use the method of
simulation to get the simulated critical values of the proposed
unweighted and weighted test statistics. We shall present the

simulated critical values in Section 4.9.

4.5. Modifications (if any) Due to Incbrporating Random Withdrawals

When there are withdrawals or dropouts, and entry pattern is
staggering, the observable random variable is
X, = minQX,, Y,) , izl (4.5.1)

where ii = time to failure of the ith experimental unit, and
Yi-= withdrawal time of the ith unit.
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We assume that the failure times are quite independent of with-
drawal times, that is, and Xi are independent,
Let
F,(x) = P(X;sx) , lsisn

(4.5.2)
Gy = PY,=y), ¥ 1

i.e., the distribution of the withdrawal times does not depend on i.

Hence the distribution of X, is given by

Hi(x) = P(xin) P(Xisx or Yisx)

P (ii <x) +P (Y, <x) -P (ii <X)P (Y, sx)

Fi(x)+G[x)-Fi(x)G(x) , l<isn , (4.5.3)
Under HO: Fi(x)EF(x-Bo) for all i, we have
H, (x) = F(X—Bo)+G(x)«-F(,x-BO)G'(x), 1<i<n

so that under HO’ Xi are independent and identically distributed
random variables. Hence the distribution theory developed in the
previous section applies in this case also. It should be noted

that for i#j

Hi(x)'-Hj(x) Fi(x)+G(x)-Fi(x)G(x)—Fj(x)-G(x)+Fj(x)G(x)

(1—G(x))(Fi(x)-Fj(x))sFi(x)-Fj(x) (4.5.4)
as 1-G(x)=l,

Therefore there is a loss of power in using Xi instead of
ii' Furthermore, withdrawals, without assuming their independence
of failures will complicate the testing procedure and the distri-
bution theory of the test statistics, Also there is no appealing
justification in assuming different distribution functions of the
entry points of different experimental units, which otherwise would

further complicate the distribution theory of the concerned test
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. statistics,

4,6 PCS Tests for Simple Regression Under Staggering Entry with
Batch Arrivals

Let us suppose that subjects enter the scheme in b batches
at b entry points T1<T2<---<Tb respectively; Let LI PYRPRYPS R be
the numbers of subjects in the b batches respectively, so that
D= Nk, Let, also Tc be the time up to which eiperiment
is continued. Thus the n, subjects entering the shceme at Ti are
exposed for (Tc—Ti) time, 1<i<b (See Figure 4 below),

ar.‘ T .—-T

L o o e e e e e e ——————— c b
n-
b
| T-Tx
g
. T ~-T
LY G c k-l
‘ ﬂT*‘ ““““““““
T -T
c 2
n, o
L Tc'Tl
" >
T1 T2 eeo T Tk-l"°Tk e Tb Tc T
Figure 4

Consider any time point T" such that TIST*STC. Let N(T",h) be the

cumulative sample size by time (T*—h), and A(T*,h) be the number
of failures of subjects among N(T*,h) which have failure times <h
by time T*. In order to compute the test statistic at T*, we let

2
Cyrm*
_ “N(T*,h)
ST*’h = v——-—v(-;zﬂlﬁ— ? OSST*,hsl (4'601)
n

. and define for x>0
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N(T*,h) _
Ly cr*, ) & = CNCT* n ‘i§1 (;i'CNCT*,h))u(x“xi)
(4.6,2)
-1
TaGre, ) *) = G ey Inere ny ) = 75 Lncre, ) &
so that the unweighted test statistics are given by
K = max T (ST* h,x) ' (4.6.3)
TIST*ST
for the one-sided case and
K, =T12$fSTITn(sT*ﬁh?X)l (4.6.4)
c

for the two-sided case, Similarly we can define the weighted test

statistics i; and f% by

- T (S 1.5X)
K = max T",h’

’ *’/v—‘c—c—‘——T
TIST <T ar (T ST* hX

(4.6.5)
Tn(ST* h’x)

K = max

g T WA (o 1780 |
TIST STC ar(T ST* h,x)

where Var(Tn(sT*,h,x) = sT*’hi(N(T*,h)—i)/{N(T*,h)(N(T*,h)-l} as in
(4.4.14). Under probability integral transformation (4.2.20),

x) and T (s Xx) are equivalently reduced to
Iy(r,n) ) n(Sre,p2 1 Y

" N(T*,h)

Iyer#,n) e nd = Cners, ) 121 (e -Cygre 1y 19 (e p~U;)

1

0o, n) = G Onere ) BN, ny Cre ) (4.6.6)

T (s

. * * Tk Tk
where O<tT* 51, We then find Kg+’ Kg, Kg+’ Kg based on the reduced
~t

. . + =
equivalent form Tn(ST*,h’tT*,h) corresponding to Kg, Kg, Kg, Kg

respectively, It is obvious then that
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+ D » w D . o~ D ooy ~ D
=K*, K =K Xt = = . 4.6.7
_Kg g’ g8 ‘gt gKE g’ x; g ¢ )

Note that for the weighted case, the reduced equivalent statistics

are
T* (s t ) = B (ST* h*! e h)
R TR e G D)
o T ,h* 'T* b
(4.6.8)
TAGS e noBpe )
VSpw potpe p(I-tpe p)
and
~%
K* = max T s
8 T sTreT SR LB Y
(4.6.9)
k= omax TG potpe )l
g TlsT sTc

From the results of Section 4,3, we can show for some positive b, that

lin P, {K*>b} < P{ sup W’(£)>b} (4.6.10)
n-o g 2
- tel
lim PO{K?>b} < P{sup |w°(£)|>b} (4.6.11)
n- g 2
tel
. W
. - % 4
,11m;P0{K >b} < P{sup ———— >b} (4.6.12)
n-e g teIz Yst(1l-t)
\ W ()
lim Py{K >b} < P{ sup | |>b} (4.6.13)
n-e g Vst(1-t)

geIz
The inequality signs in (4,.6.10)-(4,6.13) can be replaced by
equality signs if sT*,h is spread out between 0 and 1 and the
number of batches is not very small, Hence using the same u;
u& and ﬂ;, ;a as in the case of uniform arrival of the subjects

at distinct points of time makes the tests somewhat conservative
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in the case of batch arrival of the subjects,

4,7 Two Sample Problem Under Staggering Entry

The two sample problem is a special case of the simple

regression model, Let n, and n, be the sizes of the two samples

and let
= <
5 0, lsi_n1
=1, n1+lsisn
where n = n_+n_,, Thus,
12 n n.n
—_ 2 2 172
c =-—,C = '
n n n n

The test of hypothesis in (4.2,2) is then equivalent to testing

HO: F1 = F2 against le F1 # Fz, where Fl(x) and Fz(x) are the df

of the failures times of subjects belonging to sample 1 and
sample 2 respectively.
We shall assume first that the n subjects enter the scheme
. N . . - J N .
at n distinct points Tl’ T2”"’Tn by time Tc(- Tn+1) which is
the censoring time of the observations in the experiment.
Let us define Z,, as
ik
1 if subject from sample i enters at

z, ={ time T (4.7.1)

0, otherwise ,

Also define 6., as
ik

1 if a failure from sample i occurs
_ at time T
Gik = k | (4.7.2)

0, otherwise

where i = 1,2, k = 1,2,,,.,n,
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Let
k .
Rip = '.glzij , lsk<n+l
J (4.7.3)
2
Ry = L Ry, 1sksn+l
i=1 T
(Note that Rin+1 = Rin’ R, * Rn')
and
k
Aik = le(sij , 1<ks<n
) (4.7.4)
= JA 1<ksn,
A= 2o
Clearly, then
= . -1?‘c N ST I Pik(c T 2 o
) , - -
Ry is1 * Ry Re gm1 BBy Ry
(4.7.5)
Now let CZ
Ry Me
Sk = CT— 3 tk = T ! 1<ks<n+1 (4.7.6)
n
then
3
(t,) = C_ (c -c, Ju(t, -U,)
Rk ko Ry e R "k
Ry
Roy "R, Rok
c-1 Z 1k
u(t, U)+——— ) u(t, -U,)
Ry Rk Ry =1 :[
R R
-1 ok 4 1k
CRk T leFRIk(tk)+ R RZkFRZkU;k)J
S leAZk Ryl
LR R
-1 1
= CRk §;'(R1kA2k 2k lk{I , ls<k<n+l (4.7.7)

For the unweighted tests based on K; and Kn the one-sided and two-

sided tests of Hy: B = 0 are given by computing w;(sk,tk) and
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W (s )| respectively, where
ke bk Y

*
WGt = /A nyn, [b; (RixAzcRohydls  1sk=msl  (4.7.8)

Also the weighted oﬁe-sided,and two~sided tests of HO: 8 = 0 based
~4 ~ . ~%* ~%
on K and K are given by computing Wn(sk,tkl and IWh(sk,tk)l

respectively, where

W (s ) = " G
k? k ) s, t tﬁﬁ

k'k“ "k

n

= RypAorRoypAd s
V RiRyy Ry Ay (n-A)

1<k<n+1 , (4.7.9)

for [ne]sAks[n—ne] and [nn]stsl,
The proposed PCS tests based on the unweighted and weighted
test statistics are then performed as discussed in Sections 4.2
and 4.4. In the case of PCS testing of significance using the
weighted test statistics, one has to keep in mind that the actual
test of significance does not start until the accumulated number of
failures in the combined sample is at lease [ne], where €(0<e<1) is
a preassigned number, and also the testing continues if required,
until at most the [n-ne]th failure in the combined samplehas occurred.
The two sample problem under staggering entry and batch
arrival mode can be depicted by the following table, There are b
batches which enter into the study between the starting time TO,
and censoring time Tc of the study, We assume that there may be
subjects in one or both the samples present in the scheme when the

study starts at T Consider the intervals JO’ Jl""’J ,

0’ c

*
J (= Jc+1) where Jj = (T

e+l Tj]’ 1<jsc and J0 = (-m,TO],

5-17
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JZ+1=(TC,«0. The interval J:+1:contains all the censored observations,
TABLE 4,7,1
Batch arrival/Observation time
*
Sample | Jg | J1 | Iy | 19k lamc] b | wne] Jo [Teu1 Total
o | M1 | M2 Mk M |77 ] T S]
ao ao ao - ao - ao ao*
Sample 1 11 12 ik ib ic is+1
3121777121k |77 21 {777 P1e | Presl
Moo P21 | P22 77 |M2k || M2 | 77| U |77 R
0 0 0 4] 0 o*
Sample 2 321 | 222{777[32k|™7" %2k | 77| 22c | P2c
al [o_lal {ool 2l o] B2 |at
22 2k|” 2k 22¢ | %2¢+1
* %* * - o %* — * ——— ——.- ————
Total n0 n1 n2 nk nb n
L
a1 | 3 A % 3¢ |3+l

In the table nij is the number of subjects from the ith sample in

the jth batch (1<i<2, p<j<b) entering the experiment in the interval

J., 0<jsb, Also afk is the number of failures in the interval Jk

J

among the subjects of the jth sample which entered the scheme in
the interval Tps 1<j<2, 1<ksc, 0<f¢<b, where £>k, Let Rjk be the
number of subjects of the jth sample entering the scheme prior to

Tk’

O<ks<b, Then
‘ k-1
Rjk = vgo njye 1<j<2, O<ks<b (4.7.10)

Also let

2
nf = ;zlnjk’ 0<k<b (4.7,11)
= ‘
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so that

~—m et

n =

= . nﬁ = ny+n, and let
k=0

2
Ry jgl 5 ? C )

Thus Ry is the totality of subjects who entered the scheme prior to
Tk' Note that Ry subjects will result in failures of subjects
having failure times at most equal to CTk-TO). Now let Ajk be the

total number of failures from the jth sample by time Tk’ 1<k=<c,

1sj<2.
k v-1
S.oA, = a, , 1sjs2, 1sk<c 4,7,13
jk vzljv, )4, ( )
Also let
Ak = A1k+A2k » lsksc (4.7.14)
k
*
Ajk = ) Ajs , 15j<2, 1sksc (4.7.15)
s=1
*_ * *
Ak = A1k+A2k , 1lsksc (4.7.16)
Now define
0, 1l<izn
Ce = 1
1, n1+151sn=n1+n2

as before. Then

i n’ n n
Ry R Ry
— ~1 2k 2 —
c, = c. =g—, C_ = 2 (c.-c, )
R " Mk 121 i Ry o1 1Ry
RyxRox

= T il OSka . (4'7'17)

Hence from (4.6,6) the unweighted tests are given by computing

* *
T (s,.t,) and ITn(sk,tk)| where
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*
Tn(sk’tk)

/ 1 Z[TR;(‘(R kAZk—RZkAlk) ] ? l<k=<c s (4.7.18)

and from (4.6.8) the weighted tests are given by computing

%n(sk,tk) and |T (s,,t; )| where

T s 1) = Tn(sk,tk)
k? k ) t t '
Sk kY%
= L [(R )], 1sksc
= 1Mok Rl 1
"R, R,  AF (n-A¥ )
YRRy Rop Ay (n-Ay (4.7.19)
where Cz
Ry ankRZk A
= - = — * -
Sy i sz = [ne]sAks[n ne] ,

and [nn]stsl. € and n are determined before the start of the PCS
testing of significance,

The proposed PCS tests based on the unweighted and weighted
test statistics are similarly performed as discussed in Sections
4.2, 4.4 and 4,6.

