ABSTRACT

MIN, EUN JEONG. Generalized Eigenvalue Problems: Algorithms and Applications.
(Under the direction of Dr. Hua Zhou.)

Nowadays we encounter massive data from various fields, and there are growing de-
mands for efficient methods to transform data into the useful information. Especially,
most data from various research areas contain observations of more than two variables,
which we call “multivariate data”. Many statistical methods have been developed to
extract useful information under the category “multivariate data analysis”. As dimen-
sionality of the data gets bigger with the development of technologies, many statisticians
are striving to keep pace with this change by proposing updated methods that are appro-
priate for those data. There are at least two characteristics of the recent data. One is high
dimensionality, the data gets bigger and bigger. In many cases the number of variables
is much larger than the sample size. The other one is the complexity. Multi-dimensional
array data, known as a tensor, is emerging. The imaging data is the representative one.
Only a few statistical methods exist to handle these data. In this dissertation, we study
some tools to deal with the data with these characteristics.

In Chapter 2, we suggest a unifying approach for many constrained multivariate anal-
ysis methods. It is well known that many multivariate analysis methods are based on the
generalized eigenvalue problem, which can be formulated as an optimization problem.
Building on this relationship, we can solve constrained multivariate analysis problem
using existing optimization algorithms. We introduced five classes of optimization algo-
rithms to solve the constrained generalized eigenvalue problem and tested their effective-
ness on some sparsity or nonnegativity constrained statistical problems.

In Chapter 3, we propose novel Canonical Correlation Analysis (CCA) methods for



two multi-dimensional array data sets. There is little literature about multivariate analy-
sis of tensor data, especially there are no methods to conduct CCA on tensor data without
destroying its own structure. Our models are based on a decomposition of the tensor pa-
rameter that enables us to handle the problem with manageable number of parameters.
Also, by imposing parsimonious structure on the covariance matrix, we achieved bet-
ter statistical efficiency. Simulation studies are conducted to assess performance of our

proposed models. The results show that our methods exhibit excellent performance.
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Chapter 1

Introduction

1.1 Multivariate Data Analysis

Researchers gather data to answer scientific questions. Most data sets collected in
various research areas contain observations of more than two variables. Analysis methods
on those multivariate data are highly demanded. To fulfill those demands, statisticians
have developed various methodologies to analyze the multivariate data. Multivariate
analysis can be thought as a general term to call those methodologies. Multivariate
analysis deals with the data that includes simultaneous measurements on more than two
variables to get useful information or answers of the scientific inquiries.

The scientific questions can take many forms. Some researchers require an effective
data dimension reduction so that one may understand the structure of the data easily
without much loss of information. This kind of questions come from the scientific areas
with huge datasets, such as genetics, neuroscience, pattern recognition, feature selection,
and imaging analysis. One representative example is the Nuclear Magnetic Resonance

(NMR) data, which is often studied in chemistry and metabolomics (Manganas et al.,



2007; Maleti¢-Savatié¢ et al., 2008). NMR spectroscopy is the technique that produces a
spectrum of a mixture of metabolites in biological samples, resulting high-dimensional
data.. For example, the data from Manganas et al. (2007), which is studied in Allen and
Maletié-Savati¢ (2011), has more than 2000 variables from 27 samples. By studying those
NMR data, one can determine what kinds of metabolites are contained in the understand
biological patterns. Principal Components Analysis (PCA) proposed by Hotelling (1936)
is the one of the most widely used dimensional reduction methods. Linear Discriminant
Analysis (LDA) and Factor Analysis are also dimension reduction methods. Recently,
sparse PCA are also produced to further reduce the dimensionality and aid interpretation
Zou et al. (2006); Shen and Huang (2008); Johnstone and Lu (2009).

Another question of interest to researchers is the relationship between several vari-
ables. This problem arises in many areas such as social science, chemometrics, biology,
and image genetics. For example, Joyner et al. (2009) study relationship between 4 brain
size measures and 11 single nucleotide polymorphisms (SNPs). For a high dimensional
example, Stein et al. (2010) study the relationship between 31,622 voxels and 448,293
SNPs. Canonical Correlation Analysis proposed by Hotelling (1936) is the one of the
popular methods to find the relationship between two sets of variables. Also, grouping
similar variables or objects may be the main task of researchers. Logistic Regression,
Support Vector Machine (Vapnik and Vapnik, 1998), Discriminant Analysis, and many
other clustering or classification methods are proposed for this purpose.

As discussed above, various multivariate methods exist to address different questions.
Interestingly several analysis methods such as PCA, CCA, and MLR share same struc-
ture. They can be written as the generalized eigenvalue problem. Consider a square matrix

A € R™™". Eigenvalue problem seeks the eigen vector x € R™ and eigen value A € R that



satisfies

Ax = \x.

The generalized eigen problem considers two matrices, A € R"*" and B € R"*". The
goal is to find the generalized eigen vector x € R™ and generalized eigen value A € R
that satisfies

Ax = \Bx. (1.1)

If the matrix B is the identity matrix, then the generalized eigenvalue problem is reduced
to the eigenvalue problem. This means many multivariate methods can be solved by a uni-
fying algorithm for the generalized eigenvalue problem such as the QZ algorithm (Golub
and van Van Loan, 1996). But in many applications, we want to find solutions that
satisfy certain constraints. In this thesis, we investigate a unifying approach for solving
constrained multivariate analysis.

In Chapter 2, we propose a unifying approach for constrained multivariate analysis
methods which is based on the generalized eigenvalue formulation. There are several
methods that deal with constrained multivariate analysis such as sparse PCA or sparse
CCA, for specific methods under specific constraint. There is no unifying approach to
solve various constrained problems yet. We conduct several simulations to show that our
approach can be a good way to solve the constrained multivariate problems. Specifically,
we consider non-negativity and sparsity constraints in simulations, which are widely used

in many applications.



1.2 Tensor Data Analysis

Beyond high dimensionality, data with more than two dimensions have been gathered.
Multi-dimensional array, also called a tensor, frequently occurs in many areas such as
computer vision, gene expression, engineering, and neuroimaging.

Consider brain imaging data as an example. Electroencephalography (EEG) measures
voltage fluctuations of ionic current flows within the neurons of the brain (Niedermeyer
and da Silva, 2005). Voltages are recorded by a number of electrodes over a short period
at high frequencies. Therefore the data is two dimensional, taking form a matrix. Positron
emission tomography (PET) produces a three-dimensional image of functional activities
in the body (Valk, 2003). Magnetic resonance images (MRI), which is used to visualize
the brain, produces three dimensional data as well. And a neuroimaging procedure us-
ing MRI technology, known as functional magnetic resonance images (fMRI), measures
brain activity by detecting changes in blood flow (Huettel et al., 2004). This technology
produces more than 10> MRI images for each subject.

There have been few methods in literature for handling tensor data, in contrast to
the enormous literature on high-dimensional or even ultra high dimensional vector data.
One approach is to simply vectorize tensor data and then apply existing methods. But
this approach has at least two drawbacks. First, simply vectorizing tensor data yields
extremely high dimensional data.. For example, MRI data typically has 128 x 128 x 128
voxels and produces more than 2 million variables if we vectorize them. Even worse, {MRI
produces 10? to 103> MRI images for each subject, which is almost impossible to analyze
after vectorization. The second problem is even more serious; vectorization looses the
spatial information contained in its own structure.

Recently several methods to deal with tensor data without destroying its own struc-



ture have been proposed. In the regression context, matrix regression (Zhou and Li,
2014), CP tensor regression that utilizes CP decomposition of tensor (Zhou et al., 2013),
Tucker tensor regression that utilizes Tucker tensor decomposition (Li et al., 2013), and
tensor partition regression model (TPRM) (Miranda et al., 2015) have been proposed.
These methods utilize tensor decompositions to achieve significant reduction in the num-
ber of parameters while preserving the array structure of the data. More recently, Li and
Zhang (2015) proposed parsimonious tensor response regression for the data containing
vector predictive variables and tensor response variables. To achieve the sparsity of the
coefficient, they impose existence of irrelevant linear combination of variables instead of
irrelevant individual variables.

Following these, several more approaches are proposed. Tensor sliced inverse regres-
sion Ding and Cook (2015b) and higher-order sliced inverse regressions (Ding and Cook,
2015a) deal with tensor dimension reduction problem. Generalized estimating equation
for tensor covariates (Zhang et al., 2014), logistic regression for classification of tensor
data (Tan et al., 2013), tensor linear support vector machines (Li, 2014) are other pro-
posed statistical analysis methods for tensor data.

Following this stream, we propose novel approaches to conduct CCA and sparse CCA
on two tensor data sets in the Chapter 3. Specifically, we achieve significant reduction in
the number of parameters using tensor decomposition, like several proposed regression
methods introduced above. Also our method preserves the multidimensional structure
in the data. And by adopting a parsimonious structures on the covariance matrices, we

accomplish both statistical and computational efficiency in the estimation procedure.



1.3 Thesis Organization

The rest of this dissertation is organized in two chapters. In Chapter 2, a unifying
approach for finding constrained solution of multivariate analysis is proposed.

There are some proposed algorithms to get a sparse solution of PCA (Zou et al.,
2006; Shen and Huang, 2008; Witten et al., 2009; Journée et al., 2010; Allen and Maleti¢-
Savati¢, 2011). And three algorithms proposed by Waaijenborg et al.; Parkhomenko et al.;
Witten et al. are most widely known methods to get a sparse solution of CCA. However,
these methods are specific to the method and constraint and do not generalized to other
constraints rather than sparsity.

We focus on the fact that several multivariate analysis such as PCA and CCA can be
represented in one simple form, the generalized eigenvalue problem. And the generalized
eigen value problem can be written as an optimization problem of a function, namely the
Rayleigh quotient. Based on these relationships, we propose to utilize existing constrained
optimization algorithms to solve the problem. Thus, we can freely add constraints to
any multivariate problem that can be represented as the generalized eigenvalue problem
and solve those problems using one numerical algorithm. In specific, we investigate five
numerical optimization algorithms and focus on utilizing those algorithms to constrained
multivariate analysis problem. In the simulation study, CCA has been considered with
non-negativity and sparsity constraint to show the usefulness of this approach. Numerical
studies in Chapter 2 also form the basis of sparse tensor CCA in Chapter 3.

In Chapter 3, we consider CCA problem with two tensor data sets. Since data is not
an ordinary vector any more, we develop new models that can deal with array structure.
We first review the ordinary CCA problem, and sparse CCA proposed by Witten et al.

(2009); Chi et al. (2013). Notations and some basic results in tensor linear algebra are



then introduced.

Several tensor CCA methods are proposed next. First model we impose a tensor
decomposition structure on coefficients, namely the CP decomposition (Kolda, 2006;
Kolda and Bader, 2009), to achieve the reduction in the number of parameters without
destroying the structure of the data. Then we propose a more parsimonious model by
imposing a separable covariance structure proposed by (Hoff et al., 2011) on covariance
matrices of two data sets. Finally we propose a sparse version for both models. Simulation

studies are presented to show the usefulness of proposed models.



Chapter 2

Constrained Generalized Eigenvalue

Problem

2.1 Introduction

Multivariate analysis techniques such as principal component analysis (PCA), canon-
ical correlation analysis (CCA), partial least squares (PLS), and multivariate linear re-
gression (MLR) are frequently used in various fields such as chemometrics (Héskuldsson,
1988), neuroimaging (Friman et al., 2001, 2003), bioinformatics (Allen and Maletié-
Savati¢, 2011), and genetics (Chi et al., 2013). It is well known that these multivariate
analysis problems can be reformulated as a generalized eigenvalue problem (GEP). This
relationship enables us to solve these multivariate statistical problems via algorithms
that solve GEP. There exists a well-established algorithm for solving the generalized
eigenvalue problem, known as QZ algorithm (Golub and van Van Loan, 1996). But if we
add constraints on the problem, we cannot use QZ algorithm any more. New methods

to solve those constrained multivariate problems are required. In real world applications,



constraints are frequently added for easier interpretation or better reflection of the data
structure. Thus the need for the new methods to solve those constrained problems has
increased.

For certain methods and constraints, there exist several proposed approaches to han-
dle the problem. In the audiovisual source separation problem that uses CCA, the non-
negativity constraint is required to interpret the result as energy signals (Wold et al.,
2001; Sigg et al., 2007). In this context, algorithm for the non-negative CCA has been
proposed (Sigg et al., 2007). On the other hand, sparsity is another representative con-
straint required when we deal with the high dimensional data. We seek a sparse solution
that helps us to understand and interpret the underlying phenomena better. There are
many proposed algorithms for PCA/CCA with sparsity constraint (Zou et al., 2006;
Sigg et al., 2007; Sigg and Buhmann, 2008; Waaijenborg et al., 2008; Kim and Cipolla,
2009; Witten et al., 2009; Hardoon and Shawe-Taylor, 2011). In some applications, both
non-negativity and sparsity constraints are simultaneously added (Hoyer, 2004; Zass and
Shashua, 2006; Allen and Maletié-Savati¢, 2011). Besides these, other constraints could
be adopted for the better results or applications.

However, existing techniques are specific to individual multivariate problem with spe-
cific constraints, such as sparse PCA or non-negative CCA. We propose a unifying ap-
proach to solve the constrained multivariate analysis problems. In an effort to develop
this approach, we first focus on the relationship that many popular multivariate statis-
tical problems can be recast as GEP. And then we take the GEP as an optimization
problem with a certain objective function, known as the generalized Rayleigh quotient
(GRQ) (Borga et al., 1997). Based on these two relationships, we can treat a multivariate
statistical analysis as a numerical optimization problem. For constrained estimation, we

deal with constrained optimization. This viewpoint enables us to exploit existing numeri-



cal optimization methods to most constrained multivariate problem instead of developing
specific algorithm for specific constrained problem.

