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ABSTRACT

INGRID ANN AMARA. Strategies for Multivariate Randomization Analyses
and Applications to Health Sciences Data. (Under the direction
of GARY G. KOCH.)

A general problem of statistical interest is the-formulation of
tests for the hypothesis that one or more response variables are dis-
tributed at random with respect to a set of sub~populations (e.g.,
treatments) within one or more strata based upon control variables
(e.g., blocks, clinics, pretreatment status and/or demographic status).

More specifically, denotes the observed value for the j-th

A Ypi4e
reeponse variable for the £~-th subject in the i-th sub-population of the
h-th stratum where h = 1,2,...,4, 1 = 1,2,...,5, j = 1,2,...,d and
[ 1’2""’nhi' then this type of hypothesis can be expressed as}

Ho{ For each of the strata, h = 1,2,...,q, there is no relation-

ship between the response variables and the sub-populations in the sense

of equally likely realizations for the

q s
I {n '/ D '}
hei B gay B .
possible stratified and exhaustive, random partitions of the n, = b 04
. i:l
= LI ' i -
data vectors Yhis (yhill’ ’yhidz) for the subjects in the h-th
stratum into successive random samples of sizes = nhl’nhZ""’nhs for s
sub-populations.
From the finite population randomization model implied by Ho,

several different types of statistical tests can be formulated without

any external assumptions concerning underlying distributions. These



2
include univariate and multivariate rank analysis of variance statistics,
rank analysis of covariance statistics, Spearman rank correlation test
statistics, and contingency table chi-square test statistics. All of
these methods together with certain more general counterparts are die-
cussed in ferms of a common underlying methodology. This conceptual
framework is then uged as a gulde for the straightforward computation
of these types of non-parametric statistical tests via a standard set of
operations.

The randomization methods are appiiéd to health ‘sclences data such
as clinical trials for which patients are randomly assigned to treatment
groups and observational studies for which randomithion-can be viewed as
a hypothesis of interest. These examples illustrate multivariate and
covariate capabilities. In examples involving clinical trials, wgighted
least squares and/or maximum likelihood modeling précedures are used to
deseribe the variation across sub-populations and strata and to provide
predicted values whén such methods are applicable. Also, the assumptions
and capabilities of these latter methods are contrasted with those of

randomization methods.
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CHAPTER 1

INTRODUCTION AND REVIEW OF LITERATURE

1.1 Background

A general problem of statistic#l interest is the formulation of
tests for the hypothesis that one or more response variables are dis-
tributed at random with respect to a set-of subpopulations (e.g., treat-
ments) within one or more strata based upon control variables (e.g.,
blocks, clinics, pretreatment status and/or demographic status). Onme
useful approach to this problem is randomization hypothesis testing [see
Kempthorne (1955)], which involves formulating a sampling framework
within which one or more response varisbles are expected to vary randomly
when there is no association with the subpopulations. In clinical trials,
the randomization framework corresponds tolthe experimental design accord-
into to which patients are considered randomly assigned to subpopulations.
In.aituations where data are observed without the benefit Qf'an experi-
mental design, randoﬁization can be viewed as a hypothesis of interest
for contrasting a set of subpopulations after accounting for the associ-
ation between the response variables and the strata [see Koch, Gillings
and Stokes (19%0)}. Both of these frameworks are directed at a local
population corresponding to the specific set of sﬁbjects under study.

For this reason, these frameworks do mot directly involve assumptions
concerniﬁg underlying statistical distributions (e.g., normal, multi-

nomial, etc.) or stochastic processes. Moreover, the ramdomization



framework is analogous to finite population sampling in the sense that

the actual values of the response variables for the respective subjects

are considered fixed (under the hypothesis of no association) and their

assigned subpopulations are considered random.

Examples of randomization hypothesis testing applications are as

follows:

1'

2,

A multicenter clinical trial is undertaken to compare two
treatments. For this purpose, a set of appropriately quali-
fied clinics are invited to participate on a judgmental basis.
Within each clinic, patients are randomly assigned to two
treatments. Data pertaining to various aspects éf the medical
status of each patient are recorded both before treatment
(e.g., baseline) and at weekly visits dﬁring treatment. Here,
clinics comprise the strata (see section 2 of Chaptér viI).

An intracardiac conduction study is coﬁcerne¢ with the associ-
ation between atrial abnormality and conduction impedance of
premature beats initiated at specific levels of electrical
stimulus thresholds. Data pertaining to the relative change
in conduction time are obtained for multiple premature beats
which are stimulated at successively earlier points involv-
ing higher electrical thresholds wiﬁhin the cardiac eycle.
Here, the hypothesis corresponds to an assessment of whether
the partition of responses (median change irv conductidn time
relative to intervals of threshold change per patient) vary at
random between diagnostic groups (normal and abnormal) in the
sense of allocation of n, and n, patients from the combiped

sample (see Chapter III).




3. A nationwide clinical study with a historical control is
concerned with the association between treatment (antidote
versus supportive therapy) and hepatotoxicity in patients who
ingested a suicidal-intent overdose of a medical prbduct.

Data pertaining to liver function values of serum bilirubin,
SGOT ratio and proéhrombin time ratio are obtained over a 72-
houg periocd. A c;oss-classification of bloed to#icity
(moderate versus severe) and time of treatment (early versus
late) is used to define strata within which the partitioﬁ of
responses (maximum liver function values per patieﬁtj between
treatment éroups is viewed aé resulting from successive sets
.of random allocations of nhl and nh2 ?atients from ﬁhe combined
samples (nh} (see Chapter 6).

For univariate hypotheses of no association, Kruskal and Wallis
(1953) considered a nonparametric procedure which involved analysis of
variance computations on ranks. The Kruskal-Wallis statistic has an
approximate chi-square distribution in large samples; it can be computed
as the ratio of the among-groups sum of squares to the total sum of
squares. For the spécial case of two groups, the Kruskal-Wallis statistic
can be simplified to the procedures described by Mann and Whitney (1947)
and by Wilcoxon 51945). For stratified analyses involving one observa-
tion per treatment within strata, Friedman (1937) discussed a two-way
analysis of variance on ranks statistic. 4An extension to more than one
observation per treatment has been given by van Eiteren (1960). A wmulti-
variate extension of tﬁe Kruskal-Wallis statistic is discussed in Chatter-
jee and Sen (1966) and later in Puri and Sen {1971). Such statistics

can be viewed as equivalent to a parametric trace criterion MANOVA
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matrix and the inverse of the total sum of products matrix based on rank -

statistic with respect to the product of among groups sums of products

transformed data. Koch (1969) has applied the rank MANOVA methods in
analyseé concerning split plot experiments. A'@uftivariate extension of
the Friedman statistic is presented by Gerig (i969). Relatedly, a
covariance extension of the univariate rank analysis of variance proce-
dure is preseﬁted by Quade (1967). This procedure involves an analfsis
of variance on the residuals of a preceding regression which adjusts the
ranks of the response variable for the variation in ranks of the independ-
ent variable (covariablei in accordance with their correlation structure.
Puri and Sen (1969) discuss the generalization of.Quade's procedure and

provide both exact and asymptotic based randomization tests.

For categorical responses in the two group case, Cochran (1954) .
essentially presented the hypothesis of no average partial association
relative to sets of (2 x 2) tables for strata based on control varigbles.
Hopkins and Gross (1971) presented a. generalization of Cochran's proce-
dure for sets of (8 x r) tables by constructing the set of (;) pairwise
comparisons:within (r - 1) of the r levels of the response profile. Both
of these procedures assume an infinite population~based binomial model
for each table used in obtaining mean differences weighted across sets of
tables. Alterﬁatively, Mantel and Haenszel (1955) showed that for sets -
of (2 x ) tabléa, expected values and covariance for (r - 1) pivot
cells could be computed per table under the multiple hypergeometric
probability model for finite populations. This approach was appropriate
for small samples within the strata and was mot;vated by randomization
considerations. With a quadratic form test statistic based on the across .

table sums of {observed-expected} values and covariance quantities, the



asymptotic properties depend on the across table sample size; Koch and
Reinfurt (1974) applied an extension of the procedure to.sets of (s x 1)
tables involving (8 - 1) (r - 1) pivot cells. Mantel (1963) applied
scores to ordered response profiles and produced a mean score test
statistic. PFurthermore, he showed a score correlation-type test statis-
tic to be pertinent for the case of both ordered responses and orQered
subpopulations (e.g., factor levels).

Equivalency of thg generalized Mantel-Haenszel mean score and
correlation procedures to other categorical or nonparametric procedures
has been documented by several authors [Birch (1965), Landis, Heyman and

-chh (1980), Koch, Amara, Stokeg and Gillings (1980) and Koch and Bﬁépkar
(1982)). More specifically, the Mantel-Haenszel procedures can be applied
to anf scaling of the data such that specific scbring applications yiéld
equivalent results to other tests. These scores include actual values,
integer, binary, tapk, modified ridit  and logrank scalings discussed in
further detail in section 5 of Chapter II. For the me;n score case,
Cochran's Q test for matched proportions can be constructed for binary
responses and the restiictiona of one observation per subpopulation per
block. Furthermore, if the responses are ranks with ties assigned mid-
rank values, then this situation of one observation per subpopulation per
block produces the Friedman chi-square statistic. In this regard, for
rank scores, Cochran's Q test is the same as Frie&man's chi-square test.
McNemar's statistic for matched-pair samples is the two subpopulation
and single stratum case of Cochran's Q test. For correlation situations
in which both reapon;es and subpopulations are aaﬁigned rank scores with
mid-ranks assigned to ties, the generalized Mantel-Haenszel procedure

for the single stratum produces the Spearman rank correlation coefficient



test statistic. Relatedly, a return to the (8 = 1) (r - 1) degrees of
freedom test for contingency tables can be obtained via the multivariate
extension of the geperalized Mantel-Haenszel méan score procedure. The
multivariate response profiie corresponds to d'= (r - 1) binary responses
identifying the jth = 1,...,d category to which an observation belongs.

In the single st;atum case, the multivariate'mean score procedure pro-
duces the Pearson chi-square statistic for the hypothesis of no associ-
ations in the {8 x {d + 1]} contingency table except for a multiplicative
factor {n/[n - 11}. |

In view of these c&nsiderationé, the remﬁining sections present

specific details of randomization statistics relative to the previously
summarized background literature. More specifically, section 1.2 concerns
the contingency table framework for a single response variable and several
strata (tables); seétionwl;S deals with the multivariate framework for a
single stratum and data matrix structure; section 1.4 concerns the covari;
ance framework for a single response variable and a siggle strétum; sec-
tian 1.5 pertains to missing value strategies for multivariate response
profiles. Finally, sectiom 1.6 presents an outline of how the concepts

in the previous sections are encompassed in a general framework for
. single or multiple strata, univariate or multivariate response profiles
and direct or covariance adjusted test statistic& relative ﬁo'the set of

examples discussed extensively in Chapters III, IV, V, VI and VII.

1.2 Average Partial Assoclation for Sets of Contingency Tables

In this section, the technical aspects of randomization method~-
ology are summarized for a eingle categorical response variable with r
levels in a framework involving s subpopulations and q strata. The dis-

cussion is based upon the formulation of randomization methods for this




case, as reviewed in Landis, Heyman and Koch (1978) and the . computing
strategy available with the program PARCAT, documented in Landis,
Cooper, Kennedy and Roch (1979). Furthermore, the formulation can be
viewed.as encompassing both categorical and continuous dgta. For cate-
gorical data the response categories are the set of possible values for
the actual response observed; for the continuous case, the response
values correspond to mid-points of a set of small intervals. These
intervals are viewed as having been actually obaerved.in the sample
relative to the totality of all possible such intervals, even though
the latter is not apecifically identif;ed in the data strucfute. For
example, age in five year intervals is cétegorical while age as a con~
tinuous variable c;ﬁid be thought of as age in days, which is categorical
for the days actually cbserved. .

The Landis, Heyman and Koch (1978) presentation of the contingency
table framework, as it relates to the product multiple hypergeometric

distribution, is as follows:

" TABLE 1.1

OBSERVED CONTINGENCY TABLE FOR LEVEL h OF THE COVARIABLES

Response Variable Categories

Subpopulation 1 2 .es r Total
1 By Thi2 e Thir b1
2  tn21 "2 Thor 2.
8 . “hel " The2 Tt her hee

Total LY n., cos L L




Let h=1,2,...,q index a set of (s x r) contingency tables which corre- .

spond to distinct levels of a stratification variable or combination of
geveral such variables. Let 1 = 1,2,...,8 index a set of subpopulations
whichrare to be compared with respect‘to a particular response variable
for which the outcome categories are indexed by j = 1,2,...,r. Then,

let n = (nhll""’nhlr""’nhsl""’nhsr)’ where n denotes the number

hij
of subjects in the sample who are jointly classified as belonging to the

hth table, the ith subpopulation and the jth response category; These
frequency data, corresponding to the hth level of the covariable set,

can be summarized as shown in Table 1.1, where Nhi° denotes thé marginal :
total number of subjects classified as belonging to the ith suﬁpopuiation,
Nh-j denotes the marginal total number of subjects clagssified as belong-

ing to the jth response category, and Nh-- denotes_the.overall marginal

total sample size in the hth table.

The basic hypothesis under investigation involves the relationship
between the response variable and the subpopulatioms, adjusted for the
stratification framework. Under the assumption that the marginal totals
{Nhi'} and {Nh_j} are fixed, the overall null hypothesis of 'no partial
assoclation' can be stated as:

'Ho: For each of the separate levels of the stratification

h.= 1,2,...,q, the response variable is distributed at random
with respect to the subpopulations, i.e., the data in the
respective rows of the hth table can be regarded as a suc-
cessive set of simple random samples of sizes {Nhi-} from a

fixed population corresponding to the marginal total distri-

bution of the response variable {Nh-j}' :




On the basis of this hypothesis, it can be shown from stratified

gsampling arguments that the vector o follows the product multiple

hypergeometric distribution given by the prqbability model,

8 1 x T
''n !
Pr(nhlﬂo) = — (1.1)
N  nmn 1 !
her’ ga1 el “hij
Let P, ,, = (N ;.M ..) and P, | 3 = (N, Jl ye.) deoote the fixed marginal

proportions for the ith row (subpopulation) and the jth column (response

category), respectively. For h = 1,2,...,q tables, the set of fixed

marginal proportions can be expressed as Py, = (Phl_, P, ..) and
gh.* - (Ph.l’ " e ’Ph.r) -

1.2.1 Mean score test

The nature of the distribution for.data with response categories
j=1,2,...,r that are ordinally scaled with progressively larger inten-
sities can be summarized for each of the 1 = 1,2,...,8 subpopulations
in terms of a mea;.score. In particular, let aﬁ = (dhl,ahz,...,ahr) be
the vector of response category scores for the hth stratum (é;g.,

ranks); and then the mean score for the ith subpopulation in the hth

stratum (table) can be expressed as

r

¥, - ahjnhij .2)
ht TN 1-1 _

with the set of mean-acores for the hth stratum being
_h - (P b1’ h2""'F ). The hypothesis expectation of {Fhi} corresponds -

to the mean score on the column marginal proportions

r .
a = L P ; " (1.3)
7 g *h3 hey
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The total variance of the response variable in the overall population for
the hth stratum with respect to a can be expressed as
Tr l B
2 = -3 )2

Sg.n= I (ahj a,) L (1.4)

. jzl .

Thus, for i = 1,2,...,s subpopulations the weighted sum of the mean

scores across the g tables can be expressed as

q

F= £ N D F._, (1.5)
N .

where D, is a diagonal matrix with elements.of k on thé main diagonal.

The corresponding hypothesis expectation and variance are givén by:

q -
E{E[H }= I N, 3P, (1.6)
h=1
3 2 ' 2 i ' '
Var{F[H } = hil 2, /v, - 1]}53,h {9ph*. = P Pra.t (1.7)

The generalized mean score Mantel-Haenszel statistic can be expressed

in its quadratic form as:

thy ) |"1 o
QMS_== [F - g{g|u0}] c {§[V§r{§|HO}E ¥ cIF - g{glﬁo}l} , (1.8)

where 9 = I{ s-l)’.- %(5_1)} defines the (s - 1) space of contrasts
among the weighted mean score sums f, }k denotes an identity matrix of
rank (k) and } denotes a column vector of (k) 1's. This test statistic
is directed at location shift alternatives which correspond to the
extent to which the mean scores for certain subpopulations consistently
exceed (or are exceeded by) thé mean scores for other subpopulations
across the respective tables in an ;average partial association' sense.
Under Hos Qu asymptotically has the chi-square distribution with

d.f. = (8 - 1}). For the case where all scores are either 0 or 1 and
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5= 2,
4 I T T T B U
Q = (I (o, - BB g 2, (1.9)
hﬂl ho- hal h-- h.-

which 1s identical (except for the lack of a continuity correction) to
the statistic recommended in Mantél and Haenszel (1959). For the case
where all scores are marginal rank or ridit-type (i.e., ranks divided by
sample size) within each stratum (table) with midranks assigned to ties,
Qs in (1.8) can be viewed as equivalent to a partial Krgskal—Wallis
ANOVA test on ranks, adjusted for the levels of the stratifica;ion set.
In particular, if the tabies are restrictéd to one subject per row and
nﬁne of the responses are tied within a table, then with rank scores for
s subjects per block such that Nh = g for each éf q blocks, Stanish

(1978) showed;

[

S
Qus = (12/as(s + 1)} £ {F, - [q{s + 1)/21}%2 , (1.10)
i=1 .

which is Friedman's statistic [see Birch (1965) and Stanish (1978) for
further details].

1.2.2 Correlation test

The nature of association for data with response cateéories
j=1,2,...,r and subpopulation categories 1 = 1,2,...,8 which are both
ordinally scaled with progreésively larger intensities, often can be
assessed in teriis of a composite mean score formulated as the sum of the
(s) () gell_score products, ahjcginhij’ based on the response scores
?A = (ahl,ahz....,ahr) and the subpopulation scores Eﬁ = (chl’ché""’chs)
for h = 1,2;...,q tables. 1In this gituation, the randomization hypothesis
can be concerned with the extent of association between .the response

scores and the subpopulation scores in the respective tables. More
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specifically, the generalized correlation Mantel-Haenszel statistic can
be written as the ratio of the squared weighted sum of the score covari-

ance to the weighted sum of the score variance product,

q q
- 2 e - 2 Q2
O {hilnh_ 1sac’h}2/{h§1mh“/(uh_. 1)1sa’hsc,h}, (1.11)
where
8 r - - .
Sach ™ L 50 T Cnt T W Pngy e (1.12)
2 r 232 3 z | '
Sa,h - I (ah.‘l - ah) Ph‘j’ a = L a.thh.j . {1.13)
1=1 3=l |
and
2 . FR Y- - :
8 = I ( - ¢ )P .. = I P.. - T (1.14)
eh T2 T W et 0T “hahe

Under Ho’ QMA asymptotically has the chi-square distribution with

d.f. = 1. This test statistic is directed at assessing the exteat to
which there is consistent positive (or negative) association between

the response scores and the subpopulation scores across the respective
tables in an 'average partial association' sense. For the case where
all the scores are either 0 or 1, QMA simplifies to the (2 x 2) case

of the‘QMs statistic in (1.9). For the case where all the scores are
marginal rank or ridit-type scores with midranks assigned for ties, the
QMA statistic is essentially equivalent to a part;al Spearman Rank

Correlation test adjusted for the levels of the gtratification set.

1.3 One-Way Multivariate Analysis of Variance

In this section, the technical aspects of randomization method-

oiogy are summarized for j = 1,2,...,d response variables in a framework

+
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iovolving 1 = 1,2,...,8 subpopulations within a single stratum. The
discussion is based upon the forpulation of randomlization methods for
the mean score test as reviewed in Koch and Bhapkar (1980) and ﬁhe
computing strategy available with the SAS macro GRMM, documented in
Amara and Koch (1980). By expressing the data as a mean vector of
responses per subpopulation, the formulation can be viewed as encom
passing both categorical and continuous data in the same sense as
discussed in section 1.2.

The randomization framework and hypothesis of no assoclation is
presented in Amara and Kéch (1980).. It is expressed in terms of (d x 1)
vectors 31’22""'¥n for d non-redundant response variables fdr the
subjects in some finite population of size n. Let i - 1,2,...,8 index
a set of subpopulatioﬁa for which the relationship to fhe d response
.variables is to be investigated. Let LR SRR denote the correspond-
ing numbers of subjects so that g n, = o If the subpopulations are

i=1 .
homogeneous in the sense of equivalence to random allocation, then. the

distribution of éhe'{gz} among them 1s compatible with the hypothesis of
no associatiom:
Bo: There is no relafionahip between subpopulations and

responses-in the gsense of equally likely realizations

for the (a!/ ; nil) possible exhaustive, random partitiqns

of ﬁhe n datiﬂiectorg {gm} into éuccessiye random samples

of sizes ﬁi,nz,...ns for'the s subpopulations.

Under the nuli ﬁypotheais, the expected values {;3} of the sub-

populaticn means“j;ij} and the covariance structure Yf can be formulated

along the lines given for the contingency table case In section 1.2.1.

The resulting randomization statistic has the form,
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Qpes = o - 1)/“}181“ (yi i)'Y-l(S’:i -y

- {(a - D/aHexs Y DY, (1.15)

where §a is the among subpopulation sums of products matrix and Y is the
assumed non-singular total variance—covariahce matrix and tr is the
trace matrix operator. Under Ho’ QHMS asymptotically has the.chi—scuare
distribution with d f. = d(s - 1). Foc the case of normally distributed
data, QMMé corresponds to the Pillai's trace criterion for which exact
tables are available for small sampies in Pillai (1960). For rank
transformed responses, the trace criterion is‘the multivariate'extension
of the Kruskal-Wallis analysis of variance statistic d;scussed in
Chatterjee and Sen (1966) and Puri and Sen (1971). |
Suppose that the multivariate response profile corresponds to

j=1,2,...,4 binary indicators for a (d + 1) = rileve; univariate cate-
gorical response. More specifically, in the raw data format, an observa-
tion in the conceptualized (s x r) table for eubpopulations versus
response levels would have a response profile with zeroes for (d - 1)

varisbles and with a one for the jth variable if the response had the
jth value, or all zerces if the response had the (d + 1) = rth value.
The Qe statistic is equivalent to the Pearson chi-square statistic
except for a muitiplicative factor {(n - .1)/n}. Additionally, for this
situatioo, auopose that there is a set of scores, e‘ -'{al,az,...,cd}.
which correspond to the values of the categories for the response; then
their -product, a Yy = aijﬁ’ is the actual value of the observation's
response level. The corresponding univariate analysis of ‘variance
raodomization statistic is the mean score statistic, QMS’ in section

1.2.1 with d.f. = (s - 1).
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Other specific details of the expected value and covariance struc-
ture as well as the nature of the multivariate test statistic are given

in Chapter II relative to the stratified sample case.

1.4 One-Way Analysis of Covariance

In this section, some aspects of randcmizatidg méthodplogy a?e
sumparized for one response variable and one or more covariables in a
framework involving 1 = 1,2,...,8 subpopulations within a single stratum.
The discussion is based upon the formulation of randomization methods
for covariance adjustment as presented by Quade (1967) for the case of
rank transformed data. |

Let {Yiz’xil} represent a bivariate set of values regarding a
- regponse varlable, y, and a corresponding concomitant variable, x for
L= 1,2,...,1:i subjects in {= 1,2,...,8 subpopulations. Furthermore,
assume that the distribution of {xig} is random with respect to its allo-
cation across sthopulations in the sense of resulting from a set of
simple random samples without replacement of sizes {“1’u2""’ns} from

the pooled sample L ng = n values. In this situationm, the pooled
i=1
sample can be used ;o'determine a relationship through which {Yil} can

be predicted from {xig}. Residual scores can be formulated as the
difference between observed and predicted values of {y .} such that the
scores are negative for observed values smaller than the predicted values
and positive for valﬁes larger. Under the nuli hypothesis that the
distribution of {yiﬁ} 18 random with respect to the subpopulations, the
residual acotea‘;ill be randomly distributed across subpopulations; 1i.e.,
they are comparable to a set of simple random-samples without replace-

A 8

ment of sizes {n,,n,,...,0_} from the pooled sample I =n, =0 values.
1’72 8 {=1 i
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The alternativesto this hypothesis correspond to tendencies for one or
more subpopulations to have more negative (or positive) residual scores
than other subpopulations. .Quade suggests comparing the subpopulations
by performing an ordinary one-way analysis of variance on the residual
scores.

For the particular case of ranks, Quade requires that each variate
be measured on at least an ordinal scale; continuity is not required and
even a dichotomy is permitted as an extreme case. Quade defines a rank
corrected for the mean as being {Riz - {n + 1)/2}, using averagé ranks
in the case of tieé and (for definiteness) rapks frpm the Smaliest first.
Quade uses the ordinary variance ratio criteriqn"based on the aﬁpng sub-
populations mean squares to within subpopuiatién mean squares; this
criterion asymptotically has an F distribution with (s -1, n - 8)
degrees of freedom. With residual scores, correc;ion for the ﬁean is
avoided since the scores sum to 2ero. |

Quade suggests that the formulation of residuals can be based on
models with more than one covariate. Furthermore, a multivariate response
profile of residual scores can be constructed by éuccessive concatenation
of residual score vectors assoclated with unigﬁr;ate regression models.
With QMS in section 1.2 or QMMS in section 1.3 as an alternative to the-
variance ratio used by Quade, the analysis of variance on the residual
scores of rank-type data can be viewed as a covarigte-adjusted kruskal—
Wallis test statistic and a covarlate-adjusted multivariate Kruskal-
Wallis statistic, respectively.

Other.details of the expeéted value and covariance structure as
well as the nature of the covariance-adjusted test statigstic are given

in Chapter II relative to the stratified sample case.
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1.5 Incomplete Data

For multivariate response profiles, an incomplete data problem
frequently occurs in the sense that some observational units may be
missing one or more of the responses. An alternative tc deleting
response variables that have missing data or to deleting observational
units with missing data involves estimating the missing values. In the
situation where the multivariate dimension is a result of having repeated
measurements in contrast to multiple varlables, estimates can be deter-
mined on an observational unit basis. In particular, the estimated
value might be either a central value or an interpolated value‘of
neighboring data as in the case of improvement scales relative to suc-
cessive visits. A more general method useful to both repeated measure-
ments and multiple variables involves an assignment of the expected
value, e.g. stratum mean. Beale and Little-(1975), proposed a regression
on the variables which are observed in each data vector.

