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NOTICE

The aim of this mimeograph is in the first place didactical.
A tebular survey of a number of (mostly too restrictive) versions
of Fatou’s lemma tuken from the literature, motivates some new
counterexamples, which disprove one half of a theorem that occurs
in the literature and show that if any interesting necessary con-
ditions exist at all they must be in terms of properties different

from or finer than those occurring in sufficient conditions.
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£k ;Eszgggezisea' In many expositions the Lebesgue-Stieltjes integral,
[£(x) w(ax) = [f au , or briefly [f, of & measurable function f is defined
as the limit of a sequence of integrals rsndu » where the s, are simple
functions which in some sense tend to f as n - o . So, when we are interested
in the limit of a sequence 'ffndu s where all fn are measurable (rather than
simple) functions, we have to deal with a double limit process. The monotone

convergence theorem (MCT), Fatou’s lemma, and Lebesgue’s dominated convergence

theorem (DCT) belong in this category. 1In the literature these results are

discussed under a variety of mostly too restrictive conditions (cf. section 2
below), which we have found tend to obscure their true nature in the mind of many
students. The aim of this note is to present Fatou’s lemma as a special case of
the MCT, and the DCT as a special case of Fatou’s lemma, being as general as
possible as to conditions of boundedness and finiteness; also to indicate a
method by which to construct the dominating function in the DCT. Of these
objectives the last one seems to have some novelty. However, our main concern

is pedagogical.
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rz./: Wm All functions discussed are assumed
to be defined on a totally o-finite measure space (%, U, u) into the
extended real number system R* (for the properties of R* see for instance
Halmos, p. 2). All functions discussed will be measursble (i.e., if B 1is
{+0} , {-0} , or a Borel subset of the real line R , then f-l(B) € 4).
Given ¢ : X - R* s the symbols <p+ and :p- have the usual meaning ,
? =3+ lol), 0 =3(-9 +lol), so ¢=¢"-¢ . Integration is alvays
over some set A Dbelonging to the og-algebra U . For our purposes the choice of
A 1s irrelevant (all properties stated concerning integrands are to hold on A ),
and we shall omit all reference to it. Whenever we write J‘ ¢, or ‘fo du ,

or f(p(x) u(dx) , we imply that the integral is defined, either as a finite

number, or as + , oOr as =-co , and we shall call such ¢ integrable. In
fact, we shall say that ¢ 1is integrable iff any one of the following three

casesa applies:

a) I¢+ finite , [p finite , [o =J‘<p+ - [¢", ¢ sumsble,
b) [¢ finite , [o infinite, [ = -® ,

+ -
¢c) [o  infinite, [p finite, [p =+00 .
A function ¢ such that 1lim (pn(x) = ¢(x) for p-almost all x (e A)
o
will be denoted by l:lmn @ e

Given e sequence {0} , define B_ = inf ;3 7. =supa . Then
oL]s n k_>'nak n kznk

{Bn} is a non-decreasing sequence, and {7n} is a non-increasing sequence.

So 1lim Bn= l:lmr1 ﬁn and 1lim 7n= l:l.mn 7n exist (the first being finite or
00 e

+® , the second being finite or =-00) . We shall write 1lim :Lnfn o, for

l:i.mn 'Bn and lim sup an for limn 7n . A function ¢ such that

lim infn(pn(x) = @(x) for u-slmost all x will be denoted by lim inf @ ; a

similar definition applies to lim sup, wn; 11mn ®p exists iff lim :I.nfn (pn =

lim sup_ ¢ (-almost everywhere).
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All equalities and inequalities between functions are supposed to hold
p-almost everywhere.
When clting other authors we shall translate their statements in terms of
the above terminology and notation.

In all our examples and counterexamples p 1is understood to be Lebesgue

mneasure.
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conditions and conclusions of a number of versions of Fatou’s lemma. Measurgbility
of fn is common to all assumptions and the inequality
(1) [ in inf £ < lim inf [f_
is common to all conclusions: these have been omitted from our list.

