B1/1*

Symmetric Primal-Dual Variational Formulations of Coupled Dynamic
Systems: Three-Dimensional Elasticity, Shells, Fluid-Structure Problems

R. Ohayon, R. Valid
Office National d’Etudes et de Recherches Aérospatiules, 29 av. de la Division Leclerc, F-92320 Chétillon, France

Summary

We present a theory and a methodology for the coupling of domains where primal displace~
ment and dual stress variatilonal formulations are used respectively, in order to obtain a
symmetric variational formulation for the linear transient or modal analysis of coupled
systems,

This is done by using an auxiliary field variable in the region where the dual stress
analysis is carried out, leading, in this region, to a new dynamic mixed variational formu-
lation.

Generalized so-called added mass operators are also introduced in order to eliminate
afterwards, in many cases, the auxiliary field variable.

The methodology is described for three-dimensional elasticity and shell problems.
Compressible fluid-structure interaction in bounded medium is presented as a particular case

of elastic problems,



1. Introduction : The problem of stress computation in mechanical structures is rather
badly sblved by the application of the displacement finite element method (primal method) in
numerous difficult cases (high stress gradients).

In order to obtain more accurate stresses, one should utilize dual or mixed variational
principles of mechanics of continuous media [1, 2],

The application of dual or mixed variational formulations to the entire structure may
involve too many unknowns. In order to take benefit of those principles without loosing the
advantage of simplicity offered by the primal displacement method, the following methodology
has been used [2, 3] : the structure is divided into subdomains in which, for example, within
a2 region of high stress gradients, a dual method will be used, the rest of the structure re-
maining described by the displacement procedure,

A similar procedure has also been used [4] : in 2 first step, a displacement finite
element method is applied to the whole domain ; in a second step, a mixed elastodynamic for=-
mulation is applied in a subdomain, using, as entry, data of the first step computations. It
is proposed, in the present paper, to couple domains where primal displacement and dual stress
variational formulations are used respectively in order to obtain a symmetric variational for-
mulation for elastodynamic analyses of coupled systems.

Let us recall first that, starting from the Hamilton-Toupin principle of complementary
variable type, detailed studies on dual elastodynamic principles had been subject to various
works [5, 6, 71.

Unfortunately, those dual principles, when coupled with a primal displacement principle,
lead to non symmetric, then numerically inconvenient formulations. This is a classical diffi-
culty in fluid-structure linear problems where the primal formulation is reserved to the
structure, and the dual one is attached to the fluid.

In the first one, the unknown is the displacement vector field, but in the fluid the
unknown is the pressure scalar field, a particular case of the stress temsor (8, 9]. The
reference [9] introduces a symmetrization procedure which leads, for instance for modal ana-
lysis, to an artificially damped non comservative problem. In the survey paper [10], this
question of symmetry is outlined. Using an auxiliary field variable in addition to the primal
and dual ones, mixed symmetric formulations have been created for modal analysis of such sys-
tems leading to generalized added mass concepts independent of frequency, both for compressi-
bility and gravity - capillarity effects in the fluid [11, 12]. The reference [12] presents
in a synthetic way a survey of all the symmetrization procedures developed at ONERA for such
problems, with many finite element results and comparison with experiments (aerospace appli-
cations namely).

This has been generalized to modal analyses of elastodynamic problems in [13].

The purpose of this paper is to present some developments relative to this kind of sym-
metric primal-dual formulation for coupled systems in a very general elastodynamic frame.

In a first,part, the case of three-dimensional elasticity is considered.

In a second part, we present the generalization of the preceeding results to shell theory
(without and with transverse shear strain effects).

