ON THE CONSTRUCTION CF BOSE CHAUDHURI MATRICES
WITH THE HELP OF ABULIAN GROUP CHARACTERS
by
DOMINIQUE C. FOATA

Institute of Statistics
Mimeograph Series No. 278
March, 1961



UNIVERSITY OF NORTH CAROLINA
Department of Statistics
Chapel Hill, N. C.

Mathematical Sciences Directorate
Air Force Office of Scientific Research
Washington 25, D. C.

AFOSR Report No. ‘ 48 9

ON THE CONSTRUCTION OF BOSE-CHAUDHURI MATRICES
WITH THE HELP OF ABELIAN GROUP CHARACTERS

by

Dominique C. Foata
University of North Carolina

March, 1961

Contract AF 49(638)-213

It is shown how matrices used in
error-correcting codes can be de~
rived from Abelian group characters.

Qualified requestors may obtain copies of this report from the ASTIA Do-
cument Service Center, Arlington Hall Station, Arlington 12, Virginia.
Department of Defense contractors must be established for ASTIA services
or have their "need-to-know" certified by the cognizant military agency
of their project or contract.

Institute of Statistics
Mimeograph Series No. 278



ON THE CONSTRUCTION OF BOSE-CHAUDRURI MATRICES
WITH THE HEIP OF ABELIAN GROUP CHARACTERS *
by
Dominique C. Foata

University of North Carolina

Bose Zf§7 has shown that the existence of an n x r matrix A
with entries from GF(s) (s prime power) having the P, property that
any 4 rows of A are independent, was equivalent to the existence of
an (n, n-p) s-ary t-error correcting and (t + 1)-error-detecting group
code if @ = 2t + 1. He also proved that for d = 2t, it was equivalent

to the existence of a 1 . g° fractionally replicated factorial
stP
design in which no t-factor or lower order interaction was aliased

with any t-factor or lower order interaction.
Thus we can build error-correcting codes or fractionally replicated
factorial designs as soon as we have constructed such matrices having

the P.-property. Bose and Ray-Chaudhuri / 1/ and / 2/ have given

a
an explicit method of construction in the binary case. Peterson ng7

has investigated some properties of the codes built from these matrices.

In particular he gave the exact value of the ranks of these matrices.

Finally Zierlerzr§7 has generalized these results to the s-ary case
(s prime power).
In this paper using the theory of group characters we reformulate

these results and show how these matrices can be obtained from the

*This research was supported in part by the United States Air
Force Office of Scientific Research of the Air Research and Development
Command, under Contract No. AF(638)-213. Reproduction in whole or in
part is permitted for any purpose of the United States Government,



character tables of cyclic groups. Hence considering character
tables of Abelian groups we can obtain an analogous construction
and so a new family of matrices having the Pd~property.
1.
In this~section we define the Pd~property over characters of

an Abelian group and investigate some properties involved by this
definition.

Let G be an Abelian group of order g whose invariants are:

h., h h

2’ s00y T

We know that these invariants are characterized by the following

1,

properties:

(1) G is & direct sum of r cyclic groups Gy, Gy, «vv, G, of
orders hl’ h2’ seny hr respectively

(11) b, /hi (1 = 1,2,000,(x-1) )

Thus every element a of G may be uniquely represented in the form:

a 2 a
a=c e ° c. ¥ or simply (a,a a_)
1 2 LN ) r p y l 2". r

with (0 < &, <h,-1; 0<a, <hy-1; ...;0< &) < hr -1)

1l 1 2 2

Later on we shall speak about the r "coordinates" of a.
Furthermore if (1 is a field whose characteristic does not divide

h=h, and if ;i is an h, th primitive root of unity in {1 (1i=1,2,..4,1),

the characters of the group G are given by: wa. u.a ua
171 272 Tr

X)ul,ue,oco,u.z‘) . a = (alag,...,ar) _é Cl ge ) cr

(See Van der Waerden page 175 vol. 2)
ul u2 ur
We will also denote the character x(ul,ue,...,ur) by Cl §2 .‘.Cr .



As h, divides h for all i=2, ..., r, we can take Ci as a
well -defined power of §l=§ and thus all the images of the elements
of G under all the characters will be powers of €.

In writing down the character table of G, let us make each row
correspond to one element of the group ¢ and each column to one
character, in a 1-1 manner. At the intersection of the row a (a € G)
and the column X (X a character of G) we vwrite the image of a underX,,
i.e.X(a). Hence the above statement simply says that all the entries
of the character table of G are powers of €.

Now let p be a prime number not dividing h and let p have the

1 (h) and p™ 1 (h)

it

order m in the residue system modulo h (pm
for m' < m), Furthermore let c = E—ﬁl—— and n be a primitive root
of the Galois field GF(pm). Then Cisanh th primitive root of
unity in GF(pm). Hence if we take GF(p") for the field{} andx © for
{, all the entries of the character table of G will be elements of the
Galois field GF(pm) and all the properties ¢n the group characters
will be preserved. In particular, as the character table of an

Abeliasn group of order g is a non-singular matrix of order g, we have:

Proposition (1.1) Given an Abelian group G of order g whose invariants

are (h, h2, esey hr) and a prime p not dividing h, we can construct

3 . a r'm
a non-singular matrix of order g whose entries are from GF{p), m

being the order of p in the residue system modulo h.

In the following it 1& assumed that the prime p has been
definitely chosen (prime to the order g of the group) and the
characters take their values in the well-defined field GF(pm), m
being fixed by the choice of p. Moreover the character table or
the group of the characters of G will be designated by z(G,p,m) or

simply I .



