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ABSTRACT

The authors successfully employed the Discrete Element Method (DEM) in numerical determinations of
the response up and beyond failure of reinforced concrete structures subjected to impact and impulsive
loadings in which tensile fracture usually controls the dominant failure modes. The approach is also
applicable to structures that fail by shear or unconfined compression, cases in which it is capable to
predict size and strain rate effects. It was previously verified that DEM models predict the strength
increase observed in concrete subjected to static multi axial compression in relation with the unconfined
strength, for confining (lateral) pressures up to about 20% of the unconfined compressive stress, although
overestimating the effect of the latter. In this paper the consideration of the random distribution of
concrete local stiffness on DEM predictions of material response under 3D compression is examined,
confirming previous conclusions concerning the marginal influence of this factor. On the other hand, it is
widely recognized that in situ concrete compressive strength of drilled cores in the direction normal to the
direction of casting is slightly smaller than the strength in the vertical direction. The consideration of both
factors should lead to improvement in the predicting capability of the DEM formulation proposed in the

paper.
INTRODUCTION

Basically, in the truss-like DEM approach the solid is modeled by means of an array of uniaxial elements,
which interconnect nodal three degrees of freedom masses. The Lattice DEM formulation used in this
paper was proposed by Riera (1984). The constitutive criterion was based on Hillerborg’s model (1978).
DEM applications in studies of non-homogeneous materials subjected to fracture were reported by
Miguel et al. (2010) and Riera et al. (2011), while DEM analyses of Nuclear Power Plant containments
and other engineering structures were described by Riera and Iturrioz (1998) and Kosteki et al. (2014).

The behavior of quasi-fragile materials under simple tension, which is governed by fracture, is better
known than under confined compression, which involves more complex phenomena. Krajcinovic (1996)
studied this problem, proposing approaches such as the Sliding Crack Mechanism, which appears to
capture the post peak part of the damage process (Nemat-Nasser and Hori, 1982). Gross and Seelig (2006)
describe the behavior of fragile materials subjected to compression: in a first stage, a micro-fissures field
is formed in the same direction of load application. Then, influenced by heterogeneities of the material,
the fissures grow in inclined directions and mode II fractures appear with subsequent sliding with friction.
Riera et al. (2015) presented DEM numerical simulations of the response of cubic and prismatic concrete
samples subjected to 3D compression tested by Van Geel (1998), while Riera et al. (2016) extend the
study to include available experimental results of cylindrical samples subjected to confined compression
obtained by Candappa et al. (2001) and Vu et al. (2012). Predictions of the peak compressive stresses and
of the rupture configurations were found to be compatible with experimental results for low confining
pressures, although the strength increase was overestimated for very low confinement and underestimated
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for higher confinement. Introduction of imperfections in the cubic mesh geometry, as suggested by
Iturrioz et al. (2014), improved the performance of the method under unconfined compression.

In previous applications, both the specific mass and the elastic properties of concrete were assumed to be
constant, i.e. equal to the mean values reported for the material under consideration, in which only the
variability of the specific fracture energy was assumed to be a 3D random field. This formulation was
adopted to reduce computational time, in view of the negligible influence of stiffness variability verified
in applications in which tensile failure is the dominant mode. Thus, schemes to represent the
nonhomogeneous nature of concrete in DEM models are described in the paper. Moreover, a degree of
anisotropy — it is widely recognized that in sifu compressive strength of drilled cores in the direction
normal to the direction of casting is slightly smaller than the strength in the vertical direction — may exert
an additional influence on concrete response, to the author’s knowledge never examined in controlled
experimental studies. Alternative approaches to account for this effect are finally discussed in the paper.

