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Errata
Last expression in sec. 3. For 1/m read l/'fﬁ.

The right hand side of equation (1) should be similar to that in (2)
(with the ommission of (J)).

"reproduction rate" (three lines below equation (3) is

s(T) (T) = $(T), and ¢ (T)AT = a § (T).
Equation (5):

/4

Ci = - X (I‘i)/a-:l/f(l"l).

Equation below (6): for suffix [k + 2r - 2 read k + 2r - &
ik +2r -4 read k + 2r - 6

Four lines down in sec. 10: "explicit".
Right hand side of equation (22) is A (n - ut)ut.
For "Wald" read "Wold".
Line above equation (12). For "is" read "is in".
Top line:  ¢(z) = 22 + az + 3.

Line under equation (8): "on for" for "for".

Lnstdite Mimeo fixhas'ﬁfgy
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Prefatory Note

This short course on stochastic processes, given at the
University of North Carolina in the fall quarter, 1946, has
been intended as an introduction to a SUbJeCt which both in
ite theoretical and practical aSpects is of extremely wide
scope.

On the theoretical side my aim has primarily been to
nake statistical students familiar with what are on the whole
“comparatively recent and unfamiliar ideas, and where feasible
I have illustrated these ideas in as elementary a way as possi-
ble. For example, where there is a duality between processes
defined for discrete and continuous time, it seems useful to
discuss the former model first, not only (a) in its owmn right
and (b) as an approximate numerlcal procedure for the latter
model, but also as affording some insgight into the structure
of the theory before the many further problems of rigour
arising in the case of continuous time have to be met.

In regard to applications, it was considered advisable
to limit these to one or two broad fields of immediate
interest to statisticians, and the course fell roughly into
two parts:

(i) evolutionary processes of the Markoff type,
involving a discrete random variable, and their
application to population growth and allied
problens;

(ii) stationary processes, involving a random
variable with continuous range, and their apovli-
cation to the correlation theory of time-series.

In a previous introductory course given at Gambridge
University, a third field was given in place of (i), viz.

(iii) a discussion of the 'random walk' (or
'random migration') problem, and its application
in statistics to sequential analysis; but as a
separate course on sequential analysis is given
in the University of North Carolina, the present
choice and limitation of subject matter, which
was dictated also by the time allowed for the
course, seemed preferable,

In the compilation of these notes, reference has been
made o lecture notes taken by lMr. D. N. Nanda. (Any sections
added for completeness to the course presented are indicated
by an asterisk). Some of the references given in F of the
bibliography I owe to Prof. H. Cramgr, Prof. M. Kac and lr.
J. E. loyal. Acknowledgment is also made of the many stimu-
lating discussions on stochastic processes I have had in
recent yearswith Mr. loyal.

M. 8. B.
January, 1947,
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I. GEWERAL INTRODUCTION

1. Preamble.

In this course we are going to consider a subject which
in isolated applications has arisen since the beginnings® of
orobability theory, but the general theory of which has only
recently begun to receive the attention it deserves. Roughly
speaking, we may think of this subject as the statigtice of
'‘change', or 'dynamic'’ theory, in contrast to the 'static!
distributional problewms with which we have hitherto been
mainly preoccupied. In theoretical terms, we have been con-
cerned with a réndom variable X, or a number of random vari-
ables Xy, Xy, ... X, Or the distribution of a specified
function £ of the variables X4 Xz, eeo Xpo We want now to
congider a random quantity which depends on a further para-
weter, which will often denote 'time' and may therefore be
denoted by %; this leads us to the notion of a random function
x(t).

This theoretical picture will represent some aotual, €.
physical, process in the real world, that has some random

or stochastic element involved in its structure, and that

will therefore be called a rarndom or stochastic process.
For convenience, just as probability is used both for the
mathematical concept and physical concept, we shall also
refer to the mathematical model, represented by X(t), as a

stochastic process.

*See the references in Fll, especially at the end of
Ch. 8.




2. Classification of Stochastic Processes.

Before glancing at the possible applications, we shall
find it useful to classify broadly our subject-matter. There
is no loss of generality in confining our attention to random
quantitative variables, since distributions associated with
attributes can always be defined in relation to random vari-
ables taking the values O to 1. However, as in other appli-
cations of probability theory, it is often convenient to con-
sider separately discrete-valued random variables and variables
taking a continuous range of values. But we also have now the
parameter t, which may take in some problems an enumerable
set of values and in others a continuous range of values.

This gives us at once four main types of process, which can
be exemplified as follows:

(1) X discrete, t discrete e.g. total number of farms
in U.S.A. harvesting wheat each year.

(2) X discrete, t continuous e.g. total number of farms
in U.S.A.

(3) X continuous, t discrete e.g. total weight of wheat
crop in U.S.A. each year.

(4) X continuous, t continuous e.g. total area of culti-
vated land in U.S.A.

By X continuous in the above classification, we merely mean
that it is a random variable with continuous range; the
question of the "continuity" of X(t), regarded as a function
6f't, will be considered later.

So far we have referred only to stochastic processes in-
volving one random quantity X and one varameter t, but obvi-
ously we may have to deal with moré than one quantity X and/or

more than one parameter t. The custom as regards terminology
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does not seem too constant; for definiteness, we sh&ll refer

to processes involving more than one quantity X as multivariate

or 51mu1taneous progcesses, reserving the ternm multldlmensional

processes Lor processes involving more than one parameter %,

For example, the changing prices of several commodities con-
sidered together would be a simultaneous piocess in several

variables; the fertility of a piece of land would be a function
of two spatial;cordihates X and y, say, and for certain pur-
poses could be regarded as a random function F(x,y) involving
the two spatial dimensions X and y,.

Further classifications will be made as the theory is

developed, but we may perhaps note in the various applications

one further broad division into evolutionary and stationary

processes. Thus as examples of evolutionary processes we may
cite:
(1) growth and change in biological (including human)
populations,
}(ii) diffusion problems in physics,
(1ii) sequential sampling methods in industry,
whereas in other probleums we may be able to think of our pro-

cesses in a certain sense as stationary. Such stationary

processes, which will Be more precisely defined later, are
important, for example, in the sﬁudy of:

(i) oscillatory time-series in meteorology; economics,
textile research, etc,

(ii) the statistical theory of turbulence,

(iii) electrical 'noige! phenomena.



3, Recommended Literature.

There is as yet ho text-book devoted to the subject of
stochastic processes, though a number of vapers and monographs
on particular applications heve appeared in recent years, e.g.,
B1l, 2 and 3 or D 3 (these numbers refer to the selected re-
ferences given at the end of these notes). For a study of
the theory, an advanced knowledge of probability theory is
desirable, to be obtained, for example, from A1l or 2. 1In
addition, A 1 contains a chapter on 'the homogeneous random
nrocess!?, A 3 is cited for two reasons: its first part in-
cludes a useful discussion of probability modes of convergence,
and its second part deals with the particular type of stochas-
tic process known as a Markoff chain (see Part II of these

notes).

4. Random Variables and Probability Distributions.

Before considering the theoretical specification of
stochastic processes, we shall refer briefly to the notation
and some of the formulae in the theory of random variables
and probability distributions that we shall want to use (ef.
Alor 3). TFor mutuaily exclusive events or classes
A(r =1 to k), a probability distribution is specified by
the symbolic expression

E’{A} = DyA; + Dahsy * ... Dy, (1)
or equivalently by the column vector of probability coeffi-
cients P1s Pys «ee Dy - If a number X, is associated with the
event A,,, then the random variable X has a value X, with pro-

bability
p{X=xr}-=pr. (2)
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When this theory is generalized to cover infinite and even non-
denumerable numbers of classes, we define the total or cumula-
tive probability distribution F(x) of X by

P {X = x} = F(x) (3)
where F(x) is a monotonic function, (continuous to the right),
increasing from O to 1 as x increases. In most cases in
oractice F(x), which is invariably of the composite Stieltjes
integral tyve (for definiteness we shall exclude the exception
with a 'singular component!)

F(x) = I: dr(x) = 012I: f(x)dx + cggxréxPr (4)
where 012‘+ 023 = 1, is also such that 012 or 022 = 0. In the
first case, we still have a probability distribution of the
type represented by equation (1) (though the number of classes
may now be infinite). In the second case, we shall refer to
x as a continuous variable. TWe shall also for convenience

sometimes refer to the differential element of the integral

in (4), and in the two cases write

p(x) = dF(x) = 0, (x # x.),
= pr2 (X = xr)) (5)
and p(x) = dF(x) = f(x)dx.

The operation of taking the mean value or expectation of
a function w(X) is denoted by the same formal symbol E as in
(1), where we now define E(%(X)] by the Lebesgue-Stieltjes
integral ’ / »
£ {w(x)} = [T w(x) dF(x). (6)
Similarly for a vector random variable

EE (xl’ XZ, «s s Xe)

/,/ g



we define

F{E) = F(xq, X3, +os Xg) = P(X; = x; for all i, 1,...,e)

and .
s{wm)} = 1 w(x) ar(z) . (7)
In particular, we have the characteristic function
0(8) = u(16) = £ {exp 1(0,%;+ 0,15t ... 0%)},  (8)
defined for all real 6; and, when they exist, the moment-
generating function (), and the moment formulae:
HMean of Xl msz E{Xé,
Variance of X, o® =k i(X‘~ m)g}, (9)
Covariance of Xi and Xj’
/9ijdidj = E.{(Xi - mi)(xj - mj{},
etc. We define as usual the cumulant or semivariant function

% « o
K(8) = log ii(6) = 2120 /x! (10)

where Kl = nm, Kg = dg and for a vector variable, the general

second-order coefficient isg}ijdidj. In particular we have

for the three most well-known distributions:

Poisgson, K(8) = u(e® - 1)
Binomial, n log {1 + p(ee - l)}
Normal mo + 16347

and for the normal law in several variables, a corresponding
exnressioh in the ei up to the second degree. We have also
for discrete random variables taking the values 0, 1, 2 ...
such as the foisson or binomial, the useful identity

n(z) = ¥(log z), - (11)
where II(z) is the probability-generating function. 1In all
cases the total distribution F(x) can always be obtained from

c(e) (at points of continuity) by Fourier inversion, e.g.
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P(x) - F(0) = lim = fT-l:E:ifg- c(e) de (13)
i ‘ T3002l Lyp 10 ;
For independent %driables Xy, X5, ... X5 we have

whence in particular for the sum

X=X + X5 + ... %, |
c(e) = C4(8) Ca(8) ... Cgl0) (14)
and i7 the X(©) exist, .
K(8) = Kq(0) + K3(0) + ... X (8) (15)

Finally, we shall require some formulae for conditional random

variables. Thus for two random variables X and Y, we define
the total distribution functionvG(YfX) of the conditional |

variable Y‘x by the relation

F(x,y) = [T a(y]x) aF (x); | (16)
equivalently we may write '
dr(x,v) = p(x,¥) = p(y[x)p(x) = d&(y|x)dFy(x) (17)
where in the discrete case
Prg = P(Xpy¥g) = P(vg|xp) P(xp) = apgpy, say, (18)
and in the case of continuous variation,

i

p(x,y) = £(x,y)dxdy = g(y|x)dy. £ (x)dx. (19)
A function w(Y) has a conditional mean value in relation
40 G(y{x) given by
E{W(Y)ix} [ wly)ae(y]x), (20)

i.e. in the first case, we have

i

2 W(¥g)arg (21)
and in the second,

[ wily)e(y|x)ay. (23)
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In particular the characteristic function of Y‘x is

E{gieleﬁ- = [ 187 da(y|x). | (23)

5. Theoretical Specification of Stochastic Processes.

If a stochastic process X(t) exists from the mathematical
standpoint, it follows that for any set of possible wvalues
t, (r=1, ..., n) of the parameter t, we shall have a vector
random variable _ ‘ ;

R = (X4, X3, «.« Xp).

This vector random variable 5 must of course have a simul-
taneous distribution FQE). The éomplete theoretical specifi-~
cation of a stochastic process X(t) must therefore include
the specification of F(g) for any finite set of values %,.

It does not immediately follow that such a specification is

then gufficient as a definition of the process, which may be

a function of t for all %, but under not very restrictive con-
ditions on the regularity of the functions with which we shall
be concerned, we may legitimately assume'its suffioiency.*

From the existence of the distribution F(z), we may at
once deduce some consistency relations which are of the ut-
most importance in the theory of certain types of stochastic
process. ile have for two times %, and tz (by convention we
shell take t_ > tr_l)a distribution F(xl, xg), from which we
obtain on integration** w.r.t. x4,

Fé(xg) = Iz?(XB’xl) dFq(xq). : (1)

Equivalently to (1), it is convenient to write .

plxg) = [ plxglxy) plxy), (2)

*See F 3 and F 7.

**It should be noted that while F(xy,X3) will in general
depend on %; and ty, the distribution F,{xy) obtained after
integration must depend only on t3.
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(where the integral sign is to denote Summation if x is
discrete),
p(xz) = fxap(xg,[xg) p(x;)
= fxgp(xzjxg){,gl p(x, x,) p(xi)}
or, interchanging the order of integration, we have
Jxy PlEg)xg) p(xy) = fxi{fxzp(x5txz)p‘lexl)}p(xl)- (3)
Thus (3) is formally true for all processes; it must not be
inferred from it, however, that the expressions inside the

integral sign w.r.t. X, are equal. In fact,

p(xg] %)) = L Pxs( %25 xq) plxy|xy) (4)
and only equals fxzp(xzfxg) p(xéfxl)
if ‘ p(xs‘xg, xl) = p(xzkxg).

This lagt condition is a special cage of the general condition
that for any two sets ty, tj (all j > all 1)

p(xy for all ;j[xi for all i) = p(xj for all j}xo)", (5)
where to represents the greatest of the set ti. THis general
condition implies that when the value of X at the last avail-
able value of t is'known, no previous history adds anything
further to the probable future history of X, and is the con-
dition characterizing what is known as a Markoff process.
liarkoff processes in which the varisble X is discrete are

also sometimes called MYarkoff chains. In the applications in

Part II, we shall need to develop further the theory of some

particular types of Markoff chain.
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II. EVOLUTIONARY PROCESSES OF THE MARKOFF CHAIN TYPE, AND
- THEIR APPLICATION TO POPULATION G-ROWTHI INDUSTRIAL

?ENEWAL THEORY, AND ALLIED PROBLEMS.
1. Basic equations for Markoff chains.