4,8, Asymptotic Power Properties of the Proposed PCS Tests

Derivation of asymptotic power of the proposed test statistics
is not straight-forward. The complication is because of the
variation in sample sizes at various entry points in the scheme, so
that under contiguous alternatives Hn, it follows from (4,2,1),

(4,2.14) and (4.2.17) that

E{(W_(s,t)[H } = (2 c; **)Bf(F (t)) = ENN(s),t) (4.8,1)

-2.2

where N(s) = max{N: C C ss}, 0ss<1, 0<t<l and
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c,~C. c,~C,
C; - -1C n c;* = _E_EELEL , 0<N(s)<n
n n

Therefore, because of the randomness of N(s), £ in (4,8,1) is a
random variable, Sen (1976) has shown the convergnece of two-
dimensional Brownian motion process under the contiguous alternative
to the drifted Brownian motion process. We can follow the same
approach as in Sen (1976) in this case also, However, no workable
analytical expressions for the distributions under the contiguous
alternatives are easily derivable, For this reason, we shall study
the asymptotic behavior of the proposed tests with respect to power
through simulation studies for various drift sizes, which will be
presented in Chapter VI,

4,9 Simulated Critical Values of the Null Distributions of the
Proposed Test Statistics

Let {xij’ i=12,..,n, j= 1,2,...,n2} be n;n,

independent normal variates. Let

i % .
S35 = ) Xpy = Xi381.15%835.175515.07 2510, 2<jsn,  (4.9.1)
u=1 v=1
where
% i
S;5 = X;ys Sip = qul, lsisn;, 1s<jsn, (4.9.2)
v=1 u=1
We define
= - _..L 1 3
Uij sij sinz- n, s 151Sn1, ISJSnz (4.9,3)
Clearly then
. .2
vcuij) = V(Sij)'zﬁlz'co"(sij’sinz) + ‘nL[ V(_Sinz)
2
i.2 _i.
= ij ——J-n = J.J(.l—n )
2 2
Lly = 2 dan d ~
or n;'n, V(Uij) = Ay n2(1- n ) (4.9.4)



Now define
0
W —l-), 1<isn 1<j<n,}
nln2 anCnl ‘ 2 1’ 2

where

1<j<n

1’ 2

L L
(n J—) nyny? UL, lsisn
1 i R B B

Thus it follows from (4,9,4)

0 i . i .
vel, o G, by - A dal
M2 M M I
Proceeding as in Section 4,3, we can show that
0, 2
172
where WO = {Wo(s,t), 0ss<1, 0O=<t<l}

Similarly, it can be shown that

W, | 5

——

Thus

max W C——-:Hl-) = sup Wo(s,t)
1 2 0<s<1
0<t<1

0
— sup IW (S,t)l
lstn1 1271 2 0ss<1
O0st<1

=

{\H
:1]‘_‘.
W
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(4.9,5)

(4.9.6)

(4.9.7)

(4.9.8)

(4.9.9)
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Similarly,

n1“2(“1 ) W (s,t)
l<isn, = ..2_(1.\ J_) ‘nsssl /st(I-t)
[n,e]sjs[n,-n,e] estsl-e
(4,9,10)
n n (n 0
nax 17271 sup W (s,t)
1£i$nl 1 _1_1 _l_) n<sssl Yst(1-t)
. / e<t<l-€
[nze]st[nz-nle] n1 ny n,
where 0<n<1, O<e<l .,

We have exploited (4.9.9)-(4.9.10) to derive the simulated distri-
bution of the proposed asymptotic unweighted and weighted test
statistics.

By taking n,=50, n2=100 and €=,01, ,05, .10 (for the

1
weighted case) and simulating 1000 times, we have found the order
statistics of the empirical distributions of the proposed asymptotic
test statistics., For selected values of a 4 the level of signifi-

s + ~ o~ .
cance, the critical values Uy ua and Uy W, are presented in

Tables 4,9.1 and 4.9.2,

TABLE 4.9.1

Simulated values of u; and ua for selected values of o

Type o= .01 ,05 .10
of test
one-sided, u; 1,485 1,239 1,103

two-sided, By 1,576 1.391 1,228
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TABLE 4,9,2

Simulated values of a; and 'ﬁa for selected

values of € and o (where n=,02)

.01 .05 ,10
h O TR " -
€ My My Y My ] )
.01 3.840 4,116 ‘.3;474 3.729 3,254 3.531
.05 3.801 4,040 3.413 3.658 3.182 3.454
.10 3.775 3.996 3,371 3.620 3,088 3.401




CHAPTER V

PCS TESTS FOR MULTIPLE REGRESSION
UNDER STAGGERING ENTRY

5.1 Introduction

" In this chapter, we shall extend the results of simple
regression under staggering entry developed in Chapter IV to the case
of multiple regression. The test statistics here will be derived in
a way similar to Chapter III, The layout of this chapter is as
follows.

Section 5,2 deals with the formulation of the test
procedure along with the basic notions and notations. Asymptotic
distribution theory of the proposed test statistics is presented
in Section 5.3. Specific PCS'tests are considered in Section 5.4.
The general q-sample problem under the staggering entry pattern
is described in Section 5.5 and the treatment of the same under
batch arrival model is presented in Section 5.6, Section 5.7 is
devoted to the discussion of asymptotic power properties of the
proposed test statistics. The critical values of the proposed tests,
obtained through simulation and presented in Section 5.8,

5.2 Formulation of the PCS Test Procedure for Multiple Regression
Under Staggering Entry

Consider a vector of independent random variables
x=(x1,x2,...,xn), nyl where Xi has a continuous distribution

function (d.f.) Fi(x) given by
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Fj (0 = F(x-8yg'¢;), 1sisn, nzl ¢.2.1)

where k€R=(nW,“D,.and 60*gﬁ=gﬁl""’6p)‘ ére unknown parameters, B
being the vector of parameters of interest, and
Si=(cli’c21"“’cpi)" 1<isn, (5.2,2)
are vectors of khown constants (regressors), cji being not all
equal, Also F is unknown, As in many studies involving life testing,
observations in the sample are censored because of termination of
the study at a certain time, one observes X, which is
xi=min(failure time, censored time), ix1, (5.2.3)
For detail see Figure 1 and related discussions in Chapter 4.
Let us denote, for clarity, the failure times by xi and censored
time by X;, 1<i, j<l1. Then one is interested in testing the
equality of the distribution functions of the Xi, izl, 1In the
multiple regression set up this amounts to testing the null hypotheses
Hy: B=0 (i.e., Fi=F2=...=Fn)
against le B#0 (5.3.4)
As seen in Chapter IV.the treatment of the staggering
entry problem is complicated by the random nature of the size of the
risk set at any point of time during the course of the experiment.
To overcome this complication, we shall follow the same approach as
in Chapter IV,
Let us define now
_ -1 £ £ _ .
“e,;=t i§1°ji' Cl,jk=i§1(€ji"°£,j)(cki’cl,k)’ 1<j, ksp, 1“"25’2 .

Also let .
CC o2 0" L C )y e, L p7, L ) (o)
(5.2.6)
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and let us assume that C, is positive definite and symmetric,

We then define

5 -¢:§:1§1(cj1 . j)u(knxi), XeR, 1<f<n , (5.2.7)

where u(t) is 1 or Q@ according as t20 or t<0, and

an(x)=(Ln£ 1(X),...,Ln£’p(k))', xeR, 1<f<n

Z (~ ~C. )u(x«x ) (5.2.8)
/—— i=1 £ ,

Now since

E(L ,(x) |Hy) = 0, xeR, 1sfsn . | (5.2.9)

For 8#0, E{L z(x)lﬁ} (# 0) depends on the values of B, in
the vector g—(el,...,s }'.. In a PCS test therefore,~we shall
measure the deviations of ~n£(x) from 0 through some suitable
statistic from the beginning of the experiment.

Let then

an(x)=kﬁ£(x)g£1£n£(x),fxeR, 1<f<n (5.2.10)

Now consider a time point T: O<TSTC, where TC is the
termination point of ‘the study, Let us suppose that hT units in
the experiment have have entered by time T, 0<nTs . We can then

define Rnn_(x) similar to R (x) in (5.2,10), i.e,
T

R (x)C L (x)_ xeR, O<T<T (5.2.11)
nnT(x) ~nnT : T T ? ’ c

We propose the test statistic

V. = max sup R _ (x) (5.2.12)
B O<TST_ X nn,.

Let now v be a real number such that

P(vn>vnalﬂo) <o s PV [H), (5.2,13)
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where a(0<a<l) is the desired level of significance, Under the
proposed PCS testing procedure, as the experiment continues, one
computes RnnT(x), 0<T<T_ and then compares with Vpot I for the
first time, for some T=T*, R nT (x)zvn , then the experiment is
curtailed at the time point T* along with the rejection of H : g=0
If no such T* exists then H, is accepted at the conclusion of the
experiment at T.. We may modify the above procedure by prefixing a
positive integer r(sn) and letting the experiment be continued

(if needed) at most up to thé *th failure instead of continuing

up to Tc' In that case, in (5,2,13) we need to restrict ourselves
to k: O<ksr and if RnN(x)ZVna for some k=N(<r), we stop the experi-
ment at the Nth failure along with the rejection of HO'

If we let ‘

Ui = F(Xi—BO), 1<isn (5.2.14)

so that, PO(Uist)=t, 0<t<l, where P, stands for the probability

0
. ’ . ek

under HO, then we can write an’j(x) equivalently as LnL,j(t)

where

1 ‘e' —
(t)=n" izlccji-cﬂ,j)u(t-ui)

nﬂ,J
-6
Zl(cjl—cl’j)[u(t—ui) t], Ostsl, 0su, <1. (5.2.15)

We can then write R (x) equivalently as R” nT(t)~where

Iy
-1 L*
R* (t)=L" ()c” (t), 0<ts<l, O<TST (5.2.16)
nnT ~nnT ~nT nT [o
(t)= (L t),...,L* (t)) ', 0st<l, O<T<T (5.2,17)
T Tnl ? ’ nnT.p ) 2 ? c
ki

nt Y (6,50 ) [u(t-U.) -t
i-z-:l "1 "y [ -t

where ¢. and Ek are given by (5.2.2) and (5.2.6),
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If now

