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INTRODUCTION

In this dissertation we shall study some aspects of the oc-
currence of discrete events in n-dimensional Buclidean space. Al-
though we shall, whenever possible, keep the development quite gen~
eral it will Dbe convenient to have a few specific examples in mind,
such as the distribution of plants or insects in a field, of
galaxies in space or of defects in a cable.

The case where the events are distributed independently and
uniformly over the space, i.e. the Poisson process; is well known
and possesses much matheratical simplicity. If A is the average
number of events per unit volume then the prohability than n
events will be observed in a region of volume V is given by the
expression e-kv(hv)n/n! no matter what the location or shape of
the region. However in many actual realisations this Poisson dis-
tribution is unable to vnrovide even an approximation to corresponding
observational data. In general this is because the assumptions do
not reflect the true physical situation.

Departure from the above simple case may be thought of as being
in one of two directions. The events may tend to be located syste-
matically throughout the space, as at the corners of a lattice, or
they may tend to occur in clusters. We shall be concerned mainly
with this latter case, and refer to it as the center-satellite pro-

cess., Crudely we may lock on it as the grouping of the individual
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events, or satellites, about their respective centers, which we
shall, in general, assume to be independently and uniformly dis-
tributed throughout the space. Another possibility, not entirely
unconnected with the clustering situation, is that where, although
the events may be independently located, they may not be uniformly
located, as for example the distribution of plants in an area of
varying fertility.

Many distributions have been’intro&uced to deal with these
non-Poissonian situations. Some of the more common are the Pascal
or negative binomial, the Neyman types A, B and C, the Polya-Aeppli,
and ultimately the families of which these are members. For better
or worse the term “contagious™ has come to be used to denote this
class of distributions wvhere the departure from randomness appears
to be in the direction of grouping.

In Chapter 1 of this dissertation wc shall review the past work,
particularly that relevant to the clustering situation, and try to
show the positions of the various "contagious" distributions in a
general scheme; A general theory is developed from which various
properties, e.g. the moments, of the common contagious distribu-
tions mey be readily deduced. We give examples.

In Chapter 2 we attempt to obtain properties, in particular the
means and variances, of vhat we regard as more realistic members of
the class of distributions defined by our theory. The mathematical
difficulties that arise are illustrated and methods by which they

may be, in part, overcome suggested.



In Chapter 3 we investigate a two-dimensional analogue of the
variance-time relation. Ve suggest an estirator of the variance of
the number of events, or satellites, in a circle of radius p, and
show that it is consistent for a two-~dimensional Polsson process,
and, indeed, for 'a special class of center-satellite processes.

In Chapter 4 we derive the distribution of the distance to
the nearest neighbour Tor the general center-satellite process. Ve
thus have alternatives on which ﬁo obtain the power of the nearest
neighbour test of randommess. Similar difficulties to those of
Chapter 2 arise and are treated in a like menner. Sone examples
are given.

The work presented here attempts to place the study of non-
random point processes on a more rational foundation than that
existing in most of the previous literature. It contains little
that is logically difficult. But consideiable mathematical diffi-
culty is introduced as a conseguence of our basic assumptions. Ve
have preferred to try to Jind the means of overcoming these diffi-
culties rather than to nodify our assumptions which we believe to
be realistic. TFor this reason we have been able to make but a start
towards the finding of solutions to the prcblems which arise in the
study of spatial point processes. There is much yet to be done,
not only in the exploring of other ideas but also in the further

development of the techniques here derived.
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NOTATTON

In 8 dissertation of this nature and length there is clearly
great difficulty in maintalning a consistent notation throughout
and it has not been possible to keep the ideal of reserving one
meaning to one symbol. Our usage has, however, been as conventional
as possible and in most cases the notation has been defined in the
appropriate sections. In that part of the paper which is based on
the works of earlier authors the notation has been chosen to parallel
theirs.

The following symbols have been used throughout the paper. They
are listed here since our usage is perhaps not that of all writers in
this area.

P(A) : +the probability of the event A
E:X : the mathematical expectation of the random variable X
Var(X) : the variance of the random variable X

Cov(X,Y): the covariance of the random variables X and Y

X, ¢ n-dimensional Buclidean space

X : the point with Cartesian coordinates Xl’Xz""'xn’ n=l,2,3540.
dx :  the differential element dxldxg....dxn, no=1,2:3500000

}§1§'| ¢ the distance between the points x and_§',

frew [ (o)) a2l T2

the distance from the origin to the point u

Ie



Note that when the integration sign, /\, has been used without

-

limits the integration is to be carried out over the whole region

in which the variable is defined.

We have also used the following abbreviations

p.d.f. -
c.d.f, =
pfg.f. -
n.g.f. -
CoeTe =
fa.g.f.-
f.c.g.f.=

probability density function
cumulative distribution function
probability generating function
moment generating function

cumulant generating function
factorial moment generating function

factorial cumulant generating function

xi



CHAPTER I
THE BACKGROUND AND THE THEORY OF THE CENITR-SATELLITE PROCESS

1.1 The Historical Development,

1.1.1 The Neyman type A, B and C distributiocns.

The origin of what we shall call the center-satellite process
seems to lie with Neyman /f297% In this paper Neyman has tried to
describe the distribution of larvae in a Tfield by regarding the in-
dividuals as being "clustered" about their original egg masses. Ve
use the guotetion rwrks to indicate that the function describing an
individual's location with respect to its associated center (i.e.
the egg mass) may be very general, and actual physical clustering
at the time of observation may be far from obvious.

The situation may best be described by quoting Neyman. "Con~
sider now a single larva, survivor at the moment of observation,
which was hatched out at a point with coordinates &, 7. Denote
by x and y +the coordinates of this larvae at the moment of the
counts. We shall consider x and y as random variables. It is
obvious that the probability law of x and y must depend on the
values of § and 7. Ve assume that the dependence 1s of a parti-
cular character; namely, that the provbability law of x and ¥
glven & and 7 is a function of the differences x-£ and y-1.
We shall denote it by £(x-&, y=N)." ‘The »roblem is to discover
the distribution of larval counts on a plot P, with no restric-

tion as to its shape but with its area assumed to be unity. It

lNUmbers in square brackets refer to bibliography.
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follows that the probability that a particular larva of a group with

center at g, T will be found in P 1is

(1.1.1) P(5, M) =ff £(x-E, y-1) axdy.
P

Again quoting from Neyman, "...strictly speaking ..... we have to
specify the function I(xz-E, y=T)eees.. . Since however we have
no knowledge of f(x-£, y-T) and have to select it only on intuitive
grounds, we may as well select the function P(E, 7)."

Now let A be the region, of area A, formed by points such that,
if a mass of eggs is laid at one of them the distance from this
point to P i1s not too large for a larva to be observed in P at
~ the time of counting. Under the assumption that the number of lar-
vae resulting from an egg mass is a Polsson variable with parametexr
m, if we take as a simplifying assumption
| At L (8, n) i A
(1.1.2) P(E, 1) =

0 , otherwise

ve may readily derive the Neyman type A distribution of two para-

meters, for which the »n.g.f. is

m(t-1
(1.1.3) :q (t) = exp {n [e (t-1) 3:7} .
The egg masses are supposed to be randomly distributed over the

field with intensity )\. We refer the recder to Neyman's paper for

detalls.



Recognising the nossible inadequacy of such a simplifying as-
sumption Neyman then supposed R(E, n) to assume one of 2, 3, b,....
values to obtain type A distributions of I, b, 5,.... parameters.

He states, "If the number of parameters in such a distribution is
sufficiently high it seems practically certain that the function
P(€, M) will be well approximated and we may hope to get an ex-
cellent fit. However if a good fit may be obtained only by intro-
ducing a great number of parameters it usually means that the method
of introducing these parameters is not very successful and therefore
it does not seem worthwhile to discuss in greater detail the dis-
tributions of type A."

Instead he derives the type B and type C distri-
butions by placing assumptions of a rather different nature on
P(g, n). For if =z be any number between zero and unity and AF(z)
denote the measure of the set of points belonging to A where
?(g, ) § z, then the function F(z) has all the properties of a
c.d.f. of a variable 2 which we may identify with P(E, N). As-

sume that the derivative of F(z) exists. I we set

Af2 , 0<z<2/A, A>2
(1.1.4) ar(z)/dz = =

0 s elsevhere

we obtain the type B distribution for which the p.g.f. is

m( L"l) 1 }’\

(1.1.5) §(t) e:co{ Ao -1 o 1}
mec -

and 1f we set



2A2(5/A -2)/9, 0<z<3/A,a> 53
(1.1.6) ar(z)/dz = =

0 3 elsevhere

we obtain the type C for which the p.g.f. is

| em(t'l) - l-m
(1.1.7) j(t) = exp { /\]i m2(-t_l)2/2 - l}} .

There seem to be certain inadequacies surrounding this type of

approach., Firstly it is by no means clear vhat distributional form
we would get if we were to examine the same population with a dif-
ferent plot size and shapé. The use of several plot sizes has
been suggested for, and seems a reasonable approach to, a study of
non-random populations. A further tool for examining non-random
populations which has received some attention is the distribution of
the distance to the‘nearest neighbour, and agein it seems reasonable
to expect that this, in addition to samnle plot counts, would throw
extra light on the nature of the population. (For further comments
concerning this see Skellam.z—gj7 }. But the imposing of condi-
tions on the P(€,1) and not directly on the f(x-€,y-N) prohibits
a simultaneous treatment of the distributions of plot counts and
the distance to the nearest neighbour.

A further difficulty was pointed out by Skellam / 26/ who
showed that "it is both necessary and sufficient that A should
be an integer, and that the distribution of offspring in space should
consist of A equally sized probability masses so spread that no
two are enclosed at the same time by any figure equal (in shape and

area) to Q /Neyman's P / and with the same orientation". Thus,



in Skellam's words, “The exact solutian to this problem imposes
severe restrictions on the ecological picture to which the mathe-
matical model (considered in the strict sense) is applicable".
Nevertheless biological populations have been well fitted by the
Neyman type A and Skellam provides an explanation for this. He
concludes that "it would appear that the sampling situation to
vhich the Neyman type A is particularly suited is one where the
orgenisms occur in compact clusters,.......The compactness of the
clusters is in fact a condition implied as a hidden assumption in
Neyman's original method of derivation. Nevertheless the Neyman type
A exhibits a considerable robustness, and can be employed as an ap-
proximation in certain circumstances where the condition requiring
compact clustering can be greatly relaxed”.

However if our study is to be in some way related to gaining
an understanding of the dispersive mechanism of the population in
question, and not merely a method of graduation of plot counts, it
seems clear that the imposition of a simplifying condition on P(£,M)
rather than on f£(x-L,y-1) is in general unsctisfactory.

1.1.2 The Thomas double Poisson.

The next contribution to which we draw attention is that of
Thomas / 29/. She assumes that there are a number of points dis-
tributed at randam over an area and that with each of these points
a random number of other points is associated. The area is divided
into squares and the probability that a square contains 0,1,2,...

points calculated. If I is the random variable associated with
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the Tirst distribution of points, the probability that there are X
points in any one square is taken to be e"kxX/X!, and if Y be the
number of points related to the first points the probability that
there are Y+l points in a group is taken to be e-mmX/YZ . (Note:
we have interchanged the A\ and m of Thomas to conform with our
notation). It is then a straightforward matter to deduce that
oo e”x(rm)k—r e

(1.1.8) P(k points in one square) = I
=0 r)(k-r)l

We observe that the Thomas double Poisson is formally the éame
as the Neyman type A distribution but with the center, or parent
plant, also counted. Also the offspring are required to be in the
same plot as their parent. (Thomas's area of application is in the
distribution of plants rather than of insects.) This can only be
realized if all members of the cluster are located at the cluster
center, i.e., coincident with the parent.

1.1.3 Darwin's thesis.

Another method of obtaining "contagious" distributions of the
center-satellite type was put forward by Darwin in an unpublished
thesis, some of the ideas of which were published by Thompson_l_§g7.
As near as can be judged Darwin's model is somewhat broader than Neyman's
although logically very similar and leads to a family of distributions
vhich includes the Neymen types A and C. But this model also
suffers from the imposing of simplifying conditions on P(E,MN)

rather +than on f£(x-{,y-T).



1.1.4 Feller on campound and generalized Poisson distributions.

A stimulus to the problem from a rather different standpoint was
give by Feller‘1j§7. His paper provides a consolidation of the con-
cepts of compound and generalized Poisson distributions. His
stérting point is purely mathematical. Suppose F(x,a) is an ar-
bitrary c.d.f. depending on a parameter a. Treating a as a

random variable with c.d.f. U(a) we have that

(1.1.9) ax) = u/“F(x,a) au(a)

is also a c¢.d.f. In particular if U(a) is a step function

(1.1.10) a(x) = = piF(x,ai) = T piFi(X)

vhere p, is the weight attached to a, and the Fi(x) are ar=-
bitrary c.d.f's. Specializing to F(x,a) as a Poisson distribution

with parameter a we obtain the compound Poisson distribution,

[=s]

(1.1.11) P(n events observed) = J/‘ e % /mt  au(a)
~0

*
Further, the n-fold convolution, - (x), of an arbitrary c.d.f. F(x)
may be considered as a c.d.f. depending on a parameter n. If this
latter is treated as a random variable having a simple Poisson dis-

tribution with parameter a, the application of (1.1.9) leads to
o]

(1.1.22) G(x) = = e *a" Fn*(x)/ni

which is the c.d.f. of the generalized Poisson distribution.
Feller then takes Neyman's / 20/ asswaptions, although he ex~

presses them in a rather different form, and, using the derivational



methods of the compound and generalized Poisson laws, he derives
a class of distributions of which the Neyman types are special
cases. However in doing so he has accepted the assumption that
the c.d.f. of P(E€,1) {(u 4in his notation) is knowm.

The paper includes a physical interpretation of the compound
Poisson law. Quoting from it, "Consider a population made up of
17 A2, cee
DysPps esee o If Fi(x) is the c.d.f. of some character in A,

several subgroups A mixed at random in proportions
then G(x) =% Py Fi(x) vwill represent the c.d.f. of that charac-
ter in the whole population, provided the subgroups Ai are statis-
tically independent. Similarly G(x) = k/ﬁF(x,a) dau(a) describes
an infinitely composite population”.
The multiple Poisson, the Polya-Eggenberger and the Neyman type
A distributions are shown to be special cases of the compound Poisson
distribution, Indeed the Neyman type A is shown to be, formally,
a special case of both the compound and generalized Poisson lavs,
Feller shows that "whenever the material under observation is
not quite homogeneous so that the compound Poisson law applies ine
stead of the simple one, there will be too many cases with "no event"
and as compared with these cases too few with "one event” ". This
phenomenon has been locked on as being symptomatic of corfagion. How-
ever, quoting further from Feller, "The compound distribution will
always appear as contagious; however this contagiousness is not in-
herent in any phenomenon in nature, but simply in our method of ob-

servation. .... Although the events themselves are strictly inde-



9
pendent we have an apparent contagion due to the method of obser-
vation. ..... The contegion studied by Neyman is of this type.

Any inhomogeneity in a population of the type (1.1.9) will lead to
such apparent contagion.”

Iater, in his book 1727, Feller expresses the situation rather
nore clearly. "In the statistical literature it has become cus-
tomary to use the word contagion instead of aftereffect. The
apparent aftereffect of sampling was at Tirst misinterpreted as an
effect of true contagion, and so statisticians now speak of con-
tagion (or contagious probability distributions) in a vague and mis-
leading menner. Take, for example, the ecologist searching for in-
sects in a field. If aifter an unsuccessful period he finds an in-
sect, he mightconclude that the litter is likely close by and that
his chances of finding another insect are good. Obviously no after-
effect is involved, and yet the statistician speaks of contagion.”

The problem here is perhaps one of definifion. Whereas Feller
would prefer to reserve the term contagion for situations where
the occurrence of an event effects the occurrence of later events,
as in the spread of a disease, on the other hand, Beall and Rescia
[ 2] state that "since the probability of an individual occurring
in a given unit area is related to the probebility of other indivi-
duals occurring in that unit area the distribution may be called
contagious".

There is also a very real distinction between a center-satellite

process, that is a process of clustering, and a situation where some
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1.1.6 The generalizations of Beall and Rescia and of Gurland.

In 1953 Beall and Rescia [/ 1/ noted a straightforward extension
of the Neyman type distributions, namely the class of distributions

with p.g.f.'s

(1.1.13) a(t) = e-xexp-{ AM(B+1) ; mr(t—l)r/F(B+r+1):} s
=0

As B, n Dbeing parameteré. The Neyman types A, B and C are ob-
tained with B equal to 0, 1 and 2 vrespectively.

In the text of this paper (1.1.13) is obtained as a natural ex-
tension of the mathematical form of the Neyman types; however, in an
appendix, Beall and Rescia also show that the result corresponds to
a sequence of assumptions on P(£,1).

Gurland / 97 has pointed out that (1.1.13) may be regarded as a

special case of the class of p.g.f.'s

(1.1.1%) 6(t) = e™exp { & (a,048,m(%-1)))

vhere lFl(w,v,x) denotes the confluent hypergeometric function

2
_ WX wwl) x w{w+l)(w+2) ©
lFl(w,V)X) = 1 + v + viviLl -é-!- + e Cory Y ) ——3! + see

Setting o =1 in (1.1.14) yields (1.1.13).

Hovever apart from Skellam!s treatment of the Neyman type A, /287,
no study of the nature of the f(x-,y-T) appropriate to such p.g.f.'s
seems to have been made.

Other relevant contributions have been made by Gurland /[ 8/ in
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& paper which formalizes the notions of compound and generallged
distributions, by Katti and Gurland_[”;g7, and by many other workers,
in papers concerned more with the techniques of estimating the para-
meters and of fitting such distributions than with the underlying
physical model.

We have so far omitted reference to what is perhaps the most
important contribution to the subject. This is a series of papers
/21, 22, 23, 2k, 25, 26/ by Neyman and his associates concerning
the distribution of galaxies in space, which seems in the main to
have escaped the attention of workers in the ecological field. The
theory of the center-satellite process is developed in a very formal
manner. In the following section we shall examine this work and ex-

tend it in the direction of our main interest.

1.2 The Basic Theory of the Center-Satellite Process.

1.2.1 The theoretical development of Neyman and his associates -

definitions.

Our development is based on the model presented in the above
series of papers but with certain modifications. These are intro-
duced since our interests are different from those of Neyman and
his associates in these papers., They were concerned with a two
dimensional representation, on a photographic plate, of a three
dimensional distribution of points (i.e. the galaxies) where the
interpretation is complicated by the possible movement of the galaxies,
the time taken by the light to reach the observer, and by the fact

that a galaxy may reglster on one plate but not on another. We shall
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content ourselves with the completely stationary situation and we
shall suppose that there is no difficulty in deciding whether or
not an object is in an experimental plot. However we shall not
restrict ourselves to a specific number of dimensions but shall
consider the center-satellite process in n-dimensional Euclidean
space,

Our version of the Neyman and Scott /[ 22/ or the Neyman / 217
postulates is then:-

(1) To each Borel set in the space there corresponds a random
variable Y(R) representing the number of cluster centers situated
in R. This random variable depends only on the measure of the set R, i.e.
ie here .’che volume of R, which we shall write as p(R). If Rl’ RE’

*6ce

2 eere be & finite or countable sequence of disjoint sets, then

the random varlables Y(Rl), Y(RE)’ eves Y(Rn), eess are independent.
(ii) Iet Rl be a set with positive and finite measure and
let R2 be a subset of Rl. Let al, By eeees am be an grbitrary

permutation of m > 1 numbers chosen from 1,2,.....n' >m., Let us

consider the case where it is known that Rl contains exactly n!

cluster centers, say Crs Cps eeese Cpt We suppose that tke con-

ditional probability that ]!@!2 contains the m centers Cp 3 €y 3 ween
1 2

c, and no others, does not depend on the particular combination
m

al, ae, cesoee am but only on the numbers m and n' and of course
the measures of Rl and R2 .
(iii) The number of satellites belonging to a given cluster is a

non-negative random variable, independent of any other randcm vari-

able in the system and its distribution is the same for every cluster.
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(iv) Consider a set of rectangular coordinates with arbitrary
origin and denote by u = (ul, u2, veas un) the coordinates of the

center of a cluster. Denote by X é.(Xl, Xqs oees Xn) the coordi-

2’
nates of a satellite belonging to the cluster. We suppose that the

Xi, Xé,

density given ul, Uns eee un f(nl, ﬂg, toe ﬂn). We suppose that

cee Xn are random variables with a conditional probability

this density is a function of the arguments ni = x.i - W i=1,2,e00
n. Finally we suppose that, the positions of the cluster centers being
fixed, the sets of coordinates of all satellites are mutually inde-
pendent and also independent of all other random variables in the
system. We shall later find it convenient to assume that f 1is a
function of the dlstance between satellite and center, i.e.

2 2 2,1/2
(ﬂl + Mg+ eene + ﬂn) . It is essential to note that the function
£(N) is the same for all clusters.

We now depart from Neyman in his assumption that f(ﬂ) is a
continuous function of ﬂl, ﬂz,.... ﬂn. We observe that Neyman and
Scott in their expository paper.[~2§7 state, for the three dimen-
sional case, that "although it is not necessary it is convenient to
assume f dis continuous with respect to the first three of its ar-
guments" (the other argument in their case being time). However
in the papers of the series f is always assumed to be continuous and,
indeed, the contimuity of f has been used explicitly in the develop-
ment of the theory. Since the case of discontinuous f leads to

certain special cases, including the Neyman type A, and also since

it appears that some of the intractability in the development of
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special cases consequent on the assumption of continuous £ can be
removed by approximations by way of a discontinuous £, we now

verify Neyman's results in our modified form.

1.2.2. The theoretical development of Neyman and his associates -

derivation,

We firstly present the theory for the continuous case more or
less as given by Neyman and Scott /[ 22/ and Neyman / 21I/. We do
this for two reasons; the one that it will provide a basis on which
we will be able to build and the other that the original paper_z_gg7
contains an error which is corrected in / 21/, however this latter
paper is in French. |

The problem is to discover the joint distribution of satellite
counts in two Borel sets, wi and w?, which may or may not be dis-
Joint. ILet v(C) denote the number of satellites belonging to a
cluster with center at C., Let ni(C) denote the number of satel-
lites ofva cluster with center at C which are located in wi,
i=1, 2.

With ry and r, as non-negative integers, introdice an arbi-

trary function N(rl, re) which ranges over the non-negative inte-

gers and let
(1.2.1) v, (€) = w(n (C), v(C)), i=1,2.

Finally let

(1.2.2) Ny =§ N, (C) = é:N(ni(C), v(c)), i=12 ,

-

vwhere the summation is taken over all clusters in the space.
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Given the positions of the cluster centers, C eees 3 the

l, 02)
triplets of random variables (n,(C,), n2(Ck), v(Ck)) are indepen-
dent with respect to k =1, 2, ,,.. .

Denote the joint p.g.f. of nl(Ck), nz(gk), v(Ck) by
a (tys toy te) o
nl(ck)’ n2(ck)’ vl 2 3

Then the joint p.g.f. of Nl(Ck), NQ(Ck) is obtained by replacing

r., ¥, T N(r.,,r;) N(r,,r,)

1,2 3 1’3 2’°3
tl t2 t3 in Gnl’na’v by tl t2 and we symbolise this
operation by

(1.2.3) GN1(C), Né(C)(tl’ ty) = *Gnl(c), n,(C), v(tl’t2’t3) ’

For all numbers A > 0 let R(A) be a region defined by Ixj] < A,
J =1,2,... 0. Write M (A) for the sum of the Ni(Ck) over the
clusters with centers in R(A), 1 = 1,2, N, and N, can thus be con-
sidered as limits of Ml(A) and MQ(A) respectively, i.e.

(1.2.4) N, = lim Mi(A) s 1=1,2.
A >

Let s > 1 be the n-th power of some integer., Divide R(A) into
s equal cubes, or the n-dimensional equivalent, say Rj’ J = 1,254.48
with the boundaries so defined that the Rj are disjoint. Write A for

the volume of an Rj’ i.e,

(1.2.5) A = (20)%s all j .

Iet Mij denote the contribution to Mi(A) from the clusters

with centers in Rj. Then for all s
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(1.2.6) Mi(A) = ; M
Jj=1

ij’ i=l,2n

Because of the independence of the pairs (Ml,j > My ,j) with respect

to J

[
o
=
Py
ct
i
-
(32
o
A
.

(1.2.7) GMl(A)’Ma(A)(tl’tg)

Thus the problem is reduced to that of finding the joint p.g.f. of
Ml 3 and ME;] .
Now let Yj = ‘Y(Rj), 1.e., the number of cluster centers in Rj'

Then

M,, M
13,23
37ed

i

P(v,=0) + ; P(v,=d) £ (tMl‘thgj Iy =)
j— d=0 j— l 2 . j— )

Assume Yj =d>0 and denote by ., any arbitrary combination of

a

Let F, be the joint distribution

positions of the d centers in R j: a

function of the nd coordinates of these points. Then

M, . M,. M, . M.,
(1.2.9) E(tllj‘bQQJ]yj:d) = f 8 (tllat2231y3=d, nq) &Fy .
R
J

Denocte by Cl, 02, eee C a the & centers in RJ. and suppose their

positions are determined. The contributions Nl(ck) and Ne(Ck) to

M and MEJ , respectively, are mutually independent pairs with

13
respect to k. Therefore
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(1.2.10) Ef(fMlthejly =d,%,) = ¥é[ G (t.,t,)
1 2 yTrha ooy N(e)umy(e )t e
and by (1.2.3)
(1.2.11) GNl(Ck),NE(Ck)(tl,te) = *Gnl(ck)’ne(ck)’“(tl’tg’t5) .

From the assumed continuity of f the right hand side of (1.2.11)
is a continuous function of the coordinates ulk’uek""unk of the
center Ck and therefore there exist two points, C!' and C", in RJ
such that (1.2.11) attains its maximum and minimum respectively at

these points. It then follows from (1.2.10) and (1.2.11) that

(1.2.12)

M, M
{*Gnl(c' )smy(c! ),v(tl’te’t5)}d §€{t1 I, h’fd}

* a
s '{ Gnl(C“),HQ(C"):V(tl’tQ’t5)}

and then by (1.2.8), and using Gy(t!A) to denote the p.g.f. of the

number of cluster centers falling in a region of volume A, we have

(%
(1,2.13) GY{ Gnl(C'),na(C'),v(tl’te’tB)lé} < GMlj,Mej(tl,te)

*
§ G'Y Gnl(C"),nz(C"),\)(tl’tQ’tB)IA} .

