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By S. G. Ghurye and Herbert Robbins
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Introduction and summary. Given two populations Pi (i =1, 2) with unknown

means Oi and variances o?, we wish to estimate the difference Gl - 92. Let

ti(n) be the mean (X +X o+ e+ X n)/n of a sample from P,. Then
2

1,1 1,

2
tl(nl) - t2(n2) is an unbiased estimate of 9, - @,, with variance ? (ui/ni).

Assuming the cost of sampling to be a known linear function of the number of

observations, the cost of taking n, observations from P1 and n, from P2 is
alnl + a,n, + a5. If there is a prescribed upper bound Ao to the cost of

sampling, n, and n, are subject to the restriction

A = -
(0.1) a,n) + a0, = A=A 8xe

The quantity = (oi/ni), equal to the variance of tl(nl) - t2(n2) for
i

integer values of the n,, is minimized for continuous n, > 0 subject to

i

(0.1) by taking n, = ni, vhere

o _ 1/2 1/2 ]
(0.2) n; = (A/ai) ay 01/§ 8" oy ;
the minimum value being equal to
(0.3) V@) =z (a?/n‘;) = a7z a2 4 )2,
PRRRE g 1 i
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When the ratio 02/0l on which the optimum values (0.2) depend is not

known, we can use a two-stage procedure for estimating 6. - 02, first taking

1

& sample of m, + m_ observations, m, from Pi’ and then using estimates of ¢

1 2 i
obtained from this preliminary sample to distribute the remaining observations

between the Pi’ We shall investigate the performance of this estimation pro-

cedure.
For previous work done on problems of this kind, reference may be made
to Putter [_;;7 and the literature cited in that paper. Putter considers the
problem of estimating the mean of a population composed of a known number of
normally distributed strate whose relative proportions are known. See also
Robbins [2; p. 528 _7.

In section 1, we assume the Pi to be normal and evaluate the variance of

the two-stege estimate. In section 2, we show that as m,, m, and A — <

in a certain way, the ratio of this variance to the minimum variance VO(A)
tends to unity, and we also prove the asymptotic result for more general popu-

lations.

l. Normal populations. When the P, are known to be normal, we choose positive

i
integers m, such that a,m, + a;m, < A and take m, observations from Pi. Let
m
(1.1) 52(m ) = 21 x° m te(m )e /(m 1) = estimated variance of P *
BRSREREEAR Bee e P+ B M 1 - 1

*
- 2 . 2
Putter /1 7 uses Si(mi)(mi - l)/(mi - 2) instead of si(mi) because it

minimizes an expression ag vhich is the variance of the estimate obtained by

ignoring the fact that the sample-sizes prescribed by the two-stage procedure

are truncated short of the extreme limits possible under (0.l).
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(1.2) u(m,, »y) = ai/esl(ml)/i‘- ai/zsi(mi);
my if Au(m,, m,) /a1< LY
(1.3) n, = (A - ) /e, Af (A - amy)/a, < Auimy,m)/a),
Au(m,, m,) /a.l if my < Au(ml, ) /al < (A -anm) /al;
(1.1) na* - (A - alnl") fay3
end

(1.5) ?{1 = [n1*_7 ’

where [x_] is the largest integer in x. Having computed 'ifi, ve take ('z‘i'i - m,)

more observations (X, ., 4 =m, + 1, ..., 0;) from P,, and estimate O, - O, by
i, i 1 1l 2

1
a ~ all Al ’KQ A
(1.6) tl(nl) - t,(H,) = JEl xl’d/ul - Jr;l xe,a/“e'
Let
(1.7 V(a) = Ver {tﬂﬁi) - ta(ﬁ'e)} .
Now,
(1.8) t, (X)) = mt, (m,) /B8] + (8] - m,)t, (B - m)/a,
(A
vhere  t, (?{1 -m) = Jmfﬂ xi’J/(ﬁ"i - m,).

