
ABSTRACT 

LYATHAKULA , KARTHIK REDDY. Probabilistic Fatigue Life Prediction and Damage 

Prognostics of Adhesively Bonded Joints via ANNs-based Hybrid Model (Under the Direction of 

Dr. Fuh-Gwo Yuan). 

Adhesively bonded joints have been widely accepted and increasingly used in major load-

carrying structural components due to many advantages over classical mechanical fasteners, like 

riveting and bolting. Fatigue damage remains one of the primary causes of failure in adhesively 

bonded joints. In this work, probabilisti c fatigue life prediction and probabilisti c damage 

prognostics frameworks are developed for adhesively bonded joints. The probabilisti c fatigue life 

prediction framework calibrates the fatigue life model by quantifying uncertainty in the fatigue 

damage evolution relation using experimental fatigue life data. Probabilistic assessment of fatigue 

life is simulated through damage evolution along the bondline and Bayesian inference via the 

Markov chain Monte Carlo (MCMC) sampling method for inverse uncertainty quantification (UQ) 

in fatigue model parameters. To expedite the fatigue life simulation, a hybrid model composed of 

physics-based fatigue damage evolution relation and a data-driven artificial neural networks 

(ANNs) model is employed. The degradation of the adhesive is evaluated by the fatigue damage 

evolution relation which is then mapped to the strain redistribution along the bondline using the 

ANNs model. 

Once the mapping is learned by the ANNs, through data from FEA simulations, the 

probabilistic fatigue life prediction framework involves three successive modules: (I) fatigue 

damage growth (FDG) simulator, (II) inverse UQ in fatigue model parameters, and (III) confidence 

bounds for fatigue life prediction. The developed FDG simulator can be used for simulating fatigue 

degradation rapidly for a given geometric configuration under any arbitrary fatigue loading 

spectra. The quantified model parameter uncertainties from the framework correspond to the 

intrinsic statistical material properties that can be used for probabilistic fatigue life prediction in 

any joint configuration with the same adhesive material. The probabilistic framework is verified 

using a single lap joint (SLJ) by quantifying uncertainties which are then used for probabilistic 

fatigue life prediction in laminated doublers in the bending (LDB) joint, that uses the same 

adhesive material as SLJ, and is successfully compared with experimental data. The framework is 

also tested and validated by estimating probabilistic fatigue life in other joint configurations under 

constant and variable amplitude fatigue loading spectra. 



The probabilistic damage prognostics framework is the integration of diagnostic method, 

hybrid FDG simulator, and uncertainty quantification method. In the diagnostic method, ultrasonic 

Lamb waves are excited into the structure using a pair of piezo wafers and the damage extent is 

quantified by reconstructing the reflected signal from the bond region. The proposed diagnostic 

technique is verified using the signal generated by the finite element simulations with various 

levels of damage. The diagnostic technique is applied intermittently to quantify the damage extent 

and the data is used to calibrate the FDG simulator for inversely quantifying parameter 

uncertainties. The integrated damage prognostics framework is verified by estimating RUL for 

adhesively bonded joint configurations under different loading conditions. 

In the developed frameworks, the MCMC method is used for UQ and these methods are 

inherently serial. The UQ simulation takes hours of computational time even with the hybrid FDG 

simulator. To speed up the process, the sequential Monte Carlo (SMC) method is used to run UQ 

simulations on parallel processors. The SMC method is first demonstrated on the problem of 

sampling from high dimensional space and the parallelization capabilities of the SMC method is 

demonstrated by benchmarking the problem on different cloud architecture. Next, the MCMC 

method in the proibablistic life prediction frameworks is replaced using the SMC method, and 

parallel UQ simulations are conducted on the Henry2 cluster. A good speed-up of UQ simulations 

is achieved. Finally, a portable and scalable Raspberry Pi cluster is built and the framework is 

deployed on the cluster to test its compactness. 
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CHAPTER 1 INTRODUCTION  

Adhesively bonded joints have been widely accepted and increasingly used in major load-carrying 

structural components [1] due to many advantages over classical mechanical fasteners, like 

riveting and bolting. Potential advantages of adhesive joints over traditional joining techniques are 

obvious: longer fatigue life, lightweight, good sealing, ability to joint thin and dissimilar 

components, and lower manufacturing cost. Fatigue damage remains one of the primary causes of 

failure in adhesively bonded joints and fatigue life is considered an important design factor. 

Experimental testing is often used to determine fatigue behavior, but experiments require high 

setup time, expensive equipment, and high cost in testing. Instead using a predictive model is time 

and cost-efficient. However, inherent uncertainties from various sources lead to scattering in 

experimental fatigue data, and a robust integration framework to quantify these uncertainties is 

crucial to increase the confidence in fatigue behavior prediction by the predictive model. 

1.1 Sources of Uncertainties 

Types of uncertainties can be broadly classified into two categories: aleatoric and epistemic 

uncertainty [2] as shown in Figure 1.1. Aleatoric uncertainty, also known as stochastic or statistical 

uncertainty, is inherent to a problem and cannot be reduced with additional physics or experimental 

knowledge. In the context of adhesively bonded joints, the aleatoric uncertainties can be further 

classified into experimental, manufacturing, and parameter uncertainties. Experimental 

uncertainty arises due to the assumptions in the applied boundary conditions or improper alignment 

of the specimen during the testing [2, 3]. The manufacturing process of adhesive joints involves 

different steps such as surface preparation of adherend, adhesive preparation, pressing, and curing 

process [4]. Each step in the manufacturing process plays an important role in the final quality of 

the adhesively bonded joints [1]. Surface preparation, the moisture content in adhesive, applied 

pressure during the pressing step, curing temperature, and curing time affects the bondline 

properties such as thickness and material properties [1, 5, 6] of the final cured joint. Uncertainty 

in these parameters while manufacturing several joints, with a similar adhesive system, results in 

variation in bondline properties among the finally cured joints and even among the joints with the 

same design. Parameter uncertainty [2] is due to uncertainty in parameters of the mathematical 

model such as adhesive material properties, model constants, and fatigue degradation parameters 

(q) of cohesive zone modeling (CZM). These aleatoric uncertainties can be directly quantified 
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using statistical methods [2]. The manufacturing and experimental uncertainties result in varying 

fatigue life among similar adhesive joints when tested under identical loading conditions. 

 
Figure 1.1 A general classification of uncertainties and sources of uncertainties in adhesively 

bonded joints. In this work, uncertainties in the fatigue model parameters are quantified using the 

experimental data. 

Epistemic uncertainty, also known as systematic uncertainty, arises due to a lack of 

information in the mathematical models, that truly represent the physical behavior of the system 

[7]. Model assumptions and the missing physics are some of the sources for epistemic 

uncertainties. Closed-form solutions are only limited to idealized conditions and thus numerical 

methods are often used to model the physical behavior of the system. The assumptions in numerical 

techniques result in uncertainties [2, 7] Another source of model uncertainty arises from 

assumptions in modeling geometry such as ignoring fillets or smooth adhesive edges. Epistemic 

uncertainties can be reduced by including more information about the problem, but it is limited by 

the current theory and modeling capabilities. One way of quantifying the epistemic uncertainties 

is to reformulate them as aleatoric uncertainty [2]. The model and parameter uncertainties 

contribute to the uncertainties in the predictive model. This work is focused on quantifying fatigue 

model parameter uncertainties using the experimental data.  

1.2 Integrated Probabilistic Frameworks  

To use the time and cost-efficient predictive models for simulating fatigue behavior in the 

adhesively bonded joints, the model requires calibration. The predictive model calibration is the 

process of estimating the model parameters using the experimental data [2]. However, the 

uncertainties need to be quantified during the model calibration to increase the fidelity of the 
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prediction. In this work, probabilistic fatigue life prediction and probabilistic damage prognostics 

frameworks are developed for adhesively bonded joints.  

The probabilistic fatigue life prediction framework calibrates the fatigue life model by 

quantifying uncertainty in model parameters using experimental fatigue life data. The 

experimental data for this framework is the life under different fatigue load spectra. However, the 

manufacturing and experimental uncertainties result in the variability of fatigue life among similar 

adhesive joints when tested even under identical loading conditions and these variations in the 

fatigue life data contribute to parameter uncertainties while calibrating the predictive model using 

the experimental data. By quantifying the uncertainties in the model parameter, probabilistic 

fatigue life can be estimated by the predictive model and increase confidence in fatigue life 

prediction. The estimation of the model parameters uncertainties using the measured experimental 

data is often referred to as inverse uncertainty quantification (UQ). In this work, an integrated 

framework [2, 3, 8, 9] is developed to quantify model parameters uncertainties using the 

experimental fatigue life data of adhesively bonded joints, and then the quantified uncertainties 

are used for probabilistic fatigue life prediction. The proposed framework requires the integration 

of experimental data, a predictive model, and statistical methods. The experimental data is used to 

calibrate the predictive model parameters, and uncertainties during the model calibration are 

quantified using statistical sampling methods Markov chain Monte Carlo (MCMC) methods [2, 3, 

8, 10-13] and sequential Monte Carlo (SMC) Method [14-17]. The integrated framework is 

successfully demonstrated by predicting probabili stic fatigue life in different adhesively bonded 

joints. 

The probabilistic damage prognostics framework integrates the diagnostic data, hybrid 

FDG simulator, and statistical methods to quantify uncertainties in the model parameters. The 

diagnostic method provides the damage level in the adhesive structure intermittently, using the 

sensor signal, and the damage data is then used to estimate the model parameters by calibrating 

the predictive model. However, the diagnostic method assumptions and sensor noise limit the exact 

estimation of the model parameters, which contribute to the uncertainties in the parameters during 

the calibration of the predictive model The statistical methods quantify uncertainties in the model 

parameters of the FDG simulator using the damage level data and in the prognostics framework, 

Bayesian inference via the Markov chain Monte Carlo (MCMC) method is used for UQ. Once the 



 

4 

 

parameter uncertainties are quantified, they are propagated through the FDG simulator for 

probabilistic remaining useful life (RUL) estimation. The diagnostic technique continuously 

measures the damage level data and the entire process of the uncertainty quantification, RUL 

estimation is repeated intermittently. The prognostics framework is successfully demonstrated by 

predicting probabili stic remaining useful life in adhesively bonded joint configuration under 

different loading conditions. 

In the fatigue life prediction framework, the output from the hybrid model is the fatigue 

life, and the hybrid model is calibrated using the experimental fatigue life data. The experimental 

data for the fatigue life prediction framework is obtained at different fatigue load spectra. In the 

case of the probabilistic damage prognostics framework, the output from the hybrid model is the 

damage progression for a given fatigue load spectra, and it is calibrated using the damage extent 

data acquired from the diagnostic method. 

In the developed frameworks, the MCMC method is used for UQ and these methods are 

inherently serial. The UQ simulation takes hours of computational time even with the hybrid FDG 

simulator. To speed up the process, the UQ computations are parallelized using the sequential 

Monte Carlo (SMC) method. The SMC method is first demonstrated on the problem of sampling 

from high dimensional space and the parallelization capabilities of the SMC method is 

demonstrated by benchmarking the problem on different cloud architecture provided by Rescale 

Inc. The SMC method gave a linear increase in speed-up with the number of cores. Next, the 

MCMC method in the frameworks is replaced using the SMC method, and parallel UQ simulations 

are conducted on Henry2 [18], a high-performance computing cluster operated by North Carolina 

State University. The damage diagnostics framework is benchmarked by running the HPC and a 

good speed-up of UQ simulations is achieved. Finally, a portable and scalable cluster is built using 

four Raspberry Pi 4 Model B processors and the framework is deployed on the cluster to test its 

compactness. A very good speedup is achieved on the Raspberry Pi cluster compared to the serial 

MCMC computations on a single processor on the NC State university Henry2 cluster. The cluster 

is portable and can be computationally scaled up with more processors. 

1.3 Thesis Overview 

The rest of the thesis is structured as follows: In the first part of chapter 2, different diagnostic 

methods to detect damage in adhesively bonded joints from the literature are presented and the 
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theory of Lamb wave propagation is discussed. In the second part of chapter 2, the data-driven, 

physics-based, and hybrid predictive models for simulating fatigue damage in adhesively bonded 

joints are discussed. In chapter 3, the theory of different prognostics models is discussed. In chapter 

4, the details of finite element fatigue damage simulation using cohesive zone modeling, training 

ANNs for the hybrid model, and validation of the hybrid model are discussed. In chapter 5, the 

details of the probabilistic fatigue life prediction framework are presented followed by validation 

of the framework on different adhesively bonded joints. The details of the probabilistic damage 

prognostics framework and validation of the framework are presented in chapter 6. Chapter 7 

introduces the sequential Monte Carlo (SMC) method for sampling from high dimensional space 

problem and the parallelization capabilities of SMC are presented by running the simulations on 

cloud architecture. In chapter 8, the details of replacing the MCMC method in the frameworks 

with SMC and speed-up achieved using the SMC are presented. Finally, a summary and 

conclusions are discussed in chapter 9.  
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CHAPTER 2 DIAGNOSTICS AND PREDICTIVE MODELING  

In the first part of this chapter, different diagnostic techniques for adhesively bonded joints are 

reviewed and different predictive models for modeling damage are reviewed in the second part. 

2.1 Damage Diagnostic Methods 

The damage diagnostics in the adhesively bonded joints are studied by many researchers. Acoustic 

emission (AE) is a commonly used damage detection technique in structures [19-24]. In AE, elastic 

energy is generated from the defect is propagated through the material as elastic waves and the 

damage is characterized based on these elastic waves. Milad et. al. has presented a study to 

characterize the damage in bi-material steel-to-composite double-lap adhesively-bonded joints 

using AE [25]. Two adhesive structures are studied and different failures such as CFRP skin failure 

and adhesive failure are characterized based on AE. Several other researchers also presented 

damage detection methods in adhesive joints [20, 26-29]. 

 
Figure 2.1 Backface strain detection of fatigue crack initiation [30]. 

 The back-face strain techniques, which are localized damage techniques, are used to assess 

the damage in adhesively bond joints. Satoh et. al. was the initial group employing these techniques 

to study crack initiation and propagation in welded joints [31]. Later this technique was applied to 
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adhesively bonded joints by several authors [26, 32-35]. In this technique, strain gauges are 

attached to the opposite side of the adherent near the crack edge as shown in Figure 2.1. The 

backface strain remains unchanged until the damage and the strain changes as the crack develops. 

