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Conclusions. — A general nonlinear dynamic stability criterion of algorithms has been proposed. An
implicit algorithm, conserving energy in the important case of total Lagrange formulation has been
introduced and successfully applied to problems of dynamic snap buckling.
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1. Introduction

This paper concerns the stability and accuracy of solutioms obtained in the nonlinear
dynamic analysis of structures with the finite element method. Special emphasis is given to
physically unstable structures, e.g. structures which might experience dynamic snap through
buckling and related dynamic collapse phenomena

The paper reflects a study lll recently carried out in order to clarify the factors con-
tributing to the quality of implicit nonlinear direct intecgration dynamic solutions, such as
precision, stability and cost. It also defines a new implicit algorithm better suited for the
numerical analysis of problems of dynamic stability, involving thin shell structures.

Contradictory results have been reported in the field of nonlinear structural dynamics.
Among others Hartung and Ball |2|, applying several computer codes to an impulse loaded thin
shell truncated cone of elastic material, have summarized their findings noting that the non-
linear results may "show virtually no agreement', while the linear elastic results, using the
same codes, differed only very little.

Other authors, applying the familiar implicit direct integration techniques, such as the
Newmark, Wilson and Houbolt schemes, to nonlinear problems, have reported numerical instabi-
lities for larger time steps, although the mentioned schemes are unconditionally stable in
linear applications ]3,4[. Those failures appear to occur if the incremental solution at each
time step is approximate as for the "pseudo-force" method or for the "load-correction" method.

Since dynamic snap phenomena are very nonlinear, only fully iterative solutions are con-
sidered here, while some authors concentrate on improving the algorithmic stability of basic
algorithms if used with approximate solutions |5|. To this end the paper introduces a broader
definition of algorithmic stability, based on local energy balance and proposes an improved
scheme by modifying the Newmark algorithm so as to conserve energy in structures having
elastic potentials of up to fourth order in the displacements.

This case is important, because the widely used large displacement "total Lagrange" for-
mulation has fourth order elastic potentials, when constant elastic properties are
substituted”.

The applications run with the improved scheme show an increase in precision and, due to
the larger time steps possible, a significant reduction of analysis cost, if the new algorithm
is applied to highly nonlinear dynamic problems such as snap through buckling. The advantage
of the scheme is also made apparent in formulations involving higher than fourth order elastic

potentials.

2. Errors of Direct Integration Schemes

The errors typically associated with the application of direct integration techniques to
linear vibrations are : period elongation and amplitude decay |6,7].

If applied to nonlinear oscillators, the familiar direct integration schemes |1| produce
pseudo-period elongations and amplitude decays, just as in linear applications, plus an extra
truncation error if the solution has not converged within each time step, and a new type of

error, discussed below, termed local energy imbalance.

*NOTE : while linearly elastic materials in infinitesimal displacement theory produce second
order elastic potentials, large displacement "updated Lagrange' formulations, however, have
infinite order constant elastic property potentials
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Pseudo-period elongations and amplitude decay can be reduced through a reduction of

the time step.

The extra truncation error due to non-convergence of the solution can be eliminated

through iteration for dynamic equilibrium in each time step |4|.

The new energy error can also be reduced with smaller time steps ; it appears,

however, only in nonlinear applications.

Local Energy Imbalance

A closer look reveals the energy error to be linked to a miscalculation of the elastic
energy stored as the solution progresses in time, even if the solution has converged in each
time step |8L

Consider the basic Newmark scheme (trapezoidal rule) applied to an undamped nonlinear

oscillator with the equation of motion :
mx + £(x) = 0 (1)

. e .
where m = mass ; X, X, X = displacements, velocities and accelerations and £(x) = nonlinear

spring force. Newmark's basic scheme can be writtenm as follows

x, - ¥y = At/2 (k, + Xo) (2)
Ry - kg = ae/2 (R + ) = -n ! oae/2 (£, + £ (3)

where, throughout this paper, subscripts 0 and 1 denote the beginning and the end of each time

step, At = -t The increment in kinetic energy, ACOI’ within step, At, is given by

0
. < 2.2
AC,. = 1/2m (x1 x, )

01 = 1/2 (;(1-;(0) m (;1+i0) (%)

This becomes with the help of eqs.(2) and (3)

1/2m (;:12-).( 2y _-1/2 (£+E0) (xp-x) (5)

0 0
and the geometric interpretation of the r.h.s. of eq.(5) shows that the increment in kinetic
energy is equated to the trapezoidal approximation of the increment of elastic emergy, as
shown in fig. 1.

