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INTRODUCTION AND SUMMARY

Statistical problems which do not admit 'known optimum® selutions
are not rare; but nonexistence of ‘known optimum' procedures is almost
a characteristic property of multivariate problems, that is, problems
associated with statistical analysis of multiresponse data. It has been
generally recognized that these problems can be reduced to an extent
by invariance consideration. One of the earliest explicit uses of the
invariance method is due to Hotelling_[—g;7 in his treatment of a multi-
variate problem of two sets of variables. The invariance reduction,
however, does not lead to & unigue solution. Under these circumstances,
reasonable heuristic principles like the likelihood ratio principle
and the union-intersection principle, which are known to have some
good properties, have been used to obtain valid and workable procedureé
for many of these problems. All these procedures have the desirable in-
variance properties. There is, thus, no available way of deciding under
what conditions one of these procedures is prefergble to the others.
Therefore the current interest is in studying intrinsic and comparative
properties of these procedures (See, for instance Ito'z—gz7).

Roy and Mikhail / 537 and Mikhail / 39/ have showm that, in case of
meny of the multivariate testing problems, power functions of the union-
intersection tests have certain monotonicity properties. In the first

chapter of this dissertation we shall comsider four multivariate
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problems of testing hypotheses. For each of these problems we shall

obtain an infinite class of invariant procedures with the power func-
vtions having the desirable monotonicity properties.

In the second chapter of this dissertation we shall obtain a num-
ber of properties of percentage points and probability integrals asso-
ciated with chi-square tests and variance-ratio tests in univariate
statistical analysis and with some tests in multivariate statistical
analysis. Some of these properties have been generally known from
tables and charts; but proofs are not known to exist in related litera-
ture. Our proofs shall be based on some results in the classical theory
of testing statistical hypotheses.

The studies in chapter two have some bearing on the study of some
union-intersection procedures, which we shall undertake in the third
chapter. The problems discussed here have the characteristic property
mentioned in the first paragraph of this introduction - Mikhail.1r§27
has used a method due to Stein / 57/, with slight modification, to
_ prove admissibility of some union-intersection tests in multivariate
analysis. We shall use a similar argument for comparing the power
functions of some union-intersection procedures. More specifically,
we shall compare a simultaneous analysis of variance procedure with
the 'corresponding® analysis of variance procedure for distant restricted
alternatives. Also, we shall suggest a modified simultaneous analysis
of variance procedure and study it as a multiple decision procedure.

In the fourth chapter, we shall obtaln a result with a view to
comparing sharpness of various multiple comparison methods in analysis

of variance.



CHAPTER I

FOUR PROBLEMS IN MULTIVARTATE ANALYSIS™

1.0 Introduction and Summery

In this chapter we shall consider the following four problems in
multivariate analysis:
(1) testing the general multivariate linear hypothesis, i.e,
multivariate analysis of variance, abbreviated MANOVA,
(i1) +testing independence between two sets of variates, to be
called the 'independence' problem,
(iii) +testing equality of two dispersion matrices, to be called
the *equidispersion'! problem, and
(iv) testing that a dispersion matrix is equal to a glven matrix.
Each of these problems can be reduced to an extent by the method
of invariance. Each of the tests which has been suggested for these
problems is based on the characteristic roots of some matrices, and
these roots are the maximal invariants under the invariance reduction.
None of these tests, however, is known to be optimum in a sense which
would give it precedence over the others, The current interest is,
therefdre, in investigation of good properties of these tests and

their comparisons (Ito_["gz72).

%rhis research was supported by the Mathematics Division of the Air
Force Office of Scientific Research.

2Num.bers in square brackets refer to the bibliography.



The main competitors for each of the above problems are tests

‘glven by the likelihood ratio principle and the union-intersection

principle, except that for the MANOVA problem Hotelling's trace cri-
terion is also very popular,

It has been shown by Roy and Mikhail /537 and Mikhail /397
that the power functions of the union-intersection tests for the
above problems increase monotonically as each of a number of non-
centrality parameters, which can be regarded as measures of departure
from the hypotheses, increase separately. This property implies that
these tests are unbiased, Scomewhat weeker results in this direction
were, previously, obtained by Anderson / 3/ end Nerain /LO7. We
shall show that for each of these problems there exists an infinite
class of test procedures, characterized by ordered characteristic roots
of certain matrices and their elementary symmetric functions, which
have the same or similar properties.

More specifically, for the first two of the above problems, we
shall prove that any test with acceptance region of elther of two
special forms given below has the monotonicity property. The two forms
are

ate < constant
—_—— 3

and

1w

' < comstant ,

vhere A and e are vectors of ordered characteristic roots of certain
matrices and of their elementary symmetric functions respectively and &
1ls a vector of arbitrary nonnegative constant ai’s (the a; corresponding

to the largest characteristic root being strictly positive). The largest
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' root test, the likelihood ratio test and the trace criterion belong
" to this class énd, thus, share the monotonicity property. The third
and the fourth of the above problems are very similar from the point
of view of this investigation. PFor the third problem we have obtained
- a class of test procedures, characterized by the form of their accep-
. tance regiormgas above, which have & weaker monotonicity property. After
observing that the class of procedures suggested for the third problem
has as its counterpart a class of test procedures for the fourth problem,
members of which have analogous weaker monotonicity properties, we shall
show that a subclass of the procedures in this class have a stronger mono-

tonicity property.

1.1 The Multivariate Analysis of Variance

' 1.1.1 The Multivariate ILinear Model and the General Multivariate Linear

Hypothesis

Let _z_l, 255 eees EN be a sample of N independent observations from
AN p-variate normal population with a common covariance matrix X, and

means E(z;) given by

E(2*) = D C
Nxp N mxp
) = N/D, s D/ e, |
r M=y Co M- )
i P

where

- (i) Z denotes the matrix formed by ZyreeesZy 88 colums,
pXN

(i1) D 1is the design matrix of known constants determined by the

Nxm
. design of the experiment, with rank(D) = r <m < #, and a basis

Dls
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(111) C;» §, is the partition of ( , & matrix of unknown pare-

l, D2 of D.

Under this set-up the genéral multivariate linear hypothesis is

meters, associated with the partition D

HO: c C U = 0
sXm  mxp pxu sxu
i.e. s/ ¢, ¢ C, 7 L:,l U<0
r mer ¢

against

vhere C and U are matrices given by the hypothesis with

rank(C) = s <r<m<n, C,, C, is the partition of C associated with

1’ V2
the partition ., {, of (, and rank Uy =u<p.

It is well known (Roy / 49/) that this set-up can be reduced to the
following:

*  * #* * * % * .
Let El, 32, ".,-Z-S ) '?'S-i'l’ .oo,Er, _Z-r+l’ '..’EN ‘be a sample of N in-
dependent observations from a u-variate normal population with a common

covariance matrix and means

* * .
E(?Ji) = -gi F) i= 1,2,.“,3:'»
= 9 ¥ i = I‘+l,..-,l\T e

In this reduced set~-up the general multivariate linear hypothesis Ho is

reduced to
* * * *
Ho. 51 = _1;2 = ,es = ES = _0_

%
*
*

o3

1

ag&ins‘t H ‘: C = 1,2,...,8 2

H

[
k
e
=3
He
-

where not all 1 are 0 simultaneocusly. ILet



* * *
Zl = _/—_Z_l, vee) —ZS _7
uxs
and
* * *
Z3 = [Er'i'l’ ... -,EN __7 .
ux(N-r)

Then all the suggested tests for the problem use symmetric functions of

the characteristic roots of
(27 27") (25 25)™"

as the test statistics.

Roy / 49/ has shown that the power function of the maximum root test
involves, aside from the degrees of freedom, only t = min(u,s) noncen-
trality paremeters, which are characteristic roots of a matrix of para-
meters. His argument can, however, be simplified as follows:

The problem of testing the general multivariate linear hypothesis
is known to be invariant under the following groups of transformations
(Anderson [/, Lehmann /7357, Roy /497, James [ 287):

Gl: Addition of arpitrary constants to the components of the variables
* *

z .y Z
~g+1’ °°° Zp

G2: Orthogonal transformations of the structure
*¥ #* *¥% *
Zl = A1 Zl and Z3 = A3 Z3
uxs uxu  uxs ux(N~-xr) wan ux(N-r)
*
on the matrices Zl and Z;, where Al and A3 are real ortho-
gonal matrices,
*% * *% *
G3: Transformations of the structure Zl =B Zl and Z5 =B Z3 »

where B is any uxu nomsingular matrix.



6
Under these groups of transformations, the +t = min (u,s) roots of the
determinantal equation

* ¥, o o¥ ¥y
12 -923z3]_o,

or, in tems of the original variates, the roots of the determinantal

| 2

equation

where S and SE are two uxu matrices, called the hypothesis matrix

H
o

and the error matrix respectively, and

] t =1 4 t ~lyy =1 t e A2 ]
8y = U'2 Dy(p4p,)™ ¢ /e, (pgp,) el 77t ¢, (pip,) lDlZ U

(¢
-1

/ f/
s ut [272’ - zo,(pip,)"" 0! 2] U,

E

form a set of maximal invariants. A test for Ho will be invariant under

1’ G’2 and G3

through the t roots of the above determinantal equation.

G if, and only if, it depends on the N observations

Each of the above groups of transformations induces a corresponding
group of transformations in the space of parameters L and 51 P
1=1,2,.005r. A set of maximal invariants under these groups is the
set of t noncentrality parameters, which are the roots of the deter-

minantal equation
’F-GI]——'- O,

vhere T = (U'S u)™ 7 ¢l _/’cl(D;LDl) c] 7 c,n .
Then a reference to the following theorem (Lehmannlzf§§7) shows that the
power functions of all the tests based on the characteristic roots of
(SH Sél) will depend only on the noncentrality parameters mentioned

(o]

above.
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Theorem: Let X ¢ X be distributed according to a probability density

Pg, 2] eif}a . Let G be a group of transformations of the sample space

7 onto itself; and let G be the group of transformations of the

parameter space induced by G. Let T(X) be invariant under G. Then,

if V(o) is maximal invariant under the induced group G , the distribu-

tion of T(X) depends only on V(@).

When t = 1 there exists a UMP invariant test which coincides with
the Ta-test due to Hotellinglz—gg7. But for t > 1, the problem of
MANOVA, even though, considerably reduced, does not have an optimum test.
There are three well-known tests which are all invariant under Gl’ G2
and Gj. These are, in terms of critical regions:

(1) Roy's maximum characteristic root test (Roy /47, 497):

Ch (8, s7%) > comstamt
max o

(i1) Likelihood ratio test (Wilks /7627, Reo [ 467):

S
N\ = __L_JE.L_ < constant ,

S. + 8
"8, “E |

=

(111) Hotelling's Ti test (Hotelling / 22/, lawley /30, 317)

Sél) > constant .
5 =

trace (SH
Pillai /"43/ has suggested three other functions of the characteristic
roots as the test statistics; but, because of their arbitrary nature, we
do not consider them here.
If we wish to restrict to tests, which are invariant under the
groups Gl’ G2, GB’ we can use the following canonical form due to
Roy and Mikhail / 53/, which can be obtained by transformations in Gy s

G and @G

2 3 °



1l.1.2 Canonical Form and Notation

Iet X = (x,.) and Y = (y,.) be two matrices of random
« 13 i3
- UxS . uxm e :
Variables xij (i = l,...,u; J = 1,2)--0)5) and yij (i = 1,2, U~Q<o,u;

J=1,25s.0,n) with joint probability density

14 U % u o, u s 4,
constant exp/ - -é; z z y:.j + Z (x 1579 ) +L X+ TOZx } 7
i=1 j=1 i=t+l 1=1 j#i

By T gy

1, i,J

vhere u and s are the same as in the original model, namely, the
effective number of variates and the number of degrees of freedom (d.F)
for the hypothesis; n = N - r is the number of d.f. for error; and the
guantities Q? are the t = min(u,s) noncentrality parameters mentioned

above. The general multivariate linear hypothesis in canonical form is

H: Ol=92= oo =G_b=0 against

(e}

Hi: At least one o, £ 0 1=1,20005t .

Under this canonical form we shall restrict to tests which involve xi J's
and yij’s only through the characteristic roots of

(xx') (ry)™t .

We shall order these roots and denote them by

}\lgxeg ...§hu .

Let e 12 & = iij ?‘ihj’ ceey € = }“l"'hu be the u elementary

symmetric functions of the u roots. Obviously only t x{ s and t:»ejl 8

=§',)\,
1

will be nonzerc. ILet

.?l’ = }\.l and _e_ = F e

M ®u '
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We shall denote a test by ¢ = ¢(X, Y), its acceptance region by
A¢ in the space of (X, Y) and the boundary of the acceptance region
by B¢.
We shall be interested in certain sections of A¢. To describe

these sections let us express the matrix X as

X = [ Zps eees 25 7

Zﬁfl’ Xi_;7 .

Then the sections we shall be interested in are those of A¢ for fixed

X, and Y . We denote these and their boundaries, respectively by

1
r
A¢,X1,Y and B¢,X1,Y ,both in the space of X = (Xll’XEl""’xul)'

1.1.3 Preliminaries and Development

Roy and Mikhail / 53/ have shown that the power function of ¢ with

A¢: Au § constant

is a monotonically increasing function of (Gl""’gé? separately. In
this section we shall obtain two infinite classes of tests for which
this property holds. For this we shall need investigation of some prop~
erties of . We shall define these:

Definition 1: A test ¢ for the MANOVA problem is said to have the

‘monotonicity' property if its power function increases montonically

as each of the noncentrality perameters [Gif, i=1,2,...,t increases

separately.

