Abstract

LASATER, MATTHEW SCOTT. Numerical Methods for the Wigner-Poisson Equa-
tions. (Under the direction of C.T. Kelley).

This thesis applies modern numerical methods to solve the Wigner-Poisson equa-
tions for simulating quantum mechanical electron transport in nanoscale semicon-
ductor devices, in particular, a resonant tunneling diode (RTD). The goal of this
dissertation is to provide engineers with a simulation tool that will verify earlier nu-
merical results as well as improve upon the computational efficiency and resolution
of older simulations. Iterative methods are applied to the linear and nonlinear prob-
lems in these simulations to reduce the computational memory and time require to
calculate solutions.

Initially the focus of the research involved updating time-integration techniques,
but this switched to implementing continuation methods for finding steady-state so-
lutions to the equations as the applied voltage drop across the device varied. This
method requires the solution to eigenvalue problems to produce information on the

RTD’s time-dependent behavior such as the development of current oscillation at a



particular applied voltage drop. The continuation algorithms/eigensolving capabili-
ties were provided by Sandia National Laboratories’ software library LOCA (Library
of Continuation Algorithms). The RTD simulator was parallelized, and a precondi-
tioner was developed to speed-up the iterative linear solver. This allowed us to use
finer computational meshes to fully resolve the physics.

We also theoretically analyze the steady-state solutions of the Wigner-Poisson
equations by noting that the solutions to the steady-state problem are also solutions
to a fixed point problem. By analyzing the fixed point map, we are able to prove
some regularity of the steady-state solutions as well provide a theoretical explanation

for the mesh-independence of the preconditioned linear solver.
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Chapter 1

Overview

1.1 Introduction

This thesis derives from research on enhancing the computation of Wigner-Poisson
simulations. The Wigner-Poisson equations model electron transport that is domi-
nated by quantum mechanics. This is applicable to devices that are designed on the
nanoscale (107 meters), which is the motivation for the research. The research was
funded by the U.S. Army Research Office to understand and control the quantum
mechanical effects that will be present when devices are scaled down to such a tiny
size.

The prototypical nanoscale semiconductor device under investigation in this work
is a resonant tunneling diode (RTD). Numerical simulation [40], [41] have predicted

terahertz (THz) frequency current oscillation in these devices. Terahertz radiation is
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being heavily researched by the U.S. Army for homeland security reasons [38], [39],
and devices that operate on or could control terahertz frequency signals would be of
special interest to the U.S. Army. These computer simulations [40], [41] took several
days and were not accurate enough to resolve all the relevant physical processes. To
get a complete understanding of the device, numerous more accurate runs are re-
quired, but the computational requirement in time and resources was too great for
the engineers when using their code. My research involved updating the code used
for the simulation to modern nonlinear solvers in a parallel processing environment,
using continuation methods and eigensolvers to effectively determine the onset of os-
cillatory behavior in a parameter study, theoretically proving that the preconditioner
used in computing steady-state distribution is mathematical scalability, and getting

a regularity result for these steady-state distributions.

1.2 Simulating Nanoscale Semiconductors

Semiconductor technology has developed to the point where the next generation of
electronic devices will operate at the nanoscale. Since the device scale is so small,
design problems arise immediately. Currently, we do not have the technology to ob-
serve and collect all relevant data from such small devices. Futhermore, even if we
had this capability, the device physics are determined by quantum mechanics and
not by classical electromagnetism. A fundamental result of quantum mechanics is

that the act of observing a quantum system will have an impact on the results we
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obtain. Thus, physically measuring how a normal quantum system is functioning
would require an account of the effects of the observer on the reported data. To avoid
this issue, engineers and physicists researching these quantum devices derive and use
accurate models of these quantum systems from first-principle physics.

In this work, we develop and analyze numerical methods for solving the Wigner-
Poisson equations. These equations describe the statistical mechanics of particles
under the influence of quantum mechanics. A classical analogue to the Wigner equa-
tion is the Boltzmann equation [11] for describing the statistical mechanics of gas
particles or electrons on the macroscale. The Wigner-Poisson equations consist of
two equations: the Wigner distribution equation, a nonlinear integro-partial differ-
ential equation which describes electron transport on the quantum level, coupled to
Poisson’s equation, which determines the potential created by the electrons. In the
past two decades, the Wigner-Poisson equations have been used to predict the be-
havior of nanoscale semiconductor devices [14],[22]. One particular nanostructure we
are interested in is the resonant-tunneling diode (RTD).

Recently, resonant tunneling diodes have been considerably researched in the field
of semiconductor technology [35], [36], [8]. Figure 1.1 shows a diagram of a RTD and
the electric potential within the RTD.

A RTD is created by the joining together two different semiconductors, material I
and material II semiconductors. In a semiconductor material, the state of an electron

is determined by its energy. If an electron has enough energy, then it is able to move
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Figure 1.1: Drawing of a Resonant Tunneling Diode and Its Electric Potential U

within the material. The minimum energy required for an electron to freely move
about is material dependent. Semiconductor II is chosen so that it has a higher re-
quired energy than semiconductor I. For our particular application we are studying,
semiconductor I is gallium arsenide (GaAs) and semiconductor II is gallium aluminum
arsenide (GaAlAs). The difference in minimum energies of the two materials creates
potential barriers within the RTD. These barriers are shown in the electric potential
which jumps up in the material I regions. Towards the two ends of the RTD, the
semiconductor is doped (represented by the darkened area). Doping is where atoms
that contain more (or fewer) electrons than the semiconductor itself are placed into
the semiconductor to add (or take away) extra electrons in the structure. Between
the barriers and the doped areas are regions of material I called spacers and trapped

between the barrier is a region of material I semiconductor which is the quantum well
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of the system.

By putting different voltages at both ends of the device, (shown in the diagram by
the voltage drop of V' volts) electrons are attracted to one side of the device. Classi-
cally, an electron is treated as a particle, and if a particle runs into a potential barrier,
it is reflected back if the particle does not have enough momentum to overcome the
barrier. In quantum mechanics though, electrons are treated as waves, and no matter
how slowly the electrons are traveling, they still have some probability of crossing
through the barriers. This effect is known as quantum tunneling, and it is the basic
premise behind the device.

Physical experiments in the 1980’s have shown current oscillation can be expected
in the RTD [36]. To control this oscillation, engineers have used external circuit con-
figurations, but the power produced by the RTDs in these configuration is not large
enough to be useful [42]. Engineers are now looking at trying to control these oscil-
lations by intrinsic means in hopes of producing larger power output from the RTD.
Numerical simulations [40],[41] have shown that current oscillation can be in the THz
range. With these numerical simulations, engineers hope they can determine what
physical parameters (i.e., doping profile, barrier height and width, well width, etc.)
are conducive to sustaining and controlling these oscillations,in hopes of producing a
viable high frequency power source.

Terahertz devices have great potential for computational and military applica-

tions. There is ongoing research [38], [39] for using terahertz radiation for detecting
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and identfying biological and chemical warfare agents. In a battlefield environment,
the ability to remotely detect biological and chemical warfare agents would reduce the
risk of injuries and casualties. Also, computational efficiency and data transmission
will be greatly increased once sustainable terahertz frequencies are possible. The goal
of this research is to create a numerical tool for engineers and scientists to use in order
to understand the physical mechanisms behind the RTD’s operation and potentially
exploit these mechanisms to create terahertz frequency devices.

The problem of numerically simulating nanoscale semiconductor devices with the
Wigner formalism is an active field of research. The numerical method we use is a
finite-difference approximation as described in [8]. Other discretizations can be used.
In [32], [31], the author considers using a spectral discretization. Here, functions
are approximated by a truncated Fourier series, where the coefficients on the finite-
dimensional Fourier basis are computed. In [32], the author proposed a mixed finite
difference-spectral method (differences in = and t space, spectral in k space) for the
coupled Wigner-Poisson equations. This is for a bounded domain in one-dimensional
x space, with time-dependent Dirchlet boundary conditions. In the paper, the author
derives errors estimations and establishes consistency of the method, gets a priori nu-
merical bounds on the solution, and presents numerical results. The author, though,
do not account for scattering effects that will occur within the semiconductor. This
was an extension of [31], where the author only considered the linear Wigner equation

(i.e. no coupling with Poisson’s equation, only a fixed potential U is given). A reason
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this work in not applicable to the device we are studying is that the potential has to
be sufficiently smooth to guarantee convergence of the method, and we are simulating
devices with discontinuous potentials.

Another method of solving this problem numerically is using a particle method.
In [4], the authors propose applying a weighted particle method. Here, particles
are tracked in (z, k) space as they move according to the Wigner equation and the
approximate solution we obtain is a weigted sum of delta functions involving the par-
ticles. Note, these particles should be thought of in a mathematical sense, and are
not physical particles. This method is particularly relevant to our problem, because
in this paper, the authors show convergence of this method not only for a smooth
potential U but also for a discontinuous U that contains potential barriers, which is
the physical case we are attempting to model. The authors only consider the linear
Wigner equation with a fixed potential U and neglect scattering effects that will be

present.

1.3 Quantum Mechanics

Since the device we are studying exists on the nanoscale, the model we use must
accurately account for quantum mechanical effects. In classical physics, actions are
inherently deterministic. That is, given a particle’s position, velocity, mass, forces act-
ing on it, etc. we can accurately calculate its trajectory for any future time. Classical

physics (Newtonian mechanics and classical electromagnetism) is a powerful method
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for predicting the actions of objects that are of moderate size (that is, objects that
are not as large as galaxies but are not as small as atoms).

Quantum mechanics, though, is a probabilistic description of nature. The fun-
damental idea of quantum mechanics is that matter exhibits a wave-particle duality.
This means matter acts in some respects as both a particle and a wave. For a particle
in classical mechanics, we can describe its instantaneous state by giving its position
and velocity. In quantum mechanics [26],[23], to describe a particle’s instantaneous
state, we need an object called a wavefunction. We will now list some postulates of
quantum mechanics. For these postulates, we are considering just a single particle
and not a system of particles, and these particles are confined to move in one space

dimension. These postulates can be easily extended to a more general case:

1. The quantum state of a particle is described by a wavefunction ¢ (x) which is
an element of the complex Hilbert space L?. A physical interpretation of the
wavefunction is as probability distribution, where the probability of finding a
particle in a region dx about the point z is given by |[¢)(x)|*dz. Since the particle

must exist somewhere in (—o0,00), this imposes the normalization condition

that [*_|v(z)[?de = 1.

2. Every physical observable quantity has a linear, Hermitian operator associated

with it. Further, for a given operator ©, we can calculate its expected value
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(which will be denoted by < © >) for the state ¢(x) by the formula

<O >= /_OO V¥ (2)OY(z)dx

Here, ¢*(z) denotes the complex-conjugate of ¢ (x). For example, if the wave-
functions are in terms of position, the operator of position is z and the operator

. L0 :
for momentum is p = —th—, where h = % and h is Planck’s constant. So the

ox

expected position of the electron would be
<z >= / *(x)z(x)de = / z|Y(z)|*dr
and the expected momentum of the electron would be

<p>= / v (x _m(?ax) :—h/ v (x

For a given potential field U(x), the total energy operator, called the Hamilto-
2

nian operator, is given by H = 2p_ + U(z), where m* is the effective mass of
m*
. L0 - :
the electron. Since p = —zhﬁ—, then the Hamiltonian operator can be written
x
n* o2

as H = — + Uz

2m* 0x? ()

3. While determining the exact future position and speed of an electron is impos-

sible, the evolution of the electron’s wavefunction is deterministic and is given
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by Schréodinger’s Equation (in one dimension):

— 12 0%

T om 0x?

s
6t

= Hip =

()¢ (1.1)

The above wavefunction is a function of the electron’s position. There is another
corresponding wavefunction, ¢(p), that contains the same information as i (z), but
in terms of the electron’s momentum p instead of its position. These wavefunctions

are related through the Fourier transform by (in one space dimension)

SRCS

The momentum of an electron can also be represented by its wave number £, where

p = hk. There are also constraints on the wavefunction ¢(z) which must be satisfied.
These include:
e )(x) is continuous.

()

O is also continuous.

e If the potential field U(z) is continuous, then

o lim, . ¥(z) =lim,_ ¥(x) =0.

1.4 Quantum Statistical Mechanics

While the wavefunction formalism of quantum mechanics is useful for looking at one

electron, it is not as helpful for investigating several electrons that can be existing
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in many different states at once. While one could write a wavefunction that would
describe the state of the ensemble of electrons, the wavefunction would be written
as Y(Z1,Za,...,%,), where Z; would be the spatial coordinate of the ith electron.
This becomes quite computationally burdensome when dealing with more than a few
electrons. Therefore, other formalisms of quantum mechanics would be better suited
to handle the description of an ensemble of electrons. One such formalism is the
density matrix formalism [5], [12]. The Wigner function is derived from the density
matrix, so we shall first explain the density matrix.

Let {1;(q)} be a collection of the possible states which the electrons can exists and
{Ji} be the corresponding probabilites that an electron is found in these states. The
density matrix stores all this information into one compact form. The density matrix
is a function of two position variables and is given by p(q,r) = >, jithi(¢)¥; (r). The
time evolution of the density matrix can be derived from Schrodinger’s equation as

follows:

0 y 0 = *
p(aqt ) o Z]W@(qwz' (r)
-0
= ;jiawi@fﬁ(”]
= S0+l
Schrodinger’s equation tells us that azg_iq) = %[2_:; 828Lq(2q>—|—U(q)@b(q)] and aw(?;t(r) =

1 [__hz 0*¢*(r)
th 2m*  Or?

+ U(r)y*(r)]. Substituting these into the above equation and rear-
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ranging terms gives the simplified expression:

2 2 2
SOplar) B 00

TR — <8—q2 - w)p(q, r)+[U(q) = U(r)lp(q,r) (1.2)

The Wigner distribution can be derived from the density matrix [15]. First, we

1
change the cooridinates of the density matrix from (q,r) to (z,y) by z = §(q + )

andy=q—1r.Soq=x+ %y and r =z — %y The Wigner distribution is defined as

o 1 1 —ipy
fz,p) = / dyp(z + UL 53/)6 o (1.3)

The time evolution of the Wigner distribution f can be derived from (1.2) and (1.3).

We note that

6 _ 0z oyo 19 9
dq dq0xr  0Oqdy 20x Oy
0 _ 000 o 10 0

or Eaﬂ%ay_mx oy
Using both of these facts, we have that

0* o o 0,0 0 0 0 o

oF "o~ 8 T aa o) = (&)%) = auay
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So, we have from (1.2) and (1.3)

6‘f(89;,p) _ %/: dyp(z + %y € — %y)e%
_ /_Z dyap(x + %gt,x - %y)e%
= A(p) + B(p)
where
Alp) = _iz* /_Z dy[aj;yp(x + %y T — %y)]eify
and
Ble) = %/_C: dylU(w + %Z/) — Ul - %y)]p(l’ + %y, T - %y)e‘?y

We want to analyze A(p). First, we notice that

oo ox

& 0? 1 1 —ipy g [ 0 1 1 —ipy
| it g = gl = 5 [ aylgpta+ Gua = Gule

then by (1.3) we have that

/ dya—y[P(x TRU T 59)6 )= / dy[ﬁ_yp@ TRU T 59)]6 o —pf(fc,m
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But because limy_.. p(z + 3y,2 — 3y) = 0 and lim,_._ p(z + 3y,2 — 3y) = 0 since
for any wavefunction ¢(q) we have that lim, .. ¥(q) = lim,._¥(q) = 0, we also

know that
o0 8 1 1 —ipy
/oo dya—y[p(l’ + 5y - §y)€T] =0

Therefore, we can conclude that

ee 8 1 1 —ipy Zp
| g pte+ e = e = Tt

Placing this into A(p), we have

of (z,p)

0 [i—pf(q,p)] S

Alp) = — ~
(p) im* 0x m*  Ox

Now we want to analyze B(p). First, by Fourier transforms, we have that

1 1 1 &0 ipy
p($+§y,x— 53/) = %/_Oodpf(x,p)e z
So we have that
Bip) =~ [ U@+ L)~ U= 2pota+ 2yoa — Lype
1Y _ih o Y x 23/ x 29 P\ 23/737 2y
o [T 50 - V- gl [ apes)e ™)
—an) Y rroY EEEPEEAT T B A

1

1 o) 00 R 1
_ / / —iy B - o .
5772 /Oo dp f(ﬂf,p)/oo dye Uz +5y) = Ulz = 59)]
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Now we will look at fi)oo dye_"yp_Tﬂ [U(z + 3y) — U(z — 3y)]. If we use the change of

coordinates s = —y, we have that

0 o p=p’ 1 1 e . p—p' 1
/ dye "5 [U(x + iy) —U(x — 534)] = / dse* 7 [U(z — 55) —U(z + =)
—o0 0

So we can conclude that

1 1

0 71’7.17—17/ 1 1 o Z',,,P—Pl
| e E W g - U= gl == [ dyeF U+ 50) - UG - o)
. 2 2 ; 2 2

Therefore, for the inner integral in B(p), we get that [~ dye_iyp_Tﬂ[U(x + 3y) —
Ul — )] eauals ¥ dyfe™"5" — e ][U(x + by) ~ Ul — o). So
/ 1

e W+ ) - Ul = gl = [ dyfisintP UG + ) - Ule = o)

Finally, we have

1 —p 1 1

Bp) = 5 / g o) /0 " dy[=2isin(y? hp UG+ 59) = U = 5v)]

o¢] /

— i |t [ U g0 - Ut = goliinGP )

Recall p = hk, where k is the wave number. So if we change from the momentum

variable p in these equations to the wave number variable k£ and use the fact that
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h = %, we have that

Alp) = _%af(;map) _ _2::;* 8féxx, k)
and
Bl =~ [ 1) / Tyl + 5y) ~ UG~ gy)lfsin(? )
- ‘% Z d?p/f (z.7) /OOO dylU(z + %y) ~ Ul - %y)][Sin(yp ;Lp'ﬂ
=2 [ s [T iUt ) - U - St - 1))

— 5 [ ) [T aylUa ) - UG - plfsinzutk - 1))

o0

To summarize, we have the time evolution of the Wigner distribution given by

ot 2rm*  Ox h

Of (@, k) hk_0f(x.k) 4 /°° dk' (g, k) /°°dy[U<m+y>—U(m—y)ﬂsin@y(k—k’))]

—00 0

(1.4)
An important point of this derivation is that Equation (1.4) only takes into account
energy conserving motion. This means that the derivation does not take into account
such things as collisions between electrons. We will add a term to factor in such

events, and we present this term in the next section.
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1.5 The Wigner-Poisson Equations

The first equation in modelling the resonant tunneling diode is the Wigner equation,

which is
of (x, k,t)
WERD () (1.5)
where W(f) is given by
W(f)=K(f)+P(f)+5(f) (1.6)

Here, f(z,k,t) is the Wigner distribution function, and it describes the distribution
of electrons within the RTD as a function of x, the spatial variable, k, the wave
number variable, and ¢, time. The RTD exists from x = 0 to x = L, where L is the
length of the RTD. Table 1.1 summarizes all the physical constants that appear in

the equations.