Let us recall the definition of the Pd property introduced
by R. C. Bose [17/:

Definition 1. A matrix whose entries are from a field iﬁl s
has the Pd property if any d rows of this matrix are linearly
independent

We shall also say:

Definition 2. A set of e characters (‘Xlx2 cee Xe) of the group

£ (G, p, m) has the P, property (over GF(pm)) if the submatrix of the

d
character table L,., formed by the € columns Xl’ XE’ ceey Xe is such
that any 4 rows are linearly independent. |
Before introducing the definition of the Pd property over a
subfield, let us define an equivalence relation among the characters:
It is known that to each divisor n of m corresponds a subfield

GF(p") of GF(p"); and the Galois group of GF (p™) over GF(p") is the

cyclic group & of order m = %— generated by:

q
Q ——> a* a= P

o e GF(p")

Hence the definition:
Definition 3. Two charasters X, and X, of © (G,p,m) are

equivalent modulo @ ﬂn) if there exists an-integer e such that:

[
n
X = xeq (¢=1")

m mq
As © is cyclic and P = ¥ "= %X for all X, this relation is

evidently an equivalence relation.

*

*
We denote the equivalence clasees modulo ¢ (n) by Xys Yoy eee

*
and the set of characters in the class ¥ - containing the character X

ol
by 13 {



Definition 4,

A set of e characters (xlx Xe) of

2.'0

(Pd property over a subfield)

(G,p,m) has the Py property

over GF(pn) (n divisor of m) if any d row vectors of the submatrix

(X1X2...Xe) of L are linearly independent

3 Vi 2eee,vy  are d row vectors of the
1 2 d
a relation of the form,

N vil A Yy

v,
1

+ A

N

Vi

d

2
for N, Ayy +eey Ay € subfield GF (p").

We show:

over GF(p"), i.e. if

submatrix (X1 X2 ...ie),

= 0 cannot hold

Proposition(1.2) If (Xl’x2”"’xe) of Z(G,p,m) has the P4 property over

m * %
GF(p ), then (X X,

* n
...Xe) has the Py property over GF(p ).

It is sufficient to show that if

N X(ak) + N, X(a2) ot N X(ad)

Kl AQ oo

By 8y ey By € G

A, € GF(p")

4 (p

Xe L (G,p,m)

=0

then the same linear relation holds if we replace X by any other

character of the equivalence class to which X belongs.

Indeed as &

n
> P 1is an antomorphism of GF(p~) leaving the

elements of GF(pn) invariant elementwise, we have:

d
0 = (2 N X(ai)
i=1

Thus the same relation holds for X and hence for x4 s x4 gseeyk

d d
2 =35 A 2x%¥a,) =2 A xa,)
=1 10 g b
(a=p")
2

3 q(ml-l)

*
that is, for all the characters of the class X containing X,

Conversely:

* %
Proposition (1.3) If the set of classes (Xl, X2’

*
cees Xe) has the P, property

2



* * *
over GF(pn), then ( {Xl% ,{-Xzi ,...,{ Xei ) has the Pd-property GF(p").

Suppose there exist  d elements of G, a a2,.. ,ad such thet

d

£ A X(a)) =0 A € GF(p)  (i=1,...,d)
oy 1 1

and this relation holds for all the characters X from

({8 e (R

Then as o = a2 (q=pn) is an automorphism of GF(pm),

a d a 2 2 a (m,-1) (ml-l)
£ A X(a) =0 => zquQ(a)-zquq(a)— =zl T x%(a)=0
i=l i=1 1=1 i=1
Hence:
a (m,~1)
Aead e L =
s ( JF N et N ) X(ai) 0

i=1
since the above relation is assumed to hold for all the characters of
of the same equivalence class.

m, -1)
But on the other hand W, = (x + Kq+ Cot hg 1 ) is an element of

GF(p") since u?: b, (1=1...d).

Hence we have found a linear relation over GF(pn) between 4

elements of G: a

g u, X(a,) =0 u, ¢ GF(p"), i=1,...,d4 which
R R i

* *
holds for all the elements of ({hxl} ,...,-{Xe} ) i.e., for the classes

*
(Xl, ,X ) themselves and this contradicts our hypothesis.

(mp-1)
If it happened that hi+ hg+...+ kg were null for all i=l,...,d,
d
we would multiply the equality £ A X(a ) = 0 by a suitable element v
i=1

of GF(pm) such that the relation:



m,- 1
q al
VA (v hi) + eoe + (v Ai) 0

would not hold for all the Ai's. This is always possible since
the equation:

-1
x?ml

AR = 0 is not satisfied by all the (q"-1)
non null elements of GF(p").
Thus we can say:

. ¥, ¥ * .
Proposition 1.4k, The set (Xl g 3eensXy } of e distinct classes

modulo ¢ (n) of £ (G,p,m ) has the P, property over GF (p") , if and

* *
only if, the set ({X:L } s {Xz }, ceey {Xe?) has_the P, property

over GF(p") .

In particular, if we take all the classes modulo &(n) , we
exhaust all the characters of the group; and since the character table
is non-singular or has the Pg property over GF(pm) , we have:

Proposition 1.5. The set of all the classes modulo o(n) has

the Pg property over GF(p") .

As X} =1 for all X € % (G,p,m) , the inverse of X is given by:

% = Xh-l
Hence, if X, & X, modulo ¢(n)
i.e. Xl = ’>(2q.‘k taking the (h-1) st power of each member, we obtain:
. K ) o
Xl(h-l)= (xeh-l)q or X, =%,

or X, = Xjmodulo o(n).