V; = max sup - Rn (t) (5,2.18)
0<T<T_ 0st<l

then from the transformatiOns given by (5.2,14), and (5.2,7) and
(5.2,18), it is quite obvious that
v, zv; (5.2.19)
Hence in order to study fhe distribution of Vo it suffices to
study the distribution of V;, We note at this point that the test
based on V; is not distribution free as the distribution of V; under
H, depends on cji’ joint distribution of Ui which are independent
and identically distributed as uniform (0,1), and the process
{n., O<T<T } (see Figure 2, Chapter IV), which is random.
To overcome this problem, we shall adopt the same approach
as in Chapter IV, Thus, consider a unit square Izé{s,t: 0ss<1, 0st<l}
and define a two-dimensional time-parameter stochastic process,
W o= {Wi[s,t), 0ss<1, Ost<1} o (5.2.20)
by letting
W (1) =W (s,t) = R* (), t = (s,t) , (5.2.21)

Mp
T
S =7 0sssl, . (5.2.22)

In any experiment, the domain of wn is the shaded area I; in

Figure 1.

t=1

trLr f// s f':.
, o
c A

7 ///,/5/-,/; J N

7//
iy _
I /4/' /7 TN
/ /// d “-”
// /7// PRV ///'{'_'.
S ) Snr.
Figure 1

o+ o
[ )
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Now the distribution of V) = max sup R (t) =
0<TsT_ Ostsl ©

maxW (t) requires knowledge of nT which is random and so it is very
geI*
difficult to find the distribution of V;. However, if we find a

upper bound I* to the domain I7, so that I} <I” and consider

instead the distribution of

Vi* = supW (t) (5.2.23)
tel*

then the test based on V;* will be distribution free,

By doing so, we are making the PCS test a little conservative but at
the same time distribution-free, We shall discuss the asymptotic
distribution theory of the proposed test statistic in the next
section, |

5.3 Asymptotic Distribution Theory of the Proposed Test Statistic
Under H: B =0.

»

We shall assume that

1

7;—§n-+go as nx® (5.3.1)
where QO=((C0,jk)) is positive definite symmetric matrix, and Ch is
defined by (5.2.6)

We shall also assume that

~n ~nT _
max [Chl{ c }] + 0 as n»oo , (5.3.2)
OSnTsn ~n
We note from (5,2.15) that
E (L J(t)) o, 0<TsTc, 1<j<p, 0st<1, (5.3.3)
T)
Also under HO and (5,2,22),
Eo{LnnT,J(t)LnnT'J(;')} = (sas') (tAt'-tt') ,(} ‘nﬂ/n) (5.3.4)

Since we have assumed that Qi(lsQSn), is positive definite and

symmetric, there exists a non-singular matrix E
p*p
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such that
Bey = &4 (pptaps e py)y 18t 53,5

Hence from (5.2,16)~(5.2,17) and (5,3,5)
- -1 *
) = (x)]'(EC E')"T(EL (). (5.3,6)
’“‘r '“Lr My L

But

nT(t) - n™? Z (Ni-e )[u(t Uy )-t]

(t), Osts<l, ogTSTc (5.3.7)

where e, = (el,l’el,z""’el,p)’ 1gs8<n, and also, from (5.2,6)

and (5.3.5) . : ‘ ,
EC E' = {E - )}4 €Ex~ ')} =c (5.3.8)
R IREPR O A IOS D) R
Thus from (5.3.6)-(5.3,8),
R (t),(,L (t))'(c+ ( (t)= Rt (t) , 5.3.9

so that R; (t) is invariant under any n.s, transformation. We

shall now prove the following theorem.

Theorem 5.3.1. Define for m21,

SR TV AR DL

nm

axp T Ty (5.3.10)
L*  (t.) = (¥ (t.),...,L7  (t;))', Ost.<l, O<T.<T_,

nnT. 1 nnT. 1 nnT. 1 1 1 C

~ 1 1 1

px1

is as given by (5.2.17) and Lop j(ti) is defined by (5.2,15). Then
2 .

*

Lo is asymptotically

under H (5.2.22) and (5.3.1) - (5.3.2),

0’
N (0 GDI‘) where CO is positive definite symmetric matrix (as

deflned in (5.3.1) and after) and

L, = (CCsyas; ) (Egat, -t t;0)),; (5.3.11)

1 i'=1 2,-",
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Proof:; Let us consider for m2l, the non-null vector

2 ..'-'(pll’u12’""ulp'pZI""'uZP"' ,u 1,...”” )'

mp. <l
= -%a}iz»--w}im)' (5.3.,12)
where

_B]_ = (uilauiza vl!,bpiplw (5.3.13)
1xp
Consider a vector Y formed by rolling out the columns of the
mpx1
matrix L;m which is given by (5,3,10); thus

*

Y =(L* t), . (t,),L* t ), . ..,L" L I
mpx1 Tl’l( et p,p 177 “nTz’;( 2o i, aP( 2}y
Ly (), Ly () (5.3.14)
nnT 2 m T ;P M
m
We then define
. m P .
zZ =p'Ys= Yool ow,L (t,) (5.3.15)
n 1=1 j=1 M mpd

Hence in order to prove the theorem, it suffices to show that Zn is

asymptotically N1(0,u~'($)8) [ JK) under Hy, (5.2.22) and (5.3.1)-

(5.3.2),
We write Z as
z = 121 JilulJ nnTJL’.('ci)
o B "1y
121 leulJ{kzl('jk N ;j)[u(ti-uk)'ti]} (5.3.16)
m
) 2 Mo (5.3.17)
where nT
A = Z Pisz (ch “’r J)[u(t SR (5.3. 18)
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ow by virtue of (5,3,3)~(5,3,4), we have
EgA) =0 (5.3.19)

and using (5,2,22) and (5,3,1)], we have

2 -
= yt - -
EO(Ai) gigogisiti(l ti) (5.3.20)

nTi

where $; = [~H—J; and
Eq(AjA,,) = Higoﬂi'(siAsi')(tiAti"titi') (5.3.21)
1, .,

where s; = [—ﬁ—ﬂ, Siv = (5.3.22)

Thus we have from (5.3.17)-~(5.3,21),
EO(Zn)
Vo(zn)

0 (5.3.23)

E'(go X Lm)E ‘ (5.3.24)

where Vo stand.for the variance under Ho.

Again, let us write Z given by (5.3.16) as

n
_ -5
y=n { ) z z urJ §i%; . )[u(tr_ui)-tr]
I'l] 1 1
‘n
Ty
. t_-U.)-t
" -nz +1 rZZ leurJ( J,n ) fu(t,-Uy) t]
T 2
1
+ LI I I B BN B B B LI B I B B I N )
p
I E 3¢ )[ctU)t]}
+ p C. u ~U. )~
i=ng +1 T=m j=l 317, “T rrr
m-1
n™t 2 | (5.3.25)
1=1
where V ; are i.i.d, random variables given by
' = <U.)-t_ . .3 .26
Vni z ngu Jl jnT)[u(tr Ul) tr] xI(iSnT) (5 )

xr
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where I is the indicator function of the set A, Or, we can write ‘
(A)
V . as
ni n
V.= d ;.0 5.3.27
ni r§1 r,1j ri’ ( )
where
= 28
dr,ij 2 U Jl j,nT b iSn ) (5.3.28)
= WU, )« ‘ 29
6. = ult ~U )t (5.3.29)

Thus the theorem will be proved if we can verify the Lindeberg

condition, namely, for €>0,

n
1
m L Bg Vo3 (v, [ermyl?0 as . (5.3.30)

Néw we see from (5.3.27), as eri are bounded by 1 and also as

1 1 §
—d == ) Wl )
s Bl s T ey sy ) > o,
c as noo
1 J,Ng
uniformly in i, j, since £ 5+0 as n» for l<i<n, 1<j<p,
/n
we have
—-l—-V2 > 0 as ni ,
n ni

Hence there exists an €(>0) such that

n
— ) E ] +0, as m
i1 o Vai (lV [>e/—) Q.E.D.
As a special case, we have the following corollary,

Cbrollary 5,3.2, Under H g=0 , (5,2,22) and (5.3.1)-(5.3,2)

(ti) given by (5.3,10) is distributed asymptotically as

Np(g siti(l—ti)go) where_g0 is as defined in (5,3,1) and 1lsisn,
- + *
Also since from (5,3.7). L__ (t)=E (t), where E 'is a non-
“nn., LnnT ? pxp “l’

singular matrix given as in (5.3,5), we have the following corollary.
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Corollary 5.3,3, Under H,: 8=0, (5,2,22), (5.3.1)~(5.3.2), (5.3.5)

+.

and (5,3.10), knnT (t) is asymptotically Ny, (BGGE')s;t; (1ot;))
i
where go is as given in (5,3.,1) and 1<is<n,
* : * .
In order to show that the process l‘nnT'{L‘nnT(t)“ _
* *

(LnnT,l(t)"'"LnnT,p(t))"IOStSI’ O0<T<T (= O<nj<n)} is tight we
extend the results of Chapter %V, We can show from the discussions

after Theorem 4,3.1 in Chapter IV that each of the element ‘process
* . i * ) ,
of the vector process knnT is tight, i.e,, {LnnT,j(t)’ 0st<1},
¥ j=1,2,...,p, is tight. Hence, then the vector process k;n is
: T

tight. Similarly, we can show that the vector process L;nT={L;nT(t)=

S eT N _+ 1. + 2
(E%f‘;I{t)’%“LnnTsp(t))b’ 0st<1, 0<TsTc} where LnnT(t) is defined
as in (5.3.7). Hence we have the following theorem.

Theorem 5.3.4. Under HO: g=0 , (5.2, ) and (5.3.1)-(5.3.2), the
vector process L* = {L* (t)=(L* ’l(t),...,LnnT,p(t)), 0<t<1,

“ang

0<T$Tc} converges in distribution to the vector of tied-down
Brownian sheets W = {W0(£)=(W$(£),...,Wg(g))', 0=t=(s,t)s<l},
n
T
where s = [7;3.
A similar theorem holds for the process E; defined above.
In fact we can prove the above theorem more generally, involving a
weight function. Thus, following discussions after Theorem 4,3.4 in
Chapter IV, we can show that
| L' (t)
L’ @-= T 3 0sss<l, O0Osts<l}
_ ~nn., T TqGs,t)y T T
n
where s = [154 is also tight, where for 0Oss<l, Osts<l,
qs,t) = q;(s1q, (1) (5.3.31)

such that
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1 .
J [q:()17ds < o
o

(5.3,32)
1
[ [qz(t] dt <
Hence define
~ nn-r: Ct)
L .(t) =
nng, j " qGs, 1)
‘I:';n‘r(t)= (.LnnT?l’(t); s ',LnnT;p(t)) (S |3'33)
and
~+ ~4 o~
) = (L t),...,L )+, (5,3.34)
tbﬁgﬂ ~nnp, nnT,l . nn.,p

Theorem 5,3,5, Under HO: g=0 , (5,2.22), (5.3,1)-(5.3,2) and

Tk ok
(5.3.ii)-(5.3.32), the vector process knnT- {gnnT(t), Ost<l,
Oss= — =1, O<TsTc} converge in distribution to the vector of

weighted tied-down Brownian sheets, Eo = E0(£)=(wg(t),,..,Wg(t))';
Wi (t)
0st=(s,t)<1}, where (t) —%;—?T-, 1<j<p are p independent

copies of weighted t1ed-down Brownian sheets.

~,

A similar theorem holds for the process Lt
: ~nn,,
We shall now outline some specific asymptotic PCS tests for multiple

regression in the followsing section.

5.4. Some Specific Asymptotlc PCS Tests for H : f=0 Under Staggering
Entry
From (5.3.7)-(5.3,9) and Theorem 5,3.4, 5.,3,5, it follows

that if [ns] = n,
{R n[ns] (t)= Rn[ns] (t)= (~n[n ](t))'('“n[ ](t)), 0<s<1, 0<ts<l1}
{ > W (:EJ Q<t=(s,t)<] (5.4,1)

and for the weighted case,



153

{Rn[ns](t) [ns](t) [ ](;1)'(~n[ 57 (t); Osssl, osts<1}

v | v,fﬂz
9 { rza, oy :
—r k) IPQJ———? QSESL} s 4.2)
i#l {q(s,t}} ’ .

