
ABSTRACT

XUE, XIANGMING. Novel Robust and Adaptive Distributed Protocol for Consensus-based Control
of Uncertain Multi-agent Systems. (Under the direction of Dr. Fen Wu.)

This dissertation addresses the consensus problem for linear multi-agent systems subject to

uncertainty and external disturbance. A set of novel distributed robust and adaptive control protocols

are designed with the knowledge of graph theory, system transformation, application of robustH∞

control and adaptive control.

A multi-agent system is a system composed of multiple interacting intelligent agents. The

distributed control of multi-agent systems has great efficiency due to the team of agents operating in

a coordinated fashion and reduction of computational cost. In the distributed control system, each

agent has its own controller, which utilizes the local information from itself and/or its neighbors.

As one of the important issues in multi-agent system control, consensus of multi-agent systems

means that the states of agents reach an agreement by utilizing the local information.

In practice, it is difficult to obtain all the agent’s states due to economic reasons and constraints

on measurements. Therefore, it is important to study the output feedback consensus protocol. A

novel distributed dynamic output feedback controller is proposed to investigate theH∞ consensus

problem of linear multi-agent systems subject to external disturbance. An important contribution

of this protocol lies in that theH∞ output-feedback consensus synthesis conditions are, for the first

time, convexified without introducing any conservatism and formulated as linear matrix inequalities,

which can be solved efficiently via convex optimization.

Moreover, the agent dynamics are not all identical and precisely known. Agents usually work

in different environment with uncertain dynamics and unknown external disturbance. Therefore,

studying the robustness of multi-agent systems is a major issue in consensus control field. The

distributed robust H∞ consensus problem for a general class of uncertain linear multi-agent

systems via state and output feedback protocols were studied. The state-space matrices of the

uncertain multi-agent systems depend on the structured uncertainty, which is the most general

uncertainty description among the current robust consensus research field, in linear fractional

transformation (LFT) form. These works are the first attempt to investigate the robust consensus

with respect to a structured uncertainty of the multi-agent systems via state feedback and output

feedback protocols.

Other than the uncertain dynamics and external disturbance, full distribution is essential in

distributed control implementation. A fully distributed protocol means using local information

in communication only. Two types of novel fully distributed dynamic output feedback adaptive

protocols, node-based and edge-based, are designed for linear multi-agent systems. Both design

methods are less conservative than the protocols in current literature. The synthesis conditions are



uni�ed for both node-based and edge-based adaptive protocol in the form of LMI, which can be

solved ef�ciently via convex optimization.
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CHAPTER

1

INTRODUCTION

1.1 Background

With the development of sensor technology, information communication technique and the modern

control theory, control of multi-agent systems and their coordinated movement has attracted many

research interests because of its various applications in engineering and modern industry, such as

formation control, rendezvous, attitude alignment, �ocking, foraging, task and role assignment,

payload transport and air traf�c control [72]. Better operational capability and ef�ciency can be

achieved from multi-agent systems in a coordinated fashion in comparison to a single agent. By using

multi-agent systems, global objectives can be achieved through sensing, exchange of information

using communication and control [108]. Dif�culties in modeling and computation can be organized

as subsystems and/ or agents. A multi-agent system is a computerized system composed of multiple

interacting intelligent agents, which can interact with each other through communication as shown

in Fig. 1.1.

Two approaches are commonly used for controlling multi-agent systems: a centralized approach

and a distributed approach. In the centralized control approach, which is explained in Fig. 1.2,

the central controller is responsible for controlling the whole group of agents. Especially, it is the

extension of the traditional single agent-based control strategy. With the increasing size of networks,

it is laborious and dif�cult to handle using centralized methods. On the other hand, in the distributed

control approach as shown in Fig. 1.3, each agent together works towards a common goal and has
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Figure 1.1 Diagram of multi-agent systems with six agents.

its own controller, which utilizes the local information from itself and / or its neighbors. Compared to

the centralized approach, the distributed control of multi-agent systems has greater ef�ciency due

to many physical constraints such as limited resources and energy, short wireless communication

ranges, narrow bandwidths, and large sizes of vehicles to manage and control [6]. Moreover, the

distributed control approach offers greater robustness and �exibility to realistic circumstances since

the damage of a few agents doesn't affect achievement of the goal for the whole system.

Figure 1.2 Diagram of a centralized approach.

The pioneering works of the distributed control were motivated by distributed computing [55],

management science [11], and statistical physics [90]. The engineers studied on the distributed
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Figure 1.3 Diagram of a distributed approach.

control in the �eld of control systems including: consensus [55, 62, 74], distributed formation [36,

61], distributed optimization [7, 67] and distributed estimation [5, 109, 102, 10, 54, 103, 81].

As one of the important problems, consensus of multi-agent systems means that the states of

agents reach an agreement based on the relative information of each agent. The word "relative"

means agents can only obtain the information related to each other instead of the absolute states.

Consensus of multi-agent systems can be achieved by utilizing the consensus algorithms and local

distributed protocol. Various applications bene�t from consensus control including rendezvous [46,

47, 57], formation control [13, 34, 49, 32, 68], �ocking [62, 84, 89, 12, 59, 35], attitude alignment [33,

73, 69], and sensor networks [97, 82, 63, 15]. As a result, the study of consensus control has received

growing attention in recent years.

However, the consensus control of multi-agent systems presents many challenges to the control

designers. Brie�y speaking, a consensus protocol design is desired to address the following problems:

• It is often dif�cult to obtain the states of all agents due to economic reasons and limitations

on measurements.

• With the increasing size of multi-agent systems, it is necessary to provide a tractable distributed

control design approach with less conservatism and computational ef�ciency.

• Achieving consensus for multi-agent systems with both general class of uncertainty descrip-

tion and external disturbance remains an open problem in the �eld.

• The consensus protocols should be designed by each agent in a fully distributed fashion,

which means using only the local information of its own and neighbors.
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1.2 Objectives

This dissertation will provide systematic and optimized distributed control design strategies to

the problem of multi-agent systems with dynamic uncertainty and unknown external disturbance.

Speci�cally, we will aim at the following consensus problems:

• For the general linear multi-agent systems subject to unknown external disturbances, a dis-

tributed dynamic output-feedback control protocol design for solving H 1 consensus problem

and convexi�ed consensus synthesis will be proposed.

• For the general linear multi-agent systems subject to unknown external disturbances and

structured uncertainties, two types of consensus protocols, namely state feedback control

protocol and output-feedback protocol, for solving robust H 1 consensus problem will be

studied.

• For the general linear multi-agent systems subject to unknown external disturbances, two

types of fully distributed adaptive consensus protocols, a node-based protocol and an edge-

based protocol, for solving H 1 consensus problem and convexi�ed consensus synthesis will

be investigated.

1.3 Overview of related work

1.3.1 Consensus Control

Consensus refers to the group behavior that all the agents asymptotically reach a certain common

agreement through a local distributed protocol [6]. The basic idea of a consensus algorithm is to

impose similar dynamics on the information states of each agent. If the communication network

among vehicles allows continuous communication, then the information state update of each agent

is modeled using a differential equation [72]. Some pioneer works about the algorithm can be found

in [75] and [27].

A milestone of the development of consensus control is that the relationship between consensus

and graph theory was established. Algebraic graph theory [18] plays an important role in describing

the communication topology of multi-agent system. The graph identi�es agents with nodes in

a graph and encodes the existence of an interaction between nodes as an edge, which plays an

important role in the analysis and synthesis of the networked multi-agent systems. Moreover, a

multi-agent systems not only can be graphically represented by nodes and edges, but also expressed

in term of matrices, For example, the Laplacian matrix in graph theory is a key for characterizing the

interaction of networks. In particular, the spectrum of the Laplacian contains useful information

about the dynamics of the network [79]. For an undirected graph, the smallest positive eigenvalue of
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a Laplacian matrix is the algebraic connectivity, which represents the convergence rate of consensus

algorithms [31]. Details about graph theory will be presented in the next chapter.

From graph theory, consensus control problem was studied in three main directions, which

are dynamic of agents, control architectures, and network communications [26]. The dynamic of

agents can be organized into three groups, which are single integrator dynamics, double integrator

dynamics and high-order dynamics. The early work on consensus problem has mainly focused

on integrator dynamics, such as single-integrator [3, 70, 74, 62, 27], double-order integrator [71,

98, 16] and higher-order [66, 87, 41, 76, 78, 110, 65, 24]. Speci�cally, [3] studied average consensus

problems for undirected networks of dynamic agents having communication delays. In [70], the

consensus problem of the information states of all agents approaching a time-varying reference

state was investigated. [74, 98, 16] considered the problem of information consensus among multiple

agents in the presence of limited and unreliable information exchange with dynamically changing

interaction topologies. [62] proposed consensus problems for a network of single integrator dynamic

agents with �xed and switching topologies. Then the extension to double integrator models has

been considered in [71]. The average-consensus problem for networks of double-order integrator

dynamic agents was investigated in [98]. [16] considered a group of agents communicating through

an undirected and weighted network towards a consensus point.

Since the practical complex systems can be hardly described or linearized as single integrator

or double integrator dynamic, the study has shifted to multi-agent systems with general linear

dynamics. [66] introduced the framework that to analyze and design cooperative controls for a

group of individual dynamical systems. [87] presented the conditions for synchronizability in arrays

of coupled linear system. [41] addressed the consensus problem of multi agent systems with a time-

invariant communication topology consisting of general linear node dynamics. Synchronization

of a network of identical linear state-space models under a possibly time-varying and directed

interconnection structure was investigated in [76]. [78] showed the consensus problem for multi-

agent linear dynamic systems, which all the agents have identical MIMO linear dynamics that can

be of any order.

The consensus protocols in some aforementioned literature [3, 70, 74, 62, 27, 62, 24, 110, 65] are

typically state-feedback, which utilize all the relative information between agents' states and their

neighbors. However, in practice, it is often dif�cult to obtain the states of all agents due to economic

reasons and limitations on measurements. Therefore, it is important to consider output-feedback

consensus protocol. To this end, static output-feedback protocols were studied in [56, 91, 21]. In [56],

the necessary and suf�cient conditions for consensusability using static output-feedback protocol

was presented. [91] studies the consensus problem by constructing a static relative output-feedback

control under some mild constraints on the system model. The problem of H 1 consensus for linear

multi-agent systems with state and output-feedback control was investigated in [21]. One potential

drawback of the static output-feedback is that control synthesis conditions cannot be formed as
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convex problem in term of Lyapunov matrix and static controller gain. Although computational

methods based on iterative solutions of the two convex LMI problems with respect to Lyapunov

matrix and its inverse have been proposed to �nd stabilizing static output-feedback gains, but

convergence of the iterative algorithms is not guaranteed.

In addition, observer-type consensus protocols were introduced in [39, 114, 14]. An observer-type

consensus protocol based on the relative outputs of the neighboring agents was adopted in [39] [114]

studied multi-agent systems with time delays in both the communication network and inputs by

observer-based output-feedback protocols. [14] characterized necessary and suf�cient conditions

for consensus of agents under distributed observer-based output-feedback control. However, it

should be noted that the protocols of observer-type require an estimate of the system state. [51, 92,

1] presented dynamic output feedback protocols to achieve H 1 consensus. A distributed dynamic

output-feedback protocol was proposed in [51] to solve the H 1 consensus problem. [92] investigated

the H 1 consensus problem for networks of multi-agent systems subject to external disturbances. In

particular, a distributed dynamic output-feedback controller with time-varying delays was provided.

Nevertheless, the synthesis conditions assume decoupled structure of the Lyapunov matrix, which

is conservative and cannot achieve minimal L 2 gain performance. Essentially, the protocols in [51,

92, 1] are combinations of state feedback protocol and observer-type protocol. On the other hand,

[111] solved the consensus problem via general dynamic output-feedback, the resulting synthesis

conditions are however formulated as bilinear matrix inequalities (BMIs), which are dif�cult to

solve.

It should be noted that the topic of distributed output-feedback consensus control for leader-

following multi-agent systems (see [106] and references therein) is different from the leaderless topic.

Speci�cally, for leader-following consensus, the output-feedback synthesis problem can be easily

formulated as convex conditions. But when it comes to leaderless consensus, the problem becomes

very challenging. Conventional dynamic output-feedback leaderless consensus algorithms often

lead to non-convex synthesis conditions [111]. Therefore, developing computationally tractable and

performance optimized output-feedback control synthesis conditions for leaderless multi-agent

systems remains as an open problem in the �eld.

1.3.2 Uncertainties and disturbances in multi-agent systems

Many researches about consensus control have a common assumption that the agent dynamics

are precisely known, which may be restrictive. The existence of uncertainties and disturbances

may impact the system performance and even cause unstable of the systems. In reality, it is imper-

ative to address the robustness of multi-agent systems since uncertainties and disturbances are

inevitable due to the different working environment and the communication networks. Some related

robustness problems have been studied by researchers in [38, 83, 85, 48, 52, 92, 43, 25]. Speci�cally,
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the multi-agent systems with addictive dynamic uncertainties under a dynamic output-feedback

protocol of the observer-based type were studied in [38]. [85] considered uncertainty in the form

of additive perturbations of the transfer matrices of the nominal dynamics. References [48, 52, 92,

43, 25] considered parametric uncertainties of linear multi-agent systems. [52] was devoted to the

robust H 1 consensus control of multi-agent systems with model parameter uncertainties. In [92],

consensus problem was discussed for a class of multi agent systems with parameter uncertain-

ties under a �xed directed graph. Mixed uncertainties were investigated in [25]. The robustness to

external disturbance was also investigated in [83, 52, 53].

Consensus problems of multi-agent systems under uncertainties and external disturbances

were reformulated as robust H 1 consensus problem. With the help of H 1 techniques, suf�cient

conditions are given to achieve the robust consensus with prescribed H 1 performance, and the

proposed consensus protocol is obtained [53]. Some related literature were presented in [42, 48, 53,

51, 52]. The disturbance rejection problem in multi-agent system arisen in [42]. The agent network

is said to possess a desired level of disturbance rejection, if the H 1 norm of its transfer function

matrix from the disturbance to the controlled output is satisfactorily small. The consensus prob-

lems for directed networks of �rst-order agents with external disturbances and model uncertainty

was studied in [48]. It proved that the problem could be transformed into a robust H 1 control

problem. The consensus control of general linear multi-agent systems with state and measurement

disturbances were proposed in [53, 51]. [52] was devoted to the robust H 1 consensus control of

multi-agent systems with model parameter uncertainties and external disturbances. In particu-

lar, networks of multiple agents with general linear dynamics under uncertain communication

delays were considered. Generally speaking, to solve the robust H 1 consensus problem, the model

of multi-agent systems will be transformed to an equivalent reduced-order system regarding the

H 1 performance. Then the reduced-order system converts to a set of independent linear systems

described by a single agent. Finally, the consensus problem can be determined by robust control

techniques.

However, the uncertainty models in the aforementioned literature have some limitations. A

typical example is a network of mass-spring-damper systems with different masses, unknown spring

constants or damping constants. The parametric uncertainty models used in [48, 52, 92, 43, 25]

can only capture unknown damping and spring constants without taking unknown masses into

consideration. A more general description of a class of uncertain multi-agent systems is structured

uncertainties. The uncertain behavior of each agent is characterized by an upper linear fractional

transformation (LFT) model of its nominal system interconnected with block-diagonal uncertainty

matrix. Since the structured uncertainty is capable of describing systems with multiple sources of

uncertainty at different locations [29], studying multi-agent systems with structured uncertainty is

closer to realistic situations. In fact, the uncertainty model adopted in [37, 83, 85, 48, 52, 92, 43, 25]

can be thought as special cases of structured uncertainty.
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1.3.3 Communication in multi-agent systems

The network communications describe the approach that the agents interact with each other. The

interaction between agents can be characterized by the graph Laplacian matrix [79]. The graph

Laplacian can be speci�ed into different categories, like �xed [94, 60, 93, 92] and switching [60, 62,

53, 52] Laplacian, or undirected [113, 104, 43] and directed graph. The Laplacian matrix is a constant

matrix in the �xed graph and a time-varying matrix in the switching graph. Note that the undirected

graph is a special case of directed graph. The details about Laplacian graph will be introduced in

the next chapter.

