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ABSTRACT
P

Let Yt satisfy the stochastic difference equation Yt = j£1 ant-j + e,
for t =1, 2, ..., where the e  are independent and identically distributed
random variables and the initial conditions (Y_P+1, Y-p+2’ ey Yo) are fixed
constants. It is assumed that the true, but unknown, roots m, mz, ceey mP of
of - g a mp-j = 0 satisfym, =m, = ... =m, =1 and |m,|] <1 for j = d+l,...,p.

j=1 J 1 2 d j ? >

We consider a reparameterization of the model for Yt that is convenient for

m = m, ... T m

testing the hypothesis H 1 2

=1, and Imjl <1 for j = d+1,...,p.

df d

We consider the likelihood ratio type "F-statistics" to test the hypothesis Hd.
We characterize the asymptotic distributions of the "F-statistics'" under various
alternative hypotheses. Using these asymptotic results, we obtain a sequential
testing criterion that is asymptotically consistent. Finally, estimated per-
centiles for the distributions of the test statistics are obtained for d = 5,

by Monte Carlo methods.

1. Introduction

Let the time series {Yt} satisfy

P
Y = I aY . +e
t j=1 J t-J t’

t=1, 2, ..., (1.1)

where {et}:=1 is a sequence of independent random variables with mean zero and

variance ¢%. It is assumed that the e, are either identically distributed or
+ :

that E{|et’4 6} < M for some § > 0 and all t. It is further assumed that the

initial conditions (Y_ . YO) are known constants. For the statistics

p+l’
considered in this paper, without loss of generality we assume that ¢ = 1 and
Y_p+1 = ... = YO = 0. The time series is said to be an autoregressive process

of order p. Let



p -
m’ - £ o, P d=0 (1.2)

be the characteristic equation of the process. The roots of (1.2), denoted by

m, m - mﬁ are the characteristic roots of the process. Assume

93

|m1l 2 |m2| 2 L., 2 |mp|.

Let the observatioms Yl’ Y . Yn be available. It is assumed that

A

a = (al, o . ap)' and 0?2 are unknown. The least squares estimator a of a

29
is obtained by regressing Yt on Yt-l’ ey Yt-p' Lai and Wei (1983) established
the strong consistency of a under a very general set of conditions. If ]mjl <1,
j=1, 2, ..., p, then Yt converges to a weakly stationary process as t »> «, In

the stationary case, the asymptotic properties of a and of related "F-type" likeli-
hood ratio test statistics are well known. See Mann and Wald (1943), Anderson (1959)
and Hannan and Heyde (1972).

Dickey (1976), Dickey and Fuller (1979), and Fuller (1979)
have considered testing for a single unit root in a p-th order autoregressive process

(i.e., m

1 = 1 and |mj| <1 for j=2, 3, ..., p). Hasza (1977) and Hasza and Fuller

(1979) considered a p-th order autoregressive process with m, = m, = 1 and !mjl <1

for j = 3, 4, ..., p. Hasza and Fuller (1979) characterized the distribution of

"F-type" statistic for testing m, = m, = 1. Dickey, Hasza and Fuller (1984) obtained

similar results for testing the unit roots in seasonal time series. Sen (1985)
considered the distribution of symmetric estimators and that of the estimated
1= m, = 1. With the exception of

Sen (1985), no one has considered the distribution of the test statistics under

characteristic roots under the assumption m

the alternative hypotheses. For a second order process, Sen (1985) studied
the asymptotic distribution of the regression type t-statistic for testing

m, =m, = 1.

< 1, under the assumption H 1 9

m, = 1, |m

the hypothesis H 1

1’ 2| 2}

He observed that the probability of rejecting the hypothesis H in favor of

1’
the hypothesis Hy: |mll <1, |m2| < 1, is higher under H2 than under Hl. That



is, it is more likely we conclude, incorrectly, that the process is stationary
when there are really two unit roots present.
We propose "F-type'" statistics for testing the hypothesis
H,: = = .. =
e U Td
the asymptotic distribution of the "F-type' statistics under the hypotheses

=1 andllmj] <1l, j=d+1, ..., p. We characterize

H d=0,1, ..., p. We use these asymptotic distributions to obtain an

d?
asymptotically consistent sequential procedure to test'Hd versus Hd-l' The pro-
cedure is very general and it successfully answers the question "how many times
should one difference the series to attain stationarity?"

In Section 2 we present the notation and the main results. In Section 3
we present the estimated percentiles of "F-type statistics and some possible
extensions. We present an example in Section 4. The proofs of the results

are presented in the Appendix.

2. Notation and Main Results

We consider the following reparameterization of the model (1.1),

Y gl B.Y (2.1)

= N <+
pot =1 ii-l,e-1° %t ?

i
where Yi = (1-B) Yt = jith difference of Yt; and B is the backshift operator.

»t

After expanding (1-B)' in powers of B, if we compare (2.1) with (1.1), we get

- P £4-1 P _qyi-1
@, [ ii By <;_£> + (iﬂ (-1) (2.2)

for i =1, 2, ..., p. Therefore, we can write
a=TB + ¢ (2.3)

where Tij is an upper triangular matrix with Tij = (-l)l-l(i:i) for j 2 i and

c = (c

. i-1 . .
1* ©9» oy cp)' with c; = -1t (?). Since the diagonal elements of T

are 1, T is nonsingular and we can also obtain B from a.



It is easy to see that @ p1 = Qpyp T eee SO S 0 if and only if

B =B = ... =8 = -1. So if one would like to test whether the order of the

r+1 r+2 P

=B _—....:B

ss is i ead of p one d use F- i
process r inst of p coul se the test for testing Br+1 +2 p

in the regression (2.1). Our main purpose of the paper, however, is to test the
hypothesis that there are exactly d unit roots. So, we assume that we "know'" the
order p of the process. (For all our results, all we need to assume is that the
order of the process is less than or equal to p.)

