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1. 1INTRODUCTION

There is some interest among geneticists in measurements, based on
electrophoretic data, of the genetic diversity among populations and in
the relationship of such measurements to particular models for the
evolution of populations. The study of such measures of genetic
divefsity or distance has been described by Kirk (1977) as a "major
growth industry" and that author has added that 'mew measures of
distance come off the assembly line almost as frequently as new car

' This work is concerned with a preexisting measure of genetic

models.’
distance and addresses the problem of estimating this distance when
multilocus data are available.

The need for a genetic distance, from which time since divergence
can be recovered, for instances of short-term evolution is described in
Chapter 2. The model upon which such a genetic distance is based is
explicated and the notation utilized in the rest of the thesis is also
described in that chapter.

In Chapter 3 an analysis of variance with a structure reflecting the
model presented in Chapter 2 is described. Such an analysis of variance
was presented by Cockerham (1969) for the case of one locus and Cockerham
and Weir (1977) for the case of two loci. Variances and covariances of
the estimated variance components in this analysis of variance are
presented. The expressions for these variances and covariances are
completely general and apply to any regular system of mating. They are
consequently rather tedious to derive and complete details of their
derivations are put in an appendix. These expressions may be trans-

lated into functions of descent measures and initial gene frequencies



and this translation is simplified if linkage equilibria are assumed to
exist in the initial reference population at all pairs of scored loci.
Four estimators of the distance measure are introduced and some limited
properties of these estimators are presented, the most notable being
that for large numbers of replicate populations the estimators are
asymptotically normal. The asymptotic variances of these estimators
are compared for the special case of monoecious random mating popula-
tions with random selfing. The results of a small simulation study
designed to illuminate the small sample properties of these estimators
for the case of monoecy and two-scored loci are presented in Chapter 4.
The effects of some failures of assumptions on the methods presented
in Chapters 3 and 4 are briefly described in Chapter 5 and a discussion of
the relationship of this study to previous studies and recommendations
for future research are presented in Chapter 6. A summary, Chapter 7,

completes the thesis.



2. GENETIC DISTANCE AND THE COANCESTRY COEFFICIENT

A genetic distance is a scalar quantity which aims to measure how
different a pair of populations, or possibly several populations, are in
their genetic constitution. The literature concerning genetic distances
is vast but has been thoroughly reviewed by, for example, Goodman (1972),
Smith (1977) and Nei (1978a). 1In this chapter, a brief discussion of
previous studies is presented, the use of gene identity measures as
genetic distances for isolated populations which have evolved over a
short time is described, and the model and notational tools upon which

this thesis is founded are presented.

2.1 Background

Prior to 1970 most genetic distances (see, for example, Smith, 1977)
were constructed to serve solely as scalar-valued discriminants between
currently constituted populations. As such, they were closely related
to geometric distances with populations being represented by points in
Euclidean space. If two populations had similar "genetic constitutions,"
that is, similar gene frequencies, their genetic distance was by con-
struction small. Often small genetic distance was construed to mean
that the pair of populations were recently descended from a common
ancestral population (the underlying model of the evolution of the
populations being that of a tree rather than a web). The recovery of
time since divergence from these distances was next to impossible as
the distances were based on analyses which were local in time.

The need for a genetic distance from which divergence time could be
recovered was initially met by Nei (1972, 1973), Latter (1973) and

Morton (1973) although such distances were inherent in the work of



Malécot (1948, 1969), Wright (1965) and Cockerham (1967, 1969). The
"standard genetic distance" proposed by Nei (1972) for the study of the

long-term evolution of two populations X and Y is given by

D = -loge I
where
I= JXY//JX v (2.1.1)

JXY is the probability that a genme chosen at random from population X
is identical in state to a gene chosen at random from population Y, and
JX is the probability that two randomly chosen genes from population X

are identical in state, with a similar definition for JY. If more than

one locus is studied, the J's are arithmetically averaged over loci
. before inclusion in (2.1.1). The model of evolution which Nei used to

arrive at his distance measure appears to have the following features:

(1) Initially, at time zero, a random mating population in Hardy-
Weinberg equilibrium, in linkage equilibrium at all pairs of loci, and
in drift-mutation equilibrium "splits" into two identical populations
which remain isolated.

(ii) At the unknown time t at which the genetic distance between
the two populations is required, the populations are still in the three
types of equilibrium mentioned in (i).

(iii) All new mutations are unique (an infinite-alleles model).

(iv) No selection.

(v) Equal population sizes or equal effective population sizes.

The effect of assumption (i) is to eliminate a source of sampling

‘ variation due to the fission process and to ensure that I at time zero

is equal to one. The infinite-alleles model and this splitting process



also ensure that "identity in state'" is equivalent to "identity by
descent" so that Nei is able to use the recursion for identity given

by Kimura and Crow (1964) to obtain at time t,

I e-2vt

where v is the mutation rate. Thus,

D ¥ 2vt

and this standard genetic distance is approximately a linear function of
divergence time. In Nei's treatment of the variance of estimators of I
(Nei and Roychoudhury, 1974; Nei, 1978b) the total variance of an
estimator of I can be partitioned into components for loci and genes
within loci, because loci are assumed to be independent and mating is
assumed to be random. Cockerham, Weir and Reynolds (1981), however,
show that when these assumptions do not hold, the partition of variation
of identity measures generates labels for populations, loci, loci by
populations, individuals within populations, and loci by individuals
within populations. Moreover, in the partition of the total variance of
actual inbreeding, the component of variance for loci is zero as each
locus has the same expected inbreeding, but how these components relate
to the components of variance for estimators of I is not clear.

Latter (1973) suggested that the mean coefficient of kinship within
populations or the average coancestry coefficient, where the averaging
is essentially over all pairs of individuals within populations and all
replicate populations, may be used as a measure of genetic distance
between two populations for the case of drift alone and drift plus
mutation to novel alleles. He presented an estimator of this distance

which, apart from a small correction factor, was a weighted average over



all scored alleles and all scored loci of the estimator of the co-
ancestry coefficient proposed by Cockerham (1969) for the case of two
alleles at one locus.

Cockerham (1979) proposed that the coancestry coefficient, denoted
by 51 or 6 in the sequel and defined as the average of the N(N-1)/2
coancestries eXY of pairs of individuals X and Y in a population of

size N could be used as a genetic distance between a pair or among

several populations. The coancestry 8 of a pair of individuals X

XY
and Y within a population is defined in Table 2.1 which is adapted from
Cockerham (1971). One feature of the coancestry coefficient is that
for many mating systems involving finite populations it is a mono-
tonically increasing function of generation time t so that given

. information about the mating system and making some assumptions about
the fission process, time since fission or divergence can be recovered

from knowledge of 8 For example, for a monoecious population of

1
size N mating at random including a random amount of selfing, 51 at

time t is equal to

1zt
l—(l N
so that
.- 1oge(l—el)

N =
A =2N loge(l 61)

while for a monoecious population of size N mating at random but

excluding selfing 8. at time t is equal to

1

|
(l+r [_(N -1 -1)] - (kx r[ -1)]



Table 2.1 Descent measures for one locus.

Measure® Identity relationb
FX X = X

eXY X =y

'YXY X=X =y
Yxvz XZyzz
GXY Xzx" =y=y
(SXYZ X T x" =y =z
GXYZW Xy Zzzw
A%+y X=y, x" =y
5.9 x 2x% y=y”
Aiwz X Ty, X~ % 2
%%.vz X=x,y=z
AXY.ZW Xy, 23w

a .
Different upper case subscripts denote different random
individuals.

bLower case letters denote random genes from corresponding
upper case individuals. Primes denote different genes. Nothing
is implied about genes not shown to be identical by descent.



where r = and t may be recovered by tabular or graphical means.

N

o
Recognizing that the assumptions concerning equilibria in the

sampled populations, which are made in the derivation of Nei's measure
of genetic distance are inappropriate for populations which have only
recently split from a common ancestral population, the remainder of
this chapter, and the thesis, is devoted to the use of the coancestry
coefficient and other functions of gene identity measures as genetic

distances.

2.2 The Model
The model for the fission process and other sampling processes is

presented diagrammatically in Figure 2.1. An initial reference populationm,

iNITIAL REFERENCE
POPULATION

GENERATICN é Ll %
N

0 N FOUNCER  POFULATIONS

=z

N N N

i i i

3 + 3

T- N N N
L n N | SZMPLED PCPULATIONS n

Figure 2.1 The model. Straight arrows represent sampling of
offspring from progeny arrays. Jagged arrows
represent the formation of the isolated populations.



noninbred, essentially infinite, in Hardy-Weinberg equilibrium at each
locus, but not necessarily in linkage equilibrium at every pair of loci,
is imagined. Replicate populations begin as independent random
samples of size N from the initial reference population at time zéro.
Generations are discrete, there is no selection, and replicate popula-
tions are assumed to remain isolated and constant in size. Each
replicate population at a certain generation time is a random sample of
size N from the conceptually infinite offspring array generated according
to the rules of the mating system by that replicate population in the
previous generation. The samples at generation t are from the concep-
tually infinite offspring arrays generated by the replicate populations
in generation t-l1 so that the sample size, n, may be greater than the
size, N, of each replicate population.

This model, which has a long history in population genetics and
essentially dates back to the work of Wahlund (see, for example,
Cockerham, 1973) differs in several key respects to the model utilized
by Nei (1972, 1978a). Firstly, the founder populations are not
necessarily identical and as independent random samples of finite size
N may not be in Hardy-Weinberg equilibrium or linkage equilibrium.
Secondly, this model is not restricted to binary fission, and thirdly,

mating systems other than monoecy can be subsumed under the model.

2.3 Notation
In the sequel, several notations are used to denote various
probabilities of states of identity between and among genes. While all
these notations have appeared in the literature before, they are

gathered here for ease of reference. The necessary one-locus descent
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measures have been given in Table 2.,1. These one-locus measures are
expectations over all replicate populations, and over all pairs, triples
or quadruples of individuals (whichever the case may be) in each
replicate population.

Initially, in Chapter 3, the digenic descent measures F , IF and 16

are used to express equivalence relationships between genes at different

loci. Definitions of these descent measures can be found in Cockerham
and Weir (1977). Later in Chapter 3 and the rest of the thesis,
particularly in the derivation of variances and covariances of estimated
variance components, linkage disequilibria between pairs of loci in the
initial reference population are assumed to be zero so that these
descent measures and their precursors in Cockerham and Weir (1973) are
not required in the translation of frequencies of gene combinations to
functions of descent measures and gene frequencies.

The notation for the frequencies of various gene combinations is
given in Weir and Hill (1980) and Weir, Cockerham and Reynolds (1981).
For combinations of genes at one locus, horizontal and vertical bars

separate genes from different individuals, so that, for example,

5 T

is the probability that a random gene from a locus in a randomly chosen
individual is allele A and that a randomly chosen gene from the same
locus in another randomly chosen individual is also allele A. This

probability is given by

A = -2
Py = 0p * (1-6))p,
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where Py is the frequency of allele A in the initial reference popula-
tion. As another example, consider the probability that three genes
chosen at random from the same locus in three different randomly chosen

individuals are all allele A. This probability, denoted by

A,A
PA .
is given by

3
N

YeyzPa + 30y, Ps + (1-30+2y,)p
For combinations of genes at two loci, the necessary notation is given in
Tables 2.2 and 2.3 which are both adapted from Weir and Hill (1980). 1In
Table 2.3, horizontal and vertical bars separate genes in different
individuals while diagonal bars separate genes on different gametes
within the same individual. For example, assuming that linkage dis-

equilibrium in the initial population is zero, the frequency of the

double homozygote AABB is given by

AB _ 2 2 2 2
Pa = F11PaPp + F1gPaPg * F1PaPp * FoPaPs (2.3.1)
= (1-2P+8,)P. D, + (P-8,) (P p24+p2p.) + 6.p2p2 (2.3.2)
1)P5Pp 17 (PpPp*P,Py 1PAPp - -3

Equation (2.3.1) can be deduced from Table IV of Cockerham and Weir
(1973) and involves probabilities of identity by descent. The
equivalent expression in equation (2.3.2) involves the probabilities of
nonidentity given in Tables 22 and 2.3 and reduces to the appropriate
expression in Table 2.3.

As another example consider the probability that in two randomly
chosen individuals, one is homozygous for allele A at the first locus

and a randomly chosen gene from the second locus of this individual is



Table 2.2 Nonidentity descent measures for two loci.

gggggggé Gene arrangementsb

8, (abja’p")

8, (ab)(a'd’)

r, (ab)(a’|b")

T, (abla’) (b’) or (ablb’)(a”)
1'3 (ab)(a’)(b")

8" (a|p)(a’|p"

a,* (ala") (b]®")

a,* | (alb)(a")(b")

Aa* (a]a’)(b)(b") or (bjb’)(a)(a")
AS* (a) (@) (®) (v

%The probability that genes a, a” at one locus are not
identical by descent, and genes b, b” at a second locus are
also not identical by descent.

bBars separate genes on separate gametes and parentheses
separate genes in separate individuals.

12



Table 2.3 Frequencies of gene combinations at two loci.

Coefficient of

a
Frequency PsP3 PpPg(2 -p, - pp) Py (1-py )P (1-py)
pAB L
b 1
A2 1
AB AB
-P
LSO 2
PA B - PA B 2 -P
Al 3
AB AB =
O 2
A3 oA/3 2 -z
A . . 3
AlB . _Al3 -
Pm—: + PTTE- 2 a1
A3 -p .
PAB ! Tl
AB
A S -1 r
V) ! "1
A3 ._,_A_B - ot 2
FAB+‘A13 2 (P +1I) 2r,
A3 -
- -
-A§3 1 u I'3
A/3 - *
Pas : T E *
Al3 *
PA‘B l P Az
A/3 - *
AlB Al3 . *
NFRRVE 2 -@+Q 2,
Al3 - A *
P-:rg 1 i =5
@ P=1-F, I1=1-9
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. allele B, while a randomly chosen gene from the second locus of the

second individual is allele B. This probability is given by

22
2PAPR

2 2_
alB = A-P-THT)p,apg + (M-Ty)p py + (P=T))p,pp + T

= PpPg = P Pppg(1-p,) - M p,py(1-py) + T,p,(1-p,)p;(1-py) .
The advantage of working with nonidentity rather than identity
when studying gene combinations involving two loci is simply that the

transition equations for the two-locus nonidentity measures are homogeneous

(Weir, Avery and Hill, 1980).
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3. ESTIMATION OF THE COANCESTRY COEFFICIENT USING

MULTILOCUS GENOTYPIC DATA

Estimation of the coancestry coefficient in the one-locus case,
when the unit of observation is the gene, has been treated extensively
by Cockerham (1969, 1973). As a paradigm for further work, the estima-
tion of the coancestry coefficient when two loci each with two co-

dominant alleles are scored, is discussed in some detail.

3.1 Two Loci Each with Two Codominant Alleles

For the kth gamete in the jth individual in the ith population,

consider the random vector of indicator random variables

i3k T | Fija (3.1.1)
*ijk2
where xijkl = 1 if gamete k in individual j in population i carries

allele A at the first locus,

0 otherwise;

and where,

Xiij 1 if gamete k in individual j in population i carries

allele B at the second locus,

0 otherwise.

Such a random vector is defined in Cockerham and Weir (1977). The
expectation of this random vector over the three stages of sampling (a
population from an infinite array of replicate populations, n individuals
from an infinite progeny array in each replication population and a

complete sample or census of the two haplotypes or gametes within each
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sampled individual) is simply the vector of frequencies of allele A

and allele B in the initial population,

Expectations of various products of these random vectors are as follows:

T A. _AB =1
E = =
IR F., P Py PAPR*+F 443
AB OB '1
P, P, PP +F 44y Py
=Zp+tu
E(x,, x'. ,) = —PA pA/B = 2,5 1-p,) +.F ]
%1 3k51 K’ A . PatFiPy(1-py)  pppp+ Fa |
A/B B - 2 - :
+ -
PO 0B PpPg ¥ 1Flyp Pt ¥ pg(l-pp)
T
= cab + ) R k#k’
T A AlB 2 - - h
Ex, szij,k,) Py P —’ = rpA-*-elpA(l-pA) PoPpt18 4,5
h|
AlB B - 2 = |
A J PyPpt 18 Lyp pB+81pB(1-pB)_
T
= Ga+ ik ’ J #j’ ’
[ 2 T ,
E(’-‘ijk’fl’g’k’) = I_pA PAPy =pgu o, L#Fi7
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In Table 3.1 a bivariate analysis of variance for the random vector
Eijk is presented. Two decompositions of the bivariate analogs of
expected mean squares are given. The first decomposition is standard
(see, for example, Bock, 1975) and is in terms of variance—covariénce
component matrices. The second decomposition is a bivariate analog of
the covariance representation given by Cockerham (1969). It should be
noted that the first decomposition differs a little from that given by
Cockerham (1969, 1973) and Cockerham and Weir (1977). Those authors
write expected mean squares as linear combinations of components of
variation which are equivalent to the '"polykays'" of Tukey (1956) and
the "cap sigmas" of Zyskind (1962). The decomposition, in Table 3.1,
which takes into account the complete sampling at the third stage
(gametes within individuals) may be slightly more customary. Certainly
the condition for a parametrically negative component of variation for
individuals within populations is more stringent with the present
decomposition. The condition is Fl < 51 with the previous authors'
decomposition but %{1+F1) < 51 with the present decomposition.

