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1 IntroductionWe consider a scalar conservation law with nonconvex 
ux f :ut + f(u)x = 0; (1.1)in which f 00(u) changes sign at a single in
ection point u = uI : The focus of the paper ison the role of undercompressive shock waves in solving Riemann problems for equation(1.1). A Riemann problem is a prototypical initial value problem in which the initialdata is piecewise constant with a single discontinuity. An undercompressive shock is adiscontinuous weak solution of (1.1) with the property that characteristics pass throughthe shock (as opposed to impinging on the discontinuity from both sides in a compressiveshock.) It is well known that in order for initial value problems to have unique solutions,additional conditions have to be placed on discontinuous solutions.In this paper, we study the traveling wave criterion for admissibility of shocks, in thecontext of a regularization of equation (1.1) with both dissipative and dispersive terms.Speci�cally, a shock wave will be considered to be admissible if and only if it is the limitas � �! 0 of travelling wave solutions of the equationut + f(u)x = ��uxx � �2�uxxx: (1.2)In this equation, the parameters � � 0 and � will be used to express the relativestrengths of dissipation and dispersion. As we shall see below, one sign of � in (1.2) givesundercompressive shocks, the other sign does not. In general, the notion of admissibilitydepends upon � and �: Similar criteria involving both dissipation and dispersion havebeen studied for certain scalar equations, hyperbolic systems and systems of mixed type[4, 7, 6, 11, 13, 14, 15].In the special case that f is a cubic function, undercompressive shocks and theirtravelling waves can be calculated explicitly, and the solution of the Riemann problemcompletely analyzed [7]. For a general 
ux, however, explicit calculations are not avail-able. In Section 4, we characterize the presence of undercompressive shocks by analyzinga parameterized family of vector �elds in the plane. Our primary tool is the Melnikovintegral [3], related to the the separation (or distance) between the unstable manifold ofone equilibrium and the stable manifold of a second equilibrium.In Section 5, we construct solutions of the Riemann problem. Broadly, the resultsare similar to the case of a cubic 
ux. In particular, for some initial data, the solutionhas two waves. When the two waves are shocks, speci�cally a compressive shock andan undercompressive shock, the solution u(x; t) is nonmonotone as a function of x for�xed t. The results are formulated for equations (like the Buckley{Leverett equation) inwhich f maps the interval [0; 1] into itself, and 0 < uI < 1: Because the solution maybe nonmonotonic, it follows that for some data in [0; 1], the solution of the Riemannproblem may take values outside the unit interval, i.e., outside the physical domain.We formulate su�cient conditions on 
ux functions f; and the range of parameters �; �2



under which the unit interval is invariant under solving the Riemann problem. Theresults are illustrated for the one-parameter family of 
uxes given byf(u; a) = u2u2 + a(1� u)2 : (1.3)Speci�cally, with � = �; � = 1��; 0 � � � 1; we calculate (numerically) the boundaryin (a; �) between equations for which the Riemann problem is solvable in [0; 1] and thosefor which the Riemann problem is not solvable in [0; 1] for some initial data in theinterval.In Section 6, we show numerical results of �nite di�erence approximations that illus-trate the structure of solutions of Riemann problems that we have established theoreti-cally.2 Rarefactions and ShocksRecall that the characteristic speed of equation (1.1) is f 0(u): A centered rarefaction waveis a continuous piecewise smooth weak solution of (1.1) that has the scale invariant formu(x; t) = 8>>>>>><>>>>>>: u� if x � f 0(u�)tu if f 0(u�)t � x = f 0(u)t � f 0(u+)tu+ if x � f 0(u+)t: (2.1)A centered shock wave u(x; t) = 8><>: u� if x < stu+ if x > st: (2.2)with speed s is a weak solution of (1.2) if the triple (u�; u+; s) satis�es the Rankine-Hugoniot condition �s(u+ � u�) + f(u+)� f(u�) = 0: (2.3)Thus the shock speed s = (f(u+)� f(u�)) =(u+ � u�) (2.4)is the slope of the chord joining the points (u�; f(u�)) in the graph of f .A shock (2.2) is called compressive, or a Lax shock if it satis�es the Lax entropycondition [8], which relates the slope of the chord, given by (2.4), to slopes of f :f 0(u+) � s � f 0(u�): (2.5)3



For a function f having at most one in
ection point, it easy to show that the Laxentropy condition is equivalent, for centered shock waves (2.2), to the entropy condi-tion (E) of Oleinik [10] and to the viscosity criterion, involving the existence of smoothtravelling wave solutions of (1.2) with � = 0 (i.e., including viscosity, or dissipation, butnot dispersion).A rarefaction{shock is a combination of a rarefaction wave and a shock wave, inwhich the fastest characteristic in the rarefaction wave, x = f 0(uo)t; is also the shock:x = st; s = f 0(uo) = (f(u+)� f(uo))=(u+ � uo):3 Travelling Waves and Lax ShocksTo describe shock waves (2.2) admissible under the traveling wave criterion with � 6= 0,we consider travelling wave solutions u = u(�); � = (x� st)=� of (1.2) with the boundaryconditions u(�1) = u�; u0(�1) = 0 = u00(�1): (3.1)Substituting into equation (1.2) and integrating from � = �1; we obtain the ordinarydi�erential equation �u00 = �u0 � (f(u)� f(u�)� s(u� u�)): (3.2)This second-order equation is equivalent to the �rst-order systemu0 = v�v0 = �v � (f(u)� f(u�)� s(u� u�)): (3.3)Equilibria of (3.3) are of the form (u; v = 0), withf(u)� f(u�)� s(u� u�) = 0: (3.4)If (u+; 0) is an equilibrium, then the Rankine Hugoniot condition (2.3) holds, so thatthe triple (u�; u+; s) represents a shock wave solution (2.2) of the hyperbolic equation(1.1).To simplify the description of Lax shocks, we distinguish those 
uxes for which f 00(u)and u�uI have the same sign from the rest, by the expedient of assuming that f 000(u) 6= 0for all u: Consider a chord through u�; with slope s; that intersects the graph of f atthree places, the value of u at each intersection corresponding to an equilibrium (u; 0):Weshall distinguish between the outside equilibria corresponding to the largest and smallestvalues of u, and the middle equilibrium, corresponding to the middle value of u. We thenhave the following characterization of the equilibria, depending on the signs of � andf 000 :A. If �f 000 < 0; then the outside equilibria are saddle points, and the middle equilibriumis a node, stable if � > 0 and unstable if � < 0:4