It should be noted that the robust consensus protocols in [52, 92, 43] were applicable to only

undirected graphs or balanced directed graphs. The robust consensus problem under undirected

graphs or balanced directed graph is different from the unbalanced graph. Speci�cally, for consensus

problem under undirected graphs or balanced directed graph, the multi-agent systems can be easily

decoupled with orthogonal transformation. But when it comes to unbalanced directed consensus,

the problem becomes very challenging because the Laplacian matrices of directed graphs are

generally asymmetric, which renders the decoupling of the multi-agent systems a far from being

easy.

One common feature in the aforementioned research is that the consensus protocols require

information of nonzero eigenvalues of the Laplacian matrix associated with the communication

graph. However, the nonzero eigenvalue of the Laplacian matrix is global information that cannot

be acquired by the agents in the fully distributed implementation, which means using only the local

information of its own and neighbors. To overcome the limitation, distributed full state adaptive

consensus protocols have been proposed in [44, 40, 17]. Speci�cally, distributed relative-state

consensus protocols with an adaptive law for adjusting the coupling weights between neighboring

agents were designed in [44] for general linear and Lipschitz nonlinear dynamics. Full state consensus

node and edge protocols with adaptive gains of general linear dynamics multi agent systems subject

to bounded external disturbances was investigated in [40]. [17] considered the consensus problem

of multi-agent systems with matched disturbances. Distributed adaptive protocols were proposed,

which rely on the state information of neighbor agents. Note that the protocols in [44, 40, 17] rely on

all relative states information of neighboring agents, which is dif�cult to obtain due to economic

reasons and limitations on state measurements.

On the other hand, the distributed adaptive consensus problem for multi-agent systems by static

output feedback control approach was proposed in [105]. Two types of distributed adaptive dynamic

output-feedback consensus protocols were designed in [45] to ensure consensus is reached in a fully

distributed fashion for all undirected connected communication graphs. It is worth mentioning

that [45, 105] have assumed that the agent dynamics are not affected by external disturbances. In

addition, observer-type consensus protocols were considered in [45, 28]. Note that the results in
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[45, 28] are restrictive in the following aspects. Firstly, the synthesis conditions used structured

Lyapunov matrix, which is conservative in achieving minimal L 2 gain performance. Secondly, the

H 1 norm in [28] is represented by three indices, which cannot be solved by minimal optimization

problem. Thirdly, necessary and suf�cient conditions for the existence of consensus protocols in [28]

is actually the necessary conditions only. The suf�ciency conditions need to be veri�ed after solving

the Lyapunov matrix. Therefore, there are few works focusing on convex solutions for adaptive

multi-agent output-feedback consensus.

1.4 Contributions

Major contributions of the dissertation can be summarized as follows:

• A novel distributed dynamic output-feedback protocol, which utilizes not only relative mea-

surement output information but also relative state information of neighboring controllers, is

designed for general linear multi-agent systems under unknown external disturbance and

structured uncertainties.

• Convexi�ed synthesis conditions for multi-agent under unknown external disturbance is

established in an LMI form without introducing additional conservatism to optimize the novel

distributed dynamic output-feedback protocol.

• Synthesis condition for multi-agent consensus using state-feedback control is established

in terms of LMIs. Meanwhile, synthesis condition for multi-agent consensus using output-

feedback control is established in terms of BMIs without introducing any conservatism from

analysis condition, which can be used to optimize the proposed distributed control protocol

via an iterative algorithm.

• Two types of novel fully distributed adaptive dynamic output-feedback adaptive protocols

are designed for linear multi-agent systems under unknown external disturbance. With the

help of such novel structure of consensus protocols, the Lyapunov matrix can be assumed as

a general form without introducing restriction.

• Convexi�ed synthesis condition for multi-agent output-feedback adaptive consensus con-

trol in an LMI form is derived without introducing additional conservatism. The synthesis

conditions are uni�ed for both node-based and edge-based adaptive protocols.

In summary, a novel distributed dynamic output-feedback protocol and two types of novel

fully distributed adaptive dynamic output-feedback adaptive protocols are designed for genera

linear multi-agent systems. Synthesis conditions are established without introducing additional

conservatism to optimize the novel distributed protocols and provide a tractable distributed control

design approach with computational ef�ciency.
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1.5 Outlines

The detailed outline of this dissertation is as follows:

Chapter 1 introduces the background of multi-agent systems and distributed control, the aim of

the research. Then some related works, which include consensus control, uncertainties, disturbances

and communication in multi-agent systems, are reviewed. Finally, the major contributions of the

dissertation are summarized.

Chapter 2 presents some preliminaries of consensus control, which covers the mathematical

background and de�nition, graph theory and some de�nitions and theorems about stability theory.

Chapter 3 investigates the H 1 consensus problem for general linear multi-agent systems subject

to external disturbances. A novel distributed dynamic output-feedback controller will be proposed.

Through model transformation, the H 1 consensus control problem of multi-agents network is

reduced to a set of independent H 1 stabilization sub-problems for n -dimensional linear sys-

tems. Suf�cient analysis conditions are derived using Lyapunov method. The H 1 output-feedback

consensus synthesis conditions are convexi�ed without introducing additional conservatism and

formulated as linear matrix inequalities, which can be solved ef�ciently via convex optimization.

Moreover, the consensus value analysis, H 1 consensus synthesis with pole placement and Lapla-

cian spectral constraint for synthesis conditions will be also presented in chapter 3.

Chapter 4 studies the robust H 1 consensus problem for general linear multi-agent systems

subject to external disturbances and structured uncertainties. A full state-feedback protocol and

a novel distributed dynamic output-feedback protocol, which utilizes not only relative measured

output information but also relative state information of neighboring controllers, are proposed for

uncertain linear multi-agent systems. In the full state-feedback protocol design, suf�cient stability

analysis and control synthesis conditions are provided for robust consensus in the form of LMI. Con-

sequently, the distributed protocol can be solved by LMI-based optimization to obtain the optimal

control solution that minimal L 2 gain performance. In the output-feedback consensus control, a

novel distributed dynamic output-feedback controller will be proposed for general uncertain multi-

agent systems. With the help of such a consensus protocol, we will derive the LMI conditions for

multi-agent consensus and performance analysis. When it comes to the robust consensus problem

of output-feedback synthesis conditions, the solution of robust H 1 consensus using distributed

output-feedback protocol is found to be necessarily non-convex. An iterative LMI algorithm is then

presented to solve the resulting BMI optimization problem effectively. The robust H 1 consensus

problem for multi-agent systems with unbalanced directed graph is also discussed in this chapter.

Chapter 5 addresses the adaptive H 1 consensus problem for linear multi-agent systems subject

to external disturbances under the leaderless framework. Two types of novel fully distributed adap-

tive dynamic output-feedback control protocols are proposed. The node-based adaptive protocol

uses a time-varying coupling weight for each node and the edge-based adaptive protocol assigns a

10



time-varying coupling weight to each edge in the communication graph. The proposed protocols

utilize relative output information of neighboring agents and relative state information of neigh-

boring controllers, which are in a fully distributed fashion. With the help of such novel structures

of consensus protocol and congruent transformation, we will be able to derive the linear matrix

inequality (LMI) conditions for multi-agent adaptive output-feedback control in distributed manor.

The adaptive H 1 consensus under the switching graph is also introduced in this chapter.

Chapter 6 summaries the dissertation and discusses the potential extensions work of the research

work in the future.
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CHAPTER

2

PRELIMINARIES OF CONSENSUS

CONTROL

2.1 Mathematical Preliminaries

Some mathematical theory, basic notation and de�nition will be introduced in this section for

further use in the thesis.

Kronecker Product

Kronecker Product [23] is de�ned for two matrices of arbitrary size. In the consensus control of the

multi-agent systems, it is used to describe the connection of the networks.

De�nition 2.1. If there exists a matrix A 2 Rm � n and matrix B 2 Rp � q , then the Kronecker product

A 
 B is de�ned as

A 
 B =

2

6
4

a11B � � � a1n B
...

...
...

am 1B � � � amn B

3

7
5 2 Rmp � nq

The Kronecker Product have the following properties:
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• A 
 (B + C) = A 
 B + A 
 C

• (A + B) 
 C = A 
 C + B 
 C

• (k A) 
 B = A 
 (k B ) = k (A 
 B)

• (A 
 B) 
 C = A 
 (B 
 C)

• (A 
 B)(C 
 D ) = (AC) 
 (BD )

• (A 
 B)� 1 = A� 1 
 B � 1

• (A 
 B)T = AT 
 BT and (A 
 B)� = A� 
 B �

• If A and B are both positive de�nite (semi-positive de�nite), so is A 
 B .

where A, B , C and D are matrices with compatible dimension, k is scalar.

Eigenvalues and Eigenvectors

Eigenvalues and eigenvectors have their importance in the design of consensus control because the

eigenvalues of Laplacian matrix are required. The de�nition of eigenvalues and eigenvectors [50] is

given as:

De�nition 2.2. Let A be a square matrix A 2 Rn � n . A scalar � is called an eigenvalue of A if there

exists a nonzero (column) vector v such that

Av = � v

Any vector satisfying this relation is called an eigenvector of A belonging to the eigenvalue � .

In engineering and stability theory, a square matrix A 2 Rn � n is called a Hurwitz matrix [30] (or

sometimes a stable matrix) if every eigenvalue � i of A has strictly negative real part, that is,

Re(� i ) < 0.

Gershgorin Disc Theorem

According to Gershgorin Disc Theorem [22], the eigenvalue of a square matrix will be located in some

neighborhoods of certain points in the complex plant. In the consensus control of the multi-agent

systems, Gershgorin Disc Theorem is used to bound the eigenvalues of Laplacian matrix, which is

introduced in section 2.2.2.

13



Lemma 2.1. Let A = [a i j ] 2 Rn � n , and let

R0
i (A) =

nX

j =1,j 6= i

�
�a i j

�
� , 1 � i � n

denotes the deleted absolute row sums of A. Then all the eigenvalues ofA are located in the union of n

discs

G(A) �
n[

i =1

�
z 2 C : jz � a i i j � R0

i (A)
	

Furthermore, if a union of k of thesen discs forms a connected region that is disjoint from all remaining

n � k discs, then there are precisely k eigenvalues of A in this region.

Schur Complement Lemma

A nonlinear convex inequalities can be presented as LMI form using Schur complements [4]. The

basic idea is as follows:

Lemma 2.2. Let S be a symmetric matrix of the partitioned form that

S = [Si j ] =

–
S11 S12

ST
12 S22

™

with S11 2 Rr � r , S12 2 Rr � (n � r ) and S22 2 R(n � r )� (n � r ). Then the following statements are equivalent:

• S < 0.

• S11 < 0, S22 � S21S� 1
11 S12 < 0.

• S22 < 0, S11 � S12S� 1
22 S21 < 0.

Hilbert space

A Hilbert space [115] is a complete inner product space with the norm induced by its inner product.

For example, Cn with the usual inner product is a (�nite-dimensional) Hilbert space. More generally,

it is straightforward to verify that Cn � m with the inner product de�ned as

hA,Bi := trace A� B =
nX

i =1

mX

j =1

ā i j bi j 8A,B 2 Cn � m

is also a (�nite-dimensional) Hilbert space.
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A well-know in�nite-dimensional Hilbert space is L 2[a ,b ], which consists of all square integrable

and Lebesgue measurable functions de�ned on an interval [a ,b ] with the inner product de�ned as



f ,g

�
:=

Z b

a

f (t )� g(t ) d t

for f ,g 2 L 2[a ,b ]. Similarly, if the functions are vector or matrix-valued, the inner product is de�ned

correspondingly as



f ,g

�
:=

Z b

a

trace[ f (t )� g(t )] d t

Some spaces used often in this book are L 2[0,1 ), L 2(�1 ,0], L 2(�1 ,1 ), More precisely, they

are de�ned as

• L 2 = L 2(�1 ,1 ): Hilbert space of matrix-valued functions on R, with inner product



f ,g

�
:=

Z 1

�1

f (t )� g(t ) d t

• L 2+ = L 2[0,1 ): subspace of L 2(�1 ,1 ) with functions zero for t < 0.

• L 2� = L 2(�1 ,0]: subspace of L 2(�1 ,1 ) with functions zero for t > 0.

Linear Fractional Transformations

Linear Fractional Transformations (LFT) is a powerful and �exible tool in modern and robust control

theory. It is naturally related to feedback interconnection and provides a systematic approach in

representing uncertainty. For a complex matrix M , relating r and v through v = M r . Partition into

top and bottom, we have

v1 = M 11r1 + M 12r2

v2 = M 21r1 + M 22r2

Matrix � relating v2 to r2 as r2 = � v2. The linear fractional transformation (LFT) of M by �

Eliminate v2 and r2 leaving

v1 = [M 11 + M 12� (I � M 22� )� 1M 21]r1 =: FL (M ,� )r1

The notation FL indicates lower LFT that the lower loop of M is closed with � .

Similarly, if the upper loop of M is closed with 
 , then we have
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Figure 2.1 The lower linear fractional transformation

Figure 2.2 The upper linear fractional transformation

v2 = [M 22 + M 21
 (I � M 11� )� 1M 12]r2 =: FU (M ,
 )r2

2.2 Graph Theory

In this section, the fundamental concept of graph theory is introduced. Algebraic graph theory plays

an important role in describing the communication topology of multi-agent system. The material

in this section is from [58, 72].

2.2.1 Fundamental of Graphs

The graph identi�es agents with nodes in a graph and encodes the existence of an interaction

between nodes as edges. The interaction graph plays an important role in the analysis and synthesis

of the networked multi-agent systems regardless of whether the information exchange takes place

over a communication network or though active sensing. For example, as shown in Fig.2.3, a network

of four agents can be viewed as a graph, with four nodes corresponding to the agents and four edges

to the interactions.

Suppose that a multi-agent system consists of n agents. A directed graph of order n is de�ned as

D = (V , E). V := f 1,2,� � � ,n gis a �nite nonempty node set with n elements. E � V �V is an edge set
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Figure 2.3 A network of four agents represented by nodes and edges in the graph theory

of ordered pairs of nodes. The edge set consists of elements of the form (i , j ), where i , j = 1,2, � � � ,n

and i 6= j . The edge (i , j ) in the edge set denotes that agent j can receive information from agent

i , but not necessarily vice versa. For the edge (i , j ), i is the parent mode and j is the child node.

If (i , j ) 2 E, we said node i is a neighbor of node j . The set of neighbors of node i is denoted as

N i . Contrary to a directed graph, the pairs of nodes in an undirected graph are unordered. The

edge (i , j ) in undirected graph denotes that agent j and agent i can obtain information from each

other. Therefore, an undirected graph is a special case of a directed graph with an edge (i , j ) in

an undirected graph corresponds to edges (i , j ) and (j , i ) in a directed graph. Fig. 2.4 provides an

example of an undirected graph G = (V , E) with the node set V := f v1, v2, v3, v4, v5gand the edge set

E � V � V = f v1v2, v2v3, v3v4, v3v5, v2v5, v4v5g.

Figure 2.4 An undirected graph G = (V , E) with 5 agents

A directed graph is strongly connected if there is a directed path from every node to every other

node. An undirected graph is connected if there is an undirected path between every pair of distinct

nodes. A rooted directed tree is a directed graph in which every node has exactly one parent except

for one root node, which has no parent and which has a directed path to every other node.
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2.2.2 Matrix Representation of Graphs

In graph theory, a multi-agent systems not only can be graphically represented by nodes and edges,

but also expressed in term of matrices. In this section, some important matrices in graph theory will

be introduced.