Quadratic unbiased estimators of the variance-covariance component

matrices Zc’ Z, and Za are, respectively:

b
S = -3 [Z LIz Z Z
c an i3k -le—le 2 ( k)(k 1_']k)]
_ 1 r.ax. 2. 1 2.
" 2an .Né. N, .N%Z + .Nll
11 12
-( Ny 2 N+ N )
11 .1 2
Mo, % N N+ N,
21 21
-(N 12+2 Nt N -
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5y =ﬁ[%f ?(i}fijk)(z ’_‘uk) '?Li(JZ =t k)(Z Z xiJk)] (]
- weD [ .Ni: Paea | e ezt ]
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where the genotype counts (the N's) are defined in Table 3.2. The
estimators of the variances are in fact minimum-variance-quadratic-
unbiased as the third and fourth moments of the components of §ijk are
finite (Graybill and Hultquist, 1961).

Table 3.2 Gametic counts for the ith sampled population.

Gamete 2
AB AB’ A’B A’B’

11 11 11 11 11

AB i1 iN12 iN21 iN22 N,

, 12 12 12 12 12

AB iV11 iN12 iNa1 iN22 1N,

Gamete 1

, 21 21 21 21 21

A'B iN11 iN12 i¥21 iN22 N,

) 22 22 22 22 22

A"B iN11 iN12 iV21 iN22 iV,
iN11 iN12 i%o1 iN22 (N, =n

It should be noted that while the off-diagonal elements of these
observed variance-covariance component matrices require the detection
of coupling and repulsion double heterozygotes, the diagonal elements
do not share this requirement and merely require single locus genotypic
counts.

Several approaches which may lead to the recovery of the coancestry
coefficient from these observed variance-covariance matrices are possible.
One approach, as 51 in the one-locus case is an intraclass correlation,

is to search for bivariate analogs of the intraclass correlation and take
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appropriate scalar functions of them. Two possibilities for bivariate

analogs of the intraclass correlation are (where + denotes elementwise

division):
R, =Z + 3. = |8 5/F+
1 a T 1 1
- =1 =
le/F el
and
_ -1
R, = ZazT
- = =12 - =1
) 81000y = 18 F o, p  (18-6,F )4, 50
= -1 2
a,a, - (Fa, ) - =1 - -=1 2
172 . AB (16 elF )AABOL2 Glalaz - leF AAB

where @, = pA(l-pA) and a, = pB(l-pB).

Three scalar functions which either extricate 51 or at least come close

to extricating 51 are as follows:

l _ =
E-tr(Rl) = 61 s (3.1.2)
- -~ =12
6.a.0 8 F A
Ly =222 1 AB (3.1.3)
2 2 . ST
1%2 AB
and - =1 2 Ny —
elalaz - leF AAB + (16—61F )AAB alaz
(R,) = , (3.1.4)
max 2 2

1
ajay = (F74,p)

where tr denotes the trace of a matrix and Amax denotes the largest
eigenvalue. When there is no linkage disequilibrium in the initial

population (AAB=O), all three scalar functions are equal to 6 Both

1
equation (3.1.3) and equation (3.1.4) along with eight other scalar

functions have been suggested by Ahrens (1976) as possible generaliza-

tions of the intraclass correlation coefficient. The procedure
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suggested by Ahrens for estimating such quantities is simply to replace
Za and ZT in equations (3.1.3) and (3.1.4) by Sa and ST’ respectively,
where S, = l—Sc + 5

T 2 b
(3.1.2) and subsequently 51 is estimated by an unweighted average,

+ Sa' Thus, for example, the quantity in equation

namely,

=S (1,1) Sa(Z,Z).l

v l i a
g == | + | . (3.1.5)
2 L5, (1,1) 7 5,(2,2) ]

Another suggestion, due to Cockerham (1979), is to use the
weighted average,

S (L,1)+s (2,2)
5= -2 a
ST(l,l)-+ST(2,2) ’ (3.1.6)

as an estimator of the coancestry coefficient. The rationale behind
this suggestion is that when the observed variance components in
equation (3.1.6) are replaced by their expectations, the result is
tr(Ea)/tr(ZT) = 51. As estimators of the coancestry coefficient, these
quantities in equations (3.1.5) and (3.1.6) do not readily appear to
have their genesis in some optimization problem.

Recognizing the nonlinear structure of Za’ £, and Zc, another

b
approach is to adapt the methodology of Joreskog (1970) and Browne (1974),
reviewed in Joreskog (1978), for estimating the parameters in covariance
matrices with nonlinear structure, to the problem of estimating the
coancestry coefficient.

In order to simplify the discussion some changes in notation are

made. Let,
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- - 1+F

S = [w Vv ’ L= [G -9 Dy
v w 1+F
L 24 -Db (T- 8) a,
S, = ’rl u ] »and I = '(l-F)al D,
-u r2.| ch (l‘F) az

= = = 3 = L7l 5., 3
where o, = pA(l—pA), &y pB(l pB), D, = 184,55 D = 2(F +F Zle)AAB’ and
Dc = (fl-lf)AAB and where the subscripts and bars have been deleted from
the inbreeding coefficient (fl) and the coancestry coefficient (51).
Noting that the expectations of y, v and u do not depend on F, 8, @) or

s only the diagonal elements of the variance-covariance component

matrices need to be considered. Let,

ET = [zl,zz,wl,wz,rl,rzl . (3.1.7)
Then,
T T r 1+F 14F . ) 1
Es™) = oTep = [ooy 60y, (BE - 0)ap, (HE - 6)y, (1-Flay, (1-Fayy |
where,
YT = [o),@,,6,F] . (3.1.8)

The estimation problem can now be viewed as the fitting of the
vector o(Y), which depénds on four parameters, to the observed vector s
containing six observations and bears a close resemblance to the type of
problem considered by Browne (1974).

Before proceeding further, the variance-covariance matrix of the
observed vector s is presented in the next section. Knowledge of this
matrix allows asymptotic variances of estimators such as § and § to be
derived and, of course, influences the choice of objective function to

be minimized in the fitting of g(y) to s.
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3.1.1 The Variance-Covariance Matrix of the Estimators of the Variance

Components

The variance-covariance matrix of the vector s of the .estimated

variance components can be written in the form:

1 1. 1
Var(§) = EA + ans + m’l‘

1 1 1

U

2Dt a@Dn! t a2t (3.1.9)

The component matrices &, ¥ and 0 are as follows:

- 2 2 -
_ A 2 A|B
=2 (PK - PA) (P. . - pApB)
2 2 0
AlB B 2 274
(F " - p,py) (Fg - pg)
X 492 4%
_ . T A A A/B_, A|B i}
¥=2 | (p, + P, - 2P0 (P +P, 2P )
A2 AlB
x (B = py) x (P -p,pp) .
274
AB, A/B_ A|B B B
(" l 2p”'") (Pp + Py = 2P)
B B 2
x (P. ~P,Pg) x (Py - py)
1 ot AB _A/B . A|B.? ]
Q=3 ( 2p—) (P*°+P 2P )
PATEA e T 0
2 2 274
AB__ A/B AlB B ., B
(P 2P ] ) (pB+PB—2P§)
4% 4% |

1
T=3 A, A
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where the submatrix A is given by,

a= [+ lA Pi’ﬁ PB4 2pA/B 4 P%%%
Pﬁx—?”l’Aﬁ % R AN |
oty el 2R

I

The component matrices A and = may be partitioned into 2 x 2 submatrices

in the manner,

A=k qQ R ==[8 £ g
e L s EE ¢ H
Rl st oy ¢ ®'

The elements of the submatrices of A and = are presented in Tables 3.3
and 3.4, respectively. Complete details of the derivation of these
variances and covariances of the elements of the vector s are relegated
to Appendix 9.1.

It is clear that the variance-covariance matrix of s depends not
only on the parameter vector 1T = [al,az,e,F] but also on the three-
gene, four-gene and two-gene-pair probability functions for one locus
introduced by Cockerham (1971) and on the two locus descent measures
discussed in Weir, Avery and Hill (1980) and Weir and Hill (1980).
Note, however, that the assumption of linkage equilibrium in the initial
population has simplified the expression, in terms of descent measures,
of those elements of the matrix which involve two loci. If this
assumption is false, the more general formulation of Cockerham and

Weir (1973) is required.



26

Nﬁmmu.:mm BOz-3) N.*BNVx 3N §ﬁ| Nwrx N>X>¢ .
z .t 1
hﬁ.f./..wm,f .ﬁ..v.n<+A.. .u.mwN.f.. .u.fv l......o I. ?N?N.TGH‘
(a-)fa [NERY IR 2R B 4 Mg 46) 7]

Fd-¥a¥a-pVa m o B2-a+D) m-mq+m< - m

N:>0N -

) m+=~§3+:~.>x§ 2 A

¥ c T
C d-p¥d _(ez-a
< [P 5

e R MR 2K e-.«.&c .m+»w>~+m“_~ -

(YaopyYa TN TR TN By Dz 40 2]
((a-niac g - MR¥gq M2 RNgg) o (Byop)BtiZR%,

a-n%a¥a-n¥ar e-v- 9]

9, _(ale, gla
d) - -2
a+"d) An gd m_ﬁ:

g 2

_HANmN “q

q|v,, 9] 1Y q|v
+m_<m+w+«m+m._dmv z m—

al-. v, -9
<m+m_<m+m_<m+m_<&:

. g 11y
mv - _m: _ dz+gd)

mm
-]

[,Gee

4

m < <<
m!..u mv |
d+ VA«..mo <m+

giv g|v
(B3az - 3|3

_H Am.:- x+<n_v Al_rnm-m_<m+¢_|«mv «-«_«m+«~wm~+«&m

z
§,,9.8 g ’ alq
d+ 284 g, . (8 _
( +m NiT\ Y %mmv m.mm
a4, a,v AT A | U RV AN (L
avd - a¥a .T|+| d d- az - (L) -
A m_<v .~+A m«v NA m%v ¢ Am&?mv qve

(01

191 =@

(1'01

(z°z

(T'e = (DA

(Va-p)Ya( o - MRRgg _MT-RKgey | (Vg q) VgHZRX, (Yauda¥ar - ¥ Vay - (32)- 2% R
4 T ¢ € <_< / /< V¥
S2INSESW USISIP JO Swa9l uy uorssaidxy SuoyjeuTquWod ausl yo seiouanbaay JO sw193 ul uorssaiadxy sauomayy

+

*V Jo s2drajvuqns 3yl Jo SIUAWRTD Ayl ¢°¢ ITqel



27

Ea-nacta-n’a (Soz- e co- nez-a+1]

Ea-niaa-n¥a vz- e e - :GN-%LLW

-AJ :42 c«+mm-=§§cﬁ +

Mz Ko | ZAKgo | TAXy, | ZAHXG, (ZReXgy

(Vaupy Va(MZR%y, _ ZRR +~§5”_ m

q, .4
( R_-:N&% -

?.m«& - m_«m m?mvmam B

A«&-«m+<aan~-Mauv.vﬂ.«ﬁ-m_«:m_&ﬁ_m (100
?m_d.\mw i _ n_< a)7az -
(§az- da+¥a)(Ja- o) +MTJ~ - T +ITL (Z*Ud

Qﬂ_!mw - * d+3 va

A«,a - «m+<&v@m - M&v +.ﬂdh -n? +«L m (1'vd

z
....a@c.. w¢N+.. 2 +Vm>m+®¢|v+amaﬂ—vm&ﬂ:: +¥.M~>Nl®v \mm-m X m.m m~:.mm @on
28 4 - gledtale®® T
g, 4, Vi .V LAY R AN A AN LAY . .
d-p (Y- ¥ar_(a-1) - L FAYA U F AT - -
(474 (Y1) 4 (2D o] Anm X«h v n_<m+Am_<m+m_<& m_<m (DN = (DR
(Ya-p¥a( a- Moo - Mgz 4
4 T T
R v
32X o Migror) + (Ya-nVad e Mz -0) A«m-ﬁg «T.T. ‘ 4z - 33 (1'DR
. v
saanseam JuadsSep jOo SWIIY U uofesaidxy suorIeuyquUod audd jo soyouanbaiy jo sSwidI UT uUoTIssaadxy s3uaWa T3

i

(P2nuTIEOD) £ 2TaTI



28

Nﬁma-:waﬁm: (M7 TR Xg) L TR g TRy

Aoy Ta(ZR%y . 7%y
F-n¥aVa-n¥arly - @-n -]
Fd-1¥a¥a-pYarly - (0-1) (D]

L0 Tdl0a+ (Mg TNy L Pgg 4 TR g 4

(Va-1) Va (¥, . 7R%y,

Ana-cw&NmN +0a-12%%01 4

Am_mm -m.mvn& - Awm - mn_v@m - w&v +mwmm -.w_,lwm (z'z
(afva- gpoa)oz - (a- Ye)(Ea - So2) o ] Va - s Uk
g a)¥az - -mn V- Vag)+ 8| Y- 1Yy (2 Dy
alv m_< v give gV
(3-8~ (fa- ) S 20 -<f

“z
Mz-x 23X, _ ZAH 2X- ? 33z-; m+ %mm«
Xpg - Th¥gq . Xy, L Ty, L 2R gy 4 71ad " gla )
84_1y8q(MZRX,, _ ZRX, . ZAX\\7 2 Am q. .4 Xm g V glg gz .
d-p¥d X YK 84z - aYE,.94 .2
(Td-1)"d( 124 9+ v._ 7 gdZ - gd+ gd- % +BmmN m+m_mm (Db
+mmu=mmwe Ju30SsaIP 3O SwWIdT Ul uorssaadxy SuoTiIeUTqUWOD dsudd yo sarousnbaay jo swisy ur uorssaadxy sauawary

(panur3uc)) ¢ 21qey



29

-poumgse useq sey UNTIGITINDISTP 33eduI TeTIITUT ON ‘

MN}-:M&EN- 2+ %0 -

4
FRE L LT Xy 2 P Rhog s M Ryr e X0y —on-] 4
g q gja__-|¢g ajg. _9.12 .
(Fa-ylap (PR% - 2Xny 7 - Mg -m“; < _HAmﬁ - qa+ axmm - mv - Aﬂrm -m_'mmv z- me -mmu_ < (Vs
CONEE - SO Ve SR AN
ﬁ g3 " gdt VA<m v
fE, ¥, ¥ Y z alv, g NZ LA S AUE | EPEI ‘
e 4 d-1) "d{(8z-3+1) (2-1) -m< -*<Nuw 5 Am_<m..m+«mv z Am_<m‘.m‘<mv m_<m.?m_<mu i a‘os
L SR AVE: SR A
ﬁAﬂmN <&+ VAmm /
% PN NN A z qv._-|v alv_.al-N_ |V, -2 .
- (4-07d(d-1) "d[Bz-HD (-1 -%-%Sw 1 Am_dm-m <mv N-AL<m+L<mv m_<m+m_<£ 1 (z*US
*NAJ-:M&EN - ~m+§.«ﬁ_ -
(%0 4 Ky 1 4+ P 4 Mgg o Moz 2Ky g0 +
vy, vle v ]
(o a7y o) £ (R VRO NCLSE AR IR aros
sainseaw JUADSIP JO SWIII uy uoyssaadxy suoyleurquod 2uad jo sayouanbaiy jo swiay ur worssaadxy sjuawaTy

i

(panuUTIu0)) €€ 3TGFL



30

Ea-ntacte-nTar+ Soz- ote fr-Lor- (& - @&m

| MZ-AX,. _
{2 99+ NZ-3G,

IA¥09 - PNy 4 TNy £ P Aoy e 4

(Ya-1)Yar (MR

Meg - Mhea 5. Mos Mt s60)8+a82-2-1 +

MZAX, _ ZAX

C-D VTN L2 L 0 20 AN e Mt 402 - a+} 3 s

T Eap mﬁ TGy MERKy g ZRYoo  ZMHKG.  TAK (ZAXy, oy

Fa-pla(tizh%g, 28X, N;>L~

<l

Fa-p¥acia-p¥adv+ vz - Ce

aly |_l alv. glv. q].. -lv
AAWA_I THg At T 2 +Am_dm+m._<m+&mm+idmv
alv._ g|v \ .
_rAm Fa+g mv ~+|m+|m+l.m+lL Y

v a/v- q9jv

div qi - .|y v lﬂ< Aﬁ. SN . . .o
Am-ﬁ;_%;_%;_& - gv®*gvd*avd) g i tevd

covlv, vy, clvo v
Qq_‘%-qffﬂ_d& ~n+A<_«

v v .
m+<_<m.} +dmmv Z dL+ ¢

a9 9,4 g .ja_ g8, glg __gjg_ -|a-
Sz a)la - LPALY P -
ﬁnmn a+7d) +Am*.mm~ m_nm;& 4 M_.mmw mTfmTﬂ

v, v v g
. a¥a R AU
Qn_ﬁm m\<a+m<mv +A|.Tmm LT é

g va_8lv, _alv. sv.-
-—— — d- -——
AI’IN m}.: mv ..T% vt TR

(1°2)0 = (Z'1)2

‘o

[€ANAL:

(t*)e = ('NDe

ﬁ (Fa-0) a1 4 M2 Mg . Tgq . TRz 4 T 4 TRy - ) 4
Af-sﬁzsﬁxﬁ-N».«fnisu_ z _.Am&- m+<av<eA+m~- _ m+|€<& IT N-«_«?ﬂﬁd z (1‘Da
+mon=mmua Juadsap JO sw1a3 ul uorssaadxg SUOTIBUTqUWOD 3ual Jo gaTouanbaay JO sw1al ul uorssaidxy sjuowaly

*3 JO S2DTIIeUWQNS DY JO SIVDWITD dYL H°¢ 91qe]



31

0g - M2°2%g 4 4 ZR%gg 4

(Mg 2 Xy T Bz -0-79 +

AJ-:Mﬂ_ﬁzﬁx

{[Ghp - Gfvargoe) 2=

at +fu_<m -

VoV MZRX, o | ZRX, o ZAXy, _ AX 4 ﬁfw AM_ sy g 4 .
d-1)¥d Rgg - #A%pg - AN £ - - Yo £
Fa-¥aMei¥gg o 2% 9 m+8y : @.qu M m+<_<mv z- glvac+ ¢ < (‘v
(a0 ladMe 1 MR 2K Mg anraret) +
& q z g, -|€ £ g, 9412 .
d- - ..> - - L - - -0d =2
n¥aMez v+02-4-1) § _Hmm_m.:a_n.: mmy z-gd g 7 (z*Da
4 g, Yy \V 1 A-n v, . /8}-. - <v H“ A 0z . ‘
d-1)"d('d-1) 'd(& - - - L L ( = )
("d-1) d('d-1) Am< 9) Tﬁﬂkn_%;_% m_% z mcm: av? nc z m), vl T (1°2)a = (z°1}4
NAJ.CJA..:S +¥% 2% Mg gnrazeto) +
Vy ¥ R 4 viv., -lv. v V. V.0 2
d- & (a8 A - - < - - -vq: £ ¢
(Va-nVack n+0z-a-1) § hA<_<m+<_<m~ <mv R ERLEE (1'va
a Anﬂ_-:ngizN; SHZ R
Zh%gg . 2 4 2Ky £ ZRKAyy ge o
Moz - M5y - B+ Myt 400)8 4282 - 2] +
it €0 MZRX, _ ZAX, , ZAX AX, ww ?nm LR .mv Amn ._n g\ g . .49,78 .
d- dr - A Yy oA - - - - - d =2
(Td-1)"dr( Q "9+ :n: @+ 514+06)Z - AL+ 1] I afad " gl et t s e+ gigd* g nmq:mmn\. T-gdt+7d g (z'Do
s2108TAW JUAISIP Jo SWIIY UT uorssaadxy suoTIPUIquod Pual jJo S27duanbaiy Jo smisl uy uvoyssaadxgy s3uUl TRy

+

(panurive)) %°f 2I4e]



32

Ca-ndaMezr - M4 8724 P08+ Wi r09-] +
<

. . e, .
Fa-nlap (P - Ty - M L g) _H?_Mm-m.uvu-Mm-mﬁf-m_mm-mmmvw-a_mm-mm @9
Fa-pia¥a-nVey - tne- _HA Va- .mv«- Vag- ! ta+ld A 1-2a) N-ulfm_fu-l.m 1o

t * alvd " g|vd)? avd a/v3* av ._ Vgt eRtte v

Coe . v .

Anm-:m&f-cfaf iDe- ?ﬂ.«m-n?&?w&« v m+ avd f-Am_«m lT& z- < M_¢mN-|m (‘Do
Ca-)TarMozy - PMKyz 4 PRy 4 P0g e My r09-] +

Vo V. ZRX,  ZAX,,, _ AX v, v PR 2 AL L L AN L .

(Td-1) "4 ("%e - Nz - A - 9] Q«._%-mmv z-yd- L a-?_% v <mv Z <Tm e (1'Do

MmﬁmaungmmBN»xow MZ- »xcc;.N>x 99 +

q,_.9,74
= - d °d -
RES S 20 S 2 WS >~-m-uo + %AlTS ( _ a+ &mv - gdt+d,
Gy Ta(MZRXy g | ZRXg o | ZRKy o AX z glg., _sele. -|€ )2 .
(Td-1)"d( 98 + “7i99 A9 >n+m¢ 3 TT? Am_m:m*mva z- _ de+gdy 7 (z'03
I . S AVae - e -
P 2 :.AlT Le-gite mv - Am_<m+n_<mv 4 u *+avitadd]
(“d-1)"d("d-1) "4 <.~+$<+ ,:~- 1] |_l Ll 4
g€ v v v,, 9 RN () FE: COR < .
Aw.T: Tt v A _ m+lev T-grdtg vl tgedf £ (1°0)a
B E -(g Y - .ia -
€ . ¥ " :H/u*lw aite &) v A_.f.n_& : *aite
Fa-naYe-nVariyy+ G+ - - v, el _
g|v v v av, -|v I R A w z .
Am._d.m n\«..: v An_<m+idmv z m\<m+ mN+ 1 Z'13
S2INSEJW JUAISIP JO SWIS] Ul uorssaadxy SuoTIPUTqWOD dudl JO saTduenbaial IO swiol ul uclissaadxy EEREE TR e

¢

(pPnurjuo)) 4°¢ AI9el



33

+pounsse usaq SeY wnTIqy[Inbasip 2Bexquyl JETITUT ON

'
-
[, a-nla [ (Pog - M7+ P00y + kg -
Mozr - M*Ne+2 X2+ Mhgr -oze+an+ o..“_ +
2hYyg L T g Mgy B el ale, _.|g gla, . |9, .8 9 9% .
Fa-n¥a( hg+ Moz + Mhpsg9-a AL 2 Tm_mm < mmv m+m_mﬁ+n Jav+fag-ga-"4) ] (z* 0w
a|v m_< LS o 8,
AAM_< -lev w+A g y¥ m\<m+ m\q
By Sy Ve Voo 2 142 alv,, -|v,\ .« A<.<. Ay .
d-p¥a¥a-nV¥ar(w - tpn-H-T91 & - . ki
Fd-n¥acYa-n Yl - Ly - - Toy Qn_&;_%v m_ m+a_<& 1+ mVN ropdt L. : (1*On
() oS- o
8. v 8a Ve Var % - Zyn - Oy - Tg1 2
Cd-p7dCd-1) AV - “Dy-,9- 8] 7 -
v q] . -y o . qav q- . v . . .o H «
ﬁmn_cm;_«mv m_<m+n_<m”_ ¢ Am<m+n<mv~ m<m~+m\<m+m<& 1 @nu
{ja-n¥a [[PPe- Pz T Ky + 2 Hhe3e -
Bozr- A Nze B Xz Mhor-0zc+aveo-] +
(Y1) Va(PA¥og - PR 4 Moz 4 Mhy 409 - 3-1) ] [(¥lva-+15a) o+ylvaz+ _ an+¥ag - Ya-Vd) I a‘nu
i v|v& TV vV 11
$9InsSEaWm JU2I8AP Jo SWiIAI UF uoyssaxdxy SUOTIEUTqUOD Sudd jo sarouanbaiy Jo Swad) UT UOTSSaadxy sjuawaty

+

(PonuTIU0)) %°g PTYEL



34

As an aside, it can be noted that an estimator of average
heterozygosity for the two loci is
H=1r, + .
17 %2

This estimator has variance,

Var(ﬁ)

Var(rl) + Var(rz) + 2 Cov(rl,rz)

2@ +ue2,2 + (1) +p2,2)]

+

2[ma,2 +1oa,n] .

This expression for the variance of H can be recovered from the general

formula given in Weir, Cockerham and Reynolds (1981).

3.1.2 The Asymptotic Distribution of g as a +

The vector s has expectation o(y) and a variance-covariance matrix
given by equation (3.1.9). As the distribution of Eijk does not appear
to have a closed form for the simplest of mating structures, namely
drift, an exact closed form for the distribution of s for any mating
system seems to be an unreachable goal. The discovery of an asymptotic
distribution for s for a fixed number (a) of sampled populations but for
a large number of sampled individuals within each population (n -+ )
would be a useful contribution as most analyses of population structure
involve only a small number of populations but large samples within each
population. Unfortunately, only gametes sampled from different popula-
tions are assumed to be independent. Gametes sampled frpm the same
population are related. This results in a finite number (a) of sequences

of (n-l1)~dependent random variables, where n - o, but central limit
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theorems for such random variables do not appear to be available .
(Hoeffding and Robbins, 1948, page 775).
The only remaining case is that of an asymptotic distribution for s
as a > ®» when n is fixed. It is standard to show that as a -+ = the vector
s has an asymptotic distribution which is multivariate normal with mean

vector o(y) and variance-covariance matrix,

1 1 1
= —\ <+ =
v aA an” an(n—l)T

(3.1.10)

where A, £ and T are the matrices defined in section 3.1.1. All the
ingredients for the proof of this result are contained in Cramér (1946,
Chapter 28) or Serfling (1980, section 2.2). Nevertheless a proof

outline is included, for the sake of completeness, in Appendix 9.2.

3.1.3 The Estimation of ¥

The fitting of g(Y) to s may be accomplished in several ways
(Joreskog, 1978): Two methods are considered here. Ordinary least
squares consists in minimizing with respect to Y the square of the

Euclidean norm

Ik

Q=||s-om [s - a(1" (s - o(M1. (3.1.11)

Weighted least squares consists in minimizing with respect to Y the

norm,

Q, = [s - a1" Wls - a1, (3.1.12)

where W is a symmetric matrix of weights that is in some sense close to
the inverse of the variance-covariance matrix of s. If W does equal the ‘

inverse of the variance-covariance matrix of s, then the minimization

of QW is more correctly described as generalized least squares.
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Some extra notation and assumptions are introduced by way of the
verification of some regularity conditions:
(i) The elements of o(y) and all partial derivatives of the first
three orders with respect to the elements of Yy are continuous and

bounded in a neighborhood of the true value of Yy designated IO' In fact,

da(y) ,aci)

2y’ (ayj 1]
dg
= aYT
=9 0 @ o ]
0 6 a, 0
%i‘ e 0 oy %’ @)
0 -6 7 %
1-F 0 0 -0y ,
0 1-F 0 ) ]
azci . 1
ayjayk is equal to a constant (-1, 0, =or 1) ,
and
a3ci
5'YjaYk5'YL =0 for all i and any j, k and ¢ .

(ii) The matrix ag/azT is of full column rank so that the matrix,

39y 89 |
‘ay/nayT/

Q
[

ARG

VLTS A T
oY oY



[P ) v am? 0 (26-85) o, (r-te-2)a
0 Fo(H-of van? (10-M) e (Br-bo-d)e
(20-5%) o (-850, 26f+ad)  -1lead
5 1 k) ] 1 3 1 2 2 5 2 2
| Greze-d)y Greze-de  -tairdd Faiedd

is positive definite and, of course, nonsingular. Also if W is positive

definite then

o¢ ¢
W . ] N
S§ ;;f is positive definite.

(1ii) The parameter vector Y is uniquely determined by g(y). This

can be verified by noting that the equatioms,

‘I(Y)‘r‘ﬁ—‘ re"‘1 |
9, 0 a,
3 (12LF-9> ¥
% 1-ZHF 9) %
g (1-F) o
i % i i (1-F) @y i

with the overidentifying conditions 01/02 = 03/04 = 05/06 have solutions

Q
[

1 Ol + 03 +

a2=02+04+

[T ST
w
-
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[e) o)

9= l = 2
o) ¥o3+305 0y, *o,+5 o0
o g

F=1- 2 — =1 - 6 .

op to3 304 gy, t o, 309

Now,
aa(y)

8- 25 - o1t =
ax oY

and this equals the null vector if and only if

2,0 + wl(lzi ~8) + r, (1-F)
al = (3.1.13)

2
o + & - 0 +a-p?

1+F

2,0 +w,(—— - 08) + r_ (1-F)
a, = Z 2 2 » Z (3.1.14)
0% + (lgi -9+ 1-n)?2
(z,-w.) + a. (z,~w.)
1+F - ¢
o- G-y - L L 222 (3.1.15)
@ *+oa
a; (w,=-2r.) + o, (w,-2r.)
+
(J‘TF-S)—Z(I—F)= 11 ; 22 22 (3.1.16)
al + az

Substituting equations (3.1.13) and (3.1.14) into equations (3.1.15)
and (3.1.16) gives two simultaneous cubic equations in 6 and (1+F)/2 -6:
gT K.r =20

T -
g Kzf =0

where



and

wa

(La]

T

3

[, () 0

) of

1+F

o(HE-6), 0, HE-06, 1] ,
= [z§+zz %-l-wg, r§+r§, zlwl+zzw2
T4 0 4 5 6 =10 |
0 4 <4 -5 10 <6
-9 5 4 5 26 -30
5 9 -4 -5 30 -26
8 0 -8 -8-22 26
0 -8 8 8-26 22
8 -8 0 0-52 52
4 0 4 4 26 -24
0 &4 <4 <4 24 <24
Lo o 0o 0 -8 8]
4 0 -4 -5 -6 10 |
o 0 0 o0 0 o0
5 -5 0 0 -20 20
0 =4 4 5 -10 6
4 0 4 8 16 -26
0 4 <4 0 0 -6
O 8 -8 0 20 -32
O 0 0 -4 -8 24
0 =4 4 0 0 16
Lo 0o o0 o0 0 -8 |

__-9>

sy 2

1

2

I'+Z

< 1+F

==-9

22

w.r, +w,r

1

)

1

i
272

39

’
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These equations may be solved for 8 and (1+F)/2-6 by iteration using as

starting values

~ 1
B = (zl+z2)/[zl+zz+w1+wz+§- (r1+r2)]

and
1+F 1
S--6= (w1+wz)/[zl+zr2+w1+w2+2 (r1+r2)] R

respectively. These solutions may then be substituted into equations
(3.1.13) and (3.1.14) to obtain solutions for ay and @+ The numerical
solutions so obtained give rise to the ordinary least squares estimator

of Yy denoted by.i. Now the matrix,

2 2 -
u—;-zrez+<1§—’-e) 0 (46-1-F)ay (37-6-2)a
\ 2 1
a3y
+ (1-n? - (ayu)) - v
0 2, (14 e)z (48-1-F) Gr-e-3)
e+ % 2 7)Y
+ (I-F)2 - (zz-wz) - (% wz-rz)
(48-1-F)a, (46-1-F)ay 2(e} + ) -} @ +ady
- (zl.wl) - (22'“2)
N S e.gl2 CL2egdy 32,2
(FF-9-3)o (Gr-e-2)q 7 (qta) L (a]+a)
1 1
- Gy T Gy ]

is required to be positive definite at the stationary point i for a
minimum to be guaranteed, but because a closed form for i cannot be
obtained, this condition cannot be checked explicitly here. It can be
noted, however, that since S converges in probability to Q(I) as a

-~ = that azQ/B_Y_BIT converges in probability to 2G and this matrix is
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positive definite. Of course in any application the definiteness of
BZQIBXBIT evaluated at the stationary point i can be checked by calcu-
lation of the eigenvalues.

If the matrix of weights W is not a function of Y then the equation,

3Q 3o (Y)

——¥-= -2[s -o(M]" W
3y 3y

may be solved numerically using the following as starting values for

@iy Oy 9 and F, respectively:

1 1
z, +w +-§-(rl) , Z +w2+§(r2) R

1 1 2

P 1
6 = (zl+zz)/[zl+zz+wl+w2+ >

(rl+r2)] ,
and
1 1
[(zl+z2+wl+w2— E{rl+r2)]/[zl+z2+wl+w2+ E{rl+r2)]

The obtained weighted least squares estimator will be denoted by iw.

Following Browne (1974) several asymptotic properties (a - «) of

A

the estimators Y and QW are

(i) Y and Yy are consistent estimators of Y.

(ii)

has an asymptotic distribution which is multivariate normal

1-<>

with mean and variance-covariance matrix,

1<

3a(¥) 3g(¥) _;

-1
G \Y G .
T
aY 3Y
(iidi) iw where W is a fixed positive definite matrix has an

asymptotic distribution which is multivariate normal with mean Y and

variance-covariance matrix,
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-1 ao ao

Uy = (::_-: ) ‘( ) :

(iv) iw, where W is a consistent estimator of V—l, has an
asymptotic distribution which is multivariate normal with mean Yy and

variance-covariance matrix,

ag -1 Bg -1
U=5—V T .

