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ENERGY BASED METHODS FOR DETERMINING
ELASTIC PLASTIC FRACTURE

F.J. WITT

Westinghouse Electric Corporation, PWR Systems Division,
P.O. Box 355, Pittsburgh, Pennsylvania 15230, U.S.A.

Several methods are currently in use or under study for calculating various conditions
of fracturing for varying degrees of plasticity. Among these are innovations on the J-
Tntegral concept, crack opening displacement or angle, the two parameter concept and the
equivalent energy method, Methods involving crack arrest and ductile tearing also fall in
this category. Each of these methods have many salient points and some efforts are under-
way to establish the underlying relationship between them. In this paper, the current
research directions of J-integral and equivalent energy methodologies are reviewed with a
broader discussion presented for the equivalent energy methodology.

The fundamental basis of equivalent energy methodology rests with the volumetric energy
ratio. For fractures governed by Tinear elastic fracture mechanics, the volumetric energy
ratio is independent of flaw size and geometry and depends only on the scale factor between
model and prototype and temperature. The behavioral aspects of the volumetric energy ratios
have been investigated throughout the temperature range from brittle fracture to fully
ductile fracture. For five different specimen and structural configurations it has been
shown experimentally that the volumetric energy ratio retains its basic properties. That is,
the volumetric energy ratio while changing in actual value, maintains its independence of
geometyy and flaw size while retaining a unique dependence on scale factor and temperature.
This property interpreted in terms of fracture mechanics leads to the equivalent energy
method.

Current interests are in ductile tearing and plastic instability. Elastic-plastic frac-
ture methods for load-controlled fracture and displacement controlled fracture are briefly
discussed. A simple model for ductile tearing is derived contingent on the constancy of
the K-modulus of tearing.



1. INTRODUCTION

Several methods are currently in use or under study for calculating various conditions
of fracturing for varying degrees of plasticity. Among these are innovations on the J-
integral concept, crack opening displacement or angle, the two parameter concept and the
equivalent energy method. Methods involving crack arrest and ductile tearing also fall in
this category. Each of these methods have many salient points and some efforts are under-
way to establish the underlying relationship between them. Of the methods listed, the J-
integral approach and the equivalent energy method are directly energy related.

In this paper various aspects of the current research directions of the J-integral
approach and the equivalent energy method are reviewed and appropriate references are cited.
Little has appeared in the literature since the early-to-mid 1970's on the equivalent energy
method; hence an in-depth summary is provided for this method. In addition, the application
of equivalent energy methodology to ductile tearing and plastic instability is discussed
and the appropriate calculational formula is derived. Also applications to load-controlled
fracture and displacement controlled fracture are briefly discussed. A first approach to
analyzing a flawed structure subjected to a combination of these loading conditions is
suggested.

2. THE J-INTEGRAL AND DUCTILE TEARING

The J-integral has been extensively discussed in the literature and little can be added
to the basic framework of this methodology [1-9]. The critical J value, usually denoted by
JIc’ is really a crack initiation criterion and not a failure criterion within the usual de-
finition of failure. Flaws should they occur in steel structures such as thick wall reactor
vessels, are known to extend in a stable manner at loads well below the actual failure load
[10]. Thus, undue conservatism may exist in the margins established by J analyses for
normal and overload conditions. This, in turn, may focus attention on remote postulated
accident conditions well out of proportion to the potential safety problem involved.

In an attempt to eliminate undue conservatism in the J-integral approach, ductile tear-
ing and plastic instability analyses are underway which use the basic J approach as a start-
ing point. The fundamental parameter of this approach is the tearing modulus [11], denoted
by Tmat and defined as

E d (1)
mat 002 da
where E 1s the modulus of elasticity, % is either the yield stress of flow stress and dJ/da
is the slope of the resistance curve. The actual characteristics of Tmat are currently be-
ing investigated. 1In application, an applied T is calculated and instability is considered
to occur when

T2 Tnat (2)

THE EQUIVALENT ENERGY METHOD

The equivalent energy method was developed in the late 1960's. Several technical pre-
sentations were made and/or published on this general subject by the author, often with
colleagues, during the following four or five years.[12-18]. Various publications by other
authors of a related nature appeared in this or the subsequent time frame [19-27].

Interests still focus on various aspects of the equivalent energy method [28-31]. Re-
ference 30 provides a thorough discussion with an in-depth background presentation while
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Reference 31 emphasizes the more salient points of the equivalent energy method. The
validation information is provided in both of these publications.

The underlying parameter of equivalent energy methodology is the volumetric energy
ratio . As discussed in References 30 and 31 the volumetric energy ratio is defined
slightly differently for fracture toughness specimens and for structures. For clarity,
these, two definitions are:

umetric En mens: The volumetric energy ratio of two geometrically
s ar ture ess mens is the ratio of the normalized energies (areas
under the normali oad displacement curve measured by the clip gauge or displace-

ment gauge) to maximum load.

Volumetric Energy Ratio-Structures:The volumetric energy ratio of two geometrically
simiTar fTawed structures is the ratio of the normalized energies (areas under the

normalized load displacement curves) to maximum load in the region of the flaw had

the flaw not been present. Most often the normalized displacement is measured as a
strain using a strain gauge perpendicular to the flaw had the flaw not been present
(that is, by a strain gauge at a location symmetric with the flaw Tocation).

A well accepted example of volumetric energy ratio behavior is found in Figure 1. These
results are for fracture toughness specimen producing valid KIc values. The experimental
results are found in Reference [32]. The volumetric energy ratio is taken as 1 for the 1 T
compact specimen tested at -100°F. Since the area under the load displacement curve
varies as the square of the failure load for specimens of the same size tested at different
temperatures, the volumetric ratio is simply the ratio of the KIc's squared. For different
size specimens at the same temperature, the volumetric energy ratio is simply the scale
factor. The table in Figure 1 was obtained in this manner and the plots follow.