Now if h., h ;... hk’ «.. are all non-negative numbers sube
07 "1 -
ject to the restriction that the series Z hk is convergent, and
© k=1 *x
£h =hy and h(t) is defined as -hy + % hktk , Neyman and
k=1 0 0 k=1

Scott have shown, / 22/, that, as a consequence of the postulates

of the previous section, GY(t]A) may be written in the form
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exp {Ah(t)} . We shall further discuss this aspect, see Section
1.2.5., However using this result, it then follows from the con-
tinuity of the intervening functions that there exists a Tj in
Rj such that

*
LR~y > = 3 't t
(1.2.1%) GMlj,Mej(tl t,) GY{ Gnl(l"j),ne(-l"j),v(tl’ 2’ 32}

exp { A h(*Gnl(rj ),nz(rj ),v(tl,t2,t3 ) )} .

Substituting in (1,2.7) and letting s --> = gives

(1:2433) Gy (a) o (a) Frr%) = o | B0y (1), y(r) (B e ) )%

R(4)

where I 1s an arbitrary point with coordinates UpsUgreee U o

Finally let A -->® , whence

®

(1.2.16) GNl,Ne(tl,te) = exp{fh (*Gnl(r‘),ne(l"),v(tl’tE’t;;)) dg} .

-0

Let us write p, = Pl(E) for the probability that a satellite
of a cluster with center at T is located in wi but not in LY
and Py = pe(g) for the probability that a satellite of a cluster
with center at I' is located in W, but not in w,, end Py = ps{g)
for the probability that a satellite of a cluster with center at T
is located in the intersection of Wy and. Ve Further let the
p.g.f. of the number of satellites in a cluster be denoted by Gv(t).'

Tt is then not difficult to see that
(1.2.17) Gnl(r),ne(r),v(tl,te,%) - GV{_/_—l-pl(l-tl)-pe(l-ta)-

-p5(1-5, %, )__7t3} .



Also we may write
(1.2.18) p, = ff(z—}_l)dg_c » Pp =f £(x-u)ax , py =f f(x-u)dx .
WiWé WiWé Wy Wy

1.2,3 The extension to discrete f(x-u).

An examination of the above derivation shows that it merely re-
quires Pi(E)’ i=1,2,3, to be a continuous function of u, and
this is ensured by f(ETE) being a continuous function of x for all
u. However. Py will also be a continuous function of u if the
distribution of the coordinates of a satellite given the center u
is absclutely continuous with respect to n~dimensional Lebesgue
measure. This will permit f(§19) to be, for example, a step func-
tion or a linear combination of step functions, subject to thelres-
triction that a positive probability is not assigned to any set of
measure Zero.

We shall now consider the completely discrete case. We assume
that with each center there are associated N possible points at
vhich a satellite may be located, and that these points are at fixed
distances from the center, have a fixed orientation with respect to
some coordinate system and that this pattern is the same for all
centers. TFor a given center let these points be denoted by 817 Sps
acee By and let the prob§bility that a satellite of the cluster is

12 z o= 1. Again the sets for which we are
i=1

attempting to find the joint distribution of the number of satellites

located at si be =

will be denoted by Wy and Vs and their complements by ﬁi and
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Wiy respectively. We shall assume that the sets wlw2, wlwe, wlw 3

wlw2 all have strictly positive measure. If this is not the case
the problem may be reduced in a manner which will become obvious.

Again define R(A) = (x | [x;] <4, for all 1), A> 0,x =
(xl,xz,... xn), and as before divide R(A) into s > 1 (= the n~th
power of some integer) equal cubes, or their equivalent, Rl’ Re, ves
Rs with the boundaries so defined that the Rj are disjoint. The
volume of R, will be denoted by AJ. =8 = (2a)%s .

As demonstrated in the following paragraph, the Rj may be
placed in one and only one of lSN classes,

These 151\I classes arise in the following manner. Given Rj it

may be that s, lies within one and only one of the sets W ng s

1 1
Wy Wos Wi W, and Wy, for all satellite-center positions u. .1n
Rj' However it is also possible that s, will lie within Tvl'frg for
some u in Rj and within wl?re for some u in R 3 but not with-
in -{rlwe or WyW,. Iikewise for all possible pairs of sets from
wlwe, wlwe, wlw2 and WlW . It may also be possible for sl to
lie within Tvl'{'«re for some u in Rj and within wlT«re for some u
in Rj and within T«lwe for same u in R 3 but not within wlw .

Likewise for all possible triplets from Wy Vo WiV, WV, and Wy Ve

Finally it is conceivable that s could lie within Ww.,w. for some

1 12
u in Ry and within ww, for sme u in R j and within EAA
for some u in Rj and within wlw2 for scme u in Rj' Thus for

Sl there are 15 possibilities. But there are also, independently,

the same possibilities for each of s eos 8. and therefore,

22 Sz N
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jointly, 150 possibilities.

Of course in any particular realization many of these classes
will be empty, indeed some may be mutually exelusive. However,
gince we wish to keep Wy and W, as general as possible we shall
include all 15N in our argument since little difficulty is intro-
duced in so doing.

Consider any RJ; on recalling the definitions of pl(g), pe(E)
and p3(2) we see that 1t may be subdivided, if necessary, into dis-
Joint subregions, Rgl) (2) e ng), such that pl, Py and p3 are
constant for all u in R( ), for eech »r = 1,2,,.. ks If R, is

J J

such that 5; is located in bi of the sets w Wy 2, lWé and
LAY (i =1,2,... N, b, = 1,2,3,4) then the number of subregions,

k, equals the product b b2 esee b We glve a specific example

N°
below.
Denote the volumes of these subregions by A(l>, A(e) . Agk) o
k
Then X A(r) = A, A (r) > 0 forall r .
rel 9 J
Since k will depend on the region R, under consideration

J

let us denote it more generally by kJ .

Now let M( ; and M( r) denote thﬁ contributions to M and

2J. (r) 1j
Mej from centers in R( ), i.e. Mij = ?1 'mij s 1 = 1,2, and the
pairs (Mi§), ng ) are independent witi—respect to 1.
Thus
s
(1.2.19) GMl(A),MQ(A)(tl’t2) = JUl G‘MlJ ng(tl’tQ)

TT W G (r) (I‘) (tlft“g)..
2j : w

J=1 r=1 lJ
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Now () (D)
(1.2.20)  Gu(r) W(©)(eptp) = € (% 62 )
lJ 23
eIV e
= P(ygr) 0) + Z P(y( ) d)E(t l‘j’c 23 ]
vgr) = a)

where Ygr) = Y(Rgr)) . Then using ﬁgr) to denote an arbitrary

combination of the 4 centers in Rgr) we have as before

(1‘) ) w(T) y(r)
(1.2.21) g(t 25 ly (r) a) = f £ (4, k= tMQJ l\’(r)_d,n(r))dﬁ’

/(%)
B3

and

ulT) ()
(1.2.22) £ (%, 13 t, 23 v (r)_ 4, n:( )y - WG (Ck),NQ(Ck)(tl’tE)

and

%
(1-2'23)‘ GNl(Ck)’NE(Ck)(tl,te) = 'Gnl(ck)’ne(ck)’v(tlﬁte:tB) )

with the slight modification that the 01,02, ess C a now represent
the 4 centers in Rgr) .
(r) 44
Since pl(}_z), PZ(E) and p3(_1._1) are constant for u in Rj i

—

follows that for Fgr) any point in Rgr)

(2.2 Gn) y(r)(t0)) = exp{Agr)h(*gnl(rgr))’nz(rgr))’v

(tytpts)) b

Thus
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(2 B (x
(1:2:25) Gy (1) a0 (a)(F00%0) = 2| 2 ﬁi 2l oy,

nz(rgr) ),v(tl’tg’tB)) }

On letting s -->®, A, -=> 0 and, consequently, Agr)-—> 0,
S s
but such that £ A, = Z Zj A(r) = (2A)n , it follows that
j=L 9 gl wer 9

(1:2:26) & (3), ()17t = exp{ { )h(*Gnl(r)’ne(r)’v(tl,te,tj))d_g}
R{A

*

- %
We may then let A -->o as before and Gnl(T),ne(F),v(tl’ 2’t5)
may still be written as in (1.2.17) but with Pys Py and. Py given
the meanings of the present section.

Let us code the sets W w? 1 o win, and Wiwé as follows;

il

let j = O correspond to Ww.w,, let J = 1 correspond to wi

1 2

2 correspond to WiWé, let 3 = 3 correspond to win.

Then with Spq = [1, if p=g

2

let j

0, if p £aq

when 8y 1s in the set j we see that we may write

(1.2.27) = I w6, L ,k=1,23.

pk 13:

To clarify this we now give a specific example. Consider W = 3,
1? g and 33 with associated
Ty and n3, Rj may be placed in one and only

i.e. we have three possible points s

probabilities

one of 153

ﬁl)
= 3375 classes, A typical case is, say,
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sl is located in 1W2 for some u in Rj and in wlw2 for some

u in R,

|

8o is located in wlw2 for some u in R 3 and in wlw2 for some
u in R,
—— J 4
s5 is located in wlw2 for all u in Rj .
We then divide R, into bybgby = 2,2.1 = 4 subreglons Rgl), Rgez
R? ) and Rgh) such that
for all u in Rgl) 5 8 € "1‘2, 5, € wlTrz, S5 € ﬁlwe s
. (2) — = —
for all u in ‘Rj ) Sl € 1 W9 52 € wlwe, 53 € wlw2 s
(3) - - -
for all u in R,j ) 8y € WW,, 8, € LAY 83 € le2 »

(k) -
for all u in Rj y Bl EW Wy By € LAY s3 € V\rlw:2 N

Then for all u in Rglz pl = Tny Pp = 32 PB =0,
s 2
for all u in Rg ), pl=o, Py = 39 p5=i‘t2,

(3) . _ -
for all u in Rj , Py =y My Dy = 3,p3—0:

|

(%) _ -
for all u in RJ. ’P]_"l’pE" 37 Py = 75 -

We shall spell this out in a little more detail. For allu in Rgl)
the probability that any one satellite will be located in Wl and not
in A will be the probability that the satellite will be located at
8p9 i.e.' 1(25 the probability that any one satellite will be located in

w, and not in w, will be the probability that the satellite will be

2 1
located at 53 s L.e. ﬂ§; the probability that any one satellite will be

located in the intersection of wl and w2 will be zero since none

of 817 Bns s5 lie within this intersection.

(3)

We now illustrate the use of formula (1.1.27). For u in Rj
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we see that 81 is in set 1, 8, is in set 1 and 93 is in set

2. We thus have

Py = 138y + w0y + By = oy ¥ oWy

kel
ro
i

= 0ip + Byt WByy = My

8

p3 = 7{1615 + 1{2815 -+ Jt3 23 =0

or for u in R(h), 8

3 1 is in set 1, s, is in set 3, and s3 is in

2
set 2, Thus

Py = w8y + mpbsgy + Dy
Pp = mBpt MBgp + WDy, =
Py = mbyz By By = W '

1.2.4k The extension to general f£(x-u) .

Suppose that the distribution of the coordinates x of a satellite,
conditional on its cluster center being at wu, has both absolutely
continuous and discrete components., We may then divide the Rj into
subregions Rgr) such that pi(g), i=1, 2, 3, is a continuous func-

tion of u for all u in R(r). Thus there exists a Pgr) in R(r)

J J
such that
*
GMlj,Mej(tl,te) = exp{:aér)h( Gnl(Pgr)),ne(Pgr))v(tl’tE’tB))}

and the proof follows as above,

We must meke some special remark concerning the situation where,
for n # 1, positive probability may be allocated to sets of measure
zero other than single point sets, e.g. to lines in two dimensions and

to lines and surfaces in three dimensions. Some reflection will show
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that the same argument can be applied, viz, that the Rj can be
subdivided into subregions Rgr) such that the pi(E)’ i=1,2,3,
are continuous for all u in Rgr) .

If N «-->® , where we now regard N as the number of sets of
measure zero to which positive probebility has been allocated, the
number of subregions which we may have to consider for an Rj may
also tend to infinity, as also the number of classes to which we
allocate R,. But the mmber of subregions and the number of classes

J
will still remain countable and the proof follows with little modifi-

cation.
Finally we observe that if one or more of the sets ﬁiﬁé, wiﬁé,
ﬁiWé and Wy Wy has zero measure we may drop such a set from our

considerations. For example, if u(WiWé) = 0, we need only consider

T instead of 15 possibilities for each si’ namely

s, may be in W W.; W.W.3 W, W.;

1 12 "172° "1
Si may be in wlw2 and wlw?; wiw? and leQ; WiWé and wiwe,
s; may be in Wy Vs, wiwé and win

and then proceed as above,

1.2.5 A note on the nature of the center-producing process.

We return to a point made in section 1.2.2, namely that

Gy(t[A) = exp { an(t)}

where hO’ hl’ cee hk’ «vs 8re non negative numbers such that
o2 o] o) k
z is convergent and I =h and h(t) = -h + I t.
" N o* 2 Mk
That, under the assumptions made, Gy(t A) necessarily taekes this

form was shown by Neymen and Scott /22/. On setting h, = h3 = e =0
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we have
0, (t]a) = exp {-Aho(l-t)}
which is the p.g.f. of a Poisson distribution.

Neymen and Scott refer to the general case as a quasi-uniform
distribution. They also show that, as far as the Jeint distribution
of the satellite counts in the two sets is ccncerned, there is no
loss in generality in assuming the distribution to be a Poisson; more
specifically they show that for any given quasi-uniform distribution
and distribution of the number of satellites in a cluster there exists
& Poisson distribution and a distribution of the number of satellites
in a cluster such that the derived joint distribution is the same.

In what follows we shall, unless otherwise specified, assume a
Poisson distribution. For the applications that we have in mind there
are, in general, reasons for believing that the physical sitvation
is such that a simple Poisson model for the distribution of cluster
centers is quite appropriate.

1.2.6 An alternative derivation.

We now present an alternative derivation of the joint p.g.f. of
the number of satellites in the two sets. Although the second half
of this derivation parallels that of Neymen the first half exhibits
a rather different approach{

Set up an n-dimensional system of rectangular coordinates with an
arbitrary origin, so that a point in the space )gh, is specified by
X = (xl’XQ""' xn). Again let w, and w, be two Borel sets, of

1 2
finite measure, which are not necessarily disjoint. Define
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o(x) = Q% X e W,
B, X € W,W,
(1.2.28) -1

o, Xe wiw2

0, otherwise .

-

Let N(g) be the total number of satellites occurring at points
X such that %, < X, i=1,2,... n., Then dN(g) may be regarded
as the total number of satellites occurring at points X such that

< < i = a0 e )
Xy Xi S Xi + dxi i=1,2 n

Consider d/‘ 6(x) aN(x). We may interpret this as «. (number
Xy B

of satellites in wiﬁg) + B. (number of satellites in Wiwg)

+ (2 +8). (number of satellites in Wiwg) .
Although this is equivalent to
. {number of satellites in Wi) + B. (number of satellites in V)
it will be more convenient to use the first form.

By writing N(w)for the number of satellites in the set w, we

may express the above as
o N(w,¥,) + B N(#ww,) + (@ +B) N (wiw2) =t , say .

Let pysDysPys R(A) and Ay = A Dbe as defined in section 1.2.2.
Write ¢(A) for the contribution to ¢ from centers in R(A).

Then

(12.29) [ o) a(x) - & - um ) .
X A ==

Let Nj(w) denote the contribution to N{w) from centers in R,.
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Then

(1.2.30) t(a)

]

S
2fans) + sy o (o 4 0y}

S
gj, say .

Suppose also that Rj contains dj centers and write Nj k(w)
3
for the contribution to Nj(w) from the k-th center in Rj ’

k = 132,005 djo Thus

d
ny(w) = 20w, ()

k—l
so that
a,
s 3,
(1.2.31) e(a) = = = {an, ( )+BN MCAAYEICLED A )}
j=1 k=1- 97K 1% 3,6 1"
g dj
= 3 Z §J x ° 82y .
J=l k=1 4
Consider

the change of the order of operations being justified by monotone .
convergence., Now

a,

8 J
£ota) _ g{e}cp z kj E‘Z’n‘ TT exp gj,k} .

jlkl £ 3=1 k=1

Consider therefcre

(5 J ) L }
EATL JI ot | B X =L 85 3 =2 5],

i.e. the expectation of eg(A) given the positions of the centers in

R(A). We note that this also implies that we are given the numbers,
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dj’ of the centers in each Rj‘
Since the contributions to §(A) from each center are indepen-

dent

s dj <] d,j
(1.2.33) ¢ {le 1111 oD by | Ej,k} = J]jl ng{e@ gj,k‘llj,k} ‘
Therefore consider E {éxp gj,k ng k} . Suppose that the cluster

X

contains N satellites located at x Xoseeo XN . Let

Xw(f) ={1 » XeW

l)

0 , otherwise

Then

(1.2.34) gj,k

N
= I {| = (x,) +B X~ x,) + (a+B)X x,)
e Xm0 ¢ e () ¢ (e (5}
and so

) e = X - X
(12.33) ewey, = [ oemfax, g (x)+p g X, (E B, (i)}

Now the ~§i

(250 oty 00}
= ﬂf{exp/‘ax-(x)+BXwW(X)+(O5+B)X (x)7'3k}

are independent and therefore

SLE{RL O Nz ) B N o, (Tl T
Now
(1.2.3%) E{exp[a le'ﬁg(icl) +B X W2(x )+(o:+{3)x (x )7\u }

ILCREE e” + ACHEINE &Py p3{y, k).eoms

+ 1 - Pl(llj,k) - pQ(Ej,k) - pB(Ej,k)
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(1-e*P)

L= ()0 (1eY) = py(uy 1) (1) - p5(uy,0)"

J(a’B’Ej,k), Say .

It follows immediately that, with G(t) as the p.g.f. of the number

of satellites in a cluster,

(1.2.38) ¢ feme, |u ) = 63y, ) .

The argument then follows along the same lines as before. Firstly
we shall suppose the pi(_x_J.) to be continuous functions of u. Since

the uL'j k are distributed uniformly over Rj
—dJ2

(1239)  gleme, ) - o l o(a(eBu) @ .
J

By the continuity assumption, which implies that G(J(c,B,u)) is & con-
: ] "
tinuous function of u, there exist points _133 and Ej in Rj such

that

max G(J(a,B,u)) = G(J(Oz,B,u")) and min G(J(x,B,u)) = G(J(a,s,u')),
u e R u € R

J
and it follows that

(1.2.50)  a(@(@p,u1)) < f{emm gy () S o(3(@p,u)))

and further that
d_

(1.2.81)  [a(a(,8,u))) 7 E < ﬂ Efewt, ) S/ G(J(a,a,u")ﬂ"’-

Now dj is a random variable with p.g.f, c-Y(t\A). Thus

. d,
(1.2.42) GY(G(J(a,ﬁ,gé)) | 8) §€{k]'=\“; exp gj,k} < GY(G(J(Obﬁ:Bg)) | &)
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and again by the continuity assumption there exists a -l—l,j in Rj such

that
%3
N RIS SRR CC LRI

exp{Aj)\[G(J(ObB,_l_lj)) - 1_7} .

Then

(1.2.M)£ {ﬂ

S
j=1

ﬁl exp{ij[G(J(a,B,x_zj)) - 1_,7}

a.
'3
121 P 3k

8
exp{jﬁl A/ &3 (0sPouy)) - 1_7}

s
On letting s --> « and noting that I A 3= (2A)n for all s
’ j::l

we see
(12ds) £84) o e f A 6(3(0B,0) - 17
R(A)
and finally letting A --> @
(1.2.46) gexpf o(x) an(x)
fn
= eXPf x[G(l-pl(l-ea) - pe(l-eﬁ) - p3'(l - e¥Py) . 17au.

Writing e = tl and e‘3 = t2 we have the joint p.g.f. of the

numbers of satellites in the two sets Wy and Wy in the form previously
obtained.

If the pi(}_x) are not continuous we may obtain the above result
by the same procedure as before, namely by subdividing the R 3 into

Rgr) such that the pi(l_a.) are continuous for all u in Rgr) .
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We may obtain a slightly more gemeral result by considering

.[ { {o(x)) aw(x), for suitable functions %; the above follows
n

with o and B replaced by Uﬂ(a) and f(ﬁ).

Also we observe that defining 6(x) as

o(x) = ( 1og ty X € LA

log t,, X e WV,

2’ 12

log tlte, Xe WV,

0 5 otherwise

e
leads directly to the Joint p.g.f.

1.3 BSpecial Cases.

1.3.1 The Poisson Process, the Neyman types A, B and C and the Beall and

Rescila and Gurland generalizations.

The p.g.f., in the form
(1.3.1) { (t5t,) = exp f A 6(1-p (1-t,) - pz(l-te)-pB)l-‘tl’cz))-1_76._11_1
is quite flexible., On letting t2 = 1 we obtain the p.g.f. of the

number of satellites in the set Vi, that is

(1.3.2) f(tl) = exp f A/ 6(1 - (pl+p5)(l-'tl)) - 1 /au

* *
It will be convenient ‘to write Py for pl+P3 and Py for p2+p3,

*
Py i1s the probability that a satellite of a cluster with center at

u isin w, and p; ie the probability that a satellite of a

1
) cluster with center at u is in WE'

The simplest special case is to take G(t) = t, and assume that

the satellite is located at the cluster cenmter; that is
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*
Py = 1, if ue wy
0, otherwise .

Then

(1:3.3) 4 (%))

it

exp [ f A py(1-t,) au 7

exp/” -n w(wy)(1-%,) 7

n

exp [ "le(l"tl)__—].' say ,

which is of course the p.g.f. of a Poisson distribution.
Next ccnsider the case of a general G(t), i.e.

t§ + esese

2
a(t) = dy + @b + b7 + g
but assume that all satellites are located at their cluster centers, i.e.

again

0, otherwise .

Since we are at present dealing solely with the set wi we shall for

the time being omit the subscript. Then

(1.3.#) f(t) = ex?/_ "[qo + ql(l-p*(l-“b))+q2(l-p*(l-t))2+.... -1/du .

Noting that
(135 [ 6N @ uw

we see that

(1.3.6) f(t) = exp M)/ -q,(1-%) - 2q,(1-t) + qe(l-t)g-qu(l-t)

+ 3q3(l-’°)2 - q5(l-t)3- cens]
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o AL % + G (1-(1-8) + ap(1-(24)) gy (1-(2-4))°
eee = 17

exp xw['s(t) -_57;

il

In particular if G(t) = exp m(t-1), i.e. if the number of

satellites in a cluster obeys a Poisson distribution

5f(t) = exp xw_z—em(t'l)-%;7
which is the p.g.f. of a Neyman type A distribution; (cf. (1.1.3)).
If we substitute
a(t) = (em(t”l)- 1) /m(t-1)
and

a(t) = (2Tl 1 L me-1))/mi(t-1)2 /28

we obtain the p.g.f.'s of the Neyman types B and C respectively;
cf.(1.1.5) and (1.1.7). More generally if

a(t) = T(B+1) s m (t-1) /M (B+r+l)
, r=0

we have the p.g.f. of the class of distributions of Beall and Rescia,

c.f. (1.1.13), and if
a(t) = lFl(a,awB,m(t-l))

we have the p.g.f. of the class of distributions of Gurland, c.f.
(1.1.14).

Beall and Rescia.[f;7 show how thelr system may be derived by
extending to a natural sequence the assumptions made by Neyman in

his derivation of the types B and C. These are described in the
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the text surrounding our expressions (1.1.1%) and {1.1.6). We re-
cell that P(€,M), or p(u) in our present notation, is identified
with a random variable Z and assumptions made concerning the deri-
vetive of the c.d.f. F(z). Gurland / 9/ shows that his more general
femily may be derived by identifying p(u) with a random variable
having the Beta distribution with paremeters o and B.

However the character of f(x-u) under such assumptions is not
clear. As mentioned previously Skeilam has shown that the assump-
tions which lead to the Neyman type A place, in general, rather un-
usuval restrictions on f(ggg). To the best of our knowledge nothing
comparable has been published concerning the most general nature of
f(fiE) for other members of the system, but from the nature of
Skellam's result we would anticipate that it would have a rather
obscure physical meaning. Nevertheless, as demonstrated above,
these distributions may be obtained by requiring all satellites to
be located at their cluster centers with appropriate distributions
of the number of satellites in a cluster.

Now is most actual physical realisations we would not expect
all satellites to be located at their clustr centers, but it may
well be that the clusters are sufficiently compact with respect to
the area of the sampling unit (which corresponds to our set w) for
one of these distributions to provide a good graduation.

1.3.2 The Poisson-Bimonial and Poisson Pascal distributions and

their limits.

The Polisson - Rinomial and Poisson-Pascal distributions have

been discussed by, among others, Skellam_[“?j7, MeGuire, Brindley
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and Bancroft / 1K/ and Katti and Gurland / 18/. The Poisson-
Pascal is sometimes known as the generalized Polya-Aeppli distri-
bution.

We may write their p.g.f.'s as follows;

Poisson-Binomial

k
exp \, [(a+pt) =1/, p+a=1; p,k>0,

(1.3.7) 7 ()
Poisson-Pascal

(1.3.8) 4 ()

[}

-k
exp n /[ (a-pt)" -1/, a=1+p; pk>0.

It is clear that these are contained within the framework of

the previous section. We need only take

p(w) = (1,1f uew
{TO » otherwise ,

i.e. assume that all satellites of a cluster are located at their
center, and G(t) = (q + pt)k or G(t) = (q - pt)"k appropriately.
For the remainder of this section it will be convenient to

omit the subscript w =£from the .

In their above mentioned paper Katti and Gurland point out that
the Poisson-Pascai distribution contains the Poisson, the Neyman type
A and the negative binomial distributions as limiting forms, namely
(1) the Poisson distribution is obtained on letting p --> 0,

A =-> o guch that Akp = Al, fixed,

(ii) the Neyman type A distribution is obtained on letting p --> O,

k «=> o such that pk = m, fixed,
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(iii) the negative binomial distribution is obtained on letting

XK «=> 0, A\ ==>® guch that >k =k. , fixed .

