
REDUCED BASIS METHOD FOR OPTIMAL CONTROL OFUNSTEADY VISCOUS FLOWSK. ITOy AND S. S. RAVINDRANy zNORTH CAROLINA STATE UNIVERSITY, RALEIGH, NORTH CAROLINA 27695In this article we discuss the reduced basis method (RBM) for optimal control ofunsteady viscous 
ows. RBM is a reduction method in which one can achieve theversatility of the �nite element method or another for that matter and gain signi�cantreduction in the number of degrees of freedom. The essential idea in this method isto de�ne a reduced order subspace spanned by few basis elements and then obtain thesolution via a Galerkin projection. We present several ways to de�ne this subspace.Feasibility of the approach is demonstrated on two boundary control problems in cavityand wall bounded channel 
ows. Control action is e�ected through boundary surfacemovement on part of the solid wall. Application of RBM to the control problems leadsto �nite dimensional optimal control problems which are solved using Newton's method.Through computational experiments we demonstrate the feasibility and applicabilityof the reduced basis method for control of unsteady viscous 
ows.I. IntroductionActive control of 
uid dynamical system for the design of advanced 
uid dynam-ical technology is becoming an increasingly important tool. There is an extensiveliterature devoted to this actively growing �eld both by theoretical and experimen-tal approaches; see [9, 5, 7, 22, 20, 23, 11, 8, 13, 2, 3, 19, 14]. The computationalfeasibility of some of these approaches were demonstrated in [9, 10, 11]. However,they involve computationally intensive algorithms which are prohibitively expensivefor more complex real-world problems. The goal of this paper is to provide a feasiblecomputational method based on reduced order models (ROM) for the active controlproblems arising in nonlinear 
uid dynamic systems.We construct the reduced order models using the so-called reduced basis method(RBM). The RBM appears to have been �rst proposed in [1] and [15] which wasdeveloped further in [16] in the context of structural mechanics problems. The �rstuse of RBM for optimal control problems in 
uid 
ows can be found in [12] wheresteady state control problems in viscous 
ows were discussed.In this article, we will focus on implementation of reduced basis method for opti-mal control problems in unsteady viscous 
ows. The reduced basis method uses basisfunctions which are generated from the problem that is being solved. This is in con-trast to the traditional numerical methods such as �nite di�erence method which usesgrid functions as basis functions or �nite elements method which uses piecewise poly-nomials for this purpose. There are several approaches available for the generation ofreduced basis functions. We will discuss three such approaches, namely, the Taylorapproach, the Lagrange approach and the Hermite approach. The Taylor approachuses solutions at a reference point in the parameter space along with their derivativeswith respect to the parameter as basis functions. In the Lagrange approach one usessolutions of the problem at various parameter values as basis functions. Finally theHermite approach is a hybrid of Lagrange and Taylor approaches which uses solu-zCurrently an NRC Fellow at Flow Modeling and Control Branch, NASA Langley ResearchCenter, Mail Stop 170, Hampton, VA 23681 (s.s.ravindran@larc.nasa.gov);http://fmcb.larc.nasa.gov/�ravi.yCenter for Research in Scienti�cComputing, Department of Mathematics, North Carolina StateUniversity, Raleigh, NC 27695-8205 (kito@eos.ncsu.edu)1