Adjacency and Degree matrices

For the graph G = (V , E), the degree of the nodes d (vi ) is the cardinality of the neighbors set N i and

is equal to the number of nodes that are adjacent to node vi . The degree matrix � (G) is a diagonal

matrix with the degree of the nodes as the diagonal elements, which is

[� (G)]i j =

¨
d (vi ) i = j

0 i 6= j

Therefore, the degree matrix � (G) for the graph shown in Fig. 2.4 is

� (G) =

2

6
6
6
6
6
6
4

1 0 0 0 0

0 3 0 0 0

0 0 3 0 0

0 0 0 2 0

0 0 0 0 3

3

7
7
7
7
7
7
5

The adjacency matrix A (G) is a n � n matrix, which describes the adjacency relationships in graph

G, that is

[A (G)]i j = a i j =

¨
postive weight if vi v j 2 E

0 otherwise

If the weights are not relevant or the graphs are unweighted, then a i j is set equal to 1 for all ( j , i ) 2 E.

A graph is called balanced if
P n

j =1 a i j =
P n

j =1 a j i for all i . For an undirected graph, the adjacency

matrix A is balanced and symmetric. However, the adjacency matrix A of directed graph is not

necessarily balanced and symmetric. For the example in Fig. 2.4, the corresponding adjacency

18



matrix is:

A (G) =

2

6
6
6
6
6
6
4

0 1 0 0 0

1 0 1 0 1

0 1 0 1 1

0 0 1 0 1

0 1 1 1 0

3

7
7
7
7
7
7
5

Incidence Matrix

For an undirected graph G(V , E) with n nodes and m edges, the incidence matrix D (G) 2 Rn � m is

de�ned as

[D (G)]i j = d i j =

8
><

>:

� 1 if vi is the tail of ej ,

1 if vi is the head of ej ,

0 otherwise.

Note that the incidence matrix D (G) is neither unique for an undirected graph nor changed by the

orientation of the graph. The incidence matrix D (G) for the graph shown in Fig. 2.4 is

D (G) =

2

6
6
6
6
6
6
4

1 0 0 0 0 0

� 1 1 0 0 1 0

0 � 1 1 0 0 1

0 0 � 1 1 0 0

0 0 0 � 1 � 1 � 1

3

7
7
7
7
7
7
5

As can be seen from this example, this incidence matrix has a column sum equal to zero, which is a

fact that holds for all incidence matrices since every edge has to have exactly one tail and one head.

Nominal Laplacian matrices

Nominal Laplacian matrix L (G) is another matrix representation of graph G. There are several ways

to de�ne nominal Laplacian matrix L (henceforth Laplacian matrix). The �rst de�nition of the

graph Laplacian associated with a graph G is

L (G) = � (G) � A (G)
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where � (G) is the degree matrix and A (G) is the adjacency matrix.

An alternative way to de�ne Laplacian matrix L (G) is

[L (G)]i j =

¨ P N
j =1,j 6= i a i j i = j

� a i j i 6= j

The Laplacian matrix L (G) can also be represented by the incidence matrix D (G) as

L (G) = D (G)D (G)T

Hence, the Laplacian matrix associated with the graph G in Fig. 2.4 is

L (G) =

2

6
6
6
6
6
6
4

1 � 1 0 0 0

� 1 3 � 1 0 � 1

0 � 1 3 � 1 � 1

0 0 � 1 2 � 1

0 � 1 � 1 � 1 3

3

7
7
7
7
7
7
5

Laplacian matrix L has the following important properties [13, 72] in consensus protocol design.

• For an undirected graph, L is symmetric. For a directed graph, L is not necessarily symmetric.

• Since Laplacian matrix L has zero row sums, 0 is an eigenvalue of L associated with eigen-

vector 1N .

• L is diagonally dominant and has non-negative diagonal entries.

• According to Gershgorin disc theorem [22], for an undirected graph, all nonzero eigenvalues

of L are positive, whereas, for a directed graph, all of the nonzero eigenvalues of L have

positive real parts. Therefore, all of the nonzero eigenvalues of �L have negative real parts.

• For an undirected graph, 0 is a simple eigenvalue of L if and only if the undirected graph is

connected. For a directed graph, 0 is a simple eigenvalue of L if the directed graph is strongly

connected.

• For an undirected graph, set � i L be the i th smallest eigenvalue of L with � 1(L ) � � 2(L ) �

� � � � � n (L ) so that � 1(L ) = 0. � 2(L ) is the algebraic connectivity, which is positive if and only

if the undirected graph is connected.
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Graph weighted Laplacian

Together with the edge and node sets, functions k : E ! R and m : V ! R are given that associate a

value to each edge and node, respectively. Then one can form the edge-weighted Laplacian L e as

L e = D (L )K D (L )T

and the node- and edge-weighted Laplacian (henceforth weighted Laplacian) L g as

L g = M � 1D (L )K D (L )T

Where K � 0 is an m � m diagonal edge weighting matrix, with k (ei ), i = 1, � � � ,m , the edge weight

for each edge on the diagonal and M � 0 is an n � n diagonal edge weighting matrix, with m (vi ), i =

1,� � � ,n , the node weight for each node on the diagonal.

The edge-weighted Laplacian L e has some similar properties to the nominal Laplacian L

proposed in [79]:

• The matrices L and L e are symmetric positive semide�nite, with at least one eigenvalue at

zero corresponding to an eigenvector 1n = (1=
p

n )[1� � �1]T .

• If the graph represented by L or L e is connected, then L or L e , respectively, has exactly

one eigenvalue at zero.

Although L g is not symmetric in general, its eigenvalues possess properties similar to those of L or

L e

Lemma 2.3. [79] Every eigenvalue ofL g = M D (L )K D (L )T is real and non-negative. If L g represents

a connected graph, then all eigenvalues of L g , excepting one at zero, are positive.

The edge-weighted Laplacian L e and weighted Laplacian L g are important in the Laplacian

spectral constrains design. The details will be introduced in Chapter 3.

2.3 Stability theory

Stability theory plays an essential role in control systems. In this thesis, Lyapunov stability theory,

which focuses on the stability of equilibrium points, is used to determine the stability of dynamic

systems. In this section, some basic de�nitions and theorems will be introduced. The material in

this section is mainly from [30].

Consider the nonlinear system

�x = f (x ) (2.1)

21



where f : D ! Rn is a locally Lipschitz map from a domain D � Rn into Rn . Suppose x̄ is an

equilibrium point of (2.1); that is, f (x̄ ) = 0. There is no loss of generality in doing so because any

equilibrium point can be shifted to the origin via a change of variables. Therefore, we will always

assume that f (x ) satis�es f (0) = 0 and study the stability of the origin x = 0. The de�nition of

stability will be stated in the following.

De�nition 2.3. The equilibrium point x = 0 of (2.1) is

• stable if, for each " > 0, there is � = � (" ) > 0 such that

kx (0)k < � ) k x (t )k < " ,8 t � 0

• unstable if it is not stable

• asymptotically stable if it is stable and � can be chosen such that

kx (0)k < � ) lim
t !1

x (t ) = 0

Lyapunov stability

Having de�ned stability and asymptotic stability of equilibrium points, Lyapunov stability theorem

[30] gives an approach to determine stability.

Theorem 2.1. Let x = 0 be an equilibrium point for (2.1) and D � Rn be a domain containing x = 0.

Let V : D ! R be a continuously differentiable function, such that

V (0) = 0 and V (x ) > 0 in D � f 0g (2.2)

�V (x ) � 0 in D (2.3)

Then, x = 0 is stable. Moreover, if

�V (x ) < 0 in D � f 0g (2.4)

then x = 0 is asymptotically stable.

A continuously differentiable function V (x ) satisfying (2.2) is called a Lyapunov function. The

surface V (x ) = c, for some c > 0, is called a Lyapunov surface. A function V (x ) satisfying condition

(2.2) is said to be positive de�nite. If it satis�es the weaker condition V (x ) � 0 for x 6= 0, it is said to

be positive semi-de�nite. A function V (x ) is said to be negative de�nite or negative semi-de�nite if

� V (x ) is positive de�nite or positive semi-de�nite, respectively.
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The Invariance Principle

From Lyapunov stability Theorem 2.1 we know that x = 0 is asymptotically stable if the derivative

of Lyapunov function �V (x ) is negative de�nite. While the derivative of Lyapunov function �V (x ) is

semi-negative de�nite, the asymptotically stable is not guaranteed. However, this problem can be if

we can �nd �V (x ) � 0 and no trajectory can stay at points where �V (x ) = 0 except at the x = 0. Then

asymptotically stable of x = 0 is achieved. LaSalle's theorem [30] is used to prove the asymptotically

stable under �V (x ) � 0.

Theorem 2.2. [30] Let 
 � D be a compact set that is positively invariant with respect to (2.1). Let

V : D ! R be a continuously differentiable function such that �V (x ) � 0 in 
 . Let E be the set of all

points in 
 where �V (x ) = 0. Let M be the largest invariant set in E. Then every solution starting in 


approached M as t ! 1 .

Different from the Lyapunov stability Theorem 2.1, LaSalle's Theorem 2.2 doesn't require the

function V (x ) to be positive de�nite. When our interest is in showing that x (t ) ! 0 as t ! 1 , we

need to establish that the largest invariant set in E is the origin. This is done by showing that no

solution can stay identically in E, other than the trivial solution x (t ) � 0. We obtain the following

two corollaries that extend Theorem 2.1 and 2.2.

Corollary 2.1. Let x = 0 be equilibrium point for (2.1). Let V : D ! R be a continuously differentiable

function on a domain D containing the origin x = 0, such that �V (x ) � 0 in D . LetS =
�
x 2 D j �V (x ) = 0

	

and suppose that no solution can stay identically in S, other than the trivial solution x (t ) � 0. Then,

the origin is asymptotically stable.

Corollary 2.2. Let x = 0 be equilibrium point for (2.1). Let V : Rn ! R be a continuously differen-

tiable, radially unbounded, positive de�nite function such �V � 0 for all x 2 Rn . Then, the origin is

asymptotically stable. Let S =
�
x 2 D j �V (x ) = 0

	
and suppose that no solution can stay identically in

S, other than the trivial solution x (t ) � 0. Then, the origin is globally asymptotically stable.
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CHAPTER

3

CONSENSUS CONTROL FOR

MULTI-AGENT SYSTEMS WITH

EXTERNAL DISTURBANCES

3.1 Introduction

In this chapter, we investigate the H 1 consensus problem for general linear multi-agent systems

subject to external disturbances. The objective of this chapter is to design a distributed output-

feedback protocol of multi-agent systems to solve the H 1 consensus control problem.

A novel distributed dynamic output feedback controller will be proposed. Through model

transformation, the H 1 consensus control problem of multi-agents network is reduced to a set of

independent H 1 stabilization sub-problems for n -dimensional linear systems. Suf�cient analysis

conditions are derived using Lyapunov method and the H 1 output-feedback consensus synthesis

conditions are convexi�ed without introducing additional conservatism and formulated as linear

matrix inequalities, which can be solved ef�ciently via convex optimization. Moreover, the consensus

value analysis and H 1 consensus synthesis with pole placement will be also presented in this

chapter.

The main contributions of this chapter are summarized as follows: a novel distributed dynamic

output feedback control protocol is proposed, which utilizes not only relative output information
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of neighboring agents but also relative state information of neighboring controllers. With the help

of such a novel structure of consensus protocol and congruent transformation, we will be able to

derive the linear matrix inequality (LMI) conditions for multi-agent output feedback control.

The rest of this chapter is organized as follows. The problem statement and objective are rep-

resented in Section 3.2. The novel distributed dynamic output feedback control protocol, H 1

consensus analysis, synthesis conditions and consensus values are studied in sections 3.3. Section

3.4 extends the H 1 consensus to the unbalanced directed graph. Section 3.5 introduces the de�ni-

tion of LMI regions and its application to multi-agent systems. The effectiveness of the proposed

protocol is demonstrated by two numerical examples in section 3.7. Finally, the chapter concludes

in section 3.8.

3.2 Problem statement

3.2.1 Model description

Consider a multi-agent system consisting of N dynamic agents with identical linear dynamics

subject to external disturbance

8
<

:

�xi = Axi + B1d i + B2u i

yi = C xi + D d i

, (3.1)

where xi 2 Rn is each agent's state, d i 2 Rn1 is the external disturbance applied to i th agent, yi 2 Rm

represents the measured output and u i 2 Rn2 represents the control input for the agent i. All matrices

in eqn. (3.1) are known real constant matrices of appropriate dimensions. Without loss of generality,

B2 is assumed of full column rank.

Some assumptions are needed for system matrices and the network graph G associated the

multi-agent system (3.1).

Assumption 3.1. The associated network graph G is undirected and connected.

Assumption 3.2. For the system matrices in (3.1), (A,B2) is stabilizable and (A,C) is detectable.

Remark 3.1. The assumption that B2 is of full column rank is made without loss of generality for

the multi-agent systems (3.1). If the matrix B2 in (3.1) is not of full column rank, we can still develop

an equivalent model satisfying full column rank conditions of B2 and use it for controller design.

Detailed explanations are given below.

Consider matrix B2 2 Rn � n2 is of rank l and is not of full column rank. A singular value decom-

position of B2 can be obtained as B2 = U B̄2V . WhereU 2 Rn � n and V 2 Rn2� n2 are unitary matrices,
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and B̄2 is given by

B̄2 =

–
� l 0l � (n2� l )

0(n � l )� l 0(n � l )� (n2� l )

™

Where � l 2 Rl � l is a diagonal matrix with entries of the singular value of B 2.

De�ne ū =

–
ū1

ū2

™

= V u, where u represents the control input and ū1 2 Rl . Then consider a

full column rank matrix B̂2 = U

–
� l

0(n � l )� l

™

2 Rn � l . It follows that B2u (t ) = B̂2ū1(t ). Therefore the

B2u (t ) can be replaced with B̂2ū1(t ) in the design of the controller. We can observe that ū2(t ) has no

contribution to B2u (t ) henceū2(t ) can be chosen arbitrarily and set to be a zero vector. The actual

control input can be obtained as u (t ) = V � 1

–
� l

0(n2� l )� 1

™

. Therefore there is no loss of generality in

considering the full column rank of B 2.

3.2.2 Design Objective

The objective of this chapter is to design a distributed output-feedback protocol of multi-agent

system (3.1) to solve the following H 1 consensus control problem.

De�nition 3.1 (H 1 Consensus problem) . For the multi-agent systems (3.1), design a distributed

dynamic output feedback protocol u i (t ) such that the closed-loop multi-agent system achieves H 1

consensus. Speci�cally, the multi-agent system is said to reach the consensus if the state of each agent

satis�es

lim
t !1

(xi (t ) � x j (t )) = 0, 8 i , j 2 I [1,N ] (3.2)

when d i = 0, i 2 I [1,N ]. If consensus is achieved, then we de�ne the consensus state� as

� (1 ) = lim
t !1

xi (t ), 8 i 2 I [1,N ]. (3.3)

Moreover, the multi-agent system is said to reach H 1 performance if there exists a positive number


 such that Z 1

0

zT (t )z (t )d t < 
 2

Z 1

0

dT (t )d(t )d t , 8d 2 L 2, (3.4)

where we denote the aggregate vectors byd := col f d1,d2, � � � ,dN g, z := col f z1, z2, � � � , zN gand the state

consensus error zi of i th agent relative to the average state of all agents is de�ned as

zi (t ) = xi (t ) �
1

N

NX

j =1

x j (t ), 8i 2 I [1,N ]. (3.5)
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Therefore, if lim t !1 zi (t ) = 0, 8i , j 2 I [1,N ], than xi (t ) = x j (t ) holds for 8i , j 2 I [1,N ], which

indicates that the H 1 consensus for the multi-agents (3.1) is achieved.

3.3 Main Results

3.3.1 The novel output feedback consensus protocol structure

In this section, we will propose the distributed output feedback consensus protocol with a novel

structure, which utilizes not only relative output information of neighboring agents but also relative

state information of neighboring controllers.

8
<

:

�vi = Ek vi + Ak
P N

j =1 a i j (vi � v j ) + Bk
P N

j =1 a i j (yi � yj )

u i = Fk vi + Ck
P N

j =1 a i j (vi � v j ) + Dk
P N

j =1 a i j (yi � yj )
8i 2 I [1,N ]

(3.6)

where vi 2 Rnk is the state of the distributed controller, a i j are the adjacency elements of network

interaction graph G. Ak ,Bk ,Ck ,Dk , Ek and Fk are constant matrices of compatible dimensions to

be determined. In the proposed control protocol, yi � yj represents relative measurement outputs

and vi � v j is relative controller states.

