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ABSTRACT

JANELLA FAYE PANTULA. Optimal Prediction in Linear Regression

Analysis. (Under the direction of LAWRENCE L. KUPPER.)

Expressions are derived for generalized ridge (GR), ordinary
ridge (OR) and shrunken least squares (SLS) predictors that are
optimal for predicting the response at a single or at multiple future
observations.

As in the case of biased estimation, these predictors depend on
the true (population) regression coefficient values and the true
variance of the underlying linear regression model. Hence, we propose
operational predictors where the unknown parameters in the biased
predictors are estimated from the data.

Using the Mean Squared Error of Prediction (MSEP) criterion, we
compare the proposed predictors with the OLS predictor. Several
traditional biased predictors, including the predictors based on the
Hoerl and Kennard (1970) GR estimator, the Hoerl and Kennard (1976) OR
estimator, the Lawless and Wang (1976) OR estimator, the James-Stein
(1961) SLS estimator and the principal components (PC) estimator are
considered for comparison.

The results indicate that the performance of the biased
predictors with repsect to the OLS predictor depends on several
"parameters" of the simulation study. These “parameters" include the
direction of the future observation(s) at which the response(s) is to
be predicted, the direction of the true regression coefficient vector,
the magnitude of the signal-to-noise ratio, the level of
multicollinearity and the number of explanatory variables.

id



The results are discussed and recommendations are made concerning

the use of the biased predictors. .
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CHAPTER I

REVIEW OF THE LITERATURE
1.1 The Linear Regression Model

1.1.1 Introduction
It is well known to the statistician that there are two major
objectives of the linear regression model, that of estimation of the
regression coefficients and that of prediction of the response
variable. The estimation objective is to infer how the response might
be controlled by manipulating regressor values (Obenchain, 1975). The
prediction objective is to find a function of the regressor values,
which is, in some sense, a good predictor of the response variable.
In discussing the fit of a proposed predictor one can distinguish
between retrospective fit (fit to the original data) and prospective
(or validation) fit (fit to new data) (Copas, 1983). In this
dissertation we mainly consider the prospective fit and thus simply
call this prediction.
Consider a linear regression model
Y = X B + € .
nx1 nxr rxi nx1
where B is an rx1 vector of unknown regression coefficients; y is an
nx1 vector of observable responses; X is an nxr model matrix of fixed
explanatory (regressor) variables (i.e. X is known, and in this

dissertation, X is assumed to be of full rank r); € is an nx1 vector



of random errors such that E(e) = 0 and the Var(e) = 021, where I is

an nxn identity matrix. We will call this the original model.
Also consider the 1inear regression model used in the prediction

of future observations,

mx1 mxr rxi mx1
where g is the rxi vector of unknown regression coefficients from the
*
original linear regression model; y 1is an mx1 vector of future
*
response observations; X is an mxr matrix of fixed future explanatory
*x
(regressor) variables; € 1is an mx1 vector of random errors
* *
corresponding to the prediction of y . We assume that E(e ) = O,
* 2 * .
Var{(e ) = o Imxm and Cov(e,e ) = 0, i.e. the random errors from the

original regression model are uncorrelated with the random errors from

the prediction regression model. .

*x

Two special cases of X have received special attention in the

literature:
k.3

(i) X = X, where we wish to predict the response variable at the

same data points, and
. on * *' B - .

(ii) X = x , where we wish to predict only one future

observation (at a time), and thus we have
* *! *

1x1 ixr rxi 1x1

*
where x is a I1xr row vector of X .

*
Define the predictor of y as




where ; is’some estimator of the unknown vector of regression
coefficients g. In this dissertation we are concerned with the
prediction of y* as opposed to the estimation of B. However,
prediction cannot be discdsséd without first considering the
estimation of B. In sections 1.1.3 and 1.1.4 we will discuss biased

and unbiased estimation of . Further distinction between estimation

& TN

and prediction will be made in section 1.6. We now present a

reparameterization that is useful in the following sections.
1.1.2 Canonical Reduction of the Linear Regression Model

It is always possible to write the original linear regression
model such that the X'X matrix is diagonal. There exists an rxr
orthogonal matrix P such that X'X = PAP', where A is the diagonal

matrix of ordered eigenvalues of X'X, A, 2 X, 2 ... 2 Ar > 0, P is

1 2 -

such that PP' = P'P = Irxr and the columns of P are the corresponding
normalized eigenvectors of X'X..-

Let X = ZP'; then the original model can be written as

Yy = 7 a + € P
nx1 nxr rxi nxt

where a = P'g, Z'Z = A and a'a = B'PP'g = g'B, i.e. the squared
Euclidean distance for a is equal to that far B.

This is called the canonical reduction, or canonical form, of the

original linear regression model y = Xg + €.

The corresponding prediction model can be written as



* x
where Z = X P. That is, the future observations are transformed in

the same way as the original observations.

1.1.3 Unbiased Estimation of the Regression Coefficients

An estimator ; of an rx1 unknown vector of regression
coefficients, B, is said to be unbiased if E(é) = B. Otherwise, the
bias of an estimator is given by bias(é) = E(;) - B.

Let
> 1 —1l
B = (X'X) X'y

be the ordinary least squares (OLS) estimator for g. In the class of
linear unbiased estimators, B is the estimator for g that minimizes
the sum of the squared error terms, (y - XB)'(y - Xg). Also, among

-~

the linear unbiased estimators, B has the minimum variance. Note

that E(;) 8 and Var(é) = cz(X'X)—1. .

~

P'B, then the corresponding OLS estimator for a« is « =

P'A. Note that E(a) = E(P'B) = a and Var(a) = oP*(X'X) P = o?a”".

iIf a

-~

1.1.4 Biased Estimation of the Regression Coefficients

Although the properties of the OLS estimator are theoretically
satisfying, the results in practice are sometimes unacceptable because
of the large variances of the estimators of some of the regression
coefficients. A common cause of the variance inflation is the near
multicollinearity in the explanatory variables. Multicollinearity and
the attendant instability of regression coefficients will be discussed
in section 1.3.

several alternatives to the OLS estimator have been recommended.




Under the assumed model, the alternative estimators proposed are
biased. However, they may be preferable to the least squares
estimator if some criteria other than simple unbiasedness is used.
Hoer1 and Kennard (1970a, 1970b) proposed the welli-known ordinary
ridge estimator along with the ‘generalized riidge estimator. Several
other authors have suggested estimators*based on’ principal components
of the X'X matrix. For example, see Marquahdt-11970) and Webster,
Gunst and Mason (1974). Another well-known biased estimator is the
shrunken least squares estimator proposed by James and Stein (1961).
Further discussion of the shrunken least squares estimator may be
found in Sclove (1968) and Mayer and Willke (1973). Goldstein and
Smith (1974), Hocking, Speed and Lynn (1976) and Farebrother (1978)
each defined a class of biased estimators which includes, as special
cases, most of the estimators proposed in the literature. General
review and comments on ridge regression-and shrinkage estimation can
be found in Efron (1975), Marquardt and Snee (1975), Vinod (1978),
Draper and Van Nostrand (1979) and Smith and Campbell (1980). Also
see Vinod and Ullah (1981) and Montgomery and Peck (1982).

Biased estimation also occurs when tﬁe least squares estimator is
computed from a misspecified model. In variable selection procedures
certain explanatory variables are omitted and the remaining regression
coefficients are estimated using the reduced model. Hence, the
estimators in the variable selection procedures are biased for the
regression coefficients. A good discussion of variable selection is
given by Hocking (1976).

Biased estimation will be discussed in more detail in sections



1.5 and 1.6.
1.2 Mean Squared Error Criteria for Selecting Regression Estimators

1.2.1 Introduction

Several criteria other ‘than ‘unbiasedness are commonly used for
selecting regression ‘estimators, whether it be comparison among the
biased estimators previously discussed or between the unbiased OLS
estimator and the biased estimators. These criteria include various
types of mean squared error criteria, the asymptotic properties of
estimators (including consistency), and the robustness, admissibility
and minimaxity properties of estimators.

This dissertation is primarily concerned with the mean squared
error criteria and therefore we will discuss these criteria in detail.
As compared to the OLS estimator, biased estimators may reduce the
(large) variance of the estimators of the regression coefficients, but
there will obviously be an increase in the bias of these estimators.
The various mean squared error criteria take into account not only the
variance (precision), but also the bias (accuracy) of the estimators

(predictors).

1.2.2 Mean Squared Error (MSE)
The Mean Squared Error (MSE) of a biased estimator g of B is

denoted by MSE(B), where

MSE(B) = EL(B -~ B)'(B - B)]

= tr(var(p)] + (bias(p)]'[bias(B)] .

where tr represents the trace operator, i.e. the sum of the diagonal




elements of a matrix.

Defining the Euclidean length of a vector a by |la| = (a'a)”2 we

have that MSE(;) measures the average of the squared Euclidean

distance between the estimator ; and g. Thus, an estimator, ;, with
low MSE is "close" to the true vector of regression coefficients, B.
The squared Euclidean distance between the OLS estimator ; and g can

pe larger than the corresponding distance for a biased estimator.

Since 8 is unbiased for g8,

MSE(&) tr[Var(é)]

tric? (X'X) "]

2
=0

t ™Mo

1
i=1 N

An estimator p1 is said to be preferred in MSE to an estimator

32 if

MSE(§1) < MSE(éz).

-~

Result: Consider @ = P'g as an estimator for a. Then

MSE (@) = MSE(B).

Proof: MSE(a) = E[(a - @)'(a - @]

E((P'B - P'B)'(P'; - P'g)]

= E[(B - B)'PP'(B - B)]
= E((B - B)'(B - B)]
= MSE(B). I

That is, the average of the squared Euclidean distance between «

and a is the same as the corresponding distance between g and B.



1.2.3 Weighted MSE (WMSE)

Llet W> 0, i.e. W is a non-negative definite matrix. Then, given

W, a matrix of weights, the Weighted MSE (WMSE) 1is defined as
WMSE(B) = E[(B - B)'W(B - B)]

An estimator ﬂ1 is said to be preferred in WMSE to an estimator
BZ if
NMSE(51) < NMSE(QZ).
Some authors (eg. Vinod and Ullah, 1981) call the WMSE, with the

weight matrix W = X'X, the "Predictive" MSE (PMSE), i.e.

E[(B - B)'X'X(B - B)]
E((Xg - XB)' (X8 - XB)]
E({y - E(Y)}'(y - E(¥)}]

PMSE (B)

MSE(Y) ,

-~

where y = Xg is the fit to the original data. Thus, PMSE is not
concerned with prediction of future observations. Note that this is

the reason for the quotes on the word Predictive.

Result: In terms of the original canonical model witha = P'g and Z =

XP we have

PMSE(a@) = E[(a - @) 'Alx - «)]

PMSE(B) .

Proof: PMSE(a) = E[(x - @)'Aa - &)]

Ela - @)'Z'Z(« - )]

E((P'B - P'8)'Z'Z(P'B - P'B)]




EL(B - B)'PP'X'XPP' (B - B)]

E((B - B)'X'X(B - B)]

PMSE(;). |

In terms of PMSE, we have

PMSE (@) = o trVar(y)]

S eriza 2]

o tria”12'7]

2
no ,

-~

since Z'Z = A and y = Za.

1.2.4 Mean Squared Error of Prediction (MSEP)
In this dissertation, the term Mean Squared Error of Prediction
(MSEP) is defined only for forecasting the unobservable future

*
response values y .

~*x * “% * ~ % “ %
Result: We define the MSEP(y ) as E[(y -y )'(y -vy )], wherey

x~
= X B. Under the assumptions of the prediction model, we have

~ % 2 “% “% . ~%
MSEP(y ) = mo” + tr{var(y )] + [bias(y )]1'[bias(y )].

~ % * “ % * *
Proof: MSEP(y ) = E[(y -y )'(y -Y)]

* k. Kk
trEl{y -y )y -y)'l

* “ % * “x * ~“%
tr(Var(y -y )] + trE({E(y ) -y }{E(y ) -y }']

* ~% *x %k
tr(var(y )] + tr{var(y )] - 2tr{Cov(y ,y )]

~% -
+ [bias(y )]'[bias(y )]

2 ~% ., T . Tk
mc” + tr[var(y )] + [bias(y )]'[bias(y )]. |
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~%
Result: Another expression for the MSEP(y ) 1is,

~% 2 - * % ~
MSEP(y ) = mo + E[(B - B)'X 'X (B - B)]

~

* "% * *
Elly -y)'(y -yl

* % * *= * * * *~
E[{y - XB+XB-XB)'(y - XB+Xp-Xg)]

~%
Proof: MSEP(y )

. * * * *
E((y - XB)'(y - XB)]
*x *~ *x *~
+ E[(XB-X8)'(XB-XB)]

2 -~ *x * it
mo + E[((B-B)'X 'X(B-8B)] . 1

From the equation for MSE(B) and the second equation for

~ %
MSEP(y ) it follows that
~% 2 ~%
MSEP(y ) = mo~ + MSE(y ) .,

~%k ~ % x ~* *
where MSE(y ) is defined as E{(y - X B)'(y - X B)}]. Thus, one
can simply use the MSE of the predictors to compare the predictors.

_— —
A predictor Y, is said to be preferred in MSEP to Y, if
“% ~ %
MSEP(y1) < MSEP(yz), or equivalently,
“%k %
MSE(y,) < MSE(y,).

Result: In terms of the prediction model which corresponds to the

original canonical model, we have
o¥ 2 - * Kk
MSEP(Yy ) = mo” + E[(a@ - a)'Z 'Z (a¢ - «)] ,

* *
where Z = X P.

2 - *  k -~
mo~ + E[(B - B)'PP'X 'X PP'(B - B)]

2 ~ *x k-
mo + Efl(a - x)'2 'Z (a - @)]. 1

~%
Proof: MSEP(y )




“% *° *~
Llety =Xg =2 a be the OLS predictor, then in general,

MSEP(y ) = mo’ + tr(Var(y )]
= mc2 + cztr[z*a-1z*']
- n? + Fera ')
= mc2 + czzm tr 2*2/A  .

Several interesting reductions follow.

* *
1) If we are predicting at X =P' (Z = I), then

~%
MSEP(y ) = mo> + o°L', 2

* *
2) If we are predicting at one future observation X = X (Z =

*x!
z ), then
“% 2 2.r *2
MSEP = mo + OL, z. /A
(vy) =1 257
*! *!
3) If we are predicting at x = P% {z = {0,...

a "1" in the ith position), then

2

- 2
MSEP(y ) =m0 + o /Ai .

1.2.5 Generalized MSE (GMSE)

,0,1,0,...,0} with

We now define the Generalized MSE (GMSE) criterion.

Let

GMSE(B) = E[(B - B)'G(B - B)]

11

then, an estimator 81 is said to be preferred in GMSE to an estimator

52 if
GMSE(B1) < GMSE(ﬁZ) for all G ,
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where G is a non-negative definite matrix.

The GMSE criterion should not be confused with the WMSE
criterion. The GMSE criterion is really a stronger criterion, in the
sense that it is not as easily satisfied as the WMSE criterion. For
the GMSE criterion to be satisfied, the WMSE criterion must be
satisfied for every choice of the weight matrix.

Several authors, such as Theobald (1974), Farebrother (1976),
Gunst and Mason (1976), Farebrother (1978) and Price (1982) have used

the GMSE criterion to compare the estimators.

1.2.6 Matrix MSE (mtxMSE)

The mtxMSE of 8 is defined by an rxr matrix,

mtxMSE(;) = E[(; - B)(§ -8)']
= var(p) + [bias(p)][bias(g)]".
Note that,
MEXMSE(B) = E[(B - E(B) + E(B) - BI{B - E(B) + E(B) - B)']

E[(B - E(B)}(B - E(B)}'] + [E(R) - BIIE(R) - B'

var(g) + [bias(g)][bias(B)]’' .
since the other cross product terms are zero.

An estimator ﬁ1 is said to be preferred in mtxMSE to an

estimator 92 if
mtxMSE(pz) - mtxMSE(a1) >0,

i.e. the difference of the matrices is non-negative definite.

The Matrix MSE (mtxMSE) is the most stringent of the mean squared
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error criteria used for assessing the relative performance of biased
estimators. In most cases, a less stringent criterion must be adopted
in order to establish a definite preference ordering among the
estimators of the regression coefficients (Wallace, 1972).

Note that, if we take the traceVOf the matrices on both sides of

the final mtxMSE(g) equation, we have

tr(mtxMSE(é)] tr[Var(é)] + [bias(;)]'[bias(é)]

MSE(8) .

Theobald (1974) established a relationship between the GMSE and

the mtxMSE.
Consider two estimators 31 and 32 of B. Let "j =

E[(B. - B)(B, - B)'], for j=1,2, and let m. = E[(B, - B)'G (B. - B)],
J J J J J

for j=1,2, be an overall measure of their mean squared error. We now

present a result from Theobald (1974).
Result: The following conditions are equivalent:

(a) "2 - H1 is non-negative definite

(b) m2 - m1 > 0 for all non-negative definite G.

The estimator p1 is preferred to pz if condition (a) or (b) is
true,

Thus the mtxMSE criterion is often called the GMSE criterion as

opposed to the WMSE criterion. See section 1.2.5.
Result: In terms of the original canonical model we have

ntxMSE(B) = P[mtxMSE(a)IP' .
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Proof: mtxMSE(;) E[PP'(; - B)(; - B)'PP']

PE[(a - @) (a - «)']}P"

0

P[mtxMSE(a) ]P'. 1
1.3 Multicollinearity

1.3.1 Introduction

The OLS estimator tends to have a large variance in the presence
of multicollinearity. In such cases, some of the biased estimators
considered above are expected to have improvement over the OLS
estimator. We now present a brief discussion on the causes and
consequences of multicollinearity and some related concepts such as
ill-conditioning. The consequences include effects on the stability
of estimated regression coefficients. For general discussions on the

subject, see for example, Mason, Webster and Gunst (1975), Belsley,

Kuh and Welsch (1980), Vinod and Ullah (1981), Montgomery and Peck
{1982) and Gunst (1983).

Consider the original regression model and its canonical
reduction. The matrix X is said to have orthogonal explanatory
variables if X'X = I. When A = I, all eigenvalues of X'X are equal to
unity; hence, nonorthogonality of explanatory variables implies that A
# I.

The term muiticollinearity (or collinearity) means linear
dependence among the columns of X. Often, a distinction is made

between exact multicollinearity and near multicollinearity.

1.3.2 Exact Multicollinearity

Exact multicollinearity exists when the columns of X denoted by
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x1, xz, . xr, are linearly dependent. In other words, there exist

constants ai {(not all zero), i=1,...,r, such that

In this case, the rank of X is less than r.

1.3.3 Near Multicollinearity
Even if we consider only the full rank original model, near
multicollinearity can exist; i.e. there are constants ai {(not all

zero), i=1,2,...,r, such that

Exact multicollinearity implies that X'X is singular; i.e. its
inverse does not exist and the smallest eigenvalue Ar = 0. Near
multicollinearity implies that X'X is nearly singular and one or more
of the eigenvalues is close to zero. When the eigenvalues are
different from unity, we have nonorthogonality. The smallest
eigenvalue Ar # 1 does not imply that Ar = 0 or Ar = 0. Thus,

nonorthogonality does not imply singularity or near muiticollinearity.

1.3.4 Il11-Conditioning
The condition number, k, has been derived to index the extent of

the ill-conditioning of a matrix. The condition number is defined as

1/2

A

K = 21,
A\ 1/2

1
r

which is a ratio of the singular values of X.
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For any two matrices the larger the kK, the worse the

"conditioning" is. Note that, « = 1 when X'X = I and kK = o if there
is exact multicollinearity.

Belsley, Kuh and Welsch (1980) also defined the ith condition
index of the nxr model matrix X as

A1/2

n, = 1,

1
——
/2

1
for i=1,2,...,r.

They suggested that there are as many near dependencies among the

columns of a model matrix, X, as there are high condition indices.
They also recommended that weak dependencies are associated with

condition indices around 5 or 10, whereas moderate to strong relations

are associated with condition indices of 30 to 100.

Belsley, Kuh and Welsch (1980) scale the X'X matrix, with X
including a column of ones corresponding to the intercept term. We
will center and scale the X'X matrix, therefore excluding the
intercept term from the model, before determining the condition
indices.