Now, suppose m, = m, = ... =m, = 1 and Imjl <1 for j = d+1,...,p. Then

1 2 d

we can write (l1.1) as,

d P
(1-B I (1 -mB)Y_ =e¢e_ . (2.4)
) i=d+1 1t t
Define,
-,
z =-p)% =y i
t t d,t
and
W o= B -ms)yY . (2.5)
t i=d+1 1 t

Then, Wt is a dth order autoregressive process with d unit roots and Zt is a

(p-d)th order process with stationary characteristic roots. Note that,

p

O (1 -mB)Z_ =e
i=d+1 1t t
and we can write Zt as
zZ = E 8. 2 . , +e (2.6)
t j=d+1 ] t-j-d t
or as
p-d _ E j-d-1
1-B z = n.(1-B y/ + e . (2.7)
( ) t j=d+1 3 ) t-1 t
. . d
Since Z _ is (1-B) Y, we get,
Y = (2.8)

. Y, + e
p,t j=d+1 n] j-1,t-1 t



Comparing (2.8) with (2.1), we get B, =B, =... =8, =0 and Bj==nj for j z d+1.
Therefore, m o= ... =my = 1 if and only if Bl = BZ = ... = Bd = 0. The
assumption that Imjl <1 for j=d+ 1, ..., p imposes extra conditions on nj.

In particular, Mgl = Bd+1 < 0.

Let B denote the ordinary least squares estimator of B obtained by regressing

Yp,t on YO,t-l’ Yl,t-l’ e Yp-l,t-l' That is,
- -1
= (¢'0 o'y - .
B = (¢'e) (p) (2.9)
where
= 1
%= (ore-re oo Ypor,e-1) '
¢ =(e,0, ...,0) ,
and
= ——— e —
= Y R ¢
(» - Fp,10 Y20 p.n’
Define the "F-statistic" for testing Bl = 82 = ... =8, =0 by
~ -1 A
B,., C,.\ B,.
P, (p) = —2 () (1) (2.10)
1,n i (MSE)
n
where
c(i) = (ixi) submatrix consisting of the first i rows and i columns of (Q'Q)-l,
B(i) = (Bl’ 82’ s 0y Bi)
and
MSEn = mean square error of the regression
-1 n - 2
= (n-p) r Y - B'e'Y .
P t=1 l p,t t (p)J

We use Hd to denote the hypothesis

H:m =m,=... =m, =1 and Imjl <1, for j = d+1, d+2,...,p.

d

We now present the asymptotic properties of Fi n(p) under Hd.
b



Theorem 1: Assume that Y is defined by (1.1). Then under the hypothesis H

d’
F, (d) if i =d
F. (p)2 | *t (2.11)
i,n .
® if i > d
where
I Y (ii) -1 %
F(d) =78 (5),q4 1% 1 83,4

(ii)

and the elements of the vector g?i) d and the matrix Gd
H]

are functions of 8y

and G, defined in (A.9). The elements of 8y and G, are functions of weighted chi-

d d

squares and normal variables. (See Lemma 4 of the Appendix.)
Notice that the limiting distribution of F, n(p) is independent of the order
b

p. Let us denote Fd(d,a) to be the 100(1l-a)% percentile of the distribution of

Fd(d). Since, under H,, F, n(d) convergence in probability to infinity for i > d,

d* i,

we suggest the following criterion:

Reject M, in favor of H,_, , if Fi,n(P) > Fi(l,a) for

i=4d, d+1,...,p.

Note that,
ﬁiﬁ PHleejecting Hdl = ﬁiﬁ Pnled’n(p) > Fd(d,a), Fd+1’n(p) > Fd+1(d+1,a),
ceey Fp’n(p) > Fp(p,a)]
= ﬁig PHled,n(p) > Fd(d,a)l
=a .

Also, for j > d

A
Q

£im P |Rejecting H ]
n-»>e HJ d

and for j < d

L]
'—I
.

£im P, |Rejecting HdJ
n>« J
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That is, if we use our sequential procedure, asymptotically the chance that
we reject the hypothesis that there are exactly d unit roots in favor of the
hypothesis that there are exactly d-1 unit roots is (i) a, if there are exactly
d unit roots, (ii) less than or equal to o, if there are more than d unit roots
present and (iii) onme, if there are less than d unit roots. In this sense, our
procedure is asymptotically consistent.

Consider, for example, a second order process. Suppose we wish to test the
hypothesis that there is one unit root. A common practice is to use the t-

statistic ("equivalently" n(Z)) for testing 8, = 0. Dickey and Fuller (1979)

1,

presented the empirical percentiles for the distribution of the t-statistic,

under the hypothesis H1: m, = 1 and ’mzl < 1. Note that rejecting Hl may mean
that Imll <1, Imzl <lorm =m, = 1. (We are excluding the possibility of
|mi| > 1 or m, = -1.) However, in practice, the rejection of Hl is misconstrued

as the former. This is because "intuitively" we hope that if thére are two unit
roots then the test for one unit root will indicate that there is a unit root.

Sen (1985), using simulation methods, has shown that, a level o test based on

the t-statistic rejected Hl more than 100a% of the time when there are in fact

two unit roots. Our criterion takes into account that exactly d of the roots

are equal to one and the remaining are less than one in modulus .and tests the
hypotheses sequentially. However, if one is 'sure'" that there are at most s

unit roots (e.g., say s = 5) then one may modify the criterion for testing

Hd(dés) to "reject Hd in favor of Hd-l if Fi,n(p) > Fi(i,a) for i = d, d+1,...,s."

In practical applications it is common to include an intercept term in the

model (2.1), i.e., comsider

P .
YPst B BO + 151 BiYi‘l,t~l + € - (2.12)

- +
Let B(+) denote the ordiusry least squares estimator of B( )2 (Bo, Bl’ ceny Bp)'



obtained by regressing Yp,t on 1, YO,t-l’ Yl,t-l’ vees Yp-l,t-l . Denote the
regression '"F-statistic" for testing B = B2 = ,..= Bi = 0 in the regression
(2.12) by F(li (p). Similarly, let F( ) (p) denote the "F-statistic" for testlng
BO = B, =...= B, = 0. We now present the asymptotic properties of F(l) (p) and
,
FSZ) (p) under the hypothesis H .
i,n d

Theorem 2: Assume that Yt is defined by (1.1). Then, under the hypothesis

Hd,
() (J)(d) if i sd
17 (p) —
© if i > d
for j = 1, 2, where
(L, .y _ 1 % (ii) -1 _x
Foool) = hiyy,q By 1) T By g
(2) - 1 *x (ii),-1 _ &=
F,o(@) = (i+1) h(i),d llid,z ] h(i),d
and the elements of the vectors h*, and h** and those of the matrices H(ll)
(i),d (i),d _ d,1
and Hsl;) are functions of the vector hd and the matrix HZ defined in (A.11). The
3

elements of hd and H; are functions of weighted chi-square and normal variables.

(See the proof of Theorem 2 in the Appendix.)