Remark 3.2. The proposed novel protocol (3.6) is in the form of dynamic output feedback, rather than

the observer-based output feedback forms as adopted in [114, 37, 14], which requires an estimate of

the system state. Different from the conventional dynamic output feedback protocols stated in [51, 92,

1, 111], which utilize relative output information only and could lead to conservatism or non-convex

synthesis conditions, the novel protocol (3.6) is not only based on relative measurement outputs but

also utilizes relative and absolute controller states. It will be shown in the sequel that the advantage of

using (3.6) lies in a convex formulation of the associated control synthesis conditions in terms of LMIs,

which can be solved effectively by the LMI-based optimization technique. The structure of protocol

(3.6) is similar to the dynamic output feedback control-based protocol used in [100]. The difference

between the proposed protocol and [100] is that the latter needs to satisfy additional constraints

among control gains, which increase the dif�culty of distributed controller design. The novel proposed

protocol (3.6), different from the above literature, has a more general form and also leads to convex

control design conditions.
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3.3.2 Consensus under the novel protocol

Denoting the aggregate state and signal vectors by

x := col f x1, x2, � � � , xN g

v := col f v1, v2, � � � , vN g

y := col
�

y1, y2, � � � , yN

	

d := col f d1,d2, � � � ,dN g

z := col f z1, z2, � � � , zN g,

By interconnecting the system (3.1) with distributed control protocol (3.6), we will obtain the closed-

loop system of the overall network.

2

6
4

_x

_v

z

3

7
5 =

2

6
4

IN 
 A + L 
 B2Dk C L 
 B2Ck + IN 
 B2Fk IN 
 B1 + L 
 B2Dk D

L 
 Bk C L 
 Ak + IN 
 Ek L 
 Bk D

Lc 
 IN 0 0

3

7
5

2

6
4

x

v

d

3

7
5 (3.7)

where

Lc =

2

6
6
6
6
4

N � 1
N � 1

N � � � � 1
N

� 1
N

N � 1
N � � � � 1

N
...

...
...

...

� 1
N � 1

N � � � N � 1
N

3

7
7
7
7
5

= IN �
1

N
1N 1T

N .

For matrix Lc , it has the following properties represented in [51].

Lemma 3.1. For the matrix L c = [ Lci j
] 2 RN � N be a symmetric matrix with

Lci j
=

¨
N � 1

N i = j

� 1
N i 6= j

then the following statements hold:

• The eigenvalues ofLc are 1 with multiplicity N � 1 and 0 with multiplicity 1.The vectors1T
N and

1N are the left and the right eigenvectors of Lc associated with the zero eigenvalue, respectively.

• There exists an orthogonal matrix U1 2 RN � N with its last column as 1p
N

1N such that the
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following relations hold

U T
1 L U1 =

–
L 1 0N � 1

0T
N � 1 0

™

:= ˜L

U T
1 LcU1 = U T

1 U1 �
1

N
U T

1 1N 1T
N U1 =

–
IN � 1 0N � 1

0T
N � 1 0

™

.

Then we perform the following transformation to the interconnected system equation (3.7) with

signals de�ned as

~x = (U T
1 
 In )x

~v = (U T
1 
 Ink )v

~d = (U T
1 
 In 1)d

~z = (U T
1 
 In )z

and will obtain the transformed closed-loop model as

2

6
4

_~x
_~v

~z

3

7
5 =

2

6
6
6
4

IN 
 A + ˜L 
 B2Dk C ˜L 
 B2Ck + IN 
 B2Fk IN 
 B1 + ˜L 
 B2Dk D
˜L 
 Bk C ˜L 
 Ak + IN 
 Ek ˜L 
 Bk D

–
IN � 1 0N � 1

0T
N � 1 0

™


 In 0 0

3

7
7
7
5

2

6
4

~x

~v
~d

3

7
5 . (3.8)

Dividing ~x = col
�
~x 1 , ~x 2

	
with ~x 1 = col f x̃1, x̃2, � � � , x̃N � 1gand ~x 2 = x̃N , likewise de�ning ~v1 , ~d1 , ~z1 .

Therefore, the system (3.8) can be divided into the following two subsystems:

2

6
4

_~x
1

_~v
1

~z1

3

7
5 =

2

6
6
6
4

¨
IN � 1 
 A

+L 1 
 B2Dk C

« ¨
L 1 
 B2Ck

+ IN � 1 
 B2Fk

« ¨
IN � 1 
 B1

+L 1 
 B2Dk D

«

L 1 
 Bk C L 1 
 Ak + IN � 1 
 Ek L 1 
 Bk D

IN � 1 
 In 0 0

3

7
7
7
5

2

6
4

~x 1

~v1

~d1

3

7
5 . (3.9)

2

6
4

_~x
2

_~v
2

~z2

3

7
5 =

2

6
4

A B2Fk B1

0 Ek 0

0 0 0

3

7
5

2

6
4

~x 2

~v2

~d2

3

7
5 . (3.10)

Remark 3.3. We have the following observations from the above system transformation

• From the property of orthogonal transformation and the de�nition of H 1 performance (3.4)
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of the system (3.7)-(3.10), it can be easily veri�ed that

kzk2 < 
 kdk2 , k ~zk2 < 
 k ~dk2 ( k ~z1k2 < 
 k ~d1k2.

• From the subsystem (3.10), we can see~z2 = 0, which means ~z = 0 is equivalent to ~z1 = 0.

Moreover, ~z = 0 indicates the multi-agent system achieves consensus. Therefore,lim t !1 ~z1(t ) =

0 implies that the multi-agent system achieves consensus.

• From the third equation of (3.9), ~z1 = 0 is equivalent to ~x 1 = 0. To summarise, the stability of

the reduced-order system (3.9) will ensure H 1 consensus of multi-agent systems (3.1).

3.3.3 Stability analysis for consensus problem

In this subsection, the following theorem will be �rst established for the subsequent consensus and

stability analysis use.

Theorem 3.1. Consider the multi-agent system (3.7) with the network graph G satisfying Assumption

3.1 and 3.2. The system achieves theH 1 consensus with its performance less than 
 , if the following

N � 1 subsystems

–
�̄xc l ,i

z̄i

™

=

–
Ac l ,i Bc l ,i

Cc l 0

™–
x̄c l ,i

d̄ i

™

(3.11)

are asymptotically stable and achieve the H 1 performance 
 , where

Ac l ,i =

–
A 0

0 0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0 I

C 0

™

+

–
0 B2

I 0

™–
0 Ek

0 Fk

™

=

–
A B2Fk

0 Ek

™

+ � i

–
B2Dk C B2Ck

Bk C Ak

™

Bc l ,i =

–
B1

0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0

D

™

(3.12)

=

–
B1 + � i B2Dk D

� i Bk D

™

Cc l =
”
In 0n � nk

—

and � i , i 2 I [1,N � 1] are positive eigenvalues of the Laplacian matrix L .

Proof. Since the network graph G satis�es Assumption 3.1, matrix L 1 in (3.9) is positive de�nite.
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Then there exists a unitary matrix U2 2 R(N � 1)� (N � 1) such that

U T
2 L 1U2 = diagf � 1, � 2, � � � , � N � 1g:= � , (3.13)

where 0 < � 1 � � 2 � � � � � � N � 1. We perform the following transformation to the system (3.9):

�x = (U T
2 
 In )~x 1 := col f x̄1, x̄2, � � � , x̄N � 1g

�v = (U T
2 
 In )~v1 := col f v̄1, v̄2, � � � , v̄N � 1g

�d = (U T
2 
 In 1) ~d1 := col

�
d̄1, d̄2, � � � , d̄N � 1

	

�z = (U T
2 
 In )~z1 := col f z̄1, z̄2, � � � , z̄N � 1g.

Set x̄c l ,i (t ) := col f x̄i (t ), v̄i (t )g, i 2 I [1,N � 1], then we obtain the following system

2

6
4

_�x
_�v

�z

3

7
5 =

2

6
4

IN � 1 
 A + � 
 B2Dk C � 
 B2Ck + IN 
 B2Fk IN � 1 
 B1 + � 
 B2Dk D

� 
 Bk C � 
 Ak + IN � 1 
 Ek � 
 Bk D

IN � 1 
 In 0 0

3

7
5

2

6
4

�x

�v
�d

3

7
5 . (3.14)

Since � is diagonal, the system (3.14) could be decoupled into N � 1 individual subsystems as

indicated by ( ??), which implies that asymptotically stability of (3.9) is guaranteed by those of N � 1

subsystems in (3.35). Moreover, from the de�nition of H 1 performance, we have

kzk2 < 
 kdk2 , k ~zk2 < 
 k ~dk2 ( k ~z1k2 < 
 k ~d1k2 , k �zk2 < 
 k �dk2.

k�zk2 < 
 k �dk2 will be ensured if all N � 1 subsystems satisfy kz̄i k2 < 
 kd̄ i k2, i 2 I [1,N � 1]. As a result,

the system (3.7) will achieve the H 1 consensus with performance 
 if all N � 1 subsystems (3.35)

are asymptotically stable and have H 1 performance less than 
 .

Remark 3.4. Theorem 3.1 would transform the H 1 consensus control problem of multi-agent net-

work (3.7) to the scaled H 1 control problems of a set of n -dimensional linear systems in (3.35).

Therefore, it reduces the computational complexity of multi-agent consensus analysis problem.

Next, the stability conditions for a single subsystem (3.35) are provided as follows:

Theorem 3.2. Consider the subsystems (3.35) withi 2 I [1,N � 1], each of them is asymptotically

stable if there exist a positive-de�nite matrix P , such that the following condition hold

M s = Ac l ,i P + PAT
c l ,i < 0, 8i 2 I [1,N � 1]. (3.15)
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Proof. De�ning the Lyapunov function as

V (x̄c l ,i ) = x̄ T
c l ,i P x̄c l ,i

for the closed-loop system (3.35). Letting d̄ i (t ) = 0 and taking time derivative of V (x̄c l ,i ), we will

obtain:

�V (x̄c l ,i ) = �̄x T
c l ,i P x̄c l ,i + x̄ T

c l ,i P �̄xc l ,i .

Substitute (3.35) into �V (x̄c l ,i ), we have

�V (x̄c l ,i ) = x̄ T
c l ,i (Ac l ,i P + PAT

c l ,i )x̄c l ,i .

M s = Ac l ,i P + PAT
c l ,i < 0 implies �V (x̄c l ,i ). Thus the subsystems (3.35) is asymptotically stable under

condition (3.15).

3.3.4 Performance analysis for consensus problem

The performance analysis for N � 1 subsystems (3.35) will be represented in this section.

Theorem 3.3. Consider system (3.35) with i 2 I [1,N � 1], if there exists a symmetric matrix P > 0 and

a positive scalar 
 such that following LMIs hold

M p =

2

6
4

Hef AT
c l ,i Pg P Bc l ,i C T

c l

BT
c l ,i P � 
 I 0

Cc l 0 � 
 I

3

7
5 < 0, i 2 I [1,N � 1] (3.16)

then system (3.35) is asymptotically stable and has its H 1 performance less than 
 .

Proof. De�ning the Lyapunov function V (x̄c l ,i ) = x̄ T
c l ,i P x̄c l ,i for the closed-loop system (3.35).

Letting d̄ i (t ) = 0 and taking time derivative of V (x̄c l ,i ) we will obtain:

�V (x̄c l ,i ) = x̄ T
c l ,i (Ac l ,i P + PAT

c l ,i )x̄c l ,i .

When d i 6= 0, we have

�V = (Ac l ,i x̄c l ,i + Bc l ,i d̄ i )
T P x̄c l ,i

+ x̄ T
c l ,i P(Ac l ,i x̄c l ,i + Bc l ,i d̄ i )

=
”
x̄ T

c l ,i d̄ T
i

—
–
Hef AT

c l ,i Pg P Bc l ,i

BT
c l ,i P 0

™–
x̄c l ,i

d̄ i

™

. (3.17)
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By Schur complement, condition (3.16) can be rewritten as:

–
Hef AT

c l ,i Pg P Bc l ,i

BT
c l ,i P � 
 I

™

+
1




–
C T

c l

0

™
”
Cc l 0

—
< 0.

Then pre-multiplying and post-multiplying above inequality by the vector
”
x̄ T

c l ,i d̄ T
i

—
, we obtain

”
x̄ T

c l ,i d̄ T
i

—
–
Hef AT

c l ,i Pg P Bc l ,i

BT
c l ,i P 0

™–
x̄c l ,i

d̄ i

™

� 
 d̄ T
i d̄ i +

1



z̄T

i z̄i < 0.

From (3.17), it leads to
�V � 
 d̄ T

i d̄ i +
1



z̄T

i z̄i < 0. (3.18)

Integrating both sides of eqn. (3.18) from t = 0 to t = T with zero initial conditions, we obtain:

V (x̄c l ,i (t f )) � 


Z T

0

d̄ T
i (t )d̄ i (t )d t +

1




Z T

0

z̄T
i (t )z̄i (t )d t < 0.

In light of the non-negativity of the Lyapunov function V , we can conclude that

Z T

0

z̄T
i (t )z̄i (t )d t < 
 2

Z T

0

d̄ T
i (t )d̄ i (t )d t .

Therefore, the closed-loop system (3.35) is asymptotically stable and kz̄i k2 < 
 kd̄ i k2,8i 2 I [1,N �

1].

3.3.5 Convexi�ed synthesis conditions

The output-feedback control synthesis condition will be stated in the following theorem.

Theorem 3.4. Consider the multi-agent system (3.1) satisfying Assumptions 3.1 and 3.2, if there exist

positive-de�nite matrices R 2 Sn
+ and S 2 Sn

+ , rectangular matrices Âk 2 Rn � n , B̂k 2 Rn � m , Ĉk 2 Rn2� n ,

D̂k 2 Rn2� m , Êk 2 Rn � n and F̂k 2 Rn2� n and positive scalar 
 , such that the following conditions hold

for i 2 I [1,N � 1]. Then the multi-agent system (3.1) achieves H 1 consensus performance.

2

6
6
6
4

Hef AR + B2F̂k + � i B2Ĉk g ? ? ?

Êk + AT + � i (Âk + C T D̂ T
k BT

2 ) HefSA+ � i B̂k C2g ? ?

BT
1 + � i D T D̂ T

k BT
2 BT

1 S+ � i D T B̂T
k � 
 I ?

R In 0 � 
 I

3

7
7
7
5

< 0 (3.19)

–
R I

I S

™

> 0, (3.20)
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where � i , i 2 I [1,N � 1] are positive eigenvalues of the Laplacian matrix L . Moreover, the control

gains de�ned in (3.6) can be solved as:

–
Ak Bk

Ck Dk

™

=

–
J SB2

0 I

™� 1 –
Âk B̂k

Ĉk D̂k

™–
LT 0

C R I

™� 1

Ek = J� 1(Êk � SAR� SB2Fk LT )L � T (3.21)

Fk = F̂k L � T .

Note that L , J 2 Rn � n are any two invertible matrices satisfying L J T = I � RS.

Proof. From Theorem 3.1, the H 1 consensus problem of multi-agent network (3.1) is guaranteed

by the asymptotic stability and H 1 performance of N � 1 systems (3.35). Therefore, from Theorem

3.3, if inequality (3.16) holds for i 2 I [1,N � 1], the conclusion can be reached.

Partitioning Lyapunov matrix P and its inverse P � 1 as:

P =

–
S J

JT V

™

, P � 1 =

–
R L

LT U

™

where R,S,L, J,U ,V 2 Rn � n . Introducing

Z1 =

–
R I

LT 0

™

, Z2 =

–
I S

0 JT

™

with P = Z2Z � 1
1 and L JT = I � RS. Then we have

Z T
1 P Z1 = Z T

2 Z1 =

–
I 0

S J

™–
R I

LT 0

™

=

–
R I

I S

™

. (3.22)

Then we de�ne intermediate controller gains as

Âk = ( J Ak + SB2Ck )LT + ( J Bk + SB2Dk )C R

B̂k = J Bk + SB2Dk

Ĉk = Ck LT + Dk C R

D̂k = Dk

Êk = SAR+ J Ek LT + SB2Fk LT

F̂k = Fk LT .