For a Markoff process we had

p($3tx1) -k p(x5[%5) plx,]%,). (1)

Since we have also for such a process

p(xl,xg, corsXy)

p(xl)p(xglxl)p(XSlxl’xz) cen
n.-. 3
= p(xy) I plx4x.), - (2)
we note that a Markoff process is completely characterized by
its 'initial distribution! p(xl) and the conditional distribu-
tion p(xr+1ixr).
It will often be convenient to use vector and matrix
notation for discrete-valued variables, or for corresponding
distributions of attributes. Thus for such cases, the equation

- p(x;) = fx3 p(XS}x Yplxg)
may be wrltten algebralcally

Py 3 = %5 95,33 Pj,a (3)
where p; denotes the probability of the ith classification,
or ith value x;, or in matrix notation,

p3 = Qgg pg» (4)
where p is the column vector (b ), and Q the matrix (q13)

~

‘He have then, by a repetition of (4),

Pz = %z %1 Py (5)
but only for a Markoff chain do we also have _
Q31 = Qg 93¢ ' (6)

As an elementary example suppose the time tk corresponds
to the k-th independent trial of an event with probability p.

Then the number of times the event has occurred at time tk is
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given by the ordinary binomial distribution with index k.
Bguation (3) in this case becomes
. = . + - = ‘
Pigr1 PPy g + (1 p)pi,k’(p_1 0), (?)

or in the matrix notation of (4),

I/f po \ = / 1"'p 0 0 e s @ po
P

p p 1-p O e s e
\ : 0 0 p ... .
[ ] L) L] . p
\ K
p . [ .
k1 k1 0 %

=0 o i = : .
where pi,o i,0° (L for i =0, O for i > Q)
A simple way of solving this system of difference equations is -
to form the probability-generating function, or equivalently

the moment-generating function, for the variable Xy. We have

Mg (z) = (12 28...) / 1-p

i (9)

v 0 O O

={1+ p(z - D (2)

An even simpler derivation of equation (9) is obtained by

noting that the total value X, , consists of the value Xk plus

the independent score 1 or O at the k+l-th trial. This is a

very special type of Markoff process and implies that
My s (2) = 1y(2) m(2),

where in this case
Hl(Z) =1 -p + pz.

We have of course from (9) |
M (z) = [1 + p(z - l{]k, (10)

t



15
the well-known generating function for the binomial distribution.
| The above example indicates the frequent value of genera-
ting functions and transforms, as we shall see again in many
other problems. At present, however, we shall find it con-
venient to study further the solution of linear difference
equations of the type (3) or (4), when the matrix of coeffi-
cients (qij) = glis constant, and the number of values over

which i or j runs is finite, and equal to m. i

8. The equation py.4 ”,ka'

In the last section gadenoted a conditional probability
distribution, so that, as is the binomial example, the sum of
the elements of each column represents the sum of the condi-
tiopal probabilities of Xk+1 for given Xy and is consequently
unity. However, since the equation |

Prry = | (1)
will often arise Wgthout Ek necessarily denoting a probability
distribution, we shall not yet impose this condition. When Q
is constant and given, equation (1) has the obvious but impo;;
tant solution

Py = %k EC” ‘ (2)
this being the spe:ial case of the solution

| Pe = iéi %,1-1 o (3)
when S’is not constant, the matrix product denoting the
ordered product of the E'S' To examine further the structure
of the solution (2), we shall recapitulate the main features
of the 'spectral resolution' of the matrix’%. For simplicity
we shall omit the degenerate case when the characteristic

equation



2= =o,

where jg’—,Kf is the determinant of (qij - Aéij),

18
(4)

has zero or

equal latent roots (for the case of repeated roots, see, for

examnple C 3).

Corresponding to the root Ai of (4), we define latent

column and row vectors 855 ti"respectively, where

@8 =M% HTATER'A
or if E = (Sl’ sg, "',Em)’
I= (t TRREE Em)’
where %; is the transpose of Ei"
18 =84, I'e=aTl
where A is the dlagonal natrix of roots Ai‘ Hence
4=8a8 = (TR
8ince
B5' Q8 = 55 (M) = (B5'A4) 85,
ijlgi = 0 for j # i. |
If we choose also the scale of ;J' and’gi so that
5y 25 = 1
we have T'8 = 1, and (7) may be written
Q= SAT = I 8 by

From the properties of the matrices

A =8 50,
namely, ‘
éléa = 0 (i % J), and 1_2_1:& = l:
éi, (1 = J):
we have
k k
9\', = 121>\1 Ni

Now the 84 form a complete linearly independent set,

there is no relation

(5)

(8)

(7)

(8)

(9)

i.e.,
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C185F Co85 * ... CuSpy = 0,
for if there were, we should obtain by multlnlylng through by
any‘Ej', that cJ'— O for all j. It is thus always poss1ble to
express the initial vectorlgo in terms of the vectors 85 in
faot

m m
Po = 1E1(%" Bo)gs = (T8, sey.

Hence our solution Py has the'structure

m

To obtain formulae for 8; or 31', we may note that, if the
adjoint of g matrixly is written adj‘g, we have
(@ -Ay) adj(@ -hy) = 1 - A | (654) = 0 (11)
Alternatively, it is known that any matrix‘% satisfies its own
characteristic equation CP(Q) 0, or
Jnl(Q A)—<Q~A)g<Q—A) (12)
Comparing (11) or (12) with the equation
(Q-A;) 8 =0, |
we note that a solution §8; can be obtained from any column of
adj(% - Xi) or j;i(Q - As). Similarly ;' can be taken pro-
portional to any row of either matrix, with the further ad just-
ment ,
Bt g =L
» From the solution (10) we see that in general, when there
is one root, ‘Kl say, with largest absolute value, andcx # 0,

we have ultlmately the asymptotic solution

Dy > «x1X1 54 as k- co, (13)
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Examples
Consider the equation
P = /3 1  0\kK 1
0 2 3 0

11 2 0
4, /\2 = 2, X3 = 1.

We easily find ),

We also find ‘
(Q-2)Q-1), (Q-49(g-1), (Q-4)q-2)
3 3 2 -3 0 2 -1 -1 3
P ] P 3 o -2 2 2 -4
2 3 2/, 0o 0 0/, \-1 -1 2/,
Hence we may take _ , ' _
8 = [1/3 Bg = -1 Ba = -1/3
1/3 1 2/3
1/3 /, o/, _ -1/3 /,
8t = (1/3, 1/3, 1/3)
' = (=1, o, 1)
t,' = (1/3, 173, -2/3).
We obtain, since |
1\ = /f1/3\ - [-1 + ~1/3
0, 1/3 | 1 3/3_
0] 1/3 0 ~-1/3
the soiutionv | -
p, = .4 /13 3% /1 v [-1/3
1/3 1 3/3
1/3 0 -1/3
~ 4k 1/3 .asymptotically as k - .

1/3
1/3
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It will be seen that the existence of a limiting set of
ratios for the elements of Py no longer holds if more than

one root has the same largest modulus (or perhaps ifcxl = 0).

3. The Case of Probability Distributions.

In the case when Q'represents a conditional probability
digtribution andgk a probability distribution, we have
already noted that the suu of the elements in each column of
3} and the sum of the elements of Py are necessarily unity.
Consider the latent roots of Q for this case. If we add all ,
the rows of the char&cteristic.equation determinant to form
a new first row, we obtain for each element of the first row,

1 -A, whence A = 1 is a latent root. It is obvious that no
root can have modulus greater than 1 if,fk is to remain a
probability distribution; if all other roots have modulus less
than 1, the latent vector corresponding to the root 1 will give
the limiting distribution Py as k - =0,

We may illustrate that no limiting distribution need exist
by considering the important case of the purely deterministic
or permuting type* of matrix‘%. We shall suppose that the
matrix‘g'has one non-zero element in each column, so that these
non-zero elements are necessarily unity. We shall suppose for
simplicity that'g does not break up into closed groups of per-
mutations, and it is then always possible to define the order
of the 'states' 0, 1, 2, ... m of the random variable X so

that the non-zero elements occur imnediately to the right of

the diagonal elements. Thus

The particular case illustrated in class was for m = 3,
1. '

i+ =

)\z
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1, with thenm

1

and the characteristic equation becomes AQ

roots of unity,

Wy = exp anji/m (j =1 ... m).
Thus
% k
= AL . .
Be = 32173 " 8

permanently, representing a process in which the ‘'path' fol-
lowed out by each element of the iniﬁial probability distri—
bution is deterministic, moving cyclically through the differ-
ent 'states! until after m permutations it returns to its
initial state, after which the whole cycle is reveated.

By evaluating adj(g’— Wk) we readily find that Ed' is

proportional to (1 £ wjz cee ij—l), and EJ' to

(1 Wj"1 Wj"'2 cee wj’(m"l)), or what is the same thing, to
(1 ﬁj ﬁ32 . ij“l), where'ﬁj is the complex conjugate of
Wy Thus Ej' is the complex conjugate of sj', provided each

is adjusted in scale by the same factor 1/m.

4. An Example From Genetics.
As a simple illustration of problems involving the
equation |
B = O,
consider the selection and inbreeding for pure lines in
genetics. For a single pair of allelomorphs A and a, the most

powerful form of inbreeding from the heterozygote Aa, possible

in certain types of plant, is by self-fertiligzation. Since
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the mating Aa x Aa gives rise to
(34 + 3a)(3A + $a) = 34a + (3AA + daa), (1)
or 50 per cent heterozygotes, we have the proportion of hetero-
zygotes reduced by one half at each generation. For one of the
next most powerful methods, practiced with some animals, of
brother-sister mating, we shall classify the different possible
situations in terms of the possible ﬁatings. From a mating of
the progeny represented by (1), we obtain
(£AA + $Aa + daa) x ($AA + 3Aa + taa).
Similarly from Aa x aa, we obtain matings in the next genera~
tion of |
(3A + a)a x (34 + %a)a.

In this way our classification becomes:

Parent
Pro- mating ' aa X aa aa X Asa Aa x Aa ' AA x aa
geny mating AAx AA ' AAx Aa

as X aa ) ' '

aa X Aa

AA x Aa 0 1/2 1/3 0

Aa x Aa 0 1/4 1/4 1

AA x aa o 0 1/8 0

Treating the table as.our g'matrix, we find for ite
characteristic or latent roots
(A= A=-HOR - 32X -%) =0
or ,\1=1, >\2’3= 1x /5 , >\4'==-&-.
In this problem we are most interested in the proportion of
heterozygotes in any generation., If we call the probabilities
for the above classes of mating in the table p, @, r, and s

(in order), the prOportion of heterozygotes will be
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k = r+ 3q.
Hence, without finding the complete solution for p, g, r, and
g, we may write for h alone,
by = AGSLE)E + B LOE 4+ o)k (2)
and determine A, B and.c from the values h,, hg, hy, which are
readily found to be 1, %, % if rl = 1. (We have taken advan-
tage in (3) of the obvious fact that there will be no term

D(l)k in hy, but of course this need not be assumed).

5. Population Growth.

As another application of our basic difference equation,
we shall make use of it in the theory of population growth,
where it no longer refers to probabilities, but to expected
numbers. A fuller explanation of the meaning of the equation
in this case, and its place in a more complete'stochastic
process theory of population growth, will be given later. At
present we shail content ourselves with setting up the usual
equation, discussing it first of all in discréte terms (see C Blw

We consider the change in numbers from one unit of time -
to the next, for simplicity, considering the female population
alone and using age-groups corresponding to our time-unit., We
adopt the following notation: .

e the expected nuwber of females in age-group 1,
? i+ 1 at time tk.

P, -~ the probability that a female aged i to i+l at
time t, will be alive at time t .
. k k+1

Fi -~ the expected number of daughters born in the

interval tk to tk+1 per female aged i to i+l
at time tk, and alive in age-group O to 1 at
tinme tk+1‘ ’

We agsume that the mortality and fertility rates remain con-

stant; (this does not strictly imply that the rates over finite
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age-groups will be constant, owing to the changing composition
of the population, but we shall also assume that our time-unit
is fine enough for these rates to be effectively constant)., A
schematic picture of changes ih the population is then as

follows:

5, 0 1
\\kj\ ;'

SN

— Age

(The continuous sloping lines represent the natural aging of
the population, the dotted lines represent births).
We have the equations:
lno’k+l = Zi Fi mi’k’ ) (1)
Miy1,krl = Pyo®y e (120),)

or in our matrix notation,

Bery = 3 B¢ - (3)
where
Q = /T, Py Fo o . . (3)
P, O O
o .p O
i .

The matrix will be closed owing to a meximum age limit; if we
are mainly interested in the number of births, we may effecé
tively close it earlier at the end of the reproductive age r,
for we shall have corresponding to this limit a partition of

Q@ of the form
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and it follows that

-t St G i v o SO g

BB ' ¢

etc, so that if we denote the expected female population up to

the reproductive age limit by n, we have

Prel = A e (4)
The solution '
X

B = A 1, ‘ (5)
may be obtained by direct computational methods, or by the in-
vestigation of the characteristic roots of A. It is, however,
convenient to transform from the reference system n, which
given the age-distribution at any time, to a new reference

system 1, wHere

1=H3 | (8)
and - ' _
H= [PPieeePpy O I ¢ (7)
0 PlPB"‘Pr-l 0]
. . 'PI'—J. O
O 00 . . co 1 °
For any non~-singular transformation, we have
-1
Ape1 = Elpyq = HA R = HAH'L = L 1,
where _ L = HAH"l.,

~a A Ao A

We have here

1 0 0 0
0 1 0 0]
0] 0] 1 0
o 0 o 1 /.
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The new. reference system has computational advantages over the

original system. To interpret it, we notice that

- -/ -
e = Popi"'Pr—imo,k =/ Br kel \ T PoPpe«+Proy To,k
Py oePrg® x By t+r-1 Mo, k-1
\ B,k Br,k B, k-
so that the new system of equations s;mply corresponds to the
relation '
T .
Mo, kr1 = 32 (PoPyeee Py qFy)s gy (9)

connecting the expected births at time tk+1’ with the expected
births at preceding times.