For constrained optimization, we consider gradient descent, coordinate descent, and
alternating direction method of multipliers. In the simulation study, we compare the
performance of these algorithms under two most common constraints: non-negativity
and sparsity.

This chapter is structured as follows. In Section 2.2, the problem is formally formu-
lated and the relation to multivariate statistical analysis is explained. In Section 2.3, five
algorithms for optimization and several algorithms for projection and acceleration are
described. In Section 2.4, performance of algorithms is assessed under various situations.

Lastly, Section 2.5 contains conclusions.

2.2 Problem

In this section, we provide a precise statement of the problem that will be studied in
this chapter. Our approach is based on the relationship between multivariate analysis, the
generalized eigenvalue problem, and the optimization problem of the Rayleigh Quotient
function. We will describe those relationship and then give a problem statement. First

we define the generalized eigenvalue problem.

Problem 1 (Generalized Eigenvalue Problem (GEP)). For two matrices A € RP*? and

B € RP*?, find a vector w € R? and a constant A € R that satisfy

Aw = \Bw. (2.1)

GEP frequently occurs mathematics, physics, and statistics. It is well known that

10



PCA XX I w
0 X'Y XX 0 Wx
CCA
Y'X 0 0 Y'Y Wy
0 XY I 0 wx
PLS
YTX 0 Wy
0 X'Y XX 0 Wx
MLR
Y'X 0 0 I Wy

Table 2.1: Reformulation from multivariate problems to GEP. X and Y represent ob-
served datasets from same objects. Since PCA deals only one data set, its expression only
contains X.

many multivariate statistical methods can be recast as GEP. Above Table 2.1 shows the
reformulation from several multivariate analysis problems to GEP.
On the other hand, GEP relates to the function called generalized Rayleigh quotient.

The definition of the generalized Rayleigh quotient is as follows.

Definition 1 (Generalized Rayleigh Quotient (GRQ)). Let A € R™™"™ be symmetric and
B € R™™™ be symmetric and positive definite. The Generalized Rayleigh Quotient R(w)

of A and B is the function in w € R™ given by

R(w) = wiAw

) 2.2
wTBw (2.2)

Finding a vector w satisfying the equation (2.1) is the same problem of the optimiza-

tion of GRQ (De Bie et al., 2005). Without loss of generality, optimizing the equation (2.2)

11



can be reformulated as the constrained optimization problem of the form:

max w'Aw st. w Bw =1.
W

Using the Lagrangian L(w) with the Lagrange multiplier A\, we can reformulate the
problem as follows.

max L(w) = maxw'Aw — \w'Bw.

Taking the first derivative and equating that to zero leads to the GEP (2.1).

Remark 1. The generalized eigenvalue problem (GEP) is closely related to optimizing
the generalized Rayleigh Quotient (GRQ) (2.2). The GEP finds a pair (A, w) that satisfies
the equation Aw = ABw. Seeking the smallest (or largest) value of X\ and its paired vector

w is equivalent to minimizing (or maximizing) R(w).

Thus, multivariate analysis can be viewed as the optimization of the GRQ with ap-
propriately reformulated matrices from observed datasets. This means we can conduct
various multivariate analysis via solving a numerical optimization problem. If we con-
sider a constrained multivariate analysis, we solve constrained numerical optimization

problem.

Problem 2 (Constrained Optimization of Generalized Rayleigh Quotient (COGRQ)).
Consider two matrices A € R™™™ which is symmetric and B € R™*™ which is symmetric

and positive definite. Find w such that
w = argmin R(w) (2.3)

weEA

where A is a constrained space.
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Eventually a constrained multivariate analysis is equivalent to calculating two ma-
trices A and B from datasets X and Y following the Table 2.1, pluging in them in
the Problem 2, and solving the problem. This approach enables us to utilize existing
numerical optimization techniques instead of developing a new algorithm for each mul-
tivariate analysis problem with a specific constraint. Moreover, we can conduct various
multivariate analysis under constraints using one numerical algorithm, which is a great
advantage.

In this chapter, we will consider two constraints: non-negativity and sparsity. Defini-

tions of constrained spaces are

Anonneg - {w1+"'+wn:17w17”'awnZO}

Auparse = W ER™ < fun| + -4 Jwn| <, wh 4o +wd = A},

where v and A are pre-determined penalty parameters. The constraint set A, opneq is used
when w; are intrinsically non-negative in the underlying application. The condition that
wy+- - -+w, = 1is introduced to make the solution identifiable. The constraint set Agpq,se

is used when data exhibits high dimensionality so that sparse solution is preferred.

2.3 Algorithms

In this section, we investigate various numerical algorithms for solving constrained
optimization of the Generalized Rayleigh Quotient as stated in Problem 2.

We will consider three types of numerical algorithms. The first one is gradient descent
typed algorithm. Gradient descent method is the one of the most widely used methods

for optimization. Since the convergence of gradient descent can be slow, many variants
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have been proposed to overcome this drawback. However, recent demand for the high
dimensional data brings the original gradient descent method back to the attention for
its simple and intuitive nature. We will consider three kinds of gradient descent based
algorithms: accelerated projected gradient, accelerated proximal gradient, and accelerated
projected gradient for nonconvex objective function.

The second one is the coordinate descent algorithm. Coordinate descent algorithm is
also the one of the most widely used methods, because it is simple and intuitive.

The third one is the alternating direction method of multipliers (ADMM). ADMM
algorithm is based on dual decomposition and augmented Lagrangian method, so it enjoys
benefits from both methods. Boyd et al. (2011) demonstrates that ADMM effectively solve
many constrained or regularized optimization problems arising from big data.

In summary, we will investigate the following five numerical optimization algorithms:

1. Accelerated Projected Gradient Method with Exact Line Search (APGE)

2. Accelerated Proximal Gradient Method with Backtracking Line Search (APGB)
3. Accelerated Projected Gradient Method for NonConvex Objective Function (APGNC)
4. Coordinate Descent Method (CD)

5. Alternating Direction Method of Multipliers (ADMM)

Each of these algorithms needs projecting a point to a constraint set A. We describe

projection algorithms for two type of constraints sets:
6. Projection to Ayonneq
7. Projection to Agparse

Pseudo code for each algorithm is provided in the Appendix A.
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2.3.1 Accelerated Projected Gradient Method with Exact Line

Search (APGE)

Let w® be a current iterate and w**) be the next iterate. And let VR(w) denote

the gradient of the objective function R(-) at the point w,

VR(w) = 2 [Aw — R(w)Bw]|. (2.4)

w'Bw

From the current iterate w®, gradient descent moves along the direction of —V R(w®)
with stepsize s such that next objective value R(w*1) is less than R(w®).
We can perform the gradient descent with exact line search for the stepsize s, an idea

dating back to Hestenes and Karush (1951a,b). Define u = w() and v = VR(w(®)) =

2

— o A — R(w®)BJw(®. We search along the line ¢ — u + ¢v emanating from u.

Then the Rayleigh quotient

(u+cev)TA(u+ cv)
(u+cv)'B(u+ cv)

Ru+cv) =
reduces to a ratio of two quadratics in ¢. The optimal points are found by setting the

derivative

(VTAu+cvTAv)(u+cv)'B(u+cv) — (u+cev)"A(u+cv)(vIBu+ cv'Bv)
[(ut ov)Blu+ V)]

2

with respect to ¢ to zero and solving for c¢. Conveniently the coefficients of ¢® in the
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numerator of this rational function cancel. This leaves a quadratic with coefficients

(VTAV)(u'Bv) — (u"Av)(v'Bv)
(vTAv)(u'Bu) — (u"Au)(v'Bv) (2.5)

(u"Av)(u'Bu) — (u"Au)(u'Bv)

1 and ® respectively. These coefficients of the powers of ¢ can be evaluated

for 2, ¢
by matrix-vector and inner product operations alone. No matrix-matrix operations are
needed. One of the root yields the steepest descent. The unrestricted steepest descent
iterate may violate the constraint and has to be projected back to A, the constrained
space. Projected gradient descent method iterates the two step process (steepest descent
and projection to the constrained space) until convergence.

It may suffer from slow convergence but can be readily accelerated by the Nesterov
method (Nesterov, 1983, 2004). The Nesterov algorithm accelerates ordinary gradient

t—1

descent by making extrapolation based on the previous two iterates w1 and w(®.

Without extrapolation, Nesterov method collapses to a gradient method with the slow
non-asymptotic convergence rate of O(¢~!) rather than O(¢~2). Remarkably, the Nesterov
method requires essentially the same computational cost per iteration as the unacceler-

ated gradient method. The overall algorithm is summarized in Algorithm 1.

2.3.2 Accelerated Proximal Gradient Method with Backtrack-

ing Line Search (APGB)

Consider the following problem,

Problem 3. Consider two matrices A € R™™ which is symmetric and B € R™"*"™ which
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18 symmetric and positive definite. Find w that

.
L t _ ~ w'Aw
minimize R'(w) = R(w) +Ia(w) = T Bw + Ia(w), (2.6)
0 weA
where In(w) = and A is the constrained space.
oo w¢A

We can easily notice that above problem is same as the Problem 2. Rf(w) is non-
differentiable due to I, making it impossible to apply the gradient descent algorithm.
Proximal gradient method can be considered as a remedy when the objective function is
non-differentiable like in (2.6). At each iteration, we minimize the sum of In(w) and the

first order approximation of R(w) at some given point ¢

Qw, ) = R(C) + {w — & VR(O) + - w — ¢ + Ta(w), 2.7

instead of the sum of In(w) and R(w). Through several lines of calculations it can be

shown that the next iterate w*) satisfying (2.7) is

. 1
wltth — argmin {IA(W) + 95(t+1) [w — (W(t) - S(tH)VR(W(t)))HQ} : (2.8)

w

See details in Beck and Teboulle (2009). Expression (2.8) has two parts. Second term in
the expression, w®) — s+*DV R(w®), is identical with gradient descent procedure. First
term, I leads us to project the point w*) — sV R(w®) to the constrained set. Thus
finding w*+1) satisfying (2.8) is same as conducting gradient descent on R(-) at current
iterate and then project that point to the constrained space.

For the stepsize selection, we employ backtracking line search rule. It starts with s®

and keeps reducing the stepsize by multiplying a pre-determined positive constant n < 1
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until Rf(w*) becomes smaller than Q(w+ w®).
Like APGE, Nesterov acceleration procedure can be applied to accelerate the algo-

rithm. The overall algorithm is summarized as Algorithm 2 in Appendix A.

2.3.3 Accelerated Projected Gradient Method for NonConvex

Objective Function (APGNC)

Accelerated projected gradient method for nonconvex objective function (APGNC) is
recently proposed by Ghadimi and Lan (2013) to improve the convergence properties of
existing gradient descent based methods. APGE and APGB guarantee global convergence
and optimal convergence rate only if the objective function is convex. However, if the
objective function is not convex, we cannot guarantee that found solution has the global
minimum function value. Even worse, the convergence result becomes weakened relative
to the convex case. APGNC is devised to overcome the convergence issue. It guarantees
the optimal convergence rate even when the problem is nonconvex.

Consider following composite problem for variable w € R

minimize W(w)+ x(w)
(
W(w) = f(w) + h(w)
fe Cifl (R™), possibly nonconvex (2.9)

where
h e C}Jhl (R™), possibly convex

[ X is a simple convecx function with bounded domain.

Notice that substituting U(w) as R(w) and x(w) as In(w) and setting h(-) to zero
results in the Problem 2.6. Thus we can utilize APGNC for solving the constrained

eigenvalue problem 2. APGNC algorithm keeps iterating following three steps of updating
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procedures,

wff}d — (1 —aMwi™ + aOwt-D

w® < argmin,, {55 [|w — (W) = AXOVE(w))[12 + x(w)} (2.10)

wig < argmin,, {ghs[[w — (Wi, — BOVE(w)[2 + x(w)}.

®)

APGNC has two more variables Wgtg), W,

which are updated iteratively together with
(t)

mq resembles Nesterov acceleration,

w® . We can notice that first step for updating w
since this step extrapolates two points. Like APGB, the second and third steps have an
indicator function that projects to the constrained space A.

It is important to choose appropriate parameters used in each steps, a, A and [ in

APGNC. Authors suggest the following values for the ideal result under the assumption

that we know Lg, the Lipschitz constant of R(-),

o =2/(t+1), fO =1/2Lg, AO €[, (1 +a?/4)5]. (2.11)

The overall algorithm is summarized as Algorithm 3 in Appendix A.

2.3.4 Coordinate Descent Method (CD)

Coordinate descent algorithm alternately updates w; subject to the constraint. When
updating w; with other coordinates fixed, the scalar objective function is a quadratic
function over another quadratic function. The extrema occurs either at a stationary point

or the boundary. Setting partial derivative with respect to wy, i.e., the i-th component of
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the gradient vector (2.4), to zero yields a scalar quadratic function with coefficients

Q45 (Z bijwj> — by (Z az‘jwj) )
J#i J#1
(077 (Z bjj/ijj/> — b” (Z ajj/ijj/) s (2.12)

G #i G #i

(Z aij’%‘) (Z bjj'ijj'> - (Z bz’jwa) (Z @jj'ijj/>
i Jig i#i Jig

0

i

1

for w?, w}, and w) respectively. Iteration superscripts on w; and w; are omitted for
simplicity in the above display. Denote the real roots (if any) of above quadratic equa-
tion (2.13) by m and ry. Coordinate w; is updated by whichever among the possible
candidates gives the smallest objective value R(w). Possible candidates are not the raw
value of 71,79 from the quadratic equation with coefficients (2.12), determined by con-
sidering constrained space and its boundary. For example, if we think non-negativity
constraint, there are four possible candidates we need to consider 0, min(max(ry, 1), —1),
min(max(rq, 1), —1), and 1. After finishing the cycle for updating all coordinates, check
whether w remains in the constraint set and project the point if it places outside of the

constraint set. The overall algorithm is summarized as Algorithm 4 in Appendix A.

