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ABSTRACT

Specific interactions of inelastic analysis with design criteria are discussed,
including the application of 1imit analysis principles to the ASME Nuclear Code; the impact
of inelastic finite element methods; the key role of the strain hardening parameter in
bursting and ductile cracking; and finally a discussion of inelastic methods for high
temperature design.

1. INTRODUCTION

A structure which satisfies the requirements of good design criteria will have a
reasonable and consistent margin against failure. Excluding brittle fracture, nuclear equip-
ment will pass into the inelastic range of behavior prior to structural failure from overload.
Therefore, design criteria with a realistic recognition of failure loads must in some way
consider inelastic processes.

This paper considers the value that has been derived from applying the principles of
limit design to the establishment of design criteria in the ASME Code, Section III, “"Nuclear
Vessels". The margin between 1imit load of ideally plastic theory and the bursting or other
ultimate failure load is discussed. It is suggested that additional research work is re-
quired to fully rationalize margins against ultimate failure, especially for all grades and
types of material. Lastly, a brief discussion is given on the developing field of high
temperature design and the value of inelastic calculations.

2. LIMIT DESIGH

Limit design or limit analysis is a branch of the theory of plasticity concerned with
behavior of structures made of ideally plastic material. The goal of a limit analysis is to
find the limit or collapse load, which is defined as the maximum load a structure made of
jdeally plastic material can carry. Ideal plasticity is illustrated in Figure 1. Hodges'
excellent books [1,2]* present a thorough exposition of the theory.

Of the curves shown in Figure 1, 1imit load theory is based on the rigid-plastic stress-
strain curve. Neglecting the elastic strains is of negligible practical importance. In
addition to neglecting strain-hardening, the 1imit load is calculated without reference to
the large deformations that occur in a plastic collapse. So that the strengthening effect

*Numbers in brackets refer to the list of references.
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of changes in structural shape, due to plastic flow, are neglected. When interpreting the
results of limit load calculations with a view toward application, the above qualifications
must be kept in mind.

The Timit load is the ultimate load for a structure made of ideally plastic material,
but a structure made of a real material, say carbon or low-alloy steel, will carry higher
loads due to strain-hardening. However, in the post-yield range,the deformations incurred
with additional load are an order of magnitude greater than exist for loads below the limit
load. Therefore, attainment of the collapse load in a structure of real material is a signi-
ficant event in the 1ife of the structure. It is not the ultimate strength, but rather the
point at which the overall response of the structure to the applied loads changes its char-
acter.

The usefulness of this concept of 1imit load therefore, is not dependent on how well the
actual material approximates the rigid-plastic material. A structure made of any ductile
material with a reasonably distinct yield point will be at the point of incipient overall
large deformations at the 1imit load. From another point of view, it is to be noted that
significant areas of plasticity exist in the structure prior to attainment of the limit load,
but deformations are contained. Thus, a quantitative basis is provided for interpreting the
meaning of local high stresses in a structure.

The allowable stress limits of the ASME Code, Section III, are established in such a way
that the design pressure will not normally exceed 2/3 of the 1imit pressure. With this cri-
terion, it becomes possible to limit the elastic stresses throughout a component on a con-
sistent basis. Thus, e.g., elastic bending stresses have higher allowable limits to account
for the plastic shape factor. Thermal stresses do not contribute to the collapse load and
therefore, must be Timited separately.

Emergency conditions, which are defined as postulated events that may cause a plant to
shut down for repair or correction of the condition, have a set of stress limits different
from operating and design conditions. In particular, the component must be designed so that
the maximum specified emergency load is equal to or less than the limit load. This rule was
first published in the 1968 edition of the Code. The appearance of that criterion evidently
marked the first step in formal recognition within the pressure vessel and piping field of
the usefulness of 1imit analysis method. From the historical point of view, it is interest-
ing to note that the first papers on limit analysis of rotationally symmetric shells were
published in the period 1950-55, e.g., [3,4].