This is because the local deformation is due to the crack growth. The damage growth is detected 

based on the strain deviation. The back strain techniques are sensitive to the location of the strain 

gauge and do not give a clear distinction of damage initiation and propagation.   

 Digital image correlation (DIC) is another technique for damage detection in structures. 

DIC is an optical measurement technique that can be used for damage detection as shown in Figure 

2.2. DIC can be used to carry out full-field, non-contact, and two or three-dimensional 

quantification of the damage. DIC techniques measure the surface displacements of the structure 

by scanning the random speckle applied on the surface [36-42]. DIC has been applied for damage 

detection in adhesively bonded joints by several researchers [43-46]. DIC techniques are highly 

accurate and provide precise damage size. However, it requires high setup time and requires 

expensive equipment. 

Other non-destructive techniques (NDT) such as thermography [47], ultrasound, X-

ray[48], and acoustic emission [49, 50] are popularly used for damage detection in structural 

applications. These NDT inspections are time-consuming, require expensive equipment, and are 

conducted at well-controlled experimental conditions using removable transducers, which are not 

suited for in-situ measurements. The SHM methods are modern techniques to monitor structural 

health in real-time or on-demand by analyzing data in-situ collected from sensors permanently 

mounted on or embedding inside the structures. The SHM techniques are used to monitor the 

structural integrity in different structural applications and are divided into four different categories 

[51]: rotatory machine condition monitoring, global monitoring of large structures such as bridges, 

large area monitoring for localized damage in large structures, and localized monitoring. The 

localized monitoring techniques are used to monitor a specific area of the structure, where failure 

is likely to initiate as a relatively small defect such as rebar corrosion in civil engineering 

applications and critical damages in pressure vessels of aircraft [51]. In localized monitoring 

systems, the position of the damage is precisely known and sensors are mounted near the damage 

location. This work is focused on localized monitoring of damages along the bond line of the 

adhesively bonded joints using ultrasonic Lamb wave-based SHM techniques. 
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Figure 2.2 Damage detection in adhesively bonded joints using a high-magnification video camera 

and DIC technique. 

2.1.1 Lamb Wave methods 

The Lamb wave-based SHM techniques can provide in-situ measurements using high-efficiency 

and low-cost piezoelectric wafers [52-56]. The piezoelectric wafers are permanently mounted on 

or embedded inside the structures and ultrasonic Lamb waves are excited intermittently to acquire 

sensing data for damage diagnostics, while the structure is in operational condition. Lamb waves 

are interference of bulk waves and their propagation is guided by the boundary of the structure as 

shown in Figure 2.3. The Lamb waves can travel long distances and can be used to detect damage 

in hidden regions of the structure. The Lamb wave techniques are used for in-situ monitoring and 

are const effective compare to other techniques. The Lamb waves are multimodal and there exist 

symmetric and antisymmetric modes as shown in Figure 2.3b. 
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Figure 2.3 Guided-wave-based damage detection in the structural plate. (a) Lamb wave 

propagation and (b) different modes of Lamb wave propagation. 

There exist at least two modes for Lamb waves at every frequency. The characteristics 

equations for Lamb waves are given by the following equations: 

          Symmetric Mode             Anti -Symmetric Mode 

1 2

1 2

2 2 2

1 2

2 2

1 2

2 2

1 2

sin sin

cos cos

[(2 ) sin 2 sin ]

[( ) sin 2 sin ]

[2 cos ( ) cos ]

x

y

xx

zz

xz

u ikA pz qB qz

u pA pz ikB qz

p k q A pz ikqB qz

k q A pz ikqB qz

ikpA pz k q B qz

s m

s m

s m

= -

= -

= - - -

= - -

= + -   

1 2

1 2

2 2 2

1 2

2 2

1 2

2 2

1 2

sin sin

cos cos

[(2 ) sin 2 sin ]

[( ) sin 2 sin ]

[2 cos ( ) cos ]

x

y

xx

zz

xz

u ikA pz qB qz

u pA pz ikB qz

p k q A pz ikqB qz

k q A pz ikqB qz

ikpA pz k q B qz

s m

s m

s m

= -

= -

= - - -

= - -

= + -   
 

2 2
2 2 2 2

2 2

4
2 2

4

,

tan( / 2 )
4 1

tan( / 2 )

L T

T

p k q k
c c

p ph
k q

c q qh

w w

w g

g

= - = -

è ø+
= -é ù

+ê ú 

where is the angular frequency ς“Ὢ, f  is the frequency, k  is the wavenumber, ὧ     is  ‫ 

longitudinal wave speed and ὧ are the shear wave speed and ‎ is discrete values (0: symmetric, 

“/2: anti-symmetric modes ). Solving the above equation gives dispersion relations as shown in 

Figure 2.4. 
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Figure 2.4. Lamb wave dispersion curves in the aluminum plate. 

The Lamb wave techniques are used in the literature for damage detection in adhesively bonded 

joint measurements for inspection of the bond quality and bond dimension measurements [57, 58]. 

Francesco et. al. [59]  have conducted experiments for bond inspection of lap joints by ultrasonic 

testing. A hybrid broadband laser/air-coupled ultrasonic setup is operated in a through-

transmission configuration. A wavelet transform [60] is employed to extract energy transmission 

coefficients to determine different bond states. Lowe. et. al. have simulated Lamb wave 

propagation in adhesively bonded single lap joint using finite element simulation and a function is 

generated between the transmission coefficient and bond dimensions as shown in Figure 2.5 [57]. 

A detailed analysis of the mode conversion behavior is conducted, and the study provides a basis 

for the selection of modes for nondestructive evaluation of bond region and bond dimensions 

estimation. 

A very few studies are conducted for damage quantification in structures. Jingjing et. al. 

have presented an experimental study of damage detection and quantification in the riveted joint 

using non-destructive evaluation [61]. PZT wafers were used to monitor the wave reflection from 

the crack near the rivet and a correlation is constructed between the crack length with three main 

features of the signal. Some researchers have used artificial neural networks for crack detection in 

structural applications [58, 62, 63].   In guided-wave-based damage techniques, a wavepacket is 

excited and the reflected wavepackets from the boundaries of the structure are analyzed for damage 

detection [64, 65].  The Lamb waves are dispersive and the signal received contains wavepackets 

reflected from multiple boundaries. The wavepacket from damage is required to be separated for 
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damage quantification [65, 66]. In this thesis, a matching pursuit algorithm is used for extracting 

the signal reflected from the damage. Matching pursuit is used by several researchers for damage 

detection in structural health monitoring applications [54, 64, 66-71].  

 
Figure 2.5 Damage detection in adhesively bonded joints using Lamb waves. (a) Bond quality 

inspection using laser/air-coupled ultrasonic setup [59]. (b) Estimation of bond dimensions using 

the transmission coefficient [57]. 

 
Figure 2.6. Damage quantification in riveted joints using Lamb waves [61]. 

2.1.2 Matching pursuit algorithm  

Figure 2.4 shows that phase velocity and group velocities as a function of frequency and this makes 

the Lamb waves dispersive. Additionally, the multimodal nature of Lamb waves generate mode 

conversion at the location of damage or when material properties/thickness of the plate changes. 

A matching pursuit algorithm is required to extract the wave reflected from the damage [70, 72]. 

Matching pursuit algorithm is a signal processing technique that is used to separate waveforms 

from the received signal that contains multiple reflected signals and modes. The matching pursuit 
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algorithm is introduced by Mallat [73] et. al and Qian [74] et. al. developed a similar algorithm. In 

this algorithm, different waveforms generated from a predefined dictionary are projected onto the 

received signal and a waveform iteratively selected which approximates a part of the received 

signal. The Matching pursuit algorithm is used for damage detection in SHM applications [71]. 

 The matching pursuit algorithm is described as follows 

1) Normalize the received signal by the L2 norm of the signal (0V ).  

2) Create a dictionary D of all possible expected waveforms or óatomsô that will be 

propagating in the structure of interest. 

3) Iteratively search for the best waveform in D which gives maximum L1 norm of cross-

correlation of the atom with the received signal as shown below 

1argmax ,
i

m i m
R D

R R V-
Í

=  

4) Compute the residual of the signal 1mV -  by subtracting the waveform from the dictionary 

found in step 3 

1 1,m m m m iV V R V R- -= -  

5) Repeat steps 3 and steps 4 until the energy in the signal is less than a threshold. The energy 

of the signal is defined by 
2

mVä  

The matching pursuit algorithm is demonstrated by finding the location of the defect on a finite 

element example. Figure 2.7a shows a 500 mm long plate with a notch. To find the location of the 

defect, the structure is excited by applying point load excitation on opposite surfaces at the center 

of the plate, and the response of the structure is monitored at the excitation points in a pulse-echo 

configuration. Figure 2.4 shows the dispersion curve for titanium with 1.27 mm thickness. From 

the dispersion curve, it is observed that at 500 kHz, only A0 and S0 modes can propagate in the 

structure. 
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Figure 2.7 Lamb wave propagation in a thin plate. (a) Titanium plate with a defect (b) 3.5 cycle 

tone burst excitation with a center frequency of 500 kHz and (c) Propagating A0 mode in the plate 

is shown by plotting strain obtained from FEA simulation. 

Figure 2.7b shows the 3.5 cycle tone burst load applied in the finite element example and 

Figure 2.7c is the propagating A0 mode in the plate. In a pristine structure, the propagating mode 

in the plate will be only the excited mode and, in this case, it will be only pure A0 mode. Whereas 

in a damaged structure, the pure A0 mode converts to other propagating modes when the wave 

packet interacts with the defect. To distinguish the modes in the received signal, the strain YYe  on 

the top and bottom surfaces are monitored. The strain YYe  is chosen to be monitored because, in 

the experimental method, piezo is used to excite and receive the signal, and piezo converts the 

strain on the surface to voltage.  The strains on the top and bottom surface are equal in magnitude 

with opposite signs in the case of antisymmetric mode A0 and the case of symmetric mode S0, the 

strain on the top and bottom surface are equal in magnitude with the same sign. The tensile strain 

on the top surface and compressive strain on the bottom surface is monitored in the example to 

resemble the displacement of the lamb wave modes.  

  Figure 2.8a shows the difference of received signal from the damaged, pristine structure, 

and both A0 and S0 modes are observed. In S0 mode, the observed quantity on the top and bottom 
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surface are out-of-phase and in-phase in the case of A0. From the received signal, the only A0 mode 

can be extracted by summing the two signals and Figure 2.8b shows the extracted A0 mode. The 

received waveform is not the same as the exciting waveform because of the dispersion. From the 

extracted A0 mode, the location of the defect is estimated using a matching pursuit algorithm. 

 
Figure 2.8 The Lamb wave propagation obtained from FEM simulation. (a) Received signal in a 

structure with defect at Ln = 50 mm and (b) extracted A0 mode from the received signal. 

The procedure to estimate the location of the defect using a matching pursuit algorithm is described 

below 

1) Obtain the difference of received signal from damaged and pristine 

2) Normalize the difference signal by its L2 norm, DV  

3) Generate dictionary of expected waveforms that can be received using equation 

0
( )

( ) ( ) A ik xt t

iD t F t e dt e e d
ww w w

¤ ¤

-

-¤ -¤

å õ
= æ ö
ç ÷
ñ ñ  

Here ( )F t  is the exciting waveform, ix  which is the distance traveled by the tone burst 

and 
0
( )Ak w  is the wavenumber as a function of frequency for 0A  mode, obtained by solving 
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dispersion equations of lamb waves. In this example only expected 0A  mode waveforms 

are generated.  

4) Find the waveform mR  which gives the maximum L1 norm of cross-correlation of the atom 

with the received signal  

argmax ,
i

m i D
R D

R R V
Í

=  

mx  corresponding to mR  is twice the distance of the damage from the receiver. 

 
Figure 2.9 Estimated matching waveform for the structure with damage at Ln =50 mm. 

The above procedure is applied on the received signal from the structure with damage at 

50nL mm= and the waveform estimated is shown in Figure 2.9. The estimated waveform from 

matching pursuit matches closely with the received signal and the estimated distance of defect is 

49.5 mm. Mismatch in the estimated distance of defect is because of error in the dispersion curves. 

The matching pursuit algorithm is applied on various values nL  with waveform estimated for 

damage location 50nL mm=  as reference. Table 2.1 shows the estimated damage location using 

matching pursuit for different damage locations nL . The error in damage location estimation nL  

is very small. 
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Table 2.1 Estimated damage location (mm) using matching pursuit algorithm. 

nL  Estimated Error  
nL   Estimated  Error  

50.00 

50.25 

50.50 

50.75 

51.00 

52.50 

55.00 

57.50 

60.00 

62.50 

65.00 

67.50 

50.00 

50.25 

50.50 

50.75 

51.00 

52.55 

55.05 

57.60 

60.10 

62.65 

65.15 

67.70 

0.00 

0.00 

0.00 

0.00 

0.00 

0.05 

0.05 

0.10 

0.10 

0.15 

0.15 

0.20 

70.00 

72.50 

75.00 

77.50 

80.00 

82.50 

85.00 

87.50 

90.00 

92.50 

95.00 

97.50 

70.20 

72.75 

75.25 

77.80 

80.30 

82.80 

85.35 

87.85 

90.40 

92.90 

95.45 

97.95 

0.20 

0.25 

0.25 

0.30 

0.30 

0.30 

0.35 

0.35 

0.40 

0.40 

0.45 

0.45 

 

2.2. Predictive Models for Fatigue Crack Growth 

This section reviews the different predictive models in the literature for simulating fatigue damage 

behavior in adhesively bonded joints. The advantages and disadvantages of each model are 

discussed.  

2.2.1 Total Life approaches 

The total life approaches are based on the safe-life concept, where the structure is assumed initially 

undamaged, and the structure is expected to be replaced after certain service life. This service life 

is estimated using certain empirical relations such as stress-fatigue life (stress-life approach) and 

strain-fatigue life (strain-life approach) [30]. In general, fatigue life can be categorized into high 

cycle fatigue (HSF) and low cycle fatigue (LSF) based on the maximum load in the fatigue load 

spectrum (FLS). It is a well-known concept that the structures fail under fatigue at the maximum 

load of the FLS less than the static failure load. In HSF, the structure is under a relatively less 

maximum load of FLS and the structure may tolerate millions of cycles. In the case of LSF, the 

maximum loads are relatively higher and the structure is expected to fail after a few hundred cycles 

due to the high plastic deformation in the structure. The HSF failure is modeled using the stress-

life approach and the LSF is modeled using the strain-life approach. However, the LSF was not 

used for adhesively bonded joints. 