The first term, K (f), is given by

K(f) = % 9

 2mm* Ox

(1.7)

where m* is the electron’s effective mass. This term corresponds to the effects due to

kinetic energy on f.
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Table 1.1: Physical Constants

Symbol Name Numerical Value Units
h Planck’s Constant 4.135667 (eV x fs)
: eV x fs?
m* Effective Mass of Electron 0.003778 B
V
ki Boltzmann’s Constant | 8.617343 x 10~ %
T Temperature 7 K
1o Fermi Energy at Emitter 0.0863814496 eV
153 Fermi Energy at Collector | 0.0863814496 eV
L Length of Device 550 A
T Relaxation Time 925 fs
02
€ Dielectric Permittivity 7.144 x 1072
eV x fs
q Charge of Electron 1.6 x 1071 C

The second term, P(f), representing the potential energy effects on f, is
4 > / / /
P =5 [ fl k)T k—K)dh (1.8)

with

T(z,2) = / U+ y) — Ule — o) sin(2yz)dy (1.9)

U is the potential energy inside the device. In the T'(z,k — k') term, U is defined
outside of the device as U(z) = U(L) for z > L and U(z) = U(0) for z < 0. The
potential energy is computed by the Poisson equation.

Finally, the S(f) term, which accounts for the scattering processes that occur in

the RTD, is

1 f[)l’k’
S(f) =+ [f foxkdk/ Fa k)dk — f(x, k) (1.10)
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7 is the relaxation time, and fy(z, k) is the equilibrium Wigner function. The scat-
tering term S(f) is referred to as the relaxation approximation of scattering.

The boundary conditions for the Wigner function are

drm*kgT 1 h2k?
0,k) = ———1 1 — — k>0 1.11
ror) = e | < (- )| hes0

and

Adrm*kgT 1 h?k?
L k)= ——-—1 1 — — k 1.12
) =T e | <o (g - )| fi<o

where po and p, are the Fermi energies at the emitter (z = 0) and collector (z = L),
respectively, T is the temperature, and kg is Boltzmann’s constant. These bound-
ary conditions specify the distribution of electrons that are entering the RTD (i.e.,
specifying the distribution of electrons at = 0 with positive momentum and the
distribution of electrons at x = L with negative momentum). These distribution
correspond to what what should be expected far away from the barriers. Figure 1.2
shows the (x, k) domain and the boundary conditions for f on the domain.

The second equation in the WPE model is Poisson equation, given by

Tlt) = L [Nytz) — (o) (113




CHAPTER 1. OVERVIEW 20

where ¢ is the charge of an electron, € is the dieletric permittivity, u, is the electro-
static potential, Ny(x) is the doping profile function, and n(z) is the electron density

function. Here, Ny(x) is known, and n(z) depends on the Wigner function by
1 [~
n(z) = %/_Oo o, k)dk (1.14)
The boundary conditions for the Poisson equation are
uy(0) = 0,u,(L) = =V (1.15)

where V' > 0 , is the applied bias voltage. Note that the equilibrium Wigner function,
fo, is the steady-state solution of the Wigner equation with V' = 0.

Once Poisson’s equation is solved, the potential energy U is calculated by
U(x) = uy(z) + A(z) (1.16)

where A.(z) is the band offset function that defines the barriers and wells within the
RTD.

Finally, to calculate the current density, j(z), in the RTD, we use the formula

j(x) = /OO kf(z, k)dk. (1.17)

—00
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1.6 Numerical Solution: Finite Difference Method

There are several discretizations one can use to numerically approximate the PDE as
discussed in the introduction. The method we use is a finite difference method. This
method is used in [8], [40]. The simulator we use is based on a code given to our
research group by the authors of [40]. Here, the k& domain is truncated from (—oo, 00)
t0 (—Kpazs Kmaz), and a grid is placed on the (x,k) space [0, L] X (—Knaz, Kimaz)-
Finite differences are used for derivative terms and quadrature formulas are used to
compute integrals.

To solve this problem numerically, we begin by discretizing the space and momen-
tum domain. The space domain is divided into N, equally spaced grid points between
x =0 and x = L where the grid points are given by:

Ty = (m—1)Azx, form=1,2,..., N,

where Az = To handle the wave number domain, we first truncate the do-

N, —1
main to (—Kaz, Kinaz), where K., is chosen so that for any & such that |k| > K,
we should have that f(x,k) ~ 0. Here, K, = 0.25 inverse angstroms, which was

chosen by consulting physicists and looking at different distributions. The truncated

k-domain has N, equally spaced grid points, with

(2 — Ny — 1)Ak
2

2K

where Ak = % Note that k; € (—Kazs Kimaz) for j =1,2,..., Ny.
k

]{Zj:

Jfor j=1,2,..., N,

We get an approximation to f at the grid points, and we will denote f(z,, k;) ~

—

fmj. For the K(f) term, we use a second-order upwind differencing scheme. So we
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get
hk; _3fm’+4fm—1,'_fm—2,‘ .
_Qmj*( J 2ij 1, it k; >0
K(f) ~ e aF . . (1.18)
B S J;g;ﬁf B20) iy < 0

We use a differencing scheme that depends on the sign of k; to respect the physics of
the problem and thereby keep this approximation from being unstable. If k; > 0, this
corresponds to electrons with positive momentum, moving from the left side of the
RTD to the right side of the RTD. This means information is propogating from the
left when k; > 0, and therefore to compute an approximation to the spatial derivative,
we want to use functions values that are to the left of the current point. Similarly,
when k; < 0, information is propogating from the right side of the RTD to the left
side of the RTD, and we use function values that are to the right of the current point
where we are computing an approximation to the spatial derivative.

The P(f) term is discretized with the composite trapezoidal rule, which is second-

order accurate. So we have the approximation:

N
4 —
(.Z’m,k?]) j/_l

where w; are the weights of the composite trapezoidal rule, given by:

Ak, forj =2,3,...,Ny—1
U)j/:

Ak
7, fOI' j/: 1,Nk
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Here, T'(z,, k; — kj) is also approximated with the composite trapezoidal rule, but
its discretization is not as simple as the P(f) term. Even though equation (1.9) has
the upper limit on the integrand as x = oo, we truncate this to a point in [0, L],
which we call the correlation length, L.. The correlation length can be thought of as
how far an electron feels the potential effects of the other electrons in the device. The
discretization of this term is somewhat more involved due to the fact that the upper
limit on the integrand in the T'(x, k — k') term is L. which may not be on an = grid
point. Therefore, we will have to modify the composite trapezoidal rule to handle
this case.

To explain this modification, we will consider a simple case. Suppose we have
a function ¢ : [0,1] — R, and we want to compute [} g(x)dz, where 0 < y < 1.
Further, assume we discretize the domain with a uniform grid with grid points {z,,}
and grid spacing Az, but the upper limit y does not lie on a grid point, but between
two grid points z, and z,.;. The distance between z, and y is denoted by hy, and
the distance between x,,, and y is denoted by hs. Figure 1.3 shows this setup.

To integrate the function, we use the composite trapezoidal rule to integrate over
[0, x,] and then add on the trapezoidal rule to integrate over [z,,y]. This formula is

given by

Ax

[ otwrde = gt + a0 3ot + 5 ot + o) + o)

This formula maintains the second order accuracy of the composite trapezoidal
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rule. The problem still remains that since y is not a grid point, the function g(z) is

not evaluated at x = y. To solve this problem, we use Taylor expansions to get that

9(z,) = g(y) — hig'(y) + O(h3)

and

9(us1) = g(y) + hag' (y) + O(h2)

We note that since hy < Az and hy < Az, then O(h3) = O(h3) = O(Az?). Further,

since hy + he = Az, then by using the above Taylor expansion, we have that

ha h

A—xg(%) + A—;g(ﬂcm) = g(y) + O(Az?)

This gives us an estimate of ¢g(y) using known function values that is second-order
accurate with respect to Ax. Substituting this back into the approximation of the

integral gives

Az hy ha hy

[ st~ Satwn A0 3 otw) + 5ot + ot + ot + ot

which is the same as
v+1

/ ' glw)da > gt
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where the weights w; are defined as

Ax
— fori=1
5 or ¢
Az, fort=2,3,...,0v—1
w; =
A h hyh
x;_ 1+21A:12:’ fori=wv
h2
\ﬁ, fori=v+1

For the T'(x, k — k') term, we will have that L, lie between the two x grid points xy,

and xy, 1 with hy, = L. — zy, and hy_ 41 = ©n.41 — L.. Then we will have

Nc+1
T, by = kjt) = > (U + ) = U@m — 2)] sin 2 (k; — kjo))wp (1.20)

m/=1

where the w,, are the modified trapezoidal weights

~

A
Tx, form’ =1
Az, form'=2,3,...,N.— 1
Wy =
Az + hy, hn.hn.+1
c c c f /:N
5 T oag o orm =i
h%
c f "= N.+1
|37 or m +

The collision term, S(f), is also discretized with the trapezoidal rule as:

—~ 1 fO xm> 7o
S(f) ~ ; Z fo(l'm, '/ ‘ Zfﬂ’L]’wj fm] (1.21)
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The weights here are the same as those defined for K(f).

We use a three-point differencing scheme to discretize Poisson’s equation. This is

second-order accurate and for m =2,3,..., N, — 1 it is:
Up(Tm—1) — 2up(T) + Up(Tmi1) ¢
P ZxQ P = = [Ng(z) — n(xy)] (1.22)
with u,(x;) = 0 and u,(xy,) = —V set for the boundary conditions.

Finally, for the electron density n(x) and the current density j(x), we approximate

with the trapezoidal rule to get

1 N
() ~ P ;fmjwj (1.23)
and
hoo
J(Tm) ~ py— > ki fmjw; (1.24)

Again, the weights are the same as those defined for P(f).
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Figure 1.2: Boundary Conditions on Wigner Distribution f

f,(K)
k>0
k —_— e = = = = = = = =
| x
k<0
£,k
x=0 (Adapted from Frensley, Phys. Rev. B, Vol. 36, 1987) x=L
= ERZPENTAEN
Doped Doped
Region Region

Figure 1.3: Grid Showing Modification of Composite Trapezoidal Rule

hy hy

Xy y Xy+1
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Chapter 2

Temporal Integration

2.1 Integrator Selection

To advance in time, we give the system of ODEs coming from the discretization to

a numerical integrator. Since we want to reduce computation time, the choice of

integrator is important. We tested the problem with two integrators: ROCK4 and

VODEPK. In Figure 2.1, a flow chart is given to show how the nonlinearity in the
problem is handled (that is, how the potential U is computed from f).

Integrators are computer software that numerically solve an ODE. The typically

dj _ ~0

problem they solve come in the form &/ = G/(#, ) with given initial condition ¢(0) = ¥

where 57 € RM. These integrators are given a time t*, the initial condition 7° € RM,

Current f-value Compute n(x) Po}sésrourzxs)olve Add band-offset New U(x)

Figure 2.1: Flow Chart for Computing U

28
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and the time-derivate G(¥,t), and they return an approximate value of 7 at time t*.

ROCK4 is an explicit fourth-order Runge-Kutta method [1]. ROCK4 uses variable
stages in its computations to create a stability region that contains a large portion of
the negative real axis. This stability region allows this method to solve stiff problems,
which are generally a challenge for an explicit method. Due to their stability regions,
implicit methods are used to handle stiff problems, but their computational cost per
time step is much higher than an explicit method. While the explicit time step is
cheaper to compute, the implicit methods are more stable than the explicit methods,
and therefore are allowed to take larger time steps. So if we can efficiently solve the
nonlinear equations that arise from the implicit method, it could easily be the faster
method.

VODEPK is an implicit ODE solver [6], [7]. VODEPK allows the user to se-
lect one of two numerical integration methods. The first is a BDF method [30],
VODEPK’s stiff method. BDF methods approximate the derivative of the solution
with the derivative of the interpolation polynomial constructed with previous com-
puted values of the solution. The second method is an implicit Adams method [30],
VODEPK’s non-stiff method. This method also uses an interpolation polynomial.
The polynomial, though, does not interpolate the solution, but it is an approxima-
tion of the time-derivative. The method then integrates the polynomial instead of the

actual time-derivative to get the approximated solution at the next time step. The
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implicit Adams methods can be written in the form

m+1
Pr=i+AtY amgm (2.1)

m/=1
where the a”’s and m are predetermined constants that depend on the order of the
method. Here, 77 is our current solution at some time 7, 7! is the solution we want
at the new time t/*1, and g7~ is the time-derivative of the solution evaluated at time

t7=™ and solution value 7~ (i.e. 7™ = G(%#’~™,t;_)). The BDF methods can be

written in the form

m

P Y B A 22)

Again, the ™s, v, and m are predetermined constants that depend on the order
of the method. Note, that since these methods are implicit we need to know g™+,
requiring us to solve a nonlinear equation in order to compute ¥,1.

We tested each of the above integrators with sweeps in bias on different grids to
see which integrator more efficiently handled the temporal integration. For a sweep in
bias, we start with the equilibrium Wigner function, set V' = 0.008V , and integrate
in time for 2000 fs. We then increase the bias voltage by 0.008V, take the final f
vector from the previous integration and use this as an initial condition for the next
2000 fs. This pattern is repeated until a maximum bias voltage is reached (in this case

0.480V"). The table below summarizes the runtimes for the two different integrators

(in the VODEPK case, the implicit Adams method was used) for 3 different grids.
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The computations were performed on a Linux cluster of dual Xeon nodes with 2.8
GHz Intel Xeon processors maintained by the High Peformance and Grid Computing

group at North Carolina State University.

Table 2.1: Sweep In Bias Timing
N, | N ROCK4 VODEPK
86 | 72 | 2hr 10 min | 2 hr 17 min
128 | 128 | 13 hr 48 min | 13 hr 45 min
172 | 144 | 32 hr 23 min | 29 hr 53 min

We see that for the two coarsest grids, the integrators take about the same amount
of time to finish the sweep in bias. At the finest grid, we see that VODEPK is
slightly outperforming ROCK4. The grid N, = 344, N, = 288 was also tried, but
after 3 days of computation, ROCK4 had only started on the eighth bias point while
VODEPK had started on the ninth bias point. While this reinforces the idea that
VODEPK can handle the finer grids better than ROCK4, it also emphasizes that
using time-integration methods to understand the physics predicted by the Wigner-
Poisson equations is too expensive. This motivates the alternative method of directly
calculating steady-state solutions to the Wigner-Poisson equations, which is explained

in Chapter 3.
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2.2 Newton-Krylov Methods

To solve the nonlinear equations that come from the implicit integrator and in finding
the equilibrium Wigner distribution, fy, on different grids, we use Newton’s method.
Given a nonlinear equation F : R® — RM and an initial iterate Z;, Newton’s method
is an iterative method that finds a root of F, that is find 2* € RM such that F(z*) = 0,
by the iteration:

Znst = o — F'(Zn) TP (Z0) = 2 + 5

where F'(Z,,) is the Jacobian of F' at Z,,. The Newton step, 3,,, is then the solution

of the linear equation:

Before we cite the convergence theorems of Newton’s method, we first want to
define two types of convergence, g-linear convergence and g-quadractic convergence.

pwc ]

Z* g-linearly if the sequence converges to z*,

A sequence {z,} € RM converges to
and there exists a constant C' > 0 such that ||Z,+1 — 2¥|| < C||2Zm — 2*||. A sequence
{Z,} € RM converges to 2* q-quadratically if the sequence converges to Z*, and there

exists a constant C' > 0 such that ||, — 2*|| < C||Z, — 2¥||.

The standard assumptions [19] for this problem are:
e There exists a solution 2* € RV,

e The Jacobian F’(Z2) is Lipschitz continuous
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e F’(Z*) is nonsingular

With these assumptions and an initial iterate that is close to the solution, we get the

following standard theorem for the convergence of Newton’s iteration:

Theorem 2.1. Let the standard assumptions hold. Then there exists a 6 > 0 such
that if the initial Newton iterate zy satisfies ||Zo — 2*|| < 6, then the Newton iteration

converges q-quadratically to Z*.

For our problems, we do not directly compute a Jacobian matrix. So we can not
solve the linear equation for the Newton step with a direct factorization of the matrix.
Instead, we use an iterative method to compute the Newton step. Methods that do
not exactly compute the Newton step are called inexact-Newton methods.

An inexact-Newton method uses an iterative method that finds s, such that s,

satisfies the inexact-Newton condition:

1 (Z) S+ F (Zn)ll2 < 1| F'(Z0) |2 (2:3)

with n,, € [0,1). Here, n,, is called the forcing term. If one thinks of computing
S,, with an iterative method with an initial iterate of 0 is taken for Sy, then the
inexact Newton condition is the same as requiring a reduction in the relative residual
by a factor of 7, in the linear solve for §,. The following theorem explains what the

trade-off is for using an inexact-Newton method versus Newton’s method

Theorem 2.2. Let the standard assumptions hold. Then there are 6,3 > 0 such that
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if the sequence {n,} C [0,0] and ||Zo — 2¥|| < 0, then the inexact-Newton iteration
Zma1l = Zm + Sm, where S, satisfies the above inexact-Newton condition, converges

g-linearly to z*.

So by using an inexact-Newton method, the theory tells us we should expect to
take more iterations to converge than if we used Newton’s method. A Newton-Krylov
method is an inexact-Newton method where the Newton steps are solved for with a

Krylov iterative method.

2.3 GMRES: Matrix-Free Krylov Method

The Krylov method we use in solving these linear systems is GMRES, which stands
for (Generalized Minimum RESidual). A Krylov method solves the linear system
of equations D@ = b for @ € RM, given the square matrix D € RM*M and vector

b e RM , by solving a least squares problem at iteration j:

minimizegego k., crm 16— D

This means at iteration j of GMRES, an j-dimensional linear least squares is solved
over an j-dimensional subspace of R, given by the initial iterate given to GMRES

a® € RM shifted by the Krylov subspace K. Define the initial residual 7/ = b— Dab.
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Then the Krylov subspace for this problem at iteration j is

K; = span(i°, D, D*°, ..., DI71i).