2.3.5 Alternating Direction Method of Multipliers (ADMM)

ADMM is originally proposed by Gabay and Mercier (1976).

Problem 4 (Problem of ADMM). Given matrices A € RP*" B € RP*™ and a vector
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ceRP. Findw € R" and z € R™ such that

minimize f(w)+ g(z
(w) + 9(2) o1y
subject to Aw + Bz = c.

ADMM algorithm keeps iterating following three steps,

w ) = argmin L,(w, 2", u®)
2D = argmin L,(w 2, u®)
u(t—l—l) _ uk + p(A(t—i-l) + Bz(t+1) . C),

with L,(w,z,u) = f(w)+g(z) + u"(Aw + Bz —¢) + (p/2) || Aw + Bz — c||3 and p > 0.

Problem 2 can be reformulated in the form of the Problem 4 as

minimize R(w) + g(z) = YrAY 4 [ (z)

w'! Bw

subject to w—z=0

0 zeA (2.14)
Ia(z) =
where oo z¢A

A : constrained space.

Thus we can utilize ADMM algorithm to solve Problem 2. The ADMM algorithm updates
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w,z and u alternately

1
W(t+1) — argmin {R(W) —+ ﬁHW — Z(t) + u(t) ||§} (215)
2 Py (WD 4 u®) (2.16)
At o u® D ), (2.17)

We can implement the first step (2.15) using any reasonable methods. In this paper
we choose APGB introduced in Section 2.3.2. The overall algorithm is summarized as

Algorithm 5 in Appendix A.

2.3.6 Projection to A,

Recall that

Anonneg:{wl+"‘+wn:1,wl,...,wn20}.

The projection to A, ,uneq can be efficiently carried out by employing Michelot algorithm
(Michelot, 1986). Notice that any points in A, pne, satisfy two conditions. Michelot al-
gorithm alternatively projects the point onto the constrained space, the first constraint
is required or the second one is required. Then it removes coordinates satisfying both
constraints from the consideration of the next iterate. Michelot algorithm converges in at
most n iterations and often much sooner because every iteration reduces the dimension

n by at least one. The overall algorithm is summarized as Algorithm 6 in Appendix A.
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2.3.7 Projection to Ay,

Recall that
Auparse = {w R : fun| -+ + | <7, 0?4+ 4wl = A).

It is trivial that if A > /2v, this projection problem is reduced to a projection to Il
ball. Projection to Iy ball can be done by rescaling, as described in Algorithm 10 in the
Appendix A. In a similar way, if A\ < 7, then this projection is reduced to a projection to
l; ball. Since sign of the projected point should have same sign of w, we only consider the
absolute value of w;, i = 1,...,n. Projection of |w| to [; ball can be done by Michelot’s
algorithm when v = 1. If v is bigger than 1, we can use the projection to the simplex
Agimplez = {w € R" : Y w; = v, w; > 0,7 = 1,...,n}. This projection algorithm is
summarized in Algorithm 8. After projection of |w| we can find the projected point of
w onto [; ball by restoring their sign. Overall projection to [; ball is summarized in
Algorithm 9. Lastly, if ¥ < A < 4/2v, then we can use Dykstra algorithm (Boyle and
Dykstra, 1986) summarized in Algorithm 11. This algorithm projects the point to the

intersection of convex sets. The overall algorithm is summarized in Algorithm 7.

2.4 Experimental Results

We conduct three simulations with synthetic data under one of two constraints, non-
negativity or sparsity. We simulated generic and CCA problem, but note that other
multivariate analysis methods that can be transformed to the generalized eigenvalue
problem are subject to our algorithms as well.

The choice of a starting point is an important issue for the optimization problem. In
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practice the projected generalized eigenvector to constrained space corresponding to the
smallest generalized eigenvalue supplies a good starting point 2(®. In all three simula-
tions, we use this as a starting point.

First two simulations are conducted under non-negativity constraint and the last one
under the sparsity constraint. In each of following subsections, synthetic data description

will be introduced, then the results and discussion will be followed.

2.4.1 Non-negativity Constrained Problem for Inputs with Known

Exact Solutions

The goal of the first simulation is to show that our approach is useful even though
numerical algorithms generally cannot guarantee to find the global maximum if the ob-
jective function is nonconvex. To show the accuracy of algorithms, we will compare the
analytic solution and the results from five numerical algorithms introduced in previous
section.

For some specific A and B matrices, there is a known analytic solution of Problem 2

with non-negativity constraint. Consider a sequence of n quantiles 7; = 1=1,...,n.

F and f be the distribution function and density function in order. In the weighted com-

posite quantile regression context, the estimator of the model has asymptotic covariance

wlAwy1—1
w'Bw EX

matrix of X, and A, B is

where w is a weight vector for n quantiles, X is covariate, Xx is covariance

A, ; = min(r, 1) — 77

Bij = f(F7 (7)) f(F~(75))-

(2.18)

Zhao and Xiao (2011) have shown that under some assumptions on the error distri-
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bution f and F', there exists a closed form solution w* € A, We compared this
analytic solution with the results from our five suggested algorithms in terms of run-
time and difference between analytic solution and optimized value. For the simulation,
we considered n = 3,...,140 which means dimension of A and B, and the standard
normal distribution is used as the error distribution. Tolerance value for stopping criteria
was 1074, and maximum iterations limit was set as 10,000. For backtracking line search
parameter value n = 0.5 is used, while penalty parameter p = 2 is used in ADMM algo-
rithm. We have three parameters in APGNC, and the Lipschitz constant Lg is required
to get an ideal result on APGNC, which is actually unknown. We used a rough guess of
L according to the value of each dimension n. At last, we simulate 50 replicates for each
n so that we calculate mean and standard deviation of time consumed.

Following two figures show the results. Figure 2.1 shows the mean and standard devi-
ation of the runtime for each dimension. In this figure, we first notice that all algorithms
run fast. For the biggest dimension n = 140, we can get the solution within 30 seconds
at maximum. All algorithms except APGNC show fast speed.

Figure 2.2 shows differences between analytic solution and results from each of the five
algorithms. Except APGNC, all other four algorithms find exact solution, the difference
between the analytic solution and results from algorithms are less than 1075, APGNC
show less accuracy relative to other four algorithms.

Note that we used a roughly guessed parameter values for § and X\ due to the lack
of information about Lg. Thus there is a possibility to get better result on APGNC in
terms of the speed and accuracy, if we find better guessed value for Lz. Except APGNC,

all four algorithms give us accurate results within very short time.
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Figure 2.1: Time consumed for getting result from five algorithms.
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Figure 2.2: Plots for comparison between analytical solution and optimal solution from
four algorithms.
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2.4.2 Non-negativity Constrained Problem for Randomly Gen-

erated Inputs

The analytic solution is known for the specific case. We do not have an exact expres-
sion of the solution most of the time. To assess the performance of five algorithms, we

generated random matrices A € R™*"™ and B € R™*"

generated from N(0,1) i>j
" AL otherwise

A=AT+e¢ (2.19)
Bl ~ N(0,1)

B = BB + ¢,

where €, ; ~ N(0,0.3%). We considered dimensions n = 3, 20, 50, 70, and 100. For each
dimension, we simulated 500 replicates and recorded runtime, the numbers of iterations,
and final objective values. Same values as the first simulation in Section 2.4.1 has been
used for 7, maximum iteration limit, tolerance, p, and Lg.

Simulation results are summarized as Figure 2.3. The first row of the Figure 2.3
shows the box plots of final objective values from each algorithms. There were not much
differences of final objective value between algorithms except APGNC. Especially APGE,
APGB, and CD show almost identical distribution. This implies that four algorithms
find local minimum well. Efficiency can be compared in following rows of the Figure 2.3.
APGB, and CD algorithms seem to be a good choice for solving this problem, since they
cost the least time to calculate from low to high dimensional problem while they converge
within not many iterations. APGE can also be a good choice, since it gives a solution

within very short time, but it reaches maximum iteration limits to get that solution.
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Figure 2.3: Boxplot of final optimized value, time consumed (in sec), and total number of iterations

under n = (3,20, 50, 70, 100) for five algorithms. For the number of iterations, we draw separate boxplots
for APGE, APGNC, and ADMM in the fourth row.
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2.4.3 Sparsity Constrained Problem for Randomly Generated
CCA Inputs

In the third simulation, we compare four algorithms, APGE, APGB, ADMM and CD
for solving the sparsity constrained CCA problem. Assume that we have data matrices

X and Y. Then our problem is

lelly <, 181 <72

el <1, B2 <1

wlAw

minimize — WiBw

subject to

where w = (a', 8")", v is the canonical coefficient for X, B3 is the canonical coefficient
for Y, 71,72 are pre-specified penalty parameters, and A, B are matrices calculated from
X,Y as described in the Table 2.1. Note that we put a negative sign in front of the
objective function, since the goal of the CCA is finding a pair of canonical vectors that
maximizes the canonical correlation. We can find a pair of sparse canonical coefficients
(a*, B%) that maximizes the canonical correlation Corr(a™X,3"Y).

We first generated the data X € R"*? and Y € R"*4,

X =uv{+e€, Y =uv]+ey, (2.20)

u; ~ N(0,0.5%), €1, ~ N(0,0.3%), €;r~ N(0,0.3%),
1=1,...,n, j=1...,p, k=1,...,q.
Sparse vectors v; and v, in equation (2.20) used under each combination are presented
in Table 2.2. Four combinations of n and p are considered in this simulation. In order to
compare how well algorithms work when the dimension of variables is much bigger than

sample size, our design includes such combinations. Simulations are conducted under each
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combination of n and p with 200 repetitions. Parameter values for 7, maximum number of

p =20 p =100
n—so V=[5 —1500" v = (1 — 1 0]
vy = (07 15 — 15]° vy = [0 1]y — 1io]"
p =250 p =300
n=20 017 11y — 17y 03]" w1 = [1]; — 1y 23 Oas0]"

vy = (035 1]y — 15o]" w2 = [035 1], 235 — 17,)"

Table 2.2: True values of v; and v, for generating synthetic data under each combination
of n and p.

iterations, tolerance, and p were set to the same values in other simulations. And we need
two more, sparsity parameters v; and 9 that impose sparsity on a and 3 respectively.
We set same value for both v, and 79, (1, 2.5, 4, 5) has been used for each combination
of n and p. Simulation results are summarized as boxplots in the Table 2.3. We can
make several observations from results in the Table 2.3. First, APGE and APGB find
coefficient sets that result in high objective values. Their results distributed near 1, which
means the optimized canonical coefficients give us a high canonical correlation. Moreover,
both algorithms do not take much time relative to the other two methods. Especially,
APGB shows the fastest speed with good objective values. CD algorithm shows good
performance only if number of parameters is less than the sample size. Though it takes
more time relative to APGE and APGB, still it gives us good objective values when
p < n. ADMM seems to be a bad choice for solving sparse CCA. It is a known behavior

of ADMM that it shows slow convergence for high accuracy but it shows fast convergence
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Table 2.3: Boxplots for time consumed and optimized canonical correlation values are
displayed for each combination of n and p.

for moderate accuracy. In this context the results of ADMM can be understood since
it takes short time while its final objective values are low in general. Thus there is a
possibility that we can get a better result using ADMM, since we only considered one

value for the parameter p.

2.5 Discussion

In this chapter, we proposed a unifying approach to solve constrained multivariate
analysis using existing numerical algorithm. This approach can be available due to the re-
lationship that multivariate analysis including PCA, CCA, PLS and MLR can be written
as an optimization problem of the generalized Rayleigh quotient. Instead of developing
new algorithm for getting constrained solution from each analysis, we can utilize existing

numerical algorithms. As we can see in the Section 2.4, this approach works quiet well.
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We employ five numerical algorithms some of which are well known.

The great advantages of this approach are three points. First, we can easily add
conditions we want, not only the sparsity but any other condition like non-negativity as we
saw in Section 2.4. Second, we can employ well established numerical algorithms instead
of developing a new algorithm specific to a certain analysis with a certain constraint.
Third, we can conduct several analysis stated above by implementing one algorithm.

There are limitations on this approach too. Rayleigh quotient which is the objec-
tive function of this approach is nonconvex function This allows guarantee only for the
local convergence. Thus, multiple starting points including our suggested one are rec-
ommended. Also employed numerical algorithm may require other parameters such as
tunning parameters for convergence. For example, ACNPG algorithm in this chapter has
two parameters S and A which is decided based on the unknown value, Lipschitz constant
Lg. It would be a good scenario if we know the best value of parameters or suggestions
at least. In this chapter, we used a suggested value for those parameter but still there is
limitation since we do not know the Lipschitz constant Lg, we conduct our simulations on
heuristic toy simulation that gave us a rough guess for Lg. It would be a good approach
to choose parameters by conducting cross validations on the parameters, or a intuitive

value from the specific knowledge about the dataset.
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Chapter 3

Tensor Canonical Correlation

Analysis

3.1 Introduction

Canonical Correlation Analysis (CCA), first proposed by Hotelling (1936), is one of
the most widely used multivariate statistical analysis techniques to study the relationship
between two multivariate data sets. CCA tries to find a set of coefficients such that the
correlation between the linear combinations of each data set is maximal. Demands for
the analysis of high dimensional data has increased tremendously due to advancement
of technology. For example, the relationship between gene networks and DNA-markers
is important for understanding complex diseases such as human cancers (Waaijenborg
et al., 2008). High dimensionality of gene expression data causes trouble to apply CCA.
Traditional CCA does not work any more when the number of variables is far bigger than
sample size since sample covariance matrices become singular.

Many sparse estimation methods have been proposed for an intuitive and simple inter-
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pretation despite the huge dimension of input data (Waaijenborg et al., 2008; Parkhomenko
et al., 2009; Witten et al., 2009; Lykou and Whittaker, 2010). They adopt various regular-
ization methods to shrink the coefficients and conduct variable selection simultaneously.
In Chalise and Fridley (2012), several sparse CCA methods are compared to see their
difference and performance.

