
ABSTRACT

ZHAO, JING. Kernel Machine Regression in Presence of Multivariate Response with Application
to Genetic Data. (Under the direction of Arnab Maity and Jung-Ying Tzeng.)

Genomic association studies involve studying the relationship between genetic covariates

and phenotypes. When in presence of multiple phenotypes, it is believed that joint analysis of

these phenotypes is more beneficial in detecting genes that might have genetic effects, comparing

with univariate analysis. Kernel Machine Regression (KMR) recently has gained its popularity

in association studies as a useful dimension reduction tool and an efficient modelling scheme. It

models the genetic covariates nonparametrically and aim to capture complicated interactions

among the covariates in addition to main effects. However, most of the available literature

consider the case when the response variable is univariate. In this dissertation, we develop

estimation and testing procedures for kernel machine regression when we have multivariate

response variables and analyse various genetic data applications.

Chapter 2 focuses on studying the joint effect of a set of single nucleotide polymorphisms

(SNPs) on multivariate phenotypes. In this chapter, we apply the kernel machine framework to

model the genetic markers together to capture the underlying genetic structure more precisely,

and we use multivariate regression to preserve the possible correlation between the phenotypes.

Specifically, we construct a semiparametric regression model with multiple responses, where the

demographic and clinic covariates are modelled parametrically and the joint effects of genetic

covariates are modelled nonparametrically using kernel machines. We develop estimation and

testing procedures in this framework and conduct simulation studies to evaluate the performance

of our proposed methodology. To demonstrate the benefits of applying multivariate analysis,

we compare our method with Univariate Kernel Machine (UVKM) procedure to evaluate both

estimation and testing. The utility of the proposed method is demonstrated using data from a

lymphoblastoid cell lines (LCLs) study.

Chapter 3 applies multivariate kernel machine framework to functional covariates instead of

vector-valued covariates. In this chapter, our primary goal is to develop procedure for association

testing between the functional covariate and multivariate response variables, while accounting

for correlations among the responses and possible non-linear effect of the functional covariate

on the response. We construct a semiparametric functional model with multivariate responses,

where we model the demographic covariates parametrically and the functional covariate non-

parametrically. We propose a likelihood ratio test (LRT) under functional linear assumption

and adopt multivariate kernel machine framework for testing under functional non-linear as-

sumption. We investigate our proposed methods and compare with two methods developed in

Chapter 4 via simulation study. The utility of the proposed methods is demonstrated by inves-



tigating global association between DNA copy number profiles from multiple myeloma (MM)

patients and two relevant biomarkers.

Chapter 4 deals with the multiple candidate kernel issue encountered in previous studies

on kernel machine framework. It is known that the choice of kernel impacts the detection of

significant signals and the optimal choice of kernel is difficult to achieve due to the unknown

underlying architecture of the genetic effects. Wu et al. (2013) recently proposed two procedures

to deal with the choice of kernel issue when multiple candidate kernels are present: composite

kernel method and perturbation-based procedure. In this chapter, we extend his methods to

accommodate multivariate phenotype situation and demonstrate the utility of the proposed

methods in various simulations. We also compare these approaches with other proposed com-

posite kernel methods using different averaging mechanisms.
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Chapter 1

Introduction

In this introduction chapter, I give a brief overview of Genome-Wide Association Study (GWAS).

I describe the situation when multivariate phenotypes and multiple genetic markers are involved

in association study and the reason why they attract current research interests. I introduce the

data sets in Chapter 2 and Chapter 3, which fits the situation, and I explain how the data sets

serve as motivations to my work in this dissertation.

1.1 Genome-Wide Association Study (GWAS)

During the past decades, genetic architectures and genetic variations of a variety of complex

traits and phenotypes have been studied, such as gene expression, susceptibilities to common

disease and response to therapeutic treatment. One of the most powerful tools for investigating

the genetic architecture of the traits is Genome-wide association studies (GWAS), in which

hundreds of thousands of single nucleotide polymorphisms (SNPs) are assayed among hundreds

or thousands of individuals. GWAS in theory provide an unbiased way to demonstrate the

relationship between genome-wide genetic variants and the phenotypic traits of interest. They

correlate allele frequencies at each of several hundred thousand markers spaced throughout the

genome with trait variation in a population-based sample. GWAS is based on the premise that

a causal variant is located in a haplotype, and therefore a marker allele in linkage disequilibrium

(LD) with the causal variant should show an association with a trait of interest.

The first GWAS study was published in 2005, which identified the association of comple-

ment factor H (CFH) with age-related macular degeneration (AMD) (Edwards et al. (2005)).

Concentrating on a region harboring a locus for AMD on 1q25-31, they tested SNPs for as-

sociation with AMD and identified a significant association on a whole-genome scale. Their

successful finding of a common risk allele with an effect size of 4.6 in a sample set of 96 cases

and 50 controls marked the start of a new era in the genetic studies of human complex disease
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and assured the feasibility and efficiency of GWAS approach to find unknown disease associated

variants.

There were various findings in GWAS in succeeding years. One of them was that KCNQ1 was

found to be a strong candidate for conferring susceptibility to type 2 diabetes (T2D) (Yasuda

et al. (2008)). In the study, they carried out a multistage GWAS of T2D in Japanese individuals,

with a total of 1,612 cases and 1,424 controls and a million SNPs, and found that the most

significant association was obtained with SNPs in KCNQ1. The association of KCNQ1 with

T2D was then replicated in populations of Korean, Chinese and European ancestry. Moreover,

a meta-analysis of three GWAS in 13,685 individuals of European ancestry found five genes to

be associated with QT interval, which is a heritable risk factor for sudden cardiac death and

drug-induced arrhythmias, and KCNQ1 was one of them (Newton-Cheh et al. (2009)). These

findings further revealed the pleiotropic effect of gene or genetic locus influences on multiple

traits. In 2007, the Wellcome Trust Case Control Consortium (WTCCC) study examined the

genetic basis of seven complex diseases. A total of about 17,000 samples, 2,000 cases for each of

the diseases and 3,000 shared controls, were genotyped for half a million SNPs (Burton et al.

(2007)). This study was established as the landmark GWAS in 2007 because it identified many

novel genes and genetic loci that later were replicated in subsequent studies (Parkes et al. (2007),

Todd et al. (2007), Rioux et al. (2007)). More importantly, the WTCCC study also addressed

some crucial methodological and analytical issues in designing and conducting a GWAS.

It is true that the associations that have been identified so far still have very limited pre-

dictive value, but researchers are still in the infancy of understanding the genetics of complex

diseases, and what have been uncovered so far has nonetheless been valuable. A great many novel

genetic loci for many complex diseases have been found in enormous studies looking at hundreds

of thousands of markers throughout the genome, and systematically, independently replicated

in subsequent studies using stringent statistical approaches. GWAS is especially suited to the

identification of common variants with modest to large effects on phenotype (McCarthy et al.

(2008)). In addition, the findings have provided new insights into the biological pathways of

several complex disease, even when GWAS largely depend on LD between markers and disease

causative variants.

GWAS offer a hypothesis-free approach that systematically and simultaneously tests hun-

dreds of thousands or more variants in the genome without prior knowledge of the location of

the causal variants. The result of this is that very significant associations are needed in order

to rule out false positives, and thus, subtle yet real associations might be ignored. Nevertheless,

GWAS overcome the obstacles imposed by the incomplete understanding of disease pathophys-

iology and their findings have greatly advanced our understanding of the basis courses of some

of the disease and have provided a solid foundation for hypothesis-driven research into disease

mechanisms.
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1.2 Multi-marker Association Analysis

The advances in current high-throughput biotechnology makes large-scale of genetic data avail-

able for association studies. For example, Phase II HapMap genotyped over 3.1 million human

SNPs in 270 individuals from four geographically diverse populations, which includes 25% -

30% of common SNP variation in the populations (Frazer et al. (2007)). The typical strategy is

to individually analyse single genetic marker at one time and then apply standard procedures

to control for multiple comparisons (Nyholt (2004), Li and Ji (2005)). However, this procedure

is not powerful due to its inability to capture the interactions between the variants.

One class of approaches involving association analysis of multiple markers is haplotype-based

methods. Association studies based on linkage disequilibrium (LD) offer promising approaches

for detecting genetic variants and methods based on haplotypes are believed to provide more

power for genetic association mapping (Tzeng and Bondell (2009), Tzeng and Zhang (2007),

Huang et al. (2007a), Tzeng et al. (2006), Schaid et al. (2002)). Such haplotype-based methods

typically apply multilinear regression to model the effect of the haplotypes on the trait of

interest. Unfortunately, the haplotypes for each individuals in studies cannot be easily acquired,

and therefore, the haplotype-based methods either have to take extra procedures to deal with

the unphased genetic data or have to account for the phase uncertainty in the analysis.

Alternatively, one can use genotype data directly and these methods can be categorized as

genotype-based methods. When testing for the joint effect of multiple markers in case-control

studies, multivariate Hotellings T 2 statistic was proposed by Fan and Knapp (2003), and they

compared the mean genotype scores between the cases and controls using the T 2 statistic. This

procedure is equivalent to a logistic regression. However, the method has its limits in that

it suffers from weak power due to large number of degrees of freedom. Later, Schaid et al.

(2005) proposed a global statistics that is the maximum of each single marker statistics and

obtained the p-value through a permutation procedure. They showed that their method in

general performs better than the Hotellings T 2 statistic. In their paper, Schaid et al. (2005)

also developed another powerful approach, which is basically a non-parametric test based on

U-statistics. Their method first measures a score over all markers for pairs of subjects and then

compares the averages of these scores between cases and controls. However, note that for these

methods, the powers of the statistics are affected by the direction of the genotype scores at each

marker (Wang and Abbott (2008)).

The majority of genotype-based methods deals with quantitative traits other than a case-

control setup. Note that in order to capture the interaction and epistatic effects among markers,

the exponentially increased number of parameters also makes it impractical to model two-way

or higher order interactions among a large number of genetic variants, which is in need for a

dimension reduction tool to solve the issue. Principal component analysis (PCA) serves as a
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typical dimension reduction approach and can be applied to the association analysis of multiple

genetic variants (Wang and Abbott (2008)). Fourier transformation can also be used to reduce

the dimension of genetic variants to a set of orthogonal predictors which contain the majority of

information found in the markers (Wang and Elston (2007)). However, it is difficult to interpret

the result spaces produced by PCA or Fourier transformation.

Another class of methods attempts to address the issue by using notions of pairwise sim-

ilarity (Mukhopadhyay et al. (2010), Schaid (2010), Tzeng et al. (2009), Wessel and Schork

(2006)), which often is defined as a matrix of genetic similarities for all pairs of subjects. In

these methods, the association of the genetic similarities with phenotypes is evaluated in a re-

gression framework, typically by variance component methods that treat the similarity matrix

as a general covariance structure. Kernel Machine Regression (KMR) methods fall into this

class and they compare pairwise similarity in genotypes between individuals with similarity

defined through a kernel function, resulting a kernel matrix. Without any specification on the

function that models the joint effect of the markers on the traits, KMR approach is able to

nonparametrically model the genetic variants based on the kernel matrix.

KMR recently has gained its popularity in association studies as an efficient dimension re-

duction tool (Liu et al. (2007), Kwee et al. (2008), Wu et al. (2011), Maity et al. (2012)). In

addition, it models the genetic covariates nonparametrically and aims to capture complicated

interactions among the covariates in addition to the main effects. In this dissertation, we fa-

cilitate the joint evaluation of multiple genetic markers on multivariate phenotypes based on

KMR. We develop a semiparametric regression model which models the non-genetic covari-

ates parametrically and genetic covariates nonparametrically and name it multivariate kernel

machine (MVKM) regression.

1.3 Multivariate Phenotype Association Analysis

In genomic association studies, multiple relevant phenotypes are often collected and joint anal-

ysis of these phenotypes is preferred with the aim of capturing possible correlation between the

phenotypes which will further produce more informative inferences in investigation of disease

pathways or larger strengths of association.

The multiple phenotypes can be traits that relate to the risk of the disease of interest. For

example, previous study has found relevance between exposure to certain neurotropic infectious

agents and cognitive function in 1308 participants in the Clinical Antipsychotic Trials of In-

tervention Effectiveness (CATIE) trail (Yolken et al. (2011)). Specifically, they measured IgG

class antibodies to Herpes Simplex Virus type 1 (HSV-1), Herpes Simplex Virus type 2 (HSV-2)

and Cytomegalovirus (CMV) in these individuals and found significant associations between

exposures to these viruses and cognitive impairment in patients with schizophrenia. Therefore,
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measurements of IgG class antibodies to the exposure of HSV-1, HSV-2 and CMV together can

be the traits of interest (Maity et al. (2012)).

It may also be the multiple measurements of the same value for a certain trait of interest.

In Chapter 2, the dataset is from a large lymphoblastoid cell lines (LCLs) study, which aims to

perform genetic association mapping for 29 chemotherapy drugs (Medina et al. (2008), Brown

et al. (2014)). It is known that most chemotherapeutic agents produce cytotoxic effect in cells.

To investigate the genetic association of cytotoxicity of the anticancer drugs in different concen-

trations, in this study, each cell line was exposed to six different concentrations of each drug and

the responses for all the drugs were then assessed. In Chapter 2, the cytoxicity responses to one

of the chemotherapy drugs, temozolomide, at six different concentrations are the phenotypes of

interest in the analysis.

Another example will be multiple clinical biomarkers that reflect the same characteristic

of a disease. In Chapter 3, the data is collected by Multiple Myeloma Research Consortium

and we are interested in the prognosis of multiple myeloma (MM) patients, since the range

of survival time for MM patients can vary from less than 6 months to more than 10 years.

The International Staging System is based on the combination of two clinical biomarkers, β-2

microglobulin and serum albumin, for their three stage classification. Therefore, we consider

the two clinical biomarkers as the traits of interest in our analysis on the prognosis of MM

patients.

A traditional scheme of testing with multiple phenotypes would be conducting individual

test for each phenotype and then correcting for multiple testing. However, the method suffers

penalties from multiple testing and result in a decreased power. An alternative to this standard

approach is to apply dimension reduction technique to the phenotypes, such as principle com-

ponent (PC) approach. It reduces the dimension of the phenotypes into independently principle

components of the phenotypes (PCP) and tests for the associations between the markers and

the PCP. However, it is quite possible that the PCP have low heritability, and to solve this

issue, an alternative method based on principle component of heritability (PCH) has been pro-

posed (Klei et al. (2008)), which reduces the phenotypes into a single trait with a heritability

higher than any other linear combination of the phenotypes. Nevertheless, the method has the

limitation of reducing the effective sample size due to its required cross-validation procedure.

There have been many research works concerning association analysis of multidimentional

phenotypic data (Verzilli et al. (2005), Liu et al. (2007), Zhang et al. (2010), Yang et al. (2010),

Maity et al. (2012), OReilly et al. (2012)). In general, these multivariate approaches have shown

considerably increase in power compared to testing each of the phenotypes individually. It is

believed that it gains power to model the phenotypes jointly when detecting markers associated

with the phenotypes, since it takes into account the potential correlation between phenotypes.

Therefore, in this dissertation, we focus on multiple phenotypes and apply joint analysis
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on them with the ultimate goal of better understanding the etiology of the disease or better

capturing the underlying molecular mechanism of the drug cytotoxicity.

1.4 Data Motivations

This research is motivated by two real data applications. The first data set (described in Chapter

2) is from a large LCLs study, which consists of 520 LCLs that are derived from unrelated

Caucasian participants of the CAP clinical trail (Medina et al. (2008), Brown et al. (2014)).

The main goal of the data analysis is to study the joint effect of SNP-set on cytotoxic response

to temozolomide, which can be achieved by applying our proposed multivariate kernel machine

(MVKM) framework.

LCLs model recently emerges as a promising model in cancer study. LCLs are established

by in vitro transformation of human lymphocytes by Epstein-Barr Virus (EBV). The virus is a

human herpesvirus that can infect human B lymphocytes and then drives the cells into perma-

nent proliferation, to mimic the status of cancer cells. As described in Section 1.3, cytotoxicity

to anticancer drugs were measured at six different concentrations for each cell line and we focus

on one of the chemotherapeutic drugs, temozolomide, specifically in our analysis. In addition,

confounding factors can be an issue in LCLs study, such as growth rate, population stratifica-

tion, temperature, experiment conditions, etc. Therefore, we construct a semiparametric model

in chapter 2, which models the non-genetic factors parametrically and genetic variants nonpara-

metrically. In this way, we are able to achieve our goal of analysing the joint effect of SNP-set

on cytotoxic response to temozolomide, while accounting for the confounding factors.

The second data set (described in Chapter 3) comes from the copy number profiles from MM

patients. In this data set, 235 MM patients were measured for DNA copy number aberrations

(CNAs), two important clinical markers, β2M and serum albumin, and other demographic and

clinical values. We are interested in testing the association between the genomic abnormalities

and the two clinical biomarkers while accounting for the demographic covariates. The situation

meets with the proposed MVKM regression and we would like to model the observed CNAs as

functional data due to serial correlations between neighboring genomic locations.

CNAs are defined as DNA segments that are 1kb or larger and present at variable copy

numbers, comparing with the reference genome. CNAs are one type of structural imbalances

and they can involve duplication, deletion and insertion of DNA segments, or complex gains

or losses of homologous sequences at multiple sites in the genome (Redon et al. (2006)). In the

dataset, array comparative genomic hybridization (aCGH), the most commonly-used approach

to in chromosomal abnormalities detections, was used to measure CNAs for each MM patients

(see details in Chapter 3). As mentioned in Section 1.3, the outcomes of interest in MM data

analysis are the two clinical biomarkers, β2M and serum albumin, widely used in prognosis of
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MM patients.

1.5 Summary

In this dissertation, we mainly develop estimation and testing procedures for kernel machine

regression when multivariate phenotypes are present and named the procedure as multivari-

ate kernel machine (MVKM) regression. We also accommodate the framework for functional

variables and apply the proposed methods for the analysis of the datasets mentioned above.

In Chapter 2, we focus on developing the estimation procedure of joint effect of multiple

single nucleotide polymorphisms (SNPs) on multivariate responses. In this chapter, we apply

KMR to model the genetic markers together to capture the underlying genetic structure more

precisely, and we use multivariate regression to preserve the possible correlation between the

phenotypes. The estimation and testing procedures developed in this chapter are investigated

through simulation studies and the performances are compared with Univariate Kernel Machine

(UVKM) procedure. The utility of the proposed method is demonstrated using data from the

LCLs study.

Chapter 3 applies MVKM framework to accommodate the situation when the main inter-

est lies in studying the relationship between functional covariate and multivariate responses,

while accounting for demographic covariates. In this chapter, we construct a semiparametric

functional model with multivariate responses, where we model the demographic covariates para-

metrically and the functional covariate nonparametrically. The functional covariate is expanded

on a set of orthonormal basis and functional principle component analysis (FPCA) is applied

to estimate its corresponding coefficients. An approximated model is constructed using the es-

timated scores from FPCA. In this chapter, we propose a likelihood ratio test (LRT) under

functional linear assumption and adopt MVKM framework for testing under functional nonlin-

ear assumption. The utility of the proposed methods is demonstrated using DNA copy number

profiles from multiple myeloma (MM) patients.

From the results in Chapter 2 and 3, it can be observed that the performance of the pro-

posed MVKM testing heavily depends on the choice of kernel. For instance, under linear setting

in Chapter 3, MVKM test with the linear kernel outperforms the one with the quadratic kernel,

while the quadric kernel is much more powerful than the linear kernel for functional nonlinear

model. The choice of kernel when in presence of multiple candidate kernels can be an issue

for KMR. Wu et al. (2013) proposed two procedures to deal with the choice of kernel issue

when multiple candidate kernels are present: composite kernel method and perturbation-based

procedure. In Chapter 4, we extend these methods to accommodate multivariate phenotype

situation and demonstrate the utility of the proposed methods in various simulations. We also

compare these approaches with other proposed composite kernel methods using different aver-
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aging mechanisms.
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Chapter 2

Multivariate Kernel Machine

Regression with Vector-Valued

Covariates

2.1 Introduction

Multivariate phenotypes are becoming more and more common in modern association studies.

A typical association study often collects genetic covariates such as a set of SNPs of interest,

other demographic and clinical covariates, and information on multiple phenotypic traits for

each sampling unit. An important goal of such studies is to assess the relationship between the

genetic covariates to each of these phenotypes while adjusting for the demographic and clinical

covariates. Such an association analysis entails using the multiple phenotypes as response vari-

able in a regression model. In this chapter, we consider a semiparametric regression model with

multivariate responses, where the demographic/clinical covariates are modeled parametrically

using a linear term and the joint effect of the genetic covariate is modeled nonparametrically

using unknown, possibly, nonlinear, functions. We allow the effect of the parametric covariates

and the genetic covariates to differ from response to response. In this framework, we develop es-

timation and testing procedures for the genetic effect which accounts for possible nonlinear and

complicated interaction effects, as well as possible correlation among the multiple responses. We

investigate the finite sample performance of our prosed methodology via a simulation study and

demonstrate the utility of such methods via application to a lymphoblastoid cell lines (LCLs)

study that consists of cytotoxic response of 520 European-Americans to 29 different anticancer

agents.

There is a vast amount of literature concerning association studies when the response vari-

able is univariate. In such a situation, a classical strategy is to employ a (generalized) linear

9



regression model where the effect of the genetic covariates are modeled parametrically. Partic-

ular examples are the main-effects-only model, where the genetic effect is quantified using a

linear combination of the covariates using unknown weight coefficients, or the two-way interac-

tion model where all two-way interaction terms among the covariates are added to the model

along with the linear and quadratic main effect terms. However, such parametric models can

often be inadequate to capture the true genetic effect in the presence of nonlinear relationships

and complicated interaction terms. In addition, even when the number of genetic variables is

moderate, the number of total variables in the model can be large if one tries to accommodate

more complicated interactions. In such cases, recently, Kernel Machine Regression (KMR) has

gained popularity in association studies (see e.g., Liu et al. (2007), Kwee et al. (2008), Wu et al.

(2011), Liu et al. (2007), Maity et al. (2012) among many others). The KMR approach models

the genetic effect via a pre-specified kernel function. Such a kernel function can be thought of

as a measure of similarity between a pair of subjects based on their genetic covariates. The

KMR approach specifies the unknown function by modeling the genetic covariates as a linear

combination of these pair-wise similarities. Such an approach has two advantages: (1) it can

reduce the dimension of the model especially when the number of genetic variables are high

and (2) it can capture nonlinear effects and complicated interactions with proper specification

of the kernel functions. It has been shown in the literature that KMR is often very powerful

in modeling multi-dimensional genetic covariates while retaining computational efficiency due

to its connection to the linear mixed model framework. However, most of the KMR literature

is primarily focused on the situation when only individual response variable is present in the

model. To the best of our knowledge, estimation procedures for model components are not

discussed when multivariate and possibly correlated responses are present.

It is well known that in the presence of multivariate responses, joint analysis of the responses

often gains more accuracy in the inference compared to individual univariate responses. How-

ever, most of the current multivariate association analysis is focused on single SNP analysis.

Recently, Maity et al. (2012) developed a testing procedure to test for joint effect of the SNP

set on the phenotypes. However, actual estimation of the genetic effects in a multivariate re-

sponse kernel machine model has not been discussed. In this chapter, we develop an estimation

and testing procedure using the kernel machine regression framework when multiple correlated

responses are present.

We make two main contributions in this chapter. First, we propose an estimation procedure

for the model components in the presence of multivariate outcomes via a penalized least squares

approach. This procedure accounts for possible correlation structure among the responses as well

as possible nonlinearity of the genetic effect. We also allow for the covariates to have different

effect levels on different outcomes. We show that the multi-response kernel machine model has

a direct connection with the linear mixed effects modeling framework. This connection allows
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us to construct the standard errors of the estimates of the model components and provides

an effective way to choose the penalty parameters. In addition, we also provide comparison of

standard errors of our method and Univariate Kernel Machine Regression (UKMR). Second,

we generalize the testing procedure proposed by Maity et al. (2012) to test only for a subset

of responses. Maity et al. (2012) proposed a procedure to test for association between genetic

covariates and any of the responses. However, their test was unable to determine the exact

(set of) response(s) that may be driving the association. In this chapter, we modify their

testing procedure to allow testing for any subset of responses while still accounting for possible

correlation among the responses.