The shaded area in fig.1 can be interpreted as the loss in kinetic energy as the solu-
tion progresses from state 0 to state 1, and the blank area between the curve and the
trapezoid upper edge represents an under-estimate of the loss in kinetic energy, i.e. the
system arrives at state 1 with too high a velocity.

Upon reversal of the direction of motion i.e. if the solution progresses from state 1
to state 0, it is apparent that the blank area represents an underestimate in gain of kinetic
energy, and that both errors tend to cancel each other if a constant time step is used over
several periods of vibration.

Fig. 2 shows the typical responses of a stiffening and of a softening nonlinear oscilla-
tor using the trapezoidal rule with equilibrium iteration in each time step.

Since the trapezoidal rule does not exhibit numerical damping, the amplitude errors
occur periodically with the same magnitude. Using an algorithm with inherent numerical damping,

the amplitude errors will be increasing, however, in time.
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Note, that for the stiffening spring the amplitude is underestimated, while for the
softening spring the amplitudes are overestimated. Also, an extra period elongation occurs in
the softening case, which is due to the physical increase in period with increasing ampli-
tudes.

The local energy imbalance is a far less dangerous error as for example the comstant
energy injection associated with linearly unstable algorithms. Nevertheless, it can give rise

to numerically triggered physical instabilities of potentially unstable structures.

3. Improved Dynamic Algorithms

Stability of algorithms in linear analysis is usually assessed as follows. A linear,
undamped oscillator is considered and the solution via an algorithm, starting from some
initial conditions, is reduced to the recursive application of an operator matrix, A , whose
spectral radius, p , must be less than or equal to unity, if the discrete solution sequence
is to remain bounded in time.

Because of its generality, the concept of emergy balance is chosen here as a basic cri-
terion for the stability of dynamic algorithms in nonlinear applications. For clarity, con-
servative systems are considered in the following developments, that is systems without

dissipation of mechanical energy.

Definition : Let S(t) be a system in evolution, with C = kinetic energy, W = total potential
energy. Then, for conservative systems, an algorithm is said to be unconditionally stable, if

for 211 initial conditions and time steps chosen, the following inequality holds

CGx) +Wlx) 3 C(x ) + Wix )

.
X
n+1’ *n* Tn+1?

respectively, and in linear applications, e.g.

In this expressionm, X are velocities and displacements at time t and

t1'1+l

W= 1/2 k x° - £(x)

C=1/2m %

Improved Energy Conserving Algorithms

As a most basic requirement, stable algorithms must not inject mechanical energy glo-
bally into the system. More stringently, energy should also be conserved locally from time
step to time step, to avoid, for example, physical instabilities to be predicted too soon, or
to be masked and missed by the algorithm solution sequence.

In seeking better algorithms, one may start out from known ones, efficient for linear
analyses, and try to improve their energy conservation in nonlinear applications. This is
done in some detail below for the well known Newmark trapezoidal rule.

A better representation of the stored elastic energy and thus of the kinetic energy,

than given in eq.(5), will be

1/zm(;(12-;(02 = V28 4)) Gyxg) + 1120k mxp) (£ ~fg D Gxpexg) (6)

where the second term on the r.h.s. has been added for a better representation of the area
under the curve, £(x), in fig. 1.

In eq.(6) £ % = 3f/3x = k(x) = nonlinear spring stiffness.
s



M 5/3

Using the trapezoIdal rule for the displacements, eq.(2), and working backwards from

eq.(6) via eq.(4), one obtains the following difference expressions

x %o = At/2 (x *xy) (2)
Rpokg = WM [ae/2 (£pe£0) - ae/12 (kpmkg) (Geyxg)] )

Eqs.(2) and (7) comstitute a new algorithm, based on the trapezoidal rule, conserving
energy locally for structures having elastic potentials up to fourth order in the displa-
cements.