Therefore, an alternative criterion is to reject H, in favor of H if

d d-1
Fid) (p) > F(l)

1 n (i,a) for i = d, d+1, ..., p. One may use F( ) (p) in place of
g1

1 n (p) in the above criterion. However, based on the power studies of Hasza and

(l)

Fuller (1979) and Dickey and Fuller (1981) we recommend the use of Fi (p) over

223 (p). From the results of Hasza (1977), it follows that if Yt satisfy (2.12)

with BO # 0, then under the hypothesis Hd, F;li (p) converges in distribution to
H]

d_1 xg s, where Xd denotes a chi-square random variable with d degrees of freedom.

3. Simulation for d=5

We first present the elements of G_ and 8 which will be used in obtaining

(v (2)

the empirical percentiles of the random variables Fi(d), Fi (d) and F, (d).

5

From (A.9) and the results of Lemma 1, we get



and

[
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and
- '+
v, = 21@i-Dm) T Hent
Also,
1 pl
* 5
H5 =
Ps G
and
h Nl
5 =
&5
where
' =
95 (Nb’ NS’ N4’ N33 Nz) ’
and
B 5 2 4 6
N6 = 2 iﬁl ll/ZQ Y- 0.5 Y{ * Yi]Vi .
All of the F and the F(J) statistics can be computed using the elements of
x
H5 and h5.

Estimates of the percentiles of the F-statistics are presented in Tables 3.1,
3.2 and 3.3. For the finite sample sizes the F-statistics were computed for
samples generated using the model (1.1), with et-NID(0,1) and YO = Y_1=...=Y;4==0.
To estimate the percentiles of the limiting distributions of the test statistics
we use the method of simulation employed by Dickey (1976) and Hasza (1977).

Briefly, the method consists of approximating the sequence {y by a finite

}ao
i‘i=1
sequence. Using the Monte Carlo methods sample distribution functions of the
statistics are generated by appropriately truncating the infinite series in the

definitions of Nj's, N?'s and Q?'s. The percentiles were "smoothed" by fitting

a regression function to the original set of estimates.
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The estimated standard errors of the estimated percentiles are generally
less than 0.90 percent of the table entry for the limiting distributiomns and
are generally less than 1.50 percent of the table entry for the finite sample
cases. Fifty thousand indpendent sample statistics were used in construcfing
the percentiles for the asymptotic distribution.

In our discussion, we assumed that the initial conditions are fixed. The

ce,Y ),

limiting distribution does not depend on the initial condition (Y_

p+l> " 0

but these values will influence the small sample distribution. Also, the

criterion we proposed in Section 2 for testing H, involved Fd(d,a) rather than

d

Fd,n(d’a) where F

statistic Fd n(d). For small samples, one should use Fy n(d,a) instead of
3 1]

d n(d,a) denotes the 100(l-a)% empirical percentile of the
b

Fd(d,a). Therefore, our criterion is to reject Hd in favor of Hd-l if

Fi 0 (p) > Fi n (i,a) for i = d, d+l,...,p. The asymptotic results of Section 2
1 3
are still valid even though we replace Fi(i,a) by F, o (i,a).

b

Consider, for example, a second order autoregressive process {Yt}. Suppose

n = 50. We regress Y = (l-B)2 Y

2,t ¢ on YO,t-l = Yt- and Y = (1-B)Y

1 1,t-1 t-1’
(2) and F (2)
n n

~

to obtain B1 and 82 . Compute the regression F-statistics F

1, 2z,

for testing the hypotheses, (i) 61 = 0 and (ii) B, = BZ = 0, respectively. Let
a = 0.10. Hasza and Fuller (1979) suggest that one should reject H2: two unit

roots (in favor of H : exactly one unit root) if F

(2) > 2.82. Also, a
1 n

2,

common practice is to reject Hl in favor of stationarity if F1 n(2) > 3.01.
3
Our criterion differs from above in the sense we reject H1 in favor of

H.: no unit roots, only if F
0 1,

the condition F2 n(2) > 2.82, then with probability greather than 0.10 we will
3

n(2) > 3.01 and F n(2) > 2.82. If we do not add

2,
be concluding that the process is statiomary when in fact it has two unit roots.
However, if we are absolutely sure that there is at most one unit root then we

may use the criterion of rejecting H1 in favor of HO if Fl n(Z) > 3.01.
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TABLE 3.1

Empirical Percentiles for the F-Statistics

n 0.50 0.80 0.90 0.95 0.975 0.99

25 0.58 1.89 3.04 4.34 5.74 7.80

50 0.59 1.89 3.01 4.23 5.54 7.38

F, n(1) 100 0.60 1.89 2.99 4.18 5.42 7.16
’ 250 0.60 1.89 2.98 4.15 5.35 7.02
500 0.60 1.89 2.97 4.14 5.32 6.97

o 0.61 1.88 2.96 4.13 5.28 6.91

25 0.95 2.04 2.88 3.76 4.71 5.98

50 0.97 2.02 2.82 3.62 4.45 5.59

F, n(2) 100 0.98 2.02 2.79 3.55 4.32 5.38
’ 250 0.98 2.01 2.77 3.50 4.24 5.23
500 0.98 2.01 2.76 3.49 4.22 5.17

® 0.99 2.01 2.75 3.47 4.19 5.10

25 1.15 2.22 2.97 3.73 4.49 5.57

50 1.18 2.20 2.88 3.55 4.21 5.11

F, (3 100 1.19 2.19 2.83 3.46 4.07 4.88
’ 250 1.20 2.18 2.81 3.41 3.99 4.75
500 1.20 2.18 2.80 3.39 3.96 4.70

@ 1.20 2.17 2.80 3.39 3.94 4.66

25 1.29 2.35 3.07 3.80 4.56 5.60

50 1.32 2.31 2.95 3.56 4.17 4.97

F, (4 100 1.34 2.29 2.89 3.45 3.99 4.67
’ 250 1.35 2.28 2.86 3.39 3.88 4.51
500 1.35 2.28 2.85 3.37 3.85 4.46

® 1.35 2.28 2.84 3.35 3.84 4.46

25 1.37 2.44 3.17 3.90 4.64 5.68

50 1.41 2.38 3.02 3.60 4.16 4.93

Fg n(5) 100 1.43 2.36 2.94 3.46 3.95 4.58
’ 250 1.44 2.34 2.90 3.38 3.84 4.40
500 1.45 2.34 2.88 3.36 3.81 4.36