THE DISCRETE ELEMENT METHOD IN FRACTURE PROBLEMS

The computational model employed in this paper is based on the representation of a solid by means of an
arrangement of elements able to carry only axial loads. The equivalence between an orthotropic elastic
continuum and a cubic arrangement of uni-axial elements consisting of a cubic cell with eight nodes at its
corners plus a central node was shown by Nayfeh and Hefzy (1978). This discrete elements representation
of an orthotropic continuum was adopted by Riera (1984) to solve structural dynamics problems by
means of explicit direct numerical integration of the equations of motion, assuming the mass lumped at
the nodes. The softening law for quasi-fragile materials proposed by Hilleborg (1978) was adopted to
model the behavior of quasi-fragile materials by means of a triangular constitutive relationship (ECR) for
the DEM bars, which allows accounting for the irreversible effects of crack nucleation and propagation.
The area under the force vs. strain curve is related to the energy density necessary to fracture the area of
influence of the element (Riera ef al., 2016). Once the damage energy density equals the fracture energy,
the element fails and loses its load carrying capacity. Since under compression the material is assumed to
remain linearly elastic, failure in compression is induced by indirect tension. The energy dissipated by a
cubic DEM module and its distribution in the various elements were examined by Iturrioz et al. (2014).
The introduction of small perturbations of the cubic arrangement, generated by small initial displacements
of nodal points, was explained in previous papers (Iturrioz et al. (2014)). In previous applications (Riera
et al., 2016) of the truss-like DEM formulation, the specific mass and the elastic properties of the material
were assumed constant, while the specific fracture energy Gy was regarded as a random field (Miguel et
al. (2010))

REPRESENTATION OF MATERIAL INHOMOGENEITY

In order to improve the DEM performance in simulations of the response of concrete samples subjected to
3D compression (Riera et al., 2016), more refined material models were examined, in which both the
local modulus of elasticity £ and the specific fracture energy G are assumed uncorrelated 3D random
fields characterized by a Type III (Weibull) extreme value distribution. The same correlation length /. is
assumed to apply in both cases. Thus, in view of the expected small influence of this effect, a single
model of the random distribution of elastic properties was considered in the ensuing simulations. In the
models described above it is assumed that the properties of interest can be described by a given
probability distribution and a spatial correlation structure. The most relevant parameter of the latter would
be the correlation length /., which is assumed dependent on the maximum size of the coarse aggregates. In
all simulations presented herein it was therefore required that the correlation length /. exceeds that largest
aggregate size. Also note that both the original and the modified models imply that, in the mesoscale, the
material is approximately isotropic. The simplest model applicable to conventional concrete would be a
two phase material consisting of a mix of mortar of sand, cement and water, denoted material 1, and a
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coarse aggregate, denoted material 2. Let also a and b denote the relative volumes of both materials (note
that a + b = 1). In a first approximation, the elastic modulus of both materials, £; and E,, may be
considered constant, that is, both the mortar and the aggregate may be assumed homogeneous. In such
case the expected value of the elastic modulus of mix is:

u(E)=aE1+bE2 (1)
Similarly, it may be shown that the variance o”(E) of the elastic modulus of the mix is given by:
o (E)=aE/ +bE i (E) @)

Equation (1) estimates the mean of a concrete mix, while equation (2) should be a lower bound of the
variance, because both E; and E; are in fact random fields whose inner variability is not taken into
account by equation (2). On the basis of equations (1) and (2), the coefficient of variation of E is given by
the ratio between the standard deviation and the expected value, yielding:

CVE)=[aE +bE’ 1’ (E)]"/(@aE;+bE) 3)

When E; = E, then CV(E) = 0, as expected. For a conventional concrete, in order to simplify the resulting
expressions, it may be accepted that @ = b = 0.5, in which case the coefficient of variation CV(E) would
depend only on the ratio between £, and £;. When E, > 3 E; then CV(E) > 1, situation that is regarded as
unrealistic when the variability of the material property is described by means of a Weibull function, in
view of both numerical and experimental probability density functions (pdf) of the local/ modulus of
concrete proposed in the literature. Figure 1 (a) shows the view of a slice of a concrete sample in which
the coarse aggregate (material 2) according to the two phase model described above can be readily
identified, as well as the locations of nano-indentation points (Sebastiani, 2013) where the desired
material property is measured. A plot of local values of the elastic modulus determined by Sebastiani
(2013) on a Portland cement mortar employing the same technique, as well as the resulting probability
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Figure 1: Concept of statistical nano-indentation to map the mechanical properties of multi-phase
materials. (a) a grid of tests performed and (b) example of the frequency distribution plot of measured
values of the Elastic modulus and proposed pdf model (Sebastiani, 2013).