The latent roots for the L (or A) matrix are given by the
characteristic equation

r+1 T -1 "

>\ - FOA - PoFl)\ st e e e =™ PoplnttcPr_lFr = O, (10)

or equivalently, by
I : yw=(i+1)

Since there is only one change in sign in (10), there is only
one real positive root, and this will usually in practice be

the root with largest modulus. It will obviously from (11) be

At

1, according as the sum of elements

ey

Al
[y

If
r+1 \ .
L=,Z,n 8 %'
we have seen that if there is a single root:Xl with largest

modulus, then asymptotically

1, - >‘1k°‘1 81 (12)
r+1
where 1 = T 4, 8.,

NO i= 1 1 ~1



We note also that

ro_ T r-1 » RT3
r-1 r . T
1 M A
\
_ r b
= M
-1
i
A /
whence s;' is proportional to (%ir,k.r"l... 1).
A~ 1

To illustrate the type of data which might be handled by
these methods, we quote the following table from ¢ 2, which
should be consulted for further details. It is suggested by
Leslie as a possible table of mortality and fertility rates
for the brown rat under optimum breeding conditions. The
largest root corresponding to these figures is 1.56346,

indicating the limiting rate of increase.
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i L
(30 day unit) P; . Fy lst row

0 - 0.94697 - _

1 - 0.99665 - -

2 - 0.99926 0.3964 0.3741
3 - 0.99899 1.4939 1.4089
4 - 0.99863 2.1777 2.0517
5 - 0.99817 2.5350 3.3756
5 - 0.99753 2.6383 2.4683
7 - 0.99667 2.6749 2.5059
8 - 0.99553 2.6018 3.4293
9 - 0.99399 2.4419 2.2698
10 - 0.99196 2.1865 2.0302
11 - 0.98926 1.9044 1.7454
12 - 0.98572 1.7259 1.5648
13 - o.ealoé 1.4918 1.3332
14 - 0.97511 1.2415 1.0885
15 - 0.96748 0.9522 0.8141
16 - 0.95797 0.7141 0.5907
17 - 0.94631 0.4618 0.3659
18 - 0.93247 0.2518 0.1888
19 -~ 0.91649 0.0901 0.0830
20 - 0.0035 0.0022
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6. Industrial Renewal Theory.
In the related application to industrial renewal theory

the basic equation we have been using refers again directly
to probabilities. We suppose that a stock of industrial arti-
cles have a life-time subject to random variation, each article
ag it wears out being replaced. The 'death distribution' giv-
ing the probabillty of a new article wearing out after a time
t, to tk+1 is supposed known. Lotkg (C 3) quotes the follow-
ing example from Kurtz. |

Age Interval | poginning of peried | pieneaTaDlgtrive-
0-1 1 | -
1-2 1 -
3-3 1 0.003
3 -4 0.997 0.009
4-5 0.988 0.018
5~ 8 0.970 0.030
6 - 7 0.940 0.057
7 -8 0.883 0.103
8 -9 0.780 0.141
9 - 10 0.639 0.139

10 - 11 0.500 0.138
11 - 13 0.362 0.132
12 - 13 0.230 0.104
13 - 14 0.126 0.063
14 - 15 0.063 | 0.037
15 - 16 0.036 0.022
16 - 17 0.004 0.004
17 - 18 - -
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In this problem the P's and F's of the last section are
defined in terims of data of the type quoted by the relations:
PPy vi P; is the survival chance to the beginning of
the period B - i (i=0,1, 2, ... ).

F.

=1 - Pi is the expected replacement due to 'deathg’

in the period %, ~ %, ..
i i+1

If we transform as before to the L and 1 system, we
obtain for the first row of L the quantity

PPy..s Pi 4F = PoPgece Py (1 - Py), = fy, say, which
represents the chance of surviVing to the'beginning of the
pe:iod ti*l -‘ti and then ‘dying' (wearing out) during the
5 - ti+1
illustrated in the last colums of the tabulated data. We

interval. This is Jjust the tdeath distribution!

obtain as our equation for the replacements, (assuming for
definiteness these are made at the end of each time-interval),

T
lo,k+1 = 150 filo,k+1' (1)

At analternative to handling this equafion by the methods
previously outlined, we may note that if we define the first
'generation' of replacements as the replacements which came
'in directly for the original articles, the second generation
as thése coming in to replace the first generation and so on,
then for the j+i-th generation we have a similar equation to
(1), but with the jth generation on the right hand side, i.e.,

r . .
Lot (3 * 1) = (28,00 5 4 (3). (3)

Now the right hand side of this equation is mathematically the
tconvolution' of f and lo(j), (lo K i(j) = 0 for k - i < 0),

, k-
that is, if we form the corresponding moment-generating function

transform of both sides,
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mj+1(e), say, = M(G)Mj(e),
where M(6) is the m.g.f. of the digtribution fij and hence by
repeating the argument, we obtain finally |
i (0) = ud (o), = u3(o) (3)
if My = 1, i.e., the original stock was new at time zero. This
result (3) shows that the distribution of the jth generation
of replacements increases its cumulants proportionately to j,
since
Kj(e) = jk(e), (4)
and will tend to normality as j increases,
Example.
To take a simpler numerical example than the data quoted,
supnose the fi distribution is

0 -1 1-3 2-3 3 -4 4 -
6.2 0.2

002 .2 -

with mean 3.4 (taking the time values at the ends of the
intervals) and variance 1.04.

Proceeding by direct computational methods, we construct
the A matrix as | |

0.2 0.5 0.5 1.0

0.8 0] 0 0
0 0.5 0 0
0 0 0.5 0

and operate repeatedly on the initial vector with first com-
ponent unity. To obtain in addition for interest the contri-
butions from the different generations, we may shift the first
component of the new vector to another column to indicate that
it denotes a new generation. In this way the following com-

plete enumeration of the age~distributions for each generation,
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and the corresponding age-distribution for all articles, was
rapidly obtained. The expected total replacements at each
tiqe are underlined,

AGE DISTRIBUTION BY GENERATIONS

Total Zero| lst| 3nd | 3rd | 4th 5th
0-1: 1 1 ’
t {1-2: 0 0
0 12-3: 0 0
d=-&: 0 0
.2 0 .2
.8 .8
t 0
0 0
44 0 .40| .04
% .18 0 18) -
3 .40 4
0 _
368 |0 .20} .160| .008
t 353 0 .32] .033
3 .080 0 .08
.200 .2 _ .
. 4896 .30{ .240| .0480 | .o0018
N 3944 .18| .128] .0084
4 L1780 .16{ .018
. 0400 .04 |
37313 .240| .1200 | .01280 | .00033
" . 39168 18| .193| .0384 | .00128
5 .14730 .08] .084] .0033
.08800 .08 .008

After we have foﬁr periods, the single equation (1) (or
'(2) for individual generations) may be used to obtain further
values.. For example,

37313 = .3(.4896) + .4(.388) + 2(.44) + .2(.2).
Completing the correspdndiﬁg values for the second generation
we obtain also the figures completing the distribution of
second generation replacements viz

t By tg

—————— eomttwa———

.200 .080 .040
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whence we may check that the mean and variance for the entire
distribution of the éécond generation are 4.8 and 3.08, just
twice the values forvthe distribution of the first generation.

‘Thig direct method is more useful here than the charac-
teristic root technique, though of course this may be studied
if desired. Thus we find the characteristic equation

(A= 1)(A3 + 0.8)° + 0.4\ + 0.2) = 0
with, besides the unit root, one about -23/3 and two complex.

Since there is only one unit root, the limiting expected
rate of replacement will tend to a constant value which must
obviously be.the reciprocal of the mean life-time of a new

article, i.e., 1/4.8.

7. Transition to Continuvous Time.

It may be noted with the single equation we obtained
connecting births at different times in the theory of popula-
tion growth, and with the corresponding equatibn in the theory
of industrial renewal, that if we let the time interval
approach zero, the summation on the right will become equiva-
lent to an integration. Edquation (2) of the last section, for
example, becomes replaced by |

1O(t,‘j+1) = fo 1,(t - 1,j) ar(1), (1)
where 1,(t) is the rate” of renewal, and 1,(%,3) the component
rate of renewal corresponding to the jth generation. From
(1) we still have, however,

u,(8) = 1(e). (2)
For example, consider the special case when the chance of
tdeath' is independent of age. The distribution function

F(t) is well-known in this case to be given by

*More generally, where this rate does not remain finite,
we may consider the integrated rate or total renewal.
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1 - mT)= Lt (1 --)\h)T/h =,e—AT' (T = 0),
hso _
and
4(e) = f")\eeTe‘)‘T aT = (1 - o/\)" L.
Hence | o ,
u,(0) = (1 - o/A)7,
which corresponds to the frequency function
() e M harres).
The total rate of replacements at time t will be
£,15(%,3) = § )’ g
= >\

which is the reciprocal of the mean value of the distribution

H

F(T). In this case, we thus check the obvious solution that
the expected rate of replacement is constant from the start,
in 6ontrast with the usual limiting stability after initial
oscillations.

8imilarly in the theory of population growth we now obtain
the integral equation

my (%) = f mo(t - T)ag(1), ()

wiere if s(T) is the survival chance of females up to tlme T,
and r(T) the reproduction rate at time T, the effective
'reproduction rate' from such females will be s(T)r(T) = (T),
and (T)AT = d(T). |

If r(T) is z?ro for T>T', we mav write (3) in the form

m (t) = ftTmo(fc -~ T)AYUT) + fo’G my(t - T)ap(T)
= p(t) + [Fa (5 - D)ay(T) (4)

Where}g(t) is defined by values of mo(t) for t < O.
This integral equation 1s of standard form, and its solu-

tion in connection with the present problem has been discussed
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by several writers (see, for example, Lotka (C 3), Feller
(C 1)), A common method of solution represents a direct ana-
logue of the characteristic root method with the discrete
form. For example, equation (11) of section 5, if we write
T = log>\, goes over into the equation ‘

| ffe‘rtd@(m.—. 1, (5)
and we would anticipate that the asymptotic behaviour of our
golution would depend on the root Ty with the largest modulus.
Since(@(T) is an increasing function, equation (5) has only
one real root, which is % 0 according as

R = fod(r)

and which in general determines the ultimate behaviour of the

Al

1,

solution. 1In order to investigate the roots of (5), it is

customary to fit a frequency function tocb(T)/R, and further §

’ r.t ;
express the solution as a series of the type Z; ase * , where .
r; are the roots of (5) (cf. C 3), but the direct computa- ?

tional methods available in the discrete case are often pre-.
ferable; there are moreover dangers in deriving the present
series type of solution, and before it is used in any problem

the student should consult Feller's rigorous discussion (6 1).

e e AT o e RS

¥g  golution to an Integral Equation.

For reference it is convenient to quote here (without
proof) an abbreviated form of some of Feller's theorems. We
shall consider the solution here only in the case when the
functions }A(t) and ¢(t) in the integral equation

a(t) = (t) + f: m(t - T) $(1)dT, (1)

are bounded (and non—negative)Q
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(i) Let
| ¥(z) = [eFT 4(1) at
al(r) = gf%”rT/x(T) aT
converge for r > o. Then there is a unique (non—negative)
solution for m(t) of (1), bounded in every finite interval.

If further lim¥(r) > 1, let ¢' > o be the (real) root of

T 0+0 . o
Y (r) = 1; otherwise, when 1lim¥(r) ¢ 1, write o' = ¢. Then
| T35 0+0
for r > o', we have
= __(r)
@(I‘) 1 _w(r) 3 (2)

Where(S(r) is the Laplace integral
Blr) = f:oe"'rTm(T) ar.
(ii) To consider the asymptotic behaviour of the solution
we assume further that
( fl(mar = a,
( {#(mar = R,
It is noted that the 'mean valuve! t“lﬂf m(T)AT may converge
to a limit as ¢ increasés even if m(t) does not. Feller shows
that for a 'mean value'! limit C to exist, it is necessary and
sufficient that R = 1, and
ﬁ?% #(T)AT = vy (finite);
| then C = a/vl.
For R # 1, we have the results
[m(1)ar = a/(1 - R) 1f R < 1.
If R > 1, let o' be the positive root of ¥ (r) = 1. Then
the 'mean value' limit of n(t) is a/v,!, where

n(t) = e_d'tm(t); f:oe"“'T T(T)AT = v

1

(1ii) When R = 1, if further
[~ o]
L1 g(m)at = v, (finite),

#(t) is of bounded total variation in (o,00), and lim }(t) = 0,
: , ' t =00
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then

tl;ﬁom(t) = afy’ (3)

(iv) Finally, in order that m(t) (defined by (2)) can

be represented by the series solution
r.t
= 1
m(t) Zi c,e ,

the series converging absolutely for t = 0, and Ty being the

roots of ¥(r) = 1, it is necessary and sufficient that

- a(r) . c
bte) = 2l - m “

and that Eilcil converge absolutely. 'The coefficients c; are

given by
-do ( Ty )
5t TTEE, Yoy ). (5)

In particular it is necessazry that\@(r) is a one-valued

function.

\

9. Fluctuations.

£

A further caution in interpreting the solution of the
integral equation (1) of the previous section is, however,
advisable, especially before any excessive attention to its
limiting form as t - o0 is given for our particular applica-
tions. It must not be regarded as more than an expectation
equdtion, and does not tell us how many individuals will
ultimately exist, starting from any finite number of indivi-
duals. This will become more apparent when we set up complete
stochastic equations for situations of this kind, but it may
be as well if we illustrate it first by a very simple exaumple,

. . . L
returning for convenience to a discrete model.

‘¥Another example, relating to the type of problem dis- °
cussed in sec. 4, is given in uy paper in J. Genetics,35(1937).
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Suppose the pOpulation growth equation for a simple

organism takes the form

Bo,kb1 \ = [O 3 B,k (1)
1
My k+l z 0 Wy x

’
corresponding to an expectation of two offspring in the second
time-interval, and a chance of survival to the second (repro-
ducti#e) time-interval of 3. Such a population is obviously
non-increasing as far as m is cdncerned, the solution in the

case (m w, ) = ($n, $n) being easily found to be
0,0 1,0 :

/[ m = 2n/1\ - #n(-1)k /1
o 1 !
1,k 2 2/

Suppose for our comnlete stochastic model we assume that
the number of offspring is indeed fixed at two, but that the
chance of survival to the reproductive period is an indepen-
dent chance for each individual, then if the corresponding
actual numbers of individuals corresponding to m are N, we

have for the joint moment-generating function of N, and Nl,
Yir1(8,81) = zeXP(No k1 eo * N1 k+1 91)%
r .
= 1, (log [% + -%-eei], 20,), (3)

[}

a functional equation for Mk, or alternatively, by writing
e® = z, for?T'. Taking logarithms, we have

K, 1(8,,8,) = K (log [ + $e®1], 20,), (4)

whence by expansion,

N 2

Mo, k+18% T My 1419 T 200 1+1% T Vo1,141%91 *
iv 2 |

11 k+191 + . e

. ©

= mo,k log [1 + 5(e%1 - 1)] + 3my ke + .

2 1¢(.0
00,k logz[l + 5(e¥1 - 1)] + 2v01 ke 10g[}+ (e 1~ lﬂ

+ gvll ke ! . [ * ’

,l_
2V
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or by equating coefficients of powers of 6, and 6,, we obtain
lmo,k+1 = [ 0 8 Bo,k
"1,k | L2 o)\ myx/,

reproducing agaln equation (1), and also for the variances,
Voo,1~:+1\ = /0 4) Yoo,k | T 0 0 %o,k
\V11,k+1/ € 0/l Vi) Ut O 0 myy,
' /

From (5), we have

(5)

Voo’k+2 = Voo’k + rﬂo’k

= Y90,k-2 ¥ B,k * o k-3

or since m

is constant, v_. increases indefinitely with

0,k-3r > "o0
k. |
We might note further, for the probability-generating
functioﬁ, _
\‘kﬁ'l(ZO’zl) =Tik(%‘ + %zlyzog): (6)
whence

., ’ . 2
k+3r(o 0) = k‘l"ZI' 2( %(%’)2; (% + %(%)8) )
=—‘Tk+8r_4(% + %(%

+
3+ 33+ 2H)DH) ...

or since the limit of the steadily increasing sequence

%
2

AR RS B LT R S

is given by

or x = 1, we obtain

Lt TI = =
u’k ar (0,0) k(l 1) 1,

which gives a probability of unity for entire extinction of

the population after a long enough time. These results
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(cf. also section 10, and example (iii), section 11) show that
it cannot be assumed that the mean of expected number in a
finite ponulation undergoing stochastic changes remains repre-

sentative of the actual anumbers that exist after a long time.