The remainder of this chapter is organized as follows. In Section 2.2, we introduce the

multivariate kernel machine regression model and derive the estimation procedure of the model

components. In section 2.3, we derive a score type test statistics to evaluate the genetic effects

of multimarkers on the multiple phenotypes, for any specific subset of functions. In section 2.4,

we conduct a simulation study to evaluate the performance of our methodology in finite sample

settings. In section 2.5, we apply the method to analyse the LCLs data. Concluding remarks

and discussions are presented in Section 2.6.

2.2 Multivariate Kernel Machine Regression

Suppose for each individual i = 1, . . . , n, we observe a vector of continuous outcomes Yi, where

Yi = (Yi1, . . . , Ypi)
T , covariates Xi, and a set of genetic covariates Zi = (Zi1, . . . , ZiM )T . In

our particular data example, Yi is a vector containing cytotoxic responses to temozolomide

at six different concentrations, Xi is a covariate vector containing temperature, growth rate,

experimental batch etc., and Zi denotes a set of SNPs with Zim ∈ {0, 1, 2}, m = 1, . . . ,M ,

recording the number of minor alleles. We consider a multivariate response model to relate the

response vector Y to covariates X and genetic covariates Z:

Y`i = XT
i β` + h`(Zi) + ε`i,

with ` = 1, . . . , p and i = 1, . . . , n, where (ε1i, . . . , εpi)
T are random error vectors and assumed

to distribute as Normal(0,Σtrue) distribution, β` is an unknown coefficient vectors denoting

possible different effect of Xi on different responses, and h`(·) indicates joint effect of the SNP

set Zi on the `-th response. Our main goal is to estimate the unknown functions h`(·) denoting

the genetic effect on the responses.

A classical way to model the functions h`(·) is to assume parametric models, such as the main

effects, where the effect of each Z is modeled parametrically using a linear term, or the two-way

interaction model where all possible two-way interactions are modeled linearly in addition to the
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linear and quadratic main effects. In general, one can assume a model h`(Z) =
∑J`

j=1 φ`j(Z)η`j ,

where η`j are unknown constants and φ`j(·) are known basis functions. However, such a paramet-

ric modeling strategy can often be very simplistic and may not capture the possible nonlinear

nature of the genetic effect and the interactions among the genetic covariates. Also, accom-

modating more complex interaction terms in the model may result in curse of dimensionality,

even if the number of genetic covariates M is moderate. In this chapter, we use the statistical

kernel machine framework to model h`(·) instead of a parametric specification. This allows one

to specify h`(·) parametrically or nonparametrically depending on the choice of kernels. Such

an approach has been shown to be convenient and powerful especially for multi-dimensional

genetic data. In particular, we assume that h`(·) belongs to a Reproducing Kernel Hilbert Space

(RKHS) H` with positive definite kernel function K`(·, ·). Thus, by Representer Theorem, h`(·)
can be written in a dual form h`(Z) =

∑n
i=1K`(Zi,Z)α`i for some constants α`1, . . . , α`n.

Typically the true kernel function is unknown. In practice, there are many choices of kernel

functions available. Two most commonly used kernels for SNP data are the dth order polynomial

kernel,K`(z1, z2) = (1+zT1 z2)
d, and the identical by state (IBS) kernel,K(Z1,Z2) =

∑M
m=1(2−

|Z1m − Z2m|)/(2M). In many practical situations, the IBS kernel performs well and is able to

capture possible nonlinear effects of Z (Wu et al. (2010)). For high-dimensional data, it is more

convenient to work with such a dual representation for h`(·).

2.2.1 Estimation of model components

We adopt a penalized approach to estimate the model components. For a fixed error covariance

matrix Σ, we propose to minimize the penalized least squares criterion

L =

n∑
i=1

p∑
`=1

p∑
r=1

σ`r{Y`i −Xiβ` − h`(Zi)}{Yri −Xiβr − hr(Zi)}+

p∑
`=1

λ`||h`(·)||2H`
,

where σ`r is the (`, r)-th element of Σ−1, ||h`(·)||2H`
denotes the function norm of h`(·) and

λ` is the roughness penalty parameter associated with h`(·). Such a penalization is required

in the estimation procedure of the model parameters to avoid overfitting the data. The value

of λ` controls the roughness of the estimate of h`(·): larger values of λ` produces smoother

estimates while smaller values of λ` results is much rougher estimates. Thus choice of the

penalty parameters plays a crucial role in estimation. We shall discuss an effective way to

choose these penalty parameters at the end of this section.

Now we adopt the dual representation of h`, that is, h`(Z) =
∑n

i=1K`(Zi,Z)α`i. With a

slight abuse of notation, define the n× n kernel matrices K` such that the (i, j)-th element of
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K` is K`(Zi,Zj). It is easy to show that the penalty terms now reduces to

||h`(·)||2H`
= αT`K`α`,

where α` = (α1`, . . . , αn`)
T . We emphasize again that K`(·, ·) is the kernel function whereas K`

is the resulting kernel matrix.

Define X = diag(X1, . . . ,Xp), β = (βT1 , . . . ,β
T
p )T , Y = (Y11, . . . , Y1n, . . . , Yp1, . . . , Ypn)T ,

and similarly for h and ε. Then we have h = Kα, where K = diag(K1, . . . ,Kp) and α =

(αT1 , . . . ,α
T
p )T . Substituting the dual form of h`(·) and the corresponding penalty terms in the

penalized least square criteria L, we can write

L = (Y −XTβ −Kα)T Σ̃−1(Y −XTβ −Kα) +αTKΛα,

where Σ̃ = Σ⊗ In and Λ̃ = diag(λ1, . . . , λp)⊗ In. Minimizing L with respect to α and β, we

obtain

β̂ = {X(KΛ̃ + Σ̃)−1XT }−1X(KΛ̃ + Σ̃)−1Y ;

ĥ = Kα̂ = KΛ̃(KΛ̃ + Σ̃)−1(Y −XT β̂). (2.1)

2.2.2 Standard Error Estimation and Penalty Parameter Selection

Define τ` = 1/λ` and Λ = diag(τ1, . . . , τp) ⊗ In. If we assume that the kernel matrices K` are

invertible, then the solution given in (2.1) can be viewed as the solution of the minimization

problem

min
β,h

[
{Y −XTβ − h}T Σ̃−1{Y −XTβ − h}+ hT (KΛ)−1h

]
.

In other words, the solution of (β,h) solves the normal equations[
XΣ̃−1XT XΣ̃−1

Σ̃−1XT Σ̃−1 + (KΛ)−1

][
β

h

]
=

[
XΣ̃−1Y

Σ̃−1Y

]

From a computational point of view, these normal equations are exactly identical to those

of the mixed effects model

Y = XTβ + h+ ε, (2.2)

where h = Normal(0,KΛ) and ε = Normal(0, Σ̃). Hence one can think of the parameters τ`’s as

the variance components. The estimates β̂ and ĥ can now be viewed as the best linear unbiased

estimator (BLUE) and best linear unbiased predictors (BLUP) of β and h, respectively. Letting
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V = KΛ + Σ̃, the solution of β̂ and ĥ in (2.1) can be rewritten as

β̂ = {XV −1XT }−1XV −1Y , ĥ = KΛPY , (2.3)

where P = V −1−V −1XT {XV −1XT }−1XV −1. The covariances of β̂ and ĥ can be computed

as,

cov(β̂) = {XV −1XT }−1, cov(ĥ) = KΛPΛK. (2.4)

The above mentioned connection to the linear mixed effects model also provides us with

an effective solution for choosing the parameters τ` and hence λ`. Treating τ`’s as variance

components in mixed effects model from (2.2), the restricted maximum likelihood (REML)

criteria under (2.2) can be written as

LREML = − log |V |/2− log |XV −1XT |/2− (Y −XT β̂)TV −1(Y −XT β̂)/2.

The penalty parameters can now be chosen by maximising the REML criteria. In our simulation

study and data analysis, we found that the REML estimation of penalty parameters produced

good results in all the cases we considered.

Remark 1. Define K̃i = diag(0, . . . ,Ki, . . . ,0), then the score function of τi is

Sτi,n = (Y −XT β̂)TV −1K̃iV
−1(Y −XT β̂)/2− trace(K̃iP ).

We apply Newton Raphson Approximation to calculate the updated τi. Instead of S′τi,n, which

is ∂2l/∂2τi, we use E(S′τ1,n) for the calculation of ∆τ1, and the expectation can be written as

E(S′τ1,n) = −trace(P (
∂V

∂τi
)P (

∂V

∂τi
))/2 = −trace(P 2K̃2

i )/2

(Harville (1977)). The updated τi now becomes

τ
(t+1)
i = τ

(t)
i − S

(t)
τi,n/E(S′τi,n)

(t)

= τ
(t)
i + 2(Y −XT β̂)TV −1K̃1V

−1(Y −XT β̂)/2− trace(K̃iP )/trace(P 2K̃2
i ).

However, for simplicity, we use grid search to update penalized parameters in practise and the

simulation results validate the scheme.

Remark 2. Note that for the special case p = 1, with Σ̃ = σ2In, and only one penalty
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parameter τ , our results translate to

ĥ = τK(τK + σ2In)−1(Y −XT β̂)

β̂ = {X(τK + σ2In)−1XT }−1X(τK + σ2In)−1Y .

These expressions corresponds to univariate kernel machine regression (Liu et al. (2007)). In

the special case with Σ being a diagonal matrix, our procedure is equivalent to performing p

separate regressions.

2.2.3 Prediction

Suppose now we have a new set of SNPs that is not included in the given sample, Znew, and

we want to predict the joint genetic effect, h(Znew), based on the estimation. Let Knew =

diag(KT
new,1, . . . ,K

T
new,p), where Knew,` = (K`(Znew,Z1), . . . ,K`(Znew,Zn))T . Then we have

ĥ(Znew) = KnewΛPY ,

cov(h(Znew)) = KnewΛPΛKT
new.

In the formula above, Λ, P and Y are all estimated from sample following the procedure in

Section 2.2.2 and Knew is the kernel matrix constructed based on the genotype of the new set

of SNPs and genotypes of the SNP sets in the sample.

2.3 Hypothesis Testing

In this section, we describe the testing procedure in the multivariate kernel machine regres-

sion model. Recently Maity et al. (2012) developed a global testing procedure to test the null

hypothesis H0 : h`(·) = 0 for all ` = 1, . . . , p. While such a test provides information on

whether the genetic covariates are associated to any of the response variables of interest, this

test can not identify the exact set of responses that actually drive the association. In this

section we derive a testing procedure where one can test a particular set of functions, e.g.,

H0 : h1(·) = . . . = hp0(·) = 0 where p0 ≤ p corresponds to the number of functions that are

being tested for.

For simplicity, we start with the case p0 = 1, that is, testing only a single function. We

then generalize this procedure for general value of p0. In the case of p0 = 1, we make use of the

connection to the linear mixed effects models as described in Section 2.2.2. In this framework,

We only need to test

H
(1)
0 : τ1 = 0.
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We use the restricted maximum likelihood (REML) estimation procedure (see for example,

Liu et al. (2007)) to derive a score test. The score function of τ1 derived from LREML, evaluated

at H0 is

Sτ1,n = (Y −XT β̂)TV −10 K1V
−1
0 (Y −XT β̂)/2− trace(K1P0),

where β̂ is estimated under null and V0 denotes V evaluated under null. To test for H0 : τ1 = 0,

we now propose to use the score type test statistic

Tτ1,n = (Y −XT β̂)TV −10 K∗1V
−1
0 (Y −XT β̂),

where K∗1 is a block diagonal matrix with K1 as the first block and zero otherwise.

To derive the null distribution of the test statistic, we first observe that Tτ1,n is a quadratic

form in r = V −10 (Y −XT β̂). Note that r, under H
(1)
0 , followed a Gaussian distribution with

mean zero and covariance matrix P0. By comparing with Tτ1,n with r(i)TK∗1r
(i), i = 1, . . . , 1000,

where r(i)’s are simulated from distribution Normal(0,P0), we are able to compute p-value as

mean of r(i)TK∗1r
(i) > Tτ1,n.

Now we take up the problem of testing H0 : h1(·) = . . . = hp0(·) ≡ 0, where p0 ≤ p

corresponds to the number of functions that are being tested for. Using similar arguments as

in Maity et al. (2012), we note that it is sufficient to test for

H
(2)
0 : τ1 + . . .+ τp0 = 0,

as each τ` is a non-negative parameter. Then we propose to use the score type test statistic

T2,n =

p0∑
`=1

Tτ`,n = (Y −XT β̂)TV −10

( p0∑
`=1

K∗`

)
V −10 (Y −XT β̂),

where V0 denotes V evaluated under null and K∗` is a block diagonal matrix with K` as the

`th block and zero otherwise. Note that for p0 = 1, T2,n reduces to the test statistic for a single

function. We can compute the null distribution of T2,n easily following the same procedure as

described for testing for single function where we replace K∗1 with
∑p0

`=1K
∗
` . We reiterate that

T2,n needs to be evaluated only under H
(2)
0 , and thus is computation fast.

2.4 Simulation Study

To investigate the finite sample performance of our proposed estimation and testing procedure,

we conduct a simulation study and generate data from the model, for i = 1, . . . , n and ` =

1, . . . , p,

Y`i = Xi
Tβ` + h`(Zi) + ε`i,
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with Zi = (Zi1, . . . , ZiM )T , Xi = (Xi1, Xi2)
T , β` = (β`1, β`2)

T and (ε1i, . . . , εpi)
T follows

Normal(0,Σtrue). Dimension of responses is set to be 3 (p = 3). We allow Xi to be the same

for all the items in the outcome and generate (Xi1, Xi2)
T from Normal(0, I2) distribution. We

set the true values of β = (β11, β12, . . . , β31, β32)
T = (0.7, 1, 0.7, 1, 0.7, 1)T .

We consider the following three simulation scenarios: (1) n = 100, M = 9, (2) n = 200,

M = 9 and (3) n = 200,M = 30. For scenarios (1) and (2), we generate the genetic variableZi =

(Zi1, . . . ,ZiM ) based on the SLC17A1 gene (containing 9 SNPs) in the Clinical Antipsychotic

Trails of Intervention Effectiveness (CATIE) study (Lieberman et al. (2005), Sullivan et al.

(2008), Yolken et al. (2011)), the frequency distribution is shown in Table 2.1. We only take

genotypes with ≥ 7 (1% of sample size in data example, n = 690) occurrences in the real data

for this simulation study. In scenario (3), we add 21 nuisance SNPs, each taking value 0, 1 or

2 with probability 0.3, 0.5 and 0.2, respectively.

Table 2.1: Frequency of genotypes used in the simulation study.

Genotype Frequency Relative frequency
(in real data) (used in simulation)

221212211 114 0.191
222202220 103 0.174
112111121 72 0.121
111121112 46 0.078
220222202 41 0.069
112112221 38 0.064
111122212 28 0.047
211122212 26 0.044
111222212 24 0.041
002021122 21 0.034
212112221 15 0.025
002020022 10 0.017
102122222 10 0.017
102022222 9 0.015
002121122 8 0.013
002122222 8 0.013
220222211 8 0.013
102021122 7 0.012
202022222 7 0.012

For both estimation and testing simulations, we consider three choices of Σtrue:

Σtrue,1 =

0.95 0.07 0.23

0.07 0.86 0.24

0.23 0.24 0.89

 ,Σtrue,2 =

0.95 0 0.

0 0.86 0

0 0 0.89

 ,Σtrue,2 =

0.95 0 0.

0 0.86 0

0 0 0.89


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The first covariance matrix Σtrue,1 is the estimated covariance matrix from the CATIE data

under the assumption that there is no SNP effect. The second choice, Σtrue,2, is a matrix that

is expanded by the diagonal elements of Σtrue,1 and will be used to evaluate the performance of

our procedure where the outcomes are actually independent. Σtrue,3 introduces high correlation

between Y1 and (Y2, Y3) and is used to demonstrate the effect of correlation on the performance

of our procedure. When fitting the model, we first fit a working independence model and

estimate Σ using residual covariance matrix, and then use the estimated Σ as the working

covariance matrix in the joint estimation and testing procedures.

2.4.1 Estimation

In the simulation to evaluate our estimation procedure, we use h1(·) = z1+z2+z3+z1z4z5−z6/3−
z7z8/2+(1−z9), h2(·) = z1z2+z5(z7+z3)+z2z9, h3(·) = z2+z3+(1−z6)2/3−z25/2+z28−z21/3
for h for scenarios (1)-(3). For each of the scenarios, we generate 1000 data sets.

To evaluate the accuracy of the parameter estimates of β`, we investigate the empirical

bias (Bias), empirical standard deviation (sd), estimated standard errors averaged over 1000

simulations (se) and coverage probabilities (Coverage) of 95% confidence intervals. The results

are presented in Table 2.2. The original values are all multiplied by 100 and rounded to their

2-nd decimal places. From the table, we can see that, for all the cases, the biases are quite small

and are negligible, estimated standard errors of β’s are very close to the empirical standard

deviations, and the empirical coverage is close to the nominal level of 95%. As the sample

size increases from 100 to 200, the bias decreases and the coverage increases slightly. The

results suggest that our proposed method provides accurate estimate of β`, the coefficient of

the covariates.

To measure the accuracy of the estimate of h, we report the following evaluating criteria for

each responses (` = 1, 2, 3)

M1` = n−1
n∑
i=1

{ĥ`(Zi)− h`(Zi)}2

M2` = n−1
n∑
i=1

|ĥ`(Zi)− h`(Zi)|.

The results are reported in the Table 2.3, together with the correlation between the predicted

and the true Y’s. To evaluate the accuracy of our estimation for h(·), we fit ĥ` onto h` for all

three cases of Σtrue and ` = 1, 2, 3. Our ideal model of regressing ĥ’s onto the h’s would be

ĥ` = h`, which indicates an intercept of zero and slope of 1. From the results, we can see that

the intercepts are close to zero and the slopes are around 1, which suggests that the estimated

function h(·) is close to the true manifold. We also report our self-defined criteria for evaluating
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the estimate of h(·) in the table: M1 and M2, which indicates high accuracy of the estimates of

h(·). In addition, the results in the table also show high correlation between the predicted and

the true value of Y for all settings, which indicates that our method performs well in predicting

the responses.

In order to demonstrate the advantage of applying multivariate regression, we generate 100

datasets for combination of (n = 200,m = 9) under different settings of correlation between

responses and compute the ratio of estimated standard error (SE) of h(·) for UVKM versus

MVKM. Ratio is calculated as SE(hUVKM)/SE(hMVKM). Besides the cases when Σ = I3 and

Σtrue,3, we also compare the case when

Σ = Σtrue,4 =

 1 0.8 0.6

0.8 1 0.8

0.6 0.8 1

 .

Figure 2.1 shows the ratios for all the genotypes in the Table 2.1 under different cases of correla-

tion between responses. From the plots, we can see that when responses are independent, there

are not much differences in estimated SE between UVKM and MVKM (ration is 1 through-

out the genotypes). However, as the correlation increases, MVKM produces narrower SE than

UKMR (ratio is getting away from 1), which indicates a more precise estimation when applying

MVKM. The comparison results suggest that our method accounts for the correlation structure

among responses, and thus applying MVKM in estimation is more advantageous.
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Table 2.2: Estimation of β’s for simulation study in Section 2.4. We report the empirical bias (Bias), empirical standard
deviation (sd), estimated standard errors averaged over 1000 simulations (se) and coverage probabilities (Coverage) of
95% confidence intervals. The biases are calculated from comparing the estimated values with the true values of β’s,
(0.7,1),(0.7,1),(0.7,1). The original values are multiplied by 100 and rounded to their 2nd decimal places.

Σ1 Σ2 Σ3

(n,m) Bias sd se Coverage Bias sd se Coverage Bias sd se Coverage

(100,9)

β11 -0.26 10.2 10.72 93.17 -0.27 10.2 10.77 92.71 -0.13 10.2 10.84 92.80
β12 -0.67 10.18 10.69 93.62 -0.66 10.18 10.7 93.63 -0.82 10.18 10.88 93.23
β21 0.39 9.52 10.55 92.41 0.42 9.53 10.52 92.69 0.31 9.51 10.58 91.90
β22 -0.71 9.49 10.32 92.37 -0.71 9.5 10.35 92.60 -0.85 9.49 10.44 92.65
β31 -0.04 9.54 10.4 92.68 -0.07 9.55 10.43 92.64 -0.08 9.54 10.32 93.43
β32 -0.1 9.52 10.26 92.72 0.07 9.53 10.35 92.31 -0.14 9.52 10.23 93.12

(200,9)

β11 0.35 7.23 7.34 94.18 0.36 7.23 7.34 94.67 0.33 7.23 7.38 94.21
β12 -0.11 7.2 7.26 94.61 -0.12 7.2 7.25 94.90 -0.03 7.2 7.3 94.07
β21 0.02 6.71 6.91 93.85 0.02 6.71 6.9 93.88 0.09 6.71 6.94 94.11
β22 0.2 6.68 7.02 92.92 0.2 6.68 6.95 93.21 0.15 6.68 6.9 93.68
β31 0 6.71 7.15 92.65 -0.02 6.72 7.15 93.47 0.03 6.71 7.14 93.47
β32 0.06 6.68 6.99 92.87 0.04 6.69 6.93 94.06 0.03 6.68 6.96 93.43

(200,30)

β11 -0.08 6.92 7.23 94.37 -0.14 6.92 7.3 93.75 -0.08 6.92 7.21 93.84
β12 0.29 6.93 7.25 94.11 0.29 6.92 7.25 93.64 0.2 6.93 7.17 94.30
β21 -0.13 6.59 7.14 92.58 -0.2 6.59 7.13 93.77 -0.18 6.59 7.1 92.75
β22 -0.24 6.59 6.94 93.13 -0.27 6.59 6.93 93.63 -0.15 6.59 6.81 93.78
β31 0.45 6.69 7.04 93.39 0.5 6.69 7.09 93.78 0.43 6.7 6.98 93.76
β32 0.09 6.7 7.41 92.53 0.09 6.69 7.4 93.16 0.13 6.7 7.39 92.51
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Table 2.3: Model Evaluation for measure the accuracy of the estimate of h. Displayed are the two M’s defined in Section
2.4, the correlation between the estimated Y and its true value, and the slope and intercept of fitting the simple linear
model ĥ = h.

Σ1 Σ2 Σ3

(n,m) k = 1 k = 2 k = 3 k = 1 k = 2 k = 3 k = 1 k = 2 k = 3

(100, 9)

M1 0.186 0.137 0.113 0.186 0.137 0.114 0.186 0.137 0.113
M2 0.307 0.276 0.249 0.308 0.276 0.249 0.307 0.276 0.248

correlation 0.955 0.950 0.958 0.955 0.950 0.958 0.955 0.950 0.958
Intercept 0.041 0.042 0.003 0.040 0.041 0.003 0.041 0.036 0.004

Slope 0.991 0.994 1.000 0.991 0.994 1.000 0.991 0.995 1.000

(200, 9)

M1 0.140 0.085 0.058 0.140 0.085 0.058 0.139 0.085 0.058
M2 0.257 0.220 0.178 0.257 0.220 0.178 0.256 0.219 0.178

correlation 0.952 0.947 0.955 0.952 0.947 0.955 0.952 0.947 0.955
Intercept 0.048 0.033 0.002 0.048 0.034 0.001 0.048 0.034 0.002

Slope 0.990 0.995 1.000 0.990 0.995 1.000 0.990 0.995 1.000

(200, 30)

M1 0.088 0.079 0.083 0.089 0.079 0.083 0.088 0.079 0.083
M2 0.211 0.199 0.205 0.211 0.198 0.204 0.211 0.200 0.205

correlation 0.957 0.950 0.957 0.957 0.950 0.957 0.957 0.950 0.957
Intercept 0.000 -0.007 0.005 0.000 -0.008 0.005 -0.003 -0.005 0.004

Slope 1.000 1.001 1.000 1.000 1.001 1.000 1.001 1.001 1.000
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Figure 2.1: The figure compares the precision of estimation between UVKM and MVKM under different correlation
settings. The Y axis is the ratio of standard error achieved by applying these two methods (as defined in Section 2.4).
The x axis indicates all the genotypes shown in Table 2.1. The correlation between responses are Σ = I3 (left), Σ =
Σtrue,3(middle), and Σ = Σtrue,4 (right).
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2.4.2 Testing

To evaluate our testing procedure, we consider the following choices of the functions: (a) h1 =

h2 = h3 = 0, (b) h1 = δ(z1+z2+z3+z1z4z5−z6/3−z7z8/2+(1−z9)) for δ = 0.02, 0.04, . . . , 0.18;

h2 = h3 = 0. (c) h1 = δ(z1 + z2 + z3 + z1z4z5 − z6/3 − z7z8/2 + (1 − z9)), h2 = δ(z1z2 +

z5(z7 + z3) + z2z9) for δ = 0.02, 0.04, . . . , 0.18; h3 = 0. Scenario (a) corresponds to Type I

error of our procedure, and scenario (b) and (c) are used to compute power as the genetic

effect deviates from the null hypotheses with increasing values of δ for p0 = 1 and p0 = 2,

respectively. For each combination of (n,m) described in scenarios (1)-(3), we investigate the

performance of our test with p0 = 1 and p0 = 2. We also compare our test with the standard

univariate kernel machine (UVKM) test for p0 = 1 and with Bonferroni corrected UVKM tests

for p0 = 2. Significance level α = 0.05 is used in all the testing procedures. The proportions

of rejections are recorded and shown in Table 2.4 and Table 2.5. From Table 2.4, we can see

that the Type I errors are controlled around 0.05 for both of the methods, but UVKM test

with Bonferroni correction is more conservative. Comparing with UVKM test, MVKM has

slightly improved power, because this is the case when testing for a single function and MVKM

test is not expected to have pronounced difference in performance. Table 2.5 shows the results

when testing for two h(·) functions, where MVKM outperforms UVKM test for all the settings,

especially when the correlations are high between the responses (Σ3). This results suggest that

MVKM test accounts for the correlation structure among responses and it is recommended to

use MVKM test when in presence of multivariate responses.
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Table 2.4: Simulation results for testing for one h function. Displayed are the power of our test (MVKM) along with
multiple univariate testing with Bonferroni correction (UVKM) for different settings (α = 0.05).