Definition 2: A test ¢ for the MANOVA problem is said to have the

‘property @, ! if B¢ x is a homogeneous quadric in the space of the
2

7Y
components xll""’xul of =x..
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Definition 3: A test ¢ for the MANOVA problem is said to have the

'propert ' oif x A
prop v 5 —le )Xl) )xl’

Definition 4: A test ¢ for the MANOVA problem is said to have the

<e<1l.
Yim;pliers cg_cleA Y,O__:c:__l

and any line I,

tproperty F ' if the intersection of A¢
,Xl,Y
through the origin in the space of -)-{l » 1s a finite segment of the line,

Now we shall prove a theorem, which is implicit in Roy and Mikhail
/[ 53/, connecting these properties:

Theorem 1; If a test ¢ for the MANOVA problem has all the three

properties 43 9 g and ¥ then it has the monotonicity property.

Proof:= We have to show that
t 2

. u

1 2 2
jconst.exp(-—{z Vi.+ S (x,, ~0,)°+ = x
2 . ii ii
Rs 1, ¥ 44 17 st

2
+ & X 7 0T ax, T &y
1] 1,5 2+ 45 Y

decreases as each ]Gil » 1=1,2,,..,t increases separately; or equi-
valently, the integral, with Oi = 0 in the integrand, decreases mono-
tonically as A¢ is given a translation composed of translations

e

i=131,2,,..,t in the directions of x 5 i1 =1,2,0ee5t. We assert

1’ i
that, becuase of the form of the integrand, we may give these translations
successively. Moreover, as A¢ involves xij’s only through the charace
teristic roots of (XX')('YY’)-]', vhatever is true of x, will be true

of all the columns of X. ‘It will be, thus, sufficient to show that
the intégral, with Oi= 0, 1i=1,2,,.,.,t in the integrand, decreases as

A¢ is given a translation 91 in the direction xll'
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To do this observe that because of the properties QEL,

A¢’X1JY
Y ana ¥ must be an ellipsoid in the space of (xll,...,xul). This

ellipsoid can always be referred to with respect to its principal axes.

In other words, there always exists an orthogonal transformation

= M 51 » M orthogonal ,

(1) ) 1)

Z’ = (Zl,.-.,zu) b

such that El""’gu are the principal axes of the ellipsoid. If the
rows of M are (mil""’miu) i=1,2...,u then a translation Gl
in the direction xll is equivalent to m 4 Gl along Zys m2101 along

52,...,mu101 along Z,- Now the equation of an ellipsoid referred to
principal axes is free from the product terms, and

rte 1.2
L ‘55 e2 ax decreases monotonically as |@] increases.

Jern  _p+e

Hence we have the theorem.,

We shall now proceed to develop the relationships among these prop-
erties in the following lemmas and theorems.

Lemma 1: A test ¢ for the MANOVA problem with

B¢: al A constant, or

constant, where

B¢: at _e

al' = (al, a2,...,au) is a fixed real vector, has the property Q}d .

Proof:i- (YY') is a (uxu) symmetric and p.d. (a.e.) matrix. Therefore,

there exists a nonsingular (uxu) triangular matrix ¥ with zeros above the

diagonal such that

w o= &Nt .
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Then the characteristic roots of
(xxt) ()™ = (x) (TF)

are the same as those of

1 ~
s = X% - @xFx .

Now consider determinantal equation

[° - vi|] = o,

We can write this as
\)u - zl \)u-l + 22 \)u.a * seseee + ("l)u z = 0 >

where
* ! ,

Zj = sum of all (31) principal minors of | S

J =1,2;;-o, U .

Thus ¥, = trace(s") and %, = ]S* | + It is clear from the theory

of equations that ¥ 3 = e, the j-th elementary symmetric function of

J
the roots of the equation.

Now let us fix Xl and ;{n » 1l.e. ’\7, and investigate the nature of

eJ. as a function of 3_:1. When Xl and ?IJ are fixed, the elements of

* *
X5 s the first column of X , are fixed linear functions of the elements

* *
of x,; and X, ,the submatrix of X corresponding to X, of X,is
fixed. Then any J-rowed principal minor of
| ¢ % * * *
F
I S*' . rxll e ¢ o o v ¢ Xlsw Xll ¢ o s o 9 o Xul'}
"% '* '* *
Lxul . L] L] L] . . . uSJ L xls . [ 2 . . L * xus -}
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1s a homogeneous quadrstic funection of (x:l,...,x:l) with coefficients
which are functions of the other x:j’s, plus & constant which is also a
function of the other x:j's. But (xil,...,k:l) are linear functions
of (xll,...,xul). Therefore, given Y and Xi any ej, and hence

' any linear combination g'g of ej, is a homogeneous quadratic func-
tion of <xll""’xul) with coefficients which are functions of :;r and
Xl, plus a constant depending upon Y and Xl. Thus g' e = constant
is a homogeneous quadric in the space of le) when (Xl, Y) is fixed.
This proves the first half of the lemma.

)-l

For the second part we observe that if A, is a root of (XX')(YY®

J
it satisfles the equation

‘ fs*-vz] = o .

Thus 1f we have

kj = constant

and X

, and Y are fixed

ls*-lel = 0

will be a homogeneous quadric in the space of X5 The same is true of any
fixed linear combination a'\ of hj's.

An immediate consequence of this lemma is the following theorem:

Theorem 2: Any test ¢ for the MANOVA problem with the properties

- 9 and F and with

constant, or

H

B¢: a! e

—

constant ,

B¢3 al h._
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where a' = (al,... ,;u) is a real vector, has the monotonicity

property.
Examples:~ The maximum characteristic root test has B¢ of the form
B¢: a'n = const.with a' = (0,0,...,1). It has been shown that 1t has
the properties 9 ana F #(Roy and Mikhail [ 5__727).

The trace test has B¢ with either of the following two forms

i

B¢: a' A censtant, a' = (1,1,.04,1)

]

or B¢: a' e constant, &' = (1,0,...,0) .

The likelihood ratio criterion has B¢ of the form:

B¢: a' e = constant, a’ = (1,1,...,1) .

In what follows wo shall show that beth these tests have the properties
9 and ¥ . It will then follow that all three tests have the mono-
tonicity preperty.
Now we shall state a lemma which will be very useful in the sequel.

Lemma 2: If A, S$... $ A are the u ordered characteristic roots

1
of a symmetric (uxu) matrix A and {3}1 < eee < é‘u are the u ordered

characteristic roots of a matrix (A+B), where B is a symmetric at

least p.s.d. matrix, then

}‘j < A 5 J = 1,2500eyu with strict inequality

if B is p.d.

This result, though known, is not very widely available. Bellman
/ _§7 has given a proof which invelves properties of continuous .func-

tions. A matrix proof ef this result has been given by Everitt /[ 127.
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ILemms 3: Let xl(c) < .ee < }\.u(c) denote u characteristic roots

of the matrix

[(cxl)(cxl) + X [YY' -l .

Then 7\3(0), J=1,2,...,u are nondecreasing functions of c.

Proof:- We can write

[cg xx! 4+ X X! (e )

= [ xxt e xx Ty [(e5 - cl)x X!+ XX 7(vy)

Application of the previous lemms proves that the ordered characteristic

roots of - /" c2 xlx]'_ + X X’ 7(YY' are greater than or equal to the
ordered characteristic roots of [ c xlx’ + XX} T(xyr)™ " if ¢y > ey

We shall, now, prove the following:
Theorem 3: Any test ¢, for the MANOVA problem with the property F

and .

AQ: alt A < constant or

Aé: a' e < constant ,

L (al,..., au), aj 2 0, J = l,2,...,u

has the monotonicity property.

Proof:- The tests have the property @ . To see that they also have the
property 5 we observe that,
(1) A1l the ordered characteristic roots are non-negative
(ii) The ordered characteristic roots of (c X% + X X')(YY )
0<ec < 1 are not greater than  +the ordered characteristic roots

1

of (x,x] + XX (YY*)""; and the seme is true of a linear function

1)
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a'\n or atle if a
—_—

j 2 O, j = 1,2,...,11. Therefore, if

X, € A

<ec<1l.
X then cX € A¢,X1,Y » 0<e<1

1X0Y = =
By hypethesis of the theorem the tests have the property @& . There-
fore by Theorem 1 they have the monetonicity property.

Examplest~ All the three tests mentiened in this sectien, mamely, the
largest root test, the likelihood ratie test and the trace test have
the preperties mentiomed in the theorem.

Theorem 4: A1l tests € fer the MANOVA problem with

Ag’ _a_'_g : eonstant ,

E' = (al,¢0.,au)’ aj z 0’ ,j = 1,2,...,11 ?

have the monotonicity property.

Proef:- We know that all the tests @ of the theorem have the property
a and the property 5 + We shall show that they have the property
Consider a line L in the space of Xy with directien cosines

{ = ([l,...,(u). The equations of L may be written as
fn . a1 ul
= = oeee = 3
L [N |
and any point on I may be written as ( {('lr,... » fur) » Where r is the
distance of the point from the origin.
Now 1f (flr,... oAr) e A¢,X1;Y then at least one elementary sym-

metric function of the characteristic reats of the matrix

g+ xxDent
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is nonzero and finite, This implies that the maximum root of the matrix

is finite. But
ch (% f f1)(xe) < en (2B g 4 X, X1)(vrt)™
max max

Thus

2 2 el
r” (constant) < ch (r° f ' + XlX]'_)(YY U< =,
max
This proves that the tests ¢ have the property F . Hence the
theorem is proved.

Theorem 5: All tests ¢ for the MANOVA problem with

Agz a' A § constant,

a' = (al""’au)’ aj 20, J=1L2..s5u-1, 8, >0,

have the montonicity property:

Proof: Since a, >0 and A's are all nonnegative

a! A, < constant

implies that My < constent < o ,  The proof of Theorem b,
indicates that this implies that the tests ¢ have the property ’} .

It has been shown before that the tests have the property ‘A and the
property 3 . Hence the theorem is proved.

Examples:~ Theorems U4 and 5 show that the three tests for the MANOVA
problem have the monotonicity property.

Remark: We have shown that all the three tests for the MANOVA problem
have the monotonicity property. For this we have, essentially, verified
that these tests have the properties Q 3 9 and '} « It may be re-
marked that for the individual cases the verification of the properties

is much easier.
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1.2 The Problem of Testing Independence Between Two Sets Of Variates.

1.2.1 The Model, The Hypothesis and Reduction

Let 2 =
(p+a)xl Z,| @
1
variate normal with a (p+q)x(p+q) symmetric p.d. matrix Z as the

51] P, »< q be aistributed as a (p+q)-

covariance matrix. Let I be partitioned as

Z11 | P12 p
L = ’
3
Zlo | T2} @
Y
vhere p and ¢ rows and columns of X correspond, respectively, to
2,1 »p
the p=-set 24 and g-set Zoe ILet 2 = {.Zl be a sample of
' (p+q)xm* 2d ¢
*
n

« ‘
n from the above population. Then the problem is that of testing inde-

pendence between the p-set and the g-set, i.e.

HO: 212 = 0
bxq bxq
against
Hy Z1s £ 0 .

As in the case of the general multivariate linear hypothesls we can
reduce the problem by invariance. The problem of testing H° against

H, remains invariant under the following groups of transformations:

1

Gl: Addition of arbitrary constants to the elements of Z 1i.e.

¥*
Z = Z + B

(pxq)n*



@ | e

Gz’ Nonsingular linear transformations of the variates within the
{

. sets, i.e.

% = C Z

(p+a)en*  (p+q)-n
. where C is a (p+q)x(p+q) nonsingular matrix with structure
P
C =
q

A set of maximel invariants, under the groups of transformations induced

in the space of sufficient statistics, is the set of p characteristic

) . roots of the matrix
"l "1 ]
: 817 512 S 512 ’
where
8 = Z32' - n¢z32' ,
(p+a)x(p+q)
1 ¥
z = —x L 2z,, 2z, arethe columns of 2, and
(p+ra)x1 o i 1
S 1s partitioned as
n | P12 | ®
. 5 = .
| ]
512 [ Sa0 1
- P q
Also a set of maximal invariants under groups Gl’ '52 of transfermation

induced by the groups Gl’ 62 in the space of parameters 1is the set of

‘ p characteristic roots of matrix

-1 =1 ’

11 212 T2 Iyp

z 12 2o
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These are the p population canonical correlations (Hotelling [ 217).
All the invariant tests of the hypothesis H will involve observa-
-1
tions only through the characteristic roots of (Sll 12 822 12), and
Ytheir power function will depend, aside from the degrees of freedom,
-1 -1

only on the characteristic roots of le 212 222 812 .

Thus, as for the case of the MANOVA problem, for the independence
problem no UMP invariant test exists. The two well known tests for the
problem are:

(1) The largest root test with eritical region

-1
ch (Sll

> constant. .
max B

12 22 12)

(i1) The likelihood ratio test with critical region

TS_L?J'—S—T < constant,
11 " P22 =

Roy and Mikhail / 53/ have shown that the power function of the
largest characteristic root test is a monotonically increasing function
of the p characteristic roots of Zlg'_ 212 22;‘ 81'_2 separately. We
shall show that there exist at least two infinite classes of invariant
tests which have this property. We shall work in the following canoni-
cal form due to Roy /497

1.2.2 Canonical Form

Iet X and Y be random matrices of the form

Xll L Xln g yl 1 « o o o o Y *n
X = : : ) Y = : :
pxn . . axn . .
Xp 1 * s & o & Xpn yq_l e o o o yqn
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with probability density:

, (g%;_)_n_ ° /2 -1 (e . .
« 2.n
(2n) T (1- Di) } expg\- -é[z — ®
i=1 i=1 1= oy
' i -2 y+ oz 2]}
Z'. x + y P, X, . ¥..)+ Z X Y. 4
: jer M 13759 g g YD
: i} ax, T dyy,
1, 1,3
The independence hypothesis is then
Ho: Py =Py = eee = pp =0 against

Hl: at least one pi % 0, i= l’e,oo’,p .

