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SUMMARY

The natural frequencies of a thin circular cyclindrical shell of finite length are obtained by
the variational method

The problem originates from a particular type of construction at the inlet of evaporators and
superheaters in sodium technology.

The analysis is based on the Morley-Koiter equations for circular cylindrical shells and as-
sumes the displacement amplitude to be distributed harmonically in the circumferential direc-
tion of the shell. The dependence between the radial shell displacement and the axial co-or-
dinate is expressed approximately by a linear combination of the (in general four) independent
eigenfunctions a vibrating beam. The dependence between the axial a and the tangential dis-
placements on the one hand and the axial co-ordinate on the other hand is also expressed as
a linear combination of goniometric and exponential functions These functions are assumed
to be dependent on the our eigenfunctions mentioned before by supposing the shell mid-sur-
face to behave inextensional-like.

The number of independent constants occurtring in the expressions for the displacements
is reduced by satisfying the kinematic and/or the dynamic boundary conditions. Substitution
of the resulting displacements expressions in the virtual work equation for the complete cylin-
drical shell leads to a characteristic equation determining the natural frequencies.

The calculations are carried out for two types of boundary conditions. Firstly the case of
a clamped-clamped cylinder is considered. In this case the solution can be presented in closed
form. A comparison is given with the results obtained by Kraus for this case on the basis of
Donnell’s equations. In addition, the influence of different ratios of wall-thickness to shell ra-
dius and of length to shell radius is investigated.

Secondly the case of a clamped-free cylinder is considered. It is shown that the computa-
tions on the basis of the above method can be carried out in a relatively simple and straight-
forward way as compared with calculations based on the so-called exact method. In addition,
a comparison with experimental evidence is given.

In conclusion, the influence of surrounding fluid mass on the above frequencies is analysed
for-a-clamped-clamped shell. The solution for the flow pressure used in this case differs from
the solutions used in literature up to now in that not only travelling waves in the usual direction
are considered.
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1. Introduction -2

The calculation of the free vibrations of circular cylindrical shells of
finite length has been of engineer's interest for a long time. The motive for
the present calculations originates from a particular type of construction at
the inlet of a sodium heated superheater with helix heating bundle for SNR-
Kalkar shown in fig.l.
The variational analysis of the present paper is based on a modified energy
functional for cylindrical shells proposed by Koiter [1] and resulting in
Morley's equilibrium equations [2] (see appendix). As usual, the displace-
ment amplitude is assumed to be distributed harmonically in the circum-
ferential direction of the shell. Following the method of Gontkevich [3] s
the dependence between the displacements of the shell middle surface and the
axial shell co-ordinate is expressed approximately by a set of eigenfunctions
of a free vibrating beam satisfying the desired boundary conditions. Substi-
tution of this displacement expressions into the virtual work equation for
the complete shell leads to a characteristic equation determining the natural
frequencies, ,
The calculations are carried out for a clamped-clamped and a clamped-free
cylinder. A comparison is given between the above numerical results and
experimental and theoretical results from literature.
In addition, the influence of surrounding fluid mass on the above frequencies
is analysed for a clamped-clamped shell. The solution for the velocity poten-
tial used in this case differs from the solutions used in literature upto
sofar in that not only travelling waves in the axial direction are considered

Numerical results are given for the cylinder indicated in fig.l.

2. General method of solution by means of beam functions.

The most important cylindrical shell notations are visualized in fig.2.
(cf. also appendix). For a cylindrical shell of finite length 1, bounded by
two parallel circles, the solution for the displacements can be written as

follows
<o, £ o
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where Llh(d))\é:édj and XMiéﬂ) are unknown functions of &, whereas ¢J,is an
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unknown frequency, depending on the integer n. Substitution of eq. (1) into

the modified virtual work equation (44) leads to the following equation
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In accordance with Gontkevich [3] the radial displacement amplitude W

is
taken proportional to the mth

eigenfunction X' C&QﬁOof a free v1brat1ng

beam with the same length, having similar boundary conditions

-\/\[L':Asmxrm_(/«—m.d) (m=1r,2,---)

where A

(5)
Im is an unknown amplitude coefficient, while 4¢, is the leading para-

meter occurring in the characteristic equation for the beam. Since the beam

functions consist only of exponential and goniometric terms, we have the
relation 10N >(
X tamt) = te,] X (Aeme) (6)