For the reasons diécribed in Section 4,4.2 in Chapter IV we
choose weight function q(s,t) in such a way,as if we are making a
terminal test at the point (s,t) and proposing a test statistic
similar to chi-squarg (given by a quadratic form of the type Y'AY)
in the sense of Neyman Pearson theory of hypotheses testing. This

consists in choosing q(s,t) as

q(s,t) = {st(1-t)}? (5.4.3)
as
V(w(.’(g) = st(l-t), ¥ j=1,2,...,p
P2
and then } W (t)/st(1-t) is distributed as chi-square,
j= =1
We then propose the unweighted test statistic given by

Vo= max su (5.4.4)
T oo<rsT, x ’“‘T

and the weighted test statistic

VW = max ;supﬁn (x) (5.4.,5)

n 0<TST b'd

where R (x) (L (x))'C (L (x)) as given in (5.2.11) and

“ihy "y

cx) @, 0'e R CICH)) (5.4.6)
s I Mt | ’ '

where

L “T(X)=(LH"T’1(X)' ' ...,LnnT’p(Jc))'

. LnnT,jCXI

Lnn .(x) = - ' (5.4.7)
T/ AT G))
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. u W Shgs u* wh o .
Since V_ and V_ have the same distributions as Vv, and Vn given by
Vs ma )
= max sup
" o<TsT 05t51R“ ’

R ®

W ) ! - . : -
v, = max sup - Rnn (t) = max sup ZETT:FT .

0<T$Tc O<t<l T GﬁTsTc a<t<1
we have from (5.4,1)-(5.4.2), for some positive b,
u P 2
lim Py {V_>b} < P{ sup ) w‘ (£)>b} (5.4.9)
n-o j=1
tel
.« ") | W (t)
Ill:.: P, {VI>b} < P{ su% le 'é?’:'(l_ﬁ' (5.4.10)

tel
where 1° ={s,t: 0<s<1l, 0st<l} and T ={s,t: 0<s<1l, 0<t<1l} so that
Tzclz. The inequality signs in (5.4.9)-(5.4,10) can be replaced
by approximatley equality signs if T is spread out between 0 and Tc,
and t in 0 and 1.

Thus, if Vha and;na arethe solutions of bwhen the left hand side
quantities in (5.4.9)-(5.4.10) are equated o and, similarly, if
Vs and Ga are the solutions of b when the right hand side quantities
in (5.4.9)-(5.4.10) are equated to a, then it follows that

V. *V ., VY as niw (5.4.11)
no o na [0 ] .

The PCS tests are carried out in the same way as described
in Section 5.2 after (5,2,13) but instead of using vna , We use va
for the unweighted test and 3& for the weighted test., Since the
exact solutions of b in (5,4,9)-(5,4,10) can hardly be precisely
known in simplified forms, finding v and Ga analytically is a
difficult task, For this reason we take recoruse to computer
simulation, The simulated critical values willibe presented in

Section 5.8.
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5.5 More Than Two Samples Problem in the Format of General Multiple
Regression Model Under Staggering Entry with Uniform Arrival
attern ‘

We shall consider here the case when subjects enter the
scheme uniformly and the entry points are distinct, The case of
batch arrival will be considered in the next section,

Let there be q samples (q»2) of sizes nl,nz,...,nq
respectively drawn independently from d,f's Fl(x),...,Fq(X) where

F, () = F(x-By-g'c,), lsi<n, (5.5.1)

and where the observations are denoted by

X xz,...,xn from sample 1

2
1 1

x ,x ,"q’x »

n1+1 n1+2 n,+n, from sample 2 .

------------------------------------- (5.5.2)

X, +...+0 RTRRIR from sample q
1 q-1

where n=n1+n2+...+n

As usual, let

g = (Bl,...,ﬁp)', c. = (Cli’CZi""’cpi)" l<ic<n (5.5.3)

~i
pxp
Bo,* g , and F are unknown, and cji(lstP, 1<i<n) are known. We
take
Bj = 6j+1-61, 1<j<p, p=q-1 (5.5.4)

where 61,62,...,6q are the location parameters of the q d.f's

FI’FZ""’Fq and are unknown, We define
j+l  j+l
0, 1si< J n, - I n+lsisn
s=1 ~ . ‘8=l
17} jl » 1sj2p(=q-1) (5.5.5)
1, 2.ns+1sis Z ng
s=1 s=1

The q-sample problem of testing homogeneity reduces to one of

testing B=0 for the model given by (5.5.1). Thus our null hypothesis
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to be tested is
HO: g = (Bl"“‘gp)‘ = 9, i

against the alternative

H4 Bra, (5.5.6)
We define further
_ 1 n N
c5 = 121(:31 = 4, 1sjsp(=q-1)
n (n-n, .)
2 +1 j+1
C. .= } (c,.~c,) 1<j<p
33 42 3T n ’ (5.5.7)
n

n
k+1 . .
n,jk - .21( J1 CJ)(ckl“ck) —1:}__1;‘ J#k’ ISJ: kSp

(.
|

Let us suppose now that the n subjects of the q samples enter the

scheme uniformly at distinct time points T T, Let then

l’TZ"“’

1, if the subject from the jth sample
has entered at the £th point T,

sz = (5.5.8)
0, otherwise , 1<j<q, 1<f<n
so that
: n
n, = } H.p » 1sjsq, 1<f<n (5.5.9)
J £=1 7

and the total number of subjects in the combined sample arriving
into the schemes prior to TE is
g u <f<n, (5.5.10)
v~l j= =1 J
Also let njl be the total number of subjects form the jth sample

entering the scheme prior to Tz,tso that

ngp = zlqu , 1sjsq, lsk<n , (5.5.11)
ve

thus nj = § n., .,
4 =1 jL
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Again, let .

1, if the failure of a subject from the jth
6.1' = | sample has occurred at point Ty
J
0, otherwise , 1sj<q, 1sfzn, (5.5.12)

Define then

sz = Total no, of failures in the jth sample
by time T£
£
= dejv , 1<j<q, 1slzn (5.5.13)
v=
Nj = Total no. of failures in the combined sample
by time TE
P
= S,
v=1 j=1 3V
q
= ) Nsp 1<j<q, l<ls<n (5.5.14)
j=1

Thus, we have from (5.2.5)
*

n
£ n..
'c'&"]j»-:‘(np“1 e, = eLES » lsfszn, 1<j<p

i=1 1 n}
"Z n (n*-n )
- - y2__ (G+1)LY e+ .
Ce, 35" izlccji—cz’j) = 53 » 1sjsp, 1slsn (g o )¢y
np
n n
_ —_ - _ (j+1) £ (k+1)2 .
Cﬂ,jk = igl(cji—cl,j)(cki-cﬂ,k) = - nz » 1<js<p, 1<f<n

Thus we can find out the matrix gz =((C£ jk)) given by (5,2.6).
)

We then have

4
n
T A %
where s I 71—14 = -—?— and t 2= —I‘Iif? = proportion of failures in the

combined sample by time 'TL with respect to the target sample size,
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Now from (5.2.7)

n% .
£ 2€ ) )
L X,) =n" (c..~C u(x ~X,
nnTL,j £ 141 ji L,3
N*
N, L,
- nA L (5.5.17)
j*18 k]
where X, denote the £th failure eecurring at Tp» OST,<T_, 1<f<n.
Let now
g = —l—-- proportion of failures in the jth
J 7 sample at the point T, , 1<f<n, 1<j<q
Nz (5.5.18)
Z = ox = prop. of failures by time T, in the combined
e sample,
Then,
% '
nnT ’J(Xz) (tJ+1£-t£) (5.5.19)
where FE is deflned after (5,5.16), Hence from (5,2.8)
L (X)) = (73, ,~th), enn,n 3 ,-t5)) (5.5.20)
~n,, 04 20 Rt qt &7 e
£
so that from (5.2.11)
-1
RnnT (xl) - (knnT (xl))'gl (knnT (xl))
£ £ £
Zn L(t.[t;')% 1 (zl ; n, gm o (t. p=t5Xt, -t
je2 %73 M1 j=2 k=2 ] J
1<¢<n (5.5.21)

Hence the unweighted test statistic is given by

) L} i
VY= max R (X,)= max { n,,(t, ,~t% ) + (t. )
M y<pn ™ ££1x932£j££ Me 5 21<2Kkz Ja!

(teptp) -
and similarly the weighted test statistic is given by

fan, 42
VY = max R X,) = max _,,___.___.
£ L:EStzsl-e»sz te(-tp) |

nsslsl

(5.5.22)

as defined after (5.5.16), Thus the
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weighted test statistic is

[ q : q 7
_ 1 _ _
Tt ,mtnf ST T nn (t ~t) (L, th)
" gE2 HTIETE P1ej=2 kZZ J"n“ 3 TRE L
Vn-‘- max — An*‘N N*
E:[ne]sNESIn—nej R _£(1 £
. ARG R )
[nn]snLSn
(5.5.23)
Note that the conditions
[ne] =N}<[n-ne] => est ,<e
z £ (5.2.24)

[nn]SnZSn => nSstl
where € and n(>0) are prefixed,
As seen from (5,5.23), when applying the weighted test statistics,
one has to wait up to the point when the accumulated number of
failures in the experiemnt up to that point is at least [ne]. Also
the experiment has to be continued, if needed, till the accumulated
number of failures is at most [n-ne], £(0<e<1) is determined
before hand on the basis of past evidence (such as life tables, etc.)
or conditions prevailing the experiemnt. The PCS tests are carried
out as described in Section 5.4,

Now for q=3, i.e., p=2, we have from (5.,5.21)

n,,n n, ,+n n, ,+n

20738 1£ 28 2 12 732 2

(Xp) = ( : )Ct -t%) +{-——-——}(t -t*)
2 np [: Ngp 22 L nyp 3L L

RnnT
L
+2(ty,mth) (tu-tz):[, 1slsn, (5.5.25)

Similarly for q=4, i.e,, p=3, we get

n,,n,,n n, ,+N N, ,+N

2238 41:[—[ 1228} 2 [ 12 32} 2
R X,) = | (t,,-t*) & [———=(t, ,~t*) "+
nnTL £ ny, l_ Ngelyp) 202 Ny Map) 3L

+[n1£+n4£}(£ «t*)2+2(,—11-(t %) (to p-th) 4t ,nt) (L, ,=t*)
ygp) LY Ay A ap 20 "3 L Nz, 207048 R

1 *
+ ;zz(_tu-tz) (t4£-t£)):[, 1<f<n . (5.5.26)
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We can thus compute the test statistics Vﬁ and Vz given by (5,5,22)
and (5.5,23) respectively,

5.6 PCS Tests for Multiple Regression Under Staggering Entry Plan
with Batch Arrival

Suppose that the subjects enter the scheme in b batches at

b different time points T1<T2<989<Tb. Let DDy, eee, My be the sizes

of the b batches respectively and suppose that n, subjects are in

the experiment in the beginning, i,e., at T Let

o'
n-= n0+n1+n2+...+nb. Let us also consider the ordered intervals

J1’J2""’J (=J*+1), where Jj=(Tj—1’ Tj]’ j=12,.,.,b,

c? Jc+l c

b+l,...,c and J (Tc’ =), where Tc is the censoring time of the

c+1=

experimental observations, Under staggering entry plan, the n,

subjects entering at T, will be exposed for (Tc-Tl) time, n

1 2
subjects entering at Tz will be exposed for (TC-TZ) times, and

so on, n. subjects entering at Tb will be exposed for (Tc-Tb) time :

(see Figure 2),

+-—-——(Tc—Tb)—-———+
«-crc-'rj) >
al I I X
e » (Tc-'rxz%_ -+
(TC-T‘]‘}Q >
To - T, T, Ts Tj Tt Ty Thel T.g T, =

Figure 2
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One therefore obseryes the_random variable

1, if subject entering in the interval Jj fails
in the interval Jj’ j>i, i =1,2,,.,,b
A = j

’ -
ij 1:2f!!l;c ; (3'611)

0, otherwise
Hence the number of failures from the ith batch in the interval Jj
is given by .

nij = f.Zuj , i<j, 1=isb, lgj=<c , (5.6.2)
Let n;j be the total number of failures from the ith batch up to
time Tj' Then

n;J = . lniy , i<j, 1<isb, 1<j=<c, (5.6.3)

Thus the total number of failures from all the batches entering

[ Al

prior to Tj is given by

= ] ng, , lsjsc . (5.6.4)
J i<j
Also let r, denote the set of subjects entering the scheme priot to
Tk’ k =1,2,...,c, where T, = 1y is number of subjects present at

the starting point T0 of the experiment. Thus

r, = J n,, lsksc . (5.6.5)

Clearly T, =Ty, =0

Let
_ Iz
ANy ;

ap , lsls<c (5.6,6)

t = e———

£ n

and

= (Sz' Z) . OStz‘ , 1lsls<c (5.6,7)

Now we define as in (5,2.7)
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/\
”nnT 2 J

where as before

- -1
e,j = &8 Z 51 Ce,jx " Z (31780, 5 ChiCp 10 Ik = Lo

(5.6,
cji being known constants, and gl = C(gl,jk)]'
Let
o ]
L T (XZ) = ( T ’ (xz),tvo, nnT p (xz)), ISKSC (5.6.
L L £
Then the statistic similar to Rnn (XL) in this case is
Ty
A A ‘ ~1_a .
RnnT (xz) = (LnnT (xl))'gt (knnT (X£D 1<f<c (5.6.
£ L L
Also let
X,) = R (X,)/s,t,(1-t,), lsbsc (5.6
nT L nnTL Jodlhd Ad 4 2

The unweighted and weighted test statistics are similarly

given by
l\u ~
V. = max R (X,), 1sitsc (5.6.
N j<psc K £
and
" = max ﬁ X,) = max X,)/s,t,(1-t;,))
o o1<pce ® ¢ £ {2: est,<l- e} nnT erre t
(5.6.