* %
Thus we can speak of the inverse of a class X , we shall denot by X .

* * *
Propodtion 1.6. 1if (Xl s Xo'y eees Xg ) has the P, property over

- ¥ n
coes X ) has the P, property over GF(p ).

L
X

n
GF(p ), then (il » Xy

d
For, if I A, X(ai) = 0 A, € GF(p"),

i=1 i

a
then L A i(é:% = 0, since X (a'l) = X(a)
i=1 *
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Hence each linear relation between d row vectors of the submatrix
* *
(xl’X2’°"’Xe) where X; € X; ,...,X € X, implies a linear relation

between 4 row vectors of the submatrix (il,ig,...,ie), where
% e R % eR"
1€ % s meer R € %
»*
Notation: We designate by n, the number of distinct characters
*
contained in the class Xi .

Definition 4: n being gixed as divisor of m, we say that a

character X of Z(G,p,m) belongs to the Galois field GF(p%) if e is
the least multiple of n such that GF(p°) contains all the images X(a)
(a€G).

Proposition 1.7. If X belongs to GF(p°), the number n* of characters

*
of the class X' is equal to: n = e, = %

For if X belongs to GF(pe), all the characters contained in x* also
belong to GF(p").
e e
Thus zrk(a)_jp = [x(a)_/ al_ X(a) and the sequence

m, -1
X(a),X(a.)q,...,X(a)q 1 can only have e, distinct elements.

Hence the class X* only contains n* = ey distinct characters.
Finally ve remark:

Proposition 1.8. If a set of characters of X(G,m,p), (Xl,Xe,...,Xe)

has the P

4 property, then the set (XXl,XXQ,...,XXe) has the P; property.

(We denote by XXi the character: a —> X(a) Xi(a) )
el
For if there is a relation: & A, X(a,) X.(a,) =0
4=1 i i Jri!
for j =1 ...e, wvhere A, € GF (p™) 1 = 1...d .

Then, A, X(ai) = u; is an element of GFQ;n).

Hence there exists a relation:

d

Z a = = L

Z My XJ(ai) 0 J=1 e

which contradicts the hypothesis of the Pd property.



Example 1: Consider the cyclic group G,. of order g = 15,

15
Choose p = 2, (2, 15) = 1, and 2 has the order 4 in the residue system

modulo 15

Mz 1 (15)

h), in fact a 15th root of

Hence x being a primitive root of GF(2
unity in this field, we can take our field{., into which the characters
take their values, as the Galois field GF (Eu),

The characters of Z(G

u

15 2, 4) are so:

: c® — 8
u = 0,1,...,1’"’ a=o,1,ocw,lh’
To n = 1 corresponds the equivalence relation ®(1) and the

following equivalence classes:

* .
Xo = 1 : 1
*
xl : C: §2: gh) §8
* * 6
X, =% 2 82,60, 11 00
»* _ g * . 5 lo
')(.3 = )(.5 N S 4
21* : §7, Clh; glj) Cll

* *
2 ’x3 b4
representant of each class (1, {, §5, §5, §7) has the P15 property

* * _ %
(1.5) implies that (Xo s Xy s X% X, ) or simply one
over GF(2) .
* * * *
The inverses of X, &and X, are X2 and X .

2 3 3
As proved in R. C. Bose (1), the set (¢, ¢3, t3) has the Pe

property over GF(2)., Hence by 1.6 the set (¢, §3, §5) has also the

P, Property over GF(2), i.e. (£7,¢3,87)

The character §5 ;- % . Hence the values taken by §5
are x5, *%na x*? = 1. Thus §5 belongs to GF(22) and the equivalence

class to which it belongs, only contains two characters §5 and Clo.



Exomple

2.

10

Consider the Abelian group G, direct sum of the cyclic

group of order 15 and of the cyclic group of order 3:

G =

GlS @ G5

We have just seen that for G

15 Ve can take GF(2h) for the field.! ;

X, the primitive root of GF(Qu) is an l5th primitive root of

unity.

Hence x

is an Brd primitive root of unity.

Thus the character of £ (G,2.4) are:

u ., v
S
u=0,1,
v=0,1,2

(alﬁag)-———> x T x = X

ual 5va2 ua., + Hve

1 2

1 = 01,..0,1k

= 0,1,2

To the equivalence relation @(l) correspond the classes:

*
X

Pal
= % O

%k

*
n

% -F'x* \.Nx*

<
\J

PaSs x
~ k O\ %

. ®x
2% T % S S

ol
Ut

W ok O ok

1

6s 65 8 8y

Eps bo°

6%, 6% 6% )0

6o by2 6520 b s 600t
6,2, £, 000 6%, Lyt
6,26, £,%0,% 6%, t,%2
6,%,t,

6,%6,2,0,%,, 6,220,2,0,%,

6,%6,,8, 70t

6,7t M0 e M

6,%6,%5 ¢,
S T S T T S

6,7 6,2 1, 622 6t



These 14 classes have the Ph5 property over GF(2).
2,3 ,4,5, ,2 2,2

Later we shall prove that (1,§l,g1 ’Cl ,§l ,Ql ,;2,g2 ,§l§2,§1§2 ,Ql CQ

has the P6 property over GF(QH).
x *x K ox "t x ¥ XX *) h he P

Hence the set of classes ( o %1 Xp %z %y Xy s%g as the Pg
property over GF(2).