(n,m) δ = 0 δ = 0.02 δ = 0.04 δ = 0.06 δ = 0.08 δ = 0.1 δ = 0.12 δ = 0.14 δ = 0.16 δ = 0.18

(100, 9)

Σ1
MVKM 0.055 0.099 0.183 0.41 0.477 0.685 0.852 0.94 0.982 0.994
UVKM 0.050 0.083 0.156 0.395 0.401 0.625 0.791 0.91 0.959 0.99

Σ2
MVKM 0.057 0.081 0.166 0.298 0.491 0.701 0.873 0.944 0.983 0.994
UVKM 0.049 0.076 0.145 0.262 0.417 0.626 0.8 0.911 0.96 0.991

Σ3
MVKM 0.051 0.078 0.135 0.286 0.43 0.632 0.789 0.916 0.968 0.991
UVKM 0.044 0.06 0.102 0.26 0.381 0.592 0.746 0.881 0.947 0.98

(200, 9)

Σ1
MVKM 0.052 0.11 0.309 0.562 0.845 0.963 0.996 1 1 1
UVKM 0.050 0.105 0.283 0.499 0.784 0.945 0.99 1 1 1

Σ2
MVKM 0.051 0.096 0.263 0.571 0.841 0.967 0.998 1 1 1
UVKM 0.052 0.087 0.241 0.481 0.765 0.935 0.994 0.999 1 1

Σ3
MVKM 0.051 0.092 0.229 0.516 0.789 0.942 0.994 1 1 1
UVKM 0.047 0.088 0.219 0.45 0.72 0.909 0.982 0.999 1 1

(200, 30)

Σ1
MVKM 0.052 0.079 0.203 0.45 0.73 0.924 0.993 0.999 1 1
UVKM 0.047 0.08 0.178 0.386 0.659 0.887 0.978 0.999 0.999 0.999

Σ2
MVKM 0.054 0.09 0.208 0.477 0.762 0.946 0.994 0.999 1 1
UVKM 0.050 0.07 0.178 0.393 0.657 0.892 0.979 0.999 0.999 1

Σ3
MVKM 0.060 0.086 0.2 0.412 0.697 0.888 0.975 0.995 0.999 1
UVKM 0.044 0.069 0.161 0.341 0.607 0.841 0.962 0.995 0.999 0.999
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Table 2.5: Simulation results for testing for two h functions. Displayed are the power of our test (MVKM) along with
multiple univariate testing with Bonferroni correction (UVKM) and Type I errors (δ = 0) for different scenarios (α = 0.05).

(n,m) δ = 0 δ = 0.02 δ = 0.04 δ = 0.06 δ = 0.08 δ = 0.1 δ = 0.12 δ = 0.14 δ = 0.16 δ = 0.18

(100, 9)

Σ1
MVKM 0.056 0.098 0.181 0.41 0.476 0.687 0.856 0.941 0.982 0.994
UVKM 0.048 0.082 0.154 0.394 0.4 0.626 0.793 0.911 0.959 0.99

Σ2
MVKM 0.058 0.08 0.164 0.298 0.49 0.704 0.876 0.945 0.983 0.994
UVKM 0.049 0.076 0.143 0.261 0.414 0.627 0.801 0.912 0.96 0.991

Σ3
MVKM 0.055 0.077 0.134 0.286 0.432 0.635 0.792 0.916 0.968 0.991
UVKM 0.044 0.059 0.1 0.258 0.38 0.591 0.747 0.879 0.947 0.98

(200, 9)

Σ1
MVKM 0.052 0.112 0.308 0.564 0.849 0.963 0.996 1 1 1
UVKM 0.05 0.106 0.285 0.502 0.787 0.945 0.99 1 1 1

Σ2
MVKM 0.052 0.098 0.263 0.577 0.846 0.967 0.998 1 1 1
UVKM 0.053 0.089 0.243 0.485 0.769 0.933 0.994 0.999 1 1

Σ3
MVKM 0.051 0.093 0.228 0.522 0.791 0.94 0.994 1 1 1
UVKM 0.046 0.09 0.221 0.452 0.721 0.905 0.982 0.999 1 1

(200, 30)

Σ1
MVKM 0.052 0.08 0.206 0.451 0.732 0.926 0.993 0.999 1 1
UVKM 0.046 0.079 0.182 0.388 0.662 0.888 0.978 0.999 0.999 0.999

Σ2
MVKM 0.054 0.09 0.209 0.479 0.764 0.949 0.994 0.999 1 1
UVKM 0.049 0.069 0.179 0.396 0.658 0.893 0.979 0.999 0.999 1

Σ3
MVKM 0.06 0.087 0.202 0.412 0.698 0.89 0.977 0.995 0.999 1
UVKM 0.043 0.068 0.162 0.344 0.607 0.843 0.962 0.995 0.999 0.999
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2.5 Data Analysis

To demonstrate the usefulness of our proposed methods, we apply the methodology to a dataset

that consists of 520 Epstein-Barr virus (EBV) immortalized LCLs from unrelated Caucasian

participants of the CAP clinical trials.

Pharmacogenomics is the study of the variability in drug response which is due to underlying

individual variation in genetic architecture, and drug response can include drug efficacy, adverse

drug reactions or drug toxicity. Comparing with common disease association studies, identified

associations in pharmacogenomics can immediately be useful to patients and physicians in a

clinic. For example, if genetic associations are identified for prediction the proper dose of a

medication, a physician can use the genotype information of a patient as a guide to their dosing

(Ritchie (2012)).

Even though pharmacogenomics studies have produced promising discoveries, there are lim-

itations in identifications and validation of genetic markers. In practice, it is often the case that

several genetic variations jointly contribute to a phenotype of drug response, which requires

a relatively large sample size to detect. However, many pharmacogenomic traits and drug re-

sponses have very limited sample size. One extreme case is that drugs that exist life-threatening

adverse effect will be removed from the market. Most pharmacogenomic studies are amended to

existing clinic trials, which confines the researchers in terms of the experimental design. More-

over, it is often the case that the study can not be designed in an optimal way for genetic or

genomic research. For example, it is unethical to have a group of patients who are not provided

with a drug, especially if the drug is FDA approved with benefits to patients. Controlling po-

tential confounding factors, such as comorbidities, dosing and diet, adds another complication

to pharmocogenomics study using clinical trials.

Because of these the limitations and issues, in vitro study designs using human cell-based

models have been proposed and developed for pharmocogenomics discovery. In these experi-

ments, cell lines are perturbed with drug treatment and changes in gene expression and cell

growth in response to drugs can be observed. Unlike clinical trials, which requires large number

of patients to obtain reliable data and are expensive and time-consuming, cell-based models can

generate large number of samples in a cost-effective manner. However, the number of choices

of cell types for cell-based models is limited. An ideal cell type should have the following two

characteristics: Firstly, the tissue is easy to access and inexpensive to obtain. Secondly, the drug

response pathways are active within the tissue. Red blood cells or lymphocytes have proven to

be very successful alternatives.

In recent pharmacogenomics studies, LCLs emerge as a promising model to assess the con-

tribution of genetic or epigenetic variation to drug response (Huang et al. (2007b), Duan et al.

(2009), Watson et al. (2011), Peters et al. (2011)). LCLs are established by in vitro transforma-
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tion of human lymphocytes by EBV (a human herpesvirus that can infect human B lymphocytes

and drives the cells into a permanent proliferation). It is relatively simple to isolate lympho-

cytes, which can be obtained from small volumes of blood samples (Ling and Huls (2005)).

In the procedure of generating LCLs, lymphocyte cells are separated from whole blood using

density centrifugation, then the transformation of B lymphocytes is caused by the infection of

EBV, and lastly, T cells are removed from the population.

The majority of pharmacogenomic studies in the LCL model have focused on the genetic

association with chemotherapeutic susceptibility. Most chemotherapeutic agents produce a cy-

totoxic effect in immortalized cell lines, and thus, measuring a pharmacogenomic phenotype

in LCLs is straightforward. The data in our analysis measures the cytotoxic responses of 29

anticancer agents using LCLs model, which consists of 520 EBV imortalized LCLs that are

derived from unrelated Caucasian participants of the CAP clinical trail (Medina et al. (2008),

Brown et al. (2014)). In the experiment, each cell line was seeded on two 384-well plates, which

contains 4000 cells for each well. 14 anticancer drugs were applied to the first plate and 15 to

the second, and each LCL was exposed to six different concentrations for each drug. The drug

responses for all the drugs were assessed using alamarBlue (Biosource International, CA, USA)

by assuming that the raw fluorescence units are proportional to the concentration of living cells

in each well. The responses were then normalized based on a lethal dose of 10% dimethyl sul-

foxide (DMSO) and 0.1 % DMSO, as described in detail in Brown et al. (2011). In our analysis,

we study the association between cytotoxic response to temozolomide and genetic variations on

chromosome 10 using data generated from the LCLs study.

Though LCLs model has its benefits in various ways, there exist many opportunities for

non-genetic factors to be introduced in the path from human donor to the study of an LCL

in vitro, such as random selection of subpopulation of lymphocytes, temperatures, culture me-

dia, etc.. In addition, since many chemotherapeutic drugs are designed to control the rapid

growth of cells, correlation between cell growth rate and sensitivity to chemotherapeutic drugs

is expected. LCL growth rate has been shown to be associated with chemotherapeutic-induced

cytotoxicity and should be considered in all LCL analyses (Choy et al. (2008)). Therefore, in

our real data analysis, we consider temperature, growth rate and experimental batch as our

non-genetic covariates. Furthermore, principal component analysis (PCA) was applied to assess

the possibility for substructure when conducting quality control over the genetic data in the

LCLs study and the first two PCs were significant, so these PCs are also considered in the

association study.

To understand the association between cytotoxic response to temozolomide and genetic

variations on chromosome 10, we consider the model in our analysis, for i = 1, . . . , 520 and

` = 1, . . . , 6,

Y`i = Xi
Tβ` + h`(Zi) + ε`i,
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with Y`i denotes the normalized responses of i-th individual for temozolomide at `-th concen-

tration, Xi is the matrix of covariates for the first two PCs, temperature, growth rate and

experimental batch, β` = (β`1, β`2, . . . , β`5)
T and (ε1i, . . . , ε6i)

T = Normal(0,Σtrue). Specifi-

cally, the responses are measured at temozolomide concentrations 2.5, 2.0, 1.0, 0.50, 0.25 and

0.10 (in mM).

We apply sliding window approach throughout chromosome 10 to test for the joint genetic

effect of the SNPs within the particular window on six different concentrations of temozolomide.

Each of the sliding window is defined to contain 100 SNPs (approximately 100Kb) and overlap

for 50 with the next sliding window, which means that Zi = (SNPi1, . . . , SNPi100)
T . The result

is demonstrated in Figure 2.2. In the figure, the red solid line is the significance threshold that

are most widely used in genome-wide association study (GWAS) (5×10−8), while the red dashed

line represents the significant threshold for Bonferroni correction (2.2×10−5). The figure shows

that none of the windows has reached either of the significance levels. However, we have found

a significant region that has the strongest associations (131.29Kb - 131.51Kb), within which a

previously identified significant SNP (rs531572) is located. The SNP is found to be associated

with temozolomide in a recent study using a MANCOVA design, known as MAGWAS (Brown

et al. (2014)). The SNP is located within the gene MGMT, which is found to have the ability

to reduce the cytotoxicity of temozolomide (Brown et al. (2012)). To better demonstrate the

finding, we summarize the 10 windows with the smallest p-values in Table 2.6.

Single marker analysis using MAGWAS identified 18 SNPs to have suggestive association

(p < 10−6), and among which the strongest signal (p < 10−15) was produced by rs531572 (Brown

et al. (2014)), while our MVKM test using sliding window did not detect any significant regions

and the most strongest association we found is at the level of 10−5. Joint analysis of multiple

SNPs may have introduced many irrelevant SNPs into the model and thus dampen the signal.

This is one of the drawbacks of applying multiple marker analysis. However, joint analysis of

SNP set accounts for the interaction and epistatic effects among SNPs, which single marker

analysis is incapable to capture.

We also fit this model and estimate h`’s using the methodology developed in Section 2.2,

which represents the joint genetic effect of SNPs within the particular window on temozolomide

at `-th concentration. The point-wise 95% confidence interval for h1, . . . h6 is constructed with

the covariances estimated from (2.4). The estimation results for window 2192 is represented

in Figure 2.3 and window 2194 in Figure 2.4. In the figure, the x-axis denotes the number of

unique genotypes for SNPs within that particular window. For the 100 SNPs in window 2192,

there exists 125 unique genotype patterns, while there are 401 such unique genotype patterns

for window 2194. From the estimation for both windows, we can see that the majority of the

confidence intervals of h4, h5 is away from 0, which might indicate that the genetic effects

of the SNPs within these two particular windows mainly have impact on temozolomide at 4-
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th (0.50mM) and 5-th (0.25mM) concentration. In this section, we apply linear kernel in the

estimation and testing procedures. The choice of kernel has impact on the results, which will

be discussed in detail in Chapter 4.

Table 2.6: Summary of the top 10 windows with the most significant results on Chromosome
10

Window Genomic location (Mb) -log10(p-value)

2194 131.42 - 131.51 4.51
2191 131.29 - 131.38 4.00
2192 131.32 - 131.43 4.00
2193 131.38 - 131.47 3.70
619 30.99 - 31.06 3.52
1071 63.81 - 63.97 3.30
1952 118.10 - 118.25 3.30
2190 131.23 - 131.32 3.30
1070 63.70 - 63.89 3.15
1733 105.53 - 105.56 3.10
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Figure 2.2: Testing results of chromosome 10 on temozolomide. Sliding window scheme is applied and association study is
conducted to test for the SNP-set effect within each window on temozolomide at six different concentrations. −log10(p-value) is
plotted for each corresponding window. The red dashed line indicates the significant level for Bonferroni correction (2.2× 10−5)
and the red solid line is the significance level for GWAS (5× 10−8).
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Figure 2.3: Estimation of window 2192 (131.32Mb - 131.42Mb) of LCLs study. The figures
display the individual point estimates of h1, . . . , h6 along with their 95% confidence intervals.
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Figure 2.4: Estimation of window 2194 (131.42Mb - 131.51Mb) of LCLs study. The figures
display the individual point estimates of h1, . . . , h6 along with their 95% confidence intervals.
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2.6 Discussion

In this chapter, we propose a MVKM framework to study the joint effect of a set of genetic

markers on multiple phenotypes while adjusting for the demographic and clinical covariates.

We apply kernel machine framework to model the joint effect of genetic variables in order to

capture the possibly nonlinear genetic main effects and their complicated interactions, and we

use multivariate regression to incorporate information of correlation between phenotypes. We

derive the estimation procedure to estimate the genetic effects as well as the demographic/clinic

effects on each of the phenotype. In addition, we derive a score-based test to test on the genetic

effects. To evaluate the performance of our proposed method, we conduct simulations for both

estimation and testing procedure. We also compare our method with UVKM procedure for

both estimation and testing. The estimation results suggest that our method accounts for the

underlying correlation structure among the responses. Moreover our method has uniformly

better power than UVKM procedure when testing, especially when the correlations between

responses are increased. Therefore, applying MVKM framework will lose nothing and produce

more advantageous results under certain scenarios.

Another advantage of the multivariate kernel machine framework is its flexibility: one can

choose different kernel functions to accommodate different assumptions of the underlying model.

However, the choice of a kernel function can remarkably impact the results of whether a set of

genetic markers has significant effects on certain phenotypes or not. Moreover, genetic markers

can have different effects on each phenotypes, which may require different choices of kernel

function in order to model them precisely. Recently, Wu et al. (2013) has proposed strategies

for kernel machine testing in presence of multiple candidate kernels. Although their approaches

guarantee improved power over poor choices of kernels and only slight differences in power

comparing with the optimal kernel, their methods are developed only for univariate responses.

We investigate extensions of several such methods in Chapter 4 when the response variable is

multivariate.

A particular example of the flexibility of kernel machine framework would be sequence

kernel association test (SKAT), which applies weighted IBS kernel to model the similarity

between individuals as the number of alleles shared identical by state (Wu et al. (2011)). It has

been proved to be a supervised, flexible, computationally efficient regression method to test for

association between genetic variants in a region and a continuous or dichotomous response.

In our proposed method, we only deal with continuous responses. In practice, traits can be

either quantitative or qualitative, or more complicated: they can contain both. In such cases,

the multivariate normal assumption in our model would not be met and thus the following

inference procedure would fail. Limited methods are available when multivariate phenotypes

contain a mixture of quantitative and qualitative. Therefore, extension to qualitative responses
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is a direction that needs further investigation.

34



Chapter 3

Testing for Effects of Functional

Covariates on Multivariate

Responses

3.1 Introduction

Functional data analysis (FDA) has gained popularity in statistical modeling in recent years.

The common feature of functional data is that we observe a curve for each subject, instead

of a point or a vector. We are often interested in studying the relationship between functional

covariates and responses, and this is usually accomplished by functional regression models. In

recent literature, increasing interest has been shown in functional regression models, especially

in areas such as public health, medicine, biology and environmental science see for example,

Wu and Müller (2010), Erbas et al. (2010), Torres et al. (2011), among others. In this chapter,

we consider the situation where the response of interest is a vector. Our primary goal is to

develop a procedure for association testing between the functional covariate and multivariate

response, while accounting for covariance among the responses and possible non-linear effect of

the functional covariate.

The problem of hypothesis testing is considered to be of great importance in FDA. In

genomic studies, one of the fundamental questions is to identify genes that are associated with

a phenotype or multiple phenotypes of interest. For example, time course gene expression curves

can be considered as generated from a sample of random functions, and genes that are associated

with a treatment or virus infection can be identified by using testing appropriate hypotheses

(Wu and Wu (2013)). A typical way to perform such hypothesis testing is to first build an

appropriate regression model describing the relationship between the dependent variable and

the covariate, and formulate the testing problem in terms of the parameters of the model. When
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the covariate is vector-valued, several such procedures for both linear and non-linear models

exist in literature (Liu et al. (2007), Kwee et al. (2008), Wu et al. (2010), Wu et al. (2011),

Tzeng et al. (2011)). On the contrary, when the covariate is functional, the literature is relatively

sparse.

A popular way to describe the relationship between a scalar dependent variable and a

functional covariate is to use the functional linear model (FLM) where the effect of the functional

covariate is quantified using an inner product between the functional covariate and a smooth

unknown coefficient function (Ramsay and Silverman (2005)). While there are various methods

to estimate this coefficient function, often it is difficult to interpret, and it maybe much more

valuable to determine whether there is any significant association between the response and the

covariate to begin with (Kong et al. (2013)).

In the context of FLM, many research studies have focused on models with scalar response

and functional covariates. Cardot et al. (2003) introduced a testing procedure to testing the

null hypothesis of no functional effect. Later, Cardot and Sarda (2005) extended their work by

means of a Functional Generalized Linear Model (FGLM). Müller and Stadtmüller (2005) also

proposed a FGLM for the case with scalar response and functional covariates. In their work,

they reduced the dimension of the functional covariates by a process of approximating them

with a truncated Karhunen-Loeve expansion. Functional mixed-effect models also can be very

useful in functional data analysis. Antoniadis and Sapatinas (2007) constructed a functional

mixed-effect model and utilize a wavelet decomposition approach to model both fixed-effect

and random-effects in the same functional space. In FLM, developing testing procedures based

on functional principal component analysis (FPCA) is one of the most popular methodologies.

However, making the decision on number of components to use is difficult, González-Manteiga

and Mart́ınez-Calvo (2011) proposed a bootstrap methodology to solve the problem. Two novel

testing procedures based on FPCA for FLM recently were introduced and multiple testing

techniques were adopted so that the procedures do not depend on smoothness of the functional

coefficient nor the smoothness of the covariance matrix (Hilgert et al. (2013)).

An additional challenge in FDA is that the functional covariate may be observed on sparse

or irregularly spaced grid. In this situation, Yao et al. (2005) proposed a method to perform

functional principal components analysis for irregularly spaced longitudinal data. Reimherr and

Nicolae (2014) presented a FDA method for the association testing between one or more scalar

covariates and a longitudinal response, while correcting for other variables. Kong et al. (2013)

extended several commonly-used tests in classical regression to functional linear regression to

investigate the relationship between a scalar response and a functional covariate that may be

observed on a dense or sparse irregularly spaced grid.

A potential drawback of the FLM is the assumption that the relationship between the

response and the functional covariate is linear. Several extension of the basis FLM have been
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developed in recent years. James and Silverman (2005) considered using linear functionals of the

predictor curves as covariates whose effect were then modeled using nonparametric functions.

Müller and Yao (2008) considered nonparametric model where the response was regressed on

a fixed number of FPC scores using nonparametric additive regression. Mclean et al. (2014)

proposed a functional generalized additive model where the effect of the functional covariate

was modeled as an integral of an unknown bivariate function depending on both the functional

covariate and the grid points upon which it is observed. Recently, Coles et al. (2014) developed

a kernel machine based approach to test for functional effect in non-linear functional regression

with scalar responses.

However, all of these methods primarily focused on either functional linear models or models

with a univariate response. In presence of multiple responses, it is well known that joint analysis

of all responses will be more advantageous than individual univariate analysis, especially when

there exist correlations among the responses. There have been plenty of research papers on

association analysis with multivariate responses, for example, Verzilli et al. (2005), Zhang et al.

(2010), Maity et al. (2012), among others, while only a few research works have considered

multivariate responses in functional data analysis. Matsui et al. (2008) proposed multivariate

regression models with multiple scalar responses and functional predictors based on Gaussian

basis functions. They derived the estimation procedure using regularized maximum likelihood.

Later, Rosen and Thompson (2009) developed a model with multivariate functional responses

and showed that efficiency was gained by fitting all the responses simultaneously when they

were correlated, comparing with fitting multiple regression models separately for each response.

Nevertheless, both of the methods modeled functional covariates in linear form and did not

consider functional predictors of non-linear structure.