High dimensional data may have huge number of variables but it is still a vector-valued
data which can be treated via existing methods. But now we face multi-dimensional array
data, also known as a “tensor” data, which is more than just high dimensional. Imaging
data is the representative one. Take anatomical magnetic resonance images (MRI, 3D
array), and functional magnetic resonance images (fMRI, 4D array) as an example. They
possess a multi-dimensional structure. MRI data typically has 2,095,152 = 128 x 128 x 128
observations for one subject. Even more, fMRI typically consists of more than 10> MRI
images for each subjects.

The first approach that we can try is vectorizing array and applying existing sparse
CCA methods. This approach has at least two issues. First is the number of parameters.
For example, vectorizing MRI data produces more than two million variables. The second
is that it ignores the structure of the data, which may cause loss of spatial information. In
this chapter, we propose a new CCA approach that can deal with the tensor data (TCCA).
To accomplish this, we utilize the tensor decomposition that significantly downsizes model
complexity. Moreover, we extend our tensor CCA to tensor sparse CCA (TSCCA), which
gives us a sparse solution. We will use the numerical methods developed in Chapter 2 to
solve TSCCA.

The rest of this chapter is organized as follows. In next section, we will review two
existing sparse CCA proposed by Witten et al. (2009) and Chi et al. (2013). Section 3.3

will introduce some notations and basic operation of multi-dimensional array. Section 3.4
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will develop our proposed models. Efficient algorithms to estimate parameters in those
model and discussion about identifiability issue will be followed. In Section 3.5, several
numerical simulation results will be described. Section 3.6 concludes this chapter with

discussion of some possible future extensions.

3.2 Literature Review

In this section, we summarized two SCCA methods. Sparse CCA proposed by Witten
et al. (2009) is the first one that we will review in this section. Based on Witten et al.
(2009), adjusted method has been proposed by Chi et al. (2013), which we will review

next.

3.2.1 PMD (Witten et al., 2009)

Penalized Matrix Decomposition (PMD) method has been proposed by Witten et al.
(2009). PMD approximates a matrix X by X = Zle dpugvy, where dy,u; and vy,
minimize the Frobenious norm of X — X subject to constraints on u; and v,. As a
result, we do a regularized version of singular value decomposition. The penalized matrix

decomposition problem for K = 1 case can be summarized as follows.

Problem 5. Let X € R"*? be a real valued matriz with rank r < min{n,p}. Find d and

vectors w, v that

1
minimizeg q, §||X — duv"||%

subject to [Jull3 =1, |[v]|5 =1, Pi(u) < ¢, Py(v) < ¢y, d >0

where Py and P, are convex penalty functions, and c¢; and co are constants.
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They showed that the optimal u and v also solves the following problem.

Problem 6 (rank-1 PMD). Let X € R"*? be a real valued matriz with rank r <

min{n,p}. Find vectors uw,v that

maximize, , u'Xwv

SUbjeCt to HU’H% =1, HUHS =1, Pl(“’) < ¢, PQ(U) < ¢,

where Py and Py are convex penalty functions, and ¢; and ¢y are constants. The value of

d solving the Problem 5 is u'Xv.

Witten et al. (2009) also proposed an algorithm to solve above Problem 6.

It is possible to apply this PMD method for estimating sparse canonical coefficients
of two datasets on CCA. Let X € R"*? and Y € R"*? be data matrices collected on n
subjects. Original CCA proposed by Hotelling (1936) looks for two coefficient vectors u
and v that maximizes Corr(Xwu, Y v), the correlation between two linear combination

of each datasets. That problem can be written as

maximize, , u' X 'Yv subjecttou X' Xu <1, ,v'YYv <1 (3.1)

If we assume that covariance matrices of X and Y are identity and add /; penalty on u

and v, then the problem becomes the following one.

Problem 7 (SCCA (Witten et al., 2009)).

maximize, , u'X'Ywv

subject to uw'u <1, v'v <1, |lu|; <, ||v]i < e,
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which can be solved using PMD algorithm.

3.2.2 Sparse Canonical Correlation Analysis (Chi et al., 2013)

Above proposed SCCA by Witten et al. (2009) can be improved if we relax the as-
sumption on covariance matrices. Chi et al. (2013) proposed adjusted version of the
method of Witten et al. (2009), which relaxes the identity covariance matrices assump-
tion. They started on following basic SCCA model, which is slightly different from the
model of Witten et al. (2009).

Problem 8 (SCCA). Let X € R™? and Y € R"* be data matrices gathered from n

subjects. Find vectors u and v that

maximize u'X'Yv — Aully —v||v]h

subject to |lulla <1, ||v]]2 < 1.

The minor difference with the Problem 7 is that sparsity penalties are added instead
of sparsity constraints. If we consider v fixed, it is a convex problem in terms of u and
vice versa. Thus we can solve Problem 8 by block relaxation method. The update u* for
u is given by

u= arginin %HYTXV — ul|3 + Mul;s
/[ulle if full, > 0 (32)

*

0 o0.W

Same procedure applies to update of v.

While Witten et al. (2009) made an identity covariance matrix assumption, Chi et al.
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(2013) suggested to use adjusted covariance estimates, the problem statement is as fol-

lowing.

Problem 9 (SCCA(Chi et al., 2013)). Let X € R™™P? and Y € R"*9 be data matrices

collected on n subjects. Find vectors u and v that

maximize u'X'Yv — Aul; — ||V

subject to u'X,u<1, v'¥,v<1,

where X and 7y are given constants, X, and X, are estimated covariance matrices of X

and Y.

Possible issue is that the sample covariance matrices become singular when the num-
ber of variables is bigger than sample size. Thus for better performance of the solution of
Problem 9, we need good estimators of covariance matrices 3, and 3,. There are many
proposed methods to adjust sample covariance matrix (Ledoit and Wolf, 2004; Ledoit
et al., 2012; Chi and Lange, 2014). With the adjusted covariance estimates >, and ZNDy,
we can solve the above problem via iterative algorithm similar to PMD. With fixed v,

u*, the update of u, is given as follows.

1 ~— ~
U = argmin §||Zm VXTyy - Eiﬂu”g + Aljul|4,
u
u = 24, 12
0 0.W.

Similarly, we can update v.
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3.3 Notation and Basic Operations of Array

Before developing models, we review basic notations and operations of multidimen-
sional arrays in this section. More notations and operations of a tensor including all
introduced in this section can be found in Kolda and Bader (2009).

We call the dimension of the tensor the mode, also known as the order. For example,
the mode/order of a tensor X € RP**P2*Pp ig D For mode-3 tensor X, z;j; indicates the
(1, J, k)-th element of X. Fibers of tensor X denote vectors made by fixing every indices
except one. This term can be thought as an extension of matrix rows or columns to the
tensor. For example, if we fix the second and third indices of a tensor X' &€ RP1*P2xP3
except the first, we get ps X ps fibers, which is also called column fibers. In the same
manner, we can get p; X ps number of row fibers and p; X py fibers when we fix the third
index, which is called tube fibers.

Next, we introduce a operator that has a vector input and a tensor output. We define
an outer product by o---obp of D vectors by € RP4. The result of this outer product is
p1 X -+ X pp tensor of which entries are calculated as (ajo---ocap);,. . i, = Hle Qi -

Next, we introduce three matrix products that are used in this chapter. First, we

denote the Kronecker product of two matrices A € R™*"™ and B € RP*? as

CL11B a12B ce alnB
A % B_ CL21B CL22B . agnB
amiB an2B ... a,B

=la;®b; a;®by --- a, ® b,y an®bq]€Rmpan‘
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When n = q, the Khatri-Rao product of two matrices A € R™*™ and B € RP*", denoted

as A x B, is defined as follows.

AxB=[a, @b, aa®by --- an®bn]'

The resulted matrix has dimension mp x n. If A and B are vectors, then their Khatri-Rao
product is identical with Kronecker product.

If A and B have same size, i.e., if m = p and n = ¢, then the Hadamard product is
defined by,
aiiby ... apbiy
AOB= : . : ;
Am1bm1 -+ Qmnbmn
which is the elementwise product. Hadamard product commutes, so we will use ®;A; to
denote

AO--OAp=A1) O O Az,

where 7 is any permutation.
We also introduce several basic operators of tensor that transform a tensor into vector

or matrix. The wvec operator stacks column fibers of a tensor. Consider a tensor X €

R?*2%2 as follows,
1 3 5 7
X.q= ; X2 =
2 4 6 8
Then column fibers of X are
1 3 5 7
2 4 6 8
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Thus by stacking above four vectors we can get vecX = [1 23456 7 8|". One more
operator that we will use constantly is matricization, which is also known as unfolding or
flattening. This operator makes a tensor into a matrix by restructuring. When we reshape
a tensor, reshaping order matters since we get different matrices by different orders. We
specifically call mode-n matricization if we take mode-n fibers as columns and we denote
X(n)- Consider the toy example above, 2 x 2 x 2 tensor X'. Mode-1 fibers of X" are column

fibers listed above, thus mode-1 matricization Xy is defined as

1 3 5 7
Xy =
2 4 6 8
Likewise, we can find Xy and X3
1 2 5 6 1 2 3 4
X = o X =
3478 5 6 7 8

For two tensors A and X with same dimension and mode, we define inner product of
them (A, X) as a sum of elementwise product, (A, X) =5, ip Qir,ipTiy,.ip-

Lastly, we introduce several identities that are useful in the rest of this chapter.

Lemma 1. For vectors u and v, and matrices A, B, C and D with compatible dimen-
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si0ms,
vec(uv') = v®u
vec (ABC) = (C'"® A)vecB
(AB)" = AT@BT
(A®B)(C®D) = (AC)® (BD)

(A®B)(C+D) = (AC)«(BD).

Proof is given in Appendix B.1.

3.4 Model

In this section, we will develop the model for canonical correlation analysis of two
tensor data sets that enjoys a significant reduction on the number of parameters while the
spatial information is still preserved. To achieve this goal, we adopt a tensor decompo-
sition, which enables us to reconstruct a tensor with fewer parameters than the number
of all elements of a tensor. The model that vectorizes data requires huge number of pa-
rameters to be estimated which can be a big problem itself. For example if we consider
vectorizing the two data which have 100 x 100 x 100 dimension each, we have 2 x 10°
parameters to estimates. Instead of the vectorization, we impose a certain structure on
two coefficient tensors so that we can deal with a problem with less number of parame-
ters. Furthermore, we impose a certain structure on the covariance matrices of X and Y
so that we can handle the covariance matrices much easier.

Detailed explanations will be given in following subsections. First, in the Section 3.4.1,
We will explain the CANDECOP /PARAFAC (CP) decomposition. Then we will develop

the tensor canonical correlation model (TCCA) which imposes a decomposition structure
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on two coefficient tensors. Based on this, we will extend the scope so that we can get
a sparse solution from the problem, namely tensor sparse CCA (TSCCA). In the Sec-
tion 3.4.3, we will develop a more parsimonious model based on TCCA by imposing so
called separable covariance structure on the covariance matrices of two data sets (TCCA -
SEP). TSCCA _SEP, a sparse version of the TCCA_SEP, will follows. Identifiability issue

caused by CP decomposition will be treated in Section 3.4.4.

3.4.1 Tensor Decomposition

First, we introduce a key concept of our proposed models, the CANDECOP/PARAFAC

(CP) decomposition of a tensor.

Definition 2. A tensor X € RP**"*P> qdmits a rank-R CANDECOP/PARAFAC (CP)

decomposition if

R
X:ZXY)On-oxg), (3.4)

r=1
where xg) eRP d=1,...,D,r=1,...,R are all column vectors and X cannot be

written as the sum of outer products with the rank lower than R.

This relationship can be also represented as X = [[X(l), L, XP )ﬂ, where X@ =
[x&l), . ,xfiR)] € Rra*® following the notation introduced in Kolda (2006); Kolda and

Bader (2009). Related to this decomposition, we will utilize following lemma for estimat-

ing parameters of our models.
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Lemma 2. If a tensor X € RP*"*P> qdmits a rank-R CP decomposition (3.4), then

vec X = (XP) w ...« X1y
X(d) — X(d) (X(D) % - . .ok X(d+1) * X(d_l) Koo X X(l))T

vee Xgy = [(XP) s oo x XD 5 XD 5 5 XW) @ T, ) Jvee X,

For the proof of first two equalities, see Zhou et al. (2013). The last one comes from
the second equality of Lemma 1. This Lemma 2 enables us to reformulate rank- R decom-
position of the tensor to the mode-d matricization or vectorization of the tensor (Zhou

et al., 2013).

3.4.2 Tensor Canonical Correlation Analysis

Consider a pair of random variables (X, ), where X € R/***le: and ) € R/t >4y,
The goal of the CCA is to find the coefficient tensors A € R/t **/a and B € RI>*ay

which maximize the correlation between each linear combination of X and ) as follows.

Corr((X, A), (¥, B))
Cov({X, A), (Y, B))
vV Var((X, A))Var((Y, B))
Cov((vec X, vec A), (vec ), vec B))
a \/Var({vec X, vec A))Var((vec Y, vec B)) (3.5)
(vec A)TCov(vec X, vec Y)vec B
\/ (vec A)™Var(vec X)vec A(vec B)"Var(vec Y)vec B
(vec A)" X e ¥ vee 5(vee B)
V(vee AT e v (vec A) (vee B) 2 e y(vec B)
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where A € RI*xla, and B € RI1>xJay Yiecavecy = Cov(vec X, vec)), Biecxr =
Var(vec X), and Xe.y = Var(vec ). Thus finding A and B that maximize the correlation

described in above equation (3.5) can be considered as following optimization problem.