1t should be noted, that higher order expansion than given through the r.h.s. of eq.(6)
can be substituted, which will further improve the algorithm, constituting a whole family of
algorithms, based on the trapezoidal rule. This would complicate considerably the implementa-
tion of the algorithms into large scale finite element computer programs, involving deriva-
tives of stiffness matrices w.r.t. the displacements and expensive matrix multiplications.
Note, that the whole family based on the trapezoidal rule does degenerate in linear applica-
tions to the trapezoidal rule, from which all members of the family will inherit the typical
period elongation properties of the basic scheme. A more sophisticated version of eq.(7) is
therefore not desirable.

However, one may start out from a higher order difference expression than the one given
in eq.(2), e.g.

x,xg = At/2 Geprkg) - AEH/12 (%) (®
leading to families of algorithms proposed in |8[. These algorithms, however precise, are
difficult to implement in general nonlinear computer programs. Attention is therefore res-
tricted here to the easily programmable modified basic Newmark algorithm, as given through
eqs.(2) and (7).

4, Implementation of the new algorithm

Eqs.(2) and (7) can be written as follows

x;7%y = (A£/2) (i1+i0) (2"

sy } } \
M (x)-x,) = (at/2) (wl,x+wo,x) + (At/12) (wl’xx wo’xx) (x;-%4) "
in which the quantities with subscripts 1 and 0 are evaluated at times tl,to, respectively ;

S 5 L . . . .
wl,x = F1 -F1 B wl,xx = Kl -Kl are the first and second derivatives of the potential of the

external load vector and internal structural resisting forces, e.g. at time £y and

M = constant mass matrix. In the following it is further assumed that Kf’=0 and Ky 2 K° =

tangent stiffness matrix at ty
From above equations one can deduce |1| the following Newton-Raphson iteration sequence

for dynamic equilibrium at each time step (i-th iteration)

R g 4D 2y D) ©

G
(el BN Aot

xfl) || « € (where e is an arbitrarily small quantity)
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with the dynamic stiffness matrix

L YN A L R Y P ROV S S C O (10)
1 1 0 1
and with the equivalent dynamic load term
V(1) L) __I(i) _S(i) (i), (i)
AAP1 =F; -F, -F, + (1/6)L\K0 ax (11)
mere s D) G, GY G cein 5 2 [N§° (oD sy yax D)
0 T Thor %o Xy TXgy matmix B0 = oy ik T ok

and where the inertia forces, Fi(l), are obtained with the accelerations of the basic Newmark
scheme,

After iterations have converged, the true accelerations at the beginning of a new time
increment, leading from state 1 to state 2, follow from
F7L(0) - r5)

Yo=wl(

1 F

1

Eqs.(10) and (11) constitute the new scheme, which, in the form outlined, corresponds
in all details to the basic Newmark scheme up to the underlined terms. What makes the scheme
different from the trapezoidal rule is the term (1/6)AKJi) Ax;i) in load term, AA%fi) . For
this term, it is required that the tangent stiffness matrix be re-calculated at each itera-
tion. When a full Newton iteration is carried out, this is done anyway, and the new scheme is
therefore no more complex and little more time consuming, but more accurate than the basic
scheme. Term Bfi) » however, involving derivatives of stiffnesses, would be penalizing, could
it not be safely neglected, since any iteration will converge to the right result, however

less fast, if only the loads are calculated correctly at each iteration step.

5. Examples

Snap Through Problem

The three hinged bar structure shown in fig.3 is subjected to a step load, P , at the
center node.

By increasing P, the critical snap load, Pcr’ can be found after a few tries. Using
the basic Newmark scheme and the new scheme, fig.4 shows the estimates of Pcr’ with diffe-
rent time steps.