Another measure of multicollinearity which is used is T =
£:=1(1/Ai)/r (see Hoerl, Schuenemeyer and Hoerl, 1986). Recall that

this is the MSE (divided by roz) of the OLS estimator.

1.3.5 Effects of Multicollinearity
From section 1.2.2, we have MSE(B) = tr[var(p)] = oztr(X'X)—1.

In terms of the eigenvalues of X'X, we have

MSE(&) =0
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For near multicollinearity Ar -+ 0 and hence, it follows that
MSE(;) -+ o. This means that multicollinearity leads to large
variances for at least some. of the estimators, éi’ of the regression
coefficients. Multicollinearity can result in ;i appearing to "have
the wrong sign" (i.e., a sign contrary to-the a priori beliefs of the
researcher).

In this dissertation, we will be concerned with the comparison
(using the MSEP criterion) of several biased predictors to the OLS
predictor, where the X matrix has different levels of near
multicollinearity. HWe can see from section 1.2.4 that the MSEP(;*)

may be quite large when Aj is small and we predict in the direction of

the eigenvectors corresponding to the small eigenvalues.
1.4 Standardization of the Linear Regression Model

1.4.1 Introduction

Standardization may mean chénging the origin and/or the scale of
the explanatory variables and/or the scale of the response variable.
The change of origin is shifted to zero by taking the deviations of
the observations from their respective means, and the scale is changed
by dividing the observations by the respective standard deviations.
As noted by Vinod and Ullah (1981), before considering
standardization, one should ensure that there is an intercept term in
the original model.

Let us write the original model as

y =By 1 + X B, +€e
nx1 1x1 nx1 nx{r-1) (r-1)xi nx1
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where so is the intercept. Then the centered model is

c c.c
y = 301 + xaBa + €,

c -
where y and € are as before, BO = BO + x1s1 + xzﬁz + ... + Xr-1Br—1’
c _ _ - - - c _ G _
xa = Xa 1[x1, 2,...,xr__1], and aa = sa. Note that 1 xa = 0.

Furthermore the model can be written such that X'X is a

correlation matrix. Thus the standardized {(centered and scaled) model

is
_.-1/2 s S_s
=n 901 + xasa + €,
s - C s C.-1 S
where Yy and € are as before, BO = Jn so, Xa = xas , aa = Saa, S
_ V2. 2 _ "1 @n o=, 2
= (n-1) diag {SD1,802,...,SDr_1}, SDi = (n-1) £j=1 (xij xi) .

and x; is from the centered model. Thus, R = xz'xz is in
correlation form, where the ith diagonal element of R is a one and the

ijth element is the simple correlation between the ith and jth

explanatory variables, for i # j=1,2,...,r-1. The prediction equation

can be written as

x* * *
Yy = BO 1 + Xa pa + €
mx1 1x1 mx1 mx(r-1) (r-1)xi mx1
_ -1/2_ s sk s *
=n Bol + Xa Ba + € ,
here X°* = X" - 1(x x s
where X = { {x1,...,xr_1}] .

If an original explanatory variable is a function of other
explanatory variables, as in polynomial regression, then Marquardt and
Snee (1975) advocated that the variables in question should be
centered before using the function. At this point centering and
scaling as previously mentioned can be applied to all explanatory

variables. In this dissertation we are not particularly concerned
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wWith polynomial regression and hence, it will not be discussed futher.

1.4.2 The Effect of Standardization on the OLS Estimator

If we consider the centered model, then é:, the OLS estimator
for Bg, is the same as éa’ the OLS estimator for Ba from the
uncentered model.

The intercept from the uncentered model can easily be constructed

B

from the centered model as BO = Bg - §1ﬁ1 - izﬁz T oeee T Xo_g

r-1°
If we consider the standardized (centered and scaled) model, then
ga can be found by performing a transformation on p:; i.e. pa =

-1/2, "¢

..1“5 "_ __“-_"- __ ~
S pa and 30 = (n )Bo x131 XZBZ e xr—1Br-1°

1.4.3 The Effect of Standardization on Biased Estimators

When considering biased estimation the usual recommendation is
that X'X be in correlation form. However, this does not always ensure
that the proposed estimators will be location or scale invariant, as
is the case for the OLS estimator.

Vinod and Ullah (1981) showed that the James-Stein shrunken least
squares estimator is not sensitive to scale changes, but is sensitive
to changes in the origin.

Obenchain (1975) suggested that only the scaling which is
ultimately used should be considered while performing ridge analysis.
He also stated that the choice of scales is perhaps the single most
important phase of ridge analysis. Marquardt and Snee (1975)
advocated centering and scaling the data used in ridge analysis. They
stated that scaling expresses the linear model in a form that lends

itself to more straight-forward interpretation and use. (We will
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discuss their view on centering in the following section.) B8rown
(1977) discussed centering and scaling in ordinary ridge regression.
He showed that if there is an intercept in the model then, for X'X in
correlation form, ; = (X'X + k diag(0,1,...,1});1X'y is location
invariant. (See section 1.,5.5 for the definition of the usual
ordinary ridge estimator.) He further stated that since ridge
regression does not produce scale invariant estimates, the choice of
scale for the explanatory variables is crucial and it may not always
be appropriate to use X in correlation form. Vinod (1978) suggested
that one advantage of standardization is that it makes the numerical
magnitudes of éi comparable to each other.

In this dissertation we are concerned with the comparison of
several biased estimators to the OLS estimator when X'X is in

correlation form.

1.4.4 The Effect of Standardization on Multicollinearity

Marquardt and Snee (1975) and Marquardt (1980) suggested that
mean-centering removes nonessential ill-conditioning. In a linear
model, centering removes the correlation between the constant term and
all other linear terms. In a quadratic model centering reduces, and
in certain situations completely removes, the correlation between the
linear and quadratic terms. Montgomery and Peck (1982) also advocated
mean-centering in this context. Belsley, Kuh and Welsch (1980), by
contrast, indicated that mean-centering typically masks the role of
the constant term in any underlying near-dependencies and produces a
misleadingly favorable condition number. Belsley (1984) gave an

example in which the matrix X of explanatory variables is
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ill-conditioned, but after centering the data, the condition number,

Kk, is equal to unity, implying orthogonality in X.

1.4.5 Notation

In this dissertation, unless otherwise noted, X'X will be in
correlation form (centered and scaled). The original and prediction
models (and the corresponding canonical models) will be written in the

following form.

Let y = BO + Xg + €
= Bo +2a + € ,
and
* * *
y =By +XB+e

x* *
Bo +Z2Za+e ,

where x* is centered and scaled by the means and standard deviations
of the explanatory variables in the unstandardized X matrix and g is
an rx1 (not (r-1)x1) vector of regression coefficients. That is, 1'X
= 0 and X'X has diagonal elements equal to 1 (see section 1.4.1).
Also, Z = XP and Z* = X*P, where P is the matrix of eigenvectors
corresponding to X'X in correlation form. Furthermore, we will
consider estimating the intercept term by ;0 = §, where 9 is the

overall mean.
1.8 The Biased Estimators

1.5.1 Introduction
Whether or not the statistician is concerned with estimation of

the regression coefficients of a linear model, or prediction of future
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response values, it is clear that some method of estimation of the
regression coefficients must be utilized. Assuming a certain linear
model, unbiased estimation (or that of ordinary least squares
estimation) of the regression coefficients was discussed in section
1.1.3.

The main purpose of this section is to define some of the biased
estimators that are commonly used as alternatives to the ordinary
least squares estimator. These estimators may be preferable to the
least squares estimators under one or more of the mean squared error
criteria discussed in section 1.2. As pointed out in section 1.3,
near multicollinearity has an effect on the variance of the OLS
estimators. Through biased estimation, some of the problems of the
OLS estimator in the case of near multicollinearity can be combatted.
Some of the properties and comparisons of these estimators will be

discussed in detail in section 1.6.

1.5.2 Farebrother's Class of Biased Estimators

Several authors have considered a general class of biased
estimators. Among these authors are Goldstein and Smith (1974),
Hocking, Speed and Lynn (1976) and Farebrother (1978). The class of
estimators proposed by the authors includes, as special cases, most of
the biased estimators considered in the literature. Hocking, Speed,
and Lynn (1976) mentioned that the latent root estimator proposed by
Hawkins (1973) and Webster, Gunst and Mason (1974) is not a member of
the class of estimators which they discuss. However, they commented
that the latent root estimator does not appear to be substantially

different from the principal components estimator, which is included
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in their class of estimafors.
Consider the canonical form of the original model. For arbitrary
rxr and rx1 matrices A and b, Farebrother (1978) defined a general
estimator of a for the canonical model which shrinks the OLS

estimator, a, to A'b. The shrinkage estimator is given as

;F = & + A'(b - &) .
where & is the OLS estimator of a.

farebrother (1978) gave the variance, bias and mean squared error
matrices of ;F' Subsequently we will show that the other weil-known
biased estimators are special cases of Farebrother's class of
estimators. We see in the following sections that some of the
estimators for the canonical model yield more insight into the

properties of the estimators.

1.56.3 Fractional Principal Components (FPC) Estimator
The fractional principal components (FPC) estimator as discussed

by Birch (1986) is defined as

-

= '
Pepc = PRepcP P

where KFPC is an rxr diagonal matrix with nonnegative elements kFPCi’

1=1,2,...,I.

Result: The corresponding estimator of & for the canonical model is

-~

%pc = Kepc

Q>

Proof: a&,. = P'PK,.P'B = Kepc® - |
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So each of the OLS estimators of the canonical model is weighted

. . <
by the corresponding diagonal element of KFPC' For 0 < kFPCi < 1,

~

i=1,2,...,r, each of the canonical QLS estimators ai is shrunken by

the amount k for i=1,2,...,r. The estimator anc is biased,

FPCi’

unless KFPC = I.

It is easy to see that for A = (I - ) and b = 0, the

KFPC
estimator given by Farebrother (1978) in the previous section reduces

to the FPC estimator.

1.5.4 Generalized Ridge (GR) Estimator

The generalized ridge estimator introduced by Hoerl and Kennard
(1970a) has been discussed by several authors including Newhouse and
Oman (1971), Goldstein and Smith (1974), Lowerre (1974), Hemmerle
(1975), McDonald and Galarneau (1975), Obenchain (1975), Farebrother
(1976), Hocking (1976), Hocking, Speed and Lynn (1976), Kennard
(1976), Lawless and Wang (1976), Vinod (1976a, 1976b), Thisted (1978),
Vinod (1978), Lawless (1981), Vinod and Ullah (1981), Price (1982) and
others. Some of the properties of the generalized ridge regression
estimators will be discussed further in section 1.6.

The generalized ridge (GR) estimator is defined as

' A PR
Bgp = (X'X + POP') X'y ,

where D is an rxr diagonal matrix with nonnegative elements. This

estimator can also be written as a function of the OLS estimator g as

follows,

-~

' |-1|*
BGR = (X'X + PDP') X'Xg ,
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and hence, BGR is biased.
Result: The corresponding estimator of a for the canonical model is

ClGR = KGRQ ’
where KGR is a diagonal matrix with elements kGRi = Ai/(ki + di)' Ai
are the eigenvalues of X'X and di are the diagonal elements of D,

1=1,2,....0.

Proof: QGR =P aGR
= P'(X'X + PDP') 'PP'X'XPP'p
= (A +D0) 'ax
= Kgr® -

since P'X'XP = A, and letting KGR = (A + D)-1A. |

It is easy to see that the GR estimator is a special case of the
FPC estimator (and therefore included in Farebrother's class of biased

-1
Fc = Kgr = (& + D) A
Also note that for X'X diagonal, we have P = I, so that Acpe =

it 2 - - t -1|
Bepe = KppcP and %gp = Bgg = (X'X + D) X'y.

estimators) with K

1.5.6 Ordinary Ridge (OR) Estimator

The most well-known of the ridge estimators is the ordinary ridge
(OR) estimator introduced by Hoerl and Kennard (1970a, 1970b). A vast
amount of literature concerning this estimator is available.

Let B be any estimate of the vector B. Then the residual sum of

squares can be written as

¢ = (y - XB)'(y - XB)
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(y - X8)'(y - XB) + (B - B)'X'X(B - B)
o .+ 4(B).

m

Contours of constant ¢ are the surfaces of hyperellipsoids centered at

B. The value of ¢ is the minimum value, ¢min’ plus the value of the
quadratic form in (B - B).
For a fixed ¢, a single value of B with the minimum (Euclidean)

length is chosen; i.e.

Minimize B'B subject to

(8 - B)'X'X(B - B) = & > O.

With the use of Lagrange multipliers this reduces to

-~

-1
B =By = (X'X +cI) X'y,

where Cor > 0 is chosen to satisfy the constraint (B - 8)'X'X(B -~ B8)

= ¢0. This is the ordinary ridge estimator as defined by Hoerl and

Kennard (1970a).

-~

The OR estimator can also be written as a function of B as

follows,

-~

' -11A
90R a (X'X + CORI) X'Xg.

Result: The corresponding estimator of a for the canonical model is

-~ ~

% = Kor®

where KOR is a diagonal matrix with elements k = Ai/(xi + COR)' and

ORi

Ai are the eigenvalues of X'X, i=1,...,r.
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P Bor
P'(X'X + CORI)—1PP'X'XPP'B
T -

Proof: QOR

= (A + CORI) A
= Kog® -
. v _ . _ -1
since P'X'XP = A, and letting KOR = (A + cORI) A. 1

It is easy to see that the OR estimator is a special case of the
GR estimator, or that the GR estimator is a generalization of the OR
estimator, and thus the name generalized ridge estimator, with the

diagonal elements of D in the GR estimator all equal to Cor"

1.6.6 Shrunken Least Squares (SLS) Estimator
As indicated in 1.1.4, Sclove (1968) and Mayer and Willke (1973)

discussed the shrunken least squares estimator (SLS) as defined by

BsLs * SsisP -

<
where 0 < CSLS < 1.

Note that the SLS estimator is a special case of the FPC

estimator with KFPC = CSLSI’ i.e. BSLS = PcSLSIP B = CSLSp since
PP' = I. The SLS estimator skrinks each element of the OLS estimator

by the same amount.

Result: The corresponding estimator of a for the canonical model is

~ -

%Ls © Csis®

Proof: “SLS P'Bg s = P'cg eP = Cg 6% |
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1.6.7 James-Stein Shrunken Least Squares (SJS) Estimator

Stein (1956) showed that, given y distributed as Normal(u,I), and
r = 3, the usual unbiased estimator Y; of M, is inadmissible under a
squared loss function. James and Stein (1961) have shown that an
estimator of y of the form (1 - b/y'y)y is preferred to the OLS
estimator in MSE under certain conditions.

An extension of the James-Stein estimator for y distributed as

Norma](Xa.czl), and for r 2 3, is

-~

Bsys = CsusP ¢

- (r—2)(n-r-1)s2 *
where c¢ = [ 1 - ] R

S43 (n-r+2)p'X'Xg
where s2 = (y - XB)'(y - X8)/(n-r-1) and [ ]+ denotes positive part,

zero otherwise.

Result: The corresponding estimator of a for the canonical model is

%sys T Csys™

-~

Proof: ag s = P'Bg,g = P'Cg B = g 5. 1
This is the estimator that minimizes the PMSE.

1.5.8 Principal Components (PC) Estimator

The principal components estimator as defined by Price (1982) is

- 1

" ' - ' ' -1 -1 l‘
Boc = B - (x'x)7" P (s X)) TR B

where P0 is the rxp matrix composed of the last p columns of P

associated with the p smallest eigenvalues of X'X. This is equivalent
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to the restricted least squares estimator which minimizes the residual
sum of squares subject to the constraint PO'BPC = 0.

The corresponding estimator of a for the canonical model is

~ ~

%o = Kpe® -

where KPc is a diagonal matrix with kPCi = 1 for i=1,...,r-p and kPCi

= 0 for i=r-p+l1,...,r.

Proof: X = P'BPC

P'g - P'(x'X)'1PO(PO'(x'X)'1P0)°‘PO'PP'B

= Kpc® -
where K__. =1 - P'(X'X)—1P (P '(X'X)—1P )_1P 'P
PC 0’0 0 0 -
Simplifying KPC we find that
K..=1-P (X'X) 'PP'P_(P.'PP'(X'X) 'PP'P ) P 'P
PC 0'' 0 0 0
"11 ' l“l -1 ' '
=1-A PPI(PP))'A PP] (P'P))
= diag {Kpoy s Kpppreoev Kpopd o
where kPCi =1fori=1,...,r-p
=0 for i = r-p+1,...,r ,
. ]
and P Po = (r-p)xp . I
1
pxp

Therefore the PC estimator is a special case of the FPC estimator

with KFPC = KPC'

Also note that the PC estimator can be written in terms of the
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original model as B,. = PK, P'B using the simplified expression for .

KPC'

1.6.9 Variable Selection

Variable selection procedures can also be considered as biased
estimation of the model. 1In variable selection procedures, certain
explanatory variables are omitted, and the remaining regression
coefficients are estimated using the reduced model. The remaining
regression coefficients are often estimated by the least squares
estimator. The procedures that lead to selection of the variables do
not ensure that the true model has been selected. Many authors,
including Hocking (1976, 1983) and Miller (1984), have given good
reviews of the variable selection techniques.

In addition to some of the well-known stopping rule techniques,

such as forward selection, backward elimination and the stepwise
procedures, there are many other variable selection techniques.

An obvious alternative to the stopping rule procedures is the
evaluation of all possible subset regressions. In this case,
attention is focused on the question of criteria to be used to select
the final equation.

Of passing interest in this dissertation, are the Cp statistic
(Mallows, 1973) and the Prediction Sum of Squares (PRESS) criteria
(Allen, 1974). Both of these criteria offer ways of estimating the
MSE, PMSE and MSEP criteria discussed in section 1.2.

The Cp statistic, defined as

2
C =RSS /s +2p - n,
. o/ p
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is an estimator of MSE(é)/cy2 = E(RSSp)/cr2 + 2p - n, where RSSp is the
OLS residual sum of squares of the p-term equation and 52 is the OLS
estimator from the full model.

A plot of Cp as a function of p for all subsets, or at least the
contending subsets, is recommended by Mallows (1973) as a means of
providing information about the structure of the problem. With
respect to subset selection, it is suggested that subsets with small
C_and Cp close to p be considered, the latter condition indicating
small bias.

Extensions of the C_ statistic have been developed by Mallows
{1973), Allen (1974) and Hemmerle and Brantle (1978). Allen (1974)

found an unbiased estimator of the PMSE(aA), where

= ' -1y
By, = (XX +D,) X'y,

DA = GWG', a diagonal matrix, G is such that every row contains one

1" with all other elements "0" and W is diagonal with nonnegative
elements Ni' He then minimized the unbiased estimator of PMSE(;A)
With respect to the diagonal elements of DA' In practice, if an
element of DA is very large, then the corresponding explanatory
variable is dropped from the model. The estimator éA appears to
resemble the GR estimator. However, G defined above is not an

orthogonal matrix as is required for the GR estimator.

Allen (1974) also defined the PRESS criterion, where

2

-~ n ~
PRESS(B) = - Y(i)) ,
i=

(v,
7 1

where y(i) = X(i) p(i) is an estimator of E(yi), based on B,
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excluding the ith observation. Therefore, this criterion can be used

in variable selection.
Matloff (1982) uséd the PRESS criterion based on the estimator

~ -~ ~ %k
BM = DMp, where D, is a diagonal matrix, to estimate the MSEP(yM),

M
~% *1~
where Yy = X BM'

1.6 Properties of the Estimators

1.6.1 Introduction

Many authors have considered the properties of the biased
estimators defined in section 1.5. The estimators we have presented
in that section (except for the SJS estimator defined in section
1.5.7) are not operational estimators, in the sense that the scalars

ki' for i=1,...,r, in the FPC estimator, di’ for i=t1,...,r, in the GR

in the OR estimator and ¢ in the SLS estimator are

estimator, COR sLS

assumed to be known. Also, when using the PC estimator, it is not
clear how many ai‘s should be dropped from the model when written in
canonical form. A number of authors, including Kendall (1957) and
Lott (1973), have discussed the use of significance tests for deciding
which of the qi's are to be dropped to obtain an operational PC
estimator.

Much of the discussion on biased regression centers around the
choice of the scalars in the GR, OR and SLS estimators.