B. If �f 000 > 0; then the outside equilibria are nodes, stable if � > 0 and unstable if� < 0; the middle equilibrium is a saddle point.We easily see that Lax shocks, corresponding to triples (u�; u+; s) satisfying (2.3)and (2.5), have the following characterization:If � > 0; then (u�; 0) is a saddle and (u+; 0) is a stable node;If � < 0; then (u�; 0) is an unstable node and (u+; 0) is a saddle.Putting these observations together with a simple consideration of the phase plane forsystem (3.3) leads to the following.Lemma 3.1 If �f 000 > 0; then all Lax shocks are admissible, and conversely, all admis-sible shocks satisfy the Lax entropy condition.On the other hand, if �f 000 < 0; then there are admissible shocks that are not Laxshocks, and some Lax shocks are not admissible. The complete characterization of thisstructure is given in the next section, but we have the following partial result parallelingLemma 3.1:Lemma 3.2 If �f 000 < 0; and (u�; u+; s) is a Lax shock such that u�; u+ are on the sameside of uI; then the shock is admissible.4 Undercompressive ShocksIn this section, we analyze the vector �eld (3.3) in the Case A above. For de�niteness,and with the Buckley-Leverett equation in mind, we henceforth assume thatf 00(u) > 0 for u < uI; and f 00(u) < 0 for u > uI; (4.1)and consider � > 0: It is convenient to combine � > 0 and � > 0 into a single variable
 = �=p�. After rescaling variables, we obtain the systemu0 = vv0 = 
v � (f(u)� f(u�)� s(u� u�)): (4.2)If u� and u+ are saddle point equilibria for (3.3), and there is a heteroclinic orbitfrom (u�; 0) to (u+; 0) in the phase plane, then we say u� �! u+ is a saddle-to-saddleconnection. In particular, (2.2) is an undercompressive shock if and only if the RankineHugoniot condition (2.3) is satis�ed and u� �! u+ is a saddle-to-saddle connection.Let u� < uI : We restrict attention to the range of s for which (u�; 0) is the leftmostsaddle point: s > f 0(u�): At least near (u�; 0); the unstable manifold is a curve in the5



phase plane that can be parameterized by u. Let v = v(u) along the unstable manifoldthrough (u�; 0): We have the following relation,12(v(u))2 = 
 Z u+u� v(y) dy� Z u+u� (f(y)� f(u�)� s(y � u�)) dy: (4.3)In particular, if (u�; u+; s) corresponds to an undercompressive shock, then it is straight-forward to check that the trajectory joining (u�; 0) to (u+; 0) is the graph of v over theinterval [u�; u+], and since v(u) > 0; 
 > 0; we have from v(u+) = 0 and (4.3) thatZ u+u� (f(y)� f(u�)� s(y � u�)) dy > 0 (4.4)That is, if u� �! u+ is a saddle-to-saddle connection then the signed area between thegraph of f and the chord with slope s intersecting the graph at u = u� must be positive.Let s = sE(u�) be the unique value of s for which the signed area is zero:Z uEu� f(y) dy = (f(uE)+f(u�))(uE�u�); sE(u�) = (f(uE)�f(u�))=(uE�u�): (4.5)Then (4.4) implies that the range of values of s for which there can be a saddle-to-saddleconnection from u� to some u+ isf 0(u�) < s < sE(u�): (4.6)In this section, we prove the following theorem. The theorem is illustrated in Figure 1.Theorem 4.1 Let 
 = 
o > 0; and suppose that there is a saddle-to-saddle connectionuo� �! uo+ for some uo� < uI < uo+: Then for each 
 > 0 near 
o; there is u� = u�(
) < uIand a C1 function g(u�); u� < u� such that:(a) u� �! u+ is a saddle-to-saddle connection with s in the range (4.6) if and onlyif s = g(u�) = (f(u+)� f(u�))=(u+ � u�) and u� < u�;(b) dgdu� (u�) > 0 for u� < u�;(c) writing u+ = u+(u�); we have du+du� (u�) < 0 for u� < u�;(d) limu��!u�� g(u�) = f 0(u�):Proof The proof centers on an analysis of the separation between the unstable manifoldfrom one saddle point equilibrium and the stable manifold of a second saddle pointequilibrium. To set this up, we introduce some simplifying notation.Write � for the triple of parameters in the vector �eld of (4.2): � = (s; u�; 
): Weshall use a superscript zero to indicate quantities evaluated at a speci�c value (so; uo�; 
o):6



