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A TEST OF WHETHER TWO PARALIEL REGRESSION LINES ARE THE

SAME WHEN THE VARIANCES MAY BE UNEQUALl

by

Richard ¥. Potthoff
University of North Carolina

1. Introduction and summary. We suppose that we have M pairs (Yl, Xl)’

(Yp, X2),..., Yy XM) such that

(1.1) Y, =0 +BX +e (1 =1,2,000, M) ,

and N pairs (2, wl), (2, Wz), cen, (ZN, WN) such that

(1.2) Zy = 0 4B wj + fj (3 =1,2,00., M) .

In other words, it isqggﬁgg that the two regression lines associated respectively

with (1.1) and (1.2) are parallel. The regression parameters Oy O, and B

are unknown. We assume that the Xi's and W,'s are (known) fixed constants;

J

that the ei's are N(O, ai) and the fj‘s are N(O, oi), with €15 €5y e

&y fl, f2, cesy fN being mutually independent; and that the variances ci and

o? are unknown. We may define 1t = ai/(oi + c?) .

It is desired to test the hypothesis

(1.3) Hj: Q= qp

against alternatives aY % aZ' In other words, Ho (1.3) is the hypothesis that
our two (parallel)regression lines are identical. The test of Ho to be pre-

sented here bears some resemblance to the Wilcoxon test‘[—Q,'§7 and is based on

lThis research was supported in part by Educational Testing Service, and was
supported in part by the Air Force Office of Scientific Research.
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the same kind of idea that was used in'[ij7 and.[f£7 to develop Wilcoxon-type
tests for a generalized Behrens-Fisher problem_[f§7 and for testing whether

two regression lines are parallel when the two variances are (possibly) unequal
1757. Thus, even though we are assuming normelity (of the ei's and fj's) for
our test in this paper, our spproach will be that of non-parametric statistics.
The behavior of our test under non-normality of the ei's and fj's is an ares

which has not been explored.

For our test of H (1.3), we will utilize the statistic

(1.14) w=(1/7) = u(%lﬂ) >

{2

wvhere
(X - wj)(zJ - Y) - (W - %)Y - Za)

XI + WJ - Xi - WJ

the function w(V) is O or 1 according to whether V<0 or V>0 res-

(1.5) Vizsg =

pectively, the setjfj (over which the summation is taken) embraces all qua-~

druples (i, I, J, J) such that

(1.6a) X, <X s W, <W

and

(1.6v) X, SV, wJ <X s

and T is the total number of quadruples (i, I, j, J) satisfying (1.6) (i.e.,

belonging to () ). In Section 2 we will show that, regardless of what T is,

(1.7) Bw) = if and only if H_ is true .

o |

Section 3 establishes that



(1.8) sup var(w) = Q if H is true ,
0 <7<1

where the number Q i1s an involved function of the Xi's and Wj's and is
defined by (3.5 - 3.7), (3.9). In Section I we utilize a theorem of Hoeffding
[ 1] to show that, under certain mild restrictiens, [ var(w) 7 -1/2 (w - -%-)
is asymptotically N(0, 1) if H, (1.3) is true. This result together with

(1.7) and (1.8) tells us that a test with critical region

-1/2 1

(1.9) q v = 31 > 2 ;
where Za/e is defined by

2z

/2

2
(211)'1/2 e ? /2 dz = 1 - (a/2) ,
-0 v

will be a size-& test of Ho (disregarding inaccuracies due to the normal approx-
imation); the test (1.9) will of course be a conservative test, since var(w)
generally will not be as large as Q. Section 5 is concerned with the consistency

of the test (1.9).

2. The expectation of w. We now establish (1.7). From (1.1-1.2) and

(1.5) we have

(2.1) iy = Pypgalfy =) + (L= ppy (85 - o) +(ay - o)
where
s S
Pitgo © X FW - X - W, :

J i J
Since the e's and f's are normal and independent, and all have zero means, it

follows that V, . is normally distributed with mean (a, - 9%)- Hence V,y;; has

iIjd
medianv(a% - qY): s0 th?s

<



l —
(2.2) E [“(Vim )] =3 o, =%
1
1
<—é if Otz < OﬁY

for all (i, I, j, J). If we take the expectation of both sides of (1.4) and
apply (2.2), we end up with (1.7).