Moreover this estimator is the best weighted least squares estimator in

the sense that

Uw -U

is positive semidefinite.
(v) If W is a consistent estimator of V-l then the asymptotic

distribution of
(s - 0(y.)1% W[s - o(y.)]
2Ty ST 2y

is the central chi-square with 2 degrees of freedom.
Proofs of these properties, which rely on the regularity condi-
tions mentioned earlier, mimic those in Browne (1974) and need not be

presented here. .

3.1.4 Large Sample Variances of Some Estimators of @

Consider the estimator 6 = (zl+z2)/[zl+zz+wl+w2+ 2(r +r2)],

presented in equation (3.1.6), which is also used as a starting value for
both ordinary and weighted least squares estimation. Now 6 is a scalar
function of the vector random variable s which is asymptotically normal

with mean o(y) and variance-covariance matrix V, so by an application
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of the theorem concerning functions of asymptotically normal vectors
[see, for example, Serfling (1980, page 122)], 8 is asymptotically

normal with mean 6 and variance

(g + ) 7 [1-6,1-6,8,-8,~ & 6,- > 6] V| 1-8 (3.1.17)

1 72

Similarly the estimator

v
8

Z zZ
( + l+ l-r * + i<£ r ) ’
2) TV TR FH T Wy TTI,

(YT

presented in equation (3.1.5) is asymptotically normal with mean 8 and

variance gTvg where,

fT-i[_l;e. 1-6 -6 -6 _-8 ;9]
= ’ ] ’ ] 3
- 2 oy ay oy @y 2al 2a2

, T A .
The ordinary least squares estimator 8 = ey Y has asymptotic

variance,
3c 30
=3 3y BYI =3

while the weighted least squares estimator éw = gg jw, when W is a

. , -1 .
consistent estimator of V ©, has asymptotic variance,

3c 3o -1
T _ T 132
gley = e (ESN BYT) &,
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0f course éw, when W is a consistent estimator of V-l, has smaller
asymptotic variance than any other weighted least squares estimator and
8. A direct comparison of 5§U93 and the asymptotic variance of 6 does

1

not appear to be possible as the derivation of a closed form for V - for

any mating system would appear to be intractable.

-

3.2 Many Loci Each with Two Codominant Alleles

The extension of this approach to many loci each with two co-
dominant alleles does not require any new theory. Suppose there are m
. th .th | . .th
loci. For the k haplotype of the j individual in the i popula-
tion, the basic random vector of indicator variables analogous to

equation (3.1.1) is now m-dimensional:

_ B 7] (3.2.1)
Ligk T *ijkl ,
*13k2
*i jkm
- =
where
xijkz = 1 if haplotype k in individual j in population i carries

allele Az at the zth locus,

0 otherwise .

The multivariate analysis of variance for §ijk has the same structure
as before (see Table 3.1). The variance-covariance component matrices

are now m x m instead of 2 x 2 and have the form:



za = 90’1 Dalz LIy Dalm
Da12 %2 . . Dazm
_ Dalm Daom Oy 5
| /14F N\
Iy = ( 2 "8/ D12 y
<1+F_ )
Db12 2 0’2 PR
Dblm Dme s e o
-
F‘
ZZC = (1-]:7’)011 Dch o o e . Dclm
Dc12 (I‘F)Q/z « e o . Dczm
Deim Deom * (1-Fa
L,
where
a,=p,(1-p) ,
D ;= B A s
aLl 1 AiZ,AZ,
D = l-(F1+ F-2,8)a
bea’ 2 1 15754 A,
22
and
D = (fl- Ma
e,/ 177°A A

Dy im

Dyom

45



46

and where P, is the frequency of allele AQ in the initial population and
AAzA is the linkage disequilibrium between allele A2 and allele Al‘ in -
e

the initial population.

The analog of equation (3.1.7) is now

T

§ = [zl’ 22, ey zm, Wl, WZ, vy Wm, rl, rz, s ey rm] . (3.2.2)
so that
Iy = oT(y) = L+F I4F
E(§ ) = g (I) = [eal,eaz,...,eam, 5 —e)al,..., > e)um’
(l-F)al,...,(l-F)am] , (3.2.3)
where
T .

Yy = [al,az,...,am,e,F] .

The estimation problem now consists in fitting the vector 9(1)
which depends on m+2 parameters to the observed vector s which is
comprised of 3m observations. The variance-covariance matrix of s has
elements which are obvious analogs of those elements of the variance-
covariance matrix given in section 3.1.1 and all other results concerning
the asymptotic distribution of s, the estimation of y and large sample
variances of estimators of 6 are readily adapted from sections 3.1.2,
3.1.3 and 3.1.4, respectively.

Note, however, that since the two-locus descent measures depend on
the amount of linkage between the two specified loci, the analog of a

term such as K(1,2) in the variance-covariance matrix of s is

2
-y = [A% -
K(2,27) [AS(A!LJL‘) T Jo 0,

where Azz’ is the linkage parameter for loci % and %°. This means that

the variance-covariance matrix of s depends on a large number of

parameters. For example, if all m(m-1)/2 pairs of loci have different
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linkage parameters then the 3m x 3m variance~covariance matrix is

composed of nonlinear functions of 5m2 - 4m + 12 parameters, that is,

12 one-locus descent measures
m ag's, and

10m(m-1)/2 two-locus descent measures.

One way of reducing the number of parameters is to consider the m loci
to be a random sample from the genome in the sense that the given m
loci, each with a specified g, have m(m-1)/2 linkage parameters which
are a random sample of size m(m-1)/2 from some distribution with mean A
and a range from 0 to 1. Taking expectations over all possible samples
of size m(m-1)/2 of the linkage parameters might allow the replacement
of the 10m(m-1)/2 two-locus descent measures by just 10 two-locus

measures so that, for example,

K(% 2°) = [Ag(i) - Hz]aza.l, .

Such a device is presented in Weir, Avery and Hill (1980) and is
applicable to univariate analyses where loci enter as a classification
variable or label in the analysis of variance and one is arguing to
change the status of loci from that of a fixed effect to a random

effect (see also Cockerham, Weir, Reynolds, 1981). In the present
situation, each locus is a measurement variable and is accorded a dimen-
sion in the measurement space. Thus the present analysis is localized
to a fixed set of loci, and their pairwise linkage parameters, so that
in the sequel the dependence of the two-locus descent measures on the

amount of linkage is not suppressed in the notation.
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3.3 A Special Case--Random Mating

Consider isolated finite monoecious populations, each of size N,
which mate completely at random, including self-fertilization. In this
case the number of one-locus gene identity measures reduces to four

(Cockerham, 1971) in the manner:

8 =F,
T Yy T xvz

b= 833 = 834%™ %%eyz = B4y = A%y-zw °
§ = 8 = 6 8 )

XY - °xvz T °xyzw

The two-locus nonidentity measures reduce to three for each pair of

loci (Weir, Avery and Hill, 1980) in the manner:

8 =8 =98, ,

r = Fl = Fz = F3 ,

[}
[
*
[}
>
*
1]
(=g
*
[}
>

A*®

These three two-locus measures will hereafter be subscripted in the

manner QREJ‘RK and Aﬁl" to indicate the pair of loci being referred to.

Suppose m loci each with two codominant alleles are scored so that

the expected value of the observed vector of variance components is

E(§)=E—Zl = E z
: W
Z
m r
Wy — =
W
m
Ty
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_ - - -
=g@y) =| 6 = | S o
. % (1-8)a
eam
(1-8)a
1 L .
7 (1-0)y

1
5 (1-6)0:m

(1-8)a

where ‘IT = [al,...,am,e] = [o_zT,e]. The component matrices of the

variance~covariance matrix of s given in equation (3.1.9) have the form .
.2
= { *
: 26" [diag(a* a)] Lo
ZmOm : 2m02m
= - { *
7 26(1-e)[diag(a* o)] 1%2m
Zmom 2m02m
1 2 i e (e
Q= !— 5 (1-8)"[diag(a* )] 22m
|
‘ ZmOm 2m02m
1 —
T= 2 ‘ mAm “m'm
i -mAm mm 2m™m .
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where

mAm = (9-2Y+6)diag(g) + (l-66+8y+3A-66)diag(g*g)

+ [® 2T % [ggT - diag(g*g)]

- *
0072 g% 01 g4~

and where the operation * denotes the Hadamard product of two matrices,
diag(a) denotes the diagonal matrix with diagonal elements equal to
those of thevvector @, and | ]22, denotes an m X m matrix with 2,%”
element given by the term enclosed in the brackets.

The matrices T and % may be partitioned into m x m submatrices in

the manner

- 1 R T
A= K 3 R
1 1 1
3 R 4 M 2 M
1 bl
| R 3 M M _j
- - 1 -
= = B E'G G
1 1
2 G A D H
G H D

The submatrices are presented in Table 3.5.
As before, s has an asymptotic distribution (a - ») which is

multivariate normal with mean o(y) and variance-covariance matrix

1 1 1
= =\ == 4+ ——
v aA an” an(n—l)T
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Table 3.5 The submatrices of A and Z for the special case
of random mating.

Coefficients of T 1
Submatrix di.ag(c_x) diag ( g*g) oo -diag(g*g)
K 8 (38-65-6%) &, - -0’
M ge2y+b (~46+8v+34-66-6%) A:A: - (1-9)2
R v-8 (~4y-3a+66+6%) - (&, - a-8?)
B 2(y-%) 2(8-4y=34+63) 2(FL£,- A:L’)
1. " - e oAk
D 3 (1-3g+ey-26) (~1+68-8y-34+66) 8 ps = By
G g=3y425 2(~36+6v+34-635) 2T, - Ah;)
1
] § (17042v-68)  F (-1060-8y-30068) - (8, -4, +38%,)

—

The coefficients in this column are the 2,1’ clements of a coefficient matrix
whose Hadamard product wich ggr -diag(g*:_y) is che component of a submatrix.

For example,

R = § diag(a) + (34-66-6°) diag(g*a) + (at,, - (1-9)2]u’ * (ag" - diag(a*a) ]

so that the £,4’ element of K for {# 41’ is simply

[A:;cl - (1'9)210‘,’&{1

e - ——————————

Now
30 (y) _
= -
~ T emIm o
oY
1 1
2(1—e)m1m -7 ’
L(l-e)mlm -a




52

dg do - -
g og 2 .5 2 2 2
3y T (6" + Z.(l-e) ]mIm (4 6 - 4) ¢
-a-!
2 8 - 2 oF 2 o o
\&4 4/ = 4 = <
So that
dg 3 |- ~ (96- 22 \ - (96-5)
(8 > 2 . <4mIm + 96Ts ggT) 9? 2 2
b ay 96 -106+5 50" «a 507 @
-(96-5) T 96%-106+5
T @ T
Y ¢ Y o

~

Ordinary least squares estimators Q and 8 must satisfy the two equatioms:

(z - %w -0 - (%9 - %)ETS (3.3.1)
27532 : [%‘L’ tr+ 9<5-%¢g-r)] . (3.3.2)
96~ - 106 +

Substituting equation (3.3.2) into equation (3.3.1) gives a quadratic

equation in 6:

T
[Sz + 4 (éw+r)] (—z+lw+r) 8% + [SZTZ - 102T(1W+r)
z 247 AR zz zZ T
1 Ta T,1
- 4(§Y+E) (§Y+E) 8 + 5z (Ey+£) =0 .

So that é is given by

_ 10b - (5az4c)® Y802 + (sa—te)?
2b - 2(5a-4c) ’

T T 1 1. T
where a = z z, b =z (§Y+E) and ¢ = (§y+£) (;ﬁ+£). To check which

(3.3.3)

D>

solution in equation (3.3.3) provides the absolute minimum, the

definiteness of



B -1 L 96®-100+5) 1 (96-5)a - 2(z -
3.9 wm -
Y

<96-5>9T-2<E-%2’-£>T %f 9!

should be checked and the residual sum of squares, [s - g(f)]T[g - g(i)]

should be calculated for each solution.

For a symmetric matrix of weights W that does not depend on Y the

—

)

weighted least squares estimator iw is of course a solution to the

equation,
3Q : T 3g(y)
W gly
— = -2 [s - a(p] = of
T = =M T -
Y Y

for which the Hessian azleaxazT is positive definite. Partitioning W

into m x m submatrices in the manner

W= W1 W4 W6 ’
T
W4 W W5
T T
i W6 W5 W3 |

the Hessian can be written in the form

d
l=-m 11

where
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]
(]

1 T T
2 {ezwl +0(1-8) [3(V, ) + W+ W]

+ (1-8) [iw A (w+w5)]},

B R A AU RS I LU T

[X=%
]

- a (260 + (1-0) (= T,-2W, W WD)

3
+ (L-20)(FW, 4 + WD),

and

Hh
[

T 1 T 1 T T
o [W + %w + Wy =S+ FWH) - (WA Ja .

Utilizing this expression for the Hessian a weighted least squares
estimator can be computed by the Newton-Raphson method. Possible

starting values for this iterative procedure include

§=E+‘_' % ’
and
v m z
S-al: —)]
=1z +w + 3T,
or
. fz
g =
1 (24 +31)

The asymptotic variance of 6 as a + » is

T 99 39 | -1 3¢ 0g L3¢ 3g \'1
e’ : —V — e
Sm+l aY a a«_{ ayT av 2y T/ Sorl
-~ - B T
= (ngg) K (1-6)ng-§-egr|’-5iegT V| (1-8)¢

D
10

VTSRV
@
R
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]
- @ ? o {La-e?x-20(1-0) R+ 6% ]

2
1 2 ) 7
Py [(1-6) B- 26(1-6)G+25 (17D+16H)J

1 3\
trmey (1-2e) alte

m -2 m m 4
- (z 0,2) {lr(a-zewe?’) 5 cyi + (30-66+86y-62-48°) T 9,
=1t aL 1=1 2=1
1
+ 3T T <L (1-6) > 2 IJ
w7

2
- 1 3
[(2(Y‘5)+29'Y 3 +92 (-78 3560y+ 86))L ] o

+ (2 (6-4y=31+66) - 86y + 66°

2[9-46+9(8Y+3A-66)1> o*
25 Pt}

+T 5 (z (-5,

2 (@M,-Zruri-Aut)\ 2 2 -!
+ 98 25 ) % % ]

3
___(1-;9) “2v+6) T 3+(1 66+8 3A66); o
+ 2an(n-1) L(e v+ )L‘ @ A 1= '

+3T % (®,,, -2, ,+4F ,)01 oz,

Wy “woUu

1
-
i
!
4

1
w J

(3.3.4)

For large sized samples within each population, that is n about the same

order of magnitude as a, equation (3.3.4) becomes,

4
a 1/2 o {(s 208 T o, + (30-66+86y-62-46°) T o

L 1 (3.3.5)
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and this expression is equal to

* 2
L fozeneh) | Qusorsov-g’oad®) |, p Wi 009 ]}
) ma " ¥ w?

when all the a 's are equal (a, = a, V2). For large population sizes,

N, the contrasts in one-locus measures may be replaced by polynomialé

in ¢ = e-t/ZN, where t indexes the number of generations, in the manner
s - 2oy =y gt o LE

3A—66+8ey-—62—4e3=-¢2+4¢3-4¢4+¢6_

The arguments which permit the replacement of one-locus measures by
polynomials in ¢ can be found in Chevalet, Gillois and Nassar (1977)
and Cockerham, Weir and Reynolds (1981).

For the weighted least squares estimator iw, with W a consistent
estimator of V-l, the asymptotic variance oféulas a » o is of course

T (3g -1 9 . -1

Sntl EEV ;;T) Sm+l (3.3.6)

but again a closed form for this variance in terms of descent measures
and gene frequencies would appear to be intractable. However this
asymptotic variance is certainly smaller than the asymptotic variance of
6.

An expression for the asymptotic variance of 8 using the formula
in Kendall and Stuart (1977, page 247) for the approximate variance of
a ratio of random variables, or the equivalent expression in equation

(3.1.18), is
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var () = (1'w) *var(1"z) - 26 covi1®z,17(z +30)]

+ 62Var[lT(§+g'F%§)]} +o(a™l)
= (lTE)—Z ;T{%{(l-e)zx - 28(1-8)R + 02M]

1 2 2 1
+ 2o [(1-8)"B - 26(1-6)G + 6“(H+3D)]

1 -1
+ m} l + o(a ™)
m -2 m
= (= az) {é[(d—zey+e3) I
=1 2=1
2,3, 0 2 * 2
+ (3A-68+88y-06"-46") ¢ o + I3z [Alz, - (1-9) ]azazél
=1 L7
1 302 g3y @
+.; [(2(y—6) + 28y - - —2—) -_Z.Ilocl
2 3, B 2
+ [2(8-4vy-34+68) - 868y + 66° + 208°] & oy
2=1
+ 23z 3% (T _-A* ,)aa,}
PP T i 1 M o)
l m m 2
2=1 2=1
+ T2 (8 -2T  _+a% )]}+-o(a—l) (3.3.7)
[N R Y R ¥ .
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For large sized samples within each population, that is n about the same

~

order of magnitude as a, the variance of 6 is approximately,

-2
a'l(z ag) [(6—26y+63)2 o, + (3A—66+86y—62—493)2 az
2 %

% . 2
* 2
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when @, = a for all &.