A dilemma in estimating values is that subsequént statistical
procedures usually are blind to the natufe of the individual data value,
be it observed or estimated. In particular, both the means and the
variance structure can be sensitive to the estimation procedure-and the
inflated sample size; Addressing this problem, John and Preséott (1975)
describe a method of covariance adjustment of responses for the pattern
of missing data identified by a set of missing data indicator variables
representing the Sbse;ved status of each value in the "completed" data
array. Stanish, Gillings and Koch (1978)‘show that Githin the context
of functional asymptotic regression methodology, means and variances for
ratio estimates basédfon missing value indicators depend only on the

observed data. A similar approach for randomization statistics is



18

pfesented in Chapter 1I. For this purpose, the following discuésion
pertains to the case of the ratio estimator presented by Stanish,
Gillings, and Koch (1978).

Let Z' - (yl,yz,...,yr) represent a multivariate respomse vector <
obtained for n observations where some data arelmiSsing. Let

u' = (ul,uz,...,ur) represent a multivariate vector of binary indicators -

~
1

relative to the missing or observed status of the corresponding response
variable. A necessary assumption is that uj is independent of the actual

value of yj for j = 1,2,...,r.

*

With 1.1:l assuming the value ~one if the jth response variable is

observed and the value zero otherwiae, the product fj = y.u, has the

3%

value yj if the data 1s observed and zero otherwise. Furthermore, the

mean of the jth response variable is simply the ratio estimator - . i
R-EflEu =f /u , : (1.16) -
P T e LR Rt I

the mean of the observed data. In accordance with the functional asymp-
totic regression methodology, if the pertinent random variables are

included in one vector g' = (fl,fz,...,fr, ul,ﬁz,...,ur) for each obser-
vation, then the multivariate ratio estimator of the multivariate means

can be expressed as

R= efb{é lgge(g)}, (1.17)

-

vwhere g 18 the across subject sample mean vector of gs lgge (9).trans-

forms each elemenﬁ of a to its natural logarithm, é = [}r - Ef] subtracts

loge Gj from loge ?j and exp (g) transforms each-eiement of a to its
antilogarithm. The covariance matrix of I} is a multiplicative computa- .

tion based on the ratio construction. More specifically
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' .
YR Ré lngg é Do (1.18)

~

where Da is a diagonal matrix with elements of a on the main diagonal.

The specific elements of variance, V., depend only on the observed data.

More apecifically,

- (22 b 2
Var(Rj) (‘_1) gil(fif- 3 j!.) /n?
3
« I (y,, -R)®n2 . (1.19)
oba(3) ie h M | .
COV(Rj,Rj.) - L (yjf- = Rj(yj'f- = Rju)lnjnjl

“obs(331")

{n?,,/n nj.}v (1.20)

133 jj'

where vjj' denotes the conditional covariance between the jth and j'th
ratio estimates, based on the njj' observations which have data present
for both responses. With this structure, the results of the subsequent
analysis are invariant to whatever constant value might be assigned to

nissing dats.

1.6 Research Effort

The objective of this dissertation is t§ demonstrate the applica-
tion of randomization ﬁethoda as a broad and flexible claés of non-
parametric procedures to a variety of health sciences applications involv-
ing multivariate responses; covariate and atratified samples. Thus
this literature review has focused on the randomized allocation of a
fixed populaﬁion.éﬁh the performance of the test -statistics under the

null hypothesis of no relationships. There already exists a vast
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literature pertaining to the properties of nonparametric procedures for
glven random sampling a#sumptions from general families of distribu-
tions; see such references as Gibbons (1971, 1976),'Hollahder and Wolfe
(1973),.and Lehmann (1975). This research addresses the use of compa-

"rable forms of statistics pertaining to nonparametric rank methods,
categorical methods and parametric methods performed on rank transformed
data.

The evolution of the concept of no assoclation has been reviewed
in the context of the contingency table setting. The correéponding
analysis of variance and‘qorrelation statistics have_been shown to be
a special case of armore general raw-data form of ?an&omization statis-
tics. Thus, the more general formulation provides the extension of
categorical techniques to include covariance adjustment; Alternativel},
thé raw-data form of randomization statistics provides the 5a§is for
computiﬁg multivariate and covariate partial associatidnrextensions of
con;inuous nonparame;ric statistics. These include Kruskal—Wallis
analysis of variance on rank scores, and Spearman rank correlatiom.
"Furthermore.whlen scores correspond to modified ridits'formuléted as a
standardized rank (i.e., rank divided ﬁy (n + 1)), the partial associ-
ation randomlization statistic in the raw-data settiﬁg cortespouds.td a
_stratified, combined rank statistic discussed by van Elteren k1960) and
Lehmann (1975). Finally, when scores correspond to logranks, the
randomization statistics correspond to the nonparametric test procedures
proposed by Mantel (1966) for survival data comparisons. As airesult
of the genéral formulation, these statistics in turm are extended to the

categorical case.
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The statistical theory of the general formulation for the mean
score test statistics is presented in Chapter II relative to scores,
atratification, covariance adjustment, multivariate response profiles
and incomplete multivariate response profiles. Because other methods
such as weighted least squares and maximum likelihood logistic models:
are also discussed in the examples, brief descriptions of these tech-
niques are given in the latter sections of Chapter 1I.

The general application of randomization methodology is discussed
in Chapter 1II relative to two examples. The first example is an unbal-
anced repeated measuremeﬁta experiment concerned with intracardiac con-
duction impedance relative to two diagnostic groups of patients in a
single stratum with a small sample of 17 patients. A strategy is pre-
gented for summarizing the complex mul?ivariate response profile into
an univariate score defined at both an experimental condition level and
a more general level. The second example is a clinical trial assessing
drug efficacy for chfonic joint pain. The percent of patients with
little or no pain is contrasted between the two treétment groups, active
drug and placebo, for a response variable with adjustment for the con-
comitant age distribution. Also, strategies concerning stratification
and cov;riance adjustment are presented in ccorﬁination with weighted
least squares and animum likelihobd procedures.

Chapter IV is ﬁoncerned with multivariate response profiles rela-
tive to a multi-centér clinical trial within which four subpopulations
are defined for the combined levels of two drugs. Patient response is
monitored hourly. Strategies for the multivariate data are presented
within a stratification system for clinics and initial coudi;ion staius.

Additional analyses are performed using weighted least squares.
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Chapfér V pertains to the application of stratification techniques
in a cumulative analysis of ten ordered strata. Average partial associ-
ation statistics used in this analysis include the generalized randomized
block chi-square statistic, the average standard normal statistic and
the Fisher combined p-value statistic discussed in section 3.1 of
Chapter II for the two subpopulation-case. The data for this example
afe from a serie: of double blind,-péraliel group randomized clinical
frials employing six centers to explore the efficacy of an investiga-
tional treatment for depression in comparison with a plaéebo control
treatment and an active éontrol treatment.

Ahalytical aspects of a nationwide observational study with a
historical control are presented in Chapter VI. A strategy is presented
for defining the randomization framework wherein an antidote subpopula-
tion is derived from one study and a supportive therapy subﬁopulation
from the other study. Multivariate data are viewed in both their:con~
tinuous form and their categorical form. The use of different scores is
explored in the univariate case.

Special applications of randomization‘statistics are presented in
Chapter VII relative to an incomplete design exampie'and an incomplete
data example. The incomplete design involves multiple strata having‘
two to four subpopulations eachi. The incomplete data example involves
clinic data collected over three comsecutive clinic visits relative to
patiént response to two treatments, active drug or placebo. Different
clinics, composing separate strata, have different missing value patterns

across the three visits. A supportive analysis using a weighted least

squares based ratio estimator procedure is also presented.




Chapter VIII concludes this dissertation with a summary of the
randomization methodology presented and suggested strategiles for future

research.
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CHAPTER II
MEAN SCORE RANDOMIZATION TEST STATISTICS

The concept of no association regarding the partition of scores
among subpopulations has been applied to mean scores from both a con-
tingency table test approach and a noﬁparametric test afproach, see
Chapter I. With mean score functions, the Landis, Heyman and Koch
(1978) foryulations in the contingency table setting can be rewritten
in a more general raw-data form. As a result, the‘more'general raw-data
formulation of mean score randomization test statistics yields a family
of analysis of variance statistics. More specifically, for data with
categorical scores reiating to a contingency table framework, this
general raw-data formulation can be equivalent to tests such as Pear-
son's test for r x c tables and Mantel-Haenszel's test for sets of s Xr
tables. With rank-type scores, tests can include Quade's rank analysils
of covariance, Friedman's randomized block analysis and Kruskal-Wallis'
k-sample analysis of variance. Secti&n 2.1 presents this raw-data
formulation for the multivariate response profile case without stratifi-
cation. For the single contingency table case, the resulting MANOVA
rvandamization gstatistic 1s equivalent to Pearson's chi-square test
statistic for an (s x r) contingency table with (s - 1)(r - 1) degrees
of freedom. For rank-type scores, the resulting MANOVA randomization
statistic is equivalent to the multivariate Kruskal-Wallis test statis-
tic for‘d responses and 8 subpopulations with d(s - 1) degrees of

freedom.

KD
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Section 2.2 presents the raw-data formulation for covariance
adjustment in the single stratum case. In particular, covarlance
adjustment 1s shown to be a partitioning of the multivariate statistic
in Section 2.1 into two components: the covariate(s) statistic and the
covariate-adjusted response(s) statistic. For rank-type sco?es. the
covariate-adjusted mean score randomization statistic gives equivalent
reaulté.to Quade's (19675 rank analysis of covariance statistic. For
categorical data, the covariate-adjusted mean score randomization
statistic provides an extension to categorical techniques to include
covariance adjustment 1; the single table.

Section 2.3 concludes the preseﬁtation of the generalized raw-
data formulation with the stratified extension of the mean score test
statistic and its covqriance adjustment. For categorical data,.the
two-way analysis of variance randomization statistic is the generalized
Mantel-Haenszel statistic discussed in Landis, Heyman énd Koch (1978).
For rank-type scores, the statistic can be viewed &s a generalized
Friedman statistic. With modif;e& riditas, the statistic ylelds van
Elteran's stra:ifigd combined rank statistic. With logrank scores,
the statistic is equivalent to the nonparametric test procedure pro-
posed by Mantel (1966) for survival data comparisons. With covariance
adjustment and multivariate profiles, the across-strata mean score
randomization statistic represents the eovariance and multivariate
extensions of Ehgse test stétistics. Furthermore, with the application
of rank-type scores to categorical data, the across-strata mean score
randomization statistic provides categorical counterparts to non-

parametric statistics.
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The remaining secticns include Section 2.4 which demonstrates the
use of binary covariates as a missing data strategy, and Section 2.5 .
which is concerned with specific types of scores used in thias disserta-
tion. The atatistical methodology in Section 2.1 through 2.5 is applied
in Chapters III, 1V, V, VT and VII through the use of a SAS macro GRMM
documented in Amara and Koch (1980).

Finally, Sectioné 2.6 and 2.7 briefly review aspects of weighted
least squares and maximum 1ikelihood‘logist;c models which appea% in
the examples as supportive analyses.

To facilitate the ‘discussion 1in Sections 2.1 and 2.2, it is
-assumed that the data are non—radundant such that the overall variance—
covariance matrix is non-singular. In Section 2. 3, the across-strata
covariance matrix is a summation of the overall-variance—covariance

matrices which can involve stratum matrices that might be singular.

2.1 Multivariate Analysis of Variance

The randomization framework and'hypothesis-of no asséciation is
presented in Amﬁta and Koch (1980). It is expressed in terms of (d x 1)
Qectors !1’22""'Zn for § = 1,2,...,d response varidbles for the
subjects in some finite population of siz; n. Let 1 =1,2,...,8 index a
‘set of subpopulations for which the relationship to the‘d response
vari#bles is to be investigated. Let nl,nz,...,ns denote the cor-
responding nunbéré 6f subjecté so that ‘E n; = n. If the subpopulations
ére homogeneous in the sense of equivaI:;ie to random allocation, then

the distribution of the responses among them is compatible with the

hypothesia of no association:
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H : There is no relationship between subpopulations and
responses in the sense of equally likely realizations
for the (ﬁ!l : nil) possible exhaustive, random partitioms
of the n dati-iesponse vectors into successive random-
samples of sizes nl,nz,...,ns for the 8 subpopulations. .

In accordance with finite population randomization, the j-th response

of the %-th subject in the i-th subpopulation has the expected value

8 ni
Ely, B} =2 I y,ln - ¥, (2.1.1)
13% 1=1 g1 132 . :

the mean of the j -th reaponse in the pooled sample. If y = {yj}
- (YI’YZ"" ) denotes the pooled sample mean vector, then the
covariance structure of the multivariate responses in the pooled sample

can be expressed as

8 i
Coviy, g o¥gqrglB Y = L2 Ly, - )Tty = ¥y)H/n
119. 13'2 (=1 ge1 132 3743 3
- V

(2.1.2)

Let ?i - {;ij} - {§1l'§12""'§1d} denote the oyaefved mean vector
of the 1-th subpopulation for 1 = 1,2,...,8. In accordance with finite
population randomization, the expected value vector of ii 13.the pooled
sample mean vector i.. Since the ii are linear functions of the data
vectors with the same expected value vecfor, its covariance structure

can be summarized as
Coviy, ¥, [B} = {V/(n- D H (s gring - (2.1.3)

vhere 611. =] 4f 1 -‘1' and 611. =0 41f 1 #1'. The vectors ?i have

approximate multivariate no;mal distributions with expected value

structure y and covariance structure (2.1.3), see Puri and Sen (1971).
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With moderately large samples (e.g.» n, > 20), chi-square test statis-
tics for ﬁhe null hypothesis of randomization can be constructed via
quadratic forms in linear functions among the E;.

‘Let F denote a composite subpopulation vector,

gl‘ - {;11,.-.,§1d,o¢-,;ij’--.,§51,--o,;sd} (2,1.4)

From the results for ;i, the expected value and covariance structure can

be expressed in matrix notation as

- | v M
g{gluq} . {Yl""’yd}'®3‘a (2.1.5)
- - -1 - '

Var{F{H } = {V/(a - D}I@ 0" - 11} (2.1.6)
where 18 denotes an (s x 1) veéﬁor of 1's, D, denotes a diagonal matrix
with elements of_the vector )

o 1 .
''= - = .es .1.
? {P1|P2:° ’PS} ;{nl’nZ’ ’nﬂ} (2.1 1))

. on.the main diagonal, and (X) denotes left Kromecker product multipli-

cation.

The variation among the subpopulations can be expressed as linear

funetions
Fl - -8 _
F - F
~{s-1) .8
L _ o

where Id denotes a (d x d) identity matrix and

€= ) » e-1)] (2.1.9)
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denotes the contrast basis. From the results for F, the expected value
and covariance structure can be expressed as

E{G|H } =
.~ 0

%@ (s-1) : (2.1.10)

v§r{§|u°} = {V/(a - DI@IC 13;1 c'} ©- (2.1.11)

Thus, the randomization test statistic can be expresséd in its quadratic

form

Qs = 6 (Var{Gla 317t g | (2.1.12)

where MMS denotes multivariate mean scores. This stgtistic, with

moderate sample size, asymptotically has a chi-square distribution with
degrees of freedom d(s -~ 1). Asﬁects of the asymptotic distribution of
QMMS are discusse@ in Puri and Sen (1969).

The statistic QMMS can be written in terms of F.

' -1
Qs = S arisla ™6

, “1.,.-1
= (- DFL @0 VEC B¢ (I, O0F

= (n- 1F [v'1®c'{c n;1 C'}CIF. : (2.1.13)

On applying the matrix identity lemma in Koch (1969b), it follows that

.= - 4 -1 - '
Qpes = (0 - DF'IV " @{p, - 2 P'HIF
'8 _1“ s .1 8
s(n-1{PFV F, -(LPFI'V [E PFIL
i=1 1.4 1 i=1 117 « 1=1 1.1
However,
8

S
T P,F,={I aPFl/n=y.
j=1 1-1 {=1 ili .



p,F' ¥ lF - y'vy}

- .

(n-1){ E
i-l

@D p,G, - DTG, - P
LI

8
(n-1) tx{ Elpi(}-f1 - ;)(;1 - ;)'V-l}
1= - T T

-~

where i
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{(n-D)}ex{s, v'1) | (2.1.14)

-] : .

VA 5 S T -
1é the among subpopulations sums‘of cross-products matrix. Ia other
words, QMMS can be interpreted as a one-way multivariate analysis of
variance statistic based on the multivariate trace criterion applied
1 .

to SFY

2.2 Multivariate Analysis of Covariance

For 1 = 1,2,..},3 subpopulations with 2 = 1‘,2,...,:1:L subjects,

let ii and %i_denote subpopulation mean vectors of j = 1,2,...,d
responses and.k = 1,2,...,t covariables respectively. With moderate
sample size (ni > 20}, the mean vectors ?1 and %i have approximately
a joint multivariate normal distribution. If ;il = E'iil represents
a univariate function of the multivariate response profile for the
%-th subject in the i-th éubpopulation, it follows from Section 2.1

that ;i - a‘?i snd x, have approximately a joint multivariate normal

distribution with the expected value and covariance structure

E Bi1%40 '1 s %4 2121
3 |a } = E{—— X lu}== & I -
~ (% By ogm1iZig] @ P g1 =1(Fip

(|

{2.2.1)
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- - n - ' '
z z 8 1l(z,, ~2) nd - n
i 1 Si8 - - i1’ i
covi{=t|,|=* fla =0 £ |/ " _= |z, -2),(x, - D" IHTTZ T
N LU N =1 %=1 (§i£ f) 1% it § A ni(n -1
- -
v ! 5
zZZ .Xx2Z n - n
T i1’ i
_ { ni(n - 1)} (2.2.2)
v v
~XZ .EX
S
vhere §,,, =1 if {1 = 4' and §,,, =0 1f 1 $ 1'. The multivariate
analysis of variance statistic can be expreséed as
s e -
Q(z,x) = {(a-1)/n}{ I ni(z, -2),(x,~ x}'] i - -1}
- =1 i -1 - v (x, - x)
- -XZ XX © wl -
(2.2.3)

* Qors
which has an approximate chi-square distribution with degrees of freedom
(1 + t){(s - 1) under the joint randomization hypothesis. The-statistic
. Q{z,x) can be partitioned (under the hypothesis) into two independent

components,

Q(Z.f) - Q(f) + {Q(Z.g) - Q(f)}

~ =am +atzlm o (2.2.4)
where Q(x), which has the form,

8
Q) = (= D/ak T o (G - DG - D) @29

1
is the multivariate criterion for testing the randomization hypothesis
for the covariablea; If-the randomization hypothesis for the covariables
is true, (which 1s'usually the case when :hé values of the covariables

are available prior to randomization), the univariate statistic Q(z|x)
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can be interpreted as a covariance-adjusted test statistic. As will be
shown next, Q(z,x) represents total vafiarion, Q(x) represents lack of
' fit and Q{z|x) represents variation explained by the regression model
for among subpopulation variation of the Ei given no variation among
the %1.

Let F be the composite vector of subpopulation mean vectors
¥, = {z ,% }. The elements of F can be rearranged into variable vectors

~1 1

of s subpopulations
F* = AO F

where Ao is a permutation matrix operator. It follows that

G = IC@I(14¢)l2F

= > ".- —T
z, . z,
z(s-l) 2g
X1 - X1
L-x(s-l)t - %, (2.2.6)

denotes the multivariate subpopulation mean vector contrasts presented

in Section 2.1 for (1 + t) variates. For this case,

E(GIH,} = 0(14t) (s-1) B . 22D

var{ca } = {c ppiC'} ® (V- DL - (2.2.8)

A linear model of interest is directed at subpopulation contrésts-of the
response z while describing the variation of t covariables as being at
random in the sense of a simple random sample partition of the pooled

sample among the subpopulations. The corresponding model with regard to

-
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the subpopulation contrasts can be expressed as:

= = 1 R
EGIH) = KB = [Teg 1y O(s-1)x0)} B (2.2.9)
zl - zs 1 0 1 0 Bl
z2 - z8 | 0 l. . 0 Bz
Z(g-1) S L LB(s-l) .
xl1 - xsl 0 0 . 0
Lf(s_l)t - xat 0 0 . 0

The B is a ({(s - 1) x 1) vector of parameters which reflect an
adjustment of the observed G in accordance with the randomization
constraint on x. Thus, the randomization hypothesis concerning the

covariance adjusted response z can be represented as

O,zlx : 9 = {0, ‘ (2-2-10)

For this purpose, weighted least squarés methods can Pé pséd to fit the
model and produce egtimates, E, for ? of the-naturé |
b= {K' [Vfr(glﬂo)l_ll_(}_llf‘ [Vgi((_;lno)].'lg (2.2.11)
for which the covariance matrix is
var{blu } = (X' [Ve_::((_;luo)l'lnf}'l . (2.2.12)
An appropriate test‘statistic for the weighted least squares parameter

estimates is

Q(b) = E'lvgr(glﬂé)]-lg. (2.2.13)
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Moreover, from weighted regression theory it follows that Q(b) = Q(z|x)

where Q(zlx) is the univariate reduction statistic defined in (2.2.4)

and correspondingly has an asymptotic chi~square distribution with

degrees of freedom (s - 1).

The weighted least squares estimates, b, can also be expressed in

terms of ‘the subpopulation: means. For this purpose, let

G = I,y ®C |27 |77

8
X1 [*u1 %a1
el P1e st
1%s %(g~1) Zg
Xg1 X (s-1}1 A xsl
Lxst X(s-1)t at
and
ﬁar{cln } = —*-L—'{v@c p-lc'}
- ~ O (n-1) .. p - T
Recall,
b = {K'IVar(cino)J'lx}'l K'[Var(clno)l‘lc
and

Var(blﬁo) = {K' [Var(GlHo)]-lK}-l _

where K for this permutation of subpopulation means can be expresse

K ={|}
T ~(t)

0 E(s—l)}

(2.2.14)

(2.2.15)

d as

(2.2.16)
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By substituting the above eipressions regarding G and K, it follows

that =
. Z

b= (n-1){v5r(t_a|no)}{[1,(_)(3_“)1@3(8_1)}{v®c D, c'} (1+:)®°} )
1*1e

z

8
i st
(2.2.17)

The central matrix product
=1 ,,-1
(11,056 @1y HI@C Dp7 €'} I, @
can be simplified by recognizing tﬁe following equivalent re-expressions,
(1,0, JOI,__ M@ n;lc')'l}{x ®c}
'.(1xt) -(s-1)" . puiit e - (1+t) &

-1
{1, 0(.‘;.::1:)]2r ' 5(1+t)}®{1( 1)(9 PP 9 ) C}

: -1
{llocht)]v }®{( p c') - ¢} (2.2.18)

- -~

Furthermore, the variance of the subpopulation means can be partitioned

Ve | ¥V V!

- zz  .XZ
v v
-XZ XX

- -

By recogniiing that V an = I, the corresponding partitions of le can

be derived from four linear equations

v v! A B 1 0
2z .XZ

X2 X% - - - E(t)

~ -

v v B C L0'
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which can be expressed explicitly as

"y A +V' B=1 i
2z X2 .
Y z A+ Y ? = g(txl)
' Yoo o
Vez ? + sz ¢ g(lxt)
' =
Vez B'F Vo €= Ly (2.2.19)
ke N -
By solving for the partitioms A, B' and C, it follows that
‘ A B'
-1 ~ : '
v = | - (2.2.20)
B C
where
As (v -V Vv )yt
zz X2 .XX.XZ
‘ | -1, \-1 -1 :
' = - - U L]
?(lxt) (vzg sz Yxx sz) Vxz Yxx
ol vyl -1, -1, -1 :
g(txt) Yxx sz(sz sz Yxx sz) (Yxx sz vzz sz)
and
"‘1= - ] -1 _l 1 “‘1
{{1’9(1xt)]y } {Ivzz sz Yxx sz] (L, —sz Yxx]} *.
Thus, the central matrix product (2.2.18) simplifies to
I -1 SRR S | -
- - 1! '
{[sz sz ~XX sz] (1, sz Yxx]}CD{(E PP 9 ) 9} (2.2.21)

Recall that

1 _,-1

K}

var(b|H ) = {K' (var(GlH )1
By substituting the'definition of K in {2.2.16), the variance can be

re-expressed as




-1 -1 ,,-1-1
(o- 1)“Il Oxe)! ¥ 0 Y@, ¢y
~(txl) o :

More specifically in terms of V-l partitions,

(n-1 -xz ~XX

- - -

v 1 -1 1
)[{V - Ve @{C D CT1
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(2.2.22)

By substituting (2.2.22) into (2.2.17), the expression for the estimates

b can now be written as

-

1
b - {}1, ]@C} X,
X1t
z
a8
xsl
Xst
-- l-l - -
- - [ ]
9 zl sz Yxx fl
z -V v ox
- - ndied -

= Clzy - 2]

(2.2.23)

where z, is the composite vector of least squares predicted values for

-1

the subpopulation means of the response function {ziz}. These predicted

values are based on a linear regression model involving the t covariables

for the pooled population. In this regard,

B =V -1 v
~XX .XZ

o -

(2.2.24)
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o

represents the vector of least squares estimates for the parameter B of

the linear model,

- > 1 - -
zy, = 2+ B'(x, - 3)
- | - '
= ' -
z + sz Yxx(§1£ §) (2.2.25)

where z,, ig the predicted value of the response function ) observed

for the #-th subject in the i~th subpopulation. It follows then that

~

- (z,,6 -z,,) (2.2.26)

By9 12 = *1e

is the corresponding residual. By comstruction,
b =C g. , (2.2.27)

From the results in-Section 2.1, it follows that
Vgr{l:lﬂo} (n otY @c D, (2.2.28)

where vsg is the pooled population residual variance under the random-

ization hypothesis. This result follows directly by noting that

. g, "— L g
P1omy gy 1A
- (Z -7 -V VG -3 (2.2.29)
i Xz -Xx -1 L.