Hence by (1.6) the set of the inverse classes
x ¥ x ¥ x *x X x h GF(2) i
( o 1% 9Xp sXz a%y SRg Xy ) has the P¢ property over 2) or if we

pick one element from each of these classes:

the set (1,@17,§2,C13,§17§2,§l7§22,§15) has the P, property over GF(2).

-2

If a character X of T (G,m,p) belongs to an intermediate field
oF (p%), (GF(p") < GF(p°) c GF(p") ), we will shov, in this section, that
the images X(a) (a€G) can be represented isomorphically in a vector of
length % = el = n* (the number class of X) with coordinates from GF(p").
We will call this vector P(X(a), n*).

Hence assuming that (Xl’XQ""’Xe) is a set of non-equivalent
characters of Z(G,m,p) having the Py property over GF(p”), the substitution
X(a) —> P(%(a), n*) in the submatrix (Xl’”"xe) will yield to a matrix,
with entries from GF(p"), having the P, property.

We shall use the following theorem:

From C. C. Mac Duffee "An introduction to abstract algebra" page 109:

"Let f(n) = x" + a 21 va x + a be a polynomial with

1
n-1
coefficients in a field F and irreducible over F,

Let p be a root of this polynomial and consider the matrix:
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- ]

0 O LI 0 - 8

n

R =

l 0 co O 'an_l
01 LN ] O -an_2
LN 1 L

00 «.. 1 ~ 8y

Then the correspondence:

-1 n-1 = A

n
Q= c°+cl P+ ...+ S o] > s I+c¢c, R+ ... +¢C R

1 n-1
is biunique and is an isomorphism under both addition and multiplication."
Denote the latter field by K. Hence:

Proposition2.l. A set of k matrices from K are linearly dependent

over F, if and only if, the first rows of these k matrices are linearly

dependent over F.

"Only" is trivial. If the first rows of k matrices AA,...,A of K
are linearly dependent, then there exist k elements of Fikl,kz,...,kk
such that XIAl + AEAQ + et AkAk is a matrix B whose first rov is null.

But B € K and admits an inverse unless it is null. As having its

first row null, B is singular and therefore is the null matrix.

Praposition2.2. We can express this by saying: A set of k elements

k
the first rows of the corresponding matrices of K, Al, A2, noey AK in

Qyy Ay eesy O OF F(p) are linearly independent over F, if and enly if,

the isomorphism ¢ <——> A are linearly independent.

Let us apply this result to our group characters from Z(G,p,m):
If n divides m, the field GF(p™) is an algebraic extension of GF (p")
of degree m = % . Thus every element of GF(pm) can be isogp;phically

expressed as a matrix of order m, with entries from GF(pp).
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In our character table %L(G,p,m), if a character X belongs to
an intermediate field GF(pe), all the images X(a) (a € G) can be

»*
expressed as matrices of order e, = € =n with entries from GF(pn),

n
under the above isomorphism we shall denote:
X(a) «> M (X (a), )

(The order of these matrices M(X(s), n*) is equal to the degree of the
extension of GF(pe) over GF(p"); that is, to n*, the number of characters
in the class X*).

The first rows of these matrices M(X(a), n*) will be denoted by
p(X(a), n ).

(2.2) implies:

Proposition 2.3. If a set (Xl”xz""’xk) of non-equivalent characters

of Z(G,p,m) has the Py property over GF(p”) (n divisor of m), then we

* * *
can construct & matrix of g rows and (n1 +n,+ ... F nk) columns with

entries from GF(p") which has the P, property.

* ¥* *
Moreover the rank of this matrix is (nl +n,t ot nk)}

* *
n, (1 =1 ... k) being the number of characters in Xi .

Indeed from (2.2) we deduce:
ny .

Xi(al), Xi(ae), ceey Xi(ae) are linearly independent over GF(p ), if

*
and only if, the e vectors of length n,:

* * * -

P(Xi(al), ni), P(Xi(az), ni), ceey P(Xi(ae), ni) are linearly independent.
(1 =1 «s. k)

Hence if we replace each element, X;(a), in the submatrix (X1 %o ceesXy)
* *

* *
of £ (G,m,p), by P(xi(a), ni), we obtain a matrix with (n; + n, + ...+nk)
columns and g rows and the Pd property is preserved.
» * *
Furthermore this matrix is of rank (n1 * o, et nk). For if

* ¥ *
ve take all the character classes (Xl,Xa,...,Xg*) and pick one
representant from each class (Xl, X2, soey Xg*), by (1.5) the matrix

n
(Xl, Xoy sees Xg*) has the %g property over GF(p ).
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*

Hence if we replace each element Xi(a) of this matrix by P(Xi(a),ni),

we will get a non-singular square matrix of order g, since
X+ + *x

nl n2 LN ] ng - g.

This implies that the rank of the matrix (X;;Xpy...y%) after

* * *

having made the substitution Xi(a) —_ P(Xi(a), ni), is (n1 + eee + nk )s

which is the number of the columns.,

-3-
We can now apply these results to cyclic groups.
We so obtain a reformulation of the results of Bose and Ray-Chaudhuri
/17 and [ 2/ in the general case. The result of Peterson / L4/ on the
number of columns of the Bose-Chaudhuri matrices having the P

2t

over GF(2) is also being generalized and the present proposition follows:

property

Proposition 3.l. Let G be & cyclic group of order h, p a prime

number not dividing h, m the order of p in the residue system modulo h

and n a divisor of m,

Then for d given, we can construct a matrix of h rows and R(h,d,n)

columns with entries from GF(p") having the Py property.