. The invariant tests will involve xij’s and vy J's only through the
' characteristic roots of

)t () ()t ey’

Let us denote these characteristic roots by (vl < Vo L e < vp) .

1.2.3 Further Reduction

This canonical form can be further reduced for our purpose (Roy and

Mikhail ["53/). Towards this end we put

~S

Y T L ’
axn axq gxn

where ".f" is a traingular matrix with zeros above the diagonal and L

is an orthonormal matrix, L can be completed into an orthogonal matrix

. z:q [;], 50 that[;] [uwy= [vw] [;] = I(n) ‘.
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Let X* = Xx [L' M'7/
bxn pXn nxn

il

L ux v 7o say .
4 n=-g

Then the probability density of U*, V¥ and "i” can be written as

(Roy and Mikhail [ 53]):

Constant i (1 2)-11/2 / : L q( ofF, t,.)°
onstan n 0. exp ——-{ Sou¥, - +
=1 1=1 1-p;  g=1 9 M

where p{_j = pi F) j = 1,2,...,15 i= 1,2,.0-,P

0 , otherwise .

Next put
U = D U
2,1/2 g
PXq 1/(1-p;) /
PXp bPxq
v = D v
px(n-q) 1//1-6%
PXp px(n-g)  and
Py 5
Yij = _—.—.—.—J = Yi s j = 1,2,...,1
Ji""i 1= 1,2,00.,p
= 0 otherwise ,
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.2
vwhere D 5 is a dlagonel matrix with elements 1//1 s
1//1-p ~
1= 150e03De &hen the distribution of U, V and T is

q 1
)2+>: 5t

Constant exp /- 3 { Z Z {u,
ij ij
i=1 j=1

- t
i=1 =1 SR

: oz 17 v T ta®
+ > AU . ) TT .
i=1 ,j=q+l 13 j=1

The independence hypothesis now reduces to

agalnst  H;: &t least one Yis £ 0 .

Also, the characteristic roots A, S < Ay S <... < xp of (UU')(VV')'1

are related to the characteristic roots (vl, Vos e vp) by (Roy
and Mikhail /7537):

v = A
1+ N
v
or x=l-\) .

Thus A's are the characteristic roots of

glg glgr -l
)

-1
(813 8yp 85 81p) (T - 817 815 855 545

11 712 22 1

.

1.2.4 pPreliminaries and Development

Let us denote

M el-[
A =1 and e = | s
. |
P



ol

where, €15 €55 ey ep are the p elementary symmetric functions

of A § xz § eee < xp. Then all tests based on the roots ki 3

1
i=1,00., p or their symmetric functions will be invariant, under

the groups Gl and G2.

Now let ¢ = ¢(U,V) be a test for H_ with the acceptance region
A¢ with boundary B¢, both in the space of (U, V). We shall consider

tests ¢ based on the characteristic roots of (UU*) (VV')_1 i.e, of

-1 -1, -1 -1 ., \-1
(817 B1p Spp 81T - 817 815 Spp S1p)

will involve, aside from the degrees of freedom, only p canonical

. The power function of test

correlations in the population viz,. Py 2 1=1,2,00.,p or their func-
Py '

B
J1-0f

It is easy to see that there exists an easy tie-up between the dis-

-bions 'Yi = ] i = 1,2,...,1) .

tribution problem of the MANOVA problem and the independence problem.
This was exploited by Roy and Mikhail / 53/ +to show the monotonicity
property for the greatest characteristic root test for the independence
problem. We shall define:

Definition 5:= A test ¢ for the independence problem is said to have

the monotonicity property'if its power function increases monotomically

as each of the p population canonical correlations increase separately.

et U =-Zi31 Ul_;7 and let A¢,U1,V and B¢,U1,V’ both in the

' -
space of uj = (ull’ Upq s

their boundaries for different values of Ul and V. Then we can

define the properties @ , 9 ana F rfor the tests #(u,v) as in

coes upl) denote the sections or A¢ and

the case of the MANOVA problem. And we have the following theorem which

is implicit in Roy end Mikhail /7537 .
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Theorem 6: If a test @(U, V) for the independence problem has the

properties 2 » ﬂ and F then it has the monotonicity property.

Proof: =~ We have to show that

fconst. exp[--é]: 2(2 Z':(u_l'j 'Yijtij)e"' z Z“l:ij +
Ag 3 13

1

vz v 7 wa TthfL"i‘id"ff
T =1
decreases as each of vy 1 j's increase separately. Or, equivalently, we

have to show that

' 1 2 2 2 |
Lconst. ex:p[-é{z, by uij+2 by % Evijfj
A 13 i3 i3
%
a ~
a av TT tf.:'i'i aT ,
i=1
* | .
where A¢ is A¢ translated by Yijti.j along uij i.e. Yitii along

u

11’ i=1,2,...,p, decreases as each of Yy increases separately.

By an argument similar to one used for proving Theorem 1, it can
be easily shown that, for each fixed '5, the integral decreases as A¢
is translated by Yltll along Usqe We can then introduce the density
function of r'f" and see that the integral decreases as A¢ is moved by

along u We can then repeat this for the other yi's

Yitu 11
i=2, «e., p and we shall get the theorem.
From the method of proof of the Theorem 6 in this section the

following theorem is immediate.



Theorem 7:- Any test ¢ for the independence problem with

A¢: a' e < constant, a' > (0, 0y «uey 0O)

1

or A¢: a' A < constant, a’

(al, 32; seey ap) 9

a'l, ae’ L RN ] a 3 O, ap> 0 3

p~1

has the monotonicity property.

Examples:~ The greatest characteristic root test has

A,: v < constant
¢ P = ’

vwhich is equivalent to
7"p < constant .

The likelihood ratio test has

A¢ : l S l > constant
53,1 - 15,1

This can be reduced as:

=1 -1

- 1
|t - 877 8, S35 8], | 2 constant
P
i.e. ]:{1 (1 - v;) > constant
1 A
i.e. gT (1 - o ) > constant
= i
P
i.e. T (1 + }“i) < constant
i=1 N
i.e. l+e + ... + e < constent .
1 P =

26
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This proves that the likelihood ratio test has the monotonicity property.

1.3 Testing the Lquality of Two Dispersion Matrices.

1.3.1 The Model and the Hypothesis

Let Zl and 22

px(nl+l) px(n2+l)
from N( gy » Z, ) end N( g, » 5;) respectively, where £, and I,

pxl  pxp pxl DpXp
are both symmetric and p.d. We are interested in testing the hypothesis

be two samples of sizes (nl + 1) and (n2 + 1)

Ho: Zl = 22

against various alternatives.
This problem is invariant under the group of nomsingular transfor-

mations of structure

* *
Z. = C Z 3 Z = € %. » C nonsingular,
1 1 2 2
DXp Pxp

and under the group. of translations of type

¥ = g 7z = 3
1 = %9+ By o o = 2ot By

Bl and 32 real matrices. The characteristic roots of

-1 _ t v Tt { L -1
8,5y = [Z2] -0 B F T [285 - 8y B, 2y ]
_ ni+1
- Z - )
where z; = .il and zij = j§l Zij/(ni+l)
pxl é B

i = 1’2; j - 1,2,0.0,'9 3

form a set of makimal invariants under these groups of transformations.
Also the maximal invariants under the groups of transformations induced

in the parametric space are the characteristic roots of (leél ), say,
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Y1 § ces : 'yp . The hypothesis of equal dispersion matrices then be-
comes

H: Yl = '\/2 = sevee =’Yp .

Roy and Gnanadesikan [ 5_?7 have considered this hypothesis against
several alternatives., Out of these alternatives Mikhail /~ 327 has con-
sidered the following four alternatives:

Hy:t AL y;'s > 1.

H, @ All 'Yi's < 1.

2
H3 : The largest v ; = Yp > 1.
Hll- : The smallest Y= Yy < 1.

For each of these four alternatives Roy and Gnanadesikan [/ 52/ have given
procedures, some of which are three-decision procedures. Mikhail [ 327
has obtained different kinds of monotonicity properties for these pro-
cedures. We shall show that in some cases we can obtain very broad classes
of procedures having properties he has obtained and in other cases

classes of procedures having somehwat weaker monotonicity properties.

We shall consider only invariant tests and ean restrict consideration

to the following canonical form.

1.3.2 Canonical Form

X e o o X y s o y
et X = AL .lnl_l and Y = | .11 in
pxXR * ° pXNn, °
1 xpl"'xpnl 2 ypl...y

be two matrices of random variables with probability density

constant 'f% ‘(yi)-nl/ 2

1 B
1y ' 4 yy') 7 faX ay .
I exp/ - 3 r(Dl/YiXX +n)_7 fax av
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Under this canonical form the hypéthesis is Yy =Yp = eee =Y_= 1,
P
and all the tests will involve X and Y only through the characterls-

tic roots of (XX’)(YY')-]' say Ay S oee £ A . Let

1 P
r‘ ~
M s
A = . and e = M )

| e

L'P L P
where e 3 j =1,2e00,p are the p elementary symmetric functions of
)\l, evey )\,P .

1.3.3 The Development

Now we shall conslider the problems of te'sting.Ho.agéinst Hl and H2

as case 1 and those of testing Ho against H3 and H,_l_ as case 2,

Case 1.

To test Ho: Yy = Vo = eee =-yp=l
against Hl: all v's > 1
and against Hyt all y's < 1.

For these problems Roy and Gnanadesikan / 52/ have given the following

‘three-decision procedures:

1) Accept H_ against H 1if ch (xx')(xx')™ < py & constant ;

max .1
Accept H, against H if ch (XY (yr)y >
(o] min 1

Make no decision otherwise

11) Accept H_ against H, if ch (xx1)(rxt)™ >y @ constant

2 min -1
Accept H, against H if ch () (xy')™ <y
5 4 .

Make no decision otherwise.

Constants and u, 8re determined by the condition that the proba-

Hy
bility of accepting Ho when it is true equels a given number l-zX .
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Mikhail /397 hes shown that the probability of accepting H_
against Hl’ when Hl is true, decreases monotonically as each of the
noncentrality parameters increase separately; and the probability of
is true, increases montonically

accepting H, against Ho s wvhen H

2 2
as vy's decrease separately. We shall call these the ‘strong monoto-

nicity ;)ro_perties'. We shall, however, concern ourselves with a weaker

property, namely, monotonicity of the above mentioned probabilities when
the yi‘s are all equal to say vy and vy increases or decreases. We

shall call this the weak monotonicity property.

We shall, in this section, give procedures ¢ characterized only
by regions over wj:lich Ho or H2 may be accepted; these regions will
be denoted by A¢. The procedures themselves may be two-decision pro-
cedures or three-decision procedures. More specifically, we shall prove
the following:

Theorem 8:- In the canonical form of section 1 replace s; by n;, n

by n2

@ for this MANOVA problem which has the properties ® , I anda 3 .

and u by p. Let A, be the acceptance region of any test
¢

Then all the procedures for testing Ho against Hl and Ho against

H,

(i) accept H, oageinst H; if (%, Y) eA¢,4-ejec'b—-j:-b—o'bheMse-,

, which

(1i) accept H, against Hif (X, Y) e A¢, rejeet—it—otherwice,

have the weak monotonicity. property.

Proof:-= We are concerned with

i=1

Ag

o
-n/2 1 ( 1 t
Constant J HIERA exp [ - 5 tr Dl/yi XX + YY) __7 ax ay



31

This is the same as ,

oo o, P
Const. ) exp[--—( R Z‘. y 7 ax . ay ,
i=1l j=1 i=1 j=1

where A; is the same as the damain A¢ expanded by quantity fy 1 in
'the directions (Xil) 12, seey X ) ) i= l,2,o¢-,po
But we are concerned with alternatlves Yy = Vo = eee = y =Y ,
which 1s > 1 in testing Ho ageinst Hl and < 1 in testing Ho
*
against H2. Therefore we may regard A¢ as the domain A¢ expanded
by the quantity /fy  in directions (X.., X,.5 eeey X ,)s J =1, 2,
13 723 ?J
se0) nlo
Now these expansions are cumulative. It is, therefore, sufficient
to see what happens when A¢ is expanded by quantity j{(’ along
(xll, Xpys eees xpl).
In the notation of section 1 with proper changes, the region
A¢,X1,Y in the space of (xll, Xpys wees xpl) is an ellipsoid in
the space of (x SRERTRFE: 1) This ellipsoid can be referred to its
principal axes. The expansion of A¢ X

Y
2 l’
quantity ,/y is then equivalent to expansion of this ellipsoid by

along (xll, x21"”’xpl) by

guantity ,/y along its principal axes,

Thus *
A A if >1
g < A Y
and * :
A if <1 .
g - A Y

Thus, the probability of accepting H o against Hl and the probability

YosSP . and  nereases
of accepting H2 against Ho be(bh decreasesAmonotonically as

Y=y =v5 = eve = yp), respectively, increases or decreases.
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Examples:- Procedures, which accept' H0 against Hl ( and reject it

otherwise) and which accept H, against Ho (and reject it otherwise)

2
over
A¢ : a' e < constant, a' = (al, 32, cees ap) s
aj 2 O, j = l, 2, seea P
or
A¢ : a' A < constant, &' = (al,...,ap)

a. 2 0 ] j = l, 2, eecey P'l; ap >O

have the weak monotonicity property.