10. Further Discussion of the Population Growth Equations.”

From the results of the last section it will evidéntly
e advisable}to try to set up the complete stochastic equations
for a population growth process. This will require a rather
more explicity and therefore less general specification of the
stochastic process assumgd than was sufficient to obtain the
integral equation of II 7. The linearity of this equation in
mo,t ensures its validity as an expectation equation under .
fairly general conditions; however, it will be instructive to
deumonstrate thié under particuldr assumptions and at the same
time to stress again its limitétions as a complete representaé
tion of the aétual history of a finite population.

Je shall consider the changes during a small interval 4t,
and make the following assumptions:

(a) the chance of an individual, born in the interval
(‘or - 4O%,8.), and alive at time t = ts; surviving to time
t+AL - b+ 118 1 - u(T )AL + o(at), where u (T.) is a
function of Tr = %5 - tr.

(b) the chance of an individual, born in the interval
(t, —z&t,tr) and alive at time t = tg, giving birth to a new
individual in the interval ts, ts + At surviving at time

ty +Aat, is A(T) t + olat).

. *This discussion may alternatively (as in class), be
taken after sectiong 11 and 12, but gince the egquations have
been left in approximate ‘'discrete' form, the present order
seems preferable.
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{c) the number of individuals at t = ¢ born in the

g’
interval (%, -A%,%,), is denoted by Nr(ts).
The chance of multiple births, or the effect of gestation
period, is neglected; all probabilitiesare assumed to act
‘independently. The chance of a birth or a death during At

for finite N and small At corresponding to existing individuals
of particular age then becoumes approximately proportioné,l to
the existing number Nr corresponding to that age, and the
chance of more than one event (birth or death) is of higher
order inAt. Thus we may write, tracing the changes from %

to ts'l-l’

. g+l ,
¥, A6 ;E{ex’ zeNt}
ts ( r N. PI'="00 r r( s)

¢, 8 - —©;
By,3 (f_lm(su(r)ate T+ N (5)A(T,)

B 8 \
ave = 1ls 1 - F ()] (T )at + A (1,)08]

8
+ o(at)) x expr___X_DOGI,Nr(‘ts)}
or

. = g ~6r Os+1 \ |
AMtS —At%FZ__gg(Tr)(e - 1) + A1) (e - @Nr(ts) x
8
exPr.-_Z_merNr(ts)} + o(At)
8 =B ]
=as) 8 [u(mle ¥ - 1) + Alr(e - 1]
_._._.639. }Mt + o(at) | (1)
T 8 '
or to the same order of approximation

8 Y- 6
AKtsNAtirzz-ogp(Tr)(e T 1) +)\(-Tr)(e. stl _ 1ﬂ5%;} Kts_. .(2)
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Expanding this equation in nowers of er, we obtain up to

the terms of second degree,

8 2 2
1
_E((Amr)e + ms+les+1 +r=€,@@avrr)§er + Vetrl, s+l %es+1

s .
+ ’
r=207r,s+1 Or%4q * riq(Avqr)eqer

g8 ( 3
,,v.tr:g— &P(Tr)(-er +307) + )\(TI,)(GS_!_1 + 36 )]

s+1
8
+
whence

8 4
ms+1Nr=§o,:\(Tr)mrAt,)
. (3)
Am ~ .- /_J( T )mrAt;

Vetl,st1 ™ s ) BA%,

= —oo

Verq qu—z ATV 48, (g & s),
’ A_ (4)
AV~ [M(Tmy - 2u(T v Jas, (g ¢ s),

AV ™ [—p(Tp) “‘/U(Tq)] Vpqdts (@ #a, £8).

For the total population at %time ts+1’

g+l 8

= 2 N=N_, + cZ W (5)

we easily find from the above equations

S
An o~ r=§1£*(Tr) -}J(Tr)] m.O%,
8
av ~ N1 f'l'p(Tr)] m_ At (8)

+2 % I N -] voat,

These equations in the limit include (set (3)) the expectation
equations corresponding to the integral equation of sectionsg

II, 7 and 8. (They also include the particular case of A\(T)
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and/J(T) constant considered more precisely in example (ii)
of the next section). Without attémpting here to solve the
equations in the general case, we may note that we may expect
the process to exhibit somewhat similar properties to those
obtained in simpler cases. For example, if the mean of the
population is stationary (for all age—groups),uwe may show
that its variance still increases indefinitely. For from
equation (5) we have for fluctuations during the interval ts,
ts+At ]

5n=énﬁ1+ N

== 5 T
where the devia.tion.éNs+1 is independent of the deviations
6Nr, (r ¢ s). Hence the addition to the variance during this
time interval is greater than the addition to the variance

arising from<§NS+ But from equations (3) and (4) this

1°
variance vs+1,s+1 is equal to Mo q (in fact under the assump-‘
tions made the increment 5N§+1 is easily seen to have a
Poisson distribution), and hence is constant if mgyq 18 con-
stant. It follows that the total variance increases without
limit alfthough the mean of the population is stationaiy.

Of oourse,'this does not imply that the expected numbers
are not sufficiently representative of the actual nﬁmbers forv
a finite time. Under the above assumptions the equations could .
be derived on the basis of one initial individual, and the
cumulant function for No individuals (for definiteness of the
samne age) is‘then simply NO times the cumulant function for
one individual. Hence for any finite time we have J¥/m of

order l/~/No, i.e., the coefficient of variation about the

mean can be made as small as we wish by taking a large enough
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initial population. But for small populations it is important
to consider the éize of fluctuations even for moderate values
of %, €.g8., for small biological populations or for small
populations of physical particles. The contrast of this case
of industrial renewal, for which the total number of ‘'indivi-
duals' is necessarily fixed, is apparent, in spite of the oossi—}
oility thaf the integral equafions for the mean rate of revlace-
ient may be identical. (There are, of course, fluctuations in
the number of renewals required at any time, but since the
expected renewals on the basis of one initial article are
actual probabilitiesa the fluctuation at any particular time
about the expected number for No initial articles is given by

the binomial distribution).

11. Markoff Chains with Continuous Time.

We shall now formulate more precisely the transition to
continuous time of our geneial bésic equations for Markoff
chains, If there is no limit to the subdivision of the time- 7
intervals, we may aliow tS > tg in the equations of section
II, 1. Let t; = %, + At. Suppose thé provability of a change
in the interval ¢, t +aA% is répresented by the diagonal matrix

P(t)at + o(at), |
and further that the asyuptotic conditional distribution given
that such a change occurs isfg(t), go that

Qty +AL,ty) = Qlty + At,ta)%(tg, ty)

[2 - 2(ep)at] Q(t, 8p)

+ [ 8620 (600at ] Qlty, ;) + olat),

-
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whence

Lt 91(2 + A%, 1) - Q(t,,14)
At 2 0 At

; (E(tz) - l)z(tg)g(tg)tl)

or a{g(tg,tl)

St = R(13)Q(t5, 8,), (1)
where
E(tz) = (8(tg) - 1),§ft3)- (2)
Multiplying equation (1) to the right by E(tl), we have also
op(t
Ob(%2) . R(t,) p(t,). | (3)
ot, = ~ 3%

So far we have been considering the case of finite dig-
tributions, but there is no restriction in our notation to
prevent our considering also the case when the number of pfo—
bability terms represented by‘g'becomes denumerably infinite.
Bufficient conditions for the existence‘of a unique solution

to our equations (1) and (3) under such a more general formu-

- lation have been given by Arley (B, 1),

We shall also find it useful here to make frequent use of
operational methods in oonjunction-with the probability and
moment-generating functions. These methods (see section 13)
will be valid under Arley's conditions, (which ensure the
existence and differentiability of moments of all orders),
and in particular will be valid for the examples we shall
consider.

We earlier considered the binomial distribution as an
example of a stochastic process., Here we shall treat first
the Poisson distribution. We assume that the chance of an

event occurring in At, independently of what has previously

i,
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occurred, isAAt + o(At), and that the chance of more than
one event occurring is o(At). Then our basic equation before
we proceed to the limit would be

p;(t +At) = (1 —Aat)pi(t)n+A<xt py_q(t) + olat)

or in matrix notation, if we neglect o(at),

/Po\ = [1-hat o o.. P, \
By AAt 1-Aat 0 Py |
0 Aot 1-\at .
R 0 0 At :
. t+At L4 L4 L3 * t

In the limit as At - o, the matrices P ang 8 defined

above are easily seen to be

P =Af1 0o o .8 =/ 0 o0 o
o 1 0 1 o o0

o o 1 o 1 0

’ °c o 1

./’
H
and R = A/-1 o o\
. P -
1 -1 9

1
0 0 1°.

Forming the probability—generating function II(z), we find

ollg(z) 2

3T —-)\(1 z z° ...) =P,
Po = Py
P17 P

/t
Az - 1)TT(3), | (4)

ft
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or equivalently
duUy ()
ot
aKt(e)
ot

A(e® - 1)u,(e), (5)

L]

= )\(eg— 1)0 (6)

From‘(s), we have ,

K, (0) = At(e® - 1) + k_(0) _
=At(e® -1) 11k = o, (7)

which represents the Poisson distribution with mean At and

general term

L
py(s) = ((At)oe ()

As in the case of the binomial, this result is obtained
most simply from the multiplication of m.g.f.'s corresponding
to independent components. For we have

— ‘ -
Mag(0) = [ (1 - Aat) + Aate® + o(at)]u, (6),

whence equations (5) and (8) follow at once.

12. Some Examples.

We shall now work out a few further examples which, for
Teasons either of principle or of practice, are of importance.
Operational methods will be used.

(1) The negative binomial.

Suppose the probability of a new occurrence is still
equal to AAt on the average, but is to some extent
linearly dependent on the number existing at time 'K
explicitly, we assurie for the probability of a new

OCCUI‘IGHCG

Aat '_i_iiigiw + o(At).
1+ it )
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We obtain
4 /1 ' N 62
+ N

Mt+/_\t(e) = EN§ ‘r:l * XM(T'-?-_/T‘T)T%) (ee - 1)] e v _J + oat).
whence

SUL(O) r :

—5— - '1_%17\"5 (e° - 1)1 (0) 44 3w, (0)] (1)
or equivalently

OKe(0) _ A (8 _ 1l d

_éa%_ =7 rowe: (e 1)L1 +}-x.5.§ Kt(e)] (2)

To solve this partial differential equation, we employ the

standard method of solution of an equation of the type

A(x,y,Z)-a-%f-a’%{ll +'B(x,y,2)-a-5%-;cﬂ = 0(x,y,2) (3)

viz., we find two independent solutions u = constant, and

v = constant, of the subsidiary equations

ax _ _dy . _d=z 4
A . B ¢’ (4)

and hence obtain the completely general solution

¥ (u,v) = 0 (5)

i

or equivalently
u= Y(v) | - (8)
where 3’(or‘%) is an arbitrary function.
Solving (3) in this way, we obtain the subsidiary
equations |

aT__ - -d$  _ dL
T+ T BIFQ) &’

where for convenience we have written

Aut = T, ?e -1=0, K=1L/u.

We have solutions

(a) log(1+T) =L[kff%15_ - 7%) d¢ = 1og(l+%§) + log C -
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or‘ (1+T)=0(1+—é—)
and

L

e” = /(1 + ).

Hence the general solution is

(1 +d) = gL, <'7>,

For t = T = 0, we must have, (if X, = 0),

(1+¢)=u{)(1¢ ),

whence $(x) = (1 - x)’l,

Thus for any finite % > O,

e 1 . -1
L’l°g{1+cb (- 24 p) }
= - log(l - T¢),
or K(e) = -léu log§;1_—>}1t(ee - 15}, (8)

vhich is the cumulant function of the well-known negative
binomial distribution with probability-generating function
T7(z) = (1 + A}Jt - X)Jtz)ﬂl/}i!, (9)

(ii) An elementary 'birth' and 'death' process.

We assume that the chance of an individual 'dying'! in t,
t+At 1s pAt + o(at), independently of past history or of
other individuals. We also assume thatthe chance of a parti-
cular individual giving rise to a new individual, i.e., a |
'birth', is Aat + o(At). This type of model has obvious
possibilities both in the theory of growth of biological popu~
latidéns, and also in physical applications (cf. B, 1); although
somewhat too simplified to be of immediate practical use, it
is of considerable theoretical_interest in illustrating

principles.
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Again we consider My, ..(0), and obtain

~ | - N.6
Mipnt(0) = EN{l + Nt‘l._)\(ee—l) + uf(e e—l)]e ® At} + o(at),

whence

i _?:“_‘c_(f’l {A(e -1) -!-)u(e"'e 1)] __a_l‘é‘g_é_?l_ R (10)
or equiValently
oK (0) OK(8)
2O - ey # ey | 2O L)

The subsidiary equations here are

dt - 46 | - dK (12)

—

- Neo - 1) +)_4(e‘9 - 1) 0

where K = C is a solution, and so is

1t = D—f d(ee) s
(9 - 1)(Ae® - p) ‘
or
( log/e = 1) (A# )
x= B
.t - D = f }A >\
):_—-——.(ee -1) ’ | ( =}J).

HYence K = LP(@), where
e()\")"")t(ee -1

@ (¢) = (A )
At - 1/(e® - 1), (A= p1).
Putting t = O, we have, when A# J3
(Ae® - )@, = ¢® - 1,
or (>‘®o - 1)e® = M, -
and hence if K, = N, 6,

N6 = N, log(%éii————;l VEo),

which determines the function . We finally obtain

(A 1),
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. (A=)%,_© (A-p)t, .0 2
K, (8) = N 1Og§’ye V(el-1) _ 4 {-e M P 1y } .
e ° { Ae® - i Ae® -1 lj )

In the case )\-“-‘-}J , @o = -1/(ee— 1) or ® =1 - 1/@0,

whence

No6 = Ny log (1 - 1/(D,) = kP(@o),‘

K.(0) = I, 10g{[1 - (At - 1)(e® - 1)]/[1 - At(e® - 1%}

If we expand (13) or (14) in powers of ©, we obtain {(14)'

and

i

the cumulants of Ny. In particular, it may be shown that the
mean and variance are given by

- ()\-— 1)t
my = No e }) ,

-

Ve --5 Ny %‘-{}%‘e(kf}l)t {e(’\"}’)t - 1], (A#u), (15)
('ZkﬁNo, (A=p),

so that in the case v% =} we again have an example of a pro-
cess with stationary or oscillating mean (here exactly constant)
but with ever-increasing variance.