R(h,d,n) is given by the number of residue systems mod h among the

integers:

un (u=1,2,...,48 ; 329) q-= Pn

Under these assumptions x° is an hth primitive root of unity in
m

GF(p"), where c = Eell and x is & primitive root of GF(p ).

Hence the group I(G,,p,m) consists of
X, = ¢ b —> x®
u=0,1,...,(h-1) a=0,1,...,(h-1)
The submatrix (Xl’xe"°"xd) of Zﬁgh,p,m) has the P, property since

any set of 4 rows bal, ba2, seoy p2d yields to a square matrix:



ca 2ca dca
X X eee X

tnd

which is non-singular, since its determinant is a Vandermonde determinant.
* * *
Hence the set (X, xi_e,,,., Xid*) obtained from (xl, XE,..., xd)
by retaining only one representant of each class has the Pd property
over GF(p") by (1.3).

But the congruence:

X, = X, modulo &(n)
1 J

means that iz qk(h) for a certain k
/
j=i qk(h) for a certain k',

Hence the two sets iqu u

0,1,.¢a,m1'1

and J qv v

fl

o,l,ono,ml‘l

are the same.

*

i ) is
ax

¥* * %
Thus the numder & of the class characters (Xi,Xi,...,X

edual to the number of distinct sets among the d sets: (Jqu;uZQ) J=1,2,...,d
these numbers taken modulo h.

* * *
Now if we make the substitution Xi(a) —_ P(Xi(a);ni)
i = i ) G, , i XX x*)th
(1 =1p,15,e0051q%), 8 € Gy 1in the submatrix ( 1,7 12,..., %) e
Pd property is preserved by (2.3) and the number of columns we obtain=

is equal to: n* 4 n* +,..+ n¥ , the number of different residue systems
il 12 ld*

module h among: un (u =1,2,...,d4; J >0) since by (1.7), n} is
equal to the number of different distinct residue systems mod h among

i’ u=0,1,...,m-1 .
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L.

In this scetion we shall prescni, up to d = 6, sets of
characters of an Abelian group which have the Pd-property. Hence
using the techniques of section 1 and 2, we can construct matrices
having the Pd-property with entries from some palois field of cha-
racteristic p, when p does not divide the order of the group.

Let G by an Abelian group whose invariants are (hl’he""’hr)

u u,

u
1 2 r < < Z - Z Z -
and let & 76, 5. . o 8 7 (0<u<hy- 1, 02wt by 1,...,0 Su S by 1)

be its g = hlhe' .. hr characters.
We have just seen that when r = 1 (eyelic group),the set
a
(C,Ce,...,C ) had the P,-Property.
What can we say when the number of invariants is greater than 17

We shall use the same method: in order to prove that the set

O(l;x ‘e X-J of characters of G has the P -property, we shall show

0
that in the submatrix of L formed by the € columns (X. 1’ o1 X X.)

and any d rows, there always exists a square matrix of order 4, which is
non-singular.

We make the convention that any character Q l 22. . . Crr s
in which an exponent ui is greater than h., vanishes. Moreover, ve

shall denote by P, the function : & = a,= P, (a) (a being an element

of G, a = (al,ae,...,ar)).

(4.1) The set (1,§l,§2,...,§r) has the P,-property.

2

Consider two elements a -(all 10778 ) and a2=(agla22...a2r) of

G. They differ at least by one coordinate, the ith (say),i.e. ali% 8y, -
a
Then the submatrix (1,21) is : /1 §i 11

aQi which is non-singular.
1 §i
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s s 2 . .2 . 2
(4.2) The set (Ql,él , g2,§2 ,...,Qp,ép ) has the P,-property.

Again if the iEE coordinates of al and a2 are different, the
) 211 , %83

submatrix (gi,gi ) is: §i Ci

, aQi 2a21 which is non-singular.

t, 2t

2 2 2
(4.3) The set (1,6,,8,%, Corlp seests8,") hes the P, -property.

Consider three elements of G:

a,..)

a,= (aBla52 SRR

al=(alla12. .. alr) a,= (anaQ2 c .. a2r) 5

If there exists a coordinate i, in which they all differ, we pick the

subset (l,Ci,QiE) and the corresponding submatrix is:

1 ¢ 81 ¢ 281

i i

a2, 232,
1 Ci + Ci * which is non-singular.
N ¢ a}i ¢ 2&51

i i

If it does not happen, there exists, however, a coordinate i in -

which ay and a, differ and also a coordinate k # i in which & and a3

differ. We then choose the subset (l,§i,Ck) and the corresponding sub-

a a
matrix is: 1i 1k
1 gi Ck
a a
2i 2k
1 ci Ck
& a
1i 3k
1 ci ck

a a a_ . a. .
Its determinant is: i(ijk-— Cklk)(QiQI—- Cill) which is non-

null since azi# e,y and a3k¥ By
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Proposition L.k

The set (1,Ci,§§,§z; ¢ 1=1,2,...,r and i # J) has the P),-

1°3°

property.
et alaeajah be 4 distinct elements of G. We have L cases to
consider:
th
a) The k=— coordinates alk’a2k’a5k’ahk’ of these four elements
are distinct.