w 1.45 2.34 2.87 3.36 3.83 4.38
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Table 3.2 Empirical Percentiles of the F(l)-Statistics
Statistic n 0.50 0.80 0.90 0.95 0.975 0.99
25 2.36 4.99 6.95 8.96 10.98 13.84
(1) 50 2.41 4.94 6.74 8.54 10.36 12.76
Fl n(1) 100 2.43 4.91 6.65 8.35 10.04 12.24
’ 250 2.44 4.91 6.60 8.24 9.84 11.93
500 2.45 4.91 6.58 8.24 9.78 11.83
® 2.45 4.91 6.58 8.21 9.69 11.76
25 2.55 4.43 5.79 7.15 8.56 10.51
(1) 50 2.56 4.30 5.49 6.60 7.69 9.14
F2 n(2) 100 2.57 4.24 5.34 6.35 7.33 8.59
? 250 2.58 4,21 5.25 6.22 7.14 8.33
500 2.58 4,20 5.23 6.18 7.09 8.27
o 2.59 4.19 5.20 6.15 7.06 8.23
25 2.68 4.39 5.56 6.78 8.00 9.68
(1) 50 2.67 4.19 5.16 6.11 7.03 8.23
F3 n(3) 100 2.67 4.08 4.56 5.78 6.56 7.54
} 250 2.67 4.02 4.85 5.60 6.30 7.17
500 2.67 4.01 4.81 5.55 6.22 7.07
o 2.67 3.99 4.79 5.52 6.19 7.06
25 2.80 4.51 5.67 6.83 8.05 9.76
(1) 50 2.76 4.20 5.11 5.96 6.74 7.83
Fa’n(4) 100 2.74 4,05 4.84 5.55 6.20 7.06
250 2.73 3.97 4,69 5.33 5.95 7.70
500 2.73 3.94 4.65 5.27 5.88 6.61
® 2.72 3.93 4.63 5.26 5.84 6.55
25 2.40 3.87 4.87 5.90 6.91 8.39
(1) 50 2.34 3.51 4,23 4.92 5.60 6.46
F5 n(5) lQO 2.32 3.37 3.98 4.54 5.08 5.73
? 250 2.31 3.29 3.86 4.36 4.83 5.41
500 2.30 3.28 3.84 4,32 4.77 5.34
© 2.30 3.26 3.82 4,29 4.73 5.29
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Table 3.3 Empirical Percentiles of the F(z)-Statistics

Statistic n 0.50 0.80 0.90 0.95 0.975
25 1.71 3.09 4.12 5.16 6 7.
50 1.72 3.00 3.94 4.87 5. 7.
7$2) (1) 100 1.72 2.96 3.85 4.72 5. 6.
l,n 250 1.72 2.94 3.80 4.64 5 6.
500 1.72 2.94 3.79 4.61 5 6.
© 1.72 2.94 3.78 4.58 5 6.
25 2.05 3.34 4.26 5.20 6 7.
2) 50 2.04 3.20 3.99 4.75 5 6.
F,°(2) 100 2.03 3.13 3.86 4.54 5. 6.
g 250 2.03 3.10 3.79 4.43 5. 5.
500 2.03 3.09 3.76 4.40 5 5.
. 2.03 3.08 3.75 4.38 4 5.
25 2.30 3.61 4,52 5.46 6 7.
50 2.26 3.40 4.14 4.86 5 6.
#${2) (3 100 2.25 3.30 3.96 4.58 5 5.
3,n 250 2.24 3.24 3.86 4.42 4. 5.
500 2.23 3.22 3.82 4.37 4 5.
© 2.23 3.21 3.80 4.36 4 5.
25 2.49 3.89 4.86 5.80 6. 8.
50 2.43 3.59 4.32 5.02 5. 6.
Fézi(4) 100 2.40 3.44 4.07 4.65 5. 5.
’ 250 2.38 3.36 3.93 4 .44 4. 5.
500 2.37 3.33 3.89 4.39 4. 5.
® 2.37 3.31 3.87 4.38 4. 5.
25 2.63 4.14 5.18 6.23 7. 8.
50 2.53 3.72 4 .44 5.14 5. 6.
Fézi(S) 100 2.49 3.54 4.15 4.71 4. 5.
» 250 2.47 3.45 4.02 4.52 4. 5.
500 2.47 3.43 3.99 4.48 4. 5.
- 2.46 3.41 3.97 4 .44 4. 5.
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In addition, we also computed F, n(d,a) for 1 £i<d=s5. (Tables for
3

Fi n(d,a) are not included.) It is interesting to note that the empirical
3

percentiles F, n(d,a) increase in d for a fixed i and a £ 0.5. For example,
b

(1, 0.05) = 4.18, F (2, 0.05) = 5.04, F (3, 0.05) = 6.20,

1,100 1,100

6.77 and F, (5, 0.05) = 7.14. This indicates that if one

Fi,100

F1,100(4’ 0.05)
uses the criterion, "reject the hypothesis that there is exactly one unit root

in favor of stationarity if F n(p) > F, n(1,(1)," then, with probability greater

1, 5

than a, one would conclude that the process is stationary when really there are

several unit roots.

Except for some tedious bookkeeping, the results can be extended to regres-
sions involving time trend in the model.
4. Example

Pankratz (1983) lists 70 consecutive monthly volume of commercial bank real
estate loans, in billions of dollars, starting from January 1973. By fitting a
sixth order autoregressive process we concluded that a third order autoregressive

process provides an adequate fit for the data. Regressing

3
Y, =(1-B)’Y, =Y - 3Y. . + - = (1- = -
3,0 - (ITBTY, £ 7 a1 T W T Yz om Yolys Yy el T UBIY =Y Y
- - 2 = -
and YZ,f-l = (1-B) Yt-l Yt-l 2Yt-2 + Yt-3’ we get
Y3,t = 0.00139Yt_1 - 0.1045Y1,t_1 - 1.3061Y2’t_1 + et (4.1)
(0.00094) (0.0795) (0.1233) -

with 62 = 0.0839. The numbers in the parentheses are estimated standard errors
calculated by the usual regression formulas used in most computer regression
routines.

From (4.1) we calculated the F-statistics for testing the relevant hypotheses.
The calculated values are F1,70(3) = 2.19, F2’70(3) = 1.19 and F3,70(3) = 47.29,

where Fi 70(3) is the regression F-statistic for testing the hypothesis that

3
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the first i coefficients of (4.1) are zero. Since 47.29 is greater than any

of the table values for F 50(3) and F (3), we reject the null hypothesis

3, 3,100

that there are three unit roots.