The significance of the limit load as one type of failure and the usefulness of 1limit
analysis theory in rationalizing allowable stress 1imits has been discussed. For at least
two other major problems of pressure vessel design, formed heads and nozzles, the limit load
has been found to be the only way to relate the strength of the part to that of the vessel.
Both heads and nozzles have reasonably complex elastic stress fields. In neither component
has it been possible to relate any of the elastic stress components or combinations thereof
at any particular point to a meaningful failure mechanism. On the other hand, under {increas-
ing pressure both components do exhibit a true plastic collapse. Therefore, an equal
strength vessel can be designed by sizing the head, the nozzles, and the main shell so that
each part has the same 1imit pressure. That is, limit load theory permits achievement of a
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rational equal strength design that would be impossible to attain knowingly on the basis of
elastic considerations.

The formed head was studied first in a series of papers by Drucker and Shield [5,6,7].
This work was prompted by the failure of a commercial vessel under proof test [8]. In a
slightly simplified way, the mode of collapse of the head can be visualized as a system of
hinges as shown in Figure 2. Experiments were made by Save [9] which showed the heads do
actually collapse in the manner postulated in the analysis. In an interpretive report to the
Pressure Vessel Research Committee (PVRC) of the American Welding Council, Cleud [10] recom-
mended that 1imit analysis results be incorporated into Code rules. Under the sponsorship of
the PVRC Subcommittee on Shells this work has been carried further by Estergar and Kraus [11]
and Gerdeen and Hutula [12,13].

At the present time rules are being developed to size domed heads in such a way that the
1imit load of the head will be equal to that of the shell. It is anticipated that these rules
will be incorporated into the ASME Code in the near future.

Adoption of this procedure solves a certain practical problem in the structural evalua-
tion of a formed head (especially the shallow torispherical heads) by the ASME Code method.
The method requires the categorization of elastic stresses into primary membrane or bending
(to maintain equilibrium with applied mechanical loads), local membrane (due to discon-
tinuities or local thin spots) and secondary bending (due to incompatible deformations).

The high stresses in the knuckle region of a formed head do not fit entirely within any of
these categories. On the other hand, the limit analysis approach relates the strength of the
head directly to a failure load.

A similar history applies to the nozzle problem. Solutions for the axisymmetric nozzle
were first put forth by Lind, [14] Gi11 [15] and Cloud [16], with one set of experiments
[16]. The mode of collapse for the symmetric nozzle is shown in Figure 3. Several papers
followed on both the axisymmetric nozzle and subsequently the nozzle in a cylinder. The
literature up until 1969 is well summarized in Gill's book [17]. After a great deal of study
jt seems reasonably clear that nozzles, whether in a sphere or cylinder, do exhibit a true
plastic collapse load, (see e.g., Calladine and Goedall [18]). Further, it has been found
that the elastic stresses are significantly influenced by the nearness of the reinforcing
material, Rodabaugh et al [19]. Revised rules for the amount and placement of nozzle rein-
forcing material have recently been incorporated into the ASME Code. This procedure thereby
insures that nozzles will have a limit pressure at least equal to that of the vessel. As of
this writing, work is going on under the sponsorship of the Subcommittee on Openings of the
PVRC to develop limit loads of nozzles under various external loads. It is hoped to be able
to develop interaction relations between the nozzle geometry, reinforcement and the pressure,
bending, thrust, and torsion loads. When recounting progress, it is often instructive to
consider the distance yet to go.

2. LIMIT LOAD CALCULATIONS

Early 1imit load solutions were found in the classical manner, i.e., the problem was
formulated in terms of differential equations which were solved and a 1imit load was found.
Computers entered if at all only to calculate numerical values for the solution. In later
developments, 1imit load problems have been formulated for explicit numerical solution, and
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several techniques have been developed.

In general, numerical methods are used in conjunction with the upper and lower bound
theorems [20]. The accuracy of the solution depends on first, how closely the bounds ap-
proach the exact solution for the particular yield surface being considered and second,
how closely the yield surface being considered approximates the actual yield surface of the
material.