For equal initial gene frequency functions a, at each locus and

large sized samples within each population the asymptotic variances of

~ -~

© and 8 are clearly the same, but for different a, the relationship

2
between expressions (3.3.5) and (3.3.8) is unclear. Certainly, for m

loci,
3
z aL z QL
4 > 2
( 2 ( 2
Za ) L a )
1 14 \L '
and
z cr'4 b ai
L 4
2 = 2
2
(Z aL> (2 aL>
g4 4
but for two loci
02 02 a, «.
1 72 > < 1 72 .
2+ 2) 2
(a]. Qz (Cl’l + Q’z)

For more than two loci, it is possible for

2. 2 2
T T [A*, - (1-
2 [AL&, (1-8)“] o, oy

2
(zay)
Za
p
to be either less than or greater than

* 2
zZz [ALLI' (1-8)7] QL UL/

2#47

\2

<§ @)
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However, it is the first two terms (the terms with coefficients of
6—26y+e3 and 3A-66+867-62—463) in expressions (3.3.5) and (3.3.8) that
are likely to dominate these asymptotic variances, in which case the
asymptotic variance of 8 will be greater than the asymptotic variance of
6. That this is so0, should not be too surprising as the ordinary least
squares estimator ignores the variance-covariance structure of s in the
fitting of o(y) to s. Whether the biases and variances of these
estimators differ substantially in small samples (i.e., small numbers

of populations sampled) is another matter.

v
An approximate expression for the variance of 8 is given by

Var(g) = - { fﬁé-EQXiQ—l (a ) + (30-66+86y-62-46)
P |
: 2 3
2 3
Ly g - aeo ]] +L,-(2(y-a>+zev-—29—-92—)z (L)
L m “ )
( o) +23 = Cepr ~ B
+ (2(8-4v-38+66) - Bey+ee7426) -

1#7

(6- 2Y+6)
+ Zan(n-l) [

( ) + (1-66+8v434-65)
%

@,,,-2T,,,+24%,,))
+3 z & ££ it

#e

]} +o@ly . (3.3.9)

v
If n is of the same order of magnitude as a, the variance of 5 is

approximately,

1 3, - - -
{(6—28y+6 Jm 22 (azl) + (3A-66—867—62-463)m 1
2

-2 2
to DTk L - (1-8)°] 3.3.
2#0” } ) (3:3.10)
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Comparing expression (3.3.10) with the corresponding expression (3.3.8)
for 6 it can be seen that

Z a2

(Z a )

-

_22:( - )

but that,
z az
2
PP S
m 2
Za
(2 %)

while the relationship between n~? and a.a, (Z az) can only be
determined when az,ag, and i @, are known. However each of the
expressions (3.3.8) and (3.3.10) are likely to be dominated by their
first terms, as time increases, in which case the asymptotic variance of
6 will be smaller than the asymptotic variance of g. Asymptotic
variances of g, é, 6 and éw are compared for the special cases of a
single locus and two loci in the next two sections.

As an asidé, an interesting special case alluded to earlier is
that of large population size, N, and long time, t. In this case the

-t/ZN. More-

one-locus measures may be replaced by polynomials in ¢ = e
over since the contrasts in the two-locus nonidentity measures which
appear in the variance-~covariance matrix of s are likely to be close
to zero for all values of the linkage parameter A (examples are given in

Table 3.6), the variance-covariance matrix of s may be approximated by

a matrix which is a function of the parameter vector,

I*: g
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Table 3.6 Values of contrasts in two locus nonidentity measures for a
monoecious population size N = 1000, with linkage parameter

A, at various times (t).

A ¢ A%-(1-8)2 A% @-2T+A% O-4T+3A%
0 10 <1072 <1072 .00033 .00033
50 <107° <107 .00032 .00032
100 <1072 <107 .00030 .00030
500 <107> <1072 .00020 .00020
1000 <107 <10™° .00012 .00012
0.9 10 <1072 <107 .0029 .0029
50 <107 00003 .0044 .0043
100 <107° 00004 . 0042 .0041
500 .00003 00003 .0028 .0028
1000 .00003 00002 .0017 .0017

This means that the estimation problem reduces to that of estimating ¢

and consequently & = 1-¢ by fitting s to g(y*) where s has an approxi-

mate asymptotic variance-covariance matrix given by V(y*), the variance-

covariance matrix V with all -one-locus descent measures replaced by

polynomials in ¢ and all off-diagonal elements in the component sub-

matrices of V, given in Table 3.5, set equal to zero.

estimator of V(y*) is easily obtained by replacing y* by, say,

v
a

v
1-6

A consistent

in V(y*) and an iterative weighted least squares procedure based on

equation (3.1.12) but with reestimation of V(y*) at each step may be

used to estimate I*‘
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3.3.1 One Locus

For the case of one locus,

st = [zu,r] ,
and

' (1) = [9a, 2(1-0)a, (1-0)a]
where

xT = [a,8] .

Estimators of 8 include
(1) § = 3 = z/(z+w-+%r), presented in Cockerham (1969),

(ii) 6 given by equation (3.3.3) with a = 22, b = z(%w+r) and

c = (%Wr)zy

(iii) éW’ a weighted least squares estimator where the matrix of
weights W is a consistent estimator of V-l.

Now the asymptotic variance of 6 as a + is simply

3
Var (§) =  [10=2808) (30-65+80y-6° -48”) |

2 3

.
+L£Z(Y-6)+zey-3—§“e?l+l—z O-4y-34+68) - 80y+662+26° | |
an i o L (8-4y-34+65) - 86v+66°+26 2J

1 (6-2y+6)
* Ty [ (esiayiasss |

1

+o(a ) . (3.3.11)

~

The asymptotic variance of 6§ as a ~ = is
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Var (§) = & [L280) o (3 65180y-62-46") |

1 ,J;z (vy=8) + 26y -

2
36° | .2(-79-36v+185"
+8 50 )]

+ an |{ o
+ [2 (8-4y-3A+66) - 86Y+662+62 (9-49"‘9(8"(+3A 65)\_‘}
2
(1-2 e)
LD [(8-2v+6)
* 2an(n-1) L o + (1'69+8Y+3A-65)]
+o@@™y .
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(3.3.12)

The difference between Var(8) and Var(é) is likely to be miniscule as

Var (8) - Var(g) = 553

3

+ o(a

3¢

= 25an(n-1)

-]_)

populations and long time, t.

3(n-

where the approximate expression in ¢ = e

-t/2N

n(n-1) £3( '%) 9'5_4'-{'@;2;:&6 + (1'69+8y+3A-66)]

D(1-o)-s 1[G

is for large sized

The asymptotic variance of ew as a +» » is given by expression

(3.3.6) with m set equal to 1, namely,

where

G
Var(ew) =
s oL 7
5= derny \V22Va3
gy = det(V) (V
1 1
§3 T det (V) <

- 28, +8,)6° +2(5, - )8+ E,
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V13¥23)
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and where det(V) denotes the determinant of V and Vij a typical element
of V.

Some numerical comparisons of asymptotic standard deviations of
8 and éw, using equations (3.3.11) and (3.3.13), are presented in Table
3.7 for subdivided monoecious populations of size 100. It is apparent
from Table 3.7 that there is little difference in the asymptotic
standard deviations of the two estimators except in the cases where the

sample size within each population (n) is much less than the number of

populations sampled (a) and this case is rarely found in practice.

3.3.2 Two Loci
v
For the two-locus case, asymptotic variances of the estimators 6,

A~ ~

5, 8 and ew may be calculated by setting m = 2 in equations (3.3.9),
(3.3.7), (3.3.4) and (3.3.6), respectively. In Tables 3.8 and 3.9
asymptotic standard deviations of the estimators have been calculated
using these equations for samples of 30 replicate monoecious populations
of size 100. The computation of these asymptotic standard deviations
for various generations, t, utilized the closed form solutions for the
one-locus descent measures given in Cockerham, Weir and Reynolds (1981)
and the transition equations for the two-locus nonidentity descent
measures given in Weir, Avery and Hill (1980).

As expected, for equal initial gene frequencies at both loci, the
asymptotic standard deviation of ¥ is equal to the asymptotic standard
deviation of 6. For equal initial gene frequencies and n > a, the
asymptotic standard deviation of 6 is very close to that of 8 and of

v N .
course 0. In all cases the asymptotic standard deviation of ew is less

than or equal to the asymptotic standard deviations of the other



Table 3.7 Asymptotie- standard deviations- (sd) of 6 and éw
for subdivided monoecious populations of size
N = 100 at various generation times (t).

w=.1 a=.2

t 8 a n sd (8) sd(éw) sd (8) sd(éw)
20 .09539 30 10 .03926  .03910 .03379  .03367
30 30 02972 .02971 02610 .02609

30 50 .02789  .02789 .02463  .02463

50 10 .03041  .03029 02617 .02608

50 30 ,02302  .02301 .02022  .02021

50 50 .02160  .02160 .01908  .01908

50 .22169 30 10 07111 .07102 .05454  .05448
' 30 30 .06222 06221 .04853  .04852

30 50 .06051  .06051 04738 .04738

50 10 .05508  .05501 .04225  .04220

50 30 .04815  .04819 .03759 03759

50 50 .06687  .04687 .03670  .03670

. 100 .39423 30 10 1051 .1051 07252 .07249
30 30 .09804  .098C4 .06827  .06827

30 50 .09668  .09668 06746 .06746

50 10 .08144  .08140 .05618  .05615

50 30 0759 0759 .05288  .05288

50 50 ,07489  .07489 .05226 05226

200 63304 30 10 1231 L1231 .07823  .07821
30 30 1188  .1188 07569 .07569

30 50 .1180  .1180 07522 .07522

50 10 .09534  .09531 .06059  .06058

50 30 .09203  .09203 .05863  .05863

50 50 .09140 .09140 .05826 .05826
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Table 3.8 Asymptotic standard deviations (sd) of 8, 6, 6 and
6w for 30 subdivided monoecious populations of size
N = 100 with linkage parameter A = 0.0.

c 8 n o @, sd(6) sd () sd (8 sd(8,)
20 .09539 10 .09 .09 .02844 .02844 .02833 .02833
10 .09 .24 .02627 .02692 .02993 .02578

10 .24 .24 .02390 .02390 .02382 .02382

30 .09 .09 .02147 .02147 .02149 .02146
30 .09 .24 .02002 .02071 .02321 .01979
30 24 .24 .01846 .01846 .01848 .01846
50 .09 .09 .02013 .02013 .02015 .02013
50 .09 .24 .01882 .019353 .02190 .01863
50 .24 .24 .01742 .01742 01744 .01742
50 .22169 10 .09 .09 .05222 .05222 .05231 .05216
10 .09 .24 .04591 .04449 .04875 .04383
10 .24 .24 .03857 .03857 .03863 .03853
30 .09 .09 .04561 .04561 .04573 04561
30 .09 .24 .04036 .03944 .04338 .03878
30 24 .24 .03432 .03432 .03439 .03432
50 .09 .09 04434 04434 .04442 04434
50 .09 24 .03930 .03847 .04232 .03781
50 26 W24 .03351 .03351 .03356 .03351
100 .39423 10 .09 .09 .07797 .97797 .07842 .07793
10 .09 .24 .06599 .06072 .06537 .06057
10 .24 .24 .05129 .05129 .05156 .05126
30 .09 .09 .07265 .07265 .07289 .07265
30 .09 .24 .06168 .05701 .06136 .05686
30 .24 .24 .04828 .04828 .04842 .04827
50 .09 .09 .07163 .07163 07179 .07163
50 .09 24 .06086 .05631 .06057 .05615

50 .24 .24 04771 04771 .04780 .04771




Table 3.9 Asymptotic standard deviations (sd) of g, é, 5 and
8w for 30 subdivided monoecious populations of size
N = 100 with linkage parameter A = 1.0.

t e n o @, sd (8) sd (&) sd (8) sd(§)

20 .09539 10 .09 .09 .02890 .02890 .02878 .02878
10 .09 .24 .02677 .02730 .03012 .02626

10 .24 24 .02445 02445 .02435 .02435

30 .09 .09 .02175 02175 .02178 .02175

30 .09 24 .02032 .0209% .02332 .02009

30 .24 .24 .01879 .01879 .01881 .01878

50 .09 .09 .02038 .02038 .02041 .02038

50 .09 .24 .01909 .01973 .02200 .01889

50 .24 24 01771 L,01771 .01773 01771

50 .22169 10 .09 .09 .05356 .05356 .0536%6 .05349
10 .09 .24 0467642 04574 .04938 06526

10 .24 .24 .04036 04036 . 04043 .04031

30 .09 .09 .04668 04668 .04681 .04668

30 .09 24 .04157 04042 .04387 .03993

30 .24 .24 .03573 .03573 .03582 .03573

50 .09 .09 .04537 04537 .04546 04537

50 .09 .24 .04045 .03941 .04279 .03891

50 24 .24 .03485 .03485 .03491 .03485

100 .39423 10 .09 .09 .08074 .08074 .08123 .08070
10 .09 .24 .06924 .06352 .06683 .06348

10 .24 24 .05540 .05540 .05574 .05537

30 .09 .09 07513 .07513 .07539 .07513

30 .09 24 .06458 .05951 .06265 .05949

30 .24 24 .05193 .05193 .05211 .05193

50 .09 .09 .07406 .07406 .07423 .07406

50 .09 .24 .06369 .05875 .06183 .05872

50 .24 W24 .05128 .05128 .05139 .05128
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estimators. In the preparation of Tables 3.8 and 3.9, calculatioms
were performed for values of t ranging from 10 to 200 in steps of 10
generations. For the one case of unequal initial gene frequencies at
the two loci that was studied, the behavior of the asymptotic standard
deviations of g, 6 and 8 exhibited the following pattern. For A = 0.0,

that is in the construction of Table 3.8, and for t < 30,
v -~ ~
sd(8) < sd(8) < sd(8) ,
but for 40 < t < 90 ,
-~ v ~
sd(8) < sd(8) < sd(8) ,
while for 100 < t < 200,
-~ ~ v
sd(8) < sd(8) < sd(8)
A similar pattern was observed for X = 1.0 in the construction of Table
3.9. This behavior may be deduced from the relevant equations for the

asymptotic variances and can be attributed to the relationships among

the coefficients of the functions of the one-locus descent measures,

namely,
2 3
o, +o
S R B VS T )
, 2 4 ‘o o,/
o +a, (a2+a2> 1 2
\ 1 2
and 2
1 a/1+or arl+012
=< < s
2 (ar + o >2 2
1 2 (al-i-orz)

and the changes over time in the relative magnitude of the functions of
the one-locus descent measures, for example, for N = 100 and for

changes in t from 20 to 50 to 100, the corresponding changes in
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6-26y+63
30-65+80y-62-46

3

are from 0.054 to 0.186 to 0.695.

Another example of this change in the ranking of the asymptotic
standard deviations of the estimators over time is provided in Figure
3.1 where asymptotic coefficients of variation of each estimator are
graphed on a logarithmic time scale for samples of 50 individuals from
20 replicate monoecious populations of size 1000 with quite different
initial gene frequencies at two tightly linked loci. In this situation
the weighted least squares estimator, with weight matrix W, a consistent
estimator of V~1, is uniformly best among the four estimators. However
for long times, say t > 500, there is little difference between the
asymptotic coefficients of variation and asymptotic standard deviations
so that the preferred estimator on the grounds of
computational ease might be 8. The estimator g which is an unweighted
average across loci performs poorly when t is large. However, when t

v -~ ~
is small, © performs almost as well as 6,, and certainly better than 6

W
and 8.

Returning to Tables 3.8 and 3.9 it is apparent that linkage
increases the asymptotic standard deviations of the estimators but does
not appear to change the ranking of the estimators.

In summary it might appear from these limited numerical examples
that when 6 is to be estimated from data gathered on two loci from a
large number of isolated monoecious populations, and it cannot be
assumed that initial gene frequencies are the same at both loci, that

(i) 6 1is the "appropriate' estimator when it is suspected that the

populations have been isolated for a long time;
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Ccv

Figure 3.1 Asymptotic coefficients of variationm (CV) of s,
6, 8 and 9y for samples of size 50 from 20
monoecious populations of size N = 1000 with
@} = 0.0196, ay = 0.2496 and A = 0.9.

v v
(i1) 6 is the "appropriate" estimator when it is suspected that
the populations have been isolated for a short time;
(iii) éw is the "appropriate" estimator when no auxiliary informa-

tion regarding time is available and when a consistent and positive

definite estimator of V 1 is able to be constructed.
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4. A SIMULATION STUDY

In the previous chapter some large sample properties (a » «) of
four estimators of the coancestry coefficient were presented. In this
chapter an attempt to elucidate the small sample properties of the
estimators via a small simulation study is described. The case of two
replicate monoecious populations (a = 2) practicing random mating,

including selfing, with two loci scored, was simulated.