Proceeding exactly the same way as in Section 5.3 and 5.4, one can

show that as n», for some b>0

P

PO(0“>b) <P(sup ) W92(£)>b) (5,6.
n 0st<1 j=1 J
P w02(q)

AW i
Po(V >b) < P( sup ) sty > P)» O<e<t, O<nsl, (5.6,

est<l-& j=1
nsss<l

. (Xp) = n E ji Z j)u()( X;), 1<jsp, lsfsc (5.6.

10)

11)

.12)

13)

14)

15)

16)
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The inequality sign in (5.6,15)~(5.6.,16) can be replaced by the
equality sign if the number of batches is not very small, so that
using the same critical values, viz,, v, and ;a in this case makes
the test conservative,

The q-sample problem under staggering entry with batch
arrival modewill beillustratedﬂbythe'following layout where b batches
enterthescheme‘atTl,Tz,...,Tb time points respectively, (see Table
5.6.1). Let nj be the size of the jth sample, 1<j<q and let
n = n_+n +---+nq. To‘is.the”starting time of the experiment, Let

1

us define the ordered intervals JO’JI""’J

for'j = 1,2,...,¢, and Jy = (-, T/], J:+1 = (T, =), J

%*
e+l where Jj = (Tj-l,Tj]’
%

c+l

contains observations censored at time point Tc' We assume that
at the start of the experiment, i.e., in the interval JO’ there
are njo subjects from the jth sample, 1<j<q where njozo.

Let njl be the number of subjects from the jth sample in
the f£th batch, 1<j<q, 1l<f<b. Thus nJ.£ subjects from the jth
sample enter the scheme in the interval J£ . Let a?l be the number
of failures in the interval Jg among the subjects of the jth sample
which entered the scheme in the interval Jk’ 1<j<q, 1<f<c, 0<ksb,

where k<£. Letfngt be the number of subjects of the jth sample

entering the scheme prior to TE'

Then
' £-1
nip = vgonjv , 1<js<q, 0s<f<b (5.6.,17)
Also let
q
* -
nL- anL,OSlSB

j=1

2-1

N, = ) n* , 0st<c ,
u=0

(5.6.18)
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TABLE 5,6.1

Batch arrival/observation time
Sample Total
——— R —— ——— *
Mo | ™11 | M2 " M| P T g
0 01 0 v 0 A 0 4 0*
Sample 1 a7 1320 1212 [ ~~1%1p --- ,alc' e P
ol ol iR JLobo ]
127771 PTTTESb 77T | Be 3 e+l
M0 | P21 | P22 ="k |- P2p || Tl o n,
: a9 [ ___|a%, | ao al 20"
Sample 2 22{ 7771 %28 1 TTT®2b 77T [ f2e [T B2esd
al al ' al 'al 1*
22| ~771222 [ 777220777 [ P2 |77 B2en
. n,. . --=in. ~—=|n. ——- e ]
M0 [ "5 [ M52 j Ny | n,
20 40 40 20 0*
Sample j Y50 1 %320 7T TR T | Be | T Benr
L O N T O I IS 1*
] Bt T R A 1 je | 7T Fjest
n n n_,|---in [ P (VU IRION [UPUN R, n
q0 ["ql | "q2 e qb q
ao ao ao ao 0 o*
Sample q al | %92 ""|qp [T %0 [T | %ge 24641
al a1 a1 a1 ' al*
Q2] TTTIqp | T Tab 77T | Tae | T Yqe+
* %* * * *
Total M 1M 2™ ™ | ab i n
d.; az f az a-b aC az-'_l a
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so that N2 is the total number of subjects entering the scheme prior

to Ty, 0<f<c; thus N,41°No*ns Note' that Np subjects will result
in failures of subjects having failure time at most equal+to (TK‘TO)'
Now define
a;z = total number of failures among the subjects
of the jth sample in the interval Jp
= aj£+a;£+-~'+a§z '-fg a, 30 7 1<l<c (5.6.19)
L
Ajt = vgla;v , lstsc
(5.6.20)

Z A,,, lslsc
fem kA

so that A£ is the total number of failures by time T,, l<f<c.

Let us define til’ tz, Sp and tl similar to those defined in

(5.5.18) and after (5,5.16),

A A N A
i L J 4 2 .
tiewd, TR, SeTw o ty Two 1S Isisa (5.6.21)
je L
Hence as defined in (5.6.8), we have
~ s o
Ln ;j(xt) = n .X (cji-c£ j)u(x[xi), 1<j<p, 1lsélzc
T =1 ’
L
- n-%( A('+1)£ _ f@a
nene N

1
= ~2 -t* il
n (§j+1£ t}),(from (5.6.21)), 1sj<p, ISZSCE5.6.22)

where t, = (sp,t,), Qst,<l, and

“T (Xp) = (7t ppth), 0 vvsn A gpmty)) (5.6.23)

Then the statistic R (Xz) in (5,6,11) is given by
T
a
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R (Xp) = chocz))vcﬂch11 X))

TE ¢ Tﬂ'
q q
= ¥ nr,(t, ,-t5)? +—;-— Z ¥ n (t, ~t*) (t, ,~t*), 1sl<c
i=2 il~ie e Ne id2 522 12 Z il 2 ie e ’
(5.6.24)
where 92 is defined as before,
pxp
Hence from (5,6.13)-(5.6.14), we have
su
V. = max En (t. -t)+ Z Xn (t, ,~t%) (t, ,~t*%)
n 1_£<c12'€1££ ﬁ;zlzjzlljzlﬂl il &
(5.6.25)’
v = q q q 7
- 2 —_1_ . . * * (t t*) (t t*)
Lt o 7 i, J.Zz"u“jz 107t (E507th
max
{£: [ne] sAzs[n-n_e]} E@_ f_{(l_ f_{ )
[nn]sstn non n i
0<n<l, 0O<e<l , (5.6.26)

Thus as noted earlier, when applying the weighted test statistic,

one has to wait till the accumulated number of failures in the
experiment is at least equal to [ne] where £(0<e<l), Also, if needed
the experiment has to be continued till the accumulated number of
failures in the experiment is at most [n-ne]. The PCS tests are
carried out as described in Section 5,4,

For q=3, i.e., p=2, we have from (5.6,24)

n} ,n% | m¥,+n? +n¥
A 28 35[-[ 12 2!.] 2 (11 32]
R (Xp) = (£, p-t3) e |22l (1 -t %) 24
nnTz £ niz ngz 20 2 e 3L

2(ty,-t3) (tu-tz)], 1<fsc, (5.6.27)

and for q=4, i.e,, p=3, similarly,
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* _“51“31“22[_(“13*’?51}& ) [“’iz”"éz] taen? .
= v . - A - | ————— »
R T T A R T T A e
n* +n* _
{712 4L 2 1l . 1
{.ngzngl}(t4z“t2)'*z(hzk(tzz‘tz)(tst‘tz)* w2t

1 :
* -t* ~-t* /4
(ft4e“te)+ B*,,-zp-{tsz tz) (t4z tz)l, 1<fl<c (5.6'28)
We can thus compute the test statistics ?: and 9; for these cases

from (5.6.25) and (5.6.26) respectively.

5.7 Asymptotic Power Properties of the Proposed PCS Tests

Derivation of asymptotic power of the proposed test statistics
is very much complicated, We follow and extend the approach of
Sen (1976) to show the convergence of E;K(EL) under contiguous
alternative to the drifted Brownian sheet vector Eg*(g). However,
analytical derivation of the distribution of ESE(EE) under contiguous
alternativé is very complex, and no easily workable expressions can
therefore be found. For this reason, the asymptotic behavior of the
proposed tests with respect to power can be studied using computer
similation for various drift sizes in the same way as in case of
simple regression under staggering -entry situation.

5.8 Simulated Critical Values of the Null Distributions of

P W0i(s,t)
sup E qu(s,t) and sup —_lETT_EY .
0ssslj=1 7 nss<l j=1 St

0<t<l g<t<l-e

Let {Xk 157 i=1,2,..,,my, §=1,2,...,0, k=1,2,,.,,p}
?

be p samples of nn, independent standard normal variates;

Define

1

i
3 L. = . 1<k<

= %,15*%, 1-1)5"%,1G-1 "%k, (1-1) (§-1), 2sisn, 2sjsn,
‘ ' (5.8.1)
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where

Sk, 15 }lxk y* Sk,11 " 2"k upr 1sksp, lsisn), lsjsm,,

(5.8,2)
Further we define
Uy i3 = Siis -sk’inéx ﬁi- , 1sisn), 1sjsny, 1sksp  (5.8.3)
Clearly, then
-2
VU 35597VE 45 n, “VO8y, 150 Sk,an,) "LV(Sk ,in,)
2 2
PR 5
= i3 nz
= ijQ -53-) , Vk=1,2,...,p
or 2
ntnptve, (0 = 2o (5.8.4)
172 k,ij
| S T
Define then
0 0
W = {W J-) lsisn, lsjsn,} (5.8.5)
k Ny, k,nlnz(n1 n, ’ 1
where
k n1n2(n1 l’inz;iuk ij° 1515111, lsjsn2 . (5.8.6)
It follows from (5.8.4) that
i -J-)—-——-'L(l -1-) k=1,2, (5.8.7)
] » seesP « 0.
k’n1n2(n1 NNy W ’
where
1§i$n1 s lstn2
Proceeding as in Section 5,3, we can show that if
0 a4 . . ]
Hnlnz" 1nz(n1 ), lsisn, lsjsn,};
(5.8.8)
°={w°(s,t), 0ss<1l, O0st<l}
where
(5,81 =010 (5,),.. 0,00 (5,8))" €5.8.9)
L 1,nn,>? penesW P, nyn, :
1 172
WO (s,t) for s = - t =—i- is defined in (5.8,6)
k,n.n ? n *’ n reeTae

12 1 2
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and

0 Qi 0

W (s,t) = OVICs,t),...,Wp(s,t))' , (5.8.10)
where W)(s,t), k = 1,2,.,,,p, as defined in Section 5,3 are p

independent copies of tied-down Brownian sheets, then

Doyl (5.8.11)
~0 “~0 172
and similarly, ﬂn _D_+! where (5.8.12)
) 1 2 ’ '
W2 n = W 2 n (s,t), Oss<l, Ost<l}
% 12
0 0
W = {W (s,t), Osssl, Ost<l}
2 (s,t) WO (s t)
n.n p,n
Eg n (s,t) = |— 12 yeees
12 I E fs"t"‘u-t) J
| o (5.8.13)
0 0 :
W, (s,t) Wi.(s,t)
~0 1+ 2
W (s,t) = |-———,.,.,, —2——f
/st(i-t) /st(l-tj)
Hence it follows that
P 2
—la -q- sup } W ‘(s,t), and (5.8.14)
1515‘nlk 1 k n nz("l 0<s<lk=1 X
1<jan, 0<tsl
w°2'" i, o
I§ k,nyn,"n;” 2 D IZ, Wy (s,t)
max — ———TT———- (5.8.15)
'[enl]Sisn1 k=1 ﬁL-al{ n55<1 k=1 St 1-t
n 2 glt<l-¢

[enz]sjs[nz-enz]
for 0<n<l , 0<e<l,
We shall exploit (5.8,14)-(5,8.15) to derive the simulated

distributions of

2
K = 'sup Z W‘ (s,t)
0s<s<1 k-l
0<t<1 2
0

and P wk (S,t)

K = su . .

