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ABSTRACT

In this paper, the total energy gain by conduction for a concentric circular annulus
with uniform wall temperature gradient and heat generation is calculated analytically for
various boundary conditions.

The equations for viscous laminar flow in a circular annulus is first developed for an
incompressible, constant property fluid where the velocity profile is fully developed. The
results are used in the energy equation to determine the temperature field for the case with
uniform heat generation. In turn, the results for the heat fluxes from the outer and the
inner tubes are determined for all physically interesting and important cases and are pre-

sented in analytical closed form.
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1. Introduction

In general, enmergy gain through the walls of heat exchanger tubes is an important
technological problem. Shah and London [1] have discussed a great majority of these cases
through 1977 and have documented all literature in a compact form including the work of
Topakoglu and Arnmas [2] which this paper follows closely and extends to include the effect
of heat generation in the fluid within the annulus. Recently, Berger, Talbot and Yao [3]
have studied in great detail the flow in curved pipes. The methodologies presented there
have also been used in this paper to study the flow in annuli.

There are 2 number of areas where flows of this type are of practical importance.
Annuli arise in most piping systems as well as in all double-pipe heat exchangers. It is,
therefore, important to know the pressure drop in the developing and the developed parts of
the flow and to determine the pumping power required to overcome annulus - induced pressure
losses; similarly, the energy gain is required in designing heat exchangers. The effects of
the wall temperature gradient and heat generation on the total emergy gain by conduction
through the walls of a heat exchanger annulus under 2 number of boundary conditions are
important. The only other literature where heat generation in pipes and annuli are con-
sidered are [&] and [5]. Experience gained in these papers have been incorporated in the
work presented here.

One of the reasons why problems of this nature are not solved analytically is the
difficulty faced in formulating the mathematical tools, even for circular annuli. It is
this that has caused the absence of many znalytical solutions in the literature. Naturally,
the momentum solution is needed so that the energy solution can be obtained. The methodo-
logies presented by Topakoglu [6] has been the impetus for all of the ensuing work [2, &4,
51.

Therefore, the total energy gein by conduction for a concentric circular annulus with
uniform wall temperature gradient and heat generation is calculated analytically for various

boundary conditions.

2. Viscous Flow in Annular Concentric Pipes

The differential equation for the velocity distribution for an incompressible, conmstant
property fluid in laminar flow inside a circular annulus in regions away from the inlet
where the velocity profile is considered to be fully developed can be written as

14 , dW, _1dp

rdr F a0 Thaz m

with a solution of

W(r) = zl._p ;‘}g (=% + ¢, log £ + C,) (2)

where z is the longitudinal coordinate in the direction of flow, %& is the uniform longi-

tudinal pressure gradient, W is the dynamic viscosity of the fluid and W is the velocity.

The boundary conditions to evaluate the comstants C; and C, in eq. (2) are

r=W W=0 3)

r =R Ww=20 (&)
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which upon substitution into eq. (2) gives

2
- R [y dy

W(r) =
H log(3) *

The nondimensional quantities may be defined as

w = (V)W
I
dz uv’ dz

(5)

(6)

o)

where L is the mean radius of the outer pipe and v is the kinematic viscosity of the fluid.

The mean flow velocity Wm over the tube cross-section is determined from

_ 1
o= 3

Y anr wee) ax
L

which reduces to

2

v =-Ld

m M dz

using eq. (5).
2WnL

Defining the Reynolds number as ReL = V' and using eq.
3

N -

L Lpv dz

which is further reduced to

(7.

using eq.

(8)

9)

9

(10)

11)

Substituting equations (6) and (11) into eq. (5), the non-dimensional ve-

locity distribution for a concentric circular annulus becomes [7]

log r]

w = REL[(l—rz) - (1-u®) e

3. Temperature Distribution

(12)

The temperature distribution for the flow in the annulus is determined by solving the

energy equation

dE

O _ yld  dEy, g
Wiz = &gl * g Oy

(13)

where g% is the longitudinal temperature gradient C, & is the thermal diffusivity, E is an

excess temperature, k is the thermal conductivity and Q is the heat generation density.
D ’ y GEN y
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Letting q to be a characteristic heat flux, such as an averaged heat flux from the

outer and inner walls, the non-dimensional variables may be defined as

9een = Qcen ﬁ (14)
c=2C % (15)
e= % (16)