4.1 Discussion of Programming

The program for the simulation study was written in the Fortran IV
language and was run on computers at the Triangle Universities Computa-
tion Center (TUCC). Pairs of monoecious random mating populations of
100 individuals each were constructed by sampling without replacement
from an initial reference population of infinite size. Four kinds of
initial reference populations, all in Hardy-Weinberg equilibrium at
each of two loci and all in linkage equilibrium, were utilized. These

reference populations had the following parameters:

a; = .25 , a, = .25, A=0
a; = .25, a, = .25, A =20.9
a; = 24 a, = .09 , A =0

and a; = 24 a, = .Q9 , A =0.9 .

A replication of the experiment consisted of a pair of populations
"monitored" over 100 generations of random mating and 100 replicates
were generated for each of the four kinds of initial reference popula-
tions. Sampling of 100 individuals from the reference population to

form one of a pair of founder populations and sampling of 200 gametes
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from an infinite pool of gametes to form a next generation of a popula-
tion was achieved by the usual method of obtaining random numbers from
a particular discrete distribution utilizing pseudo-random uniform
(0,1) deviates. The IMSL (1979) subroutine GGUBS (a multiplicative
generator) was used for this purpose.

The estimators 5, 5, 5 and éW were computed for each generation for
each replicate pair of populations with the consequence that sample size
n equaled population size N. If a replicate pair of populations
became fixed for the same alleles at both loci, that replicate was

ignored in subsequent generations. This happened to one of the

replicates in the case

= .09, A =0.9

at generation 8l. If a pair of populations became fixed for the same
allele at a single locus, the estimation of g for that replicate was
overlooked in the incidental generation and subsequent generations. The
other three estimators were calculated. By generation 100, fixation of

the same allele at a single locus had occurred in four replicates for

the case a; = a, = .25, A = 0 and A = 0.9, in 41 replicates for the
case a; = 24, a, = .09, X = 0, and in 44 replicates for the case a; =
.24, a, = .09, A = 0.9.

v ~ PN
Computation of the estimators 6, 6 and 6 posed no problems as
closed forms exist for these estimators (see equations 3.1.5, 3.1.6 and

3.3.3). The computation of éw was accomplished by way of damped
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Newton-Raphson iteration. The main features of the algorithm to compute
éW are sketched below.

1. An initial consistent estimate of generation time t was

recovered from 6 by the application of the formula
t = log (l-é)/log (1- -3 .
e e 2N

If the application of this formula yielded a negative value for t, t
was set equal to zero. This value of t was used to generate, via the
appropriate transition equations, consistent estimates of the higher
order one-locus descent measures (y, A and §) and the two-locus measures
(8, T and A*). The calculation of the two-locus measures presupposed
that the linkage parameter X was known exactly.

2. The estimated total variances for locus 1(zl+wl+ %rl) and locus
2 (z2+w2+ %rz) were used as initial estimates of oy and Ans respectively.
If either of these was greater than 0.25 it was set equal to 0.25. If
one of these was zero the locus was dropped from the analysis.

3. A consistent estimate of the variance-covariance matrix of the
observed variance components was formed from the results of (1) and (2).
Since a = 2, terms with coefficients 1/a(a-1) were not ignored in the
construction of this matrix.

4. The weight matrix was formed by inversion of the estimated
variance-covariance matrix. Since the estimated variance-covariance
matrix is positive definite and symmetric, the IMSL (1979) subroutine
LINV3P was used for the inversion.

i
1TV TN Bt Y

1 x i , .
+ 2T, and 8 as initial estimates of D) and 0, respectively, was

5. Damped Newton-Raphson iteration using z, + w, + z, +w

carried out. The IMSL (1979) subroutine LINV3P was used to invert the
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Hessian. If this subroutine returned an error message indicating that
the Hessian was algorithmically not positive definite, iteration was
stopped and the current value of the iterate was reported as the
estimate. This type of error occurred in less than 2% of the minimiza-
tions and seemed to occur when the estimated value of t was far from
the actual value of t, for example an estimated t of 921 and an actual
t of 97, or an estimated t equal to zero and an actual t of 52.

The damping of the Newton step consisted in reducing the length of
the Newton step by a factor of one-half until the current value of the
objective function Qw(k-l) was bettered. If a reduction in the objec-
tive function had not occurred for reduction in the Newton step by a

32, then a series of damped steps in the direction of the

factor of 2~
gradient vector were taken until the current value of the objective
function was reduced. If such a reduction was not achieved for a

step of 2_32 times the gradient vector, the current iterate i(k—l) was
reported as the estimate. This type of occurrence happened in less
than 0.5% of the minimizations and generally after four or five

iterations.

6. Convergence was deemed to occur when both

3

Q1) - (k) | < 107 [g(k-1)+10""]

and
~ ~ “5. 1~ -3
Yy R=1) = yyGa ] < 2077y, (k-1) || + 107°]
were satisfied or when the number of iterations (k) exceeded 50,

although this last criterion did not have to be invoked in any of the

minimizations.



75
Realized mean square errors and variances of the estimators for
each of the 100 generations were computed by averaging over the number

of replicates (r) in the manner,

1= 2 _r-1r % (89 = 12
r ifl (ei 6 r Lifl r-l ] + (6 -0)

where ei denotes an estimate of the true value g for the ith replicate

and 8 is the average of these estimates over replicates.

4.2 Results
Selected results for generatioms 5, 10, 20, 50 and 100 for the
four types of initial reference population are presented in Tables 4.1,
4.2, 4.3 and 4.4. 1In each of these tables the four rows nested within

each time, t, refer to the four estimators,

D> D [+>24

D>

and W

respectively, while the column labeled Avar contains numerical quanti-
ties obtained by evaluating the asymptotic variance formulae, presented
in section 3.3,_for a= 2,

In all four tables there is a trend for realized coefficients of
variation for each estimator to decrease as t increases. When there
is no linkage (Tables 4.1 and 4.3), there is a tendency for 6 to be the
least biased and 5 to be the most biased of the four estimators in later

generations. This can be perceived by comparing the mean square errors
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Table 4.1 Realized means, standard deviations, mean square errors and
variances for four estimators of § for the case of two
monoecious populations diverging from an initial reference
population with parameters aj = a3 = .25 and A = 0.

t 8 Mean Std. Dev. MSE x 10 Var x 10 Avar x 10
5 .0248 .0257 .0257 .0066 .0066 .0042
.0261 .0263 .0069 .0069 .0042
.0259 .0257 .0066 .0066 .0042
.0259 .0261 .0067 .0068 .0041
10 .0489 L0441 L0641 .0195 .0194 .0131
L0451 L0457 .0208 .0209 .0131
L0443 . 0445 .0198 .0198 .0131
. 0446 . 0450 .0203 .0203 .0145
20 .0954 .0899 .0852 .0722 .0726 .0413
.0945 .0938 .0871 .0880 L0413
.0937 .0969 .0930 .0939 L0413
.0922 .0905 .0811 .0818 .0406
50 .222 .189% .148 .228 .219 .160
.200 .160 . 257 .255 .160
.200 .168 .283 .282 .160
.193 .153 .240 .234 .135
100 .39%4 .307% .201 AT4 .403 .325
.343% .225 .530 .508 .325
.363 .261 .682 .679 .326

.331* .224 .538 .503 .348
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Table 4.2 Realized means, standard deviations, mean square errors and

variances for four estimators of & for the case of two
monoecious populations diverging from an initial reference
population with parameters aj = ay = .25 and A = 0.9.

t G Mean Std. Dev. MSE x 10 Var x 10 Avar x 10
5 .0248 .0173% .0196 .0044 .0039 .0042
0174% .0198 . 0044 .0039 0042
0174% .0197 . 0044 .0039 .0042
.0174% .0198 .0044 .0039 0041
10 .0489 .0467 .0450 .0201 .0203 .0132
0477 .0467 .0216 .0218 .0132
. 0465 L0451 .0202 .0204 .0132
L0474 . 0464 0214 .0216 .0142
20 .0954 .0780% .0791 .0649 .0625 0419
.0807 .0831 .0706 .0691 L0419
.0786* .0808 .0675 .0654 .0419
.0795 .0819 .0690 .0671 .0429
50 .222 . 164% .127 .192 .160 .162
.174% .137 .209 .188 .162
.175* . 145 .230 .210 .163
.167% .131 .198 .170 .112
100 .394 .281* . 188 478 .354 .330
.310% 210 .509 L443 .330
.326% .239 .612 570 .331

.298%* .210 .530 441 .327
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variances for four estimators of 8 for the case of two
monoecious populations diverging from an initial reference
population with parameters oy = .24, ay = .09 and X = 0.

‘ Table 4.3 Realized means, standard deviations, mean square errors and

t 8 Mean Std. Dev. MSE x 10 Var x 10 Avar x 10
5 .0248 .0188%* .0202 0044 .0041 .0031
.0194 .0281 .0081 .0079 .0036
.0193 .0327 .0109 .0107 .0047
.0193% .0218 .0050 .0048 .0031
10 .0489 .0374% .0356 .0139 .0127 0142
.0390% .0428 .0191 .0184 .0162
.0385% .0480 .0238 .0230 .0207
‘ .0378* .0374 .0151 .0140 .0141
20 .0954 .0798%* .0668 . 0466 . 0446 .0483
.0921 .0910 .0820 .0827 .0522
.0950 .102 .102 .103 .0657
.0848 .0770 .0598 .0593 0473
50 .222 .184%* .131 .184 .172 223
214 .184 .335 .337 214
221 .201 .400 404 259
.204 .175 .307 .307 .206
100 .394 .280* .167 .405 .280 .545
.332% .255 .680 .648 467
.336% 264 .724 .697 .540

‘ .326%* .257 .699 .660 464
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Realized means, standard deviations, mean square errors and

variances for four estimators of 8 for the case of two

monoecious populations diverging from an initial reference
population with parameters %) = .24, ap = .09 and A = 0.9.

t 0 Mean Std. Dev, MSE x 10 Var x 10 Avar x 10
5 .0248  ,0207 .0233 .0056 .0055 .0044
.0201 .0248 .0063 .0062 .0051
.0193% .0272 .0076 .0074 .0066
.0206 .0231 .0055 .0053 . 0044
10 .0489 .0415 L0444 .0201 .0197 0144
L0410 .0482 .0236 .0232 .0163
.0396 .0517 .0273 .0267 .0208
.0416 L0447 .0203 .0200 .0143
20 .0954  .0732% L0634 L0447 L0402 .0489
.0787% .0780 .0631 .0609 .0526
.0777% .0847 L0742 .0718 .0659
.0760% .0696 .0517 .0484 L0479
50 .222 .151% .116 .183 .135 .225
.180% .153 .251 .235 .216
.186% .170 .298 .288 .260
.168* 142 227 .200 .209
100 .394 .250% .158 453 .250 549
.287%* .218 .587 477 471
.296% .233 .635 .543 .542
277% 212 .581 449 .468
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and variances of the estimators for the later generations and by noting
the asterisks in the column labeled '"Mean.'" For a particular time t a
one-sample t-test can be carried out to test whether the realized mean
of an estimator differs from the true value of §. The asterisk indicates
rejection of the null hypothesis that the realized mean of an estimator
is equal to the true value at the 5% significance level. Note, however,
that since the sample of replicates at time t is related to the sample
of replicates at time t + k the outcomes of the t-tests for each
generation will be related so that comparisons of performance of an
estimator for different times should be resisted. For tight linkage
(Tables 4.2 and ‘4.4) all four estimators appear to be badly biased but
again 6 is the least biased in later generations. The extent and direc-
tion of some of these biases can be predicted from the following formulae

v -
for the means of 6 and 9:

m

5y = 1 LoVl + LTl oy o aey )
SCRERFIS (% 4) {36 -v + 5 Fea-e)- 8-y}
(4.2.1)
+o@a™h
m
1% \ 1 1
E® =8+ (Eb=-4) (2 -v + £ [Lea-9- v}
z ai
=1
I N (4.2.2)
Notice that if a, = .25 for all ¢ that the approximate bias in 5 and 8

should be zero. This appears to agree with the situation in early
generations in Table 4.l1. However terms involving the linkage parameter

A do not enter the approximate formulae in equations (4.2.1) and (4.2.2)
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so that the large biases in Tables 4.2 and 4.4 are not predicted. For
Table 4.3 realized biases in g for times 10 and 50 are -.0l15 and -.038,
while the approximate biases calculated from equation (4.2.1) are -.0023
and -.035. Similarly realized biases in 6 for times 10 and 50 are
=.0099 and -.008 while the approximate biases calculated from equation
(4.2.2) are -.0006 and -.010.

In all four tables the estimator ] generally has the smallest
realized mean square error and variance but its bias might prevent an
unequivocal recommendation for its routine use in the case of two
sampled populations (a = 2). There is some agreement between the
realized variances and asymptotic variances calculated for a = 2
particularly for the later generations in Table 4.4 (the case where
gene frequencies at the two loci in the initial reference population
are quite different and linkage is tight). Routine calculation of
these asymptotic variance formulae even for the case of a = 2 may

provide some insight into the variance of an estimate of 6.
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5. DOMINANCE, MULTIPLE ALLELES AND OTHER EXTENSIONS

In this chapter, the effects of failures of some assumptions such
as codominance, two alleles per locus, no migration and no mutation,
on the methodology described in Chapters 3 and 4 are briefly described.
This discussion is certainly not complete and should be regarded as

merely an indication of areas worthy of future research.

5.1 Dominance
In previous chapters, alleles at each locus have been assumed to be
codominant; that is, genotypes at each locus have been assumed to be
identifiable. Consider, now, two loci each with two allelic classes,
A and A at the first locus with A completely recessive to A and B and B
at the second locus with B completely recessive to B. Let the indicator

random variable Eij be such that

1 if individual j in population i is AABB

L1 )

17  if individual j in population i is AABE

, di
- L o or AABB
Eij = lJl =
%142 07 if individual j in population i is AABB
* or AABB
3 l e
[ 0] otherwise.

| 0]

The values of this random variable, for ome locus, correspond to the

assigned phenotypic values of Robertson (1952) and in this brief discus-
sion an exact treatment of the effect of inbreeding on the variation due
to recessive genes is provided. The expectations of various products of

the elements of these random vectors over the two sampling processes (a



83
populations from an infinite number of replicate populations and n

individuals from an infinite progeny array in each population) are as

follows:
T [ _A AB
E(z;52;5) =| 2o Pan ,
B B
i Pﬁn Py
T - _AlA AlB
E(Eijfij’) = PAIA PAIB ’
AlB B|B
i PA’B PB}B
T _ A)Z A_B
E(2y485747) = (PA Pafs :

A bivariate analysis of variance with labels for among and within
populations can be constructed. The among-populations variance-

covariance component matrix Za can be written in the form

2 -
- Ala _ (A) A|B _ _A_B
Z, PA'A Py PA’B Py Ph
2 ’
AlB A_B BlB B)
PA’B Patp Ppl3 =

and the within-populations variance-covariance component matrix Zb can

be written in the form

A AlA AB AlB

,=| By PA‘A PaB PA‘B :
AB  _AlB B B|B
Pan PAIB Py PBlB
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The translations of the elements of these matrices to functions of
descent measures and gene frequencies (assuming linkage equilibrium in

the initial reference population) are

s (Pﬁ) = ¢ Pp(1-py)

2, 2 2

I 2

+ [48- 12yﬁ-2(A§.§+2A5(+§)+125fy+ ZFZJ PZ(]-'PA) ,

B B .
Ph|n - 2ARD = [ - (1Y% p, (Lop,dpy (1opy)

[

A A
Py - PA'A (F - 655) Py (1-Py)
+ [1-dyg = (Ay o+ 200 o) +665s] P> (L-p) (5.1.2
Syl '+ Ky PPy -1.2)
- - [X) - [T} LYY ) 3 -
[2F +48 12vg0 = 2(0g 5+ 2 +Y)+125).{.?] Py (L-p,) ,
P22 . pA1B o (@ - %) b, (1-p )p. (1-p.)
AB ~ “A|B 17 827 PyatimPy)Pgli-py) .

It is clear that 6 cammnot be recovered from the expected values of
the among and within variance components for each locus. If, however,
the recessive alleles, A at the first locus and B at the second locus,
are rare in the initial reference population, that is Py and pp are

close to zero, then

Za R Gi? Py 0 i
0 b7 Py
and
Zb ~| (F- 5}'&')?A 0
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The parametric function Gﬁ/F, which increases from 0 to 1 as time .
increases from generation 1, is identifiable and can be estimated by the
methods discussed in Chapters 3 and 4.