- -

is the mean residual for the i-th subpopulation with

8 ‘ ni
) L g
e

'E- =

-1

as the pooled population mean regidual. The variance can then be

expressed as
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y 8 ot . -
gg 121 zzll(su 8) (g, - ')

n
"L g z1312311
D a1l 2=l
1 8 ni _ _ -1 _
S - - - - -y! - '
n L L [(zil z) vx Y (xii f)][(zil z) szYxx(fiE f)l
jm] Ll o T i
--l{v -Vv' V_V }. (2.2.30)
n 4

~XZ XX ~XZ

- -

Thus, the test statistic Q(b) or equivalent Q(z]x) can be expressed in

terms of the residuals as follows,
Qz|x) = Q(b) = g'[vinr(glnon'ly

~l ¢ g (2.2.31)

-~ -

.- (n-1) 8 C {V @C DP

where g' = {51,52,...,59} is a composite vector of subpopulation mean
residuals. The statistic Q(z|x) can further be expressed as a summation

across subpopulations,

I":l.g:l. Vgggi}

- (n-1) R
noa

—5—11{[ E n

131811v o}

- {n-1

2.2.32
o 88 88 ( )

where

s -1

5= pa 0 - -V, VoE - DG oD -V, Y, lG, - 01

- - -Xz ~xx .1

- N -~ -

L ;o -1®

(2.2.33)

denotes the among subpopulations sums of squares. If the residuals are



40

based on a ranks regression model, then Q(z[x) is equivalent to Quade's .
rank aealyeie ef covariance statistic reviewed in Chapter I. This
statistic with moderate sample eizes'{ni > 20} asymptotically has a
chi-square distribution with degrees of freedom (s - 1).

Since Zgo ™ e'giz_represente a general function of the multivariate
reaponse'prefile for the 2-th subject in the i-th subpopulation, then
' theee univariate results for a randomization test statistic can be

'\extended to the multivariate response profile case. In this situation,

aly|®) -——2-[ z »

isi ~88 gi}

L_._)_ 3

_n-_lt g | o 30
e 83} . (2.2.36) @

In other words, Qt?‘f) can be interpreted as a one-way multivariate
analysis of variance statistic based on the trace of the covariable
regression residual matrix ptoduet{s'g Y;1} and, in thislsenae, repre-
sents & one-way hnltivariate aealyeis-;f ;;variance test statistic. As
stated previously, if the sample sizes {ni}_are sufficientiy large, then
Q(zlf) approximately has a chi-square distribution with d(s - 1) degrees
of freedom.

The statistic Q(ylx) can be viewed as involving a more precise

covariance structure than Q(y) given that Xx ig at random with tespect

to the subpopulations since for any vector of contrasts C.

c'v c>¢c'v. C-C w'yvly cectv C. - (2.2.35)
C'VC> ¢ Tyyl 7 2 xyoxx oxy- - -88- L

P -~ P . ey .
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In tﬁis regard, the preciseness of Q(Ylf) over Q(Y) pe;tains.to gener-
ally less subject heterogeneity in the sense of providing adjustﬁents
vhich induce equivalence of randomized differences ambng the subpopula-
tions with respect to the covariables. Furthermore, since the assumed

truth of H implies Ssg s syy’ it follows that Q(y}x) is typically

e

larger than Q(y) for those situations when H is not true. Alterma-

o,ylx
tively, the tendency for the covariance statia;i; Q(glf) to be larger or
smaller than its unadjusted counterpart Q(Z) in any specific analysis 1is
partly a random event which depends upon whether relatively more or
fewer subjects with "less favorable covariable status" are assigned to
the more favorable subpopulation. In view of these considerétiops, the
covariance adjusted astatistic Q(Zlf) can be regarded as a more effective
statistic than the unadjusted statistic Q(y) in detecting true differ-

ences. This 1is clarified later through examples in Chapters III, IV,

V and VI.

2.3 Partial Association

let h = ;?2,..;,q index a set of strata for some partition of a
finite population. Regardless of whether strétific;tion is undertaken
prior to randomization (i.e. by design) or afterwards as an analytical
strategy (i.e. post-stratification) the randomization hypothesis of no
agsociation 1is ‘expressed simultaneously for each stratum in the form of
a single hypothesis of no partial asscciation. In this regard, partial
association corresponds to a two-wa& analysis of variance.

An average partial association statistic in accordance with the
generalized Mantel;ﬁaenszel strategy consists of across-strata summary

measures that are components of a quadratic form. 'For this purpose,
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within-stratum statistics presented in Sections 2.1 and 2.2 are now
expressed with a subscript h indicating the h-th stratum. More specif-

ically, let

1 -
Fag = I opyYhy (2.3.1)
h=]1
denote the vector of across strata sums of {yhij}’ j=1,2,...,d
responses for the i-th subpopulation. The expected value and variance

atructure for F = (F'!.,...,F! ) can be expressed as
- k1" kg

_ g{gluo} = h§l Pfhih (2.3.2)
S q “ﬁ _ o
ver(zle,) -« I E{n @0 - BE) (2.3.9
8

where n, = (nhl’nhZ""’nhs)’ n = E oo, 8“d=§h and V, are the h-th
Ed - . 1-1 ~ -~
stratum counterparts of y and V defined in (2.1.1) and (2.2.2). The

aéerage partial association (or generalized randomized block) chi-square

test statistic has the form

Qegp = &' v&l G A o (2.3.4)
where ) |
¢ = (@I - EF[E) (2.3.5)
Vo = (L, @O Var{FlE 1 T, @O - (2.3.6)

Under the randomization hypothesis, QGRB has an approximate chi-square

distribution with d(s - 1) degrees of freedom provided that the sample
q \

sizes {n*i = I nhi} are sufficiently large for 9 to have an approximate

h=1
multivariate normal distribution, the research design is consistent

across strata and the inverse of the across strata variance exists in

the sense of being non-singular.
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The generalized randomized block statistic QGRB is directed

toward average partial association alternatives in the sense that con-
sistent subpopulation ordering of obgerved means across the
h=1,2,...,q strata strengthens its gsensitivity while contradictory
subpopulation ordering of cbserved means weakens its sensitivity. In
view of this consistency tendency, the across strata statistic QGRB can
be applied in a éumnlative gense Aacross successive strata which have
been arranged according to some criterion of interest such as a
decreasing likelihood for subpopulation differences. Such information

concerning the extent to which successive strata tend to increase or

- decrease the p-value for subpopulation comparisons can provide useful

insights concerning which strata strongly support the tendency for ome
subpopulation to exceed others and which strata tend to be contradic-
tory.

The covariance adjustment framework described in Section 2.2 for
the separate strata are used to formulate covariance adjusted general-~ .
i{zed randomized block statistics. In particula;, if the Yh,xx are non-
singular for all h = 1,2,...,q strata, then the correspondin;-residuals
8 can be defined with respect to the h-th stratum set of covariables.
These covariables do not have to be the same across strata i.e., the
covariables used in stratum h may be different from those used in

stratum h'.

For the covariance adjustment framework, let

> e

denote the across-strata sum.of the within-stratum residuals B, i.e.,

q
g= I In Id®DP 18, (2.3.7)
1 - “~_h ”

covariate-adjusted responses, which has an expecte& value equal to zero

and variance,
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2

q o .
var{g|8 } = z —(Ehfl-)—{ h.g§®“31: - BRI (.2.3.8)

The (s - 1) subpopulation contrasts regarding these residuals can be

expressed as
?_- [}d()glg . : (2.3.9)
It follows that

Qup(7|®) = b {11, @C1 Varlg|n ltxd.m Y. (2.3.10)

Under randomiza;ion, this statistic aaymptotically has a chi-square

distribution with d(s - 1) degrees of freedom provided that the overall

q
sample sizes {n,, = hilnhi} are sufficiently large.

For the case where some or many of the Vh' are singular or the
Ve ~Rpxx ‘I'-
case where there is a large number of strata each with small sample

sizes, the covariﬁnce adjustment for a fixed set of covariables across

strata can have the form

Qg (712 = Qg @o®) = Q@ - (2.3.11)
ans(y|x) is an average partigl association re&uction statistic based
on QGRB(Y x) which is the joint multivariate chi-square statistic for
responses and covariates with (d + t)(a -~ 1) degrees of freedom and
QGRB(x) which is the chi-square statistic for the covariates with
t(s ~ 1) degrees of freedom. Thus, QGRB(ny) has a chi-square distribu—

tion with {(d + t)(s - 1) - t(s - 1)} or d(s - 1) degrees of freedcm

under the randomization hypothesis with large overall sample sizes, e.g.

q
{z o, > 20}.
h=1
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Because QGRB(ylx) is not expressed as a quadratic form whose com-

ponents are across-strata summary measures, (y|x) is not an average

GRB
partial association statistic in the usual sense of pertaining to

*
X) Yepresents an across-
QGRB(Xl-) p

strata covariate adjustment as a.result of the difference between two

within stratum contrasts. Alternatively,

average partial association statistics. In this regard, the underlying
assumption is that the adjustment of the responses for the covariates
can be standardized across strata.

2.3.1 The two subpopulation case

For_compérisons between a particular pair of subpopulations, the
generalized randomized block statistic can be expressed in terms of
di;éct differences between thé subpopulation means. For this purpose,
let yhij denote the value of a response variable for the
L= {1,2,...,nh1}-th subject in the 1 = 1,2-th subpopulation for the

h=1,2,...,q9-th stratum. Let

= (y1 = Vo) | (2.3.12)
denote the difference between the means of the response variable for
the two subpopulations within the h-th stratum. Under the randomiza-

tion hypothesis, the expected value of that. difference is equal to zero

and the variance can be expressed as

8 Thi

Var{d [H_} = (nh/nhlnhz) EE Yy, - }h)?l(n - 1)
i=1 =1 .

= (/0 )0V gy | | (2.3.13)

where n = (nhl + nh2) is the number of subjects in the pooled
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| 2 i
subpopulations for the h-th stratum, ¥, (z I yhillnh) is the
{=1 2=1

finite population mean for all subjects in the h-th stratum and Vh vy
s
is the finite pobulation variance. The generalized randomized block

statistic across the q strata has the form

q q .
Qggg = {F n1™h2 & Y2/ T Tn1"nz v ot (2.3.14)
h=l “h hel "n vy
' q
For large overall sample sizes (e.g., L oy > 20 per subpopulation)

. h=1
has an approximate chi-square distribution with 1 degree of freedom

Ure
under the hypothesis of subpopulation equivalenee.

Two other methoda for combining the differences between two
subpopulacions across strata are the average atandard normal method as
deseribed in Snedecor and Cochran (1976) and rhe combined p-value
nethod as discussed by Fisher (1973) and Kendall and Buckland (1971).

Let the standard normal statistic for the h-th stratum be expressed as

Z = {sgn(dh)} Q dh/JVarIdh (2.3.15)

where Zh has an approximate standard normal distribution with expected
value 0 and variance 1 for large sample sizes; e.g. D, > 20 per sub-
population, under the hypothesie of subpopulation equivalence. With
the basic principle that the sum of normally distributed variables is
also normally distributed, it follows that the average standard normal

statistic across strata has the form
q
tm{Z thJE@. | (2.3.16)

where t has an approximate standard normal distribution for large over-

q
all sample sizes, €.8., z Ny > 20 per subpopulation under the
: h=1
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randomization hypothesis.
The Fisher combined p-value method is an approximate method for
combining the individual stratum probabilities of the respective
standard normal statistic, Zh More specifically, .

q
W= L {-21n(Ph)} (2.3.17)
h=1

where Ph - ¢(zh). Similarly, W* can be defined with P, = 1- ¢(Zh).

For large stratum sample sizes, e.g., {nhi} > 20 per subpopulationm, Ph
can be considered continuous with the uniform distribution on the {0,1)
interval. In this case, W (W*) has an approximate chi-square distribu-
tion with 2q degrees of freedom under the randomization hypothesis.

The expressions for covariance adjusted statistics in the two sub-

population case have the same form as the direct difference statistics
except for the use of the covariate adjusted subpopulation means and

variance,

v .
By = G - T, - &)

v
- - h - -
= {(yhl - yhz) - gz*ii{xhl - xhz)} (2.3.18)

var{g |0 } = {Var{d |B } - " vﬁ""’}
0% aridyl¥ 0% Y
VZ
-—h B, X7} - (2.3.19)

v -
M2 X Vg

where ;hi 15 the mean of a single covariate for the i-th subpopulation

and h-th stratum; and Vh and V. are the partitions of the

V.
¥y’ h,xy h,xx
finite population covariance matrix
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= t
Y Vh,yy vh.xy

vh.xy vh,xx

-— 2 _'- __‘
1 2 "hi Gy, - Yy Orig ™ I Fnag ™ %)
n'(n_h:-f)- ' T _ (2.3.20)
i=1 =1 _ -z 32
| (19 = %)
where §h and ih are the h-th gtratum finite population means for the

response and covariate respectively. Thus, the generalized randomized

block statistic has the form,

L N N T U S Yk 'Y v '
Qe V1% = {hil - gh}./{hil —-;;—~[vh’yy - ggfiil}.

(2.3.21)

This statistic has a chi-square distribution with l‘degree.of freedom.

q » : qa . , '
Also, t(y|x) = b2 {gh/\/Var{ghIHO} g = & Zh(le)/'G (2.3.22) .
has a standard normal distribution; and
a ‘
Wylx) = ¢ {-21n(¢(zh(y|x)))} (2.3.23)
h=1 .

has a chi-square distribution with 2q degrees of freedom.

2.4 Missing Data Adjustment

For multivariate response profiles with missing data, one perti-
nent hypothesis focuses on the randomized nature of the data which are
preéent with reépect to their distribution across subpopulations given
the assumpfion that missing data occur at.random fof all variables under
study (i.e., occur independently of the hypothetical values which such

&>

data might have had). The assumption that missing data is a random

phenomena implies that all subpopulations have equivalent prevalence
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for it. For this purpose, let (ghii’fhil)' denote the eftended data
vector for the % = {1,2;...,nhi}—th subject in the 1 = {1,2,...,8}-th
subpopulation of the h = {1,2,...,q}-th stratum, where Y:ia is the set
of § = {1,2,...,d} responses with missing data being assigned an arbi-
trary constant such as zero and X4 is the set of § = 1,2,...,d
binary indicators defined to have the value 1 if the response is observed
and the value 0 if the response is missing. More specifically, the data
vector for the R-th subject in the i-th subpopulation of the h-th stratum

has the form

* * . .
Ghizg " *Tn1a2®hi12’ " " **nde) . (2.4.1
where
* } yhijl if j-th response is observed
yhijE 0 if missing

1 if j-th response is observed
*hije -~ o if missing

For this framework, the covariance adjusted statistic Q(y*|x) or
QGRB(z*lf)\in Sections 2.2 and 2.3 is ; multivariate randomization test
statistic with respect to the observed'{yl} given adjustment for the
presumed random pattern of missing data. Accordingly, it has an approxi-
mate chi-square distribution with d(s - 1) degrees of freedom provided
that the sample sizes {nhi} are sufficiently large. In practice, {fh}
is the vegtor of non-redundant binary indicators for the h-th stratum
such that the j~th indicator is included in the vector only if missing
values occur in that stratum for the j-ih,response. In Section 2.3 it
was shown that the averége partial association statistic with respect to
stratum residuals does not require the same-number of indicators per

stratum.
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2.4.1 Invariance to an assigned constant

* R
Let yl(O) denote the completed data array in which missing data
are assigned the value zero. Let Ej denote an arbitrary fixed value

such that the linear transformation

* *
Tn132 590 = Tn1ga @ * €4 7 4%piqe (2.4.2)
has values |
‘y if the j-th response variable 1s observed
Y (E ) = hijl
hij,
. Ej if missing
and as before |
{f 1 if j-th response variable is observed
*hi1je * . "
D ¢} if m:l.sa:l.ng .

It follows then that the vector of subpopulatidn means F(£) ia a linear

transformation of F(0).

E(E) -{ :Ed _].JE ®Es} E(O) + Ed ®}B

Oaxay  Ia | 0
- (H@LJFO) + [ &, |®L1 : (2.4.3)
od
which has valués
F(E) = | 7,(0) + E - DX
%
- -
ya(O) +&- Difs
i xg |- (2.4.4)
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(s - 1) subpopulation contrasts of d responses and d indicators

6(8) = [1(pq) OCIF®

1120 @O EOLIFO)
ECIFO)

B@1 (4116

s L G(0) (2.4.5)

It then follows that the randomization statistic

* . 0 1 l{ 1}-1
Q@0 * SO LML Ygq)L'} L SO

. -1
G'(0) Vi (gy 6O

]
= Q(y |x:0) _ , (2.4.6)

does not depend on the value (£ ) of the constants assigned to the mis-

3

ging data. Since Q(x) does not involve the y's at all, it does not

depend on the {§

®, .. -
}; and so neither does the difference Qly Ix)‘between

]

* = _ : : .
Q(y ,x) and Q(x) as in (2.2.4). Moreover, the covariance residual

vectors Bnis can be expressed as

and

* % -
Br12(E) = Opgp (@ + & - Dexyyy) = (0 + & - D)
t - Nyt -
- (Yh,fg*CO) ?EYh.xx)Yh,§§ (R0 = %)
! k. -x)
xx Shij ~ T
- -1 -
- Dplmigp = %) * OV o Vhax (hae T %

- Ehﬂ(q) ‘ (2.4.7)

- -

* - -
= Gpgp(® - 7, (0) = Yy w0y Th

hence do not depend on £.
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These results imply that missing values could be aséigned the
valie of the stratum mean of the observed valueé. Thus, the expected
value of the stratum is the mean of the observed data. Furthermore,

the elements of the matrix Vh - havg the form

-~

-
-=— I I - 2
vh,yyjj T 1=l obs(j)(yhijz th)

and

{2.4.8)
where obs(j) denotes summation over all subjects for which the j-th
response is observed and obs(jj') denctes summation over all subjects

for whom both the j-th and j'-th responses are observed. Thus, except . )

for the n, in the divisor, elements of MY vy represent the overall

population variaﬁces and covariances with respect to the response
variab}e data which are actually observed. ‘However,.ghe divisor o,

can be viewed as being comsistent with the finite population randomiza-
tion framework wﬁerein n, subjects were randonmly assigned to s subpopu-
lations. Thus, although the test statiﬁtic Q(¥*|§) in Section 2.2 or
2;3 appear to be based upon the assignment of some arbitrary value to
the missing data from a computational poinﬁ of view, it only specifi-
cally depends upen the observed data for the responses together with the
complementary set of binary i{ndicator variables fﬁr the pattém of

nissing data.

2.5 Scores , o ‘ ' .

Random;[zation gtatistics discussed in the previous sections are
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formulated as contrasts among subpopulation means. Because these
statistics can be applied to any.scaling of the data, they represent a
general class of mean score randomization statistics of whicﬁ specific
scoring applications yield equivalent results to several categorical or
nonparametric tests.

Statistical applications in this dissertation involved actual
values, integer, binary, rank, modiffed ridit, and logrank scores. An
example of the actual values would be proportion of hours with little
or no pain over some fixed period (see Chapter IV}. Fof categorical
data involving an ordinal response, actual values in the usual sense,
are not available. Alternatively integer scores are useful with
cgtegoricai data Secause these acores correspond to assigning consecu-
tive integers to arranged values or sets of values; ‘In this regard,
the scored values or sets of values are sometimes assumed to be equally
spaced from one integer to the next, see Koch, Gillinés, Stokes (1980)
or Koch, et al. (1977); for others, they can be interpreted as a sum of
the proportions exceeding successive categories, see Section 2.5.1.2.
Binary scores can be viewed as two-level integer scofeaT Tﬁey are
particularly useful in focusing statistical power on the prevalénce of
a substantively meaningful set of levels within a profile éf possible
values. Also, these scores can be applied in principle, to either
categorical or continucus data. Rank, modified ridit and logrank scores
represent general rank-type scores in the sense that they are associated
with ranking the data where ties are assigned mié—rank values for either

categorical or continuous data.
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2.5.1 Across-strata mean scores

In accordance with Section 2.3.1, the -across—-strata mean score
difference for the univariate response, two subpopulation case can be

expressed as

9 41%h2 - -
ge [ ALBIZS -3 )) (2.5.1)
hel nh hl h2

and the generalized randomized block statistic can be expressed as

Qg ™ $2 /var(s) (2.5.2)

The S formulation defines the across gtrata summation of the mean score
difference to be weighted by a factor (nhlnhzlnh). Such weight can be
viewed as the number of paired comparigons (in a Mann-Whitney sense)
between subjects in the first subpopulation and those in the second sub-
population per subject under study in the h-th stratum. These weights
have a maximum value (nhlﬁ) for the case n, , = 1, & (nhlz) and a mini-
mum value (nh - l)lnh for the cases {nhl’nhZ} = {(nh - 1), 1} or

{1, (nh - 1)}. 1f all strata have balanced subpopulation sample

gizes, then the mean_sdote differences are weighted across strata by

their respective stratum sample gizes. More specifically,

q - -
S=1/4 T (Vo1 = Yio)
tep h7RL T k2

where oy " By - nhIZ.

Another gemeral expression for S can be derived as follows:

2 "o - -
S= L (Foq = Yyo)
he=l o, hl h2 ) )
.3 %1%h2 |"h2 1 _'(“byh = %39
h=l “h h2 82
= : “hl(’-'m‘;h) (2.5.4)

h=1
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where ;h is the overall stratum mean score for m, = (nhl + nhz) sub-
jects. Thus, 5 can be interpreted as an unweighted across strata sum
of the difference between the score total and its e#pected value for ome
of the two subpopulations. This unweighted across stratum summaéion has
the same value as its previous formulation in terms of a weighted across-
atratﬁm summation of the difference between subpopulation mean scores.

2.5.1.1 Binary scores

For two subpopulations and two response categories for each of

he1,2,...,q strata, S can be expressed as

q
§= L (T, - %)
pey B17BL T b
q .
= T (myy " By | (2.5.5)
h=l
for q sets of 2 x 2 tables, where rows correspond to subpopulations,
columns correspond to response categories and differént tables corre-
spond to specific strata. Here, mhllgnhll) ig the expected (observed)
number of subjects with the first response in the first éubpopulation
and can be calculated as (nhllNh+1/uh+) where N, is the nuyber of
subjects in the h-th stratum with the first response and Nh+ is the
total number of subjects in the h-th stratum. The generalized random-
ized block statistic is directed toward an unweighted sum across strata

of {obaerved-—expecﬁed value)} quantities yielding the Mantel and Haenszel

(1959) statistic

2 .
q N1+ b1 } { NN Mo

O . hlt btly 10y h2: . (2.5.6)
% {h-l i1 N+ h Nli+(nh+ -1

=]l
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2.5.1.2 Integer scores

For categorical data with j = 1,2,...,r categories'scored with

coinciding integer values, S can be expreésed as

q r -
S= £ Li(n. -m.) (2.5.7)
hel §o1 "h1j Amhlj

where Ty (n‘nlj) is the expected (observed) number of subjects with the
j-th response in the first subpopulation of the h-th stratum and can be
calculated as nhleh+j/Nh+ where Nh+j is the number of subjects with

the j-th response in the h~th stratum and Nh+ is the number of subjects

in the h-th stratum. It then follows that

s : ; j “hlj D1y’
© h=l 3= r-1
3t oI
) hil kil jok “h1y ~ Pniy
q
- hzl kfl(nhlk Mhlk - - (2.578)

_ r
where Nhlk - E nh]_:| and Mﬁlk = mhlj are the observed and expected

numbers of subjects in the first subpopulation of the h—th stratum who
have a response status which i1s at least as large as the k-th outcome.
Thus, for integer scores in the categofical setting, ﬁhe generalized

randomized block statistic is directed toward the unweighted sum across

strata and response categories of the cumulative number of subjects with

response at least as large as the respective possible outcomes.
2.5.1.3 Rank scores-
1f the observed responses are ranked across all subjects within a

stratum, then the mean score expected value of any subpopulation is the
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average stratum rank, (m + 1) /2, such that

q - -
S = z nhl(yhl -V
(o, + 1)
' . z (5, - %h1 “h

) (2.5.9)
where Uhl is the Wilcoxon rank sum statistic with respect to the first

subpopulation for the h-th stratum. Thus, for this case, the general-

4zed randomized block statistic is directed toward the unweighted
across-strata sum of the Wilcoxon statistics for the respective strata.
"For caeegorical data, rank scores yield a contingency table counterpart
of the Bernerd-van Elteren statistic,

2.5.1.4 Modified ridit scores

Modified ridic scores are within stratum ranks divided by the
cotreeponding'{nh + 1}. It follows from Sectiom 2.5.1.3 that S has the

form

ooa nhl(nh + 1) _.
S= L "\ : (2.5.10)
. hel nh {Uhl _

For modified ridit scores, the generalized randomized block statistic
is directed toward the across strata sum of the Wilcoxon statistics
weighted by the reciprocal of the augmented stratum sample sizes,
1I(nh + 1). For categorical data, modified ridit scores yield a con-
tingency table counterpart of the van Elteren .(1960) combined
rank statistic emphasized by Lehmann (1975, Chapter III, pp. 132-141).
2.5.1.5 Logra scores .

Logrank scores 'are a standardized set of values for right skewed
data such as survival data from Weibull populations with common shape

parameter; see Koch, Sen and Amara (1982). For data which do not
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involve any censoring and can be ranked without ties, within stratum

scores have the form

J -1
8y N " 1= kEl(N - K+ 1)
h| r
- kfi[n+k/zikn+£]
=1 - E{Tj:N} (2.5.11)

where j = 1,2,...,N indexes the ordering of subjects from smalleét to
lhrgest and Tj'N denotés the j-th order statistic from the unit expo-

nential distribution. For data with censoring, the scores have the form

ajO,N - -kil(n;klllgkn+z) where j = 1,2,...,(r -:1)

ajl,N = (1 + ajO,N). whe:e J=1,2,...,(r - 1)

81,8, 20,8 = *(z-1)0,N - (2.5.12)
where {ajO,N} are scores for censored observations and {ajl,N} are

scores for non-censored observations. For these scores, S has a log-
rank counterpart to that given for uniform scores in the sense 6f being
.an unweighted summation across strata of scores standardized for

respective stratum sample sizes; i.e.,

q
§m= I (¥, - v)
neg B17RL T 7h
q T 1
= I z L a,., .
=l jul §'=0 33N 133"
q (r-1)
) hil le @11 7 my0)
q -
= I P | : (2.5.13)

hel

~

(L3

(L
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For survival studies, Fhl can be interpreted as the sum of the differ-
ences between the.observed numbers (nljl) of deaths or failurés in suc-
cessive time intervals for the first subpopulation and their conditional
aexpected values (mljl) relative to the corresponding numbers of aubjec#a

at risk.