In this work, we consider a semiparametric functional model with multivariate responses,

where we model the demographic covariates parametrically and the functional covariate non-

parametrically. Our primary interest is to develop procedure for association testing between the

functional covariate and multivariate responses. In functional data analysis, FPCA has become

a common tool for dimension reduction, by reducing random trajectories to a set of functional

principal component scores. FPCA has been applied to multiple research works in FDA (Es-

cabias et al. (2004), Yao et al. (2005), Cardot et al. (2007), Müller and Yao (2008), Goldsmith

et al. (2013) and etc.). For instance, Escabias et al. (2004) constructed a functional logistic

regression model and developed its estimation procedure to predict a binary response variable

based on a functional covariate. Yao et al. (2005) developed a version of FPCA, where the FPC

scores were estimated using conditional expectations. The method is often referred to as Prin-

cipal Components Analysis through Conditional Expectation (PACE) and is implemented as a

package in MATLAB with the same name. In our work, we consider models for both functional

linear and functional nonlinear setting, and for both settings, the functional covariate is first

37



estimated using functional principal component basis. In FLM, we apply likelihood ratio test

(LRT) to test whether functional covariate has an effect on multivariate response, while in func-

tional nonlinear model, testing procedure is proceeded following multivariate kernel machine

(MVKM) framework (Maity et al. (2012)).

We make two major contributions in this chapter. First, we derive and investigate the

performance of the LRT for a functional linear model with multivariate responses. Second, we

develop a testing procedure of association between multivariate responses and the functional

covariate in non-linear regression models. We develop a score-based testing procedure based on

multivariate kernel machine framework (Maity et al. (2012)).

The remainder of the article is organized as follows. In Section 3.2, we introduce the mul-

tivariate functional regression model, connect it with multivariate kernel machine regression

through FPCA and derive the testing procedures for functional linear and functional non-linear

assumption accordingly. Moreover, we propose to apply two testing approaches in presence of

multiple candidate kernels with multivariate responses that are extended Wu et al. (2013)’s

previous work. Simulation design and results of comparison with other methods are presented

in Section 3.3. In Section 3.4, we apply our method to analyse the relationship between DNA

copy number aberrations (CNAs) and two important biomarkers in multiple myeloma (MM)

patients. We conclude our article with a discussion in Section 3.5.

3.2 Methodology

Suppose for each individual i = 1, · · · , n, we observe a vector of continuous outcomes Yi =

(Y1i, · · · , Ypi)T and covariates Xi, such as age, gender, height, etc., and a set of CNAs (a type

of DNA copy number abnormalities that are measured along the genome), Zi(t), on a specific

chromosome, where t denotes the location of the variation. To relate Yi, Xi and Zi(t), we

consider a general model for ` = 1, · · · , p and i = 1, · · · , n,

Y`i = XT
i β` + h`(Zi) + ε`i, (3.1)

with the assumption that (ε1i, · · · , εpi)T = Normal(0,Σp), where Σp is a p×p covariance matrix.

Here β`’s are unknown coefficient vectors denoting possible different effects of covariates Zi on

different responses, and h`’s are unknown functions that are used to quantify functional effects

on the responses. To fix our idea, we assume Zi(t) is observed without error and on an equal

spaced dense grid of points. However, our model is applicable to the case where Zi(t) is observed

with error and on a sparse grid, that is when we observe Wi(t) = Zi(t) + Vi(t), where Vi(t)

is a white noise process. Such situations can be solved by smoothing the covariance matrix

of functional observations and subsequently estimating the smooth version of the functional
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covariates.

In this work, out goal is to test whether the functional covariate has an effect on multivariate

response. To be specific, we want to test the null hypothesis that h`(·)’s equal to some unknown

constants and does not involve Z.

3.2.1 Testing in Multi-response Functional Linear Model

We begin with the standard functional linear model, but with multivariate response. Specifically,

we write

h`(Zi) = α0` +

∫
Zi(t)α`(t)dt,

where α0`’s are the unknown intercept parameters and α`(·)’s are unknown smooth coefficient

functions. In this model, the null hypothesis reduce to H0 : h`(·) = α0`, for ` = 1, . . . , p.

We model each function Zi(t) with a set of orthonormal basis, that is if we define φ(t) =

[φ1(t), . . . , φK(t)]T as orthonormal basis functions, Zi(t) can be represented as Zi(t) = ξi1φ1(t)+

· · · + ξiKφK(t) = ξTi φ(t), where ξi = (ξi1, . . . , ξiK)T are coefficients associated with the basis

functions for individual i. The coefficient functions α`(·) can be expanded on the same basis,

that is, α`(t) = c`1φ1(t) + · · ·+ c`JφK(t) = cT` φ(t), where c`’s are unknown coefficients.

Since [φ1(t), . . . , φp(t)]
T are defined as orthonormal basis functions, we can write∫

Zi(t)α`(t)dt = ξTi c`, (3.2)

where ξi = (ξi1, . . . , ξiJ)T and c` = (c`1, . . . , c`J)T . Therefore, h`(Zi) can be represented as

h`(Zi) = α0` + ξTi c`. This null hypothesis further reduces to H0 : c` = 0.

The choice of the basis functions and the number K are important in practice. We adopt

a data adaptive approach to this end and employ FPCA. FPCA attempts to characterize the

feature of each sample as the coordinates of each functional observation that are spanned by

the eigenbasis, where the coordinates are the FPC scores and the eigenbasis are the principal

components. The FPC scores and the principal components are obtained from spectral decom-

position of the sample covariance matrix. Cumulative percentage of explained variance of the

functional covariate is often used to truncate the number of principal components, i.e., the num-

ber of eigenbasis. In simulation study and real data analysis, we use 99% explained variance as

the threshold and we apply fpca.face() in refund package in R to obtain the estimates for

the coefficient, ξi. The function implements a fast bivariate smoothing method to smooth the

covariance and obtains the eigendecomposition of the covariance without computing or storing

the sample covariance matrix (Di et al. (2009), Xiao et al. (2013a), Xiao et al. (2013b)).

Once we employ FPCA and optimal FPC scores, we can approximate the regression model

in (3.1) as Y`i = XT
i β` + α0` + ξ̂Ti c` + ε`i. Define ωi = (1,XT

i , ξ̂
T
i )T , θ` = (α0`,β

T
` , c

T
` )T , we
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can then rewrite the above approximated model as

Y = W Tθ + ε,

where θ = (θ1, . . . ,θp), W = (ω1, . . . ,ωn) and Y = (Y1, . . . ,Yp).

If we define ωi0 = (1,XT
i )T and θ`0 = (α0`,β`)

T , the model under null now becomes Y =

W T
0 θ0 +ε0. Similarly as in full model, we have θ0 = (θ10, . . . , θp0) and W0 = (ω10, . . . ,ωn0),

where ε0 = Normal(0,Σ0). The least square estimate of θ0 can be calculated as

θ̂0 = (W0W
T
0 )−1W0Y .

We apply likelihood ratio test (LRT) to test H0. The likelihood ratio can be calculated

as Λ = supH0
L(θ,Σ)/ supL(θ,Σ) = L(θ̂0, Σ̂0)/L(θ̂, Σ̂) = (|Σ̂|/|Σ̂0|)

n
2 and the Wilk’s Lambda

Statistic now is Λ
2
n = |Σ̂|/|Σ̂0|. For large n, we propose to use the test statistic

Tn = −(n− r − 3− 2K

2
)ln
|Σ̂|
|Σ̂0|

,

where r = rank(W ). Tn approximately follows χ2 distribution with degrees of freedom of 4K

(Johnson and Wichern (2007), Supplement 7A). Then, the p-value at significant level of (1−α)%

can be obtained as p− value ≈ P (Tn < χ2
4K,(1−α)%).

3.2.2 Testing in Multi-response Functional Nonlinear model

Now we take up the problem when h(·) can be nonlinear. FLM assumes linearity between the

functional covariate and the response variable, which may not apply to many cases in reality.

Functional nonlinear model (FNM), on the other hand, relaxes this restriction and offers more

flexibility when modeling the effect of functional covariate on the response, which may capture

the nature of the data and provide with more powerful tests. For example, if we apply LRT

when h(·)’s are actually in a nonlnear form, we expect the test to have limited power, which is

proved plausible by the simulation study we conduct later.

Without any specific parametric assumptions on h(·)’s, Zi(t) still can be expanded on an

orthonormal basis as Zi(t) = ξTi φ(t). Following the same procedure as in Section 3.2.1, we

apply FPCA to approximate Zi(t) and to get the estimates for ξi’s. Therefore, the unknown

function h(·)’s can now be approximated by an unknown function of ξ̂i: h`(Zi) ≈ g`(ξ̂i). For

example, when h`(Zi) is linear, h`(Zi) = α0` +
∫
Zi(t)α`(t)dt ≈ α0` + ξ̂Ti c` = g`(ξ̂i), and when

h`(Xi) is in quadratic form, h`(Zi) = α0` + (
∫
Zi(t)α`(t)dt)

2 ≈ α0` + (ξ̂Ti c`)
2 = g`(ξ̂i). The

model now becomes Y`i = XT
i β` + g`(ξ̂i) + ε`i.

Define Y = (Y11, . . . , Y1n, . . . , Yp1, . . . , Ypn)T , g = (g1(ξ1), . . . , g1(ξn), . . . , gp(ξ1), . . . , gp(ξn))T ,
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X = diag(x1, . . . ,xp) with x` = (X1, . . . ,Xn) and β = (β1, . . . ,βp)T , we can rewrite the

model as

Y = XTβ + g + ε,

where ε ∼ N(0, Σ̃) with Σ̃ = Σp ⊗ In. Under the approximate full model, for a fixed error

covariance matrix Σ, the penalized least squares criterion is

L =
n∑
i=1

p∑
`=1

p∑
r=1

σ`r{Y`i −Xiβ` − g`(ξi)}{Yri −Xiβr − gr(ξi)}+

p∑
`=1

λ`||g`(·)||2H`
,

where σ`r is the (`, r)-th element of Σ−1, ||g`(·)||2H`
denotes the function norm of g`(·) and λ` is

the roughness penalty parameter associated with h`(·). The value of λ` controls the roughness

of the estimate of h`(·): larger values of λ` produces smoother estimates while smaller values

of λ` results is much rougher estimates. By making inferences based on the penalized log-

likelihood, Maity et al. (2012) has shown that the above multivariate model can be viewed as

multivariate mixed effects model, with the assumption that g ∼ N(0,KΛ). We define Λ =

diag(τ1, . . . , τp)⊗ In, with τ1, . . . , τp being the penalty parameters. The kernel matrix is defined

in the following manner: K = diag(K1, . . . ,Kp), and K` is defined so that K`,ij = K`(ξi, ξj).

The null hypothesis of no functional effects now becomes H0 : g`(·) = 0 and it is sufficient

to test for

H0 : τ1 + . . .+ τp = 0.

Under the null, the model becomes Y = XTβ+ε. Maity et al. (2012) uses a score type test

statistic for the testing in this multivariate kernel machine regression model, which is defined

as

Tn = (Y −XT β̂)TV −10 KV −10 (Y −XT β̂).

Define V = Σ̃ +KΛ, then we can denote V0 to be V evaluated under the null and let β̂ =

(XV −10 XT )−1XV −10 Y . To derive the null distribution of the test statistic Tn, we first compute

the eigenvalue decomposition of K = UDUT , where D is a diagonal matrix with the diagonal

elements being the corresponding eigenvalues. Then Tn can be represented as Tn = rTDr, where

r = UTV −10 (Y −XT β̂). Under the null, r follows a Gaussian distribution with mean zero and

covariance matrix UP0U
T , where P0 = V −10 − V −10 XT (XV −10 XT )−1XV −10 . Therefore, the

distribution of Tn is a mixture of chi-squared random variables with weights being the diagonal

elements of D. We then can approximate the distribution of Tn using an empirical approach.

First, we generate independently and identically distributed random vectors ω∗
1, . . . ,ω

∗
B from

multivariate normal distribution with mean zero and identity covariance matrix for a large

number of B, and compute the realization of r under H0 as r∗b = UTP
1/2
0 ω∗

b . Then Tn under
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H0 can be generated as T ∗n,b = r∗bDr
∗
b . Finally, we can compute the p-value as

p− value =
B∑
b=1

I(Tn < T ∗n,b)/B.

The covariance matrix V0 is obtained as described below. First fit the null model Y =

XTβ + ε, and then compute the residuals ε̂ = Y − XTβ, based on which we estimate the

covariance matrix. The estimated covariance matrix can then be used to conduct the test.

3.2.3 Testing in presence of multiple candidate kernels with multivariate

responses

In this section, we review two approaches of kernel machine testing in presence of multiple

candidate kernels with multivariate responses. These approaches are given in detail in Chapter

4.

Composite Kernel

Wu et al. (2013) recently have shown that averaging across a set of candidate kernels can serve

as an efficient approach when there exist multiple choices of candidate kernels. Given a set of

positive definite candidate kernels, K1(·, ·), . . . ,KL(·, ·), a weighted sum of the kernels is also a

positive definite kernel, KC(·, ·) =
∑L

l=1 ωlKl(·, ·), for positive weights ω1, . . . , ωL.

Wu et al. (2013) proposed to scale each kernel to make sure that no kernel dominates

the composition. We extended their work to fit the multivariate situation, and that is we set

ωl = tr{P1/2
0 KlP

1/2
0 }−1, where P0 is defined same as in Section 3.2. Note that for these weights,

tr{P1/2
0 KlP

1/2
0 } = tr(P0Kl). Given this property, we can view these weights as the trace of the

projection of the kernel matrix onto the null space of XT
l .

Perturbation Based Method

Wu et al. (2013) proposed an alternative to composite kernel, a perturbation-based method.

Perturbation procedure incorporates our knowledge of the asymptotic distribution of the test

statistics and approximate the final p-values by a simulation-based method. Unlike previous

situations, in the case of multiple kernels, correlation between the test statistics is resulted from

the fact that multiple kernels are constructed based on the same data set. Wu et al. (2013) had

this issue under control in his proposed perturbation-based method and we extended his idea

to models with multivariate responses.

The perturbation method takes advantage of the distribution of quadratic forms and is

based on perturbation of the score statistic. As derived in Section 3.2.2, Tn is a quadratic form
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and we define Tn,l = (Y −XT β̂)TV −10 KlV
−1
0 (Y −XT β̂) to be the score statistic for kernel

Kl. In the procedure, we essentially generate new data sets in a way that they can capture the

correlation between different kernels. Under H0, V
−1
0 (Y −XT β̂) follows a normal distribution

with mean zero and some covariance matrix. By replacing V −10 (Y −XT β̂) with a set of new

normal distributed variables, one is essentially generating a new data set and thus a new score

statistic. The new data set is constructed based on a matrix with combined information from

each candidate kernel. Through this procedure, one can generate a large number of new data

sets and a p-value can be obtained using this perturbation distribution (more details in Chapter

4).

3.3 Simulation Study

3.3.1 Design

We investigate the performance of our proposed testing procedure through simulation study.

In general, we generate datasets under the null model to estimate Type I error and under the

alternative models to assess the empirical power of the proposed approaches. We start with

generating the functional covariates, Zi(t). For i = 1, . . . , n and t ∈ (0, 1),

Zi(t) =
4∑

k=1

ξikφk(t) = ξTi φ(t),

where we defined φ(t) = {sin(πt), cos(πt), sin(2πt), cos(2πt)}T , ξik
iid∼ Normal(0, λ2k) for each

i and k and λk = {8, 4, 2, 1}. Suppose the observations are functional data with measurement

error, the observed functional data, Wi(t), can be generated from the model: Wi(t) = Zi(t) +

Vi(t), where Vi(t) ∼ N(0, 0.16), for each i and t.

The general model for generating bivariate traits (p = 2), for ` = 1, . . . , p, is

Y`i = XT
i β` + h`(Zi) + ε`i,

where Xi = (Xi1, Xi2)
T and Xi1 ∼ N(0, 1) and Xi2 ∼ Bernoulli(0.5). We also set β1 =

(0.2, 0.3)T and β2 = (0.7, 0.8)T . The errors follow a multivariate normal distribution with mean

zero and covariance matrix Σtrue, (ε1i, ε2i)
T ∼ N(0,Σtrue). We use three choices of Σtrue,

Σtrue,1 =

(
1 0

0 1

)
Σtrue,2 =

(
1 0.4

0.4 1

)
Σtrue,3 =

(
1 0.7

0.7 1

)
.

For the first identity covariance matrix, we assume independence between the responses. The

second covariance matrix introduces low correlation between Y1 and Y2, and the third case is
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when they are highly-correlated.

When testing, we consider the following two cases of h`(·)’s, for ` = 1, 2,

Case 1: h` = α0` + δ

∫
Zi(t)α`(t)dt Case 2: h` = δ(

∫
Zi(t)α`(t)dt)

2,

for δ = 0, 0.02, . . . , 0.2. We set α1(t) = sin(πt) + cos(πt) and α2(t) = sin(2πt) + cos(πt). It

is obvious that case 1 is when the functions are in linear form and the testing procedure

should follow those in Section 3.2.1, and case 2 is when they are in nonlinear form and the

testing procedure is described in Section 3.2.2. We consider sample size n = 100 and n = 200.

99% explained variance is used as the threshold for truncated eigenfunctions in FPCA. For

comparison purpose, we apply both of the tests in all cases and use linear kernel and quadratic

kernel for MVKM test.

In addition to the bivariate case, we also consider cases when the dimension of responses is 5

by adding three nuisance responses, that is (Y3i, Y4i, Y5i)
T = (ε3i, ε4i, ε5i)

T , where (ε3i, ε4i, ε5i)
T ∼

N(0, I3). In conclusion, we consider totally 8 simulation scenarios.

3.3.2 Results

For each data set, we first apply FPCA to estimate the coefficients of functional basis, ξ′is. Then

for each observation, (Yi,Xi,Wi), we test for the association between functional observations

(Wi(·)) and multivariate responses (Yi) while adjusting for the demographic covariates (Zi)

using the testing procedure described in both Section 3.2.1 and Section 3.2.2: a) FLM and mul-

tivariate linear inferences, b) FNM and MVKM testing. The performances of the methods are

compared in terms of power and controlling type I error rate. For δ = 0, 0.02, 0.04, 0.06, . . . , 0.2,

we compute the testing statistics for both of the models and record the p-values. The power is

estimated as the proportion of the p-values less than α = 0.05 across 1000 simulations. When

δ = 0, Type I error is evaluated across 5000 simulations. We would expect Type I error to have

value around 0.05. Before evaluating performances of the proposed testing procedures, we first

compare the proposed LRT with other available tests for multivariate response to validate our

using of LRT, and then, we demonstrate the benefits of treating the covariate as functional

rather than vector-valued through a simulation study.

Under the linear setting (case 1), we first compare the performances of proposed LRT

with other available multivariate testing approaches, such as Wilk’s, Roy, Pillai and Hotelling-

Lawley test, as well as univariate test with Bonferroni correction. The results are displayed in

Figure A.1, which shows that LRT, Wilk’s, Pillai and Hotelling-Lawley tend to have similar

performances. The Roy test has more power but also inflated Type I error. The power plot also

suggests that the univariate test with Bonferroni correction has similar performance with LRT
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test for independent cases, however, it losses power when the multivariate responses are highly

correlated. Based on the results, we choose to apply the proposed LRT in the following analysis

to compare with MVKM approaches.

To demonstrate the benefits of treating the observations, Wi(·), as functional data, we

compare the performances of (1) MVKM test using the linear kernel, (2) linear model when we

treat [Wi(t1), . . . ,Wi(tm)] as vector-valued explanatory variables and (3) linear model when we

summarize Wi(·) by its average and fit the multivariate linear model. We display the results in

Figure A.2. Comparing method (2) with (3), we can see that more degrees of freedom due to

high dimension of variables in the model results in loss of power. On the other hand, comparing

the power curve of method (3) with the other two, we can see that applying functional methods

constantly has more power, even when it actually has more degrees of freedom comparing with

fitting the average of the covariates in linear model.

Furthermore, since it is believed that the choice of kernel would have effect on results, we

apply MVKM test with the linear kernel, quadratic kernel, composite kernels using multiple

candidate kernels and perturbation-based procedure in both linear and non-linear settings. We

expect LRT and MVKM test using the linear kernel to have the best performances when the

true model is in linear form, but they will fail under nonlinear setting. MVKM test using the

quadratic kernel is expected to perform the best when the true model is non-linear and to

have lose power in linear setting. The composite kernel method and the perturbation-based

procedure would have the performances in between.

We compare the performances between LRT with MVKM test when the true model is linear

(Case 1). The results are displayed in Figure 3.1, from which we can see that LRT and MVKM

with the linear kernel perform the best under linear setting, comparing with the quadratic

kernel. The composite kernel and perturbation-based procedure perform in the middle but

closer to the optimal. All the tests perform well in controlling the nominal type I error rates.

Figure 3.2 demonstrates the power of applying these approaches when the true model is

nonlinear (Case 2). LRT and MVKM test with the linear kernel have substantially reduced

power under this setting, comparing with the quadratic kernel. Similarly as in the linear setting,

the two testing procedures for multiple candidate kernels have performances in between but very

close to the optimal method (quadratic kernel). It also shows that perturbation-based approach

overall performs slightly better than the composite kernel method. In this case, nominal type I

error rates are controlled around the significance level for all the tests.

We also compare these methods for 5 responses as stated in Section 3.3.1 (see Figure A.3

and Figure A.4). The performances of these methods follow the same pattern as with bivariate

response. LRT and MVKM test using the linear kernel perform the best under linear setting,

followed by the composite kernel method and the perturbation-based approach, while MVKM

test using the quadratic kernel outperform LRT and the linear kernel under nonlinear setting,
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Figure 3.1: Results of simulation for case 1 and p = 2 as described in Section 3.3.1. Displayed
are the power curve for LRT (solid black), MVKM test using the linear kernel (red dashed), the
quadratic kernel (green dotted), composite kernel method (blue dot-dashed) and perturbation-
based method (cyan long-dashed). The left three plots are n = 100 and the right are n = 200.
The top two plots are for the cases when responses are independent (Σtrue,1), the middle ones
are for low correlation (Σtrue,2) and the bottom two are for high correlation (Σtrue,3).
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Figure 3.2: Results of simulation for case 2 and p = 2 as described in Section 3.3.1. Displayed
are the power curve for LRT (solid black), our procedure with linear kernel (red dashed), with
quadratic kernel (green dotted), average kernel method (blue dot-dashed) and perturbation-
based method (cyan long-dashed). The left three plots are n = 100 and the right are n = 200.
The top two plots are for the cases when responses are independent (Σtrue,1), the middle ones
are for low correlation (Σtrue,2) and the bottom two are for high correlation (Σtrue,3).
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with the performances of two multiple kernel methods in between. This is true throughout all

the cases except when the responses are highly correlated, where not only MVKM test using the

linear kernel but the two multiple kernel methods beat LRT in power. In terms of controlling

type I error, all the methods still perform well for higher dimension of responses and the nominal

type I error rates are controlled around 0.05.

3.4 Data Analysis

To demonstrate the usefulness of our proposed methods, we apply the testing procedures to

a dataset that consists of copy number aberration (CNA) profiles, demographic information

and clinical biomarkers from multiple myeloma (MM) patients. The data is collected by the

Multiple Myeloma Research Consortium.

CNAs are defined as DNA segments that are 1 kb or larger and present at variable copy

numbers in comparison with a reference genome. CNAs can be simple in structure, such as

duplication, deletion and insertion, or may involve complex gains or losses of homologous se-

quences at multiple sites in the genome (Redon et al. (2006)). There is also another type of

DNA copy number abnormalities, referred to as copy number variation/variants (CNVs), which

share the definition with CNAs and are used interchangeably with CNAs in many literature.

However, CNAs are often referred to as acquired somatic mutations that are most often ob-

served in tumor tissues only (Albertson et al. (2003)), while CNVs are naturally occurring and

inheritable (Locke et al. (2006)). In terms of the association with disease, regions of recurrent

and focal CNA identified in tumors highlight genomic regions that are mostly likely to encode

oncogenes and tumor suppressors. Therefore, analysing CNAs is especially useful in diagnosis

and prognosis of cancer patients, which can identify potential candidate genes that might help

with early detection of cancer or predicting drug responsiveness and toxicity.

Over the past decade, Array Comparative Genomic Hybridization (aCGH) has served as

a primary and reliable high-resolution approach to detect chromosomal regions of gains and

losses in cancer and genetic diseases (Wilhelm et al. (2002), Vissers et al. (2003), Shaw-Smith

et al. (2004), Wong et al. (2008), Vasson et al. (2013), Yu et al. (2009), Toruner et al. (2007)).

