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1 INTRODUCTION

Shell structures are widely used in many fields undergoing a high- tem-
perature and a heavy load. Especially general axisymmetrical shells are
very often used for advantage of strength and manufacturing. On the
elasto-plastic deformation of axisymmetrical shells, many investiga-
tions have been carried out. In these investigations it has been con-
sidered that plastic deformation occurs due to permanent strains which
are independent of time. In fact, however, it is found from experiments
that in plastic range the influence of viscosity of the materials
appears in the mechanical behaviour of shells made of not only high
polymers but also metals at room temperature. Therefore, the elasto/
visco-plastic analysis which takes into account the viscosity of the
materials in plastic range is required.

Takezono et al, (1979a,1979b,1980,1982),Nagarajan and Popov (1975},
Atkatsh et al. (1983) make much of this fact and have dealt with stat-
ical problems and dynamical ones of the elasto/visco-plastic shells
until now. These studies, however, are all concerned with the case of
thin shells.

In recent years the stress analyses on moderately thick shells have
drawn special attention because they are used in many fields. These
shells being moderately thick, there may be questions in applicability
of the classical theory neglecting shear deformation effects.

In the present paper the analytical formulation for the elasto/visco-
plastic problems of general,moderately thick shells of revolution
subjected to asymmetrical loads is developed in consideration of the
effect of shear deformation. The equations of equilibrium and the
relations between the strains and displacements are derived by extend-
ing the Reissner-Naghdi theory(1941,1957) for elastic shells with given
consideration to the effect of shear deformation. As the constitutive
relation, Hooke's law is used in the linear elastic range, and the
elasto/visco-plastic equations by Perzyna (1966) are employed in the
plastic range,

The fundamental equations on the elasto/visco-plastic problems de-
rived for incremental values are numerically solved by a finite differ-
ence method and the solutions are obtained by summation of the incre-
mental values.

The values of the final state (the steady state) by means of this
numerical method coincide with the results from usual plastic theory
that time does not enter directly into consideration (Takezono and
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2 FUNDAMENTAI, EQUATIONS » g
{c) Displacements and rotatlons
Let the undeformed middle surface of axisym- Fig.l Notations.

metrical shells be given by the orthogonal

coordinate system ( &, § , ¢ ),where £, @ are

coordinates of the middle surface and ¢ is directed outward from the
middle surface as shown in Fig.l, then the relations among the nondi-
mensional curvatures we(=a/Rs), ws(=a/R,) and the nondimensional radius
e(=7/a) become as follows:

we=—(7"+7") ws, we=v1— (0" V[0, wo=r(we—ws), 0" /0=—wews
r=0'lo, é=s/a,( Y=d( )/d¢

where 7 is the distance from the axis, § is the meridional distance
measured from a boundary along the middle surface and ¢ is the refer-
ence length.

Applying the equilibrium equations by Reissner (1941) to the axisym-
metrical shells, the following equations of equilibrium expressed in
the differential form with time or load are obtained:

AN 1 3Nee

1 &Mu] 0

» 5y 3 1 6M, P
% +7(Ne— N,)+1t7 20 +weQe +aPe=0, Q,——[ 3 + 7 (Me— M,)+p 0

oN 1 oN. s _1[oM.
aé”+7(Nu+Nu)+p 5 TwQotaPe=0, Q.- [86”+7(M,0+M,,)+‘1)a%°] o ((2)

aQ'+ 7Qe+ laQ’—(m;N.+w,N,)+aP¢ =0

where the notations are shown in Fig.l. Pe¢, Po and Prin Fig.l are com-—
ponents of distributed loads per unit area of the middle surface, and
those are connected with internal loads {Ps, Ps, P} and external ones
{P¢, P4, P{} by following relation:

{Pe, Po, PY=(Pr, P5, PiYh~— (P, P, PEYRT  wveeeerenereneniirci e (3)
where
h R 1 -
................................................... SessssesIYsIEsIEANII NS IR 4
=15 (R +R,) “§ R.Rs (4)

The strains of the middle surface are given by Naghdi (1957) as
follows:

aU, ] . _L[iaU, 10U, 3U, _ ] (5
[35 +CUePV , Eom 2l o 6 o o0 +— FY: 7’Uo (5)
where &gm is half the usual engineering shear strain. The relations
between the bending distortions ux., xs, xes, ¥se and the rotations @, @,, @,

are as follows (Naghdi 1957):