In the stress-life approach, the adhesively bonded joint is tested under cyclic loading at 

different maximum loads of the FLS under constant amplitude fatigue (CAF) loading and an 

equation is fitted between the maximum load and obtained fatigue life as shown in Figure 2.10.  
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Shenoy et al had demonstrated using non-linear strength wear-out based total-life methods to 

predict the fatigue life as a function of different variable amplitude fatigue (VAF) load spectra 

[75]. The data-driven methods are computationally efficient but the coefficient of the equation 

fitting the fatigue life data is joint dependent. 

 
Figure 2.10 Total life approach for fatigue life prediction [76]. 

2.2.2 Fracture Mechanics Approach 

The physics-based approach is used when the physical model that governs the behavior of the 

system is known and well characterized. The fracture mechanics (FM) approach, continuum 

damage mechanics (CDM) approach, and cohesive zone modeling (CZM) are physics-based 

models for predicting fatigue life in adhesively bonded joints. The fracture mechanics is used to 

simulate fatigue damage and it is based on the fundamental assumption of linear elastic fracture 

mechanics and small-scale yielding. The FM approach is based on fundamental assumptions of 

linear elastic fracture mechanics and small-scale yielding [77-79]. 

The FM approach uses Parisô law for modeling crack propagation and requires to defined 

a pre-existing crack as shown in Figure 2.11. The fatigue damage modeling can be divided into 

three steps. In the first step, the maximum strain energy release rate is calculated by evaluating J-

integral from the FEM solution for a given load. In the second step, the Paris law is integrated for 

the finite increment of the crack length ȹa to find the cyclic increment. In the third step, the current 

cycle number is updated with the obtained cyclic increment in the second step. The crack is 

propagated by ȹa and the adhesive region is re-meshed using a moving mesh algorithm. The 
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moving mesh algorithm calculations are computationally intensive. Further, the FM is not capable 

of modeling the static failure. 

 
Figure 2.11 Overview of fracture mechanics approach [30, 80]. 

2.2.3 Continuum Damage Mechanics Model 

Continuum damage mechanics is used by some researchers for simulating fatigue degradation in 

adhesively bonded joints. In the CDM approach [32, 81], the fatigue crack growth is predicted by 

modifying the constitutive behavior of the adhesive using a damage variable as shown in Figure 

2.12. At the start of the fatigue simulation, the strain field in the adhesive joint is calculated at the 

current load of the fatigue loading spectra. In this approach, the adhesive elements are modeled by 

continuum elements. The damage in the adhesive is defined by the damage variable, DF, and the 

damage is degraded as the function of strain. In the next fatigue cycle increment, the material 

properties of the adhesive are degraded using the damage growth equation and the strain field is 

again recalculated. The elements with a damage variable value of one are removed as shown in 

Figure 2.12. 

The damage mechanics approach was used to model progressive damage based on the 

plastic strain in the adhesive region by Shenoy et. al. [82] and for this purpose, a unified 

methodology was proposed. In this unified methodology, single damage evolution law is used to 

predict all the main parameters characterizing the fatigue life of bonded joints. The CDM model 

can be used for modeling crack initiation and does not require a moving mesh algorithm. However, 

the model parameters of the CDM model and joint dependent and the model does not show a clear 
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distinction of the fatigue crack initiation and propagation phases. Further, the CDM model is not 

capable of modeling static failure. 

 
Figure 2.12 Overview of continuum damage mechanics model. 

2.2.4 Cohesive Zone Modeling 

 
Figure 2.13. Overview of cohesive zone modeling (CZM) [83]. 

The cohesive zone model (CZM) has been popularly employed for modeling failure in adhesive 

joints [1, 84-86] for its simplicity without the need to model the finite thickness of the adhesive 

layer. The CZM is capable of modeling static failure and can predict crack initiation and 

propagation under fatigue load [84, 86]. The CZM models are highly nonlinear and often solved 

using finite element methods. Figure 2.13 shows the overview of cohesive zone modeling (CZM) 

and in this study, CZM is used for modeling fatigue. CZM is accurate in predicting fatigue life 
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compared to data-driven methods and is joint independent for fatigue life prediction.  More details 

of CZM are discussed in chapter 4. 

2.2.4 Hybrid Models 

In a recently published article, the literature on data-driven machine learning approaches for 

supplementing the FEA models was reviewed [87]. The data-driven machine learning algorithms 

are used to develop machine learning methods for predicting the stress distribution in biomedical 

applications [88, 89]. Machine learning algorithms are becoming popular for developing hybrid 

models [87, 90-94] and damage detection [87, 95-100]. Few other studies in computational 

mechanics that used machine learning methods to formulate multiscale elements enhance the 

performance of traditional elements and produce data-driven solvers [101-103]. The study by 

Capuano et. al. [101] used machine learning algorithms to formulate a novel smart element 

algorithm to reduce the computational cost. The method was developed to replace existing finite 

elements to avoid the complex task of finding the internal displacement field of a particular finite 

element but the method still required assembling the system matrices and solving using expensive 

traditional numerical techniques. In literature, most of the hybrid models are developed for 

structural applications. Some hybrid models are used by some researchers [62, 104, 105] for the 

adhesive joints but mostly they are limited to predicting static strength. 

The advantage of a data-driven approach, once trained using the collected data, can quickly 

predict the output and, in contrast, the physics-based approach predicts the behavior of the 

structure more accurately. However statistical methods that are used to quantify uncertainties 

require evaluating the predictive model thousands to millions of times [2]. Using data-driven 

models decreases confidence in fatigue life prediction and a physics-based model makes the 

problem computationally intractable. Hybrid models that combine the advantage of data-driven 

and physics-based approaches can provide a high-confidence model with a significant reduction 

in computational time [10, 90, 106-109]. 

In this work, a fatigue damage growth (FDG) simulator is developed for adhesively bonded 

joints and used as a predictive model for fatigue life estimation in the proposed integrated 

framework. The FDG simulator is a hybrid model composed of physics-based fatigue damage 

evolution relation and a data-driven ANNs model. The degradation of the adhesive is evaluated by 

the physics-based fatigue damage evolution relation which is then mapped to the strain 
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redistribution along the bondline using the ANNs model. The data for ANNs are obtained from 

FEA simulations. In the FEA simulations, CZM is employed to model progressive damage along 

the bondline, and fatigue damage evolution relation [83] is used for simulating the deleterious 

influence of fatigue. The CZM specifically calculates the maximum principal strain profile along 

the bondline and the fatigue damage evolution relation simulates the fatigue degradation using a 

damage index (DF) variable defined along the bondline. The evolution relation takes the maximum 

principal strain from the CZM model as the input and degrades the damage index profile with 

cycle number.  At each cyclic increment, the adhesive material properties are degraded as a 

function of the damage index profile and the strain field is computed by the CZM. The CZM model 

and the fatigue damage evolution relation are solved repeatedly until the joint fails. The cycle 

number at which the joint fails is the estimated fatigue life by the simulation. 

Although the FEA simulation can be directly used as the predictive model for uncertainty 

quantification but the computational time is prohibitive to be used with statistical methods and the 

hybrid FDG simulator is developed to simulate fatigue degradation in almost real-time. Most of 

the computational time using the FEA simulation is spent to calculate the maximum principal 

strain for a given damage index profile, along the bondline, by the CZM. However, the relationship 

between damage index and the maximum principal strain profiles can be represented by a mapping 

function to avoid the expensive strain field calculations. To develop this mapping, an ANNs model 

is proposed and for training the ANNs, data is obtained from the FEA simulations. The damage 

index-strain field mapping obtained from the ANNs is integrated with the fatigue damage 

evolution relation to form the hybrid FDG simulator. The fatigue life estimated by the simulator 

is then used with the MCMC sampling method and experimental fatigue life data to quantify 

uncertainty in model parameters. Finally, the quantified uncertainties are used for probabilistic 

fatigue life prediction. More details of the FDG simulator and probabilistic fatigue life prediction 

is discussed in chapter 4 and chapter 5 respectively. 
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CHAPTER 3 PROGNOSTICS METHODS 

Prognostics is an engineering discipline focused on predicting the future state of a system and the 

time at which it ceases to perform the intended function [110]. The lack of performance is often a 

failure when the system no longer meets the desired performance. Prognostics predicts future 

performance by assessing the wear and tear of the system using the degree of degradation from its 

normal operating conditions. The prognostics models aid in predicting the remaining utility of the 

component by estimating the quantity of interest (QoI) in the future. Typically, dealing with 

damage prognostics in mechanical or aerospace structures, the QoI is either time to failure or some 

measure of the remaining utility of the monitored component at the current time. The predicted 

time at which the performance of a system falls below a certain threshold is considered as the end 

of life (EOL). The difference between EOL and the time at which prediction is made gives the 

remaining useful life (RUL), which plays a major role in decision making for damage mitigation. 

In the case of fatigue damage, the QoI is either the fatigue cycle at which the component fails or 

RUL in the fatigue cycles in case of monitoring the damage progress in the component. 

Prognostics utilizes a predictive model and the failure data, that contains the failure states 

of the system over time. In damage prognostics of mechanical structures, failure data is the damage 

state at different time instances and is often called damage diagnostics data. The damage 

diagnostics data includes data obtained from sensors, visual inspections, or other methods.  A 

predictive model is a mathematical model that represents the damage growth in the system, and it 

is calibrated by the diagnostic data. Once the predictive model is calibrated, the prognostics models 

can be used to predict the EOL of the structure, from which RUL can be estimated. However, the 

predictive models often use certain assumptions, in mathematical derivations, to represent the 

damage growth behavior of the system. Moreover, the exact calibration of the predictive model is 

limited by the availability of the diagnostics data and measurement errors in the diagnostics data. 

The approximate nature of the predictive model and measurement errors means that 

deterministically predicting the future value of a QoI with infinite precision is an impossible task. 

More formally, the prognostics problem is stochastic due to the uncertainties from the diagnostics 

data and the assumption in the predictive model. The goal of the prognostics models is to predict 

the QoI, by quantifying these uncertainties, in terms of probability distributions. 
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3.1 Steps in Prognostics Health Monitoring (PHM) 

PHM combines the elements of prognostics methods and health management of structures to help 

the management in planning and scheduling the maintenance [111-114]. The PHM program 

consists of different steps as shown in Figure 3.1. The first and essential step is the process of 

collecting and storing useful data. The data can be divided into even data and condition monitoring 

data. The event data is the information of previous maintenance actions like minor repair, oil 

change, changing certain parts of the system. While the condition monitoring data is the vibration 

data, acoustic data, temperature, moisture, humidity, and environment data that is obtained from 

different sensors. People tend to overlook the event data as they do not provide a quantitative 

measure of the damage extent. However, event data is at least helpful in assessing the current 

performance of the system and can be used as feedback for decision management in coming with 

an optimized plan. Data acquisition methods are not discussed in this thesis and can be referred to 

in literature [112].  

 
Figure 3.1. Steps in PHM [112]. 

The data obtained in the data acquisition step is processed to extract important features of 

the data [115]. The data processing step does not directly provide the actionable information but it 

is a critical step where unwanted components in the data are eliminated and important information 

is extracted for the proceeding steps. The extracted features from the data processing step are used 

as an input to the diagnostics method. Diagnostics methods classify different failures modes by 

finding the fault indicators from the extracted features and these methods differ from application 

to application. The output of the diagnostics will be used in prognostics steps for predicting the 

health condition. The health condition of the system can be the short-term prediction like when the 

damage extent of the machine goes beyond a certain threshold and long-term prediction like 

estimating the remaining useful life. The inputs for the prognostics are not only from the 
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diagnostics but sometimes require features extracted in the data processing step. Finally, the output 

of the prognostics and diagnostics will be useful in coming with a plan of maintenance scheduling 

and operation management. In the previous chapter, diagnostics 

3.2 Data-Driven Prognostics Models 

3.2.1 ARMA models and Variants 

Autoregression moving average (ARMA) models are widely used in forecasting time series data 

[116]. These models are extensively used in the areas of economics, physical and environmental 

sciences. Autoregression integrated moving average (ARIMA) and ARMAX models are different 

variants of basic ARMA models. The use of ARMA models in SHM goes back to the eighties and 

nineties [117-119], prominently in applications related to system identification (SI) of multi-

degree freedom systems. They are the initial statistical models that are used in prognostics, which 

are an improvement over traditionally used trend evaluation models. 

Trend evaluation is the simplest method to predict the RUL by fitting a known function to 

the data using regression methods. The trend is then extrapolated to predict the RUL. Although 

the trend evaluation is simple and easy to implement, prediction values of impending failures are 

typically noisy and often non-monotonic [120]. This is because the trend models do not account 

for dynamic changes in the data and follow temporal trends [110]. ARMA models can remove 

these temporal trends in the data by predicting future values based on few past values of data and 

past error values that occurred in the prediction. However, they can be used only for stationary 

data. Time-series data is said to be stationary, if its past two moments (mean and variance) are 

time-invariant [117]. The autocorrelation must also be independent of time. A basic ARMA model 

is given by the linear combination of its p previous values and previous q errors   

1 1

Ĕ( ) ( ) ( ) ( )
p q

i j

i j

y k a y k i b k j ke e
= =

= - + - +ä ä         (3.1) 

here Ĕ( )y k  is the prediction, ( )y k  is the time-series data, Ĕ( ) ( ) ( )k y k y ke = -  is the error, ia  and  

ib  are the auto-regressive (AR) and moving average (MA) coefficients, p and q are the order of 

AR and MA respectively. The ARMA models are developed based on three recursive steps, 

described by  Box and Jenkins [121] 
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1) Model Identification: In this step, the orders (p, q) of the model are determined from the time 

series data.  Stationary tests are conducted to determine the orders and a suitable criterion of 

fit is also decided.  

2) Parameter Estimation: Using non-linear optimization techniques, the coefficients of ARMA 

equations are calculated by minimizing overall error. 