W n<s£1 kzl st(1-t)

e<t<l-¢e
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The ordex statistics of the simulated distributions of these test

statistics have been obtained by simulating the empirical distributions

of P 2 |
max ) Wﬁ n,n (;;"ﬁlq and
ISiSn1 k=1 17172 1 2

ISanZ

2 ..

WD

max 5 k’nlnz(nl ' 1y

[rnylsisn, . k=1 ELB'LU' BL)

[en,]<js[n,-en.] 172 2
2 2761,

1000 times for n1=50, n2=100,

and p=2 and 3. For the distributions of the weighted test statistics
we have taken n=.02, and €=.,01, .05, ,10, Tables 5,8.1 and 5.8.2
present the critical values Va(p) and ;a(p,n,e) corresponding to
the test statistics ku and K for a=.01, .05, and ,10, n=.02,
€ =.01, .05, .10, and p=2,3, where p is the number of parameters
involved in the multiple regression model (or for the q-sample
case, p+l(=q) is the number of samples involved); a is the size
of the test,

TABLE 5.8,1

Simulated values of va(p) for typical values of o and p

p=2 p=3

a=.01 a=:85 - a=;10. a=,01 o=,05 a=,10

3,209 2.578 2,036 4,061 3,077 2,676




TABLE 5.8,2

Simulated yalues of Gq(p“,n,fs) for typical yalues
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p=2 p=3
€ ~
a=.01 a=,05 a=,10 a=,01 a=,05 a=,10
.01 | 22.046 18,176 16,145 | 25,043 20,876 19,089
.05 | 22.044  17.781 15,684 | 24,734  20.745  18.659
.10 | 21,571 17,239 15,142 | 23,505  20.209  18.229




CHAPTER VI

SOME APPLICATIONS AND SUGGESTIONS
FOR FURTHER RESEARCH

6.1 Introduction

In this chapter we shall present some applications of the test
procedures discussed in the preceding chapters to some problems of
practical interest. We shall also discuss the conditions under which
the different types of tests should be applied to different prqblems.
Lastly we shall describe briefly the unsolved problems where the
methodology discussed in the earlier chapters can be applied advanta-
geously.

Section 6.2 deals with a discussion on the conditions under
which weighted tests are preferable to unweighted tests. While describ-
ing the weighted tests in the preceding chapters, it was pointed out
that the actual PCS testing of significance does not start until the
accumulated number of failures in the experiment is at least equal to
[ne], where n is the target sample size and €(0<e<l) is a preas-
signed number. The selection of the value of ¢ is made prior to the
start of the experiment on the basis of prior information about the
units in the experiment. In Section 6.3 we shall discuss the guidlines
for choosing 'e' in an eiperiment to which a weighted test is applied.
In Section 6.4, we shall illustrate application of appropriate PCS

tests to two data sets and show how early decision with regard to ter-
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mination of experiment can be reached withvthe help of such PCS tests.
For the case of two and three sample problems using some simulated

data, the empirical powers and mean stopping times achieved by the
various proposed tests will be presented and compared with some of the
rival tests in Section 6.5. Section 6.6 will discuss an example where
the weighted tests can be used advantageously over the unweighted tests.
Lastly in Section 6.7, we shall present concluding observations and

suggestions for further research in this area.

6.2 Some Practical Considerations in Applying Unweighted and Weighted

Tests

The applications of the unweighted and weighted tests depend
mainly on the nature of the alternatives under study and the value of
e chosen (see Section 6.3). As will be clear from the following dis-
cussions and Fig. 1, if there is a wider gap between the alternative
and the null hypothesis and one eipects an early stopping of the experi-
ment, then the weighted tests should be preferred.

Under the nonstaggering entry situation in case of simple re-
gression we considered the one-sided weighted test statistic E;(t)

given by

Lo (t)

Yt(d-t)

Lx(t) = 0<t<1, (see (2.4.5), Chapter EI) (6.2.1)
where L;(t) given by (2.3.1) (Chapter II) is the unweighted test
statistic. Similarly in case of multiple regression we considered the

weighted test statistic M;(t) given by
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LEve) A7 L)
M*(t) = _ I , (see (3.4.5), Chapter III) (6.2.2)
n t(i-t)

where M;(t) = g;‘(t) A'l E;(t) in the unweighted statistic, L;(t) =
(L;,l(t)""L;,p(t))'and L;,j(t) is given by (3.2.24) (Chapter III).
Thus if Th is the proposed unweighted test statistic, the

weighted test statistic T, is given by

T,o=_—__Tu  or Ty , £€5t<l-g, 0<e<1 (6.2.3)

YR t(1-1)

according as we consider the simple or multiple regression. If now

A, 1is the (1-2)100 percent point of the null distribution of T, in

case of simple regression then the acceptance region given by the un-

weighted test is obtained by
P(Tusxa) = l-a, 0<o<l (6.2.4)
and the acceptance region given by the weighted test is obtained by
P(T shy {t(1-8)}9) = 1-q, O<a<l (6:2:5)

where T, = L;(t).
Likewise for the multiple regression case, if §, is the
(1-0)100 percent point of the null distribution of T, then the ac-

ceptance region given by the unweighted test is obtained by
. ' P(T,<8,) = l-a (6.2.6)

and the acceptance region provided by the weighted test in this case

is obtained by
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P(xlsad' {t(1-t)}) = 1-a (6.2.7)

where T, = M;(t) = E;'(t) Q'I.E;(t) as given above,

Diagrammatically, we have the situation as shown by Fig. 1.

Tu

o
(or 6a)

Fig. 1 above is the plot of T  against t. The thick lined
rectangle is the acceptance region obtained by using the one-sided un-
weighted test Tu and the shaded area delineates the acceptance region
provided by the weighted test T,;,. Thus, the triangular area con-
taining the crosses(x) is the rejection region provided by the weighted
test T,, but belongs to the acceptance region of the unweighted test
T,. Hence if the alternative hypothesis is such that ¢ increases as
one moves from the null case to the alternative case in the range (g,e')

as shown in Fig. 1, then one can use the weighted test advantageously

over the unweighted test, Now t in (6.2.1)-(6.2.3) indexes the pro-
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portion of cumulative failures at any point as the experiment con-

tinues and ¢ is the minimum value which t can take when applying
the weighted test. Hence if there is a wide gap between the null and
the alternative hypothesis, one can get early stopping of the ekperi-
ment with the help of the weighted test. Since as pointed, the two
sample problem is a special case of simple repression model, let us
consider a two sample problem where the first sample contains individ-
uals with failure time distributed as expomential distribution function
Fl(x) = l-e'x/16 and the second sample having individuals with failure

—x/24. Suppose these failure times

time distributed as Fz(i) = l-e
refer to times to conception in-a contraceptive effectiveness study
comprising women of child bearing age group and are recorded in one
month interval time. Let us suppose the study is continued for a
period of 24 months. Now the probability of observing a failure in the
first month for the first sample is 1-e‘1/16=.06, and for the second
sample it is 1-e"1/24=.04, so that the average probability of a fail-
ure in the first month in the combined sample is .05, Thus, if we con-
sider the null hypothesis Fl(i) = Fz(k) with the mean failure time

as 16 months; the probability of a failure in the first month under the
null hypothesis is then equal to .06. Taking this probability as the
starting minimum value of t, ie; e=.06, the alternative hypothesis
specification does not increase g, rather it decreases to .05 (as
computed above). Hence in this case weighted test will not perform
better than the unweighted test in respect of achieving early stopping

time of the study. However, if the second sample involved in the study

has individuals with failure time distributed as cmi) = 1-e7X/8 12,
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then the average probability of a failure in the first month is approii»
mately .09 which is greater than the null case (viz., .06). In this
case therefore, the weighted test can profitably be applied to get an
early stopping time of the study. Similar argument is true in case of
tests for multiple regression or multi- sample problems.

For the staggering entry situation the one-sided weighted test
for simple regression is given by the test statistic ﬁ;(s,t) where

from (4.4.6) (Chapter IV),.

~ W*(s,t)
Wk (s,t) =0 __ , O<s<l, O<t<l , (6.2.8)
Yst(1-t)
W;(s,t) is given by (4.3.6). Similarly for the multiple regression
model, the weighted test statistic ﬁl’fn'[(t) (see (5.2.16), Chapter V) is @
given by
~ -1 P
R* (t) = L*' (t) C_ L* (t)/st(l-t), O<t<l, 0ss = — <1
e I A n
(6.2.9)

Note that in (6.2.8)-(6.2.9) s indexes the proportion of cumulative
sample size and t indexes the propertion of cumulative failures at
any point in the experiment or study. Thus, in general if Su is the
unweighted test statistic then the weighted test statistic Sw in this
case is given by

S 5
s = a E

u
or
voostamn  stdst)tn

nss<l, estsl-g, 0<n<l, O<e<l (6.2.10)

according as we consider the simple or the multiple regression problenm.
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Now if pa“is the (1-0)100 percent point of the null distribution of
Su in case of simple regression, then the acceptance region provided
by Su is given by

P(S, < ﬁa) = 1-q, 0<o<l (6.2.11)
and the acceptance region provided by S is given by
P(S, < u lst(1-t)}) = 1-a, O<o<l . (6.2.12)

For the case of multiple regression, if Vo is the (1-a)100 percent
point of the null distribution of Su, the acceptance region provided
by the unweighted test statistic S; and weighted test statistic Sw

are given by

P(Su < va) = 1-p, O<o<l ,

P(S, < v&{st(l—t)}) = 1-g, 0<o<l . (6.2.13)

We can proceed to show the usefulness of the weighted tests.over the
unweighted tests in the same way as we did in the case of corresponding
tests for nonstaggering entry situation with the help of a figure
similar to Fig. 1 above. Because of the factor s (0<ssl), the weight-
ed tests do not seem to perform better than the unweighted tests unless
the gap between the null and the alternative hypothesis is very wide.