The volumetric energy ratio plots of Figure 1 are true fundamental material character-
istics for linear elastic fracture mechanics applications. In this context they are in-
dependent of geometry, flaw size and Toading. This observation leads to speculate about
the behavior of such data in the elastic-plastic regime. The questions then is "Does the
volumetric energy ratio maintain its material characteristics as failure changes from
brittle to ductile". Being a potential material characteristic, the behavior must be ex-
amined experimentally; analytical techniques can only model the behavior not dictate it.

The appropriate tests to investigate the universality of the volumetric energy ratio
were made. Typical results are given in Figure 2 and 3 from Reference 30 and 31. The
apparently anomalous behavior of the yield plateau noted in Figure 3 is to an artifact of
the above definitions and is discussed extensively in References 30 and 31. The data are
sufficiently convincing that the following conclusion may be drawn with considerable con-
fidence. The wlumetric energy ratio depends only on thickness and temperature with little
or no dependence on flaw size, loading, or geometry.

The basic failure criterion of the equivalent energy method is the parameter Kch and
the fundamental relationship based directly on the characteristics of the volumetric energy
ratio is

K vmay (3)

Icd = ¢ 9%
where Kch is defined in Reference 14 and 28, ¢ is the linear elastic shape factor, ay is
the crack depth and 9 is on the linear extension of the elastic Toad-strain curve to which
¢ is calibrated. The area under the linear extension to 9 is the area to maximum load.
4. DUCTILE TEARING CALCULATIONS USIN EQUIVALENT ENERGY METHODOLOGY

A K-modulus of tearing, Tkg» Was recently defined and discussed in Reference 28. By
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definition
o, (4)
kd = MG

where Kd is the varying stress intensity factor defined as a function of the load-displace-

T

ment (stress-strain) curve of the specimen or structure. TKd has the dimension of stress
and may be defined in terms of Tat.- 1t is thought to be a material constant although
exacting procedures for determining TKd have not been established.

The application of TKd to calculate the amount of ductile tearing for any applied
stress 1ntensity factor is straight forward. Equation 4 is first squared to give

2Kd H_ d = Ted (5)
and

1 2 .
2KydKky = Ty, da (6)

Equation 6 may now be integrated with the lower 1limit on Kd being KIJ which is the stress
intensity factor corresponding to JIC The upper limit may be arbitrarily chosen. The
lTower Timit on a is ay , the original crack Tength ignoring crack blunting and stretch. The
upper limit, denoted by ap, is the sought after crack length. For example, to determine
the crack extension at maximum load, the upper Timit is Kch' For this case

Kled 2
2
J' 2K 4K, =ITKd da (7)
a
KIJ 0
where ap is the crack length at maximum load  Assuming TKd is a constant,
K -K
A ~a. = ha= Icd "1J (8)
F 0 2
Tkd

5. LOAD CONTROLLED AND DEFORMATION CONTROLLED LOADINGS

A load controlled situation for flawed structures is best thought of as deadweight load-
ing. When maximum Toad is reached, fracture, although by ductile tearing perhaps, is rapid
and unstable. In contrast to this, displacement control loading under the usual static
loading rates, may never exhibit instability. The typical exampie of a Toad controlled test
is that of a flawed pressure vessel. Perhaps the most familiar example of displacement con-
trolled situations is that of a compact specimen of very tough material tested well into the
high toughness temperature.

Unfortunately failure is often assumed to occur at maximum load even for displacement
controlled situations. While this approach appears reasonable from a deterministic stand-
point, it does preclude the establishment of real margins against failure. For example, in
very remote failure scenarios, such as loss-of-coolant accidents for reactor pressure
vessels, flaws may be shown to initiate and then arrest [33]. Safety assessments usually
focus on the percentage of wall penetration at arrest. Little attention is given to the
margins which still exists after arrest. In a postulated application where arrest has
occurred well into the reéactor vessel wall with the outside surface of the wall still near
operating temperatures, it would almost be impossible for the flaw to penetrate the wall
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fully; thus great margins against leakage may exist but it is difficult to analytically
account for this margin.

Both the tearing modulus using Tmat and the K modulus of tearing using TKd have the
potential of providing reasonable estimates for margins. For example, by substituting a
calculated stress intensity factor (most Tikely involving elastic-plastic three dimensional
analytical procedures) into Equation 8, an estimate of crack extension may be obtained.

Simultaneous applications of Toad controlled and displacement controlled situations
are difficult but not altogether untractable. One reasonable analytical approach would
be to calculate the applied K and determine the amount of crack extension iteratively.

At each step the appropriate load controlldd stress intensity factor which would cause
failure is calculated. Failure is assumed to occur when the applied load control stress
intensity factor equals the one sufficient to cause failure at that step.

DISCUSSION

Adequate solutions exists or are being developed for most of the problems associated
with flawed structures wherein linear elastic fracture mechanic applies. For elastic-
plastic application, crack extension and maximum Toad conditions are tractable by several
methods. Only the J-integral approach and the equivalent energy method have been discussed
in this paper. The full potential of these methods are being explored in order to provide
reasonable estimates for both crack extension and instability conditions.

While these and similar methods may have 1little direct application because of the safety
criteria enforced by code and regulatory bodies they should eventually provide the means
whereby reasonably conservative margins of safety may be determined. This, in turn will
enforce the general belief that the public health and welfare are sufficiently protected
against failures in commercial reactor powei plants.
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