Case 2
To test H0 DYy =Yg = oeee = Yp =1
agaeinst H5 : the largest Y; = yp > 1
or against Hh : the smallest Yi = Yq < 1.

For thesé problems the following test procedures are known (Roy
and Gnanadesikan [ 52/):

(i) Accept H_ against i if ch (XX')(](Y')'l < const. and re-
° max =
Ject it otherwise.
(ii) Accept H, against H if ch (XX’)(YY')'l
max

5 const. and re-~

ject it otherwise.

Mikhail Z~327 has shown that the power functions of both these tests

are monotonically increasing functions of the noncentrality parameters,
i.e. the power functions increase monotonically as yp increases or

Y1 decreases respectively. We shall prove the following:
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Theorem 9: With the changes in the notation of the canonical form of

section 1, as suggested in Theorem 8, if we accept HO against H3

over A¢ of Theorem 8 or accept Hh against Ho over A¢, and reject

-—

them otherwise then the power function of ¢ for

(1) testing Ho against H5 increases monotonically as Yp increases,

(i1) testing H o against Hh increases monotonically as Yy decreases,

Proof: - Again we are concerned with

P =~n
const. T Yi 1/2
i=]

1=
Ag
* * ‘
For given values (yl 3 eees Yp-l) of (yl,...,yp_l) we may write this

1 ' '
exp[—etr(Dl/Yi}C{ +7') 7 axay .

as

. n p-1 n P n
const. \ exp/ - % ( st xii +Z l/Yi st x®, + 3 2258 )JG.X ay .
~e i=1 i=1 J= =
Ao

*
Where A¢ is A¢ expanded by ‘/yp > 1 along (xpl’ Xpa, coes Xp,n ).
1

The expansions being cumulative we may give them successively. It is
enough to show that the integral decreases by an expansion ./yp along

Xpl .

Now A is interior of an ellipsoid in the space of

,Xl,Y
. * % *
(xll’ Xpys eees Xpl) for any given value (yl, Yos eees Yp—l) of
ves o An expansion of this region b al X
(vys Yo oees ) xp glon by fy, along x,
can be considered as a result of a number of expansions
fl\/:(; , (2,/'7; s cees fp\/\g along the principal axes of the ellipsoid,

h oe 8 i
vhere ((l, fa, ’ fp) are the direction cosines of X, With

respect to the principel axes. Since ‘/Yp > 1 it follows that
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*
Mxr C My

Thus the power function of each test ¢, for testing H against H5 s
given by the previous theorem increases as Yp increases.

The proof for the monotonicity of the power functions of the tests

¢ for testing H, against H, is similar.

Examples: All tests ¢ which accept H0 against 1-13 over A¢ and

reject it otherwise or accept Hh against Ho over A¢ and reject

it otherwise, where

or
A¢: a' A < constant, a' = (al, 8np eees a.p) s

a>0 =12.l. "'l 8.>O
,j:-."j ’:.:P) D

have power functions which increase monotonically as, respectively,

yp increases or Y1 decreases.

1.l Testing Whether a Dispersion Matrix Bjuals a Given Matrix,

1.k.1 The Model and the Hypothesis.

Iet 2 be a sample of (n+l) observations froma N( § , = )
px(n+1) pxl pxp

vhere X is a symmetric p.d. matrix. We are interested in testing

HO H L o= 20 ’

20 being a given symmetric p.d. matrix.
In many respects this problem is similar to the "equidispersion"

problem; and especially so in case of the alternatives to be considered

and the monotonicity properties of the power Punctions.
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It is well known and easy to see that the problem can be reduced
by invariance and we may restrict our consideration to the following
canonical form:

1.4k.2 Canonical Form

xll L] . . xln

Iet X = be a matrix of random variables

x * Ll * x
L pl o
with profeety density. =

P - ‘
Constant TT yin/e exp Z’- % tr Dl/y XXt 7 a&x.
i=1 i

We are interested in testing

HO: Y1=Y2=000=Yp = 1

against various alternmatives:

Hy : all yi's > 1
Hy s all yi's <1
H3 ¢ the largest Yy =‘yp > 1
Hh ¢+ the smallest yi = Yl < 1

The tests @(X) are restricted to involve X only through the charac-

teristic roots Ay $ A, S eee S A OF (xxt).

1 o

1.4.3 The Development

All the results in the previous section on the tests of equality
of two dispersion matrices can be extended to this section, that is,
results on the weak monotonicity when testing against Hl or H2 and
the monotonicity in Yp and ¥y respectively, when testing against
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H3 or Hh’ We shall not consider these results further, but instead
we shall derive same strong monotonicity properties for a single class
of tests of H0 against Hl.

Theorem 10: All procedures ¢ with

A¢: a' e < constant, a' = (al, cees ap), a, > 0,

3 =1,2500.5 Py Tor testing HO against H1 have power functions

which increase monotonically as Y17 Y1 ecer Yy increase separately.

Proofi- We are interested in showing that

' P npe 1
constant T7 V. exp/ -=% tr D Xt 7 &

i=1 4 . - 2 l/'Yi -
Ag

which is the same as

chonstant exp [ - % tr X'/ &,
where A 928 A, expanded by quantity Sy, along (x X ..; x, )
A¢ 0 i 117 “42°°**?%4n’?

i=1, 2, evey Pe It is sufficient to show that the integral decreases

when A¢ is expanded by /yl along (xll, Xps eees Xpp ) . Let

"{"AX’ It
E3)

X = D !: | = !l—l 1
Xt | x| p-1
y %1

and consider the sections A¢ Xl of @. We shall show that these are .
2 .

ellipsoids in the n-dimensional space of (xil’ sovy xln). This will

prove the previous contention,

Consider the equation

|- ] = o .
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This can be written in two ways, as before, as

-1 -2
SRR AR LSRN AR S +(-1)Py.’p = 0
and
AP e e APl a2 L. s (-1)Pe =0,

1 2 jol

where 23 is the sum of all (1;) J-rowed principal minors of

§
5% %HX5
X X’ = 2

1 H
nEn 1%

J=1,2, veey P It is easy to see that given Xl’ ej will be a
homogeneous quadratic funciien of xl,j ., plus a constant. Thus
B¢ X will be a homogeneous gquadric in the n~dimensional space of
2
1

(xll, ...,xln). Next consider matrix

2 ? 3

¢ 5h e X

c X x* X x ’ ocesti.
. et 1%

any %y s § =1, 2 «ees Py of this will contain (g’:i) principal
minors which contain the first row and column, whereas, the remaining
will not contain these. Now each of the (g:i') principal minors which
contains the first row and column is c2 times the corresponding minor
vhen ¢ = 1, and each of the remaining (J’f) - (g:i) is the same as the
corresponding minor when c'= 1. Thus when 0 <c¢ <1, any e'j 3

J =1, 2 eees py OF (cx?) c x X ) is less than the corres-
ponding e:j of XX* . Therefore, for a.!j >0, J=1 2, e0es Ds
and

A¢3 a' e < constant
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2%y’

¢ has the property , i.e. if x. € A
. - 3

then ¢ x € A
1 -1

0 _<_ c f 1 .
Next consider a line I in the space of (xll,...,xln) with

equations

. % .
7— = T" = ese = T“‘ln (= I‘) .
1 2 n
Consider the intersection of L and A¢ X.° We notice that this is
a segment of the line itself. Now if a point ( fir, {21', cees (nr)
on this line belongs to A¢ X.? the section of the acceptance region,
>
1

then for given X.,, some eJ., J=1y 25 eeey p of

1
jr___,‘m [rdin T =[P4 TN
x| {_r x { X, X

is finite; also it is positive. Now this e‘j will be the sum of (?:i)
j=-rowed principal minors containing the first row and column and the
remaining j~rowed principal minors not containing the first row and

column. Thus O < e, <o implies that 0 < rEKl + K. < o , where

J 2

K,» K., are positive and finite. This implies that r is finite.

1’ T2

Therefore, the section A is interior of an ellipsoid in the space

X
1
of (xll"" ,xln). This completes the proof of Theorem 10.
Tt is easy to prove on parallel lines that all procedures ¢ for
testing H o against He, which accept over A¢ of Theorem 10, have

analogous strong monotonicity property.



CHAPTER TI
SOVE PROPERTIES OF FERCENTAGE POINTS AID PROBABILITY
INTEGRAIS OF SCME RANDOM VARTABIES

2,0 Introduction and Sumary

In this chapter we shall obtain a number of properties of percen-
tage points and integrals associated with the distributions of some ran-
dom variables. Scme of these properties are generally known from charts
and tables of these quantities; but proofs of these are not known to
have appeared in the related literature. In the first section we shall
study the monotonicity properties of the percentage points and some
integrals associated with a noncentral chi-square distribution with
respect to various parameters and obtain some order relations for the
integrals. In the second section we shall do the same for - noncentral
F-distribution and pose some unsolved problems in this area. In the
third section we shall extend some of the results of the second section
to the distribution of Hotelling's Te-statistic and investigate some
monotonicity properties for the percentage points of a class of statis-
tics suggested in Chapter I. The methods of investigation and the proofs
are based on various results in the theory of hypotheses testing, for

which we may refer to Letmann /32, 35/.

2.1 Some properties of percentage points and integrals connected with

chi-square tests.

Many problems of testing hypotheses in univariate and multivariate

inference use statistics with central or noncentral chi-square distri-
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butions (Kendall and Stuart /29 7, Patnaik /427). The percentage
points, as well as incomplete integrals, are available in extensive
tables for the chi-square distribution (Bancroft / 5/, Greenwood / 167).
Tabulation for the noncentral chi-square distribution, however, is not
extensive. In this section we shall list and prove some properties of
the percentage points and the integrals connected with the noncentral
chi-square distribution. These properties have been generally recognized
from the tables and charts, but proofs have not heretofore appeared.

Definition 1: A stochastic variable X 2 O with probability density

2, 2 ¥
2 - 2
X~(x; n, 6)=e6/2 z %, (—%—) X (x; n + 2r, 0) ,
=0 *
where 1 - ’]é' x .‘é’ -1
X (xs v, ) = e X , X > 0
\);2 \Y/ =
2 F(ﬁ)
= 0 s X< 0

is said to have the Xe(n, §)~distributions i.e., the noncentral chi-

sguare distribution with n degrees of freedom and the noncentrality
parameter § , or equivalently, X is said to be distributed as a
Xa(n, §)-variate. When § = O the distribution is said to be the
(cen’bral) chi-square distribution with n degrees of freedom. We

shall denote

12(!-15 n, §) = fxg(x; n, §) dx .
X o

It is well known that if Xi are independently normally distributed
random variables, with common variance 0'2 and means E(Xi) =8,

n
i=1,2, ¢euy n, then Z X:’?_/cr2 is distributed as a Xg(n, 8 )=variate,
1
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n
where 82 = X ai/o*a . Conversely, a random variable X, distributed
1l

as a Xe(n, § )~variate may be expressed as & sum of squares of n

independently normally distributed random variables with unit variance.

Theorem 1: If o is a fixed number, 0 < < 1, and

e,
I e(p. s 1, §) = gxg(x; n, §) &x = 1 ~ @ then p_ 1is an increasing
$2 o J o

Tunotion of 0 for each Fixed § and an increasing function of &

for each fixed n .

Proof: Consider a random variasble X = Xi + ees + Xﬁ s Where Xi’

i=1, 2, +ees n, are independently normally distributed random variables
with variance unity and means E Xl =8, E X:i.,: 0, 1 =25 3; ecey Ro
Iet Y bea N(0,1) variable independent of X. Then X + Y2 isa

e (n+l, §)-variate., Now the event X + Y2 < b implies the event

X 5 b, where b > 0 is constant. From this the first half of the

theorem easily follows.

For the second half of the theorem we observe that

b Jo=t+s % %2
I 2(b; n, §) = JNx?(t; n-1, 0) at <

23
X °. - /b=t+8 &

The integral on the r.h.s. decreases as § increases. The proof of

dax

the theorem is complete.
In the next theorem we shall consider the behaviour of I xz(p;n,s)
for varying values of n and § when p is selected by some boundary

condition.
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*
Theorem 2: If n and n are positive integers, n¥ > n, then

I(usmoa¥) < I 5 (wks n%, A¥) s M>
X

>I2(u*;n*,A*) ’ A <A,
X

where A , A¥ are positive numbers and p, p¥ satisfy

I o (p.; n, A) = I 2 (lJ.*; n¥, A) .
X X

Also, for A =0(1) and A* = O(1),as n =>o

I o(us n, &%) = I o(u;m, A) =>0 as n—=>o.
X X

Proof:- Let X be a X?(n, §)-variate and Y be a Xa(n*—n,o)-variate

independent of X. Consider the problem of testing
H ¢ 8§ = A

A > A .

fae]
o
n

against

For this problem there exists a U.M.P. test given by a critical region
X > constant .