There are various types of aCGH in terms of probes and here in this data, oligonucleotide array-

based comparative hybridization is used for the detection of CNAs. For each aCGH experiment,

genomic DNA from test and reference samples are first digested with AluI and RsaI and are

then differentially labelled with cyanine-5 and cyanine-3 fluorescent dyes, respectively. The

samples are hybridized in a rotating microarray hybridization chamber and then washed. The

slide hybridization results are then scanned into image files using a microarray scanner, through

which the intensities of each of the two fluorescence are located and quantified as log2 ratios.

The results that the intensities of the fluorescent dyes are equal on one probe can be interpreted
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as having equal quantity of DNA in the test and reference samples at this region. If there is an

altered log2 ratio, it indicates a loss or a gain of the DNA sequences at that specific region.

The data we used in our analysis is collected by the Multiple Myeloma Research Consortium

and it contains various genomic measurements from individuals with multiple myeloma through

the Multiple Myeloma Genomics Portal (http://www.broadinstitute.org/mmgp). MM is an

incurable malignancy of plasma cells developed in bone marrow, with a median survival not

exceeding 4 years. However, the range of survival time varies from less than 6 months to more

than 10 years (Avet-Loiseau et al. (2007)), which makes the prognostic of the cancer critical.

There are many prognostic factors that can be used to predict survival duration in MM patients,

among which β2-microglobulin (β2M) is recognized as the single most important one (Norfolk

et al. (1980)). Later, studies find that serum albumin level can increase the prognostication

with β2M added (Bataille et al. (1986)). Therefore, the International Staging System currently

is based on a combination of β2M and serum albumin for three-stage classification of MM

(Greipp et al. (2005)).

The copy number profiles in the data are obtained from Agilent 244K aCGH arrays and

the resulting log2 ratios are indexed by their corresponding genomic locations. There are 235

patients diagnosed with MM in the dataset and approximately 244,000 measurements for each

individual. We are interested in the two clinical biomarkers mentioned above that are widely

used in staging in MM prognosis, β2M and serum albumin, and their relationship with genomic

abnormalities. The data contains measurements of these clinical information (β2M in ug/dL

and serum albumin in g/dL). The median age of patients who are diagnosed with MM is

approximately 70 years, but the survival time varies much between patients of different age

groups (Brenner et al. (2008)). In addition, previous studies have reported that sex-specific

differences in susceptibility to MM exists (Dores et al. (2009)). Thus, we would like to account

for these two demographic covariates, age and gender, in our analysis. Moreover, the copy

number profile is not only high in dimension, but there also exists serial correlations between

neighbouring locations within the profile. Therefore, a functional data based approach would

be ideal to capture this feature of the profile.

To understand the association between the copy number profile and the clinical biomarkers

(β2M and serum albumin) while controlling for the demographic covariates, we consider the

model in our analysis, for ` = 1, · · · , 2 and i = 1, · · · , 235,

Y`i = XT
i β` + h`(Zi) + ε`i, (3.3)

with Y1i being the β2M measurement, Y2i being the serum albumin level for individual i.

Zi = (sexi, agei)
T , β` = (α`,age, α`,sex)T and (εi1, εi2)

T = Normal(0,Σtrue). Zi(t) is assumed

to be a random process that produces the observed copy number profile, Wi(t). We conduct

49



a genome-wide association analysis and use the middle points of the probes as the genomic

location for each probe read and locate the centromere for each chromosome so that the two

arms of the chromosome are analysed separately. Technically, it is possible to analyse all the

genomic measurements together, but high density of the measurements will cause two issues:

a) computational challenges b) difficulties in identifying the regions with significant signals

which will be washed out by other irrelevant regions. Therefore, we apply a sliding window

approach throughout all the chromosomes to test for the effect of the genomic markers within

the particular window on β2M and serum albumin together. We define the sliding window in

the way that each window contains exactly 100 copy number probe reads (about 1 MB) and

overlaps for 50 with the next window.

For each sliding window, we apply the LRT, two MVKM tests for different kernel choices

(linear and quadratic) and two MVKM tests when multiple candidate kernels are present (com-

posite kernel and perturbation-based method). The correlation between the two phenotypes,

β2M and serum albumin, is estimated as 0.22. All the tests are conducted while adjusting for

the demographic covariates for each individual, sex and age. The p-values are obtained using

B = 1, 000, 000 resampled statistics and corrected for multiple testing using the Bonferroni

method.

Figure 3.3 displays the significant regions we found on human karyogram (a graphic rep-

resentation of the complete set of human chromosomes). From the figure, we can see that

significant regions are found by LRT on chromosome 1, 3, 4, 13, 14, 19, and 21, and there is one

region identified by MVKM test with the quadratic kernel on chromosome 6. Other methods

(MVKM test using the linear kernel, composite kernel and perturbation-based method) have

not identified any regions. To better understand the biological and clinical meaning behind the

results, we apply one of the most widely used segmentation algorithms in dealing with array

DNA copy number data, Circular Binary Segmentation (CBS) (Olshen et al. (2004), Venkatra-

man and Olshen (2007)). CBS is implemented using the DNAcopy package in R. The algorithm

is able to locate change points where the test over reference ratios have changed location in the

data and produce estimated equal copy number for each segmented regions. We use the segment

values obtained from CBS to create penetrance plot (Hedan et al. (2011), Thomas et al. (2011)),

which indicates the percentage of cases exhibiting gain or loss for each specific genetic region.

We summarize the frequency and distribution of CNAs in this MM data in a penetrance plot

for the whole genome (see Figure A.5). The zoomed-in penetrance plots for selected significant

regions of possible gains or losses are displayed in Figure A.6. LRT has found multiple genomic

regions to have significant association with β2M and serum albumin on chromosome 1. From

the penetrance plot, we can see that among these significant regions, close to 50% of the total

individuals have copy number gains within one of the regions (166.94Mb - 167.00Mb) and about

20% of the total individuals have copy number gains within two others (159.56Mb - 160.38Mb
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and 221.29Mb - 222.62Mb). On chromosome 6 (31, 97Mb - 33, 06Mb), MVKM test using the

quadratic kernel has identified one significant region and over 50% of the total individuals have

copy number losses within that region.

Some of our results verify the significant findings from previous studies. Chromosomal

translocations involving the immunoglobulin heavy chain locus on chromosome 14q32 are seen in

most MM cell lines, and which result in the transcriptional activation of five recurrent loci/genes,

including 11q13 (CCND1 ), 4p16 (FGFR3/WHSC1 ), 6p21 (CCND3 ), 16q23 (MAF ), and 20q11

(MAFB) (Fonseca et al. (2004)). CCND3 is located within the significant region on chromo-

some 6 (6p21.32) that we found using quadratic kernel. Carrasco et al. (2006) has identified

two potential cancer genes within 6p21.32, RDBP and STK19, but without known link to MM

development yet.

Previous studies have found that most MM patient samples have elevated Nuclear Fac-

tor κB (NF-κB) target gene expression, which is often associated with genetic alteration of

NIK, TRAF3, CYLD, CD40, NFKB1 or NFKB2 (Annunziata et al. (2007)). Among these

genetic alterations, NFKB1 is contained in one of the significant regions we found on chro-

mosome 4 using LRT. Moreaux et al. (2004) has identified overexpression of 2 receptors for a

proliferation-inducing ligand (APRIL) and B-cell activating factor (BAFF) in malignant plasma

cells compared with normal plasma cells. Moreover, the expression of BAFF and APRIL recep-

tors (B-cell maturation antigen [BCMA], transmembrane activator and calcium modulator and

cyclophilin ligand interactor [TACI], and BAFF-R) has been found in a majority of MM cell

lines. These factors are believed to activate NF-κB pathway, and among which, BAFF locates

within one of the significant regions on chromosome 13 (13q33.3).

Using aCGH on DNA isolated from plasma cells derived from patients with smoldering

MM, gains of 1q21 acquired in symptomatic myeloma are found to be linked to inferior survival

and are further amplified at disease relapse (Hanamura et al. (2006)). The region 1q21 is not

contained in the significant regions found on chromosome 1, but it is adjacent to one of them

(1q23.2).
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Figure 3.3: Testing results for MM data. This figure displays a karyogram with the testing results for LRT and MVKM
using the quadratic kernel. The green regions align to the left and are identified by LRT, while the red regions align to
the right and are identified by MVKM test using the quadratic kernel.
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3.5 Discussion

In this chapter, we develop testing procedures to test relationship between functional covariates

and multivariate phenotypes, while adjusting for demographic covariates. With the application

of FPCA as a dimension reduction tool, we are able to test for functional effects under both

linear and non-linear settings. Under linear assumption, we transform the functional covariates

into multiple linear covariates and construct LRT for multivariate responses. Under non-linear

setting, we adopt the MVKM test after approximating the model using the estimated FPC

scores and modeling their effects by an unknown function. To deal with the issues with multiple

candidate kernels, we adopt methods extended from Wu et al. (2013)’s proposed approaches,

composite kernel approach and perturbation-based method.

We demonstrate our proposed methods through simulation study and real data analysis.

As expected, in simulation study, LRT and MVKM test using the linear kernel have the best

performances in terms of power under linear setting and MVKM test using the quadratic

kernel outperforms the others under non-linear assumption. Composite kernel method and

perturbation-based procedure perform close to the optimal choice of kernel. Nevertheless, when

applying our methods to DNA copy number profile data in MM patients that are produced from

aCGH, only LRT and MVKM test using the quadratic kernel have identified significant regions

that are associated with the clinical biomarkers, β2M and serum albumin. Therefore, without

prespecified knowledge about the structure of the functional data, we would recommend using

both linear and non-linear methods: LRT, MVKM test with the linear kernel and MVKM test

with the quadratic kernel.

From the perspective of FDA, our proposed methods differ from previous studies in that

our model accounts for possible functional non-linear effects by applying MVKM framework,

whereas previous FDA mainly focus on functional linear models. In addition, functional co-

variate in non-linear setting is modeled non-parametrically, which allows for greater flexibility.

Our methods jointly analyse multiple phenotypes and their relationship with the functional

covariate, while few research studies in FDA have considered the case of multivariate response.

Another important innovation of our method compared to standard approaches in aCGH

data analysis is the lack of a need for segmentation prior to association analysis. There are

a number of approaches for segmentation, compared and reviewed in Roy and Reif (2013),

and they all make simplifying assumptions in the direction of copy number gain and loss for

particular regions. Segmentation algorithms determine breakpoints that separate the genome

into non-overlapping segments, and they also estimate the mean log2 ratio for each segments.

These breakpoints are believed to indicate a change in DNA copy number. Because of this, they

do not handle heterogeneity, where not all samples share copy number abberations in the same

direction, or where not all cells in the sample have abberations. This is an extremely important
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limitation in this area, as there are many sources of heterogeneity that confound commonly

used approaches.

The first area of introduction of heterogeneity is the heterogeneous nature of tumor tissues

themselves. Tumors themselves are a mix of cancerous and normal tissues, and the relative

proportion of these cells is inconsistent within/across tumors. This means that sampling vari-

ability is another source of heterogeneity in that the mix of tumor and normal cells may be

dependent on where and how samples were taken. Isolating tumor cells to minimize heterogene-

ity is crucial for aCGH to provide accurate analysis. For example, microdissection methods to

enrich the tumor fraction have been proposed to preprocess the tissues before aCGH analy-

sis, such as bacterial artificial chromosome (BAC) aCGH, Agilent oligonucleotide platform and

microdissection (Nowak et al. (2007))).

Another important source of heterogeneity is in regards to the tissue collection. Take bladder

carcinomas for example, the most powerful and commonly-used procedures to monitor patients

for the diagnosis and follow-up of bladder carcinomas are checking cystoscopy, contrasting urog-

raphy, and ultrasound, but these are very uncomfortable and labor intensive clinical procedures

(Yoshida et al. (1997)). Thus, simpler and non-invasive procedures, such as urine cytology,

are preferred. However, urine samples are often highly heterogeneous, which makes them not

suitable for traditional aCGH analysis. To overcome the collection problem and improve DNA

homogeneity, various pre-processing methods involving isolating tumor cells to minimize het-

erogeneity have been proposed (Nowak et al. (2007), Navin et al. (2010), Ruiz et al. (2011)).

Nevertheless, our proposed methods has high tolerance for heterogeneity and require no such

pre-processing procedures. Therefore, the methods have direct clinical impact in that they allow

for minimally invasive sampling, opening up opportunities for using aCGH diagnostic settings.

Take the preferred non-invasive procedures in bladder cancer for example, our methods can deal

with data from the highly heterogeneous urine samples. Another example will be the DNA copy

number profile in our analysis, which is derived from blood samples of MM patients and is con-

sidered relatively heterogeneous compared with bone marrow samples from patients. However,

our methods have successfully identified a significant region on chromosome 6, which shows

some heterogeneity from the penetrance plot in that the percentage of gains and losses are both

high in this region.

Molecular studies in MM recently revealed that intraclonal heterogeneity is common in MM

tumor cells (Egan et al. (2012), Chapman et al. (2011)). It is found that tumor heterogeneity

that are observed at diagnosis tends to shift dominance of tumor clones over time. Genetic

lesions are acquired at random in myeloma progression and the aberrations are then selected

based on their survival ability or from treatment (Prideaux et al. (2014)). Though these research

works are at their early stage and further cohort studies need to be conducted, it is believed

that these findings will add complexity to understand the myeloma progression. Therefore, our
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method will be especially useful in MM studies as its high tolerance for heterogeneity.

Nevertheless, the proposed methods have limitation in that they provide no information of

copy number gain or loss for the significant regions they identified, and thus with the combina-

tion of calling algorithms, the proposed methods will be more beneficial in genetic and clinical

aspects. In the context of functional data analysis, in this work, we mainly focus on functional

data observed on a dense grid. The efficacy of the proposed methods on sparse and irregular

spaced data needs to be investigated in the future.
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Chapter 4

Multivariate Kernel Machine SNP

Set Tesing Under Multiple

Candidate Kernels

4.1 Introduction

Genetic association study aims to understand the genetic architecture of underlying disease

or complex trait etiology through investigating the relationship between genetic markers and

phenotypes of interest, which can involve many traits relevant to the disease under study. For

example, it can be the cytotoxicity response of cancer patients to chemotherapy drugs (Brown

et al. (2014)), susceptibility to a particular mental disorder (Sullivan et al. (2008)), or clinical

biomarkers that are used to define or diagnose a complex disease (Wallace et al. (2008)). The

majority of the early methods focuses on individual analysis of single nucleotide polymorphism

(SNP). However, such an approach is limited in its ability to identify the genetic variants

associated with disease and thus the underlying genetic architecture and the etiology of the

disease, because it is often a large number of SNPs which simultaneously impact the phenotype

and the individual analysis of SNP ignores the epistatic effects of related SNPs.

To better model the epistatic effects of related SNPs and meanwhile to handle the high-

dimensional SNPs, several SNP-set approaches have been proposed (Gauderman et al. (2007),

Wang and Elston (2007), Li et al. (2009)). When compared to single SNP approaches, these

approaches have been shown to have more power to detect genetic factors that are associated

with complex disease traits. Nevertheless, these methods collapse information using the weighted

sum of genotypes across all the markers, and thus it might be difficult to interpret the significant

findings in terms of their genetic effects on the phenotype. Kernel machine recently emerges

as an attractive dimension-reduction tool to model the genetic effects of multiple markers (Liu
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et al. (2007), Wu et al. (2010), Wu et al. (2011), Maity et al. (2012)). The approach models

the genetic effect via a pre-specified kernel function. Such a kernel function can be considered

as a measure of similarity between a pair of subjects based on their genetic covariates. It can

capture nonlinear effects and interactions between SNPs while reducing the dimension of the

number of genetic variables in the model.

In practice, researchers often observe several correlated traits that are relevant to the com-

plex diseases. For example, it can be the cytotoxicity responses of cancer patients to chemother-

apy drugs at different concentrations (Brown et al. (2014)), or previously identified risk factors

for a particular mental disorder (Sullivan et al. (2008)), or clinical biomarkers that are jointly

used to define or diagnose a complex disease (Wallace et al. (2008)). Recent literature suggests

that multiple disease traits corresponding to a single complex disease often share a common

genetic basis (Zhernakova et al. (2009), Sivakumaran et al. (2011), Pierce and Ahsan (2011)).

Thus, joint analysis of the set of correlated disease traits can have larger strength in associ-

ation testing and further be more informative in understanding the disease etiology. To this

end, several multivariate association analysis techniques have been developed to accommodate

this feature of the disease architecture (Lange et al. (2003), Wessel and Schork (2006), Kwee

et al. (2008), Klei et al. (2008)). However, many of these approaches fail to take into account

the epistatic effects of the SNP set which limits a thorough investigation of complex disease

etiology.

Given the advances of applying multivariate analysis and multiple marker analysis in as-

sociation study, Maity et al. (2012) recently proposed an approach of multivariate association

analysis that considers both pleiotropic and epistatic effects, named multivariate kernel ma-

chine regression. This approach provides a multivariate kernel machine framework that is ca-

pable of modeling trait specific epistatic effects across several correlated disease traits while

simultaneously incorporating trait correlation information to yield a refined analyses of genetic

association. Similar as in univariate kernel machine approaches, the effect of the SNP set on

each disease trait is modeled through a pre-specified kernel function. For each trait, the ker-

nel function performs several roles. First, it models the relationship between the SNP-set and

the corresponding disease traits. Second, it models epistatic effects between SNPs in the set.

Lastly, it models the pairwise similarity between all subjects in the study. However, as we men-

tioned in previous two chapters, the choice of kernel can be an issue for all kernel machine

regression approaches in that choosing an incorrect kernel in the analysis can result in severely

reduced power. Choosing a optimal kernel from among a set of candidate kernels without any

prior knowledge remains an open problem with severe implications for the practical use of such

approaches.

In the univariate case, it is well-known that failing to select the kernel that best captures the

underlying (and unknown) genetic architecture that contributes to disease reduces the power to
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detect genetic associations (Liu et al. (2007, 2008); Wu et al. (2011)). In the multivariate case,

the underlying assumption of pleiotrophy causes this limitation to yield additional consequences.

Under the assumption of pleiotrophy, it’s reasonable to assume that kernel functions should

differ across disease traits, better capturing the complexity of the disease architecture as it

relates to the single SNP set. Due to the inability to select a best kernel for each trait, Maity

et al. (2012) uses a single kernel to model the effect of multiple disease traits. We believe

that this limitation is a contributing factor to the variation within their reported simulation

results, where the multivariate kernel machine approach showed power advantages over several

traditional multivariate approaches only when trait correlation is high. Thus, the aim of this

paper is to mitigate the negative impact on power that results from haphazardly selecting kernel

functions from a set of candidate kernel functions.

Recently, Wu et al. (2013) investigated the advantages of using composite kernels for uni-

variate kernel machine testing. Although this work does not specifically address how to choose a

best kernel, it does show that averaging over several kernel functions yields an aggregated kernel

that performs close to the optimal kernel function. We investigate the advantages (or disadvan-

tages) of their kernel averaging approach in the multivariate setting as well as we introduce an

alternative kernel averaging approach that is purely objective and easy to interpret. Thus, the

key contribution of this paper is to provide a simple strategy to help retain the full flexibility of

multivariate kernel machine regression thereby enabling the method to better capture complex

pleiotropic and epistatic effects.

4.2 Material and Methods

4.2.1 Multivariate Kernel Machine Regression

We begin with brief review of multivariate kernel machine regression. Assume that for each

subject, i = 1, . . . , n, we observe an p dimensional vector of quantitative disease traits Yi =

(Y1i, . . . , Ypi)
T , a vector of demographic covariates Xi, such as age and gender, and a M dimen-

sional set of genetic markers Zi = (Zi1, . . . , ZiM )T . Under the additive genetic model, Zim ∈
{0, 1, 2} representing the number of minor alleles observed for the m-th SNP for m = 1, . . . ,M .

For each subject, it is assumed that the `-th trait, for ` = 1, . . . , p, is related to the genetic

markers Zi and the demographic covariates Xi through the following semiparametric model:

Y`i = XT
i β` + h`(Zi) + ε`i, (4.1)

where (ε1i, . . . , εpi)
T ∼ N(0,Σ), β` is a vector of regression coefficients for the demographic

covariates and h`(·) is an unknown function that relates the SNP set Zi to the `-th disease trait.

Note that this model allows each trait to have different effect from different set of demographic
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covariates.

For each disease trait, the function h`(·) is modeled through the kernel machine framework

where the form of h`(·) is uniquely determined by a positive definite kernel function K`(·, ·). If

the kernel satisfies the conditions of Mercer’s theorem, then K`(·, ·) specifies a unique function

space Hj such that h`(·) ∈ Hj . Furthermore, it can be shown that h`(Zj) =
∑n

i=1K`(Zi,Zj)α`i

for some constants α`1, . . . , α`n. Given this representation, K`(Zi,Zj) models the similarity

between the ith and jth subject.

In this chapter, we focus on three kernel functions that are commonly used to investigate

the association between SNP set and disease traits: the linear kernel, K(Zi,Zj) = 1 + ZT
i Zj ,

the quadratic kernel, K(Zi,Zj) = (1 + ZT
i Zj)

2, and the IBS kernel, K(Zi,Zj) =
∑M

m=1(2 −
|Zim−Zjm|)/(2M) (Wessel and Schork (2006), Liu et al. (2008), Maity et al. (2012), Wu et al.

(2013)). The linear kernel models only linear main effects for each SNP within the set. The

quadratic kernel implies a model with two-way interactions in addition to main effects from

SNPs. IBS kernel models the fraction of alleles that any two subjects share at each locus within

the set. Both quadratic kernels and IBS kernels can model interactions between SNPs in the

set. Specifically, the quadratic kernel implies a model with linear and quadratic main effects

and all two way interactions between all SNPs within the set and the IBS kernel models the

fraction of alleles that any two subjects share at each SNP within the set.

In multivariate kernel machine regression, the interest is in jointly modeling a set of corre-

lated disease traits. Define the following notation:

Y = (Y11, . . . , Y1n, . . . , Yp1, . . . , Ypn)T ,

h = (h1(Z1), . . . , h1(Zn), . . . , hp(Z1), . . . , hp(Zn))T ,

ε = (ε11, . . . , ε1n, . . . , εp1, . . . , εpn)T .

We also define X = diag(X1, . . . ,Xp) with X1 = . . . = Xp and β = (βT1 , . . . ,β
T
p )T .

Using this notation, the collection of disease traits is modeled with the following semipara-

metric model,

Y = XTβ + h+ ε, (4.2)

where ε ∼ N(0, Σ̃) with Σ̃ = Σ ⊗ In. The kronecker product structures Σ̃ is a pn × pn block

matrix, where each block is a diagonal matrix determined by the lk entry of Σ such that ΣlkIn

for l, k = 1, . . . , p. The structure of this covariance matrix allows the model to capture the trait

correlation within each subject while maintaining independence across subjects.
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4.2.2 Testing for the Marker-Set Effect

In the multivariate kernel machine framework, the goal is to determine if the SNP set is asso-

ciated with the any of the disease traits. Thus, we are interested in the following hypothesis,

H0 : h = 0 vs. H1 : h 6= 0.

Maity et al. (2012) has shown that inferences on model (4.2) can be equivalent to a linear

mixed model where h ∼ N(0,KΛ). In this framework, K = diag(K1, . . . ,Kp) and Λ =

diag(τ1, . . . , τp) where τ` is a variance component that corresponds the `-th disease trait. To

test the null hypothesis, we note that it is sufficient to test H0 : τ1 = τ2 = . . . = τp = 0. This

hypothesis can be tested with the following score-type test statistic that is derived from the

REML version of the likelihood using the mixed model representation,

Tn = (Y −XT β̂)TV −10 KV −10 (Y −XT β̂),

where V0 is V estimated under the null model and V = Σ̃ +KΛ. In particular, Σ̃0 = Σ̂⊗ In,

where Σ̂ is obtained in the following manner: Σ̂ is first assumed to be a diagonal matrix with

unknown variances, then we fit the null model Y = XTβ + ε and compute the residuals

ε̂ = Y −XTβ, and finally Σ̂ is the estimated covariance matrix. Tn is a quadratic form and

it can be shown that the distribution of Tn follows a mixture of χ2
1 distributions where the

weights are the eigenvalues from an eigenvalue decomposition of K. In other words, we first

compute the eigen decomposition of K such that K = UDUT . Then Tn = rTDr, where

r = UTV −10 (Y −XT β̂). It’s straightforward to show that under the null, r ∼ N(0,UTP0U),

where P0 = V −10 − V −10 XT (XV −10 XT )−1XV −10 . Thus, Tn follows a mixture of chi-sqaured

distributions.