+‘)’U¢+(A)a W]’ E.nm:?l;[

Eem=

, 1aa>,. _1(1080s -\ . _1(00s , . _1(1 80 . ;

Xe= 2 BE (P 60 +7(D,),_ Xeo— ( aE 2(1)(@,;)’ Xu—-za(p ao ')’@o+2(05@n>
1( W . . ;o1

D= z _TS—+&)er)+25:rm, D= P :; aalg +(uan)+2€etm

s 1/ 19U, 3U, .
m"_ﬁ( 0 86’+ £+YU’> ........... (6)

The strain components at a distance ¢ from the middle surface are given
as (Naghdi 1957):

606



Ee=(€em+Ere)Le, €0=(EomtExka)/Loy éx=Ewem/Le, €0c=Eotm/Ls } _____________ (7)
éea={(écam+ 0’1)/2"' ;(’El0+¢rl/1es)}/l:l +{(€-”m“"¢n )/2+ g()éu_ én/Rl)}/L‘

where  Le=1+¢/Rs, Le=1+¢/Rs
Now, we shall use the next elasto/visco-plastic equations by Perzyna

(1966) for constitutive relations,

fuy = e'u°+s'z", é:f='l‘—glsu+l—;y‘35u’ e':,’:: YK D(F)>SiJi cveveeeeniiinenens (8)

where the dot denotes the partial differentiation with respect to time,
Sui, S , ey ., €5°and €7 are the deviatoric stress,the mean stress,the
strain, the elastic strain and the visco-plastic strain, reéespectively,
while £, v and 7 are the Young's modulus, Poisson's ratio, and mate-
rial constant and J. is the second invariant of the deviatoric stress
tensor. The symbol <@(F)> is defined as follows:

<OF)>=0: FSO, <O(F)>=0(F): F>0 v, vereeeens (9)
Function F is:
F=((7—0'.)/0‘ ................................................................................................... (10)

where & is the equivalent stress (=v3J;) and o¢* is the static strain
hardening stress in usual tension test, which is a function of equiv-
alent plastic strain &¥. F=0 denotes the von Mises yield surface.

In the present theory where the stress component ¢; normal to the
middle surface can be assumed to be neglected, the constitutive equa-
tions are written as follows:

{0.') — [D] (6} —_— {0.”} , {o‘mp} =[D] {e'vp} ......................................... ceesisaesetatensaser (11)
where {6)7=1{6e, Gs, Geo, Ges, ot} 11' : g g g
AT e s . R
{i}, "(Ef,.Ea, E‘u, 5:!(’. Eu} [D]=1fy’ 001-—y 0 0
@ ={ 6, 62, 68, o¥, o3¢} 00 0 1-v 0
{ew)T={e¥, e, ¢B, €%, €4 00 0 0 1-v

The resultant stresses and the resultant moments per unit length are:
. 2 . N . .
Ne={ 2 0= )| € st véun—Lrwiwi)ie |- Ne# | Q=3 [Eat 1+ 0)}e wn— ¥

M.={fE§’d§/ (1- .,z)}[;e.+ u,z,—la(m.—w,)g,,,]_mp (12)

and so on. In egs.(12) ( J” denotes apparent internal forces due to
visco-plastic strains as follows:

. . . . B hi2
(Niw, Nip, Qv M, MB)= [ (0, 618, 638, 62°F, G¥E)Ladt
. . . . . hi2
(N#, Nip, O, Mir, met)= [ (o, 61, 63, 68°C, GHE)Ledt
A complete set of field equations for 55 independent variables: Ne, No,
Neo, Noey, Me, Mo, Mo, Moe, Qs, Qo, N, N§?, N, NEE, M, ME®, M&, M3, Q¥, QF, 6+, do, deo,
G, Got, GFF, ¥, GE8, G¥F, GYE, €, Eo, Eto, Euty Evr, €3, €, €%, €38, €%, Us, Us, W, Bs, B,
¢n, Eem, Eom, €eom, Eatm, Eatm, Xe, Xo, Xeo, Xoe 1S now given by 55 equations,(2),(5)
-(8),(11)-(13).