To see this let pé(x,y) denote the joint probability density of X

and Y and notice that

2 2
p(x¥) = X'(xm,8) - X (y; n*-n, 0)
By the Neyman-Pearson lemma the U.M.P. test rejects when

P (X’Y)
a* > constant
PA x,y =
X2(X3 n, A¥)

S constant
X"(x; n, A )

nv
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But we have a

2 1]
Temma 1: The ratio Xa(x, n, M%)

X(x;n,A)

is a monotonically increasing

function of x provided A* > A . (Lehmann /[ 35/) .
Thus the rejection region of the U.M.P. test is

X i constant ,
the constant being chosen to satiéfy the level condition. The test
with ceritical reglon X 2 constant is, therefore, more powerful than
the test with critical region X + Y z constant. Now, X+ Y is
distributed as a Xe(n*, §)-variate. Thus if

T o(us 85 8) = I o(u¥s m*, )
X pa

then I o(us n, 8%¥) < I olu*s m¥, A*) , M* > A
X - X B

> 1 2(}1*3 n¥*, A*) s M < A .
= X _

To prove the second part we shall use an approximation of a
Xa(n, §)=variate by a Xe(v, 0)-variate, due to Patmaik /437 .
According to this approximation, the incomplete integrals of a
Xe(n, §)-variate can be approximated by those of a p - Xz(v, 0)-

variate, vhere

2

] _ &
? V=0t a7 58

and the error of approximation will tend to zero as n tends to infinity,
provided that § = 0(1). Thus for large n and A, A* = (1), we can

approximate both I 2(us n, A) end I o(u; n, &%) by I e(p.; n, 0).
X X X



This proves the result.

This theorem explains the nature of the power curves of a chi-.

square test ,; depending upon noncentral chi-square distribution, e.g.
analysis of variance with knowm population variance. For fixed n,
a curve of this family starts at § = O with power equal to the level
of significance, and increases monotonically to 1 as § =>=® . The
curve for n¥ > n lies completely below the curve for n. As n in=
creases the curves gradually become parallel o the abscissa.

The next theorem will prove a property of incomplete chi-square
integrals.

Theorem 3: Iet n, n¥ be positive integers, n* > n, and let p and

u¥ satisfy

I(ein, 0) = I o{u*; o¥, 0) .

X P8
Then I (cu; m, O) > I (cu¥, n¥, 0) e < 1
2 2
X X
< IE(Cp*, n¥, 0) , c > 1 .
X
PI‘OOf:- Let Xl, XE’ cesny Xn; Yl, Ya) XXF) Yn*-n be :i.ndependent

normally distributed random variables with zero means and common

variance 0'2. Consider the problem of testing

2
Ho - § 1
against I-Il : 02 > 1 .

For this problem there exists a U.M.P. test which rejects Ho when

n n¥-n 5

z Xi + X Y. > constant ,
i"—-‘l j:l '] -
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the constant being chosen so as to satisfy the level condition. The
UM.P test is certainly more powerful than the test with the same

level of significance and with critical region

2 > constant

when the alternative 1is 02 = %

s ¢ < 1. This proves the first in-
equality; the second may be proved analogously by considering the uni-
formly least powerful test of H1 against Ho'

Now the general nature of the incomplete noncentrel chi-square in-
tegral is similar to that of the incomplete chi-square integral. It
would be interesting to know whether there exists a property for non-
central chi-square integral analogous to that given by Theorem 3 for

chi-square integral. More specifically we pose the following probiem:

Iet n¥* > n and let

T (usn, 8) = I (p* n*%, §) , & Tixed then does there
X2 X2
exist any order between I Q(CHS n, §) and I o(cu¥; n, §) for
p.4 X
varying c¢?

The property of incomplete chi-square distribution given by Theorem
3 can be readily translated into a similar property of incomplete

gamma integrals.

2.2 Scme Properties of Percentege Points and Integrals connected with

the .. Variance.watio -~ Test.

Definition: A stochastic variate X > 0, with probability density

function

i

r
2 o , 2
T (x; D5 Oy 8) ed /2 X '%!: (%—) T (x; n,+2r; 0, o) »
T=0
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where
v
v 1
1/2 — - 1
("1/"2) / x2
F(x5 vy v 0) = > . o
B(-—]-: ...g ) 1 2
2 2 2 vy 2
(L +—=x)
Vo

is said to be distributed as "15. (nl, Ly § )= variate or, equivalently,

is said to have the noncentral F-distribution with By, B, degrees
of freedom and the noncentrality parameter § .

It is then well known that the distribution of a r:}(nl, Iy 8)-
n

variate is the same as that of a stochastic variate _ﬁ_@ 'Z1: s Wwhere

1
Y and 2 are independently distributed random variates with probability

density functions Xz(y; n,, §) and Xe(z; 1, 0) respectively (Kendall
and Stuart /7297, Patnaik [ 427).

Now let o be a fixed number 0 <a < 1, and let

IE(-(H; n s By 8) = 1C‘l‘}(x; n.s By ) dx =1~ .
Then values of u(nl, n2) for § =0, @ = 0.05 or 0.01 and various
values of ny and n, are very widely available. The tables of '
p(nl, ne) do not show any monotonlcity with respect to ny and nye
The following theorem gives a monotonicity property of u(nl ’ ne).

n _
Theorem 4: p¥* = -ﬁ-]—' p(nl, n2) is an increasing function of n, and
2

and a decreasing function of o, .

Proof:- ILet Y, Yl’ z, Zl be independent rendom variables with re-

spective probability densities Xe('y; n,, §)s Xe(yls 1, 0), Xe(z;
: ‘ n n, Y+

2 . . 2 ¥ 2
and X7(zy5 1, 0). Then the prcb. demsities of 5—; 7 s il 7

32,0)

1
’
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¥ n, + 1 ' _
are respectively, F( - ; Ny, Dy 8) “FH- ny+l, ne:ﬁ)

Z+Zl ‘nl

end F( ., nys nytl, 8) . Now

Y+Yl
2

< k implies that £ < k

and

Y - Y
<
A k implies that A § k ,

vhere k 1is a constant. Therefore

Y+ ¥
_ 1
Pr { A

Y s
Pr { 5 < k } < Priz+zl§ k} .

The theorem follows from this.

KA
W
e
N
4
21
' (".*M
T
A
=
N ™t

and

We shall next consider a property of incomplete integrals of

F (nl, s 0 )-variates,

Theorem 5:- Iet n ’ n-it_-, n->26 be positive integers and let

17 B

2

I(i(u; nl, ne’ 0) I:;_(l-l*i n'i’ 11')2", O) 3

then

I%(cu; n,; By o) > I,}_(Cp.*5 n¥, 0, 0), e<1

< Ig(cp*; nele, n92(', 0), e>1 ,

provided n?_fi n,, n->2(- > n,, and n-)lt' + ng > n, + na.

Proof:- Iet X

l; Xe, ov ey Xn I Xn +l, (XX E] Xn*; Yl, eo ey Yn 2

1 1 2

Y ) seay Y be independently normally distributed random variables
n2+l n*e

with zero means and varlances c}e{, 0‘5 respectively. Consider the

problem of testing



48

0_2
. x -
Ho . 'o'."'e‘ - l
¥y
%
against Hl: -5 > 1 .
o
y

For this problem there exists a UM.P. unbiased test with critical

3

region

AV

oo constant .
ng
: %
j=
The power of this test against the alternative

.—.%‘>lwill

%ol %o

be greater than that of the unbiased test which rejects when

X .
i=1 ' > constant .

'l
2 Y
j=1 ¢

™Mp

1.2
i

it

This proves the theorem.

Whether there exists any similar property for a noncentral
P-distribution is an open question. Also since the F-distribution
and the Beta-distribution may be cbtained from each other by monotone
trensformatiams, the above property can be easily extended to incomplete
beta integrals.

We shall next prove a property of the power function of the analysis

of variance test.
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Theorem 6:- Let

IS(us ;s B, A) = I,}(p,*3 n,, %, A) 5 nf>n,. ‘Then

I,}(p.; By By p) > I_.}(u*; n,; n% A¥), A% > A

< Ig(u* np, nf, A¥), M <A

}PI‘OOJ.fH:- Le'b Xl’ XE) XX ¥] Xn 3 l, Ye’ es e Yn s Yn +l,ooo, Yn* be

. 1 2 2 2
independent, normally distributed random variables with common variance

2
¢~ and means

B Xi = ’ni 2 i= l; 2, ssey nl
E Yi = O 2 1= 1, 2, vee) ng .

Consider the problem of testing

nl ‘
H, ¢ b n?/cre = Ae
i=1
n n
1 1
against Hi : ¥ nje_/cr2 = A*e (> Aa)
i=1

For this problem there exists a U.M.P. invariant test, invariant

under the group of orthogonal transformations of the variates Xi P)

*
1 =1, 2, seey n,, and the group of scale changes Xi = cXi ’
i = l’ 2, ae oy nl K] Y‘g = CYJ £ j = l, 2, ssey nié' . The Cri‘tical
region of this test is given by |

gl

b X?

i= 1

> constant .
% =
n¥ .
X
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This test is more powerful than the invariant test with critical region

R
H
s

> constant .

3
n

X
j=1 9

This proves the result.

Now it is well known from tables and charts that the power of the
analysis of variance test increases as the number of degrees of free-
dom for error increase, and decreases as the number of degrees of free-
dom for hypothesis increase (Feldt and Moharrem /137, Fox [ 157,
Hartley and Pearson / 18/, Letmer [ 37/, Tang / 58/). The former of
these two results is a special case of the theorem. The latter result
is , however, not yet proved. As can be seen, most of the properties
of integrals, proved in this chapter, are proved, very simply, by
statistical methods. The last problem stated above, namely, the varia-
tion of the power of the analysis of variance test with respect to hypo-
thesis degrees of freedom, gives rise to an interesting statistical pro-
blem which is not yet solved.

Let Xl’ ceey Xn » Y, Zl’ Z2, ey Zn be independent, normally

1 2
distributed random variasbles with common variance 0'2 and means

E Xi = ’ni s i= l, 2, ene) nl >
E Y = g 2
B Zi = 0 ) i= 1’ 2; ecey n2 .

Consider the problem of testing

HO: 'nl:'ne:oon-—-'nn =O .
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The problem can be reduced by invariance (Lehmann /[ 35/) and we get
the U.M.P. invariate test which rejects Hb when

n
2
1=1

> - constant .
n2 =

2
L 2z
3=1

This test can also be obtained as the U.M.P. similar region test. It
is, therefore, better than any other similar region test.

Now suppose that E Y = E = O. Then tests with critical regions
n

Zl X? + Y2

1

e
0

constant

mb
nv

and

constant

i=1 >

are both similar region and invariant tests. But now the last: of the
three tests is U.M.P. invariant, and is more powerful than the first
two. We are interésted, however, in camparing the first two tests
between themselves. We want to show that the first test is more power-
ful than the second test. It can be shown that the first test is U.M.P.
among tests which have Neyman structure with respect to the sufficient
statistic T = (ZX? + 22?, Ye). But this statistic is not complete,

and hence the second test need not necessarily have Neyman structure

with respect to T. It can be shown that it does not have it. Thus
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the comparison is not possible by this argument.

It may be observed that as n, —> all three tests above are
equivalent to the corresponding chi-square tests with power function
depending on the corresponding noncentral chi-square‘distribution.
I£ will, therefore, follow that, for a sufficiently large number of
observations, the power function of the analysis of variance test is
a decreasing function of the number of hypothesis degrees of freedom

for fixed values of the noncentrelity parameter.

2,3 gome Properties of Percentage Points and Integrals Associated with

Some Multivariate Tests.

In this section we shall consider some properties of percentage
points and power functions connected with scme multivariate testé.

2,3.1 Power Function of the Tz-test

Let us first consider the MANOVA problem of Chapter I. We have
noted that when t = 1, there exists a U.M.P. invariant test which is
Hotelling's Te-test. This test depends on the only nonzero charac-
teristic root of the metrix (XX’)(YY’)'l. To see this we observe

that in this case X is either a s-row vector (u =.,1) or a u-column

vector (8 = 1), When u = 1, the critical region of the test is

8
pA Xe.
2 1 1
T = > constant
12
Y
1 13
or 8
s X0 /s
1 13
> constant
o 2
pH Yl./n
1 J



When s = 1, the critical region is

u u
T2 = z 8
i=1 j=1

13
X9 le > constant,

vhere s are the elements of (YY’)"l

2
In the former case 22— is distributed as a noncentral PF-

variate with s and n degrees of freedom and the honcentrality para-

meter Gi. When the null-hypothesis is true the distribution is the

corresponding central distribution.

2 n-u+l

In the latter case T . is distributed as a noncentral

F-variate with u and (n-u+l) degrees of freedam and noncentrality

parameter 02 Under the null hypothesis the distribution is the

l.
corresponding central distribution (Anderson /7). Thus we get:

Theorem 7:- When +t = 1, the power function of the U.M.P. invariant

test for the multivariate linear hypothesis is a monotonically in-

creasing function of the number of degrees of freedom of error and

hence of the number of observations.