Due to the complicated form of the distribution of Tn, we adopt empirical method to ap-

proximate its distribution. Specifically, generate ω1, . . . ,ωB, where B is a large number and

ωb ∼ N(0, Ipn) for b = 1, . . . , B. Next, compute r∗b = UTP
1/2
0 ωb which is a random draw

under the null hypothesis. Finally for the bth draw, compute the value of the test statistic,

T ∗n,b = r∗Tb Dr
∗
b . A Monte-Carlo p-value is obtained as p−value =

∑B
b=1 I(Tn < T ∗n,b)/B, where

I(·) is an indicator function.

4.2.3 Composite Kernels

In Section 4.2.2, the derivation of the null distribution of the test statistic highlights the de-

pendence of the test on the ability to choose the best kernels to model the distribution of h

from (4.2). Unfortunately, selecting an optimal kernel for each trait remains an open problem

in the kernel machine literature. In the univariate setting, it is well-known that a poor choice
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of kernel can have a negative impact on the power to detect association (Liu et al. (2007), Wu

et al. (2011)). This limitation has a greater impact in the multivariate setting because one must

select p kernels to best model the genetic relationship for p correlated disease traits. In the mul-

tivariate setting, the common approach is to use a common kernel for each disease trait (Maity

et al., 2012). This approach reduces the flexibility of model (4.2) and its ability to capture com-

plex genetic architectures and their contribution to the expression of multiple correlated disease

traits. Additionally, we believe that this limitation contributes to the inconsistent performance

of multivariate kernel machine regression across increasing levels of trait correlation as reported

by Maity et al. (2012). Thus, from a practical point of view, our goal is to investigate strategies

to retain the flexibility of the kernel machine framework while minimizing the negative effects

from poorly choosing kernels for each disease trait.

In the univariate case, Wu et al. (2013) proposes to average across a set of candidate kernels

and adopt the resulting averaged composite kernel in modeling the genetic effect, which is proved

to efficiently reduce the negative impact on testing that results from choosing a less than optimal

kernel. Given a set of L candidate kernels, K1(·, ·), . . . ,KL(·, ·), a weighted sum of the kernels,

KC(·, ·) =
∑L

d=1 ωdKd(·, ·), is also a positive definite kernel, for some set of positive weights

ω1, . . . , ωL. KC(·, ·) satisfies the conditions of Mercer’s theorem and can be used to model the

genetic effects of the SNP set, h1(·), . . . , hp(·). The idea is that KC(·, ·) generates a rich function

space HC that is capable of modeling a wide range of complex genetic relationships such that

h`(·) ∈ HC for ` = 1, . . . , p. Specifically, the composite kernel function KC(·, ·) evaluated at the

genotypes for the i-th and j-th subjects can be expressed as KC(Zi,Zj) =
∑L

d=1 ωdKd(Zi,Zj).

Given this expression, now the challenge lies in choosing an appropriate pool of candidate

kernels and corresponding weights for each kernel. Wu et al. (2013) proposes to simply scale each

kernel to make sure that no kernel dominates the composition. They propose to set ωd = 1/γd,

where γd = tr{P
′1/2
0 KdP

′1/2
0 } and P

′
0 = In −XT

` (X`X
T
` )−1XT

` . We adopt this set of weights

in simulation studies for comparison purpose. In addition, we propose to generate weights

based on multivariate projection matrix evaluated under the null, P0, which is defined as in

Section 4.2.2. We also set ωd = 1/γd, but here γd = tr{P 1/2
0 KdP

1/2
0 }. We can view these

weights as the trace of the projection of the kernel matrix onto the null space of XT
d , since

tr{P 1/2
0 KdP

1/2
0 } = tr(P0Kd). From geometrical point of view, we can see that if the columns

of Kd are in close proximity to the column space of Xd, then tr(P0Kd) ≈ 0. In both Wu

et al. (2013)’s composite kernel method and our method, the proposed weights depends on

the demographical covariates in that they will vary simply due to the choice of covariates in

the model. However, these covariates yield no information on which kernel best captures the

complex relationship between the SNP set and the individual disease trait.

Therefore we propose an alternative approach to compute the kernel weights. The basic idea

is that if we assume only some kernel within the composition is best, then the most objective use
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of this apriori knowledge is to give each kernel an equal weight. Furthermore, the entries within

each kernel matrix are not on the same scale across kernel matrices, thus the proposed method

is also capable of standardizing the entries of each kernel by dividing by the maximum of the

absolute entries of each kernel. Specifically, we propose the following weights, ωd = 1
L ∗

1
max(|Kd|) .

This procedure ensures that each weight is positive and that no kernel dominates the composite

metric. In addition, these weights enforce objectivity because of the first term and dividing by

the maximum of the absolute entries of each kernel ensures that the entries of each kernel

matrix are of similar magnitude. Although the entries of the kernel matrix are scaled down,

the structure of each kernel is preserved, thus we do not alter the modeling of epistatic genetic

effects and pairwise similarity across subjects.

4.2.4 Perturbation Based Inference

An alternative to composite kernels is proposed by Wu et al. (2013), a perturbation-based

method. Perturbation procedure incorporates our knowledge of the asymptotic distribution

of the test statistics and approximate the final p-values by a simulation-based method. This

perturbation-based method was first introduced in genetic literature by Lin (2005) and Sea-

man and Müller-Myhsok (2005), and then further developed by others (Conneely and Boehnke

(2007), Pan et al. (2009), Cai et al. (2012)). Unlike previous situations, in the case of multiple

kernels, correlation between the test statistics is resulted from the fact that multiple kernels

are constructed based on the same data set. Wu et al. (2013) have this issue under control in

his proposed perturbation-based method and we extend his idea to fit our multiple responses

setting.

The perturbation method takes advantage of the distribution of quadratic forms and is

based on perturbation of the score statistic. As stated in Section 4.2.2, Tn is a quadratic form

and Tn = (Y −XT β̂)TV −10 KV −10 (Y −XT β̂). Note that under H0, V
−1
0 (Y −XT β̂) follows

a normal distribution with mean zero and some covariance matrix. If we define Tn,d to be the

corresponding score statistic for kernel Kd and Tn,d = (Y −XT β̂)TV −10 KdV
−1
0 (Y −XT β̂),

the test statistic is comprised of a vector of normal distributed variables sandwiching a square

matrix. By replacing V −10 (Y − XT β̂) with a set of new normal distributed variables, one

is essentially generating a new data set and thus a new score statistic. The new data set is

constructed based on a matrix with combined information from each candidate kernel. Through

this procedure, one can generate a large number of new data sets and a p-value can be obtained

using this perturbation distribution.

The perturbation-based procedure is described in detail as follows:

1. Compute the score statistics Tn,d and its p-value pd for each candidate kernel, Kd. Find

the minimum p-value p0 = min1≤d≤Lpd
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2. For 1 ≤ d ≤ L, we get eigen decomposition of P
1/2
0 KdP

1/2
0 and let Ψd = [ψd,1, . . . ,ψd,md

]

where md is the number of positive eigenvalues.

3. Construct a combined matrix Ω that restores all the kernel information in presence:

Ω =


I ΨT

1 Ψ2 · · · ΨT
1 ΨL

ΨT
2 Ψ1 I · · · ΨT

2 ΨL

...
... · · ·

...

ΨT
LΨ1 ΨT

LΨ2 · · · I


and we conduct a Cholesky decomposition on Ω = RRT whereR is a matrix of dimension

m×m and m = rank(Ω).

4. Generate r = [r1, r2, · · · , rm]T with each rj ∼ N(0, 1). We then obtain r∗ = Rr. For d-th

kernel, we have r∗d = [r∗a, r
∗
a+1, . . . , r

∗
a+md−1], where a = 1 + (d− 1)md−1.

5. For each kernel, we construct the new test statistic T ∗n,d = r∗Td Λdr
∗
d where λ1, . . . , λml

are

the positive eigenvalues of P
1/2
0 KdP

1/2
0 and Λd = diag(λ1, . . . , λmd

). The corresponding p-

values can be obtained using the same empirical approach described in Section 4.2.2. Find

the minimum p-value and set it as the p-value for this perturbation: p∗ = min1≤d≤Lp∗d.

6. Repeat step 4 - 5 B times to obtain p∗(1), p∗(2), . . . , p∗(B).

7. Compute the final p-value as:

p− value =
B∑
b=1

I(p∗(b) ≤ p0)/B

Comparing with permutation-based method, which shuffles the phenotype values among the

objects to form a new dataset and runs the whole analysis for each dataset, the perturbation-

based method is less computation-demanding and less time-consuming, which is evident in that

it only generates p normal random variables in each perturbation. Furthermore, permutation

method has its limitation in situations when the covariates are correlated with the genotypes,

while our method retains possible correlations between these two.

4.3 Simulation Study

We conduct simulation studies to investigate the finite sample performance of the proposed

methods. In general, we consider four simulation scenarios: (1) n = 100, p = 3, (2) n = 200,
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p = 3, (3) n = 100, p = 5 and (4) n = 200, p = 5. For i = 1, . . . , n and ` = 1, . . . , p, we generate

data from the following model:

Y`i = XT
i β` + δh`(Zi) + ε`i, (4.3)

where δ ∈ [0, 1] and takes equally spaced value from its domain. When δ = 0, the model

becomes the null model and we estimate type I error rate as the proportion of p-values less

than α = 0.05, and when it takes values other than zero, the model is in an alternative and

the proportion of p-values less than α = 0.05 now demonstrates power. In this model, Xi =

(Xi1, Xi2)
T where Xi1 ∼ N(0, 1) representing standardized age, Xi2 ∼ Bern(0.5) representing

gender and ε`i ∼ N(0,Σ). We set the true values of the demographic effects as β` = (0.7, 1)T ,

for ` = 1, . . . , p.

For each subject, we generate Zi from the known haplotypes of the Renin gene, which

contains six SNPs, Zi = (Zi1, Zi2, . . . , Zi6)
T . This gene has six possible haplotypes which are

listed in Table 4.1 along with their corresponding frequencies (Tzeng and Bondell (2009)). Based

on the population frequencies in Table 4.1, each subject is randomly assigned a haplotype pair

which is summed to create their unphased genotypes Zi. For example, a subject with alleles

(0, 0, 1, 1, 0, 1) and (0, 0, 1, 0, 1, 0) has the observed genotypes Zi = (0, 0, 2, 1, 1, 1).

Table 4.1: Haplotype frequencies for the Renin gene.

Haplotype Frequency

(0, 0, 1, 1, 0, 1) 0.334
(0, 0, 1, 0, 1, 0) 0.028
(0, 0, 0, 0, 0, 0) 0.184
(0, 0, 0, 0, 1, 0) 0.125
(0, 1, 1, 0, 0, 0) 0.189
(1, 0, 0, 0, 0, 1) 0.140

For scenarios (1) and (2), we investigate the performance of composite kernels as well

as perturbation-based method under several epistatic and pleiotropic configurations (h =

(hi1, hi2, hi3)
T) that are summarized in Table 4.2.

In the first configuration in Table 4.2, the third and the sixth SNPs in the SNP set are

jointly associated with Y1 in linear manner, Y2 depends on the third SNP only and Y3 depends

on the sixth SNP only. In the second configuration, the third and the sixth SNPs are jointly

associated with Y1 in a two-way interaction manner and the first and the second SNPs work
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Table 4.2: Simulation settings for h = (hi1, hi2, hi3)
T

hi1 hi2 hi3

h1 Main Effect Zi3 + Zi6 Zi3 Zi6

h2 Interaction Zi3Zi6 Zi1Zi2 Zi1Zi2

h3 Main and Interaction Zi3 + Zi6 + Zi3Zi6 Zi1 + Zi2 + Zi1Zi2 Zi4 + Zi5 + Zi4Zi5

h4 Mixed Zi3 + Zi6 Zi3Zi6 Zi3 + Zi6 + Zi3Zi6

h5 Complex Effect



2, if Zi3 = 2,

1.5 if Zi3 = 1 and

Zi4 = 0

1, if Zi4 = 1 and

Zi6 = 1,

0, otherwise.



3, if Zi4 = 2 and

Zi5 = 1

2, if Zi4 = 2 and

Zi5 = 0 or 2,

1, if Zi5 = 1 and

Zi4 = 0 or 1,

0, otherwise.



3, if Zi1 = 2 and

Zi2 = 1

2, if Zi1 = 2 and

Zi2 = 0 or 2,

1, ifZi2 = 1 and

Zi1 = 0 or 1,

0, otherwise.

similarly on Y2 and Y3. The third configuration demonstrates the cases when both main and

interaction effects are present, where the third and the sixth SNPs are associated with Y1 with

main effects and two-way interactions, the first and the second SNPs work in the same manner

on Y2 and the fourth and the fifth on Y3. In the fourth configuration, we let the SNPs to have

different forms of genetic effects on each traits: main effect only for Y1, interaction effect only

for Y2, and both main and interaction effect for Y3. In the fifth configuration, we introduce

complicated effects between SNPs other than linear main effects or two-way interactions.

Based on the way h is generated, there might exist an optimal kernel to each simula-

tion setting. For main effect case, we expect either the MVKM test using the linear kernel

(Lin) or quadratic kernel (Quad) to be the optimal since the linear kernel models main ef-

fects and the quadratic kernel captures main effects in addition to two-way interactions. We

expect the MVKM test with the quadratic kernel (Quad) to have the best performance in

cases like interaction only and main and interaction. For cases when hi1, hi2 and hi3 are gen-

erated in different manners (mix), we apply an extra MVKM test with the kernel Kmix =

diag(Klinear,Kquadratic,Kquadratic) and expect Kmix will perform better in capturing the dif-

ferent genetic effects and thus is the optimal choice. Lastly, we expect IBS kernel other than

linear or quadratic kernel to capture the complex interaction effects in the complex effect case.

For all the simulation settings, we apply MVKM tests using the three basis kernels (linear,

quadratic and IBS) in hopes that one of these tests will serve as a benchmark in evaluating

the performances of the proposed methods. In addition to these tests, we apply our proposed

perturbation-based method and MVKM tests with composite kernels, including composite ker-

nel based on Wu et al. (2013)’s proposed weights for univariate case (Wu), composite kernel

based on multivariate projection matrix under the null (Comp1), and composite kernel based

on maximum of the absolute entries of each kernel (Comp2). These methods are expected to

65



perform in between of the optimal choice of kernel and the poor choice of kernel.

To further compare the use of composite kernels to the standard single kernel approach, we

consider independent, low and high trait correlation structures:

Σ1 =

1 0 0

0 1 0

0 0 1

 ,Σ2 =

1 .2 0

.2 1 .3

0 .3 1

 ,Σ3 =

1 .8 .6

.8 1 .8

.6 .8 1

 .

To demonstrate that the methods have controlled type I error, for all the simulation settings,

we generate 5, 000 data sets under the null hypothesis that the SNP set are not associated

with the disease traits and we generate 1, 000 data sets under the alternative to compare the

performances of these methods in terms of power. The p-values are calculated based on 1, 000

resampled statistics.

Scenario (3) and (4) represent cases of larger number of traits. For these scenarios, we add 2

more error variables that are independent to others, each with variance 1, that is, (Y4i, Y5i)
T =

(ε4i, ε5i)
T , where (ε4i, ε5i)

T ∼ N(0, I2).

To sum up, for each scenario (1) - (4), varying genetic effects (h) and correlation structures

(Σ) creates 15 unique experimental settings. For each setting, we apply MVKM tests with three

basic kernels (linear, quadratic and IBS) for each of the five configurations of genetic effects

in Table 4.2. MVKM test using composite kernels (Wu, Comp1 and Comp2) and proposed

perturbation-based method are also applied for comparison purpose. There are 7 methods need

to be evaluated and compared for each setting, except for the mixed effect case (the fourth

configuration in Table 4.2), for which an extra MVKM test needs to be considered with mixed

kernels (Kmix).

4.4 Results

The power simulation results as well as type I error rate (δ = 0) results for p = 3 are presented

in Table B.1 - Table B.5. For each simulation setting and sample size, we present the power and

type I error of each method in the table. To better compare the differences between methods in

terms of power, we also plot the power curves for h3 (mix) and h6 (complex effect), displayed

in Figure 4.1 and 4.2.

Type I error rates are controlled for each of the methods under each of the considered

simulation settings. The power results are consistent across sample sizes and the absolute power

improves as sample size increases from n = 100 to n = 200. The presumed optimal kernels for

each setting perform the best accordingly, the poor choices of kernel lead to the worst results,

and the composite kernel methods and perturbation-based method have the power in between.
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For h = h1 (main effect), MVKM test using the linear kernel performs slightly better than using

the quadratic kernel and IBS kernel, while the power from using the composite kernel methods

and perturbation-based method is close to the best with Comp1 performs slightly better than

the other.

When h = h2 (interaction), MVKM test using the quadratic kernel outperforms the other

kernels. For example, IBS kernel loses 29% power to quadratic kernel for the case when n = 100,

Σ = Σ1, δ = 0.16. The composite kernel methods and perturbation-based method yield power

that are between the quadratic and IBS kernel. Among these methods, perturbation-based

method has slightly higher power when the traits are indepent, Comp1 performs better when

there exists low correlation between the traits but it loses power to other methods when the

traits are highly correlated.

For the setting when h = h3 (main and interaction), MVKM test using the quadratic

kernel performs the best, followed by the linear kernel. MVKM test using the IBS kernel yield

the lowest power among all the methods. Composite kernel based on Wu’s proposed weights has

slightly higher power comparing with other composite kernel methods and perturbation-based

procedure. The overall power is higher under this setting.

We set up a simulation setting where the genetic effects are in different form for each

traits (h = h3). Unlike in other cases, the overall power in this case when Σ = Σ1 is larger

than the power for the other two correlation structures and the power reaches 1 faster. As

expected, MVKM test using the mixed kernel, Kmix, has the highest power, which proves the

flexibility of applying MVKM test for multivariate response. For this case, composite kernel

using Wu’s proposed method has slightly better performance than other composite kernels as

well as perturbation-based method.

In the last setting when h = h5 (complex effect), MVKM test using the IBS kernel has the

best performance comparing with other methods. For example, when n = 100, Σ = Σ3, δ = 0.2,

MVKM using the linear kernel loses 21% power to IBS kernel and quadratic kernel has a 27%

power loss to IBS kernel. In this case, the quadratic kernel is limited in capturing the complex

interactions between SNPs. The composite kernels and perturbation-based method have similar

power with perturbation-based procedure performs slightly better than other multiple kernel

methods when the traits are highly correlated.

The cases when the traits are highly correlated (Σ = Σ3) overall have better power than the

cases when they are independent, which demonstrate the advantage of applying multivariate

analysis especially when the responses are highly correlated.

For p = 5 case, we observe a similar pattern as in p = 3. The possible optimal choice of kernel

has the highest power among all the methods. The composite kernel methods and perturbation-

based methods do not yield power of the best but close to the best. This demonstrates the

usefulness of the proposed methods when the traits are in higher dimension and when nuisance
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variables are included in the model.

From the results, we can see that in MVKM testing, the choice of kernel has an impact on

the testing results. The composite kernel methods and the perturbation-based method will not

provide with the best power, but they are close to the best. Since the optimal choice of kernel

depends on the unknown underlying architecture of the disease traits, we propose to use the

proposed composite kernel methods and the perturbation-based method in practice.

4.5 Discussion

In previous chapter, we have found that the choice of kernel has an impact on testing results

and the optimal choice of kernel is difficult to obtain since it depends on the unknown true

state of nature. Therefore, we focus on the choice of kernel when multiple candidate kernels are

present in this chapter and aim to propose methods that can provide with reasonable power.

Wu et al. (2013) has proposed two methods in dealing with this situation: composite kernel

method and perturbation-based procedure. We extend their methods to multivariate case and

propose two other choices of weights for the construction of composite kernels.

In simulation study, we apply all the proposed methods as well as MVKM test using the

basic kernels, which serve as the benchmark for each of the settings. In general, the results

demonstrate that the choice of kernel affect the testing power and our proposed methods are

useful in dealing with multiple candidate kernel situation in that they provide improved power

over the weaker choices of kernel and only slightly lower power than the optimal choice of

kernel. Since all the multiple kernel methods have similar strength and none of the methods has

uniformly the best power, we suggest to choose any one of them in practical situation. However,

among these methods, perturbation-based method is still more computationally expensive than

composite kernel methods, and therefore, composite kernel methods are preferred when applying

multivariate kernel machine testing.

Though the proposed methods are valid and have controlled type I error, incorporating

all the candidate kernels into the model can lead to loss of power. The power loss is especially

evident for composite kernel methods, which incorporates all the candidate kernels by a weighted

average. Perturbation-based method is more robust to the candidate kernels, because it takes the

correlation of kernels into account in the procedure. However, including more suboptimal kernels

will still lead to reduced power even for perturbation-based method. Moreover, for methods

that incorporate multiple candidate kernels, the underlying effects of the genetic variants on

the disease traits are difficult to interpret.

In this work, we propose methods that can offer improved power over the weaker choice

of kernel without any prior knowledge of the underlying structure of the traits. Nevertheless,

the optimal choice of kernel remains an open problem in kernel machine approach and needs
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Figure 4.1: Simulation results for p = 3 and h = h3 (mixed). Displayed are the power curves of
MVKM test using the linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based
on Wu et al. (2013)’s proposed weights (Wu), composite kernel based on P0 (Comp1), composite
kernel based on maximum of absolute entries for each kernel (Comp2) and perturbation-based
method (Ptb), as described in simulation section, for α = 0.05. The left three plots are n = 100
and the right are n = 200. The top two plots are for the cases when responses are independent
(Σ1), the middle ones are for low correlation (Σ2) and the bottom two are for high correlation
(Σ3).

69



0.0 0.1 0.2 0.3 0.4

0.
0

0.
4

0.
8

delta

po
w

er
Lin
Quad
IBS
Ptb
Wu
Comp1
Comp2

0.00 0.05 0.10 0.15 0.20 0.25

0.
0

0.
4

0.
8

delta

po
w

er

Lin
Quad
IBS
Ptb
Wu
Comp1
Comp2

0.0 0.1 0.2 0.3 0.4

0.
0

0.
4

0.
8

delta

po
w

er

Lin
Quad
IBS
Ptb
Wu
Comp1
Comp2

0.00 0.05 0.10 0.15 0.20 0.25
0.

0
0.

4
0.

8

delta

po
w

er

Lin
Quad
IBS
Ptb
Wu
Comp1
Comp2

0.0 0.1 0.2 0.3 0.4

0.
0

0.
4

0.
8

delta

po
w

er

Lin
Quad
IBS
Ptb
Wu
Comp1
Comp2

0.00 0.05 0.10 0.15 0.20 0.25

0.
0

0.
4

0.
8

delta

po
w

er

Lin
Quad
IBS
Ptb
Wu
Comp1
Comp2

Figure 4.2: Simulation results for p = 3 and h = h5 (complex effect). Displayed are the power
curves of MVKM test using the linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite
kernel based on Wu et al. (2013)’s proposed weights (Wu), composite kernel based on P0

(Comp1), composite kernel based on maximum of absolute entries for each kernel (Comp2) and
perturbation-based method (Ptb), as described in simulation section, for α = 0.05. The left
three plots are n = 100 and the right are n = 200. The top two plots are for the cases when
responses are independent (Σ1), the middle ones are for low correlation (Σ2) and the bottom
two are for high correlation (Σ3).
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further investigation.
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Chapter 5

Conclusions and Future Directions

Genome-wide association studies (GWAS) aim to establish association between genetic poly-

morphism and complex traits. It has been served as a powerful tool in study of complex disease

etiology for the past decades and has identified over 1,000 single nucleotide polymorphism

(SNPs) that are associated with a wide variety of traits (Hindorff et al. (2009)). Standard anal-

ysis of association studies often involves individual analysis of a single SNP with an outcome of

interest. However, inability to capture SNP-SNP interaction effects limits the power of individ-

ual test when detecting possible disease-associated SNPs. In addition, individually testing on

each SNP one-by-one and then adjusting for multiple tests can severely reduce power. There-

fore, the models that group SNPs into an SNP set and jointly test them for association with

complex traits have emerged as powerful approaches when investigating complex traits etiology

and the underlying genetic architecture of disease.