2.6 Weighted Least Squares Methodology

This section presents aspects of the Grizzle, Starmer and Koch
(1969) method of weighted least squares to the analysis of categor-
ical data. The conceptual sampling framewo?k presumes that the
subjects under study are representative of some broad population beyond
themselvea More specifically, groups of subjects forming subpopula-
tiona correspond to a stratified simple random sampling of some super—
population partitioned according to the subpopulation atrugture. For
example, subpopulations might be defined as a cross~classification of
age intervals and treatments; e.g., subjects within a single subpopu-
lation of subjects that are within the pertinent age interval and that
~might have received tﬁe pertineﬁt treatment. Thus,-both age interval
for h = 1,2,...,q and treatment for 1 = 1,2,...,8 define (q)(s) inde-
pendent subpopulations.

For the cross-classified subpopulation framework, linear models
can be constructed to describe the variation among mean ScOre vectors
representing the response distribution of {z -] 2""fnhi} subjects.
The overall variance structure is a subpopulation block diagonal
matrix. If F deq?tes'the composite vegtor of subpopulation mean score

vectora'{ahi}, then the variance VF has blocks

-~
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"hi |
= : -y -y ' '
Va,bi f[£i1 Ghit Zhi) Gpyg = Ypd'1 A"y, - (2.6.1)

More generally, g can be a vector of funcgiona of the mean scores {Ehi}
with respect to exponential, linear, and/or 1ogér1thm1c operations. A
consistent estimate of its covariance structure:can be derived by linear
Taylor series methods.

Variation among tﬁe elements of F can be described by a linear

-~

regression model
E,{F(a)} = K B | | (2.6.2)

where K 18 a pre-specified full rank design matrix of known coeffi-

clents, B is a vector of unknown parameters to be estimated and E,

denotes asymptotic'expectation..5Let

b = K'VIR)L K v;,l F

~ -

and ' &

%o @R @63
denote the weighted least squares parameter-eqtimates and their Eovar-
iance matrix. An appropriate statistic for model‘goodnesa of fit is
the Wald statistic

L@e-rm (2.6.4)

- o o~

- - Y'Y
Q= (F-KB)Vg
which has an,aﬁproxihate chi-aquare distributién with degrees of free-
dom equal to the difference between dimensions of F and b for moderﬁtely
large samples (i.e., n, 20). ‘ .

‘If the model adequately characterizes the variation in F, tests

of linear hypotheses per;&ining to the parameters of the form

Ho # $2=0
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can be undertaken using the Wald statistic

-1
a h! ct
Qy ¢ = bCTCE Y, C) L

which has an approximate chi-aquare distribution with degrees of free-
dom equal to the rank of the contrast matrix, C.
Predicted values for F based on the model (2.6.2) can be calcu-

lafed from

- -1
a L
? - E E E .b E YF g (2.6.7)
with variance
~ - ' '
YF § Yb E * (2.6.8)

These predicted values are useful in showing the composite effect of
the parameter set for each subpopulation mean score vector. ' Because
the component parameters for any subpopulation set of predicted values
were estimated for the combined da;a in all subpopulations, the result—
ing predicted values can be viewed as smoothed estimates of any sub-
population set of mean scores in contrast to the original mean scores,
F vhich were formulated from data in the single subpopulation only.
Furthetmore, covariate-adjusted predicted values of response mean
scores can be obtained by applyipg a design matrix K having a common
parameter or set of parameters for covariable ﬁean scores across the
pertinent set of subpopulations. This type of analysis is discussed
further in Chapter III where a specific application 1is given.

The weighted least squares analyses presenteg in this disserta-
tion were undertakéen through the use of_thg_program CRISCAT documented
as Stanish et‘al. (1973). The particular appliéations in Chapters

III, IV and VI involve the special capabilities of raw data input,
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missing value ratio estimates as described in Chapter I, and split-log
and split-exponentiation transformationms. Alfernatively, for less
complicated applications, the program GENCAT documented in Landis et
al. (1976), provides weighted least squares statistics for contingency .

table input.

2.7 Logistic Regression

This section summarizes some technical .aspects of logistic
regression for binary scores observed across (q)(s) distinct subpopu-
lations. This présentation is based upon the discussion in Koch and
Edwards (1982).

The data to ﬁhicﬂ binary scores have been applied, are presumed

to be conceptually representative of data from some large population in

a stratified simple random sampling sense where hi = (11,12,...,q8)

indexes the subpopulations. The binary scores fsr these data can be

summarized as frequenciea {fhi (fhil’ hiZ) } which have the product
binomial distribution
q - 8 . f
. o Bl niz,. :
(£]6) hE1 11“1'1;;1r11f 8y (L=8,) /E LS (2.7.1)

where the {ehi} denote the respective prbbabilities of the first
category for a randomly selected subjecf in the hi-th subpopulation.

The variation of the {ehi} across the (q)(s) subpopulations is described

by a linear logistic model

=1 ’
0,4 ™ {1 + exp(-B, "hi B )} (2.7‘_.2) .

where B0 is an intercept parameter and B1 is a vector of slope pafam—
eters relative to a matrix of subpopulation covariates X4t With the .

logit transformation of ehi’ the linear model can be expressed as
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logit (ehi) = lq(ehi/[l - ehi])
- BO + fﬂi ?l (2.7.3)

1£ most of the frequencies {Ehi} are sufficiently large (i.e., > 20

and none < 5) to have approximately normal distributions, then either
the weighted least squares (WLS) methods described in Sectiom 2.6 or
paximum likelihood (ML) methods described further in this section could
be equivalently used to obtain estimates for the parameters. For
smaller frequencies, maximum likelihood methods are preferable. Once
the ML or WLS estimates‘and their corresponding covariance structure
have been obtained and goodness of fit has been eétab;ished'for the
model (2.7.3), then procedures for the teating hypothesis concerning
parameters and formulating predicted values can be.undertaken with
matrix procedures like those described in Section 2.6. The predicted
values calculated from the model‘(2:7.3) have values in the (0,1) inter-
val for all X.

2.7.1 Maximum likelihood estimation

Maximm likelihood estimates for the linear' logistic model

(2.7.3) can be expressed as the solution of the nonlinear equations

‘q 8 . .
T T { - 8, .) a ( (2.7.4)
oy 4o pal T Tht Chi Thia T -
where
rs - ~ ~ ~ _1
- - -— el '
o e(fhi. EA) {1 + exp( By - % %1)} (2.7.5)

are the model predicted ML estimates of the {ehi} based on the ML
B - 'yt , B -
eatipates ?A of ?A and s [l’fhi} . The com@utation:of EA.gener

ally requires an iterative procedure such as the Newton-Raphson method
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{or iterative proportional fitting). The procedure is terminated
after a convergence criterion is reached for the estimates in the
(2 + 1)-th step

- q

EA,L+1 By ¥ [V(BAz)][hxl izl{nhil By e(fhi’BAi)}fhiA] (2.7.6)
where
q - -l
V(BA) - {hil 151 o, e(xhi,B )L - N_’.‘hi’BAg)]’_‘hiAﬁ\m}

is the i-th step estimate for the asymptotic covariance matrix for B
| The 3oodness of fit of the ‘model (2.7.3) can be assessed by using

the log—likelihood ratio chi-square statistic

q-s.z "
QL - h-l 1_1 151 thijlln(fhijl hij)

~

where fhil -, ehi and fhiZ" nhi(l - ehi) are the ML estimates for

the expected values of the fhi

is the Pearson chi-square statistic

under {(2.7.2). ,An'equivalent'statistic

qQ s 2 - -
Q= I I I (£ - £ . )%E .. (2.7.7
P pel el 4al hij hif” ' "hi

The maximum likelihood analyses presented in Chapter III were made pos-
sible through the use of a SAS macro CATMAX which does iterative pro-
portional fitting in the contingency table framework. A SAS procedure

LOGIST documented in Harrell (1980) has a raw-data input capability.




CHAPTER III
GENERAL RANDOMIZATION APPLICATIONS

The two examples given in this chapter demonstrate the use of
mean score randomization test statistiés. The first example_in#qlves
the Wilcoxon Rank Sum statistic regarding univariate measures derived
from a complex repeated'measurementa study in cardiology. Here, the
hypothesis of randomization is applied to a small number of patients in
two diagnositc subpopulations for presence or absence of atrial abunor-
malities. Test p-values are obtained from exact tables for the Wilcoxon
Rank Sum statistic as well as from the chi—sﬁuare approximation for the
generalized mean score randomization statistic in Section 1 of Chapter
II. A covariate-adjusted result for the mean score randomization sta-
tistic 18 also showm and can be interpreted as a modified.covariate~-
adjusted Wilcoxon Rank Sﬁm gtatistic.

The second example ﬁertains to a randomizeé ¢linical trial with a
moderate number of patients being assigned randomly to two treatment:
subpopulations. This example illustrates aspects of randomization
analysis of.covariance relafive to weighted least squares and maximum
likelihood modeling. These methods have different types of information
due to differences in their respective underlying sampling processes.
The coordinatioﬁ of these methods provide complementary analysig
ptrategles. "Randomization statistics provide a rigoroﬁs covariance

framework for testing treatment group differences with respect to the
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finite pbpulation under study. Weighted least sauares and maximum like-
lihood provide probability models deacribing the effect of covariates on
the response distribution and producing covariate-specific predicted
values for generalization tc a broad population. 1In biew.of these con- s
siderations, the analytical procedureg are discussed with emphasis on

the sampling process, the covariance structure and the extent to which

results can be géneralized. Other aspects of this example are discussed

in Amara, Davis and Koch (1981)}.

3.1 Intracardiac Conduction Example
The data for this example pertain to a clinical study in arrhythmo-
genegls. A cause of atrial fibrillation 1s re-entry of consecutive

heartbeats. This re-entry is often initiated by a conduction slowing of

a particular heartﬁeat. Premature beats are more likely to hgve this
conduction slowing than non-premature beats. This study is concerned -
with idenfifying patients at risk of developing atrial fibrillatioﬁ by
measuring the exteant of conduction slowing in premature beaté.

A small numbgr (17) of patients undergoing routiﬁe-electrophysio-
logical studies fé;med two diagﬁqatic subpopulations fcr absence of any
abnormality and presence of atrial abnormalities. Their hearts ﬁgrg
electrically paced and the intra-atrial conducti@n of heartbeats was
timed. Here, conduction time of non-premature beats was equivalept for
the two groups. ﬁowever, patients with atrial-abnormﬁlities required
more electrical stimulus In pacing. *

The minimum smount of electrical curfeut necegsary to induce a

beat (threshold current) 1s a measure of resistance to beat inductiocn.
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Threshold current (beat induction resistance) remains at a constant
level for beats minimally to moderately premature. For extreme pre-=
maturity, resistance increases gharply to a refractory point beyond
which no beats can be induced. In this study, changeg in conduction
time were measured relé:ive to magnitude changes in threshold current
across the range of induction prematurity‘(progressing from late
diastole or minimal prematurity to the refractory pericd or extreme
prematurity). Patients with abnormal atria seemed to show a rapid
increase in conduction time as a function of induction difficuley
(increased threshold cu?rent), gsee Figure 3.1.1. Their rapid increase
in conduction type is in contrast to steady conduccibn times in patients
withopt any abnormalities. |

The data for this example were bivariate %alue; of conduction time
slowing and order of magnitude change in threshold current in a series
of premature beats fof each patient. For any given patient, the data
predomin#ntly involved a narrow interval of minimal ;hreshold_curreqt
changes within which conduction time was not expected to vary beyond
measurement error. Correspondingly, the remaining data were distributed
sparsely across the range of threshold change.-AWith this type of data
point distribution together with a complex (i.e., non-linear) relation-
ship of conduction time slowing with threshold current change and
samples of size 6 and 11, randomization test statistics represent a
practical alternative method to growth curve modeling (with assumptionms
of no?mality and variance stability). |

3.1.1 Randomization model analysis

The magnitude change in threshold current stimulus over the late

diastolic threshold for the series of induced beats was categoerized inte

-
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Figure 3.1.1 Mean patient median conduction slowing of premature
beats within intervals of threshold stimulus change plotted at the
midpoints of the corresponding overlapping threshold stimulus
intervals for patients with normal and abnormal atria.
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seven overlapping intervals. The first interva} consists of 411 obser-
vations at essentially the late diastolic threshold; the ﬁegligible
increase in difficulty in inducing these beats is expected to be associ-
ated with an equally negligible increase in conduction slowing for both
diagnostic groups. Group differences in conduction slowing are
expected to appéar within the moderate range of difficulty in inducing
beats associated with the inner threshold stimulus intervals; the
extreme threshold stimulus interval might not show group differences
because of the uncertainty of the effect of large currents on conduction
time relative to the acfual pite being stimulated.

For each interval, patient median changes in conduction time were
computed, summarizing their repeated observationa into one measure per
patient. As beats were more difficult to induce as 1n the maximal
threshold 1nteryals, very few repeated observations were made; many
patients had no observations in at least one of the maximal threshold
intervals. The seven overlapping inFervals were uséd such that patient
medians represented a continuum of conduction slowing across the full
range of increasing threshold stimulus. In-this regard, a patient's
get of medians can be viewed as a standardized set Gf observations not
as sensitive to threshold interval boundaries as medians derived from
non-overlapping boundaries for adjacent threshold intervals.

Central ridital were_assigned across patients within each of the
seven threshold‘change {ntervals as shown in Table 3.1.1. These ridits
are distributed uniformly from -0.5 to 0.5 corresponding to least con-
duction slowing to most conduction slowing with the group-wise median

conduction slowing at zero. A patient's central ridit indicates his

lcentral ridit = {(rank (median) - 0.5) / n(patients)} - 0.5.
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relative conduction slowing position among patients within the thresh-
old interval. A negative central ridit i{dentifies conduction slowing
below the median slowing. Alternatively, a positive central ridit
identifies conduction slowing above the median glowing. The averaging
of central ridits across intervals that a patient has cobservations
results in an estimate §£ the patient's relative p;sition across the
range of his data. As can be seen in Table 3.1.1,'§atieuts tend to have
gimilar central ridits across intervals beyond the first. Both an aver-
age central ridit across all intervals and an average inner'ceqtral
ridit across the inner threshold intervals (1 < AT < 8) were computed
for each patient.

The randomization model corresponds to viewing the partition of
conduction slowing responses between theltwo diagﬁostic groups as a

random partition of fixed sizes {n(normal), n(abnormal)} from the pooled

sample in accordance with the multiple hypergeometric model. Thus, for

the average interval measure, the Wilcozon Rank Sum statistic can be
used to test the relative difference in conduction time slowing.between
pﬁtienta with norm#l atria and patients with abnormai atria as shown at
the bottom ofiTable 3.1.2. On average, those patients with abnormal
atria had early (p < .02) conduction slowing duriné the inner threshold
stimulus intervals. This difference in conduction slowing was not as
pronounced (p < .06) when applying the average across all stimulus
intervals. These res#lts aré further strengthened by adjusting for
nonsignificant (p > .25) differences regarding initial conduction time
for non-premature beats as a covarlate.

The significant results for the average interval measure can be

attributed to the inner interval differences in the central ridits
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TABLE 3,1.2

RANDOMIZATION TEST STATISTICS COMPARIMG INTRA-ATRIAL CONDUCTION TIML CHANGE
IN PREMATURE BEATS WITHIN LEVELS OF PREMATURITY ILDICAIED BY INTERVALS OF

INCREASED THRESHOLO CURRENT STIMULUS OVER THE LATE DIASTOLIC THRESHOLD
CURRENT FOR PATIEMTS WLTH KURMAL AKD ADHORMAL ATRIA

Retative Relative
Threshold Conduction p-values”
Currant ’ Nunbers of Féan vatient Ut1coxon Uaagjusted Unadjusied ~djusted
Intetrval Atrium - Patients Hedian Rank Sum Enact
aT¢1 Norma) 4 2.5 56.0 > .20 259 «304
{Late
Otastolic) - Abnormal 9 2.3
1€aT¢3 Mormal ¢ 2.0 1.8 <.0 .43 038
Abnormal 1 7.0
2L aT <4 Normal 2.5 16.% < .0 008 .003
‘Abnores) 2.2 ’
J£aT<C% Mormal 4 -5,0 10.0 <.mn .008 .004
. Avsormal 7 2.8
$EATCT  Norml 4 4.4 10.0 ¢ .20
" Abnormal .8
$aTC8  Norma) 3 1.8 60 <.
Abnormal 2 0.0
aT 2 8 Normal T 17.% 5.0 > .20
(ExtFemy -
Prematurity) Abnormal 3 2.7
Inner
Interval Norwal 6 0.8 30.0 < .02 018 .01l
Avarage .
(1 £ aT <8) Abnormsl 11 8.9
gnnll Norma) [ 1.4 1.0 < .10 +056 044
varage .
‘ Avnormal ws -

* gxact pvalues wera obtained for the Wilcoxon Rank Sum (S) statistic wsing a table [Conover, 1971)
of quanttles of the Mann-Whitney {T) statistic whers T = $| = [ng(ny+1}/2] and.n 15 the mnber of
patients in 5, the subscript L indicates the group of patients with the lowar ranks: Qus hes an
esymprotic chi-square distribution with 1 degree of freedom. The sdjustment 1z for conguctica time

at late dlastolic, & basaline conduction value,
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between the two groups, see Table 3.1.2. The Wilcoxon Rank Sum statis-
tics show that despite equivalent (p > .20) conduction slowing during.
the initial increase in threshold-stimulus (AT < 1), those patients
with abnormal atria showed more proﬁounced (p < .05) conduction time
slowing in each of the'nextlthree intervals of increasing threshold
current stimulus. Furthermore, this pattern of more pronounced con-
duction slowing for patients with abnormal atria was somewhat main-
tained (p < .20) for the few patients who had extremely premature beats

(AT > 4).

3.2 Chronic Joint Pain Example

~ The frequencies in Table 3.2.1 summarize data collected in a
clinical ;riai in which 84 patients with chronic joint pain were ran-
domly assigned to placebo or active treatment. Here, patient response
to treatment (PRS) is defined as being at one of five leve;s: excellent
(1), good(2), moderate(3), fair(4) or poor(5); age and‘sex are con-
sidered té be important_covariates. One question of interest is the
extent to which active treatment is clearly more effective than placebo
in treating chronic joint pain in the gense that a Bigher broportion of
patients on acti;e treatzent experience good or excellent response to
treatment than patieﬁée on placebo. For this purpose, several measures
of patient response Qtatus can be used; one of these is a binary indi-
cator representing 56§d or excellent (1) vs moderate, fair or poor (0)
Tesponses. . ' ’ v

3.2.1 Randomization model analysis

The randomization model is directly supported by the design-based

randomized assignment of the 84 patients to the two groups within which
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TABLE 3.2.1 _ :

TABULATION OF PATIENT END OF STUDY GLOBAL EVALUATIONS FOR CHRONIC JOINT
PAIN CLINICAL TRIAL, CROSS-CLASSIFIED BY SEX, AGE AND TREATHMENT

Pattent Response to Treatment

: " Number of

Sex Age  Treatment Excellent Good Moderate Fair Pgor patjents
Female < 44 Active 0 1 1 1. 4 5
Female ¢ 44  Placebo 0 1 1 3 8
Female 45-54 Active 0 1 0 0 1 2
Femazle 45-54 Placebo a 1 0 1 7 9
_Female S5-64 Active 3 8 1 0 1 13
_ Femsle 55-68 Placebo 1 1 4 2z 1 9
Female » 65  Active 2 1 I 7
Female > 65 Placebo _‘ 1 1 2 1 1 5
‘Hah L4 Active -1 0 1 0 2 4
Male L4 Placebo 1] 0 0 2 1] 2

Male  45-54  Active 0 1 o o o 1 "

Male  45.54 Placebo o 0 0 0 4 4
Male 55-66 Active 0 2 1 1 3 7
Male  55-54 Placebo 0 1, 0 2 2 5
Male > 65  Active 0 1 0 0 1 2
Male > 65  Placebo 0 0 0 0 0 0
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43 patients received placebo and 41 patients received active treatment.

Given that the 84 patients can be viewed as 2 finite population from

which a fixéd size sample of 43 patients are to be randomly selected

without replacement, then the possible partitions can be enumefated by
the'hypergeometric model. In other words, the observed partition under
randomization is one of 84! /43! 41! equally likely partitioms. Thus,
the randomization model is synonymous to the hypothesis of no treatment
group difference regarding age, sex or the proportion of patients with
good or excellent response in the sense of a single pooled-group popula-
tion. Correspondingly, tests of the hypothesis involve a covariance
structure for patients as a single population in the sense of a pooled
total variance. This randomization covariance structure is in contrast
to a weighted or unweighted partition average of a within-group covari-
ance. structure used in methods such as weighted or unweighted least
squares modeling.

The randomization or single population model iEAsupported in the
sense that each treatment group has an equivalent allocation of patients
relative to their age and sex distributions as indicated by nonsignifi-
cant treatment group differences for age and sex in Table 3.2.2. The
direct treatment group ccm@ariaon of the proportions of patients with
good or excellent response gshows that patients taking the active treat-
ment have significantly (p = .001) greater response to treatment than
those patients taking placebo. This result is negligibly strengthened
by adjusting the comparison for the ncnsignificant differences in the
age and sex distributions.

Alternatively, stratification by age levels provides a more pre-

cise covariance framework in that treatment group.comparisons involve
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patients who are of gimilar age. The age gtratification analysis shows
a significant treatment effect (p = .003) which is éomparable in
strength to that (p = .001) which was observed in the unstratified
analysis. Moreover, this tréatment effect is maintained (p = .004)
after covariate adjusting-for age and sex within each age stratum.

These results in Table 3.2.2 indicate that active treatment is
more effective than placebo in the sense that it is associated with a'
higher proportion of pafients with good or excellent responses.
Although this result 1is observed also at an average age stratum, it is
not clear that this resﬁlt occurs at every age. Furthermore, these
results pertain to the observed sample only because the randomization
sampling frame does not include sampling from some larger population |
of patients.

3.2.2 Weighted least squares model analysis

The waighted least squares analysis 1s undertaken in stratified
gimple random setging relative to an assumed larger population cross
classified according to sex and treatment subpopulations. Within each
subpopulation, bivariate random sample for PRS and age jointly is
assumed.

The proportion of patients with good or excellént response can be
modeled in its logit form across the ﬁour subpopulations in conjunction
with mean age. The corresponding array of functions formulated'within
CRISCAT 1is:

F = P' (female, active)
f‘ (female, placebo)
F' (male, active)

F' (male, placebo)
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where {F'}={1n(y/(1-y),x} with y being the mean of the good or excel-
lent indicator and x being the mean age. In accordance with the assumed
sampling structure, the estimated covariance structure, YF’ is block
diagonal where each block is the corresponding within-aubQOpulation
covariance matrix (as opposed to the pooled total variance from the
randomization framework). In this regard, the randomization method
can be at a disadvantage in detecting true differences among subpopula-
tions that are heterogeneous as opposed to homogeneous. Observgd values
with standard errors are listed in part a of Table 3.2.3. An initial
‘model of interesﬁ'which:can be expressed as {logit,age} = KB, is shown
in part b of Iabie 3.2.3. The model goodness ;f fic statistic supports
the assumption that mean age is equivalent across sex and treatment
groups. Furtherhore, the sex by treatment interaction (BA) does not
appear to be significant for the logit good or excellent indicator. Thé
goodness of fit test for a model reducéd by the 1ntéraction term veri-
fies 1ts nonsignificance. Althﬁugh the reduced model shows no signifi-
cant sex effect (Bz). it 1s useful in providing sex-specific predicted
values as shown in part a of Table 3.2.3.

Finally, the hypothesis of no treatment difference based“on the
reduced model is rejected in the semse that for the sampled population,
higher proportions of male aﬁd female patients had good or excellent
response in the-active treatment group wheﬁ compared to patients in the
placebo group. Although this result is adjusted for variation about
the mean age, it does not provide informatiom concérning the extent to
which treatment effectiveness is age-specific. In this'regard, the WLS

model-based predicted values may only be indicative of results from
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- - TABLE 3.2.3

WEIGHTED LEAST SQUARES LOGIT AHALYSIS OF PROPORTION OF PATIENTS
WITH GOOD OR EXCELLENT RESPOMSE FOR ACTIVE AND PLACEBO TREATMENT
GROUPS RELATIVE TO SEX WITH COVARTANCE ADJUSTMERT FOR AGE

2. Observed and covariance logit model predicted values with standard
errors for percentage of patients with good or excellent response
and age for active and placebo groups relative to sex

: Covariance logit mode]
Observed values WLS predicted values

Sex Treatment - % goodJex.  WMean age ¥ good/ex.  lean age
Female Active 59.2 + 9.5 55.7 203 57.4 + 8.9 53.6 ¢+ 1.3
Female Placebo  18.8 + 6.9 S51.6 +2.3 19.8 + 6.7 53.6+1.3
Male Active 35.7 + 12.8 52.4 » 4.1 35.5 ¢ 11.5 53.6 + 1.3
Male Placebo 9.1 * 8.7 53.8 % 2.4 9.2+ 5.2 53.6 + 1.3
. B. Covarlance linear model specification, parameter estimates and test statistics
) . Specification WLS par'ameter
matrix (31) Parameter interpretation estimates + s.e.’'s
1 0 0 0 Reference logit value for | C0.29 + 0.387]
. females (B])
00001
Increment for males (az) | - |-0.87 + 0.68
1 0100
Increment for placebo (B;) -1.68 + 0.58
0 0001l
Interaction increment of males -0.07 + 1.28
11000 for placebo (34)
00001 | Me2n age for alligroups (gg) _{ [53.61 + 1.27
11110
o .
poooy
Model goodness of fit statistic Q = 1.71 with D.F. = 3
"¢, Reduced model parameter estimates and test statistics
Remaining ~  WLS parameter
parameters estimates + s.e.'s Statistic Q 0.F.
# ' 0.30°+ 0.36 Model goodness 1.72 4
B, -0.89 ¥ 0.57 of fit
B3 -1.70 + 0.52 Treatment group 10.63 1
53.62 ¥ 1.26 di fference (33-0}
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broader populations whose age distribution is similar to that of the
assumed conceptually sampled population.