Thus, �o = (so; uo�; 
o): Similarly, we let � = (u; v); and we let H(�;�) denote the vector�eld in (4.2), so thatH(�;�) =  v
v � (f(u)� f(u�)� s(u� u�)) ! (4.7)Let dH=d� denote the Jacobian matrix of H with respect to � = (u; v): ThendivH = 
 (4.8)is the divergence of H with respect to �, i.e., the trace of dH=d�:For a speci�c 
o > 0; consider a saddle-to-saddle connection uo� �! uo+ with speedso: Let �o(�) = (uo(�); vo(�)) be the corresponding trajectory, a solution of (4.2) with�o(�1) = (uo�; 0): For � near �o; there are corresponding saddle points (u�; 0) near(uo�; 0) respectively. Let ��(�;�) be a solution of (4.2) along the unstable manifold of(u�; 0) such that �� is C1 in (�; �) for � in a neighborhood of �o and �1 < � � 0; with��(�;�o) = �o(�); �1 < � � 0; ��(�1;�) = (u�; 0): Similarly, let �+(�;�); 0 � � <1 be a solution of (4.2) along the stable manifold of (u+; 0):Let y(�) = H(��(�; �); �) ^ @� ��(�; �); where ^ denotes the determinant withcolumns given by the vectors on either side, or the vector product between vectorsin two dimensions, and � is one of the parameters s; u�; 
: Then a simple calculationestablishes that y satis�es the linear di�erential equationdyd� = a(�) y + r(�); (4.9)wherea(�) = divH(��(�; �); �) = 
; and r(�) = H(��(�; �); �) ^ @H(��(�; �); �)@� :In particular, integrating this equation from � = �1 to � = 0; and using the boundarycondition H = 0 at � = �1; we obtainy(0) = Z 0�1 K(�)r(�) d�; (4.10)where K(�) = exp(� R �0 a(�) d�) = e�
�: Thus, if we de�ne the separation function R byR(�) = H(�o(�); �o) ^ (��(0;�)� �+(0;�)); (4.11)then @R@� (�o) = Z 1�1 K(�) H(�o(�); �o) ^ @H@� (�o(�); �o)! d�: (4.12)This formula is the Melnikov integral commonly used to analyze separation functionsbetween manifolds for the Poincare map of a dynamical system [3]. Here, the application7



is perhaps simpler, and the form of H makes the analysis particularly simple. Fromformula (4.12), we calculate@R@s (�o) = Z 1�1 e�
�vo(�)(uo(�)� uo�) d� > 0; (a)@R@u� (�o) = Z 1�1 e�
�vo(�)(f 0(uo�)� so) d� < 0; (b)@R@
 (�o) = Z 1�1 e�
�vo(�)2 d� > 0: (c) (4.13)
In particular, from (4.13a), we have that locally, the speed s of a saddle-to-saddle con-nection is a function of u� and 
 : s = ŝ(u�; 
); andR(ŝ(u�; 
); u�; 
) = 0: (4.14)Moreover, from the Rankine-Hugoniot condition (2.3), since f 0(u+) � s < 0; we havethat u+ is a function of u� and s; so that the value of u+ for a saddle-to-saddle connec-tion depends on 
 only through ŝ; say û+(u�; 
) = u+(ŝ(u�; 
); u�): From the RankineHugoniot condition (2.3), we �nd@u+@s = u+ � u�f 0(u+)� s < 0; @u+@u� = f 0(u�)� sf 0(u+)� s > 0: (4.15)From (4.13), (4.14), we have that@ŝ@
 = �R
=Rs < 0; @ŝ@u� = �Ru�=Rs > 0; (4.16)so that, using (4.15), @û+@
 = @u+@s @ŝ@
 > 0: (4.17)Similarly, @û+@u� = @u+@u� + @u+@s @ŝ@u� ; (4.18)but the �rst term on the right hand side is positive while the product is negative, soto determine the sign in (4.18), we use more information from the Melnikov integral.Speci�cally, from (4.13) and (4.18), we get@û+@u� =  f 0(uo�)� sf 0(uo+)� s! 1� (uo+ � uo�) R1�1 e�
�vo(�) d�R1�1 e�
�vo(�)(uo(�)� uo�) d�! : (4.19)The �rst factor on the right hand side is positive since s > f 0(uo�); the second factor isnegative by virtue of the facts that uo(�) < uo+ for �1 < � <1; and uo+ > uo�: Thus,@û+@u� < 0: (4.20)8