Because of the structure of the equilibrium equations for the shell we
choose the following functions for U and V

U, — ,me(/«,no() V AZMX ()

where A and A are amplitude coefficients.
Im 2m

(7

It should be noticed that this
the number of independent boundary conditions to be
applicable at a certain edge.

choice restricts

Substitution of eqs.7) and (5) into eq. (2) and employing the usual varia-

tional procedure leads to three equations for ,4,1n ({==/,2,3>«
Taking into account that )ﬁmé«”ﬂ>satisfies the boundary conditions for the

beam and utilizing eq. (6), these equations can be written as follows

Z [D{/-S‘{/ D{—Qn]/zgf‘m:‘j (<= 42,3)

(8)

(9

S{/~ /if 4;-/ and 0 if <5l y

Yx
with _95_2( Ao ,,,, S(X )'40( z,,,_,SXU Ao (10)
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For non-trivial solutions, the determinant of the coéfficients resulting
from eq. (8) has to be set to zero, As a result, the following cubic

characteristic equation in jznis obtained
6 & 2
R K, 2+ RS2, —H, =0 an

where
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The above result is more suitable for numerical calculations by digital

W, =

computers than the corresponding result given by Gontkevich [3] . For given
shell dimensions and boundary conditions one firstly has to determine the
corresponding beam function and the values of ¢, . The next step consists of
calculating the integrals I, , I and I, . Next, the coefficient D., and

Om Im 2m ij
Di can be computed, followed by calculating the coeéfficients K, of eq. (I11)

as a function of n and m.

3., Completely clamped edges.

For the circular cylindrical shell, which is completely clamped at both
ends, the approach of Kraus [4] will be followed. For symmetric vibrations
the beam function can be written as follows (olis measured from the middle

of the beam)
Xm (/“(‘mo() = Co'.)/ttho( g j u?{;‘(‘md' , with /= (13)

where the parameter ¢, satisfies the characteristic equation

/um/ /u,,.//

{4ﬂt -+ 2 A = O (14)

The cortesponding solution for the shell, given by eqs. (5) and (7), satis-

fies the boundary conditions at the ends (= £ "/5 R

dm=_\4=\/\/n_~_wl= o (15)

As a result the following coefficients Ky, K, and K, are obtained
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In this result, the single underlined terms differ from the corresponding
terms in Kraus' solution., This explains the disagreement between the Arnold
and Warburton solution [5] and Kraus' solution noticed by Leissa [6] . The
influence of these errors is shown in table 1 for a particular case and
appears to be relevant only for low values of n. The doubly wunderlined terms
in eq. (16) show the influence of the Morley-Koiter equations as compared with
the Donnell equations. As can be seen from the numerical results presented in
table | this influence is small in the particular example considered.

In table |, the above-mentioned numerical results are compared with experimen-
tal evidence obtained by Koval and Cranch f7] and with theoretical results
obtained by Vronay and Smith [8] + The latter results represent exact solu-
tions of the equations derived by Yu [9] (which are in fact a modification of
Donnell's equations) and involve a considerable amount of computational work.
They coincide with results obtained by Zohar and Aboudi [lO] by exponential
matrix expansion on basis of Dommnell's equations. Only for low values of n
there appears to be a revelant discrepancy between the results predicted by
Vronay and Smith and the results of the present paper. The same conclusion
holds for the experimental results as compared with the results of the present
paper.

For antisymmetric vibrations the beam function can be written as

Xméamd)== Sen e, of —-A!sawéaﬁd (18)
where the parameter «, satisfie the characteristic equation

fam"";?/_ {M/’fz‘%’—/ o (19)

2
As a result the solution (16) for KO, K] and K, can be retained, provided the

coéfficient § is replaced by
, /{2 2R . /«.,,,/
o Sen
-+ Ay L R

/- A

(20)

$

In fig.3 the lowest frequency parameters.izn(occurring for m=1) are depicted

as a function of 1/R for various R/h ratios.