34



Writing in matrix form, we have

–
Âk B̂k

Ĉk D̂k

™

=

–
J SB2

0 I

™–
Ak Bk

Ck Dk

™–
LT 0

C R I

™

Êk = SAR+ J Ek LT + SB2Fk LT

F̂k = Fk LT .

Performing congruence transformation on (3.16) by pre-multiplying diagf Z T
1 , I , I gand post-multiplying

its transpose,

2

6
4

Z T
1 0 0

0 I 0

0 0 I

3

7
5

2

6
4

Hef AT
c l ,i Pg P Bc l ,i C T

c l

BT
c l ,i P � 
 I 0

Cc l 0 � 
 I

3

7
5

2

6
4

Z1 0 0

0 I 0

0 0 I

3

7
5 < 0. (3.23)

It can be shown that

Z T
1 (PAc l ,i )Z1 = Z T

2 Ac l ,i Z1

=

–
AR A

SAR SA

™

+ � i

–
0 B2

J SB2

™–
Ak Bk

Ck Dk

™–
LT 0

C R C

™

+

–
0 B2

J SB2

™–
0 Ek

0 Fk

™–
R I

LT 0

™

=

2

6
4

AR + � i B2(Ck LT + Dk C R) + B2Fk LT A + � i B2Dk C
¨

� i

�
(J Ak + SB2Ck )LT + ( J Bk + SB2Dk )C R

�
+

SAR+ J Ek LT + SB2Fk LT

«

SA+ � i (J Bk + SB2Dk )C

3

7
5

=

–
AR + � i B2Ĉk + B2F̂k A + � i B2D̂k C

Êk + � i Âk SA+ � i B̂k C

™

Z T
1 (P Bc l ,i ) = Z T

2 Bc l ,i

=

–
B1

SB1

™

+ � i

–
0 B2

J SB2

™–
Ak Bk

Ck Dk

™–
0

D

™

=

–
B1 + � i B2Dk D

SB1 + � i (J Bk + SB2Dk )D

™

=

–
B1 + � i B2D̂k D

SB1 + � i B̂k D

™

Cc l 1Z1 =
”
R In

—
.
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Therefore, the condition (3.23) has been converted to

2

6
6
6
4

Hef AR + B2F̂k + � i B2Ĉk g ? ? ?

Êk + AT + � i (Âk + C T D̂ T
k BT

2 ) HefSA+ � i B̂k C2g ? ?

BT
1 + � i D T D̂ T

k BT
2 BT

1 S+ � i D T B̂T
k � 
 I ?

R In 0 � 
 I

3

7
7
7
5

< 0,

which is exactly the condition (3.19). Together with (3.22), then we con�rm that the synthesis

conditions (3.19)-(3.20) are equivalent to the analysis condition (3.4) under the proposed distributed

output feedback control protocol (3.6).

Remark 3.5. • The dif�culty in convexifying the synthesis conditions of dynamic output-feedback

consensus is that (3.4) involves nonlinear terms, such as PAc l ,i and P Bc l ,i , that cannot be

removed by the change of variable used in the full state-feedback case [101]. However, in this

work, these nonlinearities have been eliminated by some appropriate change of controller

variables and congruence transformation.

• The synthesis conditions (3.19)-(3.20) in Theorem 3.4 are solvable if and only if (A,B2) is stabi-

lizable and (A,C) is detectable[100].

• Generally speaking, the existing dynamic output feedback control protocols would lead to

either non-convex [111] or conservative synthesis conditions [51, 92]. Under the proposed novel

protocol, the H 1 consensus design conditions of MASs via dynamic relative output feedback in

Theorem 3.4 are convex and expressed in terms of LMIs. More importantly, they are equivalent

to the analysis condition (3.3) without conservatism.

Theorem 3.4 provides a distributed H 1 consensus control synthesis condition (3.19)-(3.20)

linear in variables R,S, Âk , B̂k , Ĉk , D̂k , Êk and F̂k , which can be solved ef�ciently through semi-

de�nite programming. Speci�cally, this design condition can be solved by the following LMI-based

optimization problem to obtain the optimal control gains with minimal H 1 performance.

min
R,S,Âk ,B̂k ,Ĉk ,D̂k ,Êk ,F̂k


 (3.24)

s.t. (3.19) � (3.20), i 2 I [1,N � 1].

Based on Theorems 3.4, we have the following steps to design the proposed protocol (3.6).

Algorithm 3.1. (i) Solving LMI-based optimization problem (3.24) to obtain R, S, Âk , B̂k , Ĉk , D̂k ,

Êk and F̂k .

(ii) Select L and J , such that L JT = I � RS.
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(iii) With R, S, Âk , B̂k , Ĉk , D̂k , Êk , F̂k , L and J in hand, the control gains Ak , BK , CK . Dk , EK and Fk

can be determined from eqn. (3.21).

3.3.6 Consensus value

Previous subsections state the analysis and synthesis conditions that the subsystems (3.35) will

achieve consensus. Moreover, when the multi-agent system (3.1) achieves consensus, its consensus

value can be determined from the following corollary.

Corollary 3.1. Consider the multi-agent system (3.1) with the network graph G satisfying Assumption

3.1 and 3.2. If the system achieves the consensus under the protocol (3.6) andEk is Hurwitz matrix,

then the consensus state� 2 Rn � 1 can be solved according to

�� = A�

with the initial condition � (0) = (r T 
 In )x (0) and r is the left eigenvector of L corresponding to the

zero eigenvalue.A is de�ned as in eqn. (3.1) and x (0) is the aggregate vector of all agents' initial states.

Proof. From (3.7), in the absence of the external disturbance d, the network dynamics can be written

as

–
_x

_v

™

=

‚

IN 


–
A B2Fk

0 Ek

™

+ L 


–
B2Dk C B2Ck

Bk C Ak

™Œ–
x

v

™

8i 2 I [1,N ]. (3.25)

That is,

_� = ( IN 
 A + L 
 B )� (3.26)

with

� =

–
x

v

™

, A =

–
A B2Fk

0 Ek

™

, B =

–
B2Dk C B2Ck

Bk C Ak

™

.

The solution of eqn. (3.26) is given by

� (t ) = e(IN 
A +L 
B )t � (0).

We choose a unitary matrix U3 2 RN � N such that

U3 =
”
Y 1N

—
, U � 1

3 =

–
X

r T

™

, U3L U � 1
3 = � =

–
� 0

0 0

™

,
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where Y 2 RN � (N � 1) and X 2 R(N � 1)� N , � is de�ned in (3.13). Then the following equation can be

obtained

� (t ) = (U3 
 I2n )e(IN 
A +L 
B )t (U � 1
3 
 I2n )� (0)

= (U3 
 I2n )

–
e(IN � 1
A + � 
B )t 0

0 eA t

™

(U � 1
3 
 I2n )� (0).

If the system achieves consensus under the protocol (3.6), then N � 1 subsystems are asymptotically

stable from Theorem 3.3 and the matrix IN � 1 
 A + � 
 B is Hurwitz. Therefore

lim
t !1

� (t ) = lim
t !1

e(IN 
A +L 
B )t � (0)

= lim
t !1

(1N 
 I2n )eA t (r T 
 I2n )� (0)

= lim
t !1

(1N r T ) 
 eA t � (0).

Since Ek is assumed to be Hurwitz, we have lim t !1 v (t ) = 0 and

lim
t !1

x (t ) = lim
t !1

(1N r T 
 eAt )x (0)

It is clear that each agent's state xi will converge to its consensus value lim t !1 (r T 
 eAt )x (0), which

is the limiting solution to �� = A� with initial condition � (0) = (r T 
 In )x (0).

Remark 3.6. • Without the external disturbance, the �nal consensus state relies only on the

communication topology, the initial states, and the agent dynamics. The consensus state reached

by the agents will go to in�nity exponentially if the agent dynamics have poles in the open

right-half plane. The agent dynamics have eigenvalues along the imaginary will lead to nonzero

consensus value.

• The consensus values under the proposed novel protocol are determined. This result is similar

to the work [95] where a full-state protocol is used and that of [41] where the dynamic protocol

is observer-based.

3.4 Extensions to unbalanced directed graphs

In this section, we will extend the result in subsection 3.3.2-3.3.5 to the multi-agent system (3.1)

with unbalanced directed graph. As introduced in section 2.2, an undirected graph is a special case

of a directed graph with an edge (i , j ) in an undirected graph corresponds to edges (i , j ) and (j , i ) in

a directed graph. In directed graphs, the edge (i , j ) 2 E denotes that agent j can receive information

from agent i , but not necessarily vice versa. The dif�cult of H 1 consensus problem lies in the
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asymmetric of Laplacian matrices of directed graphs. Therefore the decoupling of the multi-agent

systems with orthogonal transformation is not applicable for the unbalanced directed graph.

3.4.1 Directed H 1 consensus description

Consider an uncertain multi-agent system consisting of N dynamic agents described by (3.1), the

associated network graph G is assumed to satisfy the following assumptions:

Assumption 3.3. The associated network graph G is directed and has a spanning tree to connect any

two subsystems in the system.

Assumption 3.4. The Laplacian matrix L associated network graph G is diagonalizable.

The objective of this section is to design a distributed protocol u i (t ) for the multi-agent system

(3.1) satis�es Assumption 3.3 and 3.4 to solve the following directed H 1 consensus problem.

De�nition 3.2 (Directed H 1 consensus problem) . For the multi-agent systems (3.1), design a dis-

tributed dynamic output feedback protocol u i (t ) such that the closed-loop multi-agent system achieves

directed H 1 consensus. Speci�cally, the multi-agent system is said to reach the consensus if the state

of each agent satis�es

lim
t !1

(xi (t ) � x j (t )) = 0 (3.27)

when d i = 0, i 2 I [1,N ].

Moreover, the multi-agent system is said to reach directed H 1 performance if there exists a positive

number 
 such that

Z 1

0

zT (t )z (t )d t < 
 2

Z 1

0

dT (t )d(t )d t , 8d 2 L 2 (3.28)

where the aggregate vectors are de�ned byz := col f z1, z2, � � � , zN g, d := col f d1,d2, � � � ,dN gand x :=

col f x1, x2, � � � , xN g. The state consensus error functionz (t ) is

z (t ) = x (t ) � [(1r T ) 
 In ]x (t ) = (Lc 
 In )x (t ). (3.29)

where Lc = IN � 1r T . r T is the left-eigenvector of L corresponding to the zero eigenvalue and then

r T 1 = 1. From the de�nition of r , it can be shown that Lc 1 = 0. Then, it follows from (3.29) that

z (t ) = 0 if and only if x1 = x2 = � � � = xN . Therefore lim t !1 zi (t ) = 0 8i 2 I [1,N ] indicates that

the directed H 1 consensus for the multi-agents (3.1) is achieved. Consequently, theL 2 gain of the

multi-agent system (3.1) is de�ned as

sup
� i 2� , kd k6=0

kzk2

kdk2
.
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Remark 3.7. It should note that the difference between De�nition 3.1 and 3.2 is the state consensus

error function z (t ). Actually, the consensus error function z (t ) de�ned in De�nition 3.1 can be viewed

as a special case of De�nition 3.2. For the graph G associated with undirected network, the left-

eigenvector ofL corresponding to the zero eigenvalue r T is 1
N 1T

N . Substituted r T = 1
N 1T

N into (3.29)

yields:

z (t ) = x (t ) � [(1r T ) 
 In ]x (t )

= x (t ) � [(1
1

N
1T

N ) 
 In ]x (t )

=

0

B
B
B
B
@

2

6
6
6
6
4

N � 1
N � 1

N � � � � 1
N

� 1
N

N � 1
N � � � � 1

N
...

...
...

...

� 1
N � 1

N � � � N � 1
N

3

7
7
7
7
5


 In

1

C
C
C
C
A

x (t )

which is exactly the consensus error function z( t ) de�ned in De�nition 3.1.

3.4.2 Consensus under the output-feedback protocol with directed graph

Following the similar steps in subsection 3.3.2, by combining the multi-agent system (3.1) with

distributed control protocol (3.6), we obtain the closed-loop system of overall network.

2

6
4

_x

_v

z

3

7
5 =

2

6
4

IN 
 A + L 
 B2Dk C L 
 B2Ck + IN 
 B2Fk IN 
 B1 + L 
 B2Dk D

L 
 Bk C L 
 Ak + IN 
 Ek L 
 Bk D

Lc 
 IN 0 0

3

7
5

2

6
4

x

v

d

3

7
5 (3.30)

For a Laplacian matrix that satis�es Assumption 3.3 and 3.4, there exists a non-singular similarity

transformation matrix T1 2 RN � N with its last column as 1 and the last row of T � 1
1 as r T . From the

properties of Laplacian matrix L and matrix Lc , the following relations can be veri�ed by following

lemma.

T � 1
1 L T1 =

–
L 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

:= ˜L (3.31)

T � 1
1 Lc T1 = T � 1

1 T1 � T � 1
1 1r T T1 =

–
IN � 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

. (3.32)

Before we prove the eqns. (3.31), the lemma of relation between left and right eigenvectors

corresponding to the same eigenvalue will be examined �rst.
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Lemma 3.2. The dot products of a left eigenvector with the right eigenvectors corresponding to

different eigenvalues are zero.

Proof. Assume v is the right eigenvector of matrix P associate with eigenvalue � 1. w is the left

eigenvector of matrix P associate with eigenvalue � 2. Therefore we have

Av = � 1v

w T A = � 2w T

Therefore,

� 2(w T v ) = (� 2w T )v = w T Av = � 1w T v

Since � 1 6= � 2, we obtain w T v = 0.

With the help of Lemma 3.2, (3.31) can be proven by following lemma,

Lemma 3.3. Consider the matrix L c 2 RN � N

Lc = IN � 1r T

where r T is the left-eigenvector of L corresponding to the zero eigenvalue and then r T 1 = 1. L is the

Laplacian matrix associated with a graph G satis�ed Assumption 3.3 and 3.4. Then eqns. (3.31) will

be hold.

Proof. For a Laplacian matrix that satis�es Assumption 3.3 and 3.4. , there exists a non-singular

similarity transformation matrix T1 2 RN � N =
”
Y 1

—
and T � 1

1 =

–
W

r T

™

.

T � 1
1 Lc T1 = T � 1

1 (IN � 1r T )T1

= T � 1
1 T1 � T � 1

1 1r T T1

= IN � T � 1
1 1r T

”
Y 1

—

where the matrix Y is formed as Y =
”
v 1 v 2 � � � vN � 1

—
and vi , i = 1, � � � ,N � 1 are the right

eigenvectors associated with the nonzero eigenvalues of Laplacian matrix L . Therefore, we have

T � 1
1 Lc T1 = IN � T � 1

1 1r T
”
Y 1

—

= IN � T � 1
1 1r T

”
v 1 v 2 � � � vN � 1 1

—

Note that r T and vi , i = 1, � � � ,N � 1 are the left eigenvector and the right eigenvectors corresponding
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to different eigenvalues. From lemma 3.2 we know that r T vi = 0,8i 2 I [1,N � 1] and r T 1 = 1 from

the de�nition of r T .

T � 1
1 Lc T1 = IN � T � 1

1 1
”
0 0 � � � 1

—

Similarly we have T � 1
1 1 =

”
0 0 � � � 1

—T
.

T � 1
1 Lc T1 = IN �

”
0 0 � � � 1

—T ”
0 0 � � � 1

—
=

–
IN � 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

.