Specific numerical techniques that have been used to obtain 1imit load solutions,
include 1inear programming (Koopman ard Lance [21]) non-linear programming. (Biron and
Hodge [22]) and direct numerical integration, Gerdeen [23]). A rather complete discussion of
the application of computer methods to 1imit analysis up to 1968 has been presented by
Gerdeen [24]. Whether by analysis or numerically, the solutions discussed above have a
similar result in the sense that only the solution to a particular problem has been found.

Although the finite element methods have not been found particularly suitable for direct
calculation of 1imit loads (Belytscho and Hodge [25]).it is nevertheless very useful for
computing plastic stresses and strains. As is well known, tremendous advances have been
made" in the development of general purpose finite element computer programs. Programs now
exist that can be used to find the stress field, whether elastic or plastic, in nearly any
structure [26]. Further, the plasticity calculations can be done using the actual stress-
strain properties of the material, and the effect of large deformations can be included.

The time in fact, has arrived when it is more expedient to obtain a complete plastic
solution than to attempt a 1imit analysis. This statement would seem to apply especially
to plate and shell problems of complex geometry, and when only the solution to a single
case is required. The finite element analysis gives all required information. In effect,
the analysis reproduces an experiment. The work of Hibbitt, Levy, and Marcal [27] i1lus-
trate this point. Figures 6 and 7 from their work show a finite element model of an
axisymmetric nozzle and the results of the analysis.

With the advent of the very powerful finite element methods, one might reasonably ask if
1imit analysis, based on ideally plastic material, has lost its usefulness? First, it
should be noted that the 1imit load can be found irdirectly from a finite element analysis
in the same way 1imit loads are found from experiments, e.g., by finding the intersection of
tangents to the elastic and plastic parts of a deformation curve. To the designer evaluating
a structure, the limit load, which signifies the onset of plastic collapse, may in many
cases have greater meaning than a map of the stresses and strains. Therefore, it is
reasonable to expect that the concept of the 1imit load will remain viable, but methods which
have been employed in the past to calculate 1imit loads will be less used.

3. ADDITIONAL CONSIDERATIONS FROM PLASTICITY

The limit load defines the onset of large deformations and hence, one type of failure.
Subsequent and final failure is defined by the bursting load. Analytically, the bursting
load of simple shells is defined by the point of plastic instability. The plastic instability
pressure for membrane loading can be easily visualized as the point where strengthening due
to material strain hardening is overcome by weakening due to wall thinning and diameter
increase. Figure 6, taken from Cooper [28], gives the plastic instability pressure for thin-
walled spheres and cylinders based on the Mises flow law. The two graphs would coincide if
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the analysis were based on the Tresca flow law. It is seen that the instability pressure is
highly dependent on the strain hardening exponent n;, in the exponential representation of the
stress-strain curve.

once"

Langer [29] has given a complete discussion of bursting strength of spheres and
cylinders including the effect of thick walls. He continues this discussion and goes on to
ductile cracking [30] which is discussed subsequently herein.

" There is a reasonably well defined relation between the design pressure, 1imit pressure,
and bursting pressure for a membrane state of stress in the ASME Code. This is not true for
bending states of stress. The relation between the burst pressure and the limit pressure is
not well defined. For pressures above the 1imit load, a clamped plate in bending, for example,
may deform until the load is carried as a membrane and fail ultimately in a true instability
mode provided the material has the capacity to deform. Without sufficient deformation
capacity, cracks will develop at the yield hinges or other points of high plastic strain.

This aspect of plastic behavior has been studied by Radomski and White [31] Figure 7,
from their paper, shows the ratio of the plastic strain at the yield hinge in a simply sup-
. ported beam to the nominal elastic strain. It turns out the controlling parameter is the
strain hardening exponent. Austenitic steels with high-strain hardening exponents harden
lecally, redistribute load, and as a result have lower strain concentrations and greater
ability to deform. Low strain hardening materials continue to strain at points of first
straining, concentrate strain at these points and cracks develop.