Observe that

2

2
)_S ce + af

(2.3) var(VinJ

for all (i, I, §, J) in (). If @, > o, it follows from (2.3) that
B/ (v, )7 >3 +4a
11jd~' =2

for all (1, I, §, J) in () , where

1
1 (Mag - O‘Y)/("e2 * °f2)2 2
(2.4) d = (2xn) 2 e ? /2 dz .
Hence
1 .
(2.5) B(w) >5+4d if o, > ay, .

An analogous relation holds when aZ < aY.

We may remark in passing that the relation (1.7) holds even for certain
non-normal distributions of the ei's and fj's. Iet us use FY(e) and FZ(f) to
denote the cumulative distribution functions of the e's and f's respectively.
Suppose that FY(e) and FZ(f) are both symmetric (about O0) and continuous. If two
indeﬁendent random vériables are each distributed symmetrically about O, then their

sum or difference is also distributed symmetrically about O. Hence (f - e) is



137 is symmetrically distributed sbout

has medien (aZ - aY). We thus conclude that (1.7) holds

symmetrically distributed about O, and Vi
(az - O‘Y)’ so that viIJJ
whenever FY(e) and FZ(f) are both symmetric about O and continuous.[—with certain
trivial exceptions which could occur if there is no density for VinJ in the in-

terval between O and (ai - a&) 7.

3. The variance of w. Next we establish the least upper bound for var(w)

when Ho is true. In the previous section we found that we could relex the norm-
ality assumption somewhat and still be able to prove (1.7); in this section, how-
ever, we give a proof of (1.8) which is valid only for the case of normally dis-
tributed ei's and fJ's.

It is easily shown 4{fefer to th, equations (4.2-4.3) 7 }- that, if V and
V! follow a bivariate normal distribution with correlation coefficient p(V, V)

and with E(V) = E(V') = O, then
(3.1) cov [u(V), w(Vv') 7 = (1/2n) sin"t o(V,v') .
Now when H_ is true, (2.1) becomes

(3.2) Virgg = Prryalfy - o) * ypgolfy- e

where qujJ =1~ PiIJJ' Thus VinJ is normal with mean O and variance

(PijJ + q?IjJ)(Uee + cf2). From (1.4) and (3.1) we obtain

v = v(7)

[}

(3.3) var(w)

(Y1?Y(1/en) 2 & sin’t
) 0)

where the first summation is over (i, I, J, J) and the second summation is over

\

p(VinJ’ ilIlJlJt) p)

(', I', §', J'). We have



. COV(V s Vougian 1)
’ B 2
[var(VinJ)_72 £var(Vi,I.J.J:)_7
(1) (2)
= pTyr,a1 g * Pirgg, e grgrlt e ™) ’
where
(3.5) p(l) = (8, \Pyrs P + 8,
. 1130,y = Lo PinygPrryra F PurPirgetiry
* 80y YrygPiirr g T O rgatiTeyrar)
-1 o2
5 3

2 2 2 2 ’
(PiIJJ‘*'quJJ) (pi_lIi‘ij'i +q-ifItJid'€)

o[ By (R = WK, = W) By (K s WG, - %)

+ SIi'(WJ - Xi)(XI' = le) + SII:(WJ" xi)(w it xil)‘_7

1
[ = W02 (05 = %027 2 [y, = )% Gy, - %) 7

I\)ii-—’

and
(2) ] |
(3:6) piziq,irrgra = Cpplrgega® SgorryaPir o Py Purgstr gt e
| | | 2 -3 -3
2 2 2 . 3
+ SJJ'PinJPi'I'J'J')(PiIJJ+ U35 (pi’;'J?J’+qi’I'j'J')

=1f‘ajj.(wJ_- K )(Wgp- X0) + 53J,(wJ - X )%, -.wJ,) a
* 5JJ'(XI - WJ)(WJ' N }%.') * SJJ"(XI- M;)(XII T WJI) _7

-1 -3
. . [ (XI - WJ)2 + (WJ - Xi)2-7 EL_(XI,-WJ,)2+(W !'Xil)e__ 2 .

The 8's in (3.5) and (3.6) are Kronecker deltas: .



let us define

2 -1 (k)
(3‘7) Q’k = (1/2“ T7) = L sin pinJ,i'I'j'J'
€1 0)

for k =1, 2, Then
(3.88) lim  v(t) = Q

T o> 1
and
(3.8p) lim v(T) = .

T > 0 Q2

The bound Q in (1.8) we define by

(3.9) Q = max(Q;, Q) .
If we can demonstrate that
(3.10) v(t) <Q s 0<T<1 s

then (3.10) together with (3.8) will be sufficient to establish (1.8).