3.2.3 Maximum likelihood model analysis . -

As a supportive analysis, the maximum likelihood analysis is
undertaken in a stratified simpie random sampling setting with respect
to the same 16 cross-classified age, sex and treatment subpopulations
shown in Table 3.2.1. This stratification system is more detailed than
the weighted least squaréa system because sample size restriétions are
not as stfingenc_for.maximum likelihood es:imation'when a simplified
model is potentislly apﬁlicable.‘ Within each subpopulation, a random
a;mple for PRS ig aasuméd. Oba;rved proportions with standard errors
are shown in Tabig 3.2.4.

' The proportion of patients with good or éxcellent response can be
modeled in its logit form acrosé:the 16 subpopuiations with age and sex
as covariates anﬁ treatment as fhe factor of interest. A general model

can be expfeasad as: logit = 8. + Bl f(age, sex, treatment) where B,

0
1s the intercept parameter for 20 year old female patients on active
treatment and El‘are slope parameters associatgd with sex, a 1igear
trend for age, treatment, linear age x sex intéraction, ;nd sex X treat-
. ment interaction. In this regard, age was expressed in the standard-
ized form (age-iO)/lO so as to correspénd to the nuﬁber of 10 year
intervals above a minimum age of 20. Also, age has been grouﬁed into
intervals for < 44, 45-54, 55-64, > 65.w1th respect to which the "mid-
ﬁoint'valﬁeé" 40, 50, 60, 70 havé been assigned. The data for the
resulting sex x age group x treatment gsubpopulations are shown in Table

3.2.4. The proportions of good or excellent response for these sub-

populations were analyzed by logistic regression. An initial model that




OBSERVED PERCENTAGES OF PATIENT

GOOD OR EXCELLENT EMD QF STUDY
MODEL MAXIMUM LIKELIHOOD (ML)

STANDARD ERRORS FOR CROSS-CLASSI

TABLE 3.2.4

$ IN CHRONIC JOINT PAIN CLINICAL TRIAL WITH
GLOBAL EVALATION AND THEIR REDUCED LOGISTIC
PREOICTED ESTIMATES TOGETHER WITH ESTIMATED
FICATION BY SEX, AGE, AMD TREATMENT

Nunmber or patients Percentage of patients with
with global evaluation or excellent global evaluation
Good or Hoderate, Model (X3)

Sex Age Treatment excellent fair poor Observed s.e, ML Predicted s.2.
Female s 44  Active 1 4 - 20.0  17.9 40.3 14.4
Female 544  Placebo 1 7 12.5 117 10.8 © 5.9
female 45-54 Active 1 1 50.0  35.4 50.8 10.8
Female 45-54 Placebo 1 8 1.1 10.5 15.6 6.1
Female $5-64 _ Active o 2 84.6 10.0 61.2 9.2
Female 55-64 Placebo 2 ? 2.2 139 2.0 1.5
Female 2 65  Active 3 4 42,9 18.7 70.7 . 10.3
Femsle 265  Placebo 2 4 3.3 19.2 0.2 1.6
Male <44  Active 1 3 5.0 217 2.5 116
Male < 44  Placebo o 2 00.0 ... 5.0 3.6
Male . 45-54 Active 1 0 100.0 ... 30.8 11.5
Male  45-54 Placebo O i 00.0 ... 7.4 4.6
Male  55-64' Active 2 5 8.6 17.1 40.5 12.1
Male  55-54 Placebo 1 4 20,0 17.9 10.9 6.9
Male 265 Active 1 1 50.0  35.4 51.0 15.7
Male 265  Placebo 0 0 00.0 ... 15.7 10.1

81
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adequately describes the variation among the subpopulations, as indi-
cated by nonsignificant goodness of fit test statistics, is shown in
Table 3.2.5. The slope parameters pertaining to age by sex inter-
action (BS) and age by treatment (36) interaction appear nonsignificant, c
.guggesting a parallel line model. Furthermore, there does not appear
to be significant sex by treatment interaction (37)' The goodness of
fit tests for a model reduced by the exclusion of the interaction.
terms confirm their nonaignificance. Althcugh the réducéd model shoﬁs
no significant sex effect (Bz), it is useful in providing sex-specific
prédicted valueszahown in Table 3.2.4

Finally, the hypothesis of no treatment differeuces baged on:the
reduced model isicontradicted in.the gense that for the sampled popula-

tion, higher proportions of male and female patients had good'or excel-

_lept response in the active treatment group when compared to patients
in the placebo group. Furthermore, the proportion of patiénts with
good or excellent response increases in a linear logistic sense for
males and females alike in both treatment groups with reépect to
increasing age.
3.2.4 Discussion

The randomization analysis, weighted least séuareé analysis and
maximum likelihood analysis all.shuwed significant treatment effective-
negs in the sense that a higher proportion of ﬁatients had good or

excellent response to treatment. Furthermore, treatment effectiveness

was maintained after adjusting for age and/or sex covariates. The

randomization results for the age stratification analysis are directed

1

at the average partial association of treatment with the response across .

the levels of age. The stratified comparison without covariance



TABLE 3.2.5

MAXIMUM LIKELIHOOD LOGISTIC COVARIANCE MODELS FOR PERCENTAGES
OF PATIENTS WITH GOOD OR EXCELLENT RESPONSE RELATIVE TO 16 CROSS-

CLASSIFIED SEX, AGE AND TREATMENT SUBPOPULATIONS
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a. Covariance linear model specification, parameter estimates and test

statistics
Model % M. parameter
Speciﬁlation Parameter descriptors - estimates + S.E.'s
M 0200010 [Meference logit value for females with] -1.01 + 1,497
age < 20 (8;) -
1021020
Increment for males {8,) -0.60 + 2.38
1030000 -
Linear increment for (age-20}/10 (83) -0.37 + 0.38
10310130 ) .
Increment for placebo treatment (64) -2.58 + 2.24
1040000
1041040 Interactin-increment of linear age -0.08 + 0.62
for males (55)
1050000
1051050 Interaction increment of Tinear age 0.22 + 0.57
for placebo {8g) :
1120200
Interaction increment of males for 0.16 + 1.35
1121221 | placebo (B4) - -
1130300 .
Model goodness of fit test statistics: QL = 10.66, D.F. = 9
1131331
Qp = 9.84, D.F. = 9
1140400
Hypotheses concerning treatment group differences for
1141441 specific age and sex criteria: ’
mean percent parameter -
1150500 age female contrast 0.F.
55 50 By + 3.5 85 +0.58, T
Ll 15185 H
53.4 29.8 84 + 3.3456 * 0.29857 1
B, TReduced mode] parameter estimates and test statistics
Remaining ML parameter Model goodness of fit
parameters . estimates + s.e.'s test statistics
& -1.24 + 1.05 = 10.88, D.F. = 12
By -0.44 + 0.26 = 10.20, D.F. = 12
By -0.42 + 0.26 .
8y -1.72 + 0.55
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adjustmemt was based on the Mantel-Haenszel statistic for four 2 x 2 |
tables where the rows correspond to treatment groups and the columns
correspond to the good/excellent indicator levels with the cells having
counts of patients in a treatment group that have or have not good or
excellent response to treatment. In this regard, the covariate-
adjusted response is a modified covari@te-édjusted Mantel-Haenszel test
statistic.

The weighted least squares results pertain to ﬁhe treatment group
differences relative mo aAmodel for ;ex amd treatment group with age as
auécvariate. Heré, submopulation sample sizes'mere not large enough to
aupport levels for age groups within treatment. subpopulationa The
maximum 11kelihood results pertaiu ‘to the treatment group differences
relative to a medel for sex, age and treatment grOupa}

The differences in the analysis framework afféct the generalityvof
the results. The randomization resmlts refer to an amerage age com-
parison which does not necessarily apply.equally at eaqh age level. The
ueighted least squares results sﬁecifically refer to the group differ-
ence at the central group age and also does not necessarily apply |
equally across the age range in the sense of parallel group lines. The

~maximum Likelihoqd results describe group differences along the age
range. 'Furthmrmpre, the randomization results‘are applicable to the
finite population under study only,mbut do not require any assumptions
about a cmnceptua1 population they might represént. The weighted least
squares results are applicable to some large population from which the
.;&afa were{cqnbépfuaily sampled.. Bécause agé was not a stratification
vmriable, an underlying.aasumptioh 18 that the age distribution is

equivalent to that of the large population of Interest in the sense of
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proportional sampling. The maximum likelihood results are applicable
to some large population from which the data are conceptually sampled
within an.age gtratification.

The method of covariance adjustment for randomization statistics
involves showing that the distribution of age and gex are at random
with respect to their partition between the two.treatment groups. One
mechanism to enhance compatibility with this conditign ig through post-
gtratification. Im particular, stratification and covariance adjust-
ment can be used in combination such that imbalances in gubpopulation
allocation of a covariate are controlled with the minimum number of
straFa necessary to have nonsignificant covariate differences. These
remaining covariate differences are then adjusted within each strata.
This combination techniﬁue 18 an alternative to having a large number
of strata with few observations each. Here, age and sex are not
significantly associated with treatment in the single sFratum analysis
and the age stratified analysis.

Covariance adjustment for the weighted least squares model
involved establishing a common mean age which was the welghted average
of the group ages. Sex was not a covariate since sex defined levels of
treatment subpopulations. Accordingly, the variation between subpopula-
tions for males and for females is described by a model for which sex-—
specific predicted values are possible. |

Covariance adjustment for the maximum 1ikelihood logistic regres-
sion invélved fitting a parallel 1ine or common slope ﬁodel with respect
to the age gradient across subpopulations. For this construction, age

specific predicted values are possible as well as sex specific predicted
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values. These results suggest a continuocus ML model with age assuming
a linear relationship with PRS. Also PRS can be analyzed in its full

integer score form.




CHAPTER IV
A MULTIVARIATE RANDOMIZATION APPLICATION

The example (see Johnson, Amara, Edwards and Koch {1981]), in this
4 .
chapter illustrates the multivariate randomization statistics in Sections

1 and 3 of Chapter II. The multivariate profile has 8 repeated measure-

ments in time for patients randomly assigned to ome of four treatment

groups within each of four.clinics. The analysis strategy for comparing
treatment groups cqnsiaqs of two stages. Ome is randomization statistics
to provide tests of hypotheses; and the other is weighted least sﬁuarea
models to describe a complex interaction for clinic and to produce cor-

responding predicted values.

4.1 Obstetrical Pain Example

The following multivariate analysis pertains to data from a
repeated measurements design used in a clinical trial to assess effective-
ness of four treatments for obgtetrically related pain. In.particular;
four combinatidns of drugs A and B were identified to provide a placebo
treatment, A treatment only, B treatment only and a combination AB treat-
ment. The formulation of these compounds corresponds “to the drug A-drug
B cross-classification relative to null and active levels; the four treat-
ments are eifressed as: placebo, A, ﬂ, and AB respectively.

The patients participating in the atuﬁy under consideration were
from four clinics and were experiencing pain that started within the

£irst 24 hours subsequent to vaginal delivery. They were ranhomly
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assigne4 one of the foﬁr treatments defined previously. Before treat-
ment their pain level was classified as '"'some pain" or "a lot of pain".
After receiving treatment, patients rated their pain as none (0), a
little (1), some (2), a lot (3) or terrible (4) for each hour of a four
hour period. A second dose was administered at the end of the fourth
hour and pain ratinga were continued hourly for the next four hours.
Average pain intensity ratingé with respect to the uniform scores 0, 1,
2, 3, 4 are ghown in Table 4.1-for each of the eight hours for the com-
bined patients in all clinics, cross-classified according the the initial
péin status and treatmeﬁt. |

Thé pain rating averages in Table 4.1 suggest that scoreé are pre-

dominantly O, 1 or 2. Clinically important score distinctions involve

scores 0 or 1 versus scores 2, 3 or 4. In view of these considerations,

the focus of discussion in the remainder of this chapter will be based

upon a binary measure of response indicating patients with little or no
bain versus patients with at least some pain. This binary measure is
expressed as th; proportion of patients with little or no pain,

The proﬁorfion of patients w;th little or no pain is listed hourly
for each of the four treatments within the two levels of initiai pain
status in Table 4.2. It is evident that patiénts improve with time
within each treatment group. More specifically, the first thfee_hours
- show an increase in the proportion of patients with liétle or no pain.
There is a temporary relapse of pain between the third and fourth hour
suggesting a wearing off of the initial dose, and then a noticeable

improvement in pain relief between the fourth and fifth hour correspond-

ing to the administration of the second dose. The proportion of patients .

with little or no pain,%ppears to remain stablé through the sixth hour
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with a slight decline in the seventh and eighth hours. This pattern of
response appears to be consistent across the four treatments anq two
levels of initial pain.

Among the treatments, active.B treatment and the combination AB
treatment appear to be more effective as analgesic compounds than the
active A treatment ar‘placebo; i.e., B and AB consistently_show higher
proportions Qf patients with little or no pain than A and placebo.
Furthermore, B and AB do not show the noticeably redﬁced effectivepesa
of A and placebo for pat;ents w;th a lot of pain initially relative to
patients with some pain initially. |

Finally, it is apparent that proportions of patients with little or

no pain are consistently amaller for those with a lot of pain initially

in contrast to those with only some pain initially.

4.2 Randomization Model Analysis ' o 7 :

The randomizafion model is based upon‘a finite population sampling
framework whereby patients ére randomly assigned to one of four treatment
groups within each.clinic. According to this sampling desién, each
clinic is a distinct stratum. Bécause initial pain stafus is known
a priori relative to treatment, initial pain status can be used as a
post-stratification variable, thereby providing a subdivision of each
clinic into separate strata for patients with some pain initially and
patients with a lot of pain initially. In' this regard, the randomization
of patients within clinics can be viewed as equivalenp to randomization z
within the eight post-stratification levels of initial pain status within

each clinic. The randomization model for equivalent. treatment effective-

ness corresponds to the observed partition of responses (j) (e.g., defined
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as a binary indicator for little or no pain for each of the eight hours
or 28 possible response profiles) among the four treatment groups (1)
being one of the equally likely partitions in accordance with the prod-

uct multiple hypergeometric distribution.

_ 8 4 256 4 256
Pr({ = N[0 'n iy S G '
LT i e

Also, see the statement of Ho in Section 2.1.

The data are not compatible with this randomization model in the
sense thaé the results in Table 4.3 indicate that at least one treatment
hourly and across all hours is associated (p < 0.05) with a differentv
proportion of patients with iittle or no pain relative to the respective
finite pOpuiation strata. The average partial association statistics
for pairwise comparisons in Table 4.4 gshow that the AB treatment is con-
sistently better than placebo and consistently better than the A treat-
ment, but not consistently better than the B treatment. Furthermore,
the B treatment is consistently better than élacebo, but not_consiatently
better than the A treatment. Alternatively, all pairwise comparisons
except AB versus B show significant differences relative to the multi-
variate eight hour profile with placebo having the least analgesic gffect
and A having less effect than B or AB.

Hourly pairwisé treatment comparisons in Table 4.4 also show that
significant differenéea are more pronounced in the second dosing period
(hours 5 throughis).than in the first dosing period (hours 1 through 4).
This pattern is also apparent when comparing the stratification statis-
tics having one degrée of freedom for the average proportion of hours
that patients experience little or no pain over the first four hours and

the average proportion over the last four hours, as shown in Table 4.5.
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Although the chi-square values are larger for the second dosing period
in all comparisons except A versus B, they are not consistently larger
than the chi-square values for the average proportion ﬁver the eight
hours. Furﬁhermnre, ﬁhe increase in the average proportion for the z
last four hours over the first four hours 1s minimal in most treat-

ment pairs with the exception of {A versus placebo} and {AB versus

placebo}. For these two comparisons, this dosing period difference can

be interpreted ag a significant (p < .05) increase in the last four hour

~ comparison. This dosing period difference is attributable to {A versus

placebo} showing a weak (.05 < p < 10) responsg'difference in the first

-four hours but 4 strong (p < .01) difference 1§“the second four hours,

_and {AB versus placebo} showing atroné.(p ; .01) differences in the

first four hours but substantially stronger differences in the second

four hours. Deapite these dosing period differences, treatment group
differences detected when averaging the proportions of hours that
patients experience little or ﬁo pain across the eight hours ére similar
to results of averaging the first four hours and the second four hours
separately. The eight hour average is also a comparable measure of
treatment differences relative to the bivariate profile 6f'the four hour
averages.

The appfopriateness of the eight hour avefage is also apparent in
Table 4.6 relative to the overall comparisons among the four treatments.
Essentially, treatment group differences can be relatively constant over
- time in the sense that patients have roughly parallel but not equivalent o £
. response to the different treatmeﬁts over the eight hour period. This
interpretation is supported by Table 4.7 where hourly orthogonal con- ' .

trasts within each dosing period show only a few isolated significant
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differences among the treatment groups relative to these components of
response pattern over time. In view of these findings the multivari#te
time-regponse curve for each patient can be summarized as an overall
average for comparison purposes.

Finally, it can be seen in Table 4.6 relative to the overall com-
parison among the four tfeatmenta, that straté involving patients with
a lot of pain initially have predominantly stronger treatmenl group
differences than strata involving patients with some pain initially.
Also, significant (p < .05) treatment group differences in the increase
in the average propottioﬁ for the last four hours over the first four
hours are found only in strata with patients having a lot of pain
initially. However, as noted previously when combined with the other
strata, these treatment group differences in the increaaé'in the average
proportion for the last four hours over the first four hours do not bhave
a consistent pattern since the combined average partial association
gstatistic 1is not significant (p > 0.05). These resui;s relative to
initial pain status support the post stratification strategy in the sense
of providing a more breciae covariance structure for treatment group
comparisons.

In eumma;y, the response to treatment is.not at random relative to
the different treatment groups observed at the four clinics. More
specifically, treatments AB énd B are assoclated with the highest propor- -
tions of hours éith little or no paln status; Creaﬁment A is associated
with higher proportions of hours with little or no pain status than
placebo. These differences tend to be roughly uniform across hours such
that the multivariate eight hour profile can be adequately gummarized by

the average response over the eight hours. These randomization results
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are applicable to the finite population under study only, but do not
require any assumptions about a conceptual population they might repre-
sent.

The detailed randomization analysis provides a basis for
defining an initial model of a WLé analysie. The important sources of
" variation {ndicated in this randomization analysis are:
1., eclinic
2. initial pain status
3. treatment (incremental effects)
4, treatment by 1ﬁitial pain status interaction.
These sources of variation require a 32 subpopulation framework. With
32 subpopulations, the CPU (pentral processing unit) space allocation in
GENCAT restricts the response profile te two variates. These variates
could be the firat four hour and second four hour average proportion of
p#tient hours with little or no pain. The orthogonal hourly contrasts
in Table 4.7 show little significant information remaining in the eight
hour profile‘beyond the bivariate four hour averages. These results
justify sumparizing the eight hour profiie into the bivariate four hour
averages. However, Tables 4.5 and 4.6 show that the bivariate four hour
average can be summarized as the eight hour average. This result is
based upon re-expressing the bivariate respbnse as the eight hour average
and the dose period difference. This dose period difference was found
to be inconsistent with regard to treatment comparisons across strata.
Thus, the univariate eight hour average proportion of patient hours with
little or no pain representa'an appropriate response measure for the

eight hour multivariate response profile.
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4.3 Weighted Least Squares Model Analysis

The weighted least squares analysis for this study is undertaken
by viewing the patients as being representative of a general popu}ation
of patients suffering obstetrical related pain within the firét 24 hour
period for a vaginal delivery without ccmplicatiogs. In this regard,
the variation among treatmentalcan bé modeled as distinct subpopulations
within the eight levels of clinic and initial pain status.

For a resulting 1 = 1,2,...,32 subpopulations, a model of interest
(see Section 4.2) describing the variation in the average proportion of
hours {§1} over the eighé hour peridd that patients experienced ;ittle
or no pain, involves main effects for clinic;_initial pain status and
treatment as well asvinteraction effects for treatment with initial pain
status. The model equation for a reference cell parameterization (§1)

shown in Table 4.8 can be written:

) 11
E{yi} - kzl B X,

_where the 4 = 1,2,...,32 rows of X and short descriptors of B are given

1; Table 4.8. More speéifically, ? is the vector of k = 1,2,...,11
parameters where |
bll' is the average proportiom with little or'nq pain assoclated
with the first clinic, some initial pain and placebo treat-
ment;
bl2 is the increment associated with a lot of pain initially
relative to some pain initially;
b4 is the increment associated with the secopd clinic relative

to the firat clinic;
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bl4 igs the increment associated with the third clinic relative
to the fifst clinic;

isrthe {ncrement associated with the fourth clinic relative

15
to the first clinic;
' b16 is the increment assoclated with trgatment B relative to
placebo;
bl? is.the increment associated with treatment A relative to
treatment B;
b18 {s the increment associated with treatment AB relative to

treatment A;
by 1s the increment associated with b, and a lot of pain
initially relative to blﬁ and some pain initially;
bl,lO is the increment associated . with b17 and a lot of pain
initially relative to bl7 and some pain initially;
bl,ll i3 the increment associated witﬁ bl8 énd a lot of pain
initially relative to b o end some pain initially.
Because the Wald statistic for goodness of fit 1is ﬁonsignificant, the
model provides an appropriate environment for testing hypotheses con-
cerning clinic effecﬁs, initial pain status effect and the interrelation-
ship among the four treatments. Wald statistics for the felevant
hypotheses are shown in Table 4.8. These statisiics suggest that theré
are significant clinic variationm, gsignificant initial pain status effect
and significant interacﬁion between'treatment and initial pain status.
The parameter estimates involving treatmént effects indicate a moderate
increase in the proportion of patient hours with 1i£t1e or no pain for

treatment B relative to placebo, a slight decrease for treatment A rela-

tive to treatment B and a modest increase for treatment AB relative to
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PRELIMINARY MODEL FOR AVERAGE PROPORTION OF PATIENT HOURS WITH LITTLE OR NO PAIN RESPONSE

Specification matrix (.1_1)

Parameter Interpretation

WLS parameters
estimates s.e.'s
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-—-000 Oaﬂﬁ

[Predicted reference value for Placebo

for initially scoe pain patients 1n
center ] {b‘]) .

Increment for Initially a lot of pain

status  (by,)

Incresent for center 2 (by,)

increment for center 3. (b")

Increment for center & “’15)

Increment for 8 vs Placebo “’16)

Increment for A vs B (bn)

Increment for AB vs A (b;g)

{8 vs Placebo) x Initial status .(b19)

(A vs 8) x Inft1a) status (b, .,2)'

| (A8 vs A} x Inttial statys (b].“}

J

0.610 + 0.038
-0.209 + 0.050

0.067 + 0.023
0.007 + 0.027
0.120 + 0.024
0.151 + 0.042

-0.027 + 0.033
0.066 + 0.032
0.118 + 0.059

-0.132 + 0.050
0.141 + 0,048

Wald test statistics for hypotheses

No inftial status variation (blz % 0)

Mo center variation (h13 i bia L by s 0)

No treztment x {nftfal status interaction

(byg 22y 19 909,11 2 O

thocel reduction

(B 8byg =+ 1030y <0y =0

Model goodness of fit

Q(OF = 1) = _ 17,49
Q(DF = 3) = 29.02
Q(DF = 3) = 12.63

Q(DF = 3} = 0.9

Q(OF = 21) = 26,90

1The codel reduction hypothesis corresponds to no A vs B difference
no (A vs Placebo) x Initial Status Interaction, and no
(AB vs 8) x Intttal Status Interaction.
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treatment A. For patients with a lot of pain initially there exists a
gecond moderate increase for treatment B relative to placebo, a second
moderate decrease for treatment A relative to treatment B and a second
moderate increase of treatment AB relative to treatment A. A more suc-—
cinct model describing these treatment effects could be exptessed as an
increment for treatments.A, B, or AB relative to placebo, an increment
for treatment B or AB relative to treatment A oY placebo for patients
with a lot of pain initially, and an increment for treatment AB relative
to treatment B. The corresponding model reduction contrast hypothesis
shown in Table 4.8 18 nonsignificant.

Parameter estimates and tests of hypotheses for the reduced model
(X ) are shown in Table 4.9. Treatment A and B are more effective than
placebo in the sense of having significantly higher average ﬁroportiona
of patient hours with little or no pain. For patients experiencing a
1ot of pain initially, treatment B is significantly more effective than
treatment A. Treatment AB can be considered the most ;ffective treatment
in that it is significantly more effective than treatment B. Observed
and predicted values are listed in Table 4.10 together with their esti-
mated standard errors.