The dependence of strain concentration on strain hardening is clearly shown by Rademski
and White. The further relations concerning ability to deform and ductile crack fermatien
are developed by Cooper, and Kottcamp, and Spiering [32]. This problem was alse discussed
by Gress [33]. Figure 8 from his paper shows the strength ratio for clamped circular plates
of different thicknesses, as a function of the true strain at maximum load €y (in a tensile
test).*

In this graph, the strength ratio is the ratio of the bursting pressure feund by test
to the 1imit pressure calculated for the test specimens. The specimens with € ” 0.5 failed
in a true plastic instability mode; those with ey < 0.15 failed by crack formation in the
yield hinge at the edge of the specimen. Other specimen failures were of one or the other
of the above types depending mainly on €y for the material and geometrical parameters.

It is clear from Figure 8 that the ratio of burst pressure to limit pressure is
dependent on the strain at maximum load as measured in the tensile test, regardless of

*It has been shown by Gross [34] that ¢, is a good approximation for n in the empirical
relation

o=ce"

which is often used to fit true stress-true strain curves.



- 256 -

whether the specimen fails by cracking in strain concentrations or by plastic stability. A
1inear relation given below fits the data as shown in the figure.

Pg
'FE =]+K:u

PB = bursting pressure
P = 1imit pressure

K = constant, dependent on geometry

g, = strain at maximum load

It is shown in Reference [32] that formulas for bursting of membrane shells may be written
in the form

Pg

=1+hg
LY
h

function of geometry

[}

g function of €y and Sy/Su

The form of this formula is the same as that for the disc tests except that S Su appears
explicitly in the function g. It seems reasonable to surmize that ductile cracking or burst-
ing will be generally described by a formula of this form.

If this is true, it would be worthwhile to study the nature of h for different geo-
metrical configurations, formed heads, nozzles, tubesheet junctions, flange junctions, etc.;
this study would have to consider also the nature of g to permit correct generalization of
conclusions to all materials. Such a study would be extremely worthwhile since the pressure
difference

Pg - P = P (hg)

represents the margin of safety over and above the limit load. It might be expected that de-

velopment of criteriq which permits a uniform margin of safety for all geometrical configura-
tions and all mater{al characteristics would lead to safer and more economical design. Over-
all “"safety factors" can be reduced as knowledge is increased.

From another point of view, the preceding discussion points up the necessity of
integrating studies of material properties with design and analysis research. It has been
shown that the true strain at maximum load is one of the most important of material
properties with respect to either local ductile cracking or overall plastic instability. On
the other hand this material parameter is nowhere recognized in design methods, construction
codes, or material specifications.
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Just as the fracture mechanics parameter KIc is beginning to be recognized in a prac-
tical way,* to ensure protection against brittle fracture, in the future, the strain harden-
ing or a related parameter may be recognized as a measure of protection against ductile
failure.

4, INELASTIC CONSIDERATION IN HIGH TEMPERATURE DESIGN

Section II1 of the ASME Code covers the temperature range up to 800°F. A Code Case
which, in effect, is an extension of the code, extends this range to temperatures at which
creep may be significant. The Code Case has been but 1ittle used since low temperature water-
cooled reactors dominate in the United States. At the present this scene is changing rapidly
due to the developing technology of Liquid Metal Fast Breeder Reactors (LMFBR). The existing
high temperature Code Case, which lacks the precision in evaluation procedures of Section
III, is being revised. Interim criteria have been developed at several places, materials
information is being obtained, and improved analysis methods are being developed.

Langer [29] discussed some of the physical problems faged in the design of high tempera-
ture plants and suggested certain phenomena that would have to be considered in the finaliza-
tion of design criteria. There are several major items to include. The stress-to-cause
creep rupture is a strong function of time and allowable design stresses must include this
fact. At high temperatures, many materials fail with low ductility, especially weld metal.
There is a strong interaction of creep and fatigue at temperatures in the creep range which
must be considered in fatigue evaluation procedures.

It seems reasonably clear that future design criteria will have limits imposed on the
total strain that is permitted to accumulate at a given point. Unless ways are found to
produce a simplified strain limiting criteria, future design analysis will require calcula-
tion of the total elastic and inelastic strain at points of highest strain in the structure.
For a complex pressure vessel, this task would have been completely out of the question in
so short a time as a year or two ago, especially when the cyclic nature of pressure and
thermal loadings in nuclear plants is considered. It is still not a task one contemplates
with equanimity, but significant inroads have been made on the problem largely due to the
extension of finite element methods into the non-linear domain.

