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PERCENTAGE POINTS OF WILKS' ymvc AND ch CRITERIA

by

J. Roy and V. K. Murthy
Department of Statistics, University of North Cerolins

1. Introduction and summery.

In connection with a p-variate normal population Wilks 1"5_7 proposed the
following hypotheses: (i) By ,o: Uhet the means are equal, the variences are
equal end the covariances are equal and (ii) : that the veriances are equel
end the covariances are equal. These hypotheses are of great importance in
psychametry, especially in the theory of mental tests /3 /. The concept of
pargllel teste, for instance, leads to an examination of the hypothesis Hﬁvc'

In a rendom sample of size n from & p-variate normel populetion, let Xys
denote the value of thg i-th variate for the Ath sample i=1,2,...,p »=1,2,...,n,
Let

- ln
X, == L X
i n A=l ia

1y = =
Sy 4 'ﬁ}il(xn‘ x3) (240" xy)
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wilks /5 ] showed thet the likelihood-retio principle gives the following test
procedure:'

"At the level of significance @, 0 <& < 1, reject the hypothesis Hﬁyc
(ch) if the test-criterion gmvc(ch) faells short of the constant L, the lower
100c o/o point of the distribution of Lmvc(ch); otherwise accept the hypothesis

1]
Hmvc(ch)'
And the tegt-criteria are defined by

s, |
(1.1) Lve = — P
[+ (p-1)U] [T-Uq-,l_-iifl(xi- %7 P
and
s
(1.2) L = By

o [m(p-1)u ] (2Pt

respectively. Wilks /5 / computed the moments of these criteria and showed

ve and -n 1°3ech

that asymptotically, for large n, the transforms -n loge
are distributed as chi-squeres with %p(p+3)-3 and %p(p*l)-2 degrees of freedom
respectively. He also worked out the exact distribution of these criteria in
the caeses p=2 and p=3. |

The chi-square approximation, howsver, is not good enough for moderately
large values of n as it considerably over estimates significance. Approximation
by a beta-variable has bheen suggested by Wilks and Tukey 1#6;7, but since this
requires double interpolation in available tables, it is not very convenient.
Verma /4 /] derived the exect distribution in a series form, which, however is
not easy to tackle.

In view of the special importance of these criterie in psychametric work,

it seems useful to derive the exact distribution in & convenient form and

compute the percentage points for ready use. In this paper an asymptotlic series
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expension derived by cne of the authors /2 7 /3 7 is used to eveluate 5 ofo
and 1 ofo points of the distribution of Lmyc‘and L, criteria for p=4,5,6,7

and n=25(5)60(10)100. For higher values of n & correction-factor & is provided

or -(n-a)log L__ is

such thet to & high degree of accuracy -(n-a)loglL . o ve

distributed as a chi-squere. The use of the tables is 1llustrated with two
numerical examples. A simple non-pareametric alternative procedure 1s suggested

for testing 5 generalizetion of the Emyc hypothesis.,

2. The method for computing the percentage points.

It hes been shown /2 7 /3 ] that for & properly chosen constant a,

writing

(2.1) X=-Nlog L
where

(2.2) N=n-a

and L is Wilkse' Lmvc or ch criterion besed on & sample of size n from a p-variate

normal population, the probability density function fﬁ(x) of X can be expressed

an
52 35 ab
(2.3) £,(x) = ¢ [ (x) + . P,y (%) + 3 P, g(x)+ Egprm(x)h-- oot

where pr(x) is the chi-square density function with r degrees of freedom.

1 1
=X -1
(2.4) ()= =t— &2 2

1+

2°r (&)

CN is a function of N that can be expanded in an asymptotic series



’ 7 8, 8 8
(2.5) 1/c, =1 + + -2 4 + iie e
LA

and r,a ,a2,9,5 »8), are constents independent of N. The values of these constants

are tabulated in Table 3.1 and Table 3.2 for p=4,5,6,7 end 8,

Table 2.1

Values of the constants in the asymptotic expansion of the
distridution of Wilks' Ihwc criterion,

P r a 32 53 &h
4 11 221718 3.48140 0.55608  9.33616
5 17 2.48530 8.24908 2.49784  50.72240
6 2k 2.77500 16 .29624 7.05128  180.9590k
7 32 3.07638 28 ,78664 15.92480 530.00624
@ 8 M 338502 47.05200 31.36352 1352.19984
Table 2.2

Values of the constents in the asymptotic expansion of the
distribution of Wilkse! I.v e criterion.