2 K. ITO AND S.S. RAVINDRANtions and their �rst derivatives of the problem at various parameter values as basisfunctions.We demonstrate the advantages of the RBM approach for unsteady optimal con-trol problems by implementing it on two control problems: (i) the control of drivencavity 
ow and (ii) the control of wall-bounded channel 
ow. A number of works havebeen devoted to control of cavity and channel 
ows. Theoretical and numerical workson control of cavity 
ows are discussed in [5], [4], [10], [11] and [12] using various con-trol mechanisms. The control of channel 
ows are reported in [13], [8], [2], [3], [19],[10], [11] and [12]. In [13], [3], [19] and [8] experimental results are presented, and arelated open-loop control simulations is given [2]. In [10], [11] and [12] computationalworks using optimal control techniques are presented.The plan of the paper is as follows. In the remainder of this section we establishsome notations that will be used throughout the paper. In xII, we will present RBMand the construction of reduced order model in an abstract setting. We will alsodiscuss a number of ways to construct reduced basis elements. In xIII, we will illustratethe construction of reduced order model for a model problem in unsteady viscous 
owsand use a channel 
ow problem to demonstrate the e�ectiveness of ROM in capturingthe essential physics. In xIV, we will show the application of reduced basis methodfor optimal control problems in viscous incompressible 
ows. Construction of reducedorder control problem is shown and a numerical method to solve such reduced ordercontrol problems is then presented. In xV, computational results are presented forcontrol of driven cavity and channel 
ows.A. NotationWe denote by L2(
) the collection of square-integrable functions de�ned on 
owregion 
 � RI 2 and we denote the associated norm by k � k0. LetH1(
) = �v 2 L2(
) : @v@xi 2 L2(
); i = 1; 2�and the norm on it be k � k1. We denote by L2(0; T ;H1) the space of all measurablefunctions f : (0; T ) ! H1 such that kfkL2(0;T ;H1) = �R T0 kfk21dt�12 < 1: Vector-valued counterparts of these spaces are denoted by bold-face symbols, e.g., H1(
) =[H1(
)]2: The L2(
) or L2(
) inner product is denoted by (�; �). We denote the innerproducts for L2(�) or L2(�) by (�; �)�, where � denotes the boundary of 
.II. The Reduced Basis Method and Reduced Basis SubspaceA. The Reduced Basis SubspaceIn order to illustrate the reduced basis subspace, we �rst assume that we aredealing with nonlinear dynamics about stable equilibrium points. Consider the pa-rameterized stationary problemE(y; �) = 0 for � 2 �; y 2 X; (1)where X is a �nite dimensional space and � 2 � represents some physical parameter,for example, Reynolds number, Mach number, time variable t for evolution equationor control variables. If �nite element were used to approximate this problem, X wouldbe a piecewise polynomial space. However, the choice for reduced basis subspace is



K. ITO AND S.S. RAVINDRAN 3di�erent. We construct its elements based on the interpolation of solution functiony(�) as follows.The Taylor Subspace. In this choice, one uses the Taylor expansion of functiony(�) at a reference value of �, say �� and the reduced basis subspace Xr is de�ned asXr = spanfyj = @jy@�j j�=�� ; j = 1; ::::::; Nrg: (2)The j-th derivative yj can be calculated from the equations resulting from successivedi�erentiation of (1), i.e.Ey(y0; �0)yj = Fj(y0;y1; :::;yj�1; ��): (3)For example, y1 satis�es the equationEy(y0; ��)y1 = �E�(y0; ��):We note here that each yj can be obtained from its predecessors by solving a linearsystem with the same linear operator Ey(y0; ��).The Lagrange Subspace. In this case, the basis elements are solutions of thenonlinear problem under study at various parameter values �j . The reduced basissubspace is given byXr = spanfyjjyj = y(�j); j = 1; :::::; Nrg: (4)A possible advantage in this choice is that updating the basis elements can be doneone basis element at a time instead of generating the whole space.The Hermite Subspace. This is a hybrid of the Lagrange and Taylor approach.The basis elements are solutions and their �rst derivatives at various parameter values�j . The reduced basis subspace is given byXr = spanfyj = y(�j) and @y@� j�=�j ; j = 1; ::::::;fNrg: (5)B. The Reduced Order ModelLet us now turn to the de�nition of reduced order model. Suppose we have areduced basis space Xr with a basis f�igNri=1. Then we project the equation (1) bythe Galerkin approximation to obtain the reduced oder model: For yr = PNri=1 �i�iEr(yr; �)i = (E(yr; �);�i) ; i=1,......, Nr: (6)We next turn to control dynamic equations which is the focus of this study. Forcontrol dynamic equation dydt + E(y; U ) = 0 ; (7)where U is the control variable, one can generate reduced basis elements fyigNri=1 bythe solutions at Nr di�erent time instants of (7), or use the stationary solutions fromE(y; U ) = 0 for di�erent control values. Given the reduced basis space Xr , we de�nethe reduced-order model by projecting (7): For yr = PNri=1 �i(t)�i,�dyrdt + E(yr; U );�i� = 0; i=1,......, Nr : (8)