1

The limits are easily seen to be as fdllows:
: -k -1 -k
(1) 2/ (a-pt)" = 17 = a(kp)"/ (2~ p(t-1)) "= 17--> r,(t-1)
by application of L'HGpital's rule,
-k =k -1 -k ra(t~1

(11) (2 - p0)™ = (1 - p(e-1))™ = /1 - m M 7E o> S

R =k -1 -k N
(111) A/ (q - pt)" - I/ =k k~ [ (q - pt)" - 17 --> log(q - pt)

by application of L'Hopital's rule.
We now look at these limiting processes in more detail in order

to obtain some insight into the physical interpretation.

(i) Recall p --> 0, A ==>®, Apk = \,. Now
1

-k -k -k
(¢ = pt)" =a (1~ pt/q)
_ L, Epb E(kt1)p t" | k(krl) (12)208
= - i
qk q.k+l ot q§+ 31 q +2

2 3 -
9, *+ qlt + q2t + q5t + +ee.y Say, where

R(&+1) Leee, (ktn-1)p"

% = ) q'k+n n=>0.

Ne

s < i < i.e, 1T - < 1
Thus q . <q if (kx + n)p/(n + 1)g <1, i.e. if plk - 1) <n +
which is clearly so for all n, and p sufficiently small; that is,

as p --> 0, 9y > 9 > q,5 > eeeve «» Indeed since

p)F 21 - (kem)p + (ken)(Bmsl)o?/2 = eevee

p<1l,
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we have q = o(p"). That 1s as p --> O, q; =-> 0, 1> 1, but the
greater the value of 1 the more rapid the approach, Thus for

sufficiently small p we may write

(a-pt)F ~ 1- kp + kpt .

Recalling that A\ --> =,we see that the physical situation cor-
responding to the limiting case is that of a high density of centers
but with no satellite associated with most of them; a few have a
single satellite but the number with more then one satellite is
negligible. The situation thus corresponds to that of a "moderate"
density of centers with one satellite to each center, i.e. the Poisson
model. |

(i1) Recall p -=> 0, k ==>®, pk = m. Now

(q - pt)’k 1+ kp(t-l) + k(k+l)p2(t-l)2/2!

+ k(k+1)(k+2)p3(t-1)3/3! + eseee

1+ m(t-1) + m(m+p)(t-l)2/2! + m(m+p)(m+29)(t-l)3/32

#t

+ LA

-=> 1 + m(t-1l) + m?(t-l)g/el + m;(t~1)5/31 + esene

em(‘b-l) ;

We therefore see that we have a direct approach to the Neyman
type A distribution in that the distribution of the number of satel-
lites in a cluster tends to a Poisson.

(ii1) Recall k «=> 0, A ==>®, 2k = Ay Now
(a - pt)™ = 9% * 4T+ q2t2 + q5t3 + vee., 88 before, and
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qn+l/qn <1 if (k + n)p/(n + 1)g <1, i.e. if k <1 + (n+l)/p ,
which is clearly so for all sufficiently small k. Thus as
k ==> 0, 9y -->0, 1 Z 1, and the approach must be more rapid the
greater the value of i. Wherein lies the differgnce between this
and case (1)?

Now qn+l/qn = (k+n)p/(n+1)q = (k+n)p/(n+1)(1+p) = p, say. Then
as p ~->0, p=-->0 but as k =-> 0, p -=> np/(n+1)(p+1l) > 0. Thus
for any 4 i > 1, the approach to zero is really very much slower
in case (iii) than in case (i1). The physical situation in the limiting
case may be thought of as a high density'of centers but with no satel-
lite associated with most of them; of the few centers which have
satellites the proportion with more than one is not negligible.

Similar limiting operations may be applied to the Poisson-Binomial,

Gurband‘1i97 has considered some limiting forms obtained from

E; (t) = e exp-{ A 1Fl(a,QHB,m(t-l))}.

In all cases treated by him, except one of degeneration, he obtained
either the Neyman type A or the Poisson-Pascal. The approach to the

limiting form is in all cases direct as in (ii) above.

1.4 Moments and Cumulants.

1.4.1 Derivation of the factorial cumulants.

The joint p.g.f. of the numbers of satellites in the two sets Wy

and w

A is, as above,
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The other common generating functions are immediately obtained, thus
t t
the joint m.g.f. ] (t10t,) = ¢ (e 1%,
the joint f.m.g.f. ¥ (t5t,)

the joint c.g.f. K (tl,te)

the joint f.c.g.f. L,{/(tl,te)

; (ty+1,t,+1),
log Zn(tl,te),

log f(ty5t,)

it

Of these the f.c.g.f, seems here to be the most suitable for

vmanipulation. We have

il

(l.h,Q)uA?(tl,tz) L‘/\)\:_[“(}(l + tl(pl+p5) + te(p2+p3)

o+ tlt2p3) - I/ du

f Ae(1 - tlp;(: + ’b2p; + tyt5p5) -17du

Jr AZ_G(f(tl,tz)) - I/au , say .
The factorial cumulants, th say, are obtained by differentia-

tion and setting t, and t2 equal to zero, i.e.

1
h
3™ (1t 5t,)
(l.h.§) th - 5 5
o tl Po) t2 tl =0
t. =0

2

Assume that for a certain specialization the functions obtained
are such that differentiation under the integral is permitted, The

differentiations are then very easily carried out.

™2 (t, ,t,)

Write f h k for s h,k # 0
e h 3
3t 3 t,
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ah f(tl,tg)

flh for ; th
1
2" £(t,,t,)
and f k for
2 k
3 te
o (£(t5t,)) 3 G(2(t),t,))
Write also f.G' for and f.G' for
L 3t 2 3t
1 2
3" G(£(t. ,t 3% a(£(t. ,t
Then hif G(n) = ( ( iy 2)) and T G(n) = ( ( i 2))
1 3 t8 2 3 £0
1 2
Note that f. = p. + t £.o=pr 4t
ote 17 Pyt TPy p = Pyt TPy
f 2 = 0, f12 = PB, f l = O
1 Bk 2
* 3G (2(ty 4 ,))
Then using hhk to denote 5 i we obtain immediately
3 t. 3 ¢
1 2
* — 1 * — k4
hlo = flg XOl = feG
*_ t 211!_ 1 *_ 1 211_21:
xeo = fl2G + flh = fi Aoe = f22G + f2G = f2G

* 1 1
Kll = leG + flfQG

*

N3 = 2flfl2G" + sz"’ = fiG"’ N3 = 2f2f22G" + ng"' = fZG"’
Ny = 26,8, G" + for g™ Ap = B E GV + £ 250"
x:o = 3f§flea"' + fiG"" = fg e X;h = 5f§f22GP'+ fge"" = ng""
”;1 = 3f§f126"' * fifagu" M3 = BfgfleG"' * fleG""
KZE - 2f§26" + 28,8, 26" + 2£ £.F "
+ 2flf2f12G"' + fifezG"’ + fing""
=22 6" 4 he £.£ GM 4 £985G" ete.

12 ire2ri12 12
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Thus
n ~xG'(1)f*d =t (1) ] o oa
10 = Py @ o1 = V-
Ao = m"(l)f (p;f)e du ‘7\02 = NG"(1) f(pZ)e du
. ' " k/“ * %
My = A6'(1) [ps du + AG"(1) | pypy
)\30 = )\Gan(l)f(P’;)3 d.g‘ ;\_03 = G"'(l)f(P;)j dE
Aoy = 2NG"(1) f p"l‘p3 du + AG"*(1) f (15{)2 PZ du
Mo = 2A6"(1) f pr3 du + AG"'(1) f pi(pZ)e du
Ao = )\G""(l)f(p;(:)h du Mol = G""(l)f (PZ)h du
Mgy = BAG"‘(l)U/‘(pi)2p3 du + xG""(l)L/ﬁ(P;)3pZ du
1 2 1nn
M3 = 3G '(l)ﬁp;) Ps du + NG (l)fP;(PZ? du
Nop = 2AG"(1) fp§ du + um"'(l)f p;PZ% du + AG""(lJ (P:)e(pZ)ng

ete.

In the ususl application the sets vy and Vi, will be disjoint

, * *

so that p3 = 0, Py =Py and Py = Py and thus
h+k h k

(1.4.4) Mg = A )(l) f(pl) (p,)" du .

1.h.2 Simple examples: moments and cumulants of the Poisson and

Neyman type A distributions.

To illustrate the formulae derived in the previous section con-
sider the special case of a Poisson process, i.e. G(t) = t, and

assuming Wy and Vo, to be disjoint
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|

pi(E) = {1 ,if uew, , i=1,2

- i

0 , otherwise,
Then G'(1) =1, G(k)(l) =0 for k> 1, also

"k 'k
J[‘Pl du = ”(wi) and J/‘p2 du = u(we) for all k.

Thus, writing A.p(w,) = A, and A.p(w,) = A as previously, we
1 vy 2 Wy
have the well known result that

A =0,h+k>1.

10 =M Por = N0 M

1 N~
n(t-1)
Consider, a little more generally, G(t) = e but with W

and Wy again disjoint and

p(u) = (1, if wew , 1=1,2
0 , otherwvise,
This specialization leads to the Neyman type A distribution as shown

in section 1.3.1 above. We have G(k)(l) = u* and hence

ko, . S =
)\k0=m)\wls ?\Ok—m%.w: th-o, h,k%o
-On applying the conversion formulae for cumulants and_factorial cumu-

lants, see for exmmple Kendall and Stuart / 13/ p. 75; we have

< K = M\
10 Wi o1 Wé
fop = TN+ noA Kop = WA+ N,
1 hé1 Yo Yo
N N
K, . =m\_+ 3m + W K o = + 3T 4+ mA
30 wi Kwi Wi 03 mkwé Wé Wy
2 3 b
€Ky . =m\_ + T n_ + 6m’n. +m A
Lo W vy W Wy
2 3 k
Ry =mh_ + oA + 6m' A + m A
ok W, v, Vi i,
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It is clear that no great problem exists in the determination of
the moments etc. in those cases where all the satellites are located
at their cluster centers.
For a note on the technique of converting moments and cumulants
r 8

of the form & X a.b.mi}\j see Appendix I.
i=0 j=0 J

1.4.3 The case of a renewal process.

In the next chapter we shall consider cases where the satellites
are not necessarily located at their cluster centers. However to
conclude the present chapter we shall consider one further example
of the type above, which is interesting with respect to a topic not
otherwise related to our investigation.

The term "renewal process" has been used to describe a sequence
of independent, non-negative, identically distributed random variables
{Xg} » which, with probability one, are not all zero. The reali;
zation of a renewal process may be locked on as the occurrence of
points along a line with the Xi representing the distances between
successive points,

The center-satellite process is not, in general, a renewal pro-
cesg, although the limiting case of a one dimensional Poisson process
is, of course, also a renewal process. There is however an exten-
sion which is both a center-satellite and a renewal process.

Consider a renewal process where

(1.k.5) P(X=0)=p, (<1)

AX

P(x<X<x+ax{X>0)=re"dax, A>0

i.e. P(x<X <x+ ax) = qke-xxdx sp+a=1.
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We see that this can also be looked on as a center-satellite
process, in one dimension, with all the satellites located at their
cluster centers and with the distribution of the number of satellites

in a cluster related to the geometric distribution; we have
(1.4.6) a(t) = pt/(1 - pt)
whereas for the geometric

a(t) = p/{1 - pt) .

In other words we may lock on the distribution as a geometric with no
zero cell.

Firstly let us treat the above as a center-satellite process.

(1.k.7) b/~p§ du p(Wi), for all k, as above.

(L48) (1) - /g 6"(1) = 2p/

G"'(l) - 6:92/(15 G""(l) - eupa/q,'" .

]

On letting wi

factorial cumulants

be an interval of length t we obtain for the

| 2
(1.4.9) Mo = M/a Moo = 2PME/d

i
i

2h P37\t'/ qlL ’

fl
0

2
Mo = BN/T My
from which we obtain the cumulants

(1;h.1o)

2

m(p3+11p2+11p+1)/qZL .

KBO kt(p2+hp+l)/q; ®10

Secondly, treating the process as an equilibrium renewal process

in the sense of Murthy_z_;g7 we obtain these same expressions for the
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cumulants by meking the appropriate substitutions in the formulae of
his dissertation, thus providing an additional check on these formuw
lae. The computations, although straightforward, are extremely

lengthy and are not here included.



CHAPTER II
THE MEAN AND VARIANCE OF COUNTS RESULTING FROM A

CENTER SATELLITE PROCESS

2.1 The case of a uniform f(x - u)

We now consider what may be a more realistic situation than
that examined so far in that we shall suppose that the distribution
of satellites about their cluster centers is uniform over a region
of radius a, Formally, if Cn denotes the volume of a unit sphere
in n dimensions, and if we write |x - y| for the distance between

the points x and y, we shall suppose that

(2.1.1) 2(x-u) = | 1/ec, , 1f [x-u|<a

0 ; otherwise .,

Observe that C, =2, C, = x and in general C_ = an/Z/F(l + n/2).

1 2
Let Nw denote the number of satellites in the set w. Then,

as above,
o N
EN. =N, = _
wl 10 9 tl tl = 0
‘b2 = 0
= AG"(1) fP1<E) au
where now

py(w) = fw £(x-u) ax .
1
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Thus
(2.1.2) Mo = AG'(1) [ f £(x-u) dx du
e
= AG'(1) [f £(x-u) du ax
1
= AG'(1) f dx
"1
= a(wy) 6°(1) = KWlG'(l) )

since, by definition, f f(_g_c-g) dx = 1, or equivalently, since

£(x-u) 1s assumed to be a function of the distance [x-uf,
f £(x-u) du = 1.

Clearly result (2.1.2) is quite general and not dependent on the
specialization that we take for f(§-l1) other than requiring it to be
a function of the disté.nce.

However it is not such a simple matter to obtain the variance of

N or the covariance of N and N . We have
W w. v,

1 1 2
/4 | 2
(2.1.3)  npy = ——p— = xG"(l)f( ff(zs-}.l)dff) W
3 % t. =0
1 1 v
‘t2 = 0
and
2 4
(2.1.5) ENY4
dt3t, t, =0
ty = 0

]

6 [ ([ sewe( | twe) a .
1 e
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2.1.1 The problem in one dimension.

To illustrate something of the difficulties involved we now

consider the one dimensional case. We shall take Wi to be an

interval, (Li, Ui) of length Zk,; that is U, =1L, + &,, i=1,

i
2. Also let 4 denote the distance between these intervals; i.e.
]‘_.2 - Ul = d.

We shall first obtain }\20, and since, for this, only one set,
Wy s is involved we shall omit the subscript.

Two cases arise, namely (i) k >a and (1i) k <a.

For (i), i.e. k > a, we have

(2.1.5) ff(x—u) ax = fo ’ u < L-a
W (u+a-L)/2a , L-a <u < Lta
1 ; Ita <u<U-a
3 (U-u+a)/2a , U-a <u < U+a
L 0 » U+ta <u

and for (ii), i.e. k < a, we have

r

(2.1.6) jl f(x-u) a&x = (0 u < L-a
v (uta-L)/2a , I-a < u < U-a
k/a » U=a <u < Ita
(U-u+a)/2a , Ita <u < U+a
0 » Uvra <u .

Thus for (i) we have



(2.1.7) f (ff(x.u)ax)’~’~‘au= f (wa-1)2Ma® au + j du
W

Ia. I+e
Uta
. f (U-usa)?/ia® du = 2% - 2a/5
U-a

after some elementary but lengthy operations, and for (ii) we have

Ita

(2.1.8)f€/f(x—u)dx)2du = f (u+a.-L)2/l+a2 du + f ]&2/8,2 du
W L~-a U-a
U+a
+ (U-u+a)2/l,ta.2 du
I+a

= (x/a)3(2a - 2x/3),

again after lengthy but elementary operations.

Thus for k > a

(2.1.9) Ao = NG"(1)+(2k - 2a/3)

and for k 5 a
(2.1.10) Ay, = e"(1)-(k/a)% (2a - 2/3) .

Likewise only elementary integrations are involved in obtaining

f f/w f(x—-u)dx)(f f(x~-u)dx)du , but a large number of cases arise.
1 W

One example will be %ufficient to demonstrate what is involved.

Let kl’ke S a with the intervals wl and W2 so chosen that
-g < < < - R
L2a=Ll+a=Ul+a=Uea
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From equations (2.1.5) and (2.1.6) we see that we can represent the

situvation pictorially as in figure 1 below.

Py (u)
————— pplu)
ATTTN
/ _ -~ ~ -
k_/a -
1 ~ o kz/é
~
// ~
- ~
-3 U=a T L%al;Fa VAR (VP e ka2
b 1 2 2 2 2 A
Thus we have
Ll+a
(2.1.11) U/‘S/T f(x—u)dx)</ﬁ f(x-u)dx)du = /p Ekl(u+a-L2)/ha2 du
Y1 " V2 Ly-a
U2~a
+ \/“ (Ul-u+a)(u+a-L2)/ha2 du
Ll+a
2.2
= k, (2a-~2k, ~d) Jha

+ ki(a-d/2—2kl/3)/a2 .

Hence, for this arrangement,

(2.1.12) » ;= G"(l)[kl(ea-zkl-d)z/ha2 + (kl/a)e(a-d/2-2k1/51;7.

2.1.2 An application.

We are primarily interested in the case where kl = ke and with

no loss of generality we may take 2kl = 2k2 = 1., We shall also take

d = 0. In other words we are considering the case where the sets v,
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and w, are two equal and adjacent, non overlapping, intervals.

2
The correlation between satellite counts in sets wi and wg
is given by
K A
(kog K02)1/2 [ Ot hg ) (Ano A, 771/2
L 20 7"10/M"02 01+

We may look on the intervals Wi and Wé as sample plots and thus
study the behaviour of the correlation as the plot size, kl, is
changed #n relation to the "cluster radius", a. The correlation also
involves the parameters of the distribution of the number of satellites
in a cluster. For illustration we shall take this as a Poisson, viz.
a(t) = n(t-1)

It would also be of interest to study the behaviour of the corre-
lation as 4 is increased, although it is clear that, for fixed a,
the correlation will decrease and equal zero as soon as the intervals
are far enough apart to prohibit there being members of the same

cluster in each. No numerical example of this is provided here but

the machinery for so doing has been set up.

For k; =k, =1,4d=0, G(t) = em(t'l) we obtain table 1 below.
Table 1.
0<ac<l/e 1/2<a <1 1<a
MoThor| M A AI
MogNop hm?(l-Ea/}) xm?(za - 1/5)/ha2 xm?(ea - 1/3)/’ha2
Ay afaf3  aPf{ea-1)2-ke? /5 + 28 - 2/37/be?| aaC(2a - 1)/ba°
a 1-6a+128°-ha” Ga-3
p —

3-2843 /m 6a-1+12a° /m Ga-1+12a°/m
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In table 2 we give values of p for various values of a and
m and in figure 2 we preBent a graphical representation of this
table. This numerical work clearly shows that the correlation be-
tween the numbers of satellites in adjacent intervals is highly de-
penaent on the relative magnitudes of k and a, and thus, such a
correlation would not, in general, be a very meaningful statistic for

investigating the randomness or otherwise of an empirical spatial

pattern.
Table 2.
m=1 2 5 10

a = 0.1 0.017 0.02% 0.030 0.032
0.2 036 Ne)Ts) L067 069

0.3 .056 077 .100 111

0.h 077 .108 143 .160

0.5 .100 b3 .192 217
0.6 .12k .180 247 .282
0.7 <1k 213 .300 345

0.8 .160 .2ko 343 o1

0.9 170 260 379 A48

1.0 176 273 405 L8k

1.5 171 .279 448 561

2.0 .152 257 L37 570

3.0 .120 211 .389 540

4,0 .098 L176 32 408

6.0 071 132 272 L22

8.0 .056 .105 .226 +365
10.0 .0l5 .086 .191 .318

Tt was perhaps for this reason that Neyman and Scott /[ 22/



introduced the "quasi-correlation"

(2.1.14) q = fplpedg/(fpfd}} fpg‘d}_l)l/e

which has the advantage of being independent of the distribution of
the number of satellites in a cluster, and, for the case discussed
above, increases steadily from zero to unity as, for fixed ki’ the
cluster radius, a, increases from zero to infinity. Indeed g ~= 0.9

for a ~ 2k Thus q would appear to be a more useful statistic

l.
than p for investigating randomness.



o/
<

Tigure 2.
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2.1.3 The problem in two dimensions.

let us now consider the same problem in two dimensions where we
shall take W, asa circle of radius ki' We shall omit the sub-
script when considering the mean, variance etc, of the number of

satellites in one set only.

Firstly

(2.1.15) Mo = )\,WG'(l) = MrkeG'(l)

as for (2.1.2) above,

To obtain A, We again have to consider two cases, viz. (i)
k>a and (i1) k < a.

Let (r, ©) denote the polar coordinates of the point u = (ul,u2)5
that is r = | u| = the distance from the origin to the point wu which
we take as a cluster center. A satellite belonging to the cluster is
assumed to be uniformly distributed over the circle with center at u
and radius a. The set w will be taken as the circle with center at the
origin of our coordinate system and radius k. Let V, (a,k;r) denote
the area of intersection of two circles of radii a and k with centers
r apait. Then, as seen from figures 3a and 3b, we have (i) for k > a,
(2.1.16) f f(x-u)ax = [m°/m® =1 r € k-a

Vg(a,k;r)/ﬂa2 » k-a <r <kta

; k+ta <7

Figure 3a.

o
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and (ii) for k <a

(2.1.17) /f(f'ﬂ)di‘ = 1“'—’*‘2/‘!(&2 s r <a-k
i Vg(a:k5r)/7@2 s a=k <r 5 a+k
0 , atk <r.
- a
k
)
> (\;/ \r )

Thus to obtain the j-th factorial cumulant we need to evaluate,

(1) for k> 8 ,

2% k-a 21  k+a
(2.1.18) f [ rdrde +f [ [Ve(a,k;r)/“aE_-]errdQ >
0 o o kea

and (ii) for k¥ < a ,

2;: a=k 2;: a+k
(2.1.19) [ f [ ke/a2_7jrdrde + [ f VA Ve(a,k;r)/na2_73rdrd9.
° o Yo 8-k

Now Ve(a ;kir) may be expressed in a number of ways. We shall

be using

(2.1.20) Ve(a,k;r) = kzﬁ + 8% - & ssiny

2

where cosq = (a2+r -k2) /2ar, cosp = (k2 +r2—a2)/2kr, HBHY = 33



see figure k.

r ! !

Figure k4.

We shall also use

1
I

(2.1.21)  Vy(aksr) = 2a° / (l-we)l/gdw+ekeé (12 2ay
¥

*
where o = a2+r2-k2)/2ar, B = (k2+r2-a2)/2kr ;

see Matérn /157 p. 29.

It is clear that the integration of the second terms in the ex-
pressions (2.1.18) and (2.1.19) are rather intractable in their pre-
sent form, even for the case J = 1. This case has, of course, been
treated above by interchanging the order of the integrations, see
equation (2.1.2). Two methods of carrying out the integratl on directly
are given in Appendix II. These are interesting techniques which will
have application elsewhere in our investigations, but they fail to
extend readily for J = 2;3;¢00 &

Let us therefore lock into what happens on the interchanging of

the order of the integrations for the case j = 2,

ez [ exwein - [ ([ e o) @
W o W W
= f f f £(x-u)-£(y-u) dudxdy
Ww

=‘/1/1 Va(a,asR)/:reaLL dxdy
v W
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where R = |x-y|, see figure 5.

Now

(2;1.23) Ve(a,a;R) = Eaecos'l(ﬁ/ea) - (R/2)(ha2 - Rg)l/2

as is readily seen from (2.1.20).

Thus we are left with the problem of integrating a function of
the distance between two points over all possible pairs of points in
a circle of radius k, which are less then 2a apart, If we assume that
the function is expandable as a power series in R and that term by
term integration is permissible, we shall have a series approximation

of that which we require provided that we can obtain

(2.1.24) ff R® ax dy .
W W

R< 2a
Again it will be convenient to consider the two cases (i) k > a
and (ii) k <a. In case (ii) all points in the circle w are less
than 2a apart.

It is shown in Appendix IIT that,

(i1) for k¥ < a ,

(2..1.25) f f Rldxdy = ol B(1/2,(n+5)/2) kn’“l*/(me)(m}) ,
W W
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and (i) for kx> a ,

" (2.1,26) Jf J/‘ Ridxdy = bxd” ?[’k (x° - x )1/2

. R < 2&
+ X° sin” (k f6) =k & +hatke, & 23 /(0+2) (n43)

o 22595 (0,0 (i3] j/ kg ao
L (? - B2 sin™ "k, /i

where d = 2a and kl
The expression for the case k 2 a is unfortunately cumbersome but
may be evaluated without too much difficulty for any given k, a and
n. Since the result for the limiting case a = 0 is otherwise known
and since the prdblem for k § a is fairly tractable, if we wish to
. study the effect of increasing a with k fixed, there does not appear
to be the need of giving a great deal of attention to the general case
where k z &. The form of the behaviour of XEO as a increases with
respect to k 1s presumebly much the same as in the one dimensional
case,
Referring to (2.1.22) and (2.1.25) we see that for k <a we

require, for the calculation of xzo, the integral
’ ' - l
(2.1.27)  (1/2%) f j [ 2a%c0s " (R /28)-(R/2) (ka2-R?) 2Taxay
ww

Now

(2.1.28) cos™M(r/es) = % - B 1By 1200 Ry _1_%_&_(2&) -

1
- -é-al-ae-aE- seeos 00 ey Sa'y 2
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where

(2.1.29) & = (en-1) _Ry2n-1
3 28 1r(n)3(en-1)

Then by (2.1.25)

6 L 2n-1
2n = k k
2 l 50 d.X = — ) > l L
( )ff sy = I @) 03

Also

(2.1.31) ff n/2 dx &y = (=n/2). uakh = yzkl‘ . (n2/2) .
v

Thus

2
(2.1.32) ff cos"l(R/ea) dxdy = nku[g - by = Db, - bs - ees [
wvw

where

(2.1.33) b = 2% &
o n - (2n-l)2(2n+l)2(2n+5) &

We note, for computing purposes, that

b 2 2
ntl _ (n+l)(2n-1) k
(2.1.34) b = n(2n+s)(2n+5 QE)

Specifically

6 6
-1 L n
(2:2.35) [ [ connsee) axay - ' £ - T35 sEssT G X
vw
283 (1_:)5_ 20 1, (_15)7_“.7_
5.5:7:T:9%a T.7.9.9.11%a
We observe that since k § a this series is convergent, and

rapidly so for small k/a.
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Evidently R(ka® - 22)/2 | 2ap(1 - (R/22)2)Y2 ana

2 X 6
2,1/2 1.R; R 1.1.R ; R 1.1.3.R, R
(2.1.36) R(1-(R/22)")"" = R - 37 (z) - 27273 (m) - 22i230m)
8
- 1110305.R (__B) -
2.2.2.2.F ‘2a ceeet
%* * * a
=R-al-a2-a3-.o...,sy,
where
on
* 1 I'(2n-1) R
(2.1.37) a, = 53 R (5 ) n>1.

oPn-2 I'(n)I'(n+l)

Thus by (2.1.25)

7 5 2n
2.1.38 axdy 2'(n+1) n k k ,n>1.
( ) u/l/qa < (2n-l)(2n+l)(2n+3)2(2n+5) (a) te

Also
(2.1.39) ff Rdxdy = 20xk°/5.5° .