Another aspect of this example which was of interest was the
increase i{n the last four hour avetége'over the first four hour average
relative to the proportion of patient hours with litcie or no pain.
Modeling of this quantity showed interactions existed at a fourth order
level involving time, cliniec, {nitial pain status and treatment. An
ipitial model with a rank of 20 iavolved a bliock diagomal main effects
matrix where each block represented a clinic. Within each clinic, the

parameters corresponded to a reference value for placebo and initially
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ESTIMATED PARAMETERS, STANDARD ERIiORS. AND TEST STATISTICS FOR REDUCED
MODEL FOR AVERAGE PROPORTION OF PATIENT HOURS WITH LITTLE OR NO PAIN RESPONSE

Specification matrix (12)

Paramater Interpretation

WLS parameters
estimates s.8.'s
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for fnit1ally some pain patients in
center 1 by

Increment for iﬂitially a lot of pain

status  {by,

Increment for center 2 “’23)
Increment for center J (bu)
Increment for center & (bzs)

tncrement for A, B, or AB
relative to placebo {byc)

Increment for B or AB relative to A or
placebo for initially a lot of pain
patients (b

)
| Increment for i‘ relative to 8 (byg) |

Wald test statistics for hypotheses

0.622 + 0.032
-0.229 + 0.028

0.064 + 0.022
0.004 + 0.026
0.117 + 0.024
0.127 + 0,030

0.151 + 0.031

*

0.051 + 0.020

Mo fnitial status variation (b,, i 0)

M conter variation (byy 3 b,y & byg ‘o0

A vs Placebo (byg s 0)
15 vs 8 (byy 5 0)

B vs A for initially & lot of pain
patients (bn S 0}

Model gocdness of it

Q(DF = 1) » 66.75
QUOF = 3) = 28.56

" Q(OF = 1) = 18.26

Q(OF » 1) » 6.65
Q(OF = 1) = 23.29

Q(OF = 24} = 27.83




| ' 104
some pain, an increment for initially a lot of pain, an increment for
treatment B relative to placebo, an increment for treatment A relative
to treatment B and finally, an increment for treatment AB relative to
treatment A. Using the model predicced values together with ﬁhe param-
eter estimates and standard errors, the model was reduced to having the
following (32 x 2) design matfix:

1212 2323 1111 1222 1111 1111 1111 111l

X} =
-3 | 0000 0000 0000 0000 0000 0000 1111 1000

where the first parameter represents a complex clinic x initial pain
status x treatment interaction and the second parameter represents a
decrement for the fourth clinic for patients with some pain initially or

a lot of pain and placebo. The goodness of fit statistic was not signif

icant (Q = 30, d.£. = 30); the observed and predicted values are listed
in Table 4.10 along-with their estimated standard errors.

In viéw of the complex interactions found concerning the increase
in average proportion of patient hours with little or no pain for the
last four hours beyond that of the first four hours, the multivariate
model involving both the eight hour average proportion and the inc;ease
in ;he last four hour avérage was considered as a more complete frame-
work for‘evaluating treatment group differences. Also, this provides
predicted values for mot only the éight hour average proportions of
patient hours with little or no pain, but also the first four hour
average proportions and last four hour average proportions. For this
purpose, patient proportions of the eight hour period with little or no
pain and the difference between last four hour proportion and first four

hour proportion were gubmitted to MISCAT. The resulting response vector
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was permuted such that the first 32 functions pertained to the eight
hour average proportion for the 32 distinct subpopulations and the
second 32 functions peftained to the corresponding first four hours
versus second four hours differences. The multivariate model is simply
a block diagonal matrix, shown in Table 4.11, %ith a final model (%2)
for the eight hour average proportions as the first block and the final
model (§3) for the differences as the second block. The goodﬁesa of fit
test statistic indicates that the model adequately describes the varia-
tion among subpopulat;ona._ Furthermore, the atanda;d errors for pre-
dicted values of the eigﬁt hour averages and the four hour average dif-
ferences shown in fab;e 4.12, are smaller than thoge from tﬁe corre-
sponding separate univariate models shown in fable 4.16.-

The multivariate model indicates that treatments A and B are more
effective than placebo in'the gense of having sigﬁificantly greater aver-
age proportions of patient hours with little or no pain; for paﬁients-
experiencing a lot of pain initially, treatment B is significantly more
effective. than treatment A. Treatmeat AB shows a slight increase in
effectiveness relative to treatment'B, which is reasonably suggestive
(p = 0.08) even though not strictly significant. Therefore, it can be
concluded that treatments B and AB are the most effective for patients ‘

suffering from pain within the 24-hour period following vaginél delivery.

4.4 Discussion

Both the randamization analysis and weighted least squares analysis
showed that treatments AB and ﬁ are most effective for patients suffering
obstetrical pain with treatment AB tending to be slightly more effective

than B. Treatment A, although less effective than B or AB was found to

be more effective than placebo. The randomization results are directed

*)
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ESTIMATED PARAMETERS, STAKDARD ERRORS, AND TEST STATISTICS FOR MULTIVARIATE MODEL FOR
AVERAGE PROPORTION OF PATIENTS WITH LITTLE OR NO PAIN RESPONSE RELATIVE TO THE 8 HOUR AVERAGE
PROPORTION OF PATIENT HOURS AND THE INCREASE IN THE LAST 4 HOUR AVERAGE OVER THE FIRST 4 HOURS

Specification matrix (5‘)

Parameter interpretation

WLS parameters
estimates s,e.'s

T

64 « 10

. [Predicted reference value for Placebo for]

{nitially some pain patients in center 1

Increment for tnitially a lot of pain
status

Increment for center 2
Increment for center 3
Increment for center 4
Increment for A relative to Placebo

increment for B relative to A for
taitially a lot of pain patients

Increment for A8 relative to B

Inftial pain status x center x treatment
increase in last 4 hours over first &
hours

Increment in increase in last 4 hours
over first 4 hours for center 4 with
active treatment for some pain patients
[_and center & with placedo

0.638 » 0.030
-0.233 + 0.026

0.068 + 0,017
0,007 + 0.022
0.112 + 0.021
0.122 + 0,028
0.176 » 0.028

0.030 + 0.017
0.169 » 0.081

-0.115 + 0.024

Wald test statistics for hypotheses

A vs placebo
AR vs B

Q(0F =

B vs A for initially
a 1ot of pain pat}mts

Model goodness of

fit

QUOF = %8) = 66.53

1) = 18.82
1) « 3.06
1) = 38.62
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at the average partial association of tfeatmenﬁs with response across
the finite population cross-classification of clinic and initial pain
status. The weighted least squares results are directed at the treat-
ment group differences relative to a model of clinic, initial pain
status and treatment group variation. Also, this model is viewed as
being representative of the variation in some largerpopula;ion from
which these data are conceptually sampled.

The tests of hypotheses undertaken with the randomization model
provided‘a rationale useful in constructing the initial weighted least
squares model. Separate weighted least squares models were de%eloped
for the eight hour average and the difference between the two dosing
periods. The multivarigte model for the eight hour average and the
dosing period difference was simply A combination of the two separate
models with one modél as the first block and the seéond model as
another block forming a two block diagonal design matrix. In actuality,
the multivariate prﬁfile of the eight hour average and the dosing period
difference is equivalent to the ﬁultivariate profile of.the two four
hour dosing périods. However, with the compiex interactions between the
two periods, an equally parsimonious model for the two dosing periods
would have been more difficult to specify. The weighfed least squares
multivariate model provided predicted values and standard errors for the
{=1,2,...,32 subpopulations.

The randomization analysis strategy consisted of viewing the
hourly responses ﬁnivariately for the four treatment comparison involving
tests with three degrees of freedom and the six sets of paired-treatment
comparisons involviﬁg tests with one degree of freedom. The eight

hourly response profile was also examined simultaneously involving a test
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with 24 degrees of freedom for the fqur treatment comparison and tests
with eight degrees of freedom for the set of six paired-treatment com-
parisons. |

A mbre paréimnnious multivariate analysis consisted of the average
response across the first four hours (the first dosing period) and an
average response across the second four hours (the second dosing
period). This analysis involved tests with six degrees of freedom for
the four treatment group comparison'and tests with two degrees of free-
dom for the set of six paired-treatment comparisons.

The twe dosing peridd averages were also expressed as the overall
average and the difference between the two periods. If the difference
between the two periods was at random across tréatment groups, then the

eight hour average would be sufficient for comparing the treatment

groups. For this purpose, the eight hour average and the dosing period
difference were examined univariately. Although there were two paired~
treatment comparisons that were significant (p < .05) for the dosing
period difference, dosing period differences were not found to have a
consistent pattefn of association with any of the four treatments. An
additional analyqis of hourly differences (orthogonal hourlf contrasts)
within the dosing periods indicate that treatment group differences are
roughly comparable from hour to hour, particularly wiﬁhin dosing periods.
The results of the eight hqur average comparisons of the four treatment
and the set of six péired-treatment comparisons were éimilar to the uni-
variate and multivariate results for the two dosing periods.

The randomization tests of hypothesis for comparing the four treat-

ments involved the overall ¢omparison as well as a set of six paired- .

treatment comparisons. The variance structure for each comparison varied
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in that the overall camparison included all the data and each paired-
treatment comparison included data for the pair under consideration
only. The weighted least squares model provided a unified covariance
framework within which paired camparisons were modeled. The weighted
least squares tests of hypothesis concerning treatment group comparisons
involved testing linear combinations of the model parameters.

The randemization analysis pfovided tests of significance within
a stratification system which provided a precise covariance structure
in the sense of matched comparisons without having to describe the
1nterre1htionship of the strata. However, the within-étratum results
identified a pattern for tﬁis interrelationship of the Etrata. The WLS
analysis clarified the interrelationship of strata in terms of main
effectg and interactians among clinice, initial pain status, treatment
and time. Within this completely specified model, the WLS analysis pro-
vided tests of significance and predicted values with estimated standard

errors.
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CHAPTER V

APPLICATION OF STRATIFICATION TECHNIQUES

The example in this chapter illustrates the average partial associ-

ation statisti
subpopulation
tion analyses

These strata ¢

cs pfesented in Section 2.3.1 of Chapter II for the two
case. Moreover, various aspects of cumulative stratifica-~
are discussed with regard to an ordering of ten strata.

orrespond to a cross-clagsification of clinic and baseline

level within which patients are viewed as randomly assigned to one of

three treatments, two of which are control treatments. The control
treatments are
vide an aggres

antidepresasant

used with the cumulative stratification strategy to pro-
sive evaluation of an investigational treatment as an

drug. For this purpose, the analysis includes the

- generalized randomized block chi~square statistic, the average standard

normal statist

ic and the Fiéhér combined p-value statistic.

5.1 Psychopharmacology Example

This example is concerned with data from a series of double blind,

parallel group
axplore the ef

comparison to

randomized clinical trials employing six centers to

ficacy of an investigational treatment for depression in

a placebo control treatment and an active control treatment.

In all, 393 patients were involved, and these were randomly assigned to

three treatments on a within clinic basis. The questions of interest for

this example p

ertain to whether the investigational treatment is more
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effective than placebo and equally as effective as the active control.
In this regard, the extent to which the active control is more effective
then placebo in a particular clinic can be interpreted as an indicator
of the extent to which the investigational treatment might be expected
to e;ceed the placebo level of effectiveness. More specifically,
clinics with the active control showing more pronounced increases
in effectiveness over placebo are more stringent in testing the efficacy
of the investigational treatment. Co;trarily, clinics with the active
control showing less effectiveness than placebo are possibly less rele-
vant in testing the efficacy of the investigational treatment in the
sense that the placebo response 1s potentially at an unexpectedly more
favorable level or that the corresponding group of patients are possibly
atypical.

The response variable which was used to assess anﬁidepressant
efficacy was the proportion of patients with at least 50% improveﬁent in
the final Hamilfonl total score over baseline. As will be indicated
later, baseline severity was notvunifo?m.acrosé the treatments and thus
needed to be taken into account. In particular, a significantly (p < .05)
higher proportion of placebo patients had less severe depression at base-
line than those with the investigational or active cqntrol treatments

even though there was randomized assignment.

5.2 Randomization Model Analysis

Since both clinic and baseline Hamilton total were significant

gsources of variation in the analysis of the final Hamilton total score,

lM. Hamilton. '"Rating Scales in Depression.' Depressive Illness:
Diagnosis, Assessment, Treatment. Edited by P. Kielheolz. Baltimore,
Md.: Williams and Wilkins, 1972.
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the randumiza:ion framework consists of ten strata. These strata are
defined by the cross~-classification of fouf cliniqs with 1éss severe
versus severe levels of baseline Hamilton total%together with a classifi-
cation of the remaining two clinics which have.patients predominantly at
ché severe level of the baseline Hamilton total. Within éach stratum,
patients can be considered randgmly assigned to.treatment both in design
wich regard to the within-clinic randomization and in post-astratification
with regard to baseline severity since the baseline was known before
treatment assignment. Thus, for the ten strata, it is expected that'
patients are houogeneaus.relative to their chances of improved outcome
under the null hypothesis of no treatment differences. In other words,
the partition of responses between paired treatment groups in each
clinic-baseline status stratum is equivalent to a stratified random
sample with fixed sample sizes {nhl.nhz} from the pooled samples

{nh + n } in accordance with the product multiple hypergeometric model.
1 2 '

Two issues that determine the structure of the randomization
- analysis here are as follows:

1. The tests pertaining to the‘compariaon of the active treatments
with placebolare one-sided so as ﬁo provide greater power
againat alternatives in the direction of the more favoréble
outcomes expected for them.

2. Strata can be ordered according to the respective strengths of
the comparison of the active control with placebo.

In view of these igsues, randomization.statistics for the paired—
treatment comparisons include the generalized randomized block chi-square

test statistic, the average standard normal statistic and the Fisher
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combined p-value statistic presented in Section 2.3.1 of Chapter II.
The average standard normal statistic and the Fisher combined p-value
statiatic are directed specifically toward stessing the efficacy
probability. In particular, the across-strata averagé randomization form
of these statistics is used to show the extent to which the iavestiga~
tional treatment versus placebé comparisons are strengthened or weakened
as successive strata with weaker active control éfficacy are included.

_ The distribution of 50% improvement on the Hamilton total score is
shown in Table 5.1 for patients with respect to their treatment assign-
ment within each clinic-ﬁaseline status stratum. Within-stratum active
control efficacy p-values for the proportion of patients with.at least
50% Hamilton improvement determine the relative ordering of strata for
the investigational-treatment versus placebo comparisons. This relative
ordering of strata, also shown in Table 5.1, is determined separately for
direct comparisons and baseline-adjusted comparisons: Two strata show
patients taking placebo as having a higher proportion with 507 improve-
ment than patients taking the active control for both the direct compari-
soﬁ of active contfo; to placebo and the baseline-adjusted comparison.
These two strata a?e ordered last in both the direct and baseline-
adjusted sets of analyses according to the ordering system.

The across-strata statistics for the direct and baseline-adjusted
comparisons of activé control versus placebo, investigational treatment
versus placebo and investigational treatment versus active control are
shown in Table 5.2 through 5.7, utilizing the corresponding stratum-
ordering identified in Table 5.1. More specifically, p-values for direct
comparisons involving average partial association chi-square statistics,

average standard normal statistics and combined Fisher p-values are
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TABLE 5.1

DISTRIBUTION OF THE 50% HAMILTON IMPROVEMENT INDICATOR FOR PATIENTS CROSS-CLASSIFIED
ACCORDING TO TREATMENT AND THE STRATA FRAMEWORK, AND THE STRATIFICATION ORDERING
' RELATIVE TO DIRECT AND COVARIANCE ADJUSTED WITHIN STRATUM COMPARISONS
FOR ACTIVE CONTROL VS. PLACEBO

TIinic  Baseline  Ireatment™ Final Hami{ton Improvement Direct Adjusted

Hami1ton Number Number Proportion Analyses Analyses
Total 250% <50% 250% Avs P Avs P
. _ . p-value | p-value
{order) (order)
A €27 Invest 14 9 .61 '
Active . 16 14 .53 .259 (3) .241 (2)
Placebo 13 16 .45
A 227 Invest 5 - 5 .50 :
) Active 2 1 .67 .395 (6) .384 (7)
Placebo 4 3 .57
B All Invest 2 5 «29
Active 2 6 .25 .268 (4) .341 (5)
Placebo 1 7 .13
c <27 Invest 12 8 .62
Active 13 5 72 .196 (2) .242 (3)
Placebo 13 9 +59 .
€ 227 Invest i1 5 .69
Active 10 4 .71 .817 (10} .849 {l0)
Placebo 12 2 )
1] <27 Invest 1 2 .33 T
Active 2 4 =33 429 (7) .349 (6) .
Placebo 2 L] «29
D 227 Invest 1 7 .13
Active 1 4 .20 - L446 (8) .433 (8)
Placebo 1 5 A7
E <27 Invest 12 7 63
Active 11 6 .65 .276 (5) .288 (4)
Placebo is 12 +56
€ 227 Invest 12 8 .60
Active 6 7 46 .664 (9) .572 (9)
Placebo 5 4 »56 .
F Al Invest 7 G 1.00 )
Active 6 2 .75 012 (1) .008 (1}
Placebo 1 6 .14 -

* Invest, Investigational Treatment

Acttve, Active Control
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TABLE 5.2

TWO-SIDED P-VALUES FROM THE 10 STRATA FRAMEWORK FOR SUCCESSIVE
ACROSS STRATA AVERAGE PARTIAL ASSOCIATION RANDOMIZATION CHI-SQUARE
STATISTICS FOR PAIRWISE TREATMENT COMPARISONS CONCERNING

50% HAMILTON IMPROVEMENT - NO COVARIANCE ADJUSTMNET

Stratum 50% Hamilton lotal Improvement

ordert 1nvest1gat§r ::?Z}?ﬂ: Avs P IvsP  IvsA

1 F AT 023 (A) .002 (I}  .170 (I)

2 c <27 .050 (A) .080 (I)  .967 (A)

3 A <27 .070 (A) .080 (I)  .707 (1)

4 8 >27 055 (A) .029 (1)  .686 (I)

5 E <27 .050 (A) .033 (I)  .760 (I)

@ 6 A 27 .049 (A). .053 (I)  .865 (I)

7 b <27 .052 (A) .054 (i) .868 (1)

8 D 27 053 (A) .065 (I)  .927 (I)

9 E >27 .00 (A) .069 (I)  .694 (I)

10 c >27 173 () .160 (1) .752 (1)
9" ok 21 .045 (1)
10" c >27 .065 (I)

A Favors Active Control; 1 Favors Investigational Treatment;

P Favors Placebo

+ The strata are ordered according to within stratum p-values for A
vs P for 50% Hamilton Improvement with the first eight favoring A
and the last two favoring P. For each order level, the p-values
correspond to average parttal association statistics across all
. strata which occur at or before that order position.

* These results pertain to the comparison of active control vs pla-
cebo for strata 1-8 and investigational treatment for strata 9-10.
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TABLE 5.3

ONE-SIDED P-VALUES FROM THE 10 STRATA FRAMEWORK FOR SUCCESSIVE

ACROSS STRATA AVERAGE WITHIN STRATUM RANDOMIZATION STANDARD NORMAL

STATISTICS FOR PAIRWISE TREATMENT COMPARISONS CONCERNING
50% HAMILTON IMPROVEMENT - NO COVARIANCE ADJUSTMENT

Stratum 50% FHamilton jotal Improvement

Order?  Investigator g:?l}§ﬁ2 A'vs P Ivs?P Ivs A
1 F ATl 012 (A) .001 (1) 085 (I)
2 c <27 014 (A) .010 (I)  .310 (1)
3 A <27 015 (A} .005 (1) 236 (I)
4 B »271 L0148 (A) L0085 (1) .23 (1
5 E <27 .013 (A) .005 (I}  .281 (1)
6 A »27 016 (A) .013 (1)  .370 (1)
7 D <21 020 (A) 018 (I) . .380 (I)
8 D >27 024 (A) .029 (1)  .435 (I)
9 E >27 043 (A) .032 {I)  .341 (1)
10 c >27 090 (A)  .077 (1) .367 (1)
9 E 27 .021 (1)

10" c »27 .030 (1)

A= Favors Active Control; 1 Favors Investigational Treatmenf;

P Favors Placebo .

The strata are ordered according to within stratum p-values for A
vs P for 50% Hamilton Improvement with the first eight favoring A
and the last two favoring P. For each order level, the p-values
correspond to average partial association statistics across all
strata which occur at or before that order position. -

These results pertain to the comparison of active control vs pla-
cebo for strata 1-8 and investigational treatment for strata 9-10.




TABLE 5.4

ONE-SIDED P-VALUES FROM THE 10 STRATA FRAMEWORK- FOR SUCCESSIVE

ACROSS STRATA FISHER COMBINED P-VALUES FOR PAIRWISE

TREATMENT COMPARTSONS CONCERNING 501 HAMILTON IMPROVEMENT

- NO COVARIANCE ADJUSTMENT

stratum 50% Hamilton Total Improvement

Grder? [nvestigator :::;:?:: Avs P Ivs?P I vs Aft
1 F AN 012 (A) .001 (1)  .085 (I)
2 c 2 016 (A)  .003 {I)  .23% ()
3 A @1 021 (A)  .003 {1}  .281 (I}
. B 22 025 (A)  .004 (I)  .294 (1)
5 £ @7 .028 (A) .005 (I)  .370 (I)
6 A 21 .038 (A) ..010 {I)  .479 (I)
7 b @7 081 (A) .015 (1)  .528 (0)
8 ) 2 .065 (A) .025 (1)  .607 (0)
9 £ 21 L0908 (A) .031 (1)  .530 (0)
10 ( 227 .150 (A} .056 (1)  .5e4 {0)
9" 3 21 .023 (1)

10" c 27 .033 (1)

A Favors Active Control;

P Favors Placebo;

1 Favors In@estigatinna! Treatment ;
No favoring;

+ The strata are ordered according to within stratum p-values for A
vs P for S0% Hamilton Improvement with the first eight favoring A

1t

and the last two favoring P.

For each order level, the p-values’

correspond to average partial assoctation statistics across all
strata which occur at or before that order position.

When thesa p-values exceed 0,500, investigational treatment is no
longer favored; but this does not necessarily imply that active
control ts favored because of the manner in which such one-sided

test statistics are constructed.

These results pertain to the comparison of active control vs pla-
¢cebo for stratz 1-8 and investigational treatment for strata 9-10.

119
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TABLE 5.5

TWO-SIDED P-VALUES FROM THE 10 STRATA FRAMEWORK FOR

SUCCESSIVE ACROSS. STRATA AVERAGE PARTIAL ASSOCIATION
RANDOMIZATION CHI-SQUARE STATISTICS FOR PAIRWISE :
TREATMENT COMPARISONS CONCERNING 50% HAMILTON IMPROVEMENT

COVARIANCE ADJUSTMENT FOR BASELINE HAMILTON TOTAL

Stratum ' _ 50% Hamilton Total Improvement

ordert  Investigator gggé}:gg A vs P _ Ivs?P Ivs A
1 F ATl ,016 (A) .002 (I)  .276 (I)
2 A <27 .083 (A) .012 (1)  .522 (1)
3 c {27 .069 (A)  .045 (I) .943 (1)
4 E 27 - .065 (A) .03 (1)  .938 (I)
5 B AN .059 (A) .025 (1)  .954 (I)
6 D <27 054 (A) .027 (I)  .962 (A)
7 A >27 .052 (A)  .043 (I) .867 (A)
8 D »27 ©.053 (A) .083 (I)  .825 (A)
9 £ 321 .076 (A) .0s4 (1)  .930 (1)
10 c v 163 (A) .130 (1)  .973 (1)
9" S Y .032 (1)

10" c »21 .048 (1)

A Favors Active Control; 1 Favors Investigational Treatment;

P Favors Placebo

+ The strata are‘ordered according to within stratum p-values for A

vys P for 50% Hamilton Improvement with the first eight favoring A
and the last two favoring P. For each order level, the p-vaiues
correspond to average partial association statistics across all
strata which occur at or before that order position. :

These results pertain to the comparison of active control vs. pla-
cebo for strata 1-8 and investigational treatment for strata 9-10.

)
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are given in Tables 5.2, 5.3 and 5.4 respectively; the p-values for the
corresponding baseline-adjusted set of comparisons are given in Tables
5.5, 5.6 and 5.7. 1In each table, the p-value for a stratum is the
across-strata result Based on that stratum and all previously listed
strata. Statistical significance is defined as two-tail p-values less
than .05 and one-tail p-values less than .025.

Because patients in the last two strata in both the direct and

.bageline-adjusted analyses have an unusually more favorable response to

placebo than the active control, the investigational treatment is not
necessarily likely to ahaw a more favorable response to placebo there.

An alternative analysis of efficacy involves the replacement of placebo
with active control'for these strata. Thus, the across-straté statistics
for the last two strata are based on results from the investigational
treatment versus placebo comparisom of the first eight strata together
with results from the investigational treatment versus active control
comparison of the ninth strata and the ninth ﬁnd tenth strata reapec;
tively, as shown at the bottom of the investigational treatment versus
placebo comparison iﬁ each ;able.

Relative to all across-straﬁa comparisons, the average standard
normal statistic ahoﬁs more ability in detecting differences than the
average partial asaociation.chi-square stafistic in the gense that its
one-tail p-value is predominantly 1ess than half the respective two-tail
p-value. Furthermore, the average standard normal statistic shows more
ability in detecting differences than the combined Fisher p-value.
Although both the sfﬁndard normal and the combined Fisher p-value pertain
to the efficacy tail, their oriemtation is different. More specifically,

the average standard normal p-value is still the complement of the
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opposing tail in that the summation of both tails adds to unity. In
contrast, the summation of the combined Fisher p-value for the one-tail
with its opposing tail combined Fisher p-value ﬁéy not add to unity and
can exceed unity. Furthermore, the combined Fisher p-value shows mono- :
tonic increases in the p-value for the active control versus placebo

comparison, and quickly loses significance (p > .025) as each successive

_gtratum is included in the across-stratum formulation. The correspond-

ing average standard normal and average partiai association chi-square

statistics fluctuate with the average partial association statistic

quickly losing significaﬁce (p > .05) in contrast to the average stand-

ard normal maintaining signiﬁicance (p < .025) over the f;rst eight

strata.

The orientation of the combined Fisher p-value to show the extent
to which each successive atratum contfibutes larger or smaller p-values
to the combination of across-strata p-values is useful in justifying the
stratum ordering relative to the investigational treatmeﬁt versus pla-
cebo comparison. More specifically, the strata were ordered according
to expected strengths of efficacy (over placebo). Because the combined
Fisher p-values show a monotonic increase for the investigstional treat-
meat versus placebo comparison with each successive strata being included
in the across—strata result, the g_griofi asgumption that the strength
of the active cantrbl efficacy (over placebo) reflects the étrength of
the investigational treatment efficacy (over p;acebo) has been éubstan—
tiated.