So the jth Krylov iterate is the solution of the least squares problem. GMRES
terminates after reducing the relative residual by a specific tolerance n € (0, 1], that
is

1b — Dal|,
|7

I2

For the case of using GMRES to solve for the Newton step ,,,, where D is the Jacobian
matrix F(Z,), b = F(Z,), and the initial iterate is @ = 0, then this reduces to the
inexact-Newton condition. The standard theorem for convergence of GMRES [19] is

given by

Theorem 2.3. Let D be a nonsingular matriz in RM*M | Then GMRES will converge

to the solution of the linear equation Dad = l;for 7, b e RM in at most M iterations.

At each iteration j, a j dimensional least squares problem is solved to find @, and
we must compute and store a basis for the Krylov space K;. Appendix D explains
how this j dimensional least squares problem is formed. The storage cost is j vectors,
and the computation of the new basis vector is through a matrix-vector product
of D with a vector. The advantage of using GMRES is that it does not require
the coefficient matrix, but only a way of evaluating the matrix-vector product of

the coefficient. Therefore this method is called matriz-free. In particular, we are
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interested in approximating Jacobian-vector products by using forward differencing
of F. If F' has a bounded second-derivative, then by Taylor’s Theorem, we know that
for §€ RM,

F(Z+68) = F(2) + F'(2)(68) + 0(6]|3]?)

Rearranging terms, and if choose § to scale s in an appropriate manner [19], we can

then get an approximation to the Jacobian F’(Z) acting on § by

F'(2)5 = G 5‘? —a O(d]151])

So computing the Jacobian matrix-vector product requires one additional call to the
function. Since one of these matrix-vector products are performed at each GMRES
iteration, we have to evaluate the function at every GMRES iteration. One potential
drawback to GMRES is that it for large dimensional problems, storage can become
an issue. This is why NITSOL [29] uses GMRES(m), which is known as restarted
GMRES. Here, regular GMRES is used up to the first m iterations. Afterwards,
if relative residual has not been sufficiently reduced, GMRES is restarted with the
final iterate from the previous GMRES cycle. This is repeated until a satisifactory
reduction in the relative residual is met. While there is no general converegence theory
for GMRES(m), its convergence is much slower than GMRES, but can effectively

reduce the computational storage needed to solve the linear equations [19].
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2.4 Preconditioning

Preconditioning is essential here for reducing the number of iterations GMRES takes.
Preconditioning is where the coefficient matrix is multiplied by a preconditioner M €
RM*M g6 that the new coefficient matrix is easier for GMRES to handle. This works
well if M &~ D=1, There are two ways to precondition: left precondtioning and right
preconditioning. In left preconditioning, the linear equation is multiplied on both

sides by M to get

MDd = Mb

So we apply GMRES to the new right hand side M b and the new coefficient matrix
MD. Now, GMRES terminates iterating when || Mb— M D@||, is small, not when the
residual of our original problem ||b— D@ ||is small. Though if M D is well-conditioned,
it can be shown [19] that the terminating on small relative residuals (as one does with
GMRES) will result in small relative error in the numerical solution of the original
problem.

In right preconditioning, the coefficient matrix D is multiplied on the right by M )

and we use GMRES to solve for § € RM

Once we have §, then the solution is @ = M5. GMRES terminates when ||b — Da"|

is small, which is the original residual. So right preconditioning allows the user to
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keep the same termination criterion.

2.5 Global Convergence

One problem with the convergence theory of Newton’s method is the requirement for
a close initial iterate. This is sometimes infeasable. A globally convergent Newton
method can be developed so that starting at any initial iterate Z, the Newton iteration
converges to a root of F' or with fail in a finite number of ways. NITSOL uses a line
search method to get global convergence. Newton-Armijo [3], one line search method,
takes the computed Newton step §,, and searches along it to find sufficient decrease
in the norm of the function F', that is for a fixed £ € (0,1) the algorithms finds a

o € (0,1] such that

1E(Zm + 08m)ll2 < (1 = a&) | F(Zn)]2

In our case, since we are using an iterative method to solve for the Newton step, the
step will satisfy the inexact-Newton condition (2.3). The inexact-Newton-Armijo

algorithm can be summarized as:

1. Use an iterative method to find 5, € RM such that (2.3) is met.

2. Test if Z,, + 5, (i.e. 0 = 1) meets sufficient decrease. If so, terminate.

3. If 0 = 1 fails, reduce ¢ is a safe way (such as ¢ — §) until sufficient decrease is
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met or maximum number of line searches have been met. Then terminate and

take the iteration.

The convergence theorem of the inexact-Newton-Armijo algorithm [19] is as follows

Theorem 2.4. If the function F' and the iterates from the inexact-Newton iteration

satisfy:
o {Z,} is bounded
o {F71(2,)} is bounded
e [ is Lipschitz continuous

then the inexact Newton-Armijo iterates will converge to a root of F, where in the
final stages of the iterations, full Newton steps are taken (i.e. o = 1) and the g-linear

convergence of inexact-Newton’s method returns.

2.6 Preconditioner Development

To make VODEPK’s implicit ODE integrator run efficiently, a preconditioner was
implemented with the GMRES iterative method to speed up the linear solves for the
Newton steps. When implementing either method from VODEPK, the Jacobian of
F' is has the form

L dG
F'(y) = I—Atva—g
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where v is a constant that depends on the method. The preconditioner we develop
then will be an approximate inverse of this Jacobian matrix. For our problem, we
have the correspondence of § = f and G(y,t) = W(f). If we ignore the scattering

oW (f)

term and the P(f) term, then we have ~— ~ K. So, we will precondition our

problem with M = (I — AtyK)~".

The application of the preconditioner (in a sequential computing environment) is
computationally cheap. To see this, note that for the discretized problem, the matrix
K operating on the vector f is given by (1.14). So inverting I — Aty K involves a
back and forward solve, and can be done in O(M) work, where M is the number of
unknowns, M = N, x Ni. The application of this preconditioner becomes difficult
in a parallel computing environment where the x domain is spread across several
processors. This is due to the fact that K~! is a non-local operator in the z domain

and would require communication across processors to implement.

2.7 Calculating Equilibrium Wigner Function

The equilibrium Wigner function, fj, describes the steady-state distribution of elec-
trons in the RTD when there is no bias applied to the device. Therefore, computing
fo amounts to solving for the steady-state solution of the Wigner equation with ho-

mogeneous zero boundary conditions for Poissons equation. Also, note that in the

. . 0
Wigner equation, f = fy, so a—{ = 0.

coll

One method to calculate this steady-state solution is to use the integrators to
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integrate out for a long period of time in hopes of reaching this state from some
initial condition. This method is needlessly costly to perform if we are not interested
in tracking the transient solution. Another method, the one we use, is to apply an
inexact-Newton method to the Wigner equation. We use the FORTRAN nonlinear
solver NITSOL [29] which implements a forward differencing Newton-GMRES(m)
with line searching method. We use K~! as a preconditioner for the GMRES solve,
since K~! is an approximate inverse of the Jacobian W’(f). The argument for this
is the same as that for the preconditioner used in the temporal integration.

For this problem, we wanted the initial iterate to satisfy the boundary conditions
given in (1.11), (1.12) to avoid spending iterations resolving them. So for each x in the
domain, we enforced the boundary conditions, which depend only on k. The 2-norm
of the residual of the initial iterate was on the order of 1072 and 10~%, depending on
the grid.

Tabulated below are the preconditioned and unpreconditioned Newton- GMRES(m)
statistics. For the preconditioned GMRES(m), m = 100 and for the unpreconditioned
problem, we use m = 800. We terminate the nonlinear iteration when the first of
three things happen: 400 nonlinear iterations have been taken, the 2-norm of the
step is less than 10713, or the 2-norm of the function is less than 10713, We also used
Nm = 1—10. In the tables below, NLI stands for the number of nonlinear iterations, Avg.
Kry/N means the average number of Krylov iterations per Newton, and Line Search

Red. is the number of line search reductions taken in the whole Newton iteration.
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Table 2.2: Initialization Timings Newton-GMRES(800)

N, | Ni | ||F]2 Final | NLI | Calls to F | Avg. Kry/N | Line Search Red.
32 | 32 | 2.689 e-05 | 400 280518 700 2752

32 | 64 | 1.560 e-06 | 66 107417 1626 125

64 | 64 | 8302e-14 | 19 25878 1361 8

64 | 128 | 7.725e-14 | 31 108111 3486 7

86 | 72 | 8.045e-14 | 27 87317 3232 12

Table 2.3: Initialization Timings Preconditioned Newton-GMRES(100

N, | Ni | ||F]]2 Final | NLI | Calls to F | Avg. Kry/N | Line Search Red.
32 | 32 | 1.762 e-14 | 10 893 38 0
32 | 64 | 1.038 e-14 | 11 1065 96 0
64 | 64 | 1.351e-15 | 11 690 62 0
64 | 128 | 1.268 e-14 | 10 669 66 0
86 | 72 | 4558 e-15 | 11 572 20 0

42

On the two coarsest grids, the unpreconditioned Newton iteration fails to converge

to the solution. On the N, = N, = 32 grid, at the seventh newton iteration, the

function norm was 2.689e-05, which is the same as the terminating function norm. In

the remaining 300+ iterations, the method successfully calculates a Newton step, but

reduces this step a number of times until it gets a very small reduction in the function

norm, and then takes this step. On the N, = 32,N, = 64 grid, the Newton iteration

stops because an acceptable Newton step could not be found. For the remaining
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finer grids, the Newton iteration converges to the solution, but the Newton steps are
computationally expensive, as shown by the large average number of Krylov iterations
on these grids.

The preconditioned method is much more efficient at solving this problem. The
largest number of Newton iterations needed is 11 for all the grids, the average number
of Krylov iteration is much lower than the unpreconditioned method and remains
fairly constant as the grids are refined, and there were no step reductions taken in

the preconditioned method.



Chapter 3

Bifurcation Analysis

3.1 Stability of Nonlinear Dynamics

In this work, we are studying the stability of equilibrium solutions to a family of
nonlinear ODEs, given by

af =

where V' is a controllable parameter. Suppose j::k is a steady-state solution for a
fixed parameter value, V= V*. We are particularly interested in the behavior of
nearby solutions f of the time-dependent ODE. Here, nearby means that I f=r IP:
is small. If W is a sufficiently smooth function, then by Taylor’s Theorem we have

the approximation

44
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—

where W’(f*) is the derivative of W with respect to f, evaluated at f*. Since f* is an
equilibrium for V' = V*, then W(f*, V*) = 0. So a good approximation to I/V(fﬁ7 %)
for solutions close to the equilibrium solution f* is W(f, V*) = W'(f*)(f — f*). If
we introduce the change of variables Af: f— f; and note that %tf = aa—f, then we

get the linear equation

dAfi e F
W—W(f JASf

So A f represents a small perturbation from equilibrium, and we can see A fs
dynamics are primarily determined by the Jacobian of the time-derivative at the
equilibrium. In fact, it can be shown that if all the Jacobian’s eigenvalues have neg-
ative real part, then ]E:k is asymptotically stable (that is, small perturbations from
the equilibrium exponentially decay), and if any of the Jacobian’s eigenvalues have
positive real part, f:k is unstable [24].

A bifurcation is a change in the dynamics of an ODE due to changing the param-
eters. More precisely [24], [16], consider two different dynamical systems described
by ODEs and their corresponding phase portraits. If there exists a homeomorphism
(an invertible map such that both the map and its inverse are continuous [24]) that
maps trajectories of the first dynamical system onto trajectories of the second dy-
namical system that preserves the direction of time, the two dynamical systems are
called topologically equivalent. A bifurcation occurs when varying the parameters of
an ODE changes the phase portrait to one that is not topologically equivalent to its

previous phase portrait. The specific case of this event we are interested in is where
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the variation of parameters changes the stability of an equilibrium. Since we are only
changing one parameter, we will look at the three simplest bifurcations that can take
place: a turning point bifurcation, a pitchfork bifurcation, and a Hopf bifurcation.
In the next section, these bifurcations will be explained and an example of each is

given.

3.2 Illustrative Examples

This first example will illustrate a turning point bifurcation for a one-dimensional

system. Let the dynamics of the state w(t) described by the differential equation:

— = h(w,0) =w?—a (3.1)

The equilibrium solutions of this system satisfy the equation h(w,a) =0 = w? =
«. This equation has no steady-state solutions for @ < 0, one solution for @ = 0

(w = 0), and two solutions for a > 0 (w = /o, w = —y/a). The Jacobian of h is

Oh

Ee 2w. Since the system is one dimensional, the eigenvalue of the Jacobian is the
w

value of the Jacobian. For w < 0, the eigenvalue is negative, and so the equilibria
will be stable. For w > 0, the eigenvalue is positive, and so the equilibrium will
be unstable. For w = 0, the eigenvalue is zero, and we encounter a turning point
bifurcation. The following graph plots the steady-state solution branch as a function

of the parameter «. Since for each value of «, the steady-state solution w(t) is a
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constant function, the plot shows what this constant value is as « changes. The

Turning Point Bifurcation
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Figure 3.1: Steady-State Solution Branch of d—l; = h(w,a) =w? -«

solution curve has a lower branch that is stable until the parameter &« = 0. The
curve then reverses direction at the turning point (o, w) = (0,0) and continues in the
direction of increasing parameter . Note that the stability of the solutions change
along the curve at the turning point as well.

The second example is of a pitchfork bifurcation. Consider the differential equation

= h(wya) = w° — qw (32)
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2

The equilibrium solutions of this ODE satisfy w(w? — a) = 0. So w = 0 is a solution

for all @ and w = /o, w = —y/«a are additional solutions for « > 0. The Jacobian
Oh

is e 3w? — a. For the solution w = 0, the Jacobian is —a. So w = 0 is stable
w

for &« > 0 and unstable for o < 0. For the other two solutions, the Jacobian is 2a.
Since these solutions only exist for a > 0, they are unstable solutions. The drawing
of the steady-state solution curve explains why this bifurcation is called a pitchfork
bifurcation. Again, since for each value of «, the steady-state solution w(t) is a
constant function, the plot shows what this constant value is as « changes. Notice

the stability of the w = 0 solution changes at the bifurcation point (a,w) = (0, 0).

Pitchfork Bifurcation
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Figure 3.2: Steady-State Solution Branch of d—l: = h(w,a) = w? — aw

The final example [24] is of a Hopf bifurcation. Consider the two-dimensional
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ODE that describes the states w(t), v(t) by

d
d—?zaw—v—w(w2+v2)
d
d—::w+av—v(w2+v2)

where « is a parameter. The origin, (w,v) = (0,0), is an equilibrium to the system.

The Jacobian of this system at the origin is given by

and its eigenvalues are o + i. Therefore, since the real part of the eigenvalues is «,
when a < 0 the origin will be a stable equilibrium, and for o > 0 the origin will be
an unstable equilibrium. This means a = 0 is a bifurcation point in parameter space.

It is easier visualize what is going on is this example if we change to polar coor-

dinates (7,6). The ODE is these coordinates is given by

Changing to these coordinates decouples the ODE. If o < 0, then (o — 7)) < 0 =

JF
d—: < 0 for all 7. So 7 = 0 (the origin) is stable. If a > 0, then for 0 < 7 < /«,
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(a—7%) >0 = d—i > 0. So 7 = 0 is an unstable equilibrium, since any small
increase in 7 will force 7 to continue to move away from 7 = 0. In the case of a > 0,
if # > /a, then by a similar argument, % < 0. Soif ¥ # 0, 7 approaches y/« for
a > 0. So we have a stable closed orbit in this case.

If we start the parameter « as a negative value, then the origin is a stable equi-
librium. As we increase the parameter, the origin remains stable until o becomes
positive. Then the origin turns unstable and an oscillatory solution to the ODE
appears. This is what is known as a Hopf bifurcation. As shown in this example,

a Hopf bifurcation is characterized by a pair of complex-conjugate eigenvalues’ real

parts going to zero.

3.3 Continuation Methods

Continuation algorithms map out a system’s steady-state solution branches as a sys-
tem parameter is being changed. To do this numerically, we connected our simulator
to the Library of Continuation Algorithms (LOCA), a software library developed at
Sandia National Laboratories [33]. LOCA has three continuation algorithms available
for the user: a zero order continuation, a first order continuation, and a pseudo arc-
length continuation. LOCA also incorporates an eigensolver that checks the eigenval-
ues of the Jacobian matrix of the system to determine the stability of the steady-state
solution.

Numerically, we plan on generating a sequence of parameters {V7} along with
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a corresponding sequence of steady-state solutions { fi } that satisfy W ( fi,vi ) = 0.
Since this is a nonlinear equation, Newton’s Method is used to calculate the steady-
state solution fj for a specified V7. In a zero order continuation algorithm, the initial
iterate used for Newton’s Method to compute fi+! at Vi+1 is f7.

In the first order continuation algorithm, the sensitivity of the steady-state solu-
tion to the parameter V is incorporated into the initial guess for the next Newton
solve. The sensitivity of the previous steady-state solution ﬁ to the parameter V,

0
given by —f is calculated by solving the linear system:

oV
() o oW (33)
where the right hand side, S~ is approximated by
oW [W(f7,VI+38) - W(f, Vi) (3.4)

ov "~

with § being some small perturbation. Once V7 *! is determined, then the predictor
oo Of .
used for the next Newton solve is f7 + W(Vfr — V).
Pseudo arc-length continuation [18] is used when continuing around turning points.
As previously stated, when turning point bifurcations occur, the Jacobian matrix be-
comes singular. So applying Newton’s method would become difficult as we approach

the turning point since the Jacobian matrix is becoming singular, making the linear

solves for the Newton steps harder. Pseudo arc-length continuation handles this prob-
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lem by augmenting the nonlinear equation W ( f, V') you are solving for steady-state
with a contrived parameter s (the arc-length parameter) and an additional arc-length

equation. So the system we are solving now is

W(f(s),V(s))=0 (3.5)

—

N(f(s),V(s),s) =0 (3.6)

where the first equation specifies that we are on a steady-state solution branch, and
the second equation specifies the step to take in the parameter s. Suppose we have
the point ( fo, V%) on the solution curve and the next solution point to be computed

is ( f_3 , V7). For the next continuation step, the arc-length equation is given by

N8 V(s)s) = 20 (7= )+ Do —vo) - s 3.7)

—

A geometric interpretation of the (f,V)-points that satisfy N(f(s),V(s),s) =0 can
be given. Suppose a,b € R and (xg,yo) € R?. It is a result from analytic geometry
that the points (z,y) € R? where a(z — x¢) + b(y — yo) — ¢ = 0 lie in the plane
perpendicular to the vector (a,b) at a distance ﬁ away from (xg,yp). Similarly,
if ( fj, V7) satisfy the arc length equation, then the point will lie in the ( f, V') plane
perpendicular to the gradient of (f(s), V(s)), at some distance away from (f°,V0),

determined by the size of As. An example of tracing a one dimensional system with

a one dimensional parameter using pseudo arc-length continuation is given in Figure
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3.3 below to further illustrate this point.

