
ABSTRACT

GU, JIEZHUN. Nonparametric and Semiparametric Inference About ROC Curves. (Un-
der the direction of Dr. Subhashis Ghosal).

Receiver Operating Characteristic (ROC) curve is defined as the true positive fraction

versus the false positive fraction obtained by varying a decision threshold criterion. It has

been widely used in medical science for its ability to measure the accuracy of diagnostic

or prognostic tests. Many parametric and nonparametric estimation methods have been

proposed for estimating the ROC curve and its functionals.

Although a nonparametric approach allows a lot of flexibility in a model, sometimes it

is desirable to incorporate specific parametric features into the model, especially for bet-

ter interpretability. A binormal model for ROC analysis is the simplest and most popular

one among semiparametric models. This model has both parametric and nonparametric

components and provides a natural balance between flexibility and interpretability. Un-

der the binormality assumption, the measurements are normally distributed after some

unknown strictly increasing transformation. Assuming binormality, we propose a concep-

tually simple and computationally accessible Bayesian estimation method using a partial

likelihood (BPL) based on ranks. This likelihood is defined to be the probability of

the transformed observations keeping the same ranks and labels as the originals given

the binormal parameters. However, directly computing the maximum partial likelihood

estimates involves calculating multiple integrals based on the multivariate normal dis-

tribution. We propose the Bayesian approach to calculate the posterior mean of the

parameters using an augmentation technique. We find that our proposed method gives

more accurate estimates and confidence intervals than other alternatives.

In this thesis, we then propose a fully nonparametric Bayesian bootstrap (BB) es-

timation method for the ROC curve and its functionals. The BB method performs



well in terms of robustness, simplicity and smoothness without choosing a bandwidth.

In order to study the asymptotic behavior of the BB version of the ROC process, we

prove a strong approximation result for the quantile processes based on the BB resam-

pling distributions. Combined with other strong approximation results, we obtain the

strong approximation for the BB version of the ROC process in terms of two independent

Kiefer processes. The results imply asymptotically accurate coverage probabilities for the

Bayesian bootstrap confidence bands, and accurate frequentist coverage probabilities of

the Bayesian bootstrap confidence intervals for the area under the curve functional of

the ROC. We also show that the BB method is useful in testing the assumption of binor-

mality. We estimate the binormality transformation function using the BB distribution

based on non-diseased samples. Then, the parameters for normality can be estimated by

the transformed diseased samples. The proposed test statistic is defined as the supremum

of absolute differences between the resulting binormal ROC curve and the BB version’s

estimates. We reject the binormality assumption when the statistic is larger than the

threshold value, which can be obtained by a resampling scheme.

All of the methods proposed above are based on the gold standard for the truth, which

means that the true disease status of each patient is known by the most accurate available

diagnostic test. However, in complicated medical practice, due to ethical considerations,

and because the gold standard test could be invasive and expensive, patients are given

the gold standard test only when there is some indication of the presence of the disease in

screening tests. Moreover, the gold standard test for some diseases may not be available

for a particular time point. When only one continuous test variable is available without

the gold standard, deriving the ROC curve estimation is not straightforward. By observ-

ing that the binormality assumption allows us to identify the underlying components of

non-diseased and diseased populations up to some strictly increasing transformation H,



we will be able to estimate the ROC curve without the gold standard. In order to esti-

mate the parameters in the mixture of two normals, we propose a direct approach which

models the transformation using the Bernstein polynomials. A slightly indirect approach

is to treat H as latent and construct estimates using a rank based likelihood as before.

These two methods are implemented using MCMC techniques. From simulation results

and real data analysis, we conclude that the latent model works quite well without the

gold standard.
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Glossary

X ∼ F–diagnostic variable for non-diseased population; Y ∼ G–diagnostic variable

for diseased population;

(m,n) – training sample sizes from X and Y , respectively;

Φ(·) and φ– cumulative distribution and density function of the standard normal

distribution, respectively;

φµ,σm
– the density of Normal(µ, σ2

m) (hereafter denoted as N(µ, σ2
m));

Φ̄(t)–survivial function of standard normal variable evaluated at t;

Fm(x)–empirical CDF function given X1, . . . , Xm;

F̄ (x) and Ḡ(x) – survival functions of X and Y , respectively. That is, F̄ (x) = P (X >

x) and Ḡ(x) = P (Y > x);

∗– convolution operation symbol, for example Φσm
∗ Fm(x) = 1

m

∑m
i=1 Φ(x−Xi

σm
);

H(·)– strictly increasing transformation on the diagnostic variables;

ct –threshold value, that is, positive diagnostic result is determined if the diagnostic

test value is greater that ct;

(X > ct)–false positive event; (Y > ct)– true positive event;

FPF=P(X > ct)– false positive fraction, so-called one minus specificity;

TPF=P(Y > ct)– true positive fraction, so-called sensitivity;

PPV=P(D=1|T=1) – positive predictive value, where D=1 and T=1 stand for that

the patient is from the diseased group and the test result is positive, respectively;

NPV=P(D=0|T=0) – negative predictive value, where D=0 and T=0 stand for that

the patient is from the non-diseased group and the test result is negative, respectively;

x ∨ y = max(x, y); x ∧ y = min(x, y);

i.i.d.–independently and identically distributed;



xi

D ∈ (0, 1)– a prespecified set of FPF of interest.
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Chapter 1

Introduction

1.1 Overview

Receiver operating characteristic (ROC) curve is rooted in statistical decision theory

[Wald, 1950]. It is explicitly formulated in the context of electronic signal detection the-

ory developed by Peterson, Birdsall and Fox (1954) at the University of Michigan, where

the primary goal is to measure and model the discrimination process of signal detection.

In medical contexts, Lusted (1960) first introduces the ROC curve in Roentgen diagnosis.

The ROC curve methodology has become an indispensable tool in medical science for the

past 30 years, especially in medical imaging, to quantify the accuracy of medical diagnos-

tic tests [see the reviews by Swet and Pickett, 1982 and Hanley, 1989]. Its application has

been widely used in many other disciplines such as psychology, quality control, economics

and weather forecasting. In this thesis, we use the terminology in medical diagnoses to

discuss the ROC curve. We assume that the diagnostic variables are continuous. Such

an assumption seems more reasonable with the rapid growth of measuring capabilities

of sophisticated diagnostic tools, especially in radiology reading studies. By convention,
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larger diagnostic test values imply a greater chance to be diagnosed as positive.

The ROC curve is defined as follows. The diagnostic variables X ∼ F for the non-

diseased group and Y ∼ G for the diseased group are well defined, because the true disease

status of each patient is known beforehand. This is called the case with the gold standard

for the truth. Positive or negative diagnostic results can be determined by comparing

the diagnostic test values with the decision threshold value ct; i.e., if the diagnostic test

value is greater than (less than or equal to ) ct, this diagnostic test will be determined as

positive (negative). Two of the four combinations of true disease status and diagnostic

results are called false positive (FP) and true positive (TP) status and are directly used

in ROC formulation. The ROC curve can be plotted by pairs (P (X > ct), P (Y > ct)),

ct ∈ R; that is, a plot of true positive fraction (TPF) versus false positive fraction (FPF)

at different decision threshold values. In the terminology of medical diagnosis, TPF

and FPF are also called sensitivity and one minus specificity, respectively. In statistical

testing hypotheses terminology, ROC curve is a plot of type I error on the x-axis and the

corresponding power on the y-axis by varying the decision threshold values. Thus ROC

curve contains all possible decision operating points.

It is interesting to quote Swets (1973): “Psychologists have sought for more than a

century to devise measurement procedures that minimize the extent of bias, and, indeed,

one procedure more than a century old is largely successful in this respect. This procedure

is to present two alternatives at a time, with the assurance that one is A and the other

is B, and to ask which is which. ” ROC can play this role.

The construction of ROC curve can be illustrated by the following examples:

If the diagnostic test variable is binary, the diagnostic test results can be shown in

a 2 × 2 contingency table (see Table 1.1). Hence, we can construct one ROC point as

(mD

m
, nD

n
).
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Table 1.1: Diagnostic test outcomes (binary data) classified by the gold standard for the
truth.

Truth Number of negative Number of positive Total
non-diseased mD̄ mD m

Diseased nD̄ nD n
Total mD̄ + nD̄ mD + nD N

Table 1.2: Diagnostic test outcomes (five-category data) classified by the gold standard
for the truth.

Truth I II III IV V Total
non-diseased m1 m2 m3 m4 m5 m

Diseased n1 n2 n3 n4 n5 n
Total m1 + n1 m2 + n2 m3 + n3 m4 + n4 m5 + n5 N = m+ n

If the diagnostic test variable is ordinal, for example, say it has five categories of

disease severity denoted as I, II, III, IV and V meaning very likely normal, probably

normal, possibly abnormal, probably abnormal and very likely abnormal, respectively,

the diagnostic test results can be listed in a 2×5 contingency table; (see Table 1.2, where

each entry shows the number of patients within that category.)

From Table 1.2, based on one decision threshold value, a 2 × 2 contingency table

similar to Table 1.1 can be constructed. For example, by choosing the decision thresh-

old value as category I, we can get the diagnostic test outcomes in Table 1.3. There-

fore, we can obtain all ROC points as (m5

m
, n5

n
), (m4+m5

m
, n4+n5

n
), (m3+m4+m5

m
, n3+n4+n5

n
),

(m2+m3+m4+m5

m
, n2+n3+n4+n5

n
) for decision threshold values IV, III, II and I, respectively.

When the diagnostic test variables are continuous, we can form an infinite number of

ROC points which can be used to construct a continuous ROC curve.

The utility of the ROC curve lies in its ability to evaluate the accuracy of different
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Table 1.3: Diagnostic test outcomes (binary data) using the threshold value category I.

Truth Number of negative Number of positive Total
non-diseased m1 m−m1 m

Diseased n1 n− n1 n
Total m1 + n1 N −m1 − n1 N

diagnostic modalities or readers within one curve measurement and in turn to provide

meaningful threshold values of different diagnostic modalities or readers using the same

critical ROC point based on some criterion (such as fixed TPF, fixed FPF, or proportion

of FPF over TPF). A particular benefit of the method is that it gives a performance as-

sessment technique for the technology that is independent of practice-of-medicine issues.

It is also invariant under strictly increasing transformations of the diagnostic variables,

emphasizing the relationships between the distributions of the diagnostic variables rather

than the distributions themselves. Moreover, the most commonly used summary index

of the ROC curve, called the area under the curve (AUC), can be interpreted as the

probability of Y greater than X [Bamber, 1975] for continuous tests, which can be easily

understandable to a wider audience. Other ROC functionals of interest such as the par-

tial AUC (pAUC) also have similar intuitive explanations [cf. Zhou et al. 2002]. These

features make the ROC analysis extremely popular in diagnostics research.

The main complexity of ROC analysis arises from the diversity of the diagnostic

variable itself (e.g., it may be binary, ordinal or continuous), the inclusion covariate

information, the diagnostic measurements without the gold standard for the truth, and

correlated and clustered data sets. An ROC analysis involves many statistical aspects,

such as design of ROC, curve fitting, indices of ROC accuracy, testing hypotheses, etc. In

this thesis, the main focus is on ROC curve fitting with continuous diagnostic variables
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in standard case-control studies (CCS) with or without the gold standard for the truth.

The literature for ROC analysis is extensive. In statistical decision theory, it is shown

that the likelihood ratio can be used to quantify different decision rules. This forms the

foundation of signal detection theory. Green and Swets (1966) point out three important

issues from the perspective of signal detection tasks. First, any slope of the ROC curve is

equal to the corresponding likelihood-ratio evaluated at that pair of (FPF, TPF). Second,

a successive decision rule implies the underlying assumption that the larger values of the

likelihood ratio indicate that there is greater chance to be able to detect the signal for the

observers. Hence, the slope is a strictly decreasing function of the false positive fractions.

Third, any point on the ROC curve is related to an accessible decision rule.

Comprehensive reviews on ROC methodology are given by Swets and Pickett (1982),

Hanley (1989), Begg (1991), Shapiro (1999), Zhou et al. (2002) and Pepe (2003). Design

based studies include prospective and retrospective designs, corresponding biases, and

sample size considerations (see examples by Begg (1991), Pepe (2003) and Obuchowski

(1998)).

There are three approaches for estimating ROC curves. First, pure parametric ap-

proaches [cf. Hanley, 1989] are based on the assumption of parametric distributions of

the diagnostic variables.

Second, semiparametric methods for ROC analysis have particularly been popular

since the presence of nonparametric components makes these models considerably flex-

ible, yet they can incorporate specific parametric features. Under the semiparametric

framework, there are several different approaches. The simplest one is the binormal

[Green and Swets, 1966] model, which assumes the binormality of the diagnostic test

variables after some strictly increasing transformation. The feasibility of the binormality

assumption are well discussed by Hanley (1988, 1989, 1996), Swets (1986a) and Metz et
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al. (1998). The intercept and slope in the binormal model can be estimated by several

methods, such as those given by Hsieh and Turnbull (1996), Metz et al. (1998), Zou and

Hall (2000), Pepe (2000) and (2003), Cai and Moskowitz (2004), among others. However,

see Goddard and Hinberg (1990) for some examples where binormality fails. Similarly,

bi-gamma [Dorfman et al., 1997] and bi-beta [Zou et al., 2004] models have also been

considered. Li et al. (1999) propose a model where F and G are nonparametrically and

parametrically specified, respectively. Qin and Zhang (2003) model the functional form

of the likelihood ratio to estimate the parameters. A normal mixture model is studied

by Hall and Zhou (2003).

Third, completely nonparametric methods, such as kernel estimates of F and G, are

discussed by Zou et al. (1997), Lloyd (1998), Zhou and Harezlak (2002), among others.

The empirical estimate of ROC is studied by Hsieh and Turnbull (1996), along with its

asymptotic property. Li et al. (1996) obtain the weak convergence theory for the ROC

estimator under censoring by plugging in the product-limit estimators.

Summary indices of ROC curves include positive predictive value (PPV) and negative

predictive value (NPV) used to correct the verification bias, AUC, Partial AUC (pAUC),

Youden’s Index (defined as the maximum value of the sum of the sensitivity and speci-

ficity [cf. Hsieh, 1991]), Kolmogorov-Smirnov measure of distance between two curves

[Campbell, 1994], and the integrated absolute error (IAE) [Moise et al., 1988] (see review

by Shapiro (1999)).

Two methods deserve particular attention. First, DeLong et al. (1988) use a U-

statistic to compare the AUC for correlated data, which can be substituted by jackknife

method [Hanley and Hajian-Tilaki, 1997]. Second, Qin and Zhou (2006) propose an

empirical likelihood inference for AUC which is more efficient compared to other non-

parametric methods.
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Curve estimation methods incorporating CCS covariate effects can be classified by

directly modeling the distributions of the diagnostic variables or directly modelling the

ROC functional form; (see work done by Tosteson and Begg (1988), Toledano and Gat-

sonis (1995), Le (1997), Pepe (1998), Ishwaran and Gatsonis (2000), Cai and Moskowitz

(2004).)

The definition of the ROC curve implies that its underlying assumption is the gold

standard for the truth, which means that the true disease status of each patient is known

by the most accurate (gold standard) diagnostic test. However, in clinical practice, the

gold standard test is not always available for various reasons. Verification bias occurs in

the situation when we estimate the sensitivity and specificity of the diagnostic test based

on those patients with verified disease status. Imperfect gold standard test, which is the

best available reference test, is used when the gold standard is not available. Most of

the existing statistical methods deal with the binary diagnostic variables and assume the

conditional independence of the diagnostic tests. A few methods deal with the ordinal

or continuous diagnostic tests to obtain the ROC curve estimate; (see work done by

Begg and Greenes (1983), Zhou (1993, 1994), Reilly and Pepe (1995), Clayton et al.

(1998), Gray et al. (1984), Hunink et al. (1993), Rodenberg and Zhou (2000), Alonzo

(2000) for correcting the verification bias and for the reference gold standard tests; see

the reviews by Walter and Irwig (1988), Hui and Zhou (1998); also see work done by

Gart and Buck (1966), Mantel (1951), Staquet et al. (1981), Vacek (1985), Joseph et al.

(1995), Pepe (2003).) Hall and Zhou (2003) model the continuous diagnostic variables

under the conditional independence assumption without the gold standard as a mixture

of two distributions. Zhou et al. (2005) propose a nonparametric maximum likelihood

method to estimate the ROC curve when the diagnostic tests are ordinal and there are

more than two tests. When only one continuous test variable is available without the
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gold standard and without covariate information, little discussion about estimating the

ROC curve can be found in the literature.

1.2 Proposed methods and analyses

1.2.1 A Bayesian partial likelihood based on ranks

We propose a Bayesian curve estimation method under binormality using a partial

likelihood based on ranks. The motivation for this new method lies in the preference to

treat the transformation as latent and to construct a Bayes estimator maximum invariant

based on the ranks. A similar situation arises in the Gaussian copula model [Hoff, 2006].

We also establish the posterior consistency conditional on the ranks of the samples in an

almost everywhere (a.e.) sense by applying Doob’s Theorem [cf. Ghosal and Van der

Vaart, 2008].

1.2.2 A Nonparametric Bayesian bootstrap (BB) method and

an application to testing binormality

Motivated by the empirical counterpart of the ROC curve, we propose completely

nonparametric modeling for estimating and building credible intervals for the ROC curves

that is based on the Bayesian bootstrap [Rubin, 1981] resampling distributions. The BB

method leads to smooth estimates without requiring the choice of a bandwidth. Our

simulations show that these bands and intervals have approximate frequentist validity

even for very small sample sizes. In comparison with other existing curve estimation

methods, our BB method performs well in terms of accuracy, robustness, simplicity and

smoothness. We also propose a procedure to test the binormality assumption as an
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application of our BB method.

1.2.3 Strong approximation for the BB version ROC process

In order to study the asymptotic behavior of the BB version of the ROC process, we

prove the strong approximation for the quantile processes based on the BB resampling

distributions. Combining these results with some earlier results from strong approxi-

mation theory, we develop strong approximations for the empirical, bootstrap and BB

version of the ROC process, its AUC and other functionals.

The existing strong approximation theory primarily includes these findings:

• Komlós, Major and Tusnády (1975) show that the uniform empirical process can

be strongly approximated by a sequence of Brownian bridges obtained from a single

Kiefer process;

• Csörgő and Révész (1978) prove that under suitable conditions a quantile process

can be strongly approximated by a Kiefer process;

• Lo (1987) studies the strong approximation theory for the cumulative distribution

function (c.d.f.) of bootstrap and BB processes.

• Hsieh and Turnbull (1996) examine the strong approximation for the empirical

ROC estimate on a fixed subinterval of [0, 1].

Interestingly, it will be seen that the forms of these Gaussian approximations are

identical, and therefore the distribution of the ROC function, conditioned on the samples,

is identical to the Gaussian approximation of the empirical ROC estimate. Also, the

result implies that for functionals like AUC, the empirical estimator is asymptotically
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normal and asymptotically equivalent to the BB estimator, and that the corresponding

confidence intervals have asymptotic frequentist validity.