Note that, under the hypothesis H there are two unit roots and the third

2:

root is less than one in absolute value, the statistics F (3) and F n(2) are

2,n 2,
asymptotically equivalent. Comparing the calculated value of F2 70(3) =1.19
3
with F (2, 0.20) = 2.02 and F (2, 0.20) = 2.02, we fail to reject the

2,50 2,100

hypothesis H, at 20% level of significance. Finally, we fitted a first order

2

autoregressive model for Y = (l-B)zYt to obtain

2,t

(1 + 0.363)(1-3)2Yt =e ,
(0.12)

with 62 = 0.0842. Same conclusions were obtained when an intercept was included

in the model (4.1).
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APPENDIX

We prove Theorem 1 in several steps. First we consider a dth order
autoregressive process with d unit roots. For this process we obtain the limiting
distributions of Fi n(d), i=1, 2, ..., d. Then extend the results to a pth order

3

process with d unit roots. Define,

Si,e T Si,e-1 % Si-1,t (A.1)
t
= 5%,
So,e T %
for i=1, 2, ..., dand t =1, 2, ..., where e, is as defined in Section 1. Note
that,
(-3)3 s, =85

for j s i and Si . is an ith order autoregressive process with i unit roots.
3

Consider Wt=S a dth order autoregressive process with d unit roots. In

d,t’

the parameterization of (2.1), we can write Wt as

d

Wa,e = 52 BiWicge-r o (a.2)
where

W= B w =s

i,t t d-i,t °?’

and Bl = 82 = ... = Bd = 0. Let B denote the ordinary least squares estimator of
B in the regression of wdt on wO,t-l’ wl,t-l’ oo wd-l,t-l' That is,

‘B;B-l b (A.3)

d,n d,n

where the (ij)th element of B, n is

3
n-1 n-1

cZ Wimn,e Mi-1,e T L5 Sd-iel, e Sd-je1,e
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and the ith coordinate of bd n is
b}

n-1 n-1
I Yion,e Ya,een T L) Sd-ie1,e So,eh1
We now obtain the orders in probability of the elements of Bd n and bd n We
3 3

also obtain recursive relationships between the elements.

Lemma 1: Let Si . be as defined in (A.l1). Then,

]

- t
(1) S, _ = 1G-D!"Y T (e-r+l)(e-r+2)...(e-r+i-l)e_ ,
1,t r=1 T
- -(i-%) 2 2 _ . , 2,-1
(ii) n s. ~Z» N, ~ N(0,02), 02 = [(2i-1){Ci-1)1}2]" ",
i,n i i i
n-1 i+j
(iii) £ S, .S, =0 (n"Jd) for i, j 21
g=1 1.t j,t p > ] ?
Gv) "o i
) - .
iv tzl Si,t SO,t+1 Op(n , 121,
(v) n§1 s s =y g2 +0 (7%, iz22
g=1 i,t "i-1,t i,n~1 p i i
.y ool n-1 2i-k-1
i) Z0Sie Sici,e T Sin-1 Sickti,n-1 T L Si-1,e Sieken,e T Op(R )
for 2 s k £ 1i.
Proof: The results (i) and (ii) are straightforward. Now,
-74 n - n t 2(i-1)
n?tEz s =1t o1 Lol
t=1 1,t t=1 k=1 n n n
> G- - l2ii-)) 7Y,
as n > @. Therefore,
n .
r s =0 (a%h,
t=1 1.t P
n I -
and hence £ S, _s. . =0 (a7
t=1 i,t J,t P
Also,
n . n 2 . 2i
vltﬁl it So,c+1l t£1 E(s],) = 0(n"")

and we get (iv). Now, for i 2z 2,
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n-1 9 n-1 9 n-1 - n-1

E Sl,t - til Sl,t-l £=1 Si-l,t +2 E Sl,t'l Sl-l,t
and hence

n-1 2 n-1 2

=~ 1 -1

t£1 5i,e-1%i-1,¢ = 2 Si,n-l 1tilsi-1,t )
Therefore,

n~1 n-1 n-1 o

+
21 S0 Si-1,e T2y Si,e-Sien,e TR SienLe

2 2i-2
n

= 1
%8 01 T Op( )

Note that, for 2 s k s i,

n-1 n-1 2i-k-1

21 Si,eSiek,e T 51,01 Siek,e 0p(m )
Now,

n-1 n-1 ngl

2y St e-18ir, e T2y SiLe-1Sieen,e-1 T2 SiLe-1Siekge
and hence

n-1 n-1 n-1

t£1 S5i,e-1 Si-k+1,t-l - t£l Si,e-1%4-k+1,t ~ El 5i,e-1 Si-k,t
Also,

n-1 n-1 n-1

Z S S = L S

+
e=1 ist Ti-k+l,t p2q Ci,t-l Si-k+l,t tﬁl Si-1,e51-k+1,¢

and hence

n-1 n-1
Si,n'l Si-k—’rl,n-l - tz Si-]_’t Si~k+1,t + t£1 si,t‘]. Si'k,t
Therefore,
n-1 n-1
21 Si,e-1 Siek,e T Sipnm1 Stetn-t T (B Siene Stein,e o U

From Lemma 1, it follows that, for 0 = j £ 1 and i 2 2,

n-1 k-1 k n-1
s, S. = I(4)"s, S. + (-1 2
e=1 i,t-17j,t-1 I )8 rin-15jbr+1,n-1 T O I Siek,e-1
i+j-1 e . L
+ Op(n ), if i-j is even
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= ki%-l)rs s + (-1)ks?
r=0 i-r,n-1 j+r+l,n-1 i-k,n-1

e
+ Op(n1 371y if i-5 is odd,

where k = the integer part of *(i-j).

-1

We now obtain the order in probability results for Bd n
H]

Lemma 2: Let Dd n = diag {nd, nd-l, ceuy n}. Define,
b
_ -1 -1
€i,n " P,n B4,n Pa,n
and
-l
gd,n h Dd,n bd,n )
Then,
6y = Op(l)
Byn = Op(l)
and the determinant of Gdn is bounded away from 0 in probability.
Proof: From Lemma 1, it is clear that G, = 0 (1) and g, = 0 (1). We prove
—_— dn p dn P

the result on determinants through induction on d. For d = 1,

n
G =n I S
l,n t=

[\
=]
[72]

-3.2 . X . . . ,
and since n S2 n convergence in distribution to a constant times a chi-square
b
random variable with one degree of freedom, we get G is bounded away from zero.