Steady-state
(f)

Parameter (V)

Figure 3.3: Ilustration of Pseudo-Arc Length Continuation

3.4 Linear Solver Methods for Pseudo Arc-Length

Continuation

When using natural continuation, the parameter V is fixed while an M dimensional
nonlinear equation is solved for the state f For pseudo arc-length continuation, the
parameter V' is also unknown, and the arc-length equation (3.7) must also be satisfied.
This leads to the solution of M + 1 dimensional nonlinear equation, for both the M

dimensional state f and the corresponding one dimensional parameter V. To solve
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the M + 1 dimensional nonlinear equation, we use Newton’s method. The combined
M + 1 dimensional state of both the change in the steady-state, A fi and the change

in the parameter, AV, is the Newton step § € RM*! and is denoted by

—

Af c RM+1

o)
I

AV

where f € RM and V € R. The M + 1 dimensional nonlinear equation to solve is

given by

W) (o] o

tr's— As 0

Here, W(f, V) € RM| §is defined as above, and ¢ € RM*! is the tangent vector of

the steady-state solution curve with respect to the arc-length parameter s, i.e.

c RMJrl'

Skl
|

The coefficient matrix for the linear system defining the Newton step s is given by

—

! ow
W) v c R+ (M+1)

tr
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with right hand side

—W(f,V) c RMJrl‘

As

In LOCA, there are two methods to solve this M + 1 dimensional linear system:

bordering algorithms [33] or Householder continuation [37].

3.5 Bordering Algorithms

This method was motivated from the fact that while many application codes form
and store the Jacobian matrix W’( f), few create the M + 1 by M + 1 dimensional
matrix needed for pseudo arc-length continuation. This method requires two linear
solves per Newton iteration instead of the normal one linear solver per Newton itera-

tion. The two solution vectors are then manipulated to create the M + 1 dimensional

Newton step that satisfies (3.7). The bordering method is given by:

e Solve W’(j?)gj': —W and W’(f)Z: 8_W
oV

: _ of ., oV of

e Parameter update: AV = —(N + 5s y)/(g 5s Z)

e Distribution update: Af = 7+ AVZ
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3.6 Householder Continuation

This method based on [37] was implemented in LOCA. The idea is to create an embed-
ding E : RM — RM*! guch that for each € R™ | |Eyl|s = ||7]|2 and E7 is orthogonal
to the subspace created by the span of . Householder projections achieve this in a
computationally efficient fashion. Also, Ey satisfies the one dimensional constraint
(3.7) automatically for all ¥ € RM and thus the constraint (3.7) is automatically
built into each Newton step. Let @ : RM+! — RM be the matrix Q = [W'(f)2¥].
This is the Jacobian matrix of W with respect to the both the state variable f and
the parameter V. Now the composition QQF is a linear operator that maps vectors
in RM to vectors in RM. The idea is to solve the linear system QES = —W (f,V)

for 5§ € RM and call its embedding the Newton step § = F35. An algorithm of this

method is as follows:
e Compute embedding E given tangent vector ¢

e Use GMRES to solve QES = —W (f, V) for 3
e Set the Newton step §to ES.

This method requires only the construction of F' (which can be done quickly), and one
linear solve with the coefficient matrix of ). Since the bordering algorithms require
two linear solves, we expect a factor of two speed up from using the Householder
continuation instead of the bordering algorithm. Further, the linear solves within the

Householder continuation will be better conditioned than the linear solves within the
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bordering method. This is because the bordering method’s coefficient matrix is the

—

Jacobian matrix W’(f) which will be going singular at turning points.

3.7 Parallelization of Simulator

Since LOCA has been developed to run with both serial and parallel applications
and adding grid points to enhance the accuracy of the simulation would substan-
tially increase computational time, we were motivated to parallelize the simulator.
Therefore, we had to determine how we would split apart the f vector and the W ( 3
evaluation across the different processors. We decided to divide the f vector across
the processors by the spatial variable . This meant each processor had a contiguous
block of x-space, with each processor owning all of the possible k values for each z
grid point it had. This makes computing integrals in k-space a completely parallel
process, with no communication between processors required, but the integral and
derivative term in z-space will require communication between the processors. One
could have done the opposite, where each processor gets a continugous block of k-
space, with each processor owning all of the possible x values for each k£ grid point it
had. In this case, computing the derivative and integral in z-space would be trivial
while requiring communication between processors to compute the k-space integrals.
We chose the way we distributed the data between the processors because there are

more k-space integrals to compute, and they are the most computationally intensive

part of the simulation.
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—

To handle the nonlinearity in computing W (f), each processor computed the elec-
tron density n(x) (1.11) for each z-point it owned. The processors would then send
their part of n(z) to one processor, which is designated the main processor. This
main processor takes all of n(z), performs the Poisson solve to compute the potential
energy U(z) (1.13), and sends out U(x) to all the processors. Once each processor

—

had U(z), it could compute P(f) for each of its z-points. To compute the derivative
term in K ( 3, each processor would need to know the f values on the 2 z grid points
before its smallest z-point and the 2 x grid point ahead of its largest x-point since a
second-order upwind differencing scheme was used. These values were passed between
the processors. Finally, each processor would add these terms up to get the W ( 3
evaluation on the parts of the domain the processor owned.

To demonstrate the parallel efficiency of our program, the simulation with N, =
512 and N, = 2048 was run using from 2 up to 80 processors. The runs reported
in this section were performed on processors of a Linux cluster at Sandia National
Laboratories. This cluster has a total of 236 compute nodes. The nodes are dual
3.06 GHz Xeon processors, each with 2 GB of RAM. The table below compares the
run times for taking 5 continuation steps, from V = 0.2093 to V' = 0.2293. Since
the nodes used to perform the efficiency study are dual processor, we decided a fair
evaluation of the efficiency required a base case of 2 processors instead of the normal

1 processor. The communication between 2 processors on the same node would be

more efficient than the communication between processors across distinct nodes.
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Table 3.1: Computation of Parallel Efficiency

# of Procs. | Linear Solve Time (s) | Efficiency (Percent)
2 9120.61 100 (Base case)
4 4904.46 92.88
8 3422.43 88.83
12 1925.05 78.96
16 1581.53 72.09
24 1171.00 64.91
32 966.06 59.01
40 908.92 55.75
48 771.91 53.34
56 712.25 47.43
64 667.62 42.69
72 662.24 38.26
80 641.39 35.95

Amdahl’s Law [2] relates the percent of a code that is serial, the number of pro-
cessors used, and the corresponding parallel efficieny for these processors. If N is the
number of processors, F is the parallel efficiency, and S is the percent of the code

that is serial, then Amdahl’s Law is

L — (3.8)

Therefore, Amdahl’s Law predicts an inverse relationship between the parallel effi-
ciency of an application and the number of processors used when S # 0. We can
use Amdahl’s Law and Table 3.1 to estimate the fraction of our application that is
serial. This leads to a nonlinear least squares problem, where we fit our data with a

theoretical curve that depends on one parameter S. To solve this problem, we used
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a nonlinear least squares code, available from [20], that uses a Levenberg-Marquardt
algorithm to find the optimal value of S. This optimal value was computed to be
S = 0.0467. So Amdahl’s Law predicts that about 5 percent of our parallel code is
actually in serial.

Now we report on the scalability of the simulator. For the scalability results, we
compared the performance of our simulator with a continuation run from V' = 0 to
V' = 0.33 for three different grids, each using a different number of processors. We
start with a base case of N, = 172, Ny = 144 and 2 processors, and then simultane-
ously quadruple both the number of unknowns and the number of processors applied
to the problem. We also want to emphasis that at the grids we are simulating, we
do not have grid convergence. Therefore, we are not solving the same problem as

the number of unknowns varies, and this must be considered when evaluating these

results. Table 3.2 reports on the scalability of the simulator.

Table 3.2: Scalability of RTD Simulation

N, | N, | Run Time (min) | No. of Cont. Steps | Avg. W (f) Evaluation Time (scc)
172 | 144 30 34 0.0345
344 | 288 51 34 0.0591
688 | 576 112 38 0.1330

Let n = N, x N, be the number of unknowns, and we will assume the serial and
parallel work both scale as O(n?), where 3 will be a parameter we fit from our data.

If we let N be the number of processors, S be the serial fraction of our code, and scale
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the base time to be 1, then we can model the relative time T*(N) for the scalability
runs as

T*(N) = SN® + (1 — §)N#-!

which we can then use to get an estimate of the serial fraction of our code from the
scalability data.

From the scalability data, we have two data points (since the base case will be
scaled to T* = 1 and for all possible parameter values, the model has T*(1) = 1).
Since we have two data points and two parameters to fit, the parameter estimation
is a solution to a nonlinear equation instead of a nonlinear least squares problem.
Therefore, we used a Newton code from [19] to solve the two-dimensional problem.
We did two separate nonlinear solves with this code, using in one case the total run
times and in the second case using the average function evaluation times. For the
total run time case, the values of S and 3 were S = 4.33 percent and § = 1.2948.
The values of S and 3 were S = 4.78 percent and = 1.2915 in the average function
evaluation time case.

From both the parallel efficiency and scalability results, we estimate that about 5
percent of our parallel code is serial. The 5 percent serial code would be troublesome
if we were to scale this problem to thousands of processors, but we do not need such
a large-scale computing environment for the number of unknowns we are solving, and

the 5 percent serial code does not hurt us that much on tens of processors.
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3.8 Linear Solver Comparison for Pseudo Arc-Length

Continuation

On the N, = 512 and N, = 2048 grid, we numerically compared the efficiency of
the two methods for solving the linear system in pseudo arc-length continuation (as
explain in Sections 3.4-3.6). We compared the methods by starting the continuation at
a point on the solution curve and letting the method complete 7 steps in continuation.
They followed the same path, and this path included turning points. The current-

voltage plot is shown for this grid in Figure 3.4. Figure 3.5 shows an enlarged part

of Figure 3.4 where the methods were compared.

6 T T T T

T T T T

Current Density (105 A/cmz)

-1 1 1 1 1 1 1 1 1
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Voltage Difference (V)

Figure 3.4: Current-Voltage Plot

Table 3.3 shows the number of total number of linear (GMRES) iterations, total
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Figure 3.5: Enlarged Portion of Curve Where Methods Were Compared

number of nonlinear (Newton) iterations, and total time to take 7 pseudo arc-length

continuation steps.

Table 3.3: Comparison of Bordering and Householder Methods
Method No. of GMRES Its. | No. of Newton Its. | Solution Time (sec)
Bordering 8826 21 5905
Householder 3026 15 2016

We previously expected a factor of 2 savings from using Householder continuation
instead of the bordering algorithm. The run times show a factor of 3 savings. An
explanation of this is that, as previously stated, the Householder continuation linear

solves were better conditioned than those of the bordering method. This is why
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GMRES was able to more efficiently solve the linear systems in the Householder

continuation than in the bordering method.

3.9 Results

Once the simulator was connected with LOCA, the first thing we wanted to do was
analyze the original grid N, = 86, N, = 72 that our project’s physicists and engi-
neers had used in reporting results to the scientific community. These results [8],
[40] reported hystersis in the current-voltage (I-V) curves and current oscillation for
some values of applied bias. Figure 3.6 shows a forward sweep in bias from V' =0 to
V = 0.480, with increments of 0.08 taken in bias. As you can see, the I-V curve drops
suddenly at 0.318 volts to a lower curve and continues on. In the reverse bias case,
where we start at V' = 0.480 and reduce by 0.08 volts to V' = 0, the I-V curve follows
out this lower branch, but does not jump up at 0.318 volts. Instead, it continues along
this lower curve, until it jumps back up to the upper curve at 0.256 volts. Figure 3.7
shows the window of voltage that creates current oscillation within the device. We
can see the oscillation onsets between 0.240 volts and 0.248 volts and turns off again
between 0.256 volts and 0.264 volts.

Using LOCA’s pseudo arc-length continuation algorithm and eigensolver, we were
able to explain why these phenomena occur. Figure 3.8 shows the I-V curve generated
by LOCA. LOCA has found two turning points: one at 0.256 volts and one at 0.318

volts. The branch connecting the two is an unstable steady-state solution branch,
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Figure 3.6: I-V Curve Generated by Time-Accurate Simulation
x 10° nx=86, nk=72 Grid
7 T T T T
—&- 0.240V
—-©- 0.248V
- 0.256 V
6.5 — 0.264V | ]

| | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time (fs)

Figure 3.7: Bias Window of Current Oscillation

65



CHAPTER 3. BIFURCATION ANALYSIS 66
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Figure 3.8: I-V Curve Generated by LOCA

which would not be detected by the time-accurate methods used by the engineers.
This explains the hysteric effects we are seeing, since if the initial voltage is high, the
solution can stay on a stable lower branch until 0.256 volts and if the initial voltage
is low, the solution will stay on the higher stable branch until 0.318 volts.

Figure 3.9 plots a pair of complex-conjugate eigenvalues of the Jacobian matrix
as a function of volts, produced by LOCA’s eigensolver. As the plot shows, the eigen-
values’ real parts go to zero between 0.240 volts and 0.2405 volts and stay positive
until 0.256 volts. This explains why we are seeing the oscillation in the above bias
window.

As the grids were further refined, we were able to obtain grid convergence for the



CHAPTER 3. BIFURCATION ANALYSIS 67

Bifurcating Eigenvalues on nx=86,nk=72 Grid
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Figure 3.9: Eigenvalues Creating Oscillatory Solutions

current-voltage plots. Figure 3.10 compares the previous grid results for N, = 86,
Ny = 72 (about 6,000 unknowns) to the results for the grids N, = 512, N, = 2048
(about 1 million unknowns) and N, = 1024, N, = 2048 (about 2 million unknowns).
The current-voltage plots of the 1 million unknown and 2 million unknown grids lie
on top of one another. These grids present new physics in the current voltage-plot as
previously shown from the coarser grid. The plot in general is shifted down, having
a smaller global maximum than the coarser grid plot. There are more local minima

and maxima in the refined grid plots as well.
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Figure 3.10: Comparison of Current-Voltage Plots for Varying Grids

3.10 Correlation Length Study

3.10.1 Current Voltage Relationship

The current-voltage (I-V) curve generated by the fine mesh simulation looked un-
physical when evaluated by the physicists in our research group. As shown in Figure
3.10, the fine mesh I-V curve has several peaks, and the physicists do not expect
these. In the original coarse grid simulation (N, = 86, Ny = 72), the correlation
length was varied until the simulation produced a physical I-V curve. Since we have
refined the mesh, the correlation length needs to be changed again so that the I-V

curve agrees with what physicists believe to be correct. Figures 3.11-3.15 show sev-
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Figure 3.11: I-V Curve with 30 Percent Reduced Correlation Length

erla I-V curves where correlation length has been change. Figues 3.11-3.13 involved
a reduced correlation length from the original simulation, and Figures 3.14 and 3.15
involve and increased correlation length. The increased correlation length simulations
produce I-V curves that have even more peaks than the original correlation length
simulations. The reduced correlation length simulations produce more realistic -V
curves, with the 20 percent reduced correlation length creating the most favorable

[-V curve when evaluated by the physicists.
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Figure 3.12: I-V Curve with 25 Percent Reduced Correlation Length
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Figure 3.14: I-V Curve with 10 Percent Increased Correlation Length
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3.10.2 Stability Analysis

We performed a stability analysis on the steady state electron distribution for the
20 percent reduced correlation length. This enabled us to test out the performance
of the Cayley transformation on these large scale matrices where iterative solvers
are used to solve the linear systems. The Cayley transformation (as explained in
Appendix B) is a way to transform the standard eigenvalue problem to one where
unstable eigenvalues of the Jacobian will be detected first. We were checking the
[-V curves for voltage values where we expect current oscillations. From the the
coarse grid simulations, the current oscillations occured after the I-V curve was at
its maximum value, where the current ouput decreases as the applied voltage drop
was increased. This phenomenon is known as negative differential resistance, and
we checked similar areas on the fine grid I-V curve for current oscillation. Table
3.4 lists the voltage values where we checked for current oscillation. The table lists
the converged eigenvalue as well as the Rayleigh quotient residual for the eigenvalue,
which is a measure of how accurate the eigenvalue is. Appendix D explains more
on the algorithm used to compute the eigenvalues (the Arnoldi method) as well as
explaining the Rayleigh quotient residual. These computations were performed on 20
processors of a Linux cluster maintained by the High Performance Computing center
at North Carolina State University. The average time for an Arnoldi iteration was 740
seconds. This means that it took approximately 40 hours to converge one eigenvalue

of the Jacobian matrix at one voltage value. The closest we came to finding current
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oscillation was at V' = 0.27. Here, the real part of the eigenvalue is two orders of
magnitude smaller than the imaginary part.
corresponds to a THz frequency oscillation. While the I-V curve generated by the
20 percent reduced correlation length was the most favorable with the physicists, the

stability analysis of the I-V curve did not generate a voltage value where we expect

current oscillation.