For a particular choice of the scalars, the different estimators
have been compared using the mean squared error criteria presented in
section 1.2. Most often, the MSE and PMSE criteria are used in

practice. When comparisons are made theoretically, assuming that the
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scalars K, D, SoR and Cg g are fixed and not estimated by the data,
the GMSE criterion is also considered.

In this dissertation we are concerned with prediction of future
observations based on biased estimation of the regression
coefficients. In this case comparisons based on the MSEP criterion
are most appropriate.

First we will discuss the theoretical comparisons, (mainly the
existence theorems), that have been developed in the literature. Then
we will discuss the estimation of the scalars D, Cor and CoLs’ and the
empirical, or simulated, comparisons of the corresponding estimators.

when the scalars of the biased estimators are estimated from the data,

we call the estimators operational estimators.

1.6.2 Existence Theorems

In this section, we present a summary of the literature on the
existence of biased estimators that are in some (mean squared error)
sense better than the OLS estimator.

Hoer1 and Kennard (1970a) proved that there always exists a COR >
0, such that the MSE of the OR estimator is strictly less than the MSE

of the OLS estimator. However, the choice of c in practice, is

OR’

based on the observations and it is not clear that the result will

continue to hold if Cor is estimated from the data. Operational

estimators and appropriate comparisons of the estimators will be

discussed in sections 1.6.3 and 1.6.4.

For the GR estimator, Vinod (1978) obtained a di max for each

diagonal element di of the matrix D, such that as long as 0 < di <

di max” the GR estimator is preferred to the OLS estimator in PMSE.
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The di,max is given by

© , when GZX;1 2 af

ZA;1)-1, otherwise

di max

2 cz(af - c
Many authors have used the GMSE criterion to compare one biased
estimator with another or to compare a biased estimator with the OLS

estimator. Theobald (1974) used this criterion to show theoretically

that if q < 202/B'p, then the OR estimator is preferred to the OLS

R
estimator.
Gunst and Mason (1976) used this criterion to theoretically
compare the PC estimator to the OLS estimator. They gave a sufficient
condition (involving the unknown regression coefficients) for the PC

estimator to be preferred to the OLS estimator. They also compared
the PC estimator to the OR estimator and concluded that neither
estimator can be preferred to the other in GMSE; i.e. there is no
choice of X, B and 02 for which the OR estimator and the PC estimator
can dominate the other in GMSE.

Farebrother (1978) showed that any member, ;, in Farebrother's
class of shrinkage estimators is preferred to the OLS estimator in
GMSE, provided (B - ;)X'X(B - é) < 02. As mentioned earlier, the GR
and PC estimators are members of this class.

Similar comparisons using the GMSE criterion have been proposed
by Price (1982). These comparisons included OLS, GR, SLS and PC
estimators. His results showed that the GMSE criterion may be used as

a basis for selecting a biased estimator over the OLS estimator.

However, it is not always possible to assess the relative performance
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of the biased estimators in terms of the GMSE criterion. In most
cases, a less stringent criterion must be adopted in order to
establish a definite preference ordering among these estimators (eg.
one can use the WMSE criterion rather than the GMSE criterion).

Hocking, Speed and Lynn (1976) have given comparisons in terms of
PMSE, where the matrix of weights is taken to be X'X. Assuming that
the optimal values (those values which lead to minimum PMSE for a
particular estimator) involving the regression coefficients are known,
they presented comparisons indicating the potential improvement with
respect to least squares and the relative merits of the biased
estimators. They compared the GR estimator to the OR, SLS and PC
estimators and gave the conditions under which the GR estimator is
superior in PMSE to the other estimators. They have also given the
modifications for making comparisons in terms of MSE, where the matrix
of weights is taken to be I.

Lowerre (1974) developed conditions on D, of the GR estimator,
under which, component by component, the MSE of the GR estimator is
less than the corresponding MSE, or variance, of ;.

Goldstein and Smith (1974) discussed a class of shrinkage
estimators which includes the OR estimator. Goldstein and Brown
(1978) proved that for any given value of B8 there always exists a CoRr
> 0 such that the MSEP of the OR estimator is strictly less than that
of the OLS estimator. They have given a general result for their
class of estimators.

Copas (1983) showed that under certain assumptions, SLS

estimators give a uniformly smaller MSEP than the OLS estimator.
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1.6.3 Operational Estimators

As mentioned in the introduction of section 1.6 the biased
estimators in section 1.5, except for the SJS estimator, are not
operational estimators. Many authors have proposed estimators based
on estimating ki’ for i=1,...,r; di' for 1i=1,...,r; cOR and cSLS from
the data. In the following we will present some of the important
operational estimators that have been proposed. The estimators will
be defined in groups classified as GR, OR, SLS or PC estimators.

One estimator that belongs to the SLS group is, of course, the SJS
estimator. Farebrother (1975) considered an SLS estimator where the

scalar is estimated by

“ B'X'y
SF s2 + BIX'XB
This estimator for CSLS is based on the estimator that has the

minimum mtxMSE of all iinear estimators.
Vinod (1976a) considered an iterative version of Farebrother's

estimator, and has given an analytic solution to the following

iteration,
“(J) ey
NER TR e a3
$(312 , gli)ixiygld)
(j)2

where j denotes the iteration number and s
(v - x63) 1y - %13y /(n-r-1).
Dempster, Schatzoff and Wermuth (1977) defined several SLS

estimators based on a Bayesian approach which will not be discussed
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here.

In this dissertation we will study the particular SLS predictor
that has the minimum MSEP among all SLS predictors.

The ordinary ridge estimator may possibly be the most widely
studied estimator of the biased estimators. Numerous operational
estimators have been derived. We will now discuss some of the more
widely used OR estimators.

Hoer1 and Kennard (1970a, 1970b) developed a method for choosing
SoR of the OR estimator using the ridge trace. (The ridge trace is a
plot of ;0Ri(c0R)' for i=1,...,r, against various values of COR‘)
This method leads to a subjective estimate of SoRr and has been
criticized by Conniffe and Stone (1973). The optimality properties
for the OR estimator discussed in section 1.6.2 apply only for
nonstochastic COR’ i.e. for cOR a constant (which may depend on g and
cz). This is true also for the existence theorems discussed in the
previous subsection. Similar controversy exists for other biased
estimators defined in section 1.5, with the exception of the SJS
estimator for which stochastic properties are known. Once oR is
estimated from the data, stochastic properties of the estimator, in
most cases, seem to be intractable. For this reason, comparisons of
operational estimators are generally made using Monte Carlo simulation
methods. However, in order to be able to use such estimators in
simulation studies, there must be an algorithm for choosing the
unknown scalars in the biased estimators, as opposed to using the
ridge trace, for example.

McDonald and Galarneau (1975) proposed two OR estimators based on
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the quantity Q = B'B - s2 £ A;1. Note that, Q is an unbiased

i=1
estimator for g'B, since E(g'B) = B'B + & £:=1 A;1. If Q > O,
by ¢

then they estimate ¢ such that BOR’BOR = Q. Otherwise,

OR OMG

~

cOMG = 0 for the first estimator and COMG = o for the second

estimator.

If X'X = I, the choice of c¢__ which minimizes the MSE(aOR) is

OR
Cor = rcz/B'a = roz/a'a. Hoerl, Kennard and Baldwin (1975) proposed
an estimator for SoR given by
2
- rs
Conks © .7 ¢
a'a

where ; is the OLS estimator of a and 52 is the estimated mean
squared error from the OLS regression. Based on this approach, we
will derive a new OR estimator in the prediction context.

Kadiyala (1979) studied some of the properties of the operational

OR estimator with ¢ estimated by c He showed that this

OR OHKB®

operational OR estimator is preferred in PMSE to the OLS estimator, up
to a certain order of approximation.

Hoer1 and Kennard (1976) suggested that their estimator for oRr
in Hoerl, Kennard and Baldwin (1975) is too small since E(é';) =g'g
N :_1 A;I; i.e. 1;'; (&';), over estimates 'S (a'a). They
proposed an iterative estimator initialized at EOHKB’ with an

algorithm for termination based on a small relative change in the

estimated c... The iterative estimator is given by

OR
~ rsz
CoHk, i = == ’

(@legyy, o100 (&(Cop 5q))




39

where a(c

-

1.) is the value of ¢ in the ith iteration.

OHK, OHK

Lawless and Wang (1976) proposed a similar estimator of cOR based

on a Bayesian approach. They assumed that a has a N(O,qil)
distribution. That is, if we assume a normal prior distribution on «
then we can derive an OR estimator with Cor = cz/ci. (See Lindley
and Smith (1972) for further discussion on ridge regression using
. . r "2 2 2,2

Bayesian methods). Since E( Ei_1xiai/rc ) = 1 + ca/o , Lawless and

~2 2 . 2
Aiai/rc assuming oq

Wang (1976) suggested estimating ci/oz by 22_1

is much greater than oz. Finally, they proposed the estimator for Cor

as

~ rs
C = = ~
OLW

o' A

Dempster, Schatzoff and Wermuth (1977) proposed two OR estimators

based on SRIDG and RIDGM procedures. Their SRIDG procedure seeks to

minimize the MSE(sOR). The method is defined by choosing cOR to
satisfy
r A.(c ag - 02)
i' " ORi
E 3 =0 .
i=1 (Ai + COR)

Their RIDGM method is motivated by the Bayesian interpretation of
the OR estimator.

Hoer1 and Kennard (1970a) first proposed the GR estimator. They

showed that the MSE (and also the PMSE) is minimized with di = oz/af
assuming that the di are nonstochastic. They suggested that an

iterative procedure initiated at
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n

[o R}

]
Q>
- N

could be used. Dwivedi, Srivastava and Hall (1980) obtained some
exact infinite series expressions for the first two moments of the
generalized ridge estimator recommended by Hoerl and Kennard (1970a).
They also presented a numerical comparison of relative bias, relative
mean squared error and efficiency with respect to the OLS estimator
for various values of the noncentrality parameter Tf = Aiai/oz.
Hemmerle (1975) showed, by using some tedious algebra, that an
analytic solution to the iterative procedure described by Hoerl and

Kennard (1970a) exists. The estimator can be written as

N 0 , T. € 4

2
. = 1
GHA = - -
(172 + 4 174 - 1/rf) a, -rf >4, o

where ;i = >‘1.chx.?/s.2 is an estimator of the noncentrality parameter.

Hemmerle and Brantle (1978) obtained estimates of the scalars di
based on the minimization of an unbiased estimator of the MSE. The
estimator can be written as

- _Jo . Tf
GHB i )
1

where T% is an estimator of the noncentrality parameter.
Hemmerle and Carey (1983) presented numeric results for the two
estimation procedures defined for a. . and aGHBi similar to those

GHA
given by Dwivedi, Srivastava and Hall (1980) for the first iterate di ‘
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2,72 . . . .
= s /ai. Their results suggested that the first iterate choice for
di is the best overall choice if one intends to use the GR estimator.
Lawless (1981) derived and examined the mean squared errors for a

number of operational GR estimators. He also discussed the potential

of GR estimators.

In this dissertation we will derive a new GR predictor based on
minimizing the MSEP of the predictor with respect to the diagonal

elements of D.

Lawless and Wang (1976) considered two PC estimators, each of the

general form

-~ [ oa i pY%ssi 2 e
Ty = | S TP
0 if |A}/2ai/s| <c '

for i=1,2,...,r. They defined an estimator of this form with ¢ = J2.
This is the PC estimator which minimizes Maliow's Cp statistic for
subsets of (a1, az,...,ar}. They noted that ai is retained and
estimated by &i’ provided a, is different from 0 at a significance
level determined by ¢. For ¢ = J2, and for n large, this
significance level is about 16 percent.

They also considered a second PC estimator, of the form given
above, with ¢ = 1. This value of ¢ corresponds to a significance
level of about 35 percent, when n is large.

Gunst and Mason (1977) used a PC estimator based solely on
examination of the magnitude of the smallest eigenvalue of X'X; i.e.
the PC estimator was not used in conjunction with a stochastic

selection of which terms to delete from the canonical model.
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We will use the approach of tLawless and Wang (1976) and Hoerl,

Schuenemeyer and Hoerl (1986) to determine the operationa1 pC
estimator to be used in our simulation study.
In the next subsection we will discuss the existing simulation

studies that compared the operational estimators considered above.

1.6.4 Simulation Studies

Draper and Van Nostrand (1979) and Gibbons (1981) presented basic
reviews of the simulation studies that compared the operational
estimators defined in the previous section.

Hoer1, Kennard and Baldwin (1975) compared the operational OR
estimator, using CoHKB’ Wwith the OLS estimator. Similarly, Hoerl and

-~

Kennard (1976) compared the operational OR estimators, using CoHKB

and ¢ with the OLS estimator. Favorable results were observed

OHK'

for these estimators and the superiority of the iterated estimator,

using ¢ , was shown. The performance of these estimators was

OHK
criticized by Lawless (1978) and Wichern and Churchill (1978), but was
not contradicted in the Gibbons (1981) study. Gunst and Mason (1877)

found that the OR estimator, using C did not do well when

OHKB'
compared with the principal component methods.

Lawless and Wang (1976) provided simulation results for the
operational OR esimators, using COHKB and COLN' the PC estimators
described above, the GR estimator, using di' and the iterative GR
estimator (with only one iteration). They found that overall, the OR

estimators performed better than all others. The PC estimators were

relatively inefficient compared to the others, and often much worse

than the OLS estimator. However, Gibbons (1981) found that the OR ‘
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estimator, using ¢ did not do well in some cases.

OLW'

Even though the OR estimator given above by McDonald and
Galarneau (1975) has not performed particularly well in any of the
simulation studies, it is never much worse than the OLS estimator.

The results given by Newhouse and Oman (1971) are not favorable
toward the ridge estimators which they examined. However, there has
been some criticism of their use of the r = 2 case, since the work of
James and Stein (1961) showed the OLS estimator was admissible when
r < 2.

Dempster, Schatzoff and Wermuth (13877) considered 57 different
estimators (including subset regression and SLS estimators). The
simulation indicated no consistent advantage in the use of SLS
estimators. The RIDGM (mentioned above) and one of the subset
regression methods performed quite well, whereas the SRIDG method
performed poorly. |

Some authors (e.g. McDonald and Galarneau (1975) and Gibbons
(1981)) found that the improvement of the ridge estimators over the
OLS estimator depends on the orientation of the vector of unknown
regression coefficients p. Overall, Gibbons {1981) found that among
the currently studied OR estimators, the iterated OR estimator, using

-

COHK' and the RIDGM estimator described by Dempster, Schatzoff and

Wermuth (1977) performed the best.

Few authors have considered comparing the various GR estimators.
Among these are Lawless and Wang (1976), Hemmerle and Brantle (1978),
and Lawless (1981). Lawless and Wang (1976) concluded that the OR

-~

estimators were overall better than the GR estimator, using di' or
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the iterative GR estimator (with one iteration). Lawless (1981)
compared the GR estimator, using 81, the iterative GR estimator (with
one iteration), the explicit solution iterative estimator defined by
Hemmerle (1975), the GR estimator defined by Hemmerle and Brantle
(1978) and a PC estimator. He concluded that over the range of models
considered the GR estimator, using éi appears to be a better
alternative to the OLS estimator than the other estimators. Hemmerle
and Carey (1983) substantiated this conclusion with theoretical
numerical results.

The most recent simulation study was performed by Hoeri,
Schuenemeyer and Hoerl (1986). They compared three biased estimators
(including the OR estimators, using EOHKB and ;OLN' and the PC
estimator) and four subset selection regression techniques to the OLS
estimator. They concluded that neither biased estimation nor subset
selection demonstrated a consistent superiority over the other,
excluding stepwise and PC regression, both of which performed poorly.

Draper and Van Nostrand (1979) pointed out deficiencies in
several studies that may bias the results in favor of the biased
estimators. However, Hoerl, Schuenemeyer and Hoerl (1986) have
concluded that overall, the simulation studies provide a consistent
guide to potential users of biaéed estimation and subset selection
techniques.

Vinod (1976a) compared several SLS estimators with the OLS
estimator. These estimators included the SJS estimator, the

Farebrother's SLS estimator, using CSF' and Vinod's iterative

estimator. The simulation results were clouded by the fact that he




45
chose the true regression coefficients and variance such that the
generated regression models were insignificant (on the average).

Hoer1, Kennard and Baldwin (1975) concluded that the advantages
of ridge regression increase with the number of regression
coefficients r. However, Gibbons (1981) has shown favorable results
for the biased estimators with r = 3.

Wichern and Churchill (1978) noted that even in situations where
there is a high degree of multicollinearity, the performance of the
OLS estimator is not too bad.

In Chapter II, we will derive the expressions for GR, OR and SLS
constants that are optimal for predicting at a given X*. As in the
case of estimation these contants depend on g8 and 02 and hence, we

propose operational predictors.



CHAPTER II

THE OPTIMAL PREDICTORS

2.1 Introduction

In the previous sections, many biased estimators have been
discussed. Oifferent criteria for comparing the estimators have been
presented. Primarily, the MSE and PMSE criteria are used in practical
comparisons. The GMSE, as well as the MSE and PMSE, criteria are used
in theoretical comparisons, where g and cz are assumed to be known.

The research in this dissertation will focus on biased estimation
in a prediction context. In particular, GR and SLS estimators and the
corresponding predictors, will be derived based on a "minimum" MSEP
criterion. Also, an OR predictor, based on an estimator similar to
that of Hoerl, Kennard and Baldwin's estimator, EOHKB will be
derived.

Recall from Chapter I that a predictor is defined as ;* = X*é,
for any estimator ; of B. The corresponding predictor for the
canonical model is ;* = Z*;. In this research we will derive a GR,
an OR and an SLS predictor, where ; not only depends on the original
data, but also depends on the values of the future explanatory
variables. In the case where we are predicting at one future
observation at a time, two of the proposed operational predictors will
be shown to be shrunken predictors of the OLS predictor. That is,

~% * -
these predictors will shrink the OLS predictor, y =X pB, to zero
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. ~% ~x
in the sense that y = cy , where 0 £ c < 1.
In the next sections, we will derive the predictors that are the

major focus of this research.

2.2 The Optimal GR Predictor

In this dissertation we will derive a new GR predictor based on
minimizing the MSEP of the predictor with respect to the diagonal
elements of D (see section 1.5.4). In order to perform the
minimization we nhote that minimization (with respect to D) of the MSEP
of a GR predictor is the same problem as minimization (with respect to

KFPC) of the MSEP of an FPC predictor; i.e. minimizing the

-~

&, yields the same

~“% ~ % *~ *
MSEP(Ygpc) . Where yppeo = X Bepe = Z Kepe

~%
diagonal elements of KFP as does minimizing the MSEP(yGR), where

C
v X*~ Z*K o This 1 k k d
yGR = SGR = GRq' is is because = = Ai/(Ai + 1.).

GRi FPCi
~%
Therefore, we need only to minimize the MSEP(yFPC) with respect to

the diagonal elements of KFPC'

~* *~ ~ . .
Result: Let Yepe °© y4 e where Ao TS @n FPC estimator; then, we
have
~% 2 2 x % 2 -
MSEP(yFPc) =mo +o tril 'Z KFPC‘ ]
* _x
+a'(l - KFPC) Z'Z (I - KFPC)a .
£ oo =2, a th
Proof: Let yFPC = dea, then
v k. 16%(z'2) 1k 2
Var(¥epe) = Z Kepplo (2°2) IKepe
2% 2 -1, *!
=5l KFPCA 4 ,
and

) * _ Z*K Z*
bias(yepe) = 2 Kppe® = 2 &
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*
=Z (K - Ia

FPC

So, using the results of section 1.2.4, we have

~% o2 ~% ) ~% . ~%
MSEP(yFPC) = mo + tr[Var(yFPC)] + [b1as(yFPC)] [b1as(yFPC)]
x * -
= mo + o2 trZ 2 KﬁPCA I
fa'(I - K2 2"
@I - Kepe)Z 'Z (1 - Kepela o

. x~ -
Corollary: Let Yer = y4 Ly where %o is a GR estimator; then, using

the results of section 1.2.4, we have

“k * x -
MSEP (ygo) = mo’ + ootr(Z 'Z KéRA Y

(I -K 'Z*'Z* I-K
+ q ( - GR) ( - GR)q ’

-1
where KGR = (A + D) 'A.

-1
Proof: Let KFPC = KGR = (A + D) 'A. | .