1.2.4 Estimation methods without the gold standard for the

truth

The underlying assumption of the ROC curve is the existence of a gold standard for

the truth, which means that the true disease status of each patient is known by some

other independent accurate diagnostic test. However, in complicated medical practice, a

gold standard is not always available. In this thesis, we model the diagnostic variable S

without the gold standard transformed by H as a mixture of two normal distributions,

where one normal component stands exactly for the non-diseased population and the

other for the diseased population. The ROC curve can be defined in the usual way and

an explicit expression is available because of the normality of the components. In order

to estimate the parameters in the resulting mixture normal model, direct (Bernstein

polynomial model) and indirect (Latent model) approaches are proposed. Monte Carlo

Markov Chain sampling techniques, especially coupled with WinBUGS software, make

the computation feasible.

1.3 Organization

This thesis is arranged as follows: Bayesian rank-based partial likelihood estimation

method is introduced in Chapter 2. A new nonparametric method based on the Bayesian

bootstrap (BB) and its application to testing binormality are presented in Chapter 3.

The asymptotic behavior of the BB estimator is examined in Chapter 4. ROC curve
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estimation methods without the gold standard for the truth are explored in Chapter 5.

Finally, a discussion and future work are included in Chapter 6.
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Chapter 2

Bayesian estimation of ROC curve

based on ranks

2.1 ROC curve setting in case control study

Let X ∼ F and Y ∼ G be two independent continuous variables; for instance, two

diagnostic variables coming from two populations, one without disease and one with

disease, respectively. By varying the decision threshold value ct (if X > ct or Y > ct,

false or true positive event occurs) and plotting the true positive fraction (sensitivity)

versus the false positive fraction (one minus specificity), the ROC curve is obtained. It

is given by {(P(X > ct), P(Y > ct))} = {(t, R(t))}, where ct ∈ R, and t = P (X > ct)

is called the false positive fraction. Mathematically, we can write the functional form of

ROC curve [Pepe, 2003, page 106] as follows:

R(t) = P (Y > ct) = P (Y > F̄−1(t)) = Ḡ(F̄−1(t)) = P (F̄ (Y ) ≤ t), (2.1)
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where F̄ (u) = P (X > u) and Ḡ(u) = P (Y > u) are survival functions of X and Y ,

respectively. A commonly used index to compare the accuracy of the modalities is the

area under the curve (AUC) A and its estimate Â, defined as

A =

∫ 1

0

R(t)dt and Â =

∫ 1

0

R̂(t)dt, (2.2)

where R̂(t) is some estimate of R(t). The AUC can be interpreted as P (Y > X),

because A =
∫ 1

0
R(t)dt =

∫ 1

0
Ḡ(F̄−1(t))dt =

∫ −∞

∞
Ḡ(y)dF (y) =

∫∞

−∞
P (Y > y)f(y)dy =

P (Y > X). This interpretation makes the ROC analysis extremely popular in diagnostics

research.

The accuracy of estimation for the entire ROC curve can be measured by the in-

tegrated absolute error (IAE) [Moise et al., 1988]: IAE=
∫ 1

0
|R̂(t) − R(t)|dt. Clearly

|Â − A| ≤ IAE. To construct a uniform credible band for ROC, it is advantageous to

map the domain to the real line via a transformation ψ, such as the logistic transforma-

tion ψ(x) = log(x/(1 − x)), x ∈ (0, 1). The maximum possible estimation error in the

ψ-scale is ǫ(ψ,R, R̂) = sup{|ψ(R̂(t)) − ψ(R(t))| : t ∈ (0, 1)}. The width of a uniform

100(1 − α)% credible band for the transformed ROC, denoted by dα(ψ,R), is given by:

dα = dα(ψ,R) = 100(1 − α)% percentile of the distribution of ǫ(ψ,R, R̂). (2.3)

Thus the uniform 100(1 − α)% credible band for the ROC curve can be constructed by

ψ−1(ψ(R̂(t)) − dα) ≤ R(t) ≤ ψ−1(ψ(R̂(t)) + dα). (2.4)

The transformation-retransformation automatically ensures that the credible band lies

within the unit square. In practice, dα has to be estimated, usually by some resampling

technique. If the uniform credible band for ROC on t ∈ (0, 1) is too wide, other alter-

natives such as pointwise 100(1 − α)% credible band or uniform 100(1 − α)% (or less)

credible band restricted on a small subinterval of interest should be considered instead.
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2.2 Binormal model and existing methods

The binormal model is one of the most popular models in ROC study. The binormal

model assumes normality after some strictly increasing transformation H(·) of the diag-

nostic variables. Specifically, the binormal model assumes that H(X) ∼ Normal(µD̄, σ
2
D̄
)

and H(Y ) ∼ Normal(µD, σ
2
D) . Then, the binormal ROC curve is given by

R(t) = Φ(a+ bΦ−1(t)), (2.5)

a = (µD − µD̄)/σD,

b = σD̄/σD.

(2.6)

The corresponding AUC has a closed form expression given by A = Φ(a/
√

1 + b2),

due to H(Y )−H(X) ∼ Normal(µD−µD̄, σ
2
D +σ2

D̄
), A = P (Y > X) = P (H(Y ) > H(X))

and the definitions of a and b (see (2.6)).

Some interesting implications of the binormality assumption are explored by several

authors, which will be helpful in understanding what is meant by binormality assumption.

1. Green and Swets (1966), Metz et al. (1998) display the binormal model of ROC

visually in the following way:

TPF (ct) = Φ(a+ bΦ−1(FPF (ct))), ct ∈ R. (2.7)

From (2.7), we can see that the binormality assumption also implies a perfect linear

relationship between TPF and FPF on “normal-deviate axes ”; that is,

Φ−1(TPF (ct)) = a+ bΦ−1(FPF (ct)), ct ∈ R.

2. Lloyd (1998) considers a special case to interpret the meaning of the parameters a

and b in the binormal model. If F = N(0, σ2), G = N(δ, σ2), then a = δ/σ and
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b = 1. Notice that the intercept parameter a is also equal to the square root of the

Mahalanobis distance between F and G. Hence, we can see that the parameters a

and b quantify the standardized separation and the ratio of standard deviations of

the two random variables.

3. Cai and Moskowitz (2004) point out that binormality implies that the ratio of

the density function for the diseased group over that for the non-diseased group

evaluated at y is equal to the ratio of the normal density with mean µD and standard

deviation σD over that of the standard normal evaluated at −H(y); that is,

fD(y)

fD̄(y)

=
bφ(a− bH(y))

φ(−H(y))
. (2.8)

To estimate the parameters a and b, the following methods have been considered in

the literature.

1. LABROC: Metz et al. (1998) propose a maximum likelihood (ML) algorithm

LABROC4 based on the key observation that ordering the given combined samples

may classify the data into several categories using the sequence of truth-state runs.

The likelihood can be shown as

L(k, l | a, b, t) =
I
∏

i=1

(Pi|D̄)ki

I
∏

j=1

(Pi|D)lj ,

where ki is the number of observations from the non-diseased group dropped in

ith category, lj is the number of observations from the diseased group dropped

in jth category, Pi|D̄ is the probability of one observation from the non-diseased

group dropped in ith category, Pi|D is the probability of one observation from the

diseased group dropped in ith category. Also t = (t0, t1, . . . , tI), where [ti−1, ti) is

the range of ith category, t0 = −∞, tI = +∞, and ti is the latent fixed boundary
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value generated by truth-state runs. However, the accuracy of the estimates will

depend on the initial guess for the parameter values. Moreover, increasing sample

size may also inflate the number of parameters, which can be solved by LABROC5

[Metz et al., 1998] algorithm, but will be an ad hoc solution. Compared to our

rank-based partial likelihood estimation method of binormal model proposed later,

the similarity is that we do Gibbs sampling based on the same truth-state runs,

which is invariant up to strictly increasing transformation. The difference is that

we treat the latent boundary values as nuisance parameters by defining a constraint

set based on the observed combined ranks.

2. Box-Cox Transformation method (BN-T): Zou and Hall (2000) use the Box-

Cox transformation to estimate the strictly increasing transformation H(·). The

estimating procedure includes: (1) Transforming the observed values of the diag-

nostic variables to positive quantities by changing location and exponentiation; (2)

Applying the Box-Cox transformation ( x(λ) = (xλ − 1)/λ if λ > 0, and log x

if λ = 0 ) to obtain transformed observations X
′

i(λ) and Y
′

j (λ), where λ is the

optimum power transformation parameter in the Box-Cox transformation. (3) As-

suming X ′
i(λ) ∼ i.i.d. N(α, β2) and Y ′

j (λ) ∼ i.i.d. N(v, τ 2), get MLEs of λ, α,

β, v and τ ; (4) The ROC curve estimated by Box-Cox transformation method is

given by R̂(t) = Φ( v̂−α̂
τ̂

+ β̂
τ̂
Φ−1(t)). In the same paper, they also directly construct

a rank-based likelihood L(µ, σ|ranks of Y1, . . . , Yn among the data) and obtain ML

estimates of µ and σ approximated by using a Monte Carlo procedure.

3. Generalized linear model (GLM) method (BN-G): Using the relationship

E(1(Y > X)|F̄ (X) = t) = P (Y > X|X = F̄−1(t)) = Ḡ(F̄−1(t)) = R(t),
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Pepe (2000) suggests a GLM method for estimating the ROC curve. By condition-

ing on ti = F̄ (Xi), we have E(Uji) = R(ti), where Uji = 1(Yj > Xi). Thus, the

following probit regression model

Φ−1(Uji) = a+ b Φ−1(t̂i), i = 1, . . . ,m, j = 1, . . . , n,

can be used for estimating a and b, where t̂i = ˆ̄Fm(xi), i = 1, . . . ,m, are obtained by

plugging in the empirical survival function of X. However, the Uji’s are dependent

and the t̂i’s are random; hence, the applicability of the GLM estimation method is

not fully justified in this context. Metz et at. (1998), Qin and Zhou (2006) also

point out this issue in their settings.

Alonzo and Pepe (2002) propose another GLM procedure abbreviated by GLM,

defining the quantity Ujt = 1(Yj > F̄−1(t)) instead of the BN-G method’s Uji,

where t ∈ D. This method is computationally simpler than the BN-G method.

4. Maximum profile likelihood and pseudo maximum likelihood estimator.

Based on observation of (2.8), Cai and Moskowitz (2004) propose a maximum

profile likelihood estimation method. However, the citation of the result on profile

maximum likelihood [Murphy and van der Vaart, 2000] is questionable, since the

estimates of the nuisance parameters used to plug-in are based on an estimating

equation, not obtained from maximizing the likelihood. In the same paper, they also

propose a pseudo maximum likelihood estimator (PMLE) based on the imputation

of the transformation function H based on the data from two groups of subjects.

From this viewpoint, PMLE is more efficient than the estimator given by Alonzo

and Pepe (2002).
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2.3 Bayesian rank-based partial likelihood estima-

tion method

2.3.1 Notation of truncated normal distribution

Two-sided-truncated normal with non-truncated normal mean µ, variance σ2 and

corresponding truncation region (e1, e2) is denoted by TN(µ, σ2, (e1, e2)); its density can

be expressed as fTN(x) = φ(x)/
∫ e2

e1
φ(x)dx, when e1 < x < e2 and fTN(x) = 0, otherwise.

2.3.2 A partial likelihood and the corresponding Bayesian pro-

cedure

A Binormal model assumes that X1, . . . , Xm ∼ i.i.d. F , Y1, . . . , Yn ∼ i.i.d. G, and X

and Y are continuous and independent; without loss of generality, there exists a strictly

increasing transformation H such that

Zi = H(Xi) ∼ i.i.d. N(0, 1),Wj = H(Yj) ∼ i.i.d. N(µ, σ2), (2.9)

S = SN = (X,Y),X = (X1, . . . , Xm), similar notations for Y,Z,W,

combined ranks RN = R(SN) = (R1N , . . . , RNN), N = m+ n,

labels L = L(S) = (L1N , . . . , LNN), where LiN = 0 (respectively, 1) if Si from X

(respectively,Y).

Under the binormality assumption, the ranks and labels of (Z,W) preserve those of

S. Therefore we can define a set Dobs invariant under H as follows:

Dobs = {(z,w) ∈ Rm+n : R(z,w) = R(S), L(z,w) = L(S)},

= {(z,w) ∈ Rm+n : Zk < zk < Zk, W l < wl < W l, L(z, w) = L(S)}, (2.10)
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where z = (z1, . . . , zm),w = (w1, . . . , wn), Zk = maxi{Zi : Xi < Xk} ∨ maxj{Wj :

Yj < Xk}, Zk = mini{Zi : Xk < Xi} ∧ minj{Wj : Xk < Yj}, W l = maxi{Zi : Xi <

Yl} ∨ maxj{Wj : Yj < Yl}, W l = mini{Zi : Yl < Xi} ∧ minj{Wj : Yl < Yj}, for all

k = 1, . . . ,m, l = 1, . . . , n. Hence, a rank-based partial likelihood can be defined based

on this invariant set (2.10) as

Pr((z,w) ∈ Rm+n : R(z,w) = R(S), L(z,w) = L(S)|µ, σ)

= Pr((z,w) ∈ Dobs|µ, σ). (2.11)

However, evaluation of (2.11) involves high dimensional integrations, and hence direct

computation of the maximum partial likelihood estimates will be extremely challenging.

An alternative is to adopt the Bayesian approach. The Bayes partial likelihood estimator

(BPL) is defined as the posterior mean of (µ, σ), where the posterior distribution is given

by

π(µ, σ|R(S), L(S)). (2.12)

We shall use a data augmentation technique and implement Gibbs sampling to com-

pute the posterior in (2.12). More specifically, letting (Z,W) be the augmentation

variables, we shall describe a procedure to sample from the conditional distribution of

((µ, σ)|Z,W, R(S), L(S)) and ((Z,W) ∈ Dobs|µ, σ); see Section 2.5 for details.

2.4 Consistency of the posterior

Let (µ0, σ0) be the true value of (µ, σ). It is important to know if the consistency of the

posterior at (µ0, σ0) holds; i.e., whether or not the posterior distribution is concentrated

around (µ0, σ0) [Ghosh and Ramamoorthi, 2003]. Assume that the disease prevalence is
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asymptotically stable; i.e., when N → ∞, n
N

→ λ, where 0 < λ < 1. Each observation

Xi or Yj is randomly sampled from the whole population, and with the gold standard for

the truth it can be labeled into either the X or Y group. Also, assume the joint prior

density π(µ, σ) is dominated by the Lebesgue measure (denoted as [ν]).

Theorem 2.1 Suppose that S ∼ (1 − λ)F + λG, and assume that binormality (2.9)

holds conditional on the labels, and (µ, σ) has joint prior density π(µ, σ) > 0 a.e. over

R×R+ with respect to the Lebesgue measure [ν]. Then for (µ0, σ0) a.e. [ν], and for any

neighborhood U0 of (µ0, σ0), we have that

lim
N→∞

π((µ, σ) ∈ U0|R(S), L(S)) = 1 a.s. [P∞
µ0,σ0,H ], (2.13)

where P∞
µ0,σ0,H denotes the joint distribution of all X’s and Y’s under the binormal model

(2.9) with (µ0, σ0) as the true value of (µ, σ).

Proof. Because Si ∼ i.i.d. (1 − λ)F + λG, then Ui = ((1 − λ)F + λG)(Si) are i.i.d.

Uniform(0,1). Hence, we have

Uk = lim
N→∞

RkN

N + 1
for all fixed k, (2.14)

where RkN is the rank of the kth element among the total N observations. This result is

contained in the proof of Theorem a on page 157 of Hájek and Šidák (1967).

Notice unconditionally, Ui = ((1 − λ)Φ + λΦµ,σ)(Ni) are i.i.d. Uniform(0,1), where

Ni = H(Si). Based on the sample size N , we denote a subsequence labeling the observa-

tions conditionally from F as (i1, . . . , im). Hence, conditionally on LijN = 0, j = 1, . . . ,m,

Nij ∼ N(0,1) and Uij = ((1 − λ)Φ + λΦµ,σ)(Nij) ∼ i.i.d. gµ,σ (say), which belongs to a

regular parametric family indexed by parameters (µ, σ). More specifically, Cramér type

regularity conditions can be verified by applying the inverse function theorem. Thus
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some consistent estimator for (µ, σ) can be easily obtained, such as the MLE, a Bayes

estimator, or the method of moments estimator. Hence, there exists a series of functions

hN and h, such that (µ, σ) = lim
N→∞

hN(Ui1 , . . . , Uim) = h(Ui1 , Ui2 , . . .), say.

Therefore, there exist functions h̃, f1, f2, . . ., conditional on observations from F ,

(µ, σ) = h(Ui1 , Ui2 . . .)

= h( lim
N→∞

f1(RN), lim
N→∞

f2(RN), . . .)

= h̃(R(SN) : N ≥ 1) a.s. [P∞
µ0,σ0,H ],

where RN = R(SN) is defined in (2.9). By Doob’s Theorem [Ghosal and Van der Vaart,

2008], the consistency of posterior (2.13) at (µ0, σ0) holds a.e. [π], and hence at (µ0, σ0)

a.e. [ν].

Remark 2.1 In most infinite dimensional applications of Doob’s Theorem, the lack of

existence of an analog of the Lebesgue measure implies that the exceptional set of points

where the posterior may be inconsistent is null when measured with respect to the prior

only. This severely dilutes the importance of the conclusion since what is null with respect

to a given prior may be quite large when measured with respect to another prior. In the

present case, existence of a dominating Lebesgue measure removes this arbitrariness.

2.5 Simulation studies

We compare the BPL estimator of the binormal model for the ROC curve obtained

by (2.12) with other methods, such as maximum profile likelihood estimator (MLE) and

pseudo maximum likelihood estimator (PMLE) proposed by Cai and Moskowitz (2004),

binary regression approach (GLM) by Alonzo and Pepe (2002), and LABROC by Metz et
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al. (1998), through the same data generating scheme used in Cai and Moskowitz (2004).

We choose the commonly used improper prior π(µ, σ2) ∝ 1/σ2 and define the same initial

values of µ = 3 and σ = 2 for each simulated data set. Gibbs sampling procedure from

the posterior (2.12) is described as follows using the same denotation in (2.9):

1. Generate (X1, . . . , Xm) ∼ i.i.d. N(0, 1), (Y1, . . . , Yn) ∼ i.i.d. N(µ, σ2) , order the

combined vector (X,Y) denoted as OS(X,Y) and record the corresponding labels

as L(OS(X,Y));

2. Generate the initial values (Z,W) satisfying L(OS(Z,W)) = L(OS(X,Y));

3. Start the iterations:

(1) Conditional on µ, σ, update Q = OS(Z,W) = (Q[1], . . . , Q[N ]) with constraint

((Z,W) ∈ Dobs|µ, σ), equivalently, satisfying L(Q) = L(OS(X,Y)) through the

following sequential truncated normal componentwise simulations (i = 1, . . . , N):

Q(new)[i] ∼











TN(0, 1, (Q[i− 1], Q[i+ 1])), when LiN = 0;

TN(µ, σ2, (Q[i− 1], Q[i+ 1])), when LiN = 1,

where Q[0] = −∞, Q[N + 1] = ∞;

(2) Update Z (or W) values based on Q(new) and L(OS(X,Y)), i.e., every compo-

nent of vector Z belongs to the set

{Q(new)[i] : LiN = 0, i = 1, . . . , N}.