In a third part, we present a fluid-structure transient case.
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2, Three-dimensional elastodynamic case : The structure is divided into two substructures

which occupy respectively the domains Q and Q)

240 I' is the interaction boundary. £ (resp.,) is
supposed to be clamped along Zou (resp. zgu ).

s OnZ,. and Z,; act given forces.
4F In £, , the unknown is the stress tensor

and in £, the unknown is the displacement vec-

tor. Sympols~s and — mean transmposition in

2

s (13 the 6- dim. stress space and the 3-dim. vector
oy
vector space respectively ; f’ is the demsity,

Fig. 1 - Coupled systems scheme. A (resp. B) is the linear operator of the cons-
titutive law in n4 (resp. in Q3 in fact B will be a flexibility), D is the deformation

tensor ; W, (resp.w, ) is the unit normal outward to £ (resp.$2,).
(-] A E-

2.1, Modal analysis case_»(free vibrations)

2.1.1. The direct non symmetric weak variational formulation : Let us denote by S (resp.

U) the modal amplitude of the stress temsor in .Qo(resp. displacement in _Q_4 ).
a is the space of displacements U which are square-summable and whose first de-

rivative are square-summable in £, that is HAQ(lq).

U0 e ma T ol
f and j" are the subspaces of the space of stresses which are square-summable and

whose divergence is square-summable in £, that is H (div, ©)) .

e {S' ¢ H(div,n,) Is'm,=0 onZ ., div. $’=0 in.Qo} (2)
j={SeJo;‘LlSV\9=O O“EoF} (3)

J"’“’is the orthogonal complement toy' with respect to the scalar product :
~ Y
S, 8.) = f S,BS. 4 J 4 divS, . divs, i)
(a,32) = [ BS54+ 5 o

If w denotes the circular frequency (w"real), the weak variational formulation for the cou-

pled systems is [17] : Find w?®€ R and (U, 8)e X x> such that :

L 330 Adw) +L§JSﬂg-w*Lﬂf§_l—J—U —o |

diVSSdivS +wzJ§>SV\perz5g\§BS =0 (5)
r <20

‘o P .
v (5U,88) ¢ U xS,

o

leading after finite element discretization to the non symmetric matrix system of the type :

K, ¢ e M, o v o

» _‘E‘:‘ Ko S] o

(6)

[¢]
X
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Physical interpretation : The dual dynamic principle (equation (5)) exhibits a potential
energy termﬁV SB®S which is multiplied by w® . In fact, the dual principle [5, 6, 71 pre-

sents a situation which is the opposite of the displacement usual one. Therefore, it is im=-
possible to couple the two systems by the classical mechanical concept of adding potential
energies and kinetic energies.

This situation will be physically well re-established by introducing a new field variable,
the effect of which will be to put the potential term S-SSBS in the proper stiffness

place.

2.1.2, Mixed symmetric variational formulation. Introduction of the new field

s* [13, 16, 17] : Let us recall the dynamic equilibrium equation in £,
divS 4+ fw*U =0 inQ,. (7)
Applying the deformation operator D to eq. (7) and taking account of the constitutive equa-

tion lead to :
D(o\ivS) +w*BS =0 in,. (8)
T

It is easy to see that a variational formulation of equation (8) exhibits the virtual po=-

tential energy "at the wrong place™. Let us introduce the new field s ¥ defined by :

S w?*S* 5 (g =" in the transient case), (9
bl
Equation (7) becomes :
. ®
divS®™ 4, U =o (10)
. " . 3 # ."j‘«s . . . S—.
This time, |dWoS". div S will represent the virtual kinetic energy ?
O Ko X

° =
The symmetric formulation is this time :
Find w*¢ R and (U, s™ , S) such that :

T e —
§ DEUV) A D(V) - w* j POUU - wzj 3U S*n, = o,viU
1, - r
~~ e —
_w"[ o\mSS*ole* +JBS“BS _,JES“\A, UJ =0 s V&SH an
Q-O Q-O F
§3535 w= $SB®S® zo , ¥8s
o <, .
Here, U € u N 5“ (3 e>°*= y 5 and S belongs to the space of stresses which
are now only square-summable and satisfy S N, =0 on Zor—‘ . Equation (11) leads after

discretization to a symmetric system.