, 1

( , ) argmin ( ( ))
i j

n

i j
a b i

a b ke
=

= ä     (3.2) 

3) Model Validation: This step is to check the adequacy of the model by examining the options 

like [122] standardized residuals, the autocorrelation of the residual, Box and Jenkinôs 

ñportmanteau goodness of fitò, the final prediction error (FPE), the AIC (Akaike information 

criterion) and Bayesian information criterion (BIC).  

These three steps are repeated until a satisfactory model is obtained and the model is used to 

forecast future values. Typically ARMA models are effective for short-time predictions but less 

reliable for longïtime predictions due to dynamics and their sensitivity to initial conditions and 

accumulation of systematic errors in the predictor [121]. The use of ARMA for prognostics is very 

limited in the literature and one of the applications is by Wu et al. [122], where the ARIMA 

approach with bootstrap method is used to forecast the machine life prognostics. In this work, the 

method is applied on data from the rotor test rig, which can find the operation status of many 

rotating machine equipment, such as gas turbines, compressors, pumps, etc. The test rig is 

equipped with sensors that can give vibration signals when the rotor is driving the required rotating 

machine to be tested. The vibration severity measurement of the machine is given by the root mean 

square of the vibrational speed. Figure 3.2a shows the time series of the vibration severity 

measured by the test rig, for a 300 time steps period, by increasing the speed of the rig from 1000 

rpm to 2500 rpm. This data is fitted to the ARIMA model and is used to forecast the vibrational 

severity for the next 50 time steps following the time series. Figure 3.2b shows the forecasted 

vibrational severity for the next 50-steps. The results show that the ARIMA model is superior to 

the ARMA model. Another example utilizing ARMA modeling for prognostics is by Yan et al. 

[123]. These are also incorporated into prognostic and data fusion software development 

developed by the NSF center for intelligent maintenance systems.  
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Figure 3.2. Severity estimation using the ARMA model. (a) Vibration severity time series and (b) 

forecasting the vibrational severity for the next 50-steps [122]. 

3.3 Bayesian Tracking 

Bayesian Tracking methods are widely used in Prognostic Health Monitoring (PHM) to quantify 

the uncertainty of the damage state in predictive models [124]. Predictive models in PHM typically 

involve estimation of health state evolving. The goal of these methods in the context of stochastic 

prognostics is to estimate the probability of the damage state at each time instant of a given set of 

time-series data, a process formally referred to as nonlinear Bayesian Tracking [124]. Bayesian 

Tracking methods rely on the state-space approach to model dynamic systems and the main focus 

is to track the state vector of the system. The measurements in prognostics are generally available 

at discrete times and hence the dynamics systems are represented in discrete state-space form using 

differential equations. The state vector consists of all relevant information required to describe the 

system at a required time. An example of a state vector in the context of PHM can be the crack 

length in a crack propagation problem. The measurement vector is generally noisy and of lower 

dimension than the state vector.  Bayesian Tracking methods estimate these states at discrete times 

from the available measurements.  

Bayesian Tracking methods are used to calculate the Quantity of Interest (QOI) evolving 

using the Bayes theorem. The problem of the Bayesian Tracking method starts by representing the 

system in state-space formulations as shown below 

1( , )k k k kf -=x x v                     (3.3) 

( , )k k k kh=z x n                                (3.4) 
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The state-space models are Markov processes, where the current state value depends only on 

values at last discreet time. The goal of Bayesian Tracking is to calculate the degree of belief in 

the current damage statekx , using the measurements up to that timekz . This posterior probability 

is represented by PDF 1:( | )k kp x z . In this approach, it is assumed that the initial PDF of the state is

0 0 0( | ) ( )p p=x z x , which is also known as the prior, is available. In practice, the posterior PDF

1:( | )k kp x z  is obtained recursively, in two steps: prediction and update. This section will start with 

a discussion on the Kalman filter, which is a fundamental and most popular filter for tracking 

problems. Kalman filter makes a foundation for understanding Bayesian Tracking methods and an 

optimal estimator for linear-Gaussian systems. In the later sections, popularly used sub-optimal 

algorithms: Extended Kalman Filter and Particle Filter, in prognostics will be discussed.     

3.3.1 Kalman Filters 

Kalman Filter is one of the most important and commonly used data fusion algorithm. The Kalman 

filter is the optimal estimator for a large class of problems and a very effective and useful estimator. 

The Kalman filter is named after Rudolph E. Kalman, who in 1960 published his famous paper 

describing a recursive solution to the discrete-data linear filtering problem [125]. The great success 

of the Kalman filter is due to its small computational cost, elegant recursive property, and 

convenience for online real-time processing. It is frequently used in smoothening noisy sensor 

measures. The applications of the Kalman filter include determining planet orbit parameters from 

limited earth observations, robot localization, global positional system receivers, computer 

graphics, tracking targets like aircraft, missiles using radar, and many more [126-131]. This section 

starts with a basic explanation of the Kalman filter, which will help understand the preceding 

methods. A more detailed description of the Kalman filter can be found in chapter 1 of Maybeck 

[132] and references [133-138]. 

Kalman filter is a two-step estimator, where the current state of a dynamic system is 

estimated using the value of state at a previous time and then the current state is updated, by 

minimizing the error variance, from the measurements. It is often called the predictor-corrector 

estimator. Kalman filter is based on the assumption that the system is linear and the errors are 

Gaussian. This method relies on the state-space representation of the dynamic system in the 

discrete-time formulation. A state vector contains all relevant information required to describe the 
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system. A typical example of the state in prognosis can be a damaged state at a particular instant 

of time. State equation of a linear system in discrete-time form is given by 

1 1k k k k- -= +x F x v                 (3.5) 

where 
1n

k

³ÍÁx is the state vector of the system at the current discreet time, 
1

1

n

k

³

-ÍÁx  is the state 

vector at a previous time, and 
n n

k

³ÍÁF is the state transition matrix that can vary with time. 

1n

k

³ÍÁv is process noise, which is assumed to be independent with normal distribution 

1~ (0, )k kN -v Q  and 1 1 1 1, ( )n n T

k k k kE³

- - - -ÍÁ =Q Q v v is the covariance matrix of process noise. The 

state vector kx  of the dynamic system at the current time is estimated from the measurements 

obtained from the system. The measurement vector observations are related to the state vector of 

the system and need not be the same as the state vector. Measurement vectors are generally lower 

dimension (but not necessarily) than the state vector and related to the state vector, in a linear 

system, by 

k k k k= +z H x n                 (3.6) 

where 
1m

k

³ÍÁz  is the measurement vector, 
m n

k

³ÍÁH  is the transformation matrix that maps the 

state vector to the measurement vector domain, and 
1m

k

³ÍÁn is the process noise with normal 

distribution ~ (0, )k kNn R . Here , ( )m m T

k k k kE³ÍÁ =R R n n  is the covariance matrix of 

measurement noise.  

Consider that the states of the system up to discrete-time k-1 is known and the goal is to 

estimate the current state vector kx from previous states and current measurement. Let | 1
Ĕ

k k-x  be a 

prior estimate of state at step k given knowledge of the process a priori to step k and |
Ĕ

k kx  be a 

posteriori estimate of step k given the measurement kz (current step). From these, apriori and a 

posteriori estimate errors ( | 1k k-e  and |k ke  respectively) can be defined as  

| 1 | 1
Ĕ

k k k k k- -= -x xe                          (3.7) 
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| |
Ĕ

k k k k k= -x xe                    (3.8) 

and the error covariance is given by 

| 1 | 1 | 1( )T

k k k k k kE- - -=P e e                       (3.9) 

  | | |( )T

k k k k k kE=P e e                        (3.10) 

The goal of the Kalman filter is to find an equation that computes a posteriori state estimate 

|
Ĕ

k kx as a linear combination of apriori estimate | 1
Ĕ

k k-x  and the difference between actual 

measurement kz  and the measurement prediction calculated from a prior estimate of the state 

| | 1 | 1
Ĕ Ĕ Ĕ( )k k k k k k k k k- -= -x x + K z H x                (3.11) 

here 
n m

k

³ÍÁK  is the Kalman gain that minimizes the a posteriori error covariance |k kP . The 

justification for Eq. (3.11) is given in ñThe Probabilistic Origins of the Filterò [137]. The Kalman 

gain factor kK  can be obtained by first substituting Eq. (3.11) into a posteriori error estimate |k ke

and  |k ke  a posteriori covariance matrix |k kP . Next step is to find the value kK at which the 

covariance matrix is minimum by differentiating it with respect to kK  and equating to zero. The 

main focus here is to explain the concepts of the Kalman filter rather than the mathematics behind 

Kalman. By minimizing the a posteriori covariance matrix |k kP , one form of the result kK  is given 

by 

1

| 1 | 1( )T T

k k k k k k k k k

-

- -= +K P H H P H R              (3.12) 

and the  a posteriori estimate of the state |
Ĕ

k kx is given by Eq. (3.11). The prior covariance matrix 

| 1k k-P  can be found by substituting a prior | 1k k-e  into Eq.(3.9) and is given by 

| 1 1| 1 1

T

k k k k k k k- - - -= +P F P F Q                     (3.13) 

Note that the value of 1| 1k k- -P is known, as the process prior to step k is known. The next step is to 

update the posteriori estimate by using the equation  
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| | 1( )k k k k k k-= -P I K H P                            (3.14) 

The above equation is obtained by substituting a posteriori state estimate |
Ĕ

k kx  Eq. (3.11) into Eq. 

(3.9). In summary, the Kalman filter can be represented in two steps: Prediction and correction. 

Prediction equations, from the initial estimates1| 1
Ĕ

k k- -x , 1| 1k k- -P , are given by  

| 1 1| 1

| 1 1| 1 1

Ĕ Ĕ
k k k k k

T

k k k k k k k

- - -

- - - -

=

= +

x F x

P F P F Q
          (3.15) 

and equations to update the state are given by 

1

| 1 | 1

| | 1 | 1

| | 1

( )

Ĕ Ĕ Ĕ( )

( )

T T

k k k k k k k k k

k k k k k k k k k

k k k k k k

-

- -

- -

-

= +

= -

= -

K P H H P H R

x x + K z H x

P I K H P

                 (3.16) 

The prediction step predicts the state of the system from the previous states and then the update 

step updates the state based on the current measurement. The next step is to find the PDFs for the 

predicted and update step.  The PDF of the state predicted in the prediction step can be derived 

from the Eq. (3.5) and is given by 

1: 1 | 1 | 1
Ĕ( | ) ( , )k k k k k kp N- - -=x z x P           (3.17) 

where 1: 1( | )k kp -x z is the probability of predicting kx from the previous measurement 1: 1k-z . The 

PDF of the state in the update step is derived from Eq.(3.16) and is given by 

1: | |
Ĕ( | ) ( , )k k k k k kp N=x z x P          (3.18) 

where 1: 1( | )k kp -x z is the probability of state kx after updating using including measurement kz . 

To implement the filter for an application, the measurement noise covariance R  is usually 

measured before the operation of the filter. It is possible to measure Rby taking some offline 

sample measurements and it is usually taken as constant for the entire process. However, the 

determination of the process noise covariance Q is generally more difficult as the actual process is 

difficult to observe directly. Generally, process noise covariance Q is assumed to be a certain value 

based on experience. 
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Suppose the PDF 1 1: 1( | )k kp - -x z  at time k-1 is available, in the prediction stage, the prior of 

the state at time k can be obtained by integrating the joint probability function 1: 1: 1( | )k k kp - -x z  as 

shown below 

1: 1 1: 1: 1 1( | ) ( | )k k k k k kp p d- - - -=ñx z x z x     (3.19) 

Using conditional probability, the joint probability distribution is defined as 

1: 1: 1 1 1: 1 1 1: 1( | ) ( | , ) ( | )k k k k k k k kp p p- - - - - -=x z x x z x z        (3.20) 

Assuming the process defined by Eq.(3.20) is a Markovian process of order one [137], the 

probability 1 1: 1( | , )k k kp - -x x z  is defined as 

1 1: 1 1( | , ) ( | )k k k k kp p- - -=x x z x x           (3.21) 

By substituting Eq. (3.20)-(3.21) into Eq. (3.19) gives Chapman-Kolmogorov equation 

1: 1 1 1 1: 1 1( | ) ( | ) ( | )k k k k k k kp p p d- - - - -=ñx z x x x z x          (3.22) 

The Eq. (3.22) , which computes the PDF of the state kx , is called the prediction step. PDF 

1( | )k kp -x x  in this equation can be obtained from the process model, Eq. (3.3) , and 1 1: 1( | )k kp - -x z  

is the marginal PDF at the previous time step. This PDF is called the prior and it is updated via 

Bayesô rule 

1: 1
1:

1: 1

( | ) ( | )
( | )

( | )

k k k k
k k

k k

p p
p

p

-

-

=
z x x z

x z
z z

            (3.23) 

where the normalization constant is given by 

1: 1 1: 1( | ) ( | ) ( | )k k k k k k kp p p d- -=ñz z z x x z x              (3.24) 

The likelihood function ( | )k kp z x  in Eq. (3.23) is defined by the measurement model Eq. (3.4) 

and the known statistics of measurement noisekn . In summary, the prediction and update step is 

given by 
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Prediction Step: 1: 1 1 1 1: 1 1( | ) ( | ) ( | )k k k k k k kp p p d- - - - -=ñx z x x x z x   (3.25) 

 Update Step:      
1: 1

1:

1: 1

( | ) ( | )
( | )

( | )

k k k k
k k

k k

p p
p

p

-

-

=
z x x z

x z
z z

              (3.26) 

The Bayesian method can be applied to Kalman filter equations to derive the prediction and update 

equations shown in Eq. (3.15) and Eq. (3.16). 

3.3.2 Extended Kalman Filter 

Kalman filter is the optimal solution for the tracking problem provided that the assumptions of 

linearly and Gaussian environment hold. No algorithm can ever do better than a Kalman filter. 