Similarly, every component of vector W belongs to the set

{Q(new)[i] : LiN = 1, i = 1, . . . , N};
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(3) Update µ and σ by their posterior distributions as

σ2|rest ∼ inverse gamma ((n− 1)/2, (n− 1)s2
w/2),

µ|rest ∼ Normal(W̄n, σ
2/n),

where s2
w =

∑n
j=1(Wj − W̄n)2/(n− 1), W̄n =

∑n
j=1Wj/n;

4. After burn-in, we can obtain the BPL estimate of the binormal parameters a and b

by the corresponding posterior means for the given data X,Y. In the mean time,

we can calculate 100(1 − α)% credible intervals for â and b̂ as (qa,α/2, qa,1−α/2) and

(qb,α/2, qb,1−α/2), where qa,α/2 and qa,1−α/2 denote α/2 and 1−α/2 quantiles of Gibbs

samples of a, respectively; similar definition of qb,α/2, qb,1−α/2 for b.

Table 2.1: Estimates of binormal ROC’s parameters a and b using methods BPL, MLE,
PMLE, GLM and LABROC where we abbreviate it as LAB inside the table. Our BPL
estimate is based on 100 simulated data sets, 95000 Gibbs samples with 100000 iterations
and burn-in at 5000. The other estimates are based on 1000 simulated data sets.

m Bias Mean square error
n BPL MLE PMLE GLM LAB BPL MLE PMLE GLM LAB
50 a .071 .079 .064 .034 .032 .051 .063 .064 .059 .059
50 b -.004 .043 .062 -.009 .002 .020 .022 .022 .022 .022
200 a -.007 .026 .018 .013 .002 .010 .125 .138 .126 .128
200 b -.006 .014 .017 -.004 .001 .004 .048 .051 .052 .049

We calculate the bias and the MSE of the estimates using methods BPL, MLE,

PMLE, GLM and LABROC. The true values of parameters are chosen to be a = 1.245

and b = 0.667, equivalently, µ = 1.868, σ = 1.5. Simulation results in Table 2.1 also

includes the information contained in Cai and Moskowitz (2004). For limited simulation

results not shown in Table 2.1, when the sample size exceeds one thousand, mean square



24

errors obtained by BPL tend to be much smaller than those by MLE, PMLE, GLM and

LABROC methods.

Table 2.2: Sampling properties of BPL and PMLE. Our BPL estimate is based on 100
simulated data sets, 95000 Gibbs samples with 100000 iterations and burn-in at 5000.
The PMLE estimate is based on 1000 simulated data sets.

m Sampling SE Ave(ŜE) Coverage(95%)
n BPL PMLE BPL PMLE BPL PMLE
50 a .215 .245 .234 .248 .98 .974
50 b .141 .135 .143 .193 .97 .968
200 a .098 .116 .112 .113 .96 .945
200 b .066 .070 .064 .073 .95 .949

In order to check whether or not the frequentist variability of the estimate can be

asymptotically approximated by the sampling variability, we examine the sampling stan-

dard error (Sampling SE), the average of the estimated standard error estimator and

MCMC standard error obtained by PMLE and BPL respectively, denoted as Ave(ŜE) in

Table 2.2, and coverage probabilities of the 95% confidence interval for the estimates a

and b. Simulation results in Table 2.2 also contain the information in Cai and Moskowitz

(2004).

Besides considering the performance of the estimators in the binormal model, we also

compare the accuracy of the estimators of ROC functional AUC obtained by our BPL

with BN-G [ROC GLM method by Pepe, 2000], BN-T Box-Cox [Zou and Hall, 2000].

Coverage probabilities of AUC and corresponding average lengths of the 90% CI (shown

beneath in the parentheses) are displayed in Table 2.3.

Based on the limited simulation results shown in Table 2.1 and 2.2, we conclude that

the BPL estimator of (a, b) has a considerably smaller MSE than the estimators given

by MLE, PML, GLM, LABROC methods in this simulation setting. When the sample
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Table 2.3: Coverage probabilities of AUC and corresponding average lengths of the 90%
CI shown beneath in the parentheses obtained by BPL, BN-G and BN-T methods. Our
BPL estimate is based on 100 simulated data sets and corresponding 100000 iterations
burn-in at 5000, BN-G and BN-T’s estimates are based on 1000 simulated data sets
and corresponding 1000 resamples. Simulated data sets are generated by lognormal,
location-scale exponential distributions (abbreviated as A,B, respectively) with different
combinations of the parameters (A: X and Y dataset are generated from the lognormal
with corresponding normal parameters (ux, σx) and (uy, σy), respectively; B: X and Y
are generated from the exponential distribution with rate=0.5 and the location and scale
parameters (ux, σx) and (uy, σy), respectively). The grid points on [0,1] are chosen with
equal interval length 0.05.

Data m = n = 15 m = n = 50
ux, σx uy, σy BPL BN-G BN-T BPL BN-G BN-T

A .97 .886 .866 0.89 .871 .882
0,1 1, 1 (.249) (.254) (.250) (.141) (.141) (.143)

.94 .859 .801 .86 .890 .873
0,1 3, 3 (.237 ) (.233) (.205) (.132) (.134) (.122)
B .93 .862 .860 .91 .888 .856
0,1 1, 1 (.258) (.288) (.285) (.158) (.159) (.158)

.92 .857 .910 .91 .772 .925
0,1 3, 3 (.134) (.097) (.076) (.054) (.062) (.045)
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size increases, although BPL estimator tends to have slightly larger bias, its mean square

error is much smaller than the others in Table 2.1. Compared to PMLE, our BPL esti-

mates have smaller sampling variation in most cases and similar coverage probabilities

in Table 2.2. Also, because the simulation results of Ave(ŜE), which shows the sampling

variability and asymptotic variability using BPL and PMLE methods, respectively, are

not far from those of Sampling SE, which reflects the frequentist variability using BPL

and PMLE methods, we can use the sampling variability to estimate the frequentist

variability. Moreover, compared to PMLE, our BPL estimator performs better when

estimating b based on sample size m = n = 50. Compared to BN-G and BN-T, our

BPL estimator tends to have larger average length of CI for AUC but with much higher

coverage probability when the simulated data sets are from location-scale exponential

distributions. When the data are from lognormal, which means the binormality assump-

tion holds exactly, the BPL estimator performs better in terms of both accuracy and

efficiency.

2.6 Real data analysis

We use the data set published by Wieand et al. (1989). This study is based on 51

patients in the control group diagnosed with pancreatitis and 90 patients in the case group

diagnosed with pancreatic cancer by two biomarkers: a cancer antigen (CA 125) and a

carbohydrate antigen (CA 19-9). The purpose is to decide which marker would better

distinguish the case group from the control group. We compare our BPL estimator with

MLE and PMLE by Cai and Moskowitz (2004), Zou and Hall (2000), GLM [Alonzo and

Pepe, 2002] and LABROC [Metz, et al. 1998] using biomarker CA 125 for illustration.

Our BPL estimate is based on 95000 Gibbs samples with 100000 iterations and burn-in
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at 5000. We use the same priors as described before. Both of the initial values of a and b

are chosen to be equal to 2. Table 2.4 also reflects the information contained in Cai and

Moskowitz (2004). Convergence of MCMC is examined by trace plots of MCMC samples

in Figure 2.1. The density plots of MCMC samples of a, b and our BPL estimate of ROC

curve are shown in Figure 2.2, respectively. Compared to the other estimates, our BPL

estimate tends to have slightly smaller estimated standard error.

Table 2.4: Real data analysis CA-125: comparison of estimates (standard errors) of
binormal parameters obtained by our BPL and other semiparametric methods.

BPL MLE PMLE Zou and Hall GLM (2002) LABROC
a .748(.188) .76(.191) .719(.198) .727(.190) .778(.197) .720(.185)
b 1.024(.139) 1.065(.140) 1.020(.148) 1.007(.142) 1.017(.167) 1.002(.137)
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Figure 2.1: Trace plots of intercept (a) and slope (b) for biomarker CA 125.
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Figure 2.2: Density plots of intercept (a) and slope (b) and ROC estimate (c) by BPL
method for biomarker CA 125.
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Chapter 3

Nonparametric estimation of ROC

curve

As we introduced before, many of the existing methods available in the literature

to estimate the ROC curve are based on data generating schemes; here, we only list a

semiparametric method used in simulation study.

Semiparametric method (SP): Semiparametric location-scale model [Pepe, 2003]

assumes X = µD̄ + σD̄ǫ and Y = µD + σDǫ where µ’s and σ’s are the location and scale

parameters, respectively, and ǫ has some unspecified survival function S0 with mean 0

and variance 1. The functional form of the ROC is given by R(t) = S0(−a + bS−1
0 (t)).

The empirical survival function of the ǫ is then defined as

Ŝ0(y) =
1

m+ n

{

m
∑

i=1

1

(

Xi − µ̂D̄

σ̂D̄

> y

)

+
n
∑

j=1

1

(

Yj − µ̂D

σ̂D

> y

)

}

,

where µ̂D̄, σ̂D̄, µ̂D, σ̂D are the sample means and the sample standard errors of X’s

and Y ’s, respectively. By plugging the empirical survival function Ŝ0 and estimates of

location scale parameters into the expression for R(t), we get the semiparametric ROC
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estimate R̂(t) = Ŝ0(−â + b̂Ŝ−1
0 (t)), where â = (µ̂D − µ̂D̄)/σ̂D, b̂ = σ̂D̄/σ̂D. This method

is restricted to a location-scale model only.

Other two nonparametric methods are well known. DeLong et al. (1988) use a U-

statistics approach to estimate θ =AUC by θ̂ = 1
mn

∑m
i=1

∑n
j=1 γ(Xi, Yj), where γ(x, y) =

1{x < y} + 1
2
1{x = y}. They also provide consistent estimators of Var(θ̂) given

by V 2
y /(m(m − 1)) + V 2

x /(n(n − 1)), where Vx(Xi) = 1
n

∑n
j=1 γ(Xi, Yj) − θ̂, Vy(Yj) =

1
m

∑m
i=1 γ(Xi, Yj) − θ̂ and Vx =

∑m
i=1 V

2
x (Xi), Vy =

∑n
j=1 V

2
y (Yj). This method can be

used to estimate AUC only; it does not yield any estimate of the whole ROC curve. Lloyd

(1998) proposes a semiparametric kernel estimator of ROC by using kernel estimators of

the survival functions F and G, respectively. The choice of the bandwidth is discussed

by Zou et al. (1997), among others, but the method is still ad hoc in general. Also, in

limited simulations, we find this method is not reliable when the data is skewed on the

boundary.

3.1 A new nonparametric method based on the Bayesian

bootstrap (BB)

The motivation of our BB estimator is twofold as shown below. On the one hand,

we can view this as a bandwidth–free smoothing of the empirical estimate. On the other

hand, we argue that it is a non-informative limit of a Bayesian estimate based on the

Dirichlet process prior.

1. Empirical ROC estimators [Hsieh and Turnbull, 1996] are easily obtained by plug-

ging the empirical counterparts into the ROC functional form. In order to have

continuous estimators of the ROC curve, the jumps in the empirical CDF can be
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Figure 3.1: Comparison of empirical and the BB’s estimates of ROC curve.

interpolated linearly. The bootstrap method [Efron, 1979] can be used to get the

error of the curve estimate. However, the inherent discreteness of the estimate is

partially due to a finite choice of the weights. The BB method proposed below

assigns the Dirichlet distribution to the weights. By forming an ensemble of esti-

mators and averaging, it provides a smoother version of the bootstrap. Figure 3.1

gives an illustration of these differences even when the sample size is small. Data

is generated from X1, . . . , Xm ∼ i.i.d. N(0, 1), Y1, . . . , Yn ∼ i.i.d. N(1.868, 1.52),

where m=n=10, with corresponding 5000 resamples. The grid points on [0,1] are

chosen with equal interval length 0.001.

2. To implement a Bayesian analysis, a natural choice of priors on F and G is Dirichlet

process, denoted as DP, with certain pairs of precision M and center measure

ξ, say F ∼ DP(M1, ξ1), G ∼ DP(M2, ξ2). Conditional on data X1, . . . , Xm and

Y1, . . . , Yn, the posterior of (F |data) is DP(M1 + m, M1ξ1+mFm

M1+m
), (R|F,G,data) is

DP(M2 +n, M2ξ2◦F̄−1+nGn◦F̄−1

M2+n
). Unfortunately, the above posterior can be obtained
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only by the Sethuraman (1994) representation of the Dirichlet process and function

inversion. The Sethuraman representation involves generating an infinite collection

of random variables which is computationally intensive. We consider the non-

informative limit of the Dirichlet processes by letting M1 → 0 and M2 → 0. This

simplifies the procedure to an infinitely easier simulation problem. In fact, we do

not even have to specify the center measures ξ1 and ξ2. We need only to generate

from the uniform distribution over the simplex, which can be done quite easily;

see Remark 3.1. Our BB estimator is just based on this simplification; i.e., the

posterior of (F |data) is DP(m,Fm), and (R|F,G, data) is DP (n,Gn ◦ F̄−1).

The BB estimator of the ROC curve and its associated summary measures can be

computed as follows: Recall R(t)= Pr(F̄ (Y ) ≤ t), t ∈ D ⊂ [0, 1], where D denotes a

prespecified set of FPF of interest. If we can impute the variable Z = F̄ (Y ) by plugging

in the survival distribution of F based on the BB resampling distribution, then the CDF

of Z based on the BB resampling distribution is one realization of the ROC curve from

the corresponding posterior distribution.

1. Step 1. (Imputing the placement variables based on the BB resampling distribu-

tion.) Let Zj = F̄#(Yj) = 1 − F#(Yj), F
#(Yj) =

∑m
i=1 pi1(Xi ≤ u), (p1, . . . , pm)

∼ Dirichlet (m; 1, . . . , 1) independent of others, equivalently to generate F̄# ∼

DP(m,Fm) evaluated at Yj’s as Zj (Zj is also called non-disease placement value

[Pepe, 2003, page 105] evaluated at Yj). The difference between our method and

Pepe’s is that we choose the survival function using the BB resampling distribution

instead of the empirical one.

2. Step 2. (Generating one random realization of the ROC curve.) Generate one

realization of R#
m,n(t), i.e., CDF of Z1, ..., Zn, where R#

m,n(t) =
∑n

j=1 qj1(Zj ≤ t),
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(q1, . . . , qn) ∼ Dirichlet (n; 1, . . . , 1) independent of others, equivalent to generate

R#
m,n(t) ∼ DP (n,Gn ◦ F̄−1) evaluated at t ∈ D. Corresponding random realization

of AUC is denoted as A#, plus some subscript as the index of the realization.

3. Step 3. (Averaging the ensemble of random ROC curves.) The BB estimate,

denoted as R̂BB
m,n(t), is obtained by averaging the random realizations of the ROC

curves, i.e., R̂BB
m,n(t) = mean(R#

m,n(t)), t ∈ D. Similarly, we obtain the BB estimate

of AUC denoted as ABB by plugging R̂BB
m,n(t) into (2.2).

Because of the averaging over two levels of random variations, the BB estimate is

much smoother than the empirical one. Note that to smooth it out, we do not need a

kernel.

Remark 3.1 A convenient method for generating (p1, . . . , pm) ∼ Dirichlet (m; 1, . . . , 1)

is to generate w1, . . . , wm ∼ i.i.d. exponential distribution with rate 1 and put pi =

wi/
∑m

j=1wj, i = 1, . . . ,m.

In order to compute error estimates for the BB estimators of the ROC curve and

associated indices, the above steps need to be repeated K times (where K is a reasonably

large number). For example, the BB standard error of ABB is given by

s =

√

√

√

√

1

K − 1

K
∑

l=1

(A#
l − ABB)2. (3.1)

Also a 100(1 − α)% BB credible interval for A can be obtained from

the percentiles of {A#
l , l = 1, . . . , N} at level α. (3.2)

To obtain a uniform credible band for R based on BB samples, we may estimate dα

by the 100(1-α)% percentile of the sample sup{|ψ(R(l)(t)) − ψ(R̂(t))| : t ∈ (0, 1), l =
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1, . . . , N}, where R(l)(t) and R̂(t) are lth random realization and BB estimate of R(t),

respectively, and substitute d̂α in (2.4).

Similar ideas may be used to estimate the IAE.

3.2 Application to testing binormality

Because the binormal model is popularly used in practice, it is important to validate

model assumptions before using it. Several methods are available, such as one based

on the linearity property of TPF and FPF on the “normal-deviate axes ”; the graphic

method is mentioned by Swets (1986b); Cai and Moskowitz (2004) propose a residual plot

using bootstrap sampling method; Dorfman and Alf (1968), Lin and Mudholkar (1980),

and Bozdogan and Ramirez (1986), propose a goodness-of-fit test.

Our testing of binormality procedure is motivated as follows. In the binormal model,

H(X) ∼N(0,1) and H(Y ) ∼ N(µ, σ2), by convention µ > 0, and the continuous strictly

transformation is easily identifiable as H(x) = Φ−1(F (x)), where Φ−1 and Φ denote the

quantile function and CDF of standard normal distribution, respectively. By plugging

in the kernel smoothed empirical estimate F̃m of F , we can estimate H(x) by Ĥ(x) =

Φ−1(F̃m(x)), where F̃m = Φσm
∗ Fm, “∗ ”stands for the convolution operation and σm is

the bandwidth. See Zou et al. (1997), Lloyd (1998), Zhou and Harezlak (2002), among

others for a discussion about the choice of the bandwidth. Now µ and σ can be estimated

by the sample mean and sample standard error of Ĥ(Y1), . . . , Ĥ(Yn), which are denoted

by µ̂ and σ̂, respectively. Under the null hypothesis that the binormal model is true, the

ROC function is given by R(t) = Φ(a+ bΦ−1(t)), where a = µ/σ and b = 1/σ.

Thus, we consider the test statistic T = sup
t

|R̂(t) − Φ(â + b̂Φ−1(t))|, where R̂(t)

is empirical (or the BB) estimate of R(t), â = µ̂/σ̂ and b̂ = 1/σ̂. We reject the null
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hypothesis of binormality for large values of T ; that is, at level α we reject if T ≥

cα. However, it is hard to analytically compute or approximate cα, so we employ a

resampling technique. Here, the Bayesian bootstrap method is used. Because strong

approximation ensures under fairly mild restrictions that, asymptotically, the sampling

distribution of any test statistic γm,n(Fm, Gn) is equal to the BB resampling distribution

of γm,n(F#
m , G

#
n ) conditional on the samples X1, . . . , Xm and Y1, . . . , Yn (see definitions

of F#(u), pi’s and qj’s in Section 3.1, where G#(u) =
∑n

j=1 qi1(Yi ≤ u)). In this case, we

may define T# = γm,n(F#
m , G

#
n ) = supt |R#

m,n(t) − Φ(a# + b#Φ−1(t))|, where R#
m,n(t) is

defined in Section 3.1, a# and b# are obtained through µ# and σ#, which are estimated

by the sample mean and sample standard error of H#(Y1), . . . , H
#(Yn). Here we define

H#(x) = Φ−1(F̃#
m (x)), where F̃#

m = Φσm
∗ F#

m . Then cα can be estimated by ĉα =

100(1 − α)% percentile of the BB distribution of T# conditional on the given samples.