4 K. ITO AND S.S. RAVINDRANThe dimension of the reduced basis space is very much problem-dependent. Thereduced basis elements constructed in the above manner can be nearly linearly de-pendent. We therefore monitor the condition number of the mass matrix, whoseentries are given by Mi;j = (�i;�j);and stop adding basis vectors when the condition number exceeds a prescribed value.Our computational experiments and the computations reported for structural prob-lems in the references mentioned earlier seem to indicate that an accurate approxima-tion can be obtained for large range of parameter values using 5 to 10 basis elements.Therefore, the resulting reduced order model is dense but it is small compared to thesparse but large system that result from the standard basis functions.In our previous calculations, see [12], we only employed Lagrange and Hermitebasis due to the following reasons. The system (3) can be ill-posed and one cannotcontinue to use the same basis elements generated at �xed parameter �� to computesolutions when the parameter of interest is signi�cantly away from it. In such casesreduced basis elements have to be updated and the solution is sought in the newreduced basis space. Moreover, generating the right hand side of (3) could be quitecomplicated in certain problems.According to our comparison study carried out in [12] for driven cavity 
ow,the performance of Hermite approach is better than that of Lagrange. The basiselements for the Lagrange approach were selected at Reynolds numbers 100, 300, 500and 700, and that for the Hermite was selected at 300 and 700. The comparisonwas carried out by computing the driven cavity 
ow at Reynolds number 1200. TheL2-norm di�erence between the full mixed-�nite element solution uf and the reducedbasis solution using these two approaches are as follows: kul � ufk0 = 0:0889 andkuh�ufk0 = 0:0766, where ul is the solution obtained using Lagrange approach anduh is that obtained using Hermite approach.III. Reduced Order Model for Viscous FlowsIn this section we will develop a reduced order model for the unsteady viscous 
ows.We consider two dimensional viscous incompressible 
uid 
ow which are governed bythe Navier-Stokes equations,ut � 1Re�u+ u � ru+ rp = 0;r � u = 0; u(x; 0) = u0(x) (9a)in the domain 
 � [0; T ]. Here the velocity u, the pressure p, the time t and thespatial variable x are in non-dimensional form. The Reynolds' number Re is de�nedas Re = �U0L=�, where � is the density, U0 is the non-dimensional velocity.We divide the boundary of the domain � into three parts �1, �c and �out, andimpose the following boundary conditions:u = c(t)��� on �c � [0; T ]pn� 1Re @u@n = 0 on �out � [0; T ]u = ub on �1 � [0; T ]: (9b)For the controlled problems presented in the sequel the control action is through wallmovement on part of the boundary �c. The function c(t) represents velocity on �cand ��� is the unit tangential vector. Moreover, ub is a prescribed boundary velocity.



K. ITO AND S.S. RAVINDRAN 5The boundary condition on �out is not \physical" but used to represent the 
owin an unbounded region; see [21].A. Weak FormulationFor the �nite dimensional approximation and for the subsequent reduced orderapproximation, we need a weak form of the state equations (9). A weak form of theequations (9) s obtained by multiplying both sides of the �rst and second equationsby v and q, respectively, and applying Greens formula; see [24] for similar problems,(ut + u � ru;v) + 1Re (ru;rv)� (p;r � v) = 0(r � u; q) = 0 (10)for all test functions (v; q) 2 V � L2(
), whereV = fv 2H1(
) : vj�n�out = 0g:The state variables (u; p) for the problem are taken to beu 2 L2(0; T ;H1(
)); uj�c = c(t)��� and uj�1 = ub;p 2  L2(
):When R�out = 0, for example in the cavity 
ow presented in a later section, it is usualto replace the pressure space  L2(
) in the weak form by L20(
) = fq 2  L2(
)j Z
 qd
 = 0gto compute pressure uniquely.B. Finite Element ApproximationsTo approximate the solutions of (10), we will use standard mixed �nite elementmethod. For this, we write u and p as linear combination of �nite number of basisfunctions: uh = uh0 + NuXi=1 ui(t)�i(x) and ph = NpXi=1 pi(t)	(x)with uh0 be the �nite element interpolant of non-zero boundary conditions imposedon u. Then VNu = spanf�1;�2; ::::::;�Nug;QNp = spanf	1;	2; ::::::;	Npgand VNu � QNp � V � L2. The approximate system is determined by restrictingthe weak form (10) to VNu � QNp with basis functions �i substituted for the test