2.1.3, Generalized added mass concept [13, 16, 17] : The second equation of (11) is

independant of & . This means that we can deduce from egq. (11) a two-field symmetric formu-
lation in U and S,but the connection between U and S is made through a variational extremal
property (expressing s* as a function of Un and S) which is the following :
Max. S -:‘L_‘divs*\2+ f g':‘BS_rgi‘_\;U (12)
sre>Pr o, 2 =, r
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Up (U onl) and S being (for the moment) supposed to be given and must in consequence satisfy

the existence condition :

Sg\SaJ'BS_J%S'no_U=o,\1 $s’ ¢ &P a3
<, I r

The value of the maximum defined by eq. (12) for the solution S% (U S) is precisely the

© E
kinetic energy in £, and is called the added mass operator of £2_(quadratic form) :

m’)(Ur,Sjuc,S)z[’elLo\d_g\(,)ilz}s (sw) [f ()

The symmetric two-field variational principle is then written : Find w?e R and (U,S)

belonging to the appropriate spaces defined above, such that :

g D(30) ADW) + L?S BS—wz[{{SS_UU + 870 ]=0 | an
<

4 e 4

V(&U, ég) €. the appropirate spaces defined above

Remarks. :

1) Mechanical interpretation of the space y*‘and of the existence condition (eq. (13)).:

A way to interprete the spacebp*is given through the Poincaré's theorem [1, 2]

% -4
[s*esles (3 0%, Utoon 2 amal , sucntrae $¥= BDWD ] ao)
The mechanical interpretation of the existence condition (13) is the following :
It exists a field U in Q , rebuilt from UP , such that
S=B*"D(U) . U=o onZ=_,. - 17
U is precisely the displacement field in L2 sand this is a2 way to find the primal principle
in Q& from those concepts. De Rham's theorem allows to write global closure conditions in

case of non simply-connected.domain [1, 14, 15].

2) Discretization, by the finite element method, of the extremal property (eq. 12)

*
The search of appropriate interpolations in order to discretize & are under development

(taking perhaps account of remark 1).

2,2. Transient analysis case

2.2.1. External forces acting on £, : All the preceding results are valid. It is only

necessarygfor example for the formulation (11), to add a second member in equation (11) ,
namely f ,e.SU + j E&U , where f and F are given volume and surface forces.

, 2'S
2*S BEE

9
%
x
&= the variations dU, $5, 58" remaining, as usual, independent of the time t. We must

Every express:.on *Tike ~—wrU “~w?2S | _ w2 8" are replaced by 329
b

of course add the initial conditions which are deduced, very easily from the displacement one
through the constitutive linear law and from eq. (9). The added mass concept is the same,

the time t being only a parameter (see [17] for details).

2.2.2. External forces acting on L, This case is much more ‘complicated, because the

mass operator will depend upon those external forces. But the mixed three-field formulation

2
(11) will be changed as follows 1. 1is replaced by @ as in paragraph 2.2.1., but we must
P o

*
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add two contributions in eq. (11) , namely :

[ 22 65, o giasn
L, M P
The admissible class wh1ch S*belongs to must also contain the force equilibrium relation :
2*s* ee [17] for details).
Sw =-23 n,=F on Z__ , (see [17] for details)
3, Case of shells : generalized added mass concept (eq. (12)).

In the following, we shall mainly transpose the 3-dim. 2.1.3. concept.

3.1, The case of Kirchoff-Love shells : We neglect therefore the shear strain and the normal

strain energies, that is to say that all (kinematic) Kirchhoff-Love assumptions apply [1].

We shall call Zm the middle surface (corresponding to _Q.o in paragraph 2), Cm its exter=-

nal boundary and r thia interaction boundary ;) is the line abscissa, € the unit toangent on
CV"c and I, and Vg the unit normal to Cmnin the tangent plane ; N'a the unit normal at a point
™ 4 Z to the tangent plane at w, .

Here, :nstead of U on " , we have the kinematic variables : the displacement V of W,
and the normal derlvative BN LV . Using the theory developed in ref. [1], the 3-dim. stress
tensor S is replaced by the surface stresses N and ¥ (dual quantities of the extension ?f‘
and the curvature variation K of the middle surface of the shell). The 3-dim. div S,expres-

sion which appears in the classical equilibrium eq. (7),becomes
N

divt =0 (18)
pL Jiv
with t=mam 3N o N divim . (19)
e

d1v is the surface divergence operator which applies to a 3-dim. vector, whose range belongs
to the tangent plane at a point wm_ € DAV

As previously, we introduce an auxillary field variable (like S ) H

= uft* (or t = —?—Ez in the transient case).
TV in* (21)
E¥ = wn® pam* N, o N divim
om

©

\Y\",\M* and t¥ satisfy equations corresponding to some manipulations, similar to the one des-
cribed in paragraph 2.1.3.