Thus, we reject the null hypothesis of binormality if T ≥ ĉα.

3.3 Simulation studies

Before doing our simulation study, we first examine the difference between two survival

function estimates as BB and smoothed BB method. Smoothed Bayesian bootstrap

survival function is defined as F̄1(u) =
∑m

i=1 piΦ̄(u−xi

hm
); the Bayesian bootstrap survival

function is defined as F̄2(u) =
∑m

i=1 pi1(xi > u), (p1, ..., pm) ∼ Dirichlet(m; 1, ..., 1),

hm = m− 1
3 .

Generate two independent observations X and Y as X1, . . . , Xm ∼ i.i.d. F = N(1, 1);

Y1, . . . , Yn ∼ i.i.d. G = N(1.5, 1), m = n = 50, simulating 1000 data sets and 1000

corresponding resamples. Comparing the integrated absolution error by using smoothed

BB, BB and parametric method [Pepe, 2003], our BB method is at least as good as the
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Figure 3.2: Comparison of IAE from different settings.

alternative method of smoothed BB. The output is shown in the Figure (3.2), with the

first boxplot using smoothed BB, the second boxplot using BB method, and the third

boxplot using the parametric method (true one). Thus, the extra computation due to

kernel smoothing cannot be strongly recommended.

In order to check the performance of the BB estimator compared to some other

existing alternatives, we conduct the simulations under various situations.

1. Comparison with some semiparametric estimation methods based on binormality:

We compare accuracy of the estimates of ROC curve and the AUC functional ob-

tained by our BB method with BN-G [ROC GLM method by Pepe, 2000], BN-T

Box-Cox [Zou and Hall, 2000] and SP [semiparametric location-scale models by

Pepe, 2003, page 112]. Note that BN-G and BN-T assume a binormal model.

For BN-G, BN-T and SP methods, the bootstrap is used to estimate standard er-

rors or construct confidence intervals. Our simulation results are based on 1000

simulated data sets and corresponding 1000 resamples. Data are generated by log-

normal, location-scale exponential, gamma and beta distributions (abbreviated as
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A,B,C,D, respectively) with different combinations of the parameters (A:X and Y

data sets are generated from the lognormal with corresponding normal parameters

(ux, σx) and (uy, σy), respectively; B: X’s and Y ’s are generated from the exponen-

tial distribution with rate=0.5 and the location and scale parameters (ux, σx) and

(uy, σy), respectively; C: X’s and Y ’s are generated from gamma distribution with

mean and standard deviation (ux, σx) and (uy, σy), respectively; D: X’s and Y ’s

are generated from beta distribution with mean and standard deviation (ux, σx)

and (uy, σy), respectively). We compare coverage probabilities and average lengths

of 90% credible intervals for AUC based on different estimation methods in Table

3.1 for various parameter combinations, and also examine IAEs (see Figure 3.3) to

evaluate the fitness of the curve estimates by different methods for certain param-

eter combinations labeled with asterisks in Table 3.1. In Figure 3.3, from (a) to

(d), the boxplots of IAE are shown using the first data set of A,B,C,D, respectively

in Table 3.1. The first index A (respectively, B) stands for m=n=15 (respectively,

m=n=50) and second index 1, 2, 3, 4 stands for BB, BN-G, BN-T and SP methods,

respectively. The grid points on [0,1] are chosen with equal interval length 0.05 to

calculate AUC.

From the simulation results shown in Table 3.1 and Figure 3.3, we can observe

that the proposed BB method performs well in terms of accuracy and robustness.

The method BN-G gives larger IAE in some data sets, along with less coverage of

AUC with larger sample size in one of the location-scale exponential data sets. The

method BN-T gives the lower coverage probability in some cases. In general, the

coverage probability increases when the sample size increases from 15 to 50, while

the mean lengths of 90% CI of AUC, IAE and their variations decrease significantly.
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Table 3.1: Coverage probabilities of AUC and corresponding average lengths of the 90%
CI shown beneath in the parentheses using BB, BN-G, BN-T and SP methods.

Data m = n = 15 m = n = 50
ux, σx uy, σy BB BN-G BN-T SP BB BN-G BN-T SP

A .899 .886 .866 .923 .893 .871 .882 .900
0,1 1, 1∗ (.262) (.254) (.250) (.276) (.149) (.141) (.143) (.176)

.861 .859 .801 .820 .886 .890 .873 .150
0,1 3, 3 (.230) (.233) (.205) (.275) (.136) (.134) (.122) (.162)
B .875 .862 .860 .880 .90 .888 .856 .885
0,1 1, 1∗ (.305) (.288) (.285) (.304) (.158) (.159) (.158) (.167)

.854 .857 .910 .930 .91 .772 .925 .919
0,1 3, 3 (.098) (.097) (.076) (.110) (.054) (.062) (.045) (.065)
C .886 .876 .840 .873 .886 .851 .860 .867
1,1 2, 1∗ (.244) (.234) (.223) (.244) (.140) (.132) (.133) (.146)

.852 .861 .858 .882 .906 .837 .886 .847
1,1 5, 3 (.101) (.105) (.084) (.108) (.059) (.061) (.051) (.057)
D .891 .878 .867 .865 .898 .892 .774 .821

.15, .15 .2, .3∗ (.321) (.323) (.336) (.348) (.182) (.177) (.212) (.184)
.896 .876 .874 .834 .886 .912 .796 .662

.15, .15 .5, .45 (.333) (.332) (.440) (.341) (.189) (.187) (.266) (.211)
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Figure 3.3: Boxplots of IAE using BB, BN-G, BN-T and SP methods.
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2. Comparison with some nonparametric estimation methods:

There are several nonparametric estimation methods available to estimate the area

under the curve. Qin and Zhou (2006) conduct extensive simulations to compare

the accuracy and efficiency of the estimates using various methods, which are EL

[Qin and Zhou, 2006], MW (Mann-Whitney two-sample rank statistics), LT [logistic

transformation by Pepe, 2003, page 107], PB (standard percentile bootstrap) and

PTB (percentile-t bootstrap). Two out of three simulated data are used which are

under the same setting as proposed in Qin and Zhou (2006). They are distributed

as normal with mean and standard deviation (0, 1) and (51/2Φ−1(AUC), 2) for F

and G, respectively; exponential with rate=1 for F and rate=( 1
AUC

− 1) for G,

where the pdf of exponential distribution with rate=λ is defined by fλ(x) = λe−λx.

We will compare the performance of our BB estimator with these estimators. From

simulation results (see Table 3.2), we can see BB estimator performs well; especially,

the BB intervals tend to be shorter.

3.4 Real data analyses

We shall illustrate the BB method to construct a credible band of curve estimate

and a credible interval for the AUC estimate using the data set published by Wieand

et al. (1989). This study is based on 51 patients in the control group diagnosed with

pancreatitis and 90 patients in the case group diagnosed with pancreatic cancer by two

biomarkers: a cancer antigen (CA 125) and a carbohydrate antigen (CA 19-9). For

the purpose of illustration, we only choose biomarker CA 19-9. The BB estimates are

based on 5000 resamples and grid points with even interval length 0.01 on [0,1]. We only

consider a pointwise 90% credible band in this case (see Figure 3.4).
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Table 3.2: Coverage probabilities and corresponding average lengths of 95% (shown be-
neath in the parentheses) CI for AUC obtained by BB, EL,MW, LT, PB and PTB
methods. Our simulation results are based on 10000 simulated data sets and correspond-
ing 1000 resamples. The grid points on [0,1] are chosen with equal interval length 0.005,
(m,n) = (50, 50).

Data/AUC BB EL MW LT PB PTB
Normal: .9438 .9407 .9379 .9538 .9300 .9690

.8 (.1765) (.1783) (.1808) (.1808) (.1746) (.1971)
.9315 .9352 .9204 .9468 .9150 .9700

.9 (.1234) (.1281) (.1271) (.1326) (.1228) (.1591)
.9066 .8964 .8818 .9289 .8840 .9490

.95 (.0823) (.0874) (.0850) (.0930) (.0814) (.1360)
Exponential: .9465 .9446 .9394 .9551 .9270 .9570

.8 (.1708) (.1725) (.1746) (.1748) (.1692) (.1887)
.9396 .9321 .9200 .9482 .9240 .9740

.9 (.1212) (.1254) (.1247) (.1290) (.1198) (.1501)
.9049 .8977 .8817 NA .9000 .9460

.95 (.0823) (.0881) (.0859) (NA) (.0838) (.1427)
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Figure 3.4: Pointwise 90% credible band of ROC curve using biomarker CA 19-9.
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Our BB estimate (corresponding 95% credible interval) of AUC is 0.8542 which is

similar to those of Qin and Zhang (2003) and Wan and Zhang (2007), but the corre-

sponding confidence interval (0.7834, 0.8995) is slightly shorter than (0.789, 0.911) given

by Qin and Zhang (2003), and (0.79128, 0.91053) given by Wan and Zhang (2007).

Using the testing binormality procedure shown in Section 3.2, we fail to reject the

binormality assumption of biomarker CA 125 and CA 19-9 for both level 0.05 and 0.1,

based on T = 0.1469 and c0.05 = 0.2462, c0.1 = 0.2311 for CA 125, and T = 0.3992 and

c0.05 = 0.4603, c0.1 = 0.4340 for CA 19-9. These results are based on 1000 resamples and

grid points with even interval length 0.05 on [0,1].
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Chapter 4

Strong approximations for ROC

process

In this chapter, we first obtain strong approximations for quantile processes of re-

sampling processes based on the bootstrap and the the BB resampling distribution by

a sequence of appropriate Gaussian processes (more specifically, Kiefer processes). The

ROC function is R(t) = Ḡ(F̄−1(t)), where F̄ (x) = 1−F (x) and Ḡ(y) = 1−G(y) are the

survival functions of independent variables X ∼ F and Y ∼ G. As a consequence, we ob-

tain the strong approximations for the empirical estimate of R(t) and the corresponding

bootstrap and Bayesian versions of R(t). Interestingly, it will be seen that frequentist

variability of the empirical estimate of ROC can be asymptotically accurately estimated

by resampled variability of bootstrap and BB procedures, given that the samples and the

posterior mean (i.e, mean of ROC under BB distribution) are asymptotically equivalent

to that of the empirical estimate up to the first order (O(N−1/2)), where N is the total

sample size. Also, the result implies that for functionals like AUC, the empirical esti-

mator is asymptotically normal and asymptotically equivalent to the BB estimator, and
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the corresponding confidence intervals have asymptotic frequentist validity. Graphical

displays of these findings will be shown in the simulation studies in Section 4.4.

4.1 Notation

For X1, . . . , Xn ∼ i.i.d. F , define the domain of X as [a, b]: a = sup{x : F (x) = 0},

b = inf{x : F (x) = 1}; the order statistic Xj:n, j = 0, 1, . . . , n + 1, where X0:n = a and

Xn+1:n = b, similarly define Vj:n and Uj:n for independent uniform samples V1, . . . , Vn

and U1, . . . , Un; the quantile function F−1(t) = inf{x : F (x) ≥ t}, t ∈ [0, 1]; for a given

0 < y < 1, k = ⌈ny⌉, where ⌈·⌉ is the ceiling function (that is, the smallest integer greater

than or equal to x); U(0, 1) denotes the uniform distribution on [0,1]; abbreviate almost

sure convergence by a.s.. Condition A [Csörgő and Révész, 1978] and Condition B are

assumed, which hold for a large class of distribution functions.

Condition A: The continuous distribution function F is twice differentiable on (a, b),

F ′ = f 6= 0 on (a, b) and for some γ > 0, supa<x<b F (x)(1 − F (x))

∣

∣

∣

∣

f ′(x)
f2(x)

∣

∣

∣

∣

≤ γ.

Condition B: Let F and G satisfy Condition A and let the following conditions hold:

sup
a<x<b

F (x)(1 − F (x))

∣

∣

∣

∣

g
′

(x)

f 2(x)

∣

∣

∣

∣

, sup
a<x<b

F (x)(1 − F (x))

∣

∣

∣

∣

g(x)

f(x)

∣

∣

∣

∣

are bounded.

Define the following orders: δn = 25n−1 log log n, δ∗n = δn + 2n−1/2(log log n)1/2, δ#
n =

δn+n−1/2(log log n)1/2. ln = n−1/4(log log n)1/4(log n)1/2, τm = m−3/4(log logm)1/4(logm)1/2,

γn = n−1 log2 n. α−1
m = o(m1/4), α∗

m = αm + 2m−1/2(log logm)1/2, α#
m = αm + (m −

1)−1/2(log log(m− 1))1/2.
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We define the following empirical and quantile functions and processes:

empirical function: Fn(x) = j/n, if Xj:n ≤ x < Xj+1:n, j = 0, 1, . . . , n. (4.1)

empirical process: Jn(x) =
√
n(Fn(x) − F (x)) (4.2)

quantile function: F−1
n (y) = Xk:n = F−1(Uk:n), where k = ⌈ny⌉ (4.3)

quantile process: Qn(y) =
√
n(F−1

n (y) − F−1(y)) (4.4)

Based on samples X1, . . . , Xn, bootstrap resample is given by {F−1
n (Vj:n), j = 1, . . . , n;

V1, . . . , Vn ∼ i.i.d. U(0, 1) independent of Xi’s }. The empirical and quantile functions of

bootstrap resampling distribution are denoted as F∗
n(x) and F∗−1

n (y), respectively, based

on the bootstrap resamples. Bootstrap empirical and quantile processes are defined as

J∗
n(x) =

√
n(F∗

n(x) − Fn(x)) (4.5)

Q∗
n(y) =

√
n(F∗−1

n (y) − F−1
n (y)) =

√
n(F−1

n (Vk:n) − F−1
n (y)) =

√
n(F−1(Uk∗:n) − F−1(Uk:n)),

(4.6)

where k = ⌈ny⌉, k∗ = ⌈nVk:n⌉, F∗−1
n (y) = F−1

n (Vk:n).

Based on samples X1, ..., Xn, BB’s CDF is defined as F#
n (x) =

∑

1≤j≤n ∆j:n1(Xj:n ≤

x), x ∈ R, where V1, . . . , Vn−1 ∼ i.i.d. U(0, 1), independent of Xi’s, ∆j:n = Vj:n−1 −

Vj−1:n−1. The quantile function, empirical and quantile processes of the BB resampling

distributions are:

quantile function of BB: F#−1
n (y) =











Xj:n, Vj−1:n−1 < y ≤ Vj:n−1,

X0:n, y = 0, j = 1, 2, . . . , n.

empirical process of BB: J#
n (x) =

√
n(F#

n (x) − Fn(x)), (4.7)

quantile process of BB: Q#
n (y) =

√
n(F#−1

n (y) − F−1
n (y)). (4.8)
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Table 4.1: Notation for empirical and quantile processes

Definitions General notation Uniform case notation
Empirical function Fn(x) Un(x)
Empirical process Jn(x) Hn(x)
Quantile function F−1

n (y) U−1
n (y)

Quantile process Qn(y) Wn(y)
Bootstrap empirical process J∗

n(x) H∗
n(x)

Bootstrap quantile process Q∗
n(y) W∗

n(y)
BB empirical process J#

n (x) H#
n (x)

BB quantile process Q#
n (y) W#

n (y)

4.2 Strong approximations for the BB quantile pro-

cesses

Theorem 4.1 (Strong approximation for bootstrap quantile process ) Let X1, X2, . . . ∼

i.i.d. F satisfying Condition A. Then the quantile process of bootstrap Q∗
n(y) can be

strongly approximated by a Kiefer process K, in the sense that

sup
δ∗n≤y≤1−δ∗n

| f(F−1(y))Q∗
n(y) − n−1/2K(y, n) | =a.s. O(ln). (4.9)

To prove this theorem, we need the following lemma whose proof is given in Section

4.5.

Lemma 4.1 Let X1, . . . , Xn ∼ i.i.d. F satisfying Condition A, and let V1, . . . , Vn ∼

i.i.d. U(0, 1), independent of X1, ..., Xn. Then for the quantile process Qn(y) of Xi’s,

there exists a Kiefer process K such that

sup
δ∗n≤y≤1−δ∗n

| (y − Vk:n)Qn(Vk:n)f ′(F−1(ξ))/f(F−1(ξ))) |=a.s. O(ln), (4.10)

sup
δ∗n≤y≤1−δ∗n

| f(F−1(y))Qn(Vk:n) − n−1/2K(y, n) |=a.s. O(ln), (4.11)

where k = ⌈ny⌉ and for any ξ lies between y and Vk:n.
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Proof.

When δ∗n ≤ y ≤ 1 − δ∗n, [δ∗n, 1 − δ∗n] ⊂ [δn, 1 − δn]. Let k∗ = ⌈nVk:n⌉. Then

Q∗
n(y) =

√
n(F−1(Uk∗:n) − F−1(Uk:n))

=
√
n(F−1(Uk∗:n) − F−1(Vk:n)) +

√
n(F−1(Vk:n) − y) −

√
n(F−1(Uk:n) − y)

= Qn(Vk:n) + Q̃n(y) − Qn(y), (4.12)

where Qn(y) and Q̃n(y) are independent quantile processes for Xi’s and X̃i’s respectively,

Xi = F−1(Ui), X̃i = F−1(Vi), Ui ∼ i.i.d. U(0, 1), Vi ∼ i.i.d. U(0, 1), and Ui’s and Vi’s are

independent, i = 1, . . . , n. By Theorem B of Appendix A applied to Qn(y) and Q̃n(y),

respectively, there exist independent Kiefer processes K and K̃, satisfying

sup
δn≤y≤1−δn

| f(F−1(y))Qn(y) − n−1/2K(y, n) |=a.s. O(ln),

sup
δn≤y≤1−δn

| f(F−1(y))Q̃n(y) − n−1/2K̃(y, n) |=a.s. O(ln).

(4.13)

By applying Lemma 4.1 and (4.12), (4.13), we obtain supδ∗n≤y≤1−δ∗n
|f(F−1(y))

Q∗
n(y) − n−1/2K̃(y, n)| =a.s. O(ln).

Theorem 4.2 (Strong approximation for the BB quantile process) Let X1, ..., Xn ∼ i.i.d.

F satisfying Condition A. Then the BB quantile process Q#
n (y) can be strongly approxi-

mated by a Kiefer process K, in the sense that

sup
δ#
n ≤y≤1−δ#

n

| f(F−1(y))Q#
n (y) − n−1/2K(y, n) |=a.s. O(ln). (4.14)

The proof requires the following lemma whose proof is deferred to Section 4.5.