Therefore we may wrlte

(2.1.40) ffR(l - (r/22)?) M axay = ~nek”(by + by + b; Foanens )

where
7 2(n-1)
2n E) , n>1.

(2.1.41) b
. . (2n-5)(2n~1)(2n+1)2(2n+3) a =

i

Specifically

. 7 7
(212) [ [nn (/00 Paxty = w2 f g s B Y

ww
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7 7 6
2 'L k
T 35T 9( ) 5.7.9.9.11"(5)

and again, since k < a, the series is convergent, and rapidly so
for small k/a.

We note, for computing purposes, that

' b - 2
(2.1.43) =L (3"{331%22%5,2’3’“) (_E) .
n

Combining the above we obtain
() /ey [ [ v ey
v W

2

= (1/n2al‘){2a2nkl'( -’-2‘ = by =Py - by - oy

* % * '
+ axk’ (bl + by + by 4 ....o)}.

Evalvating for k = a we have

2

; ‘ .
5 = by - b, - 1o3 meeee = 4.9384 - 1,4222 - 0.0813 - 0.01L7h

- 000059 - 010025 " eseees

= 3.’4‘0 2

% % . .
"(bl+b2+b;+ vaooo‘coc)
- 000065 - 000021  sseoe

2,27 .

i

Thus for k = a

(2.1.45) (1/n2a“)ffv2(a,agn) axdy = (253,00 - kCx2.27) /n
W W

2.84kh - 0.4876 - 0.0581 - 0,016k -
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k2(6.80 - 2.27)/x

i

2
k453 /% .
This case 1s interssting since for k = a it is possible to ob-
tain the result directly, and we now proceed to do so.

We have from (2.1.18)
a k+a

k-
Evrf rdr + 2:rf v (a, k,r)/:t o trar
3

1

(2;1.h6).jQ\/qf(§1g)q§)2qg
W

Il + 12’ say .

For k =

(2.1.47) I, =0,

1

1t

I, (2/nk )d[‘ 2(k k;r) rdr .

From (2.1.20) we have

(2,1.h8) Vg(k,k;r) = kh{(x - Y)2 + siney - 2(n - Y)sin:v} .

Noting that r2 = 2k2 - 21:2 cosy so that rdr = kzsinyédy we may write
7t
2 2 2 .
(2.1.49) I, = (&%/x)] [(n ~v)" + siny = 2(x - v)siny/ siny Qv
Oz

(21:2/n) A ngsiny - 2xysiny + Yasirrv + siniv - Qﬁsine‘y
d

L}

+ 2vsin2y__z dy .

5t P
(1) [ﬂnesim dy = 2n° (ivl Sin y &y = 4/3
(11) | 2aysiny & = 2n° (v) 2estn % ay = o
o5t
(iii)‘é‘y siny @y = 1° - 4 (v1)f2y31n v Ay = 1(2/2 .
o
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Thus

(2.1.50) 1, = (%°/x)+ (/2 - 8/3)

2
(5% /) (% - 16/3)

il

u.5365k2/n

Hi

which is in good agreement with the series approximation obtained
above, (2.1.45) .

It is clear that for k § a, 8 series approximetion can be ob-
tained in exactly the same way, although with a greater complexity be-
cause of the form of (2.1.26). Indeed no attempt is made here to
write down an explicit form for the approximation; however for numerical
values of k and a the procedure is quite straightforward,

An alternative method of handling L/qvg(a,k;r) rdr is described
in Chapter IITI.

The mean and variance of the number of satellites in a circle
of radius k are thus obtainable along the lines indicated above; that
is, we have presented & means of evalusting the factorial cumulants,
xlo, Azo. The covariance of the numbers in two such sets is clearly
even more difficult to obtain although evaluation along similar lines
is possible., However wewlll not here pursue the problems of uniform
f(gﬁg) any further, save only to remark that the same ideas may be
extended into three or more dimensions, but will next consider what
may possibly be done in the case of more general functions, f(gig).

2.2 The Case of a General f(x-u).

2.2.1 Discrete approximations.,

Although we may regard the uniform distribution of satellites
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about their cluster centers as a more reasonable assumption than
that requiring all satellites to be located at their cluster centers,
there are many situations where this also seems inappropriate. There
may well be reason to suppose that the probability of the occurrence
of a satellite of a certain cluster decreases progressively with

distance from the cluster center, for example,

f(x-u) o< [x=u|] , [x-u]<a
= 0 s otherwise
or #(xu) = (2n0") 2 exp {-xu [P/}, >0
or £(x-u) oc exp{-|x-u[} .

However, even with the uniform case, which would appear to be the
simplest assumption that could be made other than requiring all satel-
lites to be located at their cluster centers, the obtaining of moments
or cumulants above the first order has proved to be a most difficult
task for anything but a one dimensional process., Even in this latter
case the algebra involved, although elementary, is quite heavy.

This is discouraging, for it seems that, although explicit re-
sults may be possible for certain f(fﬁE)’ in general the forms that
we would like to comsider will lead to completely unmanageable mathe-
matics if evaluation is attempted along the same lines as bove.

However, we now indicate & method of approximation which can be
applied to any circularly symmetric distribution of satellites about
their cluster centers, Briefly, we shall start by considering a dis-

crete situation, that is we shall require a satellite to be at a fixed
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distance from its cluster center; for example at points u-a and utae in
the one dimensional case, or on the circumference of & circle with
center u and radius a in the two dimensional case. We shall call
this the "simple dilscrete model"., Extending this, we can suppose
that a satellite is required to be, with a certain probability, at
one of several fixed distances from its cluster center and we shall
refer to this as the "discrete model". Results for any given circular-
ly symmetric f(gig) can be closely approximsted by an appropriately
weighted discrete model with suitably chosen distances.

This, of course, hinges on our being able to obtain the corres-
ponding results for the simple discrete model. Again, outside one
dimension, there is a certain intractability but the problem is not
impossible. The method described below again involves series approxi-
mations but the operations are essentially simple and the numerical
work can be handled by desk calculator, although the techniques are
also very suitable for an electronic computer program.

We already know some results for satellites distributed uniformly
about their cluster centers in one and two dimensions. We shall firstly
consider discrete approximations for these cases. There are two
reasons for doing this; the one that since the situation is fairly sim-
ple it will be easier to demonstrate the essentials of the method, and
the other that, since the results are otherwise known, we shall be ob-
taining a check on the method.

2.2.2 One dimension with uniform f(x-u).

Assume that a satellite of a cluster with center at u may be

located, with equal probability, at any one of 2N+l equidistant points
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in the interval [ u-a,u+a/, two of the points being u-a and u+a;
thus the center u is also a point. That is a satellite may be
located at
u-Na /N, u-(N-1)a/Ny eeees u-a/N, U, wa/N, «..., w(N-1)a/N, u+Na/N,
with probability 1/(2N+1) for each of the 2N+l points. As before we
take the set w to be an interval of length 2k, defined by /L, U/;
U =1+2k .

We have to consider the two cases (i) k > a and (ii) x <a .

Firstly let k > a., We readily see that for

u < I-Na/N p(u) =0

L-Ne. /N <u < I-(N-1)a/N p(u) = 1/(2N+1)
I~(§-1)a/f < u < 1-(N-2)a/N p(u) = 2/(2n+1)
I+(N-1)a/N < u < I+Ne/N p(u) = 2N/(2N+1)
I+Na /N <u < U-Na/W p(u) = (2N+1)/(2m+l) = 1
.U-N'a/N. <ug U—(N-l’)a/;\r p(g) = 2N/(2N+1)

- U+(N-2)a/N < u < U+(N-1)a/N p(u) = 2/(2N+1)
U+(N-1)a/N < u < U+Na/N p(u) = 1/(2n+1)
U+Na /N <u p{u) =0

where p(u) denotes, as before, the probability that a satellite of
&8 cluster with center at u is located in set w.

Bach of the above intervals for wu, apart from the central one
(viz. IaNa/N <ufg U-Na/N) is of length a/N; the length of the cen-

tral interval is Zk-2a.
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Thus
(2.2.1) fp(u)du = .1%:‘. : (l*g*iél&;ifem) + (2k - 2a).1
_ 2a 2N(2N+1)
= T - t k-

= 2k
n
vhich is in accordance with the general result that M/ p(u)au = p(w).

Also , .
. 2.2 2
(2.2.2) / po(u)du = Tfo: (12 +(;';;2+(2N) ) 4 (2 - 2a).12
- T+

2a  2n(2N+1)(lwl)

s + 2k - 2a
6(2m+1)

N e=>

cf, equation (2.1.9), vage 52. Indeed it almost seems easier to ob-
tain this result as the limit of the approximations than to carry out
the integrations of page 52.

We now consider case (ii) k § a. This case is not as simple as
the one treated above for whereas there all 2N+1 points could be con-
tained in the interval w, this is not now possible.

Iet r bYbe an integer such that
(2.2.3) (r-l)a/N < 2x < ra/N .

It is then a straightforward matter to obtain the value of p(u) for
any given u; see presentation below.

Observe that if 2k = ra/N there are values of u such that
there will be r+l points in the set w, but such values of u forh

a set of ILebesgue measure zero.
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For
u < L-Na/N plu) = 0

¥ L-Na/N <u < L-(N-1)a/N p(u) = 1/(2n+1)

¥ I=(N-l)a/y < u < L-(N-R)a/N p(u) = 2/(2w+1)

¥ Le(Ner+2)a/m <u < I-(N-r+l)a/N , u < U-Na/N p(u) = (r-1)/(2m+1)

*%  Le(N-r+l)a/ < u < I~(N-r)a/N, u < U-Na/N p(u) = r/(2n+1)

"% n " moooow " ,U-Na/N<uU-(N-1)a /N p(u) =(r-1)/(2m+1)
#*  L-(N-r)a/N <u < L-(N-r-l)a/m, " " " p(u) = r/(2N+1)

K% n 1" ) " " ’U-(N-l)a/N <u § U-(N—Z)&/N
2 p(u)=(r-1)/(2n+1)

®* Lr(N-1)a/M < u < Lala/N,U+(N-r)a/N < u < U+(N-r+1)a/N -
p(u)=(r-1)/(2m+1)

¥ LeNa/N <u s plu) = r/(eN+l)
*  Lala/N <u s Ur(N-r+l)a/N < u < U+(N-r+2)a/N

cp(u) = (r-1)/(2n+1) .
* U+(N-2)a/N < u < U+(N-1)a/N

p{u) = 2/(2n+1)
* U+(N-1)a/N < u < U+Na/N

- p(u) = 1/(2m1)
U+Na./N <u p(u) = 0 '.

The above intervals for u marked ¥ have length a/N, those
marked % have length 2k - (r-1)a/N, and for these p(u) = r/{2N+1),
and those marked ¥¥¥ have length ar/M - 2k, and for these p(u) =
(r-1)/(20+1). It is easily seen that there are 2N-r+2 *¥¢ intervals

and 2N-r+l *%*% intervals. Thus
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(2.2.4) -‘/‘p(u)du = -I?V'E . Q+2+é&-;—i Hr-1))

+ (2N-r+2)(2k - (r-l)a/N)-r/(28+1)

4 (2N-r+l)e(ra/N - 2k).(r-1)/(2W+1)

Also = 2% .

2 o eees +(r-l)2)

(2N+1)2

: 2
(2.2.5) \/ﬁpe(u)du = %3 L2

+ (2N-r+2)+(2k ~ (r-l)a/N)-re/(2N+l)2
+ (2N-r+1)-(ra/N - 2K)-(r-l)2/(2N+l)2

2k (4Nr - 2N - ® & 3r - 1) - ar(r-1)/N«(20+1 - (2r-1)/3) .
(2N+l)2

Now as N tends to infinity r also tends to infinity such
that the inequality (2.2.3) holds and thus r ~ 2klN/a. Substituting

this value of r in (2.2.5) we obtain an expression of the form

(2.2.6)  (A.N° + B-N + C)/(2m1)°
vhere A, Band C are functions of a and k, and in particular
A=8 /e + 8O[5° .

Tt then follows that as N =e->

2 2
(2.2.7) kjrp (n)au -==> (k/a)(2a -~ 2%/3)
cf. equation (2.1.10), page =%.
To illustrate the rate at which the limit is approached we have

the following approximations for a =1 and k = 1/3:
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{

for N=5 , JI po(u)du = 0.1862
for N =10, k/.pg(u)d.u = 0.1904
for N = 20, L/npe(u)d,u = 0,193%6 .

The asymptotic value is 16/81 = 0,1971.
It will be seen that, for both k <a and k >a, f pr(u)du,

r=1,2,500000, 18 readily obtained in the same manner by making use
D

of the well known formula for I ir .
i=1

2.2.3 One dimension with triangular f£(x-u).

To extend the ideas of the above section we now consider the
case where the distribution of satellites about their cluster cen-
ters is triangular over an interval of length 2a. Note that we are
still considering a one dimensional situation.

As before, we assume that a satellite of a cluster with center
at u mey be located at any one of 2N+1 equidistant points in the
interval /u-a,u+a/, two of the points being u-a and u+a, and thus
the center u is also a point. Taking these points in order from

u+a to u-a we associate with them probabilities
2 2 2 2 2 2 2
O)l/N 2 2/1\T i) ‘ccoooo(N‘l)/N ;) N/N 2 (N-l)/N ,oocooog/N ,l/N 2 0 J

(see figure 6) .
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Consider firstly the case k > a; It may help if we first give
& simple numerical example., ILet N = 3, i.e. 2+l = 7. We number

these points J = 1,2,... 7 as in figure 7 and then form table 3

as follows
o " 3/9
T 6 5 L 3 2 1
Figure T
Table 3
3 1 2 3 4 5 6 7
¥ o 1/9 2/9 3/9 2/9 1/9 o o 1/9 2/9 3/9 2/9 1/9

p(w) o 1/9 3/9 6/9 8/9 9/9 9/9 9/9 8/9 6/9 3/9 1/9 O

Inter-
val a/3 af3 a/3 a/3 a3 a/3 %k-2a2a/3 a3 af3 af3 af3 af3
Length

On the second line of the table we write the probability, ﬁj, 88
cribed to each point Jj, and for convenience we repeat this on the
right of the table. If u < I-a no point will be in w; if we increase
u steadily firstly point 1 will be in w and then points 1 and 2,
and so on until all points 1,2,...7 will be in w. As we further
increase u firstly point 1 will fall outside w, leaving points
2,3,4,5,6,7 in w, then point 2 will fall ocutside, leaving points
3,4,5,6,7 in w, and so on until when u > U + a all points are
again outside w. Thus we obtain p{u), that is the probability that
a satellite will be in w given u, by successively adding the “j

of the left hand half of the table and subtracting those of the right
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hand half. The length of all u intervals is a/3 (in general
a/N) except for the central interval which is of length 2k - 2a,

Thus we see that

(a/3)(2/9)«(1+3+6+8+9) + 2k - 2a

L1}

(2.2.8) fp(u)du

il

2.27.8/3.9 + 2k - 2a

=2 ,
and
(2.2.9) fp2(u)du - (2/3)+(2/81)(1+9+36+64481) + 2k - 2a

= 2,191.a/3.81 + Zk - 2a

= 2k - 10ka/2h3 .

Generally we see that
(2.2.10) p(u) = 3(3-1)/21\72 » 1S5S ml
1- (2N+1-j)(2N-j)/2N2, N+l < J S 2+l .

Thus

N+1 oN
(2.2. 11)k/ p(u)du = (2&/N){j ; (3= l)/2N + I /—l-(2N+l—J)(2N—j)/2N?_7i}

J=N+2
+ 2k - 23

which on substituting for 2j and 2332 reduces to 2k ., Also

N 2.0
(2.2.12) \/ p%(u)au = (2a/N)§: £ 35(3-1) /“N ; §+é—l-(2N+l~J)(2N-J)/ZN;7 }

+ 2k - 2a
= (2a/hN5)-(AN5 + BNLL + O + DNE_f EN + F) + 2k-2a,

where A,B,C,D,E,F are numerical constants, and in particular



A = Lk6/15 .
Hence
(2.2.13) \/qu(u)du ——>> 20,.46/4,15 + 2k - 28
N >
= 2k - 7a/15 ,
and likewise for k/qu(u)du, k/qpu(u)du ete.

Consider now the case k 5 a. Although the computational pro-
cedures are very simple and /ﬁps(u)du can be readily evaluated
for any given N, k. and a,\it is clear from the above that the
algebraic form will be very complicated. It could be obtained if
necessary but we shall here content ourselves with a simple example
of the method and remark that the results for the continuous distri-
bution wlll be closely approximated by taking N sufficiently large.

As before let r be an integer such that

(r-1)a/ < 2k < ra/m .
Iet N=5, k/fa = 1/3, then 2+l =11 and r =4,

We form table lt in much the same manner as table 3. The main
difference is that the right hand half of the ﬂj line is moved to
the left and interspaced with the left hand half, so that when we per-
form the additions and subtractions we will have at most the sum of
r(m=h) nj’s. The procedure is strictly comparable with the uniform

case for k < a. Thus we calculate the p(u) line as follows (for

convenience we have multiplied through by 25)

0, 41 =1, 142 = 3, 3+3 = 6, 6-0 = 6, 644 = 10, 10-1 = 9, H5 = 1k,

1h.2 = 12  etec.
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J 12 3 4 5 6 7 8 9 10 11
{ 251, 01 2 3 L 5 4 3 2 1 0
i(Nenj) 0 1 o .3 L 5 L 3 2 1

25p(u) 0 1 3 6 610 9112161316121 910 6 6 3 1 O

Inter-

1e¥123£h hhhllslhlyllylls iyl 1y 1, 15 1, 4 4 4y

vhere 1, =a/N =a/5, 1, = 2% - (r-l)a/N = 2 - 3&/5
1

3

that is, the intervals are the same as for the uniform case above. No-

ar/N - 2%k = ba/5 -~ 2k ,

tice that as before there are r-1 (= 3) 1,'s at each end, there are

eN-r+2 (= 8) 1,'s and 2N-v+1 (= 7) 13's . Then

(2.2.14) f p(u)du = (a/5)(2/25)+(0+1+3)
+ (2 - 5a/5)-(1/25)~(6+10+1h+16+16+114+10+6)

+ (ba/5 - 2K)+(1/25).(9+6+12+13+12+9+6)
= %% ,

and

(2.2.15) u/‘ 22 (u)du 2,32

(a/5)-(2/25°)+ (0°+1%43%)

+ (2k=38/5)+(1/257) « (6°410%+ 14241654165+ 14%410
2
+67)

+ (ba/5 - 2K)+(1/257)+(6%49°+12%15%410%49%46%)

2

2.485k /625 - Thlia/5.525

i

2618k /3125 , since a = 3k ,
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I I L
and likewise for | p“(u)du and [ p (u)du ete.
The above examples for uniform and triangular distributions
should be sufficient to indicate how we would proceed in the case
of an arbitrary f£(x-u) in one dimension.

2.2.4 Two dimensions.

We now consider the two dimensional case. We shall firstly
assume that a satellite of a cluster with center at u = (ul, u2)
is uniformly distributed on the circumference of a circle with cen-
ter u and radius a. The set w 1is taken to be a circle with
center at the origin of our coordinate system and radius k.

Then, as is clear from figure 8, for k > a, the probability

that a satellite will be in w given u is given by

(2.2.16) p(w) = (1, if0 <r<kea
¢/n , if k-a < r < k+a

0 ,ifk+a<r

=

and, for k < a, the probability is given by

(2.2‘.17) p(u) = [0 , if O

<r<a-k
#fn , if a-k < r <atk
0 s if a+k <r

where r = |u| as before,
Thus to obtain the second moments or cumulants for this simple

discrete model we require, for k >a ,
k-a k+a

(2.2.18) fpg(g)dg = 2n f rdr + 2x [5752/:12 rdr,

0 k=8
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and, for k <a ,

a+k
(2.2.19) f pe(u)du = 2:1[ ¢2/:r2 rdr . *
g X .!.a, °
The problem is therefore solved if we can obtain (2/x) ¢ rdr
et -8
and (2/x) zgrdr. A technique for evaluating these integrals is

-k
given in Appendix IV. This yields series appro:dmations which can,

at least in theory, be developed to any desired accuracy.
We now turn out attention to the more general discrete model.
We assume that a satellite may lie on the circumference of any one

of N

k>a Figure 8. kza
circles, with centers at u and radii 815 8oy eee By with probabili-

ties TyoTpny eee “I\T respectively. X ”j =1, It will be seen that by

taking a, =18, and n,.08 Exar and letting N -->» such that

= &, we shall obtain an approximation to a uniform distribution

~
Cw,

N
over the circle with center u and radius a.

Let us denote the probability that, given a satellite on the

circumference of radius a, and center u, it will be in the set w

J
by Pa.(E) or by p(aj) for short. The P(aj) are given by (2.2.16)

J
and (2.2,17) depending on the value of a, with respect to k.

J
The probability that a satellite is in w dis then given by
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Li}

(2.2.20)  p(u) = mp(a)) + nop(ay) + cove + mp(ay)
N
jil nyp(a,) .

Thus to obtain the second moments or cumulants we would wish to

evaluate

o N
(2.2.21) fpe(_l:_t)d_x_l .—.f [35.:—.1 ::jp(aj)_jed_g

¥ o, o, N

=f [jilﬂj p{a,) + ?;;3’ nymyep(a)p(ay, )70
N

=

ngfpe(a Jau + Z:NZn:r fp(a yp(a ., )du
=1 J J'= 33t J it=

SPSN
= Il + 12 ) S&y.

2

I, is the sum of terms f pe(a j)d_l_J: and is therefore known.

1 g
I, is the sum of terms Tyt p(aj)p(aj,)d_g. Let us suppose for

2
example that k > aj’ > aj. Then

p(aj') = l ) o < rgk-ajt
¢jt/n’ ’ k-aj' §r§k+aj'
LO ’ k+aj, <r,
a' = l O <r<k—a.
p(a;) , < k-a,

Therefore



k-2, k-a, ke 82

(2.2.22) fp(aj)p(aj,)dE = 2ﬂf rdr + 2nl ¢2/n rdr + 2n-[ ¢l¢2/n rdr
ke , 3
0
+ 2x f Bo/n rdr .
k+a.
It is perhaps possible to carry dout these integrations although

k48
clearly ¢l§3 rdr is extremely difficult. Methods of approxima-

] -8, 2
ting f p(a§)p(a j,)d_t_l are discussed in Appendix IV.

Il \

Suppose therefore that Jpg(aj)dl_z andf p(aj)p(aj,)d_l_l are
known for arbitrary aj and aj,; then f Pz(g)d}} is known for any
arbitrary selection of N, 819 85 eese 8py Ty TAny esee My It is
clear that results for any circularly symmetric f(g_c-_g) may then be
approximated as closely as desired, with sufficiently large N and

appro;priate choice of &y 8y cses @ and :rl, Moy eeeee T

N N



CHAPTER III
ESTIMATION OF THE VARTIANCE OF THE COUNTS RESULTING

FROM A TWO DIMENSIONAL PROCESS

3.1 The Proposed Estimator.

Throughout this chapter we shall use X to denote a point in
two dimensional Euclidean space with Cartesian coordinates (xl,xe)
and polar coordinates (r,@); thus QE will denote the differential
element dxl dx2 in Cartesians, or rdrd® in polars.

For a renewal process (see section 1.4.3), let N(t,t+r) de-
note the number of events observed in the interval (t,t+T) and
N(O0,T) the number of events observed in the interval (0, T). Further,
let V(NT) denote the variance of the number of events observed in

an interval of length 7. Murthyilﬁ;g7 has suggested
Tt ,
o ’ 2 2.2
(3..1.1)‘ V() = (1/(T-7)) f N°(t,t+r)at - (v/7)N°(0,T)

o
as an estimator of V(NT) and investigated its properties.

We here consider the analogous estimator for a two dimensional
point process. Since we shall be interested primerily in the Poisson
process and, more generally, in the center-satellite process it will
be convenient to refer to the members of a realization of the process
as satellites. Thus let N(r,9;p) denote the number of satellites
observed in & circle with center (r,0) and radius p, and let N(O,R)

denote the number of satellites in a circle with center at the origin
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and radius R. FPFurther let V(Np), or simply V(p), denote the
variance of the number of satellites observed in & circle of radius p.

We shall take
21 R=p

(3.1.2)  9(p) = (1/a(B-p)?) J f N(r,050) rdrdd - (o/R)W3(0,R)

n

1

Vi(e) - Vo) 5 say
as an estimator of V(p).

In what follows we shall write C(O,R) for the circle with cen~
ter at 0 and with radius R.

A N

Consider Vl(p) = (1/n(R-p) Lg‘jCN'(r,G;p) rdrde .

Interpreting the integral in the usual manner we see that with
each point in C(0,R-p) we assoclate a non-negative integer equal to
the number of satellites within a distance p of the point con~
sidered. The square of the number constitutes a function defined
for every point, (r,®), in C(O,R-p) and this function is integrated
in the usual sense. However we may look at this from another direc-
tion. Suppose that on every satellite in C(O,R) as center we con-
struct a circle of radius p. If there are N satellites in
C(O,R) we then obtain N ecircles which we shall denote by Cys
C2, ""'CN' These may or may not overlap. The circle C(O,R-p)

is then divided into the following sets with Xx always required to be

in C(0,R-p);

n
}

N
= {xlx¢ v ¢;} = {xlx 1is n none of the C),Cp... Cy}
1=

= {:g[g is in one and only one of the Cl,Ce,.....CN}

mn
!