The calculation of total permanent strain requires choices to be made of

a) yield criteria

b) flow rule

¢) strain hardening law
d) creep rate equations
e) creep hardening law

The v. Mises yield criteria is generally accepted as most accurate for metals; however,
the Tresca criterion is somewhat simpler and more conservative. For machine calculations
the simplicity of the Tresca criterion. is of little consequence. The v.Mises flow rule is
used in any event.

*Material specifications have appeared in the United States recently which specify fracture
toughness values.
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When cyclic plastic calculations are to be made, the initial yield surface must be modi-
fied to account for prior plastic straining. Two models are available for this purpose.
With the isotropic hardening model, the yield surface simply expands uniformly to the end-
point of the last plastic strain increment. This model is illustrated for a single loading
with the v. Mises yield ellipse in Figure 9a. The consequence cyclic stress-strain diagram
for a uniaxial tensile specimen of a material which hardens isotropically is shown in Figure
9b. The unrealistic behavior is due to the fact that the isotropic hardening model neglects
the Bauschinger effect. As can be seen, this defect will cause a cyclic analysis to be
significantly in error when severe stress reversals, caused by thermal transients, occur.

Prager [35] has proposed a kinematic hardening model in which the yield surface main-
tains its size and shape, but translates to keep the last strain increment at the surface.
A simple straightforward physical interpretation of the plastic action is suggested in his
paper. The kinematic hardening model is illustrated with the v. Mises ellipse in Figure 10a
and the resultant cyclic behavior of a uniaxial bar is shown in Figure 10b. It is clear that
this model is a more realistic one and is presently accepted as the better approximation.
In this connection, more experimental work to accurately define the yield point on unloading
and reloading for various classes of materials would be welcomed. It is emphasized that
these concepts are now moving out of the laboratory and will soon be a part of practical
design work.

In determining strains due to creep in the presence of plastic flow, it is best to know
the plastic, primary creep, and secondary creep response, individually. The strain compo-
nents would thus be given by an expression of the form -

o

= £ {o,T) + € (a,Tot) + €3 (0,T,t)

= Py
€ E'IJ

€= time independent strain i.e., elastic and plastic
2% primary creep strain
€q° secondary creep strain

aq = OiJ

T = temperature
t= time

This representation of multi-axial creep must also reduce to a correct representation of
uniaxial creep.

For either calculation or measurement purposes, there is no a priori reason to
separate primary and secondary creep, since after all the creep law for any material can
only be found empirically. [t is, however, more expedient to fit curves or find a func-
tional expression for a set of creep data by subdividing the creep strain. A functional
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relation for the creep strains aids machine calculations since.less storage and inter-
polation is required. However, no conceptual difficulty is posed by simply storing the creep
data. A set of strain-time curves with stress as a parameter would be required for a series
of temperatures. This is the common procedure for the time-independent stress-strain curves
where time is not a parameter.

The distinction between the initial time-independent strain and primary creep is not so
well defined as might be desired. This difficulty arises because initial plastic strain is
in fact time dependent as shown e.g., by Conway et al,[36]. In his experiments Conway found
significant differences in initial stress-strain curves at high temperatures at strain rates
of 4 x ’IO'3 and 4 x 10'5 sec'l. Experiments to determine primary creep strain must consider
the initial load application rate as well.

When stress levels change during creep loading, a method must be employed to use the
constant stress creep data. Three so-called creep hardening mechanisms are available, time-
hardening, strain-hardening, and the 1life fraction rule. These laws are discussed in a
number of places e.g., [37,38]. In general, the strain hardening law appears to be favored,
but 1ittle work has been done with the life fraction rule, evidently because it is less
amenable to an analytical formulation.

In addition, to the above aspects of creep, the “mechanical equation of state" approach
just discussed does not distinguish between tensile and compressive loading, nor consider
the anisotropic effects that can develop in creep. Compressive creep strains can be much
lower than tensile strains, which in a structural analysis would lead to over-estimating the

* creep strain.