The basic scheme introduces errors in the prediction of the eritical step load, starting
with a time step 10 times a basic time step chosen at 1/100 the linear period of infinitesi-
mal vibrations about the unstressed configuration. The new scheme gives good results for time
steps up to 50 times the basic time step and its error at 100 times the basic time step is
6,5 % and remains still small, compared to a 35 % error using the basic scheme.

Note, that the elastic potential in the simple engineering formulation of the problem
has an irrational expression, and is thus of infinite order, whereas the new scheme gives
exact energy balance only for polynomial potentials of orders up to four. Nevertheless, the

results demonstrate the superiority of the new scheme over the unmodified Newmark scheme.
Two Hinged Circular Arch

The circular arch shown in fig.5a is subjected to an initial velocity field in the form

of a sine half wave, the velocity vectors pointing towards the center of the circle.
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The arch is modelled with 20 beam elements, and the amplitude, vg of the imposed
velocity field is varied in order to determine the critical velocity for two dimensional,

elastic snap through.

Fig.5b shows the area, A , under the arch and its chord versus time, in a 200 At time
interval, with Ato = 3.31524 x 10_5 sec., for an initial velocity amplitude of
v, = 3165.0 in/sec., using different integration schemes and time steps.

° It indicates that the critical snap initial velocity will be predicted differently,
depending on the algorithm used, and on the time step used. Curves "B" correspond to the new
scheme. Curves Bl and B2, with once and twice, respectively, the basic time step are indis-
tinguishable on the plot of fig.% and they are accepted as the converged solution.

Increasing the time step to 5 and 10 times the basic step, curves B5 and B10 do not
predict snap through. Only curve B20 with 20 times the basic time step, leads to numerical
snap through.

The responses obtained using the basic scheme, curves "A", show on the other hand
numerical snap through to occur for time steps as small as the basic time step, see curve Al,
A halving of the basic time step, represented by curve A05, is required to give results com-
parable to those obtained with the new scheme. The computer time spent to obtain curve AO5 is
more than 10 times that needed to obtain curve B10 of comparable accuracy. Using a modified
Newton iteration with one stiffness calculation per time step, convergence can also be
obtained but the computer time with the basic scheme remains more than 5 times as large as

for B10 for comparable accuracy.

6. Conclusion

A more stringent stability criterion for solution sequences via implicit dynamic step-
by-step integration of nonlinear structures has been defined, based on a local energy con-
servation within each time step.

The erroneous energy calculation of familiar techniques in the nonlinear domain has
been exposed for the basic Newmark algorithm (trapezoidal rule).

Based on this, an improvement to the basic Newmark scheme has been introduced,readily
implemented in nonlinear structural analysis programs already equipped with the basic scheme
and with a provision for Newton-Raphson iterationm.

The new scheme conserves energy exactly in the important case of linear elastic total
Lagrange formulations. It has been applied successfully, with improved accuracy and savings

on computer time, to geometrically highly nonlinear problems of dynamic snap-through.
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VoGl -kl = £6)
1/2(f0+f1) (xl-xo)
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FIGURE 1
NONLINEAR OSCILLATOR

APPROXIMATE KINETIC ENERGY VARIATION AC, CALCULATED WITH NEWMARK BASIC SCHEME
(Trapezoidal rule)

X
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Time
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Time
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FIGURE 2

TIME RESPONSE OF STIFFENING AND SOFTENING OSCILLATORS WITH NEWMARK BASIC SCHEME,
SHOWING CONSTANT AMPLITUDE ERROR AND PERIOD ELONGATION WITH NON LINEAR SYSTEMS
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FIGURE 3
THREE HINGED BAR STRUCTURE SUBJECTED TO A STEP LOAD P AT CENTER NODE
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FIGURE 4

CRITICAL SNAP LOAD EVALUATION
FOR DIFFERENT INTEGRATION SCHEMES AND TIME STEPS
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Af = Newmark Basic Scheme with time
step factor £ = At/At,
Bf = New Scheme with f = At/At0
FIGURE 5b

CIRCULAR ARCH
DYNAMIC RESPONSE USING DIFFERENT INTEGRATION SCHEMES AND TIME STEPS