S8ince the 'Ki depend only on the si(mi) , for fixed s i the random variables

N/ A
tl(ml), t2(n2), 1sl(n1 - mi), *'2(“2 - 2) are'mutually independent, the



ol
conditional distributions of ti(mi) and ti(ﬁk - mi) being respectively
N {0 02/m } and _/Y{O 02/(3’ -m )} Hence for fixed s, the condi-
RS Ut i? "4 i i * i
(o d ot . { 2
tional distribution of tl(ni) - t2(n2) 1s‘p({01 -9, ? (Oi/ﬁi)}' . Conse-

quently,
(1.9) E {tl(ﬁ'l) - t,(E)} =0 -0y, ana V(a) = E{ : (af‘l’/f{i)}

Let
(1.10) F(u) = Pr { u(ml, m2) < u} .

Then from (1.5), (1.9) and (1.10), we have

(1.11) ?r'(A) = 2 1 [(A - a ml)/a.a_] l} F(a /A)

{ °§[(A - agny) /ey 7 oy °§mél} { 1-F1- aeme/"‘)}

l-am, /A

+ f { [Au/alj + 4 [A(l - “)/3 7 -1 } dF(u).

am, /A

»*
In what follows we shall denote by V (A) the expression obtained by dropping
the square brackets in (1.11).

Let

P = 02/011 ¢ = (8'2/31)1/2) bl = (A - alml)/(aaml)’

(1.12)
b, =& mz/(A -a m2), r, = (mi - 1)/2, and q = re/rl.

Then from (0.3) we have

-l

vo(a) = A aloi(l + pe)°,



-5

and we can reduce the expression for V*(A) to
* o 2 -1
(1.13) A {V (A) -V (A)} = alal(p - <:bl)2b1 F(alml/A)

2 2, -1
+ alal(p - CbE) b, {1 - F(1 - a2m2/A)}

Ll-am,/A
+ f alai { (1 - u)n":L + p2c2(l-u)'lu
alml/A
- 2pc} aF(u).

Finally, making the substitution

(1.,14) w = p2c2u2/{ ;)2c2u2 + q(1 - u)e} (ml - 1) (si/oi)/il (m,‘t - l)(s?/oﬁ)

2 2 2
X /( + X ):
m, -1 Xml-l m-1

n

so that w has the density function
rl-l 2
(1.15) f(w) = { l/B(rl,rQ)} w (1 - w) , 0% w<s1

we reduce (1.13) to

(1.16) v*(A)/v°(A) =1+ (1 + pc)'2 {pcIl + (p - cbl)2 10;112

+ (p - c:b2)2 b1

2 I3 % »
where
5,
= [ {@2a -0 @M w2 e e,
P
(1.17)
Bl 1

2
I, =j f(w) aw, I5 =j f(w) dw, By = pe/{ 92 + ceqb:;} .
o 62
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Hence, V /Vo can be computed by means of tables of the incomplete B-function.

We have done this for &, =a, =a, N =A/a =30, 50, m =m, =m = (0.2)N,

(0.3)N, (0.4)N and various values of p. The results are given in the table.

For 8, = a,, the usual procedure for estimating Gl - 92 consists in

taking n; = n, = N/2 and using the estimate tl(N/2) - t2(N/2). The variance

is

2 2
V' = 2(0l + 02)/N.

*
For comparing V with V', the values of V'/Vo are given in the last row of the

table.
TABLE
Comparison of V* with v° and v for normal populations.
m/ﬁ\ﬁ\l.oo 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00
V*/Vo 0.2 [1.06k 1.062 1.058 1.054 1.049 1.0L4 1.039 1.034 1.030

for 0.5 |1.034 1.032 1.028 1.023 1.018 1.016 1.016 1.018 1.022

=
(]

30{0.% }1.017 1.01% 1,012 1.014% 1.025 1.039 1.056 1.075 1.094%

V'N° 0.2 [1.032 1.031 1.031 1.029 1.027 1.025 1.022 1.019 1.017
for | 0.3 [1.021 1.019 1.017 1.01k 1.011 1.010 1.008 1.011 1.016

