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ABSTRACT A common threat to components is thermal shock from operational steady-state or transient thermal-states; an 
analysis of this type of problem ultimately requires the determination of stress-intensity factors (SIF).  For direct problems 
where all boundary conditions are known, the procedure is relatively straightforward and mathematically tractable.  Although 
more practical from a measurement standpoint, the inverse problem where the boundary conditions must be determined from 
remotely determined temperature and/or flux data is ill-posed and inherently sensitive to errors in the data.  Despite these 
difficulties, the inverse problem can on-fact be solved using a least-squares determination of polynomial coefficients based 
on a generalized direct-solution to the Heat Equation.  Once the unknown surface temperature-history was determined, the 
resulting polynomial was used with the generalized direct solution to determine the temperature and stress distributions as a 
function of time.  For a semi-infinite slab with both edge- and surface-cracks, excellent agreement was seen with known 
solutions.  Given the versatility of the polynomial solutions advocated, the method appears well suited for many thermal 
scenarios provided the analysis is restricted to the time interval used to determine the polynomial and the thermophysical 
properties that do not vary with temperature.  The method can also be implemented as part of a finite-element solution for 
more complex geometries where closed-form solutions do not exist. 
 
INTRODUCTION 
 

Thermal shock is a common problem encountered in many applications ranging from aerospace to manufacturing.  
Regardless of the application and underlying cause, thermal-shock failures are expensive because of the equipment and repair 
costs, as well as the associated time and resources expended.  Given these concerns, a large number of studies of thermal 
shock have been conducted over the years.  Most have concentrated on the thermoelastic stress-states and the resulting 
propensity for cracking and failure [1], [2], [3], [4], [5]. However, these approaches were generally “macroscopic” in that 
average fracture strengths or Weibull based statistical parameters were used without any consideration of individual flaws.  
While certainly useful for the safe and efficient use of many materials such as ceramics, it does not help with the analysis of 
individual defects that may grow over time as a result of thermomechanical fatigue.  In order to help analyze individual 
flaws, stress-intensity factor (SIF) solutions have evolved over the years for various crack geometries and thermal loading 
scenarios.  In fact, for the analysis of plates and slabs under a thermal shock, numerous solutions can be found [6], [7], [8], 
[9], [10], [11], [12].  However, a review of these stress intensity solutions reveals that the transient thermal loading is usually 
restricted to either a step or linear function of time to help keep the mathematics tractable.  Generally, most thermal shocks 
are asymptotic in their rise and/or decay and cannot be reasonably modeled as instantaneous or linear as already shown 
[2],[3], [13].  Consequently, the actual time, magnitude, and/or location of the maximum stress intensity may vary 
significantly from an overly conservative (and potentially unrealistic prediction based on step loading scenarios. As such, 
more realistic assessments of the boundary conditions and their temporal dependencies is required to avoid thermal-shock 
failures.  

For a more arbitrary (and realistic) thermal-loading scenario, the weight function approach [14] represents a 
powerful method for the direct calculation of SIF’s.  However, the use of weight functions requires a detailed understanding 
of the tensile stresses acting along the crack front at any given instant of time.  This in-turn requires an analysis of the stress 
distribution for each loading case over the entire time interval of interest.  While the advent of finite-element analysis (FEA) 
has made this possible (and increasingly common), the process can be extremely tedious for transient studies because each 
time-interval and its associated stress-state acting along the crack-face must be quasi-statically captured and “fit” to some 
form of a function such as a polynomial.  Once determined, this relationship can then be readily integrated with the weight 
function to determine the SIF for any given instant.   

Given these limitations and the need to realistically address the time-dependent nature of thermal shock, a study was 
undertaken to derive transient stress intensity factors for a plate subjected to an arbitrary thermal shock via the inverse route.  
The results presented herein show how generalized SIF solutions are possible (both direct and inverse) if the materials 
thermal and elastic properties are assumed constant and a known surface temperature history can be reasonably described by 
a polynomial. 
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ANALYTICAL CONSIDERATIONS 
 
 For the finite thickness slab of thickness, h, shown in Fig. 1, the solution for a unit surface load is [15],[16]: 
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where T is the temperature, t is time, x is the coordinate from the thermally loaded surface, and D is the thermal diffusivity 
that is assumed to be independent of temperature. Once determined, the resulting step response for a unit temperature change 
can also be used as a kernel with Duhamel’s relationship [17]: 
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to determine a response T(x,t), to an arbitrary surface (x/h=0) excitation Ts(t).  Using this formulation, the next step is to 
solve the resulting Volterra Equation while maintaining some degree of generalization for the thermal load.  One way to 
achieve both goals is through the use of a relatively versatile polynomial containing both integral-and half-order terms: 
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where an represent polynomial coefficients determined using least squares methods. Given the form of Eqs (1, 6, and 7), the 
transient response to a system initially at a temperature of zero under a generalized polynomial excitation [18] becomes: 
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where the response terms can be expressed as: 
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with the subscript integer set as j=1,2,3…N and the reoccurring functions χ(η,λ) and ξ(η,λ) defined as: 
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where Γ is the Gamma function.  Additionally, the use of half-order terms by the polynomial results in a reoccurring function 
that can be approximated as 
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with the series coefficients ϕm, listed in Table 1.   
 