However, in practical applications, the assumptions of linearly donôt hold to apply the Kalman 

filter for estimating the posterior density of the state. Hence, there is a need to use sub-optimal 

algorithms. Extended Kalman Filter (EKF) [139] is one of the sub-optimal algorithms and it 

generalizes the Kalman filter by performing local linearization of Eq. (3.3)-(3.4). In other words, 

EKF is a Kalman filter that linearizes about current mean and covariance. Using Taylor series 

expansion, the non-linear state-space equation shown by Eq. (3.3)-(3.4)  can be linearized about 

the previous known state 1k-x  as  

1 1 1

1

Ĕ( )

( )

k k k k k

k k k k k

- - -

-

º + - +

º + - +

x x F x x Vv

z z H x x Nn
              (3.27) 

where kx  and kz  are the actual state and measurement vectors, 1
Ĕ

k-x  is a posterior estimate of the 

state at step k-1. kx  and kz  are the approximate state and measurement vectors calculated using 

equations 

1
Ĕ( ,0)k k k-=x f x                   (3.28) 

( ,0)k k k=z h x                           (3.29) 

The matrices , , ,F V H N  in Eq. (3.27) are the Jacobian matrices defined by partial derivatives and 

individual elements of them are shown below 
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1 1
Ĕ Ĕ( ,0) ( ,0) ( ,0) ( ,0)

, , ,i k i k i k i k
ij ij ij ij

j j j j

f f h h
F V H N

x v x n

- -µ µ µ µ
= = = =

µ µ µ µ

x x x x
          (3.30) 

By applying the Bayesian Tracking method, given by Eq. (3.22)-(3.23), on above equations gives 

the densities in the prediction and update step as shown below 

1: 1 | 1 | 1
Ĕ( | ) ( , )k k k k k kp N- - -ºx z x P        (3.31) 

1: | |
Ĕ( | ) ( , )k k k k k kp Nºx z x P         (3.32) 

where 

| 1 1

| 1 1| 1 1

1

| 1 | 1

| | 1 | 1

| | 1

Ĕ Ĕ( ,0)

( )

Ĕ Ĕ Ĕ( ( ,0))

( )

k k k k

T

k k k k k k k

T T

k k k k k k k k k

k k k k k k k k k

k k k k k k

- -

- - - -

-

- -

- -

-

=

= +

= +

= -

= -

x f x

P F P F Q

K P H H P H R

x x + K z h x

P I K H P

         (3.33) 

Linearizing the equations using EKF helps in solving the non-linear equation. However, this filter 

still relies on the assumption that the posterior distribution to be Gaussian. Grid-based methods 

can be used for constructing the posterior density for the non-Gaussian process. The grid-based 

search can also be generalized by developing a predefined, discrete grid approximation of a 

continuous state-space. However, the grid must be sufficiently dense for an accurate 

approximation, which results in significant scaling of computational cost as the dimensionality of 

the state-space increases. A promising alternative to these methods is Particle filter methods [124, 

129, 140] 

3.3.2 Particle Filter 

The particle filtering method is based on Monte-Carlo methods and these are useful for Bayesian-

framed prognostics of nonlinear and/or non-Gaussian processes. These methods are also referred 

to as Sequential importance sampling (SIS), Sequential Monte Carlo estimation, Bootstrap 

filtering, Condensation algorithm, Survival of the fittest. To understand the logic of particle filters, 

this section starts with Monte Carlo integration. Consider a definite integral 
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max

min

( )

x

x

g x dxm=ñ                       (3.34) 

The integral can be evaluated analytically for only certain functions g(x) and numerical 

integration methods are required for a general function. There are several numerical methods for 

evaluating the integral but evaluating these integrals using these numerical methods, especially in 

high dimensions, is very difficult. An alternative is to use the Monte Carlo integration technique. 

The Monte Carlo method performs integration by evaluating the integrand at randomly chosen 

points. In Monte Carlo integration, the integrand can be factorized as( ) ( ) ( )g x f x p x= , where p(x) 

is a probability density function of any distribution of choice such that p(x)>0. Now, the Eq. (3.34) 

can be expressed as  

max

min

( ) ( )

x

x

f x p x dxm=ñ       (3.35) 

which will be the expectation ( ( ))E f x . The expectation can be evaluated numerically by 

evaluating the ( )f x  at a large number of points ( 1Np  ) and taking the average as shown below 

1 1

1 1 ( )
( )

( )

iNp Np
i

Np i
i i

g x
f x

Np Np p x
m m

= =

º = =ä ä         (3.36) 

Here ix  are the random samples generated from the PDF( )ip x . The PDF ( )ip x  is selected from 

well-known functions for which random sample generation algorithms are available. The accuracy 

of the Monte Carlo method depends on the number of samples and the error of the estimate is 

given by (1/ )O Np . 

The goal of Bayesian Tracking is to construct the marginal PDF 1:( | )n np x z  or joint PDF 

1: 1:( | )n np x z  using the prediction and update steps given by Eq. (3.25) and Eq. (3.26). The Bayesian 

Tracking integrals are already in the form shown in Eq. (3.35)   

1 1 1: 1 1( | ) ( | ) ( ) ( )k k k k kp p d f p d- - - -

W W

Úñ ñx x x z x x x x                (3.37) 

where 1n³ÍÁx  in n dimensions. In the particle filter method, the joint posterior can be estimated 

using impulse function( )dx . The impulse function has a unit area  
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( ) 1dd
W

=ñx x      (3.38) 

and have the property  

( ) ( ) ( )f d fd
W

- =ñx x a x a              (3.39) 

Using the above property of impulse function, the Monte Carlo integration approximation, Eq. 

(3.36) for 1m³ÍÁx  can be expressed as 

1 1

1 1
( ) ( ) ( )

N N
i i

N

i i

f f d
N N

m d
= =W

= = -ä äñx x x x x                     (3.40) 

Further simplifying gives  

1

1
( ) ( )

N
i

N

i

f d
N

m d
=W

å õ
= -æ ö

ç ÷
äñ x x x x                     (3.41) 

Comparing Eq. (3.41) with the original integral, Eq. (3.34) in n-dimensional space, the PDF ( )p x

can be expressed as 

1

1
Ĕ( ) ( ) ( )

N
i

i

p p
N

d
=

º = -äx x x x              (3.42) 

where Ĕ( )p x  indicates the approximate representation of PDF. Similarly from the prediction 

equation of Bayesian Tracking, 1 1: 1( | )k kp - -x z can be expressed as  

1 1: 1 1 1: 1 1 1

1

1
Ĕ( | ) ( | ) ( )

N
i

k k k k k k

i

p p
N

d- - - - - -

=

º = -äx z x z x x             (3.43) 

Note that ix are the Monte Carlo samples generated from the PDF 1 1: 1( | )k kp - -x z . This PDF is 

updated with time and it can take any shape. Generally, it is not efficient to draw a sample from 

such PDF, instead, a standard random number generator can be used to draw samples from a 

different PDF ( )q x . Many random number generators are readily available for the most commons 

PDFs like Gaussian, uniform, etc. The method of drawing samples from different PDF ( )q x for 



 

36 

 

approximating integral is called Importance sampling and the density is called the importance 

density. Using importance sampling, Eq. (3.37) can be expressed as 

1

( ) 1 ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

iN
i

i
i

p p
f p d f q d f

q N q=W W

= ºäñ ñ
x x

x x x x x x x
x x

                (3.44) 

where ix are the Monte Carlo samples generated from importance density, ( )q x . For evaluating 

the integral Eq. (3.44) using importance sampling, the importance density( )q x  must have the 

same support ( ( ) 0q >x ) for all x where ( )p x has support ( ( ) 0p >x ).  

In the estimation process of the integral, the PDF ( )p x  is not normalized to unity and a 

function proportional to the PDF ( )p x , ( ) ( )p cp=x x , is estimated, where c is a proportional 

constant. Hence the actual integration can be expressed as 

1

1 ( ) 1 ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

iN
i

i
i

p p
f p d f q d f

c q cN q=W W

= º äñ ñ
x x

x x x x x x x
x x

          (3.45) 

The proportional constant c is given by 

1

1 ( )
( ) ( )

( )

iN

i
i

p
c cp d p d

N q=W W

= = =äñ ñ
x

x x x x
x

                         (3.46) 

Substituting Eq. (3.46) into Eq. (3.45) gives 

1

( ) ( ) ( ) ( )
N

i i

i

f p d f w
=W

ºäñ x x x x x                             (3.47) 

where weights ( )iw x  is given by 

1

( ) ( )
( ) , ( )

( )
( )

i i
i i

N i
i

i

w p
w w

q
w

=

= =

ä

x x
x x

x
x

            (3.48) 

Finally, using the property of impulse function and importance density( )q x , the PDF ( )p x  in 

Eq. (3.47) can be expressed as 
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1

Ĕ( ) ( ) ( ) ( )
N

i i

i

p p w d
=

º = -äx x x x x                     (3.49) 

Similarly, joint PDF 1: 1:( | )n np x z  can be expressed in terms of impulse and weights as 

1: 1: 1: 1:

1 1

Ĕ( | ) ( ) ( ), ( ) 1
N N

i i i

n n n n n n

i i

p w wd
= =

= - =ä äx z x x x x                  (3.50) 

where 

1

1: 1:

1: 1:

( )
( )

( )

( | )
( )

( | )

i
i n
n N

i

n

i

i
i n n
n i

n n

w
w

w

p
w

q

=

=

=

ä

x
x

x

x z
x

x z

                                  (3.51) 

From Eq. (3.50) and Eq. (3.51), it can be observed that the posterior can be completely defined by 

samples(particles) with a set of parameters 1: 1{ , ( )}i i N

n n iw =x x  and weights can be calculated with time 

to track the posterior density. To make the algorithm recursive, the importance density should be 

factorized as 

1: 1: 1: 1 1: 1: 1 1:( | ) ( | , ) ( | )n n n n n n nq q q- -=x z x x z x z                             (3.52) 

Similarly, the joint posterior density function 1: 1:( | )n np x z  can be factorized using the Bayes 

theorem as  

1: 1: 1 1: 1: 1
1: 1:
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( | )
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z z

                   (3.53) 

and further factorized as 

1: 1: 1 0: 1 1: 1 0: 1 1: 1
1: 1:

1: 1
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( | )

( | )

n n n n n n n n
n n
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p
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-
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x z
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               (3.54) 

For a Markovian process, Eq. (3.54) can be simplified to 
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1 0: 1 1: 1
1: 1:
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                        (3.55) 

Substituting Eq.(3.52), (3.55) into Eq. (3.51) gives 

1 0: 1 1: 1

1: 1 1: 1 1: 1: 1 1:

( | ) ( | ) ( | )
( )

( | ) ( | , ) ( | )

i n n n n n n
n

n n n n n n n

p p p
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p q q

- - -

- - -

=
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x
z z x x z x z

                         (3.56) 

The PDF 1: 1( | )n np -z z , in the denominator, is calculated using Eq. (3.24). This calculation is a 

tedious process and it can be avoided by removing 1: 1( | )n np -z z  from Eq. (3.56) , as it is 

independent of x. The Eq. (3.56) now can be expressed as 

1 0: 1 1: 1

1: 1 1: 1: 1 1:

( | ) ( | ) ( | )
( )

( | , ) ( | )

n n n n n n
n

n n n n n

p p p
w

q q

- - -

- -

a
z x x x x z

x
x x z x z

                            (3.57) 

This modification is also supported by the arguments that weights are normalized and the term 

1: 1( | )n np -z z  is automatically calculated during the normalization. To make the algorithm 

recursive, the importance densities 1: 1 1: 1 1: 1 1: 1: 1 1: 1( | , ) ( | , ), ( | ) ( | )n n n n n n n n n nq q q q- - - - -= =x x z x x z x z x z  

are used in the Eq. (3.57).  
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q q
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x
x x z x z

                              (3.58) 

The Eq. (3.58) can be expressed in terms of previous weights as 

1
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                                 (3.59) 

which ends up in a recursive weight. The weights for each particle, representing the joint PDF 

Eq.(3.50), can be expressed as 

1
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                                    (3.60) 

The next step is to obtain the marginal PDF 1:
Ĕ( | )n np x z  from the joint PDF 1: 1:

Ĕ( | )n np x z  by 

integrating  
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Using the property of multivariate impulse function  

1: 1: 1 1 2 2( ) ( ) ( ) ( )i i i i

n n n nd d d d- = - - -x x x x x x x x                     (3.62) 

Posterior filtered density Eq. (3.61) will become the product of integrals and can be simplified to 

1: 1:

1

Ĕ( | ) ( | ) ( ) ( )
N

i i

n n n n n n n

i

p p w d
=

º = -äx z x z x x x                          (3.63) 

where the weights are calculated by Eq. (3.51) and recursive relation Eq. (3.60).  It can be shown 

that as ,pN ­¤ the approximated posterior density 1:
Ĕ( | )n np x z  approaches the true posterior 

density 1:( | )n np x z .  

The particle filter thus consists of recursive propagation of the weights and particles as the 

measurements are received sequentially. The summary of the algorithm is given below 

Algorithm 1: Generic Particle Filtering Algorithm  

1. for i=1:Np 

2.   Draw samples: 1( | , )i

n n n nq -x x x z  

3.   Calculate the weights ( )i

nw x  using Eq. (3.60) 

4. end for 

5. for i=1:Np 

6.   Normalize the weights using Eq. (3.51) 

7. end for 

3.3.3 Case Study: Fatigue crack growth estimation using Kalman and Particle Filter 

When a crack is formed in structures undergoing fatigue loading, the crack propagates through the 

structure and finally, it fails. This example demonstrates using the Kalman filter to estimate the 

crack length in a plate-like structure shown in Figure 3.3. The evolution of the crack in the structure 

is described by the Paris-Erdogan model 
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( )mda
C K

dN
= D       (3.64) 

Where a is the crack length, N is the number of cycles, 
da

dN
is the rate of crack growth,  C and m 

are the material properties and K is the stress intensity factor. The stress intensity factor is given 

by 

( )K Y a as pD = D       (3.65) 

 where ( )Y a  is a geometrical factor which depends on the plate type, max mins s sD = -  and 

/ (2 )a a w= . In this example, the geometry shape factor is one and subjected to constant sD . The 

stress intensity factor can be expressed in compact form as 

K abD =       (3.66) 

 
Figure 3.3. Plate with central crack mode 1 crack under axial loading. 
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The crack length a is generally not directly measurable, instead, the information is available in the 

non-destructive measurements z. The observations from non-destructive measurements and the 

crack length a at any cycle number  k is given by 

0 1ln lnk k

crit k crit k

z a

a a a a
b b= +

- -
       (3.67) 

where 0b 1b are the constants and crita  is the critical crack length where the component is assumed 

to be failed. Similar to the measurement equation, the Paris law can be expressed in  discrete form 

using the first-order derivative as 

1 1( )m

k k ka a C a Nb- -= + D         (3.68) 

The entire process of crack growth and non-destructive measurement is stochastic and the crack 

growth equation and measurement equations are expressed accordingly as [141]  

1 1( )kv m

k k ka a e C a Nb- -= + D       (3.69) 

0 1ln lnk k
k

crit k crit k

z a
n

a a a a
b b= + +

- -
        (3.70) 

where (0, )k kv N Q  and ~ (0, )k kn N R  are process noise and experimental noise respectively. 