4. One edge completelv clamped. the other e free,
The following expression holds £ unction of a free vibrating

beam, clamped at =0and free at
Xm(/a,ﬂa() 0(—54}»1/((1"0(] (21)

where the p ic equation
(22)



—6— F 8/4

At the end ol=0, the corresponding solution for the shell satisfies the

boundary conditions

U Ve W, = W, =0

It follows by 1eans of eq. (3) that the above eigenfunction leads to more or
less approximately vanishing internal dynamic quanticties Aét,é%t and /%;n
at the end o= /% , but that the modified shear force N:yn is not equal to
zero at that edge.

Table 2 shows a comparison between numerical results obtained by the above
method and numerical and experimental results obtained by Resnick and
Dugundji [lZ] , using an energy method equivalent to Rayleigh-Ritz, beam
functions, and the Sanders shell theory [13] . In [12] , the experimental
results below n=5 were shown to tend towards the simple support-free results.
In fig.4, the lowest frequency parameters.jzn(occurring for m=1) are

depicted as a function of 1/R for various R/h ratios,

5. Effect of surrounding fluid mass for the clamped-clamped shell

The outer surface of the circular cylindrical shell is assumed to be
surrounded by an inviscid and incompressible fluid. The flow motion developed
by the motion of the shell can then be described by a velocity potential @,

satisfying the Laplace equation in cylindrical polar coordinates

32$ ; ¢ , 92@ —;—§2§=o (23)

—Zz L 52 - =)
oA =

T L 4 e e T oZ Z
5¢2 s 29 3 iﬁ

In this equation oL and /5 are the dimensionless coordinates used before, while
§ is the dimensionless radial coordinate r/R. In the linear case and neglec—

ting the influence of axial flow velocity, the fluid pressure induced is

given by Ry
?z_fLSTi_f (24)
where EL is the density of the fluid. The solution of eq. (23) is taken as
<o, t
gﬁ: @m'rzﬁe (25)
n
with

b= (1,6 B D, T, 08)+E. Y, ] 29)
where Jn and Yn are Bessel functions of order n, /L is an unknown parameter,
and Ai’ Bi’ Di and Ei are arbitrary constants to be determined from boundary
conditions. At §=/ the condition of impermeability of the outer shell surface

W /L

may be expressed as ; Bf/
bé_ﬂbfg:/ 27)

Taking into account the solution for-w, given by eqs. (1), (5) and (!8), and

the above solution for é-, the following equation is obtained

Ay ot Aot
e, Ay, Leenu, o -,L/zm/{/«,,o(]z— W{Z(/‘/{e LB e )/L),
[D,T3) +E A D] (28)
where I stands for a differentiation to Ad. We now consider the following

two particular values of Ai, Ai and Bi

/\,:4‘,/6,,‘ A, = 3,:—’,%4 thy Agm A, = e ,/42=BZ=Zﬁiwn/]3m(29)
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With these values, eq. (28) can be written as follows YT
ey
o L, +/4wv4f/ccmo( B ALy Ty A [DX T,7 () +E Ceen )]+
T <
w’m’wg/éafmd [Dzj'n (/‘(’m)_/'EZ):. (/“—m)j (30)
where In and Kn are modified Bessel functions of order n, while Dr-and ET are
modified constants. The above equation has to be satisfied for arbitrary
values ofo(. Consequently, the following two equations hold
¥ T * T /
LE 1;(C“m> 4'551 H; (QZM)== %ﬁwn J
T a

It is assumed that the fluid is motionless bounded by an outer cylinder with

(31)

radius Ro' Hence we have the boundary condition

>
§= R"//z o

8
After substitution of eq. (26) into this condition and using eq. (29), the
resulting equation has to be fulfilled for arbitrary values ofa Consequent-

ly,the following two equations are obtained
¥ - R, ¥ el R
D/ I-n(’“'»- /ﬂ) . E/ K'n (/“”" o/ﬂ) (33)
Ra
D, J—nr(/“’"‘ RDR > + £ ﬁr(/aﬁ /R ) = 0