As an aside, exact expressions for the among and within variances
for the cases of full sib mating and random mating monoecious popula-
tions with selfing, considered by Robertson (1952), can be obtained by
substituting the exact solutions for the descent measures presented in

Cockerham, Weir and Reynolds (1981) into equatioms (5.1.1) and (5.1.2).

5.2 Multiple Alleles

Consider two loci, each with a series of codominant allelic

classes. Let the first locus have r+l alleles Al’ AZ""’A and the

r+l1

second locus have s+l alleles Bl’ B essB The vector of indicator

2" s+l°
random variables analogous to equation (3.1.1) and based on a scoring ‘

system proposed by Stanton (1960) is

- -
Tige T Fijk1l
: (5.2.1)
Zijklr
*ijk21
*i jk2s

where xijklu = 1 if haplotype k in individual j in population i carries

allele Au, and zero otherwise (the index u runs from 1

to r), .
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and where,

xijkzv = 1 if haplotype k in individual j in population i carries
allele BV, and zero otherwise (the index v runs from 1
to s).

A multivariate analysis of variance for X,., With the same structure

ijk

as that in Table 3.1 can be derived. The (r+s) x (r+s) variance-
covariance component matrix for among populations, Za’ can be written in

the form

.5 A A

T
Al Ay

where All’ which is r x r, has typical diagonal element,

and typical off-diagonal element,

Au
P

= P Py =-6p, P ;5 u#ul
AL TAyA A A,

u ““u-
The matrix A22 is the s x s B-locus analog of A11 and A12’ which is

r x s, has typical element,

A B
u''v

P u=1,...,r;3 v=1,...,8 3

- Py Pp =188, p
u v u v
where AA B is the disequilibrium for alleles Au and BV in the initial
uv
reference population.

The individuals-within-populations variance-covariance component

matrix has the form
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& = [Bil BlzJ

Bia By

where Bll’ which is r x r, has typical diagonal element,

A A
1 U_,p 8y o 1+F ) _
2 (pAu+PAu—2 Au) - 2 - e) pAu(l-pAu) ’ u=1l,...,r

and typical off-diagonal elements,

A A
%(PAU,-ZPA_u:) = - yi-z -6) b, Py _ 3wl
u u u u

[~
.

The matrix B22 is the s x s B-locus analog of B and B12 is the r x s

11
matrix with typical element,

A
%—(P “Vep U Voop ul V) = -—(Fl+lF—21§) AAqu .

The variance-covariance component matrix for haplotypes or gametes

within individuals is,

Lo = [Cu Clz]
T c

€12 2
where the r x r matrix Cll has typical diagonal element,

A
u _ _ _ . =
pA - PA = (l F) pA (l PA ) N u 1,.-.,1'
u u u u

and typical off-diagonal element,

Py = -(1—F)pAupA ;5 u#u

-
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The matrix sz is the s x s B~locus analog of Cll and C12 which is r x s

has typical element

A B A /B
uv u

v _ =1 =
P - P = (F -lF)AA B
u v

The problem of estimating 6 can now be viewed as the fitting of a vector

s which is %{r(r+l) + s(s+1)] x 1 to a vector g(y) where s is given by

vech(All)

vech(Azz)

vech(Bll)

vech(Bzz)

vech(Cll)

vech(&

22)

and where carets denote unbiased estimators, from the multivariate
analysis of variance, of the submatrices of the variance-covariance
component matrices and the vech operator, to be found in Henderson and
Searle (1979), for example, stacks only those parts of columns of
matrices on or below the diagonal. The vector o(y) is the expectation

of s over the three sampling processes, and

T
Y = [PAl,---’PAra pBl,'°°’sz9Fse] .

Various estimators of Y and hence of 8 are available. As in

Chapters 3 and 4 various norms between s and o(y) may be minimized with

v
respect to y. Ratio estimators of 8 similar to 9 and 9 may be

v ~
constructed in various ways with the analogs of 6 and 8 being
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T ~ ~
X . l{ £ [vech(Au)] gT[vech(Azz)] } ‘
2 T ~ Ll 1 A ~ ~
£ [vech(Au+Bu+5 ¢ 1] gT[vech(Azz +3B,y, +§1- ¢,,)]
(5.2.2)
and
T ~ T
< £ [vech(All)] +g [vech(ﬁzz)]

T A -~ 1 A T ~ a 1
£ [vech(A;; +B); +5 C; )] + g [vech(@,, +8,, +3 ¢,,)]

(5.2.3)

where f is some r(r+l) x 1 vector and g 1s some s(s+l) x 1 vector.
Whether asymptoﬁic variances of these estimators differ much for
different choices of f and g and whether an optimal choice of f and g
can be routinely chosen is another matter. Elucidation of the ‘
asymptotic variances of these estimators requires the derivation, in
the manner of Appendix 9.1 of the variances of the off-diagonal terms
in All’ 322, ﬁll’ ﬁ22’ éll and 622, and the covariances of these off-
diagonal terms with all other terms. If the results in Chapters 3 and
4 are any indication there may well be little penalty to be paid (in
terms of asymptotic variance) in using the computationally simple
estimators g and 6 with g =1 and g = l However, the small sample

properties of these estimators may well be quite different.

5.3 Mutation and Migration

In the development of the genetic distances for short-term evolu-
tion in this thesis a fixed allele model has been utilized; that is, the
expectations of gene frequencies over the relevant sampling processes have .

been assumed to be constant and undisturbed by mutation or any other
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force. As an introduction to the problem of accounting for both
finite population size and mutation, consider an infinite-alleles
mutation model. Any allele which is present in at least two of the
sampled replicate populations must have been present in the initial
reference population. An allele which is present in only one of the
sampled replicate populations is either a mutant which has arisen since
divergence or is an allele that was actually present in the initial
population but was lost from the other sampled replicate populations
or missed in the sampling of individuals from these other replicate
populations. Confining attention to alleles that are present in more
than one sampled replicate population allows score vectors similar to
that in equation (5.2.1) to be set up. A multivariate analysis of
variance produces similar variance-covariance component matrices to
those in section 5.2, the only differences being that the gene fre-
quencies, F and 6 are functions of the mutation rate. For example, if
allele u at locus A appears in samples from more than one replicate
line, then the among populations variance-covariance matrix will have a

diagonal term equal to

G[PAu(l—v)t] [l - pAu(l—v)t]

where v is the mutation rate at the A-locus. For monoecy with random

selfing, 6 is given by

115 @-v)?
ZN(I—A)

2 (2N-1)
2N T

mate of 8 requires a separate estimate of v, and of course, knowledge of

where X = (1-v) The recovery of divergence time from an esti-

N, as v is not identifiable. The expected gene frequencies
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t
* = -
PX Py (1-v)
u u

are identifiable.

The effect of the incorporation of various migration models into the
fixed allele model and the joint effect of mutation and migration on
measures of genetic distance or more generally on descent measures
raises several problems. The general approach that one must follow is
to derive the transition equations for the various one-locus and two-
locus descent measures under the models. The next step is to find
suitable estimators of the one-locus descent measures such as 9 that
may be candidate genetic distances. If divergence time is to be
recovered (note that it may not be possible to speak of divergence if
migration among the a replicate lines is substantial) from an estimate
of a parameter such as 6 care must be taken to ensure that the parameter
is a monotonic function of time. Estimates of the parameters in the
concurrent mutation and migration models, which are required if t is to
be recovered, may require samples of individuals to be taken at more

than one time.



92

6. DISCUSSION

The use of a measure of genetic relationship, 6, as a genetic
distance has been proposed and methods for estimating such a measure
have been developed. As a starting point the hierarchical analysis of
variance structure discussed by Cockerham (1969, 1973) has been used to
elucidate the various sampling processes inherent in the model of
evolutionary divergence. The genetic distance 6 arises from this
structure in a natural way as a parameter and the task is to estimate
this parameter. In contrast, the treatments by previous authors of
such distances have blurred the distinction between statistics and
parameters (Latter, 1973; Nei and Chakravarti, 1977).

The distance measures suggested by Nei (1972, 1973) are all
functions of the quantity I presented in equation (2.1.1). The suggested
estimator for such a quantity, for a pair of populations X, Y and for
single-locus data is

_ f ﬁXi Py, (6.1)
2 < a2
«// ZPy Zhy
it

where ﬁXi is the frequency of allele i in the sample from population X.

This estimator can be approximated by

Z Py Py
1 1 1

~ 2
T p2 +Z Py
i i

< i i i
2

. (6.2)

)
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If the statistic in equation (6.2) is computed for the case of drift and

no mutation, its approximate expectation is (Cockerham, 1979)

Zpi
i
2 2
Ipy + 81 - Zpy)
1 1

where 1 is the frequency of allele i in the initial reference popula-
tion. Clearly, divergence time camnnot be recovered from any function of
this statistic without knowledge of ipi, and of course population size N.
While Nei (1972, 1973, 1978a) does not claim that his measures are
designed to account for drift alone, the routine calculation of
statistics such.as ; and I* as "kernels'" for measures of genetic
distance for short-term evolution is clearly inappropriate.

In order to investigate how to combine information over several
loci in the estimation of the genetic distance 9, a multivariate analysis
of variance framework was set up with the loci as separate 'response"
variables. It was shown that only the diagonal elements of the
estimated variance-covariance component matrices provide information
about the parameter 6. Variances and covariances of these estimated
variance components which comprise the statistics from which estimators
of the genetic distance are constructed were derived in section 3.1.1
and Appendix 9.1. These variances and covariances may be expressed in
terms of frequencies of gene combinations. The effect of different
mating systems on these variances and covariances is illuminated by
translation of these frequencies of gene combinations to functions of
initial gene frequencies and descent measures. The resulting expres-
sions are rather complicated (see Tables 3.3 and 3.4) but simplify for

the case of monoecy with random sampling (Table 3.5). An important
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feature is that there is covariation between the statistics for separate
loci. This covariation is generated by the sampling of gametes in the
population to form successive generations and it depends on the mating
system, linkage and population size. In the case of large monoecious
populations with random selfing that have been in existence for a long
time such covariation may be negligible (Table 3.6). The other
important feature is that these variances and covariances are at most of
order a-l, see equation (3.1.9). Since gametes or haplotypes within
individuals, and individuals within replicate populations are related
by virtue of the mating system and the finite population size, the
only independent samples are the replicate lines themselves so that a
central limit theorem for the estimated variance components is obtained
only when the number of replicate lines (a) tends to infinity. This
means that asymptotic variances of estimators of distances are for
large a (a situation rarely met in practice).

In Chapters 3 and 4, four types of estimators were introduced: an
unweighted average over loci of ratio estimators, designated by "v", a
weighted average over loci of ratio estimators designated by a tilde,
an ordinary least squares estimator designated by a caret, and a
weighted least squares estimator designated by a caret and subscripted
with a "W'" to indicate its dependence on a matrix of weights, W. The
choice of the weight matrix for the fourth estimator has been over-
looked somewhat in the previous chapters. 1In order to obtain a "best"
weighted least squares estimator, W must be a consistent estimator of
the inverse of the variance-covariance matrix of the estimated variance
components. One approach is to recover a consistent estimate of time

~

from an initial consistent estimate of 6, say 5 or 9, then use this
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estimate of time to construct, via the respective transition equations
for the system of mating, the necessary higher-order one-locus descent
measures and two-locus nonidentity descent measures. Elements of a
consistent estimator of the variance-covariance matrix may be obtained
by combining these calculated and consistent estimates of the descent
measures with initial consistent estimates of pi(l—pi). Such an
approach which suggests iterative updating of the estimate of the
variance—-covariance matrix merits further investigation. A similar
method would be used to estimate the "asymptotic standard errors" of
estimates of 6. In the special case of large monoecious populations
isolated for a long time, the construction of a consistent estimator of
the variance-covariance matrix was seen to involve less computation.

Only one type of mating system has been studied in this thesis,
namely monoecy with random selfing, although the necessary machinery
to study asymptotic variances of the estimators of 6 for any regular
system of mating has been established. Transition equations for the
one-locus identity measures and two-locus nonidentity descent measures
for other mating systems, namely monoecious populations excluding
selfing and dioecious populations with random or hierarchical pairing
are available (Weir, Avery and Hill, 1980). There is some interest in
establishing the transition equations for a double-first-cousin mating
system as a first step towards approximating the mating pattern of some
so-called primitive tribes (Neel, 1978). This would allow the recovery
of divergence time for these tribes from some common ancestral popula-
tion.

Some authors (Smouse and Neel, 1977; Chakraborty, 1980) essentially

average the score vectors E'j defined in equations (3.1.1) and (3.2.1)

ijk

over gametes in the manner,
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¥ij %(513'1*’-‘13'2) :
Previous discussions of score vectors similar to Zij have been given by
Wright (1922, 1965), Stanton (1960) and Cockerham (1969). Except in the
case of random mating monoecious populations, when F = 8, it can be
shown that the coancestry coefficient 6 is no longer identifiable when
a multivariate analysis of variance for Xij is constructed but that the
parametric function p = 26/(1+F) which is related to Wright's
coefficient of relationship is identifiable. The parameter p, however,
is not a particularly well behaved distance measure as it asymptotes
earlier than 6. This has been pointed out elsewhere (Cockerham, 1978).
Perhaps the greatest weakness in the present study is the lack of
an extensive investigation of the small sample properties of the various
estimators of 6. One system of mating, monoecy with selfing, has been
the object of a small simulation study. It was found that for a = 2
(the smallest number of replicate populations that allows the estimation
of 6) and if two tightly linked loci are scored, the suggested.estimators
of 6 are apt to show substantial bias. This 1is particularly distressing
in the case of the estimator éw which was designed to take into account
covariation between the scored loci by utilizing a stochastic weight
matrix. Future research may need to be directed toward the construction
of a simpler, and possibly deterministic, weight matrix. Other research
might proceed in the direction of accepting the existing estimators and
finding suitable corrections for bias. Equations (3.1.3) and (3.1.4)
may provide bias corrections and since they arise as scalar functions of
bivariate analogs of the intraclass correlation further research in

this area may be fruitful.
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As they stand, the four estimators of 6 considered in this thesis
may be negative. This occurs most often when divergence time is small
and one or more of the observed among variance components, z,, are
negative. One suggestion (Cockerham, 1979) to obtain non-negative
estimates of 06 is to replace fhe observed among variance components,
Zgs in the numerators of the formulae for g and 5 by the observed among
mean squares for each locus divided by 2n. This will also give the
numerators of these modified ratio estimators a positive bias [at most
of order 1/(2n-1)] and this may help correct the overall negative bias

of the ratio estimators.
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7. SUMMARY

The use of the coancestry coefficient as a measure of genetic
distance has been espoused. This distance has its genesis in ratios of
among population‘variation to total variation, hence its propriety as a
measure of genetic diversity among populations. Also, this distance
when viewed as a function of measures of identity by descent is a
monotonic function of divergence time so that estimates of divergence
time can be obtained in either closed form or by graphical or tabular
means from estimates of the distance.

The estima;ion of this distance using multilocus data was studied.
Variances and covariances of the statistics with which these estimators
are constructed were derived and expressed in terms of higher order
one-locus measures of identity by descent and a set of measures of non-
identity for pairs of loci, under the assumption of linkage equilibrium
at all pairs of scored loci in the initial reference population.
General eXpreséions for any regular mating system for the asymptotic
variances (as the number of replicate populations tends to infinity)
of four types of estimator of this distance were obtained. Asymptotic
normality of these estimators was established, again for the case of a
large number of replicate populations so that hypothesis tests concerning
the values of the genetic distance and the construction of confidence
intervals for the genetic distance and divergence time are routine.

The special case of monoecious random mating populations with
selfing was discussed in some detail and it was found that when 8 is to
be estimated from data gathered at two loci, with two alleles per locus,

from a large number of such isolated populatioms, that
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(1) If initial gene frequencies are the same at both loci, the
computationally simple unweighted average of the ratio estimators 5 is
as good as any of the others, and

(ii) If initial gene frequencies are different at both loci, the
weighted least squares estimator with weight matrix a consistent
estimator of the inverse of the variance-covariance matrix of the
constituent statistics appears to have the uniformly smallest asymptotic
variance of the four estimators. The computationally simple unweighted
average of the ratio estimators 5 is as good when the populations have
only recently diverged while the weighted average of the ratio esti-
mators 6 is as good when the populations have been isolated for some
time.