Table 3.4: Eigenvalue Calculations for 20 Percent Reduced Correlation Length

Voltage Eigenvalue Rayleigh Quotient Residual
0.251 | -9.686e-04 - 9.108e-04 ¢ 6.153e-09 + 2.168e-08 ¢
0.269 | -4.502e-04 - 1.809e-02 ¢ 5.625e-06 + 4.962¢-06 ¢
0.27 | -4.820e-04 + 1.828e-02 7 4.704e-06 + 4.373e-06 ¢

0.27083 | -6.199e-04 - 1.847e-02 ¢ 5.922e-06 + 4.644e-06 ¢
0.28 -1.705e-03 - 6.555e-04 7 5.207e-10 + 4.105e-10 ¢
0.288 | -1.704e-03 - 6.947e-04 ¢ 2.901e-09 + 7.396e-09 ¢

0.2977 | -1.686e-03 - 7.439e-04 1 1.273e-09 + 5.428e-09 i
0.30 | -1.681e-03 + 7.613e-04 ¢ 5.474e-09 + 3.180e-08 ¢
0.304 | -1.681e-03 - 8.077e-04 ¢ 7.746e-09 + 1.185e-08 ¢
0.312 | -1.452e-03 - 1.387e-03 @ 2.870e-09 + 5.092e-09 ¢

0.3157 | -1.095e-03 + 9.444e-04 5.079¢e-09 + 2.618e-08 ¢

The size of the imaginary part also




Chapter 4

Theory

4.1 Steady-State Theory

In this chapter, we are concerned with theoretically analyzing the infinite-dimensional
steady-state solutions of the Wigner-Poisson equations as the applied voltage drop
V' > 0 is varied. We will recast the problem as a fixed point problem of the form
flz, k) = Z(f)(z, k)+a(z, k), where the steady-state solutions of the Wigner-Poisson
equations are the fixed points of this map. We will analyze this fixed point map in

the function space
Kmar
X = {uxk:|/ w(w, )2k € C [0, L]}

with norm
1

Kmaz E
= KN|2dk ) .
e = mae ([ e e
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The idea is to

1. Show Z maps X to X.

2. Show Z is continuous on X.

3. Show Z is a compact operator on X.

We can then use the fact that Z is a compact operator to show that its Frechet
derivative, denoted by Z’, is a compact linear operator from X to X. This will allow
us to show that when the iterative linear solver GMRES is applied to the infinite-
dimensional problem, the norms of the residuals quickly converges to zero as the
iteration continues, which helps to explain the mesh-independence performance we see
in the finite-dimensional numerical approximation to the Wigner-Poisson equations.
At the very end of the chapter, we also attempt to use the compactness of Z with the
Schauder Fixed Point theorem to prove the existence of steady-state solutions and
show how a simple application of this theorem does not immediately work.
Rewrite Steady-State Solutions as Fixed Points

The steady-state solutions will satisfy the nonlinear equation
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2mm*

ht

If we write out and rearrange the terms, set the constant C' = , assume k # 0,

then we have

af C C f()(xv k) /Kmaw ! ’ 4C't Kmaa / / /
G C k) == Fla K )dk — =~ F(x, K)T(, k—k')d'.
aaj k ( ) k meaac fo(x" kl)dkl _Kmaz ( ) h/k _Kmaz ( ) ( )

_K'maz

If we note that

0 Ca of ca C Ca
5 [f(:c,k)e 2 ] = 9.6 " + Ef(x,k)e R
then by multiplying each side by e%, we have
@ Kmax Km(wc
2 |:f<x7 k)e%] — g = fo(x7 k)e k / f(x, k/)dk’_@ e%f‘(x7 k,)T(I7 k_k/)dkl
Ox ko foees folw, k) dE Ko hk ) Ko

We will now consider two cases:
Casel: k>0
When k& > 0, we have boundary conditions for f(x, k) at x = 0, that is f(0, k) = f1(k).

So, we have

Fl k)eF — £(0, k) = /0 dza% [z R ]

Therefore, we can integrate from 0 to x to get:

fla,k) = e~ F fulk) + G1(f) + Ga(f)
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where we will define G (f) and Gy(f) shortly.
Case 2: k<0
When k£ < 0, we have boundary conditions for f(x,k) at x = L, that is f(L,k) =

fa(k). So, we have

F(LK)eF — [z, k)eS = /IL dz% [f(z, k)e%} .

Therefore, we can integrate from x to L to get:

C(L x)

fla k) = fo(k) + Gi(f) + Ga(f)-
We define G (f) and Ga(f) by

C(z—=z)
C x f (2:,]<3)6T K'maac 3
<, dszfmz a =k | (2, K)dk', ifk>0

Gl(.f) = . (4‘1)
z e—m Kmaz .
=G e s TR, (2 KAk ik <0
and
Tl N T F (2 W) (2, k — K)dk'dz, itk >0
GQ(f) = (4 2)

Cz—z)

ACr [F [Fwee 5% f(2 KT (2, k — K)dk'dz,  if k <0.
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So if we write Z(f) = G1(f) + G2(f) and set a(z, k) as

Cx

e Fhk), ifk>0
a(x, k) = (4.3)

e k), if k<0,

then our steady-state distribution f(x, k) is a fixed-point of a map, given by

flx, k) =Z(f)(x, k) + a(x, k).

Show Z maps X to X
We begin our analysis of this fixed-point map in the space X with norm |||/ x. Let u €
X. We want to show that Z(u) € X. Since Z(u)(x, k) = G1(u)(z, k) + Go(u)(z, k),

we will show Z(u) € X by showing
L[5 |Gy (u)(x, B)PdK € C[0, L].
2. [fre |Gy(u) (@, K)2dk € C[0, L.

This would show Gi(u), Go(u) € X, and therefore, Z(u) € X. We assume fo(z, k) €
C([0, L] X [ Kazs Kmaz)) such that me‘”” fo(z, K)dk' # 0 for all z € [0, L]. First, we

will note for v € X, we have a bound on f o |u(z, k')|dk', using Holder’s inequality
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given by

Kmax Kmax
/ (e, K| =/ (D)lule, k)| dk

_Kmaz _K'maz

Kmnas 3/ (Kmas 3
</ 12dk’) (/ lu(x, k’)]Qdk’)
_Kmal’ _K"Lax

S V 2Kmax||u||X

IA

We will now get an estimate for T'(x, k — k') for u € L*([0, L] X [— Koz, Kmaz))- By
Equation (1.16), we know that U(z) is the sum of the electrostatic potential u,(z) and
the potential barriers A.(x). The dependence of T'(x, k— k') on w is through Poisson’s
equation (Equation (1.13)). We can solve Poisson’s equation explicitly through the
use of a Green’s function [13]. The Green’s function for Poisson’s equation in one

dimension for the domain [0, L] is given by

2(—-1), f0<z<w

r(7—1), fz<z<L

Therefore, the exact solution u,(x) is given by

wy(z) = /0 C ) (q—j [Nd(z> - % /_ I: u(z, k’)dk’D dz.
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Combining Equation 1.16 for U(z) and Equation 1.9 for T'(x,z), we get that the

explicit dependence of T'(z, k — k') on w is given by

T(x, k— k) / / / o J(x—y,z)— J(x+y,2)]sin2y(k — &"))u(z, k")dk"dzdy
" 2me Kmaz

+% /0 ' /0 [J(z+y,2) — J(x—y,2)]sin(y(k — k') Ny(2)dzdy

+ /0T dysin(2y(k — k")) |Adx +y) — Az —y) — —=| .

We note that T'(x,k — k') is a continuous function. To get an upper bound on

17|00, we will look at each term of T'(x, k — k') individually. Define T1(z, k — k') as

Kmaz
Ty(z, k—K') =5 / / / J(x—y, z)—J(z+y, 2)] sin(2y(k—k"))u(z, k") dk" dzdy.
Te

Kmaa:

So,

Ti(z, k= k)| =

f e U@ =y, 2) — (@ 4y, 2)] sin(y(k — K))u(z, k") dk" dzdy
f fo KTZ; (x —y,2) — J(x +y,2)]sin(y(k — K"))u(z, k")|dk" dzdy
< L S 2 ok, K| dR"dzdy
o (R g5 A Eadbaz) ([ e ) arez)

|J||oo V 2KmawLHUH2‘

_qLc2

T 4me
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By definition of J(z,z) in Equation (4.4), then ||J||o = £. Therefore,

¢*L.

|T1( 3

2K ezl

When bounding the second term, Ty (z, k — k'), we get

T k—k)| = |L [ [ 002 = gt =y, 2 sntzte - 1) Ntz

IN

q; /0 : /0 [J(z+y,2) — J(x —y,2)]sin(y(k — k') Ny(2)|dzdy

7 Le oL
L7 [ 2Ny
€Jo Jo

q2 2
—L.L7||Ng||so-
Ae || d||

IA

IA

The third term, T3(z, k — k'), is bound by

, ¥ 2Vy
To(a k= K) = | [ dysin@y(k =) |Aula+y) = Aula —y) - ||
L¢
B 2
< / 2y = 1)) [Bule +) - Bt =) - 22|
£ 2V
< [T atlade+ T
0
VIL?
= ||A¢l|ooLe
1Al + L.
Therefore, we have that
q VL
||T||oo < 2K maz L ||Nd||oo + ||AC||OOLC+

AL -
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We now estimate |G (u)(x, k)|. Let h(x, k) = " majo(]‘ka) o Our assumptions on

fo(z, k) imply h € L>=([0, L] X [~ Kmaz, Kmaz]). For k> 0 we have

C x zZ—T) — Kmacc
Gy () (2, k)| = ’E/ dze "5 )h(z,k:)/ u(z, k') dk'
_Kmaz
C z flJ —_— KTTLGZ
< / de—e h(z,k)/ ulz, K'Y dk
0 k Kmaac
Kmaz
< / dzgec<z 27z, k) y/ u(z, K)|dK
Kmaac
gt/d%% R IYeram
0
- _Ce
= rlloo V2K e ullx (1 ¢ F)

< Nlloo V2K maallullx,

and for k£ < 0 we have

|G1(u)(z, k)| = _E/ dze” * B(z,k)/ " u(z, k") dk'

7Kmaz

N Kinax
h(z, k) / u(z, k') dk'

Kmaz

xT Kmaac
S / dzgec(zk x) Z l{} |/ Z k’ |dkj
.k Kmaz
T C ci— _
géwﬁﬁ7W&ﬁ&mMu
= bl 2Rl (1= e75)

< W_l”oo V 2K paz ||| x -

IN

So |G (u)(x, k)| < [|Alloc V2K mac[|ullx, and therefore, |Gy (u) (@, k)[* < 2K a2 [Jullk-

Thus, K"“”” "G (u)(z, k)[R < 4K2  |Ih]|% |lul%, and since this bound is indepen-
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dent of z, we have ||G1(u)||x < 2K maz P ||sol|u] x-

For an estimate of |Gy(u)(x, k)|, we have for k > 0

4 max Z(ZJ
|Ga(u) (2, k)| = CT// =T u(z, KT (z,k—k’)dk’dz‘
Kmaz
< // C ST u(z, KT (2, k — k)
Kmaac
Kmaz
< —HTHOO/ dzgec(zk ”)/ u(z, k)| dK’
0 k KTYLCL$
C ci-o
< TVRalls Tl [ dse™s
= VR allulx 7] (1 - —)
4r
< V2R a0l |7

and k£ <0
4 Kmaac zZ—T
|Ga(u) (2, k)| = OT/ / ST ulz, KT (2, k — K)dk d2
Krna:c i
< / / O T Uz, KT (2, k — K)|dk dz
Kmu:v
Kmax
< —||T||oo/ zge“l ”“/ lu(z, k)| dE’
L k Kmaz
C C(z—x)
< TVl Tl [ e
—x)
= VARl Tl (1“5
47
< 5V 2Ema|ull x| T

S0 |Ga(u) (2, k)| < 423/ZR s | T oo ], and therefore, |G (u) (x, k)[2 < 2222mac | T2, [|ulf%.

Thus, Km” " |Go(u)(x, k)[PdE < %HTHéHuH%{, and since this bound is inde-
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pendent of z, we have ||Ga(u)||x < EEmee || T ||ul|x.
We now want to show that me‘” |G (u)(z, K')|?dk € C0, L] and me’” |G (u)(z, K)|?dK €
C[0,L]. Let z,y € [0,L]. Fix v > 0. We want to show that fi?:; G (u)(z, k' )*dk

is continuous. So

’ / e Gy (u)(x, k)2dk — / o G1(u)(y, k:)Qdk‘ = ‘ / o (G (u) (=, k)* — Gl(U)(y,k)Q]d’“‘

7Kmaz Kmaz

)/MmGl ). K) — Ga(u) . RYJICh () ) + G () (9. )

Kmaz

< [ 76w k) - i) W16 ). )]+ G ), )

7Kmaz

Kmaz'

gwﬁ@mwﬂwu/ G () (2, k) — G () (y, )| dk.

_Kmam

So an estimate of mex |G (u)(z, k') — Gy (u)(y, K')?|dE' is bounded by an estimate
of f ot |Gr(u)(x, k) — Gi(u)(y, k)|dk. We will consider this integral first on the

interval (0, K,,q.|. Here, we have

Kma:c

Kmaac
i / dzh(z, ke / u(z, k)dk

7Kmaz

Yy _ iy Kmaz
—%/ dzh(z, k)e"F )/ u(z, k) dk’
0

7Kmaz

[ 6w - G wia= [

dk.
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Without loss of generality, assume y < z. Then we have the estimate

Kmaz
i / deh(z, k)" 7 / u(z, k) dk’
Y

dk

Kmal Kmaz
/ G1(u)(@, k) — Gi(u)(y, k)|dk < /
0 0 Ko
Kmaz
Kmaz Kma:l:
/ /dZ\hzkHe( et ”|/ u(z, k)| dk
Km(lm

- / deh(z, k)" F — =Y / u(z, k) dk’
lu(z, K" |dK' dk
— Kmaz 2—x v 2—x z Yy
e L e e L
Y 0

Kmaax
Kmaz
/ / dz|h(z, k)|
—Kmaz
_Kmaz

C(z—=x) C(zkfy) |

Since 0 < y < x, then e+* < e~&" for k > 0. Therefore, et — ¢

C(z—~y) C(Z z)
E —e . So, we have

Kmaa:
/ G (), k) — G (u) (g, )|k
0
- Kmax — €T x 4 — y — €T y 4 i
< VIRl [ [ [T Lo (et - o) [t a
0 Y k k 0 J
= 2Kmam“hHooHUHX/ [1 e (e_Tcy — eifz> <e% — 1>— dk
v 0 _
- Kmaz Cly—=) Cly—=) —Cy —Cz\]
= /2K s Bl 1]l x [1—6 T (1— ™ — e e ) dk
0 _
/2 [l ] /

We will now break the k interval (0, K,,q,] into two intervals. Choose € so that

Kpaz > €. > 0. Then the two intervals are (0,€;) and [eg, Kpaz]. For the first
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interval we have:

V2R s | cllull ¢ / HEEE S R o P
0

< V2K Il oo 1l x / R s S N

0

< \/MHBHOOHuHX/Ek [2+2€C(k e fett ]dk
0

< V2 Rpalllellull [ +24 14 1]k

=6y 2Kmaz||7l||00||u||X€k'

We want to choose ¢; so that the bound over this first interval is equal to

second interval we have:

_ K’muz Cly—z) _Cax —cy
V2K e || o |l [2—267 b e e dk
_ Kmaa: (y
< VRl el [ 12— 2655 T
€
_ Kmas Cly—2)
< 32 [l ] / 15k
Cy—=)
_3\/2Kmax”h”00||u||X maw—ek)ll_e k |
_ Cly—x)
S3Kmar\/2Kmax||h||oo‘|u||X|1_e k |

86

%. On the

We want to choose x and y close enough together so that this bound over the second

interval is equal to 7. We can do this since e @ is a continuous function. Therefore,
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we have shown that we can choose x and y close enough so that

/0 "G () (e k) — Ga(u) (g, )2k <

b |2

Using a very similar argument for the case k < 0 (one can see this through Equation

(4.1)), we can show

b0 |2

[ G2 - Gl kPlae <

_Kmn..r

This shows that if we choose x and y close together, we have that

K’rnal‘
/ G (), k)2 — Gruly, k)2|dk < .

_Kmam

So f Komaa (x,k)? is a continuous function.
Let z,y € [0,L]. Fix v > 0. We want to show that fK’"” o(u)(z, k")2dk is

continuous. So

) /KW o - /KW o). k)Qdk’ _ ‘ / Gl B — Gz(u)(y,k:)Q]d/g‘

Kmaz Kmaz 7Kmaz

—)/KW Ga(u) k) — Ga(u) (3. R)][Giu) . K) + Giau) ., Rl

Kmaz

</ Km% Galu) (2, ) = Ga(u) (0, W [Gal) (o, )| + |Gl o, )

max

Ly AN / Galu)(, k) — Gy, k)|

KmaT
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So an estimate of me” |Gao(u)(x, k')* — Ga(u)(y, k')?|dK’ is bounded by an estimate
of fKI?ZZZ |Ga(u)(x, k) — Go(u)(y, k)|dk. We will first consider this integral on the

interval (0, K,pq:]. Next, we have

/OKma”” |G (u) (2, k) — Ga(u)(y, k)| dk = /OKmM

4 o K’maz
o dzeic(k : / T2,k — K yu(z, K)dk’ | dk.
Tk e

4 y ey Kmagz
10T / dze " T / T(z,k — K)u(z, k')dk
e J,

_K’maz

Without loss of generality, assume y < x. Then we have the estimate

Kmaz Kmaz Y z—y z—x
[ G - Gatw mlan = [T [l - )
0 0 hk 0

K’maz 4 o Kmaz
/ T(z,k — K )u(z, K)dK — }(L“Z 172 / T(z,k — K)u(z, K)dK |dk
—Knaz Kmaz

Kmaz 4 . z = Kma:c
g/ CT dz|ec%” eZ ’|/ T(z,k — K)|Ju(z, k)|dK dk
0

Kma:v

K’maa: 4 e Kmax
+/ AOT [7 ge o )/ T(2, k — K| |u(z, )|k dk

0 hk y 7Kmaa:

41 Kmaa I 1% O ) Ceow Gl
< VIR Tlelily [ [ [ G e [T ] e
Yy

We will now consider this integral just over the interval (0, K,,4,] in k-space. Since 0 <

—Cz (z— y) C(z—=z) C(z—y) C(z—=z)
y < x, then e % < e for kK > 0. Therefore, |e —e F |=e & —e &
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So, we have

Kmaz
/ Galu)(, k) — Ga(ur) (. k) |k
0

4 Kmaz [ oy 2O s C _cy Cow Y o]
S—T\/2Kmm||T||ooHu||X/ [e ¢ / —e%dw—[e%—e%]/ cF x| di

h ; R p ; |

47
— VPR el [ )
0

4 Kmaae y—x y—x —Cy —Cz\ |
:%\/2me||T||oo||u||X/ [1_6—0% gt (1—60% e S ) dk

i |

4 Kmaac _z —Ca —_Cy
:%\/QKmaxHTHOOHuHX/ (2205 4 o — o .

0

1 ak

We will now break the k interval (0, K,,q.] into two intervals. Choose € so that
Kpaz > €, > 0. Then the two intervals are (0,¢;) and [eg, Kpnaz]. For the first

interval we have:

VARl Tl [ [ 26552 o - ]
< T VAR Tl el x / T2t T
< VAR Tl x / "2 4 o o
< %%\WHOOHUHX /0 2424141 dk

24T
- TmIITIIwIIUIIX%
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We want to choose ¢, so that the bound over this first interval is equal to 7. On the

second interval we have:

VIl Tl | T e e R
AR e Tl el x / 2275 |+ e 1™~ 1lak
127\/2Kmm||T||oo||u||X /KW 11—k

= AR e Tl (Ko — )1 = 55" |

< O R Tl — 57

We want to choose x and y close enough together so that this bound over the second
interval is equal to 7. We can do this since e @ is a continuous function. Therefore,

we have shown that we can choose x and y close enough so that

D2

/0 " |Gafur) (. K)? — Galu)(y, K|k <

Using a very similar argument for the case & < 0 (one can see this through Equation

(4.2)), we can show

[ 16wk = Gatu) . Pk <

_Kmaa:

b0 |2
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This shows that if we choose x and y close together, we have that

/WMKMW@$V—GNW@$ﬂ%§7-

_Kmaz

So me” (z,k)? is a continuous function. This means that G (u), Go(u) € X
for u € X, and therefore, Z maps X to X.