S, = {_’_‘Ii‘ 1s in two and only two of the C;,Cys +e.e CN}

G 8 09 0000000006000V PP L OSSN ONL OGS0 808CEOFCESEIONGIOCSOEEOSISTIIBSLOIETCTT

N -
sy = {x]xe N, ci} = {_;_c[_:_c is in all of the € ,Chy wve. cN} .
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Some of these sets may, of course, be empty; they are disjoint and
their union is the circle C(O;R-p) .
If x = (r,0) is in the set 5, ‘then N(T,G;p)‘= n .

If we write AS for the area of the set Sn it follows that

. 21t R=p
e ¥ o
(3.1.3) N (r,0;p) rdrd® = I n L
o0 n=1 n

3.2 Methods of Evaluation.

N
We now consider methods for evaluating T n2 AS .

n=1 n

Clearly the value could be obtained by constructing a map of
C(0,R) and the N satellites contained therein, demarcating the
sets SO’ Sl’ ceee SN and measuring their areas., One could perhaps
draw the map on a uniformly dense material, of constant thickness,
cut out the sections and weigh them, their weights being proportional
to thelr areas,

A basically different approach is as follows. Place m sampling
points independently and xandomly in C(O,R-p). Denote these by
Oy Oy eve Qe Denote the number of satellites within. p of oy
by n, . Then possible values of n, are O,l,?,.... N. Let fj

denote the number of n, = 3§, {J = 0,1,2,... N). Write

i
N
(3.2.1) f= 5 f,= m,
j=o Y
It is logical to take fi/f as an estimator of Ag /n(R-p)2
N i
and thus estimate Z n2 A by

n=1 Sn
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| e N ¥ o
(3.2.2) n(R-p)~ « I n fn/f = (A/m) « =& n°f_, say, vhere
o=1 : n=1 n

5 N
A= n(R-p)” = Z Ay .
n=0 n

We now show that this estimator is unbiased and obtain its

variance. Firstly

' N N
(3.2.3) elam . = nefn}= (a/m)e z o E 2 .
n=1 n=1

Now the probability that fn will be equal to h 1is the probability
that exactly h of the m sampling points will fall in the set sns
i‘e.

(2k)  B(g, = b) = () (A /01 = g /0

and hence

(5‘.2.5) £, =ma /A .

n
Therefore
(5:2.6) £ {(afn)+ = 026 )= (/) + T ol fa- E i
2 Am)s ¥ nfi=(A/m) - = n A = 2 nA .
{: =1 é} n=1 mASn n=1 Sn
Next we remark that
¥ > 2 N>
(3.2.7) Var(A £ nfn/f) = (A/w)” Var (Z n"f)
=] n=1
N N
= (A/m)2 by n4Var(f )+(A/m)22 5 nore
n=l a n#£r
Cov(fn,fr).

Now

(3.2.8) Var(fn) = m(AS /a)(1 - Aq /A)
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and since

m! m=-h-k

(5.2.9) P(2,h,2, %) = griftenr (Asn/A)h(ASr/A)k(1-(Asn+Asr)/A)

we have
2
(3.2.10) Ccv(fn,fr) = - mA, Aq /e
n r
Thus
' ¥ 2 ¥y
(3.2.11) var(as n fn/f) = (A/m)e = n m(AS /)1 - Ag /A)
n=1 n=1 n n
e ¥ 595 2
~(A/m)%e = 2 nrm Ag Ag /A
n#£Y n r
N N
={A z:nh'AS -(ZneAS )2 /o .
n=1 n n=1 n

Por example a circle of radius R was drawn and points located at
random in the plane until the circle enclosed 20 points. These points
represent the satellites. Taking R/p = 5 +the following values were

obtained for the AS » standardized so that A = n(R—p)e =1.
i

0.4956 A, = 0.,0588

A =
So s5
A, = 0.3292 A, = 0.005k4
S S
1 L
AS = 0,1111 AS.=O, Jg>h .
2 J
Then
N, N oy,
T n AS = 1.3892 L n AS = 8.2520
n:l n n=1 n

N _ ,
var(A = nefn/f') = (8.2520 - 1.38922)/m = 6.3221/m .
n=1
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From such an analysis we can obtain an idea of how many sampling
points, m, need to be used to reduce the standard error of our approxi-
mation to within prescribed limits.

Observe that in the above we have located our sampling points
independently and at random throughout the circle C(O,R-p). It may
be thought that it would be more efficient to use a lattice of sam-
pling points and this may often be the case. However the efficiency
debends on the type of process and, in general, is extremely diffi-
cult to evaluate. The little work that has been done suggests that
it is quite possible for the lattice scheme to have a lesser effi-
clency than the random point scheme for some simple and realistic
processes,

It is also feasible to use the satellites themselves as sampling
points, but again the efficiency of such a procedure is, in general,
most difficult to evaluate.

345> The Expectation of the Estimator.

2n R-p
We now turn from the question of evaluatingb/‘u/‘ ’r,Osp)rdrdG

to study some of the properties of the estimator v( p)
We will firstly consider Eifﬁ(p) for the case of a Poisson pro-

cess with intensity A. Then
2x BR-p
(3. 3 1) Ei(l/ﬁ(R-p) )Jf‘/ﬂN (r,9;p)rdrae

21t R~p

(1/n(R-p) )i fEN (r,6;p)rdrde
(1/“(3‘9) ) \/ J[\ (= 28 o + TN )rdrd@

]

i

4 k ph + nkp .
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Also
(3.3.2) & (o/r)"v%(0,R)

]

(p/R)u(nekeRu + anz)

224
TANDp

n

+ nhpu/R2 .

Therefore from (3.1.2), (3.3.1) and (3.3.2)

(33.3)  £%(0) = mol(1 - 02/a3)

Thus for a Poisson process REG(p)/(RQ - p2) is an exactly un-
biased estimator of V{p) and.%(p) is an asymptotically unbiased es-
timator as R =-> o ,

For the case of a center-satellite process with all the satel-
lites located at theilr respective cluster centers it has been shown

that the first two factorial cumulants are

Mo = M (1ulv) , 'xgo = A"(1)ulw) .

The second cumulant is then

6o = Mi(W) [G(1) + 6"(1) 7

and the second non-central moment

Gy = M(W) /6 (1) + 6M(L)T + AT (w) /N ()7

Noting that u(w) = npg or ﬂRe appropriately we see that
27 B=p

(3.3.4) (/x(R~ )2) | Ng( »0;p)rdrde
éa 7#(R~p *lf 44‘ r,8;p)rdr

- amel /ML) + 6"(L)T + A2t e ()7
and

P

(3.3.5) £ (o/R)"¥2(0,R) = (of/)*{ a2/ 6t (16" (U708 6 (17 }
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Therefore

(3.3.6)EV(p)

i

knp?[-G'(l) + G"(1)7(1 - sze)

it

2,.2
K'Qo(l"p/R)'
. 2_"" 2 2y .
For such a process we again have that R V(p)/(R" - o) is an
N

exactly unbiased estimator of V(p), and V{(p) is an asymptotically
unbiased estimator as R -=-> o ,

Finally we consider the general center-satellite process. We

have shown that

Mo = A&'(1) fp(}g)d_g s Mg = 2G"(1) f pg(}_l)d_q.,

“p0 = M'(1) fP(E)dE + AG"(1) f po(u)au

%0

AG* (1) f p(u)dn + AG"(1) f p(w)du + 2ar(1) f p(u)au”,

Recalling that ,jpp(E)QE = p{w) we see that
. \ 21 R-p
(3.3.7) E(l/n(R-p)e)/[ I\Ta(r,%p)rdrdg
oo
2
<26t (e +20"() [ B + 22 6 (17"
and

4 2 2
(3.3.8) & (p/R) W (O,R) = (p/R)“[xG'(l)nR + AG"(1) f p;‘;(g)ag
2y 2 2L
+ A/ eH()/ xR 7,
where pp(E) denotes the probability that a satellite of & cluster

with center at u 1lies in a circle of radius p and similarly for

pR(E) . Therefore
(3.3.9) E9p) = x" (1631 - 2/80)

+ M}"(l)f pi(}_l) du - (p/R)l1L f Pﬁ(E)dE .
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Provided thatfpg(_g)d_x_x <0 (R5) we see that '\'}(p) is an
asymptotically unbiased estimator of V(p), but in general

RQ\’I\(p)/(RE - p2) is not exactly unbiased.

3.4 An Interesting Property.

Observe that for a Poisson process

(3.&.1) 6ffl\l(r,9;p)rdrdé :nt(R-p)e . nxpe
O~0

i

N

=£ nAq
h=1 n

= + 2A + 5A + eoe + N } .
8{‘3‘81 5,7 285 Bs
Consider the total area obtained by adding the areas within
C(O,R=p) of all circles of radius p about the N satellites in
C(O,R); see Ffigure 9. O\}erlapping areas are counted according to
their multiplicity. This total area is also A, + 28, + 3A, + eeee +
Sl 82 83

NAS o Thus from this viewpoint we see that
N

+ BA, + seee + NA .

(3.4.2) 7tp2€ N(0,R-p) = E’{Asf 28

In (3.h4.2) we have the expectation of the areas within C(O,R-p)of
circles of radius p about all satellites in C(O,R), and in (3.1.1)
we have the expectation of the total area of circles of radius p
about only those satellites in C(0,R-p). These expectations are
equal; that is the omitting of satellites outside C(O,R-p) is exactly

compensated fforty the including of areas outside C(O,R-p); see figure 9b.



It will be seen that this must mean thet R-p

(3-4;5)g/§1'n92 - VE(R,psR-gj7Xu(R-x) dx = M/PVQ(R,p;R+x).kn(R+x) ax .
o 0

This result is quite difiicult to establish directly. However (3.4.3)
is verified in Appendix V which demonstrates a technique for such inte-

3.5 The Variance of the Rstimator.

We now wish to obtain the variance of the estimator G(p) and
study its behaviour as R -;ﬁ-m. Unfortunately this has proved to be
extremely complicated, even for the case of a Poisson process. We
can here provide only the basic steps of our argument; a certain
amount of additional detail is given in Appendix VI but the limita:
Lims of space prohibit the presentation of every step in full,

Our approach parallels that of Murthy / 19/ in that we shall
firstly examine the covariance of l%(p) andf%(p+n).

By definition
(3.5.1)  Cov {We),Term)} =E£(F(0)- £F(0))(F(prn) - EF(o1))

Now
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(3.5:2) V(o) - EWlo)yy 5o
= (l/:r(R-p)e)jf [Na(r,G;p) - €N2(r,9;p_)_7rdrd9
o “o

- (o/R)*/W(0,R) - € 1(0,R)]

or, on writing Np for N(r,0;p) and Ny for N(O,R),

(3.5.3) V(o) - E¥p)
21t R-p

= (1/x(8-0)?) [ j [ - €32 Trarao - (o/R)'/0E - £127

Let

2 2 2 2 2 2
WS =W - EN . AN =N - £ N .

Then

(3.5.4) (Vo) - EV(e))F (1) - £ F(o+1))
2x R-p

= [ (1/n(R-p) ?f\[AN rdrde - (p/R) AN 7.

2% R= -n
[(1/x(r-p-1)%) f f 4y Tarde - ((orn)/m) a2 7
2 B-p-N

= (1/:: (R—p) (R-p-1) )fjﬂAN rdrd@f fAN rdrde

EnR p-‘n

- (o/R)*802+(1/n(Rp1)2) f f M2 rardo

Qo R-p

- ((mﬂ)/R) AN «(1/n(R-p) )ffAN rdrde

¢ (o/R) (o) /R)Y a2 7

= I, -1 -I3+Il‘-’ 58y .

1 2

Thus, in brief,

(3.5.5) Cov {?r(p), ’x?(pm)} = 8 {11 - I, - 13 + I,_;_\f .
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We now obtain these expectations for the case of a two dimen-
sional Poisson process, It will be convenient to teke them in the

reverse order,
(3.5.6) £ 1, = (MR ESMET

Now
(3.5.1) £ [T = ELV-gx2 7% = var v = Ent - €58
- um2) & 60urD) + T(wRD)? +(AaE)
-/ (MRQ)2 + (mR2)_7
= h}? n3 R6 + 6}\23121?& + MRQ .
Thus
(3.5.8) E,Ih (/R ¥ () R) (2 78E + 6ATRY + And®) .
Teking M =
(3.5.9) €1, = (o/R)%.(4PRE + 6AR" + aar®)
= O(R-g) .
Next ¢ Bep
(3.5.10) E, I; = ((p+'ﬂ)/R) «(1/n(R-p) )f f AN -A 2 rarde .
(o] (o]

Now

2 2
(3.5.11) & ANp-AND

2 2 2 2
gz - £ NI - £ )

2 2 2 ~ 2
Eng N, - ENRE/NP
81 - 82 , 8ay .

I
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Let NRB denote the number of satellites in C(O,R) but not

in ¢(r,0;p). Then

NR=NR’p‘+Npu

Noting that for a Polsson process NRB and Np are independent ran-

dom variables we have

22
(3.5.12) £, = €z + W)W

3

'8(1\1 N + 2NN +N)

It

ka2“2(R2 - p2)2 + M(R2 - p?izz-xaneph + knp?;7
+ Qz_hn(Rz - p?izz—hiﬂsps + 5h2ﬂ2ph + xﬂp?;7
+ [—xhnhps + 6O 3p6 + 7x Tt p)+ + xnp 7

and

(3.5.13) E; /_Xe 2ph + XnR '7/'x n p + kﬂp?;7 .
Bringing together (3.5.11), (3.5.12) and (5.5.13) we have

(3.5.18) € I, = (/0 00 (1) + o (1eanal) 7 -

Taking N =0

il

(3.5.15) 513 (p/R) /‘lme 2 l‘(1+an ) + Amp (1+2mR )7

O(R-Q) .

i

In a like manner

(3.5.16) E;Iz = (p/R)%Z—hnexe(p+ﬂ)h(l+hﬂ32) + Kn(p*ﬂ)2(1+2KﬂR21;7 ’
and taking 1 =
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(p/R) /‘hﬂa 2 h(l+an ) + Amnp (l&ekﬂR ) 7

(3.5.17) £1,

0(3'2) .

Observe that for 1 =0, £1I, =£I5 .

Finally we require
21 B-p 2gt R-p=T
(3.5.18) 511 = £ (1/1: (R-p) (R—p-n) )ff AN rdrd@[fAN rdrde,
It will be convenient to modify the notation slightly. We shall
write
= N(x,050) » N, = N(xr*,0';5p) .
Then .
2% 21t R-p~1} R-p
2 2 2y | ' 2
€ (1/x"(B-p) (R-p-1) )_[f [ AN

oo o “o

1

(3.5.19) £ 1,

AN% %),rr’drdr‘deQ'
21 25t Rep~1] B=p

(1/7°(R-p) % (R-p-T) )ff] f d ANi

2
AN, rrtdrdr'dede’ .
(o+n)*

Consider

i}

(3.5.20) € awe o EGR - EXOT iy = E(pimyr)

(prm)*

[}

2 . 2 |
N N .
E ¥l (o)t = €T € ¥ (o)
Now the circles C(r,0;p) and C(r',0';p+N) may or may not
overlap. If they do not overlap the random variables Np and

N, . are independent and
(p+n)? P

o

2 2
ANC AN
J Ny (o)
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In this case |x-x'| > 2p + 1), vhere in our usual notation X = (xl,x2)

I

(r,0), and lfﬁﬁ'! denotes the distance between the two polnts
x and x'., For x;x' <2p+ N and N are not indepen-
- L_I p+ T o (otn)! P
dent.

We introduce the following notation:
let Np (o+1)? denote the number of satellites in the intersection of

P

c(r,0;p) and C(x!,0';p+N) and

let N denote the number of satellites in C(r,8;p) but not
o, T3’ (z20:0)

in C(r?',0'; ptM) ete.

Then
N = Vemmyr * No(em)' 7
Moyt = Mos(em)t o, (o)t
Thus

2 2
(3:5:2) 0 Wpyqys = O, @y * To (orm) W5, (o) * Mo (o))

2 2 2
=N ) Y5, (orn)t Mo, (571) 5, (o) e, (p#1)!

2 2 2
W 37 Vo, (o)™ T, (371) Moy (041) 55 (or1)!
o 2 P
+ M oy T, (o) Mo, (o) 0, 6571) Vo, (o41) !
2 2 3
5 ) Vo, (o) T T, (or1) N, (o) !

L
* ND:(P'*"ﬂ)' .
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In this way we have expressed 1\12 N )t as & sum of products

(o0
of random variables which are independent in the case of a Polsson
process.

Purther evaluation for T > 0 is extremely difficult. Since

we are primarily interested in Var ﬁ(p) we now set M =0 and

obtain
' 2 2 2 2 2 2 )
5.22) N N, = - N~ + 2N -, N + N -, N
(3.5.22) p P ps0' ps0' psp' psot 0:0" Tpsp’
+ 2N -’N 'Ng t + h‘ 'N 'Ne + 2N ",NB t
L0 PP P2P p:p' pspt psp! PP PR
e .- 3 .,

p 'N t + EN- 'N 1 N
2P Pop Ps0 PsP Ps0 o

Write ¢ = 3;92 and v = Va(p,p; [#-x']). Then

2 2 2
(3.5.23) 6 ND:B' ENP:B' 6 NB: p'

_/_")\a(c-v)2 + x(C-YIZZ”AE(C~V)2 + AMe-v)/

B,D

and

5.2 -
(5.5.24) ENop 5:0"0;p! £N 5 & T € ¥o,pr

=_Z“x2(c-v)2 + Me-v)7-AMe-v) v ,

etc. That is, in a like manner, we obtain the expectations of all the
terms of (3.5.22) and after some lengthy but straightforward algebra
we derive

(3.5.25) E; N N o! = C x (l+cx) + xv(l+20h) + axzvg .

Also
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(3.5.26) &Ni £ Ni, = (7\.2<:2 + )\c)(}\ec2 + Ae) = }\ece(l + }\.c)e .
Therefore by (3.5.20), (3.5.25) and (3.5.26)

(3.5.27) £ ANi NS IR CR e + 225 .

Thus with 1) = O
2nt 21t R=p R-p

(3 5.28) £ 1, = (1/5°(R-p) )fff f[xv(l+2)\c) + %y 7rr'drdr'd@d@'
It follows that we can obtain (SIl if we can evaluate
A
L/1/ E(D:Q:IX‘ l) dxdx'

CQO:R“Q)
and

/Qf V3(osps ) et

C(O:R‘P)
The 'bechnlques of obtaining these integrals are reserved for

Appendix VI. It turns out that

(3.5.29) 611 = o(R™2) .

Combining (3.5.9), (3.5.1.5), (3.5.17) and (3.5.29) we have

(3.5.30) var ¥(p) = 0(R™2) .
Alternatively we may write
(3.5.31) Var Q(p) = KR'2 + 0(3'5)

where K is a constant the value of which can be obtained explicitly
from the expressions derived in Appendlx VI.

The above has treated the case of the Poisson process. It 1is
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clear that (3.5.30) also holds for a center-satellite process in which
all satellites are located at their ¢luster centers. The problem for
a general center-satellite process is much more complicated and is
not here attempted, although it is conjectured that (3.5.30) is
still valid,

3.6 Conclusions.

To conclude this chapter we summarize the results of the above
sections.

For the case of a center-satellite process, provided that

B [ [z e o),

c(O,R)

%(p) defined by (3.1.2) is,as R --> =, an asymptotically unbiased
estimator of V(p), the variance of the number of satellites in a
circle of radius p. For a Poisson process or & center-satellite
process in which all satellites are located at their cluster centers,
Raﬁ(p)/(Re- pe) 1s an exactly unbiased estimator of V(p).

| For a Poisson process, or a center-satellite process in which
all satellites are located at their cluster centers, Var V(p) = O(R—e).

We therefore have the following theorem:

Theoren 3.1 For a Poisson process, or a center-satellite process in
which all satellites are located at thelr cluster centers, V(p) is

a consistent estimator of V(p) .



CHAPTER IV
THE DISTRIBUTION OF THE DISTANCE TO THE NEAREST

NEIGHBOUR FOR A CENTER-SATELLITE PROCESS

k.1 The Background.

During vrecent years 1in the field of plant ecology, consi-
derable attention has been given to utilizing the measurement of
distances between plants both for estimating population intensities
and for obtaining tests of rendomness. Representative writers in
this topic are Blackith / 1/, Clark and Evans / 3/, Cottam and Curtis
[ ¥/, skellam /"27], Hopkins and Skellsm / 107/, Thompson / 31/ and
Morisita /716, 17, 187 .

In the case of randomly distributed populations, i.e. two di-
mensional Polsson processes, the distribution of the distance to the
nearest neighbour is readily obtained; indeed the distribution of
the distance to the n-th nearest neighbour was obtained independently,
and by different methods, by Thompson / 31/ and by Morisita / 16/,

The equivalent result for non-random populations has not been obtained
although the need for the result has been recognised. Thompson states
that "the problem of determining the exact distribution of distances
to nearest neighbours in non-random models is one which still requires
attention but which appears to be very difficult of solution, and
Morisita / 17/ states that "it seems to be considered that it is very

difficult and almost impossible to deal with non-randomly distributed
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populations by a generalized procedure because there are so many
different cases for non-randomly distributed populations".

In the following paragraphs we derive the distribution of the
distance to the nearest neighbour for the general center-satellite
process., We do this because of a belief that, for many physical
situations, the center-satellite process is the rational alterna-
tive to the Poisson process. Although various tests of randomness
based on nearest neighbour relationships have been proposed it has
not previously been possible to make statements concerning the power
of these tests. It is hoped that the results of this chapter will
provide the basis from which studies of the power can proceed, and
indeed an illustration of the kind is presented.

To conclude this introduction we observe that the situation con-
sidered is not limited to the field of plant ecology, nor are the
methods used restricted to two dimensions.

4.2 The Derivation of the Distribution.

Assume that there is a satellite at Xy which we shall for

convenience take as origin of our coordinate system. With X, as

center construct a sequence of circles with radii, Ty Tis eeces T, =

and let

Tyep = Ty =0Ty -

For convenience we shall assume dri = dr for all i and also that
Ty = dr. Denote these circles by CO, Cl,....Cm and the annuli
formed by them by AO, Al,....Am; that is Ai denotes the annulus

between the circles Ci and Ci-l .



103

at 50. For convenience we shall take

by radius vectors which

form angles €

il’gig) ¢ee .Gini

the Aij to be of equal area, dAi

s for all j and thus gij = in,

say, for all j, (see figure 10).

Figure 10,

Let {A} denote the event that a regicn A is empty and {A‘}
the event that A is not empty with respect to satellites of the
same cluster as the satellite at X and let {A*} denote the
event that A is empty and {A*'} +the event that A is not empty
with respect to satellites of clusters other than that of which the
satellite at X, is & mewber.

We shall assume postulates (i) to (iv) of section 1.2,1 parti-
cularized as in section 1.2.5; that is, we shall assume that the
cluster centers are distributed as a two dimensional Poisson process
with intensity .

As in Chapter I, for all numbers K > 0, let R(K) be a region
defined by lxj[ <K, J =1,2. With s > 1 as the square of some in-
teger, divide R(K) into s equal squares, say Rj’ 3= 15250008,
with boundaries so defined that the R

J

times find it convenient to write qu for Rj .

are disjoint. We shall at



0L

Denote the event that A is empty with respect to clusters with
center in Rj by {:A(j)}' and the event that A is ot empty with
respect to clusters with center in Rj by ACAf(j)} .

Firstly assume that the cluster of which the satellite at X,
is & member has N members and center at u .

We tentatively assume that the function f(x-u) of postulate
(iv) is a continuous function of its arguments so that the probability

that a satellite of a cluster with center at u is in Aij is

given by

(4.2.1) ff(gc-g)dz = f(ic:j- u). da,
A
i3

*
where x is a point in A VWe shall abbreviate this to

iJ 1°

fij'dAi []

The probability that AOj is empty of satellites of the cluster

of which the satellite at Xo is a member, apart from that particular

satellite, is

)N-l

.

(k.2.2) P(Aoj) = (1 - fojdAO
Noting that _
(4.2.3) P(4,) = P(ngj)

= P(Ag, 455~ Bpgneeen Aono) P(AOEIAOBAthn. ..nAOnO)

eoe P(A. )
Ono

we see that
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no n

(k.2.4) P(AO) = (1 - £41& o/(1 ngo ,dA )) (1 - foo O/(1 ZBfOJ O))N-
J= J=

-1 N-1
eaees(l = fon _ldAO/(l-fOn dAo) (1-fOn dAO)
0 0 0
Jo N-1
= (L- = £ 44 .
( j=1 09 o’

In a like manner

(4.2.5) P(Allco) = P(All[A12AA15n...nAin{\CO)

P(A12[A13nAlhn...1xA1nin Cy)

.......P(Alnllco)
n n n
o B} N_ p )
=(1- ¢ f 0A - f..4A.) 1- & f
je1 0307 55 131 31 03 A
and in general
n n
ntl i i
N-1 N-1
(4.2.6) ©P(a ]c y=(1-2 =z f£.48) /- z T f,,84,) .
n+1 i=0 j=1 i]j i=0j=1 ij i

Next we notice that

(k.2.7) P(Cm)

i

P(Amf\A [‘\A 2('\ -uor\Alf\Ao)

it

P(Am!c 1) P, ll o) eeeens P(R)

n

m i
(1- = =& ra)"t.

im0 g1 19

i
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let m -=>« and dr --> 0 such that (m+l) dr = R. Then ob=-

serving that

s, = (1/2). (2ri + dr,) dr, de,

we see that
2% R
N=-1

(4.2.8) P(Cm) ~=> (1 -ﬂf(r,@;g)rdrd@)ml =(1-1I) 7, say

o0
where f(r,0;u) is simply anocther name for f£(x-u) .
Suppose RO is the obsexved distance to the nearest satellite.
(Note that we are still talking about satellites of the same cluster
as the satellite at x ). Let F(R) be the probability that R,

is less than R; then

(h‘.2.9) F(R) P(Ro <R)

P(at least one satellite less than R from X )

i

P(C}) ====> 1 - (1-1')N':L .

The p.d.f. of the distance to the nearest neighbour is then

given by

(4.2.10) F'(R)

ap(cl;l)/d:a
2n

(§-1)R [ f(R,<;;_1_x)dc;-(J.-:E)N"2 .

