LS5/7

Finite Strain Plasticity: a Discrete Memory Scheme
and the Associated Numerical Implementations

P. Guelin
Institut de Mécanique de Grenoble, B.P. 68X, F-38402 St-Martin-d’Héres Cedex, France

P. Pegon

Commission of the European Communities, J.R.C. Ispra Establishment, Applied Mechanics Division,
1-21020 Ispra, Italy

Abstract

The aim of this paper is twofold: first to present a covariant thermomechanical scheme
of elastoplastic hysteresis involving finite deformations. The definition of the scheme is
obtained from a discrete memory GIBBS equation and by use of a dragged along material coor-
dinate system; second to show that the use of differential geometry does not prevent the ob-

tainment of numerical solutions for elastoplastic problems involving finite deformations.

1. 1Introduction

It has been shown previously [1,2] that the discrete memorv forms of the reversible
power and of the intrinsic dissipation can be derived from the study of symbolic models
with springs and friction sliders. In the first part of this paper, it is now underlined
that the tensorial development both of these forms and of the whole scheme is founded on the
dragging along process of tensorial fields. The description of one branch of hysteresis
cycle involves this convective process between the origin of the branch and the present
state: as it is well known such a dragging along process is already used for the definition
of the deformation tensor. The process must be applied to the stress tensor when dealing
with hysteresis schemes. Consequently the existence of an interdependence of the following
elements is emphasized: the discrete memory concept, the dragging along process, the stress
rate definition and the objectivity requirement. As an illustration, the case of the homo-
geneous simple shear is studied for an elastoplastic continuum. Various non-proportional
loading cases are also studied.

In the second part of the paper, a method [3] for the resolution of quasi-statical boun-
dary value problems is resumed. This method is directly compatible with the use of the ther-
momechanical scheme. An illustration of the potential of this procedure, dealing with shear
band localisation, is given for a R2 continuum, Hence the problem is not of the plane stress
or of the plane strain type, but the analysis is performed in a mz flat space. This restric-
tion allows us to study rather complex non-linear boundary value problems without introducing

any specific characteristics, preserving the relative simplicity of numerical implementations.

2. Covariant Thermomechanical Zaremba's Scheme of Hysteresis and Homogeneous Finite Strain

Elastoplasticity

The concept of discrete memory is necessarily used in the definition of the strain tensor
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A;e between a reference time e and the current time t. In fact, if G = gij(xk,t)gl(xk,t) ]
Ej(xk,t) denotes the metric tensor field related to the natural fields of convected frames

(M(xk),gl(xk,t) or (M(xk),ai(xk,t)), associated to a dragged along coordinate system xk of

a t . .
material points 1 (xX) [4], the expression of ARe is given by:

Ats =

1 t
-7 6@

This definition underlines the particular role of the Cauchy tensor:

o _ B >i -+ . t _
RG = Rgij(t)g (t) & g’ (t); Rgij(t) = gij(tR)

This tensor represents the invariant transport of the distance between two neighbouring ma-

k

terial points M(xk) and M'(x +dxk) at tp up to t:

t J

t. 2 2
Rgs (t) =ds (tR) = R

i
gij(t)dx dx

The discrete memory existence is expressed by the vanishing of the convective derivative

L>.. . 1In fact:
v

1.5 - [3 5 .];im R 3I(0) =0

v R At R ij
’ 3 (t.. 2y _
that is: 5t (Rds ) = 0.

The choice for the symmetric dragging along process of the relative Cauchy stress ten-
sor o of weight 1 [5,6] is given by

t

=3 e gl
rS T 9 %9y 95

t i >
associated to the contravariant transport RT = Tl(tR)gi(t) of the relative stress vector ac-

N
ting on the elementary material surface dwl(xk)dw2(xk) of relative outward normal v = vigl,

w2 m jis > (9 +i_
because of: T =T g, = vjc 9; and Lz.v = 3¢ viJg =0 [3]. Then:
St e > > _ o fta _ werrm 8w _ oo
Lz g° = {Bt [o (tR)]}gi(t) [ gj(t) =0 and L; ARU Lz (o Rc) Lz o

A constitutive scheme of Zaremba's type [7] is obtained from the symbolic equality:

t t
L>. A0 + Atc SZ?b Ats + L>..A e
v R R R v R
where a covariant choice of convective rate has been made. The exprescion of the multi-valued

differential scheme in (M,éi,éj) follows immediately:

9 ij i3 t ij ij t ij it kj,, t ik .J

— = + + + ~-2(D.

3T o a g aooARE alD aZARo Z(D kARU +AR0 Dk )
h D =D & Q 33 - 1—L+ G = L> Ate is the strain rate tensor; a_,a a,,a, are scalars
where = ijg g- =5 Lp..G =Ly iagra rag.a,

depending on G, A;E, D, o, A;o and w that is the Masing similarity functional [1].
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During an isothermal evolution without reversible exchange of heat with the outward

world, let Pe and P; denote the densities of power of external and internal forces; K, Qii’
é and i the densities of rate of kinetic energy, heat supply by friction, internal energy
and loss of order; ¢ and 7 the densities of intrinsic dissipation and reversible power. When
Py is specified, the thermomechanical properties are given by the three rates P;, m and C.

o ] £ i
Since Pi = —cliji and since a convenient choice for m seems to be 7 = - cl]Dji [2], the de-~

R
- ijy,t e ;
finition of € is still needed: C = L; (A;ULJ)AReji. Those definitions result in:

K 1 1 0 0
¢ 0 =1} -1 0 Pq
. 1 1 1 P,
- 2 =R S i
Qii 0 w w ™
b 0 1-w 1-w 1 C
w w w
I3 o Ll 1 4
w 0 w

Some simple constitutive choices are needed as to illustrate homogeneous transformations
® w V= s
of an elastoplastic continuum: a_ = /E A D%,, a =0, a, = 2%5 p and a, = e L S oljD_,
[¢] i oo 1 2 ) Jji
(w/g s
« ©
where /E = determinant (gij) is the density of volume, » and p the Lamé parameters for a
homogeneous media and 2 a limit stress in pure shear. The transformation studied is given in
- - >
an orthogonal fixed frame (O,ea) by the vector position Op = ZO‘(t)e(l of the point initially
- o>
located at OP = Z e, (Pig. 1):

z1 = Zl; 22 = Z2 + 2TZ3; z3 = Z3 + K3Z3

The easiest choice of material coordinates is made by stating Xt =2,
The first application deals with the case of pure shear transformation (K3=O, D%i=0).
Examples are supplied for five cycles of a cyclic evolution with |T| = 1., for two values of

Tmax(|Tl < Tmax): Tmax = 0.01 (Fig. 2) and tgax = 0.5 (Fig. 3). ZEE notations are: LAM = ?,

o o B o w_ @D B ~§ w2 ot it w2 T

MU =y, S =5, FT = £,/s, FN = uf/s”, 25B = jq.i/s , 2DSB = ARo.jARo.i/s , EP = E/|1]s
e

and QPM = —Q/|T|S where fN and fT are the normal and tangential components of the stress vec-

tor acting on x3 =23 =1 (see Fig. 1) and where a bar on a tensor denotes the deviatoric

part of this tensor. In the small deformation range, it should be noted that the main featu-
res of the present constitutive scheme respect the mechanical properties of the schemealready
used for describing pure hysteresis [1,8]. Furthermore, the evolutions of the thermomechani-
cal quantities agree with those of symbolic models [2). on the other hand, in the large de-
formation range, the softening of FT and the large increasing of 2SB does not seem to be cor-
rect at this stage of the experimental knowledge. The choice of a limit surface of plasticity
for A;o (see 2DSB) raises a gap between the present and the classical theory.

The second application deals with non-proportional paths obtained for both an oedometric
loading (t=0, from fN=O to fN=f§ specified) and some different linear paths in the (fN,fT)

= (R _ (&R g 2 2 _ e
space (from (fN,fT) = (fN,O) to (£ ) = (fN+AfN,AfT) with (AfN) +(AfT) = Af specified).

N T

The behaviour of the scheme is given in the (KB—Ké, T—TR) space where K; and TR=0 are related

R_
== < N N

of Af: Af = .5/3 &, Af = .02/3 5 and Af = .0008Y3 s (Figs. 4, 5 and 6, respectively).

to the end of the oedometric path. Features are given for £ .5/3 € and for three choices
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Transitions between loading and unloading paths are emphasized by intensification of the
number of curves. The discontinuity in the response disappears with decreasing Af. This re-

sult is found to be in contradiction to the conclusions given by [91.

3. Numerical Implementation in R2 Non-homogeneous Finite Strain Elastoplasticity

The starting point of the method used for solving finite deformation boundary value pro-
blems is the set of classical balances expressed in the dragged along material coordinates
system. The problem is derived in a rate form for two reasons: It becomes linear with res-
pect to the velocity field ; and the constitutive multi-valued differential equation involves
a stress rate. The rate form of the boundary value problem is then put into a classical in-
tegral weak fgrm, using a virtual velocity field g. The space discretization of the velocity
fields 3 and ; is performed on the mapping %% in the fixed axes using the tensor products

of C, or C, B-spline functions [10] or of Cy Hermite functions:

av®  »
> > a 1 ¢ m ¥ - o
v=e I v (B)E (X ;X2), v =—— v=e IVE
a o m m m dt o0 mm

It should be noted that, with the C2 approximation, all the operations required by the dif-
ferential geometry operators can be continuously pirformed in the material space. As the
approximated weak form must be verified for every 5, a finite number of equations is obtained.
These equations are linear with respect to dUi/dt and aoij/at (at the Gauss integration
points) but non-linear with respect to U; and oij. By some algebraic manipulation, the sys-
tem is rewritten under the form of a set of non-linear first-order differential equations,
being integrated by an explicit fourth-order Runge-Kutta method.

The proposed illustrations deal with the compression of rectangles between two rigid
lines without any friction (Fig. 7). Symmetry is assumed with respect to the 22 axis. Ini-
tially, the rectangles are affected by a small global geometrical disturbance. The behaviour
is only quasi-homogeneous and leads, in fact, to shear band localizations. Various configura-
tions are shown for the three discretizations C, (Fig. 8), C; (Fig. 9) and C, (Fig. 10).

The relative reduction of the width of the rectangles is equal to 0.02 and the displacement
field is multiplied by a factor 10. In a case without corner effects [3], the good perfor-

mance of the cubic approximations (Cy or C2) for description of the band and its reflections

is underlined.

4. Conclusion

In this study, a method for an exhaustive analysis of a hereditary constitutive scheme
has been outlined. In the large deformation range, the results shown here underline the dras-
tic differences between two conceptions of plasticity. Clearly further work will concentrate
on how to reduce these differences.

From the numerical point of view, the method used is already operational and may provide
results in various fields of interest. Some efforts will have to be made for studying situa-

tions where hysteresis effects are quite important, including also the dynamical case.
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