For �xed 
 > 0, the intersection of the curve s = ŝ(u�; 
) with the curve s = f 0(u�)represents a singularity in the family of vector �elds at which a saddle-node equilibrium(at (u�; 0)) is connected in the phase plane by a special separatrix to the correspondingsaddle point (u+; 0): Such a separatrix-saddle-node singularity can be handled via theMelnikov integral by parameterizing the vector �elds by u� and u+; eliminating s [12, 13].Then u+ is found as a decreasing function of u�; s is increasing in u�: For u� < u�;u� �! u+ is a saddle-to-saddle connection; for u� < u�; u� �! u+ is a distinguishednode-to-saddle heteroclinic orbit. The phase portraits near the singular vector �eld areas shown in Figure 1. We omit the details of this calculation.The dependence of the sign of the separation functionR(s; u�; 
) upon the parametersnear a zero of R is of course determined by the formulae (4.13). In particular, the signof @R=@s implies that for �xed 
 > 0; for each u� and each s in the interval (4.6), thereis at most one s for which the vector �eld has a saddle-to-saddle connection. Thus, theset SS of such pairs (u�; s) is indeed a single curve, as shown in Figure 1, and describedin the Theorem. This completes the proof.Remark. It is easy to perturb away from the case 
 = 0; for which the saddle-to-saddle connections satisfy the equal area rule (i.e., the signed area in (4.4) is zero whenthere is a saddle-to-saddle connection u� �! u+; so that ŝ(u�; 0) = sE(y�) given by(4.5)). Such a perturbation establishes the picture of parameter space shown in Figure 1.The behavior for general 
 follows by noting that the only possible singularity is for u�to become in�nite. This possibility could be avoided by making suitable assumptionson f; but we do not pursue this technical point here, and instead proceed under theassumption that u�(
) is �nite, and we may take Figure 1 to accurately portray thephase portraits for all values of s and u� of interest, for any �xed 
: In the �gure, valuesof the parameters for which the vector �eld is structurally stable are denoted P1 and P2.The curves are labeled according to their special roles. Thus, the upper curve correspondto the equal area rule, for which s = sE(u�); the curve labeled SS corresponds to vector�elds with a saddle-to-saddle connection while those labeled SN1 and SN2 correspondto the degenerate vector �elds in which a saddle point and a node have merged at u�:5 The Riemann ProblemThe Riemann problem is the initial value problemut + f(u)x = 0u(x; 0) = ( uL if x < 0uR if x > 0: (5.1)As in Section 4, we assume f 00(u)(u� uI) < 0 for u 6= uI:In the classical setting of Lax and Oleinik [8, 10], for which shocks are admissible ifand only if they are compressive, the Riemann problem has a unique admissible solution9
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Figure 1: Phase Portraits.for all initial data. The solution has a very simple dependence on the data. ConsideruL < uI: The solution consists of constant states uL; uR, separated in the (x; t){planeby a single wave. Let uTL be the point for which f 0(uL) = (f(uTL)� f(uL))=(uTL � uL); ifsuch a point exists; otherwise, let uTL =1: Then the single wave is:A shock if uR < uL;A rarefaction wave if uL < uR < uI;A rarefaction{shock if uI < uR < uTL;A shock if uR > uTL:We refer to this solution as the classical solution. A feature of the classical solutionu = u(x=t) is that it is monotonic. 10



When some undercompressive shocks are deemed admissible, for example, taking� > 0 in equation (1.2), then the solution is more complicated. In particular, there maybe no admissible solution, while some solutions are not monotonic.The objective of this section is to show how the classical solution (valid for uR close touL) gives way to a non{classical solution (i.e., with undercompressive shocks) as juR�uLjincreases.However, information from Theorem 1 concerning undercompressive shocks is notenough to characterize the dependence of the solution of the Riemann problem on thedata. Additional information is needed about the behavior of the middle equilibriumuo(u�; 
) when there is a saddle-to-saddle connection u� �! u+: For example, whenf(u) = u3 (and � < 0; to �t into Case A), the middle equilibrium can be explicitlycalculated, and is found to be independent of u� [7]. Perturbing away from this specialcase could give various types of dependence of uo on u�: The dependence of the solution ofthe Riemann problem on the behavior of uo is subtle. Rather than attempt an exhaustivecatalog of possible solutions, we construct solutions under speci�c conditions on the 
uxand the behavior of the middle equilibrium.5.1 Buckley-Leverett Fluxes.The Buckley-Leverett equation is a model for the 
ow of two immiscible 
uids in aporous medium. Let u and 1 � u denote the volume fractions of the two 
uids in thepore volume, and let k1(u); k2(1� u) be the relative permeabilities, divided by viscosity,of the medium to the 
uids. Typically, these functions are monotonically increasing andconvex:kj(0) = 0 = k0j(0); k00j (w) > 0; 0 � w � 1; kj(1) = 1=�j; j = 1; 2; (5.2)where �1; �2 are the viscosities of the 
uids.The Buckley Leverett equation that we consider includes an additional dispersiveterm: ut + f(u)x = �uxx � �2
uxxx; (5.3)where f(u) = k1(u)k1(u) + k2(1� u) ; 0 � u � 1; (5.4)and 0 � � � 1:We remark that the dissipative term �uxx in (5.3) is generally referred to as dispersionin the literature on two phase 
ow in porous media [1]. The (mathematically) dispersiveterm ��2
uxxx is not usually included in the model equations. This term may be part ofthe truncation error of a numerical method. The connection between numerical methodsfor scalar conservation laws with non-convex 
uxes, dispersive terms in the correspond-ing truncation errors, and the appearance of undercompressive shocks in simulations isexplored in [4]. 11