-1
d-1,n

1,n

Assume now that the det |G ] is bounded in probability. Note that

1
-1,n

A (G ) S trace |G ] = 0 (l). Also, since we assumed that det lG- ]
d-1,n P d

max d-1l,n

is bounded in probability we get A;} ( ) is bounded in probability. We now

in Gd-l,n
show that det [c;1 ] is 0 (1). Note that
e P

_ -2d,nz1 2 y -1
detlGy 1 = detlyy ol 1T Sgc = 9y Cyop,n%!
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h = (a” (@D i S 1t s )! Let 8(n) denot
where q_ n Iy Sa,e d-1,t° " n Iy Sa,e S1,¢ . e n eno‘e
the vector of regression coefficients in the regression of Sdt on

v =(d-1) -1 |
c = (n Sd-l,t’ ee.s T Sl,t) . Then,

8(n) = G}
d-1,n%n
and
detle, ] = detle, . a2 "t s. - e’ a(n))?
d,n d-1,n e=1 d,t Tt
Note that
2 _ ., ., -(d-1)nl 2
la,ll” = aqpq; 2 In L1 54,841, ¢
- o (2d-2) 4 + 0 (a29°1
d,n-1 P
Since n-(Zd-l)Si’n_1 converges in distribution to cg x% , we get
n-Zd Ilqn||2 is bounded away from zero. Also
2 _d-1  -(4-i) n:l 2
Ilqn” i£1 Ln t£1 sd,tsd-i,tJ
=0 (nZd).
P
Also,
-2 -2

2 2 2
maled~l,nJ”qn” s ”B(n)” s Aminlcd-l,nJ”qn” :

Therefore,

llen) || = Op(nd)
and

lleca) ||t = op(n'd)

Now, for n* < n,

- n-1 -2d '
n 2 oSy - etom)1? z 0" ¥ [aa®™) - 0 (n)] Gy y ox 10(@™) = 8(n)]
-2d 2
2 ApinlCyoy pxln L] ean™) - e(m){|“]
- 2
2 Apinl€yq pxln 2LlleG® | - Jle]1? .
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We now show that n-Zdllle(n*)Il - He(n)lljz is bounded away from zero. Given

€ > 0, find M, > 0, M2 > 0 and N

1 large such that

1

d d
PiMn” s fle@)|| s Mn7] > 1 - ¢,

for n > Nl. Let, — 1
M \a
n* = integer part of|n oM
L 2
and
M)\ =
N = integer part of 3N1 i .
1
Then, for n > N, n* > N1 and
M
plljoa® || <= a%1 > 1 - .
Therefore, for n > N,
2 M1 2d
PL{[[e| - |[e@™[[}" > 7 a1 > 1 - 2¢.
Since xmiand-l,n*J is bounded away from zero, we get dethd,n] is bounded away from
zero in probability. - 1

We now obtain the asymptotic distributions of Gd n and 84 0 Define,
L b}

= 1!
An LnLn (A.4)

where Ln is an (n-1)x(n-1) lower triangular matrix with every element below and on

the diagonal is equal to 1. Then,

L' =11' + I - L (A.5)
n n-1 n
where 1 = (1,1,...,1)': (n-1)x1, In_lis an identity matrix of size (n-1). Define
= ' :
e (el,ez,...,en_l) . Let Al,n > Az,n > el P An-l,n denote the eigenvalues

of An and let x, = ( )' denote the eigenvector associated

X, X. eees X,
inl’> “in2’ ’>*in,n-1

with A, . Define the orthogonal transformation of e into u = (u, ,u, ,...,u )
in n n In’ 2n n~1l,n

by
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Hasza and Fuller (1979) established that, for a fixed k,

2w V' - NGO, L).

(uln’ Uy seeesly 1,V2,..., K

Following the arguments of Hasza and Fuller (1979) it can be shown that

-2k , .k D 2k 2 *
— Ve =
n ®n An ®n 121 Yy i Qk
- . -1 i+l . .
where Yy = 21(2i - 1)w] (-1) and {Vi} is a sequence of normal independent

(0,1) random variables. Also, the random variables Nk defined in Lemma 1 may be

o«

written as N, = I & V. for some constants {3 .}. Now we obtain the limiting
k  j=1 kii ki
distribution of the diagonal elements of Gd n
3’
- -l
Lemma 3: Let N, = n (1 2)S. , where S, is defined in (A.l1). Then,
—_— i,(n) i,n-1 i,n-1
for k 2 1,
- k - -
a2k ke = 3 a(k? N, . + (-D*n 2kg(2k) 0 (a1 (a.6)
n n j=1 n,i 2i,(n-1) n P
(2k)_ ' . (k) ,
where Sn (SZk,l’ SZk,Z’ e SZk,n-l) , the jth element of an,i is of the form
-15 2(k=-1) (i 2(k-i)-£ ( _1)
+ . s Lo .
n ‘CEO Vk,i,l n) 0(n and vk,i,t is a finite positive constant

Proof: We prove this using induction on k. For k =1, from Dickey (1977),

-2 _ _k (2) -1
n A.nen =n %1 N2,(n-1) Sn + Op(n )

and hence (3.6) holds. Now, we assume that (A.6) holds for k and show that it also

holds for k + 1. Note that,

- - k - -
n (2k+1) L Ak e =1 1 5L a(k? ' + (-l)kn (2k+l)L S(Zk) +0 (n l)
nn n j=1 0 n,i 2i,(n-1) n n p
k - -
= 3 (k? ) + (-1)kn (2k+1)s(2k+l)+ 0 (n 1) (A.7)
j=1 mn,i 2i,(n-1) n p
where

f(k? = n-lL a(k? .
n,i n n,i
(k)

Note that the jth element of fn i is
9
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- h|
f(k? .= n 1 L a(k?
n,i,j r=1 D,i,r
-y 2(k-1i)+1 i 2(k-i)+1-£ -1
= +
n 550 Vk,i,ﬂ n 0(n ™)
* .
where Vk,i,ﬂ is a constant. Now,
oo (26F2) Gkl -l =(2kHD) ok
n n n nn n
=a i+ -L)L A¥e
n-1 n n n n
_ -1 k . (k)
R R N TR C D)
+ (_l)k n-(2k+2) 11.s(2k+1) + (_l)kn-(2k+2)ll -L JS(2k+1)
n n-1 n n
-1
+ 0 (n ")
P
ko (k+1) ' k_-(2k+2)
=L%i M,y T D S2k+2,n-1
b (-1 o (2k+2) | G(2kH1) | (2k2) o T
n n P
where
alFD) ol eR)y ) L g g g, K.
n,1 n,1i n,i n n,i
Note that the jth element of aikzl) has the form,
b
oy 2(k-i)+2 : 2(k-1i)+2-L -
a(kfl% =n 2 z v ., L +0(n ).
n,i,j £=0 k+1,i,£ 'n
Therefore,
- k+1 -
oo (2k2) 5T (k) + (-nktlgl2kt2) o (-1 T
n n j=1 n,i 2i,(n-1) n P
Note, from (A.6) and (A7) we get
-4k 07l 2 -4k, 2k kK k (k)' (k)
R T jﬁl 3,1 2,5 V21, (-1)V23, (a-1)
kK k -2k _(k)'_(2k)
- 2(-1
2(-1) 121 NZi,(n-l)n n,i Sn