Notwithstanding the more complex features of the plastic-creep problem, there are
approximate methods which can yield much useful information rather quickly. Isochronous
stress-strain curves as shown in Figure 11 and discussed e.g., by Finnie [39] have been in
use for some time. As isochronous curve is the result of a crossplot of creep data for a
given time. Thus, time is eliminated as a parameter but the resulting curve is valid only
for one particular time.

Use of the isochronous stress-strain curve in a plasticity calculation, in place of the
ordinary stress-strain curve permits a conservative estimation of the creep strains to be
made, in the absence of any severe transient or other cyclic conditions. The calculation is
conservative because stress-redistribution with time is not taken into account. The time and
effort expended on the calculation even for reasonably complex structures, with non-linear
finite elements programs is quite moderate. In this connection, however,it must be
remembered that nearly all information on long-time creep is based on extrapolated data.

Methods presently exist e.g., [26,40] for the solution of the cyclic problem. These are
general purpose finite element programs which use an incremental approach, thereby permitting
unloading calculations to be made. In general, arbitrary stress-strain curves and creep
laws can be used. Cyclic-plastic-creep problems have and are being solved using these power-
ful programs. As yet, few results have been reported, either because of the relatively
short time this work has been underway [41], or, because of proprietary restrictions.

In the past, much of the difficulty of understanding non-linear processes in solid
mechanics has been associated with the difficulty of the analytical effort involved in
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calculating answers. These difficulties have by no means vanished, but progress with
analytical procedures has been considerable in recent years. Deficiencies in calculational
techniques can.no Tonger be considered a barrier to progress. Sorely needed now are careful
experiments in several areas backed up by analysis for different classes of materials.
Constitutive material equations that are universally accepted have yet to be developed.
Satisfactory constants for existing creep laws and materials in common usage are not widely
available, more work needs to be done with the creep hardening laws,compressive creep strains;
the 1ist is long. There {s no question but that our ability to conduct analysis has far
outstripped our knowledge of the 'materials to be analyzed. Identically the same conclusion,
which is really a plea to the experimental comunity, was reached by Finnie [39], in 1966.
The imbalance between analysis and experiment which he noted then has worsened at an
accelerated rate in the intervening five years.
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DISCUSSION

R. K. PENNY, U. K.

Q

designers good guidance in the initial design stages and in providing safety margins that will

I believe the lower bound results for collapse pressures are useful in giving
help to account for imponderables such as material variations, geometry variations and so

on. The finite element method merely helps in assessing how good the bound is and also in

accounting for detailed geometrical features - but not the imponderables.

A

entire design process, several types and kinds of analysis are useful from back-of-the-enve-

R. L. CLOUD, U.S. A,

Agreed, and in the past these results have been very useful. In general, in the

lope type to the most sophisticated.
However, one point I do make is that in the near future we will almost certainly be making
plastic-large deflection calculations on a routine basis in the analysis of nuclear plants for

accident conditions. And I further suggest this evidences a rapid rate of change of technology.

O W.T. LAWTON, U.K

The use by Dr. Cloud of limit load analysis to determine the strength of torispher-
ical ends is of course only valid if this is the mode of failure in practice. Now, with the use
of very high D/t ratios for the low-pressure vessels commonly met in fast reactor design,
wrinkling in the knuckle region is likely to occur at a pressure lower than the classical lim-
it pressure. Would Dr. Cloud comment, please, on this problem particularly in the range of
D/t ratios where wrinkling occurs after the occurrence of some yielding. A formula of the
type
1

1
...P_.+._

1
Pu L PE

where P is the actual collapse pressure
PL is the limit pressure
PE is the elastic wrinkling pressure

would seem to have some merit as an empirical approach.

A

discussed at length in Ref. (7) of the paper. In the region approaching that where instability

R. L. CLOUD, U.S. A,

Correct, very thin heads can and do fail by an instability mode. This question is

failure does occur, I would agree that the approximation suggested is not at all an unreason-

able one.