Analyzing this survey we make the following remarks:

i) The conclusion ;f lim £ < K 1s weaker than the usual one, but the
proofs given actually prove inequality (1), as is pointed out by Riesz and
Sz.Negy, l.c.

i1) Jeffery’s version may suggest the question if summability of limn fn
(or of 1im inf f , as the case may be) could imply that 1lim infnffn < +m .
Actually Munroe, l.c., claims that this 1s, indeed, true (see the "only if" part

of his Sect. 34.1). A counter-example is provided by the sequence {fn} :

n?(n+l) for (n-i-l)'l <x<a?
£ (x) = {

0 otherwise .

Here O;.im inf fn(x) = lin_ fn(x) =0 for all x , so lm inf f is summable.
Yet j; £, =n, hence liminf [f =lim[f = +oo0 .

iii) Comparison of the Goffman-Pedrick version with those preceding it
suggests the question whether it is possible that fn >0 and fn is summable
for all n , yet lim infn fn 1s not summsble. The following example shows

the answer is affirmative:
x-'2 for 2-n <x<1l
£ (x) =

0 otherwise.

1

Here [ £ <+o forall n , yet liminff (x) =x 2 for 0<x<1,
(o]

hence not summable.
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iv) Vhenever the existence of lim.n fn is assumed one may, as a matter
of course, replace 1lim inf f ~ in inequality (1) vy lim f .

v) It is clear that the version as given by Dunford and Schwartz and
others (not requiring the fn to be summsble) can easily generate all versions
providing for finiteness or even boundedness of certain integrals.

vi) The inequality
(2) lim sup i £ S.f lim sup f_
constitutes a complement to inequality (1). The substitution f = -f: shows
thet (2) holds true under the condition £, <0 (also see Colollary to
Theorem 1 in Sect. 3.7 of Goffmen and Pedrick). Thus inequalities (1) and (2)
would obtain for two mutuslly exclusive classes of functions. This is not true,
fortunatelys the condition f_ >0 for inequality (1) is unduly restrictive,
as can be seen from the conditions cited by McShane and Botts, and by Loeve.

In fact, as pointed out by Lo%ve, l.c., the condition, "h > fn >g,and g
and h summable,” cited in Table 1, is sufficient for both (1) and (2). DNote
that h > f isifrrelevant for the validity of (1), and

£ > g 1is irrelevant for the validity of (2). Applications of these
alternative conditilons are, however, hampered by the fact that there is no
construction to derive g and h from the sequence {fn} + Our discussion

will point up a matural construction for precisely this purpose.
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3. Monotone convergence theorem. Let {cpn} be a non-decreasing seguence
[£V4Y

of extended real valued non-negative measurable functions defined on the measure

space (X, Y, u) . Then

(3) J' lim ¢, = lim r P, (McT)

Proof. The proof depends on the way the integral is defined. In the present

context the simplest definition is the one used by Loeve (Sect. 7.l) and by

Goffman and Pedrick (Sect. 3.6). Their proofs of MCT (see Loeve, Sect. 7.2,

Th. A, and Goffman and Pedrick, Sect. 3.7, Proposition 1) are closely related and

exhibit the double limit process menticned in our section O in an expliclit way.
Our first concern is to weak=2n the condision 0, 20 « We cannot just

omit this condition, as is clear from the following exampie of an increasing

sequence of functions ®, ¢

(h) <pn(x) = - l/nx for 0<x<1.

1 1
Here J‘ (pn ==00 for all n, so limn r P, = =00 , whereas
o] o}

O « The following generalization

1
1imnqpn(x) =0 for 0<x<1l, so J; lim o
of MCT is easily proved:

MCTg. Let [cpn} be a non-decreasing sequence of extended real valued

Deasurable functions defimed on (X, ¥, k) . If at least one natural number k

exists for which either f(pk =+ , or ¢ is summable, it follows that

(5a) [ lim @ =lin [ .
If neither of these conditions is satisfied we can only conclude that
(5b) Jim o >1im [o .