Lemma 4.2 Let X1, . . . , Xn ∼ i.i.d. F satisfying Condition A, V1, . . . , Vn−1 ∼ i.i.d.

U(0, 1), F−1
n (y), Ũn−1(x) and F#−1

n (y) denote the quantile function of X’s , empirical

function of V ’s and quantile function of the Bayesian bootstrap respectively. Then

sup
0<y<1

√
n | F#−1

n (y) − F−1
n (Ũn−1(y)) |=a.s O(n−1/2 log n). (4.15)
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In addition, there exists a Kiefer process K such that

sup
δ#
n ≤y≤1−δ#

n

|
√
nf(F−1(y))(F−1

n (Ũn−1(y)) − F−1
n (y)) − n−1/2K(y, n) |=a.s. O(ln). (4.16)

Proof.

We may represent Xi = F−1(Ui), where Ui’s ∼ i.i.d. U(0, 1), i = 1, . . . , n, V1, . . . , Vn−1

∼ i.i.d. U(0, 1), independent of X’s. Then we have (cf. See Table 4.2 for Values of

F#−1
n (y) and Ũn−1(y))

F#−1
n (y) =











F−1
n (1+(n−1)Ũn−1(y)

n
), Vk:n−1 < y < Vk+1:n−1, k = 0, . . . , n− 1,

F−1
n ( (n−1)Ũn−1(y)

n
), y = Vk:n−1, k = 1, . . . , n− 1.

Table 4.2: Values of F#−1
n (y) and Ũn−1(y)

y F#−1
n (y) Ũn−1(y)

0 ≤ y < V1:n−1 X1:n 0
= V1:n−1 X1:n 1/(n− 1)

· · · · · · · · ·
Vk:n−1 < y < Vk+1:n−1 Xk+1:n k/(n− 1)

y = Vk+1:n−1 Xk+1:n (k + 1)/(n− 1)
· · · · · · · · ·

Vn−2:n−1 < y < Vn−1:n−1 Xn−1:n (n− 2)/(n− 1)
y = Vn−1:n−1 Xn−1:n 1

Vn−1:n−1 < y ≤ 1 Xn:n 1

Also, the BB quantile process Q#
n (y) can be split as

Q#
n (y) =

√
n(F#−1

n (y) − F−1
n (Ũn−1(y))) +

√
n(F−1

n (Ũn−1(y)) − F−1
n (y)). (4.17)

Then by applying Lemma 4.2, (4.17) and Condition A, Theorem 4.2 holds for a Kiefer

process K satisfying (4.16).
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4.3 Limit theorem for BB estimator of ROC curve

and its functionals

Let X1, . . . , Xm ∼ i.i.d. F , and Y1, . . . , Yn ∼ i.i.d. G. For example, in medical

contexts F may stand for the CDF of a population without disease and G for the CDF

of a population with disease. Assume F and G satisfy Condition A and B and X’s and

Y ’s are independent. Let N = m+ n, when N → ∞, m
N

→ λ, 0 < λ < 1.

Recall Kiefer process defined as follows: {K(x, y) : 0 ≤ x ≤ 1, 0 ≤ y < ∞} is

determined byK(x, y) = W (x, y)−xW (1, y), whereW (x, y) be a two-parameter standard

Wiener process. Its covariance function is E[K(x1, y1)K(x2, y2)] = (x1∧x2−x1x2)(y1∧y2).

4.3.1 Functional limit theorems for ROC curve

The ROC curve is defined as {(P(X > ct), P(Y > ct)) : X ∼ F , Y ∼ G , ct ∈ R},

or alternatively as R(t) = Ḡ(F̄−1(t)); its derivative is R′(t) = g(F̄−1(t))/f(F̄−1(t)). An

empirical estimate of ROC can be obtained by plugging in their empirical counterparts.

Based on the given samples, BB estimate can be obtained by doing the following two

steps: (1) get one realization from the posterior distribution of ROC curves by plug-

ging the empirical and quantile function of the BB resampling distributions into the

ROC functional form, respectively; (2) get BB estimate by the posterior mean. The

BB version of ROC curve described above can be equivalently regarded as putting two

independent non-informative Dirichlet priors on F and G. Hence, our BB estimate of

ROC is essentially a nonparametric Bayesian estimate. Let R(t) = Rm,n(t) = Ḡn(F̄−1
m (t)),

R∗
m,n(t) = Ḡ∗

n(F̄∗−1
m (t)), and R#

m,n(t) = Ḡ#
n (F̄#−1

m (t)).

Theorem 4.3 (Functional limit theorem for empirical, bootstrap and BB version of ROC
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curves.) Let X1, . . . , Xm ∼ i.i.d. F , Xi = F−1(Ui) and Y1, . . . , Yn ∼ i.i.d. G. Assume

F and G satisfy Condition A and B. Then

Rm,n(t) = R(t) +R′(t)
K1(t,m)

m
+
K2(R(t), n)

n
+O(α−1

m τm), t ∈ (αm, 1 − αm)

(4.18)

R∗
m,n(t) = Rm,n(t) +R′(t)

K1(t,m)

m
+
K2(R(t), n)

n
+O(α−1

m τm), t ∈ (α∗
m, 1 − α∗

m)

(4.19)

R#
m,n(t) = Rm,n(t) +R′(t)

K1(t,m)

m
+
K2(R(t), n)

n
+O(α−1

m τm), t ∈ (α#
m, 1 − α#

m)

(4.20)

in the sense of a.s. for (4.19) and (4.20), where K1 and K2 are independent generic

Kiefer processes (not identical in each appearance).

Proof.

1. Proof of (4.18) in Theorem 4.3: By Theorem A and B of Appendix A, when

t ∈ (αm, 1 − αm) ⊂ (δm, 1 − δm), the empirical ROC curve estimator Rm,n(t) can

be approximated by the following:

Rm,n(t) = Ḡn(F̄−1
m (t)) = Ḡ(F̄−1

m (t)) +
1

n
K2(Ḡ(F̄−1

m (t)), n) +O(γn)

= Ḡ(F̄−1(t)) +
1

n
K2(Ḡ(F̄−1(t)), n) + I1 + I2 +O(γn),

where

I1 = Ḡ(F̄−1
m (t)) − Ḡ(F̄−1(t)) = m−1R′(t)K1(t,m) +O(α−1

m τm) (4.21)

I2 = n−1K2(Ḡ(F̄−1
m (t)), n) − n−1K2(Ḡ(F̄−1(t)), n) = O((m/n)1/2α−1/2

m τm) (4.22)

Proof of (4.21) : By Theorem B of Appendix A, we have

I1 = g(F̄−1(t))
m−1K1(t,m) −O(τm)

f(F̄−1(t))
− g′(F̄−1(ξ))

(

m−1K1(t,m) −O(τm)

f(F̄−1(t))

)2

,
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and ξ lies between t and U⌈mt⌉:m, which ensures f(F̄−1(ξ))/f(F̄−1(t)) ≤ 10γ by

Theorem N of Appendix A. By Condition B, we get

| R′(t)O(τm) |=
∣

∣

∣

∣

t(1 − t)
g(F̄−1(t))

f(F̄−1(t))

O(τm)

t(1 − t)

∣

∣

∣

∣

≤ O(α−1
m τm) (4.23)

∣

∣

∣

∣

ξ(1 − ξ)
g′(F̄−1(ξ))

f 2(F̄−1(ξ))

f 2(F̄−1(ξ))

f 2(F̄−1(t))ξ(1 − ξ)

∣

∣

∣

∣

(m−1K1(t,m) −O(τm))2

≤ O(α−1
m m−1 log logm) a.s. � (4.24)

By combining (4.23) and (4.24), we finish the proof of (4.21). �

Proof of (4.22) : By modulus of continuity for Brownian motion on bounded

interval, we get

| I2 | =| 1

n
K2(Ḡ(F̄−1

m (t)), n) − 1

n
K2(Ḡ(F̄−1(t)), n) |

≤ n−1/2 | I1 |1/2 (log(1/ | I1 |))1/2

≤ n−1/2

∣

∣

∣

∣

R′(t)

m
K1(t,m) +O(α−1

m τm)

∣

∣

∣

∣

1/2

(logm)1/2

≤ n−1/2 | O(α−1
m m−1/2(log logm)1/2) +O(α−1

m τm) |1/2 (logm)1/2

= O((m/n)1/2α−1/2
m τm). � (4.25)

Therefore, by combining the results (4.21) and (4.22) , we complete the proof of

(4.18). �

2. Proof of (4.19) in Theorem 4.3: The idea of the proof of (4.19) is similar to

(4.18), except for the following: (1) We can expand I∗12 in Taylor’s series instead

of I∗1 (I∗1 = I∗12 + I∗11); (2) Because the bootstrap version is expanded around the

empirical estimator, the Taylor’s series expansion is evaluated at the empirical point

F̄∗−1
m (t) instead of at the true point F̄−1(t). Measuring these difference enlarges the

range of domain from t ∈ (αm, 1−αm) to t ∈ (α∗
m, 1−α∗

m), which allows the limiting
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distribution based on bootstrap resampling distribution to be the same as that of

the empirical one.

By Theorem 4.1 and Theorem C of Appendix A, there exist two independent Kiefer

processes K1 and K2, such that when t ∈ (α∗
m, 1 − α∗

m) ⊂ (δ∗m, 1 − δ∗m), the strong

approximation for bootstrap version of ROC curve is given by

R∗
m,n(t) = Ḡ∗

n(F̄∗−1
m (t)) = Ḡn(F̄−1

m (t)) + I∗1 + n−1K2(Ḡ(F̄−1(t)), n) + I∗2 +O(τn)

where I∗1 = Ḡn(F̄∗−1
m (t)) − Ḡn(F̄−1

m (t)) = I∗11 + I∗12, I
∗
12 = Ḡ(F̄∗−1

m (t)) − Ḡ(F̄−1
m (t)),

I∗11 = Ḡn(F̄∗−1
m (t)) − Ḡ(F̄∗−1

m (t)) − (Ḡn(F̄−1
m (t)) − Ḡ(F̄−1

m (t))) ;

I∗2 = I∗21 + I∗22, I
∗
21 = n−1K2(Ḡn(F̄∗−1

m (t)), n) − n−1K2(Ḡn(F̄−1
m (t)), n),

I∗22 = n−1K2(Ḡn(F̄−1
m (t)), n) − n−1K2(Ḡ(F̄−1(t)), n). We can show

I∗12 = m−1R′(t)K1(t,m) +O(α−1
m τm) (4.26)

I∗11 = O((m/n)1/2α−1/2
m τm) (4.27)

I∗21 = O((m/n)1/2α−1/2
m τm) (4.28)

I∗22 = O(τm). (4.29)

Proof of (4.26) : By taking Taylor’s series expansion of I∗12, we have

I∗12 = g(F̄−1
m (t))

m−1K1(t,m) −O(τm)

f(F̄−1(t))
− g′(F̄−1(ξ))

(

m−1K1(t,m) −O(τm)

f(F̄−1(t))

)2

,

(4.30)

where ξ lies between Uk:m and Uk∗:m, k = ⌈mt⌉, k∗ = ⌈mVk:m⌉, F̄∗−1
m (t) = F̄−1(Uk∗:m),

and F̄−1
m (t) = F̄−1(Uk:m).
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• Because the first term of (4.30) can be split as

g(F̄−1(t))
m−1K1(t,m) −O(τm)

f(F̄−1(t))
+
g(F̄−1

m (t)) − g(F̄−1(t))

f(F̄−1(t))
(m−1K1(t,m) −O(τm)),

(4.31)

and then by (4.23), the first term of (4.31) can be majorized by R′(t)
m
K1(t,m)+

O(α−1
m τm). The second term of (4.31) can be bounded by

∣

∣

∣

∣

g′(F̄−1(ξ∗))

f(F̄−1(t))

∣

∣

∣

∣

| F̄−1
m (t) − F̄−1(t) || m−1K1(t,m) −O(τm) |

≤
∣

∣

∣

∣

ξ∗(1 − ξ∗)
g′(F̄−1(ξ∗))

f 2(F̄−1(ξ∗))

∣

∣

∣

∣

f 2(F̄−1(ξ∗))

f 2(F̄−1(t))ξ∗(1 − ξ∗)
O(m−1 log logm)

which isO(α−1
m m−1 log logm), where ξ∗ lies between Uk:m and t. This condition

ensures the boundedness of f2(F̄−1(ξ∗))

f2(F̄−1(t))
by Theorem N of Appendix A. Also,

because t ∈ (α∗
m, 1 − α∗

m), by Theorem K of Appendix A, | 1
ξ∗

|≤ O(α−1
m ).

Therefore the first term of (4.30) can be bounded by m−1R′(t)K1(t,m) +

O(α−1
m τm).

• The second term of (4.30) can be majorized as follows:

∣

∣

∣

∣

ξ(1 − ξ)
g′(F̄−1(ξ))

f 2(F̄−1(ξ))

∣

∣

∣

∣

f 2(F̄−1(ξ))

f 2(F̄−1(t))ξ(1 − ξ)
O(m−1 log logm)

≤ O(α−1
m )O(m−1 log logm).

By combining the results of these two parts, we prove the statement (4.26). �

Proof of (4.27) : By Theorem A of Appendix A, there exists Kiefer process K,

such that I∗11 can be majorized by

| K(Ḡ(F̄∗−1
m (t)), n) −K(Ḡ(F̄−1

m (t)), n)

n
| +O(n−1 log2 n)

≤ n−1/2 | I∗12 |1/2 (log(1/ | I∗12 |))1/2 +O(n−1 log2 n) (4.32)

= O((m/n)1/2α−1/2
m τm) (following the similar argument in (4.25)) . �
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By combining the results of I∗11 and I∗12, we have

I∗1 = m−1R′(t)K1(t,m) +O(α−1
m τm). (4.33)

Proof of (4.28) : By following the same argument of (4.25) using (4.33), the result

(4.28) is immediate.

Proof of (4.29) : By applying (4.18), we have

| I∗22 |≤ n−1/2 | Rm,n −R(t) |1/2 (log(| Rm,n −R(t) |)−1)1/2

≤ n−1/2

∣

∣

∣

∣

R′(t)

m
K1(t,m) +

1

n
K2(R(t), n) +O(α−1

m τm)

∣

∣

∣

∣

1/2

O((logN)1/2)

≤ n−1/2O((m/n)1/2α−1/2
m τm + n1/2τn + α−1/2

m τ−1/2
m (logN)1/2) = O(τm). � (4.34)

Hence, by combining (4.26), (4.27), (4.28) and (4.29), we complete the proof of

(4.19). �

3. Proof of (4.20) in Theorem 4.3: The proof of (4.20) follows the same arguments

in the proof of (4.19) with the following modifications: (1) In order to use Taylor’s

series expansion and the boundedness result of the ratio of f(F̄−1(ξ))

f(F̄−1(t))
, where ξ lies

between t and Ũm−1(t), we will do Taylor’s series expansion on I#
122 instead of

I#
12. That is, the decomposition I#

12 = I#
121 + I#

122 is essential; (2) Similarly, one

consequence of measuring the remainder term is to shrink the range of domain

from t ∈ (α∗
m, 1 − α∗

m) to t ∈ (α#
m, 1 − α#

m).

By Theorem 4.2 and Theorem C of Appendix A, there exist two independent Kiefer

processes K1 and K2, such that when t ∈ (α#
m, 1 − α#

m) ⊂ (δ#
m, 1 − δ#

m), the strong

approximation for the BB version of ROC curve is given by

R#
m,n(t) = Ḡ#

n (F̄#−1
m (t)) = Ḡn(F̄−1

m (t)) + I#
1 + n−1K2(Ḡ(F̄−1(t)), n) + I#

2 +O(τn),
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where

I#
1 = Ḡn(F̄#−1

m (t)) − Ḡn(F̄−1
m (t)) = I#

11 + I#
12

I#
11 = Ḡn(F̄#−1

m (t)) − Ḡ(F̄#−1
m (t)) − (Ḡn(F̄−1

m (t)) − Ḡ(F̄−1
m (t)))

I#
12 = Ḡ(F̄#−1

m (t)) − Ḡ(F̄−1
m (t)) = I#

121 + I#
122

I#
121 = Ḡ(F̄#−1

m (t)) − Ḡ(F̄−1
m (Ũm−1(t)))

I#
122 = Ḡ(F̄−1

m (Ũm−1(t))) − Ḡ(F̄−1
m (t))

I#
2 = {n−1K2(Ḡn(F̄#−1

m (t)), n) − n−1K2(Ḡn(F̄−1
m (t)), n)}

+ {n−1K2(Ḡn(F̄−1
m (t)), n) − n−1K2(Ḡ(F̄−1(t)), n)},

and Ũm−1(t) is the empirical function of V1, . . . , Vm−1 ∼ i.i.d. U(0, 1). First, we

will show that

I#
122 = m−1R′(t)K1(t,m) +O(α−1

m τm). (4.35)

Proof of (4.35) :

I#
122 = Ḡ(F̄−1

m (Ũm−1(t))) − Ḡ(F̄−1
m (t))) = {−g(F̄−1

m (t))[F̄−1
m (Ũm−1(t)) − F̄−1

m (t)]}

+ {−g′(F̄−1
m (ξ))[F̄−1

m (Ũm−1(t))) − F̄−1
m (t)]2}, (4.36)

where ξ lies between t and Ũm−1(t). The first term of (4.36) can be strongly

approximated by m−1R′(t)K1(t,m)+O(α−1
m τm), because −g(F̄−1

m (t))[F̄−1
m Ũm−1(t)−

F̄−1
m (t)] can be split as

{−g(F̄−1
m (t))[F̄#−1

m (t) − F̄−1
m (t)]} + {−g(F̄−1

m (t))[F̄−1
m Ũm−1(t) − F̄#−1

m (t)]} (4.37)

The first term of (4.37) can be strongly approximated by m−1R′(t)K1(t,m) +

O(α−1
m τm) due to Theorem 4.2, and by an argument similar to the proof of the
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bootstrap case; the second term of (4.37) can be bounded a.s. by O( log m
m

) due to

Condition A and Lemma 4.2.