X ¥
The constants D], E1 and E2 can be solved from eqs. (31) and (33)

DY = KICen"/g) [, N, E/%=—Io-ré“’"ﬁ%?>/«%/l/,} (34)
N, = 7)) K (e, ol ) = TECen ") 11,7 e

D, = Y o D Yoy pr,  Ea == ALY ol 09
N, = TECn) Y, E Ceniefe) = D om0 ) Y (e

After substitution from the above results into eqs. (26) and (24), the

o}

i

following solution for p is obtained

p= 9,02 R A, oo [D¥T, (0 ) +E I, (2, 8)] +
sk ttnt [ D, T, CnS) + E YaCitns)] Jeromp €7 (36)

The above solution differs from corresponding solutions given by Berry and
Reissner [IA] , Paldoussis and Denise [15] , Chen [16] and Levin and Milan
[17] in that not only travelling waves of goniometrical form in the axial
direction are considered. The influence of the fluid mass on the free vibra-
tions of the shell can be established by assessing the virtual work of the

pressure p at the shell surface
_SS ?{?.:/SW_—%X-V(;& (37)

After substitution of egs. (5), (13) and (36),it can be shown easily that the

c has to be increased by
() —+ E,* M, (’“m)] *
Cttom )+, Y, (40 )] ol

} (38)
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6., Numerical results for a particular case

The influence of surrounding fluid mass on the free vibrations of cylindrical
shells has been cﬁmputed for the particular cylinder indicated in fig.l by
means of the method described in the preceding paragraph. Only the effect of
the fluid mass outside the shell has been taken into account, although this
restriction is not necessary from computational point of view. The results
are depicted in fig.5 and show a considerable reduction of the lowest natural
frequency.
At present, the investigations are extended to the case of a clamped-free
cylinder, whereas a comparison is made with the results obtained by presuming

only travelling waves in the axial direction.

7. Appendix. Summary of Morley-Koiter equations for circular cylindrical
shells.

Fig.2 shows the shell middle surface with co-ordinates, displacements, rota-
tions and loadings along an arbitrary edge curve. In stead of the co-ordinates
x (parallel with the axis of the cylinder) and y (perpendicular to x) in the
middle surface, the dimensionless co-ordinates c(_x/q and/8=}/f( are defined.
Differentiations to d.and ﬁ will be denoted respectlvely by
2= (- D=
. In work reported in [1] Koiter derived a modified expression V* for the
elastic energy per unit area of middle surface for circular cylindrical
shells, including no loss of accuracy as compared with the so-called first
approximation, resulting from the general linear theory of thin elastic
shells []8] . In terms of the displacements and their derivates the variation
of the modified energy expression can be written as follows
SV ¥ & (N + Nfsv + N s+ N sv") -.L;é%(/‘f*sw-”-,u
+/V¥6‘W' _,.2/‘/ sW ) E’Z [ve +'V'+W+i W Sewd [ sw

7 7 s DR* (40)

In this.expression the following modified stress resultants and stress couples
are defined.

N: = (:hT)R [u' + v(v't W) + (1-v) 12:2 (v'-w
¥ Eh . n?
Ny = m [\)u' + (v'+ w) + (1-v) o2 (u't w'')
2
. m [—(1 ) V') - (1-v) 12R2 (u'+ w")J
» Eh 1 . n? .
Noy = m [?(1—\;)(11 +v') + (1-v) 1282 (w'' - v") 1)
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3
" W [(1—v)w" +%(l-v)(U'- V')]
X Y% 12(1-V)R

The virtual work equation including load terms reads as follows

Sgsvngéa=ﬁ‘()(sa +}/sv+st)7(zV§/ + S [ M s+

boundartes

+/g@sv+(?sw- +H M sw+ /‘;(sw‘- s'v)}]p/s (42)