From the properties (5.2) of the relative permeabilities, it is easily checked that the
ux function f is nonconvex in the unit interval. Speci�cally,f(0) = 0 = f 0(0); f(1) = 1; f 0(1) = 0; f 00(0) > 0; f 00(1) < 0: (5.5)In this subsection, we consider the 
ux f to have the S shape characteristic of theBuckley-Leverett equation. That is, suppose f is C2; monotonically increasing on theinterval [0; 1]; and has a single in
ection point uI. As for the Buckley-Leverett equation,we assume f satis�es (5.5).The dependent variable u = u(x; t) is constrained to lie in the interval [0; 1]: Forclassical solutions of the Riemann problem, this constraint presents no di�culty, becausethe solution is monotonic. Thus, for initial data in the interval, the solution is also in theinterval. But for nonclassical solutions, u(x; t) may be nonmonotonic in x, in particularwhen the solution involves a combination of undercompressive and compressive shocks.Consequently, there are Buckley-Leverett 
uxes, and ranges of initial data,for whichthere is no non-classical solution of the Riemann problem that remains in the physicaldomain, even though the classical solution is well de�ned. Since we wish to �nd non-classical solutions of the Riemann problem for all initial data in the physical domain, itis necessary to place constraints on the 
ux. The following two conditions concerningundercompressive shocks implicitly involve the 
ux function and the balance betweendissipation and dispersion.Assumption I There is u�1 2 [0; uI] such that u�1 �! 1 is a saddle-to-saddle con-nection; correspondingly, there is u�0 2 [uI ; 1] such that u�0 �! 0 is a saddle-to-saddleconnection.This assumption is necessary for the Riemann Problem to have a solution for alldata, with non-classical solutions for some data. In Subsection 5.2, we investigate theassumption numerically. The second assumption, for which we �rst introduce some no-tation, is not important for the existence of solutions of the Riemann problem (althoughwe do not o�er a proof of existence without the assumption). However, as remarkedabove, the structure of the solutions (which waves are included in, or eliminated from,the solution as the data change) is simpli�ed with this assumption. Let uo(u�) bethe middle equilibrium of a saddle-to-saddle connection u� �! u+: Then from Theo-rem 1, and Assumption I, there exist u�; u�� such that uo is de�ned and continuous on[u�1 ; u�] [ [u��; u�o ]; uo(u�) = u�; uo(u��) = u��:Assumption II The function uo is monotonically decreasing from u1 = uo(u�1 ) tou�, and from u�� to uo = uo(u�o ):With these assumptions, we can solve the Riemann problem for any Riemann datauL; uR in [0; 1]: For de�niteness, we �rst consider various uL < uI, and show the solutionfor all uR 2 [0; 1]: We then combine these solutions with solutions for uL > uI to12



show the division of the (uL; uR) plane into di�erent regions corresponding to di�erentcombinations of waves in the solution.To start with, we have several cases depending on the location of uL :(i) u1 < uL < uI : In this case, the solution is classical, and is shown in Figure 2. In this�gure, depicting the solution for a �xed value of uL, and for each uR 2 [0; 1]; the lettersR, S indicate solutions consisting of a single shock wave, rarefaction wave, respectively;the designation RS represents a rarefaction{shock wave solution. The transition fromrarefaction{shock solution to a single shock solution occurs at uR = uTL; de�ned to bethe value of uR for which there is a shock from uL to uR with speed f 0(uL):
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1Figure 2: Solution of the Riemann Problem. Case (i).(ii) u� < uL < u1: By Assumption II, there exists a unique u�; say u� = u�L suchthat uL = uo(u�L): Let ~uL = u+(u�L) be the right equilibrium. Thus, for uR = ~uL;there is a solution of the Riemann problem involving a Lax shock from uL to u�L andan undercompressive shock from u�L to uR: The two shocks have the same speed. Thisdegenerate solution is the limiting case of two distinct solutions, depending on nearbyvalues of uR: For uR < ~uL (near ~uL), the uniquely de�ned undercompressive shocku� �! uR is slower than the Lax shock joining uL to u�; so that the only possiblesolution is a single admissible Lax shock from uL to uR; which becomes inadmissible asuR crosses ~uL: For uR > ~uL (near ~uL), the undercompressive shock is faster than the theLax shock joining uL to u� (this follows by comparing slopes of chords in the graph off , and from Assumption I), so the solution consists of these two shocks; the Lax shockfrom uL to uR is now inadmissible.
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Figure 3: Solution of the Riemann Problem. Case (ii).In Figure 3, we use the notation S� to indicate the interval of values of uR for whichthe solution consists of a Lax shock and a faster undercompressive shock.(iii) u�1 < uL < u�: For uL in this range, there is a saddle-to-saddle connection from uLto u+L = u+(uL) shown in Figure 4. Perturbing uR away from u+L gives the rarefaction{13