Problem 10 (Vectorized TCCA). For two random tensors X € RI* >l gnd Y €

R71>%ay - find two coefficient tensors A € RI> 1w gnd B € R7*Jay that

maximize (vec A) Byec x vecy(vec B)

subject to (vec A) Eyee x(vec A) =1, (vec B) Eyecy(veec B) = 1

This can be thought as the ordinary CCA since the model uses vectorized datasets
and coefficients. Thus it can be solved as a generalized eigenvalue problem.
And if we want to get a sparse solution, [; constraints/penalties can be added on the

problem.

Problem 11 (Vectorized TSCCA). For two random tensors X € Rl qnd Y €
Ry gnd constants ¢i and ¢, find two coefficient tensors A € RI<*la and B €

R7 %% Jay sych that

maximize (vec A) Eyec x vecy(vee B)
subject to (vec A) Eyeex(vec A) =1, (vec B) Eyeey(vec B) =1

|lvec Al|1 < ¢, ||vec Bl < ¢

or for constants A\ and -y,

maximize (vec A) Eyee x vecy(vee B) — A||vec A||; — 7l|vec Bl

subject to (vec A) " Byecx(vec A) =1, (vec B) Byeey(vec B) =1
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Two SCCA methods introduced in Section 3.2 can be used to solve above Problem 11.
Or it is also a good way to utilize the approach that we suggested in Chapter 2, which
optimizes the problem using existing well known numerical algorithms.

However, there exist two drawbacks of this model. First, even if we have moderately
sized tensor data, the number of parameters can be formidable. For example, consider
128 x 128 image data. Then the coefficient for this data has 1282 = 16, 384 parameters.
Moreover, vectorization of the data may causes a loss of important spatial information
contained in the data structure.

To solve these two issues, we consider a parametrization of coefficient tensors A and
B in terms of CP decomposition introduced in Definition 2. Let us assume that A and B

admit CP decomposition as follows.

A:[{A“),...,AWH, A e RIXRe 1 d,
B

:[[B“),...,B(dy)]], BM™ e R n=1,....d,

where R, and R, are ranks of each coefficient tensors. Adopting decomposition structures
in coefficient tensors causes a significant reduction on the number of parameters in the
model, from Hf{f:l I, + Hiy:l J, to R, fozl I, + R, Ziyzl Jp. Also we can preserve the
spatial information since we can avoid the vectorization. Under this parameterization,

our problem can be represented in a much simpler form.

Proposition 1. Let X € RI>Xlw gnd Y € R4y be two random tensors and

A= [[A“),...,AWH e R X gnd B = [[B<1>,...,B<dy>ﬂ e RI %y be two
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constant tensors. Define

AC™ = Al) g AN G A AD)

B(fn) — B(dy) Kk +. . ok B(n+1) * B(nfl) Kk o . . ok B(l)

Then,

Var((X, A)) = (vec A)T(AE™T I7,)Evee X ) (AC™ @1, Jvec A™
Var((V,B)) = (vee B") (BT ® 1, ) Sy, (BT @ 1, Jvec B

COV(<X7 A>7 <y7 B>) = (VeC A(m))T(A(_m)T ® IIm)EVeCX(m>V6CY(n) (B(—Tl) ® IJn)VeC B(n)

where Lyee X, vee Y () = Cov(vec X(my, vec Y (1)), Yivee X (my = Var(vec X)), and Eyeey

) n) —

Var(vecY () form e {1,...,d,} andn € {1,...,d,}.

Proof is given in Appendix B.2. By Proposition 1 the objective function for tensor

CCA (TCCA) can be written as the following optimization problem.

Problem 12 (TCCA). For two random tensors X € Rl gnd Y € R4y | find
two coefficient tensors which admit CP decomposition with rank R, and R, respectively

as A = [[A(l)7 o ,A(dz)ﬂ € Rivx>xlay gnd B = [[B(l), e ,B(dy)]] € RI> >y sych that

maximize (vec A™)T(AC™T g 17,) Evee Xy vee Y ) (BT @1, ) (vee B™)
subject to  (vec AT)T(ACT™T @ L1, ) Eveex (AT @1, Jvec Al =1
(vec BM)T(BET @ L) ey, (B @1, )vee B™ =1,

forme{l,...,d,} andn e {1,...,d,}.

We can observe that this optimization problem can be separated according to a pair

(vec A™ vec B(")). Thus we can update a block of two parameter vectors alternately
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instead of updating all parameters of tensor coefficient at a time like as the Problem 10. To
appreciate the advantage of this estimation procedure, 3. X 18 @ permuted version of
Yvec 1, Of size (H:le I,) X (Hiyzl J,). But in practice the sample size N is much less than

that (nyf:l I,) X (]_[Zy:1 Jn). Therefore the sample covariance matrix ¥ecx,,,, is singular.

Fortunately in the estimation procedure, we work on the “compressed” covariance matrix
(AT L1,.) veex ) (AT ®1,,) € Rinfirxtnf

of which is likely to be full rank when N > I, R,.

This problem can be solved via the generalized eigenvalue decomposition. Above is a
population model. For considering the sample model, if we have N observed sample data,
then we can estimate ﬁ:vecx(m)y ﬁ?vecy(n) and ﬁ]vecX(m>,vecY<n)' We plugs in those values
and iterates algorithm to get a solution. Pseudo code is presented as in the Algorithm 12
in the Appendix B.

We can extend this model to sparsity-constrained problem. If we consider to add [y
constraint in each parameter vectors, we can get a sparse solution. Since we update a
block of parameters, not all parameters, we consider to add sparsity constraints in each

updating procedure, constrain the /1 norm of each mode-m and mode-n parameter vectors

of A and B as follows.

Problem 13 (TSCCA). For two random tensors X € Rt >l gnd Y € RI>>*a
and two constants A\ and [, find two coefficient tensors which admit CP decomposi-

tion with rank R, and R, respectively as A = [[A(l), . ,A(dz)ﬂ € Ry *lie gnd B =
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[[B(l), . ,B(d”)ﬂ e RI>ay sych that

maximize (vec A™)T(AC™T 17,) Zvee Xy vee Y ) (BT @1, ) (vec B™)
subject to  (vec A™)T(AC™T g I]m)Ever(m)(A(—m) ®1; Jvec A =1
(VeC B(n))T<B(_n)T @ IJn>EvecY(n) (B(_n) ® I]n)VQC B(n) =1
[vec A™]|; < X

lvee B™|; <,

forme{l,...,d,} andn € {1,...,d,}.

Since we have more conditions, this problem cannot be solved via the generalized
eigenvalue decomposition. This complicates the problem, but we can apply our opti-
mization approach suggested in the Chapter 2, which is the exact method for the Prob-
lem 13. Same as TCCA, if we consider sample version, we can use a sample estima-
SveCY(n) and ﬁ:vecx(m

tor Yiecx R to get an estimated sparse coefficient tensors.

(m)?

)

Pseudo code is suggested in the Algorithm 13 in the Appendix B.

3.4.3 Tensor Canonical Correlation Analysis with Separable Co-

variance Structure

Hoff et al. (2011) proposed the array normal distribution with the separable covariance
structure. Consider a random tensor X € R??*P2_ Separable covariance model assumes
that Cov(vecX) = ¥y ® 3q, where ¥; and ¥, represent covariances among the rows
and columns of X respectively. This model is a good approach if we want a parsimonious
structure on Cov(vec X') since sample covariance can be unstable or unavailable due to
its huge size relative to the sample size. We adopt this structure on our TCCA and

TSCCA model to gain stability of the model by reducing the estimation variance. Con-
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sider same problem setting as TCCA and TSCCA, a pair of random variables (X)),
where X € Rl and ) € R4 Our goal is to find the coefficient tensors
A= [[A(l), o ,A(dz)]] e R *la and B = [[B“), . ,B(dy)ﬂ € R %74, which admit
rank R, and R, CP decomposition respectively such that the correlation between each
linear combination of X and Y is maximal.

Now, let us assume the population covariance model,

Var(vecX) =¥xq, @ ®@Tx1, Zxm €R™M m=1...4d,

(3.7)
Var(vec)) =Xyq, ® - ®@Xy1, Xyn€ RI>In =1, ... . dy.
As a result, the covariance matrix of (vec X7, vec Y")" can be written as follows
vec X ¥xa, ® - @Xxa Xy
Var = . (3.8)
vec Y Yvx Yy, @@ Xy

Intuitively ¥Xx ,, summarizes the covariance along mode-m fibers of tensor X, and ¥y,
summarizes the covariance along mode-n fibers of tensor ). We inspect how the separable
covariance structure, together with the CP structure on A and B, simplifies the variance
terms in the TCCA model, Problem 12. Following result represents the variances in
presence of the separable covariance structure (3.7) and plays a key role in our estimation

algorithm.

Proposition 2. Let X € RI>**lu gnd Y € R4 be two random tensors with

the separable covariance structure (3.7) and A = HA(I), . ,A(dm)ﬂ € Rixxla gnd
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B = [[B(l), . ,B(dy)]] € R4y pe two constant tensors. Define

Rx, _m = ®m’¢m(A(m/)TEX,m’A(m/))
Ry _n = OB T2y BM).
Then
Var((X, A)) = (vec A™) (Rx,_pm @ Zx ) (vec A™)
Var((V, B)) = (vecB™) (Ry _, ® Zy.,)(vec B™),
forme{l,....d,;} andn e {1,....d,}.
Proof is given in Appendix B.3. By Proposition 2, the objective function of tensor

CCA with the separable covariance structure (TCCA_SEP) can be written as a following

optimization problem.

Problem 14 (TCCA_SEP). For two random tensors X € RI** >l gnd ) € R ay
which admit the separable covariance structure (3.7), find two coefficient tensors which
admit CP decomposition with rank R, and R, respectively as A = HA(U, e ,A(d””)]] €
RI>xlay gnd B = [[B(l), o ,B(dy)ﬂ € RI%Jay sych that

maximize (vec A(m))T(A(_m)T ® I[m)zvecx(m)’vecY(n) (B(_")T ® 1, )(vec B("))
subject to  (vec A™)T(Rx _pm @ Bx m)(vec A™) = 1

(vee B™) (Ry ., ® By ,)(veeB™) =1,

forme{1,...,d,} andn e {1,...,d,}.

We can observe that this optimization problem can be also separated according to
a pair (vec A vec B(")). Thus we can use same scheme, block relaxation method, to

update parameter values. The difference with TCCA in Problem 12 is that Proposition 2
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simplifies the calculation of variances Var((X, A)) and Var((), B)). This difference causes
less computation on calculating covariance matrices compared to TCCA model. When
we calculate “compressed” covariance matrix of X for updating A" in TCCA, it takes
(R, Hile I,,)? flops. In the meantime, it takes (R, 1,,)? flops for calculating Rx _,,®Xx m
of TCCA_SEP model for updating A™.

This problem also can be solved via the generalized eigenvalue decomposition. Since
above model is a population model, we need to estimate ﬁ)xm and ZA)Y,” form=1,...,d,,
n=1,...,d, and ﬁ)xy using observed data. ﬁ)xy is an unstructured one, so we will use
sample estimates. For 2X,m and EAJY’n, there are few proposed estimating methods. Hoff
et al. (2011) suggested two estimators, one is the ML estimator and the other is the
Bayes estimator. Also Gerard and Hoff (2015) proposed uniformly minimum risk equiv-
ariant estimator (UMREE) via a generalized Bayes procedure. However, those estimators
performs well under the assumption that data come from the array normal distribution
with separable covariance structure. But in our problem, we do not assume any condi-
tion about the population. Thus we suggest to use other estimators. For developing new

estimators, first we need following lemma.

Lemma 3. If a random tensor X € RP1**PD has mean zero and separable covariance

Var(vec X) = Xp ® - -- ® Xy, then
E(X(d)X-(rd)) = (H tI‘Ed/)Ed

E(|vecX|3) = []tx(Sa).

Proof is given in the Appendix B.4. Based on N iid observations of &; and ), con-
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sistent estimators of H L tr(Ex ) and H L tr(Xy ) are following respectively.

N
Z lvec (&; — )3

5
Z lvee (i = V)]I3,

ZIH

(3.9)

ZIH

Ty =

where X and ) are mean of X and ) respectively. By Lemma 3 and using above esti-

mators, we propose estimators for covariance matrices as follows

N

- 1 _ _
PXom = W Z(X(m)i o X(m))(X(m)i - X(m))T’ m=1,....dy
=1
SY,” - N 1)/d Z Yn))(Y( )i _?(n))T, n = 1,...,dy (310)

N
3 1 _ .
YXxy = N E_ vec X; — vec X')(vec Y; — vec )

where X,,); is the mode-m matricization of X; and Y ,); is the mode-n matricization of
Vi,i=1,...,N.

The separable covariance structure is not identifiable in individual ¥x ,,, due to scaling
indeterminacy. Therefore 3x ,,, cannot be consistently estimated. However, via Slutsky

theorem,

2X,dz QKR gx,l
([T, tr(Exm)) ™"
(IL, tr(Exm)) %"
= EX,dx®"'®2x,1

Yxd, @ - ®Xx

consistently estimates Var(vec X), which is the term that matters in CCA.
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By plugging in those values 3.10 and iterating the algorithm, we can get a solution.
Pseudo code is presented as the Algorithm 14 in the Appendix B.

We can extend this model to sparsity-constrained problem version same as we extend
TCCA to TSCCA. If we consider to add [; constraint in each parameter vectors, we can

get a sparse solution. The problem set up for TSCCA_SEP is as follows.

Problem 15 (TSCCA_SEP). For two random tensors X € RI* >l gnd) € R4y
and two constants N\ and [, find two coefficient tensors which admit CP decomposi-
tion with rank R, and R, respectively as A = [[A(l), e ,A(d’”)ﬂ € Rivxlay gnd B =
[[B(l), . ,B(dy)ﬂ e R7>*Jay such that

maximize (vec A")T(ACT™T @1, )Y X () vee Y () (BT ®1,,)(vec B™)
subject to  (vec A(m))T(RX,_m ® 3x,m)(vec A(m)) =1

(vee B (Ry,_p, ® Ty ,,)(vecB™) =1

||vec A(m)Hl <A

lvee B™|; <,

forme{l,...,d,} andn e {1,...,d,}.