6 K. ITO AND S.S. RAVINDRANfunctions v and the basis functions 	i substituted for the test functions q. Then thefollowing �nite dimensional system results:M _u+ Su+N(u)u+ LTp = F;Lu = 0; (11)where S is the di�usion or sti�ness matrix, N the convection matrix, L the continuitymatrix, M the mass matrix and _u = dudt . Moreover u and p are the �nite dimensionalvelocity and pressure, respectively. We call the approximations using standard �niteelement basis functions such as quadratic or linear piecewise polynomials by \fullorder methods/discretization" and those using RBM by \reduced order methods".For the full discretization we use continuous piecewise quadratics for the velocityu and continuous piecewise linear functions for the pressure p; the same triangulargrid is used for both �nite element spaces; This choice of spaces complies with thediv-stability condition which is required for stable computation of pressure; see [6].The nonlinear di�erential algebraic equations (DAE) (11) is discretized usingbackward Euler in time with the time step �t = 0:01 and the resulting nonlinearalgebraic system is solved using Newtons method along with a banded Gaussian elim-ination.In order to have a test bed to compare the RBM simulations with the `full ordermethod" simulations, we consider 
ow through backward-facing step channel. Aschematic of the geometry is given in Figure 2. In Figure 2, the height of the in
owboundary is 0.5 and that of the out
ow boundary is 1. The length of the narrowersection of the channel is 0.5 and the total length of the channel is 12.The following boundary conditions are imposed:u = (8(y � 1=2)(1� y); 0) = uin on �in � [0; T ]pn� 1Re @u@n = (0; 0) on �out � [0; T ]u = (0; 0) on �t [ �b [ �s [ �c � [0; T ]:The computational domain was divided into 682 triangles with �ner mesh aroundthe recirculation region. This resulted in a system of 3,032 ordinary di�erential equa-tions that has to be solved for the unknown coe�cients.It is well known that beyond certain Reynolds' number the 
ow separates and arecirculation forms near the corner region. We carried out simulations at a Reynolds'number of 1000 and the long term 
ow simulation is given in Figure 3. It clearlypredicts the re-circulations �rst near the corner of the step and the second one nearthe wall opposite to the step.C. ROM in Flow SimulationWe will demonstrate the performance of the ROM for the unsteady viscous 
owson the backward-facing step channel 
ow problem. We follow the Lagrange approachfor ROM simulations. The basis elements in the Lagrange subspace are snapshots ofthe problem obtained by solving the system (9) using a full order method; see Figure1. Supposing f	igNri=1 denote the snapshots, the reduced order subspace is de�ned asV RBM = spanf	igNri=1: Once we have a reduced order subspace V RBM , the system(9) is projected onto V RBM to obtain a reduced order model.The construction of ROM involves the following steps:



K. ITO AND S.S. RAVINDRAN 7(I) Solve the state equation (11) at N di�erent time steps and obtain\snapshots" S; see Figure 1.(II) Set VRBM = spanf	1;	2; :::::::::;	Nrg: And set ur = 	0 +PNri=1�i(t)	i,where 	0 account for the nonzero boundary values.(III) Restrict the weak form (10) to VRBM and solve for �i; i = 1; 2; :::::; Nr.(IV) Set ur = 	0(x) +PNri=1 �i(t)	i:In order to derive the reduced order model, let us choose Nr and expand the solutionas ur = �0(x) + NrXi=1 �i(t)�i(x): (12)Then the Galerkin approximation of the weak form (10) is as follows(urt + ur � rur;�i)� (pr;r ��i) + 1Re (rur;r�i) + (prn� 1Re @ur@n ;�i)�out = 0;(13)for all �i 2 VRBM . At this point it is important to note that the basis functionsf�igNri=1 are divergence free as 
ow is incompressible and satisfy zero boundary con-ditions on � n �out. Using these properties of f�igNri=1 and the boundary conditionon �out, we see that the pressure term and the boundary term vanishes. Then (13)reduces to (urt + ur � rur;�i) + 1Re (rur;r�i) = 0; (14)for all �i 2 VRBM . On substitution of (12) into (14) we obtain the following nonlinearevolution equation for the coe�cients �i(t):M _���+ Ab��� + b���TN b��� = 0;M���(0) = ���0; (15)where ��� = (�1; �2; ::::; �Nr)T , b��� = (1; ���)T and we de�ne the mass matrix M, sti�nessmatrix A and the initial condition ���0 as follows:Mij = (�i;�j); i; j = 1; ::::; Nr;Aij = 1Re (r�i;r�j); i = 1; ::::; Nr j = 0; ::::; Nr�0i = (u0;�i); i = 1; ::::; Nr;where u0 is the initial condition. Moreover, (b���TN b���)i = b���TPib���; i = 1; ::::;Nr, and(Pi)kl = (�k � r�l;�i); i = 1; ::::; Nr k; l = 0; ::::; Nr:



8 K. ITO AND S.S. RAVINDRANThe solution to the above initial value problem (15) was obtained using an implicitEuler method for the coe�cients of the RBM approximation.D. Numerical ResultsWe selected ftigNri=1 at eleven regular time instances in the time interval [0; 10]and solved the system (9) to obtain the snapshots f	igNr+1i=1 , we de�ne the basiselements as f�igNri=1 = f	i+1 � 	igNri=1 and the reduced order solution ur is de�nedby ur = 	Nr+1 +PNri=1 �i�i.The initial value problem (15) for the nonlinear ODE was solved using backwardEuler method with the time step �t = 10�3 and the resulting nonlinear algebraicsystem was solved using Newton iterative method. As each Newton step involvessmall linear system, it was solved using Gaussian elimination. The Figures 3{4 arethe channel 
ow computations with \full order solution" and reduced order solutionat time t=10 which shows excellent qualitative agreement.IV. ROM for Optimal Control of Viscous FlowsIn this section we turn to the application of the reduced basis method for the derivationof reduced order control problems. We �rst present a general framework for theoptimal control problems to be followed. Then we will present reduced order controlproblems and outline a method based on the necessary conditions of optimality tosolve such problems.Let us �rst introduce the control problem for the unsteady viscous 
ows in thefollowing abstract form:(P) Minimize J (u;U ) = Z T0 12 �F(u) + � jU j2� dt subject to (9a) � (9b);where c(t)��� , c : [0; T ] ! RI is the control input and in
uences the state only throughpart of the boundary �c. The speci�c form of ��� for the cavity and channel problemswill become clear later. Moreover, the positive parameter � in the cost functional Jis the penalty term and the inclusion of U = _c in it makes sure the rate of change ofcontrol velocity is minimized.We will study two control problems that fall into the framework of (P):(P1) The velocity tracking problem in cavity 
ow with the cost function J de�nedwith F(u) = Z
 ju� udj2 d
 ;(P2) The vorticity reduction problem in channel 
ow with the cost function J de�nedwith F(u) = Z
 jr� uj2 d
:A. Reduced Order Control ProblemFor the boundary control problem described above the reduced order solution uris given by ur = �0(x) + c(t)�Nr+1 (x) + NrXi=1���i(t)�i(x) (16)



K. ITO AND S.S. RAVINDRAN 9where �0 corresponds to the �xed boundary conditions, for example in
ow condi-tions. Moreover, f�gNri=1 are the test functions satisfying the homogeneous boundaryconditions and �iNr+1 is the trial function corresponding to the control force. Thenumber of test functions Nr should be chosen large enough to accurately capture thedynamics of the system and small enough not to make the system ill-conditioned.Inserting the expansion (16) into the Galerkin projection (14) of the Navier-Stokesequations, we obtain M _���+ AX+ XTNX+ bU = 0;_c = U;M���(0) = ���0;where X = (1; ���; c)T , U is the control, and we de�ne the mass matrix M, sti�nessmatrix A and the initial condition ���0 as follows:Mij = (�i;�j); i; j = 1; ::::; Nr;Aij = 1Re(r�i;r�j); i = 1; ::::; Nr j = 0; ::::; Nr+1�0i = (u0;�i); i = 1; ::::; Nr;where u0 is the initial condition. Moreover, (XTNX)i = XTPiX; i = 1; ::::; Nr,and (Pi)kl = (�k � r�l;�i); i = 1; ::::; Nr k; l = 0; ::::; Nr+1:We de�ne the reduced order control problem as follows:(Pr) Minimize J (X; U ) = R T0 h12 XTQX�X � d+ e + �2 U2i dtsubject to8>>>><>>>>: M _��� + AX +XTNX+ bU = 0;_c = U ;M���(0) = ���0 ;where bi = (uc;�i), i = 1; :::; Nr. Moreover, when F(u) = Ftracking:Qi;j = (�i;�j); i; j = 0; ::::; Nr+1; di = (ud;�i); i = 1; :::; Nr and e = 12 judj2;and when F(u) = Fvorticity:Qi;j = (r��i;r��j); di = e = 0 ; i; j = 0; ::::::; Nr+1:We note here that we can cast this optimal control problem in a generic form asMinimize J (X; U ) = Z T0 [`(X) + h(U )] dt (17)



10 K. ITO AND S.S. RAVINDRANsubject to _X = f(X) + BU ;X(0) = X0: (18)Letting h(U ) = �2U2, we can write down the necessary conditions of optimality as_X = f(X) + BU; X(0) = X0� _��� = fX(X)T ���(t) + `X(X); ���(T ) = 0U = � 1�BT��� 9>>>>=>>>>; (19)which constitutes the well-known pontryagin maximumprinciple and ��� is the Lagrangemultiplier or the adjoint variable. Thus the optimal control U for (17){(18) is givenby U = � 1�BT ���.B. Solution Procedure for Reduced Order Control ProblemIn what follows, we describe a general procedure for solving the two point bound-ary value problem (TPBV) (19). Instead of the direct approximation of the TPBV,we will approximate (17){(18) using the Crank-Nicholson method for the constraintand the trapezoidal rule for the cost functional. We obtainMinimize J N = NXk=1 �12 (`(Xk�1) + `(Xk)) + h(Uk)� �t (20)subject to Xk �Xk�1�t = 12 �f(Xk) + f(Xk�1)�+ BUk; k = 1; ::::::;N (21)where N �t = T and X0 = X0. The necessary optimality condition for (20){(21) isgiven by Xk �Xk�1�t = 12 (f(Xk) + f(Xk�1)) � 1� BBT ���k����k+1 � ���k�t = 12 fX(Xk)T (���k + ���k+1) + `X(Xk) 9>>>>=>>>>; (22)for k = 1; :::::;N and X0 = X0 and ���N+1 = 0, and the optimal control to (20){(21) isgiven by Uk = � 1� BT ���k: (23)The system (22){(23), which is an approximation to the TPBV (19), is a sparse systemof nonlinear equations in Xk, ���k and can be solved using the Newtons method:F(Y�)(Y+ �Y�) = F(Y�)