We may obtain this result directly as follows:

m+1l ni n

m i
(L~ = = fi.dA,)N"l/(l -5 S F
i=0 j=l J L i:Oj:l

N-1
13”‘1)

i

(h.2.11) P(Am+l]cm)

n
m n -1

i N-1
(L-2 st f .84 -2f . A& )/
i=0 J=1 ij i 3=1 mtl,J mtl

m n,
(L-z =t fi.dAi)N‘l
i=0 j=1 J
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- e
Bl N-1
jil fm+l,jdAm+l
=11 - W N,
i1« Z fijdAi
_ i=0j=1 9
25

mewe> 1= ((N=1)R/(1-I)) [ £(R,03u)de '- aR + O((dR)Q) .
Yo

Now the probability that Cm is empty and that there is at least

one satellite in A is
e+l

(L.2.12) P(Al 1~ C) = P(Ar;l_‘_l[(lm) p(c,)

2%
—-==> ((F-1)R/(1-T)) fo £(R,05u)d0-aR+(1-1)"",
which agrees with (h.e.lo);

We have so far obtained the distribution of the distance to the
nearest neighbour of the same cluster conditional on there being N
members in the cluster and its center being at u. We now remove
the condition on N,

I a(t) = Dy + Pyt o+ p2t2+ «ese be the p.g.f. of the number of

satellites in a cluster then

(h;2.15) P(N =k) = Pk/(l - po) = p: , 5ay ,

since the cluster contains at least one member, namely that at x5

ILet

(k.2,1h) G*(t) = pi + pZt + p;t2+ veses

Given that the center is at u we may symbolize the above result as
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(4.2.15)  P(4! [e M) B(C [M) = (N-1)R [ £(R,05m)80.(1-1)" .
5 |

Then

(4.2.16) P(A&;}_i_l'Cm) P(Cm)

>}

_lP(AI;HlICm,k) P(lek) P(V = k)

k

(pz + 21);(1-1) + 3p2(1-1)2+ .e+)R

Eﬂ.
&é f(R,95u)d8 «dR

n

L}

2
*
R[f £(R,0;u)ad/ ¢ *(1-I) &R ,
O

where G*'(1-I) is used to denote dg*(t)/dt evaluated at t = (1-I).
Finally we must remove the condition that the center is at u.
Let {d_\_zj} denote the event that the center of the cluster of which
the satellite at X is a member 1s in Rj. Then
(h217)  P(aw,) = l £z - wa .
J
Since X, has been taken as the origin of our coordinate system, by

the assumption of the circular symmetry of £, we may write
*
(4.2.18) P(dla_j) = f(l_lj) d_gj

*
where wu, 1is a point in R

J J°
Now {A&_{_l(l)n(}m(l)} , {Al;lﬂ(e)hcm(e)} ) eeveces

Ar;1+l(s) ,.,Cm(s)} are mutually exclusive events whose union is, with

the notation extended in an obvious way, the event {A1;+l(R(K))nCm(R(K))}.

Thus
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(k.2.19) p(a’ . (R(K)),C (R(K))) = z P(Ar,1(3)AC(3)) P(any)
J=

2xn ,
S
= IR [ff(R,Q;u )ag7ar ¢ '(1-1) £(u)) du, .
j:l (o) _“j - -d -J

On letting s=-->« and then X ---> ® we see that

27
(4.2.20) P(Aﬁﬂlncm) --->f{f(_q.)R dR[f f(R,e;x_z)dg7g*v(1-1)} du
0

= F'(R)4R ,

where the integration is carried out over the whole space.

We make two observations.

«Q

A *
@) [r®ae-1-5.

Q

Since it follows from our definitions that the probability that
there is no satellite in the cluster other than the one at X, is
« A
Py we see that the above result is as it should be. We may perhaps
*

define P(R =) = P, -

(ii) By the same procedure we may obtain

(#.2.21) P(Cy)=--> f £(u) 6 (1-1) au .

Then
(k.2.22) d.P(CI;l)/dR > d(1 - f £(u) G*(:L-J:) dau)/dR

2n
=ff(3) R[ff(R,e;_z_l)dg G ' (1-1) du ,
()
in agreement with (4.2.20).

We have thus derived the distribution of the distance to the

nearest neighbour of the cluster of which the satellite at X,
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is a mcwmber,

We now consider the distribution of the distance to the nearest
neighbour of a different cluster.

Recall that the cluster centers are independently located as a
two dimensional Poisson process. The removal of one cluster has a
negligible effect on the intensity A. Thus, ignoring the cluster
of which the satellite at X, is a member, we see, on applying (1.3.2),
that
(h2.23)  B(C)) -m-> expf A G(1-I) - 17 au .
The p.d.f. of the distance to the nearest neighbour of a different

cluster is
(u'.e'.eu) a1 - B(C)))/R

2n . .
=f}\R[£f(R,Q;B)d§7G'(l-I) dE.expf%._/_G(l-I) - 17 au .

This result may also be built up in the same manner as the distri-
bution of the distance to the nearest neighbour of the same cluster,
however the derivation is much more laborious and therefore n&t here
presented,

Finally we consider the distribution of the distance to the
nearest neighbour of any cluster. For convenience we shall drop the
subscripts m and m+l .

Clearly we require P(CAC') and since {c} and.{c*}-are inde-~

pendent

(4.2.25)  P(CACT) = p(C)-B(C") .
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Rewriting (4.2.21) and (4.2.23) we have
A *
(k.2.26) ?P(C) = J £(u) & (1-I) du
and
M .
(k.2.27) Pp(Cc) = expf}\[G(l-I) - 17 au .
*
Then F!(R) = a(1 - P(C)P(C ))/aR .
We can, of course, cobtain this directly since that which we

* *
require is P(A'U A ' C A C ). Now

‘ * * * * *
(4.2.28)  P(A'VWA 'aCAC ) = P(A%CAC ) + P(A 1ACAC )

]

P(AT]C A CF)eP(CaC™) + P(A¥TICACT) P(CACT)

il

1t

p(at] ¢)-p(c)-p(c¥) + p(a¥1)c*)op(C)R(CT)

P(A'AC) -P(C*) + P(A*',1 c*)-P(C)

Lt}

which, on substitution, is equal to
(u 2.29) {ff(u R[ f(R,e,u)de7G '(1-I)du-exp }\./—G(l-I) - 17 du
[xR/:/ f(R,e,u)d97G (1-1)dn/ exp x/‘G(l-I) 17¢du | 7

ff(x_z) ¢ (1-1) dg} dR ,
and which is the same as is obtained from the above differentiation.

It is clear that in any application we need only evaluate
2n R

expj%.[G(l [ff(r,@,u)rdrd@) - 17 au

o}

f £(u) G*(l -\-Z.T[‘[;‘(r,e;}_l)rdrde) du

as functions of R and differentiate their product with respect to R.

and
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Note that

(5.2.30)  G(t) = (6(t) - B)/(L - b))t

Also observe that for certain applications it will suffice to obtain
the c.d.f., F(R) =1 - P(CAC ) .

We have in this derivation assumed f to be a continuous function
of its arguments. This is an unnecessary restriction which may be
removed by the methods of Chapter I. We shall continue to use the
notation above but remark that it must be interpreted appropriately.

As a simple example we shall teke G(t) = t and assume that
the satellite is located at the cluster center, i.e. a Poisson pro-

cess., Then
21 R

(k.2.31) f [f(r,e;g)rdrde = 1 ,|{u|<R
(e} 0
0 , otherwise.
Therefore
¢(1-I)=1-1I-= {o ;» lu] <R
1, otherwise
and G(1-I) - 1 = =L , tu; < R
{_O ’ otherwise ;
thus | o R
jx_/‘G(:L-I) -1/ du =/ f -\ rerd® = -AnR- .
(o] (o]
Also
*
¢ (1-1) = (G(1-I) - py)/(1-py)(1-I)

((1-1) - 0)/(1-0)(1-1) = 1 .



Congequently

‘f £(u) G (1-I) du = / £(u) du = 1 .

Hence
2

. o
P(CACT) = o M&

and

32

2
-AaR )/GR = g:ﬂ,ﬂRe‘-}\ﬂ ’

F'(R) = &(1 - e
which is the well known result, cf. Thompson /317 .

4,3 Specizl Cases,

Unfortunately the substitution of the functions we would like to
ase for £(x) and G(t) quickly leads to considerable intractability,
wlthough numerical work is, of course, possible, We here consider ine
stead some very simple cluster models which should serve to provide a
tead as to the behaviour of the distribution of the distance to the
nearest neighbour as we depart from the random situation.

L,3.1 Two satellites on a circle.

Firstly suppose that there are exactly two satellites in each
cluster, i.e. G(t) = +2, and that these are independently located
on the circumference of a circle of radius a. In accordance with
previous notation let us write p(u) in place ofu/gtéﬂf(r,gig)rdrdgs
that is, P(E) is the probability that a satellitecof a cluster with

center at u is located in the circle C(O,R) .

We therefore write our basic formulae as

(h3.1) B0 = [ 2(w) 6*(ep(w) @

and



(4.3.2)  p(c)

Suppose (i)

(b.3.3)  p(v)

and hence

(b3.8) [ a/6(1ep(w) - Tay

Now
a+R
(4.3.5) /\¢rdr
“a-R

a+R

R <a;

exp f A/ G(1-p(u)) -

by reference to

@/

» &=R

s a+R

i}

=l

nR2/2

B4R

11k
37 du .

figure 1lla we see that

a=-R

A

a+R

A

afR

- I7rdr
a+R

¢ rdr .
a-R

[ - /)"

g rdr + (27/xn)

s see Appendix II ,

and ~£N ¢ rdr is evaluated in Appendix IV .

Suppose (ii) R > a; by reference to figure 11lb we see that
(k.3.6) p(u) = i, {ul < R-a
g/x , R-a <ju| < Rea
0 , BR+a Squi
and hence
. - R-a R+a
(k.3.7) J’ A 6(1-p(u)) - I/du = -2mn [ rdr + 2m _[(l--¢/n)2-_]__7rdr
R+a
= -hn(R-a)E-hA rdr+(2 /n)d[\ ¢ rdx.
R-a R-a
Now
R+a
(4.3.8) ¢ rdr = n(aR - a2/2) , see Appendix II ,

R-a
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and | ¢2rdr is evaluated in Appendix IV .

() ' Figure 11. (b)
Thus, for R 5 a ,
a+R a+R
(5.3.9)  P(C%) = exp/ -k [ 4 rar + (2n/x) [ fraz 7
~R «R
and, for R 2 a ,
R+a R+8,
(4.3.10) P(C*) = exp‘z"-hhqé‘¢rdr + (EA/n)4£ ¢2rqg7-exglﬂ-xﬂ(R-a)?;7.
-a . . R-a

We now turn our attention to P(C), i.e. the probability that,
given a satellite at the origin, the circle C(0,R) does not con-
tain another satellite of the same cluster.

Suppose that the satellite is at P and the cluster center at
U, (see figure 12). Then UP = a., The other satellite of the cluster
lies somewhere, say at Q, on the circumference of the circle with
center at U and radius a. Denote the distance PQ by x, and
the angle ﬁaQ by 6. By symmetry we need only consider the upper

semicircle. Then the angle © us uniformly distributed on the inter-

val [0,3'_[7’ i.e.

—
—

(4.3.11) £(e)de = L ae ’ 0< e <nx

0 2 otherwise
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Figure 12.

Now x2 = 2a2 - 2a2 cos @
and so xdx = a°sinode or 4o = xdx/aesing s
but cos@ = (2a2 - xg)/2a2 =1 - x2/2a2;
thus sin® = (1 - (1 - x2/2a2)2)1/2 = (xe/ae - xh/hau)l/2
and ae = xdx/aa(xe/a2 - xh/hah)l/2 = 2dx/(ha2 - % 1/2

The p.d.f. of x is therefore

(k.5.12) f(x)ax = 2dx/n(’4a2 . 2y s 0<x<2a
0 3 otherwise,
It follows that
R
(+.3.13)  p(c) = (1- fzdx/:r(haz - B2 o<r<m
0 - - .
0 ’ R>2a.
R sin™t R/2a

But leu/ﬁ(me - AR feag/:z = (2/x)sin"(R/2a)
o

and hence
(#.3.1%)  p(c) = {1-(2/n)sin"H(R/2a) , O<R<2a

0 ’ R>2a .

This result may be obtained directly from the general formula

pe) - [ #w) ¢*(1-p(w)) @
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provided that the symbols are given their appropriate interpretation.

*
We are assuming that G(t) = +° and therefore G (t) = t. Thus

P(C) = ff(l_l)(l-p(g)) du .-

Various cases arise and are illustrated in figure 13.

(iii) Figure 13
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We may regard f(g) as equal to zero everywhere except on the
circumference of radius a with center at the origin.
Suppose (i) R > 2a, that is R-a > a, Now the circumference
‘of radius & is completely enclosed within the circle C(O,R-a),
but

p(u) =1, ju; < R-a .

Thus everywhere f(u) # O we have 1 - p(u) = O and consequently

0.

p(C)
Suppose (ii) a < R < 2a, so that R-a < a and

¢/x , BR-a

R+ta .

p(u)

BA
Ie
nA

It then follows that

P(C)

1l-g/n=1- ﬁ"lcos"l(l-Rz/Eae)

1- (2/:r)sin'l (R/22) .

Suppose (iii) 0 <R <a , so that

p(u) = g/n , a-R <|uf < aR

and, as in (1i) ,
p(C) = 1 - (2/x)sin"t(R/28) .

Bringing together the above results we have

(4.3.15) #(R) = 1 - P(C)-P(C)

= (1 s R> 2a
. 2
1- (1‘(2/ﬁ)sin-l(R/2a))_e~hﬁ(R-a) i
asRgee R+a, R+Z
ﬁ = = exp_/__-ll-h ¢I‘dr+ (2}\/“)~£¢ I'd_1£'7,
)
a

l-(l-(2/:t)sin_l(R/2a)).exp[ -l ﬁ;adﬂ(@\./ﬂ) J ¢§§d_1_~7,
-R

L O<R § a ~R
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~

= l s R

2a

AV

l—(l—(2/ﬁ)sin'l(R/2a)).e"K“(R2+2aR-a2).

a SRS exp/(2n/x) | fPrasT,

< , o & a+R
1-(1-(2/x)sin™ (R/28)) ™M L exp/ (2N /x) [ #°rar7,

0<R<a. -R

-

A numerical example is given in section k.4,1 below.

L,3.2 A Poisson situation.

It is of interest to consider a simpler model; suppose G(t) = t.

Then

(k.3.16) P(C) =1, all R,

‘ P(C*)

a+R :

exp/ -2axt [ (f/n)rdx/ , RS a
-R R+a

e-?xn(R-a)e.e@[..g;m f (¢/ﬁ)rd£7, a <R
R-a

i

i

’exgz_-EnARe[g7 » R<a

aa(R-a)2 7

exp/ -2mn(aR - a2/2)

= exg[‘_hﬁag;7 > 8 <R.
Therefore

kﬂRe

(k.3.17) FR) =1- P(C)-P(C*) =1-e ,all R .

There is a subtle difference between this and what we have
previously taken as the Poisson model in that here we consider the
satellite to be located away from the center and this may well have

g physical meaning.
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4.3.3 One, two or three satellites on a circle.

We now suppose that G(t) = Pt + p2t2 + p3t3, that is, there
may be one, two or three satellites in each cluster but we still
assume that these are on circumferences of radius a about their
respective centers.

It is clear from what we have done in the preceding sections

that
(£.3.18) P(C) = P, » R> 2a
Py * pe(l-(Q/ﬁ)sin'l(R/Qa)) + p5(l-(2/ﬂ)sin"l(R/2a))§

R< ?2a .

Also, for R< a ,

(8.3.19) 6(1-p(@)) = [2y(2-0) + p,(1-0)% + p(1-0)% = 1, jujSa-R

131(1L~54*5/wt)+102(l—szf/rr)2+p3(1-¢/vt)5 »2-R SIuiS a+R
1 , a+R <|u|

and, for R> a ,

(4.3.20) @(1-p(u))

i

O 2 '}_‘”E R_a
Pl(l-¢/ﬁ)+P2(l-¢/ﬂ)2+p3(l-¢/n)3,R-a <Juf < Rea
Lo Rea <jml

Therefore, for R <a ,

(4.5.21) f A/ G(1-p(u)) = 17du

a+R a+R
= 21’0\[" (Pl+ 2P2+3p3 ) ( ¢/ﬂ)rdr+(P2+5P3 ) [ R( ?‘/ﬂ )erdr
a=R -

a+R

; pi[_a (4/)ras7
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and, for R>a ,

(4.3.22) fx[G(l-p(g)) - /4
R+a

= 2m\/ - (p,+2p+3p5) L aSszi/:r)x'<11~+(p2+3133) ;gsﬁ/ﬁ)gr‘ir

R+a

cvy | (a7

- Mt(R--a)2
Thus, for R z Pa ,
(h.3.23a)
R+a
F(R) =1 - Be -Mt(R- a') exp 2/ -m f(;é/:r)rdr +m f(g!/:r) rdr
R-a
R+a

ey | (#aPne7

and, for a <R <2a ,
(4.3.230)

F(R) = 1 - (py+p,(1-(2/n)stn (R/2a))+py (1-(2/n)s1n™ (R /22))7)

-}\n'(R-a)
R+a °

exp 2an/ -m _[ (¢/:r)rdr+m l(¢/ﬂ) rdr-ms‘é(yf/ﬁ)irdﬂ
and, for O§R§a ;
(k.3.23¢)

F(R) = 1 -(py+pp(1-(2/n)sin” (R/Ea))+p3(l—(2/n)s1n Y(r/2))%)
a+R

exp 2\xn/ -m f(¢/ﬁ)rdr+m f(¢/n) rdr--m3 ﬁ¢/n)3rdr7,

a=-R g=R
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where
ml =Py + 2p2 + 3p3, m2 = Py + 5p3 B m3 = p5 .

a+R Rt+a
We observe that the above contains bZ‘¢3rdr and grar.
=R R-a
These may be obtained by an extension of the methods of Appendix IV
or may be adequately approximated by a numerical quadrature.

The extension to a general G(t) is obvious.

L.3.4h Two satellites on two circles.

Thus far we have considered cases where all the satellites of a
cluster are located on a single circumfereance. Again let G(t) = t2
but now suppose that a satellite is located on a circumference of

radius a. with probability =x. and on a circumference of radius

1 1
ay with a probability Tps Ty + My = l. We shall assume a, > al.
For brevity we shall refer to satellites on al or on a2 .

We shall firstly obtain P(C) for this situation.

Assume that the observed satellite, P, is on a (This event

l‘
has probability nl.) The other member of the cluster, Q, may be on

ay with probablility 1, or on a, with probability oo Let PQ = X,
(see figure 1), If Q is on a,
(k.3.2L) f(x)ax = EGx/:r(hae - x2)1/2 ’ 0<x<oaa
0 s otherwise .
If Q@ is on a2, we have
£(0)da0 = [« lae , 0<e<ux

0 s otherwise ,
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2 2 2
X = &y + &y = 241a2cosg ’

XX = alagsingdg ’

sine = {l - /—(a + a. - X )/25. 272}1/2

and therefore

(k.3.25) f£(x)ax = 2xdx/n(ha§a§ - (ai + ae - X ) )1/2

0 s otherwise .

Let us write the function of (4.3.24) as fl(x) and the function
of (4.3.25) as fg(x). Then, given P on &,, end assuming that

a, < 58.1, it follows that

2
(4.3.26) p(C') = r—ﬁl tmy=1 , a +a, <R
R
<R
T+ T, [f‘g(x)dx,zal=R=al+a2
< Rt on
- <R
nllfl(x)w + ‘[ a(x)d.x s 8y =8 SRS 28,
R 2 1
\“lb[;fl(x)dx » 0SRSa,-a;, .

R
Recalling that f zdx/n(hai VL (e/zr)sin'l(R/Eal)

)
3 2
and observing that fEXd.X/ﬁ()-laiaE - (8«12_ + ag - X2)2)l/2
a,-a,
el 2 22
(1/x)cos (al +a, =R )/Eald2

i

(1/n)cos™(g(R)) , say ,
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we see that

(4.3.27) P(c') = |1 sa + 8, <R

1 2
-1
"y o+ (sty/x)cos™ " (g(R)) »28, R<a, +a,

<(enl/ﬂ)sin'l(R/2a1)+(ng/n)cos'l(g(R)),ag-algRgeal

l .

L(Enl/n)sin'l(R/Eal) ,0RL, - a

If a, > Bal it may be shown in a like menner that

~

(k.3.28) p(C') = |1 » 8y +a, <R
oty + (ne/n)cos-l(g(R)), ay -8, SR<a, + 8,
) ) ’ Eal 5 R § ay - 8y
(Qxl/n)sin'l(R/Qal) » 0OSR< 2, .
.

Figure 14

(b)

Assume now that the observed satellite, P, is on a,. (This event
has probability ng.) The other satellite of the cluster, Q, may

again be on a., with probability =, or on &, with probabllity =

1 1 2 2

(see figure 14b). If Q is on a,, as before ,

(k.3.29) f(x)ax = 2xdx/n(ha§ag-(a§ + a§+x2)2)l/2, ay-a, X< 8, + 8,

0 s otherwise ,
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and if Q is on a2

(4.3.30) £(x)ax = [ 2ax/x(iel - x)H/2
0 5 otherwise .

Let us write the function of (4.3.29) as fg(x) and the function

of (%.3.30) as f3(x). Then

(£.3.31)  p(C') = rj‘[l by =1 , 2,

[ 3(x)d.x

HA
v}

-
o
+
)

-i
lgLfg(x)dx + 1 u/\ £ (x)ax, ay- 8, SR<a) +a,
ﬁE»/o%fB(X)dx ) OgRgae-al
That is
(4.3.32) p(c') = (2 28, <R
L=l
iy + (2m,/x)sin”"(R/28,) a;+a,S R < 2a,

) (ﬂl/n)cos'l(g(R))+(2ﬂ2/ﬂ)sin'l(R/2a2),ae-aliﬁgal+a2

o=l
&(Qﬂe/n)81n (R/2a,) 50 R<ay-a.

Combining the above and assuming that a, < 3al we have

(4.3.33)

i 2 . =1 2 -1
0 <R Sa, a, P(CY) = (2n;/x)sin (R/2a1)+(2n2/n)sin (R/2a,)
2 -1 -1
8.~ & SR < 2a, (2717 /n)sin™"(R/28, )+(2ny w,/n)cos™ ~(&(R))
3 +(2n2/u)sin-l(3/2a2)
2 -1 2 N A
2a; SR<ay + a8, ny + (2nys,/a)cos™ (g(R) (2 /n)sin™ " (R/2a,)
2 =1
a;ta, SR<2a, ny + wy7y + (2n5/n)sin” " (R/2a,)
2a, < R ’ Lﬁl oy =1,
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and hence P(C) .
*
We may obtain P(C) directly by 1nterpreting\/qf(g) ¢ (1-p(u))du
in the appropriate manner, as we now demonstrate,
We regard f(g) as zero everywhere except on the circumferences

a. and &a,. With probability =, the center is on a. and with proba-

1 2 1 1
bility the center is on ae. Assume the center is on al (see figure 15a).
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Then with probebility =, p(u)

1l

fl , 2a <

L <R
Vll/" > OSRZ28

and with probability =, p(u) = [1 » & +a, <R
g/t 5, agma SR<a; +a
0 > OSRgSeay-a .

Next; assume the center is on &5 (see figure 15b). Then with proba-~

bility =, p(w) = {1 , a. +a, <R

1 ¥ %22
Por/® 5 apa) SR8y +a,
0 » OSR § aye &,
and with probability x,, p(u) = 1,2, <R
;522/:1, 0<R<2a, .
It is readily seen that
-1 -1, 2 2 2
$,, = 2sin (R/2a,), ¢12 = $o = cos (ay + a5 - R )/Eala2 s
-1
$op = 2sin (R/2a,) .
Combining, and assuming that EN < Bal, we see that
(b.334) [ #(u)(1-p(a)) @
5 2 2
= - - < -
1 - wyfyy/m - pbppl/x s OSRZa,~ 2
2 2
- - - - <
1 - By /n - BB p/n - mpfas/n 5 8pm 8 SRS 28y
2 2
T VLR N WL » @) SR8+
2 2
I - <R<
1-n] = 2nm, n2¢22/n » @yt 8, SR < 2a,
2.2 2 oa, <
i e -l ™l » 28, SR .
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Tt is easily seen that (4.3.33) and (4.3.34k) are the same,

f A/ G(1-p(u))-T7ay, o) = t°.

This is treated in a different context in section 2.2.L. From the

*
Finally we require P(C")

discussion there we see that

p(u) = n;p(a;) + np(a,) and hence
(h3.35) & ) 5
pe") = [N - mpley) - p(en))? - Do

=&/i[”-2nlp(al)-2ngp(a2)+n§pe(al)+2ﬂln2p(al)p(a2)+ﬂ§p2(agj7@9.

Now h/ﬂp(al)qB = KﬂRg =u/\p(ae)qE

and u/\pa(al)d_t_z ,h/\p(al)p(az)qE and \/qu(ae)qE are treated in
Appendix IV.

We then cbtain F(R) as 1 - P(C).P(C¥) where P(C) and P(C") are
found from (4.3.33) and (4.3.35) respectively.

It should now be clear how we can build up further simple models
to obtain approximations to physical situations.

L.4 The Power of the Nearest Neighbour Test of Randomness.

Since the distance to the nearest neighbour is a positive valued

random variable, R, we have

2]
N

(hol.1) E(R) = ~/ (1 - F(R))aR

and
[24]

(k.4,2) E;(RQ) = uEea(l - 7(R))aR ,

the second equation holding under the sssumption that RF'(R) —> O

2
as R --->®, (Observe that for the Poisson process F'(R) = onmRe ME
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and so the condition is satisfied. By comparing a center-satellite
situation with the corresponding Poisson situation we see that the
condition will also hold for center-satellite processes.)

;£?+Rdoes not in general take on a simple form, however, it
will ofgzn be possible to calculate it numerically for various values
of R. The mean and variance may then be calculated by not unreason-
able quadratures, for example, by Simpson’s rule.

For large samples, by using a normal approximation we may then
obtain some idea of the power of the nearest neighbour test for ran-

domness. A numerical example follows.

L.4.1 A numerical example.

Consider the special case of section 4.3.1, that is G(%) = t2

and the two satellites are located independently and randomly on a

circumference of radius a. Under these conditions we have shown

a+R

- 2 ;
#R) = (1 ~(1-(2/x)sin"H(R/2a)).e BV R .exP(ex/n)[ #Prar, 0 <R <a
o) 2 -R R+a
1-(1-(2/n)sin"(R/20)) e NUR +287-87) o on /) [ fPrar,

< R=8
a<R<2a

1 ;s 2a <R .