Proof. If a natural number k exists for which J\“Dk = +4+00 , then both
members of (5a) are seen to be equal to +oo (since lim o >¢, and since
for n >k we have J' o, 2 J‘(pk ) + If a natural number k exists for which
¢, 1s summable, the sequence {(pn- f,ok}n > i satisfies the conditions for the

MCT, hence

lin [(p- @) =[(lino - ) .



-8 -

Addition of the finite number ﬁpk to both sides of this equality completes

this part of the proof. Finally, if neither condition obtains, then f¢h = =C0

for all n, so (5b) is trivially true. The example defined by equation (4) shows
that in this case the inequality sign may obtain in (5b), whereas examples of
strict equality are trivial.

The reader will supply a result symmetric to McT® by replacing non-decreasing

by non-increasing, + by -co , > by <. We will refer to the result discussed

in the second half of this section as to /rMCTg s and to 1ts symmetric counter-
part as to ég@g% .

The reader will cbserve that MCT fulliows from ﬁxgzﬁ hHy adjcinling a member
@, to the sequence, where ¢5(X) =0 for all x , and putting the number k

equal to O « Cf course, this 1s possible only if Oy >0 for all n =1,2,3,..s
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4k, Fatou’s lemma and the dominating convergence theorem. The following
O NN ANANANNA AN AN NNANANANNANANNN AN\
results refer to arbitrary sequences {fn} . They follow immediately by applying

A
IMcT®  to the non-decreasing sequence {gn} {inf £ } and JNCTg to the non-
v2n

increasing sequence f{n } = {sup f o
. v>n

Fatou I. Let {f } De a sequence of extended real valued measursble

functions defined on (X, %, u) . If at least one natural number k exists for

which either [g =[ inf f =+ or g = iof f, 1s summable, then

v>k v>k

(6) [ 1w int £ < lim inf [£ .

Proof. Applying 1‘MCTg to {gn} we find
(1) lm inf £ = lim [g_ .
Now gn(x) inf £ (x) <f (x) for all m > n .

v2>n
So [e, <fe, forall mzn;
hence fg < inf ff .
m>n

Consequently
(8) Lim ['gn < lim inf I £

Combination of (7) and (8) yields inequality (6) of Fatou I.

If the conditions of Fatou I do not obtain, Tyggf shows that (7) should
be replaced by
(7*) [ liminf £ >lin fg .
Inequality (8) remains valid. Combination of (7*) and (8) now seems to imply
that a sequence [f } with

fg f inf £ = -co for all natural k
k v> x Y

may satisfy inequality (6) (with <) as well as its opposite (with >) . 1In
fact, in section 5 we will give an example of both types of sequences. Hence a

necessary condition for the validity of Fatou’s inequality (6) cannot be given
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in terms of integrability and/or summaebility of the members of the sequence
{gn} = {vigfnfv} alone. However, the existence of a number k with the
property cited in our Fatou I constitutes the sharpest sufficient condition to
date.

The reader will have no difficulty in proving

Fatou II. Let {fn} be a sequence of extended real valued measurable

functions defined on (X, ¥, p). If at least one natural number k exists for

which either [h =[ supf =-00 or h, = sup f 1s summsble, then
v>k v v2>k v
(9) lim supn!ffn §<f lim sup f_ .

Indeed apply JMCTg to the sequence {hn} .
Evldently, the best sufficient condition for the validity of both (6) and
(9) is given by

Fatou III. Let {fn} be a sequence of extended real valued measurable

functions defined on (x, 94, u). If at least one natural number k exists for

which both 8 = inf fv and hk= sup £ are summsble, then
v>k v>k v

(10) [ liminf £ < liminf 2 <limsuwp [£<[ limsup f .

Indeed, 1n order that Fatou II may epply, rhk = r sup fv has to come down
) v >k
from +co for some k , and in order that Fatou I may apply, ‘fgk =.f inf £
v> k

has to come up from - for some k . Hence fhk cannot ever get down to -o00,

v

and _rgk cannot ever get up to +omo .