Using equations (5) and (14)-(16), eq. (13) reduces to
% g; (r g%) =cwPR - GEN (17)

where PR is the Prandtl number, %.
Substituting from eq. (12) into eq. (13) and integrating, the excess temperature dis-

tribution becomes

- log v . 1 _ 2
= e Togw T4 Ygey (17 *C logr)
2 4
r r 1 2
+ c REL PR (-Z T + i C1 r“ log ¢ am
1 2 _ 3 3 3 2
A C1 L T T C1 log r - 16 C1 w- log r
1.2 1
tz C1 log r + 7 Cl)
where the boundary conditions
r=1 e =0 (15)
r=uw e=e. (16)
have been used and where
2
= (-wT)
¢ = log w an

4.  Heat Fluxes Through the Walls

The element of heat flux, du, measured in the positive direction of r through an ele-

mental area of r=constant cylindrical surface is

du = - k o L ds (18)
where

d _19

™o (19)

ds = r dr (20)
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Using eq. (16), eq. (19) becomes

du = - Lar g—i dr (21)

The heat gain rates per unit length of inner and outer pipes, uy and u o’ which are

taken to be positive when heat flows into the fluid, are expressed as

2n Se
u; = -Lowf g)rzwdr (22)
_ Be
v, = quf 5¢ 1cllr (23)
r=

Defining a second non-dimensional inner wall temperature as

E,
_ in
B = RE, PR L C (24)

and using equations (15) and (16), eq. (26) reduces to
=B86G (25)
where

G=c REL PR (26)

Upon substitution from equations (14) and (25), equations (22) and (23) become, re-

spectively,
u. = - 2nLq {BG + 1 q (c, - sz)
i Tog w g w % ey (&
+G[_i—6cl+i_6clw2+%w2_%m4
+ % C% + % Clt.u2 log w]} 27
Uy = 2mLa{BG o log 5t gy (6 - 2)
+G[}—Gcl-i’—6clm2+%+%cfl} (28)
4.1 Special Cases of B
4.1.1 Insulated Outer wall, u = o

Equation (28) reduces to give
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1
= 78 YeEn (C1 - 2) logw
C 3C
1 1.2 1
+(‘]z"—‘1-—6m +Z+—C)1ogw (29)

which would give for eq. (28)

® - 3]-_)
u = 2nlq 6 Togw (30)
4£.1.2 Insulated Inner Wall, u; =0
Equation (27) redn‘ces to give
B=8,
- }ZE U (C1 - 2m2) log w
+ logu(- 25 €, + ¢ e’ +
- %w4 + % C% + % Clwz log w) ' (31)
which would give for eg. (27)
B, - B
u, = 2rilg G Tog w (32)
The ratio of eq. (32) to eq. (30) gives
u (B-B)
E = ‘('BT—S—) (33)

Letting the heat gain rate from the outer wall to that from both walls per unit length

of the pipe be denoted by A and given as

-8 \
A= (RN (34)
and
B;
(B - B, B, - B
A= (36)
A

©
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then

B=B(1-0) 7)

Substitution of eq. (37) into eq. (27) gives

_— 1 w2 1 —w?
u, = ZnLq{z qGEN(l w) + G[ i Cl(l w)
1 4 1 2 1 2
- Z(1+w )+ 5w+ 5Cw” log w]
+ Ao c-2) relt ¢
4 PGEN 1 16 71
3 2 1 1.2
T1e Ozt OB (38)

Equation (37) into eq. (28) yields,
w = onlq{A[ . -2) + 6 ¢
o VAT ey & 16 ™1

2

3 1.1 2
TTe Wtz Pl (39)

Finally, the three special cases become:

1. Insulated outer wall
uo= 0, B= Bi’ A=0,A=0
2. Equal wall temperatures
TO = Ti’ B=0, A= AO, A=1
3. Insulated inner wall
= = = =p = L
u, = 0, B = Bo’ A=1, A= Ao = Ao

5. Conclusions

Equations (38) and (39) give the total energy gain by conduction from the inner and
outer tubes, respectively, for a concentric circular annulus with uniform wall temperature
gradient and heat generation. Numerical calculations are easily obtainable; the choice is
left to the reader and to his computer language and facilities. It is seen that the inner
and outer tube energy gains are interrelated and us is calculated in terms of ug-

Other boundary conditions can also be used; this is left to the reader's needs.
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