Another illustration of experimental observations of the pdf of the elastic modulus of concrete is
presented in Figure 2 which shows the resulting composite function of a four phases high strength
concrete mix, each phase modelled by means of a Gaussian pdf. The experimental evidence suggests
therefore that a type III extreme value distribution (Weibull) may be an appropriate model to describe the
random distribution of the local elastic modulus of concrete mixes, since in addition to satisfying the
physical requirement of not allowing negative /ocal values of E, only two parameters are required, the
mean value E(E) and either the CV(E) or the shape parameter y of the distribution. In this context, note
that for the Weibull (minimum) function, there is a monotonic relation between CV(E) and y, shown in
Figure 3. The following expression is a numerical fit to the exact relation:
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CV(E)=exp[-0.1616+0.17648 /y-0.8839 In y ] 4)

For values of y larger than 2, the shape of the function presents a resemblance to experimentally
determined density functions and, in addition, the pdf does not exist for negative values of the argument,
physical requirement that is not satisfied by the frequently used Gaussian model, for example.
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Figure 2: Experimental pdf of a 4 phases concrete Figure 3: Relation between CV(E), plotted in
the mix, each modeled by a Gaussian function vertical axis, and the shape parameter y of a
(da Silva et al., 2012) Weibull distribution, in the abscissa axis.

On the basis of the preceding reasoning, random fields with a constant y, i.e. defined only by the expected
value of Young’s modulus, in addition to the correlation length, were adopted in the ensuing simulations.
Figure 4 shows with blue dots a plot of the probability density function adopted for concrete, for CV(E) =
0.7. This CV corresponds to a shape factor y =~ 1.3, which is regarded as a lower bound of the range of
feasible values for concrete mixes, implying larger stiffness variability than in most concretes or mortars,
and thus a more pronounced effect on response predictions. The figure also shows the resulting pdf of
elastic constants for individual DEM elements, determined by the value of the field at the location of the
center of the element under consideration. As described before, this value is obtained by interpolation
from the values of the field at the nodes, distant /. from each other, and hence the CV is somewhat smaller
than the CV of the property (£ or G) being simulated.
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Figure 4: View of pdf of local elastic modulus adopted for concrete with coefficient of variation
CW(E)=0.7. Original pdf (E_poles), DEM elements (E_bars) and basic cubic volume (E_solid).

SIMULATION OF VAN GEEL’S TESTS ON CUBIC SAMPLES UNDER 3D COMPRESSION

The response of standard 100mm cubic concrete samples tested by Van Geel’s (1998) under unconfined
and tri-axial compression was numerically determined by simulation using the DEM. The samples had no
restrictions on their upper and lower faces. Displacements were imposed on the upper face of the samples,
while nodal forces were applied on the four lateral faces. Material properties were (E) = 32GPa, CV(E)
= 0.7, p = 2400kg/m’, 1(G)) = 60N/m, CV(Gy) = 0.9, 1(,) = 0.7095x10™ that is the strain at the peak
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load, L, = 0.004m and /. = 0.008m. Introducing these values in the equations presented previously, leads
to the mean failure strain (&) = 5.12x107, the ratio between (&) and (&), k. = 72.1. The response of
simulated samples was determined for perturbations in this mesh with CV,, equal to 2.5%. However, the
coordinates of nodes within a narrow region close to the cubic boundary were not altered, to maintain the
nominal external geometry. Samples of Van Geel’s (1998) cubes were simulated applying the confining
stress with the same rate adopted for the vertical stress. For higher confining stresses (o, = 0,), sliding
with friction along existing fractures, not accounted for in the numerical solution, begins to influence the
response. It may be seen that the mean stress-strain curves differ marginally from those determined
assuming that £ is constant, but for low confinement predict smaller peak values.