These equations are expressed in terms of nonlinear state-space formulation as 

1( , )

( , )

k k k k

k k k k

a f a v

z h a n

-=

=
      (3.71) 

where  
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The first equation in state-space form is called the state equation and the second equation is called 

the observation equation. To apply the Kalman filter, the nonlinear state-space equations are 

expressed in terms of linear equations as 
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Kalman filter is based on prediction using the state equation The prediction step is given by 

| 1 1

| 1 1| 1 1

Ĕ Ĕ( ,0)k k k k

T

k k k k k k k

- -

- - - -

=

= +

x f x

P F P F Q
    (3.73) 

and update step is given by 

1
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       (3.74) 

The constants and measurements for the problem is taken from Cadini et. al [141] 

0 10.005, 1.3, 1, 0.06, 1.25C n b b b= = = = = 

( ) = 2.89, ( ) = 0.22, ~ N(0, )T T

k k k k k k kE E wQ = v v R = n n Q  

100 200 300 400 5000.7, 3.4 12.5 22., 8, .2, 1 4Z Z Z Z Z= = = = = 

Using the above parameters and the measurements, the crack length at various load cycles is 

estimated. MATLAB code is used for this purpose. The crack growth equation is solved using 

1ND =. Figure 3.4 shows the distribution of estimated crack length at the load cycle when the 

measurement is obtained.   



 

43 

 

 
Figure 3.4. Update of crack length at load cycle number where the measurement is obtained. 

The goal of the problem is to estimate the end of life(EOL) and remaining useful life(RUL) 

from the crack length. The EOL is calculated by finding the total number of cycles when the crack 

length reaches a critical length 100crita = . To estimate the EOL from the crack length distribution, 

first samples need to be generated from the crack length distribution as shown in Figure 3.5. Each 

sample is a deterministic value of crack length and the EOL is calculated for each one. The EOL 

of each sample is calculated and assembled to generate a distribution as shown in Figure 3.6a. A 

similar sampling approach is used to calculate the distribution of crack length and RUL between 

the measurement cycles. 

The EOL plots (Figure 3.6a) show that the variance in the distribution of estimated EOL decreases 

as more measurements are obtained. From EOL, remaining useful life (RUL) is estimated from 

the equation  

RUL EOL currentN N N= -      (3.75) 
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The RUL of all the samples are assembled similar to EOL and distribution is constructed as shown 

in Figure 3.6b. Similar to EOL, the variance in the distribution of RUL decreases as more 

measurements are obtained. However, the mean of EOL distribution approaches N=0 because the 

structure is approaching failure as the crack continues to grow larger.  

 
Figure 3.5.Estimated probability distribution of crack length using Kalman filter. (a) Distribution 

of crack length and (b) samples generated from the crack length. 

 
Figure 3.6. EOL estimation using Kalman filter. (a) Update of the end of life (EOL)  and remaining 

useful life (RUL) at the end of each diagnostic value. 
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Figure 3.7. RUL estimation using Kalman filter. (a)Variation of the mean value of crack length 

and (b) RUL with load cycle. The dashed line shows the mean value and solid lines indicate the 

95% confidence interval. 

From the distribution of crack length and RUL estimated at different cycle numbers, a 95% 

confidence interval (CI) is calculated. Figure 3.7a shows the variation of crack length and RUL 

with 95% CI bonds.  The results show that crack length increases with cycle number and width of 

95% CI also increases because the process is stochastic. However, once the distribution of crack 

length is updated at the measurement load cycle, the width of 95% CI of crack length decreases by 

a large value. Figure 3.7b shows the variation of RUL with load cycle number. It is observed from 

the RUL plot that RUL decreases with cycle number. This is because the crack length approaches 

failure value as the load cycle number increases. Similar to crack length, the uncertainty (width of 

95% CI) in RUL decreases suddenly when the state (crack length) of the system is updated from 

the measurements.    

Particle filter  

In the Kalman filter, the process is assumed to be Gaussian and the distribution of the state of a 

system is defined by a normal distribution. In many cases, the process can be non-Gaussian and 

for such cases, a Particle filter can be used. In particle filter, the PDF of the state at the different 

stages is represented by the sum of impulses as shown 

1: 1:
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Ĕ( | ) ( | ) ( ) ( )
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i i

n n n n n n n
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p p w d
=

º = -äx z x z x x x                                   (3.76) 
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The weights are updated when a measurement is obtained and is given by 
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The particle filter algorithm is demonstrated on the same example used to demonstrate the 

Extended  Kalman filter. In this example, the importance sampling density 1( | , )n n nq -x x z  is the 

same as 1( | )n np -x x  and the modified update of weights of the particles is given by 

1( ) ( | ) ( )n n n nw p w -= ³x z x x                                       (3.79) 

( )
( )

( )
p

n
n

n

n

w
w

w
=
ä

x
x

x
                                                     (3.80) 

 The PDF ( | )n np z x  obtained from the measurement equation [141] (Cadini et. al) is given by 
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z x                     (3.81) 

The data stated in the Kalman filter is used for this example as well and the crack length is 

estimated at measurement load cycles as shown in Figure 3.8. The initial distribution of the crack 

length is assumed to be normal with a mean of 0.01 and a standard deviation of 0.01. The 

distribution of crack length estimated using  Particle filter is not normal and hence Particle filter 

method can be used to estimate the state of the non-Gaussian process. Particle filter often faces 

degeneracy of the number of active particle populations going below a threshold value and in such 

cases resampling is needed. However, in this example the measurement observations are low and 

particle filter algorithm does not face such degeneracy, and resampling is not required.  
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Figure 3.8. Estimated crack length using particle filter. 

To estimate EOL from the crack distribution, a method similar to the Kalman filter is used. 

However, in the Particle filter, sampling from the distribution is not needed and the particles 

themselves can be used as samples to generate the distribution of EOL and RUL. Figure 3.9 shows 

the distribution of EOL and RUL estimated using the Particle filter method. shows the mean value 

and 95% confidence interval of crack length and RUL. The variation of crack length statistics in 

Figure 3.10 is smooth compared to the Kalman filter. This is because the Kalman filter assumes 

the process is Gaussian but in fact, it is not Gaussian and the error in the wrong assumption is the 

reason for the abrupt variation of crack length statistics. Whereas Particle filter accurately 

estimates the state distribution of non-Gaussian process and variation of the crack length statistics 

is smooth. It is also observed that the width of 95% confidence interval increases at load cycles 

when the measurements are obtained but decreases once the weights of the particles are updated 

from the measurement.  
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Figure 3.9. EOL estimated using Particle filter and RUL estimated using Particle filter. 

 

Figure 3.10. RUL estimation using particle filter method. (a)Variation of crack length and (b) RUL 

with load cycle estimated using Particle filter algorithm. The dashed line shows the mean value 

and solid lines indicate the 95% confidence interval. 

3.4 Inverse Uncertainty Quantification 

Prognostics using uncertainty quantification is used for systems or components, where damage 

evolution can be modeled by physics-based models. These physics-based models may not 

accurately model the damage evolution but the model can be calibrated using experimental 

observations from the system and reduce the errors. An even better case would be to use statistical 

methods to quantify the uncertainty in the model parameters of the model or uncertainty in the 

damage state or health state.  
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Figure 3.11. Schematic diagram showing the relationship between predictive modeling, 

diagnostics, and uncertainty quantification [3]. 

The goal of prognostics health monitoring (PHM) is to predict a quantity of interest (QOI) 

in the future instant of time. The PHM framework essentially uses uncertainty quantification for 

predicting the future state of the system. A PHM framework is the synthesis of four disciplines: 

damage diagnostics, predictive modeling, uncertainty quantification, and uncertainty propagation. 

Figure 3.11 shows the schematic of the relationship between these disciplines. First predictive 

modeling and diagnostics are utilized to quantify uncertainty in the model. These uncertainties are 

propagated back through the predictive model to predict the future value of QoI. Damage 

diagnostics measure the damage extent in the structures and provide the damage evolution as input 

to the PHM system. A predictive model must be capable of simulating the damage growth physics 

and can govern the growth rate using model parameters. These model parameters can be estimated 

from the diagnostics data as the damage progress. However, the deterministic assessment of the 

exact state by the diagnostics methods is limited by the noise in the SHM sensor, and the predictive 

model is approximations of the true underlying physics of how damage progresses. Therefore, UQ 

carries out a central role in damage prognostics. By continuously gathering damage states from 

diagnostics methods and informing the predictive model, the model uncertainty can be 

systematically quantified using statistical methods by constructing a PDF for the parameters. The 

quantified parameter uncertainties are propagated back through the predictive model to build a 

PDF for the QOI. The UQ plays a major role in quantifying uncertainty and increasing the 

confidence in prediction for prognostics applications [10, 93, 94, 99, 100, 106, 142-144]. Further, 

UQ has been popularly used for engineering applications [145-148]. This thesis is focused on 

inverse UQ and more details are discussed in the next chapters. 
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CHAPTER 4 PREDICTIVE MODEL SIMULATIONS  

Uncertainty quantification (UQ) methods require evaluation of the predictive model for a large set 

of model parameters and in this thesis, high-fidelity, physics-based FEM simulations are used as 

the predictive model.  Using the FEM simulation directly for UQ amplifies the computational time 

to the point of intractable. An alternate method to reduce the computational time is by developing 

a surrogate model for the crack growth simulations.  In this chapter, the details of FEA crack 

growth simulations are discussed in detail. The FEA simulations employ CZM to model 

progressive damage in the adhesively bonded joint and the deleterious influence of fatigue loading 

is simulated by the fatigue damage evolution relation. A setup is developed to run a large set of 

simulations to generate data for surrogate modeling.  

4.1. Cohesive Zone Modelling (CZM)  

Adhesively bonded joints often fail near the adhesive region and damage propagation through the 

adhesive region needs to be modeled to find the fatigue lifetime. Different mechanisms of failure 

exist in adhesively bonded joints such as cohesive failure and adhesive failure. In this thesis, it is 

assumed that the adhesive fails via cohesive failure, and CZM elements are used to model the 

damage propagation. CZM is an efficient and reliable method for simulating the progressive 

damage in adhesively bonded joints [84, 149-151].  Figure 4.1 shows the elements in the substrate 

and adhesive region. The substrate material is modeled by continuum elements and adhesive is 

modeled by cohesive elements. Cohesive elements act as a spring foundation between two opposite 

points of the finite element mesh and apply surface traction when there is a relative displacement 

between them. Traction is defined as a force per unit area, and it is a function of relative 

displacement along surface normal and tangential directions. The CZM elements are usually one-

dimensional elements or two-dimensional single mesh elements across the thickness of the 

bondline [84, 149, 150]. The relation between the traction and relative displacement in the cohesive 

elements is governed by traction separation law. 
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Figure 4.1 Damage modeling using CZM traction separation law. 

4.1.1. Physics of Traction-separation Laws 

Traction-separation law governs the constitutive behavior of cohesive elements between the 

relative displacement and traction in the elements. There are many types of traction laws and 

Figure 4.1 Damage modeling using CZM shows a typical example of tractions laws for brittle and 

ductile adhesive materials. In the figure, initial stiffness (E0), fracture energy (Gc) and maximum 

tipping traction (Tc) is the material properties. The critical (ŭc) and failure separation (ŭf) are 

calculated from these material properties. Traction law is based on the physics of bonding forces 

between two atoms in a molecule. The force between the atoms increases with the relative 

displacement between them and then decreases above a critical value. The bond completely breaks 

when the relative displacement is above a failure value.  

Figure 4.2 shows the physics of traction separation law. The traction law is divided into 

two parts. The first part is the damage initiation, which is between zero separation and critical 

values (ŭc). In the damage initiation phase, the cohesive element is in the elastic limit, where its 

material properties are retained. Inside these elastic limits, the traction in the cohesive elements 

increases with separation until a maximum traction value (Tc) and has an initial stiffness of E0 [83, 

152, 153]  The second part of the traction separation law, between the (ŭc) and failure (ŭf) 

separation, is the damage propagation phase. Above the critical separation (ŭc), the traction 

decreases, and the properties of cohesive element degrades, represented by degradation variable, 

D. Over the elastic limit, the material properties are degraded as a function of D.  
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Figure 4.2 Damage initiation and damage propagation phase in a loaded bonded joint [30, 83]. 

In this study, ductile adhesive materials are used, and hence the bilinear traction-separation 

relation [84, 154] is used. The bilinear traction-separation relation is characterized by three key 

parameters: initial stiffness (E0), tipping traction (Tc), fracture energy (Gc) and it is divided into 

two parts as shown in Figure 4.3. The first part is the interval between zero separation and 

separation where the traction in the CZM element reaches the peak or the maximum value, 

represented by tipping traction (Tc). This point is known as damage initiation criteria and the 

corresponding separation is represented by ŭc. The separation above the damage initiation criteria 

(ŭ > ŭc) is the second part of the bilinear traction relation. Once the damage initiation criterion is 

reached, the static damage degradation (D>0) starts in the CZM element and the stiffness, fracture 

energy of the element starts decreasing as the separation (ŭ) increases. The CZM element is 

considered damaged when the separation (ŭ) reaches ŭf. This is known as the damage propagation 

criterion and it is defined as where the total energy release in the CZM element reaches a critical 

value, Gc, and once the damage propagation criterion is reached, the element is removed.  
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Figure 4.3 Physics of traction separation law. 

 
Figure 4.4 Physics of cohesive zone modeling. (a) Cohesive zone modeling (CZM) is used for 

modeling the quasi-static damage growth in the cohesive elements and (b) mixed-model response 

of the CZM elements is modeled using maximum nominal stress and BenzeggaghïKenane[154] 

criterion.  