Recently, Kernel Machine Regression (KMR) has gained its popularity in multi-SNP-based

analysis for their ability to handle high-dimensional markers and to amplify the power through

information collapsing (Liu et al. (2007), Kwee et al. (2008), Wu et al. (2011), Maity et al.

(2012)). The basic principle for kernel machine test lies in that it defines genetic similarity

between individuals through a kernel function, which is a pairwise similarity matrix constructed

based on genotype values for each pair of individuals in the study. The ability to capture the

epistatic effects among markers and the ability to model the linear and nonlinear effects of

multiple markers make KMR more powerful over other marker-set analysis approaches.

In genetic studies of complex disease, multiple phenotypes that are relevant to the disorder

under study are often collected to better understand the complex disease etiology. For example,

in Chapter 2, cytotoxicity responses of cancer patients to temozolomide at different concen-

trations are measured and recorded for the association study. In Chapter 3, the outcomes of

interest are the two clinical biomarkers that are jointly used for prognosis of multiple myeloma

patients, β2-microglobulin and serum albumin. These multiple phenotypes are thought to better
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reflect the underlying etiology of the disease and it is believed that modeling the phenotypes

together provides more information and larger strength than univariate phenotype analysis. In

this dissertation, we facilitate the joint evaluation of multiple genetic markers on multivari-

ate phenotypes based on KMR. We develop a semiparametric regression model in which the

non-genetic covariates are modeled parametrically and genetic covariates are modeled nonpara-

metrically. The approach is named as multivariate kernel machine (MVKM) regression.

In Chapter 2, the data is from a large lymphobolastoid cell lines (LCLs) study, which consists

of 520 LCLs that are derived from unrelated Caucasian participants of the CAP clinical trail

(Medina et al. (2008), Brown et al. (2014)). The main goal of the data analysis is to study the

joint effect of SNP-set on cytotoxic response to temozolomide, which can be achieved by applying

our proposed MVKM framework. Therefore, we develop the estimation procedure of joint effect

of multiple SNPs on multivariate response in this chapter. To capture the underlying genetic

structure more precisely, we use KMR to model the joint effect of the genetic markers, and

to preserve the possible correlation between the phenotypes, we apply multivariate regression

in the model. We investigate the performance of our proposed methods via simulation study

and also compare the proposed method with univariate kernel machine (UVKM) procedure in

simulations. MVKM provides us with more precise estimation results in the simulation, which

suggests that MVKM accounts for the underlying correlation structure among the phenotypes.

Nevertheless, when applying MVKM test through sliding window scheme on the LCLs data,

no significant regions are detected, which might be the consequence of including too many

non-relevant markers.

The motivation of Chapter 3 comes from the copy number profiles from multiple myeloma

(MM) patients. In this data, 235 MM patients were measured for DNA copy number aberrations

(CNAs), two important clinical biomarkers in MM patients, β2-microglobulin and serum albu-

min , and other demographic values. We are interested in testing the association between the

genomic abnormalities and the two clinical biomarkers while accounting for the demographic

covariates. Due to the nature of copy number profile data, we treat the copy number profiles as

functional variables and reduce their dimensions by expanding the functional observations on

a set of orthonormal basis. We choose to use eigen basis and apply functional principle com-

ponent analysis (FPCA) to obtain the estimate of coefficients. By substituting the functional

observations by their estimated coefficients obtained from FPCA, we are able to construct an

approximated model that is identical as in Chapter 2. Therefore, MVKM framework developed

in Chapter 2 can be applied here to proceed the association analysis of CNAs. In this chapter,

we also propose likelihood ratio test (LRT) under linear assumption and its performance along

with MVKM test are evaluated through simulation studies. LRT and MVKM test using the

linear kernel have the best performance in terms of power under linear setting, while MVKM

test using quadratic kernel outperforms other methods under nonlinear setting. When applying
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the proposed methods to MM data, only LRT and MVKM using the quadratic kernel have

identified significant regions that are associated with the two clinical biomarkers.

Chapter 4 is motivated by previous result from Chapter 2 and Chapter 3, which is that

the choice of kernel can significantly impact the power to identify significant signals. Provided

the fact that the optimal choice of kernel depends on the nature of markers themselves and

it is difficult to obtain, we focus on developing methods that can incorporate the information

from multiple candidate kernels, through which they can provide with improved power over

the weaker choices of kernel but only slightly lower power than the optimal kernel. Wu et al.

(2013) has proposed two approaches when multiple candidate kernels are available for univariate

response, and we extend their work to accommodate the situation when multiple responses are

present. In this chapter, we propose three composite kernel methods and a perturbation-based

approach. In simulation study, we apply all the proposed methods as well as MVKM test

using the basic kernels, which serve as the benchmark for each of the simulation settings. The

simulation results demonstrate that the choice of kernel has effect on the testing power and

validate the efficacy of our proposed methods.

In this dissertation, we focus on continuous traits. However, in reality, traits can be either

quantitative or qualitative, or a combination of both. For instance, in case-control study, the

trait in the study might be the status of a disease of interest from an individual. In such

situation, the multivariate normal assumption in our semiparametric kernel machine regression

model cannot be met and thus the following inferences would fail. Therefore, extension to

dichotomous traits is a direction that needs further investigation.

With the availability of sequencing data from specific candidate genes and functional ge-

nomic regions such as exons for a large number of individuals and from whole genome for a

smaller set of individuals, it is now possible to gain a wealth of information about the potential

effect of multiple rare variants on complex traits. In fact, it has been argued that highly pene-

trant risk alleles tend to have low fitness and lower frequencies in the population (Schork et al.

(2009)), and therefore, rare variants would be of great interest when detecting the genetic fac-

tors associated with disease risk. Nevertheless, the association test involving rare variants may

not have sufficient power since the alleles are rarely observed in the samples. To improve power,

usually multiple variants are analysed jointly, known as gene-based test or set-based test (Wu

et al. (2011)). Exploration of relationships between rare variants and multiple complex traits

can be an area of potential future research.
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Appendix A

Additional Material for Testing for

Effects of Functional Covariates on

Multivariate Responses

A.1 Simulation Results

This section displays the additional simulation results from Chapter 3, including the power

plot of comparison between functional data analysis and traditional multiple linear regressions

(Figure A.2), power plot of comparison between proposed multivariate LRT with other linear

testing methods (Figure A.1) and simulation results when 5 responses are present (Figure A.3

and Figure A.4)
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Figure A.1: Power for Functional Linear Model. The left column is when n = 100 and n = 200
is on the right. The first row is when the responses are independent, the second row is when there
are low correlations between the responses and the third is when they are highly correlated.
We applied Wilk’s, Roy, Pillai, Hotelling-Lawley test, as well as univariate test with Bonferroni
correction. The plots show that LRT test, Wilk’s, Pillai and Hotelling-Lawley tend to have
similar performances. The Roy test has more power but also larger Type I error. The univariate
test with Bonferroni correction has similar performance as LRT test for independent cases,
however, it loses power when the multivariate responses are dependent.
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Figure A.2: Power for case 1, p = 2 and n = 200 (described in Section 3.3.1). Displayed are
the power curve for MVKM test using the linear kernel (red dashed), linear model with the
mean of the covariates in the model (black dot-dashed) and linear model with covariates as
vector-valued explanatory variables in the model (solid blue). The three plots corresponds to
the cases when the responses are independent (Σtrue,1, top left) in low correlation (Σtrue,2, top
right) and high correlation (Σtrue,3, bottom left).
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Figure A.3: Results of simulation for case 1 and p = 5 as described in Section 3.3.1. Displayed
are the power curve for LRT (solid black), MVKM using the linear kernel (red dashed), the
quadratic kernel (green dotted), composite kernel method (blue dot-dashed) and perturbation-
based method (cyan long-dashed). The left three plots are n = 100 and the right are n = 200.
The top two plots are for the cases when responses are independent (Σtrue,1), the middle ones
are for low correlation (Σtrue,2) and the bottom two are for high correlation (Σtrue,3).
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Figure A.4: Results of simulation for case 2 and p = 5 as described in Section 3.3.1. Displayed
are the power curve for LRT (solid black), MVKM test using the linear kernel (red dashed), the
quadratic kernel (green dotted), composite kernel method (blue dot-dashed) and perturbation-
based method (cyan long-dashed). The left three plots are n = 100 and the right are n = 200.
The top two plots are for the cases when responses are independent (Σtrue,1), the middle ones
are for low correlation (Σtrue,2) and the bottom two are for high correlation (Σtrue,3).
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A.2 Penetrance Plots

In this section, penetrance plot of DNA copy number profiles from MM patients is displayed in

Figure A.5 and separate zoomed-in penetrance plots of selected significant regions are showed

in Figure A.6.
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Figure A.5: Penetrance plots showing the frequency of gain and loss of genomic regions from MM patients. X-axis represents
each chromosome, and the y-axis indicates the % gain or loss of the corresponding genomic region. Gains are shown in blue and
losses in red.
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Figure A.6: Penetrance plots showing the frequency of gain and loss of selected significant
regions from MM patients. The genomic location is represented on the x-axis, and the y-axis
indicates the % gain or loss of the corresponding genomic region. Gains are shown in blue and
losses in red.
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Appendix B

Additional Material for Multivariate

Kernel Machine SNP Set Tesing

Under Multiple Candidate Kernels

This section display the main simulation results for Chapter 4, which includes type I error rate

and power for all the simulation settings described in Section 2.4. Table B.1 - Table B.5 display

the results for the cases when the dimension of the multivariate response is 3, and the cases

when the number of responses is 5 are shown in Table B.6 - Table B.10.
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Table B.1: Simulation results for p = 3 and h = h1 (main effect). Displayed are the power of MVKM test using
linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights (Wu),
composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel (Comp2)
and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28

Σ1

Lin 0.05 0.05 0.10 0.18 0.33 0.51 0.67 0.82 0.91 0.97 0.99 0.05 0.08 0.20 0.41 0.69 0.88 0.97 1
Quad 0.05 0.06 0.10 0.18 0.32 0.48 0.64 0.80 0.89 0.96 0.98 0.05 0.08 0.19 0.37 0.66 0.86 0.96 0.99
IBS 0.05 0.05 0.09 0.17 0.29 0.47 0.64 0.77 0.88 0.95 0.99 0.05 0.08 0.18 0.37 0.64 0.85 0.96 1
Ptb 0.05 0.05 0.09 0.16 0.32 0.50 0.64 0.80 0.90 0.96 0.99 0.05 0.08 0.19 0.39 0.67 0.88 0.97 0.99
Wu 0.05 0.05 0.10 0.18 0.32 0.50 0.66 0.81 0.91 0.97 0.99 0.05 0.08 0.20 0.39 0.68 0.88 0.97 1

Comp1 0.05 0.05 0.10 0.18 0.32 0.51 0.66 0.82 0.91 0.97 0.99 0.05 0.08 0.21 0.41 0.69 0.89 0.97 1
Comp2 0.05 0.05 0.10 0.19 0.33 0.51 0.67 0.82 0.91 0.97 0.99 0.05 0.08 0.19 0.39 0.68 0.88 0.97 1

Σ2

Lin 0.05 0.05 0.08 0.15 0.27 0.41 0.59 0.75 0.86 0.94 0.97 0.05 0.07 0.17 0.34 0.59 0.83 0.94 0.99
Quad 0.05 0.05 0.08 0.14 0.23 0.38 0.53 0.69 0.82 0.90 0.95 0.05 0.07 0.14 0.29 0.52 0.78 0.91 0.98
IBS 0.05 0.05 0.07 0.14 0.25 0.40 0.54 0.68 0.82 0.91 0.97 0.05 0.06 0.14 0.30 0.55 0.79 0.93 0.98
Ptb 0.05 0.05 0.07 0.13 0.24 0.39 0.55 0.69 0.84 0.91 0.97 0.05 0.06 0.15 0.30 0.56 0.80 0.92 0.99
Wu 0.05 0.06 0.08 0.15 0.26 0.41 0.58 0.73 0.85 0.93 0.97 0.05 0.07 0.16 0.32 0.57 0.81 0.94 0.99

Comp1 0.05 0.05 0.08 0.15 0.28 0.41 0.58 0.74 0.86 0.94 0.97 0.05 0.07 0.17 0.34 0.59 0.83 0.94 0.99
Comp2 0.05 0.06 0.08 0.15 0.26 0.41 0.57 0.72 0.85 0.93 0.97 0.05 0.07 0.16 0.33 0.58 0.81 0.94 0.99

Σ3

Lin 0.05 0.06 0.16 0.32 0.55 0.76 0.90 0.96 0.99 1 1 0.05 0.11 0.32 0.66 0.91 0.98 1 1
Quad 0.05 0.06 0.13 0.25 0.43 0.63 0.81 0.92 0.97 0.99 1 0.05 0.09 0.24 0.52 0.81 0.95 0.99 1
IBS 0.05 0.05 0.15 0.30 0.54 0.75 0.88 0.96 0.98 1 1 0.05 0.10 0.32 0.64 0.89 0.98 1 1
Ptb 0.05 0.06 0.15 0.29 0.52 0.72 0.88 0.95 0.99 1 1 0.05 0.10 0.30 0.62 0.88 0.98 1 1
Wu 0.05 0.06 0.15 0.30 0.52 0.72 0.88 0.96 0.98 1 1 0.05 0.10 0.30 0.62 0.89 0.98 1 1

Comp1 0.05 0.06 0.16 0.32 0.55 0.76 0.89 0.96 0.99 1 1 0.05 0.11 0.32 0.67 0.91 0.98 1 1
Comp2 0.05 0.06 0.15 0.30 0.53 0.73 0.88 0.96 0.99 1 1 0.05 0.10 0.30 0.63 0.89 0.98 1 1
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Table B.2: Simulation results for p = 3 and h = h2 (interaction). Displayed are the power of MVKM test using the
linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights (Wu),
composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel (Comp2)
and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28

Σ1

Lin 0.05 0.06 0.08 0.13 0.23 0.36 0.49 0.64 0.75 0.83 0.92 0.05 0.07 0.15 0.29 0.49 0.69 0.88 0.96
Quad 0.05 0.06 0.09 0.16 0.27 0.43 0.56 0.71 0.82 0.91 0.96 0.05 0.08 0.16 0.33 0.55 0.78 0.92 0.98
IBS 0.05 0.04 0.07 0.12 0.19 0.31 0.42 0.57 0.69 0.79 0.87 0.05 0.06 0.13 0.24 0.44 0.64 0.83 0.93
Ptb 0.05 0.05 0.09 0.14 0.25 0.38 0.53 0.67 0.78 0.87 0.94 0.05 0.07 0.15 0.30 0.51 0.74 0.90 0.97
Wu 0.05 0.05 0.08 0.13 0.24 0.38 0.52 0.66 0.78 0.86 0.93 0.05 0.07 0.15 0.30 0.51 0.73 0.90 0.97

Comp1 0.05 0.05 0.08 0.12 0.22 0.35 0.49 0.63 0.74 0.84 0.92 0.05 0.07 0.15 0.29 0.49 0.70 0.87 0.96
Comp2 0.05 0.06 0.09 0.14 0.23 0.37 0.51 0.64 0.76 0.86 0.93 0.05 0.07 0.14 0.29 0.51 0.72 0.89 0.96

Σ2

Lin 0.05 0.05 0.08 0.15 0.27 0.41 0.59 0.75 0.86 0.94 0.90 0.05 0.06 0.14 0.29 0.50 0.69 0.87 0.95
Quad 0.05 0.05 0.08 0.14 0.23 0.38 0.53 0.69 0.82 0.90 0.95 0.04 0.07 0.17 0.33 0.55 0.79 0.92 0.98
IBS 0.05 0.05 0.07 0.14 0.25 0.40 0.54 0.68 0.82 0.91 0.87 0.05 0.06 0.13 0.25 0.43 0.65 0.82 0.94
Ptb 0.05 0.05 0.07 0.13 0.24 0.39 0.55 0.69 0.84 0.91 0.93 0.05 0.06 0.14 0.29 0.51 0.73 0.90 0.97
Wu 0.05 0.06 0.08 0.15 0.26 0.41 0.58 0.73 0.85 0.93 0.93 0.04 0.07 0.15 0.30 0.52 0.72 0.90 0.97

Comp1 0.05 0.05 0.08 0.15 0.28 0.41 0.58 0.74 0.86 0.94 0.90 0.05 0.06 0.14 0.29 0.50 0.69 0.87 0.96
Comp2 0.05 0.06 0.08 0.15 0.26 0.41 0.57 0.72 0.85 0.93 0.92 0.04 0.07 0.15 0.29 0.50 0.71 0.89 0.96

Σ3

Lin 0.05 0.07 0.21 0.41 0.63 0.80 0.93 0.97 0.99 1 1 0.06 0.12 0.37 0.73 0.94 0.99 1 1
Quad 0.05 0.08 0.23 0.46 0.69 0.88 0.95 0.99 1 1 1 0.05 0.14 0.42 0.79 0.97 1 1 1
IBS 0.05 0.06 0.19 0.36 0.58 0.77 0.89 0.95 0.98 1 1 0.05 0.10 0.34 0.67 0.92 0.99 1 1
Ptb 0.05 0.07 0.20 0.42 0.65 0.83 0.93 0.98 1 1 1 0.05 0.13 0.40 0.76 0.96 1 1 1
Wu 0.05 0.08 0.22 0.43 0.66 0.83 0.93 0.98 0.99 1 1 0.05 0.13 0.39 0.76 0.95 1 1 1

Comp1 0.05 0.08 0.21 0.41 0.63 0.80 0.93 0.97 0.99 1 1 0.06 0.12 0.37 0.73 0.94 0.99 1 1
Comp2 0.05 0.07 0.21 0.42 0.65 0.82 0.93 0.98 1 1 1 0.05 0.12 0.38 0.74 0.95 1 1 1
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Table B.3: Simulation results for p = 3 and h = h3 (main and interaction). Displayed are the power of MVKM test
using the linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights
(Wu), composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel
(Comp2) and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0 0.02 0.04 0.06 0.08 0.1

Σ1

Lin 0.05 0.07 0.17 0.37 0.61 0.81 0.93 0.98 0.05 0.07 0.16 0.29 0.49 0.72
Quad 0.05 0.08 0.18 0.41 0.65 0.84 0.95 0.98 0.05 0.07 0.15 0.30 0.51 0.75
IBS 0.05 0.06 0.15 0.31 0.53 0.75 0.88 0.96 0.05 0.06 0.13 0.25 0.45 0.67
Ptb 0.05 0.07 0.18 0.36 0.61 0.81 0.92 0.98 0.05 0.07 0.14 0.29 0.49 0.72
Wu 0.05 0.07 0.18 0.38 0.62 0.83 0.93 0.98 0.05 0.08 0.15 0.29 0.51 0.73

Comp1 0.05 0.07 0.17 0.36 0.61 0.81 0.93 0.98 0.05 0.07 0.14 0.29 0.50 0.72
Comp2 0.05 0.07 0.17 0.38 0.61 0.81 0.93 0.98 0.05 0.07 0.15 0.29 0.49 0.73

Σ2

Lin 0.05 0.05 0.09 0.16 0.28 0.44 0.60 0.75 0.05 0.06 0.16 0.34 0.58 0.80
Quad 0.05 0.06 0.10 0.19 0.30 0.47 0.63 0.75 0.05 0.08 0.18 0.35 0.60 0.82
IBS 0.05 0.05 0.07 0.15 0.27 0.40 0.56 0.71 0.05 0.06 0.16 0.30 0.54 0.76
Ptb 0.05 0.05 0.09 0.16 0.27 0.44 0.60 0.74 0.05 0.07 0.17 0.33 0.57 0.80
Wu 0.05 0.06 0.10 0.17 0.29 0.46 0.62 0.76 0.05 0.07 0.17 0.34 0.59 0.81

Comp1 0.05 0.05 0.09 0.17 0.29 0.44 0.60 0.74 0.05 0.07 0.16 0.34 0.57 0.80
Comp2 0.05 0.05 0.10 0.17 0.29 0.45 0.61 0.75 0.05 0.07 0.16 0.34 0.58 0.80

Σ3

Lin 0.05 0.09 0.31 0.58 0.81 0.95 0.99 1 0.05 0.16 0.53 0.90 0.99 1
Quad 0.05 0.11 0.32 0.61 0.84 0.96 0.99 1 0.05 0.18 0.56 0.91 1 1
IBS 0.05 0.09 0.29 0.55 0.79 0.94 0.98 1 0.05 0.14 0.50 0.88 0.99 1
Ptb 0.05 0.09 0.31 0.58 0.82 0.95 0.99 1 0.05 0.16 0.53 0.90 1 1
Wu 0.05 0.10 0.32 0.60 0.83 0.96 0.99 1 0.05 0.17 0.55 0.91 1 1

Comp1 0.05 0.09 0.30 0.58 0.81 0.95 0.99 1 0.05 0.16 0.53 0.90 1 1
Comp2 0.05 0.09 0.32 0.59 0.82 0.96 0.99 1 0.05 0.16 0.56 0.91 0.99 1
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Table B.4: Simulation results for p = 3 and h = h4 (mix effect). Displayed are the power of MVKM test using the linear
(Lin), quadratic (Quad), IBS (IBS) kernel, , mixed kernel (Mix), composite kernel based on Wu et al. (2013)’s proposed
weights (Wu), composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each
kernel (Comp2) and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0 0.04 0.08 0.12 0.16

Σ1

Lin 0.05 0.11 0.33 0.67 0.89 0.98 1 1 0.05 0.20 0.67 0.96 1
Quad 0.05 0.12 0.38 0.71 0.92 0.99 1 1 0.05 0.22 0.72 0.97 1
IBS 0.05 0.09 0.30 0.60 0.85 0.97 0.99 1 0.05 0.17 0.62 0.94 1
Mix 0.05 0.13 0.39 0.73 0.93 0.99 1 1 0.05 0.23 0.73 0.98 1
Ptb 0.05 0.11 0.34 0.68 0.90 0.98 1 1 0.05 0.21 0.69 0.97 1
Wu 0.05 0.11 0.35 0.69 0.90 0.98 1 1 0.05 0.21 0.69 0.97 1

Comp1 0.05 0.11 0.33 0.67 0.89 0.98 1 1 0.05 0.20 0.67 0.96 1
Comp2 0.05 0.11 0.35 0.68 0.90 0.98 1 1 0.05 0.20 0.67 0.96 1

Σ2

Lin 0.05 0.09 0.23 0.46 0.71 0.89 0.96 0.99 0.06 0.13 0.45 0.85 0.99
Quad 0.05 0.09 0.25 0.47 0.74 0.90 0.96 1 0.06 0.15 0.41 0.86 0.99
IBS 0.05 0.07 0.20 0.41 0.64 0.83 0.93 0.98 0.06 0.12 0.41 0.80 0.97
Mix 0.05 0.10 0.25 0.49 0.75 0.92 0.97 1 0.06 0.15 0.49 0.89 0.99
Ptb 0.06 0.09 0.23 0.45 0.72 0.89 0.96 1 0.06 0.13 0.47 0.86 0.99
Wu 0.06 0.09 0.22 0.48 0.73 0.91 0.96 0.99 0.06 0.13 0.48 0.86 0.99

Comp1 0.05 0.09 0.22 0.47 0.71 0.89 0.96 0.99 0.06 0.12 0.46 0.85 0.99
Comp2 0.05 0.09 0.22 0.48 0.71 0.89 0.97 1 0.07 0.13 0.47 0.86 0.99

Σ3

Lin 0.05 0.09 0.19 0.38 0.61 0.79 0.90 0.95 0.05 0.13 0.40 0.75 0.93
Quad 0.05 0.09 0.18 0.36 0.57 0.76 0.87 0.93 0.06 0.12 0.38 0.72 0.94
IBS 0.05 0.07 0.18 0.36 0.56 0.75 0.85 0.93 0.05 0.11 0.37 0.70 0.92
Mix 0.05 0.09 0.21 0.43 0.65 0.81 0.91 0.97 0.06 0.14 0.42 0.78 0.95
Ptb 0.05 0.09 0.18 0.37 0.59 0.77 0.88 0.93 0.06 0.12 0.38 0.73 0.93
Wu 0.05 0.08 0.19 0.39 0.61 0.79 0.90 0.95 0.05 0.13 0.40 0.75 0.94