~%
Result: The MSEP(yFPC) is minimized with respect to the diagonal

elements of KFPC when

~ . -1,

where

* ok
Z'2Z =H-= ((hij))'

A= ((aij)) .
PR o QP ¢ 4 1 # )
a.. = 1) v )
1) [ 2 2
hU. (ai+o/>‘1.) 1 =)
and
b, = a; (hyy hyy hipt @

for i=1,2,...,r; j=1,2,...,r.
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Proof: Let A = diag {k1, b Ar} be the eigenvalues of X'X and

2,..-,

let KFPC = diag {kFPC1' kFPCZ""' kFPCr} from the FPC estimator, then

from the result above, we have

MSEP(y~ ) = mo’ + o2 tr(Z ' Z K3, A"
FPC FPCA

¥
t (I - Kepe)! 221 - Kepe )@
Now,
R T I T R A ]
FPC . 3] FPC
i=1 Q=1
r
2
=L fi Kepei -
i=1
m
where f. = L z_./X. ,
1 g1
=1
and
- 1
Eict 215 % (0 7 Kepey)
(1 - K = =" 1 -k
(I - Keppla = j=1 227 % ¢ £pci)
i Eict Zmi % OV 7 Kepey)
So,
~ r
MSEP(y~. ) = mo% + o> £ f. K2
Yerc T Keeci
VE O 2 (1 - k12
F A 3 - .
Q=1 i=7 1 FPCi
Taking derivatives with respect to kFPCi' we get
aMSEP(~* )
Y m r
FPC 2 *
" = 20 fikFPCi 21§1 (51 znj aj (1 - FPCJ)]z
FPCi J
~ %
AMSEP (Y o)
and setting = 0, we obtain
dk

FPCi
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2¢ & M . A
+ =
S T%epci T, Z03%2i%i%"Fpc; Z05%0i%%5
j=10=1 2=1j=1
for i =1,2,...,r.
Therefore, we obtain AkFPC =b ,
where
Kepe = (Keperr ®epe2r oo v Keper)
772" = h
= - (( 1J))I
A= ((aij)) '
., .
Z, QL. 1 J
a., = (=1 QJ RIS
1) m
*
)3 zz.(a??+02//\.) 1=
1 ] 3
=1
h.. a.«. T #E ) ""
- 1 1)
- 2 2 . .
hij.(ai +0c /Ai) 1=)
and
m r * %
b. =L £ z,6 .2,.a.Q,.
i R=1j=1 Ry i i j
r
= L hi' aia.
j=1 J J
=y {hyy hyp oo Ny @

Now, we will prove that A is p.d. (positive definite) and therefore,

A exists.

*
Define B, . = z_.a. , then
RJ i)
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- m
r B, .B . i#J
B,. = |#=1 )R
’ moo2 2
E Bgi + O f1 1= ] '
=1
b= (8'B)1 ,
and
. 2 ..
Arxr = B'B + o diag {f1, f2,..., fr}’
*2
where f_i = £z=1 zai/ki >0 and 1 = (1,1,...,1).

Therefore, A is p.d.
furthermore, the solution kFPC corresponds to a minimum, since

62MSEP v
Yepe!

= Arxr is p.d. i

*epe Hepe

Subsequent to this derivation, we discovered that Obenchain
(1978) has given an alternate proof for a similar result. He showed

' ~%
that the minimum MSE(yFPC) is acheived when

X SN
FPCi 2 ‘
om,.
11
x
where kFPCi’ for i=1,2,...,r, are arbitrary diagonal elements of
* - -
KFPC for an FPC estimator, = (G + M 1) 1«, G is diagonal with

2 2 2 2 . * X
elements ¢i/mii' ¢i = aiAi/c , M= ((mij)) = P'WP and W=X 'X.

We will now show that the two results yield the same diagonal

elements for KFPC’

*
Result: The diagonal elements, kFPCi are equal to the diagonal

elements, kFPCi'
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* *
Proof: Let M be decomposed such that M = ((mij)) =2 '2Z, and let V

diagia,, &,...., & ). Note that, A = V (M + 6 ') V. Therefore, A"

2
1 1,-1 1,-1,-1

v'imMm+a ) 'vT, where M+ 6 ) =66 + M)y M. since b =

VMo, we obtain
To=vige+ M)y W v vma

v'eie + M)

>
o
]

-1

=v! en.

Now,

Kepe = 94189 {Kppeqr Kepegreor Kepep)
= diag {(A"'b)'},

and

~ 1,2

Kepei = € i®30/m5

-1, 2 2
@ (aam )om,

2
= AN /emyy
K for i=1,2
= Kepey! or i=1,2,...,r. 1

~ %
Corollary: The MSEP(y..,) for the GR predictor is minimized with
Lorollary: GR

respect to the diagonal elements of KGR when KGR = KFPC =

(A + D)-1A, where K is given above and di = xi(1 - 1.)/k

FPC Kepci)Mepci ¢

for i=1,2,...,r.

Result: Consider predicting one future observation, then the
~%
MSEP(yFPC) is minimized with respect to the diagonal elements of

KFPC when

~

KFPC = diag (k

epc1’ Xepc2’ 7 Kepert:




r *
Q. . .2 .,
~ i =137
where kFPCi =
2 r 2
zZ (o + E.__a.)
1 J=13)
Proof: Note that
K di A by
FPC = 1ag (( ) }:
where

**. - *x %
(z z )ij = ((zizj)).

* _ *
A - ((aiJ))l

*
*

* . .
a, .= | %% % % VD
1J *x * 2 2 ..
+ -
z1.Z.J.(<1_i c/)\i) i j
and
* x *x *x % * X
bi = Q (ziz1 ziz2 .o zizr} a ,
RN for i=1,2 i=1,2
= a E_,z.za, , for i=1, yeee P, J=1,2,...,r.

Now, rewriting this as r equations, we have

F x x * ©

z*z(a2 + oZ/A ); + L z.z.a.a ; = Q.Z E z*q
i i i’ FPCi =1 i“j71 ) FPCj 174 j=1 i’
J#i
*252/ )k . £ 2%k
(zi c /Ai) epei = %2 j=1zJaJ a.z 1zjaj FPC j
* ; - *
=a;z; E (1 - Kepej)2;a,
J=1
x
= .z2.C ,
1
r ~ *
where ¢ =.Z (1 - kFPCj)zjaj is a constant for all 1.

j=

53
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Therefore, *

- a.z.c

Kepci = " %22 i
z,%

o J9 W
i1
x 2 °©
Z.C

1

Solving for ¢, we have

r -
c=LE (1 - )z .
=1 FPCj 37
r e JO W *
=E (1~ ——%—%— c)z «.
j=1 20
) J
r * r agx.
=} z.a. - L ——Jil— c
j=1 37 j=1 o
Therefore,
2
r [« 3D r *
c + E 2 c=L za.,
j=1 & jer 9
and
r *
LI z«a.
j=1 J )
Cc =
roai,
14.:—.-]—-]—
2
J=1 c
Hence, r
ini Y z.«a.
. j=1 J
Kepci ) -1
*
zi(c2 + £ a?x.)
j=1 J ]

Corollary: If we predict at one future observation, then the

“x
MSEP(yGR) for the GR predictor is minimized with respect to the

. - =1 -
diagonal elements of KGR when KGR = KFPC = (A + D) A, where KFPC

-~

is given above and di = Ai(1 -k .)/k

Fpci)/Kepeir for =12,
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Our "minimum" MSEP(;;R) predictor clearly depends on the true
(population) values of the regression coefficients and the true
variance 02. It has been shown above that the results of Obenchain
(1978) are equivalent to those that we have proposed for the GR
predictor. However, Obenchain (1978) has not proposed an operational
GR predictor. We now propose an operational GR predictor by
substituting OLS estimates into the "minimum" MSEP(QER) predictor.
Therefore, the proposed operational GR predictor based on the
"minimum" MSEP(;ER) 1S

% _ Z*R -
Yopk = ¢ “gpi®

-

1
where KGP

o = diag ((A7'0)"),

*x _%*
Z ‘z = H = ((hij))'

A= ((ag)) .

- h,. a, a. i# ]
a,. = 1y 1 )
1 2 2 o
hij (ai +s /Ai) 1= )
bi = a, {hi1 hi2 . hir} a , for i=1,2,...,r, j=1,2,...,r, and a

and s2 are the OLS estimators for a and cz.

Similarly, the single prediction operational GR predictor based
~ %
on "minimum" MSEP(yGR) is

- oo -
Yerk = % o™

~ -

aPk1’ Kapk2’ ' Mopkrl”

where KGPK = diag {k
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a.. Er Z.Q.
i1 T 3=1737)

* -
z.(s2 + Et a?x.)
1 J=1-33

and a and s2 are the OLS estimators for a and 02.

We will now show, in the case of predicting one future

observation, that even though the kG are not necessarily positive

PKi

~

(ie. that qGPK = KGPKQ is not necessarily a shrinkage estimator of

1A -
& is a shrunken predictor

~ ~ %k
the OLS a), the predictor Yopk = 2 KGPK

-~

of y .

"~ -~

~x -
Result: Consider YepK = z K. . a, where KGPK is given above.

GPK
Then,
£ o,
~x =133 ~x
s + L. a.x
( J=17) J)
£ aPa
J=153)
where 0 < <1
r "2
s + K AN,
( =t J)

Proof: Note that,

% *! di ~ Tk
yGPK =z 1ag {q1l q2'-°°'qr} xy ’

e 29 o
A

where qi =
* -
z.(s2 + Er qu.)
1 Jj=1"37)
Therefore,

“x *! ~ ~ - . K
yGPK =z (q1: qzr-"rqr.} y
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Zr agk
J=173) ~%
= y ’
2 r -2
s + L. Q.
( Jj=1) J)
where q'i =4, ai
Et a?x.
J=173
and 0 < < 1
2 r "2
s + L. a2
( J=17) J)
~%
So, in the case of predicting one future observation, YepK is a
~%
shrunken predictor of the OLS predictor y . |

2.3 The Optimal OR Predictor
Hoer1, Kennard and Baldwin (1975) proposed an operational OR

estimator by choosing c such that, if X'X =1, MSE(QOR) is

OR
minimized.

Based on this approach we will derive a new OR estimator in the
prediction context. First note that the MSEP of the OR estimator,

~%

Yor X 1S

z°k
= < "or
% 2 2 * _x 2 -1
MSEP(yOR) =mos + g tr(Z 'Z KORA ]

' K )22 -k
ta' (I - Kgp) (I - Kppla .

-1
where KOR = (A + CORI) A.

- x -
Result: Let Yor = z Koda and let X'X = I, then the Cor that
. 3 ~* .
minimizes MSEP(yOR) is
2 *'_*%
- o'tr(Z Z]

Cor ©

%) %
al ZIa
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- * -
Proof: Let y =Z K. aand let XX =1 (A = 1I), then the
—_— OR OR

~ %
expression for MSEP(yOR) above simplifies to

2

OR]

fa'(I - K)'Z 2L - K
@' (I - Kgo)'Z ‘2 (I -

~ %k 2 2 * %
MSEP(yOR) =mo + 0o tr{Z 'Z K

oR'® -

where K =d_ I and dOR = 1/(1 + ¢

OR OR OR)

Now taking the derivative with respect to dOR' we get

%
= 20 dORtr(Z Z] - 2(1-d0R)a.Z Ia

adOR

and setting it to zero, we obtain
1 %! %

- al Za

dOR

2 *!_*x k%
gtriz 7)1 +al Za

Therefore,
2 *t *
o tr(Z 7]

OR ~ Coxt
al 1Ia

0
|

Furthermore, the solution corresponds to a minimum since

2 ~%*
3 MSEP(yOR) 2 1 * x' %
2 = 200¢r{Z Z}) +22'Z Za> 0. ||
3 dOR
. * *! *
Corollary: Consider predicting one future observationy =2 a+ €,
~%
then MSEP(yOR) is minimized with respect to cOR when
*
o’z 2
- J=1)
c =
OR = * )2
zZ.Q,
J=1 37




Our “minimum" MSEP(;;R) predictor c1early depends on the true
(population) values of the regression coefficients and the true
variance 02. We now propose an operational OR predictor by
substituting OLS estimates into the "minimum" MSEP(;;R) predictor.
Therefore, the proposed operational OR predictor based on the

~%
“minimum" MSEP(yOR) predictor is

5 Z*A -
Yopk = % Kopk®
where KOPK has diagonal elements KOPKi = Ai/(ki + COPK)’
2 *1 %
- s” tr{z Z ]
C = ’
0PK Akt o%
Yy Yy

~ s~
Yy = Z a is the OLS predictor and 32 is the OLS estimator for 02.

In the case of predicting one future observation, the OR

~ %
predictor based on the "minimum" MSEP(yOR) is

~ *'i -
York = % Ropk®
where KOPK has diagonal elements kOPKi = ki/(Ai + COPK),
*
52 Et z.2
- Jj=1j
c = ‘
OPK ~x2
y
N L . 2 . . 2
y =z a is the OLS predictor and s° is the OLS estimator for o .

2.4 The Optimal SLS Predictor
~% *= .
Consider the SLS predictor Ygis = CSLSZ «. As pointed out

* -
earlier, =Z ( I)aa and hence, the SLS predictor is an FPC

~ %k
Ysis CsLs

59
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predictor with KFPC = C I. Therefore,

SLS
~% _ 2 2 2 LR
MSEP(ySLS) = mg  + CSLSO tr{Z Z A '}
1 2 IZ*IZ*
+ - 4
( Cqg) « a .
We will now derive the value of 51 s that minimizes the
~ %
MSEP(ySLS).
R 1 L v Z*A h h h inimi
esult: et ySLS = Cq gl then the CsLs that minimizes the
- .
MSEP(ySLS) is
'kt %
~ al ZIa
CsLs ©
2 *1' Kk -1 ok %
otr{fZ ZA ]J+aZl Za
. - ~* - - .
Proof: Note that the derivative of MSEP(ySLS) with respect to cSLS is
aMSEP(a* )
Ysis 2 *'_x -1 k%
” = ?CSLSG tr(Z Z A '} - 2(1 - CSLS)Q Z Za,
SLS
and setting it to zero, we obtain
X%
- al I«
®sLs T
2 *1_x -1 kK
otr{l ZA ]+al ZIa
Futhermore, the solution corresponds to a minimum since
2 ~%
9 MSEP(ySLS) 2 * % 1 'k %
2 =20tr{fZ ZA J]+al Za>0. i
¥ Csis
. * *! *
Corollary: Consider predicting one future observationy =2 a+ € ,

’* 3 - . 3 0
then the MSEP(ySLS) is minimized with respect to cSLS when
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- (z*'a)2

r *2 *! 2
a £i=1 z, /Ai + (z a)

Our "minimum" MSEP(;;LS) predictor clearly depends on the true
{(population) values of the regression coefficients and the true
variance 02. We will now propose an operational SLS predictor by
substituting OLS estimates into the "minimum" MSEP(;;LS) predictor.
Therefore, the proposed operational SLS predictor based on the minimum

~“%
MSEP(ySLS) is

~ - e
Yspk = Cspkt *
b Z et 4
) Yy Y
where ¢ = ’
SPK o

2 *1_k -
striZ ZA J1+VY Y

% x-
y =2 a is the OLS predictor and 52 is the OLS estimator for cz.

In the case of predicting one future observation, the SLS

~%
predictor based on the minimum MSEP(ySLS) is

~% - *1-
Yspk = Cspk®t
~x
- y
where ¢ = ’
SPK 2T 2 L
j=1j 7]

%k *1 -
y =12 a is the OLS predictor and s2 is the OLS estimator for 02.

~% -~ ~% - “%
Clearly Yspk = CspiY and 0 € CspK < 1. Therefore, Yspk

-~

is a shrunken predictor of y .

~%
Matloff (1982) considered the minimization of MSEP(ySLs). He
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L] *l

*
allowed for z  to be a random vector. If z  has a degenerate

distribution, then his results coincide with our results for CSLS'

However, instead of proposing an operational predictor by substituting

the OLS estimators for a and 02, he found the value of CSLS based on

the PRESS operator of Allen (1974), which minimizes an estimator of
~% *

the MSEP(ySLS). Also, note that if X = X, then our SPK predictor

coincides with Farebrother's Cop (see section 1.6.3).

2.5 Special Cases

In this section we will present some relations between the
predictors when the prediction is done in the direction of the
eigenvectors of the matrix X'X. First, we will show that the

- A* A* A* - . o
predictors Youk’ Yopk and Ygpk are computationally identical

when the response is predicted at one of the eigenvectors of the

matrix X'X.

*x *! *x x
Result: Consider the prediction of y =x g + € , where x = Pi and
Pi is the eigenvector corresponding to the ith largest eigenvalue of
i ' v v d ¥l h di
the matrix X'X. Let YGHK' Yopk 3" Ygpk be the corresponding

*
predictors of y defined in sections 1.6.3, 2.3 and 2.4 respectively.

Then,
“%x ~% “%
Yeuk = Yopk T Yspx
A * ! * !
Proof: Note that if x = Pi then z =x P=(0,...,0,1,0,...,0),

*
where the ith element of z is one.

Therefore, from section 1.6.3,

— oo
Youk = % XoHk®




Kanki%i

~

where k

GHK 1
Similarly,
~x - -
Yopk = “opki%i
and
~x - -
Yspk * “spk®i
where kOPKi is the ith diagonal element of K0

section 2.4.

From section 1.6.3, we know that

-~ PN

Kauki = 2/ + 950 -
where di = sz/af.
Also, recall that kOPKi = Ai/(xi + COPK) ,
where
- 2.r *2 “%2
Copk = S Tj=Zj /Y
= sz/a? '
1
~ ~ *
sincey = . and £ z.2 = 1.
] J=1)

Finally, from section 2.4,
- ck2 Ck2 2 r _*2
"2,,°2 2
= /(o + sT/A;)
2,72
= /) .

Ai/(ki +s

-

Therefore,

is the ith. diagonal element of KGH

K’

PK

and ¢

SPK
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is defined 1in
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Kauki = Kopki = Cspx
and hence,
% “x “x
Yeuk = York T Yspk - I

-~

- . A* *
We will now show that the predictors YoHKB and Yopk 3r€
computationally identical when the response vector is predicted at the

r eigenvectors of X'X simultaneously.

* * *
Result: Consider the simultaneous prediction of y = X g + € , where

x

X =P' and P = (P
“% d “%
Youks "9 Yopk

1""'Pr) is the matrix of eigenvectors of X'X. Let

*
be the corresponding predictors of y defined in

~% ~%
sections 1.6.3 and 2.3 respectively. Then, yOHKB = yOPK'

Proof: Recall that

“ % -
Youks = Z Konke®
where KOHKB is a diagonal matrix with the ith diagonal element
Kowksi = *i/ (i * Copkg? + T = Ve2eelr
and
c = rs?/(a'a)
OHKB )

Also, from section 2.3, we know that

% *i -
York = % Kopx®

where KOPK is a diagonal matrix with the ith diagonal element
kOPKi = xi/(xi + COPK) , 1 =1,2,...,r

and
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2 LR
R s tr{X 'X ]
C =
0PK A
aX Xa
. * * *
Now, since X = P' we have Z = X P = I and hence,
- rs
Copk T 7.7
a'a
= CoHks
Theref v "
erefore, yOPK = yOHKB' i

Similarly, note that the predictors ;;HK and ;;PK are
computationally identical when the response vector is predicted at the
r eigenvectors of X'X simultaneously.

The bias and the mean squared error of prediction of the
predictors proposed in Chapters I and II are theoretically
intractable. The properties of the OLS predictor, some of the
existing (GR, OR, SJS and PC) predictors and the newly proposed
operational predictors (GPK, OPK and SPK) will be explored using Monte
Carlo methods.

In the next chapter we will discuss the methodology used in the
simulation studies that have been published in the literature. We

will also describe the details of our simulation study.



CHAPTER II1I

THE SIMULATION STuDY
3.1 Methodology Used in Published Simulation Studies

3.17.1 Introduction
In this section, various mean squared error criteria, and the
choice of simulation parameters, wWill be discussed for simulation
studies that have been published in the literature. For each study,
the mean squared error criteria used, the method used for obtaining or
generating the X'X correlation matrix, the method for selecting the
true (population) regression coefficient values, the range of the true .
variance 02, and the method of randomly generating the OLS estimators,

a and sz, will be described. In the following sections, these

simulation parameters will be discussed in greater detail.