The behavior of the bilinear traction-separation relation discussed above is the response of 

the CZM element under normal mode (mode-I) deformation. In a general adhesive joint, the 

deformation occurs in multiple modes, and a single traction-separation relation is required to 

represent the multi-mode response of the CZM element. Normal loading results in mode I traction 

in cohesive element, which is governed by mode I damage model, and traction due to shear loading 

is governed by mode II and mode III damage model. In a two-dimensional problem, the 

deformation will be under both normal and in-plane shear modes. The mixed-mode response of 

the CZM element is shown in Figure 4.4. The tipping traction of the mixed-mode response is 

defined by maximum nominal stress[104] and BenzeggaghïKenane[154] criterion is used for 
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defining the fracture energy. By utilizing the traction-separation relation, representing the mixed-

mode response, the static strength of the adhesive joint is determined by loading the joint until 

failure. 

 
Figure 4.5 Different joint configurations analyzed in this thesis. The joints considered for the 

probabilistic fatigue life prediction: (a) single lap joint (SLJ)[84], (b) laminated doublers in 

bending (LDB)[30], and (c) tapered single lap joint (TSLJ)[76]. The cases (a), (b), and (c) are 

analyzed under CAF loading and (d) single lap joint (SLJV) for VAF loading[150]. The joints 

considered for prognostics: (e) single lap joint (SLJ-P). 

4.1.2. Static Simulations 

In this thesis, six different joint configurations are considered for probabilistic fatigue life 

prediction and damage prognostics study. Figure 4.5 shows the dimensions, substrate materials, 

adhesive materials, and boundary conditions for different joint configurations. For all the single 

lap joints (SLF, TSLJ), the left boundary is fixed and for the right boundary, displacement/force 

is applied along the x-direction by constraining all other degrees of freedom. In the case of 

laminated doubler in bending (LDB), the displacement at the center of the bottom surface is fixed, 

and point displacement/force is applied at the left and right edges of the laminate. The LDB joint 

is symmetric about the y-axis and only half the joint is modeled. 
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Table 4.1 Bondline properties for different joint configurations [30, 83, 84, 150, 155]. 

 

 
Figure 4.6  Simulated force vs displacement response for the SLJ joint. 

Initially, static simulations are conducted for all the joints to determine the failure load. 

Cohesive zone modeling (CZM) with bilinear traction law is used to model failure in all adhesive 

materials and the calibrated traction-separation properties are shown in Table 4.1. To find the static 

failure load, displacement is applied along the x-axis at a rate of 0.1 mm/min until failure. Figure 

4.6 shows the load-displacement curves. The force is measured at the fixed end and it increases 

with applied displacement up to the static failure of the joint. At the static failure, the force 

decreases to zero value and the static strength is the maximum load in the force vs displacement 

curves. The static simulations are conducted on the remaining joints and Table 4.2 shows the 

comparison of static strength with the experimental value [30, 83, 84, 150, 155]. The percentage 

error between the predicted and experimental values is below 2% for the first two joints but an 8 

% error is observed with TSLJ because of ignoring the fillet at the bond edges. 

Table 4.2 Comparison of predicted static failure load with the experimental data [30, 83, 84, 150, 155]. 
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4.1.3. Fatigue Simulations 

The failure strength determination from the static analysis limits the maximum stress in the fatigue 

loading spectrum and the maximum stress is generally some fraction of the static strength. To 

simulate the deleterious influence of fatigue, fatigue damage evolution relation [32, 150, 156] is 

used as shown in Figure 4.7. The damage evolution relation degrades the traction-separation 

properties with cycle number by incorporating a fatigue damage variable (DF) in each CZM 

element. The rate of degradation of the damage index variable (DF) is a function of the maximum 

principal strain (Ůmax) in the CZM elements and model parameter (Ŭ, ɓ, Ůth).  

 
Figure 4.7  Fatigue damage growth modeling using the maximum fatigue loading-based approach. 

In this approach, the adhesive joint is loaded at maximum stress and the influence of the load ratio 

is incorporated into the fatigue damage evolution relation. 

To solve the fatigue damage evolution equation, different methods are existing in the 

literature as shown in Figure 4.8. The first method is cycle-by-cycle analysis, where fatigue 

degradation is modeled in the adhesive at each cycle number of the fatigue spectrum. This method 

is computationally expensive and practically impossible to perform high-cycle fatigue. To reduce 

the computational time, certain cycle extrapolation fatigue analyses can be used. In this analysis, 

the fatigue degradation is modeled for a complete cycle and its effects are extrapolated for a certain 

number of cycles. However, this method is still computationally expensive for high cycle fatigue. 

In the maximum fatigue loading-based approach, the joint is loaded at maximum stress in the 

fatigue spectrum and fatigue degradation is simulated after a certain number of cycles. The 

influence of load ratio (R) is incorporated into the fatigue damage evolution relation, using ɔ, as 

shown in Figure 4.7. ɔ is a function of load ratio (R), the maximum stress in the fatigue spectrum 

(ůmax), static strength (ůs) and the model constant (ű).  
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Figure 4.8. Methods of solving the fatigue damage growth equation. 

In this thesis, the maximum fatigue loading-based approach is used[157] for computational 

efficient fatigue simulation. The maximum strain (
maxe ) is defined by  

( )2 2

max 0.5 n n se e e e= + +                                                 (4.1) 

neand 
seare the normal and shear strains. More details about the CZM modeling and fatigue 

damage modeling are found in the reference [30, 83, 84, 150]. 

The detailed algorithm for simulating fatigue degradation is shown in Figure 4.10. The 

algorithm provides an option of choosing either the FEA model or the ANNs to calculate the strain 

field. In this chapter, the fatigue simulation with the FEA model, represented by the red dotted 

line, is discussed and details of the fatigue simulation with ANNs is provided in the next chapter. 

At the start of the simulation (i = 0), the bondline is assumed to be undamaged (DF, i=0 = 0) and the 

FEA model is used to calculate the strain field at the maximum stress (ůmax) in the fatigue spectrum.  

 
Figure 4.9 Maximum loading-based approach for the adhesively bonded joint. 

The transient effects are negligible under fatigue loading and hence static FEA model is 

solved to find the strain field at the maximum stress (ůmax). The FEA model uses solid elements  
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Figure 4.10. Schematic of the algorithm for simulating fatigue damage growth. The algorithm 

provides an option of choosing either the FEA model or ANNs model for strain field calculation 

along the bondline. The algorithm with the FEA model is shown by the red dotted and with ANNs 

is shown by a solid green line, which is referred to as the FDG simulator. The FDG simulator is a 

hybrid model with physics-based damage evolution relation for simulating the fatigue damage 

growth and the data-driven ANNs for calculating the computationally expensive strain field along 

the bondline. 

for adherend and CZM elements for bondline. The strain field, obtained from the static FEA model, 

is used by fatigue damage evolution relation to updating the damage index variable value from DF, 

i to DF, i+1 along the bondline based on the threshold strain value (Ůth). The new damage index 

variable, DF, i+1, is provided as input to the FEA model and the model calculates the strain field 

(Ůmax, i+1) by degrading the traction separation properties. The steps of strain field calculation, 

damage evolution, and degradation of traction separation properties are repeated in a loop until the 

adhesively bonded joint fails. The failure of the joint is checked after the strain field calculation 

step and simulation is terminated once the joint fails. The failure of the joint is modeled by first 

loading at the maximum stress of the fatigue load spectrum and the joint is considered as failed if 
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the substrates of the joint are completely separated along the bondline. The crack starts from the 

edges of the bondline as they are the region of high strains and propagates towards the center. At 

the end of the simulation, the crack propagation is extracted from the damage profiles. The 

algorithm can be used for both constant amplitude fatigue (CAF) and variable amplitude fatigue 

(VAF) loading. 

4.1.4. Results 

This section presents the results of fatigue simulations using FEA. The bondline material 

properties used for FEA simulations of different adhesively bonded joint configurations are shown 

in Table 4.1. Along the bondline of the FEA model, a single two-dimensional mesh element is 

used across the thickness [84, 149, 150], and mesh size is shown in Table 4.1. Figure 4.10 shows 

the strain field and damage index profile for different joint configurations resulting from FEA 

simulations. The fatigue damage starts growing from the corners of the adhesive, which are regions 

of high-stress concentration, and the completely damaged (DF,i =1) CZM elements are removed by 

the FEA simulation, indicating the crack formation and growth. The crack in SLJ starts from both 

the edges and grows symmetrically. The LDB joint is symmetric about the vertical axis passing 

through the center of the adhesive joint and only half the geometry is modeled for the fatigue 

simulation. In the case of the TSLJ, the joint is unsymmetric and the fatigue crack starts from the 

left edge of the adhesive, as reported in the experiments [76]. 

4.2. Parametric Fatigue FEA simulations for Generating Data 

A typical fatigue simulation using the FEA model requires a lot of computational time, typically 

in hours, and the uncertainty quantification methods require evaluating the predictive model 

thousand to millions of times. Directly using the FEA model as the predictive model makes the 

UQ intractable and in this work, a hybrid surrogate model is developed to reduce the computational 

time. For training the hybrid model, simulation data is required, and parametric simulations are 

conducted to generate the data. A parametric tool is developed using a python script to run crack 

propagation simulations for large sets of parameters. 

The fatigue tests are generally carried out under load control [83] rather than displacement 

control.  Using force boundary conditions in the FEA model makes the simulation run with small 

increments when it is close to joint failure, which increases the computational time. This is because 
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the resistive force at the bond region approaches zero and causes convergence issues when the 

joint is close to the failure. This makes the simulation take very small-time steps and eventually 

increasing the computational time of parametric simulations significantly. To prevent this, the 

displacement boundary condition is used, and the displacement values are tuned to apply the 

required force on the joint. The algorithm to implement automatic tuning of displacement 

boundary conditions. 

 
Figure 4.11. Strain field and damage index profile along the bondline. The results are obtained 

from the FDG simulator under CAF loading. For (a) SLJ, (b) LDB, and (c) TSLJ at ůmax = ůs and 

load ratio R=0.1.  

The step size ND  used in the crack propagation simulation shown in Figure 4.10  determines 

the computational time of each simulation in the parametric run. Step size needed to be adaptive 

based on the fatigue life for similar computational time for each simulation.  The damage index 

(DF) profile along the length of the bondline is degraded after every ȹNF, i number of cycles, and 

an adaptive algorithm [8, 158] is proposed to calculate ȹNF, i. The proposed adaptive fatigue step 

size algorithm used in this work is shown below: 

a. Define maximum possible fatigue damage ȹDmax increment per step size per CZM element at 

the start of the simulation. 

b. At the end of each fatigue step, calculate ȹNi for every CZM element (e) using the below 

equation 
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where e indicates each CZM element and nmesh is the number of CZM elements. 

c. Calculate minimum step size ȹNf, i  by lopping over the CZM elements as shown below 

,
1,
min ( )

mesh

e

F i f
e n

N N
=

D = D                                                 (4.3) 

The effect of adaptive step size algorithm on fatigue crack propagation is demonstrated by 

running a possible number of simulations, for a fixed computational time, using both uniform step 

size of 100 cycles and adaptive method with max 0.1DD = . Figure 4.12a shows the comparison of 

the number of iterations vs the fatigue life. Each iteration takes approximately similar 

computational time and the total number of steps determines the total computation time of each 

simulation. The results show that the range of the total number of steps taken by all the simulation 

cases is small with the adaptive fatigue step size algorithm. Moreover, the maximum number of 

steps taken by the most expensive simulation case with the adaptive step method is very low 

compared to uniform step and a large number of simulations can be conducted for a given 

computational time.  

 
Figure 4.12 Comparison of computational time with different time steppings. (a) Uniform 

computational time  (b) adaptive time stepping. 

4.3. ANNs-based Hybrid Fatigue Damage Growth (FDG) Simulator. 

Bayesian inference, to quantify uncertainties, requires evaluating the predictive model thousands 

to millions of times, and using the FEA simulations directly makes the UQ problem 

computationally intractable. In this Section, the data-driven model approach to reduce the 
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computational time of fatigue growth simulation is discussed. The FEA simulation can be divided 

into two parts for every cyclic increment (ȹNf, i) as shown in Figure 4.10.  In the first part, the 

strain field in the adhesively bonded joint is calculated, at the maximum stress in the fatigue load 

spectrum (or fatigue loading spectra), using the CZM model. In the second part, the fatigue damage 

evolution relation updates the damage index (DF) profile along the bondline using the strain field 

(Ůmax). The output of the CZM model (Ůmax), at every cyclic increment (ȹNf, i) of the FEA 

simulation, can be defined as a function of (DF, ůmax) since the material properties of the solid 

elements, mesh, boundary conditions of the FEA model are fixed. Moreover, the output from the 

FEA model is the strain field (Ůmax) in the entire joint, but the fatigue damage growth is simulated 

only using the strain field along the bondline. Most of the computational time is spent on 

calculating the strain field and developing a direct mapping between (DF, ůmax) and Ůmax, along the 

bondline, can reduce the computational time significantly by avoiding the expensive strain field 

calculations. A data-driven model [2, 10, 16, 107, 159] is developed to map the direct function 

between the inputs (DF, ůmax) to the FEA model and the strain field (Ůmax) output along the bondline. 

The data-driven model is developed at the solution points along the bondline as shown in 

Figure 4.13. The total number of outputs from the data-driven model is equal to one more than the 

number of CZM elements and the total number of inputs is one more than the number of outputs. 

Once the data-driven model is developed, it is integrated with fatigue damage evolution relation 

to form the FDG simulator.  There are different types of machine learning models available to 

develop the data-driven model such as Artificial neural networks [8, 9, 160-162], Gaussian process 

regression [2, 163], and k nearest neighbor regression [10, 90]. Among the machine learning 

models, neural networks are popularly used in engineering applications [8, 9, 161, 162, 164, 165] 

due to their ability to learn and model the complex relationship between multiple inputs and 

outputs from the training data. 

In this study, ANNs are used to map the highly nonlinear relationship between the inputs 

(DF, ůmax), outputs (Ůmax) and circumvent the expensive strain field calculations at every cyclic 

increment (ȹNf, i). The training data for ANNs are generated using FEA simulations. The general 

outline of ANNs model training is shown in Figure 4.13. One way of generating training data is to 

randomly generate damage index profiles (DF) and extract the strain outputs (Ůmax) along the 

bondline, at various values of maximum stress (ůmax), by solving a static FEA model with damage 
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induced degraded traction-separation relation properties. However, this method generates non-

physical damage profiles that may not exist in actual FDG simulations. A more efficient way of 

generating a training dataset is to run FEA simulations and extract the damage index (DF) and 

strain (Ůmax) profiles at the solution points of the bondline [10, 108]. 