T
s_=s_=0 MPa (Expl)

160

= 0 MPa (Exp2)

AREn
,\l
z
g

Normal Stress (IMPa)

20 \~ A

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Strain (%)

Figure 5: Nominal vertical stress vs. vertical strain curves for Van Geel (1998) cubic samples subjected to
unconfined and confined compression for revised material model. Full lines show one simulation result
for confining stresses o, = 0, =0, 1, 3 and 10 MPa. Dashed lines show experimental curves for two
unconfined compression tests.

SIMULATION OF TESTS ON CYLINDRICAL SAMPLES UNDER 3D COMPRESSION

The response of 196mm long and 98mm in diameter cylindrical concrete samples tested by Candappa et
al. (2001) under unconfined and tri-axial compression was numerically simulated. The samples had no
restrictions in their upper and lower faces on which vertical displacements were imposed, while nodal
forces were applied on the lateral surface of the cylinders. Material properties were (E) = 41GPa, CV(E)
= 0.7, p = 2300kg/m’, #(Gp) = 130N/m, CV(G) = 0.9, u(s,) = 0.3434x107 that is the strain at the peak
load, L, = 0.0049m and /. = 0.0049m. Leading to the mean failure strain u(g) = 2.02x107, the ratio
between u(s,) and u(s,), k. = 58.9. CV, = 2.5% was assumed, however, the nodal coordinates within a
narrow region close to the theoretical cylinder boundary were not altered.

Figures 6 and 7 show lateral and top views of the DEM models of the cylindrical concrete samples, while
mean vertical stress versus mean vertical strain diagrams determined by simulation on samples under
unconfined and confined compression are plotted in Figure 8, in which E and G, were modeled as
uncorrelated 3D random fields, subjected to unconfined and confined compression. Dashed line shows
experimental curve for the unconfined compression test. The model predicts a similar increase of the
compressive strength of the simulated samples with the confining stresses, which is somewhat smaller
than the increase predicted neglecting the randomness of the initial stiffness. The rate of growth is also
similar to that observed in the cubic samples described in the preceding section, and tends to stabilize or
even decrease for confining stresses larger than half the unconfined strength.
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Figures 6 and 7: Lateral and tpiews of the Figure 8: Nominal vertical stress vs. vertical strain
cylindrical concrete samples. curves for Candappa et al. (2001) cylindrical samples.

SIMULATION PREDICTIONS ASSUMING MESOSCALE ISOTROPIC BEHAVIOR

As discussed by Riera et al. (2015), DEM predictions of concrete response under compression
considering E constant overestimate the effect of low confinement, up to confining stresses of the order of
40% of the unconfined strength. Although the nonhomogeneous nature of concrete was previously shown
to exert a marginal influence on both the static and dynamic responses of structural elements that fail by
tension, shear or unconfined compression, its influence in cases of confined compression had not been
previously examined. The simulation results reported above indicate, however, that for low confinement,
the confined strength is lower than the strength predicted assuming that E is constant, and therefore it is
closer to the experimental evidence. Figure 9 presents a summary of the relations between the peak mean
vertical stress 0. and the confining stress o, = o, or g,, both normalized by the unconfined vertical stress,
measured by various authors in cylindrical or cubic samples, and determined with DEM models
considering £ constant or variable. The linear relation plotted in the graph fits the experimental results. It
is quite clear that both DEM models correctly predict the experimentally observed increase of the
compressive strength due to the confining stress, but for low confinement, overestimate the effect of the
latter. It seems also evident that the consideration of the random distribution of the local stiffness
improves the correlation between numerical predictions and experimental results, since the peak of the
simulated stress-strain curves are about 10% lower than the peaks assuming £ constant.
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Figure 9: Ratios between the peak nominal vertical stress 0. and the confining stresses o, = g, or o,, both
normalized by the unconfined vertical stress, measured by various authors in cylindrical or cubic samples,
and determined with DEM models considering £ constant or variable.
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Before suggesting further refinements in the numerical approach, it should be underlined that, in all cases,
the fracture and stiffness parameters were selected in order to reproduce the experimental results for
unconfined compression. The experimental results are also plotted in Figures 5 and 8, for unconfined
compression, and it may be verified that both the peak values and corresponding strains coincide with
those of DEM simulations. The second issue is related to the fact that in both DEM models a mesoscale
isotropic behavior is implicitly assumed, implying that, for a sufficiently large sample, the material may
be described as isotropic.