For the pairwise comparison of the investigational treatment and
placebo, the baseline-adjusted statistics in Tables 5.5, 5.6 and 5.7, .

are more semsitive to detecting differences than the unadjusted
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statigtics in Tables 5.2, 5.3 and 5.4. The average partial association
of the baseline~adjusted comparison 15 significant (p < .05) through the
first eight strata and approach significance (p = .054) when the ninth
is also included. The average standard normal and combined Fisher
p-values show somewhat stronger evidence in favor of the investigational
treatment over placebo with significﬁnce (p < .025) being maintained
through the first nine strata. However, when the tenth stratum with its
surprisingly large placebo response is included, tbe tendency to favor
the investigational treatment is no longer-significant. With the modi-
fied comparison, having éxchanged active control for the placebo as the
control drug in the last two strata, the investigational treatment is
shown to be efficacious by all three statistics across the ten strata.

The p-values fér the active control versus placebo comparisons are
mostly larger than the investigational treatment versus placebo for both
the unadjusted and the baseline-adjusted compariscns. The baseline
adjustment increases the sensitivity slightly in detecting differences.
The results of both the unadjusted and baseline-adjusged coﬁparisons are
significant or nearly significant through the first eight strata.

Finally, none of the p-values for either unadjusted or baseline-

adjusted comparisons of the investigational treatment versus the active

control approached significance. The baseline adjustment increased the
p~values showing a weaker.difference between the investigational treat-
ment and active contrﬁl. These results supported the general equivalence

of thegse treatments with respect to Hamilton improvemeht.

5.3 . Discussion

After adjusting for differences in the baseline severity, the
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investigational treatment was found to have a significant antidepressant
effect over the response to placebo across the first nine strata. With
the active control comparison in the last two strata, these.results
ware significant across all ten strata. The results for the investiga-
tional treatment versus placebo comparison appeared stronger in the
sense of smaller p-values than the reéults for the active control versus
placebo comparison. However, the investigational treatment was not
found to be significantly different from the active control. The
unadjusted results showed wesaker associationibetween depression improve-
ment and treatment.

The generalized randomized block (average partial association) chi-
square sta;istic,'the average standard normal statistics and the fisher
cquined p-value statistic were examined cumulatively across an ordered
get of strata. This ordering of strata determined by the strength of
their respective active control versus placebo comparison was found to
coineide with the strength ordering of-the investigational treatment
versus placebo comparison. The c;mulative average partial assoclation
statistics for this ordering was useful in specifying an alternative
analysis to the 1pvestigational treatment versus placébo éomparison
which involved the last two strata with unusually strong placebo
response to treatment. This alternative anaiyéis defines the comparison
as being relative to a potentially more appropriate control treatment
framework. Because the active control is considered efficaclous as an
antidepressant, its substitutiomn for placebo in the last two strata for
the comparison with the investigational treatment 1s_viewed appropriate
in the sense that these two strata showed un;expectedly greater placebo

effectiveness over the active comtrol.

(LN
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For this example, the average standard normal statistics showed
more ability in detecting differences than the average partial associ-
ation chi-gquare statistic in the sense that its one-tail p-value was
predominantly less than half the respective two-tail p-value. Further-
more, the average standard normal statistic showed more ability in
detecting differences than the Fisher combined p-value statistic.

Thus, for this type of example for which there was some variation
in the extent of treatment differences across the respective strata, the
average standard normal statistic may be preferable to the other methods

discussed here.



CHAPTER VI
RANDOMIZATION METHODS FOR AN OBSERVATIONAL STUDY

Post stratification methods are used to construct homogeneous
strata within which the two study subpopulations are compared. These
populations correspond to two distinct groups of patients who were
treated in different locations and time periods with an approved regimen.
Three physiological measures of liver dysfunction are examined under the
hypothesis of randomization. Different scores are used to examine one
of these measures which had a right skewed distribution. The diffefent
scores showed somewhat different results across the four strata, par-
tially because of their particular across-strata weighﬁing of within-

stratum statistics.

6.1 Acetaminophen Overdose Example

The data for this example pertain to the comparison of health ocut-
comes across two different studies for which patients with acetaminophen
overdose were treated with appropriate clinical procedures at the corre-

sponding time periods. Ome study involved patients from throughout the

United States. It began in 1976 and was coordinated by the Rocky Mountain

Poison Center in Denver, Colorado. In this study, eligible patients were

treated with NAC (N-acetylcysteine) and supportive therapy after standard

emergency procedures were given. The other study involved a single center

in the United Kingdom during an earlier time period. In this latter

study, patients were treated with standard emergency procedures followed

A\
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with supportive therapy. Cémparability of the two studies was based on
the availability of reasonably equivalent methods for judging patient
risk.

In both studies, detailed liver function measures were obtained
regularly in addition to assays for the amount of acetaminophen (APAP)

in the blood stream. Over the initial 72 hour critical period, the

.liver is expected to show progressively reduced function. More specifi-

cally, bilirubin absorption by the liver is retarded, allowing an accumu-
lation of bilirubin in the slood stream; liver cells are damaged such
that metabolic enzymes, é.g. SGOT, are released into the blood stfegm;
and clotting factorléynthesis in the liver is retarded, p?olouging the
prothrombin clotting time. As the body recovers from the APAP taxlicity,
these functions return showing reduced b}ood levels of APAP, bilirubin
and SGOT, and normal prothrombin time ratios. In this regard, NAC
efficacy can be evaluated in terms of the extent to which NAC treated
patients at high rigk to hepatotoxicity ghow 1es; extreme values of

serum bilirubin, SGOT-and prothrombin time ratio than supportive therapy
only patients. For'ﬁhia purpose, high risk patientsjﬁere identified as
those patients whose APAP blood concentrations remained at a toxic leéel
over the first twel#e hours. Furthermore, bonafide NAC patients had to
have received the first dose before the sixteenth hour since the overdose

and been administered a minimal regimen of seventeen doses.

6.2 Randomization Model Analysis

Because patients were not randomly asaigned to treatments, the
randomization model corresponds to an induced randaﬁization framework by
hypothesis relative to homogeneous subpopulations fof risk of hepato-

toxicity; ino particular, the hypothesis is that patients are expected to
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have similar medical experiences 1f the treatments are equally effective.
Risk of hepatotoxicity is taken into account by matching high risk
patients according to moderately toxic or highly toxic-ArAP blood levels
at twelve hours and early or late care., Thus, for the four strata, the
hypothésis of no treatment differences is equivalent to viewing the
partition of-réaponaes batween NAC treatment and supportive therapy under
the hypothesis of their equivalence as resulting from a stratified fandom
sample with fixed sample sizes {nhl,nhz} from the samples {nh} in accord-
ance with the product multiple hypergeometric model. |

Descriptive statisﬁics concerning the distributions of the maximum
values for serum bilirubin, SGOT Ratio (to upper limit of normal range)
and prothrombin time ratio are shown in Tables 6.1, 6.2 and 6.3 relative

to treatment groups croas-classified with respect to moderately toxic

and highly toxic APAP blood levels at 12 hours and early or late care
strata. PFrom this information, it can be seen that:

a) patients with moderate toxicity at 12 hours and early éare
experience a lesser degree of liver dysfunction than patients
in the other risk éttata.

b) patients with moderate toxicity at 12-houra regardless of
when care was initiated show less pronounced treatment group
différences than patients with high toxicity at 12 hours.

c)‘ patients taking NAC experience a lesser degree of liver
dysfunction than patients with supportive therapy only in each
of the four strata.

d) serum bilirubin and SGOT show highly skewed distributions.

Serum bilirubin, SGOT ratio and prothrombin time ratio can also | .

be deacribed in terms of clinjcally-defined elevation levels corresponding
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to normal range, mildly elevated, moderately e;evatéd, severely elevated
and very severely elevated. These categbries not only standardize the
response scale with uniform scores {0, 1, 2, 3, 4} across the three
functional measures, ﬁut alsb élafify the interpretation of treatment
group differences in the sense of aaaoéiating elevation levels with
treatment groups. With these categories, statistical power can be
directed toward detecting clinically significant differences with an
adjustment for skewness in the sense that the extreme values have been
assigned the maximum score. This also enhances.the appliéability of chi~
square approximations vié Central Limit Theory. The corresponding tabu-
lations of patientsriﬁ elevation levels are showm in Tables 6.4, 6.5 and
6.6, All three funcfioual meaﬁures show more temndency of very severe
elevation relative to normal for supportive therapy patients than for
NAC patients when progressing from moderate toxicity at 12 hours and
early care to high toxicity at 12 hours and late care. VAlchough early
to late care has some association with a shift in the direction of very
severe elevation, the dominant shift in the direction of very severe
elevation appears to occur with the shift from moderate to high toxicity-

Randomization statistics pertaining to the-foﬁf strata framework
are shown in Table 6.7 for both the continuous values and the five point
elevation scales having unifo:m-scores'{o, 1, 2, 3, 4} for the threé |
functional measures. Here, the continucus values of serum bilirubin
SGOT ratio have been transformed to the log scalé to enhance the applica-
bility of the chi-square approximations via central limit theory. The
univariate direct tests across strata show that on avétage, NAC patients
experience significantly (p < .05) less liver function damage regarding

8GOT, serum bilirubin and prothrombin time than supportive therapy
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patients. The within stratum statistics show that SGOT and serum bili-
rubin differences between treatments were significant only in patients
with highly toxic APAP levels at 12 hours, while prothrombin time dif-
ferences were significant in all strata. The multivariate tests for
direct differences in all three functional measurés show that NAC
patients have aignificantiy more favorable status than supportive therapy
patients fof three of the four levels of risk to hepatotoxicity for the
continuous values; each of the four levels for the 5 point elevation
scales; and across all levels in an average partial association sense.-

Randomization tests for the actual hours to initial medical inter-
venticn show that NAC ana supportive therapy patients had comparable
arrival times to a medical facility within the levels of early and late
care. Hﬁwever, on average, supportive therapy patients arrived at sig-
nificantly (p < .05) later hours than NAC patients. Although, in this
regard, supportive therapy patients can be considered at gréater risk to
hgpatotoxicity than NAC patients, time adjusted univariate and multi-
variate statistics show that differences between NAC and supportive

therapy patienta‘peraist for three of the four strata and on average

g

4 -

across the four strata.

For both direcﬁ and time adjusted analyses, the five point eleva;
tion levels are more sensitive to treatment group differences than the
continucus values. This greater aensitivit§ of the five point elevation
scales suggests that treaﬁment differences observed in the continuous
values. are also clinically significant.

Randdmization statistics for a two strata frameﬁork corresfonding
to moderatel& toxic and highly toxic APAP levels at 12 hours are shown

in Table 6.8 for both the 'continuous values and the five—point elevation
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levels. The results re;pforce the four strata findings relative to con-
clugtions for patientg with mode?ste toxicity and patients with high
toxicity. More specifically, both strata show that NAC pa;ienta have
significantly more favorable status than supportive therapy patients
relative to the multivariate profile of the three functional measures.
However, the univariate tests indicate that NAC patients with moderate
toxicity are comparable to supportive therapy patients in SGOT and serum
bilirubin while having significaatly (p < .05) more favorable prothrom-
bin time ratios; NAC patients with high toxicity have significantly
(p < .05) less severe values of all three functional measures than sup-
portive therapy patients.

The results for patients with moderate toxicity should be viewed
cautiously because Qithout the additional stratification for early and
late care the actual hours to initial medical intervention are signifi-
cantly (p < .05) longer for supportive therapy patients than for NAC
patients. Time adjusted randomization statistics for patients with
highly toxic APAP levels at 12 hours show that treatment group differ-
ences persist. As noted in the four strata analysis, the five point
alevation levels are more semsitive to treatment group differences than

the continuous values for both direct and time-adjusted comparisons.

6.3 Randomization Analyeis of Scored Data

An alternative analysis for serum bilirubin involves randomization

test etatisties applied to standardized values or scores. These scores
include the logs of (1 + value) or uniform scores, raﬁis, modified ridits
and logranks for the serum bilirubin values and the corresponding five
point elevation scales. For this purpose, the observed values were

ranked within each stratum with ties being assigned a midrank value; the
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ranks wﬁre gtandardized to modified ridits by division of each rank by

{1+ nh} where n. is the sample size of the h-th stratum; the oﬁserved

values were assigned within-stratum logranks by use éf a SAS macro, LOG~

RANK with ties being assigned the logrank score of an average rank. :
The randomization test statistics for the four strata framework

corresponding. to the cross-classification of moderate or high toxicity

at twelve hours and early or late care are shown in Table 6.9 for serum

Bilirubin scores based on the continuum values and in.Table 6.10 for

gerum biliruﬁin scores based on the five point élevation scales. For

the gontinuous values, tﬁe logs of (1 + value) provide the strongest

results with those for logrank scores having similar maénitude. In

contrast, for the five point elevation scaies, the logrank scores provide

the strongest results with those for. the uniform scores having similar

magnitude;'

Both the logs of (1 + value) or uniform scores and the logrank
scores are dramaticélly more sensitive to differehces in treatment
groups than the rank scores. This occurs because both of these quanti-
ties are sensitive to onme treatment having more of the larger serum bili-
rubin values than the other reiative-io the presence of treatment simi-
larity in the distribution of‘thg smaller serum bilirubin values. Ranks
impose equal 1nterva} spacings for small values and large values alike.
In this regard, ranks mask a difference that exisﬁs predominantly in the
upper extreme range.. The modified ridits have the same within-stratum
results as the ranks, but are standardized relative to gample sizes sucﬁ
thgc the range of values within each stratum is restricte& to the [0,1]

interval. Since, most patients in this study were in the moderate

toxicity strata which did not tend to ghow treatment group differences,
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TABLE 6.9

SCORES FOR RANDOMIZATION STATISTICS COMPARING SERUM BIBIRUBIN VALUES BETWEEN
PATIENTS RECEIVING NAC TREATMENT AND PATIENTS RECEIVING SUPPORY THERAPY
ONLY WITHIN LEVELS OF BLOOD TOXICITY AND EARLY OR LATE CARE

Stratum Scores
blood Hours to Sample ]
toxicity medical sizes ,NAC . Modified
at 12 hours intervention support  Test function Log1 Rank ridit Logrank
< 100 ‘ £6 59,22 unadjusted SB 0.4 0.1 - 0.1 0.6
time covariate® 2.8 2.8 2.8 0.8
adjusted SB 0.1 0.1 0.1 0.4
< 100 >6 11, 7 unadjusted SB 1.0 0.4 0.4 0.8
" time covariate 1.5 0.9 0.9 2.2
adjusted SB 1.4 0.6 0.6 1.4
> 100 £6 18, 8  unadjusted 5B 8.5%*  7.4%* 7,44 B.6**
time covariate 0.6 0.8 0.8 1.3
adjusted SB g.9v 7.3v 7.3% 8.6**
3 100 > 6 9, ¢ unadjusted SB 4.7 5.5  5.5* 4.4*
time covariate 3.1 .0 . 30 - .7
adjusted SB SO0 AT AT a.g
Combined 97,46 unadjusted SB 12.8** 1.4 6.4* 8,9
' time covarfate  S5.4* 3.2 3.5 2.2
adjusted B 17.9** 1.2 .00 9.3+

1yalues were transformed to log(l + value})
3,ctual hours to the first medical intervention relative to the overdose incident

* .01 ¢p < .05 w p < .01

)
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TABLE 6.10

SCORES FOR RANDOMIZATION STATISTICS COMPARING 5-POINT ELEVATION LEVELS OF
SERUM BIBIRUBIN VALUES BETWEEN PATIENTS RECEIVING NAC TREATMENT AND PATIENTS RECEIVING
" SUPPORT THERAPY ONLY WITHIN LEVELS OF BLOOD TOXICITY AND EARLY OR LATE CARE

Stratum Scores

00 urs to Sample ,
toxicity medical $1zes,NAC Modified .

at 12 hours 1intervention support Test function Uniform Rank ridit Logrank

< 100 £6 59,22  unadjusted SB. 1. <01 <01 - L7
' time covarfate 2.8 2.8 2.8 0.8
_ adjusted SB - 0.5 <01  <0.1 1.3
< 100 > 6 1, 7 unadjusted SB 1.1 6.7 0.7 1.1
time cavariate L5 0.9 0.9 2.2
adjusted $B 1.6 1.0 1.0 1.9
2100 - <6 18, 8 unadjusted SB BuOw* 7.9 T.9w 95w
time covarfate 0.6 0.8 c.8 1.3
adjusted SB 7.9%  T.gev 18w 95w
2 100 >6 5,9 unadjusted SB 4.8 48t 4.8 4.3
time covariate 3.1 3.0 3.0 3.7,
adjusted SB 3.8 3.3 3.3 2.9
Combtned 97,45  unadjusted B 12.0" 1.4 T.2v 132w
time covariate 5.4 3,2 3.5 2.2
adjusted S8 10.8% 0.9  6.0v  12.5

'actua! hours to the first medical intervention relative to the ove?dose incident

* 01 ¢p<.05 **p < ,01

[y
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the ranks are insensitive to treatment group differences while the modi-
figd ridits are sensitive at the average partial assoclation level.

The randomization test statistice for the two gtrata framework
corregsponding to moderate toxiclty and high toxicity at twelve hours are
ghown in Tables 6.1 and 6.12 for the continuous values and five point
elevation scales respectively. The results show that for the moderately
toxic stratum which containa most of the patients, the treatment'groups
have equivalent distributions of serum bilirubin and gignificantly
(p < .05) different distributions of hours to first medical intervention.
Results, for both the concinuous values and the five point elevation
levels are similar to those found with the four strata framework. . How-
ever, these results should be viewed with caution because of the strength
of treatment group differences in thé time to the first medical interven-

tion.

6.4 Discussion

The randomization model haa been used to compare results from two
obaervational.atudies.in which patients fortuitously parcicipated in
the particular treatment program. For this purpose; hogpgeneoﬁs sub-
populations for risk of hepatotoxicity were defined relative to APAP
serun blood levels at 12 hours and the time to initial medical care.
within this framework, patients with similar risk to hepatotoxicity were
expected to have gimilar levels of liver dysfunction if the treatments
were equally effective. In other words, levels of llver dysfunction
would not be at raﬁdom with regard to treatment. Here, randomization
was imposed by the hypothesie ia contrast to design randomization.

Randomization by hypotheais does not require any agsunptions about a
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TABLE 6.11

SCORES FOR RANDOMIZATION STATISTICS COMPARING SERUM BIBIRUBIN VALUES BETWEEN
PATIENTS RECEIVING NAC TREATMENT AND PATIENTS RECEIVING SUPPORT
THERAPY ONLY WITHIN LEVELS OF 8LOCD TOXICITY .

Stratum 7 Scores .
00 Sample :
a?:;‘;‘t:zrs ’1:;;522(: Test function Lt:n_;1 Rank Ho::;}:d l;ogrank
< 100 70,29  unadjusted S8 1.5 06 0.6 1.5
time covarfate®  4.1* 3.8 3.8v 3.8
 adjusted SB 0.7 0.2 0.2 0.7
2 100 © 22,17 unadjusted SB 12.8%* 14.0%*  14.0** 13.4%*
. time covariate 2.9 1.4 1.4 4,0
adjusted SB 12,3 13.0"  13.0% 12.70%
Combined 97,46  unadjusted SB 13,4 3.4 7.7%* 10.0%* .
tine covartate  6.8v 49" 5.2v L. )
adjusted $8 1.5%% 2.3 6.0% 8.0%*

Vvalues were transformed to Tog (1 + value)

%.ctual hours to the first medical intervention relative to the overdose
fncident :

*.01¢p < .05 v p < .01




TABLE 6.12

SCORES FOR RANDOMIZATION STATISTICS COMPARING 5-POINT ELEVATION LEVELS
OF SERUM BIBIRUBIN VALUES SETWEEN PATIENTS RECEIVING NAC TREATMEHT AND
PATIENTS RECEIVING SUPPORT THERAPY OKLY WITHIN LEVELS OF BLOOD TOXICITY

-Stratum Scores
BTood Sample i -
. toxicity si{zes ,NAC Modified

at 12 hours support Test function Uniform Rank rigit Logrank

< 100 70,29 . unadjusted SB 2.7 0.6 0.6 R
time covarfate’ s.1v  3.8* 3.8* 3.8*

adjusted SB 1.6 0.1 0.1 2.4
> 100 27,17 _unadjusted 5B 13.8** 14.4* 15.4%* 14.9**
time covariate 2.9 1.4 1.4 4,0
adjusted SB .80 13,2 13,2* 12,2
_ Combined 97,46  unadjusted S8 T14.0% 4 9.0%* 15.8%*
time covarfate .5.8?* 4,9* . 5.2* 7.6**
adjusted $B 10.64* 2.6 6. 7% 11.8%

'actual hours to the first medical intervention relative to the overdose
incident o -

*.01¢p<.05  wpc.ol

145
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conceptual population these patients might represent. Correspondingly,
the ran&omization results ofltesting hypotheses refer only to the finmite
population under study.

The three aspects of liver dysfuﬁction were found to be signifi-
cantly more severe for patients on supportive therapy only than patients
receiving NAC. This finding was particularly strong for patients who
ﬁad highly toxic APAP levels at 12 hours; also, these results were main-
tained after adjusting for hours to care.

Withig strata of early or late cﬁre, time to initial care was not
found to be aignificant;‘ However, patients across strata with supportive
therapy only consistently ﬁended to have care initiated at later time
intervals from the overdosing such that the average partial association
of care hours with txeatment was significént. In this regard, covariate
adjusted results should be regarded with some caution for average partial
association. However, within-stratum results are unaffected. -

Logrank scores and logs of (1 + value) or uniform scoreQ showed
stronger resulta than rank or ridit scores for ﬁhe NAC véréua supportive
therapy only‘camparison of sefum bilirdbin.‘ Their s;r;ngth may be due in
part to the right skewness of the data. |

Although ranks and modified ridits give esseﬁcially the same
within-stratum resﬁlta, they have different results for the across—strata
average partial association statistic. In particular, as discussed in
Section 5 of Chapter II, the average partial asaoéiation gtatistic for
ranks is based on an unweighted sum of the Wilcoxon Rank Sum statistics
for the respective strata; for modified ridits, it is based on a weighted
sum of the Wilcoxon Rank Sum statistics with the weights being che

quantities {l/(nh + 11, where the n, are the stratum sample sizes.
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Thus, if étratum sample sizes vary from one stratum to the next, ranks
and modified ridits would typically show different across strata

results.



, CHAPTER VII
INCOMPLETE DESIGNS AND INCOMPLETE DATA

This chapter consists of two examples which demonstrate the
application of randomization gstatistics to data with various aspects of
incompleteness. The first example has an incomplete blocks design for
which the blocks (strata) have subsets of the subpopulations to be com-
pared. The gsecond example has incomplete data in a multivariate response
profile. These latter data were previously analyzed by Stanish, Gillinge
and Koch (1978) to demonstrate a weighted least squares strategy for

1. A randomization analysis 1s presented for these data using the mis- s

migsing data thtdugh'ratio estimators as reviewed in Section 5 of Chapter

sing value pattern adjustment presented in Section & of Chapter II.

7.1 Incomplete Design Example

The data for this example are from a multi-center clinical trial
concerned with assessing the efficacy of an analgesic drug for chronic
joint pain. For this purpoee, patients who guffer from one of four
claseifications of chronic joint disease, are iandamly assigned to pla-
cebo or active treetﬁent within each clinic. Both patient and physician
global pain evaluations are made just prior to treatment and again after
four weeks of treatment. The global evaluations have ordinally scaled
values 1, 2, 3, 4, 5 for the range from poor to excellent pain status.

Four clinics, identified as investigators 1, 2, 3, 4 have {ncom~

plete randomization within & clagsification of joint disease since
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patients are assigned to one treatment only as shown in Table 7.1.1.
The patient pool from these four clinice however would provide a reason-
able basis for a within-affected joint analysis of treatment group dif-
ferencea. The alternative within~investigator analysis has difficulties
not only with small sample comparisons but also with excluding compari-
sons for which there is data for only ome treatment.

‘Although patients are randomized within clinics, their pool&ng does
not directly represent a randomly assigned group of patients in the sense
of a single large clinic. More specifically, patients from one clinic
may have more gevere paiﬁ than patients from another clinic; patients
from one clinic may respond more favorably to placebo relative to active
treatment than patients from another clinic. _

An analysia:aupporting the pooling of clinics involves the compari-
son of investigators within the eight levels of the joint disease treat-
ment cross~classification. In this regard, the randomization model
corresponds to viewing the partition of regponses among these investiga-
tors as randomlsamples of sizes {nhl’nhz’nh3’nhq} frcﬁ the pooled samples
{nh}. where h indexes the eight levels of joint disease and treatment
cress~classifications. The acresgs~level avérage partial association
statistic with three degrees of freedom, combines results of five strata
camparing all four investigaters, two strata comparing three investiga-
tors and one strata comparing two investigators.

The four investigators were found to be comparable relative to the
baseline physician global evaluation (QMMS(3) e 1.4). Furthermore, they
were found to be comparable at the end of study on bqth direct compari-
sons of patient (QMMS(3) = 4.6) and physician (QMHS(B) = 5.6) global

evaluations and baseline-adjusted comparisons of patient (Q(y[x:lye 3.2)
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Table 7.1.1

L3l

NUMBERS OF PATIENTS FOR EACH INVESTIGATOR WITHIN THE
CLASSIFICATION OF DISEASE AND TREATMENT.ADMINISTERED

Principally . Investigator

effected joint Treatment 1 2 3 )
Lumbar spine .' Placebo 2 " 1
Active 3 1 6 0
Hip | Placebo 2 :1 1 2
Act1§e 0 0. 1 3 -
Knee ' Placebo 5 3 | 1 1
Active 8 4 0 2
fervica1 Spine Placebo 5 4 6 1 £
Active 4 3 2 2
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global evaluations. In view of tﬁese findings, the pooled group of
patients from the four clinics can be conceptualized as having been ran-
domly assigned to treatment within ome large clinic for the purposes of

testing group differences. -

7.2 Incomplete Data Example

The data for this example pertain to a multi-center clinical trial
concerned with the effectiveness of a drug in alleviating a certain skin
condition. These data (which are presented fully in Stanish, Gillings
and Koch [1978]) represent the experience of patients randomly assigned
to drﬁg or placebo treatments within each of six clinies. Just prior to
treatment, the severity of the skin condition was evaluated as fair, poor
or exacerbated. At the three follow-up visits, improvement was evaluated
as rapidly improving, slawlyvimproving, stable, slowly worsening, ;r
rapidly worsening.