To prove (3.10), observe first that, if we use the simplified notation
2
(3.11) p =p(r) = p(l)'r + ol )(l -T) ,
2
then (for p~ # 1) we have

(5.12) iéaen_i.e B N R A P
T

We now show that (3.12) is > 0. Because of (1.6b), we know that Py1390 qugJ,

Pi'I'j'J" qi'I'J‘J' are all > O (for all quadruples in_fil )+ Therefore p 1)
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. (3.5) and p(z) (3.6) must each be > 0, from which it follows that p (3.11) is ,
>0 (for all 1, 0 <7 <1). Since p >0, the right-hand side of (3.12) is >0,

so that

2 -1
a” sin ~ p(V Viirrar )
(3.13) ;IJJ’ i'I'3'J’
ar

>0

»'

for all 7 (0 < 7 < 1) and for all (1,I,3,d),(1',1,5',d) 1n:(C) .

Taking the second derivatives of both sides of (3.3) with respect to T and then

applying (3.13), we conclude that
(3.14) v'(7) >0 (0<T<1) .

Finally, (3.14) taken together with (3.8) establishes (3.10).

. The proof of the bound (1.8) is thus comple te.

4, Asymptotic normality. This section estesblishes that w ( 1.4) is

asymptotically normal under Ho (1.3) > provided that certain mild restrictions are
obeyed. To prove this result, we will appeal to a theorem of Hoeffding [ 1,
Theorem 8.1_7 concerning the asymptotic normelity of U-statistics for random
variables independently but not necessarily identically distributed.
A U-statistic must be of the form /1, equation (5.1)_/ ,

n -1
(""ol) U= Z'%(xa, xa, evay Xa) 5

m 1 2 n

n

where the summation Z' is over all ( 1 >

) sets satisfying 1 <, <&, < <., <am
m

< n, the function § is symmetric in its m (vector) arguments, and the %,'8 (o =

. 1, 2,..0, 1) are mutually independent (but not necessarily identically distributed)



r-dimensional random variables of the form x, = (x(l) x((xe), coes xér)). In (4.1),

o a
suppose we set n =M + N, m = b, r = 3,
1) (2 [3)
(4.2) xa=(x((1 s X s x%70) = (egs X 1) for 1< a <M
= (f&-M’WCLM’ 2) forM+1<a<M+DN ,

and

(4.3) ¢ Gty 5y ) = 2 5%y 57)

E{ge)_xg?)] [0 )T () (2 J I xl(;l)axi,fj‘

bl N =3 R - RN €-) R -
H'

5 o T

vhere the summation in (4.3) is over all 4!= 24 permutations (h, H, h', H') of

(o:l; Gy O ah) (thereby ensuring that § is symmetric), and where

lith )

C(xh’xH’xh”xH') (3)= xI('I3)"= ;_L’ xg?) = Xg:?) = 2 4{2) >'.x1(»f)’ ng%) > xl(‘le')’

2422

0 otherwise .

Although the xée) 's and xéj ) 's are fixed constants, we consider them for our pre-
sent purposes to be random variables for which all the density is concentrated at
a single point; thus the xa's are not identically distributed. If Ho (1.3 is
true, then the statistic U determined by (4.1), (4.2-4.3) will be related to w

(1.4) by the equation

(1) U=k kI?/I,N v )

where
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M N M+n )\t
()0

and

M\t /nw\"?t ’
(4.6) k;’w T(e) (2> .

As we already indicated, we will introduce some mild assumptions in order
-1/2

to prove that, under HO,‘[_var(wk;7 (w -'§) is asymptotically N(O,l).

Assumption LYA. We assume that n——> o in such a way that N/M approaches

some constant ¢ > 0.

Assumption LB, We assume that there exists a fraction Pl > 0 such that, for

all (M, N), the number of quadruples (i,I,Jj,J) satisfying (1.6) is > Pl(g)(g);

i.e., the proportion of potential quadruples belonging to‘ﬁfl iS‘E'Pl for all n.

Assumption LC. We assume that there exists a fraction Pe, 0< P2 <1, and

a number €, 0 < € <1, such that, for all n, the fraction of the T gquadruples

(1, I, J, J) belonging to (") for which the relations

(k.78) €< lxI - W, | < 1/e
and
(4. 7o) €< ;- x|<1/e

hold is > Py; i.e., (4.7) is satisfied by at least P, T quadruples in ) .
It is not claimed that these three assumptions are necessarily indispensable to
an asymptotic normelity proof. However, none of the three appears to be parti-
cularly restrictive.