+ Op(n'l),
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and
-(4k+2) 71 2 _ o -(ak+2) , 2k+1. KK (i)' (k)
n 2 Sar,e T O A % 7R 5 Tat a2, (-2, (e
k - '
Caenk Ko o (241 L(K) ' (2Kc41)
i=1 2i,(n-1) n,i n
+0 (ah.
P
It can be shown that,
—pl n-1 D
=2y (5™ s —— N~ N(0,0%2))
g=1 N r,t m,r m,r

for any integers m, r 2 0. In fact, one can express

w0
N* =1 &F V.
m,r =] m,r,i i

where Vi ~ NID(0,1). Therefore,

- ' - -1
n 2k a(l-'c) s(Zk) 0 2k nz (k)

ni n = t=1 an,i,t 2k,t
= 2(k-1i) -2k-% n-1 2(k-1)-4 -1
= o+
,@Eo vk,i,ﬂn t£1 (n) SZk,t op(n )
D 2(k-i) * _ o fa)
- Lﬁo Vi, il No(k-1)-£,2k = Ni,k » %3V
Similarly,
-(2k+1) (k)'_(2k+1) D 2(kzi)+l * _ ()
n fn,i Sa ] 550 Vi, i,2 N2(k-1)-£+1,2k T Nik -
Also, there exist finite positive constants a¥ | and f¥ . such that
ij,k i,j.k
Lim a(k)'a(k) = a¥
nse D,i m,i i,k
and
)
Lim f(k) f(k2 = £* .
n>o Ns1 n,j i,j,k
Therefore,
- n-1 k k
n 4k S2 D * z z a*

— = - N . )
&1 Sak,t Qi T %k T 2y 55 24,5,k 2i02j
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k
+2¢-0% §on w2
i=1 2i l,k
and
-(4k+2) n2l 2 D % k k.
" o2kt € Qe T Qe T L R BaL gk M2iMag
k
+ 2('1)k+1 Z N,. st)
i= 2i l,k
Now, using the results of Lemma 1, we get for 0 £ j £ i and i 2 2,
S DL S 2.
toy Cist-1 Yj,t-1 d,i,j
where
( k-1 ( r k ce s s s
rEO -1) Ni-r Nj+r+1 + (-1) Q if i-j is even
P, ., .=
d,i,j {
DTN, N + (-1)¥ 182 if i-] is odd
L =0 i-r  jr+l -k J ’
and k = integer part of %(i-j). Note also that
-1 n-1 D ,,.2
n tﬁl sl,t SO,t+1_——+ /z(N1 1) .
Therefore,
D
Gd,n Gd
and
D
8i,n~ B4 : @.9)

where Gd and 84 consist of the corresponding limiting variables. We now present

the limiting distributions of the "F-type" statistics.

Lemma 4: Let Fi n(d) be as defined in (2.10) with Yt =W.. Then, for i s d,
]

L (ii)] "1 & _
Fiol— 1780y 4 [Gd ] 8(1),q - Fi(d)
(ii) -1
d

is the i x i upper left hand submatrix of Gd

where G and g?i) 4 is an i x 1
b

vector consisting of the first i elements of Gdlgd . (Note that Fd(d)==d_lgéG;lgd.)



=27

Proof: Recall,

. -1 7, -1 =
s =1 7% % -1 *x.-1 % 7
= [1(MSE)n] (] Ui lUi Bd,n Ui] Ui B8
where
U?i) = (i x i) left hand corner submatrix of Id
and
- _ -1
B = Bd,n bd,n

as defined in (A.3). Note that,

(MSE) = (n-d)" Y I W2 - B' b
n t= d,t d,n
- n -
= (-t I 240 ™D
t=1 P
£,
Also,
~ D -1
D B— G4 8B(q)
and
- 7 -
D B 1 D — G 1
n d,n n
where Dn = diagonal {nd,nd-l,...,n}. Therefore,
D 1, -1 _«% (ii) -1 _» -1 {
Fiald = 1836 U 165771 " 0; 6 gy -
Now we present the proof of the theorem.
Proof of Theorem 1: Recall that Yt is a pth order process with d unit roots.

Let Wt and Zt be as defined in (2.5). Then, Wt is a dth order autoregressive
process with d unit roots and Zt is a (p - d)th order autoregressive process with

stationary roots. We can express Zt as,
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P
Z = z . 2, + e
p-d,t j=d+1 nJ j-d-1,t-1 t’

= - i ; s
where Zi,t = (1 B) Zt. Note that Mg+l < 0. From Fuller (1976), it follows

that

n%(; - n)-—z» N(O, 'r'lr;1 1) (A.10)

~

where n is the least squares estimator of n obtained by regressing Zp-d ¢ On
b

Z0 £-1 "vee Zp-d-l -1’ T is given in (2.3); the (i,j)th element of the matrix
3 ]

r, is v, (]i-j|) and vy, (h) = £im Cov(Z_,z__. ). Let B be obtained by regressing

Y on

i
' e = (1-B)7Y,_.
byt YO,t-l’ Yl,t-l’ s Yp-l,t- (1-B) ¢ Note that, for

1° where Yi,t

3 > = - = 7 3 i
izd, Y',t (1-8) Zt Zi-l,t . Therefore, B is obtained by regressing

o Let us

B Yy e-10 Yi,e-10 0t Ya-1,e-10 %0,e-10 %1,t-10 0000 Zp-d-l,e-1°
~(1),
]

partition B as (B

Zp_d,t

n')'. We can obtain n using several regressions. First,

regress Z on wé = (Y ). Let

p-d,t 0,t-1" Y1,e-1° ~*°* Yd-1,e-1

~(p-3) .
= - [ : .
Rp-d,t Zp-d,t *t n s be the tth residual from this regression where
ﬁ(p-S) is the corresponding least squares estimator of n. Similarly, regress
Z, on ' and obtain R, and ﬁ(l), for i =0, 1, ..., p-d-1. Finally, regress

i,t-1 t i,t
R ces in n.