But then from the set (1,§k,Ci,§i) we obtain matrix:

R N S <
o / N Czlk cialk Cialk
- L Ciek Ciaek Ciaek
%3k 1 C?k giaik giajk
- L C:uk Ciahk giahk

which is non-singular (Vandermonde matrix).

b) There exists a coordinate k for which three elements, (say)
al a2 aj, have their coordinates distinct and the fourth one ay, has its
kEE coordinate )k equal to a3k (say). Then there exists another coor-

dinate i such that Pi(ai) =85y # 8= Pi(ah)'

In this case, the subset (l,Ck,Ci,Ci) gives the submatrix:

1 6y Ci 84
S & cilk nglk *
oy ¥ 13 Cim; Ciaek N
Bk %31 1 Cijk €i33k g:ﬁ
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and the determinant of this matrixais:

) ¢ 1k CQalk
k k
a a a 2a
hi
£ (6 Y 1 S £ 0
a 2a
3k 3k
1 Ck Ck
c) Im . k, 3 coordinates are equal and the fourth one 1s

different, or:
Pk(al) = Pk(ae) = Pk(aB) =8,

and
Pelay) = oy # 2y

Then there exists another coordinate i with Pi(al) = ali% 8,,= Pi(a2).

If end a) = Pi(ah) are distinct, then we are in the case

117 %ot
b). Hence suppose &, 1s equal to a,, (al and a, play the same role).

Now if a3i= Pi(aj) is different from ali or a2i we are again in the

case b). Thus we are left with: Pi(aj) = a,, and then there existe

another coordinate j for which P.(a =a_, a,, = P.(a or

Pi(a3) a21 and then there exists another coordinate 1 for which

Pl(aB) = 85y # 8y = Pl(ag)‘

In the first case the subset (1,Ck,Ci,Cj) gives the submatrix:

1 S 8y &
%1 %13 %1y 1 gilk E:li lej
®1k Go1 * 1 gilk Ciel ¥
1k %11 %3y 1 S C:li ijd
S 1 Cihk C:li *
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which is non-singular. Its determinant is equal to:

a a a, a. ., 8, . a_ .
(e [ NS (PR D I

In the second case the subset (1,§k,§i,§l) gives the submatrix:

1 S 9 &
VT B . Cilk Cili *
Sk %2t @21 . cilk Cézi cizl
o ey - N Cilk CaQi Ci}l
ko 1 Czhk S

a a a., a,. a a

Again its determinant is equal to:(C'hk - ¢ lk)(C.El- Q.ll)(C 2l ¢ 31)% 0.
k k i i 1 1

d) We are left with the case:

in k, Pk(al) = Pk(ae) = e,
and Pk(aB) = Pk(ah) = agy
But there exists another coordinate j such that Pj(al) = alj is

different from a,,= Pj(a2).

If one of the coordinates Pj(aE) or Pj(ah) is different from 213

and 8 we are in the case a) or the case b). Also if Pj(aE) and

Pj(ah) are both equal to one of the coordinates aij or a2:| we are in the
case c¢). Thus we only have to see the case where

Pj(aB) = ey, and Pj(ah) = 8y,

(a

and a) have a symmetric role).

3
Then the subset (l’Ck’Cj’gjck) gives:
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e
a a a., a

. 1k . 1] 1k, 1]
a1y F 1 Qk Lj Ck CJ
a a a.. &a

1k 2] . 1k, 2]
alk a2j 1l Ck Cj Lk CJ
a 8 a.. a

3k 1j 3k, 1]
a3k alj 1l §k §j Qk Cj
a a a. &

3k » 2J 3kp 2]

Its determinent is equal to:
a_ ., a 2 a a 2
2)_ ¢ 3k_ . 1k
He, - 67 (7 4 7) 40
We shall now continue, but only with Abelian group with two in-

variants: G = Ghl ® Gh2 hy/h)  and by >3 .

The characters will be denoted by Cu nv
u = O,l)-c-,hl- l
v = o,l,ooc,he- l . Then

Proposition 4.5

3,Tlh,'g'n) has the P_-property.

The set (l,C,CE,QB»Ch,ﬂ,ﬂe,n 5

Consider 5 elements of G:
a=(a)1,8)5) 8= (ay85,) ag= (a5),a5) 8, =(a),8,,) eg=(ag,,85,)
We note that there always exists a coordinate in which at least 3 ele-
have distinct coordinates. Let us make the reasoning on the first co-

ordinate.

We have U cases to consider:

1. 811 8 ajl a5 a5l all distinct

2. 819 8p1 ajl a4 distinct and a5l= 8y,
3. all a21 a}l distinet and a51= ah1= a}l

b, 8y 8p1 231 distinct and &) .= 89 and 8g)= a5
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3

In case 1, the subset (l,Q,Ce,Q ,Qu) gives a non-singular matrix .

In case 2, the subset (l,§,§2,§3,n) will give the submatrix:

N S
oy ¥ Lon Ceall Cjall . \\
oy * L ca2l Ceazl C3a21 .
a1 * T B
N _ L St e
oy oo S G

and its determinant 1s equal to:

"52_ , h2y 1

a 2a 3a

I T

a 3a
¢ 41 ¢ 41 ¢ L1

vhich is different from O since a52% &) and allaelaBlahl all different.

In case 3, the subset (l,C,Ce;ﬂ:ﬂe) gives the submatrix:

A G
all * 1 gall §2all * *
oy * L §a21 Ceael . "
ajl a}g L Ca.51 g2a51 na32 n2a32
a3l ahe L €a3l CQaBl 'rlza.l+2 n23h2
. . N Ca5l €2a31 na52 n2352

31 52



and its determinant is:

since all a21 a}l

a 2a

1 ¢ 11 t 11
a 2a

1 ¢ 21 ;2 21
a a

1 gt ¢ 3t

1 1
1 1
1 1

are all different and also a32 &Lu2 and a52.