The mean square error properties of the four types of estimator

for situations in which only a small number of replicate populations are

available must await an extensive simulation study.
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9. APPENDICES
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9.1 Derivation of the Variance-Covariance Matrix of the Vector s

The variance-covariance matrix of s is,
T
Var(s) = é’(§§T) - o(y)a (y),

where 6(ssT) is the symmetric matrix,

T 2
8(ss’) = 8| z; 1%, 2V %Y, LI
2
%1%, % 2% %Y Z¥1 %
zZ,W Z.W W2 W, W w,r w,r
1"1 2"1 1 12 171 152
, ) (9.1.1)
2% W iy W oI Wl
r r w.r. - w.Tr I'Z r.r
2151 %N 1"1 251 1 172
2
21Ty %5 1t W% %2 T2
9.1.1 6(:%)
2 2 .2
2 (1 1 Al
82y = 8 LTI x, )+——-ZE<ZX. |
1 laznz oy ikl 4a%n S 3 g KL/
2
1/ \ ] }
- ZIZZTx, TZ(Z x, . .
2202 %5k 1jk1) g (k ijk1/
Now,
2 L 2
= g +
g (f ;3 z xijkl) ‘st ? <E xijkl) z i‘f, (f xijkl)(i xij’kl)

= an <2pA+2P§) + an(n-l)(l;P%) + a(a-l)nz(ZpA)2

2

A AT 2
= 2an[pA+PA+2(n-1)PAJI + 4a(a-1)n Py >
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2.2 4 ) 2 2
xijkl) :' =4 [f ;: (= xijkl) +IL X (E xijkl) (E xij'kl)

6&? ( k i 343’

~M™M

2 2
*+ fﬁz, ? f, (.i:xijkl) (E xi'j'kl) ]
A A AlA AlA
an <2pA-+14PA> + an(n-l)(4PX + BPAI- + 4PA,A)
2
2 A
+ a(a~l)n <2pA-+2PA>

2am [p, + 78 +2(a-1)(Ph+ 2P:l‘;‘+p:|ﬁ) + 2(a-1)<pA+P::>2:] ,

2 3 2
e {Erenpa)ze Eaga) JI-ol2e Crpa) #2725 (xpa)E o)
24
]

( 3 )
+Z X ? z > xijkl/'(i X5%1)

= 2an [pA+31>2+2(n-1)<P“—:-+P2"_“)+2(a-1)npA<PA+Pﬁ>] s .

so that,
2 AN 1TA_ L Ala, AlA av?
6 = (vy-7y) +3 [PK'ZPAI- +PAlA'(PA’PA/ ]

LY/ A\ _ (A, Ala, Ala\]
+ o (30 -2h) - (7 ZPA!-+PA,A)_,'

0f course G(rz) is just the analog of this with A's replaced by B's.

9.1.2 G(rlrz)

2
é(ryry) = & {;El'n? (f ? z xijkl)(}i: ’j: z xlij) - Za;nz (f ;5 z xljkl)'.z z (i x k2> ]
2
- Za;nz [f ? (E xljk1>2 ] (f ’j: z xiij) 2
fr BT Eega) 1 (Eage) 1)
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+E ’j:ﬁ}:, f"ijkl)(z x1j'k2>

/ \
+tZIZZX \/E xijkl)\i xi'j'kZ}]

i’ gy’

= 2an P28 4+ pA/B L 5 (aoryph

k

+ILZ (’3 xljkl)(.k.xij'k2>

1337

EATARE

=2an[!ﬁ.?+PA“} 2A

,].3 + Z(a-l)npApB} ,

2

? (2 xljkl)( 1jk2)

2

2

1><f xi'j’kZ) ]

AIB AlBY

.|/

+ 2(n- 1)(P

+ 2(a-1)npA(pB+PB/ :] ,

Q xijM) ] (z *jz: z xijkz)} = 2an ,[pf? s 2B 2p4®

AlB

+ Z(n-l)(P. By

+ 2(a- l)npB

+zzz (zx
i3y ok K
+zzzz (o«
i$i’ 3 1 &k

5l?)

+PA>J (9.1.2)

2 2
1) (’3 xij’kZ)

ijkl) 2 ®i7 'kz)
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AB  _AB

A/B
A PR

= 2an [PAP48B 42 (2 AB

) + 2pAB

+ 2¢a-1y(p? l‘fﬂ’: ,1_’+Pf‘ ’§+Pi lg) (9.1.3)

2wl )]
so that,
8y = (py -2y )Py~ 25) * & [Pél? - (Pﬂ?“’?lg) * Pﬁ‘g - (pa-23)(e5-23)]

e L L) - () s ot2 - [ APt 2)et2)

As a check, it can be seen that 6(r1r2) reduces to 6(ti) when B's are replaced

by A's and when redundancies in the notation are eliminated in the manner:

P?lé corresponds to P% ,
AA

P corresponds to Py

A/A _AA _AA AA A
RN » P o and PAA correspond to PA .

Utilizing this fact, that expectations of cross products involving two loci
reduce to expectations of squares or cross products involving one locus, only
the expectations of the off-diagonal elements in the submatrices in equation
(9.1.1) are presented in the following sections. One locus expectations are
recovered by substituting say B's for A's if a result for the first locus is

required and by using Table (9.1) to eliminate redundancies in the notation.
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Table 9.1 Translations of redundant two-locus
notation to one-locus notation

Redundant notation One-locus notation
AA
k.. Py
A/A _AA  _AA  _AA A
ST SIS SIS ) Py
AIA AA AR LAA A
R VR SR vy Ly
A/A _A/JA A A _AA _AA Ala
e Pa PA/A’PA!A’PAIA Pal-
A/A phlA
AlA AlA
AA Ala
Pm‘ Ly
A/A Ala
FAla Fala
9.1.3 6(w w,
2
5(ww)= s{[zz(z:c ) zz(zx. )J
172 (n 1) 14 'k ijkl ik ijk2
s Erg) 1l Erag,) ]
i3 'k “t Yy M
2 2
17 ( ) 1 [ ) I
==L {ZZIx il x i
n Nk ijk1/ gL ] \  1ik2
2 2
5 [z ) 1L ) 1)
+ <5 T IZZx Z{ZZx
RS ijkl/ oL <jk ijk2/ | J
where
2 2
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1 AB | _A/B ABY AB
]j—2an{P._+P +2(P +PB/+2PAB

+ 2(n-1)(PA|B+ pA’ +p‘§’§+P§|§)

AB  _A/B A B\
+ 4(n~ 1)( aal ey +2PA|B/

+ A(n-l)(n-z)@*}{-g-w:l%)

+ 2(a-1)n<pA +PA>|-

B B
A)LPB +PB + 2(n-1)PB]}

(9.1.4)

é { [E ()'J xijk]) ][f 3’.‘ (2 xijkz)z:l]} is the analog of equation (9.1.4)

with A and B interchanged,

s{iz (s ORI x(zz 2, 50) ] } - 2anfetB /B a(eh2 o p82) 4 2t

AB B, A|B, _AlB
+ 2(n- 1)( I Al +P l +PA'B>

AB A/B A/B
+4(n-1)[:1> =+ P B+PA Py

+2(ry |§+Pﬁl§>]

+ 4(n-1)( AB 2P§-/—B+ Pﬁ;g

+ 4(n-1) (n-z)(P$+P%%+P%!§ + P: ‘§>
A/BN

+ 16(n-1)(n-~ 2)' X[—+PK-[—'}

+ 8(n-1)(n-2) (n-3) P%%

iyl +2 4212
+ 2(a l)n;pA+PA+2(n 1)1’A

B 9
x,‘pB+pg+z<n-1)P§n} , (9.1.5)



so that,

- L A _< B_ &)
6(w1w2) =3 (pA-l-P 2P AP +}?B 2PB
AlB_ AIB, AlB AB_l(AB AlB_ _AlB éB)
CRSEN NN RS pﬂﬁp#w}\[f%]g
1 A_ A B_..B\, A B:]
- 7 (ea*ry 2PA)<pB+PB 2Pg) * P/TPE

1 (17 AB__A/B ( AB\ AB l(AlB AlB, A|B _A
+an{é.p +p%B4o (p /+szB:!-4 PO +P, | THPT I +Py

S

L1
a

AB A/B é_/_B_ (AE A )]
[P +P B PA +P B+2 PAI +P IB

—-{~+P—}—+PA| +pd !B/+2 (ph-24p8rB _ gph 2}

1 1 7/ AB A/B, _A/B A B _A/B _A|B\]
+ _—an(n~1) [2 (P +2P P—/—> 2 (Plr’_B--FPm-PA_*E)J! .

2
.
: (22 Ex50)
2 2
L A
2 [f ? (f"xjkl) J [f ? <§ xxij) ]
+lr>:(zzx '\27[2272x ab
g \y gkl ij\.k ijk2/ i) ¢

where

{ )1 : . .
{ [E z (2 lekl) ] \)13 ? E xiij ; was given in equation (9.1.2),
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. A
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+4 (n-1)(Pf\—fi+ pr/_‘i)a, 4(n-1) (n-z)pﬂ%

2 2

with A and B interchanged, so that,

- 5 (ra vy - 223 )(py - 73)
8wry) =3 (pA+PA 2P, ("B Py

.

1 [2 z (2 xijk2> 1 } was given in equation (9.1.3),
B! 3k 2

]
8 { [f <§ i xijkl) ] “f ? (E xijk2>2] } is the analog of equation (9.1.4)

+ 2(a-1)n [pA+P§+2(n-1)Pﬁ-]pB } , (9.1.6)

1L /AlB, AlB__A[B__Al|BY _/,AlB_ _A[B) 1 A_LpAY . _ 5B
+1 [z (e -+PAI- P-IB PA,B) (PA'{'-' PAIB) 7 (eav2y - 220)(ey - 25 )

+ L &(PAB +PA/B 4 opAB _pAB gp
an .o . e B

A

A TA

- (eA24pR/B . pp8 B 2P2—|——‘_3 + 2pé|3)7

A|B

9.1.5 6(2122)
2
1
6(zz)=-—--————-
127 16(a-1)n®
1
a rf (? E lekl)
2_
5 (
+ S {ZZIx
a2 1k ijkl
+ —1L 35{-;'}
4 (a-1)n Ti
1
+={Z 2T x
a <i ik 1jk1)
1
+ ;E 8 {wlwz} s

AB\ _ 1 (.A|B.  _A|B__A|B AB)
AB/ 2(P- -+PA|- P-lB PI

A|B

A|B/J

(9.1.7)
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where
2 [ 2
8 { [ij (? E xijkl) ] ,\f ? i xiij) } = {equat:l.on (9.1.5) +
8a(a-1)n2pBrPf}?+P‘}/?+ 2P2?+ 2(n-1)
()
+ 4(n- 1)(P / \
+ 4(n-1) (n- 2)p—}-—7
+ 8a(a-1) (8-2)11.3P§[PA+P:+Z(H-I)Pﬁ]} ,
(9.1.8)
i 1-T
slForxy,) oz tipia) 1 [omation .18+

A/B AB

8a(a-Dn’{p, [P*2+ 4 B4 26221 2(n-1)

X <PA_I?+PA'B)

+ 4(n- 1)( +PA/g>

+4(a-1) (n-2) P'—l_-]

FpAB /

+ [P +2(n-1)1>Allﬂ

+ (a-2)npA [pB+P +2(n- l)P—]
+ 4(a-2)npApB [P. . +P{V]_S
+ 2(a-1)pA 3]

+ 2(a-2) (a-3)n’p> 2}7

PpPgJ _
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2 2
A (LAB  _A/B AB | LAB)
é {(f £z xijkl) l-): z (2 xiij) .‘f = 2an(P+P| .+2<1>A_ P+ 2P
ik ij k
+ 4(n- 1)(P—+2PAIB+PA/B)

+ 2(n-1)(P‘?“.3+PAl’ +P IB+PAIB)

AlB
+ 4(n-1) (n-2)<P2—}TB+ P%Ig)

alp, +28 +2-nEd] (5 +2P)
+ 2(a 1)anA+PA+2(n I)PAJ pB+PB

+ b(a-Dnp, [p4P+p8/B, 2B

+ 21 (412 4 24 ln)]
+ 4(a- 1)(a-2)n2p§(PB+PB)} ‘

The other terms in equation (9.1.7) have appeared in previous sections.

Thus,
A 2\/.B 2
é(z2,) = (PK"’A (Ps'pn)

AlB_ A B _ (AB B\ <AB_ AN /oA|B _ )1
LPAT5 "% 5" 2P —f- PaP5) - 2pg(Pf= - PPy + 4ppy(P 1) - pypy ) |

e I GRS (RS A

[P-T—+PA/ B 2P+ A(PAB+PA/ B 2P—}-§)

AB A/B AlB <AB A/B AIB\]
-p (PA +PE 2P-+.')+pApB LINED SN SN

-P pB)

1 A/B 1_\1_1;_ A/B AlB7
+ Tan(n-1) [P +2P +PA/B 4< A—!—+P;I- +4PA“-B-J.

+ —L . [pAB P{V’f-zy‘}l?)

2a(a- ].)n2



9.1.6 G(zlrz)

2
6(zyvy) = m ¢ { Lf (g: E xljkl) ] (f ? : xijkz)
2
'%[f x)jkl)][zz(zxjkz) ]
2
- al (f )j: 1)2 xljkl) (f ? 5 x:.ij)
2 2
*ar ) [27 @) )
A - 6(w1r2) ,

where,
8 [(f ;z i xijk1>2 <§ ,j: E xiij)] - {equation (9.1.6) +

TpAB 4 pA/B L 5 (na1yph I

+ 8a(a- 1)n pAL
1
M (a'z)“pAPBJ}

and where other terms have appeared in previous sections, so that,
= (7R ek )es-7s)
8(z)7,) (A PA/APs =Py
1 rpA AlB_(, 2 < B\ /AIB B)"
L X*— PA‘B+\2pA Pa/\P - 2py(F. B/

AB A/B A
{P 2r lB a2 2(P+P

BY AB A/
B/ p ff +-P

/oA|B _ AB
+2(P7 i - P}
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9.1.7 6(zlw2)

zﬂ
é(zyw ) =4 TIx W
{4(a 1)nz (j . ijkl) 1%
2 W, W
1 172
- ZTZIx W
loa(a-l)nZ (1 K 1jk1) 2 n

- (v3- Pa) 7 (y '2P§>
1 [P++P—, -29‘%—5 (2;:A )(pB+P -zr)
a2t )
* = LP‘LB-+2P—A-IB P28 _o(p :—’—_B-+Pi-l§)
- 4(9—|—+p‘i/l—§ 2p—1—§-)
- pA(PAB+PA/ 24 1B 4 243 A 2P{"g

AB _,oA/B o AlBY
- 4P.B 4P. B+8PT|-§/J

1 AB

A/B pA B A/B AlB
“ 2an(n-1) L +2P A/B 4( m+Pm)+4PK!E:l )
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9.2 Asymptotic Multivariate Normality of g as a -+

The vector s ir equation (3.1.7) is, as a ~ o, asymptotically
multivariate normal with mean vector o(y) and variance-covariance matrix

1 . 1y
a

an ~ + an(n-1)

Proof Qutline:

The vector s may be written in the form,

a
- - 7]
. .1y [ a_ .7 32 L
S % =2l a1 Gy -G - oy
i=1
a - 2 1
2y a1 (a6 - oy
wl (Oil
) @2
] Pi1
Ty Pi2
where
- 1 1
¢ C == (2% x, -=ZZIIx )
il 1 2n (j K ijkl a ik ijkl
- 1 1
Co-C,=2=(2zx -2zrex )
12 2 " 2n (j K ijk2 a ik ijk2
2 2
- SYTINS
%1% &m-D [2(;: ¥ jkl) n (? E * 31
2 2
1 1 \
W2 = Z(a-D) [?(ﬁ X jk2/ " n (’; E k)
oy = tlrma, Lo (ma,) ]
il nljk ijkl 2j . ijk1/ |
Ly s 12(2 VA
= - b4 -~ X .
Pi2 mupy gk T2y ijk2/ |
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Now the term

a 2
%{Zl (ff)(gil i t-l)
i=

is not an average of independent random variables, but,

a 2 a 2
e ) 1 5 () ve, @) e
a s \a-1 C'i.ll g-l a gil pA) + op a-1/? anwe
i=1 i=1

where use has been made of the lemma given by Serfling (1980, page 72) and given
earlier by Cramer (1946, page 365). So by Slutsky's Theorem [see, for example,

Cramér (1946, page 255)] if the sequence of random variables

a
Vo 2

i=1

!
2 Gi1-Py)

converges in distribution to some random variable then the sequence of random

variables

| o

(X e-tr)

1
converges in distribution to the same random variable. A similar result holds

1
a

t >

i

for the term

(55-1_1)(512 - t-2)2 :

1
So the asymptotic distribution of s is the same as the asymptotic distribution of

1
a

[ e -}

i

a
* _ 1 .o y2 .1
ES Z (C1 - Py) n“"ilT
i=1

2 1
(G2-Pg) -~ o 92
“i1
Yi2

Pil

Pi2
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Now the vectors
- -
2 1
(1 -Pa)" = 5 9
2 1
(Ca-Pp) - 5 9y
W1

@2

Pi1

Pi2

are i.,i.d. with mean vector o(y) and variance-covariance matrix given by

1. 1
A+ = + a(n-1)

Y .

So by the multivariate version of the Lindeberg-Lévy version of the central
limit theorem [see, for example, Cramer (1946, page 316) or Serfling (1980,
page 28)], §* is asymptotically multivariate normal with mean vector g(y) and

variance-covariance matrix V.