The second term of (4.36) can be bounded a.s. by O(α−1
m τm), because

| −g′(F̄−1
m (ξ)) | [F̄−1

m (Ũm−1(t)) − F̄−1
m (t)]2

≤ 2 | −g′(F̄−1
m (ξ)) | {[F̄#−1

m (t) − F̄−1
m (t)]2 + [F̄−1

m (Ũm−1(t)) − F̄#−1
m (t)]2}

≤ 2 | −g′(F̄−1
m (ξ)) | [F̄#−1

m (t) − F̄−1
m (t)]2 +O((

logm

m
)2) (by Lemma 4.2, Condition A)

≤ 2 | −g′(F̄−1
m (ξ)) |

(

m−1K1(t,m) −O(τm)

f(F̄−1(t))

)2

+O((m−1 logm)2)

≤ O(
g′(F̄−1

m (ξ))

f 2(F̄−1(t))
) ·O(m−1 log logm) +O((m−1 logm)2)

≤ O(α−1
m τm). (4.38)

The statement (4.38) holds because

∣

∣

∣

∣

g′(F̄−1
m (ξ))

f 2(F̄−1(t))

∣

∣

∣

∣

=

∣

∣

∣

∣

g′(F̄−1
m (ξ))

f 2(F̄−1
m (ξ))

∣

∣

∣

∣

∣

∣

∣

∣

f 2(F̄−1
m (ξ))

f 2(F̄−1(ξ))

∣

∣

∣

∣

∣

∣

∣

∣

f 2(F̄−1(ξ))

f 2(F̄−1(t))

∣

∣

∣

∣

(4.39)

≤ O(α−1
m ),

where the second and third term of (4.39) can be bounded by a constant by The-

orem N of Appendix A; the first term of (4.39) can be bounded by O(α−1
m ) due to

Condition B and

| ξ − t |≤ (m− 1)−1/2(log log(m− 1))1/2 by Theorem J

t ∈ (α#
m, 1 − α#

m). �

In addition, I#
121 is bounded a.s. by O( log m

m
) by Condition A and Lemma 4.2. Hence

I#
12 = m−1R′(t)K1(t,m)+O(α−1

m τm). I#
11 can be bounded a.s. byO((m/n)1/2α

−1/2
m τm)

followed the same argument of (4.32) incorporated with the result of I#
12. Therefore
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I#
1 = m−1R′(t)K1(t,m) + O(α−1

m τm). The same argument used in the proof of the

bootstrap case can be used to prove I#
2 = O(τm). Hence, we complete the proof of

(4.20). �

Hence, we finish the proof of Theorem 4.3.

Remark 4.1 The similar result of (4.18) can be found in Hsieh and Turnbull (1996).

The difference between our strong approximation for Rm,n(t) given by (4.18) and theirs

is a different trade-off between interval of validity and the approximation error. They use

any fixed subinterval of [0,1] and obtain a better approximation error. From a practical

point of view, inclusion of levels near 0 is important. Our results treat the domain of

R(t) as the whole of [0,1] in the limiting sense.

4.3.2 Implication of the functional limit theorems for ROC curves

From (4.18), then as L∞[0, 1] valued random function,

√
N(Rm,n(t) −R(t))

=

√
N√
m
R′(t)

K1(t,m)√
m

+

√
N√
n

K2(R(t), n)√
n

+O(
√
Nα−1

m τm)

 
1√
λ
R′(t)B1(t) +

1√
1 − λ

B2(R(t)), (4.40)

in the sense of generalized weak convergence on non-separable spaces [Van der Vaart

and Wellner, 1996], where B1 and B2 are independent Brownian bridges. Similarly, from

(4.20), we can get, a.s., conditionally on samples,

√
N(R#

m,n(t) − Rm,n(t)) 
1√
λ
R′(t)B1(t) +

1√
1 − λ

B2(R(t)). (4.41)

Remark 4.2 Li et al. (1996) obtain the weak convergence limit for the ROC process

on a certain subinterval of [0,1] using the product-limit (PL) estimator of the survival
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function instead of the empirical estimator. The approach based on strong approximation

lets us work with real valued random variables and ordinary Taylor’s series expansion,

derive a stronger representation, and treat the whole domain t ∈ [0, 1] in the limit. In

contrast, the weak convergence approach must leave out some neighborhoods of 0 and 1.

Further, functional delta method does not apply directly to BB and bootstrap resampling

distributions because the asymptotic means are dependent on the sample size.

Result 1 If A is a continuity set for the process on the right hand side of (4.40), then

Pr#{
√
N(R#

m,n(·) − R(·)) ∈ A} − Pr{
√
N(Rm,n(·) −R(·)) ∈ A} → 0. (4.42)

where Pr# stands for the BB resampling probability conditional on samples.

Result 2 [Equivalence of empirical and BB estimator of ROC ] Conditionally on

samples,

√
N ‖ E(R#

m,n(·) | X1, . . . , Xm, Y1, . . . , Yn) − Rm,n(·) ‖L∞→ 0. a.s. (4.43)

4.3.3 Limit theorems for AUC

It is not difficult to show the following corollaries.

Corollary 4.1 Let ψ : R → R be a bounded function with continuous second derivatives.

Then for any q > 0 being the continuity point of the limiting random variable

sup
t∈(0,1)

{ψ′(R(t))[λ−1/2R′(t)B1(t) + (1 − λ)−1/2B2(R(t))]},
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we have that almost surely for the given samples,

| Pr∗{ sup
t∈(α∗

m,1−α∗

m)

√
N | ψ(R∗

m,n(t)) − ψ(Rm,n(t)) |≤ q}

− Pr{ sup
t∈(α∗

m,1−α∗

m)

√
N | ψ(Rm,n(t)) − ψ(R(t)) |≤ q} |→ 0 (4.44)

| Pr#{ sup
t∈(α#

m,1−α#
m)

√
N | ψ(R#

m,n(t)) − ψ(Rm,n(t)) |≤ q}

− Pr{ sup
t∈(α#

m,1−α#
m)

√
N | ψ(Rm,n(t)) − ψ(R(t)) |≤ q} |→ 0, (4.45)

where Pr∗ stands for bootstrap resampling probability conditional on samples.

Remark 4.3 Equivalently, a metric d (such as Levy’s metric) which can characterize

weak convergence can be also used to quantify the nearness of the distributions.

Corollary 4.2 Let φ(·) : C[0, 1] → R be a bounded linear functional. Then conditionally

on the samples, we have for all q

Pr∗{
√
N(φ(R∗

m,n) − φ(Rm,n)) ≤ q} − Pr{
√
N(φ(Rm,n) − φ(R)) ≤ q} → 0 a.s. (4.46)

Pr#{
√
N(φ(R#

m,n) − φ(Rm,n)) ≤ q} − Pr{
√
N(φ(Rm,n) − φ(R)) ≤ q} → 0 a.s. (4.47)

Corollary 4.3 (For partial AUC (pAUC)) Conditionally on the samples, for any

(e1, e2) ⊂ (0, 1), we have
√
N(Â(e1, e2) − A(e1, e2)) →d N(0, σ2(e1, e2)), where

σ2(e1, e2) = λ−1

∫ e2

e1

∫ e2

e1

R′(t)R′(s)(s ∧ t− st)dtds

+ (1 − λ)−1

∫ e2

e1

∫ e2

e1

(R(t) ∧R(s) −R(t)R(s))dtds,

Â(e1, e2) =

∫ e2

e1

Rm,n(t)dt, A(e1, e2) =

∫ e2

e1

R(t)dt.

Remark 4.4 (1) It can be easily shown that Condition B ensures that σ2(0, 1) < ∞.

(2) By redefining the pAUC function by adding an indication function of the range t as
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a factor, the asymptotic form for AUC (e1 = 0, e2 = 1) can be obtained from Corollary

4.2. (3) The same result holds for the BB resampling distributions conditional on the

samples.

4.4 Simulation studies

4.4.1 Comparison of the frequentist and the BB resampled vari-

ability

To investigate the asymptotic equivalence of frequentist variability of the empirical

estimate of AUC and resampled variability of the BB procedures, we simulate 6000 data

sets of X1, . . . , Xm ∼ i.i.d. F = N(0,1), Y1, . . . , Yn ∼ i.i.d. G = N(1.868, 1.52) to get 6000

frequentist samples of
√
N(Â−A), where Â = 1

mn

∑m
i=1

∑n
j=1{1(Yj > Xi)+

1
2
1(Yj = Xi)},

A is the true AUC value, N = m + n, m = n = 50 and m = n = 300, shown in Figure

4.1 (a) and (b) respectively; based on one simulated data set defined above, BB’s one

random realization of AUC denoted as A# can be obtained based on that BB’s random

realization of the ROC curve denoted as R#(t); hence, one BB resample of
√
N(A# − Â)

can be generated, and then let the resample size be 6000. The density plot (Figure 4.1) of

the asymptotic normal distribution N(0, σ2(0, 1)), where σ can be calculated by Corollary

4.3, overlays those of
√
N(Â − A) and (

√
N(A# − Â) | data). The grid points on [0,1]

are chosen with equal interval length 0.001 to calculate AUC.

4.4.2 Comparison of the empirical and BB’s estimates of ROC

The asymptotic property of the empirical and BB version of ψ(R) is studied through

simulation by examining P (ψ(R) ≤ q) and P#(ψ(R#) ≤ q | data) where ψ(·) : C[0, 1] →
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Figure 4.1: Comparison of density plots obtained by empirical
√
N(Â − A) based on

6000 simulated data sets, the BB’s (
√
N(A# − Â)|data) based on one simulated data set

and corresponding 6000 resamples, and the asymptotic normal distribution N(0, σ2(0, 1))
where σ can be calculated by Corollary 4.3.

R is a bounded linear functional and the grid point q on [0,1] is chosen with equal interval

length 0.001. By plotting the mid 50% percentile of these quantities on the given grid

points, its asymptotic property can be shown.

By simulating the data sets described above, with sample size m = n = 50 and ψ =

R(0.5), we obtain P (R̂(0.5) ≤ q) based on 1000 simulated data sets, and P#(R#(0.5) ≤

q | data) based on 1000 resamples. The grid points on [0,1] are chosen with equal interval

length 0.001 to calculate ROC. The plot P̂ (R̂(0.5) ≤ q) and mid 50% percentile of

P#(R#(0.5) ≤ q | data ) are given in Figure 4.2.

4.5 Proof of the Lemmas in the sense of a.s.

4.5.1 Proof of the Lemma 4.1

For any y ∈ [δ∗n, 1−δ∗n], let k = ⌈ny⌉, ξ lies between y and Vk:n. Note that | y−k/n |≤

1/n.
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Figure 4.2: Comparison CDF of empirical (solid curve) and the BB’s mid 50% percentile
(dotted curves) of R(0.5).

Proof of the statement (4.10) in the Lemma 4.1

1. For any y ∈ [δn, 1−δn], Vk:n = y+n−1/2W̃n(y), where W̃n(·) is the uniform quantile

process for Vi’s, i = 1, . . . , n, then

| y−Vk:n |≤ 4n−1/2(y(1−y))1/2(log log n)1/2 by Theorem K of Appendix A. (4.48)

2. When n is large, (y(1 − y))−1/2 ≤ 2(δ∗n)−1/2. Then by (A.1), (A.3) of Theorem N

of Appendix A and Condition A,

sup
δ∗n≤y≤1−δ∗n

√

y(1 − y)
| f ′(F−1(ξ)) |

f(F−1(ξ))f(F−1(Vk:n))

= sup
δ∗n≤y≤1−δ∗n

[(y(1 − y))−1/2] · y(1 − y)

ξ(1 − ξ)
· ξ(1 − ξ)

| f ′(F−1(ξ)) |
f 2(F−1(ξ))

· f(F−1(ξ))

f(F−1(Vk:n))

≤a.s. 2(2n−1/2(log log n)1/2)−1/25γ10γ =a.s. O(n1/4(log log n)−1/4).

(4.49)
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3. δ∗n ensures Vk:n ∈ [δn, 1 − δn] a.s.. By Theorem D of Appendix A, we have

sup
δ∗n≤y≤1−δ∗n

| f(F−1(Vk:n))Qn(Vk:n) − Wn(Vk:n) |≤ 40γ10γn−1/2 log log n,

sup
δ∗n≤y≤1−δ∗n

| Wn(Vk:n) |≤ 2(log log n)1/2.

Hence

sup
δ∗n≤y≤1−δ∗n

| f(F−1(Vk:n))Qn(Vk:n) |=a.s. O((log log n)1/2). (4.50)

Combining results (4.48), (4.49) and (4.50), we now have

sup
δ∗n≤y≤1−δ∗n

∣

∣

∣

∣

(y − Vk:n)Qn(Vk:n)
f ′(F−1(ξ))

f(F−1(ξ))

∣

∣

∣

∣

≤ sup
δ∗n≤y≤1−δ∗n

| y − Vk:n |
√

y(1 − y)
·
{

√

y(1 − y)
| f ′(F−1(ξ)) |

f(F−1(ξ))f(F−1(Vk:n))

}

· | f(F−1(Vk:n))Qn(Vk:n) |=a.s. O(n−1/4(log log n)3/4) ≤a.s. O(ln). � (4.51)

Proof of the statement (4.11) in the Lemma 4.1

By Condition A,

f(F−1(y)) = f(F−1(Vk:n)) + (y − Vk:n)f ′(F−1(ξ))/f(F−1(ξ)), (4.52)

where ξ lies between y and Vk:n. Note that y ∈ [δ∗n, 1− δ∗n] ensures that Vk:n ∈ [δn, 1− δn]

a.s.. Let K be the Kiefer process approximation to Qn as in Theorem B of Appendix A.

Then we have

sup
δ∗n≤y≤1−δ∗n

| f(F−1(y))Qn(Vk:n) − n−1/2K(y, n) |

≤ sup
δ∗n≤y≤1−δ∗n

| f(F−1(Vk:n))Qn(Vk:n) − n−1/2K(Vk:n, n) |

+ sup
δ∗n≤y≤1−δ∗n

| (y − Vk:n)f ′(F−1(ξ))/f(F−1(ξ))Qn(Vk:n) |

+ sup
δ∗n≤y≤1−δ∗n

| n−1/2(K(Vk:n, n) −K(y, n)) | . (4.53)
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The first two terms of (4.53) are O(ln) a.s. respectively by Theorem B of Appendix A

and (4.10). The third term of (4.53) can be bounded by supδ∗n≤y≤1−δ∗n
{| n−1/2K(Vk:n, n)−

n−1/2K(k/n, n) | + | n−1/2K(k/n, n)− n−1/2K(y, n) |}, which are O(ln), respectively, by

Theorem E and Theorem F of Appendix A (let hn = n−1). �

4.5.2 Proof of the Lemma 4.2

Proof of the statement (4.15) in Lemma 4.2

By Theorem M, we have

sup
0<y<1

√
n | F#−1

n (y) − F−1
n (Ũn−1(y)) |

≤ sup
0<y<1

√
n

∣

∣

∣

∣

F−1
n

(

1 + (n− 1)Ũn−1(y)

n

)

− F−1
n (Ũn−1(y))

∣

∣

∣

∣

+ sup
0<y<1

√
n

∣

∣

∣

∣

F−1
n

(

(n− 1)Ũn−1(y)

n

)

− F−1
n (Ũn−1(y))

∣

∣

∣

∣

≤ sup
0≤k≤n

2
√
n | Xk+1:n −Xk:n |=a.s. O(n−1/2 log n). �

Proof of the statement (4.16) in Lemma 4.2

Because y ∈ [δ#
n , 1 − δ#

n ] ⊂ [ǫn, 1 − ǫn], where ǫn = 0.236n−1 log log n, let k = ⌈ny⌉, ξ

lies between y and Ũn−1(y). The following four steps are needed to finish the proof.
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1. By similar argument of (4.51), we have

sup
δ#
n ≤y≤1−δ#

n

∣

∣

∣

∣

(Ũn−1(y) − y)
f ′(F−1(ξ))

f(F−1(ξ))
Qn(Ũn−1(y))

∣

∣

∣

∣

≤ sup
δ#
n ≤y≤1−δ#

n

{

| Ũn−1(y) − y |
√

y(1 − y)

}

{

√

y(1 − y)
| f ′(F−1(ξ)) |

f(F−1(ξ))f(F−1(Ũn−1(y)))

}

· | f(F−1(Ũn−1(y)))Qn(Ũn−1(y)) |

=a.s. O(n−1/4(log log n)3/4) ≤a.s O(ln).

2. By Theorem B of Appendix A, | √nf(F−1(y))(F−1
n (y)−F−1(y))−n−1/2K(y, n) |=a.s.

O(ln).

3. We have

sup
δ#
n ≤y≤1−δ#

n

|
√
nf(F−1(y))[F−1(Ũn−1(y)) − F−1(y)] − n−1/2K(y, n) |

≤ sup
δ#
n ≤y≤1−δ#

n

|
√
nf(F−1(y))(Ũn−1(y) − y)/f(F−1(y) − n−1/2K(y, n) |

+ sup
δ#
n ≤y≤1−δ#

n

∣

∣

∣

∣

(Ũn−1(y) − y)2 f
′(F−1(ξ))

f 2(F−1(ξ))

f(F−1(y))

f(F−1(ξ))

∣

∣

∣

∣

≤ sup
δ#
n ≤y≤1−δ#

n

|
√
n(Ũn−1(y) − y) − n−1/2K(y, n) |

+ sup
δ#
n ≤y≤1−δ#

n

∣

∣

∣

∣

(Ũn−1(y) − y)2 f
′(F−1(ξ))

f 2(F−1(ξ))

f(F−1(y))

f(F−1(ξ))

∣

∣

∣

∣

(4.54)

=a.s. O(ln).

The reasons for (4.54) are as follows:

(a) By Theorem A of Appendix A, we have

sup
0<y<1

√

n

n− 1

∣

∣

∣

∣

√
n− 1(Ũn−1(y) − y) − K(y, n− 1)√

n− 1

∣

∣

∣

∣

=a.s. O(

√
n log2(n− 1)

n− 1
).
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By Theorems G and H of Appendix A, we have

sup
0<y<1

∣

∣

∣

∣

√
n

n− 1
K(y, n− 1) − n−1/2K(y, n)

∣

∣

∣

∣

≤ sup
0<y<1

{ √
n

n− 1
| K(y, n− 1) −K(y, n) | + | (

√
n

n− 1
− 1√

n
)K(y, n) |

}

=a.s. O

(

√

n

n− 1
ln +

(log log n)
1
2

n− 1

)

=a.s. O(ln)

Therefore, the first term of (4.54) can be majorized by

sup
0<y<1

√

n

n− 1

∣

∣

∣

∣

√
n− 1(Ũn−1(y) − y) − 1√

n− 1
K(y, n− 1)

∣

∣

∣

∣

+ sup
0<y<1

∣

∣

∣

∣

√
n

n− 1
K(y, n− 1) − n−1/2K(y, n)

∣

∣

∣

∣

=a.s. O(ln).

(b) By Theorem J of Appendix A, we have (Ũn−1(y) − y)2 ≤a.s 4(n − 1)−1y(1 −

y) log log(n−1). By following a similar argument to that of Theorem 3 [Csörgő

and Révész, 1978], we get f(F−1(y))
f(F−1(ξ))

≤ 10γ . Also by Condition A, the second

term of (4.54) can be majorized by

sup
δ#
n ≤y≤1−δ#

n

[4(n− 1)−1 log log(n− 1)]

{

y(1 − y)

ξ(1 − ξ)

}{

ξ(1 − ξ)
f ′(F−1(ξ))

f 2(F−1(ξ))

}

{

f(F−1(y))

f(F−1(ξ))

}

≤a.s. O(ln).