Then we perform the following orthogonal transformation to the networked system eqns. (3.30)

with signals de�ned as

~x = (T � 1
1 
 In )x := col f x̃1, x̃2, � � � , x̃N g

~v = (T � 1
1 
 Ink

)v := col f ṽ1, ṽ2, � � � , ṽN g

~d = (T � 1
1 
 In1

)d := col
�
d̃1, d̃2, � � � , d̃N

	

~z = (T � 1
1 
 In )z := col f z̃1, z̃2, � � � , z̃N g

and will obtain the transformed model as

2

6
4

_~x
_~v

~z

3

7
5 =

2

6
6
6
4

IN 
 A + ˜L 
 B2Dk C ˜L 
 B2Ck + IN 
 B2Fk IN 
 B1 + ˜L 
 B2Dk D
˜L 
 Bk C ˜L 
 Ak + IN 
 Ek ˜L 
 Bk D

–
IN � 1 0N � 1

0T
N � 1 0

™


 In 0 0

3

7
7
7
5

2

6
4

~x

~v
~d

3

7
5 . (3.33)

Following the similar steps stated in section 3.3.2, we will have the reduced-order system:

2

6
4

_~x
1

_~v
1

~z1

3

7
5 =

2

6
6
6
4

¨
IN � 1 
 A

+L 1 
 B2Dk C

« ¨
L 1 
 B2Ck

+ IN � 1 
 B2Fk

« ¨
IN � 1 
 B1

+L 1 
 B2Dk D

«

L 1 
 Bk C L 1 
 Ak + IN � 1 
 Ek L 1 
 Bk D

IN � 1 
 In 0 0

3

7
7
7
5

2

6
4

~x 1

~v1

~d1

3

7
5 . (3.34)

The following theorem will be �rst established for the subsequent directed H1 consensus and

performance analysis purpose.

Theorem 3.5. Consider the multi-agent system (3.7) with the network graph G satisfying Assumptions

3.2, 3.3 and 3.4. The system achieves the directedH 1 consensus with its performance less than 
 , if
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the following N � 1 subsystems

–
�̄xc l ,i

z̄i

™

=

–
Ac l ,i Bc l ,i

Cc l 0

™–
x̄c l ,i

d̄ i

™

(3.35)

are asymptotically stable and achieve the H 1 performance 
 , where

Ac l ,i =

–
A 0

0 0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0 I

C 0

™

+

–
0 B2

I 0

™–
0 Ek

0 Fk

™

=

–
A B2Fk

0 Ek

™

+ � i

–
B2Dk C B2Ck

Bk C Ak

™

Bc l ,i =

–
B1

0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0

D

™

(3.36)

=

–
B1 + � i B2Dk D

� i Bk D

™

Cc l =
”
In 0n � nk

—

and � i , i 2 I [1,N � 1] are positive eigenvalues of the Laplacian matrix L .

Proof. Since the network graph G satis�es Assumption 3.3 and 3.4, matrix L 1 in eqn. (3.34) is

diagonalizable. Then there exists a similarity transformation matrix T2 2 R(N � 1)� (N � 1) such that

T � 1
2 L 1T2 = diagf � 1, � 2, � � � , � N � 1g:= � ,

where 0 < � 1 � � 2 � � � � � � N � 1. We perform the following orthogonal transformation on the system

(3.34) with signals de�ned as

�x = (T � 1
2 
 In )~x 1 := col f x̄1, x̄2, � � � , x̄N � 1g

�v = (T � 1
2 
 In )~v1 := col f v̄1, v̄2, � � � , v̄N � 1g

�d = (T � 1
2 
 In1

) ~d1 := col
�
d̄1, d̄2, � � � , d̄N � 1

	

�z = (T � 1
2 
 In )~z1 := col f z̄1, z̄2, � � � , z̄N � 1g,

then we obtain the following system

2

6
4

_�x
_�v

�z

3

7
5 =

2

6
4

IN � 1 
 A + � 
 B2Dk C � 
 B2Ck + IN 
 B2Fk IN � 1 
 B1 + � 
 B2Dk D

� 
 Bk C � 
 Ak + IN � 1 
 Ek � 
 Bk D

IN � 1 
 In 0 0

3

7
5

2

6
4

�x

�v
�d

3

7
5 . (3.37)
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The rest of proof is similar to Theorem 3.1 therefore is omitted.

Before we state the performance condition of the system (3.1), the lemma about extending the

bounded real lemma to the complex region will be introduced �rst.

Lemma 3.4. Given the following system

�x (t ) = Ax(t ) + B! (t )

z(t ) = C x(t ) + D ! (t ) (3.38)

where x (t ) 2 Cn is system state vector,! (t ) 2 L2[0,1 ) is exogenous disturbance and z(t ) 2 Cm is

objective function. The system matrices A. B, C and D are constant complex matrices of appropriate

dimensions. For a prescribed scalar 
 > 0, we de�ne the performance index by:

J(! ) =

Z 1

0

(z � z � 
 2! � ! )d �

We apply a quadratic Lyapunov function V (x ) = x � P x, where P is a positive de�nite Hermitian

matrix, to bound the RMS gain of the system:

�V (x , ! ) � 
 2! � ! � z � z

Taking derivative of the V (x ) along (3.38), we have

�V (x , ! ) = �x � P + x � P �x

= (Ax + B! )� P x + x � P(Ax + B! )

� 
 2! � ! � z � z

= 
 2! � ! � (C x + D ! )� (C x + D ! ) (3.39)

From (3.39), we have

(Ax + B! )� P x + x � P(Ax + B! ) � 
 2! � ! + (C x + D ! )� (C x + D ! ) � 0

Factoring above inequalities we have

”
x � ! �

—
‚–

A� P + PA P B

B � P � 
 2I

™

+

–
C �

D �

™
”
C D

—
Œ–

x

!

™

� 0 (3.40)
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Apply schur complement, we have

”
x � ! �

—

0

B
@

2

6
4

A� P + PA P B C�

B � P � 
 I D �

C D � 
 I

3

7
5

1

C
A

–
x

!

™

� 0

Therefore, J(! ) < 0, for all nonzero ! (t ), if and only if there exists positive de�nite Hermitian matrix

P such that

2

6
4

A� P + PA P B C�

B � P � 
 I D �

C D � 
 I

3

7
5 � 0

Remark 3.8. Base on Lemma 3.4, we can extend the stability conditions in Theorem 3.2, performance

conditions in Theorem 3.3 and synthesis conditions in Theorem 3.4 to the multi-agent system as-

sociated with directed graph version by replacing the transpose with conjugate transpose in each

condition.

3.5 LMI regions for multi-agent systems

In order to design our result for more realistic controller implementation, we will impose the pole

placement constraints to the distributed control design for multi-agent systems in this section.

Section 3.5.1 introduces the basic concept of an LMI region and the advantages of applying pole-

placement constraint. Some interesting LMI region examples will be discussed in section 3.5.3.

Section 3.5.3 will illustrate H 1 consensus synthesis with pole placement in arbitrary LMI regions.

3.5.1 De�nition of LMI regions

The concept of an LMI region provides a convenient LMI-based representation of general stability

regions. There are several reasons to apply the LMI regions on the consensus control of multi-agent

systems. First, the transient response of a linear system is related to the location of its character-

istic equation roots. The relations among the location of the characteristic equation roots � and

undamped natural frequency ! n , damping ratio � and damped natural frequency ! d is [19]:

� = � �! n � j ! d

If the roots � can be placed in a certain region, some characteristics of transient time response, like

maximum overshoot, setting times t s, can be bounded. For example, the maximum overshoot yma x

of the step response of a second-order system and the time tma x at which the maximum overshoot
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occurs are [19]:

yma x = e � ��=
p

1� � 2

tma x =
�

! n

p
1 � � 2

Second, since we will apply the H 1 consensus synthesis conditions with pole placement, the norm

of control gain matrices in (3.6) can be bounded, which makes the controller implementation more

realistic. More details will be illustrated in the simulation section.

The following de�nitions in [9] will be �rst introduced for the H 1 consensus synthesis with

pole placement use.

De�nition 3.3. Let D be a subregion of the complex left-half plane. A dynamical system �x = Ax is

called D� stable if all its poles lie in D (that is, all eigenvalues of the matrix A lie in D). By extension,A

is then called D-stable. When D is the entire left-half plane, this notion reduces to asymptotic stability,

which is characterized in LMI terms by the Lyapunov theorem. Speci�cally, A is stable if and only if

there exists a symmetric matrix X satisfying

AX + X AT < 0, X > 0.

This Lyapunov characterization of stability has been extended to a variety of regions by [20]. The

regions considered there are polynomial regions of the form

D =

(

z 2 C :
X

0� k ,l � m

ck l zk z̄ l < 0

)

where the coef�cients c k l are real and satisfy ck l = cl k .

However, controller synthesis based on Gutman's characterization [20] is hardly tractable. There-

fore, the de�nition of LMI regions is introduced in [9].

De�nition 3.4. A subsetD of the complex plane is called the LMI region if exists a symmetric matrix

� = [� k l ] 2 Rm � m and a matrix � =
�
� k l

�
2 Rm � m such that

D =
�
z 2 C : fD (z) < 0

	
(3.41)

with the characteristic function

fD (z) := � + z� + z̄ � T =
�
� k l + � k l z + � k l z̄

�
1� k ,l � m

,

then the following statements hold:
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• An LMI region is a subset of the complex plane and is represented by an LMI in complex

variables z and z̄ .

• LMI regions are convex and symmetric with respect to the real axis.

3.5.2 Interesting LMI region examples

In this section, some interesting LMI region examples will be discussed. From De�nition 3.4, we

know that the characteristic function fD (z) is represented by an LMI in complex variables z and z̄ .

This is often veri�ed by regions used for studying the D-stability of a real matrix, since the spectrum

of a real matrix is self-adjoint [8]. Speci�cally, pole location in a given LMI region can be characterized

in terms of a block matrix in the following lemma [9]:

Lemma 3.5. Let A 2 Rn � n and D be an LMI region de�ned by De�nition 3.4. The matrix A is D-stable

if and only if there exists a positive de�nite symmetric matrix X 2 Rn � n such that:

M D (A,X ) := � 
 X + � 
 (AX) + � T 
 (AX)T

=
�
� k l X + � k l AX + � l k X AT

�
1� k ,l � m

=

0

B
@

� 11X + � 11AX + � 11(AX)T � � � � 1n X + � 1n AX + � n 1(AX)T

...
...

...

� n 1X + � n 1AX + � 1n (AX)T � � � � nn X + � nn AX + � nn (AX)T

1

C
A < 0,

Based on Lemma 3.5, some useful LMI region examples are provided in [8].

1. Open left half-plane

R (z) < 0 , z + zT < 0

It is suf�cient to take � = 0 and � = 1. The following LMI is deduced from expression in

De�nition 3.3.

AX + X AT < 0.

2. � -stability

R (z) < � a , 2a + z + zT < 0

It is suf�cient to take � = 2a and � = 1, which gives the following LMI:

2a X + AX + X AT < 0.
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3. Vertical band

a1 < R (z) < a2 ,

‚
� 2a2 + z + z̄ 0

0 2a1 � (z + z̄ )

Œ

< 0

It is suf�cient to take

� =

–
� 2a2 0

0 2a1

™

, � =

–
1 0

0 � 1

™

, which gives the following LMI:

‚
� 2a2X + AX + X AT 0

0 2a1 � (AX + X AT )

Œ

< 0.

4. Horizontal band

jI m (z)j < a ,

‚
� 2a z � z̄

� z + z̄ � 2a

Œ

< 0

It is suf�cient to take

� =

–
� 2a 0

0 � 2a

™

, � =

–
0 1

� 1 0

™

, which gives the following LMI:

‚
� 2a X AX � X AT

� AX + X AT � 2a X

Œ

< 0.

5. Disk of radius R,centered at (q ,0)

�
�z � q

�
� < R ,

‚
� R z � q

z̄ � q � R

Œ

< 0

It is suf�cient to take

� =

–
� R � q

� q � R

™

, � =

–
0 1

0 0

™
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, which gives the following LMI:

‚
� R X � q X + AX

� q X + X AT � R X

Œ

< 0.

6. Conical sector

aR (z) + jb I m (z)j < 0 ,

‚
a (z + z̄ ) � b (z � z̄ )

b (z � z̄ ) a (z + z̄ )

Œ

< 0

It is suf�cient to take

� =

–
0 0

0 0

™

, � =

–
a � b

b a

™

, which gives the following LMI:

‚
� (AX + X AT ) � � (AX � X AT )

� (AX � X AT ) � (AX + X AT )

Œ

< 0.

Consequently, we have:

0 < � <
�

2
, cos(� ) =

� b
p

a 2 + b 2
, sin(� ) =

a
p

a 2 + b 2

Thus:

‚
sin(� )(AX + X AT ) cos(� )(AX � X AT )

� cos(� )(AX � X AT ) sin(� )(AX + X AT )

Œ

< 0.

3.5.3 H 1 consensus synthesis with pole placement

Inspired by the [9], in order to lend our result for more realistic controller implementation, we extend

Theorem 4.3 in [9] to the pole placement constraints in the H 1 consensus synthesis for multi-agent

systems.

Corollary 3.2. AssumeD is an LMI region (3.41) in the left-half plane and fD (z) is its characteristic

function. The distributed output feedback H 1 consensus problem with LMI regions constraint is

achieved, if there exist positive-de�nite matrices R 2 Sn
+ and S 2 Sn

+ , rectangular matrices Âk 2 Rn � n ,

B̂k 2 Rn � m , Ĉk 2 Rn2� n , D̂k 2 Rn2� m , Êk 2 Rn � n and F̂k 2 Rn2� n , and positive scalar 
 , such that the

conditions (3.27)-(3.29) on the top of this page hold for i 2 I [1,N � 1]. where
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�

� k l

�
R I
I S

�

+ � k l � + � k l � T

�

k ,l

< 0 (3.27)

2

6
6
4

Hef AR + B2F̂k + � i B2Ĉk g ? ? ?
Êk + AT + � i (Âk + C T D̂ T

k BT
2 ) HefSA+ � i B̂k C2g ? ?

BT
1 + � i D T D̂ T

k BT
2 BT

1 S+ � i D T B̂T
k � 
 In1

?
R In 0 � 
 In

3

7
7
5 < 0 (3.28)

�
R I
I S

�

> 0, (3.29)

� =

–
AR + B2F̂k + � i B2Ĉk A + � i B2D̂k C

Êk + � i Âk SA+ � i B̂k C

™

and � i , i 2 I [1,N � 1] are positive eigenvalues of the Laplacian matrix L . Moreover, the controller

gains can be constructed using the formula (3.21).

Proof. Assuming P > 0 and Ak , Bk , Ck , Dk , Ek and Fk be a set of solutions that satisfy the LMI region

constraint (3.41). With Lyapunov matrix P and its inverse P � 1, Z1 and Z2 as de�ned in the proof of

Theorem 3.4, conditions (3.28)-(3.29) can be proved similarly.

From Lemma 3.5, we know that the pole placement is satis�ed if and only if there exists PD such

that

�
� k l PD + � k l Ac l ,i PD + � k l PD AT

c l ,i

�
1� k ,l � m

< 0, (3.30)

where Ac l ,i is de�ned in (3.36). Pre-multiplying and post-multiplying (3.30) by diagf Z T
1 , � � � ,Z T

1 g

and its transpose, it will lead to condition (3.27) as desired.

Again, Corollary 3.2 provides the LMI conditions to construct H 1 controllers that con�ne the

closed loop poles in D. Speci�cally, one can solve the closed-loop pole placement problem with

minimal 
 through the following LMI-based optimization:

min
R,S,Âk ,B̂k ,Ĉk ,D̂k ,Êk ,F̂k


 (3.31)

s.t. (3.27) � (3.29), i 2 I [1,N � 1].

Corollary 3.2 states a computational procedure to design H 1 consensus protocols that assign

the closed-loop poles in D. we have the following steps to design the distributed adaptive protocol

(3.6).
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Algorithm 3.2. (i) Solving LMI-based optimization problem (3.31) to obtain R, S, Âk , B̂k , Ĉk , D̂k ,

Êk and F̂k .

(ii) Select L and J , such that L JT = I � RS.

(iii) With R, S, Âk , B̂k , Ĉk , D̂k , Êk , F̂k , L and J in hand, the control gains Ak , BK , CK . Dk , EK and Fk

can be determined from eqn. (3.21).