3.1.2 Comparison Criteria

Mainly, two comparison criteria have been considered in the
literature: MSE(B) and PMSE(;). (See Chapter I for the definitions
of these two criteria). Lawless and Wang (1976), Vinod (1976a),
Dempster, Schatzoff, and Wermuth (1977), and Hoerl, Schuenemeyer, and
Hoer1 (1986) have considered both the PMSE and MSE criteria. Others
have considered only the MSE criterion. In this dissertation we will
consider the MSEP criterion based on the prediction of future

observations. This criterion has not previously been considered in a
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simulation study.

Dempster, Schatzoff, and Wermuth (1977) commented that the
connection between the PMSE- criterion and prediction is as follows: if
; = Xé is used to predict y* = X8 + e*, then the MSEP = mc2 + PMSE.

In discussing Oempster et al. (1977), Smith (1977) commented that the
use of the PMSE criterion obscures many of the features of interest in
the more general prediction problem and may lead one to conclude
falsely that there is less potential for improvement over OLS in the
prediction context. He further commented that it is the relationship
between the diagonal elements of Z*'Z* and the corresponding
eigenvalues of Z'Z which determines the potential for improvement in
MSEP. There is a potential for improvement in MSEP when the large
diagonal values of Z*'Z* correspond to the small eigenvalues of Z'Z.
When considering PMSE (instead of MSEP), the diagonal elements of
Z*'Z* are equal to the corresponding eigenvalues. Therefore,

predicting at the original model matrix explanatory values provides no

insight regarding the greater potential for improvement.
3.1.3 Choice of the Simulation Parameters

a. Choice of X'X

Several authors, including Hoerl, Kennard, and Baldwin (1975),
Hoer1 and Kennard (1976), Lawless and Wang (1976), Lawless (1981), and
Hoer1, Schuenemeyer, and Hoer1 (1986) used well-known data sets from
the existing literature (with known levels of multicollinearity).
Others generated the X matrices from a normal or uniform distribution

in a manner such that certain groups of variables are correlated with
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each other. See, for example, Newhouse and Oman (1971), McDonald and .

Galarneau (1975), Gunst and Mason (1977), Wichern and Churchill
(1978), and Gibbons (1981).

An exception to these two approaches is the strategy used by
Dempster, Schatzoff, and Wermuth (1977). They chose eigenvalue
matrices A, having particular eigenvalue structures. From arrays of
simulated standard normal deviates, orthogonal matrices P, were
created by the method of Gram-Schmidt orthogonalization, foilowed by a
scaling of the resulting eigenvectors to unit length. Then the
product, PAP', was formed to produce the corresponding X'X matrices.
Each such X'X matrix was further reduced to a correlation matrix via
scalar division of each row and column by the square root of its

diagonal member. Note that the eigenvalues of PAP' are given by A,

but that these are no longer the eigenvalues of the final correlation ‘
matrices X'X (nor are they reported in the study). Different levels
of multicollinearity are then obtained by modifying the corresponding
X'X matrix so that a substantial multicollinearity has been introduced
between two explanatory variables.
The number r of explanatory variables used in different studies
ranges from r = 2 to r = 19,
In our planned simulation study, we will consider generating the
X matrix from a normal distribution in such a manner that certain

groups of variables are correlated with each other.

b. Choice of the True Regression Coefficient Values
Hoer1, Kennard, and Baldwin (1975), Hoerl and Kennard (1976),

Vinod (1976a), and Hoerl, Schuenemeyer, and Hoerl (1986) chose B'B = .
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. 2 2 .
a'a = q, where q° was chosen from a wide range of values. Then,
given qz, r random numbers u. (i=1,2,...,r) were chosen from a uniform
{-1,1}) distribution, and the individual regression coefficients were

T u?. Hoer1,
i=1"1

computed from the formula ai = (q/qu)ui, where qi =L
Kennard, and Baldwin (1975) found that the results for different q2
were similar when the MSE was divided by qz. Lawless and Wang (1976)
utilized this information, and let £:=1a? = 1. The individual a;s
were then chosen at random from the surface of the unit r-sphere.
They commented that the method for choosing the vector a in Hoerl,
Kennard, and Baldwin (1975) does not yield vectors with random
orientation. Hoerl, Schuenemeyer, and Hoerl (1986) commented that the
Bils have mean 0 and are pairwise uncorrelated, but are clearly not
independent.

Newhouse and Oman (1971) regarded MSE(;OR) as a function of g
and showed, when oR for the OR estimator is a known constant, that
MSE(EOR) is minimized, subject to ||gll = 1, when g equals P1, the
normalized eigenvector corresponding to the largest eigenvalue of X'X;
and MSE(;OR) is maximized when B equals Pr’ the normalized
eigenvector corresponding to the smallest eigenvalue. However, it is
not clear whether these results will hold when Cor is estimated from
the data. McDonald and Galarneau (1975), Gunst and Mason (1977),
Wichern and Churchill (1978), and Gibbons (1981) have taken g to be
such that the orientation of B with respect to Pr varies between 0 and
1. Denoting the orientation, B'Pr, by ¢, we have ¢ = 0 when B = P1,
and ¢ = 1 when B = Pr.

Dempster, Schatzoff, and Wermuth (1977) chose the Bils to be the
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eigenvalues of the unscaled X'X matrices they generated.
As suggested by Newhouse and Oman (1971), we will consider
different values of ¢, and we also use a modificgtion of the method of

Hoer1, Kennard, and Baldwin (1975).

c. Choice of the True Variance

Most of the authors mentioned above chose <:s'2 such that the signal
to noise ratio, SNR = B'ﬁ/oz = qﬁa/cz, has a wide range. In most
cases, the variance, oz, is chosen to be between .0001 and 1. That
is, if g'B = a'a = 1, then the signal to noise ratio is between 1 and
10,000.

Newhouse and Oman (1971) chose only one value for c2 (= 1/9).
Hoer1, Schuenemeyer, and Hoerl (1986) chose 02 = 1, without loss of
generality, and varied g'B.

Vinod (1976a) chose to use the noise to signal ratio, cz/B'B. He
has taken this to be between 1 and 10,000. However, his choices
resulted in regression models for which the F-tests for overall
regression (on the average) were not significant.

Dempster, Schatzoff, and Wermuth (1977) determined 02 from the
noncentrality parameter B'X‘XB/02 = d, where d is a predetermined

constant chosen between 10 and 500.

d. Methods of Randomly Generating the Estimators

The most common way used to generate the regression coefficient
estimators in the simulation studies under discussion was the
following: given X, the vector of true regression coefficients g, and

the true variance 02, y is generated from the model y = X8 + €, where
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€ has a N(O,czl) distribution. See, for example, Newhouse and Oman
(1971), Hoerl, Kennard, and Baldwin (1975), McDonald and Galarneau
(1975), Hoerl and Kennard (1976), Vinod (1976a), Gunst and Mason
(1977), Wichern and Churchill (1978), Gibbons (1981), and Hoerl,
Schuenemeyer, and Hoerl (1986). The OLS estimators, ; and 52, were
then calculated using the randomly generated observations y.

Both Lawless and Wang (1976) and Dempster, Schatzoff, and Wermuth
(1977) generated &.from a N(a,ozn-1) distribution. The estimated
variance was generated using the fact that (r\—r-1)52/c:'2 has a chi~
square distribution with (n-r-1) degrees of freedom. We will use this
approach since the nx1 vector y need not then be generated for each

replication of the simulation. A1l of the biased estimators and

. . - 2
predictors are functions of a and s .

e. Replication

Most authors used 1000 replications for each X'X, B, and 02
simulation configuration. See, for example, Newhouse and Oman (1871),
Hoer1, Kennard, and Baldwin (1975), Hoerl and Kennard (1976), Lawless
and Wang (1976), and Vinod (1976a). Gibbons (1981) and Hoer1l,
Schuenemeyer, and Hoerl (1986) used 500 replications; and, McDonald
and Galarneau (1975), Gunst and'Mason (1977), and Wichern and
Churchill (1978) used only 100 replications for each X'X, g, and c2
simulation configuration.

Dempster, Schatzoff, and Wermuth (1977) did not replicate their
study. Instead, they have 160 different regression situations; i.e.

they have 160 different X'X, B8, and 02 configurations,
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f. Summary Statistics

For a given mean squared error criterion, the estimated mean
squared error and its estimated standard error were given. The
estimated mean squared error of each of the biased estimators relative
to that of the OLS estimator was computed; eg. ("MSE" for estimator
i)/("MSE" for the OLS estimator). Some authors also listed the
percent of time that the mean squared error criterion for OLS is

greater than that of the biased estimator under consideration.

g. A Note about the Intercept
The intercept is usually estimated by the overall mean (see

section 1.4.5 on notation).

3.2 Our Simulation Study

3.2.1 Introduction

We will now discuss the simulation study to be considered here.
The major difference between previous simulation studies and the one
under consideration here is our emphasis on prediction. In addition
to the specification of the simulation parameters discussed

previously, we consider predicting at particular future observations.

3.2.2 The Comparison Criterion

We use the MSEP criterion to compare our operational predictors
(see Chapter II) with the OLS predictor and with other operational
biased predictors based on biased estimators previously discussed in
the literature. The MSEP criterion is the most appropriate criterion

for comparison, since, in most cases, one is estimating the regression
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coefficients with the intended purpose of prediction.
3.2.3 Choice of the Simulation Parameters

a. Choice of X'X

The SAS program was used to generate random X'X matrices having
different correlation structures. We considered three levels of
multicollinearity for each fixed number of explanatory variables.
That is, we generated the X'X matrices such that, for an r-variate X,
we theoretically have weak, moderate, and strong multicollinearity.
In particular, the explanatory variables have been generated in such a
manner that certain groups of variables are correlated with each
other.

We chose r = 6 and 15, and n = 50. The choices 6 and 15 were
made so as to consider a relatively small and a reasonably large
number of explanatory variables. Several authors have suggested that
the improvement of the biased estimators over the OLS estimator is
greater when r is large. However, Draper and Van Nostrand (1979) note
that increasing r decreases the mean size of the regression
coefficients. They claim that the less significant a regression is,
the greater the advantage of biased estimation over OLS estimation.
For both choices of r, the degrees of freedom for 52 is larger than
30, which we believe is realistic. There is no evidence from the
literature that sample size is an important factor in the relative
performance of the biased estimators.

The explanatory variables were generated from the relationships:



2.1/2
XU = (1 T) Eij T Eis,
J = 112r P i= 1121 ,50,
2.1/2
ij = (1 T,) E1J + T*~E1s,
Jj = pH,pt2,...,r; i =1,2,...,50;

where s =r+t and E._, E._,..., .
il 12 is

2 . . .
Thus, T is the theoretical correlation between any pair of random,

X X. , and 1T, is the theoretical correlation

variables X. cmr e ey
1 12 ip

1’

between any random variable Xk (k = 1,2,...,p) and xQ (2 = p,pt+l,...

r). Finally, 72

x 1S the theoretical correlation between any pair of

random variables X. . X. yeeer X. . The expectation of X'X/n
1,p+i i,p+2 ir

has the following form:

1 2 .. P p+1 . r
r 2 2
LIE S T, T, |
1 ..
‘2
T
E(X'X/n) =
1 T, T,
2 2
1T, Ty
1
symmetric .
"2
T*

The explanatory variables were standardized so that X'X is in

correlation form.

E are independent N(0,1) variates.

74

For both cases (r = 6 and 15), we introduce multicollinearity by

considering two explanatory variables with a high correlation (i.e.

p = 2). The values of T and T, were taken to be such that Tz = .82
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Table 1. Theoretical Correlations between Explanatory Variables for

the Six Cases Considered in this Study (p = 2)

r Tz T, Ti
Case 1 6  .6400  .4800  .3600
Case 2 6  .9025  .5700  .3600
Case 3 6  .9801  .5940  .3600
Case 4 15 .6400  .4800 .3600
Case 5 15  .9025  .5700  .3600
Case 6 15  .9801  .5940 .3600

(= .64), .95% (= .90), and .99% (= .98), while T2 = .6° (= .36). See

Table 1.

The eigenvalues and the normalized eigenvectors corresponding to
the generated correlation matrices have been obtained. Tables 2
through 7 give the empirical correlation matrices, the condition
indices, T = £:=1(1/Ai)/r, the eigenvalues, and the normalized
eigenvectors for the particular cases considered. Table 8 lists the

means and standard deviations of each of the explanatory variables.

b. Choice of the True Regression Coefficient Values

We chose g8 such that g'g = «'a = qz, where q2 = .6, 6, 60, 600,
6000, and 60,000 for r = 6, and q2 = 1.5, 15, 150, 1500, and 15,000
for r = 15. The true regression coefficients, B, were chosen by the

following two methods:
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Table 2. Case 1 -- Empirical Correlation Matrix for r = 6, p = 2,

v = .8 and T, = .6

Condition Indices (A1/Ai)1/2:

r
T = Ei=1 (1/Ai)/r = 1.74

1 .5574 .3865 .4906

1 .4944 .4789
X'X = 1 .3948
1

symmetric

3.29, 2.61, 2.33, 2.18, 1.76

.2146

.4782

.15086

.3312

1

.4105

.6052

. 1956

.4145

.4580

Table 2a. Eigenvalues and Eigenvectors corresponding to Case 1

5

A1=3.0663, A2=.9913, A3=.6474, A4=.5631, A =.4491, )\ =.2828

.3401 .5931 .6165 .1

.4928 -.0257 .1188 .3564

.4172 .1604 -.2073 -.8184

.4149 ,2968 -.5454 .1780 -.5918

.3440 -.6096 .4455 -.2380 -.4667

.4206 -.4028 -.2585 .3174 .

6

Pa Ps Pe
-.2457 ]
.0046 .7845
187 .1455 -.3424
.2577 .1448
-.1927
5869 -.3859 |




Table 3. Case 2 -- Empirical Correlation Matrix for r = 6, p = 2,

T = .95 and T, = .6

Condition Indices (A1/ki)1/2: 4.83, 3.56, 2.23, 2.20, 1.85

r
T=E._, (I/x)/r = 2.54 .

1 .8496 .6278 .5356 .3619 .5658
1 .5811 .5576 .3134 .6383

1 .3262 .0669 .3295

1 .1162 .3389

symmetric 1 .1392

Table 3a. Eigenvalues and Eigenvectors corresponding to Case 2

A1=3.2909, A,=.9646, X 6812, A4=.6624, A.=.2597, A_.=.1413

2 3= 5

P, P, Py P, Ps Pe
[ 5101 -.0556 .1231 -.0393 .4837 .6972
.5128 -.0045 -.0116 .0712 .4840 -.7054
.3843 .3087 .7050 -.2030 -.4622 -.0718
.3670 .1723 -.6316 -.5961 -.2846 .0206

.2043 -.9285 .0794 -.0946 -.2801 -.0486

.3908 .0986 -.2872 .7667 -.3983 .0922
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Table 4. Case 3 -- Empirical Correlation Matrix for r = 6, p = 2,

T=.99 and T, = .6

Condition Indices (A1/Ai)1/2: 16.28, 3.82, 3.20, 2.44, 2.18

r
T = Ei=1 (1/Ai)/r = 12.96

1 .9847 .5862 .6445 .6375 .6633
1 .5841 .6707 .6330 .6630

1 .5311 .3206 .2671

1 .3035 .4809

symmetric 1 .4214

1

Table 4a. Eigenvalues and Eigenvectors corresponding to Case 3

A1=3.8764, A,=.81560, A3=.6490, A4=.3791, A.=.2660, X_=.0146

2 5 6

P P, Py P, Pg Pe

[ .4862 .0707 .0325 -.0513 .5161 .6990 |
.4882 .0556 .0121 -.0020 .4986 -.T7140
.3427 -.6428 .3842 -.4865 -.2916 -.0116
.3850 -.4149 -.3656 .6887 -.2653 .0376

.3485 .5201 .6010 .2792 -.4110 .00M

-

.3718 .3690 -.5970 -.4566 -.4008 -.0058
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Method 1: Fixed B.

1) B is the eigenvector P1 (corresponding to the largest

n

eigenvalue) whose elements are multiplied by q. Note that a
P'(qP1) = {q,0,...,0}".

2) B is the eigenvector Pr {(corresponding to the smallest

eigenvalue) whose elements are muitipiied by q. Note that «
P'(qPr) = {0,...,0,q9}'.

3) B is the vector whose elements were generated at random from a
N(0O,1) distribution and scaled such that g lies on the r-
sphere having radius q. That is , r random numbers (ei for
i=1,2,...,r) were chosen from a N(0,1) distribution, and the
individual regression coefficients were computed as Bi =

r 2 1/2.

e.)

qe,/(E;_q&;

Even though each g from Method 1 was ultimately generated from a
random process, the p's are considered to be fixed thereafter. This
is an important fact to remember when considering the simulation

process.

Method 2: Random B.
Recall B = Pa. For each replication of the simulation, «
was chosen in the manner described for choosing g in (3) of

Method 1. It was computationally easier to compute a rather than

B.

Tables 9 and 9a give the true regression coefficients, with q2 =
1, for Method 1, for r = 6 and 15, and for each level of

muiticollinearity. The true regression coefficients for Method 2 ‘
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Table 9. True Regression Coefficients for r = 6 and q2 = 1 for

Method 1: B fixed

* * :
Weak MC Moderate MC Strong MC

(1) (2) (3) (1) (2) (3) (1) (2) (3)

-.4149 -.2457 .0514 .5101 .6972 .3514 .4862 .6990 -.0441
-.4928 .7845 -.1519 .5128 -.7083 .0780 .4882 -~-.7140 -.4345
-.3401 -.3424 .0871 .3843 -.0718 .4468 .3427 -.0116 -.4819

-.4172 .1448 -.6465 .3670 .0206 -.1630 .3850 .0376 -.6763
-.3440 -.1927 -.5114 .2043 -.0486 -.1087 .3485 .0011 -.2008
-.4206 -.3859 .5399 .3908 .0922 . 7953 .3718 -.0058 -.2817

MC = Multicollinearity

Table 9a. True Regression Coefficients for r = 15 and q2 = 1 for

Method 1: B fixed

*x * *x
Weak MC . Moderate MC Strong MC

(1) (2) (3) (1) (2) (3) (1) (2) (3)

-.3198 -.6966 0821 .3482 .5686 -.2283 .3681 .7350 -.1904
-.2908 .0291 -.1170 .3551 -.7391 .0626 .3628 -.6678 -.3044
-.2179 .1010 .4164 .2779 -.0534 .5096 .2040 .0308 .1883
-.2292 .3152 -.4173 .2059 -.0209 -.0567 .2240 -.0083 -.3607
-.2924 .1840 -.2000 .2568 .0435 -.0589 .2166 .0470 .0463
-.2628 .3391 .1595 .2214 -.0298 .0698 .2012 -.0276 .3621
-.2408 -.0678 -.0577 .2405 .0852 -.1322 .2302 .0184 -.4730
-.2347 .1710 .0044 .2501 -.0923 -.0055 .2710 -.0608 .2209
-.2699 .2859 -.5285 .1944 -.0072 -.2736 .1949 -.0048 -.0579
-.2126 0712 .2040 .2704 -.0804 . 1541 .2451 -.0168 -.1608
-.2446 -.0170 . 1566 .2306 -.0363 -.3742 .2783 -.0377 -.0997
-.2712 -.1371 -.2083 .2547 .0277 .2108 .2803 .0286 .3468

.2752 .0267 .2851 .2928 .1644 .3124 .2945 -.0404 .0591
.27317 .3325 . 1550 .1116 .0882 -.3985 .2282 .0067 .1114
.2088 .0670 .2651 .2655 .2552 .3403 .1853 -.0390 .3528

*
MC = Multicollinearity
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cannot be given explicitly as they are generated at random for each

replication.

c. Choice of the True Variance

In considering a value (or range of values) for cz, it is only
important to assure a wide range of the signal to noise ratio (SNR =
B'B/02 = a'a/oz). Therefore, without loss of generality we chose 02 =
1. The SNR is closely related to the expected F ratio and hence the
significance of the regression.