INFLUENCE OF MESOSCALE ANISOTROPIC BEHAVIOR

It is shown by the results presented in previous sections, in which mesoscale isotropic behavior of
concrete is assumed, that consideration of the randomness of the stiffness of DEM elements exerts a
minor influence on predictions of the response of concrete samples subjected to static 3D compression.
There is overwhelming evidence, however, that in normal concrete there is some degree of mesoscale
orthotropic behavior, which results from gravitational effects during concrete casting and hardening.
According to Ozyildirim and Carino (2010), weak interfacial regions tend to occur more frequently under
coarse aggregate particles, due to bleeding and other causes. As a direct consequence, in normal concrete,
horizontal initial fractures - not produced by load applications - may be expected to be more numerous
than fractures in other orientations, resulting in a smaller compressive strength in the orientation parallel
to the predominant orientation of the cracks, that is, the horizontal plane, in relation to the compressive
strength in the vertical direction (Neville, 1996; Suprenant, 1985). This fact has been widely verified in
pavement and highway construction: AASHTO T124 (2005) instructions clearly state that the strength of
cores drilled in directions parallel to a horizontal plane tends to be lower than the strength of cores drilled
in the vertical direction. The previous considerations lead to two important conclusions: first, horizontal
cracks tend to close when subjected to vertical compression and therefore their presence should not
influence either experimental nor DEM numerical determinations of the (vertical) unconfined
compressive strength. On the other hand, these horizontal cracks may cause a reduction of the influence
of confining stresses on the vertical strength, in relation to the influence that might be expected in an
isotropic material. The effect may be simulated by affecting the G, value of selected DEM elements
oriented during casting in the vertical direction by a reduction coefficient C,.s, approach examined in the
following section. It may be expected that the appropriate reduction coefficient C,, for any given
concrete depends on its composition, fabrication procedure and other factors. Moreover, its value in
connection with the experimental results reported in the technical literature is obviously not well
understood, since a reliable quantification of its influence would require extensive experimental studies.
In view of these factors, the authors initially adopted coefficients C,q varying between 1 (no weakening)
and 0 (no tensile strength), for the elements at the corners of DEM cubes. Thus the total area of elements
affected is about 12% of the cross-sectional area, but uniformly distributed throughout the sample. In such
case, the direct tensile strength in the vertical direction (direction of casting) of cubic samples modelled
with the DEM decreases as C,q decreases, in relation to the strength of the same sample in which the
specific fracture energy of vertically oriented DEM elements was not reduced, as shown in Table 1. The
results summarized in Table 1 and Figure 10 show that the uniform reduction of the specific fracture
energy of vertical elements causes, as expected, a monotonic decrease of both the stiffness and strength of
samples subjected to uniaxial tension in the vertical direction. However, when the same sample is
subjected to unconfined or confined (3MPa) compression, reduction of the specific fracture energy of
vertical elements has no effect on the response, illustrated by Figure 11. In case of unconfined
compression, the result may be explained by the fact that the initial horizontal cracks simulated in the
DEM model would simply close when subjecting the sample to compression, without any change in the
global response, in accordance with experimental evidence. Under 3D compression, the representation of
uniformly distributed horizontal cracks does not lead to any improvement in the prediction of material
response.
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Table 1: Tensile strength of simulated samples.
Tensile strength of simulated samples (MPa)
100% Gf | 70%G, | 40%G, | 10%G; | 5%G, 1% G, | 0% G/~
Simulation 1 24783 2.3865 2.2729 2.1059 2.0648 2.0225 2.0169
Simulation 2 24761 2.3834 2.2694 2.1001 2.0580 2.0163 2.0107
Simulation 3 2.5767 24831 2.3650 2.1888 2.1418 2.0976 2.0928