3.6 Laplacian spectral constraints for multi-agent systems

Section 3.5 provides the LMI conditions to construct H 1 controllers that con�ne the closed loop

poles in some LMI regions. However, the synthesis conditions (3.27)-(3.29) could be infeasible for the

network graph with large condition number � , where � is the ratio of the largest and smallest non-

zero eigenvalues of the nominal Laplacian. The aforementioned issue could be solved by Laplacian

spectral constraints introduced in this section.

3.6.1 De�nition of Laplacian spectral constraint

The objective of Laplacian eigenvalue constraints is stated as following:

De�nition 3.5 (Laplacian spectral constraints) . [79] Let � i be the i th smallest eigenvalue of the

Laplacian, whose eigenvalues are ordered from least to greatest. Givenm 2 f 2,� � � ,n gand � m > 0, the

lower eigenvalue bound assignment problem is to guarantee � m � � m 0. Likewise, given p 2 f 2,� � � ,n g

and �̄ p > 0, the upper eigenvalue bound assignment problem is to guarantee � p � �̄ p . The objective of

Laplacian spectral constraints is to achieve individual upper and lower bounds for several Laplacian

eigenvalues simultaneously. And these bounds can be recast as linear matrix inequality constraints

that can be solved using semide�nite programming.

3.6.2 Upper and lower eigenvalue constraints

The following theorems presented in [79] provide a necessary and suf�cient condition in the form

of linear matrix inequality to enforce upper and lower eigenvalue bounds for further improvement

of synthesis conditions use.

Bounding Eigenvalues From Below

Given m < n and � m > 0, the objective is to design node and edge weights M and K , respectively,

such that � m (L g ) � � m .

Lemma 3.6. Suppose that m < n , Qm 2 Rn � (n � m +1) is a full column rank matrix whose columns are

orthogonal, and S is a symmetric matrix. If Q T
m SQm � 0, then � m (S) � 0.
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Lemma 3.7. Let Qm be as in Lemma 3.6. The constraint

QT
m (L e � � m M )Qm � 0

implies that � m (L g ) � � m .

Lemma 3.8. The inequality � m (L g ) � � m holds if and only if QT
m (L e � � m M )Qm � 0, where Qm 2

Rn � (n � m +1) is a matrix whose columns are the eigenvectors corresponding to the n � m + 1 largest

eigenvalues ofL e � � m M .

Bounding Eigenvalues From Above

Given p < n and �̄ p � 0, the objective is to design node and edge weights M and K , respectively,

such that � p (L g ) � �̄ p

Lemma 3.9. Let Up 2 Rn � p be a full column rank matrix whose columns are orthogonal. The con-

straint

U T
p (�̄ M � L e)Up � 0

implies that � p (L g ) � �̄ p .

Lemma 3.10. The inequality � p (L g ) � �̄ p holds if and only if U T
p (�̄ M �L e)Up � 0, whereUp 2 Rn � p is

a matrix whose columns are the eigenvectors corresponding to the p smallest eigenvalues of�̄ p M �L e .

3.6.3 Application of graph design problems

Minimizing the Largest Eigenvalue Given a Minimum Connectivity Constraint

Corollary 3.2 provides the LMI conditions to synthesize H 1 controllers that con�ne the closed loop

poles in some regions. However, when the ratio of largest and smallest non-zero eigenvalue of the

graph Laplacian is too large, solving conditions (3.27)-(3.29) will become time-consuming, or even

infeasible.

For example, an unweighted chain graph with 30 nodes shown in Fig. 3.1.

The ratio of the largest and smallest non-zero eigenvalues of the graph Laplacian � = � 30=� 2 =

364.0898. We can minimize the largest eigenvalue � n (L g ) under the requirement � n (L g ) � � 2 by
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Figure 3.1 Chain graph with 30 nodes.

the following optimization problem [79]:

min
� ,M ,K

�

s.t. �� 2M � D K D T � 0

QT
2 (D K D T � � 2M )Q2 � 0

� � 1I � M � � I , � � 1I � K � � I ; (3.32)

where M , K and D are de�ned in Chapter 2. � < 1 is a small positive parameter such that all node

and edge weights be bounded in
�
� , � � 1

�
, � is de�ned as � n (L g )=� 2.

Note that the optimization conditions in (3.32) is in the form of quasiconvex because of the term

�� 2M . If the condition number � is �xed, condition (3.32) becomes a convex form in terms of M

and K . Then we can update M and K to solve � i +1. This iterative scheme can be summarized as

following.

Algorithm 3.3 (Iterative minimizing the largest eigenvalue of Laplacian) .

Step 1 Choosing the initial values of matries M and K , then Q 2 can be obtained from lemma 3.8.

Step 2 Fixing � i , With Q2 in hand, �nd feasible M and Q based on the optimization problem (3.32).

Step 3 Updating M and K , and solve � i +1 based onM and K . Iterating Steps 1 and 2 until j� i +1� � i j <

� , where � > 0 is a given accuracy level.

3.7 Simulations

In this section, some simulations are performed to demonstrate the effectiveness of the proposed

protocol. Firstly, the effectiveness of the proposed protocol will be demonstrated by comparing

with the conventional output consensus protocol in subsection 3.7.1. Then the simulations by

including closed-loop pole constraints in LMI region are provided in subsection 3.7.2. Subsection

3.7.3 simulates the consensus value when the consensus of agents is achieved. Subsection 3.7.4

demonstrates the consensus of multi-agent systems under unbalanced directed graph. Subsection
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3.7.5 provides an example to demonstrate the bene�t of Laplacian spectral constraints design.

Finally, in subsection 3.7.6, we simulate consensus value and consensus behavior of the multi-agent

systems under external disturbance.

3.7.1 Compare with conventional output feedback protocol

Consider a network of four agents each described by

�xi =

–
0.01 1

� 0.02 � 2.01

™

xi +

–
1

1

™

d i +

–
1

2

™

u i

yi =
”
1 0

—
xi + d i i 2 I [1,N ]. (3.33)

The controlled output function zi (t ) representing the disagreement of agent i to the average state

of all agents is de�ned as

zi (t ) = xi (t ) �
1

4

4X

j =1

x j (t ).

The interconnection network graph G is given in Fig. 3.2 with its Laplacian matrix given by

L =

2

6
6
6
4

3 � 1 � 1 � 1

� 1 1 0 0

� 1 0 1 0

� 1 0 0 1

3

7
7
7
5

.

Therefore, the corresponding non-zero eigenvalues of the Laplacian matrix are � 1 = 1,� 2 = 1 and

� 3 = 4.

Figure 3.2 Network graph of four agents
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To demonstrate the ef�ciency of our control protocol, �rst, we will compare the results with the

control protocol provided in [51] with the same dynamic model of agents. In their approach, the

distributed control protocol is assumed as

8
<

:

�vi = Ak vi + Bk
P N

j =1 a i j (yi � yj )

u i = Ck vi + Dk
P N

j =1 a i j (yi � yj )
, 8i 2 I [1,N ].

Moreover, the Lyapunov matrix is restricted to be block-diagonal to render a convex design con-

dition. The Corollary 3.6 in [51] stated that the control gains could be solved by the following LMI

optimization problem:

min
P̄ ,Q̄




s.t.

2

6
4

¨
Hef P̄ F̄0 + Q̄ F̄i g

+C̄ 1T
0 C̄ 1

0

«

P̄Ḡ0 + Q̄Gi

� � 
 2I

3

7
5 < 0, 8i 2 I [1,N � 1]

where the known matrices are de�ned as following:

F̄ = V F0V � 1, F̄i = Fi V
� 1

Ḡ0 = V G0, C̄ 1
0 = C 1

0 V � 1, C 1
0 =

”
In 0n � nk

—

F0 =

–
A 0n � nk

� 0nk

™

, Fi =

–
0nk � n Ink

� i C 0m � nk

™

G0 =

–
B1

0nk � n1

™

, G=

–
0nk � n1

� i D

™

and V 2 R(n +nk )� (n +nk ) is a nonsingular matrix to satisfy

Ē = V E =

–
In2+nk

0(n � n2)� (n2+nk )

™
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with E =

–
0n � nk

B2

Ink
0nk � n2

™

. A positive de�nite matrix P̄ and a matrix Q̄ are de�ned as

P̄ =

–
P̄1 0(n2+nk )� (n � n2)

� P̄2

™

2 R(n +nk )� (n +nk )

Q̄ =

–
Q̄1

0(n � n2)� (m +nk )

™

2 R(n +nk )� (m +nk ).

By substituting the system data of (3.33), we obtain the optimal H 1 performance 
 = 1.0031.

Moreover, utilizing the system data (3.33) to solve the proposed LMI optimization problem (3.24),

we obtain the optimal H 1 control solution with the minimal H 1 performance 
 = 0.7501, which

demonstrates the proposed novel protocol has better performance.

3.7.2 H 1 consensus with LMI regions

As stated in subsection 3.7.1, After solving the pole constrained optimization problem (3.24), we

obtain an optimized control solution with H 1 performance 
 = 0.7501 and the control gains as:

Ak =

–
11272 22550

� 3269 � 6540

™

, Bk =

–
2.0173

� 1.0052

™

Ck =
”
4707500 9415000

—
, Dk =

”
5.1559

—

Ek =

–
� 80600 � 161180

22840 45670

™

, Fk =
”
� 34713000 � 69425000

—
.

Nevertheless, the resulting control gain matrices, especially Ck , Ek and Fk could be ill-conditioned

without restricting pole locations of the closed-loop system. To resolve this issue, we will modify the

optimization problem by including closed-loop pole constraints in LMI region.

Vertical band For example, if one wants to assign the poles in a vertical band as following:

a1 < R(z) < a2 ,

–
� 2a2 + z + z̄ 0

0 2a1 � (z + z̄ )

™

< 0.

From section 3.5.3, it is suf�cient to take � and � de�ned in (3.27) as

� =

–
� 2a2 0

0 2a1

™

, � =

–
1 0

0 � 1

™

.

choose the vertical band regions as � 10 < R(z) < � 0.1. After solving the pole constrained

optimization problem (3.31), we obtain an optimized control solution with H 1 performance
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 = 0.7509 and the control gains as:

Ak =

–
� 2.1568 � 1.1319

0.8426 0.4509

™

, Bk =

–
0.8744

� 0.3227

™

Ck =
”
1.1890 0.6460

—
, Dk =

”
� 0.4015

—

Ek =

–
2.1822 10.0747

� 4.8531 � 11.1748

™

, Fk =
”
� 16.1360 � 26.7985

—
.

The actual closed-loop pole locations are shown in Fig.3.3, which indeed sit in the de�ned

vertical band between the two dash lines.

Figure 3.3 closed-loop poles location with a vertical band [� 10,� 0.1]

Disk of radius R,centered at (q ,0) If one wants to assign the poles in a disk area with radius R and

centered at (q ,0) as following:

�
�z � q

�
� < R ,

‚
� R z � q

z̄ � q � R

Œ

< 0
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It is suf�cient to take

� =

–
� R � q

� q � R

™

, � =

–
0 1

0 0

™

choose the center at the origin (0,0)and set the radius R = 10. After solving the pole constrained

optimization problem (3.31), we obtain an optimized control solution with H 1 performance


 = 0.7517 and the control gains as:

Ak =

–
� 1.6964 � 0.7110

0.5513 0.0970

™

, Bk =

–
0.7288

� 0.2568

™

Ck =
”
0.7745 � 0.2230

—
, Dk =

”
� 0.4134

—

Ek =

–
1.1517 6.4424

� 3.5128 � 8.4173

™

, Fk =
”
� 10.6905 � 18.1555

—
.

The actual closed-loop pole locations are shown in Fig.3.4, which indeed sit in the dash line

disk.

Figure 3.4 closed-loop poles location with disk band
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Conical sector If one wants to assign the poles in a conical sector area as following:

� R (z) + jb I m (z)j < 0 ,

‚
a (z + z̄ ) � b (z � z̄ )

b (z � z̄ ) a (z + z̄ )

Œ

< 0

It is suf�cient to take

� =

–
0 0

0 0

™

, � =

–
a � b

b a

™

choose the sector with � = 60� . After solving the pole constrained optimization problem (3.31),

we obtain an optimized control solution with H 1 performance 
 = 0.7501and the control

gains as:

Ak =

–
� 58640 � 117280

22510 45010

™

, Bk =

–
1.8491

� 0.9865

™

Ck =
”
� 9603239 � 19206968

—
, Dk =

”
� 90.0004

—

Ek =

–
� 66357.5623 � 132687.6054

23741.7822 47469.9609

™

, Fk =
”
� 13317779.2871 � 26635360.2901

—
.

The actual closed-loop pole locations are shown in Fig.3.5, which indeed sit in the dash line

disk.

From the simulation results, we can see that the closed-loop poles of multi-agent systems are all

sitting in the desired area, which can be applied to bound the maximum overshoot, the frequency of

oscillatory modes, the rise time and the settling time. Moreover, compare to the control gain obtained

from (3.24), the gain matrices with constrain solved by (3.31) are more realistic and implementable.

3.7.3 Consensus value simulation

In this subsection, Corollary 3.1 will be veri�ed by the following simulation. Choose the LMI vertical

band regions as � 10< R(z) < � 0.1. After solving the pole constrained optimization problem (3.31),

we obtain an optimized control solution with H 1 performance 
 = 0.7509and the control gains as:

Ak =

–
� 2.1568 � 1.1319

0.8426 0.4509

™

, Bk =

–
0.8744

� 0.3227

™

Ck =
”
1.1890 0.6460

—
, Dk =

”
� 0.4015

—

Ek =

–
2.1822 10.0747

� 4.8531 � 11.1748

™

, Fk =
”
� 16.1360 � 26.7985

—
.
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Figure 3.5 closed-loop poles location with conical sector

Given initial conditions of the four agents as x1(0) =
”
4 2.5

—T
, x2(0) =

”
2 6

—T
, x3(0) =

”
� 5 0

—T
,

x4(0) =
”
8 � 4

—T
. Applying Corollary 3.1 and observing Ek =

–
2.1822 10.0747

� 4.8531 � 11.1748

™

is Hurwitz matrix,

we calculate the consensus state as following: Since the graph G associated with multi-agent system

(3.33) is undirected and connected. The left eigenvector r of L corresponding to the zero eigenvalue

is r = 1T . Therefore the consensus value of system 3.33 is

lim
t !1

x (t ) = lim
t !1

(r T 
 eAt )x (0)

= lim
t !1

(1 
 e

2

4
0.01 1

� 0.02 � 2.01

3

5 t

)
”
4 2.5 2 6 � 5 0 8 � 4

—T

=
”
2.8251 � 0.0281

—T

The simulation result without external disturbance is shown in Fig. 3.6. From which, it can be seen

that the consensus value via the proposed protocol is as same as we calculated from Corollary 3.1.

3.7.4 Directed H 1 consensus

In this subsection, the simulation of multi-agent system with unbalanced directed graph will be

demonstrated.
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(a). First state xi ,1

(b). Second state xi ,2

Figure 3.6 State consensus without disturbance

Considering the multi-agent systems consists 6 subsystems described by 3.33. The Laplacian
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matrix of unbalanced directed network G, which satis�es assumption 3.3 and 3.4, is given as

L =

2

6
6
6
6
6
6
6
6
4

3 0 0 � 1 � 1 � 1

� 1 1 0 0 0 0

� 1 � 1 2 0 0 0

� 1 0 0 1 0 0

0 0 0 � 1 1 0

0 0 0 0 � 1 1

3

7
7
7
7
7
7
7
7
5

.

Therefore, non-zero eigenvalues of the Laplacian are � 1 = 1, � 2 = 2, � 3,4 = 1.3376� 0.5623i and

� 5 = 3.3247. Moreover, the network graph is shown in Figure 3.7.

Figure 3.7 Network graph of six interconnected agents.

The controlled output function e represents the consensus error and is given by

e(t ) = x (t ) � [(1r T ) 
 In ]x (t ).

By the de�nition of r , we have r =
”
0.1429 0 0 0.4286 0.2857 0.1429

—T
.