Let Fr,n-r-1(v) denote a noncentral F with degrees of freedom
r,n-r-1, and noncentrality parameter v = (1/2)B'X'Xg8. Recall the
methods for choosing g from the previous section. If B is generated
at random for each replication of the simulation from a symmetric
(about zero) ditribution, then Hoerl, Schuenemeyer, and Hoer1l (1986)
argue that E(F) = (1 + SNR/r)(n-r-1)/(n-r-3). In the previous section
we have chosen q'2 = B'B such that the expected F ratios have a wide
range of significance and are approximately the same for r = 6 and 15
(see Table 10). If B is considered fixed, a similar arguement yields
E(F) = (1 + g'X'Xg/r)(n-r-1)/(n-r-3) (see Tables 11 and 11a). Notice
that as the level of multicollinearity increases, the F statistic
decreases if B is parallel to Pr’ and increases if B is parallel to
P1. In general, the F statistic increases as the signal-to-noise
ratio increases. However, if there is a strong level of
multicollinearity and g is parallel to Pr' the F statistic remains
small even for a large signal-to-noise ratio. Therefore, when the

noncentrality parameter of the expected F statistic is fixed, a large

expected F statistic does not imply a large signal-to-noise ratio and




89

Table 10. Expected F Ratios for r = 6 and 15 for random 8 {Method 2)

r =6 r =15
SNR/ SNR E(F * *
r ( 6,43(V)) SNR E(F15'34(v))
.1 .6 1.15 1.5 1.16
1 6 2.10 16 2.13
10 60 11.54 150 11.69
100 600 105.93 1500 107.31
1000 6000 1049.80 16000 1063.56
10,000 60,000 10488.85 150,000 10626.06

50

3
n

Table 11. Expected F Ratios, E(F (v)), for r = 6 for fixed B

6,43
{Method 1)

r MC SNR (1) (2) (3)

6 1 .6 1.37 1.08 1.12
6 1 6 4.26 1.35 1.76
6 1 60 33.21 4.02 8.16
6 1 600 322.63 30.71 72.18
6 1 6000 3216.89 297.69 712.33
6 1 60,000 32159.45 2967.47 7113.84
6 2 .6 1.39 1.06 1.22
6 2 6 4,50 1.20 2.77
6 2 60 35.56 2.53 18.28
6 2 600 346.19 15.86 173.39
6 2 6000 3452.46 149.19 1724.49
6 2 60,000 34515.16 1482.45 17235.43
6 3 .6 1.46 1.086 1.35
6 3 6 5.11 1.06 4.02
6 3 60 41.70 1.20 30.78
6 3 600 407.60 2.58 298.32
6 3 6000 4066.53 16.39 2973.78
6 3 60,000 40655.91 154.48 29728.33

MC = Multicollinearity; l1=weak, 2=moderate, 3=strong
(1) B=P1, (2) B=Pr' (3) B fixed
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Table 1l1a. Expected F Ratios, E(F (v)), for r = 15 for fixed B

15,34
{Method 1)

r MC SNR (1) (2) (3)
15 1 1.5 1.78 1.08 1.13
15 1 15 8.23 1.19 1.78
15 1 160 72.78 2.33 8.217
15 1 1500 718.29 13.72 73.14
15 1 15000 7173.29 127.64 721.82
15 1 150,000 71723.35 1266.83 7208.66
15 2 1.5 1.83 1.07 1.13
15 2 15 8.72 1.11 1.75
15 2 150 77.60 1.53 7.93
15 2 1500 766.47 5.73 69.76
15 2 15000 7655.16 47.78 688.08
15 2 150,000 76542.08 468.24 6871.28
15 3 1.5 1.79 1.06 1.14
15 3 15 8.32 1.08 1.84
15 3 150 73.67 1.27 8.85
15 3 1500 727.08 3.18 78.95
15 3 15000 7261.33 22.22 779.89
15 3 150,000 72603.70 212.64 7789.37

MC = Multicollinearity; i=weak, 2=moderate, 3=strong
(1) B = P1, (2) B = Pr’ (3) B fixed

a small expected F statistic does not imply a small signal-to-noise

ratio.

d. Random Generation of the Estimators
For each simulation repliication, for a given X'X and g simulation

2

configuration, we generated « from a N(a,o A-1) distribution.

(Recall that 02 = 1). There are 6 x 24 = 144 such configurations.
For each replication and for each configuration, the chi-square
distribution with (50-r-1) degrees of freedom was used to generate the

estimated variance. We have n = 50, so that (50-r-1) > 30 degrees of

freedom when r = 6 or r = 15,




91

. x

e. Choice of X
Two sets of future observations were chosen for each of the cases

(X'X matrices) as follows:

*1 *1
i) Choose r future observations such that x.i = P;, zi = P;P
= {0,...,0,1,0,...,0}, with a "1" in the ith position, i =
1,2,...,r; i.e. the r future observations equal the r

eigenvectors corresponding to the given X'X matrix.

ii) Choose r future observations at random in the same manner that
the original data were generated. However, each of these

vectors is not scaled to have length equal to one.

In this dissertation we are interested in studying the situation
not only when predicting the value of one future observation at a
time, but also when simultaneously predicting more than one future
observation. Therefore, both aspects of the prediction are studied in
this simulation. The normalized eigenvectors are given in Tables 2a
through 7Ta. The randomly generated future observations are given 1in

Tables 12 through 17.

f. Replication

For each simulation configuration, we generated 300 regressions.
In other words, for a given X'X and B, 300 independent values of &
and 52 were generated. For random generation of "g" (Method 2), an «
vector was generated for each of the 300 replications and then & was
generated using the normal distribution with mean a. For fixed g

(Method 1), an «a vector was generated for each of the 300



92

Table 12. Case 1 -- Future Observations for r=6, p=2, 1=.8 and T,=.6
X.I X2 X3 X4 X5 X6
[ -.0942 -.0114 -.1041 -.1620 -.0737 -.0699 |
X = .1083 -.1388 -.1512 .1077 .0875 .0065
.0751 -.0373 -.0539 .0524 -.1484 .0084
.35639 .3118 .3169 .3771 .1548 .0875
.1437 .2829 .1952 .3622 .3313 .0928
.0632 -.2232 -.1068 -.1117 .0671 -.0540
Table 13. Case 2 -- Future Observations for r=6, p=2, v=.95 and T, =.6
X1 X2 x3 x4 XS XG
[ -.2223 -.3590 -.1733 -.2166 -.1514 -.0765 |
X* - -.0145 -.1193 -.0335 -.0886 -.1921 -.0458
.2143 .1689 .2193 -.0368 .1026 -.0135
.0200 -.0296 ~.0122 -.0944 .0410 -.0509
-.1142 -.1735 -.0756 -.1346 -.0117 -.069
-.2760 -.3573 -.2389 -.1398 -.1828 -.2796
Table 14. Case 3 -- Future Observations for r=6, p=2, v=.99 and T,=.6
X X2 %3 Xs X5 Xg
[ .0569 .0063 -.0835 .0456 -.0465 -.0479 ]
x* _ .0033 .0096 -.0314 .1509 .0073 .0602
- -.0417 -.0340 -.1301 .0192 .1809 .2027
-.0267 -.0252 .0306 -.0955 -.0024 .0119
.1463 ,1139 .3133 .1608 .1057 .1587
-.0860 -.0633 .0553 -.1184 -.2148 .0995

-
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replications from the corresponding fixed «.

Several calculations were made for each repiication. A}l summary
statistics were calculated for each single prediction and for multiple
predictions associated with each predictor. That is, the set of 300
random numbers changed according to a given X'X and g. The summary

statistics and predictors are described in the following sections.

g. Summary Statistics

For each simulation configuration, and for each single prediction
and for multiple predictions associated with each predictor, the
estimated mean squared error of prediction and its estimated standard
error were calculated. For example, the MSEP for the OLS predictor

. TS 300
was estimated by MSEP(y ) = Ek=1

~% ~%
SEP(y )k/300, where SEP(y )k =

% * .2 . . .

(y - E(y ))k is the square error for the kth replication for a
given simulation configuration and prediction situation (single or

~%
muitiple). The standard error of MSEP(y ) was then estimated as

AN 300 “x 2 ’//A\:; 2
L ., SEP(y ), - 3CO(MSEP(y ))

o 1/2
s.e.MSEP(y ) = | “k=
300(299)

The terms mcz and moz/n, that are due to €* and the estimated
intercept, in the MSEP of a predictor, are not included in the
computation of the estimated MSEP.

The estimated bias and its standard error for the OLS predictor
were calculated and used to check the accuracy of the simulation.

300 -, °

Also, the average f statistic, F = E .y @'Ax /300(n-r-1), was

calculated from the unbiased regression for each of the simulation
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configurations.
3.2.4 The Predictors Used 1in the Simulation Study

We investigated the relative performance of nine predictors:
three biased predictors based on the prediction criterion, five biased
predictors from the literature, and the OLS predictor. We calculated
the predictors for each single prediction and for multiple

predictions. The nine predictors are as follows:

a. The Unbiased Predictor (OLS)

-~

* *x*
1) The Ordinary Least Squares predictor, y = Z a, is denoted by

oLs.
b. The GR (Generalized Ridge) Predictors

1) The GR predictor that minimizes the MSEP was introduced in

Chapter 1I. The corresponding operational predictor can be written as

PN ~

- x
Yopk = % Kgpx®
72" = H h

= = (( 1J))I

" . “-17 0,
where KGPK = diag {(A b)'},

A = ((aij)) '

- h.. a. a. i# )
a.. = ij v
Y ~2 2 .
hij (ai +'s /Ai) i=j
bi = a, (hil hi2 e hir} a , for i=1,2,...,r, j=1,2,...,r.

When predicting one future observation at a time the GR predictor

. . - r "2 r 2 2
reduces to an SLS predictor with CapK = Ei=1qixi/(zi=1qiki +s ).

We will refer to this predictor as the GPK predictor.
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2) The GR predictor that minimizes the MSE (and PMSE) was discussed
in Chapter I and is due to Hoerl and Kennard (1970). The operational

~

ﬁx, where KGHK i1s a -

~

. - *A
predictor can be written as Youk = y 4 KGH
diagonal matrix with elements q%ki/(aixi + 52),'i=1,...,r.

This predictor will be referred to as the GHK predictor.
c. The OR (Ordinary Ridge) Predictors

1) The OR predictor that minimizes the MSEP when X'X = I was

introduced in Chapter II. The corresponding operational predictor can

~ * - -
be written as Yopk = y 4 KOPK“ where KOPK

c i=1 here ¢ 240 25 @2 2
COPK)’ i=1,...,r, where COPK = s tr /(x a)

is a diagonal matrix with
elements Ai/(ki +
depends on the future observations.

This predictor will be further referred to as the OPK predictor.

2) The iterated version of the minimum MSE OR predictor (when X'X = ’

I) is due to Hoerl and Kennard (1976) and is discussed in Chapter I.
%
The corresponding operational predictor can be written as Youk =

-~

* - -
z KOHKa' where K

xi/(xi +

OHK is a diagonal matrix with diagonal elements

-~ -

COHK)’ i=1,...,r, and ¢

algorithm discussed in Chapter I with initial CoHK.0 = rsz/a'a.

Our stopping rule is as follows: Let & = 20T-1'30 2 0, where T = tr

OHK 1S determined by an iterative

-~ o~

(X'X)-1/r (Hoer1 and Kennard, 1976). If a(COHK i)'a(c

1/(148 C . L) 'a(c
(/¢ )) af 0HK,1-1) a(COHK,i—1)' where COHK, i

oHK, i) <

is the value of

-~

in the ith iteration, then continue; or else terminate and use }

CoHK

x(c t converge in five iterations, then
a(COHK,i)' If CoHK does no g

COHK is taken to be COHK,O'

This predictor will be referred to as the OHK predictor.
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3) The OR predictor proposed by Lawless and Wang (1976) was based on

a Bayesian approach and was discussed in Chapter I. The corresponding
- y - A* *A -
operational predictor can be written as Yow = Z KOLNa' where

~

KOLw is a diagonal matrix with elements Ai/(xi + COLN), i=1,...,r,

-

2 i
and Cow = 'S /(a'Acx) .

This predictor will be referred to as the OLW predictor.
d. SLS (Shrunken Least Squares) Predictors

1) The SLS predictor which minimizes the MSEP was introduced in

Chapter II. The corresponding operational predictor can be written as
~ - -
Yspi © CspkY

depends on the future observations.

- - *x *~ 2 x* *x -1 -~ *x x*~
, where ¢ K = (@' 'Za)/(s” tr (Z'2A '] +a'Z 'Z a)

SP

This predictor will be referred to as the SPK predictor.

2) The James-Stein SLS predictor that minimizes the PMSE was
discussed in Chapter I. This predictor is due to James and Stein

) ~% ~ ~% -
(1961). The predictor can be written as Ygus = CSJSy , where Csys ©
{v - (r-2)(n-r-1)52/((n-r+1)y'y)]+ is taken to be positive.

This predictor will be referred to as the SJS predictor.
e. PC (Principal Components) Predictor

1) The PC predictor discussed in Chapter I has been investigated by
several authors including Lott (1973) and Hawkins (1973). The
~h %~
operational predictor can be written as y,. = y4 Ao where the
first s elements of A0 are OLS estimates and the remaining are
zeros. The selection procedure we used to determine s was as follows:
- 1/2

Test H_: a. = 0 using the t test, t = ar(xr)

0 /s < J2 (corresponds



-~

to an approximate significance level of 16%). If H0 is accepted, «

is set to 0, and a is tested, and so on, until H0 is rejected. If

-1

~ ~

H_  is rejected for as, then aPC = (a1,a

0 - 1%g,0,0,...,0).

AR
This predictor will be referred to as the PC predictor.

See Table 18 for a brief summary of the predictors.

Table 18. The Predictors used in the Simulation Study

1) OLS -- Ordinary Least Squares

2) GPK -- GR, Pantula-Kupper

3) GHK -- GR, Hoerl-Kennard

4) OPK -- OR, Pantula-Kupper

5) OHK -- OR, Hoerl-Kennard

6) OLW -- OR, Lawless-Wang

7) SPK -- SLS, Pantula-Kupper

8) SJS -- SLS, James-Stein ’
g9) PC -- PC

GR-Generalized Ridge OR-Ordinary Ridge SLS-Shrunken Least Squares

PC-Principal Components

In the next Chapter we will discuss the results of the simulation

study.




CHAPTER 1V

THE RESULTS OF THE SIMULATION STUDY

4.1 Introduction

In this chapter, we will present the numerical results of the
simulation study which has been described in detail in the previous
chapter. The estimates of the MSEPs (excluding m02 + mcz/n) for the
various predictors (as discussed in Chapter III) are listed in the
Appendix.

In Chapter V, conclusions will be presented and recommendations
will be made based on the numerical results.

First we will discuss the accuracy of the simulation study.

4.2 Accuracy of the Simulation Study

The numerical simulation was done on an IBM 3081 computer using
SAS (Version 5.16). The normal deviates were generated using the
RANNOR function; i.e. the normal deviates were generated using the
Box-Muller transformation of uniform deviates generated using the
RANUNI function. The chi-square deviates were generated using the
RANGAM function.

Recall that for each simulation configuration, we generated 300
regressions. For each single prediction from each simulation
configuration, the estimated bias and the estimated standard error of
the bias were calculated for the OLS predictor. Since the OLS

~k *x * *
predictor y , is an unbiased predictor for y =X g + € , on the
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average we would expect its bias to be zero. The usual z-statistics
were calculated and used to test the hypothesis that the bias is zero.
In ail, there were 3024 (72x(12+30)) such z-statistics, i.e. T2
simulation configurations for each r, and 2r single predictions for
each of the 72 configurations. Less than five percent (136/3024 =
4.50%) of the z-statistics were significant at the .05 level of
significance.

The average F statistics and the corresponding standard errors
calculated for each simulation configuration are given in Tables 19
and 20. Except for five simulation configurations, the average F
statistics are within two standard errors of the corresponding
expected F statistics given in Tables 10 and 11.

In this respect we believe that our simulation results are

accurate.
4.3 Predicting in the Direction of the Eigenvectors of X'X

4.3.1 Predicting One Future QObservation at a Time

Recall that it was shown in Chapter II that if the response is
predicted at x*, where x* is in the direction of one of the
eigenvectors of X'X, then the GHK, OPK and SPK predictors

computationally reduce to the same predictor.

a. The Results for Random g
When g8 (or a) is generated at random for each replication of the
simulation study, we have, in a sense, averaged over many possible

regression situations. The main results follow.
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Table 19. Estimated Average F Statistics (and s.e.) forr =6
Method 1: Fixed g8 Method 2: Random B8
* * %k
MC  SNR (1) (2) (3)

1 1 1.38 1.03 1.1 1.14
(0.05) {(0.04) (0.04) (0.05)
1 2 4.16 1.34 1.75 2.12
(0.10) (0.05) (0.05) (0.08)
1 3 33.13 4.03 7.84 1.7
(0.48) (0.10) (0.15) (0.42)
1 4 319.89 30.21 73.29 104.88
(4.22) (0.50) (1.06) (3.30)
1 5 3182.46 297.91 717.48 1015.38
(42.38) (4.20) (9.40) (30.45)
1 6 32046.31 2912.33 7167.30 10315.55
(424.62) (34.25) (86.00) (311.82)
2 1 1.44 1.13 1.18 1.20
(0.06) (0.05) (0.04) (0.04)
2 2 4.41 1.17 2.78 2.14
(0.12) (0.04) (0.09) (0.08)
2 3 36.24 2.55 18.31 11.18
(0.63) (0.08) (0.30) {0.39)
2 4 344.21 16.16 173.40 100.32
(4.47) (0.26) (2.23) (3.19)
2 5 3384.65 148.06 1759.18 1060.14
(42.09) (2.03) (22.66) (34.15)
2 6 34603.96 1441.40 7 17144.07 10055.28
(417.60) (18.59) (233.77) (365.22)
3 1 1.49 1.07 1.28 1.18
(0.06) (0.04) (0.04) (0.04)
3 2 5.23 1.03 4.04 2.01
(0.14) (0.03) (0.10) (0.07)
3 3 41.57 1.17 31.170 11.45
(0.62) (0.04) (0.52) {0.45)
3 4 405.12 2.48 299.175 102.43
(5.00) (0.08) (3.88) (3.85)
3 5 4094.73 16.57 29566.75 1082.64
{(68.11) (0.28) (37.46) (42.46)
3 6 40156.32 155.49 29674.30 10627.18
(500.76) (2.01) (417.69) (424.62)

*
MC = Multicollinearity;

1=weak, 2=moderate, 3=strong;

*k
SNR; 1=.6,2=6,3=60,4=600,5=6000,6=60000; T Not within 2 s.e. of E(F);
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Table 20. Estimated Average F Statistics (and s.e.) for r = 15 .

Method 1: Fixed g Method 2: Random B

* * Kk
MC  SNR (1) (2) (3)

1 1 1.72 1.08 1.19 1.18
(0.04) (0.03) (0.03) (0.03)
1 2 8.09 1.18 1.82 2.15
(0.14) (0.03) (0.05) (0.07)
1 3 73.24 2.36 8.13 12.36
(1.18) (0.06) (0.15) (0.42)
1 4 708.60 13.60 71.74 111.52
(10.33) (0.22) (0.97) (3.83)
1 5 7192.42 127.27 710.45 1065.52
(110.73) (1.74) (10.34) (34.99)
1 6 72587.11 1314.24 T 1327.06 10502.37
(1092.99) (22.00) (108.38) (365.20)
2 1 1.79 1.08 1.14 1.12
(0.04) (0.03) (0.03) (0.03)
2 2 8.81 1.10 1.81 2.03
(0.16) (0.03) (0.04) (0.06)
2 3 79.00 1.54 8.03 12.19
(1.16) (0.04) (0.16) (0.47)
2 4 766.08 5.94 70.36 113.42
(11.49) (0.11) (1.02) (4.16)
7658.03 46.64 681.97 1053.16
(110.93) (0.69) (10.74) (37.18)
75931.85 477.30 7000.62 10812.31
(1114.38) (7.43) (112.05) (381.30)
1.79 1.10 1.14 1.18
(0.04) (0.03) (0.03) (0.03)
8.19 1.08 1.83 2.05
(0.16) (0.03) (0.04) (0.06)
75.61 1.22 9.04 11.43
(1.13) (0.03) (0.16) (0.39)
710.01 3.30 77.82 110.82
(10.00) (0.07) (1.07) (4.00)
7060.70 21.48 779.50 1037.96
(106.18) (0.35) (11.16) (35.78)
3 6 72957.85 212.66 7555.35 T 10645 .96
(1193.56) (3.20) (112.82) (352.28)

*

MC = Multicollinearity; 1=weak, 2=moderate, 3=strong;
*k

SNR;1=1.5,2=15,3=1560,4=1500,5=15000,6=150000;

T Not within 2 s.e. of E(F);




1086
1. As the signal-to-noise ratio increases, the bias of the predictors
tends to zero; hence, the estimated MSEP of the biased predictors
converges to the estimated MSEP of the OLS predictor. In general, for
small signal-to-noise ratios (SNR = .6, 6, 1.5 and 15), the GHK, OPK,
OHK, OLW, SPK and SJS predictors offer substantial improvement over

the OLS predictor, while the GPK and PC predictors do not.