P .r a a2 33 ah
b 8 2.73611 1.47184 0.26324 60.,83198
5 13 3.0192%° k24880 1.33136 187.00837
6 19 3 .352105 9.41040 ) 06681 456 ,04610
7 26 3.63248 17.95%37 9.73818 978 .32878
8

3l 3 .94o58 31.04982 20.09536 1925.08274

For any given number o, 0 < & < 1, to compute Loz the lower 100 & o/o

. point of the distribution L we proceed as follows:



Obviously,

(2.6) Ly, = exp (- X /N)

where Xa is defined by

Prob(X > Xa) = Q

Let x, be the. upper 100 ¢ o/o point of the chi-square distribution with

r degrees of freedom, that 1s

(2.7) Q.(x)) =«

where 00

(2.8) Q@) = j v (&) dg .
X

Since for large N, C, ~ 1 and the second and succeeding terms in (3.3) are

N
negligible, we have as a first approximation

(2.9) Xy ® X, o

let &8 be the additive correction to be made to X, so that

(2.10) X, = X + 6 .

Reteining only the first two terms, we have

2 2
a &
(2.11) ol + -1;-2-) =Q(x+6)+ . Uy (xt8) -

Expending the right-hend side in a Taylor series about xo and neglecting

52 and higher powers of § , ws get



(2.12) 6 =

as an approximetion for 6 . As e second approximation to Xa we then have

(2.13) Xy = Xt ao .
Now, from (2.3) we heve the asymptotic expansion
(2.14) Prob(X > x) = Q_(x)

%2
* 3 [Q,,,(x) - a.(x)]
; [Qe(®) - Q.(x)]

+ [—,; [Q.g(x)- Q. (x)] - = & (2= (x)] 7

+ O(
W

The required percentage point is in the neighborhood of %y and can be evaluated
by inverse interpolation by first tabulating Prob(X 2 x) for several values
of x around X, . As 1t happens, however, further correctione to Xy become

necessery only for very smell values of N.

3. Tables of percentage points.

The 5 o/o and 1 ofc points of the distribution of Wilks' Live o0 Lo,
criteria are given to U4 places of decimels for p = 4,5,6 and T in Table 4.1

end Teble 4.2 respectively for n = 25 /57 60 /710 7 100. For n greater



than 100,

-(n - a) log, L
can safely be used as a chi-square with r degrees of freedom. We have not
extended the tables below n=25 firstly because the asymptotic expansion ( 2.1h4)
with only four bterms is not good enough for n smaller than 25 end secondly
because a sample of size less then 25 is not to be recommenced in multivariate

work with four or more variates.
Table 3.1
5 ofo and 1 ofo points of L . criterion

5 ofo point 1 o/o point

n/p 4 5 6 7 4 5 6 7

25 4206 ,2920  .1923 1196 3366 .2251 k27 .0854
30 4918 3658 .2623 1781 4098 2957 .2048 1356
35 .5482 k273 3229 2339 4698 3570 .2623 .1859
Yo 597 4787 3759 .2852 .5193 4098 3143 .23%8
45 £311 . 5222 1220 3314 5607 552 3606 2783
50 6623 5592 4625 3730 .5958 RIS 4019 3191
55 6687 5911 L1979 4102 6258 5290 4387 3654
60  .T113 6187 5292 LT 6518 5591 4715 .390%
70 7480 6645 5815 5011 6943 6096 527k Lhol
8o L7763 .7005 6239 .5483 7276 6498 5730 4985
90 7992 L7296 6586 L5876 L7545 .6826 .6108 5403
100 .8177 L7536 6875 6208 L7765 .7099 bu26 5757

For larger n, use

-(n-a) loge Love

a8 &8 chi-square with r degrees of freedom.



‘Table 3.2
5 ofo and 1 ofo pointe of L, oriterion
50fo 1 o/o
n/@i 4 5 6 7 4 5 6 7
25 - .5129 3768 2h73 .1601 4209 2985 .1866 1163
30 5773 WJMhg0 3219 2273 k908 3709 2563 1756
35 .6271  .507L 3853  .2883 S5h6k J313 3181 2322
bo 6666  .55L6 4390 Shelk 5913 1819 3721 2841
ks .7002 5941 L8L7 3899 6284 5248 4191 3310
50 J725L  .6273 5239 4318 6594 5613 4601 3731
55 .TWT3 6555 5578 L4686 6857 .5928 4961 4108
60  .7663 6799 5873 5013 .708% .6201 .5278 JLlik6
70 7967 7196 6362 556k .T450 6653 5810 5024
80  .8202 . 7506 6748 6008 1736 L7011 6236 5499
90  .839k JT155 7062 £374 L7964 7299 .6586 5894
100 .8560 7959 7521 6679 8151 7538 6877 6226
For larger n, use
-{n-a) log, ch as a 2 with r dif.
4., Illustrative example.
VThe following table gives means, variances and covariances for scores in
four tests based on a sample of 50 examinees.
Tests Means Dispersion Matrix
A B C D
A 14.90u8 25.0704 12.4365 11.7257 20,7510
B 15.4841 | 28.2021 9.2281  11.9732
c 14 bk 22.7390 12.0692
D 14.3810 21.8707
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(2) Can the tests be regarded as parallel? (b) If not, would additive correc-
tions applied to the means make the tests parallel?