-
=

.

We shall take & =1 and A = 1/2. Since there are two satellites
in a cluster the average number of satellites per unit area is unity.
R
Evaluating ¢2rdr and-z* ¢2rdr in the manner of Appendix IV we
. -a . ~R

obtain table 5.

o0 [ee]
~

Teking & R =f(l - P(R))dR and E,Re = J 2R(1 - F(R)dR and
(o (o]
using Simpson's rule to approximate these integrals we have obtained

ER = 0.4351 ,
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5R‘°‘ = 0.2972
Var R = E,Re - g,afz = 0.1079 .

We compare these values with the mean and veriance for a Poisson
process with the same average number of satellites per unlt area,
for which

F(R) =1-c¢ ;s N=1,
ER = 1/27\1/2 = 0,5000 ,
Er°

Var R = 000683 .

1/at = 0.3183 ,

Suppose we have a sample of 50 distances between satellites and
their nearest neighbours., Assume that it is known that the average
number of satellites per unit area is unity. Let us take as hypothesis
that we have a Poisson process. Assuming that the sample is suffi-
ciently large for the normal approximation to be adequate we may con-
struct a symmetric two tail test at, say, the 5 percent level of the
hypothesis in the usual manner. We would then reject the hypothesis
if the average observed distance to the nearest neighbour were less
than 0.4267 or greater than 0.5733.

Let the alternative be the above center-satellite process., If
the alternative is true the probability that the average observed dis~
tance is less than 0.4267 1s 0.4283, and the probability that it is
greater than 0.5733 is 0.0015 .

Thus the power of the test against this alternative is
OD""'283 + 000015 = Oo)‘"298 .=‘ O.""} .
The above is a very simple example but it is indicative of the

investigations that can stem from the results of this chapter.
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APPENDIX I

A NOTE ON THE CONVERSION OF MCOMENTS TO CUMULANTS ETC.

For the type of situation considered in section 1.4.2 the

moments, cumulants, etc, will often take the form

r s
z z 84 bj m; xj .
i=o0 Jj=1

The converting of such moments to cumulants, etc., can be very
irksome process, especially with those of higher order. We here
illustrate a technique for such conversion which enables the opera-
tion to be carried out speedily and accurately.

Our illustration is based on the distribution introduced by
Thomas / 297, and which is discussed in section 1.1.2, It has non-

central moments as follows:

Otl=)\.+7\.m’

o, = A+ 3o+ xme

+ xz + 2x2m + xz m2 3
045=x+7xm+6m2+m3

+ 3&2 + 12A2m + 127\2m2 + 3x2m;

+ k5 + 5h3m + 3x3m? + me; 3

ah = A + 15\m + 25xm? + 1oxm3 + kmh

+ 7x2 + 50A2m + 85x2m2 + h6k2m5 + ’i’?x.em)'L

+ 6x3 + 50x3m + h8k3m2 + 50>\3m3 + 6>\,3mlL

4 L “2+u;f‘3 L4

+A +BHm+ G m o+ Am .



We write these as

A=-2

1
a2= 131
1 2 1
0/3—_- 1 7 6 1
3 12 12 3
1 3 3 1
o, = 1 15 25 10 1
7 50 8 L6 7
6 30 48 30 6
1 4 6 4 1 .
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Muliiplication of array /[ A/ by array /[ B/, i.e. [ B// A], is per-
formed as follows. Teke the elements of / B/ in turn and use them to
multiply all elements of /~ A]. If the element of /[ B/ occurs in the
i-th row and j-th column, drop the elements of /. §7 i rows and move

them j-1 columns to the right. Thus

S I N A N I N



Hence
(XQ—

Gy = &y =

Hy = O -

Now

@ = aa

1= "%

Therefore

1l

A+ OAm o+ Am

i

W

W .

A-3



= [1 7 6
3 12 12
1 3 3

= [1 7 6
3 12 12
1 3 3

= [1 7 6

by = 0 = by

Now

L 2D

O = Oy =

Qijae-"—‘ .

1

=
—J
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9

>\+7>\m+67\m2+

D

L 4
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1 15 25 10 1 .
3 18 33 18 3

. . * *

Further, the fourth order cumulant is Ry = My = 5p§ .

1l
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il

R) = My - Bug 115 25 10 1] -+ « « . .
3 18 33 18 3 3 18 33 18 3

[1 15 25 10 1]

il

A+ 150 + 25w + 10h + ' .



APPENDIX II
k+a

TWO METHODS OF EVAIUATING J[\ Vo(k,asr)rdr, k > a , AND

k=g
a+k

Vg(k,a;r)rdr, k< a.
a-k
Recall that by Vz(k,a;r) we mean the area of intersection of

two circles of radii k and a, with their centers r apart.

Expression (2.1.18), with J = 1, may be written
k-a k+a
(A.2.1) 2n\/~ rdr + (2n/na2)h/ﬂ Ve(k,agr)rdr =1, + I, say ,
o] kwg

wvhere k > a ,
From (2.1.2) we know that the value of (4.2.1) is . We here
examine two methods of carrying out the integration, which exhibit

features that prove useful in related problems.

2
(i) Firstly observe that Ve(k,a;r) = k° B + & «a- aksiny, see

equation (2.1.20). Then

(a.2.2) 1, = w(k-a)°
k+a
I, = 2a'2u/\ (k2 B+ 2%y - aksiny )rdr
k-a
[s]
Now ° kS ad - Sakcosy

and thus rdr = aksinydy, and the limits on v are O and .



Hence we require

k+a,
(4.2.3) f aksiny rdr = 222 fsin Y &y = 6% /2
k-a
and
k+a k+a
‘ 2 2 2 2.
(4.2.4) f (xB + a“a)rdr = f[k (n-y-q) + a“ofrdr
k-a k-a
k+a k+a
fnkrdr fykrdr foz(k -a)rdr.
k-a k-a k-2
Now k+a
(A.2.5) f dkordr = 2nako
k-a
and k+a .
(4.2.6) f K= Y rdr = fak siny &y = :vza.k3 .
k~-a
Finally
) k+a k+a
(A.2.7) (k2 - ae) [ ardr = (k2 - ae)f rcos-l[(r2+a2-k2)/2a_x_*7dr .
A
k-a k=2

For simplicity write Y = (r2 + 8% . ke) /2ar, The well known series

expansion for cos™ Y 1s

COS-J_Y = _125 - Y - l’lYB - 1,'3.'1 Y5 - .]:.2:—5-‘:—]-: Y7 "™ gsee0 e .
2.3 2.4,5 2.4.6.7

It can be shown directly that
k+a

(A.2.8) f Par = ka?/(u2) n odd .
kg



A-9

Also kg
kg

Bringing together (4.2.7), (A.2.8) and (A.2.9) we have
(4.2.10)
k+a

(kg-ang reos™ 1y ar = (ke_ae){ﬂak_hae[ 1, 32.':1.% . éi%% . 322%;

k-a ‘ .
+ caoo_7}o

By integrating the powér series for xsin‘lx it is easy to deduce that

(A.2.11) Zf(ExE-l)sin'lx + x(l-xe)l/?;7/h

= :‘2 + l'l’x5 + l’.}.l.XT + 103'05}1‘.3{9 +
- 3 2.3.5 2.1.}..5.7 m csceece .

On setting x=1 in (A.2,11) we see that the series of (A.2.10) has the

value xn/8. Hence
o k+a .
(A.2.12) (ke-ae?f reos™Y ar = (k°-a).n(ak - a®/2).
k=g

Combining (A.2.2), (4.2.3), (A.2.5), (A.2.6) and (A.2.12) we obtain

2
(A.2.13) I, + I, = k" .

By interchanging the roles of & and k the same technique may
be applied to the case k <a .
(ii) The second method tekes as ite starting point formula (2.1.21),

i.e. 1 1
' o
v (k,a57) = Qa%/(l_WQ)l/edW . 2k2f(1-w‘“)l/2dw
o¥ p*



where

o* = (a2 P kg)/Ear and p¥* = (k2 + T

2

- ag)/zkr .

A-10

Teking k > a, from (A.2.1) it will be seen that we require

We evaluate these by changing tihe order of the integrations.

be verified that figures Al(a) and Al(b) are appropriate,

l/\
W

k+a 1 1
~ 2
3 = f f (1w )Y 2ravar and 3, = f (1-R) /2

k-a

a%

We then

(A.2.14) Iy

7,

[

=aw+(k

(a)

have

.

\

-1 k~a

W

r

-a

k+a

k~a p¥*

rdwdr .

It may

Y = loi=( a2 -2 12 ) )12
X/ /
)
(1-2" /%) 2/ rwzg-kz(l-wz)%/ ?
k;a ?b

2 2(1_W2))1/20 T

(b)

Figure A.l.

=u/i~/wawwsze-ag(l-w21;7l/2

(l-wg)l/zrdrdw

-/ e - 520P) & e - %12 (0P e
-1

On noting that the first two terms are even functions and the third

tem an odd function of w, we see that

(A.2.15)

J

1
= 2\/1 ak(l—wz)l/edw -

1
2a° u/‘ (l-wg}ﬁfeﬁw
o
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i

n/_ /2
’ o
Zak\/“ 0052@ de -~ 2a“ coska ae

0 0

nek /2 - 5na2/8

Also
1 kwy[mag-kE(l-w2)47l/2

(A.2.16) J, = f
(1-a° /°)

2 1/2

1/2(1- rdrdw

1] [ 62kP(1v" )7

1
= Ekw(l—we)l/g(a2 - ke(l-wg))l/eéw .

(1-a2 /ke)l/z

Making the transform%tion X = l-w2 we have
ac ke

(A.2.17) Iy =f kxl/e(az-kex)l/zdx

0

2,2
=j/kk2[al’/ukl* - (x - ‘912/21;2)_2_71/2 ax .
(o]

The transformation y = X = 32/21{2 reduces this to

y 2
(a.2.18) 7, = % f (fﬁ/uke - )2y

Finally on letting y = agsinQ/ZK2 we see that

/2
(a.2.29) 7 - (a" /%) ] cos?0 a0 = mat/eE? .
(o]

From (A.2.15) and (A.2.19) we have
k+a

(A.2.20) (2/&22]1Ve(k,a;r)rdr:(e/ael[“2a2(nak/Q-ﬁna2/8)+2ﬁk2au/8kg;7
k~-a

= 2nak - ﬂag



On adding EnJ[

o)

k-a
rdr = n(k-a)2 we obtain the required ke .

The case k < a may be treated in a similar manner.



APPENDIX IIX

EVALUATION OF f f R dxdy .
W W

R < 28

et w denote the circle with center at the origin and with
radivs k. Let x = (xl,xg) and y = (yl,yg) be two points in w
and let R denote the distance between them,

We are interested in the integral u/‘u/1 Rmd§q§ vhich we may

W W
R<2a

describe as the integral of the m~th power of the distance between
two points teken over all possible pairs of points in w such that
the distance is at most 2a.

(A) We shall firstly assume k § a in which case the integration is
over all possible pairs of points in w.

Tt is not difficult to express the integrand, the differential
element and the limits of integration in terms of Cartesian or polar
coordinates, but in either of these frameworks the actual integration
is cumbersome, particularly so for n odd. We therefore consider what
appears to be a more appropriate method.

Iet X and Y denote the coordinates of the two points with

reference to the center of the chord containing them (see figure A.2)



A-1k
Iet P

. Figure A.2.
denote the length of the normal to the chord and let ¢ denote the

angle that the normal mekes with some fixed direction, which we shall
take, for convenience, as the Oxl Cartesian axis. Then it is seen
that the two points specified by the quadruplet (xl;ngyl,yg) are also

specified by (¢,p,X,Y). Noting that

(£.3.1) X = pcosé + Xsing
x, = psing - Xcosg
¥y = pcosg + Ysing
Vo = psing - Ycosd ,

we may show, by evaluating the Jacobean, that the differential element
in the new system corresponding to dx,dx,dy.dy, is (X-Y)dyaxdpdg.

The new limits of integration are quite clear. We thus have

(a.3.2) ffR dxdy = ffff (x-¥)"(x-v)dvaxapad

0 © =-b =b

/
where b = one half the length of the chord = (k2 - pe)llg. Note that
in this form we are considering solely X > Y and therefore introduce
the factor 2 because of the symmetry of the situation.

The integration is now easily performed as follows:

X %tb
(4.3.3) u[‘ (X—Y)m+ldY = J[‘ Elay = (X+b)m*2/(m+2) s
-b o
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(A.3.4) f(X+b)m+2/(m+2 ax f w2 [(m+2) du = pPe3 m+5/(m+2)(m+3)
-b

= 02 - B3R oy i)

k
(4.3.5) f P32 - p?) ()2 fn2) (ms3)
(o] ,

]

n/2
s J(m+2) (m+3) J/ m+)+ sm+l+@ ae

o
I (1 /o, (n45) /2) /(42) (143)

2

(A.3.6) 2u/‘ 3y B(1/2,(n+5)/2) /(w+2) (w+3) ag

o

= 2m+’+km+ltﬂ B(1/2,(n+5)/2) /(m+2)(m+3) .

n

Note that for m = O we obtain
g -:tl/e-l"(5/2)/2.3-1"(5) = :caklL = (Area of w)2 .

Also when m = 1 we obtain 128nk5 /45, from which we can deduce that
the first moment of the distance between two points distributed inde-

pendently and uniformly over a circle of radius k is
(4.3.7) 128ﬂk5/h5ﬂ2ku = 128k /45xn

cf. Uspensky /[ 3@7, page 257.

By letting m = 2,3,..... wve may likewise deduce all the higher
order moments,
(B) We now assume k > a. Three cases arise.

(1) p<k, = (k- a2)1/2

, X=28 > -=b, so that the limits on Y are
X-2a and X, the limits on X are 2a-b and b, and the limits on

p are O and kl.
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(ii) » < ks X -2 < «t, so that the limits on Y are -b end X,

the limits on X are -b and 2a-b, and the limits on p are O and kl.

(ii1) p > kl’ so that X-Y > 22 automatically, and thus the limits
on Y are -b and X, the limits on Y are -b and b, and the limits

on p are k., and k (see figure A.3).

1

Figure A.3.
Thus writing 4 for ©2a we have
b X 2xn ldJJK 2rk b X

(A.5.8)f medg_cdz fffj _/f[f jfjf(X-Y)m+ldeded¢

w W 0 0d~b¥d o o «b=-b o0k
R <?2a

0

H

2(Il I, + ;3 ), say .

For Il we have
X a

(A.3.9) d/ (X-Y)m*ldY = V/ oy = dp*e/(m$2) ’
ed ¢

(a.3. 1o)f &2 fme2) ax = &(2b-d)/(m+2) ,

d-b
ke k)
(4.3.11) j &2 (2p-a) /(m+2) dap = [ 2dm+2/(m+2)Z[ (12 l/ “

k

- &3 J(me2)T f ap
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o [ 2™ f(mi2)]-(1/2) [, (PaB) R 4 kP a0 )

- dp*5kl/(m+2).

For 12 we have
X+b

X
(a.3.12) f (x-y)"tay = f EHlau = ()2 /(ue2)
-b o]

d~b 4
(A.5.15)k/1(X}b)m+2/(m+2) ax =k/qum*2/(m+2) du = dm*5/(m+2)(m+5) ;
-b o-

kl
(A.3.14) ‘/ﬂ6m+5/(m+2)(m+3) dp = kldm+3/(m+2)(m+3).
o

For I, we have

3

b X
(£.3.15) J[ u/‘(X-Y)m+ldeX = m*5bm%3/(m+2)(m+3) as in (A.3.3) and
-b =D

(4.3.4) above,

K
(A.3.16) f D [(0) (me3) dp
kl

k

- /—2m+3/(m+2)(m+3‘27f (k2 - PE)(m+5)/2dP
k

1

/2
= Zf2m+3km+h/(m+2)(m+ji7d[/ cosm+u9 ae .
sin-l(k1[k§

This last integral mey be evaluated by a well known recurrence
relation for sny glven k,/k and m.
Noting that the integration with respect to ¢ is equivalent to

multiplying by 2n, we have on combining the above.
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(A.3.17) f med_:_cd__ = %".‘i—j— /‘k (k i)l/g + kgsin-l(kl/k)-kld_j

R § 2a,
hﬂ&&MB gmh #mh// .
¢ EEED T ©d.
sin-%kl/k)

Observe that when k=a we have kl = 0 and the formula reduces to
(A.3.6).
(¢) As an interesting application of the above let D denote the
distance between two points chosen independently and at random with-
in a circle of radius k and conmsider P(D <4d) .

Tt is clear that

(A.3.18) P(DEd):ﬂffdgfdz/ffdgfdz, a
ww

A
R

Ek L

e
‘e

o8

nv

From section (A) we have that the denominator is equal to
ﬁakh, and we may obtain the numerator from section (B) by setting

= 0. After a certain amount of algebra we obtain,

| (4.3.19) P(D < a) = A nzkl*-nkld5/2-nk2kld-2nk2(k2—d2)cos‘l(a/k_ﬁ

where d = 2a and k, = (k2 - ag)l/2 as before.

1
As some simple checks we observe that

P(D <0) =

P(D < 2k) = 1, since if 4 = 2k then k; = 0 .



Also from section (A) we know £(D) = 128k/W5x . But

where

2k
£ = [ (-5 ax

A-19

1-F(x) = :rr_zk'u[nklxj/Q + nkzklm- 2nk2(k2 - xg)cos'l(x/EK)_j .

This integration can be carried out in a straighforward but

tedious manner to obtain the check.

From (A.3.19) we calculate the following table of P(D < a)

d = 0.1
0.2
0.3
0.4
0.5
0.6
0.7

(D) We now state an extension of the
suppose that we are interested in the
two points over all possible pairs of

sphere of radius K; this hypersphere

0.0095
0.0365
0.08L4k
0.1329
0.1973
0.2690
0.3462

d = 0.8
0.9
1.0
1.1
1.2
1.3
1.k

0.4263
0.5070
0.5367
0.6628
0.7341
0.80k7
0.8559

d=1.5
1.6
1.7
1.8

1.9
2.0

0.90k4k
0.9423
0.970k
0.9886
0.9982
1..0000

above to n dimensions. We

m-th power of the distance between

points in an n-dimensional hyper-

is now our set w.

Thus in conformity with our previous notation X = (xl EONERR xn) B

y= (yl,yg, yn:), R = | x-y | and we require

wfwf 7 ax

x dy .
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Let Cn denote the volume of an n-dimensional hypersphere of

unit radius, i.e. Cn = ﬁn/e/F(l+n/é). Then the integral can be

written

(A.3.20) 2\/1... /1(x—y)m-(cn_e/nn'e)-(x;y)n’l.dydx

-1

TI; &pid¢i .

n
i=

where the limits of integration are as follows,

for Y, from ~«b to X

for X, from -b to b

for p,y from 0 to k,, k, = (k
i i i

for ¢i , from O to 2n .

k

2 241/
b = (kl - pl)
2 2 312 5 L1, (0-2)
il i+l ? 2Er0ty ,
=K

n-1

Unfortunately we have not yet found a proof of this result,

although it should not be difficult for one with sufficient geometri~-

cal intuition.

We obtained the result by divining its algebraic form

and have checked it for a large number of cases.

For reference we record

Q
i

1
2

Fid

221t / 3

C, = /2

Cys = 23n2/3.5

Cg = ﬁ3/6

¢ = M3 5.5.7 .

We also record for reference values of L/l/wﬁmq§ag in two dimen-

W W

sions. We use (2n+1)!! to denote (2n+1l)(2n-1)(2n-3) ..... 3.1 .
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meo: £ A% m=]‘"§%§én’“5
m= 2 —2-2-;‘21’-'—1:21(6 m = 3 gl..l:?,:.“k,?
m=L: —2-;%—!7:91:8 n = 5 gfg—-&;—fnkg
.. 2 210 . 2tlst 11
n=6: -—-E—B—!——:r m= T ml”:d:
m= O g;f%%i w1 =9 §§3i§?13=: i

We illustrate the method by evaluating f f thg_:d_:[ in 3 dimen-
v W
sicns., We may write this as

2x K 2x kILb X

2U[‘ u[\ /ﬁ W/Xk[“‘[x(X—Y)h.(E/ﬂ).(X—Y)Q.dXdXdpld¢ldp2d¢2 )

0 o © o -b =b

From the above table we may write

1~
eax "1 b & 5 o g
g/\ Jf J[ k/—(x-y) (x-y).dex&pla¢l = 7787§77ﬁk1

,

o o =b «b

- 2 & .
5'7‘7.9 l
Next K f{ 7/2
7 - 29/2,  _ 10 10
f k7 dp, = (K2 - pg) dp, = K cos™ @ de
o o o

KlOF(ll/E).F(l/Q)/ZF(6) .

]

It then follows that the integral we require 1s equal to
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o r(1/2).0(11/2).x™°
5.7-7.9 ° (o)

en.(2/x).

= 27n2Klo/5;7 .

In a similar fashion we may use this result as a stepping stone

to evaluate J[ d[‘ R5d§dz in U4 dimensions, etc. The results may
v W

be checked for m even by direct integration using the n-dimensional
extension of polar coordinates.
It is clear that by using the above procedure one could tabulate

Withou.t difficulty f f Rm d:?_CdX fOI‘ m = 0,1,2,3,60', n = 1)2)35°"'

W v
This is equivalent to evaluating the moments of the distance between

two points distributed independently and uniformly throughout a n-
dimensional hypersphere. An extension of section (C) above would
lead to the distribution function of this distance.

Finally we remark that the results of this section may be of
value in extending the methods of section 2.1.3 to three or more

dimensions.



APPENDIX IV
THE INTEGRALS INVOLVED IN THE STUDY OF TWO DIMENSIONAL

DISCRETE CENTER-SATELLITE PROCESSES

We wish to evaluate \/~p2(g)qB for the situation described
in section 2.2.L4.
(A) We shall firstly suppose that k > a. Then equations (2.2.16)

hold and lead to (2.2.18), that is

k-a k+&

(A.4.1) J[‘ pz(g)qE = 2ﬂ&/‘rdr + 2nu/‘¢2/n2rdr
© k-8 yre
2 -2
- n(k-a)? + (e/ﬂ)fgg rir .
k+a k-a
We therefore consider d[\ ¢2rdr .
k-a

Since cosg = (r2 +af . ke)/ear , we have

(A.h.2) - Larcosg + 8% - k> =0 .
Solving for r
(a.5.3) = acosg + (aZcos’d - a° + KD)L/2 .

Since r 1is necessarily positive and k > a we must take the positive

root; thus

(A.bh.1) r = acosg + (k2 - azsinegé)l/2 .
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Then
(a.4.5)  ar = - [asing + a2singeosg/(2 - oZsin’h)/? ag .

Noting that wvhen r =k - a , $=x

and wvhen r=k+a, =0

i

and that as r incresses from k-2 to k+a, § decreases nonotonically

from x to O, we see that, on writing x for a/k <1,

(A.4.6)

k+a T _
U/‘ ¢2rdr =L/ ¢?Z‘acos¢+(k2-aesin2¢)l(?7ﬁz—asin¢«a2sin¢cos¢/(k2—agsin2¢ 1/27
o

k-a d¢

il

7t B
2a2'/’¢esin¢cos¢ ag + akd/w¢Qsin¢(l-xesin2¢)l/2d¢
0 0

R (35/k3/“¢gsin¢cosz¢(1-x23in2¢)“1/2a¢

i

Ql + Q2 + Q3 s 58y .

y presents no difficulty. In Q, and QB s (l—xesinegé)l/2 and
(l-—xesingyf)-l/2 may be expanded as power series in xesin2¢ and the
integration may be carried out termwise. (This is possible since

x <1). Since cose¢ = l-sin2¢, it is seen that we require

k|3

f‘ sz523_b_12n+1 4 g, =n

o)

il

0,1,2)5, se o0 s o

There are several methods for evaluating this last mentioned

integral. We have used the following: It is known that
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(A.b.7) sin™ig - (-1)“/22?['s1n(2n+1)¢-(2§+l)sin(2n-1)¢

+ (B h)ein(2n-3)g-. . (1) (T )sing 7,

(see Dwight /57 page 29). For m odd integration by parts imme-

diately yields

.
(4.1.8) f Loinnd af = 2fn - bfud

Combining (A.4.7) end (A.4.8) we have

(4.%.9)

k1
J[‘¢zsin2n+1¢ ad = (;l)n/QEn{: _Z—(2n+l)—l-(2n+l)(2n-l)'l+

(o]

(%5 (2m-3)7 +(-1)(% 7
b/ (20e1) P (P (e0-1) 4

(332 (2n-3)0-. (-1 E) 7}

let us denoteJ/F¢ sin"?* 14 o vy I,. From (A.4.9) ve have

o

calculated
Iy = 5.8696
I, = 3.6168
I, = 2,8078
13 = 2.3696
I), = 2.0863
I = 1.8845

I6 = 1.731k etc.
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Return now to QE' Ve have

(A.k20) (1 - xesin2¢)l/2 =1 - z a x2 Sin2n¢
n=1
where
(A.4.11) a = F(En-l)/22n"lf(n)F(n+l) .
Hence
I . b1

(4.k.12) f Poing(1-x2s1n2h) 2ad = («5-U) - = anxgli‘[ Feinttlg ad

¢ n=1

o O

2 -
(T[ —}-I-) - anX nIn

n=1

i

!

(n -4)-a, I xg-a ol xu—a3I3x6- caes

2
= (n -h)-a 151 a212 a3 5 = eeenes
say

where it follows that

(A.k.12) al = X /2
and
(A.4.13) a§+l/az = (2n-l)x2/2(n+l) .

Thus once sufficient values of In have been obtained Q2

easily approximated to any desired accuracy for any given a and k,

ak <1,

Next we consider Q3' Firstly we note that

x 7
(A.h.lh)u[‘¢Esin¢cosz¢(l-xzsin2¢)‘l/2d¢=b/1¢gsin¢(l_xgsin2¢)‘l/2d¢
° o



Further
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=u/t¢2sin5¢(l-xesin2¢)-l/2d¢ ’

0

=J, = J2 5 88Y .

1

=]
(4.%.13) (1 - x2s1n2¢)-l =1+ % bnxgnsin2n¢

where

(A.4.16)

Then

(a.k.17)

¢y

and

(A.4.18) g

where
(A.%.19)

and

(A.%.20)

We therefore

k14
(A.b.21) J[
O

and thus the

n=l

b, = F(2n+l)/22élﬂr(nl:72 .