K. ITO AND S.S. RAVINDRAN 11where Y = (X1;X2; ::::;XN; ���1; ���2; ::::::; ���N );F(Y) = 266664 Xk �Xk�1�t � 12 (f(Xk) + f(Xk�1)) + 1� BBT ���k���k+1 � ���k�t + 12 fX(Xk)T (���k + ���k+1) + `X(Xk) 377775and the Jacobian has the following formF 0 = � A SQ �AT � ;where A is block lower bi-diagonal, and S and Q are block diagonal with block sizeM. The diagonal and sub-diagonal blocks of A are given byAk;k = I�t + 12 fX(Xk) and Ak+1;k = � I�t + 12 fX(Xk):The block S is the constant Sk;k = 1� BTB;and the diagonal block Q is given byQk;k = `XX(Xk) + 12 fX;X(Xk)T (���k + ���k+1):We note here that the vector Y = (X1;X2; ::::::;XN; ���1; ���2; :::::::; ���N )T is rearrangedto Y = (X1; ���1;X2; ���2; :::::::;XN; ���N )T then each Newton step can be solved using ablock tridiagonal algorithm.V. Computational Results for Control ProblemsIn this section we will show the viability of the reduced order model for controlproblems by implementing it computationally on cavity and channel 
ows.A. Example I: Driven Cavity FlowThe �rst situation we consider is that of driven cavity as depicted in Figure 5.Traditionally, the problem is to �nd the two dimensional motion of a 
uid con�nedin the cavity when only top surface moves with a velocity.The problem we are interested in is: Given velocity pro�le (desired) ud inside thecavity, can we �nd the bottom velocity c(t) such that the 
uid velocity u is driven tothe desired one?This is a control problem that can be posed as a minimization problem with thecost function J (u) = Z T0 Z
 ju� udj2 d
dtsubject to the constraint that the 
uid obeys the equation of motion (9a) and bound-ary conditions: uj�t = (1; 0); uj�b = (c(t); 0); and uj�s = (0; 0):



12 K. ITO AND S.S. RAVINDRANWe used the reduced basis method introduced in the previous section to approximatethis control problem. The basis functions fui : i = 1; ::::::;Nr+2 = 11g were chosenas solutions to the stationary Navier-Stokes equations with the boundary conditionsas shown in Table 1 for the driven cavity. We used a 29� 29 nonuniform mesh withcorner re�nement and the Reynolds number of Re = 500. The uncontrolled 
ow isshown in Figure 6 where the top velocity u = 1 and the bottom velocity u = 0.We de�ne the reduced order solution asur = �0 + c(t)�Nr+1 + NrXi=1 ���i(t)�i;where the test functions �i; i = 1; ::::; Nr are de�ned such that they satisfy all theDirichlet boundary conditions and �0 = u1 and �Nr+1 = u11. In order to haveconvergence, the number of trial functions should be chosen large enough and smallenough that it does not make the system ill-posed.We carried out computations with Nr = 4; 6 and 9. The test functions �i; i =1; :::::;Nr; are de�ned as usual. For example in the case of Nr = 4, we de�ned themas: �0 = u1�1 = u3 � u1 � u11�2 = u8 � u1 + u11�3 = u6 � u1 � 0:5u11�4 = u2 � u1 + 0:5u11�5 = u11:The desired 
ow �eld ud was taken to be the one shown in Figure 7 which was obtainedby computing the steady driven cavity 
ow with constant bottom velocity u = 1:5.The control problem is to �nd the time evolution of the control input c(t) (bottomwall velocity) such that the 
ow �eld matches as close as possible the desired velocityud. We solved the control problem using the methods described in the previoussections in the time interval [0; 10]. Using the parameters �t = 0:01, � = 150 andan initial condition X0 = 0, we obtained convergence in 7 iterations. The resultingoptimal control input c(t) with three di�erent number of basis elements are shown inFigure 8 which shows convergence when Nr = 9. We also computed the 
ow �eldwith the control input for the driven cavity and the resulting 
ow agrees well withthe desired 
ow.B. Example II: Channel FlowThe second situation is that of channel 
ows depicted in Figures 2 and 12. Inthe �rst con�guration we consider is a backward-facing step and assume the 
ow isparabolic (Poiseuille 
ow) with uin = 8(y�1=2)(1�y): There is a recirculation regionin the corner whose size increases with Reynolds number. Figure 9 qualitatively showsit for large Reynolds number. In the second con�guration we consider a forward-facingstep and assume that the in
ow parabolic with uin = y(1�y=3)=3: In this case, thereis a recirculation on the top of the step. Figure 13 qualitatively demonstrates thesituation for high Reynolds numbers.The problem we are interested in both con�gurations is: Can we shape the 
ow toobtain a 
ow which is free of recirculation by means of controlled movement of wallalong some part of the boundary?