We shall consider comparison of the unweighted and weighted
tests with respect to power and mean stopping times in detail in Sections

6.5 and 6.6.
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6.3 (uidelines for Choosing e when Applying Weighted Tests

As clear from {6.2.1)-(6.2.2) and (6.2.8)-(6.2.9), for apply-
ing the weighted tests, one has to start the PCS testing of signifi-
cance at a reduced time point (and not from the beginning). The time
points in the experiment are indexed by the proportions of accumulated
failures at those time points with respect to the target sample size.
Thus one starts the actual PCS testing of significance at a time point
at which for the first time the proportion t of accumulated failures
in the target sample is at least ¢ (0<e<l) where ¢ is determined
before hand. |

Now in case of non-staggering entry situation, for the simple

regression problem we have shown in Chapter II that under HO the

~ ~ L*(t)
process L; = {L*(t) =B ___ estsl—e} converge in law to
. . n Jt(1-t)
W0 = {Wo(t) = __E_&El_ , estsl—e} , Wwhere '{Wo(t), 0st<1} is the
VE(1-t)

Brownian Bridge (see Theorem 2.3.4). Also we know that if {W(t),

0st<1} be Brownian motion process, then
W) = wee) - tw(1), ostsl (6.3.1)

By an application of the law of iterated logarithm for the Brownian

motion process (Tucker, 1967, p. 265), we have

, \
P{lim sup W(t) =1t=1, (6.3.2)

i /Zt(l-t»)lnﬂ;l‘g-g-&—)-r J

and ¢ N
p{lim sup W(t) - 1b=1, (6.3.3)

\t+1 Zt(l't)znzn[ETT%ETJ )
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Similarly ,
pllim sup W) =1}=1,
t->0 1
A R ) 5.5
( / e
P4lim sup __ W) =-=lp=1 .,

=t Sxeaeoe e [

t(1- t)

Now we have from (6.3.1)

wo(t) R W(t)
Je(1-t) /zt(;-t)znzn&&_?g * J/z*"n"—n[t(i"-t)]
- W(1) [——I‘E? . (6.3.5)

Hence by (6.3.2)-(6.3.4),. the first factor of the first term on the
right hand side of (6.3.5) goes to + 1 aws as t > 0 or 1, and

the second factor goes to « (as t >0 or 1), while the second term
wo(t)
Vt(l—ti

properly when t - 0. A similar case holds when t -+ 1. Further, we

notice that //2 ( 1 ] and ; ~are slowly varying functions
n'n J 1-€

on the r.h.s. goes to 0 as t > 0. Thus does not behave

e(l-g)

of € as seen below.

Table 6.3.1
€ [ E_
/2, o] /T
.001 1,9661 .0316
.005 1.8267 - .0709
.01 1.7489 .1005
.025 1.6199 .1601
.05 1.4928 .2294
.08 1.3849 .2949

.10 1.3257 .3333
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This shows that a suitably chosen cut-off point ¢ (in the interval
[e, 1-€]) eliminates the above problem. On the basis of the above
tabhle, it is suggested that a minimum value of ¢ should be between
.01 and .05. However, in order to find out the value of ¢ 1in actual
practice one has to have some prior knowledge of the length of the in-
terval in which t (as defined earlier in the Section) varies in a
given study or ekperimant which is intended to be continued for a
certain period of time. Diagramatically illustrated, this amounts to
having prior knowledge of t* (see Fig. 2.) in a specific study.

Fig. 2 depicts unit square 1% - {s,t; 0ss<l, Ost<l} where s

t=1
t* 12
I*
0 s=1

Fig. 2

and t index the proportion of cumulative sample and failures at any
time point in a study. In many life testing problems dealing with human
population, t* can be taken as the probability of a death for those

belonging to the control group over the period of study. This probabili-
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ty can he computed from sources such as Vital Statistics publications,
Life Tables, Sample Surveys, Census, etc. Similarly, in studies on
contraceptive effectiveness among women of child bearing age group,
t* can be estimated by the probability of a failureT (because of a
particular contraceptive constituting the control group) over the given
period of study. Again, in studies requiring long observational time,
same restrictions are put (or known) on conducting the experiment so
as to shorten the length of the study. For ekample, in drug effective-
ness study involving heart disease patients (such as the LIPIDS study
in the Department of Biostatistics), the event of mortality may be ob-
served after a long elapse of time after the start of the study, there-
by prolonging the duration of the eiperiment in order to cover the
desired sample size. Such prolonged duration may not at all be com-
mensurate with cost and time considerations.- Hence to shorten the
duration of the experiment, sometimes the investigator truncates the
experiment observations after a certain proportion of failures have
occurred in the combined sample. In such cases t* can be taken as
that proportion. Once we have the knowledge of t* we can proceed to
find & in the following way. We shall illustrate the procedure with
the help of a two sample problem.

Let us suppose we have two samples of sizes n1 and n, re-
spectively. One sample consists of all those who receive 'placebo' and
the other sample consists of all those who receive ‘drug! or treatment

and the responses (failure times) are recorded in k categories. Let

T a failure in such studies is the occurrence of pregnancy.
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us consider a o level one-sided test. For the truncated case (where
we have the knowledge of t*), Schey (1977) has computed the critical
value A& of the one sided test.for the two-sample problem. From
(6.2.4), it follows then that if for the first time PCS test is applied,

we can expect the rejection of the null hypothesis if for some j={

Qnﬂ = _/ulﬁz (pz‘pl) > k&, 1<f<k (6.3.6)

where an is given by (2.6.12) (Chapter II) for j=1,2,..,Kk, n=n,+n,
and P,»p, are the proportions of failures in the first and second
samples respectively up to that point. Thus from (6.3.6) for rejection

we must have

(pz—pl) 2 A /_1_131_1_ (6.3.7)
1

2

so that unless p2 is greater than Ad n no rejection can be
nlnz

expected. We take ¢ to be at least equal to the r.h.s. quantity in

(6.3.7). Note that the r.h.s in (6.3.7) goes to 0 when n - .

Hence, if this value is much smaller, (say smaller than .0l1) we can

take the value of & as .01 as suggested earlier. For example let

2

A* = .5985. Hence from (6.3.7) & = .5985 x /1000 = .04, approx.
a 500x500

For the two sided case for the truncated data, Kojiol and Byar (1975)

n1=n =500. Also let o = .05 and t* = .10; then from Schey (1977),

have computed critical values, and we can work out the value of ¢
in the same way as described above where we take the two-sided critical

value 7\&* instead of .7\&. .

In case if we do not have any knowledge of t*, the critical
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value Au can be found from (2.4.1) (see Chapter II), viz.,

2 -
. =2b : . .
P(Tu> b) = e = o where T = max an, an is defined as in (2.6.12)

1<gj<k
(Chapter II). In that case for a = ,05, Aa = 1.224, and then we have

from (6.3.7) e=2A, /n_=1.224 x /1000 = .08, approx.
n.n 500x500
We can work out for the staggering entry situation in the same
way. For multi-sample problems, we can use the critical values as tabu-

lated in Chapters III and V, and proceed similarly as outlined above.

6.4 Applications of the Proposed Tests in Two Situations: Occupational

Mortalities (a Cohort Study) and Failures with Techniques of Con-

traception.

We shall discuss here applications of the proposéd PCS tests
to two real data sets, one dealing with the mortality experiences of a
cohort of rubber workers as they retire and the other relating to con-
traceptive effectiveness among women of child bearing age group. These

two data sets will be considered in Sections 5.4.1 and 6.4.2.

6.4.1 Mortality Experiences of a Cohort of Rubber Workers by Type of

ketirement

The application here relates to the data set considered in
detail by Andjelkovic, Taulbee and Symons (1976). The cohort of rubber
workers of a rubber manufacturing plant located in Akron, Ohio was de-
fined as "any worker who as of January 1, 1964, was 40 or more years of
age and was an active or living retired hourly worker from the plant
under study." We shall refer to this more briefly as "the 1964 cohort."
Andjelkovic, et,al (1976) studied the mortality eiperiences of this co-

hort over a period of ten years, i.e., 1964-1973. Here we shall consider
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only a part of the cohort, namely, the sub-cohort consisting of white
males who would retire over the period 1964-1973. Our interest is in
determining if there is any difference in the ﬁortality eiperiences of
different groups of retirees of this sub-cohort and if there is any,
then at what earliest time point in the period 1964-1973, this differ-
ence can be detected on the basis of accumulated statistical evidence.
The categories of retirement considered here are (a) normal retirement,
(b) disability retirement, and (c) early and early but not reduced
retirement.

In order that the applications of the proposed tests are fully
illustrated, we shall first consider the nonstaggering entry situation
where all those who retired by 1964 in the three retirement categories
are observed with respect to mortality over the period 1964-1973. Next
we shall consider the staggering entry situation as the cases of re-
tirement occur at different points during the periad 1964-1973. Note
that in practice the target sample sizes of the different samples in-

volved in such studies are known from before.

6.4.1.1 Three Sample Problems Under Nonstaggering Entry

We shall apply here the test procedures and statistics as
those discussed in Chapter III. The frequency distribution of numbers
of deaths in the three groups of retirement taken as three samples, in
different years from 1964 to 1973 is shown in Table 6.4.1. The last
~ group in Table 6.4.1 comprises of all those who are alive by 1973. The

table is quite similar to Table 3.6.1 considered in Chapter III.
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TABLE 6.4.1

Time Interval

: ‘=1 =2 =3 m=4| m=5| m=6 | m=7 | m=8| m=9| m=10| m=11
Samples Total
1964| 1965 1966 1967 1968 1969 |1970 |1971| 1972 1973 1974
(a) Normal Retirement 3 4 9 7 6 12 S 7 3 8 | 153 217
(b) Disability Retire-{ 4 4 5 3 4 1 5 1 1 0 13 41
ment
(c) Early/Early not 4 5 1 5 5 2 2 0 5 I 30 60

reduced Retirement

ST

Total ) 11 13 15 15 15 15 12 8 9 9 | 196 318
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Here we have n ;+n,+n.=318. We shall

1 17273
illustrate the application by computing the unweighted test statistic

=217, n,=41, n3=60,.n=n

u
Sm, and we shall test the null hypothesis, HO: three groups of re-

tirees have the same mortality rate. Now

2
}(tSm“tm) *

a Don +n,1 Y » +n
¢ .23 [nl ZJ(th—t 3% 4 [nl 3
L O ol tn,

2(t2m‘tm)(t3m-tm?J

as given by (3.6.28) (see Chapter III), where m=1,2,..,11 as shown

in Table 6.4.1. We can write S: also as

n.n +n n_+n
2 128 (0 gy (S g aggng oy |

m nznl ng Im 3 n, Im 3m
where
nim - )
t, ==, t. ="m, 1i=1,2,3
]
n** = Y n. , n** = n**
R .th .
n. = number of failures from the i~ sample in the
im

th . L
n time interval

as defined in Section 3.6 fChaptefTiiI).

Here the ten categories are ten one-year-intervals, viz., 1964,1965,
..,1973. We shall use the critical yalues Gz(p) for the unweighted

test given in Table 3.8.1 (Chapter III) for g=3, i.e., p=q-l=2. We

thus have
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1
n** ) Zn
21 - 28 4
at n=1 (1964): t = = SRl = 0
( ) 21 "n n 318
.3
#%  _Yn
e o 31 _sE13s _ 4
31 T "n 18
3
) Mi1
t = B_'__ = ial = 11
1 n n 318
Hence
Gu . 41x60 217+41][ ?, (217460} _5__11_J2+2 V00 110 G HR
17 7317 ‘ 18J T | 318 318, (318 31§, |7 T 0%

Since ¥ = .072 < §9g5(2) = 2,421, for o= .05 and p = 2 (see

Table 3.8.1), we proceed further and compute Sg and so on. Thus, we
compute S: for m= 2,... . Table 6.4.2 presents the computed values
of S; for m=1,2,3,4;5 only as we stop the study at m=5, since S: =

2.985 > 5?05(2) = 2.421 (see Table 3.8.1).

TABLE 6.4.2

Computed Values of S:

Interval, m | 1 2 3 4 5
u
S 072 | .291 | .964 | 1.852 | 2.985
m .

We stop the enquiry at m=5, 4d.e. at the end of year 1968
along with the rejection of our null hypothesis that there is no dif-

ference in the mortality rates of the three groups of retirees. There
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is noAneed for continuing the enquiry (or prolonging the observation)
beyond 1968. We can also apply the weighted test to the above problem
by first finding out the value of & from prior informations. Since
we have considered here all the white malesworkers who were 40 or more
years of age as of January 1, 1964, we can use the U.S. life table*
for white males for the year 1963 to figure out what the value of t*
(as discussed in Section 6.3) is. Also since the study was to be con-
tinued for 10 years (i.e. up to 1973) we can compute the average pro-
portion of death in 10 years for those who are 40 or more years of age

as of January 1, 1964. We can use the following formula for computing

this proportion.

where Zx and L  are life table columms.