undercompressive shock (in which the shock travels faster than the rarefaction wave,and is detached from it), and Lax shock-undercompressive shock constructions shownin the �gure. The transition from rarefaction{shock to rarefaction{undercompressiveshock occurs at ur = u+(u�); where the shock in the rarefaction{shock construction �rstbecomes inadmissible.
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+Figure 4: Solution of the Riemann Problem. Case (iii).(iv) 0 < uL < u�1 : Here, uL is to the left of the domain of the function u+; so that inorder to have a solution with an undercompressive shock, there must �rst be a rarefactionwave. In particular, the interval of uR in which there is a shock-undercompressive shocksolution collapsed onto ur = 1 as uL approached u�1 ; and has now disappeared in Figure 5.
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Figure 5: Solution of the Riemann Problem. Case (iv).For uL > uI ; the solution of the Riemann problem is symmetric in the natural way.Since we are discussing solutions of a scalar equation, we can represent solutions in theuL � uR plane, shown in Figure 6.If Assumption I fails, then there may be no solution of the Riemann problem for somedata. Speci�cally, suppose there is no saddle-to-saddle connection u� �! 1 with u� 2[0; uI); and u� 2 (0; 1) is such that u+(u�) 2 (0; 1): Consider the Riemann problem withdata uL = 0; uR = 1: Then the classical solution of a rarefaction{shock is inadmissible,while the nonclassical solution must involve an undercompressive shock to uR = 1; whichnecessarily has a left state outside [0; 1]: Note that if u� =2 (0; 1); and u�� =2 (0; 1); thenall admissible shocks are Lax shocks.On the other hand, the failure of Assumption II does not a�ect the solution verymuch. The solution is still well de�ned under reasonable conditions (for example, ifuo has a single maximum), but the arrangement of the solution in the uL � uR planeis slightly di�erent. Considering the scalar equation on the entire real line introducesfurther possibilities for the behavior of the solution. For example, if the graph of fhas asymptotes of di�erent slopes, then the shock-undercompressive shock solutions caninvolve extremely large variation in the solution, approaching in�nity in limiting cases.14
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where a = K2=K1: The graph of this function f for various values of the parameter a isshown in Figure 7.
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Figure 7: Buckley-Leverett Fluxes.Whether solutions of Riemann problems take values in [0; 1] when the initial datauL; uR lie in that interval rests on where the the states on either side of undercompressiveshocks take their values. This in turn depends solely on the location of the value of uon one side of an undercompressive shock when the value of u on the other side of theshock is either zero or one, that is, on the boundary of the physically relevant domainfor u.Speci�cally, we can test Assumption I of the last section. Whether this assumptionholds depends on the values of the two parameters � (balancing dissipation and disper-sion), and a; from the 
ux function (5.8). In Figure 8, we show a curve in this parameterspace, separating values for which Assumption I holds (labelled GOOD) from those forwhich the assumption fails (labelled BAD). The curve for a � 1 is determined from thecondition that there is a saddle-to-saddle connection 0 �! 1 (with speed one). For a � 1;it follows by consideration of the signed area between the chord and the graph of f; thatthere is a saddle-to-saddle connection 1 �! 0 (also with speed one). The correspondingcurve for a > 1; is obtained from Figure 8 by the transformation (a; �) �! (1=a; �);corresponding to u �! 1� u:
16
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Figure 8: Assumption I for the Buckley-Leverett equation.6 Numerical ResultsIn this section, we study numerical solutions of non-convex conservation laws with dif-fusion and dispersion. In the �rst subsection, we illustrate the theoretical results of theprevious section on the Riemann problem for the Buckley-Leverett equation with dis-persion. In the second subsection, we consider a di�erent nonconvex 
ux, and also thee�ect of a second-order numerical scheme for the hyperbolic conservation law.6.1 Buckley-Leverett Flux with DispersionWe begin by computing solutions of Riemann problems using a continuous-in-time,discrete-in-space numerical scheme for the Buckley-Leverett-Dispersive (BLD) model(5.6). The mesh spacing in x is denoted by h: If the solution in u(x; t); then uj(t)denotes the approximation to u(jh; t) in the numerical method. Our scheme isduj=dt+ (gj+1=2 � gj�1=2 )=h = �(�=h2) (uj+1 � 2 uj + uj�1)�(1� �)(�2=2h3) (uj+2 � 2 uj+1 + 2 uj�1 � uj�2) ; (6.1)where gj+1=2 = (�f(uj+2) + 7 f(uj+1) + 7 f(uj)� f(uj�1) )=12 ;and f(uj) is the Buckley-Leverett (BL) 
ux given by (5.8). The parameters � > 0; and� 2 [0; 1] retain their roles from the partial di�erential equation (5.6).17