INVERSE CALCULATIONS 
 
 While Eq. (8) is clearly a direct solution of the problem with a know boundary condition as a function of time, its 
form can also be used for a more generalized solution of the corresponding inverse problem [19].  In fact, a generalized 
inverse solution is possible by fitting temperatures, υ obtained at x to a new polynomial with the coefficients a1, a2,…an  that 
satisfy: 
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Once the coefficients are determined, the direct solution obtained via Eq. (1) can then be used to determine the temperature 
distribution throughout the solid.  Hence, the analytical solution of the inverse problem boils down to determining the more 
tractable direct problem and using the solution to determine the coefficients for the unknown boundary condition in a least-
squares sense.   While any function or combination of functions can be used to describe a time-varying temperature, a 
polynomial represents a relatively straightforward method.  Fig. 2 shows a polynomial fit to a linear down-shock followed by 
a constant soak period that was used earlier [8] for the semi-numerical evaluation of thermal-shock stress intensity factors.  
As shown in the figure, the polynomial was able to reasonably fit the overall form of the temperature history with minimal 
polynomial oscillations; while this fit illustrates the potential pitfalls of using polynomials (especially to model linear 
segments and/or sharp corners), it also shows how the least-squares process can mimic what should in reality, be a smoother, 
asymptotic temperature history.  Fig. 2 also shows the excellent Inverse prediction of the surface boundary-condition via the 
least squares method from the remote temperature obtained at the opposing surface at x/h=1.   
 
THERMOELASTIC STRESSES 
 
 After the transient temperature distribution was determined as a function of the polynomial coefficients, 
thermoelasticity theory was used to determine the resulting stress-states.  For a planar geometry, the crack-opening stress was 
determined by the following generalized relationship: 
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where E is the elastic modulus, ν is Poisson’s ratio, and α is the coefficient of thermal expansion.  Substitution of the 
transient temperature distribution resulted in the following relationship for the crack-opening thermal stress. 
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In Eq. (18), the zeroth and first temperature moments are defined as: 
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where the terms nδ  and 

nδ represent the response functions  given by Eqs. (9 or 10), respectively with Ψk replaced by the 
Equations below: 
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All other terms and variables are as previously defined.  Fig. 3 shows a comparison of the resulting stresses for the linear 
portion of the loading for various values of non-dimensional time and axial location away from the exposed surface.  As 
shown in the figure, reasonable agreement is found for the thermoelastic response of the slab to the imposed down-shock. 
 
STRESS INTENSITY CALCULATIONS 
 
 With the thermoelastic stress-state approximated for an arbitrary thermal shock, the transient mode-I stress intensity 
factors, KI were then calculated using a weight-function approach:  
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where w(x) is the weight function and the variable a, represents the crack length (Fig. 1).  For a planar geometry such as a 
slab or plate, the weight function has been shown to assume the following form [9]: 
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where the functions M1 and M2 reflect the crack geometry.  Given this form of the weight function and the previously defined 
the thermal stress-state, the mode-I stress intensity factor, KI for an arbitrary thermal shock becomes: 
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 The next phase of the analysis was directed at calculating stress intensity factors using the newly derived 
relationships.  Since solutions are readily available [8] for edge-cracked plates subjected to the down-shock shown in Fig. 2, 
comparative calculations were undertaken using graphically interpolated data.  For such an edge-cracked geometry, the two 
terms M1 and M2 used in the weight-function were defined as: 
 

                
62

1 h
a7822.8

h
a1844.176147.0M ⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+=      and  

62

2 h
a0444.70

h
a2899.32502.0M ⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+=                 (32) 

 
 When these functions were used along with the stress intensity solution just derived and compared to the earlier 
numerical study, excellent agreement was observed for various crack-to-thickness ratios as shown by Fig. 4.  The relatively 
small differences observed throughout the thermal, stress, and SIF calculations may be attributed in-part, to the fact that the 
earlier study [8] used numerical integration for portions of their study to determine final values.  Another factor is the 
smoothing influence of the polynomial fit used to simulate the down-shock.  Since most down shocks should not exhibit 
abrupt behaviors, the smoothing influence of the polynomial may actually represent an advantage.  Regardless of the form of 
the down-shock, the analysis should always be restricted to the time interval used to describe the polynomial to avoid the risk 
of it going astray. 
 
CONCLUSIONS 
 
 An approximate inverse solution was derived that allows the calculation of the thermal transients caused by an 
arbitrary surface loading on a finite-thickness slab.  The arbitrary nature of the thermal loading was allowed through the use 
of a versatile polynomial that employed integral-and half-order terms.  When this solution was used in conjunction with a 
weight-function for an edge-cracked slab, stress intensity factor solutions were obtained that show excellent agreement with 
earlier numerical studies.  The method appears will suited for complicated thermal shocks provided the analysis is restricted 
to the time interval used to determine the polynomial.   
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