From (4.5) and Assumption %A we obtain
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(4.8) lin ko= 68 /(L + )
N =——> 00 ?

From (4.6) and Assumption 4B we have

(4.9) kl?'l N2 B for all n .
2

Looking at (4.4), we see that, if we can prove that ['var(U)_] -1/ LI; - E(Uﬂ
is asymptotically N(O, 1), then it will follow immediately that [/~ var(w) 7 -1/2
(w - -;‘) is likewise asymptotically N(O, 1). Hoeffding's Theorem 8.1 / 1 /, which
is concerned with non-identically distributed xa's , presents a set of conditions
/1, (8.2 - 8.4) 7 under which [ var(u) 7 -1/2 [ U - EBU)J is asymptotically
N(O, 1). In [4, Section 7/ it vas showm that the conditions / 1, (8.2 - 8.4) 7

are satisfied if O < $ <1 and
(%.10) n° var(U) —> o as n —> 0o .

Now clearly O < § <1 /[ see (4.3) 7. Hence all that remains in proving the
asymptotic normality of w is to prove (4.10). Note that, by virtue of (k.4) and

(4.8 - 4.9), the relation (4.10) is equivalent to
(.11) o var (w) —> oo as n ——> o .

Thus we want to prove (4.11) for all v, 0 <7 < 1. Iet us use (()' to
denote that subset of _g—_)_ consisting of all quadruples (i,I,J,J) which belong to

(") and which satisfy (4.7). Then, since p (3.4) is alweys > 0, it follows from

(3.3) that
(4.12) var(w) > (1/21IT2) 5 5 sin?t

[QANOL

Since sin T p>p (0<p<1), we obtain from (4.12) and (3.4) the inequality

P (VinJ: ViIIIJ‘lJI) s



PiT3T,1'T0§1 a2

(1.13)  var(w) > (1/2xT") [., sz o
Qe

(2)
+ (l - T) E E pinJ,i'I'J'J'
[PANPA -
Thus (4.13) tells us that (%.11) will be established (for all ) if we can show

that

2,2 k
(b.14) n T & X ngzJ,i‘I'J'J"———> 00 as n ——> 00

ar ey
for k = 1, 2, It will suffice to prove (4.14) for k = 1, since the proof for
k = 2 is analogous.
 a— *

Iet L 12 denote the set of all octuples (i, I, J, J; 1i', I', J', J")

such that both (i, I, J, J) and (i', I', j', J')are in (")', and such that i = i’
Lo *

and I =I'; let ( -)-1 denote the set of all octuples (i, I, J, J; 1', I', §', J')
such that (i, I, J, J) and (i', I', j', J') are both in (7)', end such that
o) + 9 + 9 + 9 = 1, Then we can write

ii iT? Iit T

(1) N (1)
(4.15) E E piIJJ,i'I'J'J' = E‘ N piI,jJ,i'I',j'J, + P pg_%g.} 111§ J! .
Q) Q) )y {lp

Now it follows from (3.5) and (4.T) that any p(l) associated with an octuple in

— W -— K
L), will be 3% el’, and any p(l) associated with an octuple in { ), will be > &,

Hence (4.15) tmplies that

()'"'16) E E pg%éJ,ilItlel Z (l""l + 2“-2)( "]é- eh) »
[PREPA

where W, and M. are the numbers of (distinct) octuples belonging to and
1 2 1

_)*
i ~2 respectively.
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let v denote the number of quadruples which belong to ()'. Assumptions

4B and 4C tell us that

M N
(&.17) v>P ( )( ) ,
, 2 2

where P = PlPE( >0). Let Ve (g =1, 2, «vv, M) denote the number of guadruples

(i, I, §, 9) in (()' such that either i = g or I = g. Then

M
()'l'olB) Z v = 2 v ’

g=1 ©
and

M

2

h‘cl 2 v = +2 .
(%.19) Z % by By

The expression on the left-hand side of (h.l9) gttains its minimum value subject

to the restriction (4.18) if v, = 2 v/M for every g. Hence

M 2 2
+2u2_>_2‘.(2v/M) =k v°/M .
g=1

(4.20) My

From (4.16), (4.20), and (4.17) it follows that

2 -2 (1) 2 .2 2 M /WAy
(k.21) nn T & % pinJ,i,I,j,J,Zn T P°(M - 1) (e) (2 € .
£y o)y
o . My N o
ince T is < (2)(2), (4.21) implies that
-0 -2 2
2 .0 (1) M ¥y o M\ /NNy
n"~ T g_g)’ LE.Z' PiT35,41115'3" > n(M + N) (2> (2) P (M-l)<2 . €
2 2nP264 ,

which is sufficient to prove (4.14) (for k = 1). This completes the proof that

-l A
[ var(w)_7/ /2 *{w -~%) is asymptotically N(O, 1) under H .
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5. Consistency. In this section we prove that, under AssumptionslU\ and
LB, the test (1.9) is consistent against all alternatives aY %<%z. Our proof will
use an argument similar ‘to that given in /2, pp. 58-59 7.