K. ITO AND S.S. RAVINDRAN 13This is a control problem that can be cast a minimization problem with the costfunction J (u) = Z T0 Z
 jr� uj2 d
subject to the constraint that the 
uid obeys the equation of motion (9a) and bound-ary conditions: u = uin on �in � [0; T ]pn� 1Re @u@n = (0; 0) on �out � [0; T ]u = c(t)��� on �c � [0; T ]u = (0; 0) on �t [ �b [ �s � [0; T ]:where �c is part of the boundary where boundary surface is moving (control input);see Figure 2 and Figure 12. Also, c(t) is the magnitude of the boundary surfacevelocity. In the two channel geometries considered our choice of control portion �c isnot the only one possible. But it is motivated by the fact that if one wants maximumin
uence in the 
ow, then the control has to be applied in that vicinity.Test I: Backward-Facing-Step Channel FlowThe geometry of the problem along with the boundary conditions is discussed inxIII B. The control portion �c is taken to be the vertical part of the step, i.e., it isthe line segment between y = 0 and y = 0:5 at x = 1. Also, we take ��� = (1; 0), thatis the movement of the wall is vertical and thus c(t) 2 RI completely determines thecontrol input.The computational domain was divided into 794 triangles with �ner mesh aroundthe recirculation region and the Reynolds number was taken to be Re=200. The un-controlled 
ow is shown in Figure 9. The basis functions fui : i = 1; ::::::;Nr+2 = 11gwere chosen as solutions to the stationary Navier-Stokes equations with the boundaryconditions as shown in Table 2 for the backward-facing step channel.We de�ne the reduced order solution asur = �0 + c(t)�Nr+1 + NrXi=1 ���i(t)�i;where the test functions �i; i = 1; ::::; Nr are de�ned such that they satisfy all theDirichlet boundary conditions and �0 = u1. In order to verify convergence, we carriedout computations with Nr = 4; 6 and 9. The test functions �i; i = 1; :::::; Nr; arede�ned as usual. For example in the case of Nr = 4, we de�ned them as:�0 = u1�1 = u6 � 2u4 + u1�2 = u7 � 3u4 + 2u1�3 = u8 � 4u4 + 3u1�4 = u9 � 5u4 + 4u1�5 = u4 � u1:We solved the control problem using the methods described in the previous sectionsin the time interval [0; 100]. Using the parameters �t = 0:01, � = 150 and an initialcondition X0 = 0, we obtained convergence in 7 iterations. The initial and �nal cost