. In view of the remarks concerning the variation of the power func-
tion of the analysis of variance test with respect to the hypothesis
degrees of freedom we may remark that the test mentioned in the theorem
above is a monotonically decreasing function of s, if u, the effeca
tive number of variates, equals unity, and a monotonically decreasing
function of u if s, the number of degrees of freedom for the hypo-

thesis, equals unity.
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2.5.,2 Percentage Points of the Distribution of a Class of Statistics

In Chepter I we have charecterized two classes of tests for the
MANOVA problem by statistics which are linear Punctions of the ordered
characteristic roots of the metrix (XX')({YY' )-l, or of the elementary
symmetric f‘unétions of these characteristic roots. For the other
three problems also, in that chapter, we have given such classes. The
distribution problems associated with these problems are very closely
related. Restricting our attention to the MANOVA problem, the test

statistics in the notation of Chapter I are

a' A = R(a) say
and a'e = E(a) say .
Let Prob. %R(_q.) < pa(i, u, S, n) f = l-0
= 1 - a )

and Prob, {E(:a_) < va(ﬂ, u, s, n)}

Then for using a test belonging to one of the above two classes we shall
need pa's and v a‘s. However these percentage points are not avail-
able for all u, s and n for even the three well known test statistics,
associated with thevthree tests belonging to these classes, namely, the
maximum characteristic root, the likelihood ratio and the trace. A
large number of workers have investigated the distribution problem
associated with these statistics (e.g. Anderson /71, 2, L/, Hotelling
/28] Hsu /723, 2k, 257, Ito /726, 27.and references therein/, Rao

[ 46/, Roy [497). We, however, have not been able to use their methods
for determining percentage points Moy and v o *

Now we shall show that these percentage points have certain mono-

tonicity properties with respect to s and n. For this let, as in
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Chapter I,
X = (lcl; Xl) D)
Then we know that the ordered characteristic roots ).i(X, Y),
i:l, 2, oo e u} Of
(xxt)(vy')™
are greater than or equal to the corresponding ordered characteristic
roots }\i(Xl, Y), 1=1, 2y eaey u, of
-1l
1 3
(xlxl) (vy*) .

This implies that for fixed a

a' A (X, ¥)

nA
)

and

o
o

ey (Xl, Y)

A
(o2

will imply, respectively, that
(Xl’ Y) < a

a’

1>

and
a ?

vhere a and b are constants, This will imply that the percentage

o

(Xl, Y) : b >

points of the distribution of &' A or a’ e will be monotonically
increasing functions of 54 the number of degrees of freedom for hypo-
thesis,when u and n are fixed.
Now let us denotg
Y = (¥,> Y;) , and assume that s > u. Then (xx*)

is p.d. (a.e.) nonsingular matrix. Then roots of (XX')(YY')'J' a

1

e

reciprocals of the roots of (YY')(XX')"~. By a method similar to that
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above it can be shown that the ordered characteristic roots of (yy*)
'(XX')"l are not less than the corresponding ordered characteristic

roots of (YlYJ'_)(XX')-l . From this it will follow that for fixed &

at

>

(X, Yl) § a

and
a 4

o

(X’ Yl) : b

will, respectively, imply that
ataA (X ¥) < a

and

A
o'

ale (x, ¥)
where a and b are positive constants. Thus we have proved the
following:

Theorem 8: The percentage points of the distributions, of the class of

statistics R(a) and E(a) _are monotonically increasing functions of

s, the number of degrees of freedom for hypothesis, and are monotonically

decreasing functions of n, the number of degrees of freedom for error,

provided for the latter case s> u .

We shall now make some remarks concerning the power functions of
the tests for the MANOVA problem mentioned above. It is believed that
for a given set of noncentrality parameter values, each of these power
functions is a monmotonically decreasing function of s for fixed n
and w; & monotonically increasing function of n for fixed s and
u, and a monotonically decreasing function of u for fixed s and n.

Hsu /23, 247 has proved that as N, the number of observationms,
becomes large the likelihood ratio test and the tré.ce criterion become

equivalent. More specifically it has been shown that, for large numbers
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. ‘b 2
of observationand @ = I 6, = 0(1), the statistics n T eand
1=1

-n log /\ can both be approximated by a noncentral chi-square statis-

tic with u . s degrees of freedom and the noncentrality parameter ©.

Thus we can consider both the likelihood ratio test and the trace test

as chi-square tests when the number of observations is large. We can
then spproximate the powers of these tests by the incomplete noncentral
chi-square integrals. of section 2.1 . It then follows that these
approximations to power functions will be monotonically decreasing func-

tions of both the parameters u and s.



CHAPTER III

A STUDY OF SOME UNION-INTERSECTION PROCEDURES

3.0 Introduction apni Swumary

The object of this chapter is to discuss power properties of
s&me urion-intersection tests and alsé to study them as multiple
darision procedures. For this purpose the simultaneous analysis of
variance test of Ghosh / 15/ and Remechandren / Lk, 45/, and a modi-
fication of it, will be taken as a model union-intersection test.

An empirical investigation of the power properties of various
1ntui£ively appealing test procedures, for a problem which does not
admit & U.M.P. test, was done by Neyman and Pearson / 41/ with a
view to comparing these tests when the alternatives are restricted
to 'certain directioms'. 1In sectioam 3.1 we shall present and explain
the relevent part of thelr findings. After observing that the pro-
cedures considered are union-intersection procedures we shall state
the union-intersection principle in section 3.2. In section 3.3 we
shall generalize the problem and the findiﬁgs of Neyman and Pearson
to the simulteneous analysis of variance situvation. We shall show
that against certain alternatives the simultaneous analysis of variance
test is more powerful than the tcorresponding® analysis of variance
test., In section 3.4 we shall investigate a modified simultaneous

analysis of variance procedure. We shall show that under certain con=-
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ditions this procedure is unbiased and that it is a Bayes solution.
In the final section 3.5 we ghall study the variation of the power
of some union - intersection test procedures with respect to the
number of intersections. We shall show that the power decreases as
the number of intersections increase.

3.1 A Problem due to Neyman and Pearson

Neyman and Pearson / 41/ have considered the following problem.
Let U and V be independent, normally distributed random

variables with unit variance and means

EU = ¢ EV = T .

Consider the problem of testing
H H g = 'n = 0 .

o

The critical regions of the two tests
%

and ¢2

Reject when w? 4 v2 > constant = g , say

Reject when max /- u2, v2_7 > constant = v, say,

L]

where the constants are determined by the significance level of the

test, are exteriors of the circle and the square in the following

diagram v
B
D N c
l/ N \ /
e _.-}_-- U N > A
\\
i N
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Consider the problem of comparing the powers of these two tests.
Neyman and Pearson obtained the values for the powers of these two
tests when the noncentrality is in the directions A, B or C, D.
In directions A and B only one of the parameters g and 1 1is
nonzero, whereas, in the directions C and D E =+1 . Their

computations are given in the following table:

Power functions of the two tests ¢l and ¢2

Direction ,A or B Cc or D
test g9, g, g,
0.0 0.050 0.050 0.050 0.050
0.2 053 055 053
0.k .062 062 062
1.0 «133 131 <135 0.125
1.5 .2h9 250 249
2.0 415 JL22 A5 0.369
2.5 .602 61L .602 0.
3.0 770 .783 ' <770 0.702
3.5 .889 .899 .889
L.0 .956 .962 .956 0.923
5.0 .996 997 .996 0.991

vy = K240 .

Now ¢l is a chi-square test and its power does not depend on

direction but only on y &as can be seen in the table. From this com-
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putation Neyman and Pearson concluded that in the directions A and
B the test ¢2 is 'slightly more powerful' than the test ¢l when
v 1is large, but in the directions C and D +the test ¢2 is
'considerebly less powerful'! than the test ¢l . In this section we
shall explain this behavior of the power functions only partially, and
pose same problems. Generalization of this problem will be considered
in section 3.3.

Lemma 1: v < u

Proofi- The event u- + v- < a implies the event max /- uZ, v2__7 <a,

Therefore Prob < u2 + v2 < a

I

) < Prob. (max [ua, v2_7
Thus if Prob (ue v < ) = Prob ( max /[~ Wz, v2__7

then v <

=)
)

A
A

=

Lemma 2@ If a>b>0 then

Y I

Lt
'Y-—> (-] b

|+ e
o
o
&

-b + vy

Proof:~ As vy ==>o  the ratio becomes indeterminate. We, therefore,

by using IL'Hospital's rule twice get

a§Y _%xe
e dx
1(22
-= (a%=b") -8y ay
It Sy = e° It _W—_We- =€
Yy—>e b+y _1.2 Y =—>® e - e
S e ax
=b + v



1,2.2
_ e--é (a -b ) a . e-an+l ea'y
b - ey e
= [ .

- Now, when the noncentrality vy i1is in the direction A or B,
we can write the probabilities of the errors of the second kind for

the two tests ¢ and ¢2 as:

.i_,;e =Ry _é 'b2
51('Y) = JX (X:' 1, 0) dax 5 "?"—""'@
o - fa=Xty Jen
' 2
: £ XEGX ey e-%tdt
SR Gy
. 2
[2n J2x

. =/v -+ y
Now for 0<X<p-v, wehave Ju-x > /v . Therefore for this

range of X where exists a number vy¥% such that, given a number N

however large, for vy 2> wy**,

LA B -5t fw =340
e & oy, [ =&, (e at
, o ) = J T
! w it = X
VHTEY -5 oy

= It is then easy to deduce that there exists a number +*¥ such that
. for v > y*
B (v) > 8,(v)
that is for v > y¥* in directions A or B, the test ¢2 1s more

. powaerful than the test ¢l. At this stage we can not say that «*
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belongs to the range of v considered in the computation. We can
see from the table that for 5 2 v z 1.5 ¢2 is more powerful than
¢l' If it is true that, if ¢2 is better than ¢i for vy =v
then it is better than ¢l for v 2wy, s then v¥ =y .

In the table we see that for vy = 1, ¢1 is better than ¢2 s
the corresponding values of power being 0.133 and 0.131, Intuitively
one would not expect this. A local comparison of ¢i and ¢2 should
be interesting. Though ¢l is an L.M.P. test for the problem, it
would not be expected that ¢, would be better than ¢, locally but
only as good as ¢2 when the departure from the null hypothesis is in
the directions A or B.

The test ¢l is the likelihood ratio test for the problem of
testing £ = 0 = 7| against the violation of it; it, also, is a union-
intersection test for the problem of testing the hypothesis € = 0 = 7
against alternatives clg + ceﬂ # 0, cl, c2 not vanishing simultaneously.
The test ¢2 is the union~intersection principle test for testing the
hypothesis € = O = 7| against the alternative that only one of & and
N 1s nonzero.

3.2 The Union-Intersection Principle.

A heuristic method of test construction was suggested by Roy_z_&j7.
This method, later called 'the union-intersection'! method, is, in out-
line, as follows:

Suppose that X is a stochastic variate with distribution depending
on a parameter € ¢ .77 . Suppose that we are interested in testing &

L

hypothesis
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] o =
Ho ° g € \r_lo (\,__, el
against = S
ga Hl H g € """l Q. e L]
Suppose that Ho and Hl are expressible as
o= i) 1 U
vy el oy and Hl "y eT Hly ’
where H and H are given b
oy Iy g Yy
~— %
HOY s £ e E_bY 2 Hl = £ € L‘:‘Al\( »

and T is a finite or infinite index set. Suppose that, for each
component problem of testing Hoy against Hly s we have some good
test procedures with acceptance regions A’Y s yvyeTI , say. Then
the union-intersection principle dictates that the hypothesis Ho be
sccepted over m A and be rejected otherwise.

In this chagt:rxwe intend to study variocus properties of intersec-
tion tests, from both the classical power point of view and the modern
logs-function~risk point of view, For this purpose we shall consider
the problem of simultaneous analysis of variance, which may be considered

as a generalization of the above problem due to Neyman and Pearson.

3.3 Simultaneous Analysis of Variance

3.3.1 Model
We shall borrow the following model for the simultaneous analysis
of variance problem from Ramachandran / 4i7 .
Let x (nxl) denote a set of cobservations on n imdependent, normal-
2

ly distributed random vartables with common variancs g

B(x) = D E
nxl nxm mxl

and means given by
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where D 1is a matrix of known constants, such that rank (D) = r <m < n;

and § 1is a vector of m unknown parameters.

We wish to test, simultaneously, the following k hypotheses on (:

e

“
Q|G
¢c ¢ = % |% £ = 9 ’
gxm mxl « . . mx1l gxl
qk. L Ck w
n
: k
vhere qg= 2 9y and C is a given hypothesis-matrix of rank
i=1

s < min(r,q).

Now the analysis of variance test for testing

Cj_ £ = Y
qixmmxl

1s given by the critical region ,

Fi > constant ,

where
-1
1 t -1 &% -1 ’l> ! ] St
o o EDy(PIDy) Cqy (epalop)™el) opy(opy) o) x /g ,
y =

' (1) - Dy(0}D;)™ D} ) x/(n-r)

where as in section 1.1.1 D

D, and Cil’ c are the partitions

1’ 72
of D and Ci’ and ti is the rank of Ci .

F‘i defined above is distributed as a variance-ratio with +

i2

i
and (n-r) degrees of freedom, when the hypothesis is true.

We shall assume that the k hypotheses are quasi-independent, i.e.
-l "'l l ""l
$ 4 H 4 ? t
Dy(DIP)7 €1y £C45(DIDy) 7 €y 7Cs, (DD ey

[ jl(D]'_Dl)-l o1y 7 e jl(DiDl)’]Di =0
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for all combinations (1,3), 1 #J =1, 25 eus, K.
Under these conditions the numerators of Fi;'i =1, 25, «ssy k, are
distributed as k independent - Xe(ti, O)=variates, 1 = 1, 2, «ss, Kk,
under the null~-hypothesis, and as k independent xe(tl, 61)-vériates,

i=1,2, ¢esy, ky under the alternative

0 9
C ¢ = E E # 0 ’
T | %
sy = 0f [e(op) oy 7, /6 y

The simultaneous analysis of variance test accepts the hypothesis

c ¢ = 0

if, and only if,

i-'—‘l’g, ooo,ko

The optimm choice for v,  is not known, Rewachandren [/ W47

suggests that v, be chosen proportional to ti, and so as to satisfy

i
the level condition

Pr[Fi S vy 1=12 w0k 7 = 1-0a,

0<a<1l . We shall comment on this aspect in section 3.4, where we
shall consider the problem of simultaneous analysis of variance as a
multiple-decision problem. The distribution problem of the simultaneous

analysis of variance has been solved by Ramachandran /457 .
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In the following section we shall compare the simulteneous analysis
of variance test with the corresponding analysis of variance test for a

restricted class of alternatives. For this we shall need the following:

5s3.2 Canonical Fom

Let Y&J (1221, 2) eaes k3 J =152, vvuy g3 151 by = 8),
Y, (1=1,2, 00y r-8), 2y (1 =1, 2, +.sy n-r) be n independent
normally distributed random variables with common variance 0'2 and
means
R U S A
E(Yi ) = Ey 5 121, 2, eesy s

= l, 2, eorey N=X .