4. By Theorems G and I of Appendix A, we have

sup
0<y<1

1√
n− 1

| K(Ũn−1(y), n) −K(y, n) |

≤ sup
0<y<1

1√
n− 1

| K(Ũn−1(y), n) −K(Ũn−1(y), n− 1) |

+ sup
0<y<1

1√
n− 1

| K(y, n) −K(y, n− 1) |

+ sup
0<y<1

1√
n− 1

| K(Ũn−1(y), n− 1) −K(y, n− 1) |=a.s. O(ln).
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Notice that F−1
n (Ũn−1(y)) − F−1

n (y) can be split as

[F−1
n (Ũn−1(y)) − F−1(Ũn−1(y))] − [F−1

n (y) − F−1(y)] + [F−1(Ũn−1(y)) − F−1(y)].

(4.55)

By combining parts (1)- (4) above and (4.55), we finish the proof of (4.16). �
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Chapter 5

ROC analysis without the gold

standard

The definition of the ROC curve implies that its underlying assumption is the gold

standard for the truth, which means that the true disease status of each patient is known

by the most accurate (gold standard) diagnostic test. However, in clinical practice, the

gold standard test is not always available for various reasons. When the gold standard

exists, due to ethical considerations and because the gold standard test could be invasive

and expensive, a patient will be administered the gold standard test only when there

is some indication of the presence of the disease through screening tests. For example,

the gold standard test for detecting middle ear problems is called visual reinforcement

audiometry (VRA) behavioral test, and the commonly used screening test is measured

by distortion product otoacoustic emissions (DPOAE). If the DPOAE test of a patient

appears abnormal, he (or she) will be scheduled to proceed to a VRA test. A culture of

the organism and biopsy of a sample of tissues are usually required to obtain the gold

standard for cancer. For some diseases, the gold standard test does not even exist for a
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particular time or any time point. For example, the true disease status of a Alzheimer

patient can be determined by neuropathological examination after the patient dies; the

true disease status of myocardial infarction (MI) is never clearly distinguishable to all

patients. Implementation of the ROC curve estimation without the gold standard seems

challenging.

Some related statistical issues can be described as follows.

Verification bias occurs when we estimate the sensitivity and specificity of the di-

agnostic test based on those patients with verified disease status. The commonly used

assumption is verification missing at random (MAR), which means that the prevalence

within the verified disease status group is equal to the prevalence among the whole group

(see Pepe (2003, page 170) for more details). When the screening test, denoted as T , is

binary, and under the verification MAR assumption, Begg and Greenes (1983) propose

an adjusted estimate of TPF and FPF in terms of predictive values PPV and NPV (see

definitions in Glossary). Other more efficient methods are discussed by Reilly and Pepe

(1995), Clayton et al. (1998). The maximum likelihood estimators of sensitivity and

specificity are studied by Zhou (1993, 1994) in a more general setting with and without

MAR assumption. If the test variable is ordinal, its verification bias in ROC curves is

studied by Gray et al. (1984), Hunink et al. (1993), Rodenberg and Zhou (2000); see

the review by Hui and Zhou (1998) for more details.

When the gold standard is not available, the best available reference test is called the

imperfect gold standard test, which is used to compare with other new tests. A commonly

used assumption to obtain the error rates of the new test is conditional independence

between the tests, which is defined as P (T1 and T2|D) = P (T1|D)P (T2|D), where Ti

stands for the ith test, D stands for the true disease status; see the reviews by Walter

and Irwig (1988), and Hui and Zhou (1998), and the work by Gart and Buck (1966),
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Mantel (1951), and Staquet et al. (1981). However, in practice, tests conditional on the

true disease status may tend to be positively dependent (see initial discussion by Vacek

(1985)). There are several approaches to solve this problem, such as: (i) developing a

design to allow more degrees of freedom to estimate the parameters in the conditional

dependence model, (ii) assuming that a subset of parameters is known, (iii) adopting a

Bayesian approach by putting a strong prior on the prevalence of disease. See Joseph

et al. (1995) for one imperfect test and Dendukuri and Joseph (2001) for two imperfect

tests cases. However, controversy arises due to modeling mechanisms based on latent

class analysis (see Pepe, 2003, page 203).

Most of the existing statistical methods deal with the binary diagnostic variables and

assume the conditional independence of the diagnostic tests. A few methods study the

ordinal or continuous diagnostic tests to obtain the ROC curve estimate. Alonzo (2000)

proposes several verification bias correction methods for the continuous tests when covari-

ate data is available to all patients. Hall and Zhou (2003) model continuous diagnostic

variables under the conditional independence assumption without the gold standard as

a mixture of two distributions. Zhou et al. (2005) propose a nonparametric maximum

likelihood method to estimate the ROC curve when the diagnostic tests are ordinal and

the number of tests is greater than two. Little discussion can be found in the literature

dealing with only one continuous test variable and modeling the diagnostic variable up to

some strictly increasing transformation with a certain parametric form. We prefer to deal

with one available diagnostic test rather than to assume that several tests are available

to apply to the same population for identification purpose. Herein, we aim at deriving a

ROC curve estimator when there exists only one continuous test variable of one popula-

tion, and we assume that an accurate proportion of the diseased population among the

confounded population is known. This new task can be done by making more specific
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reasonable assumptions, such as the binormality assumption without the gold standard.

Our motivation is based on observing that the implication of binormality uncovers the

underlying distributional relationship between the non-diseased and diseased populations

up to some strictly increasing transformation H conditional on the true disease status D.

Hence, we may model the diagnostic variable S without the gold standard transformed

by H as a mixture of two normal distributions, where one normal component stands

exactly for the non-diseased population and the other for the diseased population. The

ROC curve can be defined in the usual way and an explicit expression is available be-

cause of the normality of the components and the assumption of D. In order to estimate

the parameters in the resultant mixture normal model, direct and indirect approaches

to estimate H are proposed. Monte Carlo Markov Chain sampling techniques, using

WinBUGS software, make the computation feasible.

5.1 Binormal model assumption without the gold

standard

Motivated by the binormality assumption, we model the confounded population’s

diagnostic variable S after transformation H and introduce the disease status as a la-

tent variable D to satisfy the binormality assumption. The proposed binormal model
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assumption without the gold standard can be described as follows:

H(S) ∼ (1 − p)N(0, 1) + pN(µ, σ2),

exist D ∼ Bernoulli(p), where p ∈ (0, 1) is the prevalence of the disease, (5.1)

such that (H(S)|D = 0) ∼ N(0, 1), (H(S)|D = 1) ∼ N(µ, σ2),

(S|D = 0) ∼ F, (S|D = 1) ∼ G,

where F and G are unknown.

5.2 Proposed models

In order to estimate the parameters in model (5.1), two related methods will be

proposed by employing a Bayesian approach. The Bernstein polynomial method aims at

directly modeling the strictly increasing transformation H. The latent model, which is a

Bayesian curve estimation method under binormality using a partial likelihood based on

ranks without the gold standard, is also introduced.

5.2.1 Bernstein polynomial model

The advantage of using Bernstein polynomial model is that we can produce a strictly

increasing transformation in model (5.1). Due to the invariance property of the ROC

curve under common increasing transformations, and for simplicity, we also assume that

the diagnostic variable S has the range of (0,1). The likelihood is given by

L(µ, σ|D,H,S) =
∏

i: δi=0

{

1√
2π
e−

1
2
(H(Si))

2|Ji|
}

×
∏

i: δi=1

{

1√
2πσ

e−
1

2σ2 (H(Si)−µ)2|Ji|
}

.

(5.2)
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Under the Bernstein polynomial model, the transformation H bringing in normality

is given by

H(x) = g

{ k
∑

j=1

hj

(

k

j

)

xj(1 − x)k−j

}

,

where g : (0, 1) → R is some known strictly increasing function. In order to ensure

that the transformed random variable is distributed as standard normal conditional on

labeling F , we will work with H(x) =
∑k

j=1 hj

(

k
j

)

xj(1 − x)k−j − 3, where k is a fixed

reasonable integer, hi’s > 0, D is an abbreviation of the disease status of each observation,

S = (S1, S2, . . . , SN) are the observations, and the Jacobian evaluated at observation Si

is denoted as Ji = dH(x)
dx

|x=Si
, i = 1, . . . , N , labeling Si as δi = 0 if it is from F , δi = 1

from G. This seems to be reasonable strategy since -3 is the effective minimum of the

range of a standard normal variable and the other normal has positive mean.

We incorporate that Bayesian approach by putting priors on the parameters in model

(5.2) as follows:

h1, h2 − h1, . . . , hk − hk−1 ∼ i.i.d. exp(λ),

µ ∼ N(µ0, σ
2
0), µ > 0,

π(σ) ∝ 1/σ, σ ∈ (e1, e2),

δi ∼ Bernoulli(p), p ∼ Beta(1 − p0, p0),

where k, λ, µ0, σ0, e1,e2, p0 are known constants. Hence, Bayes estimators of µ and σ

can be obtained through the following Gibbs sampling technique.

1. Initialize the parameters: µ, σ, h1, h2, . . . , hk, δ1, δ2, . . . , δN , p;
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2. Start iterations of updating the parameters. One iteration is given by

(p, µ, σ)| rest −− Mixture normal problem,

δi| rest ∼ Bernoulli with mean equal to

P(δi = 1) =
pφµ,σ(H(Si))

(1 − p)φ(H(Si)) + pφµ,σ(H(Si))
, i = 1, . . . , N,

h1, . . . , hk| rest– can be sampled by Metropolis-Hasting algorithm.

3. After burn-in, Bayes estimates of µ and σ can be calculated by the corresponding

posterior means.

5.2.2 Latent model

In Chapter 2, we proposed a Bayesian rank-based, partial likelihood estimator of the

ROC curve using the assumption of binormality. The basic idea is to define a set Dobs (see

definition (2.10)) invariant under some strictly increasing transformation H. Hence, the

posterior distribution of π(µ, σ| ranks and labels of the observations) can be sampled by

a data augmentation technique. The transformed diagnostic variables are the augmented

variables. However, when the gold standard is not available, by imputing the label of

each observation through the Bayesian technique, we can convert the problem without

the gold standard to the one with the gold standard. This latent model allows us to

estimate the parameters in a binormal model µ, σ by treating H as latent rather than

directly modeling it. Computation can proceed as follows:

Given observations S1, . . . , SN , denote T1, . . . , TN as Ti = H(Si), preserving the same

ranks comparing OS(S1, . . . , SN) with OS(T1, . . . , TN), and the same labels denoted as

(δ1, . . . , δN) of both (S1, . . . , SN) and (T1, . . . , TN), where OS denotes the order statistics,

and δis’ follow the same definition in model (5.2). In order to sample from the posterior
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distribution of

(µ, σ|rank of S), (5.3)

a data augmentation technique is used and the corresponding augmentation variables are

labels (δ1, . . . , δN), and subsequently (T1, . . . , TN).

The Bayesian approach is implemented to estimate the parameters of interest in the

model (5.3). Prior choices are given as follows:

δi ∼ Bernoulli(p), p ∼ Normal(p0, 0.012),

µ ∼ N(µ0, σ
2
0), µ > 0,

π(σ) ∝ 1/σ, σ ∈ (e1, e2),

where µ0, σ0, e1,e2, p0 are known constants. Therefore, the Bayes estimators of µ and σ

can be obtained through the following Gibbs sampling technique:

1. Initialize the parameters: µ, σ, δ1, . . . , δN , p, and one data set (T1, . . . , TN) satisfying

{(T1, . . . , TN) ∈ Dobs|δ1, . . . , δN}.

2. Start iterations of updating the parameters. One iteration is given by

(T1, . . . , TN)| rest–converting the problem to the binormality case;

(p, µ, σ)| rest–Mixture normal problem;

δi| rest ∼ Bernoulli with mean equal to

P(δi = 1) =
pφµ,σ(Ti)

(1 − p)φ(Ti) + pφµ,σ(Ti)
, i = 1, . . . , N.

3. After burn-in, the Bayes estimates of µ and σ can be calculated by the correspond-

ing posterior means.

Remark 5.1
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• Though simulation studies are not shown here, we find that the posterior distribu-

tion obtained by using the latent model is quite sensitive to the prior choice of the

prevalence. A non-informative prior may cause the posterior to be diffuse. In prac-

tice, it makes sense to put strong prior when the related information is accessible.

• Because sufficiently large numbers of iterations of MCMC are required for conver-

gence, the method is computationally very intensive. Nevertheless, the latent model

provides an invariant estimator, which is especially useful when the sample size is

small.

5.3 Simulation studies

We have proposed two related curve estimation methods when the gold standard is

unobserved, only one test is available to each patient, and precise prevalence of disease is

known. We now compare the performance among our proposed methods and the method

when the gold standard with measurement error is available, with several simulation

studies.

Because the area under the ROC curve (AUC) is a well known statistic used to

compare different modalities in ROC analysis, two paired distributions of F and G based

on two different AUC values .85 and .95 with total sample size 50 are considered. The

purpose for our simulation studies is to examine the curve fitting using our proposed

methods and the BPL method labeling by the gold standard with measurement error,

i.e., the BPL method with surrogate labels denoted as BPLS. Bias, mean square errors

(MSE) and MCMC errors of the estimates from simulation studies using our proposed

methods and the BPLS method are shown in Table 5.1. Coverage probabilities of 90%

credible interval for AUC and corresponding average lengths, and L1 error of the ROC
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curve denoted as IAE=
∫ 1

0
|R̂(t) − R(t)|dt are compared in Table 5.2, where R(t) is the

true ROC curve function, and R̂(t) is one of the curve estimates we used in the simulation.

Before simulation, the following quantities are prespecified.

1. Bernstein polynomial model: choose constants k = 4, λ = 3, µ0 = 2 (or µ0 = 3) for

AUC=0.85 (or AUC=0.95), σ0 = 1, (e1, e2) = (1, 2.5), p0 = 0.5; the initial values

of the parameters will be generated by WinBUGS.

2. Latent model: choose constants µ0 = 2 (or µ0 = 3) for AUC=0.85 (or AUC=0.95),

σ0 = 1, (e1, e2) = (1, 2.5), p0 = 0.5; initial values of µ and σ will be chosen to be 3

and 2, respectively.

3. BPLS: assume the following error rates P (D = 1|X) = P (D = 0|Y ) = 0.05,

P (D = 0|X) = P (D = 1|Y ) = 0.95, generate the labels based on the given error

rates and regard these surrogate labels as the true labels.

Simulations are based on 100 simulated data sets. The label of each observation

is generated by its prior distribution, then based on a different choice of AUC val-

ues, a diagnostic test of each observation is generated from either F = N(0, 1) or

G = N(51/2Φ−1(AUC), 22). We select 3000 Gibbs samples with 6000 iterations burn-

in at 3000 for the latent model, and 95000 Gibbs samples with 100000 iterations burn-in

at 5000 for both the Bernstein polynomial model and the BPLS method. Although we

can have a closed form of AUC based on the binormal parameters, we will use Simp-

son’s method to calculate AUC values, where the grid points on [0,1] are chosen to be

0.01, 0.02, . . . , 0.99, because the main interest of the simulation is to examine the curve

fitting (using index IAE). See Appendix C for WinBUGS model specification code for

the Bernstein polynomial model and the latent model, also Matlab code for the BPL

method.
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Based on the simulation results shown in Table 5.1 and 5.2, we can conclude that even

though the rate of the misspecified labels is only 5%, estimates of intercepts and slopes

obtained by the BPLS method have the largest MSE, and from the results of coverage

probabilities of AUC for 90% credible intervals, the BPLS method has the lowest coverage.

Although when AUC is equal to 0.95, the estimate of intercept obtained by the latent

model has the largest bias compared to other methods, it has the smallest MSE. The rest

of the simulation results show that the latent model produces the best estimates of the

binormal parameters and the ROC curves when precise prevalence of disease is known.

Although for both AUC equal to 0.85 and 0.95, the coverage probabilities of AUC for

90% credible intervals obtained by the Bernstein polynomial model are pretty good, the

estimates of the corresponding intercept have much larger MCMC errors than the other

two methods. In terms of the computing time, the Bernstein polynomial model gives

estimates much faster than the latent model without the gold standard.

Table 5.1: Estimates of binormal ROC’s parameters a and b without the gold standard.
Simulations are based on the Bernstein polynomial and the latent model abbreviated as
Poly and Lat in the table, respectively. All the estimates are based on 100 simulated
data sets (X ∼ N(0,1), Y ∼ N(51/2Φ−1(AUC), 22), total sample size is equal to 50), and
corresponding 3000 Gibbs samples (iteration 6000 and burn-in at 3000) for the latent
model and 95000 Gibbs samples (iteration 100000 and burn-in at 5000) for both the
Bernstein polynomial model and the BPLS method.

AUC Bias MSE MCMC error
Poly Lat BPLS Poly Lat BPLS Poly Lat BPLS

.85 a .1031 .0271 -.0296 .1176 .0017 .1413 .6726 .1808 .3300
b .1727 .1274 .1757 .0343 .0162 .1179 .1623 .0750 .2029

.95 a -.3338 -.1495 -.0254 .3942 .0239 1.1570 .7304 .2363 .6089
b .1355 .1207 .3338 .0258 .0147 .5624 .1598 .0628 .3735

Remark 5.2 Due to the limited simulations, our conclusion may have to be interpreted
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Table 5.2: Coverage probabilities of AUC, related mean lengths of the 90% CI and IAE.
The same simulation setting in Table 5.1 is used in this table. The grid points on [0,1]
are chosen with equal interval length 0.01.

AUC Coverage Mean length IAE
Poly Lat BPLS Poly Lat BPLS Poly Lat BPLS

.85 .89 1 .84 .3556 .1097 .1998 .0621 .0225 .0648

.95 .94 1 .60 .3060 .0823 .1507 .0804 .0258 .0581

cautiously. However, it cautions practitioners against the use of surrogate labels.

5.4 Real data analysis

We use the same data set used in the previous chapters published by Wieand et

al. (1989) to illustrate the ROC curve fitting without the gold standard for the truth.

The data contain 51 patients in the control group diagnosed with pancreatitis and 90

patients in the case group diagnosed with pancreatic cancer by two biomarkers: a cancer

antigen (CA 125) and a carbohydrate antigen (CA 19-9). Our purpose is to examine

which method can produce better ROC curve estimate: the Bernstein polynomial model

without the gold standard, BPL using surrogate labels denoted as BPLS, or the latent

model without the gold standard. As shown in Chapter 2, the performance of BPL

estimator is better than its alternatives; here, we will treat the BPL (or BB) estimate

based on the true labels as the true ROC curve; the binormal estimates obtained by

the BPL method, the Bernstein polynomial model and the BPLS method are based on

95000 Gibbs samples with 100000 iterations burn-in at 5000; that obtained by the latent

model is based on 3000 Gibbs samples with 6000 iterations burn-in at 3000; the BB

curve estimate is based on 1000 resamples; the grid points on [0,1] are chosen with equal
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interval length 0.01.