Considering one circular cylindrical shell with regular boundary conditions
(clamped, simple support, fixed support, relaxed simple support, free), the
boundary terms in eq. (42) vanish. Replacing X, Y and Z bij the inertia

e 2V J 2w . . )
forces =% ;fa,—&{;}} and —¢4A 3¢z , we obtain the following virtual work

equation

sV olxety =_5j§f(§% sic+ 38 57+ 3¢5 SWelx oty “2

The equationsof motion can be derived from eq. (43) after partial integration

and applying the common variational approach. Using egs. (40) and (41) the
following modified virtual work equation is obtained for a cylindrical shell

of finiée length 1, bounded by two parallel circles

= .. r—2 %
ng_—w{[u,”., 4Or-v) U rE DV W = FEgA* x| s+
/1—

+[ECrr2) a).—ff-(/—v)‘\f»—f v

2

—[)’u)+‘V“—f’W'-+,2ﬂz(A +/)
Y.
==:S LA;*SL&#—A%;SWP——;%(%GT{+2/®;

7

where A is the Laplacian with respect to< and @ . The coefficients of 8 «,

§v- and §W between the square brackets in the left-hand side of (44) represent
the left-hand sides of the so-called Morley-Koiter equations of motion. These
equations were proposed originally by Morley [2] as a correction on the well-
known Donnell equations [19] , which differ only from the Morley-Koiter

equations by replacing(h-+/)zby Az in the coefficient of W in the surface

integral of (44).
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Theoretlcal Theoretical
exper: K Kraus present  Vronay-  exp us  Kra o present  Vronay
mental {correc- paper Smith mental paper Smitch

[7] [4] e [e] [71 [41 d [s]

3790 3790 3427 8767 8767
2087 2087 1917 6190 6190 5832
1025 176 1235 1235 1154 4350 4362 4362 4051
700 783 808 806 765 3139 3146 3146 2918
552t 597 606 601 581 2342 2346 2344 2190
525 552 554 546 539 1650 1823 1824 1821 1719
593' 611 609 600 599 1395 1503 1502 1497 1431
720 736 733 722 721 1350 1338 1336 1330 1287
885 902 899 888 l278. 130z 1297 129)
I095. 1100 1096 1085 1325 1369 1365 1356
1310 1321 1319 1308 Ikﬁst 1512 1507 1498
1560 1568 1565 1555 1690% 1710 1706 1696
1850 1837 1835 1824 I9I5‘ 1950 1946 1935
2140 2128 2126 2115 2210 2224 2220 2209

% gyperimental data obtsined from the average of two values

TABLE |. Theoretical and experimental frequencies (cps) for a clamped-clamped steel shell;
1/Re4, R/h=300, h=0.01 in, E=30x10% pai, vr0.3, 5=7.33x100"% 1b-sec?/in®

m=2 3
Theoretical Theoretical Theoretical
expe Resnick=- P 3 P Reanick= P t P Resnick- P
ment Dugundji a Dugundji n Dugundji
2] [2] (2] [+2] [ 2] [12]
149 489 492 2512 2519 4968 4980
165 24b 247 984 1353 1357 3081 3088
158 18) 182 575 827 829 2013 2018
200 207 208 505 576 578 1401 1405
276 280 281 436 a76 470 1047 105
174 376 180 454 «79 481 857 861
490 494 496 531 549 552 787 791
626 627 630 642 661 664 807 812
176 779 783 799 803 892 897
941 945 959 963 1021 1027

TABLE 2 Theoretical and experimental frequencies (cps) for a clamped-free

sluminium shell;

3

L/R=4.13, R/h=415, h=0.,0070 in, E=9 9 x 10° psi, v=0.3, p=0 254 x 10 ° lb-seci/in®
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1344
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260
212
268
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663
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13—

m=2

present
paper

5199
2565
1392
860
619
551
598
716
877
1069

Vronay~=
Smith

te]

3818
2136
1240
800
597

m=3

present
paper

7981
5002
3134
2064
1452
I

953

932
1011
1157

Vronay-
Smith

[8]

6817
4406
2924
1906
1371

Comparison of theoretical frequencies (cps) for a

clnnped-free steel shell.
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