Mean 2.5104 24177 2.3024 2.1316 2.0882 2.0455 2.0401
CV (%) 2.29 2.34 235 233 2.23 2.21 2.24
(*) Percentage of toughness reductions in the vertical bars of the model (100% no reduction, 0% full reduction).
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Figure 10: Global stress-strain curves in uniaxial tension. (a) Simulation 1, (b) Simulation 2.
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Figure 11: Global stress-strain curves in uniaxial and 3D compression (confining stress 3MPa) for
Simulation 1. Percentage of toughness reductions in the vertical bars of the model (100% no reduction,
0% full reduction).

In view of the evidence reported above, an alternative scheme was adopted to weaken elements in the
model, in order to simulate more realistically the presence of initial small horizontal fractures. This was
achieved by subjecting the simulated globally isotropic samples to a uniaxial tensile stress in the
horizontal (Ox) direction, up to 80% of the uniaxial tensile strength of the sample, before applying a
uniaxial compressive stress in the vertical (Oz) orientation. The data for Van Geel’s (1998) cubes reported
above was used in the simulated samples. Only the rate of the displacement-controlled test was further
decreased in relation to previous values, to 2x107/s, which led to a small reduction of the strength as
expected in a slower, pseudo-static test. Figure 12 presents a plot of one compression test simulation, for
the original sample (thin line) and for the sample with a pre-tensile loading cycle (thick line). A
perceptible reduction of the strength occurs, while the strength in the orientation of the pre-tensile load
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does not change, in accordance with experimental evidence. A total of six simulations were performed,
with the results summarized in Table 2. The DEM model predicts a reduction of the unconfined
compressive strength of cubes in the orientation normal to the orientation of concrete casting, compatible
with the scarce experimental evidence reported in the open literature. The mean reduction resulted of
around 3.5%, but it was observed that in roughly half the samples there is no reduction, while in the other
half the mean reduction exceeds 7%. This effect seems to be associated to whether the pre-tensile loading,
i.e. the additional horizontal fractures, causes an alteration in the rupture configuration or not, and
requires further numerical and experimental studies.
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Figure 12: Plot of one compression test simulation, for the original sample (thin line) and for the sample
with a pre-tensile loading cycle (thick line) in an orthogonal orientation.

Table 2: Effect of anisotropy on unconfined strength in vertical and horizontal orientations.

SAMPLE 1 2 3 4 5 6 MEAN
o, 35.74 33.62 4147 38.32 36.62 39.22 37.50
(02)pre-tensile 32.71 33.54 41.57 38.30 32.80 38.13 36.18
Crea 0.92 1.00 1.00 1.00 0.90 0.97 0.965
CONCLUSIONS

The results reported in the paper confirm the capability of the truss-like DEM approach employed by the
authors to determine the response of quasi-fragile materials like concrete or rock, to predict material
behavior under arbitrary excitations, although it overestimates the strength in case of 3D compression,
under confining stresses smaller than around half the unconfined compressive strength. It is also shown
that consideration of the random distribution of the initial stiffness of concrete improves the predicting
capability of the method, but is not sufficient to completely account for differences between DEM and
experimental results in samples subjected to 3D compression. Approaches to introduce in DEM models
the anisotropy observed in conventional concrete are also examined. The effect of anisotropy in cubes
subjected to unconfined compression in the orientation of concrete casting (vertical) and in a horizontal
direction is successfully reproduced, on the basis of the scarce experimental evidence available, but its
influence on concrete response under 3D compression requires additional research.
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