If to the conditions of Fatou III is added the condition that lim.n fn
exist, the string of inequalities in (10) becomes a string of equalities. This
leads to our version of the dominated convergence theorem:

DCT. Let {f } be a sequence of extended real valued measurable functions

defined on (X, ¥ , u) . If lim f = exists (u-almost everywhere) and if in

addition at least one natural number k exists for which both 8= inf fv and
v>k

hk =gup f are summable, then
v2k
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(11) lin [f  exists, and
(12) llmh_ffn =‘f lim f s finite.
By hindsight the functions &y and hk are as closely dominating functions

as one can hope to obtain, so in critical problems this version offers more hope
for success than the classical requirement that one find some summable function s
such that lfn' < |s] . 1In fact, our version supplies a construction of a sequence
from which one can choose a dominating function s .

One might wonder, since 8y and hk have to be summeble for some k (no matter
how large), if not summebility of 1im infn fn and of 1lim sup fn would be

sufficient. Counterexample (Hartman and Mikusifiski, Ch. iv, sect. 3):

- 2x0° +2n for O < x <t
fn(x) = 0 for n-l <x <1 .
1

Here lim fn(x) =0 for all x ¢ 10, 1] ; £ lim fn(x) dx =0 ;

1 1

f fn(x) dx =1 for all n; lim f fn(x) dx =1 . So limsup f = lim inf f

) 5 .
1s summable, yet (12) does not apply. What is wrong? The function sup fv is not

v2k

summable for any k as can be shown by elementary computation.
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5. Two sequences of functions violating the conditions of Fatou I. The
M A \Ann/’\lww'uxwwv\fvwv\/mnw
increasing sequence- of functions defined in equation (4) has the following

properties:

g(x) = inf o (x) = -(kx)
v2k

1
f gk = =g for &ll natural k .
o)

1 1
£ lim infn O, = £ llmn @,

]
o

it

1 1
lim infn ,(f; ®, = 11mn _£ ¢, = -

Hence [ 1im infn ®, > lim infn f¢5 » which constitutes an example of a sequence of
functions violating the condition of Fatou I, for which the Fatou inequality (6)
is invalid.

Next we will construct a sequence {fn} violating the condition of Fatou I,
for which, however, the Fatou inequality (6) is still valid. Let {rn} be the
sequence of all rational numbers betweem O and 1, constructed in the following
manner: wvrite all proper fractions, reduced to lowest terms, first choosing those

1

with denominator 2 (so r, = %), then those with denominator 3 (so T, =%,

=2 ; =1 =2
r3 = 3) » then those with denominator U4 (hence r, =% r5 = E) s etc. Let
p £]1, 2[ be a fixed real number. Now define
-1
-l/x if L < x< r.'P o,

(13) £.(x) =

0 otherwise.
This sequence of functions has the following properties:

(14) inf fv(x) = -1/x for all natural k , all irrational x e 10, o ;
2>k
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a
hence [ inf fv(x)
o v>k

]

-® .

2
for 0<x<p; so [ 1lim inf £ = -0 .
(o]

Also 1lim inf £ (x)
n n

3 2
Finally [ f, =-2 log p; so lim inf I £, =-2log p .
(o]

g L

o)
Clearly f lim infn fn < lim infn r fn » which we wanted to show.

Proof of equality (1l4). For any irrational number x three exists an

infinite number of fractions p/q such that x e ] % - £§ ’ E + lg [ (see Perron,
q q

Chepe 5, & 36)s Since for q > p/(p-1) we have that g

|-

< % - lg and that
qQ

% p > g + lg » 1t follows that each irrational number x € 10, 1[ is covered by
an infinitg number of intervals of the form ]E-% s %»p[ s with 0<p<gq, p
and q relative prime, and fixed p e J1, 2[ .

Since the members of the above-constructed sequence {rn} are irreducible
fractions whose denominators form a non-decreasing sequence of natural numbers it
follows that each irrational x ¢ ]0, 1[ 1is covered by an infinite number of
intervals of form ]rn/p, rnp[ « DNote that the irrational x e J1, p[ are
trivially so covered: Jjust take r = (m-1)/m with m sufficiently large. Hence
definition (13) shows that for any drrational x € 10, p[ , no matter how large N

may be, there is always a number n > N with fn(x) = - % « This proves

equality (14).
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