N = 50| 0.4 |1.013 1.009 1.007 1.010 1.021 1.0% 1.055 1.074 1.094

1,000 1.012 1.040 1.074 1.111 1.148 1,184 1,218 1.250

The two-stage procedure seems to effect considerable improvement over
the usual one-stage procedure for values of p away from 1l; and the performance

seems to be best for m/N in the neighbourhood of al/(al + 02) if °i'< ay-
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2. Asymptotic efficiency. The idea of substituting si(mi) for oy in (0.2) is

based on the belief that as m, —> oo , the ratio 'r}'l/ﬁ'2 will approach the op-

timum value ng/ng and '\\IJ/VO will approach unity. We prove that this is the
case when the populations are normal, and then we shall prove a similar result
which is true also for other populations.

*
THEOREM 1. Let P, be normal, and consider V (A)/V°(A) as given by (1.16).

Let al, 52’ and p remain fixed while m,, m, and A become infinite in such a

way that
0{n< ml/m2 £ h* < 00 , where h, h' are fixed,
and mi/A - 0, i=1, 2.
Then
¥*
(2.2) v I NN° ) — 1.

PROOF. In (1.16),

1, < PR /e, rp1 2 By + 4B (e 1/ m 0 R PlryE,) - 2

- {ql/ar‘(rl+l/2)r‘(r2-l/2) + q'l/ar(rl-l/z)r(reu/e) }/{r(rl)r(rz)}

-2

which converges to zero, since
(2.3) xhr'(x -h) /I (x) ~> 1 a5 x =—> 0O .
I, < Pr{w< ;:2/(3:’2 +c qbl)} £ pr { wl>e qbl/p }

E {W'l} 0%/ (cquri),

IN
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and
Ser {0/ + Fad)} < e {a-w> p2/<c2qb§)}
< E {(l-w) l} cZab5/o°.
Now,
E{ w'l} = r(r, - Vr(r) + 1)/ { M0, + 1, - 1)}
and

E {(l - w)'l } = I‘(r2 - l)l"(rl + r2)/ {r‘(rz)r‘(rl +r, - l)} ,

both of which remain bounded on account of (2.1) and (2.3). Since bl'-—) fo's)
and b2 ~—> 0, we have
-1
(p = cb )abl I, ~—> 0 and (p ~ cbe)ab2 13 - 0.

Hence (2.2) is proved.

From the expression (1.11) for V(A), it follows that

V) A°(a) — 1.

Next, we remove the restriction that the P, be normal, assuming only

i
that they have finite variances ci and that we know functions fi such that the
statistics
(2.4) si(n) = fi(xi,l’ veu, Xi,n; n), i=1, 2,

satisfy conditions (I)-(III) below.

Let Fi(s; n) = Pr{si(n) < s} , and Ci(e) = [oi -€, 0, +€_ 7.



We assume:

(I) There exists an o > 1 such that for every fixed € > 0,
n%pr { si(n)/ci(e)} is bounded for all n >0, i = 1, 2;

(II) There exists an € » 0 and < min (ol, 02) such that n{ f skd.Fi(s; n)

c, (e)

-013 is bounded for all n > 0 and k = 2, -2;

(III) Either t j‘(n) and si(n) from the same sample are & pair of mutually inde-

pendent random variables, or Pi has a finite fourth moment,

We shall follow the two-stage procedure given by (1.2) - (1.6) with

si(mi) as given by (2.4) instead of (1.l1). Then we have

THEOREM 2. Let 858 and p remain fixed while m, and A become infinite in

2 2

such a way that

(2.5) { (2.1) holds, and A/m§l+a)/2 is bounded.
Then

(2.6) R {tl(?{l) St @)} — e -6y,

(2.7) V(A O(8) —> L.