H
o
-
e
i

B(z, )
We wish to test the hypothesis

HO H gi = O 3 i = l, 2, see) k; j = l, 2, e ti

= Ki i= l; 2, eo 0 k not all Z€T 0.

= l; 2, (XX Y] ti
The usual analysis of variance test rejects when

10t 5
z > X, : .
1=1 §=1 I

et > constant (u* , say) .

2 - .
z Zi
i=1

The simultaneous analysis of variance test rejects the hypothesis when

t

z Y2.

M

J= > constant (u, say )

n-r = t
2

z Zi

i=1
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for at least one 1 = l, 2, seey k.

3.3.53 Comparison of the analysis of variance test and the simultaneous

analysis of variance test

For this comparison let us assume that tl = t2 = eee = tk = ? .
The situations when all hypothesis degrees of freedom are equal are
very common in the analysis of factorial designs, where we simultaneouéxy
test the significance of a number of effects and interactions.

We shall assume that we are testing

i
o
(XN
1

H = l, 2’ X XE) k

e

of By
J =1, 25 seay t against

H Only one of the k t-vectors

(gil) giQ 3 ceey git ) > i = l, 2, ssey k

is nonnull.

This alternative corresponds to what Neyman and Pearsonlz'¥£7
call a shift in a particular direction. An interest in restricted
alternatives of this type has also been shown by Roy /50 7, where
some advantages of using the union-intersection principle in certain
experimental situations are considered. It has been conjectured there
that the simultaneous analysis of variance test with t =1 will be
more powerful than the corresponding analysis of variance test if the
departure from the hypothesis is in particular directions. We shall
show that this is true, at least for sufficiently large deviations

from the hypothesis in the particular directions.



t g ®
- By 2 . |
Tet z -5 = Tli ’ 1 =125 eees k¥
J=1 o

Then we can express our hypothesis as all ni =0, 1=1, 2, ..a5 k
and alternstive ag only one of these ni's is nonzero, say 17 . The
simultaneous analysis of variance test accepts the hypothesis when all

t
z Y?j
j=1
h=1
T z?
i=1

< constant, say, u ,

i=1,2, ..., k, and rejects it otherwise. The analysis of variance

test accepts the hypothesis when

k t
r z YE
1=1 j=1 9
5 < constant, say, p¥ ,
o =
z Zi
i=1

and rejects it otherwise. We can, therefore, write the probabilities

of errors of the second kind for the two tests, respectively, as

2 k M
B(M) = Y£><2(vs n-r, 0) T l’ Xz(uii t, 0) d u,
i=2
-V
L xa(ul; t, M) d u av ,
© BV
B (M) = j Xe(v; n-r, 0) f xe(u; kt, ) du av ,
2 Jo! ©

where u and p* are the constants mentioned above, being determined

by o .
5 kM |

X (v: n-r, 0) T] J’ X (u,, t, 0) du;, & = l-a ,
0 i= +

©
[e)

2 W g
X“(v; n-r, 0) _j X(u, kt, 0) &du @& = 1 -a ,
[#) o]
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o being the level of significance. Or

[>o]

' v
k
J.X?(v; n-r, 0) T Jp x?(ui;t;o)_dui
i=2 0

Bl(’n) =
(o]
1.2
pv /EV:E§"+ M =~5x
J XE (s -1,0) auy e ax dv
° /2n
-/EF:Ef + 1
[oFr=u® o+ ) 15
[ v * - -éx
52(71) = Jxa(vsn-r,o) Xe(u*;kt-l,o) du* J < dx dv
, /2
(¢]

-fiFvau¥ + 1

Now it can, as before, be easily seen that p < u¥*, Then application

of the lemma will give us existence of an T* such that for values

of 17 greater than 7% the simultaneous analysis of variance test

wlll be more powerful than the analysis of variance test. What happens
for 1 <7mM* is not known. However, it is believed that the simultaneous
analysis of variance test would be at least as powerful as the analysis
of variance test for small values of the noncentrality parameter 1

vhen it is in the restricted directions. We mey summarize this argument
in the following:

Theorem 1: For the restricted simultaneous analysis of variance Pro=-

blem, as stated above, there exists an f* > 0 such that for N 2 7%,

the simultaneous analysis of variance test is more powerful than the

analysis of variance test.

In the following section we shall consider the simultaneous analy-

sis of variance procedure as a multiple decision procedure.
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3.4 Modified gimultaneous Analysis of Variance, & Multiple~decision

Procedure.

The problems in analysis of variance, for which the simultaneous
analysis of variance procedure was developed, are more in the nature
of multiple-decision problems than in the nature of two decision
problems. To illustrate this, we may consider analysis of variance
of classical factorial experiments. In this the experimenter is more
interested in knowing which of the effects and the interactions are
significant and which are not than in testing some total hypothesis.

In this section we shall discuss properties of the following
modification of the procedure in section 1. In the notation of section

1 suppose that we have tested the k hypotheses

Q

H g =0

ol i

1

aga:inst H .ﬂi #9 Fl i = l’ 2, seey k 1]

1t Ok
by the tests of that section which depend upon the test-statistics
Fi’ i=1,2, ..., k, at levels of significance a&, o< ai <13,
1=1, 2, ...5 k. Then the modified simultaneous analysis of variance
procedure dictates that among these k hypotheses only those, accepted
by the component F-tests, be accepted and the remaining be rejected.
This modified procedure of the simultaneous analysis of variance
belongs to the following formulation of multiple-decision problems
(Letmann /7367).
Iet X %be a stochastic variable with its distribution depending

upon a parameter € ¢ (ﬁ) s Where (:) is the parameter space. Suppose
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that we are interested in testing a number of hypotheses ,
B O« CE)iC:l (:)
-1 . '
egainst Hli: 6 ¢ ®i _—_@-®i y 1=1,25 eees k

concerning the parameter € and determining, simultaneously, which of
these hypotheses are true and which are false.

Suppose that we use procedures ny (i =1, 2, +0sy k) for testing
Hoi’ and as a simultaneous decision x accept only those which are
accepted by the individual procedures. ILet us also suppose that the
total procedure x based on the individual procedure is logically con=-
sistent, that is, there are no contradictions in the possible decisions
arrived at by this procedure based on the component procedures.

For determining some properties of such a total procedure in relation
to those of component procedures, let us assume the following

Loss function: Iet ay and b, (i =1, 2, ..c, k) be the losses due

i
to falsely rejecting and accepting Hoi by procedure s vwhere ai

and bi are not necessarily constant with respect to 1. Notice that
such a loss function is appropriate for the kind of problems in classi-
cal factorial experiments which we have mentioned. Losses due to errors
in misjudgment concerning main effects and first order interactions, in
these experiments, may be more serious than those due to higher order
interactions. For this loss function, 1t may be noted, the risk function
is simply a weighted sum of the probabilities of the errors of the two

kinds.
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Let us further assume that the losses are additive, that is,
the loss due to the total procedure is the sum of the losses for the
individual procedures. -
With this set-up in mind, suppose that we test each of the hypo-
theses H_, (i =1, 2, ..., k) at levels of significance

ai = E;;%;— ’ i = 1,2, cses k .
Now the analysis of variance test is strictly unbiased in the classical,
i.e. Neymen and Pearson / 41/, sense. It is, therefore, unbiased in the
Lehm&nn‘1~§§7 sense, i.e. the average loss using the analysis of variance
test is minimum when the decision is correct.

Because of the nature of the loss function, the total risk of the
total procedure is the sum of the camponent risks of the component pro-
cedures. It, therefore, follows that when the individual F-tests are
used at the levels of significance ai y 1=1, 2y ey k, the modi-
fied simultaneous analysis of variance procedure is unblased in the
Lehmann sense. This gives us a rule concerning the choice of the
levels of significance for the individual F-tests of the modified simul=-
taneous analysis of variance procedure. The distribution problem con-
nected with the test has been solved by Ramachandran /[ L4/ .

We shall next prove that the modified simultaneous analysis of
variance procedure is a Bayes solution. Towards this end we shall

state a result due to Duncan /7, §/ and ILehmann /[ 367.

Lemms 5:- If the component procedures My i=1,2, ..., k, are Bayes

solutions with respect to a commona priori distribution on the parameter

space, then the total procedure is also a Bayes solution with respect to

the same ‘& priori distribution.
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Now it is well known (Hsu / 25/, Wald / 61/ and Wolfowitz / 6li/)
that the analysis of variance test is a Bayes solution with respect
to an a prioro distribution, in the space of parameters, which is
uniform on the surfaces where the noncentrality parameter is constant.
In the case of the modified simultaneous analysis of variance procedure
we can consider an a priori distribution ‘fX-, say, which is uniform

on each of the k spheres

t

i
z }\? = 02 0'2 sy 1=1, 2, 00y k

g=1 M
for all real numbers c. Then each of the component procedures is a
Bayes solution with respect to this a priori distribution. Therefore,
by virtue of the above lemma, the modified simultaneous analysis of
variance is also a Bayes solution with respect to this a priori distri-
bution.
We may sumsarize the results of this section in the followlng:

Theorem 2: The modified simultaneous analysis of variance procedure

is unbiased if the levels of significance of the component tests are

o = bi/(ai + bi), 1 =1, 2, eu.s k. Purthermore, the modified

simultaneous analysis of variance procedure is a Bayes solution for the

problem when /\ is the a priori distribution in the parametric space.

3.5 A Property of the Power Functions of Some Intersection Tests.

The simultaneous analysis of variance test considered in the pre-
vious section is not the union-intersection test for the problem stated
there. The union~-intersection test accepts the hypothesis vwhen all k

quantities
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t
z Ye
. j=1 1
. S Constant, i = l,2,...,k
k t n-r =
(i z Y?J + Z Zi
i J=1 i=1

and rejects it otherwise. When 02, the population variance, is known
this test coincides with the corresponding test given by the simul-
taneous analysis of variance procedure as well as that given by the
likelihood ratio principle. This test has an intersection of k chi-
square test acceptance regions for its acceptance region. In this sec-
tion wé shall examine the variation of the power function of this test,
with the intersection of chi-square test acceptance regions for its
acceptance region, with respect to the number of intersections.v This
. problem arises in the following context also.

- Let Xl’ Xe, sesy Xk be independent normally distributed random
variables with variance unity and means E(Xl) =0, E(Xi) =0, i=2, 3,
s k. Consider the problem of testing H: © = O against H;: @ # 0.
We know that the U.M.P. test accepts H_ only when [Xll < constant.

Other valid acceptance regions for the hypothesis are

J
A, N [xi‘ < constant =

j Hj; say > j = 2, 5, eoey k and
i=}1
. 3 | |
Bj P X X? < constant, J =2, 3, ..., k. We are interested in
i=1 -

- comparing powers of these tests. We know that, for sufficiently large
. alternatives o, Aj will be more powerful than Bj' It is felt that

Ay Wwill be at least as good as B, for all [o[ > 0. Whether Ay

J iig
the acceptance region with j-1 intersections, will be more powerful

‘ than Bj, the chi-square with j d.f., for all |e] >0 is a problem.
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In what follows we shall show that for the intersection of chi-squares
tests, the power decreases as the number of intersections increases.

Theorem 3: Iet k and k¥ be positive integers, k% > k, Let

k 4“‘2 k* H*e
m { X (xii t) O) dxi = T f p4 (X13 t, O) dxi H
i=l 7o i=l "o
- o
then T X(x,; t, 0) dx jx(x;t,n)dx
i i 1 1
i=2 -~o 0
e H
< T X (x,, t, 0) ax X (x,, t, 1) ax, .
i i 1 1
i=2 ) (¢}
Proof: It is sufficient to prove that
NS u*z
j; xe{x; t, 1) dx < o X (=% t, 1) ax
2 o,
X“(x; t, 0) dx Lx(x,t,o)dx
o

Towards this end we shall need the following:

§
joxe(xi n, §) ax

Lemma 4 R(u, §) =
- o2

vj X“(x; n, 0) ax

0

is a monotonically increasing function of u for each fixed § > 0 .

This lemma can be proved by straightforward differentiation of
R(u, 8) w.r.t. u. However, as the distribution of a noncentral chi=-

square variate has monotone likelihood ratio (M.L.R.), { Lehmann /34,

| §§7) it is interesting to note that the above lemma is & parficular

case of the following lemma due to Hall /17/.
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Iemmz 5: Let a continuous random variable X have a M.L.R. family

of densities fg(x) with distribution functions Fg(x) . Then

for o' <9, the ratio Fg(x)/FO,(x) is a monotonically increasing

function of x .