The extremal variational property of the added mass operator is then defined as follows
(like eq. (12))

Mox. | LT P I A T e

* bpx
& 22
s [z \m*V]N\/ L Vowm*Y DN V\ 1d4 22)
’()a,, ¢
. * % * n*
witht (S ) 5 (eq. (21)) and S™ =¥ | .
The corresponding existence condition, (like eq. (13)), concerning S, V, BN VP is obtained
%Y,
by setting div £ =0 in eq. (22) and equating, after derivation, the remaining terms to zero.

The remarks of paragraph 2.1.3. apply to this case [17].

3.2, Case of shell with transverse shear strain and stresses : Let us recall that,in this

case,the assumption according to which material normals are identified with geometric normals
is left aside. The surface stresses are no more symmetric as it is well known [1].
—
If E3 is the 3-dim.Euclidian space and E the 2-dim.tangent space, we must consider the
stresses : IN € i([sj Cza) and M ¢ J( 205 ZD The stress | has a normal component

N which is the transverse shear stress. Now S N As before, it is necessary
o M 9

NN
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o |
to define the auxiliary variable S = -‘lmm satisfying equations derived from the
°
dynamic equilibrium equations of the shell [17]. 1f we define the vector U® and the matrixg

by :

o % A
% div N |7 o
= = d/l‘?"m*- ‘lN*No 5 g - wm 4 9
0 Z
Pad

where'o 9 ru are the surface densities relative to the displacement and to the normal rotation,
"

the generalized added mass operator is defined then like eq. (22) as :

Max. f [ﬁ_ TR RVANN S*Bs]- fﬁ [IN*V. + M*aN_da, (23)
g* (3 y* zW's v
where AN ¢ EZD defines the vector difference between the material and geometric normal

vectors [1].

4, Transient compressible fluid-structure interaction : Let us consider the transient elas-

to-acoustic interaction : £, is the elastic structure and L2, (of boundary I" ) contains an
inviscid conpre531ble gas. The stress S becomes the scalar pressure field tensor - p. The
auxiliary variable s¥ becomes the displacement potential of the gas, and eq. (9)

becomes
- _ fa ; (24)
k®
(in order to retrieve the physlcal meanlng of s¥® s we have introduced the density f) ). The
flexibility B becomes here a scalar operator with the coefficient (-" c?*, where ¢ is the second
velocity in the gas :

(’£ c dw Ug 5 where U#

is the displacement of the fluid.

The variational formulation (11) together with the transient situation described in

paragraph 2.2,1. becomes :

Find (U,p, L? ) € appropriate mathematical espaces, such that :

—~ _— FU . az S ] -
LAD@U)AD(U) + L_fl Su = L fgé nrﬁﬁg LA v,vsu
5510 (’{— (}nao\étfgwé Eb_;lz. 4 i J ‘aztz S +L l[Un]—o VP (25)

§ Z ?* ) =0 vS
L; f’c’-vt’ ror J ’a_;g T ’ P ]

plus initial conditions.,

4 2
f’ is the density of the structure ; ol ¢ M C—Q-A) 5 E)kP ¢ M A@a\) P 8-{’7 e L @D).
¢ The finite element discretization of (25) leads to the symmetric matrix system (26)

o

W, o o v M, o G U (26)
o K, o + 4 o o € n | = o ’
° o] |¢ g E -F

plus initial conditions.
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Under some conditions, (? can be eliminated and we retrieve the results of paragraph

2.1.3. (see [17] for details). The added mass computation is the same as in the modal analysis

[121.

5. Conclusion : In elastodynamics, the computation of refined stresses in elastic bodies,
or pressures in fluids, can be carried out through a direct stress analysis in the concerned
domains of a complex system. The introduction of auxiliary variables leads to symmetric for-
mulations in the transient case as well as in the modal case. Details will be found in an ex-

tended paper [17].
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