p-d,t on RO,t’ Rl,t’ s Rp-d-l,t’ to obtain n

For i < d, let s* = . Th
r i s le Sd-i,t Yi,t en,
* -1 t
Y . =587 = [(i-1)!] I (t-r+l)(t-r+2)...(t-r+i-1)Z_ .
d-i,t i,t r=1 r

Using Kronecker's lemma and the arguments of Lemma 1, it can be shown that,

b]

n s
I Y2 =0 (n29°%%
t=1 i,t P

and
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g

= Zd'i'j
1 YLeen Yyer T 000 )

for 0 s i,j s d-1. Similarly, one can show that,

nos
=<
N
]
o
o
~~
o
a
]
p.l
S

and hence

for i =0, 1, 2, ..., d-1; k=0,1, ..., p;s 3=0,1, ..., p-d.
Now, consider, for 0 £ i s j s d-1,
- - - g n - - - n
n (2d-i-j) : oW =1 (2d4-i-3) LY

np Yp-d+i-1,t]

L ]

Yp-d+j ,t- nd+1Yj ,t-l-' ' '_anp-d-i-j—l,t

_ 2 -(2d-i-j) 1

= Mg+ © tgl Y ee1 ¥y,ee1 ¥ O )
Also, for 0 = i s d-1,
ey tgl wlt p-d,t+l
Tl tgllYp-d+i,t " Mar1Yi,e-1 700 MpYpedti-1,t%p-d, t+1
LTS a4 tgl i,e-1 %p-d,e41 ¥ op(“-l)
Therefore,
o' went = E oot e w0
B n;il Gd,n + Op(n-l) ?
D;ltgl wt Zp-d,t T n;il gd,n + Op(n-l) i
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and, we get

(i) _ ,-1,.,., -1,-1 -1 ®
Dn n an (v w)Dn ! Dn t£1 wt Zi,t
= Op(l) , 1=0,1, ..., p-d-1
~(p-d) _ _ -1 -1
D, m "a+1 Sd,n Ba,n T Op(n )
=0 (1)
P

d-1

where Dn = diagonal {nd, n s esesy n}. Now, note that, for 0 £ i, j s p-d-1,

n n ~(1). ~(j)
= - ' - ]
o RaeRye T L E Paeer T ¥ T2 g - e
% yA YA + 0 (1)
t=1 1i,t-17j,t-1 p )
Similarly,
z z (1)
R R = I Z, Z + 0 (1).
g=1 1.t p-d,t t=1 1i,t-1 “p-d,t P

and

é(l) -1

D (B - (g Bl =0 (@)

where B is defined in (A.3), and n is defined in (A.10). Also, for i s d,

J—
F.,n(p) F

@ +0 @b
i n p

b]

where F¥ (d) is the "F-statistic” for testing B, = B, = ... = B. = 0 in the
i,n 1 2 i

regression of wd,t on wO,t-l’ wl,t-l’ ey wd-l,t-l' Therefore,

D
Fi’n(p)———* Fi(d)'
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Now, consider,

- 1 “,(1) oLl -1 "(1)
Far1,n'P) = (a+1) (MSE)_ B0 ngey) Cgrry (P
Nd+1
where c(d+1) is the (d+1) x (d+l1) submatrix consisting of the first (d+1) rows

and (d+1) colummns of the matrix,

= *x d-1
and & = (24 15 2 4.1

eessl }. Then,

.o

© Zood-1,t-1

o

nz G—l ol
p* A D* D d+1d .
n n n - - -
0 it
Z

Therefore, under the assumption of Hd: exactly d unit roots

Ly (p) = nZ . 1(a+D) o7

n d+l,n d+1

* . -1.-1_-1,
where w” is the (1,1)th element of T FZ T . Therefore,
D
Fd+1,n(p) =

. d+1
under Hj. Now, since Fd+i,n(p) 2 1 Fd+1,n(p)’ for i 2 2, we have that

F o .- .
d+i,n , under Hd

). Let, Dn = diagonal {nd,n goso

h)\.‘

»N,0
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We now outline the proof of Theorem 2.

~(+
Proof of Theorem 2: Let B( ) be obtained by regressing Yp ¢ on
b

(1, wé, Eé) where wt and Et be as defined in the proof of Theorem 1. Define,

n n -1
n zr g z g
t=1 t t=1 't
(w_| % s ' T e
P e Iy ! oee
13 L £
3 - 9, 9
Dél)= diagonal {né, nd, nd 1, cees My, N2y eee, nz} s
and I ™
I
e
t=1 ¢t
(1)_ oo
Tn - t-E.l wtet
T e
t=1 gtet
Then, it follows from the proof of Theorem 1 that
_ A n:'lA o'
Dﬁl)Aél)Dil) D ,
0 it el
A
and
-1
nr(ll) Tr(ll) 2D, 4 lhd , (A.11)
where
1 ]
H* = pd -
d G ?
Pq d
- '
g = (Nypqs Nys woes N0,
A = diagonal (1, Maprr Ngepr oo —nd+1)
N1
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and the matrix Gd and the vector gy are as defined in Theorem 1. Now, following

the arguments used in proving Theorem 1, we can show that, under H

d’
Ffl)(d) , 1 54d
(1) D 1
Fi n(p) -
i o , 1> 4d
where
(L) - . ; = - = ;
F, "(p) = the F-statistic for testing B, = ... = B, = 0 in the
i,n 1 i
regression of (2.12),
(L) B Y (ii) -1 _«
Fy (= 3BGy,a Bed  Baya o
(ii) _ . . X . ,
Hd 1 - (i x 1) submatrix consisting of the rows 2 to i+l and
H]
columms 2 to i+l of the matrix H:—l s
and
h?i) qd° i x 1 vector consisting of the elements 2 to i+l of the
]
*=1
vector Hd hd .
Similarly,
F§2)(d) , 1 sd
2
P () —
i,n
© , i >d
where
F(Z)(p) = the F-statistic for testing B, = B, = ... =B, =0
i,n 0 1 i
in the regression of (2.12)
(2) _ 1 % (ii) -1 _ax
Foood) = g by g By o) By g
H;1§1)= (i+1) x (i+l1) submatrix consisting of the first (i+l) rows
b
and (i+l) columns of the matrix Hz-l s
and

hf;) q4° (i+1) x 1 vector consisting of the first (i+l) elements of
3

h, . U
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