40

In the latter case we pick the subset (l,C,QE,H,Cn) and we

have

%1

801

a

31

a

31

801

Its determinant 1is equal to:

a 8 a a a
+ (¢ 3 ¢ By (n ¥ 3By (n PR g

since all a21 a51

Proposition 4.6

1

The set (l:CJCQ:EB,ghygs,nln

a
22
)

<

8
1
t 1

a8
1
t 2

a

¢ 3t

a

¢ ot

8
21
g

2 3 4 5

27,0 ,7

§2
gaall

28
1
¢ 2

C2a31

c2a51

28
21
g

a
¢ 11
a
¢ 21

a
¢ 2t

1

*

2a
€ 11
2a
¢ 21

c2a51

&n

*
Cael &22
§a31n332
§a51nah2

a a
t an 52

£0

are all different and also ahef 850 and a52% 8y, -

. 2 .2
,Qﬂ,@ﬂ ;C ﬂ) has the P6-

property.

Iet a

a a.a aa_ be 6 distinct elements of G.

123456

We remark that there

always exists a coordinate in which at least 3 dlements have distinct co-

ordinates.

let us make the reasoning on the first coordinate.
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Thus we only have 6 cases

1. 817 8 ajl 2 a51 a6l all distinct

2. 817 851 a§l 81 a5l distinet and 8g= aSl

3. all aal a}l ahl distinct and a61= a51= ahl

L. 811 %1 31 %5 distinct and ag,= 2s) and a),= 859

5. all a21 ahl distinct and a31= agl

6. 811 a51 8 distinct and &, = a,; 8= a}l 861= 85

In case 1, the set (l,C,Ea,CB,Ch,CS) gives a non-singular matrix (of
Vandermonde) since all the coordinates are different.

In case 2 the set (l,C,Cg,CB,Ch,n) gives:

o % (1 1 22311 C3a11 Cuall .
11
o x| 1 2 geael Cjael c“ael "
21
a 28, 3a ha
251 * 1 §31 ¢ 31 ¢ 31 ¢ 31 *
o, * 1 cahl §2ahl C5au1 Chahl .
1
a5l ., . §a5l C2&51 §3a5l Chaﬁl na52
5
a 2a 3a bg a
1 ¢ 51 ¢ 51 ¢ 51 ¢ 51 0 62

its determinant is equal to:

a a a, 2a 3a he
(n 62_ 52y, 1 ¢ 1L §2 11 C3 11 gu 11
a a a a
1 ¢ 21 ge 21 ¢ 21 %* 21
S B R
a 2a 3g, ha
) = ¢ w C5 i gu 41
a 2a a )
1 ¢ 51 ¢ 51 £ 51 ¢ 51
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different from zero by our hypothesis.

In case 3, we take the set:(l,C,Ce,CB,n,ne) and we get the

submatrix:
oy 1L ceall §3311 . %
- (21 geael C3a21 . %
831 CaBl Cea}l Cia}l *
- Cahl Caahl C5ah1 nahe naaua
oy Cahl Ceahl §33u1 o 52 nease
- (1 ceahl §5ah1 na62 n2362

8 2a 3a
8,5 22, 1 ¢ Lt ¢ 1 ¢ H

1 n n a 2a 3a
a o8, 1 ¢ 21 ¢ 21 ¢ 21

52 52 | . # 0

1l L] n 8 2a 3a

a 2a X £ 31 4 31 4 31
62 62 5

1o L , "1 €3ah1

since a are all different and also necessarily a

11 %21 %31 % b2 %50 %go°

In case 4, we take the set (1,§,C2,§3,n,§n) and we obtain the

submatrix: 8 o 3¢,
8y * 1 ¢ 11 ¢ 11 ¢ 11 *
a 2a 3a
8y * 1 ¢ 21 t 21 ¢ 21 *
2
. . N §a3l ¢ a}l §3a51 na52 §a3lna32
31 32 a 28 3a a a_ . &
. a 1 ¢ 31 ¢ L ¢ 31 42 ¢ 31, ko
51 ha a 2a 3a a a_. a
a a 1 ¢ Ot ¢ oL 01 452 51, 52
& * %1 %1 %5 %6 %5 %62
%51 %62 \1o¢ ¢ ¢ 1 of g2



Its determinant is equal to:

a a_:... 8, a a._. 8,
+(n Y2 3B)(n 02 4 32)(¢ 2L ¢ 3L

Call
cael
¢ 31
¢ 51

26

which is different from zero since all ael a}l a51 are all different

and 8 # 85, and 362# a5 -

In case 5, the set (l,C,Ce:ﬂ,ﬂ2,§n) is chosen and the following

matrix is obtained:

Its determinant is equal to:

all

2l

*

8o0

a

30
%o
a,

52

862

a
¢ 11
a
¢ 21
a
¢ 21

a
¢ 41

a h
i

a
¢ L1

2a

2a

28

11

21

¢ 21

28y

2a

2a

L1

a a a a a a a & a a
+(n 32 5 22y(n 52] 4 he)(n 62_ o he)(n 62_ 4 52y(¢ b1_ 21y

811 %1 %

Yo 50 Fgo

a32% 850

are all different

18
16
1¢

»* +*
n2a22 Caeln?EE'
2a32 gannaBQ
neahe Cahlnahe
285, Cahlna52

2a
n 02 ¢

l
ahlna62
11 Ceall
a2l §2

841 Ceahl

851 40
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In case 6 we take the set (1,(,¢(",n,n{,nt") and we have:

2a

27

=) ’ a o
B, 12 2, :
a8y, ¢ 11 e 11 g n 12 1L 12 11
B P B Papfin %o Bfnn
831 B3 30 830 837 835 837
85 @3 £ 92 1 n - 1 L2
831 ¢ 831 "4 %u0,%31 0 %31
@517 Zup S . 1 LIS 1 §2
i . €a51 ¢ 51 50 a52ca51 a52§ 51
051 52 a 2a Tla Tla a na 2a
751 51 62 62, 51 62,751
85 2 1 § 4 1 n ¢ 4
Its determinant is equal to: a o 2
11 11
1 ¢ £
a a a a a a a 2a
2o By Ry 82 028 |1 3 ¢ M| 4o
a 2a
1 ¢ o1 ¢ oL
since a,. a.. a_. are all distinctia__# a a, .# a a, # a
11 731 51 ool T12 Tho” Tz Teel Ts2

Let us conclude by an application and an example.

PrépoSifion b7
ee, o
If g = (2 =1)(2°- 1), we can construct & matrix of g rows and

e(el+ 1) columns with entries from GF(2) whichhas the P_-property.
ee
1

Consider the Abelian group G = (hl,hz),hl= 2

2

e
-1, hy=2- 1.

ee
if x is a primitive root of GF(2 1), the character of & (G;Q,eel) are:

Then

ua, +e.va
g ¢ (ap,a,) —>x b2

l
v =0,1,. ,h2-l
To n = 1 corresponds the equivelence relation ¢(1) and as
o> a? is an automorphism of GF(2), we have: § = C2 mod &(1)
N = ne mod (1)
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Hence by (1.2) and (4.2) the set ({,n) has the P,-property over
ee

GF(2). On the other hand ¢ belongs to GF(2 l) and N to GF(Qe). Hence
vy (2.3) we can construct a matrix, with entries from GF(2), of g rows

and n¥ + n¥% =ee, +¢ = e(el+ 1) columns, which has the P_-property.

1l 2 1 2
e, ete-1 ele e e1e+e
Moreover since 2 -1< (27 -1)(27-1) <2 - 1 for
¢ > 2, the matrix obteined from the Bose-Chaudhuri construction / 1/
e(e +1)
page T3, by representing cach non-null element of GF(2 1 ) as an
e(el+l) e, o
e(el+l)-vector over GF(2) and deleting (2 -1) - (2 ~ -1)(27-1) rows,

has as many columns, that is e(el+l).

Let us work out the group G = (3,3)
(b= 3, hy=3)
p = 2 has the order m = 2 in the residue system modulo 3:
Pela 1(3)

Hence if x is a primitive root of GF(22), the characters of Z(G,2,2) are:

ua, +va,

u_v 1 2
€n (al,az) —_ X
u=0,1,2 al=0,l,2
v=0,1,2 a2=0,l,2

Now GF(22) has only GF(2) as a subfield (n=1). Corresponding to

the equivalence relation &(1), the classes of characters are:

*
X 1

o

* . 2

* 2
X2 PO PR |

* . .2 2
X3 : Qn, Qeﬂ

*
X, : ¢ne,t%

By (1.5)thegefive classes have the P9-property over GF(2) i.e. if

we pick one character from each class (l,§,n,§n,§n2) the obtained matrix:
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1 ¢ n tn (n°
(0,0) 1 1 1 1 1
(1,0) 1 X 1 x X
(2,0) 1 2 1 £ e
(0,1) 1 1 X X x2
(1,1) 1 x X NG 1
(2,1) 1 ¥ x 1 X
(0,2) 1 1 ¥ F x
(1,2) 1 x < 1 <
(2,2) 1 ¥ ¥ x 1

has the Rg-property over GF(2).

Now the matrix representation of GF(22) of section 2 is:
01 ~ 10y .
x = (37) £ (13) P=1-> ()

if we consider GF(22) as the algebraic extension of GF(2) by the
addition of a root of the polynomial : x2+ x+ 1.

Hence if, in .the above watrix, we make the substitution:
*
P: Xi(a) - P(Xi(a), n ) (section 2)

the first column will remain alike and the elements of the other columns
will be replaced by a 2-vector over GF(2), namely the first rows of the
matrices corresponding to 1, x and x2 or

1 - (1,0) x = (0,1) x> (1,1)

Then we get the non-singular matrix of order§ with entries from

GF(2):
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1 10 01 01 11
A= 1 01 01 11 10
1’11 01 10 O1

1l 10 11 11 01

1 o011 11 10 11

1 11 11 01 10

2
(4.2) says that the set (¢,¢ ,n,ne) has the Pe-property. Henee the set
* % )

of classes (Xl, Xg) or simply ({,n) has the P,-property over GF(2). Then
the submatrix of A, formed by the four columns corresponding to £ and 0,

has the P2-property:

=

"
O K = O +H H O ¢
H M O = H O F H O
o O O O W
o P H O O O

Finally (4.5) implies that (l,C,ég,ﬁ,ne,Qn) has the Ps-property. Hence
* % _* _* )

(Xo’xl’xe’XB) or simply (1,¢,n,¢n) has the Ps-property over GF(2). It

implies that the submatrix of A, formed by the first seven columns, has
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the P_-property:

[Y

L2/

L3

[Y

[57
L¢

5

=

i
R = i i i e i
H O F K O K P O W
H R O K H O F H O
H M 2 O O O H + M
H M P O O O
O - H K F O K+ O KM
H O O F H + P O
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