[+2) @ [oad

(.2 2 _ Len. %
=(a-b)+ = bxTI = T b X I = ZbI, sy,
n=1 n=0 n=0
2 - 2.2
= (x/5 - b/21) + & B W E by "I,

«®

il

*
ann+1 > 88Y
n=0

* * ‘_2
bn+l/bn = (2n+l)x" /2(n+l) .

have

ﬁasin¢cos2¢(l-xesin2¢)*l/2d¢ = b:(IO—Il)+b§(Il-12)

*
+ be(Ie-IB) + eesee

integyal is easily approximated to any desired accuracy

once sufficient values of the In are nown.
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Note that

n
(A.h.22) d[‘ ¢2sin¢cos¢ ag = -ne/h .

Taking k = l and a = Ocl) 002, voe 009 we h&Ve Obtained. the
following values for L/qpe('g)dix. Note that when & = k, the inte-

gration is elementary and
(A.L.23) /1p2(B)QE = ke(ﬁ/E -2/n), k=a.

Also when a = O, \/ﬁpg(g)qg = nkg, trivially. Observe that for
(A.4.23) the limits on ¢ are O and wx/2.

In the followling table the values marked % are very approximate.
It is clear that as a approaches k the above series converge much more
slowly, and our calculations, used for proving the method rather than

for providing an exact tabulation, have not included as many terms as

f p°(u) au

desirable.

k=1,a=0 3.1416
0.1 2.8873
0.2 2.6345
0.3 2.3854
0.k 2.1h1k
0.5 1.9049
0.6 1.6777
0.7 1.4627
0.8 1.2750%
0.9 1.08Lox

1.0 0.9343
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(B) We now suppose that k < a. Then equations (2.2.17) hold and

lead to (2.2.19), that is

. a+k a+k
(A.k.2k) \/WPQ(E)QB = 2x d[‘¢2/n2 rdr = (E/ﬂ)d[‘¢2rdr .
g~k a-k

This is not quite the same problem as in section (A) above., We
observe that in the present case as r increases from a-k to a%k, at
first ¢ increases from O to some acute angle and then decreases back
to 0. As before r = acos¢‘i (a2c0s2¢ - a2 + ke)l/2 but now the
negative root is appropriate while ¢ 1s increasing and the positive
root appropriate while ¢ is decreasing. It therefore seems that it
may be advantageous to use the angle ﬂ, which here plays the role of
¢ in the k > a case, in that it steadily decreases from =z to O (see

figure 8).

Now (singd)/x = (siny)/a and thus

(A.k4.25) ¢ = sin” (Zsind) .

We shall, for convenience, write k/a =y <1.

From cosy = (re + K5 - az)/ark we have

(A.L.26) r© - orhicosy + K% - 2% = 0
and on solving for r
(A.4.27) r = kcosy + (k20032¢ - x4 az)l/2 .

Since r is necessarily positive and k < a we must take the positive
root; thus

(A.k.28) r = kcosy + (a2 - kgsingyf)l/2 .
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Differentiating we have

(A.k.29) dr = -/ ksiny + kgsin;AcosW(ae-kesingyf)l/ 2__7&1,{ .
Therefore

s
(a.4.30) M/WPQ(E)QE = (2/3)d[iz—sin'l(ysin%j72(kcos¢+a(l-yesineﬁ)l/g)
o
(ksin¢+(k2/a)sinﬂcosﬁ(l—yzsineﬂ)_l/e)dﬂ

=(2/n) / [ sin” (y31n¢57 (2k 51n¢cos¢+ak31n¢(l-y sin %)1/2
+ (k3/5)31n¢cos ¢(l—y sin %) l/e)dﬂ

Now
2

(A.4.31) (sin-lG)2 = c,07 + cgglL +c 96 4 eenee

where

c, = 22m’2F(m)/mF(2m) s

(see Jolley / 11/ formula 778). Thus

(4.4.32) Z-sin-l(ysin¢)472 = £ cmyemsin2m¢ .

m=1

On substituting we have

th
(a.1k.33) J[‘pg(B)QH = (2/n)5/1milcmygmsingmﬁz—ekesinﬁcosﬁ

+ aksinﬁ(l-ygsin2¢)1/2+(k5/a)sin¢0032¢

(1-y%s10%)™ /2 Tay .

Noting that sin2m*l¢cos¢ is an odd function in O to = and that

the remaining terms are integrals of even functions we see that
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: TS
(A.4.34) fpe(E)dE = (hak/nZ//Z ¢ y2m+lsin2m+ly{(l-ygsingyf)l/zd_l_g_
=

° =1

/2
+ (lLk3 /aﬁZ//E ¢ ygmsin2m+ly(cos2¢(l—yesineyf)-l/ 26._1_1

m=l
Q

Using the same series expansion for (1 - yzsineyl)l/ 2 as in (4) above

we have

w/2 -
(A.L4.35) Ji = (hak/sr)f T c y2m81n2m+lyf(l - anyensinzn'y{)d%

o m=1 n=1

/2
- (uak/nzf 2 ¢ ysin™ Y oy

m=l

2m+2nsin2m+2n+l V{ a 1/

-(llak/nzfz Ecey

= (hak/x) ;‘jlcmyemf(l/z).l“(m+l) /T((2m+3) /2)

-(hak/:r); ; cmany2m+2r)T'(l/2).1"(m+n+l)/2f((2m+2n+3)/2)

m=1 n=1

/2 o /2 T 0
= hakn /. 2 c A o " bakx /. £ % ca n 2 %Y,
m=1 ’ m=1ln=1 ’

where
(A.4.36) —_— 1"(2n-l).I"(m+n+l).y2m+2n/22n1’(n)§"(n+l) I((2m+2n+3)/2),

n>0,
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and

(a.437) & o= P(m+l).y22/e0((2ns3)/2) .

Also observe that

(A.4.38) am,n+l/am,n = (2n-l)(m+n+l).ye/(n+l)(2m+2n+5) , n>0.,

~1/2

Further with the same series for (l-yesineyi) as in (A) above

we see
2

[e+]

T
(4.4.39) Iy = (hk5/an2[/ Z',l cmy%?sinem+l¢cose]é ay
m=1l -
o

+ (2 /aﬂzfz z cmbnyan+2nsin&n+2n+l¢cos Y o
o m=1n=1 .

= (bx fax). ;lcmyemr(3/é).F(m+1)/2r((2m*5)/2)

+ (hk3/an'). ; CZO: cml;n&an+2nf(3/2).F(m+n+l)/21"((2m+2n+5)/2)
m=1n=1

«

= (2k5/anl/2) - Z chb o+ (2]:{3/&1(1/2). L Zecb »

m=1 m=1 n=1
say ,

where

(A.L4.40) bm,n = 1"(2n+l).l"(m+n+l).y2m+2n/22n+l@"(n+l)}2f‘((2m+21'1+5)/2),



We observe that

(Ak1) b

m,n+l/bm,

In addition we note that

(£.k4.42) 8,
(A.4.43) bm+l,o
(A b hh) cm+l/cm

1,0/5 o = (2me2) 5%/ (2m3)
fo 0 = (2m2).y°/(2m5)

= 2m2/(m+l)(2m+l) .

0 = (2n+l)(m*n+l).ye/(n+l)(2m+2nﬁ5), n>0.
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The calculations may then be carried out in a straightforward

manner. We have obtained

e, = 1.0000
¢y = 0.3355
o5 = 0.1778
c) = 0.1143
ey = 0;0813
cg = 0.0616

cy = 0.0487

cg = 0.0398

09 = 0.0333

€107 0.0284

¢ 4= 0.0246
ete,

Teking, for example, k = 1 and k/a = 0.9 we have obtained

ﬁl/zal,o = 0.5400
" a2,0 = 0.3499
"as o= 0.2429
" 2, 0 = 0717h9
" 85 o = 0,1288
" 86,0 = 0.0963

from which we obtain

b8

1/2

(o]
Cma
m=1

m,0

1/2
7,0

ki

)
(o)
-
(@]

1

"

= 0.74b9 .

0.0728

= 0.0555

0.0426

= 0.0529

0.0255



Also
nm = lv
2
3
L
5
from which
Further
1/
X abl’o
"
b 0
"
b
3,0
" by
3
1
b
5,0
1t b6 O
J
from which
and finally
m= 1
2
3
L
5

ﬂl/2 DI -
n=1 o,n

0.2278 m=6 0.0486
0.1601 T 0.0371
0,1159 8 0.0285
0.0854 9 0.0220
0.0645 10 0.0173

e mil nil cma'm,n = 0.3239 .

= 0.2160 2. = 0.0085

71,0

= 0.1000 " b8,o = 0.0058

= . 11 .
0.0540 bg,o 0.0040

= 0.0318 " blo,o = 0.0028

= 0.0198 " bll,O = 0.0020
= 0.0128

“1/2 ; c b 0.2659

m=1 m m,O * ?

1/2 2

7t ni bm’n
0.0956 m=6 0.0097
0.053%9 7 0.0068
0,033k 8 0.0048
0.0216 9 0.0030
0.0143 10 0.0021

A-3L
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from which

(=] o
ﬁl/e )3 cmpm 0 = O.12Ly .
m=1 n=1 ?

Substituting we have

o

(baler™2/2) Zlcmam,o-(hakn'l/g)  Zea
m: .

|1}

4(0.7449-0.3239) /0.9

m=1 n=1 & ™0
= 0-5956 )
and
3, 1/2y o 3, 1/, o % ~
(& fax™ 7). milcmpm,o-(ak Jaxn ).mil nilcmpm,n_ 2.0.9(0.2659+0.1244) /x
= 0.2236 .

Thus with k = 1 and a = 1/0.9 = 1.1111 ,

erg(g)qg = 0.5956 + 0.2236 = 0.8192 .

In this way we have obtained

k=1, kfa =0.1, a=10.0000 , \/ﬁpg(E)QE = 0.0855

0.2, 5.0000 , 0.1707
0.3, 3.3333 0.2560
0.k, 2.5000 , 0.3438
0.5, 2.0000 , 0.4321
0;6, 1.6667 , 0.5228
0.7, 1.4286 , 0.6170
0.8, 1.2500 ,  0.7151
0.9, 1.1111 , 0.8192

(C) Recall that by p(a;) =p, (u) we mean the probability
i

4)
that a satellite of a cluster with center at u is in W, given
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that it is on the circumference of a circle with center u and
radius a..

i

We now make some remarks concerning the evaluation of

[eeeteg) e

Let us consider the rather special case where a; = 0, aj =k = 1.

(Throughout this section we shall, for convenience, take k = 1).

Then

(A.)-l-l.hfi) p(ai) = 1 » 0<|u <1

0 ) otherwise ,

p(a;) = g/n , O<|u < 2
0 s otherwise .

Proceeding along the same lines as in section (A) we have

1
(A.4.46) J[‘ p(ai)p(aj)qE = QﬁO/‘¢/ﬂ rdr

n/2
=2 | 4 [cosg + (l—sin2¢)l(?7ﬂ['sin¢ + sin¢cos¢(l—sin2¢)-1(?7d¢
" 3ﬁ 2
= b4 | dsin2g ag

n/3

n

2n/3 - f3/2 = 1.228L .

However this would appear to be the only case for which we can obtain
an exact evaluation without considerable difficulty.

Of course, a quadrature by way of Simpson's rule, say, is quite
straightforward. For any given ay and aj we can calculate p(ai)

and p(aj) for various values of |u| in the range where p(ai) and
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p(aj) > 0. Ve have done this for certain values of a, = a5 so that
the value of the integral is known otherwise from section (A) or (B)
above. It 1s our experience that great care need be taken in selecting -
the interval for the chosen values of | u|, especially for small values
of a; or aj. However very good resulis can be obtained. For ex-
ample, for ai =a, = 1.0 the true value is 0.9343 and our Simpson's

J
rule quadrature yielded 0.9340; but for a, = aj = 0.3 the value from

i
section (A) is 2.3854 (and the series by which this was obtained is
here rapidly convergent so that the value is believed to be very close
to true) while our Simpson's rule quadrature gave 2.4071, but the be-
haviour of the product_['p(ajj72 made it clear that the graduation
of ‘H‘ being used was not suitable for this case,

We remark that to build up an accurate table of u/\p(ai)p(aj)dg
for a sufficiently large number of a; and aj for it to be of
general value, although clearly possible, is a very laborious task.
Once completed however it will have application to a large number of

problems.

By the Schwartz inequality we have
by [aapptea < 7 [ 2% [ 0¥ ) 7

and, by virtue of sections (A) and (B) above, the right hand side of
the inequality is a known quantity, in that it can be readily evaluated
to any desired accuracy. We therefore have an upper bound to the inte~
gral that we require. Of course, when a; = aj the upper bound is

the same as the true value.
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Next we observe that if |a, - ajl > 2k, then f p(ai)p(aj)dll:O,

gince in this circumstance at least one of the circumferences, ai, a,'j

1s entirely outside w, whatever be the value of | u| . However

fpa(ai)d}_lf pg(aj)dg >0

for any finite a 1 and a‘j .

Thus, for a‘j = &, + 2k, we have a strictly positive upper bound

i
which may be evaluated, and a true value equal to zero. In particular,

k=1,a, =a, =0, true value = 5, upper bound = =«

i J
a, =0, ay = 1, true value = 2¢/3 - /372 = 1.2284
upper bound = (n:2/2-2)l/2 = 1.7132
a; = 0, aj = 2, true value = 0, upper bound = (0.115211()1/2

1.1651 .

n

It seems reasonable to suppose that, with a, fixed, the dif-

i
ference between the upper bound and the true value increases mono-

tonically as a, increases from a, to a, .+ 2k , and the mmerical

J
work that we have done indicates that this is indeed so.

It would then seem that, if we were to obtain a few values of
f p(a i)p(aj)dE by careful quedreture, we would then have a fairly
accurate method of interpolating the remainder; that is by meking an

adjustment to the upper bound.
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A DIRECT PROOF OF THE RESUIT OF SECTION 3.k

The problem is to show that

(A.5.1) \/$;Tnp2 - VQ(R,p;R-gj7(R-x) ax = ‘V2(R,p;R+x).(R+x) ax .
o]

o}

From 2.1.21 we see that we may write this as

1
(£.5.2) d[P/‘np - 2R u[‘(1 2)1/2q, d[(1 2)1/247(r-x) ax
% B,

1

1 1
= f[QRgf (l—w2 l/gdw + 2p2j (1-w 2 l/gcm—]'(Rﬂc) ax .
° % Ba
where

(R2 + (R+x)2 - pe)/QR(R+X)

(]

) = (32 + (R-x)2 - pg)/ER(R-x), o

Q
i

(p2 + (R+x.)2 - R2)/2p(R+x).

[}

L= (67 + () - B /eo(Rx),

1l
(1) Consider f/ (1—w2)l/ 2(R-—x) dwdx and change the order of inte-

o0
1 .
gration. It may be verified that figure A.lka is appropriate. Writing

1 - o°/eR"
- (1- 2,

A
"

[
|

1/2

N
i

L= B(1W) - (6° - BP(1vP))

R(1l-w) + (p - RO(1-w ))l/2

3y
il
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we see that the integral can be written
1 ?2 Ll z,

(A.5.3) f f +f f(l 1/2(R x) dxdw
Ll 0 Ll zq

= I +I2 s Bay .

1
Then 1
oh 1= [P (a2
=
1
=f(l‘W2)l/2 {Re(l_we) . 92/2 + Rw(c? - Rg(l_we))l/z} a
Ly,
and 1,

(4.5.5) I, f(l P12 {an(o? 2 (1vP) MR en (1) (6B (12)) 2 Jan

f(l—w )1/2.2Rw(p R (1 W ))l/2 av .

. 1
(ii) Consider f (1-w )1/ (R+x)dwdx and change the order of inte-
gration. It amy be verified that figure A.LUb is appropriate. The in-

tegral can then be written

-2
(A.5.6) f fg(l-we)l/g(R+x)dxdw
L, o

1
=f (l-w2)1/2 {-RZ2 + 22/2} aw

Ly



A=l

1
= f(l—w2)1/2 {-Re(l-wg) + p2/2+RW(p2-R2(l-W2))l/2} aw.
L

1

1
(iii) Consider f (l-We)l/ 2(R-x) dwdx and change the order of
integration. It ;ay %e verified that figure A-bc is appropriate.
Write
Ly = p/2R ,
6 = (R = pw) - (82 - 21?2

It follows that the integral can be written

1
(4.5.7) \?\/‘04— ff(l—we)l/g(R-x) dxaw
-1 tl ]‘_,5 0

=I|:3 +Ih,say .

Then

(4.5.8) 1, = \/ﬁ(l-wg 1/2 { Rp-t)-(o* -t/ }  aw
-1

=f (l-We)l/Q{Rp - (1) + pw(B" - 92(l~w2)}l/2} dw
-1

and

1
(A.5.9) 1, = f (122 (mp - 2/p) aw
Ly

1
(iv) Consider f f (l-we)l/ 2(R+x) dwdx and change the order of inte-
2

o B
gration. It may be verified that figure A.4d is appropriate. The in-

tegral can then be written
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1 h
(4.5.10) f f (1-v3) Y2 (Rex)axaw
L3 o

1

= f (1-v°)1/2 {-Rtl + ti/e} aw
L
3

1
= f (1-w2)1/2 {_pe(l_wa) v 02/2 +oulil - pe(l_we))l/g} o

L

The problem has thus been reduced to that of showing

(A.5.11) fp srpe(R-x)ax

o)

1
= 2R2[(1~w2)1/2{R2(1-w2) - 2/2 4 Rw(cE - Rz(l_we))l/e} .
1

o+

L
1

thl (l-Wg)l/ERW(pE - Rg(l-wg))l/e aw
2

1
eRef (l'we)l/g {‘Re(l'we)me/? + Rw( pe-Rg(l-w2) )1/2} aw

Ly

L

3
292_[(1-W2)l/2{ Rp - p (1-w) + pW(RQ-pg(l-we))l/e} aw
-1

+

-+

+

1
2p2f (l—wg)l/2 {Rp - 92/2} dw
E

+

1
292[ (l'We)l/g {02/2 - 92(1-w2)+pW(R2-p2(l-w2))1/2} aw
p

n

T1+T2+T5+Th+‘I'5+T6, say .
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Now

(A.5.12) \/Pnpe(R-x) ax = npe(Rp - p2/2) = ﬂp3R - nph/E .

o

Next 1 Ll
(A.5.13) T + T, + Ty = LR k/w + d[‘w(l-we 1/e(p2_R2(l_W2))1/2 aw
Ly Ly
1
- 4R d[‘w(l—we)l/e(pe - R2-?) Y2 av .
Ly

Ou making the transformation y = 1--w2 ; and recalling that
I, = (1-02/R2)2 | (4.5.1) 1is reduced to

2 /.2

p~/R

(A.5.18) T+ T, 4+ Ty = or* “/1 ((p/R)ey - y2)1/2 dy .
(o]

Writing
2 2 2 5.2 L ) n
(o/R)y - ¥° = -(y - p7/2R") + o /UR
and meking the transformation
2
u=y-p /R

we reduce this further to

it

o2 /ox?
QRM (pu/th - ® l/edu

-0°/eR?

(A.5.15) Ty + Ty + Ty

o°/2RE
hRuJ[ (ph/hRu - u2)1/2 du .
o

1
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Finally let u = (pe/ERQ)sinO from which we obtain

[}

n/2
(A.5.16) T, o+ T, T5 plL L// cos®e o

(o)

i

Iy

To deal with the remaining integrals we have

1
26? [ (12 {21 )R- (1)) P
-1

(4.5.17) ), + T5 + Tg =
! L
= 2p2h/1Rp(l-w2)l/2dw—2p2d[‘pe(l-wz)B/gdW
=1 -1
1
+‘2p2u/\gw(l-w2 1/Q(Rz-pe(l—wz))l/zdw
-1
=J1“J2+J5 ) say .
Now
1 /2
(A.5.18) Jy = hpBRu/\(l—WE)l/gdw = hpBR cos®e ae
0 o
= ﬂp5/R )
1 /2
(A.5.19) J, = hph (l-w2)5/2dw = hph cosh@ de
2
o o
= 57rpl}/1L
and
(A.5.20) J., =0, since it is the integral of an odd function.



"
-

Hence

(A.5.21) T), + T5 + T¢ = np3R - Bﬂph/h

and

(A.5.22) T, + T, + T3 + T + T5 + Tg = :rph/h + :thR - Bnph/l&
= np5R - ntph'/2

in agreement with (A.5.12). Thus (A.5.1) is established.

1 , et

e

-t - T KR (1) #(p 2 (12)) 2
X=R (Lo )=(p2r2 (12 )) /2
Figure AL P *
(a)
N
1.
W
2,..2
S
TP / X= -R(l~w)+(p2-—R2(l-w2))l/2
O + N
P x7
Figure A.L
(v)
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Figure AL
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APPENDIX VI
SOME RESULTS REQUIRED IN THE DERIVATION OF THE

A
VARIANCE OF V(p)

In section 3.5 it is shown that we can obtain the variance of

our estimator Q(p) if we can evaluate

f Vg(p:pﬂi{'f" ) dxdax!
C(O,R-p)

SR
([f Vo(psps) x-x" Jdxdx* .
C O’R"‘p)

We now ocutline our method for obtaining these integrals.

and

(i) By the same argument as in Appendix ITI section (B) we can write

(A.6.1)
2p—bX2 kb X

[ e+ TR TITTTIT v s

0 0IX~-p o 0 =b=b o© kl-b-b
where V, 1s an abbreviation for V2(p,p;{§7§'|) which on the right
hand side may be regarded as Vy(p,psX-Y); and R - p = k .

From (2.1.21) we have
1

(a.6.2) VQ(D:DSX-Y) = hpebéw (1-w )1/2

where z = (X-Y)/2p .
Substituting we obtain, noting that the integration with respect

to ¢ is equivalent to multiplying by 2x ,



(4.6.3)

b
[ v ([ ]

}/g 1
| [(l—w 21y,
b

dwdydXdp .

These integrations appear to be best carried out by changing

their order. It may be verified that

b X 1 1 » X
(4.6.4) f j /ddedX = f f / dyaxaw
2p-b %20 z 0 2p-b X-2ow
20-b & 1 120-b X 12mw-bX
(4.6.5) J / J awdydX = f +f f [ avaxaw
-b z o 2pw=b §£-2pwo -b ~b
and box 1 b/o b X b/p2pwb X 1
(4.6.6) f / [deYdX = f f + /p / f f [dede.
b bz o 2ow-b %2pw 0 -b b bJp b -6
From (A.6.4) we obtain
X 1
2 2
(A.6. 7)[ (1-w 1/2[ [ (X~Y).aydxaw = ko (b-—pZ[ (1-w )l/2

2p~D X-2p‘w o]
2
wp (b-p)/L .

it

We then have to integrate this with respect to p between the limits

0 and kl. Now we have



y K sin‘l(kl/k) A-k9
J/‘ b dp = /~(k?- pg)l/edp = k2 u/T cosEQ de
o \/o o
= (/2)cos™ (p/k) + (pic/2) (107 %)M/

and 1.{1

l & = k(1 - o252
so that

ky

(4.6.8) u/‘vrp (v-p) /% dp = (2/8)p K cos™ Y o/k)=(x/8)p7k(1-0 2 /%) 1/2,

From (A 6.5) we obtain

1
(a.6. 9)f(1- l/2j j (X-Y).dyaxaw = 4p3f We(l-w)(l-w2)l/2dw

2pw-b X-2pw o
= b (/16 - 2/15)

and
1 2pw=-b X 1
(A.6.10)d/‘(l-w2)l/2d[\ u[(X-Y).dydx«iw = (hp3/3)u/‘w (1-w2)l/2 &
o) -b =b o

= B /45 .

Combining (A.6.9) and (A.6.10) we have

b (n/16 - L/45) .

We then have to integrate this with respect to p Dbetween the limits

0 and k 5 thus
by
(A.6.ll)u/‘4p (/16 - L/45)ap = hp3k(n/16 - L5 - o /k )l/2

Treatment of (A.6.6) is rather more difficult.



Let us write the right hand side of (A.6.6) as I, + I+ 15 . Then

b/p

(4.6.12) I, = u// hp W (b ow ) (1w )l/zdw s
%/p

(4.6.13) I, =J (11-95/3)w5 (1~ )1/2dw s

1
(a.6.14) I =f (hb5/3)(1-w2)1/2 aw .
| Pl
Each of these is to be integrated with respect to p between the

limits kl and k. It will be convenient to change the order of in-

tegration. It may be verified that
Z5

1k
(4.6.15) f / dwdp = / dpdw,[ f dwdp = f dpdw
2o
where =z, = (k )1/2 a K° SRENYG h I
l,_ - p an 22=( —pW) . Thus Il; o)
and 13 lead to, respectively
1 2z
(4.6.16) f j up2w2(b-pw)(1-w2)l/2 dpdw ,
© ZJ.
(4.6.17) f f (463/30 (1A 2 apaw
1
(4.6.18) f [ (463/3)(1-w2) /2 apaw.
5 1,

If we define
1

(A.6.19) Fn(p/k) = f wn(l-w2)1/2 cos™t (pw/k) aw
o}
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and
L

(4.6.20) B (p/k) = j P12 - 2P DY ey

O .
the integrals (A.6.16), (A.6.17) and (A.6.18) can be performed in a

stralghtforward manner and we obtain as their sum

(8.6.21) k" /16-(* /28 0/k)+20 KR (/) (67 /2)E, (o)

- 7585 p/e)- (o k" /8)cos™ (o )+ (16/15-n/8)oc( 10" /i 2)1/2

Adding (A.6.8), (A.6.11) and (A.6.21) yields

(a.6.22) f f Vodxdx' = 16,tp2_/“n2k2/16_(kl*/2)190(p/k)+2p2k2F2(p/k)

(87238, (of)-e kB )T -

The properties of the Fn(p/k) and En(p/k) functions are dis-

cussed below.

e 2
(ii) We now considerh/1/~vg q§d§’. Firstly we observe that V2 nay

be expressed as
11
(A.6.23) Vg (psp3%-Y) = 16p1‘_z/;[ (1-w2)l/2(1-t2)1/2dtdw

vhere z = (X-Y)/2p as before. Therefore, noting that integration

with respect to ¢ is equivalent to multiplying by 2x

womr [ i n ([ [ PTT ST

o 20b %2 o -b -b k,

[ f(l y1/2(1.42) P avatayaxap.