To examine the probabilities for the above process, we
gimply write TTt(Z) = My(log z). TFor example, when A‘=)J ,

and Ny = 1, we obtain

TTy(z) = 1 - (At - L 1)"1
- 1~ | Nt -1
=ik (- g 9
1-3 </ 2 \¥ r
=1"1+?\tr§o(1+>\.t> z
whence
S VA N e N
pp(t) = {("’“‘)\—1 ¥ 't) (1 T )vb) TF %%
= 1 ( At )Dd ( r>0), - -
| (1 + X))~ VI +AT] 7 "L e
po(t) = 3 it £ 1 agt - o0, |

Lnt.mﬁm O TIT TR
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Again we see that the probability of extinction tends to

one in thig example in spite of a gonstant mean. This

conclusion would not be altered for any other (finite) value

of No’ for more generally we find for arbitrary Ny and)u ’ .

(A=)t N . N, '
yt0) = X (,\'f 7T 47 (}x*) *as t o0, (Aop),
Se MIT_ g 1 (A<p ),
. |
(Té-trf)" > 1 (A=pa).

(iii) The Gaugsian frequency curve as the mgan of a
stochastic model.

In the last example the mechanism of the process was
independent of time, so that if the constant/pxwas less than
N\, the number of individuals was likely to increase indefi-
nitely. Such processes, where the evolution in time depends

on constant quantities might be called temporally homo-

* : . . .
geneoug processes. If we wish to represent a process with

a characteristic rise and fall, like an epidemic, some modi-
fication must be made. One useful modification is as follows.
For convenience we adopt a definite terminology appropriate
to the epidemiological field.

~We assume as before that the chance of an event, this
‘fime & new ‘'infection', is given in a smailrinterval At by
AAt for each already infected individual, but that the
chance of an already infected individual being no longer a
fcase', i.e., recovering, increases linearly with the time,

and is given by Jit &t Then our equation for K becomes

W : . '
‘This expression is, however, reserved by some
writers for processes which are stationary.

P ST
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modified to
c .
(93¢ y -0 e DK :

While this equation does not abpear* now to be soluble in
finite terms, we may investigate the mean and variance as

ususl. We obtain for the mean, from the coefficient of € in

(17),
-;ii = (A= jut)mg,
whence : _
my = m()(e>\t"%/J ta, ‘ (18)
which rises to a maximum at ¢t = .X[p. and then drops to zero.

Similarly for the variance we find

_?f.t = mt(/\+pt) + avt(/\-,ut),
whence 3 %
1
v1;emg-()\t“2)fG ) < f mo()\"' Ht)e—(’\t—%}wa) dt
o
or

P 148
m eAt-%ut_(l _ MtEut )

%
B(At—%Ptg)J/‘e—(At—%pxz) it
(o] .

+ 2m A e (19)

*(iv) The logistic function.

A different kind of restriction on population growth
occurs when the chance of an increase is restricted by a
maximum size for the pOpulatioh. Considered aé an epidemic
model, we here assume that the chance of infection is propor-
tional not only to the number already ihfected, but also to the

number of non-infected 'susceptibles' remaining in the

*uz. David G. Kendall has since'pointed out to me that
equation (17) does in fact lead to a complete solution.
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population. This gives the chance of a new infection in
(t, t + At) proportional to Ny(n - N.)A%, where n is the total
possible number of infections. We obtain the partial differen-

tial equation for M.(®):

3N OU, (6 2
__S%LQl; X(ee’ - 1)[1‘: gé ) . aggée):l. (20)

-

In particular, the coefficient of © gives

_%i‘th. = Ammy - V), (21)

where Vi = EiNtQ} ig the second moment of N¢. We notice that,
owing to the non-linearity of the chance of an increase in
total number on the existing number Nt’ equation (321) is no
ionger an equation for Ny identical with the standard equation
for this problem leading to the logistic function (cf. Feller,

F 5). This standard equation is

5 ,
_..3%11-_-. A - M)t (23)

whence
Mt = — e-ﬁn(t—to) ; - (23)
-%L_:L = 4 An? sechg[—%)\n(t - ‘bo)] . (24)

equation (33) giving the total 'population of infections‘ and.
equation (24) the rate of new cases.

For large n, the difference between (31) and (22)’13 un-—
important, since V4 will not differ effectively from mtg. Thus,
although in this case the stochastic model affects even the
eipected value of Ny compafed with the standard solution, the

latter will adequately represent the number present for large n,
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*13, Further Discussion of the General Equations..

It is evident that the operational method used in the
preceding sectiong may be genéralized. In general, if a condi-

tional change from N, to N, .. is represented by the moment-

N.©
generating function factor multiplying e t‘, |
1+ W(0,t,N,)At + o(At) (1)
we obtain the operational equation
—— = kPv(e, t S5 (0); (2)

and similarly in the case of more then one random variable Nt'
In particular, if the function ¢ ig independent of t, we have

the bperational solution

1,(0) = exp {Lf/(e, __g.e-)t}mo(e). (3)
Returning to the type for which ¥ in (1) is proportional to
Ny or in (3) is proportional to 3/&9, we have (3) expressible

in the form

Mt(e) = exP{t —57%6_7} Mo(e), (4‘)
say, or equivalently fort{(z),

TTy(z) = ex§t <202 ° (5)

Ty(2) = exp{ T z -

tf-%(z) = q(e) for z = ee, then TT;(Z) = zno.
Write .
z2 = ?-1 ].‘{(Z)]: ‘

hen our operational solution becomes

My(z) = {3"1 {?(Z) + t]}no- (6)
These equations are of course alternative or particular
forms of the genéral equations (1) and (3) of section 10. The -
general equation was

2Q(t,%5)
ot

= R(t) Q(%,%) | (7)
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and was derived firom the limit of
%(t +a%, t5) = (1 + f,%(,t)A'b)g(t, %) + o(At)

as At >0; it thus has the formal solution

Qt,t,) = pf (1 + R(%)dt) (8)
where PJ{ (1 + R(t)dt) represents the 'product integral!

lim I [1 + R(t, + iA‘b)]

At >0 170 ~

and Q(to, t,) is simply the diagonal unit matrix and may
be dropped.

To obtain a general solution equivalent to (8), we

integrate (7) to

£t
Qtte) = 1+ [ R()QS, 5 )as, ()
~ fo) el ~ .
an integral equation with a formal series solution
o .
S‘(t’to) = i-§-0 ’T’i(t’to); , (10)
.~ where
Tolt,%0) = 1,

| Tlﬂ(t tg) = f R(t)T (%,1,)dt.

It may be shown that such a formal series is g valid
solution (see Arley B 1) if the matrix R(t) is absolutely

exponentiable in (%,,%t), i.e.

o 3
t - to)t i
xp {(t -,to)g} = i__z:o.(.__i._!___q_).,_ X

Ve

exists, where

L

K = max | r(m].
to £ T &t~

A cloged expression for the solution (10) is possible if
we have further that R(t) and T1(t,%,) commute. For in
~ ~

this case
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‘ and

[ 1 d ‘ 3
Ez(t’to) = ﬂ; 2 c'i"&'[gl(t’to),] dt

o
) 2
= %[AT/ (t:to)]
. e . . , :
\E,i(t’to) = ﬁ[fgl(t’to)]
whence
g‘(t,to) = exp{gl(t’to)%
,--t ™ ‘
= exp{f R(t)dt‘g. (12)
U,

Finally, we may quote from Arley sufficient conditions

for E(t) to be absolutely exponentiagble. We consider matrices
‘ of the column semi-diagonal ’cype, i.e., the non-zero elements
in each column extend at most only a finite and fixed number
1 of places beyond the diagonal. We suppose further that the
su.m'of the absolute values of the elements in the g-th column
is bounded by the expression q £(t), where f£(t) is further
bounded by C in the interval (to,t). Then E('b) is absolutely
exponentiable, and a unique solution of (7) exists, in the
interval (rto,t‘) such that

| |t - t,] 10 < 1, | (13)
~and may always be extended to further times by stages. Further,
the moments of all orders of R(t) = %(t,to) E(tO) exist and are
differentiable with continuous differential coefficients under
these conditions, which are aiso generalized to cover brocesses

‘ in more than one variable.
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III. STATIONARY PROQESSES, AND THEIR BEARING ON THE ANALYSIS
OF TIME-SERIES.

1. Definition of Stationary Processes.

We have geen in the case of population growth how the
mean of a process may be constant, but the variance changing.

Such a process we might term gtationary to the first order, in

contrast with a coupletely stationary process. By the latter

we shall (of. Khintchine D 2) mean a process whose simultaneous
distribution at %; ... tn (or equivalently the simultaneous
characteristic function) depends only on the n - 1 differences
tg - 1, «es %y - t;. TWhen the moments of all orders exist,
we shall then have also
ol o2 Lonloo
E{ 1 Xz e An - +(t2 - tl, e e tn - tl). (1)

In particular,

Eix"‘f = Moy
independently of t, and -

o
a function of the difference or interval T = tg - tl. It is
gometimes useful to consider processes for which (1) is satis-
fied for dl + dz + ... an_é r; such processes may be called

stationary to the r-th order. Thus a process gtationary to the

gecond order has its moments of the form
E:{X = um,
B{(%; - m)(Xg - m){ = wlty - ) (2)
dgp (ty - 1),
wherefa(o) = 1, The fungtion 6)(T) is called the autocorrelgr

1

tion coefficient, being the correlation coefficient between
any two values of X an interval T apart. (For real}X,()(T) is

a symmetric function of T).
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We note that the distribution or characteristio'functions

of normal Qrocessee, i.e., processes whose distributiong for

any set t, ... t, are multivariate normal, involve only the

first and second-order moments, It at once follows that é

normal process, stationary to the second order, is completel
!

gtationary.

In this part, we shall assume throughout that any stochas-
tic process discussed ig completely stationary. However, we

shall be mainly concerned with the correlational properties of

stationary processes, and many of these properties will depend ,
only on the strﬁcture of the process as gecified by its first
and second moments, and will evidently still hold for processes
stationary enly to the second ¢order. The possible values of

X will usually be assumed to have a continuous range.

3. Stationary Processes Specified for Discrete Time.

Te shall first consider processes defined only for values
of t, spaced af regular intervals. The simplest case of a
stationary stochastic process is then: --
(i) The completely rando_;process, defined by the property
p(Xy «o0 X)) = TTp(x )s

and illustrated by a sequence of independent observations,

such as the score O to 1 for ‘heads' or 'tails! when
togsing a coin. In this case we obviously have

Pre = Pltp—-1tg) =0, (x#5s). (1)
As a second example, we define a particular case of a
stationary Markoff process by
(ii) The linear Markoff process, where

)\V XS + YS+V’ 7 (8)

X

gty =
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where Xg and Y are independent for any v > Q. Averag-

stv
ing, we have for the means

= +
mx )\vmx my ,V

me (1 =A,) ‘ (3)

it

or ny v
for the mean of Y .. in terms of the mean of X. Taking
for convenience the mean of X to be zero, we have on
multiplying by Xy before averaging,
3. _ 3
,dpv')‘vd ’
or '
Av’Pv' | }(4)
We have further, since the partial correlation of Xgpy and
Xo.y for given X, (v,u > 0) is zero,
Pud-v"f’upv'—'o
whence
\
(")v= 91 . (5)

As a somewhat more general linear process, we consider

next

(iii) The linear autoregressive process.

Xy = MXgryo1 + Ag¥gpyog + +-o + AyXg + Ygups (8)
where Yg,, 1s independent of Xory—1> Xgry.gs ++o o In
particular we consider such a scheme with two non-zero
coefficients )\1 and )\2; or Writing g = - /\1, b = ->\2,
we have '. .
| xs+2 Toakg g *+ bXg - s8+3? (7)
where Y, o 1s independent of Xs+1’ Xgs cee ]

This equation (7) was introduced by Yule (E 7) as a
model of an oscillating system subject to random shocks
(for example; an oscillating pendulum bombarded irregu-~

larly by boys equipped with peashooters)., As such we
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shall see later that it is only approximate; nevertheless,
(7), or the more general equation/(e), may be studied as
a useful empirical model for series of discrete observa-
tions. . |

From its form it is an example of a gstochastic

linear difference equation, and may be solved by methods

appropriate to ordinary difference equations. Thus, using
Operational methods of solution, we obtain as the 'parti-

cular solution' of (7)

X, = ol Y
8 Eg Y 8L+ b s+2°

where E is the usual finite difference operator 1 + A, or

X, = -t

1 1
- Y
8 /V:l "/U,g {E ")"1 E —}ng 8+3.

= __ 1 -1 -1, g 1,71
73 _};%1?5: (11;;(41E )~ - B (1 -/,UZE. ) Ys+8
I A Sl } | (8)
r=0 /“1 -’}Ag 5-r

where}Jl and)Jg are the roots of the equation

3+ ax + b = 0.
The complementary funcfion is of the form

%pls + Quls, | ' (9)
| but, eince this is a function of s, it must in general be
zero for a stationary series. The physical picture is
that we imagine the prdcess 'started-up' some time ago,
‘and X, then steadies down to the solution (8) when Iples,

while the complementary function sinks to zero:

*an exception occurs Whén|}1l= 1; this leads to the
case of strictly harmonic series, which are referred to
in section III, 3.
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‘From (7) we may also obtain a difference equation for
Pg+ HMultiplying by X, and averaging, wevhave after divi-
ding‘fhrOugh by dg,
Pﬂ2+aﬂ#1+b%==m

- with a solution of the form (9). Here 8 refers to the
interval, not to the absolute time, and (9) thus repre-
sents a valid solution. ~To obtain the constants A and B,
we note on multiplying (7) by Xgpq that

| i1+ D) +a=0 (10)

whence, With,po = 1, we obtain

A+ B =1,
- +
Mg+ Buy'= - i - —f—/é}f;
whence
- M, (1 "'/u B = - Mo (1 =My )
(}”1"“2)(1*}‘1*‘27 (g M) (T4 1 /“3)
and el +1
Os = R P P R T . (11)
Oy “}42)(1 * MiHa)
If we write py = /b }Jz = Jb e~1€ , (0 <b<1),

and 3 b Cos 6 = -a, (a® < 4b), we obtain

'2 - -
PS = b %Sln (s +(i)§ b)glgln (s 1)63

- b‘é“s Sins:grsle_e+ V) , | (12)
where tan ¥ = tan o. (L + b)/(1 - Db); (cf. Kendall‘E 1).