This non-standard choice for the numerical 
ux, gj+1=2, has the property that(gj+1=2 � gj�1=2 )=h = @xf(u) +O(h3): (6.2)The numerical scheme (6.1) has the modi�ed equation@tu+ @xf(u) = ��@xxu� (1� �)�2@xxxu+O(h3) +O(�h2); (6.3)where the error of order �h2 comes from the di�usive term; the discretization of uxxx, givesa smaller error of O(�2h2): Since we want the scheme (6.1) to approximate a continuousequation, we take the mesh size small enough that it satis�es h� �� 1: Thus, both ofthe leading-order error terms are o(�3):In [5] it was shown that a numerical scheme whose modi�ed equation best approxi-mated the modi�ed Korteweg-de Vries Burgers (mKdVB) equation, i.e., equation (5.3)with f(u) = u3; gave numerical results which most closely reproduced its known travelingwave solution, derived in [7]. It was also shown in [5], that the computed undercom-pressive shocks were sensitive to the following quantities: ratio of di�usion to dispersion,represented here by �; the ratio of di�usion to mesh size, �=h; and the shock strength.In the \good" case of the BLD, the shock strength is bounded by one; for such shockstrengths, the scheme (6.1) in [5] had excellent agreement with the analytic solution ofthe mKdVB equation. As in [5], we also take �=h = 4 in this section.As in previous sections, we focus on Riemann initial data:uj(0) = � uL; j � 0;uR; j > 0: (6.4)The interval over which the solutions are computed is taken su�ciently large | usually4000 gridpoints, with h = 0:0025, and the run times are limited, so that a region at eachend of the computational domain remains in its initial state.The �rst set of calculations demonstrate each of the four cases, listed in Section 5,as uL is varied. In each of Figures 6.1a { 6.1d, we plot the pro�les uj versus jh, at agiven time t0 > 0; for a �xed uL and several choices for uR; selected to illustrate pro�lescorresponding to the various intervals shown in Figures 2 { 5. For clarity of presentation,we only plot cases with uR > uI; as the behavior is identical (and classical) in all fourcases, when uR � uI:For each value of the BL 
ux parameter, a, the dissipation/dispersion parameter, �;is chosen to lie in the \good" region of Figure 8; i.e., so that Assumption I holds. Theparameters a and � are further chosen so that they give rise to pro�les which clearlyillustrate cases from Section 5.Once a and � are speci�ed, we �nd u�1 by setting uL = 0 and uR = 1; then runningthe code. The result, in the good case, is a rarefaction from uL = 0 to u = u�1 2 (0; 1);followed by an undercompressive shock to uR = 1: The intermediate state, u�1 ; is wellresolved and can be read o� quite accurately. From this value of u�1 ; we �nd �u1 via18
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Figure 6.1a: Case (i), left; Figure 6.1b: Case (ii), right.Newton's method, solving for the middle intersection of the chord from (u�1 ; f�1 ) to(u; f) = (1; 1), with the graph of f(u):Case (i): The pro�les are plotted over 0 � x � 5; at t0 = 4; for a = 0:2 and� = 0:625: With this choice of a; we have ��(a) � 0:58; so that we are in the goodcase, while the in
ection point is at uI = 0:2591. We �nd that �u1 = 0:1459, and chooseuL = 0:17 2 (�u1; uI): The result, in Figure 6.1a, is the classical picture of Figure 1:when uR = 0:333 and 0:407; we see a rarefaction-shock (RS), while for larger values ofuR : 0:555; 0:704 and 0:906; the solution is merely a single Lax shock. Note that there issome overshoot in the two largest values of uR; they are still single shocks, in contrast tothe pairs of shocks shown in Figure 6.1b, where for large uR the oscillations in the �rstshock are clearer.Case (ii): For a = 0:8 and � = 0:2 > ��(a) � 0:11: Now uI = 0:4629; �u1 = 0:4240;and u�1 = 0:0355: Recall from Figures 3 and 4 that the distinction between Case (ii) andCase (iii) behavior concerns whether or not uL > u�: Since an accurate value for u� isdi�cult to obtain numerically, we simply choose uL close to, but less than �u1: For thechoice uL = 0:405, we observe Case (ii) behavior: The solution changes from RS to S(Lax shock), then to S�; as uR is increased. We illustrate this with uR = 0:52 (RS),uR = 0:64 (S), and uR = 0:82; 0:94 (both S�); the S� solution persists until uR = 1:Case (iii): We now reduce uL signi�cantly, to 0:2315; while retaining the values of a; �from Case (ii), so as to illustrate the third case. In Figure 6.1c, we observe in succession,RS (uR = 0:57), R� (uR = 0:678), and S� (uR = 0:785 and 1). This picture matches19
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Figure 8c: Case (iii), left; Figure 8d: Case (iv), right.that of Figure 4.Case (iv): Retaining a = 0:8 and � = 0:2; as in the two previous plots, we furtherreduce the left-hand state, so that uL = 0:025 < u�1 : Our results are consistent with asingle transition from RS to R�, as uR is increased: we observe RS at uR = 0:52, and R�for uR = 0:64; 0:76 and 0:94; as shown in Figure 6.1d. The slight dip in the computedsolutions, occurring near x = 0, appears to be a numerical artifact.Next, in Figure 10, we take a = 0:5; uL = 0, and uR = 1; and examine the dependenceof the pro�les on �: According to the theory, a solution will stray outside the physicalinterval, 0 � u � 1; for � < ��(a); be an undercompressive shock at � = ��(a); and havea rarefaction to u�1 ; followed by an undercompressive shock to uR = 1; for � > ��(a): Inthe case � < ��(a); we extend the 
ux function outside the unit interval, using the sameformula (5.8). Notice that for � = 0:06; 0:16 and 0:26; the graphs dip below uL = 0; andtheir initial shocks (together with oscillations, in the � = 0:06 case) propagate to theleft. The critical value is ��(a) � 0:31; and as expected, we see physical R� solutionswhen � = 0:36 and 0:46:6.2 Further Numerical ResultsHaving demonstrated the structure of solutions of the Riemann problem for the BL 
ux,we now investigate numerically some 
uxes which extend the analysis presented thusfar. In particular, we study the Riemann problem for arbitrary initial data, in an exotic,20
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Figure 10: Pro�les of the BLD for several values of �:bi-asymptotic 
ux. Our purpose is to draw attention to anomalous behavior, which cancreep into the solution. We also study the Riemann problem for uL; uR 2 [0; 1], with asecond-order scheme, due to Lax and Wendro� [9]; for the purely hyperbolic Buckley-Leverett equation, this scheme exhibits behavior which is very similar to that of theBLD.We begin with a nonconvex 
ux having a single in
ection point, but with two di�erentasymptotic slopes as u! �1: Speci�cally, we considerf(u) = 8><>: tanh u; u � �1;aqu2 � 1=2 + bu + c; u < �1; (6.5)wherea = �p2 sech21 tanh 1; b = sech21(1� 2 tanh 1); c = sech21(1� tanh 1)� tanh 1;and where the form of the partial di�erential equation is still that of (5.6), including thesign of the dispersion. The 
ux (6.5), which we insert in scheme (6.1), has an in
ectionpoint at u = 0; is a C1 function of u, and is asymptotic to the (
at) line u = 1; asu ! 1; while tending to the line with slope b � a � 0:2326; as u ! �1: We plot the
ux (6.5) in Figure 11a.As in the BLD case, we take uL < uI = 0; and vary uR: The behavior is similarto that of the BLD, except when uR is large. There is now a maximum value of uR;such that a S� connection exists from uL to uR: Let uM ; with uM < uL < 0; be the21