3 NONDIMENSIONAL EQUATIONS

In order to analyze the problem of the shells under arbitrary unsymmet-
rical loads, the 50 independent variables except ¢¥, &, ¢%,¢%, 6% and
the loads P, Py, P; are expanded into Fourier series (Takezono and Uchida
1984). Substituting these into the above 55 equations and appropriately
eliminating the variables, the simultaneous differential equations for
Ue, s, W » $¢, and ¢, can be obtained in the matrix form:

AZ A2 +AZ=AN+ANTAQ +A1Q+ A + A+ Ao wroveeesersermssiscniinn, (14)
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where A, - A, are 5x5 matrices determined from the shell form and mate-
rials, and Z , N.Q ., M, P are as follows:

(1) [CIIAAT ] '(n) . _ m oy . ppin) T
N o, ¢§’”}T, {n!wi » yp! > ypiny vp! ’0]

Z=1{a z'u.w , wet", R, Ae
Q=1a™, @™ 0,0,0)7, 11'1={m2"‘"'. M, B, mET, 0N BB, B B0, 0)7
The rates of internal forces related to visco-plasticity in egs.(14)
and (15) become the follow1ng by the use of egs.(11l) and (13):

(15)

aoZ {n ", M) cos n@—‘ﬁf:: { 2 }(s P+ ve s )Lod?

oo,lizlo(ﬂﬁ"‘"’ ms*™)cos nd= hq(l e )f::: { }(e +VEP)Ledt

aoE {# 8™, mE™}sin nf= ho(1+u)f:: { af }EnLadé‘ - (16)
o0 2, ViR, md)sin 0= ho(1+u)f::: {15 emLa

aoéloq?’"”cos nf= m Ee #Lod¢, auZ G8% sin n@—m Ee"L;dL’

The visco-plastic strain increments on the right-hand sides can be re-
lated to the stresses by the third of egs.(8), and Simpson's 1/3 rule
is used for the calculation of integration.

4 NUMERICAL METHOD

A finite difference method is employed for solution of eq.(14). The
usual central difference formulas are used for every mesh point except
the discontinuity points and the boundary points of the shell. For the
discontinuity points and the boundary points forward and backward dif-
ference equations are employed (Takezono and Uchida 1984). The solu-
tions at any stage of the problem are obtained by summation of the
increments of internal forces and displacements due to the load incre-
ment and the time increment.

5 NUMERICAL EXAMPLE c
e ||

As a numerical example a cylindrical ! Als 8
shell (Al 1100-0) subjected to locally -—l—J— —]
distributed loads as shown in Fig.2 is il ul(
analyzed.

The geometrical parameters of this et
shell are as follows: : I-UH'L

a=R, £=s/R, 0=1,0"=0, y=0 P

or=1, Dyt } ................... (17)  (600mm, R=200mm, h=40mm , a<R, ip=60mm

&

The increment dg in the nondimensional

variable 5 is: 5 Inltlulyr:ld .pressure Pop , Poc
g =U2R(N=1) v, (18) %_zo‘p, P 208 mFa
where N is the meridional mesh number. * hoae i::“"“n"gg;
© 2= | tie=
Boundary conditions at the point A 8 |t
(i=1) and B(i=N) are respectively: e _Hp,es;mz:,,eg,y
Point A: Us=0¢=Neo=Mes=Qe=0 ST P o
. . i . K . e 002 e Y0’ Tz 0
Point B: Ua=W:0,=M¢:N,=0 (19) ” Tir(r):Ls * o
The value of 0o in egs.(16) has been Fig.2 Cylindrical shell
selected as 6o =1 in the calculation. and loading,
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Fig.4-1 Axial and circumferential distributions of internal forces.

The material constants employed in the calculation are decided from
the experiment on Al 1100-O as follows:

E=7.00X10* MPa, »=0.33, Initial yield stress or=26.9MPa
rn=61/s, O(F)=[(6—0d")/a'] 0*=112(0.002 98+ £ )*** MPa

The mesh point number AN and division number through thickness of the
shell are chosen to be 101 and 19, respectively. The number of terms of
Fourier series [=(7#+1)/2] is selected as # =39. It is regarded that the
steady state has been reached when the value of F=( @ - ¢* )/ 0" becomes
0.002, and the load is added stepwise., These parameters are determined
in consideration of convergency of the solution, capacity of the com-
puter and computing time.

Some of the essential features of the solutions are shown in Figs,3-
6. The results from thin shell theory which neglects the effect of
shear deformations are indicated by dotted lines and chain lines. It is
found from these figures that, in case of #/R =0.2, as the load in-
creases, the variation of values with time becomes significant and the
difference between solutions from both theories appears remarkably.

The numerical caluculation for this example needs about 200 minutes
in FACOM M-200.
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