The solution (8) suggests the more general type of
linear process

o0

Xg = I £(z) ¥, _ (13)

Sr if for convenience we define'f(r) =0 for r < o,

I T P T VI OE Ay
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Xg = ué_ggs = V)Y, (;4)
where as before Y is a completely random series. It is
assumed that E{Y % 0, EgY.r}' finite for all r 5 O,
and that E fg(r) converges. Under these conditions it
nay be shown that the infinite sum in (14) is well-
defined in the stochastic sense as a limit 'in the mean!’
(see section 5) of the finite sum, and has distributional
properties given by the limiting distributional prdperties
of the finite sum. Thus from the independence of Y, we
may_write |

K(el,eg) = log E{éxp(elxs + 92X9+ti}

= cg’ oKr(€q f(s-v) + 65 f(stt-v))
where K () is the cuaulant function of Y, or
,K(el,gg) z oky(ey f(u) + 0, flurt)). (15)
- whence ,
A(x) = 2(1) = £3(u),
cov(Xg,X 1) = 9°(Y) £ £(u) £(urt). (18)

i

We may also note from the more general cumulant function
connecting four instants of time, viz.
K(el,eg,ez,e4) =3 Ky(elf(u) + egf(u+t) + ezf(u+t+v)
+ 94f(u+t+v+w) )

that

K, (%) = K (¥) £ £%(u),

K1111(Xgr Xgr 2 Xt v s Kottty :

= K (Y) T £(u) f(urt) f(urttv) £(urtrviw)s (17)
To illustrate formulae (168), let us consider the

particular linear process we had in (8). Here we had
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we obtain

222 (u) & i }Jl ____3_8) + /u
R TR _1-}41 T -)Jg

1 a® - 2b(1+b) _  2p
a%-4b |1 - a2 + 2b + B2 1 - b

or

3 ‘ ' |
g°(x) _ 1+ b (18)

a*(¥) (1 -1)§Q2 + b)3 - a3

and .

My M By, B
(y=kg) | 1502 1opib, 1oy
a3

1o44° |
t+1(l g 3 -)_l 't+1(1 }J]_g)
(1'7“1 ) (195%) (10y) (g =) 2)

Ll

L f(u) f(utt)

whence as before

_ 2 f(u) flurt)
Pt % £9(u)

-pig") = Mg”
(M = L) (1 + pghg)

/41 flila)

3., Relation Between Autocorrelatlon Coefficients and Harmonic
Ana1181s.

8o far we have considered some particular cases of

stationary procésses defined for discrete %t. Before going on

to consider the general correlational properties of such pro-

cesses, we shall make cne or two preliminary remarks.
Firstly, we have not yet indicated how we may measure or

estimatef)t, Which is the true correlation between X, and > S
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Since this correlation for a stationary process is independént
of s, we may hope to estimate it by observing the relation
bétween Xy and Xs+t in an observed series for a number of
values x_ (¢ =1 ... n), but such a procedure must be kept
distinct from the theoretical averaging, over fhe joint digtri-
bution of Xs and xs+t’ which determ;nes Pt’ For example, con-
sider the observed series (defined for all real s)

xq = (08 A 8. (1)

We have here a gimple harmonic series for which the 'time-

average!
T

lim 1 Cos >\s ds = O

T 300 T ‘
and further

T «
—%— Cos Ae Cos A(s+t) ds
(o]

T . | ' |
= _}f-l (cos® A & Cos At - Cos As Sin As SinAt)ds

- % Cos At,

or since the same expression with t = O tends to 4, the obser-

ved correlation obtained between x_, and Xt for an increasing

8
continuous range of s would Dbe cosakt. But since we have not
yet specified the stochastic process for which (1) represents
an observed or 'realized‘ value, the correlation(ss'is also

ndt vet specified. Suppose, however, we specify this process
by | |

X, = Cos (As + ¥), - (2)
where Y isra‘random variable uniformly distributed in (0, 211).

Then we readily find

o 2T
r = _d -
1E %Xs% = 27;)£’COS(AS + y)dy = O.
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) g (8T |
E{XeXg+f§ = §ﬁi/; Oos(%s + y) Cos(As + vy +‘t)dy
1
= -E-COS/\'!:,

so that the stochastic process we have defined is stationary
at least to the second order, and its moments are those obtalined
by the 'time-averaging' procedure. For a process like (3) we
note also that the autocorrelation Pt continually oscillates
like the series Xg itself, and never dies down to zero.
Secondly, the existence of these different types of auto-
correlation coefficients leads to the query: "Are there any
regtrictions on the types of autocorrelations that are
possible?" It is easy to see that there are. Let us work out
he partial correlation between Xt and Xt+zs when,Xt+s is given.

We must have 2
_14._(;)8.3.;9_5_.4_1
2 ?
1-Ps
whence we obtain not only the trivial relation»pzs € 1, but
also i
P ~2p+1=0. (3)
2s e '
By taking s < a, 38 > a, we find, for exauple, that the auto-
correlation Py =1 (t € a), Pt =0 (%t >a), is not a valid
possibility. - Such consistency conditions can all be included
in a single important theorem, which we shall now consider.
We give the theorem here for the case of discrete time,
in the form given by Wald (D 3). The theorem is an analogue
of the corresponding theorem for continuous time (Khintohine,
D 3), which will be given in due course. |

The necessary and sufficient condition that ()s (s = 0,

1, i 2, ... ) is the autocorrelation coefficient of some

stationary process (defined for discrete 1) is that
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-
Pg = J£~Ogs swd F(w), (4)

where F(w) is a distribution function defined between O and 1T .

Necessity: The necessity follows from the existence of the

non—negative definite Hermitian form

2% 1 -
R ™ 1! g4 ayXy | } (5)

whence it follows from a theoren by Bochner® that the equation

1 awisT -
?]C e "d H(T) = o (8)
has a non-decreasing solution with H(0) = 0. Putting s = 0,
we see further that H(2T) = 3, and if we write

T,  F(w) = H(T), (0zT< ),
27T - T, PMw) = 2 - H(T), (Tie T & 317),

W,

w
then it is easily seen that (4) and (6) are equivalent.

Sufficiency: Write X, = (3 Cos (%Z + Y), where the distribu-

tion of Z is F(w), and the distribution of Y is independent of
Z, and uniformly distributed in (0, 277). Then E{xt} = 0 and

E{Xt t+g }- = E {Cos sz}

T

Cos sw dF(w) = Pe

a

0
It was noted in section I, 4 that any distribution function

we assume 1o be of the form

F(w) = 0,2 7y(m) + 0,° Fy(w)

3
wilere Fl(w) represents a distribution function with a frequency
function fi(w),‘and Fé(w) is a step-function. It follows that

Ps is then also of the form

*The corresponding theorem for continuous s is discussed
in the Lectures by S. Bochner on Fourier Analy31s (Princeton
University, 1936-37), Chapter 18.
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- 23 2
= +
, Ps 01 (ps)l Cz (98)2,
where
A~ ’
({)S)1 =~/o Cos sw fl(w) dw, | (7)
and .
(PS)B = I, p, Cos sw,. | | (8)
As a special case of (8), we have the autocorrelation coeffi-~
cient Cos As considered earlier in this section.- Equation (7)

has the usual Fourier series inversion formula,
(st

I |
fl(w) ==z ( PS)I Coe sw. (9)
The formal integration of this equation gives the inversion

formula which is in fact wvalid for any diStributiqn function

F(W),
1 | oy Sin sw

F w = e + e p———

(w) = = iw 32 0 S (10)
This analysis of QS is of fundamental importance in

interpreting the harmonic analysis of a time-series set of

observations Xy, Xg, «.., xn; Let us consider the usual

'periodogram’ analysis of such observations, where we compute

A = /..3. Z X, Cos [(zﬁp/n)rj

b
_ Ei s { ,
Bp = ‘/11 Z X, 8in (ZTrp/n)ﬂ
and then the 'intensity! Ip = Apg + sz. The factor (2/n)
3

- has been ingerted to make E{Ip} = 39” for a completely random

process., We haﬁe the identity
1 3

s % k 11
2 =T P & o) Cos k(r - u), (11)

where k = 37Tp/n, or if we write

ne-|igl ‘ '
X (12)

— 1
Cs T n = i8] r§1 Xp rts
n-1 '
1 =3 3 {o=_18) ¢ cos ks. O (13)
P s=nt1 n

For convenience we assume E{X} = 0; we then have on taking the
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expectation of both sides of the identity (13),

- + - £
Ei;p§ 20 [?' Bs§1 (1 11)F§ Cos kg_. (14)

. We may now consider E%I not only for a completely random

p
series, but for possible forms of Ps. The usual periodogram
argunent considers what happens when PS = CosAXs. We may

write (14) in the alternative form

3 n-
E{Ipi = Bg :Ei sgiﬂr PS Cos ks; (15)
(the identity of the sums
n n n-1 n-1 v
rEI uzi £r-u) = s-~=§n+:l.(n - 181)f(s) = véo s=§v f(s)

follows from the equivalence of the following counting

procédures:
SO
I SN SRR TR SIS x. X X X x
KeveoXeoeeKeeoeKeoeoX x x x x ' x
KeveeXeoeoKeeoeXKooooX x. "x_"-x,i'-x " x
PN NN TERRT SRS . x. ' x ' x '-x.."x
KeveeXeoeaXeoosXeoosX x x Cx % %
s A
L
x X X x X
X...oXx X X X
U -
Ko veeXeonoReoooX x
S TUTEE TOUT TUUET T ).

Hence on substituting Cox As for Ps’ we obtain

: 2 n-1 Vv
E{I } =29 %" 5 Cos As Cos ks.
Y I r=0 8=~V
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 Using the formula

: -
gy 008 ps = 8in(v + 3)y/sin 3, (18)
we obtain

BT i _ &2 2l sinl(vid) (kA )] + 8inl(v+d) (k- A 1]
i p n y= Sin['é'(k'i‘)\);l ‘ Sin[%(k..,\ )J | ’

or from the futher formula

n-1 2
: 1 s s 1
vzo sin(v + )t = Sin” 3n ) /8in $u, (17)

we finally obtain
Ei'I ?;: g_f_{ 8in®Gn(ler A )] 4 sin3[dn (k- )] ; | (18)
P) B einf((krA )] sinB[E(k - \)]
(the formulae (18) and (17) are most simply derived by taking
real or imaginary parts of suitable exponential sume),

In geheral this will be 0(%), but as k > A , the second
term - ncg, and E{Ip% becomes large, a result Which ig used
to detect the presence of harmonic components in the original
series.

However, it is stressed that if a component of the auto-
oorrelafion Pg of the type ((DS)1 exists, we have a correspond-
ing component of E%Ip% given by (14), which as n becomes large
tends (cf. equation (9)) to

3Tmee, (k). (19)
This component, although finite, may also be rather large com-

pared with 20° for some values of k; so that for a large but

finite value of n it is not so simple to separate the strictly

harmonic components when the original series is of the general
type we have considered in this section.

As an example, consider the linear Markoff process with

autocorrelation coefficient Ps = elis'. This process contains

no strictly harmonic components, and its transform F(w) corres-

ponding to Ps is given by
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1 -

Cos 8w = 1-6 . (20)
(1 + p4° 3p, Cos w)

1 % ‘
f(W) = m s=§oo{)1

Thig function has a maximum in (O,TF) at w = 0, given by f(w) =
(1+p,)/[T(1 -(31)], 50 that for large O, this funotion
becomes large at w near zero. As a check on result (18), we
re-obtain Ps from

_ 97T isw
/™ Gos sw (1- 01%)dw . %/ M M1 043)aw
- = - . 1 ’
hlo (14 912’2631 Cos w) Yo ll(l-plelw)(l-fﬁe“iw)

or on wgiting z = eiw, and integrating round the unit circle,
we evaluate the residue at the sinhgle pole inside the circle,
z = 631, (for s > 0), obtaining the result we started from,

Pg= (2318, (s > 0).

4. Standard Errors of Sample Estimates.

We shall now consider further the problem‘of estimating
correlation or regression coefficients from a sample of data
in the form of a time-series, ie., n ordered observations _
Xys eeey X We confine ourselves as before to the case of
gtationary processes.

Suppose for simplicity we first consider the simple mean
of the process EEX%, which for convenience we assume:zero.
Consider the estimate

T = (1/n)1jz:1 X,.

We have EEX = 0, and further
- -Bi Y n-1 _ lsl
= z 1 - Bl
E;X (d /n>s=_n+1( = ) Pgs (1)

(this being a special case of formula (14) of the last section
with p = 0). Thus the variance of our estimate is approximately
¢3/n, provided that the sum in (1) converges to 1, Suffi-

cient conditions for its convergence are obviously that Elesl

and Z'fsitPs{ converge separately, but these are not necessary,
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For examplé, if Pe = Gos As, T l@sl does not converge, but we

. obtain from formula (18) of the last section that in this case

(ea) 2 eeB 1 XW’ ‘
X (( = _g 8in gbn (2)
e n? [S:‘Ln2 In '

go that for A # O, the variance of X still tends to zero as n
increases; indeed, it tends to zero more.rapidly than in the
case of a completely random geries.

Consider next the estimate of a covariance. If we know

.
EZX% = D, we may use the estimate

1 n-s '
®s = =% rf1 Y¥pes )

The variance of this quantity is easily evaluated by straight-
forward algebra. For example, for s = 1, and a completely
random series, we find

Eﬁjcgz-_———i—gmn'ilxzx 2+ 2 X g XX
('8 {7 m-1)% * p21 *r "1 rZs Tr¥rr1XeXet1

4 3 ‘
=d /(n-1)". ' (4)
It follows that the variance of the sample correlation coeffi-
cient ‘
ZXpXpty 2 XpXerd
(z x2z x 2 5 X2

is 1/n-1 + 0(1/n®). We may also note that if X is measured from
its sample mean value X, we obtain for this ‘corrected' covar-
iancg GS, say, a negative bias of amount -~ dg/n + 0(1/n3),

which is worth allowing for in any approximate test of signifi-
cance. The eiact distribution of the sample correlation coeffi~

cient in the case of the t'cyclic definition!
X1X2 + XZXS +, o8y + X.nxl - nX
3 _ nﬁB

X%+ X2 4, .., + Xy

and on the assumption of normality is also known (R. L.Anderson,

Ann. Math. Stat., 13(1942) 1)*, but we shall content ourselves
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with approximate but more general results. As above, we shall
continue to evaluate only the dominant term in the variance
and covariance formulae; and we may therefore for 31mp1101ty
continue to assume tha$ the mean is known, so that formula (3)
is used.