PROOF. We shall first prove the following statements:

(2.8) Assumption (II) also holds for k = 1 and -1;

(2.9) Am, { E(ﬁ;k) - (ni)’k‘} 18 bounded for k = 1, 2;

(2.10) A%lE(E;") —> o

To prove (2.8) for k = -1, we note that



=10

f g~2 d.Fi(s; n) }1/2 = c;l { 1+ O(n'l)};

c, (e)

j gt dF, (s; n) < {

c,(e)
and since s;l = o;l {1 + (siaze - 1) } -1/2 > o;l {l - (1/2)(3?0;2 - 1)}

for sieci(e), we have

f S'ldFi(s;n) > 0;1 {(3/2) j dF, (s;n) - (1/2) f saciadFi(ssn)}
Ci(e) Ci(e) Ci(e)

- o‘i'l {1 + o(n'l)} , by (I) end (II).

Hence (2.8) is proved for k = -1, and in the same way for k = 1. We need only

prove (2.9) and (2.10) for i = 1, since the proof for i = 2 is similar. More-

*
over, from the definitions of 'fx’i and n, , it is evident that (2.9) and (2.10)

*
hold if and only if they hold with 'r’fi replaced by n, .

Lletm = (ml, m2) and set
(2.11) v, © 82(m2)/sl(m1)’

and

N, if v SN (A - alxnl) /calml),

(2.12) v. = 6, if v < Gm aju,/(cA - cam,),

v, i£ 6 v <SN.

Then

- -1 - -1 .
(2.13) bm = O(miA ) —> 0 and N, O(mi A) —> OO ;



-11-

and

* - *
(2.14) (n) 1. a (1 +cv )/A.
m
Consequently, to prove (2.9), we need only show that

*
(2.15) my { E(\rm)k - pk} is bounded for k = 1, 2.

Let us choose an ¢ to satisfy (II); we can, by (2.13), choose m,, m,, A

1’ 72?

large enough so that
6 n (0 - e)/(cl +€) and N » (g, + e)/(al - €),
and hence such that
{ai(mi)eci(e), i=1, 2} = 65 Sv &N

Under these circumstances, we have from (2.12)

(2.26) 0 < B(v)" - j f 81 epdF (5,5 mp)aF, (515 my) & Wyp(my, my),
Cl(e) Ce(e)

where p(m,, m2) =1 - .TI . Pr { si(mi)eci(e)‘} = om™®).
1=1.

7

By (II), the second term in the middle in (2.16) is pk + O(m-l), and

by (2.13) the last term is o(Akm‘km'a) = o(m'l) for k = 1, 2. Thus, we have
(2.15) and hence (2.9). We can prove (2.10) similarly.

Now, let

T

]

) = myty () /) - moty(my) /A,
(2.17)
p = (B) - m)t () - m) /A - (& - m)e,(E] - ny) /]
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-
i
where (’ifi - mi{ti(ni - mi) = ,j=:;:;i+1 Xi,J .
Then
(2.18) E {tl(ﬁ’l) - tz(’h’e)} =E{m | i B {r, I nl} .

lad

. - \ P N
Since oy depends only on ixi,,j’ J=12, ..., mi} and ti(ni mi), for

fixed ?1/1, only on {xi,J’ J=mgHd, ..., ’ﬁ’i } , we have

(2.19)  Pr { 6 -m)<x, 121,28

Sxi%'

{1, 313 = (&, - m))0, /8] - (8, - my)o,/f;

ni} = ( Pr{ti(ni -mi)

i=1,2

Therefore,

so that
EﬁlE {Te ‘Klg =0 -6, - mlOlE(l/ﬁ’l) + m292E(l/ﬁ'2)
—> 0, - 6, by (2.5) end (2.9).
Moreover,

m B {ti(mi)fﬁi} < my {Etf(mi)E(l/ﬁi) } 2 < a7hj0(1) {A%(l/ﬁf)\}l/a

Therefore, ET, —>» O and hence, we have (2.6).
Finally,

As
(2.20) AV(A) = A Var(Tl + TQ) =AVar T, + A Var T, + 2A Cov (Tl TE)'
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But