14 K. ITO AND S.S. RAVINDRANfunctional values are 0.59 and 0.43, respectively. The resulting optimal control inputc(t) for three di�erent number of basis elements are shown in Figure 11 which showsconvergence when Nr = 9. We also computed the 
ow �eld with the control input forthe channel and the resulting 
ow shown in Figure 10 indicates signi�cant reductionin the corner circulation. We also simulated the 
ow corresponding to the optimalcontrol computed from the reduced order model and the result is shown in Figure 9.The results show signi�cant reduction in the corner circulation.Test II: Forward-Facing Step Channel FlowA schematic of the forward-facing step channel geometry is shown in Figure 12.There the height of the in
ow boundary is 3 and that of the out
ow boundary is2. The length of the narrower section of the channel is 1 and the total length is 12.The computational domain was divided into 582 triangles with �ner mesh around therecirculation region. Figure 13 qualitatively demonstrate the situation for Reynoldsnumber of Re=1000. Our objective in this case is to remove the recirculation thatoccurs on the top of the step. We take the control region �c to be the line segmentbetween x = 1 and x = 5 at y = 1 here we note that at x = 1 is where the channelchanges its cross section area. Also, we take ��� = (1; 0), that is the movement of thewall is horizontal and like in the previous case c(t) 2 RI completely determines thecontrol input. The basis functions fui : i = 1; ::::::; Nr+2 = 11g were chosen assolutions to the stationary Navier-Stokes equations with the boundary conditions asshown in Table 3 for the forward-facing step channel.We de�ne the reduced order solution asur = �0 + c(t)�Nr+1 + NrXi=1 ���i(t)�i;where the test functions �i; i = 1; ::::; Nr are de�ned such that they satisfy all theDirichlet boundary conditions and �0 = u1. In order to verify convergence, we carriedout computations with Nr = 4; 6 and 9. The test functions �i; i = 1; :::::; Nr; arede�ned as usual. For example in the case of Nr = 4, we de�ned them as:�0 = u1�1 = u11 � 3u5 + 2u1�2 = u11 � 2u7 + u1�3 = u11 � 1:5u9 + 0:5u1�4 = u11 � 1:2u10 + 0:2u1�5 = 10(u11 � u1)=3:For the vorticity cost, with the Reynolds number 1000, we solved the reduced ordercontrol problem in the time interval [0; 500] with the following parameters: X0 = 0,�t = 0:01 and � = 1=50. Convergence was obtained in 7 iterations and the optimalcontrol c(t) is shown in Figure 15 for two di�erent number of basis elements andconvergence was seen with only six basis elements. The initial and �nal cost functionalvalues are 0.55 and 0.451, respectively. We also simulated the 
ow with the optimalcontrol input and the resulting 
ow given in Figure 14 shows signi�cant reduction inthe recirculation. VI. ConclusionsIn this article, we have presented the reduced basis method and the reduced ordermodeling approach for optimal control of unsteady 
ows. In particular the so-called



K. ITO AND S.S. RAVINDRAN 15Lagrange subspace was used to de�ne reduced order models as it uses numerical simu-lation to construct its bases. We have shown two di�erent ways to de�ne this subspace:(i) solutions to the time dependent Navier-Stokes equations at various time instances,(ii) solutions to the stationary Navier-Stokes equations with varying boundary velocitycontrol force. The former is used only for simulation of the uncontrolled system as itmay not produce a reduced order model which is representative of the control system.However, the latter approach leads more naturally to the reduced order control prob-lem. The reduced order models developed shows it can capture the essential physicsand allows very cheap calculations. However, these are not provided as generic meth-ods rather they must be used with care. Whenever they are e�ective they can providesigni�cant performance with substantially lower on-line computational resources.AcknowledgmentsThis work was supported in part by the Air Force O�ce of Scienti�c Research undergrants AFOSR F49620-95-1-0437 and AFOSR F49620-95-1-0447.
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18 K. ITO AND S.S. RAVINDRANTABLE 1. Simulation data for reduced order model; Example I.u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11Velocity on �t 1 1 1 1 1 1 1 1 1 1 0Velocity on �c [9 Elements] 0 .5 1 1.5 -.25 -.5 -.75 -1 -1.5 -1.75 1Velocity on �c [6 Elements] 0 .5 1 1.5 -.25 -.5 � -1 � � 1Velocity on �c [4 Elements] 0 :5 1 - � -.5 � -1 � � 1
TABLE 2. Simulation data for reduced order model; Example II, Test I.u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11Velocity on �c [9 Elements] 0 -.05 -.075 -.1 -.125 -.2 -.3 -.4 -.5 -.6 -.7Velocity on �c [6 Elements] 0 � � -.1 � -.2 -.3 -.4 -.5 -.6 -.7Velocity on �c [4 Elements] 0 � � -.1 � -.2 -.3 -.4 -.5 � �TABLE 3. Simulation data for reduced order model; Example II, Test II.u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11Velocity on �c [9 Elements] 0 .025 .05 .075 .1 .125 .15 .175 .2 .25 .3Velocity on �c [6 Elements] 0 � .05 � .1 � .15 .175 .2 .25 .3Velocity on �c [4 Elements] 0 � � � .1 � .15 � .2 .25 .3
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FIG. 3. Full order solution at t=10 and for Re=1000

FIG. 4. Reduced order solution at t=10 and for Re=1000
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FIG. 8. Optimal controls using 4,6 and 9 RBM basis elements;Example I
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FIG. 9. Uncontrolled velocity �eld for Re=200

FIG. 10. Channel 
ow with optimal control input for Re=200
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FIG. 11. Optimal controls using 4,6 and 9 RBM basis elements; Ex-ample II, Test I
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FIG. 14. Channel 
ow with optimal control input for Re=1000
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