Proof: Let us write FO(X) = F(x), fg(x) = £(x) , Fqi(x) = 6(x),

fgl(x) = g(X). Then

fl

sen [ HX) 7 o sen [e(x) 6(x) - B(x) &(x)7

it

X
sgn [~ _;o L g&% - z(g _Te(x)-ely) ay_/ -

Now £ is a M.L.R., family of densities. Therefore, for y <x,

e
AE%E% > f(Y) . Thus, the integrand in the last step being nonnegative,
g\X S(Y5

the integral is positive. It follows, therefore, that F(x)/G(x) is an
increasing function of x. The proof of theorem is thus complete.

An observation that u¥ > completes'the proof of Theorem 3.



CHAPTER IV

SIMULTANEOUS INTERVAL ESTIMATION

4.0 Introduction and Summary

Even though the concept of simultaneous interval estimation is
old (Working and Hotelling [/ 637) its application to the problem of
maltiple comparisons in analysis of variance is comparatively recent
(scheffe’” /54, 557, Tukey /759, 607). The method of simultaneous
interval estimation was first systematized by Roy and Bose 1-527
and Roy /48/. They obtained both the Scheffe-bounds and the Tukey-
bounds as particular cases of their argument., It is well known that
pairwise comparisons by Scheffe's method compare unfavorably with those
by Tukey's method.

In this chapter we shall discuss the problem of simultaneous in-
terval estimation in univariate and multivariate analysis of variance
situations. We shall obtain various solutions to the problem in the
univariate analysis of variance situation and extend them to the multi-
variate situation. In section 4.4 we shall obtain a theorem which will
explain the sharpness of Tukey bounds as compared with Scheffe'bounds,
and of Dunnet bounds as compared with both these bounds. Using the
theorem we can extend these sharpumess properties from the univariate

to the multivariate situation.
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4,1 simultaneous Interval Estimation

Let y = (yl, yé, ceny yn) be an observed set of random variables

with distribution depending on & set of unknown parameters

€ = (El’ 52: Y §k): E €+

Lans
where o is a set .

Let
i 0 = Qv(g) ’ v € T } ’

vhere T' 1s a finite or infinite index set, be a set of parametric
functions. The problem is that of making simultaneous confidence

statements

< w, < u o, vy € T'

with a known simultaneous confidence coefficient (l—a), o0<g<1.
This problem occurs in several branches of applied statistics,
especially, in the analysis of variance and covariance of experiments
and regression analysis. The earliest nontrivial example of the simul-
taneous interval estimation of the kind to be discussed in this chapter,
occurs in the paper of Working and Hotelling_z~§§7, where they have
obtained a confidence bound for a regression line, which may be regarded
as a set of simultaneous confidence statements on all linear functions
cﬂBl + c2ﬁ2 (cl # O) of the regression parameters Bl and 52. Tukey
/59, 60/ and Scheffe /54, 55/ have given methods for the simul-
taneous interval estimation of, respectively, (g) pairwise contrasts

and all linear contrasts of the parameters gl, ga, seey gk .
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The earliest systematic investigation of the problem, however,
appears to be due to Roy and Bose [/ 51/. Examples of confidence in-
terval estimation can be found in, Roy and Bose / 517, Roy / 48/ ,
Dwass / 11/, Dunnet /97, Durand / 107, Hoel /197, Mandel /387 ,
Scheffe /[ 56/. Roy and Bose / 517 have shown that the problem can
be §§é§ge1xn&er the Tollowing circumstances:

Lemma: Roy and Bose / 517

Suppose that it is possible to find a set of functions

¢Y(Y: wY) ) vy € T

such that

f,v S o < u ’ v ¢ T (- %)

where My and Wy are constants independent of vy . For a given £

let
A LA A

be the set of points y in the sample space E, » for which (%) 1is

true. Let
g = ) B .
g ve T Y’g

It Eg is a Borel set for each § , and

Pr giy € Egl £ } = l-a O<ag<1 ,
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€ e 1 , then (.%-) are true with the same probability.

4.2 simultaneous Interval Estimation in the Univariate Analysis of

Variance.

Without any loss of generality we may confine ourselves to two-
factor design terminology.
h.,2.1 Univariate Model

Let y' = (yl, Yps eves yn), vhere Y2 ¥pr +ees ¥, aTe inde~
pendent, normally distributed random observables with common variance
02 and means E(yi), i=1,2, ees, n, given by

E(_3_r)=AI+X§ R

nxl nxv vl nxb bxl '

where

(i) A and X are matrices of known constants depending upon the
design of the experiment with rank (4) = r, rank (Agx) =T+ Q
r+q<n

(ii) T and B are vectors of ﬁnknown parameters. In the design
terminology the elements of T may be regarded as the v
treatment effects and the elements of B, the b block effects.

k.2,2 Univariate Estimation

The experimenter is, usually, interested in testing significance

of the treatment effects i.e. testing the hypothesis

H:T=72=...=7 = 0

and estimating some linear contrasts of the treatment effects.



Then 3' E is the best unbiased linear estimate of 5' T Iet s
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Suppose that the experimenter is, specially, interested in a parti-

cular set of contrasts

- t .
G‘\) - _c' I . E € A\’ % >

Av < A, A being the space of all real vectors

St = (cl, 02, toey cv) with
v 2 v
J=1 j=1

and the rank of 4 2 (v-1) .

Under these circumstances we can express the null hypothesis as

T = 0 . Let us consider the problem of testing

where
Hoc

Ho against

. | -1
H, : E,A [HO,E 7
-— v

where H":L denotes 'mot H'. Suppose that the 1's are estimable.
Let

t, = (tl’ te, [ XS tv)

a—

be the best unbiased linear estimate of the treatment effects

I’ = (Tl, XXEXY) Tv) .
2

C

o—

be the estimate of the variance of c¢' t, with n, degrees of freedom.

Then /[ c' (%t - 11;72/63 is distributed as the square of Student's t
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with ng degrees of freedom. We have, therefore, a test for Hoc

as.:

Accept if, and only if,

(c' 1) .

— < comstant = sa
SE = . “(V):a Y
c

i-e- [J.(v),a SE § E E § u(\)),a SE .
Thus by the union-intersection principle we accept Ho over

aOh CDA [u)a®e $ 22 S Mupale
- v

where p(v)’a is given by

Pr[A(v)] B 7 = 1-a .

It is easy to see that from this test procedure we get the following

set of simultaneous interval estimates for E' Ty, Ce€ Av :

A

1 - < ] ? e
{2 nyya% ST S trugy gt e A

with the simultaneous confidence coefficient 1 - « .

4.2,3 Applications

By considering different sets Av C A, we shall indicate how
some of the previous results in this field are particular cases of
this set-up, essentially, due to Roy and Bose /51 / .

(1) A, = b , the entire space.
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In this case we get the simultaneous interval estimates for all
the contrasts c¢' 1 , with a specified simultaneous confidence coeffi-
cient (1 - ). This is due to Scheffe’ [7sh, 55.7 , .. The
constant u(v),a is determined from the ﬁables of the distribution of
the variance ratio.

(ii) A, =8, > a set of (v-1) orthogonal vectors ¢ e A .

This gives us the simultaneous interval estimates for a set of
(v-1) orthogonal contrasts e' 7 ., The distribution problem, in this
case, has been solved by K. V. Remachandran / 457.

(111) 4, = b,  the set of (‘2’) vectors ¢ ¢ A , such that all ele-
ments of ¢ , except two, are zeras, the nonnull being i,j:%— .
2

In this case we get the simultaneous interval estimates for all the

pairwise contrasts (Ti - Tj) —L . The determination of constant

“2
p(v) o Uses distribution of the studentized range statistics. This
2

solution is due to Tukey / 597.

(iv) A, = bp , @& set of vectors (v-1) c e A, such that a fixed

element of c¢ 1is —l— » only one of the remaining is = 2 and
V- v

the rest are zero.

This gives us the simultaneous interval estimates of the pairwise
comparisons of the treatments with a control. The solution is due to

Dunnet / 97.
4.3 simultaneous ynterval Bstimetion in Multivariate Analysis of Variance

4.3.1 Multivariate Model
Again, with no loss of generality, we speak in terms of a two fac-

tor design model.
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Let Y be a matrix, with n p-dimensional random observables
PAEEERXY Xn as the columms. ILet -Zl’ 12’ cess Xn be independent
and distributed in a p~-variate normal distribution, with common posi-
tive definite variance-covarinace matrix X , and means Ecgi),

i = l’ 2, ceey Iy given by

E Y! = A T + X B ’
nxp nxv vxp nxb bxp

where i) A and X are two matrices with the same meaning as in the
univariate case.
ii) v and B are matrices whose v and b rows, respectively,
signify the treatment effects and the block effects.
Let Ei ) Ié’ ceay I% be the v rows of . Then we define a

contrast-vector, a multivariate analogue of contrast, as a vector

g7 ’
1xv vxp

where ¢ € A , the same space of real vectors ¢ as in the previous
section.
4.3.2 Multivariate Estimation

The experimenter, as before, is interested in testing the hypothesis

of no treatment effects i.e.

Ho: 11=I2=...=Iv=-9 ]
and making simultaneous confidence statements about the I's .
In this case it is possible to make simultaneous confidence interval

estimation of all the linear compounds, like

gt‘éé; CG'A, Ee&,
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vwhere ‘() 18 the space of all real, nonmull p-dimensional vectors
a' , of a contrast-vector ¢' v . See Roy and Bose / 51/ .
Again suppose that the experimenter is interested in a particular
set G\) of contrast-vectors specified by a set Av C dce A,
rank (A\)) i v-l . We can decompose the hypothesis of no treatment

effects as

0

where : c! a = 0
er HO,E,E hed T_ .

Now consider the problem of testing H o agalinst

i -1
B o= U U et 7,
ce A & el R

where H;} c, a denotes ‘'not B, «, o -

Suppose that the elements of T have for the maximum likelihood
estimates the corresponding element:ng a mtrix V . Also let S c
denote the covariance matrix of the estimate cV v:;g the contrast-—

vector ¢ ' v . Then the variance of the linear compound c 'y a 1is

é' Sc E *

- . -1
We have, then, a test for Ho, < 8 against Ho, c, a whose acceptance
region is ,
(c'va) ’ (v)
Ay g ? ————— < Comstant = pJ (say)
== at 5 a -

- £
Then, as before, by the union intersection principle we accept Ho

over
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A(V) = ﬂ ﬂ [Ac . 7
- €@ = =

(1
-
™~
Cann
o)
<
[1]
p—
A

P'((zv )}_7 )

which is known to be

=O _/_—TEEIJ&V)7:

(o]

vhere Ts is the Hotelling's Tg-statistic for testing c¢' v =0,

and p(v7 is determined by

(¢4

Pr [/ (1 { TS < ugf) }j H ] = 1-a , 0<a<1 .

ceAh
- v

Notice that, as before the acceptance region A(v) gives us a set

of simultaneous interval estimates, for all linear compounds of the

contrast vectors E' T, Ce¢ Av » namely

e psmrig v

i[s'VE-Jué")\/E' S.2 ScetraSetvarhBs a7

(¢}

i with the simultaneous confidence coefficient equal to 1 - ¢ .

4,3.3 Applications:

As in the univariate case we shall see that different subsets Av

of A yield different sets of simultaneous confidence interval estimates.

- (1)

A, = A
—

In this we get the simultaneous interval estimates for all the linear

compounds of all contrast vectors E’ T « The determination of the con-



88
stant uév) is done by using the distribution of the maximum charac-
teristic root. This is generalization of Scheffe's procedure to the
multivariate set-up.

(ii) Av = AO .
We get the simultaneous confidence interval estimates on all the

linear compounds of a set of orthogonal-contrast vectors.

(iii) A, = Ap .

We get the estimates on all the linear compounds of the set of

pairwise contrast vectors. The distribution problem is unsolved.

(iv) b, = b, .
We get the estimates on all the linear compounds of a set of compari-
sons with a contrel-contrast vector .

4.4 Comparison of yarious Bounds.

Now we shall state and prove a theorem concerning the nature of the
constants “(v) a and ugf) as functions from the class of subsets
2

Av of A to the positive real line.

Theorem: =- fﬁv) - and pé?) are monotone set functions from the class
Lo C s ;

of subsets Av of A to the positive real line.

Proof: We bhave to show that if A (C A , ‘then
v v

Moo = Hv'),a R0
uéy) < uéy')
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To see this we recall that “(v) o and pgy) are defined by
2
(c' 5)°

L o '
Pr.{EQA\,[—;‘E—— s “(v),a-] IHO§= 1-a

and Pr.% N [Tig (")711{}:1-0:

ce A

ow § (' 2)°
Nwi N = s Moty !Ho}

C € Av' ?E
implies o
ﬂ (E' _t') <- o)
S ST
if b, C by -
.- Pr’iceﬂls'[sz s “(v'),aj, Hoj
c

i

. (c? t)e
s Pr.% {) /_":'2‘:—<u(v)a7,H7§

This proves the result for the univariate case. The argument for péf)
is analogous.

This theorem provides us with the explanation of the sharpness of
the Dunnet bounds in comparison with the Tukey bounds and of the Tukey
bounds as compared with the Scheffe! bounds when all three sets of bounds
are obtained from the same data. The reason for the sharpness of the

geometrical width of bounds on a set of orthogonal contrasts in comparison
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with that of the Scheffe bounds is the same. It is easy to see
that these comparisons of the geometrical width extend to multi-
variate extensions of the various bounds. However we still have
no means of comparing the sharpness of bounds on two sets of con=
trasts when one of the sets is not contained in the other set, e.g.

the set of pairwise contrasts and the set of orthogonal contrasts.
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