(2.21) A Var T, = A Var { mltl(ml)/r"fl - mzte(me)/ﬁ'e}

£ 2Ami Var {tl(ml)/ﬁ’l g + 2Am§ Var {t:z(mz)/'ﬁ'2 }

N

2 ~ o~
2;; Am; Var {[ti(mi) - °1—7/“1 + oi/ni}

IN

b ;i:Amf E {[ti(mi) - 91_72/3?)3

2.2
+I+Z’.AmiG1

var (1/ﬁ'i) .
i

From (2.5) and (2.9), we know that Ami Var (l/ﬁ’i) —> 0. As for the other
term on the right hand side in (2.21), if ti(mi) and si(mi) are independent, we

have
Am?E {/_—ti(mi) - eijz/ﬁi } = AmiE {[ti(mi) - oijzg E(l/ﬁ?)
= AmioiE(l/ﬁzi)

—%* 0 by (2.9).

If ti(mi) and Si(mi) are not independent, we still have
rg { [e, ) - 0, F/GY < anl {B/vm) - 0, s/ | M2
= {mfr«:[ti(mi) - oi]"Aame(l/ﬁ’;)} 1/2

—> 0 by (III) and (2.10).
Hence, A Var(Tl) —> 0.

We shall see below that A Var(Tg) is bounded, so that



ella
< _ 1/2
A Cov (T), T,) X { A Var (T)) A Var (T,) } — o.
Therefore,

4
(2.22) 1im AV(A) = lim A Var T

{ ~n
o = lima Eﬁ_lVar(T2' %)) + lim A Var E(T2| %)

lim AEﬁ.IVar {(a’l - m)t, () - 1)/61

(% - my)t, (R, - ma)/ﬁ’a}}

+

lim A Var i(ﬁ'l - m o,/ - (&, - m2)02/i1‘é}

lim AEP{I {z ('f{jL - mi)a?/ﬁf‘g + lim A Var {ma‘;a/ﬁé - mlol/ﬁ‘l}
i

2 2 ~
lim );, oiAE(l/ﬁ'i) - lim f AmioiE(l/ﬁi) +1lim A Var{maca/ﬁ’a-mlcl/n]}'

The last two terms are zero on account of (2.5) and (2.9); and from (2.9), we

see that the first term on the right hand side of (2.22) is the required limit

in (2.7).

If we use sample sizes n', = (A/ai)ai/a/z ai/a, which by (0.2) is what
J

vwe would be led to do if we thought that 0, =0y, the variance of the estimate

of Ql - 02 would be

v =vV° {1+ c(1 -p)e/(1+pc)2§ > v° for p >1.

Hence, asymptotically, the two-stage procedure is more efficient than this one

stage procedure if p > 1.

EXAMPLES. (1) 1If the Pi are normal, the conditions of Theorem 2 are satisfied
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for every ¢ ) 0, and hence in (2.5) A may increase as any power of m, . We have
seen in Theorem 1l that it is actually not necessary to restrict A to be of the
order of a power of mi.-

(2) 1If the P, are Poisson, 02 = Oi, and s?(n) = ti(n). From the fact

i i

that nti(n) has a Poisson distribution, it can be seen that the conditions of
Theorem 2 are satisfied for every o ) 0.

(3) If the P, are binomial, with Pr {xi = 1} = 0, and Pr { X, = o}

2 2 .
=1 = 01, we have o = Oi(l - Qi) and si(n) = ti(n) { l- ti(n).g . Using the
fact that nti(n) is a binomial variate, we can show that the conditions of the
theorem are satisfied for every o > 0.

(4) If we do not know the forms of P,, we would use the estimate si(mi)

of o, given by (1.1). If we know that P, has & sufficient number, say 8, of

moments finite, we can show that Theorem 2 is true for the procedure given by

(1.1) - (1.6).
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