Though [; constraints complicate problem, we can apply our optimization approach
suggested in Chapter 2, which is exactly Problem 15. Pseudo code is suggested in the
Algorithm 15 in the Appendix B.

3.4.4 Identifiability

In this section, we will tackle the identifiability issue in the parameter estimation. This
problem has been dealt in Zhou et al. (2013, Section 4.2), which is identical with the

problem in our model. We will explain those results in this section for the convenience.
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Identifiability issue arises when we use tensor decomposition. Consider a rank-R de-
composition of a tensor X = [[X(l), el X(D)ﬂ € RP1*PD There are two reasons to cause
this problem: indeterminacy of A and the non-uniqueness of the decomposition.

Consider n diagonal matrices Ay,...,Ap, where A; € RF*® and let denote \;
means rth diagonal element of A;. Then it is easily shown that X can be written as
[[X(l)Al,...,X(D)AD]] for any matrices A;, i« = 1,...,D, such that [[,\;, = 1 for
r = 1,..., R. Similarly, X is not identifiable against to permutation. X can be writ-
ten as [[X(I)H, . ,X(D)Hﬂ for any permutation matrix II € Rf*%,

To resolve this indeterminacy, constrained parameterization is required. For scaling
issue, we fix values in the first row of X, ¢ = 1,...,D — 1 as one. This will resolve
the scaling indeterminacy issue. Also, to dealing with the permutation indeterminacy, we
assume that the first row of each X@ | i = 1,...,D — 1 are distinct and arranged in

(1) (R)

descending order, such as z;;” > ... > x;; . The resulting parameter space is

(XM, .., xP)y. :cg) =1,fori=1,....,D, r=1,... R, andxg) >0 > ng)},

which is open and convex. Our suggestion in this chapter is arbitrary, and there may be
many other choice of arrays that is excluded in our suggested parameter space. In some
applications, more sensible choice may be available.

The second reason that cause the identifiability issue is the possible non-uniqueness
of the decomposition. There are several results that we can check the uniqueness of the

decomposition results, which are well introduced in Kolda and Bader (2009, Section 3.2).
Proposition 3. Consider a rank-R decomposition of D-dimensional array X .

1. (De Lathauwer, 2006, D = 3 case) If R(R — 1) < pi(p1 — )p2(p2 — 1)/2, this

decomposition is unique for almost all such arrays except on a set of Lebesqgue
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measure zZero.

2. (De Lathavwer, 2006, D = 4 case) For four dimensional case, if R < p; and

R(R—1) < p1paps(3p1p2ps—p1p2—p1ps—Pp2ps—p1 —P2—p3+3) /4, this decomposition

1s unique for almost all such arrays except on a set of Lebesque measure zero.

3. (Liu and Sidiropoulos, 2001, Necessary Condition for D-way tensor) If this decom-
position s unique up to scaling and permutation, mind:l,...,D(de# Tcmk:(X(d/))) >

R.

4. (Sidiropoulos and Bro, 2000, Sufficient Condition for D-way tensor) Ifzg):l kx g >
2R+ (D — 1), where kp is the k-rank of matriz A, this decomposition is unique up

tp scaling and permutation.

3.5 Numerical Results

In this section, we describe simulation results conducted under various conditions to
see the performance of our TCCA and TCCA _SEP models and their sparsity-constrained
models. Our gaol is to show that our proposed models can recover various signals even
if we adopt a row rank decomposition structure. Also we show that sparsity-constrained

models perform well, and get more clearly recovered signals.

3.5.1 Probabilistic Model for CCA

For the assessment of performance of our models, we need to generate data with
prespecified canonical correlation coefficients and canonical vectors. We can generate
such data from the probabilistic CCA model. Bach and Jordan (2005) first introduced

a probabilistic CCA model, which interpret the relationship between two data sets as
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originating the hidden common variable. Let desired D canonical vectors (Ap, Bp) and
canonical correlations p; = (p1, ..., pp). Our goal is to generate two datasets X and Y
such that correlation between their linear combinations ajX and byY is pg, d =1,..., D.
Consider a random variable z of which each element follows standard normal and assume
that two random vectors x and y have conditional distribution given z. We will find
the joint distribution of x and y which has our desired properties as mentioned above.
Let ¥y and Xy be two covariance matrices satisfying A 3¥xAp = BpX,Bp = Ip. And
define two linear transformations

Px = SxApM,
(3.11)

Py = SyBpM,,

where My, My € R”*? are arbitrary matrices such that MyM; = diag(pp) and their

spectral norms are less than 1. We consider the latent factor model

z -~ N(O,ID)
x|z =z ~ N(Pxz+ iy, Sx — PP (3.12)

ylz=2z ~ N(Pyz+p, %, —P,P).

Then we can derive the joint distribution of x and vy,

X Fox DI YxApdiag(pp)Bp X,

y By 3yBpdiag(pp)ApEx 2y
(3.13)

We can verify that x and y have our desired covariance matrices and correlations. As we

can see in the remark 2.1, CCA eventually finds a canonical correlation and canonical
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coefficients which satisfy

0 . || Ap ¥, 0 Ap

Our latent factor model satisfies above equation (3.14),

0 YxApdiag(pp)BpXy Ap

3,Bpdiag(pp)ApE« 0 Bp
- EXADdlag(pD)BTDZyBD

3,Bpdiag(pp)ApE<Ap
| ExApdiag(pp)

YyBpdiag(pp)

S 0 || Ap|
= diag(pp)

0o % || Bp

(3.14)

(3.15)

where the second equality is from the assumption that ApXAp = BX,Bp =Ip.

Now, we discuss how to construct ¥y and 3, so that we can get all parameters in

the joint distribution of x and y. Let

be the full QR decomposition of A,;. Then

2 = QR;'R;'Q + Q,%.Q,
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satisfies A3 Ap = I, for arbitrary positive semidefinite f]x. Similarly let Let

be the full QR decomposition of Bp. Then
e ~ ~ ~T
Yy = QyRyTRyIQ; +Qy3yQ,

satisfies B,X,Bp = 1, for arbitrary positive semidefinite f]y. We can think ¥, and
fly as the free parameters that adjust noise level in x and and y respectively. In this

notation, the joint distribution of (x,y) is

* v | B QR:'R;'QL+ Q,=.Q, Q.Ry"diag(pp)R, Q)

. _ _ _ ~ =~ =T
y I“l’y QyR;leag(pD)Rle; QyRy TRle; + QyE)’Qy
(3.16)

and the generative model is

z N(O, ID)
Xz =2 ~ N(QR; M,z + p,, QR (Ip - M,M)R;'Ql + Q,=.Q,)

_ _ _ ~ ~ ~<T
Y|Z =z ~ ]\/v(Qy]':{’yTl\/‘[y;Z + “y? QyRyT(ID - MyM;)Rle; + QyEYQy)'

3.5.2 Simulation Study 1 : TCCA and TSCCA

To show the performance of TCCA and TSCCA models in various situation, we
conduct several simulations. First, we consider an ordinary vector-valued data. We set

a sparse signal a and b, which have five nonzero elements among 100 coordinates each.
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TCCA p =0.96082 TSCCA p = 0.96082 TCCA p =0.96082 TSCCA p = 0.96082
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Figure 3.1: Result of TCCA and TSCCA conducted on two mode-1 data sets. Left
two panels shows estimated coefficients for X, while right two panels shows estimated
coefficients for Y.

Also we set a true canonical correlation between two data sets as 0.95. Under these true
parameter values, we generated data sets x and y following the generative probabilistic
CCA model introduced in previous section. We conduct analysis for those generated data
set, X € R100x1000 and Y € R100%1000 each have 1000 observations.

For penalty parameters of TSCCA, A = 0.2 and v = 1 have been used. Figure 3.1
shows us the result. Left two panels show true coefficients a in blue color and estimated
coefficients a in red color of two models. Right two panels show true coefficients b in
blue color and estimated coefficients b in red color of two models. TSCCA result only

shows estimated nonzero elements in each figures. We can observe that both models found
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nonzero informational signal well with highly estimated canonical correlation values.
We conduct the second simulation to see the performance when our TCCA/TSCCA
models deal with array-valued data sets, which is our original problem. We generated
two data sets, one is vector data, but the other is now a matrix, mode-2, which is a
tensor data. A vector data x has dimension R?? and a matrix data Y has dimension
R%*04 and we generated 1000 observations from the joint distribution of them described
in previous chapter. Thus our data set are mode-2 data X € R90*1000 and mode-3 data
Y € RO4x64x1000 Pre_defined true canonical correlation is 0.95 as same as the vector
data case, and we used same true coefficients for X. For the dataset y, we consider five
type of image signals, square, cross, circle, triangle, and butterfly. We consider three
values of the coefficient ranks to estimate, from 1 to 3 for the coefficient tensor of ). In
last, we choose penalty parameter pairs based on the cross validation method. For 625
combinatorial pairs of A and v from the set {0.2,0.4,...,5.0}, we conduct 5-fold cross
validation. Exceptionally, the dataset which has true signal of ) as a triangle or butterfly
image, we conducted 5-fold CV on the penalty parameter ranges (0.2,0.4,...,10), which
has 1250 possible combination of A and ~. Based on 5-fold CV, we select the parameter

pair of (A, ) which maximizes following measure

K
Achoice = C(|ﬁ(—k)| + ‘ﬁ(k)|) + SRa+ SRp

k=1

¢ is the weight for correlation

|p(—1| is the optimized canonical correlation using training data
where |p(—1| is the optimized canonical correlation using test data

;. # of nonzero elements
SRy is (100x Rx)

;. # of nonzero elements
SR is 2x64xRy,)
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where R, = 1 and R, € {1,2,3} are the rank of two coefficient tensors A and B re-
spectively. This measure chooses the parameter pairs such that the estimated correlation
is high and the estimated coefficients are sparse. Using the weight scalar ¢, we can give
different weights to principles for the choice of parameter pairs, between better recovery
(¢ > 1) or sparser solution (¢ < 1). In our simulations, ¢ = 1 when we deal with square,
cross, and circle image. In other signals like triangle and butterfly, we used ¢ = 2.

For conducting TSCCA, we adopt APGB algorithm in Section 2.3.2. In the simulation
study of the Section 2.4.3, we conclude that for the sparsity constraint, APGB, APGE,
and ADMM work fast and give a good result. Following those simulation results, we
choose APGB for TSCCA with backtracking line search parameter n = 0.2. APGB
shows very fast calculation. But it is a numerical algorithm which is affected a lot by
the initial starting point. Thus, after we made a choice of penalty parameters we ran
algorithms several times to get a good results.

Simulation results are listed in Tables 3.1, 3.2, 3.3, 3.4, and 3.5. From following five
tables, we can make several observations. First, TCCA recovers the signal pretty well, as
we can see in tables. Especially, the square image can be recovered enough with rank-1
for coefficients of B, it is rather overfitted in the higher rank settings. TSCCA even gives
us clearer image, with much less noise. For the cross image, rank-2 looks to be enough,
especially TSCCA gives us almost clear image. Circle, triangle, and butterfly images
seems to be not enough for rank-3, but still we can get a fair amount of information
about the image when we see a rank-3 coefficient fitted results. And same as square and

cross examples, TSCCA removes noise so that we can get better recovered images.
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True Image (rank,, rankg ) Estimated image (A7) for TSCCA

TCCA withrank =1 1, p = 0.95937 TSCCA with rank =1 1, p = 0.95729

(L1 (1.2, 4.6)

10 20 30 a0 50 60 10 20 30 a0 50 60
TCCA with rank = 1 2, p = 0.97018 TSCCA with rank = 1 2, p = 0.95947

(1,2) (4.8, 2.6)

10 20 30 a0 50 60 10 20 30 a0 50 60
TCCA with rank = 1 3, p = 0.97962 TSCCA with rank = 1 3, p = 0.95366

(1,3) (1.6, 2.0)

Table 3.1: Results of TCCA and TSCCA for the square image. First column shows a
true image, and the rest of 6 images are recovered image by TCCA and TSCCA. Among
estimated 6 images, left three images are recovered by TCCA, while right three are by
TSCCA. We can observe that rank-1 structured coefficient B catches the signal well
enough, higher rank shows overfitting. Also we can observe that image from TSCCA is
much clearer than the one from the TCCA.
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(rank,, rankg ) Estimated image

(A,7) for TSCCA

TCCA with rank =1 1, p = 0.9362

(1,1)

10 20 30 a0 50 60
TCCA with rank =1 2, p = 0.96486

(1,2)

o 20 30 a0

1 50 60
TCCA with rank =1 2, p = 0.96503

(1.3)

TSCCA with rank =1 1, p = 0.93413

(1.2, 4.6)

10 20 30 40 50 60
TSCCA with rank =1 2, p = 0.95782

(4.8, 2.6)

10 20 30 a0 50 60
TSCCA with rank =1 2, p = 0.95748

(1.6, 2.0)

Table 3.2: Results of TCCA and TSCCA for the cross image. First column shows the
true image, and the rest of 6 images are recovered images by TCCA and TSCCA. Among
estimated 6 images, left three images are recovered by TCCA, while right three are by
TSCCA. We can observe that higher rank structure imposed model shows better signal
recovery. Also, we can observe that image from TSCCA is much clearer than the one
from the TCCA.