As a preliminary, we establish & bound for var(w). From (1.4) we have

T—2

var(w) = Lz COV[U(ViIJJ): u(vilIljtJ")_7 .

L)
Hence

(50) ver() <722 2 2z el (V) w7 |
1<T §<J 1'<T' J'<J! [ i1jJ’? I'3'J

2 s L0
IWIC

OG-t

At t?is point we apply Assumption UB to (5.1) and obtain

s——

oo s () (IO 0 () (3]

Laa-fa ']

-2( -1 -l)

S6PRT (M7 +N for M>3, N> 3 .

This bound (5.2) is of course valid regardless of the values of aY’ aZ’ T, Or

other parameters.
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From (5.2) and (1.8) we obtain immediately the inequality
1
)

(5.3) Q<6 P'f(M'l + N

We now proceed with the consistency proof. The proof is virtually the
Y o 3 Yy > .
same whether O'Z > O/Y or ozZ < ony, we give the proof only for OZ O/Y If

Q, > 0, then we use (2.5) to write

-1
(5.4) P {rejecting Ho} =P { Q e | w - % ,,> Za/e}
-1
_>_P{Q %o - 3) >za/2}

1
2P{w-E(w)>Q2 za/g-d} s

where 4 is defined by (2.4). Because of (5.3) and Assumption 4A, Q will become
arbitrarily small as n (= M + N) becomes large. Hence we can apply Tchebycheff's

inequality to (5.4%) to obtain the relation

(5.5) P {rejecting Ho} >1- Varg-w)
= 2
2
(a- Q" z5)
, 1/2
for n sufficiently large that 4 exceeds Q Zoy /2. Finally, from (5.2) and

Assumption 4A it follows that the right-hand side of (5.5) approaches 1 as

n'—> QGO

6. Concluding remarks. We make some final observations:

(i) We might point out that V (1.5) is just one member of an infinite

iTjJ
class of linear functions of (Yi » YI 5 Z’j s ZJ) having medians (means) equal to

(aZ - OtY). The original reason why Vi was chosen was that V is the only

1jJ iIjd

linear function in the class whose variance is some (known) constant tlimes
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(cee + cfa): this resulted in p (3.4, 3.11) being a linear function of T, which

in turn enabled us to prove (5.1&) with no difficulty. It appeared that a bound
analogous to (1.8) would not be easy to prove if any function other than viIJJ
(1.5) had been used.

The choice of the function V however, can also be considered in a

iIjJ’
different light. Let v° represent any member of the class (which we will call c)
of linesmr functions of (Yi’ YI, ZJ’ ZJ) with medians (az - a&). Then if the
quantity var(Vo)/(oe2 + ofe) 1s considered as & sort of loss function, it is

easily shown that the minimex value of this "loss function" will be achieved for

(o}
Vv = vinJ (1.5):

~ var(v®) Var(ViIJJ)
O'e U'f O'e Uf

Thus, in a certain sense, the choice of the linear function V, (1.5) consti-~

iljd
tutes & "minimex varience" choice.

(11) The original reamson for excluding from the summation in (1.%4) those
(i, I, Jj, J) not belonging to () was that, if (1.6b) is not satisfied, then the
coefficients of Yi, YI in (1.5) will not both be negative and the coefficients of
Zy5 2y in (1.5) will not both be positive. On the other hand, for any (i,I,J,J)
in.gjz, VinJ (1.5) will have its coefficients of Y,, Y; both negative and its
coefficients of ZJ’ ZJ both positive, thereby ensuring that p(l) (3.5) and p(e)
(3.6), and hence p (3.4, 3.11), are > 0; the fact that p > O was used in proving
(3.14).