2. As the direction of x* changes from P1 to Pr’ through the r
eigenvectors, the potential improvement of the biased predictors
increases. When x* is 1in the direction of the eigenvectors
corresponding to the smallest eigenvalues, and SNR = .6, 6, 1.5 or 15,
the OR predictors, OHK and OLW, offer the greatest potential
improvement over the OLS predictor among all of the biased predictors.
However, when x* is in the direction of the eigenvectors corresponding
to the largest eigenvalues, and SNR = .6, 6, 1.5 or 15, the GHK, OPK,
SPK and SJS predictors often offer greater potential improvement over
the OLS predictor than do the OHK and OLW predictors. The GPK and PC

predictors are never preferable to the other biased predictors.

3. For any fixed value of the signal-to-noise ratio, as the level of
multicoliinearity increases, the performance of the GHK, OPK, OHK, OLW
and SPK predictors improves with respect to the OLS predictor when x*
= Pr' This additional improvement (due to the increase in
multicollinearity) in the performance of the biased predictors is the
greatest for SNR = 60 and 150. When x* is orthogonal to Pr' the

potential improvement of the biased predictors is not affected by the

level of multicollinearity (except for the OHK predictor). At times,
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the potential improvement of the OHK predictor with respect to the OLS .

predictor slightly decreases as the level of multicollinearity

increases.

4. In general, as the number of explanatory variables increases, we
can only say that the potential improvement of the GPK predictor with
respect to the OLS predictor decreases. No such general statements
regarding the potential improvement of other biased predictors with
respect to the OLS predictor can be made.

The increase or decrease in potential improvement of the biased
predictors depends on the direction of x*. For x* = P1, an increase
in r improves the performance of only the PC predictor with respect to
the OLS predictor. When x* is in the direction of the eigenvectors

corresponding to the larger eigenvalues (excluding A1, which is much

larger than the other eigenvalues), an increase in r improves the
performance of the SJS predictor, does not affect the performance of
the GHK, OPK, OHK, OLW and SPK predictors, and worsens the performance
of the PC predictor. When x* is in the direction of the eigenvectors
corresponding to the smallest eigenvalues, an increase in r improves
the performance of all of the biased predictors (except for the GPK

predictor) with respect to the OLS predictor.

5. Even though the GPK predictor does not produce a substantial
improvement with respect to the OLS predictor, the estimated MSEP of
the GPK predictor is never larger than the estimated MSEP of the OLS
predictor. When x* = P1 and SNR = 6, 60, 15 or 150, the estimated

MSEP of the SJS predictor can be substantially larger than the
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estimated MSEP of the OLS predictor. At times, the estimated MSEP of
the PC predictor is larger than the estimated MSEP of the OLS
predictor; and, in some cases with large signal-to-noise ratios, the
estimated MSEPs of the GHK, OPK, OLW and SPK predictors are slightly

larger than the estimated MSEP of the OLS predictor.

b. The Results for Fixed B

When B is considered to be fixed for each replication of a given
simulation configuration, some interesting results emerge that were
not evident in the previous simulation involving a randomly chosen B
vector.

Recall that for each X'X correlation matrix, B is taken to be

parallel to P the eigenvector of X'X corresponding to the largest

1'
eigenvalue; B is taken to be parallel to Pr’ the eigenvector of X'X
corresponding to the smallest eigenvalue; and B is taken to be

parallel to a normalized vector which was generated at random using

(3) of Method 1 described in Chapter III. The main results follow.

1. When B is parallel to P1 or Pr' and x* is orthogonal to g8, the
estimated MSEP of every biased predictor is less than or equal to that
of the OLS predictor. The general results are similar to the results
for the random B8 case with a few exceptions.

For instance, for all signal-to-noise ratios, the GHK, OPK and
SPK predictors offer substantial improvement over the OLS predictor.
As the signal-to-noise ratio increases, the improvement remains
approximately constant and is not affected by an increase in the level

of multicollinearity, by the number of explanatory variables, or by a
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change in the direction of x* (for x* orthogonal to g). At times, the
GHK, OPK and SPK predictors offer the maximum potential improvement
among the biased predictors for small signa]-to—noise ratios and
almost always offer the maximum potential improvement for moderate to
‘large signal-to-noise ratios.

For a fixed x*, level of muiticollinearity, and number of
explanatory variables, the potential improvement of the PC predictor
with respect to the OLS predictor remains constant as the signal-to-

noise ratio increases.

2. +When B is parallel to P1 and x* is parallel to g, the estimated
MSEP of the biased predictors is typically larger than that of the OLS
predictor. In most cases, however, this difference is negligible.

The performance of the SJS predictor, in contrast, can be much worse
than the OLS predictor for small signal-to-noise ratios, and it
worsens as the number of explanatory variables in the model increases.
The performance of the PC predictor is worse than the OLS predictor
for the smallest signal-to-noise ratio. The GHK, OPK, OHK, and SPK
predictors are worse than the OLS predictor for small signal-to-noise
ratios. As multicollinearity increases, the potential loss of the OHK

predictor increases substantially compared to the OLS predictor.

3. When B is paraliel to Pr and x* is parallel to B, the estimated
MSEP of some of the biased predictors is very large compared to the
OLS predictor, except for some of the smaller signal-to-noise ratios.
The three predictors OHK, OLW and SJS (which offer the most potential

improvement when the signal-to-noise ratio is small) tend to have
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large estimated MSEPs when the signal-to-noise ratio is moderate or
large. The potential loss increases for these three predictors as the
level of multicollinearity or the number of explanatory variables
increases. The OLW predictor performs the worst in this case. The
performance of the PC predictor is worse than the OLS predictor for
small to moderate signal-to-noise ratios. In some cases, when the
level of multicollinearity is moderate or strong and the signai-to-
noise ratio is moderate, the performance of the GHK, OPK and SPK
predictors is worse than the OLS predictor.

In general, when g is paraliel to Pr and x* is parallel to 8,
the performance of the biased predictors is better than that of the
OLS predictor for smaller signal-to-noise ratios, and this performance
improves with the level of multicollinearity. On the other hand, the
biased predictors perform worse than the OLS predictor for larger
signal-to-noise ratios, and the performance worsens with the level of

multicollinearity.

4. wWhen g is parallel to a vector selected using (3) of Method 1 and
when a single prediction x* = Pi (i =1,2,...,r) is nearly paraliel to
g (i.e. Q‘Pi =~ 1), then the performance of the OHK, OLW and SJS
predictors relative to the OLS predictor is similar to that described
above for g and x* parallel. When x* = Pi is not parallel to B (yet
not necessarily orthogonal), the potential improvement of the OHK, OLW
and SJS predictors relative to the OLS predictor is great for small
signal-to-noise ratios, and is equal to that of the OLS predictor for

moderate to large signal-to-noise ratios.

For every selected B (with B selected using (3) of Method 1), the
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estimated MSEPs of the GHK, OPK and SPK predictors are larger than
that of the OLS predictor for all single predictions x* = Pi (i =
1,2,...,r) for at ]easf one small or moderate signal-to-noise ratio.

The performance of the PC predictor can be substantially worse
than the OLS predictor for any x* =P. (i =1,2,...,r) and any signal-

i

to-noise ratio (particularly for r = 6).

4.3.2 Predicting r Future Observations at a Time

When X*'X* =1 (i.e. if we simultaneously predict at the r
eigenvectors), then the estimated MSEP of a predictor is the estimated
MSE of the corresponding estimator plus the quantity roz. Therefore,
the GPK predictor reduces to the GHK predictor, and the OPK predictor

reduces to the OHK predictor with COHK = rsz/p'p.

a. The Results for Random 8

1. For small to moderate signal-to-noise ratios, the potential
improvement of all of the biased predictors is substantial with
respect to the OLS predictor except for the PC predictor (which has a
larger estimated MSEP than that of the OLS predictor for moderate

signal-to-noise ratios).

2. For small signal-to-noise ratios, the relative performance of the
predictors with respect to the OLS predictor can be ordered as
follows:

a) the OR predictors (OLW, OHK, OPK);

b) the SLS predictors (SJS and SPK);

c) the GR predictors (GHK and GPK);




d) the PC predictor.

3. For any fixed value of the signal-to-noise ratio, as the level of
multicollinearity increases, the performan;e of the biased predictors
improves with respect to the OLS predictor. This additional
improvement (due to the increase in the level of multicollinearity) in
the performance of the biased predictors is the greatest for moderate

signal-to-noise ratios.

4. An increase in r improves the performance of the OPK, OHK, OLM,
SJS and SPK predictors, does not affect the performance of the GHK and
GPK predictors, and slightly worsens the performance of the PC

predictor.

5. The estimated MSEP of the PC predictor is often larger than that
of the OLS predictor for moderate to large signal-to-noise ratios.
For the weak and moderate levels of multicollinearity, the estimated
MSEPs of the GPK and GHK predictors are slightly larger than that of
the OLS predictor. For r = 6, when multicollinearity is strong and
the signal-to-noise ratio is large, the estimated MSEP of the OLW

predictor can be slightly larger than that of the OLS predictor.
b. Results for Fixed B

1. When B is parallel to Pl' the relative performance of the
predictors is similar to the case where g is selected randomly in each
replication. A few exceptions are however, worth noting. The
estimated MSEPs of all the biased predictors are less than that of the

OLS predictor. The SJS predictor does not perform as well as the OPK,
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OHK or OLW predictors.

For all signal-to-noise ratios, the GPK and GHK predictors offer
substantial improvement over the OLS predictor. As the signal-to-
noise ratio increases, this improvement remains approximately constant
and is not affected by an increase in the level of multicollinearity
or by the number of explanatory variables. These predictors often
offer the maximum potential improvement among all of the biased
predictors for moderate to large signal-to-noise ratios, and, at
times, also for the smaller signal-to-noise ratios.

For a fixed level of multicollinearity and number of explanatory
variables, the potential improvement of the PC predictor with respect
to the OLS predictor remains constant as the signal-to-noise ratio

increases.

2. When g is parallel to Pr' the estimated MSEPs of some of the
biased predictors is very large compared to the OLS predictor for
moderate to large signal-to-noise ratios. The predictors OPK, OHK,
OLW and SJS (which offer the greatest potential improvement for smail
signal-to-noise ratios) tend to have very large estimated MSEPs for
moderate to large signal-to-noise ratios. The potential loss
increases for these predictors as the level of multicollinearity or as
the number of explanatory variables increases. The GPK and GHK
predictors are worse than the OLS predictor only when both r = 6 and
the level of multicollinearity is strong. The SPK predictor is
slightly worse than the OLS predictor only when both the level of
multicollinearity is strong and the signal-to-noise ratio is large.

The PC predictor is sometimes worse than the OLS predictor.
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In general, when B is parallel to Pr’ the performance of the
biased predictors is better than the OLS predictor for smaller signal-
to-noise ratios, and the performance improves with the level of
multicollinearity. On the other hand, the biased predictors perform
worse than the OLS predictor for larger signal-to-noise ratios, and

the performance worsens with the level of multicollinearity.

3. When B is parallel to a vector selected using (3) of Method 1, the
performance of the OPK, OHK, OLW, SJS and SPK predictors is preferable
to that of the OLS predictor.

For a given signal-to-noise ratio, the potential improvement can
increase or decrease as compared to the cases when g8 = P1 or Pr' We
must note, however, that none of the selected g vectors in our study
have an orientation with Pr that is close to 1 (See Table 21).

For the larger signal-to-noise ratios, the GPK, GHK and PC
predictors are worse than the OLS predictor. The PC predictor is

worse than the GPK and GHK predictors.
4.4 Predicting in a Randomly Chosen Direction

4.4.1 Predicting One Future Observation at a Time

Recall that r future observations were chosen at random in the
same manner as the original data were generated. These vectors have
not been scaled to have length equal to one. However, they have been
centered and scaled by the original X matrix (see section 1.4.5).

If x* is not parallel to one of the r eigenvectors, then the GHK,
OPK, and SPK predictors are no longer computationally identical. In

this case, the GPK and PC predictors are not much better than the OLS
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Table 21. Orientation between fixed B and 1) the eigenvectors and 2)
*l *l 2
the selected x (each X, scaled to 1) for q =1
* * *
A r Weak MC Moderate MC Strong MC
*! *t * !
P'B xi B8 P'g xi 8 P'p xi B

1 6 .25 .40 .62 -.36 -.83 .21
2 6 .04 .29 .21 -.12 .35 -.66
3 6 -.24 .28 .22 .46 .10 -.08
4 6 .78 .41 .62 -.25 -.16 .55
5 6 .37 .61 -.24 -.44 .28 -.86
6 6 -.35 .14 .23 -.66 .26 .34
1 15 .07 .25 .13 .15 -.10 -.16
2 15 -.03 .04 .07 .21 .18 .44
3 15 -.41 .01 .18 -.14 .15 .13
4 15 -.12 .06 .21 -.03 .50 .52
5 15 -.55 .21 .13 .01 11 -.29
6 15 .22 .09 .01 A7 -.46 .34
7 15 -.19 .29 .10 -.23 .22 -.09
8 15 -.22 .23 -.72 -.23 .27 .42
9 15 .31 .20 .28 -.41 -.15 .31
10 15 .03 .15 .29 .03 -.13 -.03
1" 15 .09 .39 -.03 A7 .48 -.21
12 15 .30 .14 .41 .22 .06 -.05
13 15 .32 .19 .14 -.22 -.05 .01
14 15 .19 .18 -.09 -.31 .25 .18
15 15 -.20 .20 -.04 .13 .05 .21

*
MC = Multicollinearity

predictor.

For moderate to large signal-to-noise ratios, the OPK predictor

has very large estimated MSEPs as compared to the OLS predictor when B
is randomly selected in each replication.
performance of the OPK predictor is similar to that of the other OR

predictors OHK and OLW.

For fixed B, the

When B is randomly selected in each replication, the performance

*
of the GHK predictor is similar to that described for predicting at x
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= Pi (i=1,2,...,r). The performance of the SPK predictor relative to
the OLS predictor is similar to that of the GHK predictor. When g is
parailel to P1, the performance of the SPK predictor can be worse than
the OLS predictor.

Consider x* as a linear combination of the eigenvectors. Then
the potential improvement of the GHK, OHK, OLW and SJS predictors
depends on the coefficients in the linear combination. In one case,
it was observed that when g and x* are in the direction(s) of the
eigenvectors corresponding to the small eigenvalues and when the
orientation between B and x* is close to one, these predictors can
perform worse than the OLS predictor even for the signal-to-noise
ratios SNR = 6 and 15. See Tables 21 through 23 for the orientation
between 1) fixed g and the eigenvectors, 2) fixed B and the randomly

* *
selected x , and 3) x and the eigenvectors.

4.4.2 Predicting r Future Observations at a Time

When X* is chosen as in 4.4.1, the GPK and PC predictors do not
perform much better than the OLS predictor.

When g is chosen randomly in each replication, the OPK predictor
is worse than the OLS predictor for r = 6 and for moderate to large
signal-to-noise ratios.

when B is randomly selected in each replication, the performance
of the GHK predictor is similar to that described for predicting at x*
= Pi (i=1,2,...,r). The SPK predictor performs better than the GHK
predictor in this situation.

Recall that the estimated MSEP for the GHK, OHK, OLW, SJS, PC and

OLS is the sum of the MSEPs for single predictions. Therefore, the
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* *!
Table 22. Orientation of the selected X (each x scaled to 1) to P .

* ¢
and the squared length of each X, (unscaled) for r = 6

** 1 *l *l L] L] *l T
i MC X P1 xi P2 xi P3 x P4 X P5 xi P6 SSX
1 1 .85 -.18 .02 .40 -.03 .28 .056
2 1 .03 -.28 -.64 -.56 -.31 ~-.31 .069
3 1 17 .47 -.85 ~.06 .19 .02 .035
4 1 -.93 .31 .01 -.15 -.12 .06 .497
5 1 -.91 -.05 .20 -.31 -.10 .12 .388
6 1 .57 -.26 -.21 -.08 -.50 ~-.56 .085
1 2 -.95 .11 .00 .19 -.13 .20 .284
2 2 -.68 .60 .12 .14 .19 .32 .062
3 2 .11 -.13 .58 -. 11 .19 .02 .135
4 2 -.46 -.53 .59 .11 .30 .22 .015
5 2 -.95 -.13 .14 .13 -.13 .15 .072
6 2 -.98 .10 -.07 -.13 .01 .09 .392
1 3 -.11 -.02 -.36 .60 .64 .29 .017
2 3 A7 -.09 -.59 .56 -.31 .01 .028
3 3 .21 .78 -.23 .12 -.53 -.01 .094
4 3 -.45 .18 .34 -.79 -.13 -.04 .012
5 3 .89 -.31 .08 -.21 -.25 .05 .185
6 3 -.47 -.24 -.44 -.72 -.04 -.07 .085

*k *
MC: Multicoilinearity; 7T Squared length of each unscaled X, vector

remarks presented for the single predictions extend "in an average
sense' to these six predictors.
In the next chapter, we will discuss these results and make

recommendations for using biased predictors.
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CHAPTER V

DISCUSSION AND RECOMMENDATIONS

The performance of the biased predictors relative to the OLS
predictor depends on several "parameters" of the regression. It
strongly depends on the relationship between the direction of the true
regression coefficient vector and the direction(s) in which we wish to
make our predictions. It also depends on the magnitude of the signal-
to-noise ratio, the level of multicollinearity, and the number of
explanatory variables.

The results given in Chapter IV indicate that, under certain
circumstances, several biased predictors offer a substantial
improvement in estimated MSEP over thp OLS predictor, while other
biased predictors can be ruled out as alternatives to the OLS
predictor.

The proposed predictors GPK, OPK and SPK were expected to perform
better than the traditional biased predictors. The traditional biased
predictors offer good estimation of the true regression coefficient
vector, but the estimation does not depend on x*. Good estimation of
the true regression coefficient vector may not be necessarily
sufficient to insure good prediction. It is also possible to have
rather poor estimation and yet have good prediction.

Unfortunately, the predictors based on optimal prediction

*
(minimum MSEP), for which the optimal K values depend on X , do not
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offer improvement over the traditional biased predictors even when
considering prediction at multiple x*'s, and particularly when the
signal-to-noise ratio is small.

For this reason, the GPK, OPK and SPK predictors can essentially
be ruled out as alternatives to the OLS predictor. However, the GPK
predictor offers the advantage that its estimated MSEP is essentially
always less than that of the OLS predictor. The OPK predictor
performs poorly for large signal-to-noise ratios when B is randomly
selected in each replication and when X* is chosen at random in the
same manner as the original data were generated. The performance of
the SPK predictor is similar to that of the GHK predictor, and is
slightly preferable only when predicting multiple future observations.
When x* is equal to an eigenvector of X'X, the OPK and SPK predictors
are equal to the GHK predictor. When x*'x* = I, the OPK predictor is
equal to the uniterated OHK predictor, which is inferior to the
iterated OHK predictor.

The PC predictor can also be ruled out as an alternative to the
OLS predictor, as the estimated MSEP of the PC predictor is often
worse than that of the OLS predictor and never preferable to the other
biased predictors (including GPK, OPK and SPK) for small signal-to-
noise ratios. At times, the performance of the SJS predictor was
observed to be substantially worse than that of the OLS predictor for
relatively small signal-to-noise ratios.

The performance of the remaining traditional predictors can be
substantially better than the OLS predictor. In general, the OHK and

OLW predictors perform the best with respect to the OLS predictor for
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small signal-to-noise ratios, but can have large estimated MSEPs for .
moderate to large signal-to-noise ratios under particular
circumstances. The pefformance of the GHK predictor is never much
worse than the OLS predictor for any signal-to-noise ratio and can be
substantially better than the OLS predictor for moderate and large
signal-to-noise ratios.