Show Z is continuous

Let {u,} C X with u, — v € X. To show that Z is continuous, we need to show
Z(uy) — Z(u), or G1(u,) — G1(u) and Ga(u,) — Ga(u). Now for the Gy term we

have for k£ > 0,

C(z—=x)

Ga(w) (o, k) — G (), )] = ‘%/xdze e b [ e k) — R

Kmaz

Km(LT
< / dzgec(zk x)|h (2, k) |/ w(z, k') — un(z, k') |dE

Kmaz

< /dz—e V2Rl x
0

= loe V2K el — walx (1= e~ F)

< HBHOOV2KmaxHU_unHX>
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The exact same bound holds for £ < 0 using a similar argument. Therefore,

1G1 ()

:BE[O,L] _Kmaz

z€[0,L]

~Ginlx = max ([ e k/)—c;l(un)(x,kf)pdkf)%

Kmaa: _ 2 %
<  max (/ [HhHOO\/2KmazHu — unHX] dk’)
—Kmaz

2Kmax”B”00||u_un||X'

Since u,, — u, then Gy (u,) — G1(u). For the G term, we have the kernel T'(x, k— k')

that depends on u. We will denote this dependence by T,(x,k — k).

k > 0 that

Go(up)(z, k) — Go(u)(z, k) =

4CT/ /me Clz—2)
%
Kmaz

We have for

(2, KT, (2, k — K')dk'd=

4 Kmax z—2)
- CT/ / T (2, KT, (2, k — K)dE'dz.

Kmaz

This is the same as looking at two separate terms, where

Go(up)(z, k) — Go(u)(x, k) = o .

ACT [% ceowy [Kmas
—_— k—Fk
+ e, e /Kmm[ w(z, ) —

4 z o Kmax
acr e~ / Tu(z, k —K)[u(z, k') —
0

un(z, k)] dk'dz
Tu, (2, k — K] dk' dzu, (2, k")

= FYx, k) + F*(x, k).
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For the first term, F!(z, k), we have the estimate

4 z zZ—T Kmaz
|Fl(x, k)| = %/ e )/ To(z, k — &) [ulz, k) — un(z, k)] dk'dz
0 —Kmaz

IN

4 x o Kmaz
10T ST / T (2, k — K)||u(z, k') — up(x, k) |dK' dz
hk Jo CKyvas

4 x z—x Kmaﬂ')
L A ) B TR U EEN SIS

iCr [* e
\/2Kmaz||Tu||ooHu—un||Xh—kT/0 252 g,

47— —Cz
= V2Kl el = wnllx = [1 = e
412K

I Tulleolle = unllx

IN

IN

IN

For the second term,F?(z, k), we have the estimate

40 T o Kmaz
F2(2, k)| = h—kj/ = )/ Tu(z,k — ) — Ty (2, k — k) ]un(z, K')dk'dz
O _KTVLG“’L’
40 x e Kmax
< T [ ’/ Tu(z k= K) = Ty (2, % — K)|un (2, k)| dR'dz
hk 0 _K'maa;
40 T o Kmaz
< Ty = T ool [ 55 (1, k) |d dz
! hk 0 _Kma,z
ACT [ cew
< VIRl = Tl [ e
hk Jy
4T —Cz
= V2Kl Tu = T llclluallx - [1 = €]
472K paa
< —— Ty — T, lloo || tn] x -

h
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Since u, — u, then [Ju,||x < C* for some constant C* > 0 since convergent sequences

are bounded. Now, |T,,(z, k) — T, (x, k)| equals

)gm / / / h ,2) = J(x +y,2)|siny(k — &) [u(z, k") — u, (2, K")|dE"dzdy|.

Kmaz

We can bound this term as follows

)gm / / / =) = )] sin(y (k= B)[u(z, K7) — (=, Kb dzdy|

Kmaz
Kma/z
< —2HJHOO/ / / w(z, k") — un (2, K")|dE" dzdy
Kmaﬂ')

2L2
\/2Kmax|\u Un || x-

This means |F%(z, k)| < %C*Hu — Uy ||x. Therefore,

(G (un) (@, k) = Ga(u)(w, k)| < |F' (2, k)| + | F (2, k)

472K pan q2L2LCTKmM .
< (T + TR )

= D*|lu— uy|x-
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Here, D* is used to shorten notation. The exact same bound holds for £ < 0 using a

similar argument. Therefore,

|Ga(u) = Galuwn)llx = max ( /K Galo k) — o)oK dk,)é

e [07L] _Kmam

1
Km(LZE 5
< max (/ (D" |lu — un||X]2dk;’>

xe [O,L] _Kmaz

< V 2KmazD*||U_unHX

Once u,, — u, then Go(u,) — Ga(u). Therefore, Z is continuous on X.
Show 7 is a compact operator
We now want to show Z is a compact operator. As defined in [13], a nonlinear
operator Z : X — X is compact if each bounded sequence {u,} in X has a subse-
quence {u,, } such that {Z(u,,)} converges in X. Let {u,} be a bounded sequence
in X. Since X C L*([0, L] X [~ Knazs Kmaz]) and L? is a reflexive Banach space,
there exists a subsequence {u,, } such that u,, — @ weakly in L?. We will relabel
the subsequence {u,} to make notation easier. We want to note that the weak con-
vergence of u, — 4 in L?([0, L] X [~ Kz, Kmaz]) implies the weak convergence of
—KIZ:; up(z, K" )dk" — _K;(”;; u(x, k")dk" in L*([0, L]). We will now prove a lemma to

make showing Z is a compact operator an easier task.

Lemma 4.1. Let {u,} C X be a bounded sequence that weakly converge in L* to

i € L*([0, L] X [~ Knas: Kmaal)- Then [*72 (x,k')dk' € L=([0, L]).

Proof. Suppose that f_KI;”:L; u(x,k")dk’ ¢ L>([0,L]). Since {u,} is bounded in X,
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there exists a constant M > 0 such that ||u,||x < M for all n. There also must exist

a set F,, C [0, L] such that the measure of FE,, (denoted by m [E,,]) is positive and

for all x € E,, we have |f 2 (w, K)dk'| > \/ZKL Now E,, = E; U E,, where

By = {z € Byl ["7e ala, K)dk > Yo By = {x € En| [0z, K)dk <

\/ 77L(ll

—%}, and either F or F, must have positive measure. Without loss of general-

ity, assume E; has positive measure m[E;] > 0. Therefore, [ B Km oz, K)dk dz >

K. 2Kma$m[E1] =2M 2Kmaxm[E1].

Since u,, — @ weakly in L*([0, L] X [~ Knaz, Kmaz)), then

Kmaz Kma,z
// zkdkdz—>// u(z, k) dk dz.
Ey Kmaz Ey Kmaz

We have though that

Kmazx Kmaz
/ / Wz, KNdE dz < / / |un (2, k') |dK' dz
E1 Kmax El Kmaac

/ V 2Kma:r:HunHXdZ
Ey

= M+\/2K paem[E1].

IN

This means that fE Km‘” ’(z EdE'dz < M~/2K,,q,m[F;]. This is a contradiction,

and therefore, KI’(':“” u(z, k")dk' € L>([0, L]). O

=M.

[e.9]

To simplify notation, we will have that H f o u(w, K)dk

To show Z is compact, we need to show Z(u,) — Z(u) strongly in the norm on
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X. Let 6 > 0. For k > ¢, we have

T Kmaz
G (u)(z, k):/ dz%e@l_z(z,k)/ u(z, k")dE'.
0

_Kmaz

We can think of this term as an integral operator whose input is an L?([0, L]) function

given by

Kmﬂz
/ u(z, k") dk'

_Knuzw

and kernel function is given by

For k > 0, the kernel function is continuous. Therefore, the integral operator is a

K'maa:

compact map from L*([0, L]) to C([0, L] x [0, Kinaz]). Since [Z2% w, (2, k')dk" —

5?7:; a(x, k')dk' in L*([0, L]), then Gy (u,)(z, k) converges uniformly to Gy (u)(z, k)

for 6 < k < K, 0.
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For 0 < k < 4, we have

T Kma:r:
(G () (2, k) — Gy () (2, k)] = ]% / dze™ %Rz, k) / Un (2, K )dI
0 —Kmazx
€T Kmllfl)
_ ¢ / dze” TRz, k) / a(z, k) dk’
k Jo Komas
X Kmaac Kma:c
< Ao / PR / Uun(z, &) — / a(z, K)dk'
0 k —Kmaz —Kmaz

x =z Kmaz
< ||h||oo/0 dz%e—“i) [/ |un(z,k’)|dk’+M*}

Kma:l:

- _ x C e

< V2K maa|lunll x + M*} ||h||oo/ dzEe—“k :
- 0

< [V2KpmaM + M*] 1] (1 - e—%)

< |WV2KmM + M*] 17|

72
(|:V 2KmaxM + M*} H}_LHOO)2

enough so that for 6 < k < K40, we have |Gy (uy,) (2, k)—G1(u)(z, k)| <

Let v > 0. Choose § = 1 . We can now choose n large

,}/2

4( Koz — 0)
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We then have that

Kmagz )
/0 G (), W) — G (&) (K Pk = / G (1) (22, K) — G (&) (. 1) Pk’
+ /5 G () (2, K = G (@) (e, ) 2R

< /6(\/2Kmax(M + VM) | hlloo)*dk

0
- ([ Ve 007 ) b
= ([V2RoaaM + M )2
2

+ 7—_<Kma:p - 5)

Similarly, for £ < 0, one can argue that choosing n large enough will guarantee that

Ik |G (un) (@, K) — Go(@) (2, K')*dk’ < 3. Therefore, we will have that

1
2

fGatu) — @y = mas ([ 61w @) P

$€[0,L] _Kmaz
1
2 2\ 2
g gl
< Lo
< (3+%)

So, G1(u,) — G1(u) in the X-norm.

For the Gy term, we have the kernel T'(z,k — k') that depends on u. We will
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denote this dependence by T, (x,k — k’). We have for k£ > 0 that

Kma:v —x
Go(un)(x, k) — Go(un)(x, k) = 07 / / =T (2, K )T, (2, ke — K')dK'dz

Kmaz

4 Kmax -
_ AT / / =T (2, KT, (2, k — K')dK'dz.

Kmu.z

This is the same as looking at three separate terms, where

T Kmaac
Calun) (. K) — Calu) (o) = T [ / Tu(esk— K) [ (2 k) — (i, )] R d2
0 —Knmaz

4 £ z—zx Kax
+_hC];T 6_0(—k ) / [TUm (Z, k— k’) — Ta(z, b — k:')] [um(z, k") _ un(% k)] dk' dz
0 —Kmaz

40t (% ci-= /K’”“’“
P 6 k

" Un(x, k) [T, (2, k — k') =T, (2, k — k") dk'd=

m

7Kmaz

= G (@, k) + G*(w,k) + G (x, k).

Let 6 > 0. For k > ¢, (as in the case for the G; term) we have the first term, G (z, k),
as an integral operator whose input is an L*([0, L] X [~ K ez, Kmaz|) function with a

kernel function given by

4C'r c<z o)

T Ta(z, k=K.

For k > ¢, the kernel function is continuous. Therefore, the integral operator is
a compact map from L?([0,L] X [~ Kpaz; Kmaz]) to C([0, L] x [0, Kpae]). Since
un(z, k) — u(z, k) weakly in L*([0, L] X [~ Kmaz; Kimaz)), then the first term con-
verges uniformly to zero. So we can make the first term as small as we want for

0 < k< K-
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For 0 < k < 4, we will estimate the first term as

4 x Z—T Kmaz
G (2, k)| = ’ CT/ e )/ Ta(z, k — K [um(z, k") — up(x, k)] dk'dz
0 —Kmaz
At PO ce-o)
< TVl = Tl [ e
< TV 2R Tallo [1 — %

SMTt
g h V QKmaJ:HTﬂHoo

For the second and third terms (G*(z, k) and G3(z, k)), we will look at T, (v, k —

k') — Ty(z, k — k'), which equals

Kmﬂ.l‘
5c / / / J(x —y,2) — J(x+y,2)]siny(k — k))uy(z, k") dk"dzdy
e

Kmaz

QWE/O / /Km“ J(x —y,2) = J(x+y,2)|siny(k — K))u(z, k" )dk" dzdy

Kmaz

Define 7 (u,,) as

Ty = L [ —g2) =t [ (e, Kk d
2 0

and note that

Le

To, (x, k — k) — Ty(x, k — k') = /0T [T () (z,y) — T (u)(z,y)] sin(2y(k — k'))dy.
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Now, we can think of 7 as integral operator whose input are functions from L?[0, L]

given by

Kmaz
/ U (2, k") dE"

_K’maz‘

and whose kernel function is given by

ol —y,2) = T+ y,2)].

Since the kernel function is continuous, the integral operator is a compact map from

Kma:c —

L*[0, L] to C([0,L] x [0,L]). Since [“7* w,(z, k")dk" — [ u(z, k")dk", then

_Kma,z _Kmaz

7 (um)(z,y) converges uniformly to 7 (u)(x,y). Therefore, T, (z,k — k') — Ta(x, k —

k') converges uniformly to zero, and thus, T, (z,k — k') — Ty, (x,k — k') converges

n

uniformly to zero. This means we can make the second and third terms as small as

we want as well.
2

v
S (B 2R s [Tl )

so that |G2(z, k)[? < 52—, |G3(2, k)? < g2—, and for § < k < Kpae, |G (2, k)[? <

Let v > 0. Choose 6 = . Now choose n, m large enough
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m. We then have that

Kmax 1) Kmax
/ (G (1) (2, 1) — G (i) (z, KN [2dE < / G (e, 1) 2 + / G (, 1) 2
1)
0 OKmaz Kmax
n / G2, k)2 + / G (e, )2
0 0

5 2
M
< / <8 hT V 2Kmar||Tﬁ||oo) dk’
0

Kmaac 2
Y /
—dk:
+ / Kmaa: - 6)

dk’ dk’
* mam +/0 8Kmar
< ( T S| Ts ||oo) s
O v
- 8 8
_ 7

L

Similarly, for k& < 0, one can argue that choosing n, m large enough will guarantee

that fBKWw |G (un)(z, k') — Go(ty,)(x, K Pdk < 7—22 Therefore, we will have that

1

Galun) = Gfum)llx = max ( / | Gafua) o ) —Gz(um)(x,k’)|2dk’)2

e [O,L] *K'maz

1
2 2\ 2
g g
< - 1 L
S (2—1—2)

So, Go(uy,) is a Cauchy sequence in the X-norm. Since X is complete in this norm,

then Gs(u,) converges to some element in X. Thus, Z = G; + G5 is a compact
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operator.

4.2 Infinite-Dimesional Analysis of GMRES

In this section, we will consider solving the infinite-dimension fixed point problem
flz, k) = Z(f)(x, k) + a(x, k). This can be rewritten as (I — Z) f(x, k) — a(z, k) = 0.
Applying Newton’s method to this nonlinear equation leads to solving a series of
linear equations, where the linear operator needed to be inverted is I — Z’. Here, Z’
is the Frechet derivative of Z. Using the compactness of Z, we will now show that Z’
is a compact linear map from X to X. Let u € X and {g,} be a bounded sequence
in X. Since {g,} is bounded in X, then {g,} is bounded in L?. Since L? is a reflexive
space, then there is a subsequence of {g,} (which we will relabel as {g,}) such that

gn — § € L2. Since Z is Frechet differentiable, then
Z(u+79) = Z(f) =vZ'(w)g = o(7)

Therefore,

Z(u~+ygm) = Z(u~+vgn) = vZ' (u)[gm — gn] = 0(7).

So,

Z'(u)gm — gn] = %[Z(u +Y9m) — Z(u+vgn) + o(7)]-
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Fix v > 0 and 0 so that o(y) < %. Then we will choose m,n so that

0y
1 Z (w4 vgm) — Z(u+vgn)||x < 5

We can do this since u + vg, — v+ g in L? and Z is a compact operator. Now,

12/ (W) lgm — glllx < % 12+ ¥m) — Z (2t + 780 |x + 0(7)]
1oy oy
= ;[Tﬂ
< 4.

So {Z'(u)g,} is a Cauchy sequence in X. Since X is complete, Z’(u)g, converges to
some element in X. Therefore, Z’(u) is a compact linear operator from X to X.
Since Z' is a compact operator, we can use the spectral theory for compact opera-
tors to analyze the performance of GMRES when applied to the infinite-dimensional
problem. Let r; be the residual at the k-th GMRES iteration. A standard analysis
of GMRES [19] for solving the linear problem Az = b shows that for any polynomial

p satisfying
1. p(0) =1

2. p has degree k,
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we have at the k-th GMRES that

I7kll2 < lpCA)ll2llroll2-

The authors in [10] use this fact and the spectrum of A to get a more useful bound
on the norms of the residuals. In [10], the authors show that the convergence rate
of GMRES is determined by how the eigenvalues of A are clustered in the complex
plane; if the eigenvalues are closely clustered together, then GMRES will converge
rapidly. The basic idea comes from using the resolvent integral representation of p(A),

given by the complex integral

Here, I' is any curve in the complex plane that encloses all the eigenvalues of A.
Therefore, we want to choose the polynomial p so that p is small near all the eigen-
values of A. So if all the eigenvalues are tightly clustered, the degree of the chosen
polynomial p can be smaller than if the eigenvalues were scattered throughout the
complex plane. This means the number of GMRES iterations will be smaller for the
clustered eigenvalue case.

Now, returning to our specific problem, we have

.
T < DAl < VEIA)x
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where A = [—Z’. This new estimate involves the X norm of p(A). This is useful since
we have shown in the X norm, Z’ is a compact linear operator. From the spectral
theory of compact linear operators [23], Z’ has a countable number of eigenvalues with
0 as the only accumulation point of the eigenvalues. Therefore, I — Z’ has a countable
number of eigenvalues with 1 as the only accumulation point eigenvalues. This means
that the eigenvalues of I — Z’ are clustered about 1 with only a finite number of them
lying far away from 1 in the complex plane. Therefore, we can conclude that when
GMRES is applied to the infinite-dimensional problem, the algorithm will rapidly
decrease the residual norm. Modifying a theorem from [10], we can be quantify how
rapidly GMRES will converge. Let p > 0 be the radius of the circle about 1 in the

complex plane than contains the cluster.