Recall that BPLS method introduced in the simulation study requires the gold stan-

dard and measurement error. In this application, the BPLS curve estimate has different

settings from those in the simulation study: (i) surrogate labels are based on the available

alternative biomarker, which is not necessarily the gold standard test; (ii) measurement

error of the labels can be calculated after we obtain the surrogate labels. In order to

get the surrogate labels for one biomarker, information on the alternative biomarker and

corresponding threshold value based on p0 are used. For example, when we evaluate

the accuracy of diagnostic test using biomarker CA 125 without the labels, surrogate

labels will be determined by biomarker CA 19-9. In this case, the accurate proportion

of disease cases within this confounded group is known as p0 = 63.83%; hence, a patient

is determined to have a positive disease status if his CA 19-9 test value is greater than

the 36.17% quantile of all the CA 19-9 test values. Overall, we can get the measurement

error rates for CA 125 as P̂ (D = 1|X) = 21/51 and P̂ (D = 0|Y ) = 21/90, and for CA

19-9 as P̂ (D = 1|X) = 17/51 and P̂ (D = 0|Y ) = 17/90.

From Figure 5.1 and 5.2, we can see that our BB and BPL curve estimates with the

gold standard are very close to each other. This is further evidence that both biomarkers

satisfy the binormality assumption (see Section 3.4). In general, the curve estimates by

the latent model give the most accurate estimation compared to those by the Bernstein

polynomial model and the BPLS method. For biomarker CA 19-9, the curve estimate

by the latent model performs best compared to those by the Bernstein polynomial and

the BPLS methods. For biomarker CA 125, the BPLS curve estimate performs better

when t is within (0,0.2) than the latent model, because biomarker CA 19-9 has more

accurate diagnostic capability than biomarker CA 125. The estimates by the Bernstein

polynomial have the largest bias. From the calculation not shown here, we find that the
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Figure 5.1: CA 19-9: Comparison of ROC curves using the BB and BPL methods (with
the gold standard, respectively), the Bernstein polynomial (abbreviated as Poly) and the
latent methods (without the gold standard) and BPLS with surrogate labels obtained by
biomarker CA 125.
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Figure 5.2: CA 125: Comparison of ROC curves using the BB and BPL methods (with
the gold standard, respectively), the Bernstein polynomial (abbreviated as Poly) and the
latent methods (without the gold standard) and BPLS with surrogate labels obtained by
biomarker CA 19-9.
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estimates by the Bernstein polynomial for both biomarkers are sensitive to the choice

of the constants in the prior. Here, we chose the constants µ0 = 1.5 and µ0 = 3 for

biomarker CA 125 and CA 19-9, respectively. More accurate hyperparameters in the

priors can be used in our future studies.
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Chapter 6

Discussion and Future work

We have proposed an estimation method for the ROC curve and its functionals based

on the Bayesian bootstrap technique. One of the appealing features of our methodology

is that it readily produces standard errors, confidence intervals and confidence bands for

the entire ROC curve as well as some associated summary measures. The BB method

closely resembles a non-parametric Bayesian analysis using Dirichlet process priors, but

substantial simplification is obtained by avoiding the inversion of F̄ through the use of

the placement variables. This simplification is possible because the BB corresponds to a

“non-informative” posterior for which the prior base measure in a Dirichlet process has

been chosen to be the null measure, and generating samples from the posterior reduces

to finite dimensional random variate generations.

The Bayesian interpretation of our approach means that the method is not based on

large sample techniques, and in principle applies to any sample size. However, when the

sample size becomes larger, say, more than thousands, in order to get the better results,

the resample size should be increased accordingly.

Based on the binormality assumption, choosing the initial parameter values of µ and
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σ becomes relatively easier, i.e., the initial value of µ can be chosen among (1,3), because

small values of µ indicate that the diagnostic test is non-informative, for X and Y are not

well separated, while large values of µ indicate that X and Y are not even overlapped,

which is not the case in ROC analysis. The initial value of σ can be chosen based on the

density plots of the given diagnostic variables from X and Y . For example, if they have

the same shape, then we can choose b = 1. Similarly, the density plot of the diagnostic

variables without the gold standard for the truth will help us to determine the constants

in our proposed models.

In Chapter 5, our first try, not shown here, is to model the transformation H as

a smooth function. The B-spline method is one of the choices. Although it does not

necessarily satisfy monotonicity, it can provide useful information. But, it seems difficult

to implement MCMC algorithm using WinBUGS. One goal of future study is to develop

an algorithm to model H using B-splines under the restriction of a strictly increasing

function.

If F = N(0, σ2), G = N(δ, σ2), then a = δ/σ is also equal to the square root of

the Mahalanobis distance between F and G (Lloyd, 1998). Motivated by this result, we

shall further investigate indices of distance between F and G. Some metrics are invariant

under transformation, such as the L1 distance or the Kullback-Leilber divergence between

two density functions f and g. Based on some metric like that, we can develop some

indices that will be useful to identify the invariant property of ROC curve.

More future work will be focused on developing ROC curve estimation methods with

covariate effects, clustered data sets and correcting the verification bias without the gold

standard for the continuous diagnostic tests.
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Appendix A

Theorems used for strong

approximation theories

The same notations are used in the following Theorems; see Section 4.1 for definitions.

Theorem A: [Implied by Komlós, Major and Tusnády, 1975, Theorem 4]: LetX1, X2, . . .

∼ i.i.d. F , where F is any arbitrary continuous distribution function and Gn(x) be the

empirical process. Then there exists a Kiefer process {K(y, t); 0 ≤ y ≤ 1, t ≥ 0}, such

that supx

∣

∣Jn(x) − n−1/2K(F (x), n)
∣

∣ =a.s. O(n−1/2 log2 n).

Theorem B: [Csörgő and Révész, 1978, Theorem 6]: Let X1, X2, . . . ∼ i.i.d. F , sat-

isfying Condition A. Then the quantile process Qn(x) of X can be approximated by

a Kiefer process {K(y, t); 0 ≤ y ≤ 1, t ≥ 0}. That is, sup
δn≤y≤1−δn

| f(F−1(y))Qn(y) −

n−1/2K(y, n) |=a.s. O(ln).

Theorem C: [Lo, 1987, Lemma 6.3]: There exists a Kiefer process {K(s, t); 0 ≤ s ≤

1, t ≥ 0} independent of X such that supx | J#
n (x) − n−1/2K(Fn(x), n) |=a.s. O(ln).

Theorem D: [Csörgő and Révész, 1978, Theorem 3]: LetX1, X2, ... be i.i.d. F satisfying

Condition A. Then lim sup
n→∞

√
n

log log n
sup

δn≤y≤1−δn

| f(F−1(y))Qn(y)−Wn(y) |≤ 40γ10γ a.s.
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(γ is defined in Condition A).

Theorem E: [Csörgő and Révész, 1981, Lemma 4.5.1]: Let U1, U2, . . . be i.i.d. U(0, 1)

random variables, and let Kiefer process {K(y, t); 0 ≤ y ≤ 1, 0 ≤ t} defined on the same

probability space. Then sup
1≤k≤n

n−1/2 | K(Uk:n, n) −K(k/n, n) |=a.s. O(ln).

Theorem F: [Csörgő and Révész, 1981,Theorem 1.15.2]: Let hn be a sequence of

positive numbers for which lim
n→∞

log h−1
n

log log n
= ∞, γn = (2nhn log h−1

n )−1/2. Then

lim
n→∞

sup
0≤t≤1−hn

sup
0≤s≤hn

γn | K(t+ s, n) −K(t, n) |=a.s 1.

Theorem G: Let K(s, n) be a Kiefer process, sup
0<s<1

∣

∣

∣

∣

K(s, n− 1) −K(s, n)√
n− 1

∣

∣

∣

∣

=a.s. O(ln).

The result is contained in the proof of Lemma 6.3 of Lo (1987).

Theorem H: [Law of Iterated Logarithm (LIL)]: Let K(y, n) be Kiefer process, then

lim sup
n→∞

sup
0≤y≤1

| K(y, n) |
(2n log log n)

1
2

=a.s.
1

2
.

Theorem I: [Special case of Lemma 6.2, Lo (1987) when F = U(0, 1)]: Let U1, · · · , Um

∼ i.i.d. U(0, 1), Um(s) is the empirical function of Ui’s. For any Kiefer process K

independent of U1, · · · , Um, sup
0<s<1

∣

∣

∣

∣

K(Um(s),m) −K(s,m)√
m

∣

∣

∣

∣

=a.s. O(lm).

Theorem J: [Csörgő and Révész, 1978, Theorem D] : For Hn(x) the uniform empirical

process and ǫn = 0.236 log log n
n

, we have lim sup
n→∞

sup
ǫn≤x≤1−ǫn

(x(1−x) log log n)−1/2|Hn(x)| =a.s.

2.

Theorem K: [Csörgő and Révész, 1978, Theorem 2]: Let Wn(y) be the uniform quantile

process, then lim sup
n→∞

sup
δn≤y≤1−δn

(y(1 − y) log log n)−1/2 | Wn(y) |=a.s. 4.

Theorem L: [Csörgő and Révész, 1978, Lemma 1]: Under Condition A,

f(F−1(y1))

f(F−1(y2))
≤
{

y1 ∨ y2

y1 ∧ y2

· 1 − y1 ∧ y2

1 − y1 ∨ y2

}γ

for any pair y1, y2 ∈ (0, 1).

Theorem M: [Slud, 1978]: Let U1, . . . , Un ∼ i.i.d. U(0, 1) and Mn = max0≤k≤n(Uk+1:n−

Uk:n). Then nMn/ log n→a.s 1.
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Theorem N: Under condition A, for any y ∈ [δ∗n, 1 − δ∗n] ⊂ [δn, 1 − δn], let k = ⌈ny⌉, ξ

lies between y and Vk:n. Then

y(1 − y)

ξ(1 − ξ)
≤ 5 (A.1)

ξ

Vk:n

≤ 5,
1 − ξ

1 − Vk:n

≤ 5 (A.2)

sup
δ∗n≤y≤1−δ∗n

f(F−1(ξ))/f(F−1(Vk:n)) ≤ 10γ . (A.3)

Remark A.1 When y ∈ [δ#
n , 1 − δ#

n ], ξ lies between y and Ũn−1(y). By Theorem J of

Appendix, the inequalities (A.1), (A.2) and (A.3) hold for y, ξ and Ũn−1(y) by the same

arguments, yielding

sup
δ#
n ≤y≤1−δ#

n

y(1 − y)

ξ(1 − ξ)
≤ 5 (A.4)

sup
δ#
n ≤y≤1−δ#

n

ξ

Ũn−1(y)
≤ 5, sup

δ#
n ≤y≤1−δ#

n

1 − ξ

1 − Ũn−1(y)
≤ 5 (A.5)

sup
δ#
n ≤y≤1−δ#

n

f(F−1(ξ))/f(F−1(Ũn−1(y))) ≤ 10γ . (A.6)

The results are contained in the proof of Theorem 3 of Csörgő and Révész (1978).
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Appendix B

Theorems used for the proofs

B.1 Theorems used for proof the consistency of BPL

estimator

Doob’s Theorem [cf. Ghosal, S. and Van der Vaart, A. W., 2008]: Assume that θ is

equivalent to an X (∞)–measurable random variable, i.e., there exists a X (∞) measurable

function f on X
(∞) such that θ = f(ω∞) a.e. [Π × P

(∞)
θ ]. Then the posterior Π(·|X(n))

is strongly consistent at θ for almost every θ [Π].

Theorem a [ Hájek and Šidák, 1967, page 157]: If
∫ 1

0
ϕ2(u)du <∞ holds, then

lim
N→∞

E{E[ϕ(U1)|R1N = i] − ϕ(U1)}2 = 0.
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Appendix C

Programs used for simulation studies

C.1 Matlab code for the BPL method with the gold

standard

% Given information x, m observations from nondiseased group

% y, n observations from disease group

% grid, the length of even interval of FPF

% NSCAN, an integer of MCMC iteration

% burnin, an integer of burn-in

% gap, an integer of lag

% a, initial value of normal mean

% b, initial value of normal standard deviation

% gib, vector of MCMC samples

% Help function--generate size=nsample random variables from

% truncated normal with non-truncated normal mean a, standard

% deviation b and corresponding truncation region (kc1,kc2)

function [TN2] =TN2(nsample,a,b,kc1,kc2)

xq=ones(nsample,1);

din= normcdf(kc2,a,b)- normcdf(kc1,a,b);% CDF

for i= 1:nsample

u=rand(1,1);

xq(i)=norminv(din*u+normcdf(kc1,a,b),a,b);

end;

TN2=xq;
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%%%%%%%%%%%%%%%%%%%%start the main codes

z=[x;y];%(m+n)*1 matrix

idd=[zeros(m,1);ones(n,1)];

[temp, index]=sortrows(z);

id=idd(index);%labels of combined ordered statistics denoted as id

orid=1:(m+n);

%%%%%%%%%%%%%%%%%start to get the iniatial values R=order(Z,W)

Rtemp=zeros(m+n,1);

Rtemp(id==1)=sort(normrnd(a0,b0,n,1));%fill in W initial values

indexy=orid(id==1);%get the indices of W’s initial denoted as indexy

if (indexy(1)>1) %fill in Z initial values

Rtemp(1:(indexy(1)-1))=sort(TN2((indexy(1)-1),0,1,-100,Rtemp(indexy(1))));

end;

gum=ones(size(indexy,2),2);

gum(:,2)= [diff(indexy) -1]-1;

gum(:,1)=indexy;

for i=1:n

if (gum(i,2)>0)

Rtemp((gum(i,1)+1):(gum(i+1,1)-1))

=sort(TN2(gum(i,2),0,1, Rtemp(gum(i,1)), Rtemp(gum(i+1,1))));

end;

end;

R=Rtemp;

%%%%%%%%%%%%%%%%%%start Gibbs sampling

for j=1:NSCAN

%%%%%%%%%%%%%%%%%%update R based on current values a(j) and b(j)

i=1;

if (id(i)==0)

R(i)=TN2(1,0,1,-100,R(2));

else

R(i)=TN2(1,a(j),b(j),-100,R(2));

end;

for i=2:(m+n-1)

if (id(i)==0)

R(i)=TN2(1,0,1,R(i-1),R(i+1));

else

R(i)=TN2(1,a(j),b(j),R(i-1),R(i+1));

end;

end;
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i=(m+n);

if (id(i)==0)

R(i)=TN2(1,0,1,R(m+n-1),100);

else

R(i)=TN2(1,a(j),b(j),R(m+n-1),100);

end;

%%%%%%%%%%%%%%%%%%%update Z, W values based on R

Z=R(id==0);

W=R(id==1);

vrate=var(W)*(n-1)/2;

%%%%%%%%%%%%%%%%%%%update a and b by (Z,W)

b(j+1)=sqrt(1/gamrnd((n-1)/2, 1/vrate));

a(j+1)=normrnd(mean(W), b(j+1)/sqrt(n),1,1);

end;

%%%%%%%%%%%%%%%%%%%end of Gibbs sampling

%%%%BPL estimate of intercept and slope in the binormal model for ROC

BPLintercept=mean(a(gib)./b(gib));

BPLslope=mean(1./b(gib));

Other sampling error information and BPL estimate of ROC can be obtained easily.
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C.2 Matlab code for the BB method

The Matlab code to implement our BB estimate of ROC curve is given as follows:

%Given data: x, m observations from nondisease group

% y, n observations from disease group

% grid, the length of even interval of FPF

% rep, resample size

%Define FPF and helper vectors, based on the information given before.;

t= [grid:grid:1-grid] % FPF vector

ot=ones(length(t),1) % vector of 1 with the same length as vector t

onx=ones(m,1);ony=ones(n,1)% vectors of 1 with the same length as x and y

%AUC function (using Simpson’s method);

function [auc] =auc(roctrue,grid) %input ROC curve vector as roctrue.

auc=1/3*grid*(roctrue(1)+roctrue(length(roctrue))

+2*sum(roctrue(2:(length(roctrue)-1)))

+2*sum(roctrue(2:2:(length(roctrue)-1))))

%%%%%%%%%%%%%%%%%%%BB estimate of ROC, AUC;

for r=1:rep

% note: to generate Dirichlet weight vectors p and q

p=exprnd(1,1,m);p=p/sum(p);q=exprnd(1,1,n);q=q/sum(q);

z=p*(x*ony’> onx*y’);

roc(r,:) = q*(z’*ot’<ony*t);

aucbb(r) = auc(roc(r,:),grid)

end;

rocbb=mean(roc)% rocbb--BB estimate of ROC

aucbb=auc(rocbb, grid)% BB estimate of AUC

Other sampling error information can be obtained easily.
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C.3 WinBUGS code for the Bernstein polynomial

model

The software WinBUGS is available from the website

http://www.mrc-bsu.cam.ac.uk/bugs/winbugs/contents.shtml. In order to use the trun-

cated normal distribution function, please download the function from shared component

from the WinBUGS development site at http://www.winbugs-development.org.uk/.

WinBUGS model specification code for the Bernstein polynomial model:

model {#trick using zeros

for (i in 1:N) {

zeros[i] <- 0

zeros[i] ~ dpois(phi[i])

phi[i] <- -log( 0.3989423*pow(exp(-0.5*pow(HS[i],2)),2-L[i])

*pow(1/sigma0*exp(-0.5*1/(sigma0*sigma0)*pow(HS[i]-mu0,2)),(L[i]-1))

*abs(J[i]))

HS[i]<-dh1*4*S[i]*pow((1-S[i]),3)+(dh1+dh2)*6*S[i]*S[i]*pow((1-S[i]),2)

+(dh1+dh2+dh3)*4*pow(S[i],3)*(1-S[i])+(dh1+dh2+dh3+dh4)*pow(S[i],4)-3

J[i]<-abs(dh1*4*pow((1-S[i]),2)*(1-4*S[i])+(dh1+dh2)*12*S[i]*(1-S[i])

*(1-2*S[i])+(dh1+dh2+dh3)*4*pow(S[i],2)*(3-4*S[i])

+(dh1+dh2+dh3+dh4)*pow(S[i],3)*4)

}

dh1~dexp(lamb)

dh2~dexp(lamb)

dh3~dexp(lamb)

dh4~dexp(lamb)

mu0~djl.dnorm.trunc(2,1,0,4)#

logsigma0~dunif(0,0.916)

sigma0<-exp(logsigma0)

for (j in 1:N){ L[j] ~ dcat(P[])}

P[1:2] ~ ddirch(alpha[])

}
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C.4 WinBUGS code for the Latent model

WinBUGS model specification code for the Latent model

model

{

R[1] ~ djl.dnorm.trunc(lambda[T[1]],tau[T[1]],0,R[2])

for( i in 2 :(N-1) ) {

R[i] ~ djl.dnorm.trunc(lambda[T[i]],tau[T[i]],R[i-1],R[i+1])

}

R[N] ~ djl.dnorm.trunc(lambda[T[N]],tau[T[N]],R[N-1],1000)

for( i in 1 :N ) {

T[i] ~ dcat(P[])}

lambda[1]<-0

lambda[2]<- lambda[1] + c

c ~ djl.dnorm.trunc(2,1,0,4)

tau[1]~dbern(1)

logsigma0~dunif(0,0.916)

sigma<-exp(logsigma0)

tau[2]<-1/(sigma*sigma)

P[1]~ djl.dnorm.trunc(alpha,10000,0,1)

P[2]<-1-P[1]

}