−10 −8 −6 −4 −2 0 2 4 6 8 10
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

u

f(
u

)

Bi−Asymptotic Flux Function with a Single Inflection Point

−1 −0.5 0 0.5 1 1.5 2
−12

−10

−8

−6

−4

−2

0

2

4

6

8

x,     u_L = −2, u_R = 6

u
(x

, 
t=

4
),

  
  
 t
h

e
ta

=
 0

.1
, 
0

.2
, 
0

.4
 a

n
d

 0
.8

Variable Dispersion Coefficient for Bi−Asymptotic Flux

Figure 11a: Bi-asymptotic 
ux (left); Figure 11b: pro�les for several values of � .intermediate state following the Lax shock. The maximal right-hand state, denoted byumax; arises because the minimum asymptotic speed of the Lax shock | and hence ofthe undercompressive shock, as well, is b�a: The limiting case occurs when both shockshave this speed, and uM ! �1: For uL = �2; as in Figures 11b { 11d, umax = 6:573;determined by where the line through (uL; f(uL)); with slope b� a; crosses the graph off(u): As long as the Lax shock from uL to uM is admissible | which will be true forsu�ciently large � | it can be used to join uL to uR > umax; otherwise, it is not clearhow, or even if the two states connect analytically. Numerically, in Figures 11c and 11d,we observe a sort of \oscillatory shock", when � is small.In Figure 11b, we plot pro�les with uR = 6; just below umax; and increase � (decreasingdispersion!) from zero to one. For � = 0:8; the solution is clearly RS, while for smaller �values, the solution has the appearance of an S� solution, in which the two shock speedsare nearly equal.In Figures 11c and 11d, we plot solution pro�les for several choices of uR: The curvesin Figure 11c progress from R�, when uR = 0:5 and 1:5; to S� when uR = 2:5 (the middlecurve). The two larger values of uR also have S�-like structure, but the intermediatestate is not well-de�ned. The top curve in Figure 11c, uR = 4:5; becomes the bottomcurve in Figure 11d, where the run time has been doubled, to t = 4: As uR is furtherincreased, the solutions become more oscillatory; the two largest values of uR exceedumax; and it is not clear what types of shock these solutions contain.Second-order accurate numerical schemes have truncation errors with dispersive termsof O(h2); but no dissipative terms of O(h). Consequently, they do not fall into the class22
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Figure 11c: Pro�les for small values of uR; left; Figure 11d: pro�les for large uR:of partial di�erential equations we study here, all of which contain a di�usive term ofO(�) and a dispersive term of O(�2). The second-order numerical schemes | of which theLax-Wendro� (LW) scheme is the archetypal example | do, nevertheless, contain bothdissipative and dispersive mechanisms, which can lead them to produce undercompressiveshocks.Whether or not a given second-order scheme develops undercompressive shocks isconnected with the sign of the dispersion in its modi�ed equation; see [4]. For LW withthe Buckley-Leverett 
ux, we observe qualitatively similar behavior to that seen withscheme (6.1) for BLD. We note that the second-order Beam-Warming scheme, for whichthe truncation error has dispersion with the opposite sign, gives rise to only Lax shocks.To illustrate a second-order scheme that produces undercompressive shocks, we usethe two-step Richtmyer version [?] of Lax-Wendro�:un+1j = unj � � �f(~uj+1=2)� f(~uj�1=2)� ;~uj+1=2 = (unj + unj+1)=2� (�=2) �f(unj+1)� f(unj )� ; (6.6)where unj approximates the solution, u(j�x; n�t); of the hyperbolic Buckley-Leverettequation, with �x and �t the spatial and temporal grid-sizes, respectively. The param-eter � = �t=�x must satisfy the CFL condition, �jf 0(unj )j < 1; for all unj : Also, the 
uxfunction, f(u); was taken to be the BL 
ux (5.8), with the stipulation that if u 62 [0; 1];the function is extended using the same formula.23
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Figure 12a: Lax-Wendro� solution for a = 0:3; (left); Figure 12b: a = 1:In Figures 12a { d, we plot the numerical solutions of (6.6) for Riemann data and fourchoices of a: While there is no explicit \�" for LW, it appears that there is an e�ectivevalue of �; attained when �;�x, and (uL; uR) are �xed. Here we take uL = 1 and uR = 0;so that once the solutions lose monotonicity, they leave the physical domain.From our experience with BLD, we expect that for a < 1; there will always be aconnection from uL = 1 to uR = 0 | it is the other direction which is problematic |and, indeed, we observe in Figure 12a, with a = 3=10, and in Figure 12b, a = 1; that(except for a small pulse near x = 0) the solutions are R� and stay within [0; 1]:Next, we increase a > 1; for which the BLD yields unphysical solutions if � is toosmall. In Figure 12c, we took a = 4; and we see that the solution now has a shock fromuL = 1 to uM = 1:18: A more bizarre picture (Figure 12d) emerges for a = 20; wherethe solution contains three shocks, with two intermediate states | both greater thanone. In this case, an additional in
ection point for f(u) (extended to u > 1) has likelyin
uenced the solution.References[1] M.B. Allen III, G.A. Behie and J.A. Trangenstein,Multiphase Flow in Porous Media:Mechanics, Mathematics and Numerics, Springer Verlag, 1988.[2] A.V. Azevedo, D. Marchesin, B. Plohr and K. Zumbrun, \Bifurcation of nonclassicalviscous shock pro�les from the constant state" (1997), preprint.24
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