Not all of the 172 patients completed the follow-up visit schedule.
More specifically, 169 patients had data for the first visit, 156
patients had data for the second visit and 142 patients had data for the
third visit. Missing data were not evenly distributed across the six’
clinics. In particular, three clinics had missing data for all three
vigits, two clinica'had missing data for just the second and third
visits, and ome clinic had no missing data. The one clinic with no mis-
ging data 1nc1;;éd only four patients in contrast to the other five
clinics which included approximately 30 patients each.

7.2.1 Weighted least squares model analysis

A weighted least squares analysis using ratio estimators was pre-

gsented in Stanish, Gillings and Koch (1978). Ratio estimators as
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reviewed in Section 5 of Chaptef 1 are constructed such that means and
covariances are based on the observed data. This method assumes that
the missing data pattern is independent of the hypothetical values of
missing responses for any one visit. This assumption implies that mis- *
sing-data are not associated with patients experiencing rapid improve-
ment, for 1natahca._

The weighted least squares analysis is undertaken in a stratified
simple random sampling setting relative to an assumed larger population
for the pooled clinics; The stratification corresponds to the cross-:
classification of treatmént and initial severity status, where initial
severity ‘has been reduced to two levels, moderate and severe. The four
subpopulations of the pooled clinic data are viewed as a multivariaté

random sample regarding the three visits from each of the four strata in

the large population. The final model reported by Stanish, Gillings and
Koch involved four parameters:
1. first follow-up visit for drug
2. 1increment for second follow-up visit for drug over first visit
3. increment for both third follow—dp visit for drug over second
visit and second follow-up visit for placebo over first vigit
4. first follow-up visit for placebo.
The results showed that over three follow-up visits, patients taking the
test drug had more favorable outcome than patients taking placebo

(QW(S) = 148). Furthermore, there was a significant {p < 0.05) increase

~
-

~ in improvement between the first and second follow-up visits for patients
taking the test drug and & somewhat less but significant increase in
improvement between the second and third follow-ub visit for patients .

taking the test drug. This latter increase in improvement was of the
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same magnitude as the improvement between the first and second follow-up
visit for patients taking placeﬁo. There was no significant improvement
nofed between the second and third follow-up visits for patients taking
placebo. These results were consistent across the two levels of initial
geverity.

7.2.2 Randomization model analysis

The randomization model is based upon the random assignment of the
finite population to two treatment groups within each clinic. Under the
null hypothesis of treatment group equivalence, the obgerved partition
of the multivariate improvement scores (j = 53) inte (i = 2) treatment
groups can be regarded as equivalent 'to a successive set of random
samples {nh1+,nh2+} pétients from the pooled samples {nh++} (where h
{ndexes clinics) in accordance with the product multiple hypergeometric
model:

6 2 53 255

Pr({nhij}) - hnllinlnh1+ 'n “ﬁ+j‘/nh++ 2 Jalnhij .

Also, see the statement of Ho in Section 2.1. In the:;resence of missing
values, the joint diséribution of improvement scoree and corresponding
nissing value indicators is considered to be at random relative to the
partition of respomse and prevalence of missing aata into treatment
groups in accordance with the product multiple hypergeometric model. As
in the weighted least .squares analysis of ratio estimators, the pattern
of missing data ia_a;sumed to be independent of ;he improvement scores.
Three methods used 1n managing the miseing values are

1. assigning a within-stratum constant to the missing data and

constructing a missing-value-pattern adjuated test statistic

2. resolving the missing data by filling in an interpolated value
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based on adjacent values of a patient's data-'

3. resolving the miseing data by filling in the within-stratum

mean response per visit. oo
The first method results in a statistic based on oBserved values with
an appareﬁt-augmented sample size but adjusted for the pattern of missing
data so as to depend on only the available information. The second
method provides an estimate of a complete data matrix. The statistics
are based on an estimate of variance that is not as semsitive to the
increase in sample size in the sense that valués‘being added have vari-
ance in contrast to within—stratum constants. The third method results’
in a statistic based on expected values constructed from the observed
data as a result of assigning missing data the within~stratum expected
value. However, when subpopulation means differ from the stratum
expected value (i.e. str#tum means) the mean_difference bétween subpopu-
'lations with modified missing data 1s no longer equivalent fo the mean
difference between subpopulations with observed data only. Furthermore,
the variance based on the augmented sample is comservative in the sense
that the added data have a constant value (i.e. the within-stratum mean,
which is also the e;pected value of the two aubpopu;ationé).

The first method involved assigning the missing data with a within-
sﬁratum constantr(the value zero was used throughout visits and strata)
and constructing a set of missing value indicators u = (“1’u2’u3) where
uj had the value one 1f the j-th visit was migsing and zero otherwise
fpr each patient. Randomization statistics, shown in Table 7.2.1, are
based. on the within-stratum ranks with the missing value indicators as a
covariate struciure. More specifically, the direct treatment group com=

parison is equivalent to the treatment group comparison adjusted for the

+)

4
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Table 7.2.1

M TIVARTATE RANDOMIZATION CMI-SQUARE STATISTICS WITH 3 DEGREES OF FREEDOM FOR UNADJUSTED AND
INITIAL-SEVERITY ADJUSTED TREATMENT GROUP COMPARISONS RELATIVE TO 3 DIFFERENT STRATEGIES FOR
MANAGIKG MISSING VALUES ACROSS THE THMREE FOLLOW-UP YISITS

Mizsing value pattern} Pattent estimated values? Assigned weans 3

Missing Jotnt missing . ’ .
pattern pattern and Joint Covariste Covariate

Clinfc adjusted covariate adjusted Direct Covariate adjusted - Direct Covariate adjusted
§ 134 7.8(4F 1.0 13.8% 0.5 -. 13.Je 158 . 0.5 15.30¢
6 6.2 5.0(3) 6.2 10.3% 0.3 10.0¢  10.5¢ 0.3 10.5¢
8 162 1.9(4) 16.0% 164 0.3 16.5% 15,00 0.3 15, 1%
@ 1.0(1) 1.0 1.0

100 13.7% 4.6(3) 12.5% 16,3 L1 15.2% .27 1.1 13,2
11 17,00 3.5(4) 17.2¢¢  15,1% 0.4 M.7e 15,37 0.4 14,9+

Combined 60.3%* ¢ 3.9+ 86,47 0.3 S4.8v 6454 0.3 629

3

the direct comparison Involves an ajustment of the within-clinic ranks for the corresponding
missing value pattern identified by two or three indicators for all clintcs but clinic 9; the

covariate adjusted comparison involves an adjustment of the within-cltaic ranks for the missing
value pattarn and the coveriate jointly.

oisting data are resolved within esch patient according to an intarpolation of adjacent visit
response prior to ranking.

missing data are assigned a within-clinic mean rank.

{P degreas of freedom. Because this varies across strata, thers 1is no average partial

sssociation statistic.

b yithin-stratum statistics are not available because the overall stratum variance is singular.

c

Mowsver, within-gtratun results are included in the across-strata statistics.

The across strats statistics for viry!ng numbers of stratum covartates is.undefined.
0.01 ¢ p £ 0.05 = p<0.01
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pattern of missing data. The baseline-severity adjusted treatment group
comparison involves a joint adjustmentlfor baseline severity and missing
value patterns. Because clinics varied according to the number of
visits with missing data, the number of missing value indicators
included in the within-clinic covariate adjustment varied In this
situation, the reeidual formulation of the average partial association
statistic is most useful, The within-stratum residual comstruction
reduces the statistical dimension from the response profile together with
the covariate to just the response profile which has a uniform dimension
across strata. The missing value pattern together with the baseline
severity covariate comprised four degrees of freedom for three strata,
three degrees of freedom for two strata, and one degree of freedom for
one strata; the within-stratum multivariate reeidual statistic has three
degrees of freedom corresponding to adjusted responses for the three
visits for each stratum;

Patient estimated values in the second method were derived by
assigning the maximum (or least favorable)'response of the;first and
third visit to a missing second visit and then aaeigning'the second visit
response to either a missing first or third visit.A Randomization statis-
tics ooown in Table 7.2.1 are based on within-stratum ranks for the three
visit improvement and the baseline severity: Mean ranks in the third
method were obtained by assigning the within-clinic mediao response for
each visit to missing values for the corresponding visit.. Ranking the
data resulted in tied mean ranks for missing values. The corresponding
randomization statistics are also shown in iable 7.2.1.

The three methods ehow comparable multivariate randomization

gtatistics in Table 7.2.1. The statistics clearly show that the data
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do not support the randomization model in that the test drug has signifi-
cantly (p < 0.05) more favorable outcome than placebo. The slightly
diminibhed results for the assigned means method relative to the patient
aestimated values method might be due partially to the ugse of the same
congtant for both placebb and test drug when the.means for the two drugs
are clearly different. The missing value pattern adjusted statistics
appear slightly more conservative than the statigtiés based on modified
data, but this might be anticipated since it does not inveolve the use
of information beyond that in the available data.

'Although managing ﬁissing data is a multivariate data issue, the
corregponding univariate application illustrates the statistical impact
of these methods. More specifically, the randomizati;n statistics in
Table 7.2.2 show thatlresulta.based on the obgerved data alone for any
one visit are comparable but not equivalent to the results based on the
observed data with an augmented sample size adjusted for ghe patterﬁ of
miseing data. Furthermore, in this example, the method of assigned
means appears to be a comparable stfategy to the missing value pattern
adjustment relative to the proximity of its results to the cbserved data
only reéulta. The main distinction between the two methods is in the
representation of the data. The missing value pattern adjustment accu-
rately reflects the structure of the data; the assigned value methods

assume that such data were equivaleant to what might have been observed.

7.3 Discussion

Randomization methods discussed in Sections 1, 2 and 3 of Chapter
II are applicable to incomplete blocks designs for which blocks (strata)
have subsets of the subpopulations to be compared. In this regard, the

formulation of statistics such as Friedman or Mantel—Haens;el statistics

S



Table 7.2.2

UNIVARTATE RANDOMIZATION CHI-SQUARE STATISTICS WITH 1 DEGREE OF FREEDOM FOR
TREATMENT GROUPS COMPARISONS REGARDING (1) RAMKS OF THE OBSERVED DATA ONLY WITH
THE OBSERVED SAMPLE SIZE INDICATED PARENTHETLCALLY; {2) RANKS OF MODIFIED OATA
ADJUSTED FOR THE PATTERN OF MISSING VALUES WITH THE TOTAL SAMPLE SIZE INDICATED

"PARENTHETICALLY; ANG {3) RANKS OF MODIFIED DATA WITHOUT PATTERN
ADJUSTMENT AT EACH CLIRIC YISIT

yisit 1 Co_ngarisons‘ Visit 2 Comparisans ¥isit 3 Comparisons
Clinic _Adjusted]  ~  Observed Adjustedl A:-::g';%d observed Mjustedlh;ieg::
5 .30 . 1,50 Q6% 148 12,64 12,0 12,40
(19,18)3 ©(16,16)  {19,18) (19,18} {15, 9) (19,18) (19,18)
6 9.6+ gom B0 BOv 500 A8 - A4S
(17.18) (15.13)  (17.16) (17,16) - (16,10}  (17,16) (17,16)
' 6.4 7w Tuave T5v LM M40 W
(17,13) (6.11)  (17,13) (1113)  (6.12)  (17,13) (17.13)
? 2.0 30 % %20 M0 3.0 30
(1,3 (L) (L3 (L (L3 (L3 (LI
10 T.4ee 050 10.5% 10,3 137e 1354 142
{18,17) (18.16)  (18,17) (18,17) (18,18) (18,17) (18,17)
n 14,30 16.0% 16,07 142 12,2% 12,27 12.6%*
(16,17) (14.17)  (16,17) (16,07) {(13,05) (16,17} (16,17)
Coabined 48.0% s6.2ev  EE.0F A6 SO SS4nv 56,00
(83,84) (80.76) (63,84) (88,84) (76,63) (88,88} (88,84)

.1 sdjusted for wissing value patterns which wers not significantly (p>.10) diffennt
betwean treatment groups.

2 missing values were assigned the within-c]fntc wean rank.
sample sizes: (test drug, ptacebo).

8 ghserved and assigned means statistics show 1ittle vartation bacause only 3 patients
had missing data across clinics : :

* D-¢pg.05 = o¢ 01

158

10
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can be viewed as a modification for the case of incomplete randomized
blocks or tables respectively. ‘

The incomplete block strategy was uaefui in assessing average
investigator comparability across principally affected joints and treat-
ment blocks. The average partial association statistic was useful in
combining information across blocks which had very small samplé sizes.
Moreover, the randomization methods can be viewed as a useful strategy
for justifying the pooling of samples especially for reasomns related to
limited sample sizes. The strategy involves defining the comparison
groubs (treatments) as a stratification factor and defining the separate
samples to be pooled as the subpopulations.

For incomplete data ?n multivariate response profiles, the random-
jzation methode can include a missing value pattern adjustment which
dccurately describes the structure of the modified data in contrast to
assuming that the modified missing values were observed. Furthermore,
as shown in Section &4 of Chapter II, randomization statistics based on
missing values which are assigned a within-stratum censtant are invariant
to the value being assigned. The overall covariance formulation however
still involves the augmented (total) sample size in contrast to the
obaserved sample size as was the case for the weightgd least squares
ratio eétiﬁator approach (see Section 5 of Chapter I). This difference
in using the 9$served sample slze or total sample size is consistent with
the different sampling frameworks for weighted least squares and random-
ization models respectively. More specifically, weighted least squares
methods assume that the data are a result éf a stratified random sampling
of some large population for ﬁhich the observed sample size is the

appropriate basis of variance estimation. Alternatively, randomization
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models pertain to the gartition of responses from a fixed size finite
population among the fixed-sized subpopulatioms. In this regard, the
occurrence of a missing value can be viewed as an occurrence of an
 unknown buﬁ real value which is assumed to be independent of the hypo—
thetical value and occurring at random across subpopulations. For theée
aspects of the randomization model, the total sample'size {(which has been
termed the augmented sample size) can be viewed as an appropriate basis

of variance estimation.
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CHAPTER VIII

SUMMARY AND FUTURE RESEARCH

8.1 Summary

The randomization concept has been shown to be central to a broad
class of nonparametric and categorical procedures. The commonality of
these procedures 1is the ﬁypotheais of no assoclation or no partial
asgociation to be tested within a finite population sampling framework.
The finite population assumption establishes a distributiocn~-free environ-
ment for which the observed partition of responses among subpopulations
is viewed as ongfof a number of equally likely possible par£itions of the
pooled population set of responses. For categorical data, the possible
partitions are enumerated according to the hypergeometric model. For
continuous data, the enumeration corresponds to partitions of rank-type
scores for the poo;ed populﬁtion set of responses. Correspondingly, the
expected values and variance-covariance for each subpopulation are based
upon the overall population means and variance-covariance for the
responaeé. In Chapter I, the literature review covered categorical data
statistics such as Pearson's test for r x c contingency tables and
Mantel—ﬂaenszel;s mean score and correlation tests for q sets of s xr
contingency tables, and nonparametric procedures sucp as the Kruskal-
Wallis, Friedman and Spearman rank procedures. Given the commonality of

randomization across the categorical and nonparametric procedures, a set

‘1

of related strategles were reviewed. These strategies included a



162

multivariate trace criterion applied to ranks, Quade’s rank analysis of
covariance and Mantel-Haenszel's stratification average partial assoc¢ia-
‘tion. Also, a weighted least-squares ratio estimate strategy for ingom-
-ple:e data was reviewed as a method for computing statistics based on =
observed data and the pattern of missing data in a manner invariant to
the value assigned to missing data.
The technical structure of a general raw-data formulation for mean
gcore randomization statlstics was presented in Chapter II. This struc-
ture included the multivariate trace criterion, analysis of covariance
and stratification techniques; These techniques added complementary
extensions to the exiasting categorical and nonparametric procedures
reviewed in Chapter I. In addition to the generalized randomized blo?k
(average partial associlation) statistic, methods in stratifiﬂcation | .&"
included Fisher's combined P-value statistic and an average standard
normal statistic for one-tailed alternatives. Other spepial'topics
addressed in Chapter II included the definition 6f séores and their
association with existing statistics and the missing values strategy .
employing binary indicators as covariates. For this missing value
strategy, the randomizatiﬁn gtatistic was shown to be invariant to the
constant assigned misaing values. Also, the maintaining of the sample
size as the total number of observations in contrast to the number of
observed values was viewed as consistent with the finite population
theory. More specifically, the total number of observations were
observed and a fixed number had missing values at random.

The applications of the mean score randomization statistics in

i,

Chapters III, IV, V, VI and VII involved two concepts of randomization. .
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CHAPTER VIII

SUMMARY AND FUTURE RESEARCH-

8.1 Summagx

The randomization concept has been shown to be éentral to a broad
class of nonparametric and categorical procedures. The commonality of
these procedures is the ﬁypothesis of nc assoclation or no partial
association to be tested within a finite population sampling framework.
The finite population assumption establishes a distribution-free environ-
ment for which the observed partition of responses among subpopulations
is viewed as one-of a number of equally likely possible par&itione of the
pooled population set of responses. For categorical data, the possible
partitions are enumerated according to the hypergeometric model. For
continuous data, the enumeration corresponds to partitions of rank-type
scores for the poo}ed pOpulbt;on set of responses. Correspondingly, the
expected values and variance-covariance for each subpopulation are based
upon the overall population means and variance-covariance for the
reaponseﬁ. In Chapter I, the literature review covered categorical data
statistics such as Pearson's fesc for r x ¢ contingency tables and
Hancel—ﬂaenazel;a mean score and correlation tests for q sets of 8 X r
contingency tables, and nonparametric procedures such as the Kruskal-
Wallis, Friedman an& Spearman rank procedures. Given the commonality of

randomization across the categorical and nonparametric procedures, a set

‘3

of related strategies were reviewed. These strategies included a
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multivariate trace criterion applied to ranks, Quade's rank analysis of
covariance and Mantel-Haenszel's stratification average partial associa-
‘tion. Also, a weighted least-squares ratio estimate strategy for incom~
.plgte data was reviewed as a method fof computing statistics based on
observed data and the pattern of missing data in a manner invariant Eo
the value assigned t; missing data.

The technical structure of a generai raw-data formulation for mean
score randomization statistics was presented in Chapter II. This atfuc-
ture included the multivariate trace criteriom, anélysis of covariance
and stratification techniques. These techniques added complementary
extensions to the existing categorical and nonparametric procedures
reviewed in Chapter I. In addition to the generalized randomized bloﬁk
(average partial association) statistic, methods in stratificati;n
included Fisher's combined P-value statistic and an average standard’
normal statistic for one—taiied alternatives. Other special ﬁOpics
addressed in Chapter II included the definition of séorea and their
association with existing statistics and the missing values str;tegy
employing binary indicators as covariates. For this missing'value
strategy, the randomization statistic was shown to be invariant to the
constant aasigned missing values. Also, the maintaining of the sample
size as the total numﬁer of observations in contrast to the number of
observed values was viewed as consistent with the finite population
theory. More specifically, the total number of observations were
observed and a fixed number had missing values at random.

The applications of the mean score randomization gtatistics in

Chapters III, IV, V, VI and VII {nvolved two concepts of randomization.

o
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These concepts are design Sased randomization with random assignment to
.subpopulations and randomization as a hypothesis for observatiomal
studies. The role of post stratification is explored in both design
cases. In Chapter VI, stratification was used to define homogeneous
levels of risk to hepatotoxicity so that within each level the hypothesis
of randomization could be tested coﬁtrasting the outcome from one cbser-
vational study with the outcome from an historical contrel study. While
in the second example of Chapter III, post stratification on age levels
was used to enhance the randomized design by providing a more precise
covariance structure for.testing the randomization hypothesis. Here,
covariance adjustment for age in years was also provided‘within.each age
level stratum to demonstrate how stratification and covariance adjustment
might be used jointly for a single variate. This joint use of the same
variate can minimize the number of strata necessary Eg provide an effec-
tive covariance structure. In this regard, this strategy can represent
an alternative to matched pair comparisons in the sense of expanding
comparisons to include more than one observation per group.

Another issue of comparability was addressed in the first example
of Chapter III. In this example, repeated measures were grouped accord-
ing to levels of a third variable which has a non-linear relationship
over the'range of response. The grouping of data points within levels
of the third variable resembles a stratification strategy in the sense
that strata defined a more homogeneous framework within which to make
comparisons. However, here the same patients could enter more than one
stratum. An average stratum result (called an average central ridit)
was c&mputed for each patient to adjust for this lack of across-strata

independence. A univariate Wilcoxon-Rank Sum statistic was applied to
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the across-patient set of average central ridits.

The statisticdl procedures demonstrated in this dissertation
included covariance adjustﬁent (second example in Chapter III), multi-
variate response profiles (Chapter IV), stratification strategies
(Chapter V), scoring (Chapter VI), and incomplete design and
incomplete data (Chapter VII). These applicatiéns ‘illus-
trated the extensions of existing statistics such as an incomplete
covariate-adjusted multivariate extended-Friedman statistic (Chapter VII)
or a multivariate covariate-adjusted Mantel-Haenszel statistic (Chapter
VI). Also 1llustrated, is the diversity of the randomization-model role
in analyses. In observational studies such as in Chapter VI, the ran-
domization model provided a viable framework for comp;ring subpopulations.
In the first example of Chapter'VII, therrandomization model provided
the justification for combining several small populations into one popu-
lation for further anélysis. In Chapter IV, the randomization model
analysis was the basis of an extensive descriptive analysis of a multi-
variate response ﬁrofile. The results were used to formulate a WLS\
model as ﬁell as to compare subpopulations'in a complex stratification
system withPut having to describe the inter-relationship of the strata
nor assume multivariate-normality of the binary response measures. Here,
results from orthogonal contrasts across the multivariate profilé indi-
cated justification for a reduction of the eight measures to two subset
averages. Results of e#pressing the two subset averagés as an overall
average and the difference between the two subset averages supported a
reduction to a single overall average. This overall average was the
univariate summary measure in the WLS model for the eight dimensional

response profile.

(e

s

(5]

e
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Applications in the gecond example of Chapter III and in Chapter

IV emphasized the complementary role of randomization methods in con-
trast to its being an alternative for modeling procedures such as WLS or

MLE. The issues here were limitations of the randomization model. More

specifically, the generality of results pertained only to the population

observed; covariate adjustment required covariates to be at random with
regpect to the subpopulations; the inter-relationship of strata could

not be evaluated in the modeling sense; subpopulation comparisons
involved an average stratum result in contrast to an across s{ratum
model-smoothed result; aﬁd across strata model-smoothed predicted values
and estimated standard errors were not relevant to the finite population
sampling frame. Alternatively, randomization model analysis provided an .
appropriate framework for significance tests in a straightforward manner
across a range of regearch design complexity. Modeling procedures can be
used to describe nonrandom variation detected through the rejection of
the randomization model. Other roles of randomization statistics have

been mentioned above.

8.2 Direction for Future Research

Both mean score and correlation randomization sfatistics were
reviewed in Chapter I. However, the general raw-data- formulation and
its applications in this dissertation pertained only to the mean score
gtatistic. Thus, a similar presentation of correlation randomization
statistics would be useful. Here, the methodology for a small number of
subpopulations (s < 6) with moderate sample sizes (nhi > 20) could be
extended to a large number df subpopulations with small sample sizes

provided that these subpopulations can be ordinarily scaled and ;he
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oompoa:lte saﬁple gize is at least moderate. Correlation randomization .

statistics would include the Spearman Rank correlation for oontinuooa

tr.

data with rank-type scores and the measures of association available

through PARCAT for either one or several strata of 8 x r tables; see

17

Landis, Heyman and Koch (1978). 1In the contingency table setting, the
measure of assoclation based on rank scores corresponds to the Spearman
Rank correlation extended to handle ties with mid-rank values. Exten-
sions to raw-data files, multivariate responses and covariates would
follow lines involving a merger of the generalized formulation for mean
score statistics in this dissertation with the curremt ?ARCAT-capability
for randomization correlation analysis in the Spearman sense.

Another area for future researchlis the extension of the applico—_

tion of randomization methods in variable .selection for categorical

data. Higgins and Koch (1977) describe such a variable selection pro-

-

cedure for the case of binary response variables. Hero, the variable
selection procedure has a series of steps each with two stages. The
first stage 1oont1f1es an ordering of eligible variables ﬁith regard to
the total explained variation in a multi—ﬁay cross-clagsification of

the response variable. The gecond stage uses partial association ran-
 domization methods to calculate the significance of the eligibie variable
after adjustment for other variableslalready included. This adjustment
18 made without an assumed model. This strategy could imcorporate the

more general mean score and correlation randomization gtatistics. As a

(7

result of the more general formulationm, extensions would include ordinal
and multivariate response profiles with or without covariance adjustment.

Furthermore, significance tests could involve either correlation or mean

gcore statistics.
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A third area for future research is the definition.of additional
types of scores. For repeated measurement experiments, a group by
response interaction test, called a prqfile test in the discussion of

split-plot analyses by Koch (1969), can be constructed as a multivariate

Krugkal-Wallis statistic applied to a set of scores representing the

{d - 1) orthogonal contrasts of d response measures. The profile test
is directed toward assessing the homogeneity of treatment group differ-
ences across a repeated measurement dimension of response. For example,
in Chapter Iﬁ, treatment differences temded not to be homogeneous across
time from one dosing period to the next although they were generally
similar especially within dosing periods. A multivariate profile test
wag constructed as orthogonal contrasts withio each dosing period. The
regults which did ngt show significant variation across time in treat-
ment group differences indicated the sufficiency of dose period averages
as summary measures. Also in Chapter VII, the missing data pattern
across visits in the.aecond example represents an a&ditional considera-
tion. The profile test described by Koch (1969) could be undertaken
ralative to multiple strata and potentially with adjustment for covari-
ates. Finally, both the correlation and variable selection strategieﬁ
previously described are as applicable to scores represénting profile

contrasts as they are to response variables in their own right.
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