 
Figure 4.13. Schematic for training the ANNs. The schematic is used to develop a mapping between 

the damage index and maximum principal strain field profile along the bondline, the critical region 

where the fatigue degradation occurs. The dataset for training the ANNs is obtained by running 

the FEA simulations for randomly generated model parameters under the CAF load spectrum with 

a randomly generated load (ůmax). The stored FEA simulation dataset is split into training, testing, 

and validation sets. The damage index, strain field profiles extracted from the respective datasets 

are used for training and testing the ANNs model. The validation set is used for validating the 

crack propagation simulations conducted by the FDG simulator [8]. 

The dataset for the ANNs is generated by running the FEA simulations, for random sets of 

values of model parameters, q = (Ŭ, ɓ, Ůth) under the CAF loading spectrum with randomly 

generated load (ůmax) as shown in Figure 4.13. For each simulation, the (q, ůmax) sets are generated 

from a uniform bounded distribution. The generation of data is automated by running 
tot

simn  
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simulations and the inputs (DF, ůmax), outputs (Ůmax) extracted, along the bondline, from each 

simulation are stored separately in the dataset. For developing the FDG simulator, the simulations 

in the dataset are split into training (
train

simn ), testing (
test

simn ), and validation (
valid

simn ). The data from the 

training dataset (
train

simn ) simulations are used to train the ANNs and once trained, ANNs is tested by 

predicting the strain output (Ůmax, ANNs) for the inputs (DF, ůmax) in the testing dataset (
test

simn ) 

simulations. In the training and testing steps, the predicted strain (Ůmax, ANNs)  profile  from the 

ANNs are compared with the FEA strain profile, along the bondline, using the relative percentage 

error (eANNs) as shown below 
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Once the training (ANNs

traine ), testing errors (ANNs

teste ) is less than a tolerance, the trained ANNs is 

integrated with the fatigue damage evolution relation to form the FDG simulator and validated 

using the validation dataset (
valid

simn ). In the validation step, the crack propagation is simulated using 

the FDG simulator for each (Ŭ, ɓ, Ůth, ůmax) set value in the validation dataset. The crack propagation 

output from the FDG simulator is compared with the values obtained using the FEA simulations 

by calculating relative percentage error in the crack length (ea) and in fatigue life (
fNe ) using the 

below equations. 

2
ANNs FEA

FEA 2

100
L

e
-

= ³a

a a

a
                                                        (4.6) 

,ANNs ,FEA

,FEA

100
f

f f

N

f

N N
e

N

-
= ³                                                       (4.7) 

where a is the vector containing the crack length after every cyclic increment (ȹNf, i) and is 

expressed as 
,0( , , , , )

F i fN Na a a=a . In Eq. (4.7), the norm value is not considered for relative 
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percentage error in fatigue life (
fNe ) to observe the extent of under-prediction in the fatigue life, 

and the negative value of 
fNe  indicates the under-predicted fatigue life value. The entire process of 

training is automated and new data is generated, by running more FEA simulations, if any of the 

errors ( ANNs ANNs, , ,
f

train test

a Ne e e e ) are above a tolerance limit. The ANNs model, trained using the data from 

the CAF loading, can also be used for simulating the fatigue damage growth under any arbitrary 

fatigue loading spectrum as ANNs maps between multiple inputs (DF, ůmax) and multiple outputs 

(Ůmax)  for any maximum stress of the fatigue loading spectrum. 

The final developed FDG simulator is a hybrid model with physics-based damage 

evolution relation for simulating the fatigue damage growth and the data-driven ANNs for 

calculating the computational expensive strain field along the bondline. The hybrid FDG 

simulation can be used to conduct fatigue simulations rapidly for a given geometric configuration 

under any arbitrary fatigue load spectra. 

4.3.1. Results of ANNs-based Hybrid FDG Simulator 

To develop the FDG simulator, the FEA model is replaced by the ANNs to reduce the 

computational time as shown in Figure 4.10. From the FEA simulations, the damage index (DF) 

and strain (Ůmax) profiles are extracted at the solution points as shown in Figure 4.10 and this data 

is used for training the ANNs. The total number of solution points is equal to the number of CZM 

elements. The data (DF, Ůmax) from the FEA simulations contains the information of the boundary 

conditions, material properties, physics of fracture energy release rate and by training using the 

data, this information is embedded into the ANNs. 

The ANNs model needs to be trained for each joint configuration and mapping generated 

by the ANNs is used by the FDG simulator to simulate the fatigue growth in almost real-time. In 

this section, the validation of the FDG simulator for SLJ, shown in Figure 4.5a is discussed. The 

training data for ANNs is obtained from the FEA simulations as shown in Figure 4.13, and the 

same mesh with the CAF loading spectrum is used for all simulations. From each FEA simulation, 

an average of 800 sets of input damage index (DF) and corresponding output principal strain 

profiles (Ůmax), along the bondline, is obtained.  Each set of damage index profile input and 

corresponding strain profile output, along the bondline, is called a data point. Both the inputs, 

outputs are arranged into two different row vectors. The dataset generated by the FEA simulations 
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is split into two different sets before training and testing the ANNs and the TensorFlow package 

[166] of Python is used for developing the ANNs.  

Figure 4.14 shows the number of layers used in each layer of ANNs to train the complex 

relationship between inputs (DF, ůmax) and outputs (Ůmax), along the bondline, for SLJ. The ANNs 

architecture consists of three hidden layers with 200 neurons in each layer and it is trained using 

the data (Ůmax; DF, ůmax) obtained from FEA simulations. The ANNs model enhances the 

computational efficiency of the FDG simulator by replacing computationally intensive strain field 

calculations. For the training dataset, data obtained from 250 simulations are considered and for 

the testing dataset, 50 simulations are considered. The damage index values, discretized using 

CZM mesh elements, along the bondline and maximum stress in the fatigue loading spectrum are 

arranged into a single row vector (DF, ůmax) and before training the ANNs, the inputs and outputs 

of all the data points in the corresponding datasets are arranged in a matrix as shown in Figure 

4.14. The number of columns in the input matrix is 151, which comprises the damage index (DF) 

values in the 150 CZM elements and the maximum stress (ůmax) in the fatigue spectrum. The output 

matrix array has 150 columns each corresponding to the strain values in each CZM element. For 

training the ANNs, the Adam optimization algorithm [167] is used with 1000 epochs and a batch 

size of 2000.  

Figure 4.14b shows the variation of the mean of the relative percentage absolute training 

error with each epoch number. At the end of 1000 epochs, the mean training error calculated using 

Eq.(4.4) is observed to be 0.5%. The trained ANNs are tested by predicting the output strain 

profiles for the input damage index profiles in the testing dataset and the relative percentage error 

in strain values for each data point is calculated using Eq. (4.5). Figure 4.14c shows the error values 

for all the data points in the testing dataset plotted as a histogram. Very good testing accuracy with 

a maximum error of 2% and a mean error of about 0.6% is achieved. The trained ANNs can be 

used to estimate the strain profile along the bondline for a given damage index (DF) profile and 

stress (ůmax). Next, the damage index-strain field mapping obtained from the ANNs is integrated 

with the fatigue damage evolution relation to form the hybrid FDG simulator as shown in Figure 

4.13. The simulator is validated with a large set of FEA simulations that are not used for training 

or testing the ANNs. 



 

67 

 

 
Figure 4.14. Results of training ANNs model for strain field calculation. (a) The architecture of 

ANNs used for training (learning) the mapping between the input damage index and strain output 

profiles along the bondline, (b) training error, and (c) test error of ANNs for SLJ. 

 Figure 4.15a shows the comparison of crack propagation using the FEA model and trained 

ANNs. Figure 4.15b and Figure 4.15c show the error statistics in crack propagation and fatigue 

life prediction, calculated using Eq. (4.6) and Eq. (4.7). The error in crack propagation is below 

2.5% with a mean of around 1%, and the error in fatigue life estimation is mostly negative with 

the absolute value of error below 2.5%. A negative error in fatigue life indicates that the FDG 

simulator is under-predicting fatigue life. Initial training and testing are conducted using a large 

number of simulations (1250 for the training dataset and 250 for the testing dataset) to validate the 

proposed FDG simulator as reported in the reference [162]. Further, training of ANNs is also 

conducted using a fewer number of simulations (250 for the training dataset and 50 simulations 

for the testing dataset), and similar errors in training, testing, and validation are observed. 
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Figure 4.15. Comparison of FDG simulation with FEA model and ANNs model. (a) Comparison 

of crack propagation using the FEA model and FDG simulator, (b) error in the crack propagation, 

and (c) error in fatigue life estimation for SLJ. 

4.3.2. Validation of Hybrid FDG Simulator for Other Joint Configurations  

The architecture of the ANNs used to develop a damage index-strain profile mapping for the SLJ 

can be used for different adhesively bonded joint configurations. However, the weights of the 

ANNs are different for each adhesively bonded joint configuration as the output strain profile 

along the bondline depends on the joint geometry. The weights of the ANNs architecture required 

to be trained for each joint configuration using the FEA simulation data of the respective adhesive 

joint before conducting fatigue simulations, along the bondline, through the FDG simulator. A 

similar procedure discussed in the above section is used for training the ANNs and for validating 

the FDG simulator for all the joint configurations. The number of inputs and outputs for the ANNs 

is dependent on the joint configuration as shown in  Table 4.1. The optimization of 

hyperparameters of the ANNs is left for future work.  

The LDB joint is symmetric about the vertical axis passing through the center of the 

adhesive joint and only half the geometry is modeled for the fatigue simulation. In the case of the 

TSLJ, the joint is unsymmetric and the fatigue crack starts from the left edge of the adhesive, as 

reported in the experimental tests [76]. A unified algorithm is developed for the FDG simulator 

such that the damage can start from any location and can be used for any kind of adhesive joint by 

providing the weights of the trained ANNs as input to the simulator. The developed FDG simulator 

of all the adhesively bonded joint configurations is validated using a large set of FEA simulations 

and very good accuracy is obtained.  
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At every cyclic increment of the fatigue simulation, conducted by the FDG simulator, the 

strain field predicted by the ANNs is used by the fatigue damage growth evolution equation. The 

ANNs are trained to predict the strain field for any load (ůmax), and this makes it feasible to use the 

FDG simulator to simulate fatigue damage growth for a given adhesive joint configuration under 

any arbitrary spectrum such as constant or variable amplitude fatigue loading spectrum. In this 

work, the ANNs are trained for predicting the strain field for a given damage index profile and the 

load applied along the x-direction. However, it can be extended for generalized load directions. In 

summary, the ANNs model is trained based on the geometry configuration of the adhesive joint, 

cohesive zone model, material properties of adhesive, adherend and regardless of the fatigue 

loading spectrum. 

4.4. Conclusion 

The final developed FDG simulator is a hybrid model with physics-based damage evolution 

relation for simulating the fatigue damage growth and the data-driven ANNs for calculating the 

computational expensive strain field along the bondline. The hybrid FDG simulation can be used 

to conduct fatigue simulations rapidly for a given geometric configuration under any arbitrary 

fatigue load spectra. The final FDG simulator developed using the ANNs model approach has 

reduced the computational time, over several orders of magnitude, from approximately thirty 

minutes to under one second by trading a small amount of accuracy. 

 

 

 

 

 

 



 

70 

 

CHAPTER 5 PROBABILISTIC FATIGUE LIFE PREDICTION  

The FDG simulator developed using the ANNs reduces the computational time by three orders of 

magnitude and the simulator is integrated with uncertainty quantification methods for probabilistic 

fatigue life. This chapter details the integrated framework for probabilistic fatigue life. 

5.1 Integrated Framework for Probabilistic Fatigue Life Prediction 

Figure 5.1 shows the integrated framework for probabilistic prediction of fatigue life in adhesively 

bonded joints. The integrated framework calibrates the predictive fatigue life model, which 

governs deterministic fatigue behavior, using experimental fatigue life data through inversely 

quantifying uncertainties in the model parameters. Experimental fatigue life data, for various 

loading spectra, reported in the reference is used in this work.  The integrated framework shown 

in Figure 5.1 is exemplified by a single lap joint (SLJ) and the framework consists of two nested 

loops. The outer loop (red line arrows) is used to quantify uncertainty in the model parameters by 

generating parameter samples using the MCMC sampling method. For each parameter sample 

generated by the MCMC sampling method, the rapid fatigue damage growth (FDG) simulator is 

solved to estimate the fatigue life and the inner loop (deep blue line arrows) simulates the fatigue 

damage progression, until the joint fails, using the simulator. Probabilistic prediction of fatigue 

life using the proposed integrated framework requires three major steps. An overview of all the 

steps is discussed in three different modules. 

5.1.1 Module I: FDG Simulator 

The FDG simulator estimates the fatigue life for a given loading spectrum by circumventing the 

time-consuming strain field calculation using the ANNs model. The FEA simulations are 

employed to generate the training data for the ANNs model. The FEA simulations employes CZM 

to model the damage progression along the bondline and the fatigue damage evolution relation to 

simulate the deleterious influence of fatigue. The FEA simulations are conducted at various 

maximum stress (ůmax) values under constant amplitude fatigue load spectrum and the damage 

index (DF), principal strain (Ůmax) profiles, along the bondline, are extracted for training the ANNs.  
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Figure 5.1.  An integrated framework for probabilistic fatigue life prediction in adhesively bonded 

joints. The probabilistic fatigue life is estimated by quantifying uncertainty in model parameters, 

through calibration of the predictive model, using the experimental data. After conducting 

experiments to obtain fatigue life data and training the ANNs model in the preprocessing step, 

probabilistic prediction of fatigue life using the integrated framework requires three major 

succussive steps: (I) fatigue damage growth (FDG) simulator for fatigue life prediction; (II) inverse 

uncertainty quantification in model parameters using MCMC sampling method; and (III) 

probabilistic fatigue life prediction by constructing confidence bounds. The integrated framework 

consists of two nested loops. The inner loop (deep blue line arrows) calculates the fatigue life, in 

the number of cycles, using the FDG simulator; the outer loop (red line arrows) inversely quantifies 

uncertainty in the model parameters, by generating a large number of parameter samples, through 

the MCMC sampling method. Using the generated parameter samples, probabilistic fatigue life is 

estimated in step III.  
































































































