Theorem 4.1. Let A =1 — Z' be such that Z' is compact linear map from X — X
where X C L. Choose p > 0 so that the circle about 1 in the complex plane will

contain the cluster of eigenvalues about 1. Then for any right hand side and initial

iterate, there exist a C' > 0 and d > 0 such that the k-th GMRES residual rj satisfies

Irarkllz < Cp¥|lrollx.

where the constant C' is independent of k.

Proof. This proof is very simple and is a slight modification of the proof given in [10].

As previously stated in this chapter, we have for any polynomial p satisfying
1. p(0) =1

2. p has degree k,
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we have at the k-th GMRES that

el < lip(A)2liroll2

< VL|p(A)llx VLol x

= Llp(A)xllrollx-

Since Z’ is compact in the X norm, we know that A = I —Z’ has eigenvalues clustered
about 1. Then writing p(A) = 5= [.(zI — A)"'p(2)dz, where I is a curve containing
all the eigenvalues of A, we can use the exact same proof as given in [10] to bound

Ip(A)|lx and create the constants C' > 0 and d > 0 so that the estimate on the k-th

GMRES residual holds. O

The difference between the proof shown here and the one given in [10] is that in
[10], the compact linear operator is assumed to map a Hilbert space back to itself.
Here, we are working on a subspace of a Hilbert space. One is free to choose what p is,
and can therefore, choose the convergence rate of GMRES. This convergence rate is
asymptotic though, and GMRES first iterations will have to take care of the outlying
eigenvalues before this convergence rate will kick in. This is represented by the con-
stant d, the number of GMRES iterations needed before the asymptotic convergence
rate begins. By choosing p smaller though, the number of outliers increases, which
will in turn increase the number of GMRES iterations needed before the asymptotic

convergence rate applies.
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Table 4.1 shows the performance of GMRES when applied to the finite-dimensional
problem where the preconditioner M = (K — %I )~L. Here, we show the average num-
ber of Newton iterations per continuation step and the average number of GMRES

iterations per Newton iteration. As the table shows, these values remain relatively

flat as the grid is refined.

Table 4.1: Krylov and Newton Iterations as Mesh Is Refined

N, | N, | Avg. Newton Its. Per Cont. Step | Avg. Krylov Its. Per Newton
86 | 72 2.6 176
172 | 144 2.5 174
344 | 288 2.5 173
688 | 576 2.5 186

This is a reflection of the rapid convergence we expect in the infinite-dimensional
setting. If we were able to prove that Z : L2 — X was a compact operator, we could
then show 7’ : L? — X is a compact linear operator, and we would be able to apply
the theory given in [21]. In [21], the authors look at a separable real Hilbert space H
with a subspace X that has a compact linear operator Z’ that maps H to X where
they want to solve the equation (I — Z’)u = f. In this paper, by using a modified
version of GMRES, the authors prove the error (not the residual) of the GMRES

iterates converge in the X to 0.
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4.3 Application of Schauder’s Fixed Point Theo-

rem

The Schauder’s Fixed Point Theorem [34] says that if an operator R: X — X
e is compact and continuous
e maps a convex subset of X back to itself,

then there exist a fixed point of R, that is there is a u € X such that v = R(u). Define
the operator R : X — X by R(u)(z,k) = Z(u)(z, k) + a(z, k) for v € X. Since we
have shown that Z is a compact and continuous operator on X, then it follows that R
is a compact and continuous operator on X. Let 7 > 0. Let By = {u € X||jul|x <7}
denote the closed ball of radius 7 (measured in the X-norm) about the zero function.

Now for any 7 > 0, B is a convex set. Let u € Bz. Then we have

IR@Ix = 120 +allx
< 1ZG0)llx + lallx

< Ga(w)lx + Gl x + L

< VIR lbllclullx + VR Tl + 1 = allx

4T _
< V2K IIhllooJr;IITlloo Jullx + llallx.
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Now, since T' depends on u(z, k) as well, we have the estimate

VL2
AL

2 2
I7lloe < 5 V2K mar L Lellullx + L Lel| Nulloo + | Aclloo L +
Thus, we can write
IR@)x < allullx + Blull + lalx.

where

TVL?
hL

B 27‘ 47
a = v/ 2Kma$ ||h||<>0 + qe—hL2LC||Nd||OO + ?HACH‘X)LC +

and

P Kmax 2
§=tmeld pey,

mhe

Since u € B;, then

IR(u)llx < ar + 57 + [lal|x.
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We need to find an 7 such that |R(u)||x < 7, which would imply that R maps B;

back to Br. So we want a 7 such that

ar + Br* + ||a||x = 7.

Therefore, we know 7 > ||a|lx, and we will write ||a|x = 67, where § < 1. This

means, if we assume 7 > 0,

So we will have a usable 7 if we can show
o 7> |la|lx
o a+d<l.

Since the @, 3, and 6 depend on constants of the model, Table 4.2 lists the relevant

constants and their numerical values for reference.
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Table 4.2: Physical Constants

Symbol Name Numerical Value Units
h Planck’s Constant 4.135667 (eV * fs)
L Length of Device 550 A
L, Correlation Length 454 A
T Relaxation Time 525 fs
€ Dielectric Permittivity 7.144 x 1072 7
q Charge of Electron 1.6 x 107% C
| Nilloo | Max Norm of Doping Profile 2 x 1076 A3
|A¢||oo | Max Norm of Potential Barrier 0.3 eV
Koo Maximum k value 0.25 A1

Since we want & + 4 < 1, then we need @ < 1. We have a problem since for just

one term of & we have

4T 4 x 525
2K oz — Al Le = V0.5——————=(0.3)(454
h 12| 4.135667( )(454)

Q

48895.

This means & > 48895, which would cause problems for us finding an acceptable
radius 7. This means we are unable to invoke the Schauder Fixed Point Theorem
to guarantee existence of steady-state solutions to the Wigner-Poisson equation. We
would have to find another convex subset of X such that Z maps this convex set
back onto itself for this theorem to be used. While we are unable to use a fixed
point theorem to prove existence, the compactness of the fixed point operator Z does
explain the mesh-independent behavior of the iterative methods on the preconditioned

nonlinear problem.
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Conclusion

In this work, modern numerical methods were applied to the Wigner-Poisson equa-
tions to gain an understanding of the quantum mechanical effects which will develop
in nanoscale semiconductor devices. Simulating the electron distribution accurately
required solving for a large number of unknowns, on the order of 10°. Iterative meth-
ods and the use of parallel computing are the only way to obtain efficient solution of

such large scale nonlinear problems. Notable accomplishments from this work are

e Implementing an implicit time-integration method that is faster than the pre-
vious semi-implicit time-integration scheme used in [40]. Developing a precon-

ditioner to allow GMRES efficiently solve the required linear systems.

e Parallelizing the RTD simulator in order to handle a fine grid discretization of

(x, k) space.

e Connecting the parallel RTD simulator and LOCA to perform a bifurcation
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analysis of the Wigner-Poisson equations for a particular RTD device (as de-
scribed in [40]). The steady-state simulation sped-up the calculation of the

static current-voltage (I-V) relationship of the device.

e Developing a Cayley transformation capability for LOCA’s eigensolver interface.
The Cayley transformation and its implementation within the Trilinos frame-
work is discussed in Appendix B. This enabled the detection of Hopf bifurcat-
ing eigenvalue on the original N, = 86, N = 72 where earlier time-dependent
simulation also showed oscillatory behavior. FEigenvalues on the N, = 512,

N = 2048 have been converged by the eigensolver.

e Showing that the steady-state solutions of the Wigner-Poisson equations are also
solutions to a fixed point map. This fixed point map is shown to be compact
on a certain function space which explains why the convergence behavior of the

iterative methods are mesh-independent.

The fine grid I-V plots did not agree with what the coarse grid previously produced.
The I-V plots are sensitive to the correlation length L. used in the model, and physi-
cists in the research group believed a decreased correlation length was needed. We
have been searching on the reduced correlation length I-V curves for regions of current
oscillation with the eigensolver. There has not been any parameter value for which
there was a Hopf bifurcation so far. There is still many areas of research that need

to be addressed. These include
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e Finding a more efficient way to detect a Hopf bifurcation on the fine grid. Cur-
rently, we are picking voltage parameter after viewing the I-V curve generated
from a continuation run to check for an unstable eigenvalue. It is possible to
solve for the parameter value at which a complex-conjugate pair of eigenvalues
of the Jacobian have zero real part. The developers of LOCA plan on adding

this capability in some future release.

e Once a Hopf bifurcation is found, time-dependent simulation will be desirable
to verify the development of current oscillation. An effort is underway to create
a new package within the Trilinos framework for time-integration. Once this is
complete, we can leverage those algorithms since we will already have the RTD

simulator connected to the Trilinos data structure Epetra.

e While the compactness of the fixed point map explains the mesh-independent
performance of the iterative method, we could not use a fixed point theorem
to guarantee a solution. Further research into finding a suitable convex set
required by the Schauder Fixed Point Theorem is one possibility for proving

existence of these solutions.
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Appendix A

Notation
Latin
a Real number
a Solution of matrix equation
a’ jth GMRES iterate
a(x,k) Function that is a part of the fixed point map
a Ritz vector
A Infinite dimensional linear operator
A(p)  Term in derivation of Wigner-Poisson equations
b Real number
b Right hand side of matrix equation
B(p)  Term in derivation of Wigner-Poisson equations
B; Closed ball of radius 7
B Shift-invert transformation
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B Generalized shift-invert transformation

c Real number

C Constant

C* Constant the depends on time integration

C Cayley transformation

C Generalized Cayley transformation

d Number of start-up GMRES iterations needed before asymptotic convergence
D Invertible matrix in RM*M

D~ Constant

E Embedding from R to RM+!

E. Subset of [0, 1]

E, Subset of [0, 1]

E, Subset of [0, 1]

E Parallel efficiency

f(z,k,t) Wigner distribution

f Discretized Wigner distribution

f* Steady-state discretized Wigner distribution

A f Perturbation in discretized Wigner distribution

fo(xz, k)  Equilibrium Wigner distribution
F(2) Nonlinear equation from RM — RM
F'(2) Jacobian matrix of F

FYx,k) Term used in fixed point theory

F%(z,k) Term used in fixed point theory
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G'(x, k)
G*(x, k)
Gz, k)

Function that maps [0, 1] to R

Evaluation of time derivative at time ¢/

Function used in showing Z’ is compact

Function used in showing Z’ is compact

Time-derivative of i € RM

Part of fixed point map

Part of fixed point map

Term used in fixed point theory

Term used in fixed point theory

Term used in fixed point theory

Planck’s constant

Grid spacing used in modification of composite trapezoidal rule
Grid spacing used in modification of composite trapezoidal rule
Time-derivative of w which is dependent on parameter «
Term used in estimate needed for fixed point theory
Scaled Planck’s constant

Hamiltonian (total energy) operator

Hilbert space

Iteration index

[teration index

[teration index

Current density

Green’s function for Poisson’s equation
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%
Ak

Kmax

=4

*

= = =

=

Wave number variable of Wigner distribution f

jth grid point in k-domain

Dummy wave number variable used in P(f) and S(f)
Increment in wave number used in numerical approximation of PDE
Maximum absolute value of wave number in discretization
jth Krylov subspace

Kinetic energy term in W(f)

Length of RTD

Correlation length

[teration index

Iteration index

Effective mass of an electron

General dimension of M-dimensional vector
Preconditioner

Mass matrix

Constant

Electron density within RTD

Number of processors

Arclength equation

Doping profile

Number of £ grid points

Number of z grid points

Number of processors
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Tk

R

t*

tm

Momentum of electron
Polynomial used in GMRES analysis

Basis vector of Krylov space K;

Matrix in RM™*J whose columns form an orthonomal basis of K j

Potential energy term in W (f)

Spatial variable

Projection from RM*! to RM

Spatial variable

Infinite dimensional residual at the kth GMRES iteration
jth GMRES residual

Radius

Rayleigh quotient residual

Fixed point map

Arclength parameter

mth Newton step

Dummy vector

Change in arclength parameter

Scattering term in W (f)

Fraction of code that is serial

Time

Final time for temporal integration of ODE
mth time level for ODE approximation

Tangent vector used in pseudo-arclength continuation
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At

T(x,z)

T"(N)

T (z, k)
Ty(z, k)
Ty(z, k)

T (u)(x, k)

Increment in time used in numerical approximation of ODE
Kernel of potential operator P(f)
Temperature

Computational time as a function of the number of processors
One term of T'(z, k)

One term of T'(z, k)

One term of T'(z, k)

Term used in fixed point theory
Function used in fixed point theory
Function used in fixed point theory
Function used in fixed point theory
Electrostatic potential of electrons
Potential energy

Time-dependent state in R

Vector in RM

Bias voltage applied to RTD

Weights for composite trapezoidal rule
Time-dependent state in R

Vector in RM

Time-derivative of Wigner distribution
Spatial variable of Wigner distribution f
Function space for fixed point theory

gth grid point in z-domain
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ﬁm

@0

Spatial coordinate of 7th electron

Increment in space used in numerical approximation of PDE
Spatial variable

jth time iterate for an M-dimensional ODE

Initial condition for ¢(t) € RM

Spatial variable

mth Newton iterate

Root of nonlinear equation F : RM — RM

Part of fixed point map

Frechet derivative of Z(f)

Greek
Parameter in R
Coefficient in implicit Adams integration
Constant used in fixed point theory
Small positive number
Coefficient in BDF method
Constant used in fixed point theory
Small positive number
Constant used in fixed point theory
Potential barriers with RTD

Dielectric permittivity of RTD
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Tm

Vi

2

>

Ho

Eigenvalue of Cayley transformation matrix

Small positive number

Eigenvalue of shift-invert transformation matrix
Forcing term for inexact-Newton condition

Small positive number

Coordinate used to describe vector in Krylov space K
Constant that depends on integration method
Vector in R

Curve in C that contains all the eigenvalues of A
Eigenvalue of matrix D

Ritz value

Fermi energy at emitter (z = 0)

Fermi energy at collector (x = L)

Parameter used in spectral transformation
Wavefunction of an electron (in position variable)
Wavefunction of an electron (in momentum variable)
Density matrix

Radius of a circle in the complex plane

Line search parameter

Parameter used in spectral transformation

Angular coordinate in polar coordinates

Quantum mechanical operator corresponding to physical observable

Sufficient decrease parameter
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Trilinos

B.1 Introduction

Trilinos is a software library currently under development by Sandia National Labo-
ratories [17]. It is a set of parallel numerical solvers written in C++. A key feature
of this software library is how compartmental the packages are. While Trilinos offers
the user access to linear solver, nonlinear solver, eigensolvers, preconditioners, etc.,
the user does not need to download all of Trilinos to work. The user only needs to
get which core packages they need. Another key feature of Trilinos is the separa-
tion between the abstract solver layer and the data structures used in coding. If a
user has a specifically tuned linear solver for his application and just wants to use
the nonlinear solvers available in Trilinos, this is easy to handle. A wrapper around

the data structure must be created, and then Trilinos’s nonlinear solvers can use the
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user-given linear solver. These features of Trilinos are possible since it is programmed
in an object-oriented language. In the next section, the difference between procedu-
ral and object-oriented programming will be explained, and we will see how Trilinos

benefits from the abstraction offered by object-oriented programming.

B.2 Procedural and Object-Oriented Programming

When most people think of computer programming, they usually think of the procedu-
ral paradigm of programming. Under this paradigm, emphasis is placed on functions
and their ability to take as input a data structure, perform some computations on
this data, and return as output a data structure. The highest level of abstraction
available to user is the ability to write subroutines. Here, if in the main program, the
user is repeatedly performing the same type of data manipulation, instead of writing
the code that does this manipulation in every part of the main program that needs
it, the user writes the code once in a subroutine, and then has the main program call
the subroutine whenever needed. This is more efficient than rewriting the same code
over and over again and makes it easier for a programmer to find his mistake in such
a routine if there is only one source to look for it. This is the type of programming
paradigm used to create the RTD simulator we connected to LOCA.
Object-oriented programming, in constrast to procedural programming, puts the
emphasis on the data structures instead of the functions that manipulate them. Under

this paradigm, classes are the main components. Here, a class is a collection of data
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and a group of methods that can manipulate this data. To understand this better,
we will consider a contrived example. Suppose we want to create a program for a
supermarket that handles the grocery inventory and tracks sales. One class that
would be needed is Food. The class Food would have data associated with it, just as
its name, its price, number in stock, etc., and it would have methods associated with
it to alter its name, increase or decrease its price, etc. An object is a specific instance
of a class. In the main program, the user would construct these objects, use their
methods to manipulate their data, and then return needed information.

While this seems similar to the procedural paradigm, the object-oriented paradigm
allows for a higher level of abstraction. For example, inheritence is possible with
object-oriented programming. The idea of inheritence is that new types of classes
can be derived from older types. Returning to our supermarket example, consider a
class called Fruit. While Fruit will want to have all the data and methods associated
with Food, it will also need more, such as an expiration date and a way to alter this
date. So through inheritence, Fruit can be a type of Food, but then it can have
additional functionality by adding in new data and methods. Furthermore, multiple
inheritence is also possible. This is where a new class is created which combines the
data and methods of several previously created classes while adding in new data and
methods.

The level of abstraction available from object-oriented programming greatly ben-

efits Trilinos. While the basic skeleton of numerical algorithms are written up in
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Trilinos, the concrete implementation (the specific data type, linear solver, etc.) is
left up to the user. Trilinos provides the user with the option of concrete implemen-
tations that are inherited from the abstract implementations, but, for example, if
the user has spent time and effort in creating his own highly efficient linear solver,
the user can still make use of all the parts of Trilinos without being forced to use

Trilinos’s linear solvers.

B.3 Trilinos Packages

B.3.1 Epetra

Epetra is a data structure used by other Trilinos software packages. While each
package has an abstract implementation of the numerical algorithms, these algorithms
have concrete implementations in an Epetra environment. Some examples of Epetra
objects are vectors and matrices. Epetra can be (and is) used in a distributed memory
environment as well. For example, if a Epetra vector is spread across several processor,
the object knows how many element each processor owns and where each element is
in memory. Epetra is also used for communication among processors, where a user

can use Epetra commands to export and import data from each processor.
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B.3.2 LOCA

LOCA (Library of Continuation Algorithms) is the main library I used. This library
contains the continuation routines, including natural continuation, pseudo arc-length
continuation, bifurcation tracking, and stability analysis. It is mostly built from
NOX, Trilinos’s nonlinear solver package described in the next section and interacts
with Anasazi, Trilinos’s eigensolver package. Current research with LOCA involves
efficiently handling turning points, which create ill-conditioned linear solves during
the continuation runs, enhancing bifurcation tracking routines, and multi-parameter

continuation.