Tests are said to be parallel /1 / if scores obtained in the tests have
equal means, equal variances and equal covariances. To answer question (a), the
appropriate hypothesis to be tested is Eﬁ&c and to answer (b) the appropriate
hypothesis to be tested is ch. The numerica; procedure for carrying out these
tests is given below. |

In this case, p = L4 and

Isi3] = 39750.5
T = 24.47055
U= 13.03058
£(x, - 3% = 0.78004
T+ (p-1)U= 63.56229
T-U = 11.43997
Thus

WYC g3 56909 x (11.43997 + 0.26031)°

i%%%%%fg = 0.3821 .

The 1 ofo point of I for p=h and n=50 is 0.5958 and therefore the hypothesis
E . hes to be rejected at the 1 o/o level of significance.

The ch statistic turns out to be

= 39750.5
ch ; 3
63.56229 x (11.4%997)

_ 39750.5 _
= §5i5h 5 = O-MT7 .
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The 1 ofo point of’ch for p=k end n=50 is 0.659%4 and therefore the hypothesis
H . hes to be rejected at the 1 ofo level. Therefore, the teste are not parallel

and even additive corrections in the means would not meke them so.

5. A non-parametric test for symmetry.

The hypothesis Hhvc for a multivariate normal population is equivaleﬁt to
the hypothesis that the Joint distribution function is symmetric, that l1s invariant
under & permutation of the veriates. However, the statistic Hmvc is not appro~
priete for testing symmetry of & multivarlate distributions which is not definitely
known to be normel. A simple non-parametric test for'symmetry appropriate for any
continuous multivariate distribution is proposed here.

Let (Xl,Xa,...,Xp) be a random sample from a continuous p-variate distridbu-
tion and let i ;5(11,12,...,1p) be & permutation of the integers (1,2,...,p). We
shall say the random semple is of "type 1" if

X, < X, < +ee £X
1,5 My 1

holds. Thus with probability 1 every rendom sample belongs to one and only one of

éhe p! types. If the hypothesis of symmetry is true, all these types are equally
likely: the probaebility that a random semple is of eny particular type being 1/p!

If in n random samples, n, semples are of type i1, we compute

i

2 _ p! n 2 _p! 2

the summation being over &ll types. If this exceeds the upper 100¥ ofo point of the
chi-square statistic with (p! - 1) degrees of freedom, the hypothesis of symmetry
is rejected at the 100 o oo level of significence. V

Illustrative Example

The following date gives the scores in three tests A, B, C, based on a

rendom sample of 50 examinees. Test the hypotheeis of symmetry.
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Table 5.1

Scores on the tests A, Band C

\ B c A B C A B ¢
56 40 46 50 46 23 k2 36 0
3k 57 48 31 45 20 39 53 10
32 b7 38 43 37 32 37 58 40
55 2k 32 59 43 58 28 2k 29
37 63 59 38 48 1k 37 52 o)
32 Lo 7 29 - 36 38 62 e 50
33 58 34 271 53 18 2k 29 13

. 62 T4 58 38 35 22 32 35 39
28 42 36 [To) 61 12 b7 36 15
bl 60 16 b ho 26 45 46 2L
20 35 7 ) 62 32 52 43 L
L7 39 ek 55 54 ek 65 72 8h
33 5 5h 52 W3 15 31 4G 36
Ly ko 31 46 38 17 54 62 6k
il b2 28 - k8 52 61 51 M 53
28 4o 42 59 52 63 Lo 36 L2
L7 50 6L 55 W7 56

| B— » »
In this example the 3! = 6 types of permutations ere X, < X, & Xy X <X3< Xy
Ve . g . d g
x2<_ X L X5 XK Xy < X5 x3< X, < X, end X5< X, < X, and let us call them
permutations of type 1, 2, 3, 4, 5 and 6 respectively. The following teble gives
the observed frequencies of the six types and the expected frequency of each type

when the hypothesis of symetry is true is 3.3333.
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Table 5.2
Type Frequency

i ni

1 8

o 8

3 5

L 5

5 14

6 10

Total 50

Here p = 3, n = 50 and
K= Bl n g x k- 0
= 6.88

The 5 ofo point of X2 with pt -1

there 1is no evidence for reJjecting

= 5 degreoes of freedom is 11.07 and thus

the hypothesis of symmetry.
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