Comp1 0.05 0.09 0.19 0.39 0.60 0.79 0.89 0.94 0.05 0.12 0.40 0.74 0.94
Comp2 0.05 0.09 0.18 0.39 0.59 0.78 0.89 0.95 0.05 0.12 0.40 0.74 0.93
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Table B.5: Simulation results for p = 3 and h = h5 (complex effect). Displayed are the power of MVKM test using the
linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights (Wu),
composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel (Comp2)
and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28

Σ1

Lin 0.05 0.05 0.06 0.08 0.13 0.18 0.26 0.36 0.46 0.58 0.69 0.05 0.06 0.09 0.15 0.27 0.40 0.60 0.77
Quad 0.05 0.05 0.06 0.09 0.12 0.17 0.24 0.33 0.44 0.54 0.67 0.05 0.06 0.09 0.13 0.23 0.37 0.56 0.75
IBS 0.05 0.05 0.06 0.08 0.13 0.20 0.29 0.41 0.52 0.65 0.77 0.05 0.05 0.09 0.17 0.30 0.45 0.67 0.84
Ptb 0.05 0.05 0.06 0.09 0.13 0.19 0.28 0.39 0.49 0.61 0.73 0.05 0.06 0.09 0.15 0.27 0.43 0.64 0.82
Wu 0.05 0.05 0.05 0.08 0.13 0.18 0.27 0.37 0.48 0.62 0.72 0.05 0.06 0.09 0.15 0.26 0.41 0.64 0.81

Comp1 0.05 0.05 0.05 0.07 0.12 0.17 0.26 0.35 0.45 0.57 0.70 0.05 0.06 0.09 0.16 0.26 0.40 0.60 0.77
Comp2 0.05 0.05 0.05 0.08 0.13 0.18 0.27 0.38 0.49 0.62 0.74 0.05 0.06 0.09 0.16 0.28 0.44 0.65 0.82

Σ2

Lin 0.05 0.05 0.05 0.09 0.13 0.19 0.27 0.37 0.51 0.64 0.73 0.05 0.05 0.09 0.16 0.28 0.44 0.64 0.81
Quad 0.05 0.05 0.05 0.08 0.11 0.17 0.25 0.34 0.45 0.58 0.70 0.05 0.06 0.08 0.14 0.24 0.38 0.61 0.77
IBS 0.05 0.05 0.06 0.10 0.15 0.23 0.35 0.47 0.61 0.73 0.82 0.05 0.05 0.09 0.19 0.34 0.53 0.75 0.90
Ptb 0.05 0.05 0.05 0.08 0.13 0.20 0.29 0.41 0.56 0.69 0.78 0.05 0.05 0.09 0.17 0.30 0.49 0.70 0.87
Wu 0.05 0.05 0.05 0.09 0.13 0.20 0.29 0.39 0.55 0.68 0.77 0.05 0.06 0.08 0.16 0.29 0.47 0.68 0.85

Comp1 0.05 0.05 0.05 0.08 0.13 0.18 0.27 0.38 0.50 0.64 0.73 0.05 0.06 0.09 0.16 0.28 0.44 0.64 0.81
Comp2 0.05 0.05 0.05 0.09 0.13 0.21 0.30 0.41 0.57 0.69 0.78 0.05 0.05 0.08 0.17 0.30 0.49 0.70 0.86

Σ3

Lin 0.05 0.06 0.10 0.24 0.42 0.63 0.82 0.92 0.97 0.99 1 0.05 0.09 0.23 0.52 0.81 0.95 0.99 1
Quad 0.05 0.06 0.11 0.21 0.37 0.58 0.76 0.89 0.97 0.99 1 0.05 0.07 0.19 0.46 0.78 0.93 0.99 1
IBS 0.05 0.07 0.15 0.33 0.56 0.80 0.92 0.98 1 1 1 0.05 0.10 0.31 0.67 0.92 0.99 1 1
Ptb 0.05 0.06 0.13 0.28 0.51 0.73 0.89 0.97 1 1 0.99 0.05 0.08 0.26 0.62 0.89 0.98 1 1
Wu 0.05 0.06 0.12 0.26 0.47 0.69 0.86 0.95 0.99 1 1 0.05 0.08 0.24 0.57 0.87 0.97 1 1

Comp1 0.05 0.06 0.10 0.24 0.42 0.63 0.82 0.92 0.97 1 1 0.05 0.09 0.22 0.52 0.81 0.95 0.99 1
Comp2 0.05 0.06 0.12 0.27 0.50 0.71 0.87 0.96 0.99 1 1 0.05 0.09 0.25 0.60 0.88 0.97 1 1

999999



Table B.6: Simulation results for p = 5 and h = h1 (main effect). Displayed are the power of MVKM test using the
linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights (Wu),
composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel (Comp2)
and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28

Σ1

Lin 0.05 0.06 0.10 0.18 0.31 0.50 0.69 0.84 0.93 0.97 0.99 0.05 0.06 0.18 0.41 0.69 0.90 0.98 1
Quad 0.05 0.06 0.10 0.18 0.29 0.48 0.65 0.80 0.92 0.95 0.98 0.05 0.07 0.18 0.39 0.64 0.88 0.98 1
IBS 0.05 0.06 0.10 0.16 0.28 0.45 0.64 0.80 0.90 0.96 0.98 0.05 0.06 0.17 0.37 0.65 0.86 0.97 0.99
Ptb 0.05 0.06 0.10 0.18 0.31 0.48 0.67 0.81 0.92 0.97 0.99 0.05 0.07 0.18 0.40 0.67 0.88 0.98 1
Wu 0.05 0.07 0.09 0.18 0.32 0.50 0.68 0.83 0.93 0.97 0.99 0.05 0.06 0.18 0.40 0.68 0.90 0.98 1

Comp1 0.05 0.06 0.10 0.18 0.31 0.50 0.69 0.83 0.93 0.97 0.99 0.05 0.06 0.19 0.41 0.68 0.90 0.99 1
Comp2 0.05 0.06 0.09 0.18 0.31 0.49 0.69 0.83 0.93 0.97 0.99 0.05 0.06 0.18 0.40 0.68 0.89 0.98 1

Σ2

Lin 0.05 0.07 0.08 0.13 0.20 0.31 0.47 0.64 0.78 0.88 0.94 0.05 0.06 0.12 0.26 0.49 0.71 0.90 0.97
Quad 0.06 0.06 0.08 0.11 0.18 0.27 0.42 0.56 0.70 0.82 0.90 0.04 0.07 0.11 0.22 0.44 0.67 0.86 0.96
IBS 0.05 0.05 0.08 0.12 0.20 0.29 0.42 0.58 0.73 0.85 0.92 0.05 0.05 0.11 0.25 0.45 0.68 0.87 0.96
Ptb 0.05 0.06 0.09 0.13 0.19 0.30 0.43 0.59 0.74 0.85 0.93 0.05 0.06 0.11 0.25 0.48 0.70 0.89 0.97
Wu 0.05 0.07 0.08 0.13 0.19 0.31 0.45 0.61 0.76 0.86 0.94 0.05 0.06 0.12 0.24 0.48 0.71 0.89 0.97

Comp1 0.05 0.06 0.09 0.13 0.20 0.31 0.46 0.64 0.77 0.87 0.94 0.05 0.06 0.12 0.26 0.48 0.71 0.90 0.97
Comp2 0.05 0.06 0.08 0.13 0.19 0.30 0.45 0.62 0.77 0.86 0.94 0.05 0.06 0.12 0.25 0.48 0.70 0.90 0.97

Σ3

Lin 0.05 0.08 0.16 0.33 0.52 0.74 0.89 0.97 0.99 1 1 0.05 0.08 0.31 0.65 0.90 0.99 1 1
Quad 0.05 0.06 0.13 0.25 0.42 0.62 0.79 0.91 0.97 1 1 0.05 0.08 0.24 0.52 0.81 0.96 0.99 1
IBS 0.05 0.07 0.16 0.32 0.51 0.73 0.88 0.96 0.99 1 1 0.05 0.08 0.31 0.63 0.89 0.99 1 1
Ptb 0.05 0.07 0.15 0.30 0.50 0.71 0.88 0.95 0.99 1 1 0.05 0.09 0.30 0.63 0.88 0.98 1 1
Wu 0.05 0.07 0.16 0.31 0.50 0.72 0.88 0.96 0.99 1 1 0.05 0.08 0.29 0.63 0.88 0.99 1 1

Comp1 0.05 0.08 0.16 0.32 0.52 0.74 0.89 0.97 0.99 1 1 0.05 0.08 0.31 0.65 0.90 0.99 1 1
Comp2 0.05 0.07 0.16 0.32 0.50 0.72 0.88 0.96 0.99 1 1 0.05 0.08 0.30 0.63 0.88 0.98 1 1
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Table B.7: Simulation results for p = 5 and h = h2 (interaction). Displayed are the power of MVKM test using the
linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights (Wu),
composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel (Comp2)
and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28

Σ1

Lin 0.05 0.05 0.08 0.12 0.18 0.26 0.36 0.47 0.62 0.72 0.82 0.05 0.05 0.10 0.22 0.38 0.60 0.78 0.90
Quad 0.06 0.06 0.08 0.12 0.20 0.31 0.43 0.56 0.70 0.81 0.90 0.05 0.06 0.12 0.25 0.45 0.70 0.87 0.95
IBS 0.05 0.06 0.07 0.11 0.16 0.22 0.31 0.42 0.54 0.65 0.73 0.05 0.05 0.10 0.18 0.33 0.53 0.74 0.87
Ptb 0.05 0.06 0.08 0.12 0.19 0.29 0.39 0.52 0.65 0.77 0.85 0.05 0.06 0.11 0.24 0.42 0.66 0.84 0.94
Wu 0.05 0.06 0.08 0.13 0.20 0.28 0.39 0.51 0.65 0.75 0.84 0.05 0.05 0.11 0.23 0.42 0.64 0.83 0.93

Comp1 0.05 0.06 0.08 0.12 0.18 0.26 0.35 0.46 0.63 0.72 0.81 0.04 0.05 0.10 0.21 0.39 0.60 0.79 0.90
Comp2 0.05 0.06 0.08 0.12 0.19 0.27 0.38 0.50 0.64 0.74 0.83 0.05 0.05 0.11 0.22 0.41 0.61 0.82 0.92

Σ2

Lin 0.05 0.06 0.08 0.12 0.19 0.27 0.38 0.50 0.62 0.75 0.84 0.05 0.05 0.11 0.23 0.42 0.62 0.81 0.92
Quad 0.06 0.06 0.08 0.12 0.21 0.32 0.46 0.60 0.73 0.82 0.91 0.05 0.07 0.13 0.27 0.48 0.73 0.87 0.96
IBS 0.05 0.05 0.07 0.11 0.17 0.24 0.32 0.44 0.56 0.66 0.77 0.05 0.06 0.10 0.19 0.37 0.56 0.75 0.89
Ptb 0.06 0.06 0.08 0.12 0.19 0.29 0.41 0.54 0.68 0.79 0.87 0.05 0.06 0.12 0.25 0.45 0.68 0.85 0.95
Wu 0.05 0.06 0.08 0.12 0.20 0.29 0.40 0.54 0.67 0.79 0.87 0.05 0.06 0.11 0.24 0.44 0.66 0.85 0.94

Comp1 0.05 0.06 0.08 0.12 0.18 0.27 0.36 0.50 0.62 0.75 0.83 0.05 0.06 0.10 0.24 0.42 0.63 0.82 0.92
Comp2 0.05 0.05 0.07 0.12 0.20 0.29 0.39 0.52 0.66 0.77 0.86 0.05 0.06 0.11 0.23 0.43 0.65 0.84 0.93

Σ3

Lin 0.05 0.09 0.18 0.37 0.60 0.79 0.92 0.97 0.99 1 1 0.05 0.11 0.38 0.74 0.94 0.99 1 1
Quad 0.05 0.08 0.22 0.43 0.68 0.87 0.95 0.99 1 1 1 0.04 0.13 0.45 0.81 0.97 1 1 1
IBS 0.05 0.08 0.17 0.34 0.55 0.76 0.89 0.95 0.98 0.99 1 0.05 0.10 0.31 0.70 0.92 0.99 1 1
Ptb 0.05 0.09 0.19 0.39 0.63 0.83 0.94 0.98 1 1 1 0.05 0.12 0.39 0.77 0.96 1 1 1
Wu 0.05 0.09 0.19 0.40 0.63 0.83 0.94 0.98 0.99 1 1 0.05 0.12 0.41 0.77 0.95 1 1 1

Comp1 0.05 0.09 0.18 0.36 0.60 0.80 0.92 0.96 0.99 1 1 0.05 0.11 0.38 0.73 0.93 0.99 1 1
Comp2 0.05 0.09 0.18 0.40 0.62 0.82 0.93 0.98 0.99 1 1 0.05 0.11 0.40 0.76 0.96 1 1 1
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Table B.8: Simulation results for p = 5 and h = h3 (main and interaction). Displayed are the power of MVKM test
using the linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights
(Wu), composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel
(Comp2) and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0 0.02 0.04 0.06 0.08 0.1

Σ1

Lin 0.05 0.06 0.08 0.11 0.19 0.25 0.37 0.50 0.05 0.05 0.10 0.22 0.39 0.60
Quad 0.05 0.06 0.07 0.11 0.18 0.28 0.39 0.53 0.05 0.06 0.11 0.23 0.41 0.65
IBS 0.05 0.05 0.07 0.11 0.16 0.24 0.32 0.45 0.05 0.05 0.10 0.20 0.35 0.55
Ptb 0.05 0.06 0.08 0.11 0.18 0.26 0.37 0.51 0.05 0.05 0.11 0.23 0.39 0.62
Wu 0.05 0.06 0.08 0.12 0.18 0.27 0.38 0.52 0.05 0.05 0.10 0.22 0.39 0.61

Comp1 0.05 0.06 0.07 0.12 0.18 0.25 0.36 0.50 0.04 0.05 0.10 0.22 0.39 0.60
Comp2 0.05 0.06 0.07 0.12 0.18 0.26 0.37 0.50 0.05 0.05 0.11 0.23 0.39 0.60

Σ2

Lin 0.05 0.06 0.08 0.12 0.22 0.33 0.47 0.61 0.05 0.06 0.12 0.28 0.49 0.73
Quad 0.06 0.06 0.08 0.13 0.24 0.35 0.51 0.65 0.05 0.07 0.14 0.30 0.54 0.77
IBS 0.05 0.05 0.08 0.13 0.19 0.31 0.45 0.58 0.05 0.06 0.12 0.25 0.46 0.68
Ptb 0.06 0.06 0.08 0.14 0.22 0.34 0.48 0.62 0.05 0.06 0.14 0.29 0.51 0.76
Wu 0.05 0.06 0.09 0.13 0.23 0.35 0.49 0.63 0.05 0.06 0.13 0.29 0.51 0.77

Comp1 0.05 0.07 0.08 0.12 0.22 0.33 0.46 0.61 0.05 0.06 0.12 0.28 0.49 0.73
Comp2 0.05 0.06 0.08 0.13 0.22 0.35 0.48 0.63 0.05 0.06 0.13 0.29 0.50 0.75

Σ3

Lin 0.05 0.10 0.26 0.55 0.80 0.95 0.99 1 0.05 0.15 0.56 0.90 0.99 1
Quad 0.05 0.11 0.28 0.59 0.83 0.96 0.99 1 0.04 0.17 0.61 0.91 0.99 1
IBS 0.05 0.09 0.25 0.53 0.78 0.94 0.98 1 0.05 0.13 0.51 0.89 0.99 1
Ptb 0.05 0.10 0.27 0.56 0.81 0.95 0.99 1 0.05 0.16 0.57 0.91 0.99 1
Wu 0.05 0.10 0.27 0.57 0.82 0.95 0.99 1 0.05 0.16 0.58 0.91 0.99 1

Comp1 0.05 0.10 0.25 0.55 0.80 0.94 0.99 1 0.05 0.15 0.56 0.90 0.99 1
Comp2 0.05 0.10 0.27 0.57 0.82 0.95 0.99 1 0.05 0.16 0.57 0.91 0.99 1
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Table B.9: Simulation results for p = 5 and h = h4 (mix effect). Displayed are the power of MVKM test using the linear
(Lin), quadratic (Quad), IBS (IBS) kernel, mixed kernel (Mix), composite kernel based on Wu et al. (2013)’s proposed
weights (Wu), composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each
kernel (Comp2) and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

delta 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0 0.04 0.08 0.12 0.16

Σ1

Lin 0.05 0.09 0.22 0.52 0.79 0.94 0.98 0.99 0.05 0.14 0.54 0.90 1
Quad 0.05 0.09 0.26 0.55 0.84 0.95 0.99 1 0.05 0.16 0.58 0.93 1
IBS 0.05 0.08 0.22 0.44 0.72 0.89 0.97 0.99 0.05 0.12 0.49 0.88 0.99
Mix 0.05 0.14 0.38 0.72 0.92 0.99 1 1 0.05 0.19 0.69 0.96 1
Ptb 0.05 0.09 0.24 0.53 0.81 0.94 0.99 1 0.05 0.14 0.54 0.92 1
Wu 0.05 0.09 0.24 0.53 0.82 0.95 0.99 1 0.05 0.16 0.55 0.92 1

Comp1 0.05 0.09 0.23 0.52 0.79 0.94 0.98 1 0.04 0.14 0.54 0.91 1
Comp2 0.05 0.09 0.23 0.53 0.80 0.94 0.99 1 0.05 0.15 0.54 0.91 1

Σ2

Lin 0.05 0.08 0.14 0.32 0.56 0.79 0.90 0.96 0.05 0.10 0.37 0.76 0.96
Quad 0.06 0.08 0.16 0.35 0.60 0.82 0.94 0.98 0.05 0.10 0.38 0.81 0.97
IBS 0.05 0.07 0.14 0.28 0.49 0.72 0.86 0.92 0.05 0.09 0.32 0.70 0.93
Mix 0.05 0.09 0.23 0.48 0.73 0.90 0.97 0.99 0.05 0.13 0.50 0.85 0.99
Ptb 0.06 0.08 0.16 0.33 0.56 0.80 0.91 0.96 0.05 0.10 0.36 0.78 0.96
Wu 0.05 0.08 0.16 0.33 0.59 0.80 0.93 0.97 0.05 0.10 0.37 0.77 0.97

Comp1 0.05 0.08 0.14 0.31 0.57 0.78 0.91 0.96 0.05 0.10 0.36 0.76 0.96
Comp2 0.05 0.07 0.15 0.33 0.57 0.78 0.92 0.97 0.05 0.09 0.37 0.77 0.96

Σ3

Lin 0.05 0.09 0.19 0.36 0.58 0.77 0.88 0.93 0.05 0.12 0.38 0.75 0.94
Quad 0.05 0.08 0.17 0.33 0.53 0.74 0.85 0.92 0.04 0.10 0.36 0.72 0.92
IBS 0.05 0.08 0.18 0.33 0.53 0.73 0.85 0.91 0.05 0.11 0.34 0.71 0.91
Mix 0.05 0.09 0.20 0.40 0.63 0.82 0.91 0.95 0.04 0.12 0.44 0.78 0.94
Ptb 0.05 0.09 0.18 0.35 0.56 0.75 0.86 0.92 0.05 0.11 0.36 0.72 0.93
Wu 0.05 0.09 0.18 0.35 0.58 0.77 0.87 0.93 0.05 0.11 0.38 0.74 0.94

Comp1 0.05 0.09 0.19 0.36 0.58 0.78 0.88 0.93 0.05 0.12 0.38 0.76 0.94
Comp2 0.05 0.09 0.18 0.36 0.57 0.77 0.87 0.93 0.05 0.11 0.38 0.74 0.94
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Table B.10: Simulation results for p = 5 and h = h5 (complex effect). Displayed are the power of MVKM test using the
linear (Lin), quadratic (Quad), IBS (IBS) kernel, composite kernel based on Wu et al. (2013)’s proposed weights (Wu),
composite kernel based on P0 (Comp1), composite kernel based on maximum of absolute entries for each kernel (Comp2)
and perturbation-based method (Ptb), as described in simulation section, for α = 0.05.

n = 100 n = 200

δ 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4 0 0.04 0.08 0.12 0.16 0.2 0.24 0.28

Σ1

Lin 0.05 0.05 0.06 0.08 0.10 0.14 0.19 0.26 0.34 0.41 0.50 0.05 0.05 0.06 0.12 0.18 0.30 0.46 0.62
Quad 0.05 0.05 0.06 0.08 0.10 0.13 0.19 0.25 0.32 0.40 0.49 0.05 0.05 0.07 0.11 0.17 0.27 0.42 0.58
IBS 0.05 0.05 0.06 0.09 0.12 0.16 0.22 0.29 0.38 0.48 0.59 0.05 0.05 0.07 0.12 0.20 0.33 0.52 0.69
Ptb 0.05 0.06 0.06 0.08 0.11 0.16 0.21 0.28 0.36 0.45 0.56 0.05 0.05 0.08 0.13 0.19 0.32 0.48 0.65
Wu 0.05 0.05 0.07 0.09 0.11 0.15 0.21 0.28 0.34 0.44 0.55 0.05 0.04 0.07 0.12 0.18 0.30 0.48 0.65

Comp1 0.05 0.05 0.06 0.08 0.11 0.14 0.18 0.25 0.34 0.42 0.51 0.05 0.04 0.06 0.12 0.19 0.29 0.45 0.62
Comp2 0.05 0.05 0.06 0.08 0.11 0.15 0.20 0.28 0.36 0.45 0.57 0.04 0.05 0.07 0.12 0.20 0.32 0.50 0.65

Σ2

Lin 0.05 0.06 0.06 0.08 0.11 0.16 0.23 0.29 0.37 0.48 0.58 0.05 0.05 0.07 0.13 0.20 0.34 0.52 0.69
Quad 0.05 0.05 0.06 0.08 0.11 0.14 0.20 0.26 0.33 0.44 0.54 0.04 0.05 0.07 0.11 0.18 0.29 0.45 0.62
IBS 0.05 0.05 0.07 0.09 0.13 0.20 0.26 0.36 0.46 0.60 0.71 0.05 0.06 0.09 0.14 0.25 0.43 0.62 0.78
Ptb 0.05 0.06 0.06 0.09 0.12 0.18 0.24 0.33 0.42 0.54 0.66 0.05 0.05 0.08 0.14 0.24 0.38 0.57 0.76
Wu 0.05 0.06 0.07 0.08 0.12 0.18 0.23 0.30 0.40 0.51 0.64 0.05 0.05 0.07 0.12 0.21 0.36 0.53 0.73

Comp1 0.05 0.06 0.07 0.08 0.11 0.16 0.22 0.29 0.38 0.48 0.59 0.05 0.05 0.07 0.13 0.20 0.34 0.51 0.68
Comp2 0.05 0.06 0.06 0.09 0.12 0.17 0.24 0.32 0.41 0.54 0.66 0.05 0.05 0.08 0.14 0.22 0.38 0.56 0.74

Σ3

Lin 0.05 0.07 0.13 0.24 0.38 0.62 0.80 0.91 0.96 0.99 1 0.05 0.09 0.23 0.49 0.81 0.96 1 1
Quad 0.05 0.08 0.11 0.20 0.34 0.55 0.74 0.88 0.95 0.99 1 0.05 0.08 0.19 0.42 0.74 0.95 0.99 1
IBS 0.05 0.08 0.16 0.31 0.54 0.79 0.92 0.98 0.99 1 1 0.05 0.11 0.31 0.66 0.92 1 1 1
Ptb 0.06 0.08 0.15 0.27 0.47 0.72 0.89 0.97 0.99 1 1 0.05 0.09 0.27 0.60 0.90 0.99 1 1
Wu 0.05 0.08 0.14 0.25 0.42 0.68 0.86 0.95 0.98 1 1 0.05 0.08 0.24 0.54 0.86 0.99 1 1

Comp1 0.05 0.08 0.13 0.24 0.40 0.62 0.79 0.91 0.97 0.99 1 0.05 0.09 0.23 0.49 0.81 0.97 1 1
Comp2 0.05 0.08 0.14 0.27 0.45 0.70 0.88 0.96 0.99 1 1 0.05 0.09 0.25 0.56 0.87 0.99 1 1
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