65



True Image (rank,, rankg ) Estimated image (A7) for TSCCA

TCCA with rank =1 1, p = 0.94909 TSCCA withrank =1 1, p = 0.94761

(L1 (1.2, 4.6)

10 20 30 a0 50 60 10 20 30 a0 50 60
TCCA with rank =1 2, p = 0.9634 TSCCA with rank = 1 2, p = 0.9505

(1,2) (4.8, 2.6)

10 20 30 40 50 60
TSCCA with rank =1 3, p = 0.95219

(1,3) (1.6, 2.0)

Table 3.3: Results of TCCA and TSCCA for the circle image. First column shows the
true image, and the rest of 6 images are recovered images by TCCA and TSCCA. Among
estimated 6 images, left three images are recovered by TCCA, while right three are by
TSCCA. We can observe that higher rank structure imposed model shows better signal
recovery. Also, we can observe that image from TSCCA is much clearer than the one
from the TCCA.
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True Image (rank,, rankg ) Estimated image (A7) for TSCCA

TCCA withrank =1 1, p = 0.93686 TSCCA with rank = 1 1, p = 0.93219

10

20

11 30 (18, 42)
a0
50
60
10 20 30 40 50 60 10 20 30 40 50 60
TCCA with rank =1 2, p = 0.96132 TSCCA with rank = 1 2, p = 0.93714
—
10 = -
—
20 = - m—— -
-
i
{58
P 30 | -
(1,2) | (8.0, 5.4)
40 { B} { | -
i i
50 -
.
60 = -
10 20 30 40 50 60 ENe) 20 30 40 50 60
TCCA with rank =1 3, p = 0.9747 TSCCA with rank = 1 _3, p = 0.952
" el fn k
" " .
10 | - 10
-
.
20 = = 20
. (|
i i
30 |~ b 30
(1,3) i (7.0, 5.6)
P
40 - I ] - 40
|
i ]
50 = = 50
: ]
oy P w
60 r '1 60
10 20 30 40 50 60 10 20 30 a0 50 60

Table 3.4: Results of TCCA and TSCCA for the triangle image. First column shows
the true image, and the rest of 6 images are recovered images by TCCA and TSCCA.
Among estimated 6 images, left three images are recovered by TCCA, while right three
are by TSCCA. We can observe that higher rank structure imposed model shows better
signal recovery, but we may need higher rank to get better recovery of the triangle signal.
Similarly with previous examples, we can observe that image from TSCCA is much clearer
than the one from the TCCA.
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(rank,, rankg ) Estimated image

(A,7) for TSCCA

TCCA withrank =1 1, p = 0.86387

(1,1)

a0

10 20 30 50 60
TCCA with rank =1 2, p = 0.93238

(1,2)

10 20 30 a0

50 60
TCCA with rank =1 3, p = 0.95932

(1.3)

TSCCA with rank = 1 1, p = 0.85989

(1.2,4.6)
10 20 30 40 50 60
TSCCA with rank =1 2, p = 0.88372
(4.8, 2.6)
10 20 30 40 50 60
TSCCA with rank =1 3, p = 0.83202
(1.6, 2.0)

Table 3.5: Results of TCCA and TSCCA for the butterfly image. First column shows
the true image, and the rest of 6 images are recovered images by TCCA and TSCCA.
Among estimated 6 images, left three images are recovered by TCCA, while right three
are by TSCCA. We can observe that higher rank structure imposed model shows better
signal recovery, but we may need higher rank to get better recovery of the triangle signal.
Similarly with previous examples, we can observe that image from TSCCA is much clearer

than the one from the TCCA.

68



3.5.3 Simulation Study 2 : TCCA _SEP and TSCCA _SEP

We conduct the second simulation to assess the performance of TCCA_SEP and
TSCCA_SEP model. We generated data using the same scheme as the first simulation,
we use same value of true canonical correlation coefficient, and same two canonical coef-

R100x1000 and matrix data

ficients. From those true value, we generate vector data X &€
Y € R64*64x1000 which possess 1000 samples. For true ) signal, we used five images same
as the first simulation, square, cross, circle, triangle, and butterfly image. We consider
three values of the coefficient ranks in the model, from 1 to 3 for the coefficient tensor
of Y. In last, we choose penalty parameter pairs based on several toy simulations, used
value of the pair of parameters in each experiments are shown in the table. Results are
displayed in next five Tables 3.6,3.7,3.8, 3.9 and 3.10

We can make several observations from following results. First, TCCA_SEP and
TSCCA_SEP model works well. Square, cross, and circle images recovered very well,
and TSCCA_SEP gives us even more clearer image. Even more, square and cross images
are almost all recovered with low rank. For circle, triangle and butterfly images, it seems
to require a higher rank for better recovery of the image. But still we can get a fair
amount of information from the results. Important thing to remember is that we gener-
ated data from probabilistic model, not an array normal distribution which has separable
covariance structure. In other words, data does not follow the population assumption of
models. However our model still recovers signal very well, which is very impressive re-
sult. Secondly, even though we make a choice for the penalty parameters based on toy
simulations, they work great. In most cases, TSCCA_SEP gives us clearer image than

the TCCA_SEP. Exceptionally, TSCCA_SEP failed to recover butterfly image in rank-3

of )V, it seems that higher values of penalty parameters is required.
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True Image (rank,, rankg ) Estimated image

(A,7) for TSCCA

TCCA with rank =1 1, p = 0.95937

(1,1)

10 20 30 a0 50 60
TCCA with rank =1 2, p = 0.97002

(1,2)

o 20 30 a0

1 50 60
TCCA with rank =1 3, p = 0.97962

(1.3)

TSCCA with rank =1 1, p = 0.95209

10 20 30 a0 50 60
TSCCA with rank =1 2, p = 0.95844

10 20 30 a0
TSCCA with rank =1 3,

(2.0,

(0.5, 85)

,2.0)

Table 3.6: Results of TCCA_SEP and TSCCA_SEP for the square image. First column
shows a true image, and the rest of 6 images are recovered image by TCCA_SEP and
TSCCA_SEP. Among estimated 6 images, left three images are recovered by TCCA -
SEP, while right three are by TSCCA_SEP. Same as TCCA and TSCCA, we can observe
that rank-1 structured coefficient B catches the signal well enough, higher rank shows
overfitting. Also, we can observe that image from TSCCA_SEP is much clearer than the

one from the TCCA_SEP.
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True Image (rank,, rankg ) Estimated image (A7) for TSCCA

TCCA with rank =1 1, p = 0.93618 TSCCA with rank =1 1, p = 0.93105

(L1) (1.5, 7.0)
10 20 30 40 50 60 10 20 30 40 50 60
TCCA with rank =1 2, p = 0.96486 TSCCA with rank = 1 2, p = 0.96018
10 [ N
20 N
30 1
(1,2) [' (2.0, 2.0)
40 - -
50 .
60 - N
\ . . .
10 20 30 40 50 60 10 20 30 40 50 60
TCCA with rank =1 3, p = 0.97511 TSCCA with rank = 1 3, p = 0.95964
- " - - . H Y - =
-
10 £ 10
|=
=
20 -:' 20
o
30 30 o
(1,3) (4.5, 4.5)
40 40
|=

50 50

60

10 20 30 a0 50 60 10 20 30 a0 50 60

Table 3.7: Results of TCCA_SEP and TSCCA_SEP for the cross image. First column
shows a true image, and the rest of 6 images are recovered image by TCCA_SEP and
TSCCA_SEP. Among estimated 6 images, left three images are recovered by TCCA_SEP,
while right three are by TSCCA_SEP. It seems to be enough with rank-2 of the coefficient
B, we can see that the model with rank-3 of B gives us a overfitted result. Also we can
observe that image from TSCCA _SEP is much clearer than the one from the TCCA_SEP.
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True Image (rank,, rankg ) Estimated image (A7) for TSCCA

TCCA with rank =1 1, p = 0.94909 TSCCA with rank =1 1, p = 0.94683

5.5, 8.
1,1 5.5, 8.0
10 20 30 a0 50 60 10 20 30 a0 50 60
TCCA with rank =1 2, p = 0.9634 TSCCA with rank =1 2, p = 0.94584
(1,2) (2.0, 2.0)
10 20 30 a0 50 60 10 20 30 a0 50 60
TCCA with rank =1 3, p = 0.97601 TSCCA with rank =1 3, p = 0.95554
(1,3) (45, 45)

Table 3.8: Results of TCCA_SEP and TSCCA_SEP for the circle image. First column
shows a true image, and the rest of 6 images are recovered image by TCCA_SEP and
TSCCA_SEP. Among estimated 6 images, left three images are recovered by TCCA_SEP,
while right three are by TSCCA _SEP. It seems that higher rank of B is required for better
recovery. But still We can observe that image from TSCCA_SEP is much clearer than
the one from the TCCA_SEP.
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True Image (rank,, rankg ) Estimated image (A7) for TSCCA

TCCA with rank =1 1, p = 0.93688 TSCCA with rank =1 1, p = 0.9354
10
20
30 =
1 (5.5, 9.0)
40
50
60
10 20 30 40 50 60 10 20 30 40 50 60
TCCA with rank =1 2, p = 0.9535 TSCCA with rank =1 2, p = 0.9275
1,2) (2.0, 2.0)

10 20 30 el 20 30 a0 5

10 e} 60
TSCCA with rank =1 3, p = 0.95238

10

20

30 - _
= (4.5, 4.5)
a0 | R =

50

(1.3)

60

10 20 30 a0 50 60

Table 3.9: Results of TCCA_SEP and TSCCA_SEP for the triangle image. First column
shows a true image, and the rest of 6 images are recovered image by TCCA_SEP and
TSCCA_SEP. Among estimated 6 images, left three images are recovered by TCCA_SEP,
while right three are by TSCCA_SEP. We can see that higher ranked mode gives better
recovered results. It seems that rank bigger than 3 may required for better recovered
image. And we can observe again that image from TSCCA_SEP is much clearer than the

one from the TCCA_SEP.
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True Image (rank,, rankg ) Estimated image (A, 7) for TSCCA

TCCA with rank =1 1, p = 0.86388 TSCCA with rank =1 1, p = 0.85671

(L1 (1.2, 4.6)

10 20 30 a0 50 60 10 20 30 a0 50 60
TCCA with rank =1 2, p = 0.9323 TSCCA with rank =1 2, p = 0.79169

(1,2) (4.8, 2.6)

10 20 30 a0 20 30 a0 50 60

50 60 10
TCCA with rank =1 3, p = 0.95836 TSCCA with rank =1 3, p = 0.5871

(1,3) (1.6, 2.0)

Table 3.10: Results of TCCA_SEP and TSCCA _SEP for the butterfly image. First col-
umn shows a true image, and the rest of 6 images are recovered image by TCCA_SEP and
TSCCA _SEP. Among estimated 6 images, left three images are recovered by TCCA _SEP,
while right three are by TSCCA_SEP. We can see that higher ranked mode gives better
recovered results. It seems that rank bigger than 3 may required for better recovered
image. Exceptionally, we failed to recover the image under the model with rank-3 of B
of TSCCA_SEP. It seems that we may try higher ranks or bigger penalty parameters to
get a good results. But in general we can observe again that image from TSCCA_SEP is
much clearer than the one from the TCCA_SEP.
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3.6 Discussion

In this Chapter, we develop a novel method to find a set of coefficients that maxi-
mizes linear relationship between each linear combination of two data sets, not only for
an ordinary vector-valued data but also for a multi-dimensional data array, so called ten-
sor. Vectorizing data and applying ordinary CCA or SCCA methods require formidable
number of parameters, which causes a big problem. Even though we apply SCCA, still
its dimensionality is too huge, if we consider a big data such as fMRI data. Moreover,
spatial information that data contains in its own structure can be lost, which is a big loss
in the view of researchers.

To address these issues, we propose a new framework for tensor CCA. We impose a
low rank structure on coefficients of X and ) so that we can significantly reduce the
number of parameters while we can preserve its array structure. Moreover, our method
allows us to update blocks of parameters alternately one at a time, which is the great
advantage for us especially in terms of computational cost and time. And for the last,
our models avoid to deal with singular sample covariance estimates. Instead we work
on the “compressed covariance matrices”, which is likely to be a full rank. It may be a
hard problem if we have to deal with the sample covariance matrices directly especially
we have small sample size, since estimated sample covariance matrices may be singular.
However, our methods alleviate these issues.

Furthermore, imposition of separable covariance structure improves statistical esti-
mation efficiency and reduce computation burden. Simulation results show that though
the generative model does not follow the separable covariance structure, model still works
well.

On top of TCCA and TCCA_SEP models, we also proposed sparse version of these
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models by adding [, constraints on the parameter blocks, and solved them by using nu-
merical methods developed in Chapter 2. Sparsity is the frequently preferred or required
constraint, but it is hard to solve l; constrained problem due to its non-differentiability.
However adopting numerical optimization algorithm, we can easily add sparsity constraint
and get a solution, which works well as we saw in the simulation results.