For the covariance of Gs and cs+t we obtain in general
Ne-8 N—g~1t

( . 4
E z(n—s)Ti—s-t) 11 errfs w1 Xuxﬁ*3+t} "’mba‘éftd ’

or using the formulsa

+

Mi111 = Moo Moosr T F 1010 Yeror T M 1oo1M o110 T %1111

connecting moments and semivariants of the fourth order, we

- have the expression
1 n—s nws—

(n-S)(n-é;tT'rzl u= ® (z-u)

where

¢ (r-u) = Pru Pr-u-t ¥ Crou-st P rre-u’ Srou,e,t,

say, or finally we have
” {n-s)-1
1 T - _N(v)
n-g v=-{n-s-t)-1 1 n-g-1t Cb (v) (5)

where q(v) = ‘Tvl , for negative v
0 for positive v £ ¢
\‘v—t : for t < v € n-s-1,

Using the approximate formula

U ¥ 1 o v uv
cov(w, W = var(U) R cov(V,W) - o3 cov(U,W) + ;I'var(W)
when the variation of U, V, and W about u, v, and w, respective~

ly becomes small, and defining

1 , -
® % z X, 2

* ’ .
See also P. L. Hsu, ibid, 17(1948), 350.
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we obtain

O

1
cov(Rg, Rypg) ™~ o8 vE-co (ev(?v-t T Pyg-t Cvrs

T 3050 54t Ov° - 3PPy P v-s~t ~ e+t Py Py-g): (7)
where we have assumed that (DS - O as 8 increases rapidly
o0
enough for the transition from (5) to the simpler sum v§ omtif;’(v)
to be valid as n increases, and where we have also omitted the

component depending on the semivariant K This latter

v,8,%°
component is, of course, zero for normal processes, but it

should also be noticed that for any linear process we had

o
K = ik, (y) £ f£(u) £f(uts) f(utv) f(utvtstt;
4.- U==—00 ' R

v,s,t 7

hence _
jo &) | ( ; oo o0 ‘
V‘E—a’évgsyt = Ky (Y) oo ug_mf(u) f(uts) f(uwtv) f{urv+stt)

" o) o0
= Kg(Y) B f(u) flurs) I f(w) f(whett)

= Y (Y) Cov(X,, X, ) cov(X,,Xpgry) (8)
where y (Y) = 1, (¥)/0*(¥). It will be found that in the
expression (7) above foi' CS)V(RS’Rs-i-'b) thg Y(Y) term vanishes,’

As special cases of (7), we have for s large enough, so

that ()S is small, ,
[ o]
3

1
var(RB) > V:E=—L>O?v ’
. 1 Oo
cov(Rg, Rs+t) ~ = E_ooev bt ? (9)
. <O [v e
3
0 (Rg> Rgyy) - \Ov+t/ vE-o v

The formulae (9) are important in indicating the magnitude of
sampling fluctuations in the observed correlogram (greph of the
obsgerved au’cgcorrelation coefficients) when the true autocorre-
lation coefficient Qs has dropped to zero.

Ag an illustration consider the observed autocorrelation

coefficient Rs obtained from the autoregressive scheme
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Xipg = 101X 0 = 05X, + Yo 0, (10)
using an actual series of 65 observations obtained by Kendall
(E 1) as an artificial series using a rectangular distribution
for Y.

The corregponding true correlations @s-are easily obtained
from the equation |
Perg = 141 Pgr1 ~ 0:5 Py

with 0o =1, P, = 1.1/1,5, and the 'correlations® oy of the
correlations Ps as defined in (9) above may then also be

calculated. We find also from the table that

T 5.2 T .3
V=—oo€v = 3.44, Vz:’--oo oy° = 3.43.
8 Ry Pg 9 s. RS ng Oy
1| +.70 | +,733 | +.832 || 15 | -.30 | -.006 | -.024
2 | +.29 | +.307 | +.434 || 18 | -.18 | -.002 | ~-.012
3| +.0L | -.029 | +.002 | 17 | +.12 | +.001 | -.010
4| -,17 | -,186 | -.286 || 18 | +.29 | +.002 | +.005
5| -.37 | -.190. | -.384 || 19 | +.33 | +.003 -
6 | -,25 | -.,118 | -.376 || 20 | +.23 | +.001 -
7 | -.13 | -.033 | -,118 || 21 | +.05 - -
8 | +.07 | +.032 | +.022 | 32 | -.12 - -
9| +.12 | +.041 | +.096 || 23 | -.28 - -
10 | +.05 | +.034 | +.103 || 24 | -.43 - -
11 | -.05 | +.017 | +.071 || 258 | -.5% - -
13 | -.17 | +.002 | +.019 || 28 | -.58 - -
13| -.27 | -.007 | -.015 | 37 | +.238 - -
14 | -.31 | -.008 | -.027 || 28 | +.02 - -
29 | +.17 - -
30 | +.37 - -

Let us consider values of s from 11 to 30, for which Ps

has become small. We have

2.44

var (Ré) ~J e - 5’
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or for the range of s considered,

var (Ry) ~~ 0,053,
The observed variance of R, from the table for this range of s
is computed to be 0.083. This appears somewhat high, but in
attempting to appraise its significance we must not allocate
30 d.f. to the observed value, since we also know adjacent
values of R, are correlated. In fact, treating the values of
Fy as a new series for which the variance and autocorrelations
are specified by the Oy quantities, the effective degrees of
freedom will be of the order 20/3.42 or only about 68, A vari-
ance ratio 0.083/0.053 with 8 d.f. would notreach the 5 per cent
significahce level, so that while this adaptation of standard
tests is rather rough, it indicates that the observed values of
Ry are fluctuating somewhat more than would be expectéd, but
not significantly 80.

In practice, of course, we do not know the true values Pe

and hence do not immediately know the sampling errors in Rg.
We might, however, for suitable series attempt to fit a sto-
chastic model depending on a few parameters, and then calculafe“
thevtheoretical correlogrémroorresponding to this model for
oompérison_with that observed. This raises the question of
efficient estimation of such parameters. Let us consider, for
example, the case of the process

Xt+2 + aXt+1 + bXt = Yiine |
We obtain the least-squares solution of a and b by making the
sum desquares of Y a minimum, i.e.,

n-3

3 .
124 (Xppq * aXppq * bXy) a minimum,

This gives approximately
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(a +DR +R, =0

e
ia,eRl-l-be-&-Rz:O
as our estimates ay and be of a and b respectively.

We cannot quote the usual standard error formulae fof
these estimates without further Justification, since the X's
play simultaneously the roles of dependent and independent
variables. Hann and Wald (E 5) have, however, shown that these
standard error formulae are still asymptotically valid for
large samples. A simple (though less rigorous) demonstration
is the present case given below.

Write I Xy Y. o = 4, L X;¥4g = B (12)
Subtracting (11) from (10), and denoting ag-a bycSa, be - b
by &b, we obtain

(042 %2+ S0 % XyXppq = A
{éﬁ. T XgXgpq + Sb T X2 = B,

Using such results as Eth+1XtYu+1Xu = 0, unless u = t (e.g.

12w > b, BTy g% VoK) = B3 q) Bf%e %%, { = 0), we have
£§4%¢ ~ E§B3{ ~ nod(1)od(x), |
E{AB{ ~ n p,03(1)03(x),
wience '

2 2 V
s”(Y) o 1-=D0° .
(T = p,2)%(%) n (13)

Plag) ~ o°(by) ~

It may happen in practice that a random superposed error

depresses the observed correlations. Thus if

Xy = X+ 7,
where Zt is a completely random geries independent of Xt’ we
have

oB(x1) = $3(x) + o3(z)
but

o |
cov(X,' X, ') = cov (X, Xrrg)s
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50 that if GB(Z)/dg(X) = A , we obtain,é depression of the
correlations by a factor 1/(1L + A ). If this is suspected, an

estimate of the quantity A will also be necessary.

5., Stationary Processes Specified for Continuous Time.

Since many time-series obviously exist for continuous
time, we need to extend the theory of the previous sections to

cover such series. We still consider the case of stationary

processes. The autocorrelation,ﬁJT between Xt-and Xb+T can
now be defined for all T, and will be written as a function of
T, @ (T).

‘e shall find that the theory is very similar to that for
discrete time, except for certain further points of rigour
agsociated with the continuous range of t, which raises ques-
tions about the ‘continuity! or 'integrability! of the random
or stochastic function X(t). We shall, following Slutsky,
define stochastic 'continuity! by the condltlon

lim E (1) - x(t){g} (1)
_ h=>o0
we may sometimes call this 'continuity in the mean', owing to
its correspondence with the notion of 'limit in the memn' in
analysis, and use the equivalent notation”

1.i.m. X(t+h) = X(%) (2)

hao0

It is easily shown that continuity of X(t) in the above
senge is closely related to classical continuity of the auto-

correlation function. For we have the identity

5 [x(orn) - x(6)]%} = 332 - p(w)

*There is some danger of confusion in the use of the
phrase 'in the mean', and the expression 'in mean square! used
by J. E. Moyal (unpubllshed work), (cf. the French ‘en moyenne
quadratique', e.g,, in F 1) may be preferred.



78
for stationary processes, so that (1) or (3) is true if fn(h)
is continuous at h = 0, and conversely (we assume a2 is finite).
When the above condition is satisfied, we may define the
gtochastic integral
b ; _
Z"‘f ¢ (t) x(t)at, (3)
where it is assumed.%hat QD(t) is continuous in the ordinary
sense., The existence of such an integral may be established

in the standard way as the limit of the Riemann sum

Zn = ‘.’gl d)(-bv(n)) X(tv(n))(tv(n) - tv‘l(n))

where a = to(n) <7t1(n) e o s < tn_l(n) < tn(n) =b

3
whence it may be shown (see Cramer D 1) that

Z-_-'- loi'ma Z .
T n o0 B

Similarly it may be shown that

E{ZW§ = f:_LbcP(tHJ(u) E{X(t) Y(u)}dt du (4)

where W is similarly defined to 2 and is

[b
a Y (%) Y($)dt.

Returning to consideration of the autocorrelation function
¢ (T), we shall now quote Khintchine's theorem on the consis-
tency conditions for Q(T). The proof is similar to that
indicated for the case of discrete t, and will be omitted. The
necessary and sufficient oondifion that {>(T) is the auto-

correlation of some continuous stationary process is that

o(1) = fo Cos Tw dF(w) (5)

where F(w) is a distribution function defined between o and H
(by ‘continuous! we refer to continuity in the sense just

defined).
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As an example, consider the autocorrelation function
o() = e HITH, (8)

The general inversion foruula corresponding to (5) is

oQ .
F(w) = ﬁfo (Sln,_-pl’ﬂ) ¢ (1) ar, (7)
or if f(w) exists,
| o |
f(w) = 2 [ cos Tw p(T) dr. (8)
tt Y0 .

From this last formula, we obtain for (8)

_ 1

walch is a 'half-Cauchy'! distribution.

It is sometimes convenient to define F(w) from - to @
instead of from o to co; 4F(w) (for real X) is symmetric, and
e(T) is formally eqﬁivalent to its characteristic function,
i.e., oo

otn) = | otMap(w). | (10)

200
The distribution f(w) in (9) would then becowme the Cauchy
distribution defined for all w.
The functions F(W) and f(w) maintain the same fundamental
relation to the harmonic analysis of X(t) as we found in the
case of discrete t. Fdr example, if X(t) is a strictly har-

monic series of the form Cos A%, then e(T) is also Cos AT,

s

cr

and the function P(w) in (5) consists simply of one step at
w=A. In general, F(w) may be a'miQture of a step~-function
whosé steps correspond to oscillating components of this
strictly harmonic type, and a differentiable function whose
derivative f(w) corresponds to a continuous range of 'frequen-
cies' w., PF(w) is called the integrated 'spectrum! of the

process X(%), its steps corresponding to a 'discrete spectrum!
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and f(w) to a 'continuous spectrum'.*

8. The Continuous Linear Process.

We shall now consider a particular but fairly wide class
of process analogous to the linear process we considered for
Ciscrete t. As a specific example, suppose we attempt to
formulate Yulé's pendulum problem. The general representation
of an oscillating pendulum subject to given forces will be

£(t) + o %(t) + Px(t) = y(t) (1)
with particular solution |

x(+) = (07 + o D+ B)71 y(v)

i

it

1 v 1 - 1
)\1"/\2 gD—)\l .D—)\g% y(t)

4 Xl(t—v) Ag(t—v)
f..X‘ {\e )\1 : :2 AlY(V) av (2) :

where A ; end /\z are the roots of z° + oz + @ = 0. If the

forces are of a stochastic character, we merely denote this by
writing capital letters in (2) to obtain
| t A (t=v)  Ag(t-v)
x(t):f c

- £ Y(v) dav. (3)

Equation (3) represents the 'steady' or stationary state, the
extra component due to initial conditions having damped down
to zero. We are particularly interested in the cage when the
forces Y(t) become impulsive in character, but shall not yet
consider this case, which requires a little care, (though not

more so than does the handling of impulsive forces in equation

(1)).

] .
. For further details see Wiener (F 13); cf. also F 2 and
F 10,



81
1t ig evident that any linear operator on x(t) of the type
illustrated in (1) would lead to a linear operator solution of

the type (3); we shall in general consider the case

t
x(t) =‘j(°og(t - v) Y(v) dv, (4)
or as before, if we define g(ﬁ) =0 for v < 0,
0o
X(t) = j/- g(t - v) Y(v) dav, (5)
J =00

where g(v) is assumed to be continuous (except for the artifi-
cial discontinuity at v = 0).
Under these conditions, if we assume Y(t) is continuous

tin the mean', we have

Eix(t )X(tz)g ~/ﬁ jr g(t -u) g(t -v) Egy(u)Y(v)g dudv

or

dg(x) ex(tlatz) = d (Y)/ijiiftl-u) g(tg—v)ey(veu) dudv (8)
This equation may be written - e

Z(X)QX(T) = dg(Y)f g(T-Z)i/ g(w—Z)eY(W) dw:( dz,

in which form it is evident that if we write

w .
£(m = 5 f ~iTw me 4T
—00
and : oo r ,
6(w) =f e """ g(1) ar,
. -
(assuming that these functions exist), then we have the rather

gimpler formula for these transforms

®(x) £,(w) = o3(¥) &(w) Blw) fy(m). (7)
In the case of equation (3), where
AT AT
1 2
g(T) = &——=2& , (T > 0),
we have

L1 11 . |
W) = xomp Ty T TR 1/ ¢ (1w), - (8)
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where {z) = 22 4+ g+ (5 {this result being obviously

zeneralizable to any differential operator & (D)), or

A(1) £y(w) o
FawW P (-im) (=)

Q'B(X) fX(W) =

Thus if QY(T) = e—’ulT,’

Iy(w) = . (10)

L S——
a*(X) (B~ w)° + wi® TS + wo)
We may represent the limiting case of impulsive forces by

letting ),{ become large; we then obtain

fp(w) = (11)

(- Wz)g ¥ wod
where by integration from -00 to @ we have C =@ /T, Com-
paring this result with {10), we note that we must suppose at
the same time that o‘z(Y)//u remains finite if o‘z(X) is to be
finite, in fact o3(¥)/[po?(X)] > B .