B.3.3 NOX

NOX is Trilinos’s nonlinear solver package. It uses Newton’s method to solve the non-
linear equations. Globalization strategies such a line-search methods and trust region
methods are implemented, as well as the ability to handle inexact-Newton method,
where the linear systems are solved with an iterative method instead of a direct
method. For our application, we used Newton-GMRES, where the implementation

of GMRES came from AztecOO, a linear solver package within Trilinos.

B.3.4 AztecOO

AztecOO is a package of preconditioned Krylov iterative methods for systems of

linear equations. Available algorithms include Conjugate Gradient (CG) and General
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Minimum Residual (GMRES). Other packages within Trilinos provides incomplete

factorization preconditioning and multilevel preconditioning.

B.3.5 Anasazi

Anasazi is the eigensolver package within Trilinos. It currently uses a block implicitly
restarted Arnoldi method for the solve. This method finds the eigenvalues with largest
magnitude first. The linear solves needed by the eigensolver are also performed by

AztecOO.

B.4 Contribution

My main contribution to LOCA was the enhancement of LOCA’s stability calcula-
tions. The stability calculations involve solving the eigenproblem J& = A7, where
J is the Jacobian matrix. Originally, LOCA had Anasazi solve the eigenproblem

A

J' = \0. Now J~'7 = A7 implies that U = JU. So the eigenvectors of J 1 are
the same as the eigenvectors of J, but the eigenvalues of J~1 are the inverses of the
eigenvalues of J. Since Anasazi first finds the eigenvectors of J-1 corresponding to
the largest magnitude eigenvalues, Anasazi will return eigenvectors of the Jacobian
J that have eigenvalues closest to the origin. This is a useful feature if one expects
turning point bifurcations in their continuation. The eigensolves will track the eigen-

values that are nearest to the origin, and will therefore find the eigenvalue that crosses

the real axis through the origin and creates the turning point.
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However, the developers of LOCA want users to have more flexibility with what
eigenvalues the eigensolver will locate first. For example, in our research, we are
primarily interested in detecting Hopf bifurcations. If the complex-conjugate pair of
eigenvalues that create the Hopf bifurcation are not close to the origin, then LOCA’s
original eigensolver method would take longer to find these eigenvalues. This fact
has motivated the developers of LOCA to include spectral transformation techniques
that would map the eigenvalues of interest to more desirable locations so that Anasazi
would be able to quickly find them. The two spectral transformations that are in-
cluded in LOCA are the shift-invert and Cayley transformation [27].

Let n € R. The shift-invert transformation, B, of the Jacobian J is given by

~

B = (J—pl)™". If ¢ € RN satisfies J0 = A0, then BT = ¢,0, where ¢, =

‘H

7

Anasazi now solves the eigenproblem B# = €,7, for the eigenpair (€5,7) and returns
to the user the corresponding eigenpair of the Jacobian (A, ¥), computing A by the
formula A = Ei + 1. Since Anasazi finds the eigenvalues with largest magnitude first,
when solving the shift-invert eigenproblem, Anasazi will first locate the eigenvalues of
J that are closest to fi. Note that if fi = 0, then we are back to the original eigensolver
method used in LOCA.

Let 1,06 € R. The Cayley transformation, C, of the Jacobian J is given by

C = (J—pl)"Y(J—aI). If 7 € R satisfies J& = A, then C'¥ = €.#, where ¢, = 3=2

=i|Ql

Anasazi now solves the eigenproblem C'7 = €. for the eigenpair (€., ¥) and returns to

€Ecfi—0T

the user the corresponding eigenpair (\, ¥), computing A from the formula A\ = e ol
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A very useful property [9] of this transformation is that if we choose ¢ = —f, 1 > 0,
then the Cayley transformation maps the eigenvalues of the Jacobian with negative
real part to the interior of the unit circle in the complex-plane and maps the eigenval-
ues of the Jacobian with positive real part to the exterior of the unit circle. Therefore,
if our Jacobian matrix has eigenvalues with positive real part, then Anasazi would
quickly detect them when solving the Cayley transformed eigenproblem.

Another extension made to LOCA’s stability calculation was the ability to handle
a mass matrix M. This frequently occurs in a finite element discretization, where

numerically one will solve the ODE

where # € RY and F : RY — RY is a nonlinear equation with J as its Jacobian
matrix. The eigenvalues that determine the stability of the steady-state solution of
this equation are calculated from the generalized eigenproblem J& = AM.

There are analogous shift-invert and Cayley transformations for the generalized
eigenproblem. The generalized shift-invert transformation is given by B = (j —
GM)~', and the generalized Cayley transformation is given by C' = (J — M)~ (J —
M ). Here, Anasazi solves the transformed generalized eigenproblem B# = e, M©
or C7 = e.M0. These generalized transformations have the same properties as the

regular shift-invert and Cayley transformations previously mentioned.

My contributions to LOCA were:
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1. Implementing the generalized shift-invert transformation in a matrix-free con-

text
2. Implementing the generalized Cayley transformation in a matrix-free context

By setting the mass matrix M to the identity matrix I, these generalized transforma-
tions are the same as the regular spectral transformations. In the matrix-free context,
the Jacobian matrix J and the mass matrix M are not stored, but the matrix-vector
products J@ and M# can be computed for 7 € RY. Implementations of these spectral
transformations where these matrices are stored and factored still need to be added

to LOCA.



Appendix C

Guide to RTD Simulation Code

This is to serve as a guide to using the RTD simulator with the continuation package
LOCA. First, you will want to note that the code has two sections: the initialization
part, which computes fo(z, k) and the continuation part, which uses LOCA to cal-
culate the steady-state distributions f(x, k) over a desired range of voltages V. The
initialization part is written completely in Fortran 77 and uses the nonlinear solver
NITSOL, as explained in Chapter 2. The continuation part has the RTD simulator
written in Fortran 77 and the interface to LOCA written in C++. The data manip-
ulation in the C++ routine is handled by the Trilinos library Epetra. The Epetra
library has the functionality to extract a double precision array of numbers for the
Fortran 77 RTD simulator to use in its calculations. Each of the following sections

will discuss each of the files within the code.

140
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C.1 Initialization Code

C.1.1 equil.f

This routine is the driver of the initialization code that calculates fo(z,k). An im-
portant parameter for this driver is the number of GMRES iterations allowed for
the linear solves. Due to the memory limitation created by using a large number of
unknowns, when using fine grids this value could be as small as 20. The parameter

krymazx sets the upper limit of GMRES iterations.

C.1.2 transi.f

This routine is the physics module of the RTD simulator. There are functions within
that solve Poisson’s equations for the electric potential, calculates the relaxation time,

defines the barrier locations and heights, etc.

C.1.3 wprockinit.f

— —

This routine computes the preconditioned nonlinear residual MW (f), where W (f)

-1

is the nonlinear residual and M = K~! is the left preconditioner. Since we are

computing fo(z, k), we can neglect scattering since S(fy) = 0.
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C.1.4 homer.f

This contains all the Fortran 77 routines that comprise NITSOL, an inexact-Newton
solver. The output of the initialization will include statistics and error flags generated
by NITSOL. The user should read through homer.f if the nonlinear solve terminates

without convergence, searching for the explanation of the error flag.

C.2 Continuation Code

C.2.1 RTDProblemInterface.H

This is the header file for RTDProblemInterfaceParallel.C It derives from the LOCA
class LOCA::EpetraNew::Interface:: TimeDependent. It is used to specify the rou-
tines to be implemented within RTDProblemlInterfaceParallel.C, which interfaces the

application (the Fortran 77 RTD simulator) to LOCA. These routines include:

o getInitialGuess - a routine for inputting the initial iterate for the nonlinear solve

at the first value of the continuation parameter.

e computeF' - a routine for computing the nonlinear residual W (f).

e setParameters - a routine that links the setting of the continuation parameter

within LOCA to setting the applied voltage for the RTD simulation

e getParams - a routine that adds the continuation parameter to a solution vector.
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e printSolution - a routine that postprocesses the computed steady-state distri-
bution, such as computing the current output and the potential energy within

the RTD. These post-processing routines are written in Fortran 77.

e applyMassMatrix - a routine that applies the left preconditioner M = (K —

1)1,

C.2.2 RTDProblemlInterfaceParallel.C

This is the concrete implementation of the routines defined within RTDProblemInter-
face.H. These routines are written in the accompanying Fortran 77 code, and they

are wrapped to interface with the C+4 code at the top of the file.

C.2.3 RTDContinuationParallel.C

This is the driver of the continuation run. The various parameters for the nonlinear
solver (inexact-Newton’s Method), the corresponding linear solver (GMRES), and

eigensolver (Arnoldi) are set in this code. These include:
e Continuation Run

— "Continuation Method” - Selects which continuation method is used. Cur-

rently set to ”Householder Arc Length”.

— 7Initial Value” - Sets the initial voltage parameter in the continuation run.
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— "Mazx Value” - Sets the upper bound on the voltage parameter for the

continuation run.

— "Min Value” - Sets the lower bound on the voltage parameter for the

continuation run.

— "Mazx Steps” - Sets the maximum number of continutation steps attempted

in the run.

— “Initial Step Size” - Sets the initial step to take in the voltage parameter

in the continuation run.

— 7Aggressiveness” - Value chosen in (0, 1] that determines how drastically
LOCA increases the step size in the continuation parameter after success-
fully converging the previous value of the continuation parameter. This
is currently set to 0.5. To generate a smoother I-V curve over a specified

voltage range, one can lower the aggressiveness value.
e Nonlinear Solver

— Convergence criteria - The nonlinear iteration terminates when the non-
linear residual norm is less than a specified tolerance (currently 107%) or

after a maximum number of iterations (currently 7).
e Linear Solver

— "Max Iterations” - Maximum number of iterations GMRES will take to

solve linear system. This is currently set to 500.
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— "Tolerance” - Tolerance to which GMRES drives the relative residual of

the linear solve. This is currently set to 1073.

e Eigensolver

C.24

"Compute Figenvalues” - Boolean variable that turns on the eigensolver if

it is set to "true”.

”Arnoldi Size” - Maximum number of Arnoldi iterations to converge the

requested number of eigenvalues/eigenvectors.
"NEV” - Requested number of eigenvalues/eigenvectors to converge.

Tol - Tolerance to which the Arnoldi iteration drives the Schur error for

the eigenvalue approximation.

”Frequency” - The number of continuation steps taken between calls to the

eigensolver to converge the requested number of eigenvalues/eigenvectors.

"Cayley Pole” - Sets the Cayley pole parameter . This is currently set

to 0.002.

"Cayley Zero” - Sets the Cayley zero parameter ¢. This is currently set

to —0.002.

rtdrespara.f

— —

This routine computes the preconditioned nonlinear residual MW (f), where W (f) is

the nonlinear residual and M = (K — %] )~! is the left preconditioner.
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C.2.5 rtdinitl.f

This routine loads the initial guess for the steady-state distribution of the first value

of the continuation parameter from the data file initial. out.

C.2.6 rtdinit2.f

This routine loads fy(z, k) from the data file sol.out, calculates physical constants,

fO(zvk)

JEmae - fo (k' )dk!

and creates the matrix representation of

C.2.7 transipara.f

This routine is the physics module of the RTD simulation. There are functions within
that solve Poisson’s equation for the electric potential, calculates the relaxation time,

defines the barrier locations and heights, etc.

C.2.8 dout.f

This routine post-processes computed electron distributions f(z,k) for both the
time-dependent and steady-state simulations. There are functions for printing time-
integration statistics and saving the electron density, current density, and electric

potential to the files ele.out, cur.out, and rvstem.out.
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C.3 Data Files

C.3.1 grid.h

This is a parameter file that defines the finite difference discretization and the corre-

lation length L. for the simulation. The user must specify:
e nz - Number of x grid points (N,).
e nk - Number of k grid points (Ny).

e nc - x grid point that is as close to but no larger than the correlation length L..

lc - Correlation length L..

C.3.2 material.dat

This files contains a list of numbers that is read in by the routine terms, which is
located in transi.f. These values determine several simulation parameters such as
the length of the device L, barrier width, barrier height, etc. To determine the
relationship between the numbers and the physical constants, read terms to see how

it parses though the list of values.

C.4 Compiling and Running The Simulation

Included with the RTD simulation code and data files are two makefiles: makeinit

and newcompilehopf. These makefiles were made for and tested on the Linux cluster



APPENDIX C. GUIDE TO RTD SIMULATION CODE 148

henry2 maintained by the High Performance Computing division at North Carolina
State University. The newcompilehopf is tuned for a particular version of Trilinos,
and therefore, must be editted with that in mind. Here are the steps for performing

a continuation run through a voltage range for the RTD simulation.

1. Set parameter values in grid.h and material.dat.

The values set in grid.h determine the discretization and correlation length used
in the simulation while the values set in material.dat determine the physical

structure of the device.

2. Copy makeinit to makefile, type make clean, type make, and run the compiled

program #nit.

Typing make clean will clean up remaining files from previous initializations,
and typing make compiles the program init. Run the program by submitting a

job to the queue.

3. Set the continuation parameters in RTDContinuationParallel.C and copy the
initial guess for the steady-state distribution at the first continuation parameter

into the data file initial. out.

You will need to set such things as initial voltage parameter, lower and upper
bounds on the voltage range, initial step in the voltage parameter, and decide
if you want to compute eigenvalues for a stability analysis of the steady-state.

If you want to start at V' = 0, then copy sol.out to initial.out since fo(z, k) is
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the steady-state solution to V' = 0.

4. Type ./newcompilehopf to compile the continuation run and submit the job to

the queue.

After compiling the continuation run, submit the job to the queue, specifying
the output file and number of processors used. After the job has finished, read
through the output file. At each voltage parameter where the steady-state
distribution was computed, the electron density, electric potential, and current

density were calculated and stored in the output file.



Appendix D

GMRES and Arnoldi Iterative

Methods

This appendix is to explain the modern iterative solvers for the linear and eigenvalue
subproblems that arise in the matrix-free continuation algorithms used from LOCA.

We would like to solve linear systems of the form

and eigenproblems of the form

Da = \a

with D € RM*M js an M x M matrix (the preconditioned Jacobian of the nonlin-

ear function) and a, b € RM are M-dimensional vectors. The iterative methods are

150
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matrix-free which means the matrix D and its inverse D~! are not computed or stored.
Therefore, iterative methods can get a good approximate solution to these subprob-
lems for less computer memory and time than direct methods that must store and
calculate the matrix D and its inverse D~!. Both of the iterative methods considered
find approximate solutions in a Krylov subspace. This description of these methods
are based on [19] (linear solver) and [25] (eigensolver). Note that this appendix does
not give an exhaustive look at these methods, and one should read the mentioned
references if one wants a more thorough explanation of the methods.

We will first consider the linear solver GMRES for the Newton-step linear sub-
problems of the form

Dd=b

)

where D € RM*M ig the preconditioned Jacobian matrix. For solving this linear
system, one starts with an initial iterate @ € R™ and computes the initial residual
7 = b — Da. Then the j-dimensional Krylov subspace, denoted by K;, used in

solving the linear system is defined as

K; = span{®, Di*, D*° ... D71},

At the j-th GMRES iteration, GMRES finds the linear least-squares solution of the

given linear subproblem over the j-th dimensional Krylov subspace K;. Let @ € K;



APPENDIX D. GMRES AND ARNOLDI ITERATIVE METHODS 152

be the j-th Krylov iterate. So @ solves the least-squares problem

_min_ ||, = |D@ - b».
aca’+K;

Let {p;}_, form an orthonormal basis of the Krylov space K;. Then every vector

U € K can be written as
J
U= Z%@
i=1

If we take the vectors {p;}?_, and form a matrix P; € RM*J where the columns of P;

are the vectors {p;}/_,, then every vector 7 € K ; can be written as

<y

I
e
=2

for some 4 € R7. Therefore, the j-th Krylov iteration satifies

min_ |07 ~ s = min | D@ + P) ~ Bl = min | DP7 — ]l
This means to compute the j-th Krylov iteration, we can solve an j-dimensional linear
least squares problem for the coefficients 4. This j-dimensional linear least-squares
problem can be solved with a QR factorization or an SVD [28], but to do so we need
to compute the matrix P;. Now, the columns of P; can be computed by applying the
Gram-Schmidt procedure to the set {7°, D%, D?7° ... D=1} This computational

algorithm for determining P; is known as the Arnoldi procedure [19]. The Arnoldi
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procedure to compute the columns of P; is described as:

1. With initial iterate @, compute #° = b — Da®.

[

2. D1 = o

2

3. Forv=2,3,...,7, we have

® D =pi1 — Z:;:ll (Dpi—1, Pm) Pm » (Orthogonality Constraint)

o D= ”ﬁi (Unit Length)

Dill2”

Once the matrix P; is computed, the j-dimensional linear least square problem can
be solved for the j-th GMRES iteration.

We will now consider solving the eigenvalue problem

with a Krylov subspace method known as the Arnoldi iteration. Starting with an
initial iterate ¥ € RM, the j-th Arnoldi iteration for solving the eigenvalue problem

finds the "best” approximate eigenvector in the Krylov subspace

K; = span{#, Dv, D*v,..., D'},
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To specify what the 'best’ approximate eigenvector means, the pair (:\, a) € Cx K,

is the "best’ approximate eigenpair if for all w € K, we have
(D - Aa, @) =0,

This 'best’ approximate eigenpair is called the Ritz pair, where X is the Ritz value and
a is called the Ritz vector. Let P; € RM*J be the matrix whose columns correspond
to the orthonomal basis of K generated by the Arnoldi process. Then, as stated in

[25], (5\, a) is a Ritz pair if and only if for some 7 € RM, we have
i =P/ and P'DPy = \7.

So computing a Ritz pair in the Krylov subspace K, corresponds to finding the
coefficient vector ¥ € R/ such that 7 is an eigenvector of the matrix P DP; € R7*J
with eigenvalue A. Therefore, to compute the j-th Arnoldi iteration, we can solve a
j-dimensional eigenvalue problem to compute the Ritz pair (5\, a). To see how well the
Ritz pair approximates the eigenpair (\, @), a Rayleigh quotient residual is computed.
The Rayleigh quotient residual, denoted by 7, is

a’Da

a’a

P=A—
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If the Ritz pair (;\, a) were to equal the eigenpair (\, @), we would have that 7 = 0.
The Arnoldi iteration for computing (A, @) will terminated when either a maximum

number of iterations is reached or when || is below a specified tolerance.