Still we have more consideration on this problem. We put the separable covariance
matrix structure on covariance matrices of each data set, but not in cross covariance
matrices. Thus, our future research will concentrate on developing the model which has
separable cross covariance structure and sparsity constrained model of that. More broadly,
our work is done based on the generalized eigenvalue problem (GEP) framework, which
implies that other multivariate analysis methods which can be transformed to GEP can
be extended for the tensor data set using the same framework of this Chapter. Thus, our
future research will also focus on the extension of this model to other multivariate data

analysis techniques.
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Appendix A

Algorithms for CGE

A.1 Accelerated Projected Gradient Method with

Exact Line Search (APGE)

Algorithm 1: Accelerated Projected Gradient Method with Exact Line Search
(APGE)

Initialize w® = w® € A, o =0, o =1

[uny

2 repeat

3 u <« wit) + <%) (w® — wlt=1) > Extrapolation
4 v < 2[|A — R(u)B]u/(u"Bu)

5 c1, ¢ < roots of a quadratic with coefficients (2.5) > Exact line search
6 Wiemp,1 € PA(U- + C1V) > Projection
7 | Wiemp2 ¢ Pa(u+ cav) > Projection
8 if R(Wiemp1) < R(Wiemp,1) then

9 ‘ WD Wiemp

10 else

11 ‘ wtth) Wiemp,2

12 end

13 ) (14 /14 (220)2)/2

14 until objective value converges

83



A.2 Accelerated Proximal Gradient Method with Back-

tracking Line Search (APGB)

Algorithm 2: Accelerated Proximal Gradient Method with Backtracking Line
Search (APGB)
1 Initialize w® =wM € A, 50 >0, 0<n<1, a® =0, oM =1
2 repeat
3 u <+ wt + <a(t;(1t)>71> (w®) — w(t=1) > Extrapolation
4 v < (2[A — R(u)B|u) /(u"Bu)
repeat
6 wg?mp ¢ Pa(u—s®v) > Projection
" Q = R(w) + (Wigny — . v) + (1/259) [wighy, — ulf
8 s® « ps® > Backtracking rule
9 witth) wg)mp
10 until R(Wg\%p) <Q
11 st 5O
12 D)« (1 + /1 + (2)2)/2
13 until objective value converges
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A.3 Accelerated Projected Gradient Descent Method

for Nonconvex function (APGNC)

Algorithm 3: Accelerated Projected Gradient Descent Method for Nonconvex func-
tion (APGNC)

1 Initialize w© = wlY =wo e A, u® =0, L >0, A\O >0, =1/2L
2 repeat

3 ol 2/(t 4 1)

4

A+ (a(t+1)/4 + 1)5
5 | w1 —atywl) 4 ot w® > Extrapolation
6 v 2(A — R(wgl;l))B)Wgzl)/(wgzl)Tngzl)) > Descent direction
7 | witD o Pr(wl) — \EHDy) > Projection
8 w((f;rl) — PA(wgfL;l) — V) > Projection

9 until Objective value converges

A.4 Coordinate Descent Method (CD)

Algorithm 4: Coordinate Descent Method (CD)

1 Initialize w(®

2 repeat

3 fori=1,...,ndo > Coordinate descent
4 1,79 < real roots of a quadratic with coefficients(2.12)

5 wgtﬂ) — argminpeA*R(wYH), . ,wgtjl),p, wgr)l, . ,ws))

6 end

7 | witD o Py (wtD) > Projection
8 until objective value converges
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A.5 Alternating Direction Method of Multipliers (ADMM)

Algorithm 5: Alternating Direction Method of Multipliers (ADMM)

1 Initialize w® = 20 =wye A, U =0, 0<n<1, p>0

2 repeat > APGE for w update
3 541

4 a® <0

5 | a1

6 | p©=ph w)

7 repeat

8 q < p(k) + (%)(p(m — p(k_l)) > Extrapolation
9 d < wrgm (A — R(@*)B)a® + (1/p) (q® — (2 —u))
10 repeat
11 Ptemp < 4 — sd
12 Foa < R(a)+(1/2p)lla— (2" —u®) | 3+(d—Presnp: d) +(1/25) [ d=Premp 13
15 Frow < R(Dramp) + (1/20) [Prap — (20 — u®)[3
14 84— 81 > Backtracking line search
15 until F,., < F,u
16 p+1) Premp
17 a® D) (1 + /1 + (2a0)2) /2
18 until Objective value converges
19 wtth) « plEtl) > Update w
20 2D Py(wtD 4 u®) > Update z with projection
21 ulth  u® 4wl g0+ > Update u
22 until Objective value converges
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A.6 (Michelot) Projection to A,

Algorithm 6: (Michelot) Projection to Aponneg = {wi+---4+w, =1, wy, ..., w, >

0}

1 repeat

2 Project w onto the hyperplane H = {y : >, y; = 1}: W <~ w — %ln

3 Fori=1,...,n, if some w; < 0, then set w; = 0 and eliminate w; from further
consideration

4 until w; > 0 for all i

A.7 Projection to Ay,

Algorithm 7: Projection to Agpse = {w € R" @ |wy| + -+ + |w,| <

v, Vwi A+ -+ w? = \}

if v < A then
‘ w <« P (w) > Use Algorithm 9 for Pa,

else if v > Vv/2) then
‘ w <« P, (w) > Use Algorithm 10 for Pa,

else
‘ W < P, (w) > Use Algorithm 11 for Pa, .,

b = | B VU VN

end
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A.8 Projection to Agppics

Algorithm 8: Projection to Agppies = {W €R” : Y w; =7, w; >0,i=1,...,n}

1 n <« length(w)

2 7 < sort(w)
32,0

40«0

5 fori=1:ndo

6 Y2, + 2z

7 d+ (B, —7)/i
8 if i <nand § <z and 6 > 2, then
9 ‘ break

10 end

11 W< (Ww—10),
12 end

A.9 Projection to Ay,

Algorithm 9: Projection to A, = {w € R" : |[w—-¢|; < 7,¢c € R” :
constant vector }

1 Wiemp < W — C

2 sgn < sign(w)

3 if ||[Wiemp|l1 < v then

4 W W

5 else

6 Wiemp < PAipies (Wiemp) > use Algorith 8 for Pa,, ..
7 W <— SgN * Wiemp + C

8 end
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A.10 Projection to Ay,

Algorithm 10: Projection to Az, = {w € R*" : ||[w —¢]s < A, c € R" :
constant vector}
if ||w —c||2 < A then
W W

end
else

| W et AMw—o)/(|w—cl2)

end

D oA W N+

A.11 (Dykstra) Projection to the intersection of r

closed convex sets Cy,...,C,_

Algorithm 11: (Dykstra) Projection to the intersection of r closed convex sets
CO7 tt Crfl

Initialize w™Y = wy, e = ... =e"V =0

1
2 repeat

5 | wi)« Po, (w4 elt) > ¢t mod r : remainder of ¢/r
4

5

e®) w1 1 olt=7) _ (®

until Objective value converges
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Appendix B

Proofs and Algorithms for Tensor

Canonical Correlation Analysis

B.1 Proof for Lemma 1

Proof. For the first equality, let u € R™ and v € R". Then

Wy e Uy,
vec (uv') = vec ( T : )
U1+ UmUp
zvec({vlu vnu})
v
vy
=v®u
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For the second, third, and fourth equality, see Laub (2005, Theorem 13.26, 13.4, 13.3).

For the last equality, let A has m rows and C, D have p columns. Then

i A.®B
(A®B)(C«D) = : C,oD; --- C,®D,

I A, ®B
[ (A, ®B)(C,@D,) --- (AL@B)(C,®D,)
| (A ®B)(C,®D,) - (A, ©B)C,®D,)
| (ALC.)@(BD.) - (A.C,)®(BD,)
| (A,.C1)®(BD,) - (A,.C,) @ (BD,)

~| ac,eBD, - AC,®BD, }

| (AC), ® (BD), --- (AC), (BD), }

= l_AC * BD.
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B.2 Proof for Proposition 1

Proof. Consider derivation of Cov((X,.A), (), B)).

Cov((X, A), (Y, B))

= Cov((X(m),A(m)(A(df) ko oex AMFD L Alm=1) oy A(l))>,
(Y (), B(”)(B(dy) - x BOTD y BD) oL 4 B(l))))

= Cov((X(m)(A(dI) s AMED g A=l ooy AW Ay
<Y(n)(B(dy) - xBOTD s B .4 B(l)), B(")>)

= Cov((XemA™, AM™), (Y (y B, B™))

= Cov((vec (X(m)A(*m)),vec A (vec (Y(n)B(*”)),VecB(")»

= (vec A"™)TCov(vec (XmAT™), vec (Y yB™))vec B™

= (vec A™)TCov((AT™ @1}, )vec Xy, (B @1, )vec Y (n))vec B™

= (vec A)T(AE™T T, )Cov(vec Xy, vec Y(,))(BU™ @ I, )vec B™

— (Vec A(m))T(A(_m)T ® IIm)ZvecX(m vee Y ) (B(—n) ® IJn)VeC B(n)

)

Derivation of Var({(X,.A)) and Var({(), B)) can be done in similar way.
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B.3 Proof for Proposition 2

Proof. Consider Var((X,.A)),

Var((X, A))
= (vec A) " Byec x(vec A)
= 1I%Z(A(dm) %%k A(l)>T(EX,d9¢ R ® 2x,1)(A(dz) %%k A(l))le
— 1}m[(A(d”)TEX,d9¢A(dI)) @0 (A(I)TEX,IA(l))]le
= 15, (A" Ex ,, A™) © Rx _ml1g,
= tr((A"™ "%, A"™)Rx )
— <EX,mA(m)7A(m)RX7—m>
= (vec (BxmA™), vec (A™Rx )
= (vec AN (Iz, @ Bx,m)(Rx,—m ®@ I, ) (vec A™)

= (vec A"N)T(Rx _pm @ Bx ) (vec A™)

for any m € 1,...,d,, where

RX,fm
_ (A(dx)TEX,dzA(dw)) @0 (A(m+1)T2X,m+1A(m+1))
0 (A(m_l)TEX,m—lA(m_l)) -0 (A(I)TEXJA(U>

= @m’#m (A(m/)TEX,m’A(m,)>
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Similarly, it can be shown that

Var((Y, B))

= (vecB"™)(Ry, _, ® Zy,,)(vec B™)

for any n € 1,...,d,, where Ry _,, = @nfin(B(”/)TEBm/B(”/))

B.4 Proof for Lemma 3

Proof. For the first identity, see Hoff et al. (2011, Proposition 2.1).

For the second identity,
E(|[vec X113)

= tr(Var(vec X))

=tr(Zp®- - ®3)

= [Jt(=0)
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B.5 Estimation Algorithm of TCCA

Algorithm 12: Parameter estimation of TCCA model

1 Initialize AY, ... A=) B B
2 repeat

3 | m+ ((t—1) moddzx)+1

4 | n+((t—1) mod dy)+1

5 AE;’”) e Al o AED A=) A

6 Bgt‘)m CB@ 4. B x B ...« BW
7 Cé)Y — (A(im)T ® Ilm)ﬁzvecx<m),vecY(n) (B(in)T ® Ijn)
8 Cg) — (A(_m)T ® Ilm)zvecx(m) (A(_m) & IIm)

o | CY«+ BRI, Sy,, BT L)

10 Solve following generalized eigenvalue decomposition,
(m) (m)
[ [t | aa [ & ][ et
T n n
Ch 0 vec By 0 Cgp vee B )

11 until objective value converges
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B.6 Estimation Algorithm of TSCCA

Algorithm 13: Parameter estimation of TSCCA model

1 Initialize AY, ... A=) B B
2 repeat

3 | m+ ((t—1) moddzx)+1

4 | n+((t—1) mod dy)+1

5 AE;’”) e Al o AED A=) A

6 Bgt‘)m CB@ 4. B x B ...« BW

7| O (AT R, B, vy, (BT RT,)
s | Ch« (AT RI;, ) Sweex,,, (AT &11,)

9 Cz) ~ BT IJn>ﬁlvecY(n) B @I,

0 CXY
10 V(t) — |: ngT (()t) :|

K

C 0
)
11 W(t) <— |: 0 C(Yt) :|

12 Use CGE algorithm with two matrices input V() and W,

(m)

ec A
v étﬂ) ] with compatible
vec B(

—
o~

13 Divide solutions from previous step to [

dimensions each
14 until objective value converges
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B.7 Estimation Algorithm of TCCA _SEP

Algorithm 14: Parameter estimation of TCCA_SEP model

Initialize AW, ... Al BD B

Rx (o) @m(AWTi:X,mA(m))

Ry, )  On(B™Sy,,B™)

repeat

+— ((t—1) moddzx)+1

+— ((t—1) mod dy)+1

7 Rx, —m,u) < Rx,n @ (A(m TEX mAE )))
n)

s | Ry n(t)<—RY<t)®(B<t)TEYn )

[uny

(=B B U V)

9 C( — RX —m,(t) &® EXm
0 | CY %RY ) ® By

(—m (dz (m+1) (m—1) (1)
11 A() — A A A(t) ~--*A(t)

(—n) (n+1 (n—l) (1)
12 B, B ) s B(t) * B, -+ By

13 ij)Y — (AE;W)T ® Ilm)Evecxm),VeCy(n) (Bgt)n)T ®1;)

14 Solve following generalized eigenvalue decomposition,
[ v ) } e Aém) = Aw { W X } e A<t+1)
T
Co 0 vec B} (1) 0 Cp vec B(t+1)

15 RX7(t+1)eRX,_m7(t)®(A(m TS AT )

(t+1) (t+1)
16 | Ry 1) < Ry, i © (B{,Syv.aB{l,)

17 until objective value converges
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B.8 Estimation Algorithm of TSCCA _SEP

Algorithm 15: Parameter estimation of TSCCA_SEP model

Initialize AW, ... Al BD B

Rx (o) @m(AWTi:X,mA(m))

Ry, )  On(B™Sy,,B™)

repeat

+— ((t—1) moddzx)+1

+— ((t—1) mod dy)+1

7 Rx, —m,u) < Rx,n @ (A(m TEX mAE )))
n)

s | Ry n(t)<—RY<t)®(B<t)TEYn )

[uny

(=B B U V)

9 C( — RX —m,(t) &® EXm
0 | CY %RY ) ® By

(—m (dz) (m+1) (m—1) (1)
11 A() — A( A A(t) ~--*A(t)

(=n) (dy) (n—i—l (n—l) (1)
12 B(t) + B! t)” % - B(t) B(t) -k B(t)

13 Cfg)yv < (A_Et)m)-r ® I[m)EVGCX(m)yveCY( )(Bgt)n)‘r ® ]:Jn)

0 cxY
14 Vi [ CXYT (t) ]

0
C 0
(t)
15 W(t) < [ 0 C?;) ]

16 Use CGE algorithm with two matrices input V() and W,
(m)

vec A
(t+1) ] with compatible

(n)

17 Divide solutions from previous step to [
(t+1)

vec

dimensions each )
18 Rx i+1) ¢ Rx,—m,) © (A(m) x mA(m) )

(t+1) (t+1)
19 Ry (1) < Ry n ) © (B(?+1)T2Y HBE:;)LD)

20 until objective value converges
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