Restricting the summation in (1.4) only to those (i, I, j, J) which belong
to‘gfl has certain other effects in addition to providing an important link in

the proof of (3.14). It is not known whether a relation analogous to (1.8)
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could be established if the summation in (1.l4) were taken over all (i, I, J, J)
instead of just over those (i, I, J, J)belonging to ﬁfl, although such a relation
would probably be difficult to prove even if it were true. Even if such a rela-
tion could be proved, howevér, it is not certain that the associated test would
necessarily have better power than our test (1.9). Although this hypothetical
test based on all VinJ's would obviously have better power in the extreme case
vhere T is near O, it would not necessarily also have better power in all other
cases. One effect of taking the summation (1.4) just over () is that all

's with variance < cee +0 2

f
are excluded from the summation, so that w (1.4) is

. 13
ViIJJ are included in the summation while all VinJ s
with variance > ae2 + cfe

(in a certain sense) based only on those VinJ

capabilities, so to speak. For this reason, it seems possible that the test

's with the best discriminating

(1.9) could in some situations be more powerful than the hypothetical test based
on all ViIJJ'S' |

The test (1.9) obviously is somewhat more advantageous with respect to
calculations than the hypothetical test, since the summations Qk (3.7) contain
fewer terms then would their analogues under the hypothetical test based on all
Virsg s

We also note that the (i, I, J§,J) in (") constitute all the (i, I, j, J)
such that the intervals (Xi’ XI) and (WJ, WJ) have point(s) in common. However,
it does not appear that this effect as such has any consequences.

(i11) It was pointed out that (1.7) holds even for certain non~normal
distributions, wheress (1.8) was proved only under the assumption of normality.
It 1s not known to what extent (3.10) is satisfied for non-normal distributions,
but we might conjecture that (3.10) is satisfied for some non-normal distributions

but not others.
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If this is the case, it might be possible to obtain some number > Q which
would be an upper bound on var{w) for a large class of distributions. This pro-
vides an area for further investigation.

(iv) It appears that the test (1.9) is not unbiased: note that the prob-
ability of rejection when Ho is true (although always < epproximately) will not
be constant, but rather will vary with 7.

(v) Only the two-tailed test was discussed in this paper. However, the
extension to one-teiled tests is immediate.

(vi) We can obtain confidence bounds on (cxZ - aY) associated with the test
(1.9). The technique for getting the bounds is similar to the one often used with
the ordinary Wilcoxon statistic: we find that value of A = (az - a&) which, when

subtracted from every V, in (1.%), will cause the resulting new w to be on the

Iyd
threshhold of significance.
Note that, if it is only desired to test the hypothesis (1.3) and no confi-

dence bounds on A are needed, then it is only necessary to compute the numerstor

of each ViIJJ (1.5) rather than the entire fraction (1.5), inasmuch as

“(Viij) =u [:(XI - wJ)(zJ - Yi) - (W; - Xi)(YI - zj):] .

However, if confidence bounds on A are to be obtained, then the full fractions
viIJJ (1.5) all need to be calculated.

(Vii) The performance of the numerical calculations for the test (1.9) is
covered in g different report‘[-§;7 in more detaill than has been given here, For

example,.[-§;7 points out that, if the formula

2 sin"t p = cos-l(l -2 pe)

is utilized in calculating the terms in the summations (3.7), this obviates the

need for obtaining any square roots.
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The calculation of @ rather than.of w of course presents the prinecipal
computational problem assocliated with the test (1.9). The calculation of w 1s
simple compared with the calculation of Q.

Since @ is a function only of the Xi's and WJ'S and not of the Yi's and

Zj's, Q can be calculated before the Yi's and Zj‘s are ever even avallable. This
fact may be of advantage in experimental situations where the Yi’s and Zj's
represent the outcome of the experiment and the Xi's and WJ's are available before
the experiment begins.,

(viii) Calculating Q by hand is virtually out of the question: a high-
speed computer is required. Moreover, it appears that even a high-speed computer
is not fast enough to calculate Q economically except when M end N are rather
smell, since the sums Ql, Q2 (3.7) each involve huge numbers of terms even for
moderate M, N.

Fortunately, however, there is a way to circumvent this problem of evaluat-
ing Q. Instead of determining Q exactly, we can calculate an adequate estimate
of Q by teking a sample of the elements which make up the sums (3.7). It appears
that a close estimate of Q can be obtained in this manner without costing an ex~
cessive amount of computer time. Different kinds of sampling are possible,in-
cluding stratified sampling. A more detailed discussion of possible sampling
techniques is given in_[-§;7.

A different approach to circumventing the evaluation of Q might be to try to
obtain a general method for finding some number which is slightly greater then Q
but which is much easier to calculate than . Such a number could then be used in
lieu of Q. To implement this approach would probably require considerable investi-

gation, and it is hard to tell whether the epproach could work at all well.
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