Using the 1962 1ife table for U.S. White males, we get
t* = .30 ) QPPT}?‘-

We can make appeal to the Union Intersection principle and
still choose an € on the basis of a two sample problem as discussed
in Section 6.3. From Schey (1977) we find for o = .05 and t* = .3
(T column of Tahle 1, Schey (1977)) after interpolation, A&'= 866,

We then find e as obtained in Section 6.3 (see after (6.3.7)); since

+ vital Statistics of the U.S. (1962), Vol. 2 Section 5 Life Tables,
U.S. Department of Health, Education and Welfare, Washington DC.
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we have ¢ = .866 x:v:.318 = .05 approx.

Taking € = .05, we compute the weighted test statistic
W - u -
Sm _Sm/ ty a tm) w_::ire
n,n,
u
o 2" [

n,+n - +1.,)
i [ ) R
n; nz n,

+ 2(t2m=-tm) (tsm-tm)]

as before and sstmslne, ¢ = .05. Thus one has to wait till the pro-
portion of accumulated deaths (failures) in the combined sample is at
least .05. Since we have for m =1, tm = %I§-= .0346, we can not
start with the test procédure right from the beginning (i.e. from 1964).
For m=2, t = §%§.= .075. Hence we start with the test procedure
from 1965. From Table 3.8.2 (Chapter III), we have Gg(p,a) = 12.806

for "p = 2, € =.05; a’= .05. Thus

at m=2 (1965):

g4
2 . 2 4195 < §%(p,e) = 12.806
o

S, = ———— =

2t (-t) .075x.925
m m ‘

at :m=3 (1966):

Su

s'; = 3 __ =9.009 < 6§(p,e) = 12,806 ,
tm(l-tm).

at w=4 (1967):

w s4 w
S = .9 =13.137 > &8.(p,c) = 12.806
4 o

tm(l—tm)
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Hence we stop the study at this point along with the rejection of our
null hypothesis that there is no difference in the mortality rates of
the three groups of retirees considered in the study. Thus we see
that by the application of the weighted test we can get stopping time
of the study one year earlier than what we got by applying the un-
weighted test and therefore there is no need for continuing the study

beyond 1967.

6.4.1.2 Three Sample Problem Under Staggering Entry and Batch Arrival

Mode

Here we shall apply the test procedures and statistics as those

studied in Chapter V. We construct the table similar to Table 5.6.1

(in Chapter V). Again, the 10 intervals considered are 10 one-year-
intervals, viz., 1964, 1965,.., 1973, and the last interval comprises

of all the 2377 retirees in different groups who did not die by 1973.
Thus we have Table 6.4.3. In Table 6.4.3, PAR denotes population at
risk in different years and D .denotes the number of deaths in those
years. There is a difference in Table 6.4.2 and Table 5.6.1 (of Chapter
V) in the sense that unlike Table 5.6.1, the new arrivals (of retirees)
in different intervals in Table 6.4.2 are added with the living retirees
in respective categories to constitute PAR, population ét risk (or the
trisk set') in those intervals,

In the notation of Section 5.6 of Chapter V, we have thus

. .th .
n;m-= (PAR in the it sample in the ath

interval) + (no. of deaths prior to

nt!  interval in the ith sample),
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TABLE 6.4.3 \
1 2 3 4 5 6 7 8 9 10 11
- H@ﬂ# 1965 1966 1967 1968 1969 1970 1971 1972 1973 1974* | Total

Samples PAR| D|PAR| D| PAR| D |[PAR| D| PAR| D| PAR| D| PAR| D| PAR| D} PAR| D| PAR| D|Living| (n;)
(a) Normal 2171 31477| 7| 620|17 |744| 23| 839|22| 884| 34| 945| 25 966| 30| 968| 30| 969 39| 930 31160

Retirement
mdu cwmwcwuwﬂw 411 4] 85|11 Hoo\Wm 133 9| 172]20] 200|18| 227|22] 27315| 313| 33| 328 25{ 303 375

Retirement
(c) Early/ -1 60] 4]174[11]| 255|11 |359{16| 598|24| 726|22| 875|25/1002| 28/1098] 46| 1183 39 1144 | 1370

Barly noet .|

reduced

retirement

Total 318{11]736{29 984 |43 |1286/48|1609] 66| 1810 74| 2047| 72| 2241| 73| 2379| 109| 2480| 103| 2377 2905
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i=1,2,3 n=1,2,3,..11 (as in Table 6.4.3)

th

>
It

cumulative mumber of deaths in the i

th

sample by the m interval;

i=1,2,3, m=1,2,...,11 ,

3
A, = Z A. , m=1,2,..,11 ,

i=1 =
A,
t. = 2 | m=1,2,3, m=1,2,..., 11,
im n*
im
Asim
t* = — n=1,2,...,11 ,
m
where
3
N = }nt,ml1,2,.., 11 ,
mooog=p M
and
Am
tm = ;_., n=n;+n,+n,, m=1,2,..,11.

We shall test the null hypothesis that there is no difference in the
mortality rates of the three groups of retirees. We shall illustrate

the application by computing the unweighted test statistic.

* %* %* * *
a 2mMzm | (MIn'%m 2 M m P2m) 2
R = —— | |———|(t, ~t*) + (t, -t¥)
m 2m m Im M
M "3n ™ "

t* 1% =
+ 2(t2m Em)(tSm tm) ;

at each interval m where n=1,2,3,..11, and comparing each time with

ey s u
the critical value vd(p) for p=2 (as q=3). These critical values
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are tabulated in Table 5.8.1. (Chapter V). . Thus we have

at m=1 (1964):

s A
* = * = n* = = 4 = -
n 217, n§ = 41, 0% 60, ton 4T sm " G0* *m T 318 ¢

QU o A1x60 'f217+41} 411 217+60] 4 11}°
1 - 217 417318 41 (607318

11.34 [4.3x.0040 + 6.76x.0010 + 2x.0040x.0010]

= .272 ,

Since R? = .272 < v (p) = 2.578 (for a = .05, p = 2, see Table 5.8.1),

we proceed on to compute Rg for m=2,3,.ufitil Rz exceeds va(p);
Table 6.4.4 presents the computed values of R; for m=1,2,3,

only as Rg exceeds vd(p) = 2,578 for o = .05, p = 2 (see Table

5.8.1).

TABLE 6.4.4

Computed Values of R%

1 2 3

m
(1964) . | (1965) (1966)

u
R .272 1.613 | 3.922

Thus we stop the enquiry at the end of 1966 along with the re-
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jection of the null hypothesis that there is no difference in the mor-
tality rates of the three groups of retirees and there is no need for
prolonging the enquiry beyond 1966,

As in nonstaggering entry case, we can similarly apply the
weighted test here after choosing ¢ in the same way as in Section

6.4.1.1 (see discussions after Table 6.4.2).

6.4.2 Contraceptive Effectiveness Study

The second application of the proposed test procedure relates
to a study of comparison of two contraceptive techniques among the
women of child bearing age group (15-45 yrs). The data set* consists
of information on the users of the two contraceptive techniques with
respect to their entry time in the study, their withdrawal time because
of pregnancy, and their withdrawal time because of factors other than
pregnancy. The information on cases lost to follow up and on the users'
age, education and race were also available. The two contraceptive
techniques considered in the study are the two natural methods of
family planning, namely the ovulation method (OM) and the sympto-thermal
method (ST). For a detailed description of these methods, see Ross
(1977). Women were assigned randomly to each method and followed up
until the end of the study. The study started in October; 1976 and
continued until September 1978. For a detailed description of the

data set see footnote. Although as noted above there were

* Data obtained from Statistical Center, NICHD funded contract with
Cedars-Sinai Medical Center, Los Angeles and Department of
Biostatistics, UNC, Chapel Hill; Permission granted by Dr. J.
Abernathy, the principal investigator of the project.
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other factors causing withdrawal from the study besides the one because
of pregnancy, we have considered only those who either continued to be
in the study until the end of the study, or those who withdrew from
the study because of pregnancy. We shall consider the users of OM and
ST techniques as comprising two random samples. The study had a pro-
vision of entry of users at different time points during the course of
study. Table 6.4.5 presents the frequency distribution of users by
type, and their entry and failure times. The numbers in parenthesés
are the cumulative total up to the interval in which they occur. We
shall test the null hypothesis that the failure rates in the two groups
of women, using OM and ST, are the same.

We shall illustrate the application by computing the unweighted

test statistic given by

Tom = ]Tn(sm,tm)l =

n [_ (R R A* )]l
12 “'m ' 1

as given by (4.7.19) (in Chapter IV), where m=1,2,..,24 (see Table

A*  are as defined in (4.7.11)-(4.7.16) (in

6.4.3), le,RZm,R Alm’ o
Chapter IV). Also here n1 = 108, n, = 158, n=n;+n,= 266. We shall
compute T at each m, when failure starts occurring, and compare

»

each time with the appropriate critical value (ua) of the unweighted
test given in Table 4.9.1 (see Chapter IV). Thus we get from Table
6.4.5

at m=6;

= = * o= * = =
R ,=10, Ryy=9, A% =1, A$ =1, R <19,
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TABLE 6.4.5

Frequency Distribution of Users by Entry (E) and Failure** (F) Times

Time Intervals

R Get 76] 11776] 12776] 1777 2777y 3/77 4777 |5/77 |6/77 | 7/77 | 8/77 |9/77 |10/77)31/77}12/77 1/78 |2/78 |3/78 [4/78 |S/78 |6/78 |7/78 {8/78 i9/78
Yo - Total
‘xw..w.;uu 2 3 4 S 6 7 8 9 10 i1 12 13 14 15 16 17 18 19 20 21 22 23 24 um:
}
aey| a0yl (14) [(r9y j(23) | (28)| (38)}(46) {(S1) |(56) |(65) (73) 1(78) 1(83) |(88) [(93) |(99) {[104) [(108) |(108))108)}
E [ 2 2 2 4 0 4 5 4 5 10 8 5 5 9 8 S S S s 6 5 4 §. 0 0 108
oM
F 0 0 0 [4] 0 1 1 0 1 1 4 S 3 0 4 3 1 7 3 2 4 2 0 0 |66 108
1) 2) | anl @ | @& (a3 j(1e) {(16) [(20) | (23) [(24) [(31) [(34) |(36) [(40) | (42) | (42) | (42)(108)
9! A8} (16)[(20) | (253 (29)1 (40)[(49) |(55) [(64) |(71) (89) {(96) |(105) |(116)[(124) J(133)} (i42) {(158) (158)l(158)
E 1 2 1 1 4 S 2 4 13 4 11 9 6 9 7 18 7 9 11 8 9 9 16 0 1] 158
5T
F 0 U 0 0 0 1 1 0 0 0 1 H 2 1 1 2 1 0 2 2 3 0 0 2 1138 138
m @) | 2) { (@ G @p® ] @6 e jan | a1 an| as)| sy (18 (18 (203(158)
E 1 4 3 3 8 S 6 9 9 9 21 17 § 11° 13- ] 16 26 12 14 16 13 15 14 20 o] 9 266
Total \ z4)! (30) {(39) |(48) | (57)} (78)| (95)!(106)|(120){(136)} (162) (174){ (188) Go. A(217)@32) | (246) (266 £266)] (266)
F 0 0 0 0 0 2 2 0 1 1 5 6 5 1 S 5 2 7 5 4 q~ 2 0 27 204 266
@ 4) 1(4) (5) ] (i Q@] 23] (28)} (33) |(35) (42) ?3_ (s1 33— (60} (60 88_ (266}
i

[ 3

Failure zime here refe-s to Withdrawal time due to pregnancy

* This interval contains all the censorsd cbservations, thosc centinuing as of 10/1/78.

®rumbers in parentheses are the cumulative total up to the irterval in which they occur.
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TABLE 646,

Computed Values of q.c

1
m 6 |7 |8 |o [10]1liz]s |14 |15 |16l]17 |18
Time Interval| 3/77|a/77|5/77|6/77|7/77(8/77|9/77{10/77|11/77{12/77{1/78|2/78 |3/78
T .0066|.042]|.02 |.07 |.141|.325/.590|.668 |.617 |.867 |.903|1.029{1.522
b