The relationship between the direction of the true regression
coefficient vector and the directions in which we wish to make our
predictions strongly influence the squared bias portion of the
estimated MSEP, as well as affecting the estimation of the diagonal
matrix K for a particular biased predictor. However, since the
direction and magnitude of the true regression coefficient vector B is

unknown to the practitioner, we must carefully consider under what

circumstances one of the three remaining biased predictors is
preferable to the OLS predictor. As discussed in Chapter III, the f
statistics do not necessarily give a good indication of the magnitude
of the signal-to-noise ratio for a fixed 8 (see Table 12). In fact,
it is potentially dangerous to use the OHK and OLW predictors when the
F statistic is small and the signal-to-noise ratio is large.
Therefore, the signal-to-noise ratio must be estimated. Even though
é';/sz, where é and 52 are the OLS estimators (excluding the
estimate of the constant term éo), is an estimator for the signal-to-
noise ratio, it is not an unbiased estimator. In fact, E(&'é/sz) =
(SNR + E%_.1/X.)(n-r-1)/(n-r-3).

It was found that the performance of the predictors does not

necessarily improve as the level of multicollinearity or the number of
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explanatory variables increases. However, the relative performance
depends on the direction in which the prediction is made.

Finally, we will make the following recommendations. If the
noise (02) is too large compared to the signal (B'B), then none of the
predictors, including the OLS predictor, will give good predictions.
Otherwise, if the estimated signal-to-noise ratio (divided by r) is
large (i.e., greater than 100), then the OLS predictor should be used.
If the estimated signal-to-noise ratio (divided by r) is moderate
(i.e., between 10 and 100) then the GHK predictor is a good
alternative to the OLS predictor since it may offer substantial
improvement over the OLS predictor and is never much worse than the
OLS predictor. If the estimated signal-to-noise ratio is small, say
less than 10, then the OHK or OLW predictors may offer substantial

improvement over the OLS predictor.



CHAPTER VI

EXAMPLES

6.1 Introduction

In this chapter, we present two examples; one from the Earth

Science literature and one from the Engineering literature. In each

case a few

observations were deleted from the data and the remaining

observations were used to predict the deleted response values. The

predictors

discussed in this dissertation are compared with respect to

the observed response values.

6.2 Soil Evaporation Example

Freund discussed the analysis of daily soil evaporation, EVAP, as

a function

MAXAT

MINAT

AVAT

MAXST

MINST

AVST

MAXH

MINH

AVH

of the following ten explanatory variables:

= maximum daily air temperature

= minimum daily air temperature

= integrated area under the daily air temperature curve,
i.e., a measure of average air temperature

= maximum daily soil temperature

= minimum daily soil temperature

= integrated area under the soil temperature curve

= maximum daily relative humidity

= minimum daily relative humidity

= integrated area under the daily humidity curve
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WIND = total wind, measured in miles per day
(see Kleinbaum, Kupper, and Muller (1987) p.224 for a listing of the
data).

Based on the orientation of each of the 46 ébservations to the
eigenvectors of the correlation matrix, we have deleted five
observations from the data. The eigenvalues of the correlation matrix
based on the remaining 41 observations and the orientation of the five
deleted observations with respect to the corresponding eigenvectors
are summarized in Table 24. The deleted observations (7, 13, 22, 40,
and 42) are approximately in the directions of P1; P2 and P4; P_ and

5

P P1 and P2; and P1 and P_ respectively. Observations 40 and 42 are

8’ 3
also in the directions of P10 and Pg, respectively, more so than any
of the other five observations. Notice that the data has moderate to
strong multicollinearity and a moderate signal-to-noise ratio (see
Table 24). For each prediction, the estimated MSEP (including 02 +
oz/n) for the OLS predictor is also presented in Table 24.

The observed response values and the predicted values
corresponding to each predictor for single and multiple predictions
are presented in Tables 25 and 26. In this example, the PC predictor
coincided with the OLS predictor. The OR predictors OPK, OHK, and
OLW, are closest to the observed response at observations 7, 13, and
42. The OLS predictor, however, performed better than the other
biased predictors when predicting at observation 7. When predicting
at observations 13 and 42, the OLS predictor performed the worst. The

GHK predictor also did well in predicting the response at observation

42. For the remaining two predictions, none of the predictors
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Table 25. Comparison of Predictors with respect to the Observed
Response Values (Single Predictions)
*
obs y oLS GPK GHK 0oPK OHK OLW SPK SJs
7 5 6.00 6.19 6.70 4.32 4.62 4,34 6.56 7.35
13 45 48.38 48.29 47.53 44.81 43.91 45.04 47.06 47.75
22 50 39.00 38.98 38.65 37.61 37.46 37.76 37.28 38.81
40 21 30.09 30.12 32.41 35.69 35.59 35.15 32.08 30.31
42 44 47.40 4T.32 45.42 A45.42 43.69 44.30 46.45 46.82
Table 26. Comparison of Predictors with respect to the Observed
Response Values (Multiple Predictions)
*
obs y oLs GPK GHK 0PK OHK OLW SPK SJs
7 5 6.00 6.18 6.70 4.32 4.62 4.34 1.74 T7.35
13 45 48.38 47.60 47.53 45.38 43.91 45.04 47.57 47.75
22 50 39.00 39.80 38.65 37.84 37.46 37.76 38.76 38.81
40 21 30.09 32.24 32.41 34.95 35.59 35.15 30.37 30.31
42 44 AT7.40 A45.92 45.42 44.52 43.69 44.30 46.65 46.82
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predicted the response accurately. In both of these cases, however,
the OLS and GPK predictors performed slightly better than the other
predictors. When simultaneously predicting at the five deleted
observations, the performance of the GPK and OPK predictors showed
slight improvement, whereas, the SPK predictor did not predict as well

compared to single predictions.

6.3 Petroleum Refining Example

Gorman and Toman first discussed the data used for our
next example (see Daniel and Wood (1971) p.129 for a listing of the
raw data). The data were used to derive an interpolation formula
for describing the operation of a petroleum refining unit. Technical
knowledge of the process indicates that a common log transformation
should be performed on the response variable.

Based on the orientation of each of the 36 observations to the
eigenvectors of the correlation matrix of the ten explanatory
variables, we have deleted four observations from the data. The
eigenvalues of the correlation matrix based on the remaining 32
observations and the orientation of the four deleted observations with
respect to the corresponding eigenvectors are summarized in Table 27.
The observations (3, 15, 26, and 28) are approximately in the

P

directions of Pz; P_ and P10; P, and Pz; P P2 and P and Pl' P2' 3

6 1’ 3’
and P4 respectively. Notice that the data has weak multicollinearity

and a moderate signal-to-noise ratio (see Table 27). For each

1

prediction, the estimated MSEP (including 02 + cz/n) for the OLS
predictor is also presented in Table 27.

The observed response values and the predicted values
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Table 28. Comparison of Predictors with respect to the Observed

Response Values (Single Predictions)

obs Yy oLs GPK GHK 0PK OHK OLW SPK SJs

3 2.47 2.31 2.31 2.29 2.25 2.217 2.26 2.24 2.30
15 1.89 1.71 1.72 1.74 1.73 1.74 1.74 1.72 1.73
26 2.43 2.56 2.56 2.53 2.56 2.55 2.55 2.55 2.55
28 2.49 2.53 2.53 2.50 2.53 2.52 2.52 2.53 2.52

Table 29. Comparison of Predictors with respect to the Observed

Response Values (Multiple Predictions)

obs Y oLs GPK GHK 0PK OHK OLW SPK SJS

3 2.417 2.31 2.30 2.29 2.28 2.217 2.26 2.30 2.30
16 1.89 1.71 1.7 1.74 1.73 1.74 1.74 1.73 1.73
26 2.43 2.56 2.56 2.53 2.56 2.55 2.55 2.54 2.55
28 2.49 2.53 2.53 2.50 2.52 2.52 2.52 2.51 2.52
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corresponding to each predictor for single and multiple predictions
are presented in Tables 28 and 29. In this example, the PC predictor
coincided with the OLS predictor. All of the predictors predict the
response values equally well.

In the next chapter, we will briefly discuss possibilities for

future research.



CHAPTER VII

FUTURE RESEARCH

~

In this dissertation we have discussed predictors of the formy
= Z*&&, where Z* is the matrix of transformed future observations, K
is a diagonal matrix, and & is the OLS estimator for a. We have
proposed optimal predictors based on the minimization of the MSEP with
respect to the diagonal elements of K. We obtained the optimal GR
predictor when K has diagonal elements ki = Ai/(xi + di)' the optimal

OR predictor when K has diagonal elements ki = >\1./(>\,i + COR)' and the

optimal SLS predictor when K has diagonal elements ki c

SLS®

In each case, the optimal choice of the elements of K depends on
B and 02, and hence, we have proposed operational predictors by
estimating the optimal choice of constants in K by i, using the least
squares estimators, é and sz.

Unfortunately, the performance of the new operational predictors
GPK, OPK and SPK is not much better than that of the operational
predictors GHK, OHK, OLW, SJS and PC suggested in the literature. The
closer i is to K, the closer the performance of the operational
predictor is expected to be to that of the corresponding optimal
predictor. In this respect, the performance of the GPK predictor is
particularly disappointing. This is partly due to the fact that for

predicting one future observation the operational GPK predictor

reduces to an SLS predictor. Hence, there is a need to explore better
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ways of estimating the elements of the optimal K matrix.

In the literature several authors have obtained optimal
predictors that minimize an unbiased estimate of the MSE or PMSE to
obtain an estimator of the K matrix. So, one alternative to our
approach would be to find the optimal predictors that minimize an

unbiased estimate of the MSEP. For example, an unbiased estimator of

MSEP(yFPC) is

N

~ ! %
MSEP (Yppc) = ms? + s2tr(z” 2%’ !

- *x' % -
237N C 22 251 - )T

- x' % -
+a(l -K)Z Z (1 -K)x.



132

REFERENCES

Allen,D.M. (1974). The relationship between variable selection and
data augmentation and a method for prediction. Technometrics 16, 125-
127.

Belsley,D.A. (1984). Demeaning conditioning diagnostics through
centering (with discussion). The American Statistician 38, 73-93.

Belsley,D.A., Kuh,E. & Welsch,R.E. (1980). Regression Diagnostics:
Identifying Influential Observations and Sources of Collinearity.
John Wiley: New York.

Birch,J.B. (1986). Fractional principal components regression: A
general approach to biased estimation. Paper presented at Joint
Statistical Meetings: 146th Annual Meeting of the American Statistical
Association.

Brown,P.J. (1977). Centering and scaling in ridge regression.
Technometrics 19, 35-36.

Conniffe,D. & Stone,J. (1973). A critical view of ridge regression.
The Statistician 22, 181-187.

Copas,J.B. (1983). Regression, prediction and shrinkage (with
discussion). Journal of the Royal Statistical Society, Series B 45,
311-354.

Daniel,C. & Wood,F.S. (1971). Fitting Equations to Data. John Wiley:
New York.

Dempster,A.P, Schatzoff,M. & Wermuth,N. (1977). A simulation study of
alternatives to ordinary least squares (with discussion). Journal of
the American Statistical Association 72, 77-103.

Oraper ,N.R. & Van Nostrand,R.C. (1979). Ridge regression and James-
Stein estimation: Review and comments. Technometrics 21, 451-466.

Owivedi,T.0., Srivastava,V.K. & Hall,R.L. (1980). Finite sample
properties of ridge estimators. Technometrics 22, 205-212.

Efron,B. (1975). Biased versus unbiased estimation. Advances in
Mathematics 16, 259-277.

Farebrother ,R.W. (1975). The minimum mean square error linear
estimator and ridge regression. Technometrics 17, 127-128.

Farebrother,R.W. (1976). Futher results on mean square error of ridge
regression. Journal of the Royal Statistical Society 38, 248-250.




133

Farebrother ,R.W. (1978b). A class of shrinkage estimators. Journal
of the Royal Statistical Society 40, 47-49.

Gibbons,D.G. (1981). A simulation study of some ridge estimators.
Journal of the American Statistical Society 76, 131-139.

Goldstein,M. & Brown,P.J. (1978). Prediction with shrinkage
estimators. Statistics 9, 3-7.

Goldstein,M. & Smith,A.F.M. (1974). Ridge-type estimators for
regression analysis. Journal of the Royal Statistical Society 36,
284-291.

Gunst,R.F. {1983). Regression analysis with multicollinear predictor
variables. Communications in Statistics 12(19), 2217-2260.

Gunst,R.F. & Mason,R.L. (1976). Generalized mean squared error
properties of regression estimators. Communications in Statistics
A5(15), 1501-1508.

Gunst,R.F. & Mason,R.L. (1977). Biased estimation in regression: an
evaluation using mean squared error. Journal of the American
Statistical Association 72, 616-628.

Hawkins,D.M. (1973). On the investigation of alternative regressions
by principal component analysis. Applied Statistics 22, 275-286.

Hemmerle,W.J. (1975). An explicit solution for generalized ridge
regression. Technometrics 17, 309-314.

Hemmerle,W.J. & Brantle,T.F. (1978). Explicit and constrained
generalized ridge estimation. Technometrics 20, 109-120.

Hemmerle,W.J. & Carey,M.B. (1983). Some properties of generalized
ridge estimators. Communications in Statistics 12(3), 239-253.

Hocking,R.R. (1976). The analysis and selection of variables in
linear regression. Biometrics 32, 1-49.

Hocking,R.R. (1983). Developments in linear regression methodology:
1959-1982. Technometrics 25, 219-246.

Hocking,R.R., Speed,F.M. & Lynn,M.J. (1976). A class of biased
estimators in linear regression. Technometrics 18, 425-437.

Hoer1,A.E. & Kennard,R.W. (1970a). Ridge regression: Biased
estimation for nonorthogonal problems. Technometrics 12, 55-67.

Hoer1,A.E. & Kennard,R.W. (1970b). Ridge regression: Applications to
nonorthogonal problems. Technometrics 12, 69-82.

Hoer1,A.E. & Kennard,R.W. (1976). Ridge regression: Iterative



134

estimation of the biasing parameter. Communications in Statistics
A5(1), 77-88.

Hoer1,A.E. & Kennard,R.W. (1977). Letter to the Editor.
Technometrics 19, 105.

Hoer1,A.E., Kennard,R.W. & Baldwin, K.F. (1975). Ridge regression:
Some simulations. Communications in Statistics 4(2), 105-123.

Hoer1,R.W., Schuenemeyer,J.H. & Hoerl1,A.E. (1986). A simulation of
biased estimation and subset selection regression techniques.
Technometrics 28, 369-380.

James,W. & Stein,C. (1961). Estimation with quadratic loss.
Proceedings of the Fourth Berkeley Symposium in Mathematical
Statistics and Probability 1, 361-379.

Kadiyala,K. (1979). Operational ridge regression estimators under the
prediction goal. Communications in Statistics A8(14), 1377-1391.

Kendall, M.G. (1957). A course in multivariate analysis. Charles
Griffon & Co.: London

Kennard,R.W. (1976). Letter to the Editor. Technometrics 18, 505.

Kleinbaum,0.G., Kupper,L.L. & Muller,K.E. (1987). Applied Regression
Analysis and other Multivariable Methods. Duxbury Press: Boston

Lawless,J.F. (1978). Ridge and related estimation procedures: Theory
and Practice. Communications in Statistics 7, 139-163.

Lawless,J.F. (1981). Mean squared error properties of generalized
ridge estimators. Journal of the American Statistical Association
76, 462-466.

Lawless,J.F. & Wang,P. (1976). A simulation study of ridge and other
regression estimators. Communications in Statistics A5(4), 307-323.

Lindley,D.V. & Smith,A.F.M. (1972). Bayes estimates for the linear
model. Journal of the Royal Statistical Society, Series B 34, 1-41.

Lott,W.F. (1973). The optimal set of principal component restrictions
on a least squares regression. Communications in Statistics 2, 449-
464.

Lowerre,J.M. (1974). On the mean square error of parameter estimates
for some biased estimators. Technometrics 16, 461-464.

Mallows,C.L. (1973). Some comments on Cp. Technometrics 15, 661-675.

Marquardt,D.W. (1970). Generalized inverses, ridge regression, biased
linear estimation, and nonlinear estimation. Technometrics 12, 591-




135
612.
Marquardt,D.W. (1980). You should standardize the predictor variables

in your regression models. Journal of the American Statistical
Association 75, 74-103.

Marquardt,D.W. & Snee,R.D. (1975). Ridge regression 1in practice.
American Statistician 29, 3-20.

Mason,R.L., Webster,J.T. & Gunst,R.F. (1975). Sources of
multicollinearity in regression analysis. Communications in
Statistics 4, 277-292.

Matloff,N.S. (1982). James-Stein regression estimation in a
prediction context. Communications in Statistics 11(5), 589-601.

Mayer,L.S. & Willke,T.A. (1973). On biased estimation in linear
models. Technometrics 15, 497-508.

McDonald,G.C. & Galarneau,D.I. (1975). A monte carlo evaluation of
some ridge-type estimators. Journal of the American Statistical
Association 70, 407-416.

Miller,A.J. (1984). Selection of subsets of regression variables.
Journal of the Royal Statistical Society, Series A 147, 389-425.

Montgomery,D.C. & Peck,E.A. (1982). Introduction to Linear
Regression Analysis. John Wiley: New York.

Newhouse,J.P. & Oman,S.0. (1971). An evaluation of ridge estimators.
The Rand Corporation, Santa Monica, Ca. 90406, Report #R-T716-PR, 1-28.

Obenchain,R.L. (1975). Ridge analysis following a preliminary test of
the shrunken hypothesis (with discussion). Technometrics 17, 431-441.

Obenchain,R.L. (1978). Good and optimal ridge estimators. The Annals

of Statistics 6, 1111-1121. ‘

Price,J.M. (1982). Comparisons among regression estimators under the
generalized mean square error criterion. Communications in Statistics
A(1T), 1965-1984.

Sclove,S.L. (1968). Improved estimators for coefficients in linear
regression. Journal of the American Statistical Association 63, 596-
606.

Smith,A.F.M. (1977). Discussion of Dempster,A.P, Schatzoff ,M. &
Wwermuth,N. A simulation study of alternatives to ordinary lTeast
squares. Journal of the American Statistical Association T2, 77-103.

smith,G. & Campbell,F. (1980). A critique of some ridge regression
methods. dJournal of the American Statistical Association 75, 74-103.




136

Stein,C. (1956). Inadmissibility of the usual estimator for the mean
of a multivariate normal distribution. Proceeding of the Third
Berkeley Symposium 1, 197-206.

Theobald,C.M. (1974). Generalizations of mean square error applied to
ridge regression. Journal of the Royal Statistical Society, Series B
36, 103-106.

Thisted,R.A. (1978). On generalized ridge regression. University of
Chicago, Tech. Report #57, 1-20.

Vinod,H.D. (1976a). Simulation and extension of a minimum mean
squared error estimator in comparison with Stein's. Technometrics 18,
491-496.

Vinod,H.D. (1976b). Letter to the Editor. Technometrics 18, 504.

Vinod,H.D. (1978). A survey of ridge regression and related
techniques for improvements over ordinary least squares. Review of
Economics and Statistics 60, 121-131.

Vinod,H.D. & Ullah,A. (1981). Recent Advances in Regression Methods.
Marcel Dekker: New York.

Wallace,T.D. (1972). MWeaker criteria and tests for linear
restrictions in regression. Econometrica 40, 689-698.

Webster,J.T., Gunst,R.F. & Mason,R.L. (1974). Latent root regression
analysis. Technometrics 16, 513-522,

Wichern,D.W. and Churchill,G.A. (1978). A comparison of ridge
estimators. Technometrics 20, 301-311.




137

APPENDIX

In the appendix, we present the estimated MSEP of the predictors
considered in the simulation study. The results for the case r = 6
are presented in Tables A1-A4. In order to save space only a sampie
of the results for r = 15 are in Tables A5-A8. In Table A1, we
present the estimated MSEP of the predictors when the response
variable is predicted at one of the eigenvectors of the X'X matrix.
In Table A5, the corresponding table for r = 15, the results are

presented only for P, and P The results for the case where the

1 15°

response variable is predicted in a randomly chosen direction are

*
given in Table A2. 1In Table A6, only the results for the x_ , for

1l
each level of multicollinearity, are listed. In Table A3 (Table A7),
the results for the case where the response vector is predicted
simultaneously at the r = 6 (r = 15) eigenvectors are presented,

whereas Table A4 (Table A8) contains the results for the case of

multiple prediction at the randomly selected directions.
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