The exact expression for EJX(T) corresponding to (10) is

obtainable by the usual inversion. We have

Py(T) = Y1)/ P(0),

¢ (1) - foa pe'™ aw
-'-oot‘l{((’:.- we)? + wzo@} (/uz + wd)’

or (for T > 0) evaluating the residues at the relevant poles

where

+ i},:. y = i/\l, - i’\Z’ we have

...)UT | >\1T.
WD) = gy g™ 3
()% %o (WM F)hg (04307
- )\QT
+ A8 ==
(B2 M 0" -A®)

As}) becomes large, this gives
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MT  AgT
0.(1) Az e 1 - Al e (1)
X - )\2 ~ )\1 ’
or in terms of o\ and B,
~5xT P h
e OOS[éﬁéié- 22)7 - o) (4an o =.775%§327 ). (13)

The above method is rather roundabout if we are only inter-
ested in the limiting case of 'random impulses!, and we shall
now briefly indicate the direct analogue of the theory of linear
processes,for discrete time to this cage.

We replacerthe 'integrated force! f’t Y(v) dv by a

_ » o
Stieltjes integral corresponding to 'integrated independent

‘j;t ar(v),

the cumulant function for which satisfied the equation

K(B, t = t, + tz) = K(o, tl) + K(e, t3). (14)

impulges!

1
Equation (14) is equivalent (cf. Cramer, A 1, Chapter VIII) to

the equation
K(e,t) = tKI(e), ‘ ' (15)
where KI(e) represents the rate of change of XK(e,%t). 1If we
now consider . | -
x(t) =./r g(t-v) dI(v)
- D .
for a bounded continuous function g, the argument in the case
of discrete time may evidently be extended to the above inte-
gral (by the use of approximating sums) to give the correspond-
ing formulae
oD .
Ke(0) = [ K(g(v)e)av,
O

le’xg(6,¢) = [::Ki(g(V)e + g(VfT)<b)dv,

il

(lg)

| *Of. Doob, F 4.
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etc, where it is assumed that all cumulants of KI exist, with
oo .

Ky = 0, and that Logg(v)dv exists, (we have also g(v) = 0 for

v<O0, and T = t2 - tl). In particular, we have the formulae
O
613 // gl (v)dv,
-0

PX(T) _ % glv) glvtT)dv .

93 (X)

i

(17)

[7gR(v)av
Applying these formulae to the case
Av o Aav
1 3
- (v > 0)
g(v) = < = ~
)\1"/\2 .

we readily re-obtain the autocorrelation function of equation
(13), and also the relation

dg(X) = 613/(20(.@). | (18)

7. Standard Errors in the Case of Continuous Time.

There is no particular difficulty in the adaptation of the
sampling error formulae of gection 4 to the continuous case;
for exaumple, thé approximate sampling variances and covariances

of the correlation coefficient

T

L XiXgep dt
T . 3

Lox2 at

are exactly as in the case of discrete sums, with integrals

R(T) = (1)

replacing sums and T replacing n (cf. Bartlett, E 6),

To illustrate the estimation of the coefficients in con-
tinuous linear processes, let us consider the estimation of
X and (3 in equation (1) of the iast section when the disturb-
ing forces congist of independent randowm impulses of the type
referred to in the last twoksections, First of all, we note
that the solution (3) (section 8) has differential coefficients

x(t) and x(t) satisfying (1). We have

B Ty 7~ + 3
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x(t) (3)

4

FX Aq(t-v) Aze}\g(t-v)
I ACRY v(v) av
A (t-v) (t~v)

2 1 3

e T - %

v(t) +/ T :{y(v) dv. (3)
"'oO

The first of these coefficients, x(t), still exists if y{(v)dv

x(t)

1s replaced by 4 I(v), but the second only does so in a formal
sense, since the firét component becomes d I(v)/dv, which may
be infinite, However, by regarding our equation as equivalent
to the 'limit' of the equation integrated over an interval A %
when A1 becomes small, we have no difficulty in interpreting
our formulae. The estimation of o« and © by least squares,
i.e., minimizing the sum of sQuares

[Tt at) - I(t)}z,
gives as &t = o, the formal equations

0

it

fT(xtit + of xtxt + B eX4 )dt (2)
f (i Kt + o th + 8 xtxt)dt 0

where Xt 1s the realized series between O and T, and C*e and

@e are our estimates of « and @ . In these guations we have
[z { Br (5)
X, X, dt = | x 5
o 7% t «o’,

T
or a quantity small compared with quantities like Lo xtzdt,

when T becomes large. We must be careful about interpreting
integrals involving Xy which, however, we can replace by

(it+At - kt)/zst._ Thus, from the approximate orthogonality
caused by (5), we have

T . . . }
Ny~ - Lt e XAmet - 5.)/a4] at
At =0 f’ i‘tz dt S —
. . ] ( (6)
° 4t > o0 [Mx®as
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or integrating the nuherator in this last equation by parts, so

that T _
Lt j; xt}j(xt+At - xt)ﬁAtJ dat

At >0
Lt [ (x,. y/atl fﬂ' X )/AY
= Sz (x - X, )/A - X L X - X )/A%
At S 0 t Tt ] do o t t+at t
T dt
~ - jf x,2 as,
o!
T .2
., [ x.° dt ’
‘ée ~ ?' tg ' (7)
L} x,° at

The limiting variances and covariance of nxe and @e in repeated

sampling are asymptotically

3 2
b 1 20 . o
var(«_ ) ~ —= N B var(B_ ) ~ i A3,
e "x,° at 7 Pe RERET i At
(o)
cov (%g, Bg) ~ 0. (8)

If the data only exist as discrete observations, for
other reasons, it may not be possible to ﬁse formulae (8) and
(7) directly, but they will still indicate the maximum asymp-
totic accuracy obtainabie with which the acecuracy obtained by
any consistent method of estimation, e.g., from the auto-
correlation coeffioients, may be compared.

Thus from the first two coefficients R1 and Rg obtained
‘from the data formula (13) of the last section may be used to
provide estimates of and @5, (with the aid of inferpolatory
methods). It has been verified (Bartlett, £ 8) that the use
of the first available coefficients Ry and R, appears most
reasonable from a comparison of the asymptotic accuracy actually
reached by this procedure (in the case of o small) with the

maxinun asymptotic accuracy.
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 Incidentally, it should be noticed that, while a process
defined for continuous time permits a series of discrete obser—-
vations to.be obtained from it (the converse does not necessar-
ily hold), the discrete process so specified does not in the
cagse of the process treated in detail above allow an exact
discrete specification of the autoregressive type treated in
section 2 (for a further discussion of this point, see
Rartlett, E 6). |

To illustrate the estimation procedure for actual data,

Yule'g original analysis (E 7) of.Wolfer's gsunspot numbers was
repeated using the present model in place of.his original
autoregressive scheme. The comparison here is made on the
basis of Yule's !'smoothed! data, (though it is pointed out
that ‘such smoothing is dangerous in analyzing time-series for
periods). The 'period!, defined in the present model as
BTT/~/(@>~ &d?), can be assigned an approximate standard
error from the known approximate variances and covariance of
X g and @’e; thus we obtain from the limiting formulae (8)
a coefficient of variation of order ./ Eg(z @ + -%—cxg)/ Tj .
The period estimated was 10.8 + 1.2 years, in comparison
with Yule's estimate of 11.2 years. The corresponding auto-
- correlation coefficients ?s up to s = 5 are given in the
table below.

Autocorrelations of Wolfer's Sunspot Numbers.

Observed (Yule's)| Calculated ~Calculated
§ | smoothed data) (Yule, £ 7) |(Bartlett, E 6)
1 0.8407 _ (0.8407) (0.8407)
3 0.4714 (0.4714) (0.4713)
3 0.0470 0.0397 0.0605
4 ~0,3641 -0.3181 -0.3563
5 -0, 4043 -0,5139 ~-0.4091
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8. Simultaneous Time-~Series.

As we often wish to correlate more than one time—series,
it is important to see how the preceding theory generalizes
to multivariate or simultaneous stationary processes. For
definitions we shall consider the case of two variables, X(t)
and Y(%) with zero means. Here, in addition to the autocorre-

lations,

we have a crogs-correlation between X(tl) and Y(tg) and another
cross-correlation, not necessarily the same, between X(tg) and
Y(ti). ‘The covariance between X(tl) and X(té) thus generalizes
to a variance matrix

Eé:(x(tl) ((X(ta) Y(tz)) = B| (x(t)X(%,)  X(%,)¥(t,

X(ti) ' ) X(tB)Y(tl) Y(tl)Y(ta)j
or (1) = ﬁ vy, (1) vy (T)
vgl(T) vgg(T) , (1)

say, where T = t tl. The consistency properties of this

9 -
matrix may be sunmarized in a theorem which is an extension
of Khintchine's theorem for one series (the theorem, due to
Cramer (D 1), is quoted in the next section).

Let us now'oonsider the structure of X(t) and Y(t) for a
gpecific example., We assuwne two 'coupled' series:

X(t) + allx(f) + 2 ¥(t) = A(t)
Y(t) + 8, X(%) + 8,,7( 1) B(%),

t

(3)

i

wnence operationally



X(%) [A(D)]_l[(D t agoA(t) - algB(t)]
¥(t) = [A(D)]'l[(n + a,,B(t) - azlA(t)],

i

(3)

where A(D) = (D + ail)(D + a5y) - (a1892 - @358a4).
These equations, (which can still be given a valid interpre-
tation in the limiting case of random ‘'impulses'), are parti-

cular cases of the general linear processes:

X(t) = _fjén(t-v)A(t) + go (+-v)B(t)] dt \ "
Y(t) = [‘*’[ggl(t-v)A(t) + ggg(t—v)B(‘b)} dt.

The possible existence of two series of random digtur-
bvances A(t) and R(%), with unknown mutual rglation, is a
gerious complication to the straightforward’generalization of
the saupling error formulae previously obtained for one geries.
For example, if we wish to estimate the coefficients aij in
equation (2) from actual data, the least-squares solution in
the limiting case of impulsive disturbances will require
minimizing a quadratic form in the two sets of disturbances,
with unknown ratio of variances, and unknown correlation,
which have in consequence also to be estimated. The estimation
problem simplifies, however, if A(t) and B(t) are assumed
mutually uncorrelated,‘since the coefficients in each equation
may then be estimated separately.

The annroximate sampling errors for the crogs-correlations
between any two stationary processes can be determined by
obvious extension of the previous methbds for one series. We
note a useful special case when the two series are ehtirely

independent:
35+ r4y! R A '
o Ryp(t)s ™~ T [00911(‘” Cag(v) dv,

0 (5)
[*ig(t)’ ng(t+s)}""'T-_l-_*'€f f)ll(v) ng(v+s) dv.

CoOvIR
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We note also the joint cumulant function for X(t ) and
Y(t ) in the case of linear processes of type (4), when the
disturbances becoie impulsive in character. If the joint
cumulant function for the disturbances integrated over the

.

unit interval is K; (6,4), then
H

o0 -
KX17Y8<6’ 4}) = / I J (?)) d‘V’ ‘ (6)
where
X =g (b - V)6 + g (1, - V)P
B = ggl(t1 - V)6 + gzz(tg -v)p .
»

9. Further Notes on Simultaneous Time-Series.

- We conclude with some notes on the formal extension of
some of the results mentioned in the last section to the case
of any number of geries.

We denote the series by tﬁercolumn vector zft) = gxi(t)};
it is also useful to consider the gingle series, defined for
arbitrary A g9
X(t,A) = A" X(%), (1)

where A is the column vector of coefficients A For this

i
representation to be sufficiently general, however, we require
A to be complex, cdrresponding to the possibility of separa-
ting the distinct terus vy (T) and v (T) when we consider the
autocovariance of X(t,ﬁ ).
We therefore first give the extension of Khintchine's
theorem to complex valued processes., We define |
v(T) = E gX(t) X(t + T)%,

and then we nmust have

ﬁ(T) = ./ﬁeiTW au(w), (2)

-_c
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where U(w) is a never-decreasing real function such that U(=-o00)
= 0, U(+0) = dg(X) = E EXKt) f(ﬁ{%. With this extension the
real and symuetric character of v(T) has disappeared, and
v(T)/o®(X) has the form of a characteristic function in general;
the proof of the theorem is, however, essentially unchanged.*

Cramer's extension of (2) to simultaneous series (see D 1)

may be written in matrixcgotation
v(T) =feiTW avlw), - (3)
~J nJ

where AU(w) is a non-negative definite Hermitian matrix. In
. ~

terms of the series defined bzn(l), we have from (2)

Au(mh = fu‘?iTW au(w, A ), (4)
for arbitrary(é , Where ZSU(W,Q,)ViS non-negative; and result
(3) amounts to the identification in (4) of the Hermitian form
é'g(w)éJ with the increasing quantity U(W,A ).

The relation of (3) to the harmonic analysis of’ﬁ(t) is
also worth noting. It has been shown by Cramer (F 2) that
X(t) is equivalent to an integral of the form f::eitu dI(u),

wiere the successive stochastic increments dI(u) are uncorrela-

ted. We correspondingly obtain for the vector process X(t),A

E(T) - Eir}s(tl)z, ('b1+T)} =f°°/°:i(t1u+'b2V)E§d£(u)Nz, (v)}

-0

-0
The generalized linear process we define by
. . -
x(t) = | G(t-v) ¥(v) dv, (5)

waere G{v) is a matrix functionl%gij(v)}., We then have
~J

Te(D) = LT (5 + 1

s oD
fjf J// g(v) XY(V - uxg’(u - T) dudv, (8)

— X - O

* .
For an alternative proof, see F 8,
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with corresponding transform ]
() = E(w) T.(w) E'(w), (7)
say, where we assume T = dU/dw to exist.

In the limiting case of independent 'impulses',vwe write

in place of (5),

oQ
4§(ﬁ) = G(t-v) dI(v) (8)
where Lf qz(v) has the ;:Lulant function KI(Q). We then have
(for real quantities G and I)
K?S(g) J K(G'(v)e)dv (9)

K&(fl),z(tl-ki')(g:g) =-[°° KI( '(v)e + G'(V“T)O)dv

~

etc,. In particular, we have

pos _
v (T) j/ G(v) J G'(v—T)dv (10)
A
where Eéﬁ I J as a special case of (8).

In the case of operational equations (with real coeffi-
cients) of the type |
P(D)x(+t)

we have the solution

¥(%), | (11)

i

i

x(6) = [ 7o) vew), (12)

for which (7) becones v ~

T.(w) = [cﬁ"l(iw)] T (w)“v 1<-1W)]' (13)
For example, the generallzatlons of equatlon (9) of the last
section gives

X() + AX(%) = Y(%) (14)
with solution

x(t) = (D + IS ¥(t), (15)
and |

RO RS NG R P (16)
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