Utilizing the above system data to solve the optimization problem (3.31), the control gains of
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distributed output-feedback protocol in this case can be obtained as

Ak =

–
� 2.7092 � 1.3821

1.0537 0.5373

™

, Bk =

–
1.1677

� 0.4334

™

Ck =
”
1.1350 0.5508

—
, Dk = � 0.4160

Ek =

–
3.9219 13.6904

� 5.5266 � 12.5700

™

, Fk =
”
� 14.3637 � 23.6524

—

with an optimized control solution H 1 performance 
 = 0.6378. The initial conditions of the 6 agents

are set as x1(0) =
”
4 2.5

—T
, x2(0) =

”
2 6

—T
, x3(0) =

”
� 5 0

—T
, x4(0) =

”
8 � 4

—T
, x5(0) =

”
1 2

—T
,

x6(0) =
”
� 2 3

—T
.

The disturbance vector applied to each agent is speci�ed as following random like noise signal:

d(t ) =

8
>>><

>>>:

h
d0(t ) sin(2t )d0(t ) sin(10t )d0(t ) cos(0.1t )d0(t )

5d0(t ) cos(0.2t )d0(t )
i T

if t 2 [0,3]sec

0 otherwise

where d0(t ) = (5sin(7t ) + 11sin(
p

17t + 3cos(11t ) + 7cos(17t ))=6. This disturbance pro�le is also

plotted in Figure 3.8. The simulation results under the random like disturbance are provided in

Figs. 3.9-3.10. In particular, Fig. 3.9 illustrates the six agent's state trajectories over 10 seconds.

Fig. 3.10 shows the corresponding controlled output for each agent. As can be seen, after certain

disagreement movement during initial period due to the external disturbance, satisfactory directed

H 1 consensus performance is achieved indeed.
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Figure 3.8 Disturbance pro�le.

3.7.5 Laplacian spectral constraints design

Consider a chain graph network of 30 agents each described by eqn. (3.33). The interconnection

network graph G is given in Fig. 3.1 with its Laplacian matrix given by

L =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
� 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 � 1 2 � 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0� 1 2 � 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0� 1 2 � 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0� 1 2 � 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0� 1 2 � 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0� 1 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

.

64



(a). First state xi ,1

(b). Second state xi ,2

Figure 3.9 State consensus under disturbance with output-feedback protocol.
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Figure 3.10 Controlled output pro�le with output-feedback protocol.

Therefore, the corresponding smallest and largest non-zero eigenvalues of the Laplacian matrix

are � 2 = 0.0110 and � 30 = 3.9890, respectively. The condition number is � = � 30=� 2 = 364.0898.

After solving synthesis conditions (3.27)-(3.29) in MATLAB, we can see the result is infeasible. The

issue could be resolved by minimizing the largest eigenvalue with a given minimum connectivity

constraint.

Utilizing the above system data to solve the optimization problem (3.32) through Algorithm 3.3,

we obtain suboptimal condition number � for different bounds of weighting. Table 3.1 shows the

relationship between condition number � and bounds of weighting.

Table 3.1 Comparison of condition number � under different weighting bounds.

Weighting bounds Condition number �

[0.1,10] 85.2670
[0.01,100] 58.2606
[0.001,1000] 19.9458
[0.0001,10000] 19.7386

Then we choose the weighting bound as [0.001,1000] for the simulation study. In this case, Table
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3.2 shows the correlation between � and the number of iterations.

Table 3.2 Computed L 2 gains vs. different number of iterations with weighting bound as [0.001,1000].

Iteration number Condition number �

1 200
2 196.3196
5 150.9407
10 119.1410
15 101.2622
50 58.9564
75 45.6394
100 36.8568
150 26.1051
200 19.9890

After solving Laplacian design optimization problem (3.32) with � = 0.001, We obtain the diagonal

edge weighting matrix K , the diagonal node weighting matrix M as:

M = diag
”
0.0182 0.0400 0.0630 0.1563 0.3780 0.8999 2.1872 5.4295

13.5918 34.1136 85.7173 214.8442 531.2781 970.6508 990.1155 990.0901

970.3143 529.7610 214.2463 85.5685 34.1162 13.6141 5.4448 2.1958

0.9011 0.3777 0.1543 0.0625 0.0407 0.0181
—

K = diag
”
0.0020 0.0024 0.0049 0.0126 0.0301 0.0727 0.1787 0.4469

1.1203 2.8160 7.0719 17.6781 39.6547 56.4864 57.0244 56.4738

39.5767 17.6245 7.0559 2.8137 1.1220 0.4476 0.1795 0.0729

0.0301 0.0126 0.0047 0.0025 0.0019
—

We can verify that the node and edge weighting are indeed located in the bound [0.001,1000]. Then

the weighted Laplacian can be calculated as L g = M � 1D K D T . The weighted Laplacian of the chain

graph is similar to the nominal Laplacian, which is a tridiagonal matrix. A tridiagonal matrix is a

band matrix that has nonzero elements on the main diagonal, the �rst diagonal below this, and the

�rst diagonal above the main diagonal only. De�ne the �rst diagonal above and below the main
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diagonal of L g as diag(L g )above and diag(L g )below , respectively. The weighted Laplacian is

diagdiag(L g ) =
”
0.1036 0.1115 0.1131 0.1141 0.1146 0.1148 0.1149 0.1150

0.1150 0.1150 0.1150 0.1149 0.1081 0.0979 0.1146 0.1146

0.0980 0.1080 0.1149 0.1150 0.1150 0.1150 0.1150 0.1149

0.1148 0.1146 0.1141 0.1133 0.1121 0.1028
—

diag(L g )above =
”
� 0.1036 � 0.0648 � 0.0786 � 0.0808 � 0.0815 � 0.0819 � 0.0819 � 0.0820

� 0.0820 � 0.0820 � 0.0820 � 0.0819 � 0.0750 � 0.0578 � 0.0575 � 0.0572

� 0.0402 � 0.0332 � 0.0331 � 0.0330 � 0.0330 � 0.0330 � 0.0330 � 0.0330

0.0331 � 0.0331 � 0.0332 � 0.0343 � 0.0468
—

diag(L g )below =
”
� 0.0467 � 0.0346 � 0.0333 � 0.0332 � 0.0330 � 0.0330 � 0.0330 � 0.0330

� 0.0330 � 0.0330 � 0.0330 � 0.0331 � 0.0401 � 0.0571 � 0.0575 � 0.0578

� 0.0748 � 0.0818 � 0.0819 � 0.0820 � 0.0820 � 0.0820 � 0.0819 � 0.0817

� 0.0815 � 0.0810 � 0.0790 � 0.0653 � 0.1028
—

The corresponding smallest and largest non-zero eigenvalues of the weighted Laplacian matrix

L g are � 2 = 0.0354 and � 30 = 0.2185. The condition number is � = � 30=� 2 = 19.9458, which is

decreased signi�cantly. Apply the weighted Laplacian L g to solving the optimization problem (3.24),

we �nd that (3.24) is feasible now. An optimized control solution with H 1 performance 
 = 0.2497

and the control gains are obtained as:

Ak =

–
� 19.0771 24.4129

8.4998 � 6.5512

™

, Bk =

–
15.6491

� 5.8859

™

Ck =
”
7.0426 0.0184

—
, Dk =

”
� 3.5090

—

Ek =

–
3.0536 6.2042

� 5.2807 � 10.5891

™

, Fk =
”
� 5.9554 � 8.8932

—
.

The initial conditions of the 30 agents in the chain graph are randomly chosen. The disturbance

vector applied to each agent is random noise. The simulation result of the consensus error is provided

in Fig. 3.11. As we can see, the consensusH 1 performance is indeed achieved under the weighted

Laplacian matrix L g .
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Figure 3.11 Controlled output pro�le for 30 agents with weighted Laplacian matrix.

3.7.6 H 1 consensus under external disturbance

3.7.6.1 Simulation 1: MASs with 4 agents

Now we are ready to simulate the multi-agent systems under external disturbance. The disturbance

vector applied to each agent is formed as the following random like noise signal [107].

d (t ) =

8
<

:

h
d0(t ) sin(2t )d0(t ) 10sin(10t )d0(t ) 1.5cos(0.1t )d0(t )

i
if t 2 [0,3]sec

0 otherwise

with d0(t ) = (5sin(7t ) + 11sin(
p

17t ) + 3cos(11t ) + 7cos(17t )) =12. This disturbance pro�le d (t ) is

shown in Fig. 3.12.

Under the random-like disturbance, the simulation results are provided in Figs. 3.13-3.14. In

particular, Sub�gs. 3.13(a)-(b) provide the four agent's state information. Fig. 3.14 shows the cor-

responding control input for each agent. As we can see, after certain disagreement movement

during the initial period due to the external disturbance, the consensus H 1 performance is indeed

achieved.
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Figure 3.12 Disturbance pro�le

3.7.6.2 Simulation 2: MASs with large-scale agents

In this subsection, we will test the proposed protocol under large-scale multi-agent systems. The

multi-agent systems described by 3.33 with 10 agents. The controlled output function zi (t ) repre-

senting the disagreement of agent i to the average state of all agents is de�ned as

zi (t ) = xi (t ) �
1

10

10X

j =1

x j (t ).

The interconnection network graph G is given in Fig. 3.15 with its Laplacian matrix given by

L =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

6 � 1 � 1 0 � 1 � 1 0 0 � 1 � 1

� 1 5 � 1 � 1 0 0 � 1 � 1 0 0

� 1 � 1 3 � 1 0 0 0 0 0 0

0 � 1 � 1 2 0 0 0 0 0 0

� 1 0 0 0 2 � 1 0 0 0 0

� 1 0 0 0 � 1 2 0 0 0 0

0 � 1 0 0 0 0 1 0 0 0

0 � 1 0 0 0 0 0 1 0 0

� 1 0 0 0 0 0 0 0 1 0

� 1 0 0 0 0 0 0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

.
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(a). First state xi ,1

(b). Second state xi ,2

Figure 3.13 State consensus under disturbance

Therefore, the corresponding non-zero eigenvalues of the Laplacian matrix are � 1 = 0.4719, � 2 = 1,

� 3 = 1, � 4 = 1, � 5 = 1.2174,� 6 = 3, � 7 = 3.3931,� 8 = 5.6374 and � 9 = 7.2803.
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Figure 3.14 Controlled output pro�le.

Figure 3.15 Network graph of ten agents

Similarly, we assign the poles in a vertical band as following:

a1 < R(z) < a2 ,

–
� 2a2 + z + z̄ 0

0 2a1 � (z + z̄ )

™

< 0.
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Choose the vertical band regions as � 10< R(z) < � 0.1, after solving the pole constrained optimiza-

tion problem (3.31), we obtain an optimized control solution with H 1 performance 
 = 1.9909and

the control gains as:

Ak =

–
� 1.4845 � 1.2362

0.5327 0.4527

™

, Bk =

–
0.2150

� 0.0752

™

Ck =
”
2.0667 1.8868

—
, Dk =

”
� 0.2722

—

Ek =

–
� 0.5871 2.7923

� 3.9987 � 8.8444

™

, Fk =
”
� 41.1081 � 69.0102

—
.

The actual closed-loop pole locations are shown in Fig.3.16, which indeed sit in the de�ned vertical

band between the two dash lines.

Figure 3.16 closed-loop poles location for 10 agents with vertical band [� 10,� 0.1]

The disturbance vector applied to each agent is similarly to simulation 1 with four agents.

d (t ) =

8
>>><

>>>:

h
d0(t ) sin(2t )d0(t ) 10sin(10t )d0(t ) 1.5cos(0.1t )d0(t ) 0.5d0(t ) cos(2t )d0(t )

cos(10t )d0(t ) 1.5sin(0.1t )d0(t ) 1.5d0(t ) cos(3t )d0(t )
i T

if t 2 [0,3]sec

0 otherwise

73



with d0(t ) = (5sin(7t ) + 11sin(
p

17t ) + 3cos(11t ) + 7cos(17t )) =12. This disturbance pro�le d (t ) is

shown in Fig. 4.14. Given initial conditions of the ten agents as x1(0) =
”
4 2.5

—T
, x2(0) =

”
2 6

—T
,

Figure 3.17 Disturbance pro�le with 10 agents

x3(0) =
”
� 5 0

—T
, x4(0) =

”
8 � 4

—T
, x5(0) =

”
1 2

—T
, x6(0) =

”
� 2 3

—T
, x7(0) =

”
0 7

—T
, x8(0) =

”
� 1.5 � 4

—T
, x9(0) =

”
6 � 2.5

—T
, x10(0) =

”
� 1 2

—T
. Under the random-like disturbance, the sim-

ulation results are provided in Fig. 3.18, which shows the corresponding control input for each

agent. Again, after certain disagreement movement during the initial period due to the external

disturbance, the consensus H 1 performance is indeed achieved.

3.8 Conclusions

In this chapter, the distributed dynamic output feedback consensus control problem of multi-agent

systems subject to external disturbance has been addressed. The attractiveness of the result in

this chapter lies in the novel structure of consensus protocol and the LMI conditions for multi-

agent output feedback optimization. To this end, we �rst de�ne the concept of H 1 consensus

problem and measuring function for disturbance effects. Then through system transformation,

H 1 consensus control problem of high dimensional network is converted to scaled H 1 control

problems of a set of independent n -dimensional linear systems to reduce the problem complexity.

Suf�cient stability analysis and control synthesis conditions are provided for H1 consensus in the
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Figure 3.18 Controlled output pro�le for 10 agents.

form of LMI. Consequently, the distributed protocol can be solved by LMI-based optimization to

obtain the optimal control with minimal L 2 gain performance. Moreover, we introduce the pole

placement constraints with the LMI approach and laplacian spectrum constraint, which are valuable

in implementation of the control protocol in practice. The numerical examples demonstrate the

advantages of the proposed distributed control protocol.
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CHAPTER

4

ROBUST CONSENSUS CONTROL FOR

MULTI-AGENT SYSTEMS WITH

EXTERNAL DISTURBANCES AND

STRUCTURED UNCERTAINTIES

4.1 Introduction

In this chapter, we study the robust H 1 consensus problem for general linear multi-agent systems

subject to external disturbances and structured uncertainties. The objective of this chapter is to

design distributed state-feedback protocol and output-feedback protocol of multi-agent systems to

solve the robust H 1 consensus control problem.

A full state-feedback protocol and a novel distributed dynamic output-feedback protocol, which

utilizes not only relative measured output information but also relative state information of neigh-

boring controllers, are proposed for uncertain linear multi-agent systems. In the full state-feedback

protocol design, suf�cient stability analysis and control synthesis conditions are provided for ro-

bust consensus in the form of LMI. Consequently, the distributed protocol can be solved by LMI-

based optimization to obtain the optimal control solution that minimal L 2 gain performance. The

contributions of this part include: Distributed protocol is successfully designed for more general

76



uncertainties of agent's dynamics. An auxiliary system without uncertainty is introduced to solve

robust consensus problem with L 2 gain performance.

In the output-feedback consensus control, a novel distributed dynamic output-feedback con-

troller will be proposed for general uncertain multi-agent systems. With the help of such a consensus

protocol, we will derive the LMI conditions for multi-agent consensus and performance analysis.

When it comes to the robust consensus problem of output-feedback synthesis conditions, the solu-

tion of robust H 1 consensus using distributed output-feedback protocol is found to be necessarily

non-convex. An iterative LMI algorithm is then presented to solve the resulting BMI optimization

problem effectively. Main contributions of this part can be summarized from three aspects: (i) A

novel distributed dynamic output-feedback protocol, which utilizes not only relative measured

output information but also relative state information of neighboring controllers, is proposed for

uncertain linear multi-agent systems; (ii) To the best of authors' knowledge, this work is the �rst

attempt to investigate the robust consensus with respect to structured uncertainties of multi-agent

systems; In particular, a set of auxiliary systems in linear time-invariant (LTI) form is introduced

to solve the robust H 1 consensus problem; (iii) Synthesis condition for multi-agent consensus

using output-feedback control is established in terms of BMIs without introducing additional con-

servatism from analysis condition, which can be used to optimize the proposed distributed control

protocol via an iterative algorithm.

The robust H 1 consensus of multi agent systems under unbalanced graph is also considered

in this chapter. The robust consensus problem under undirected graphs or balanced directed graph

is different from the unbalanced graph we considered in this chapter. Speci�cally, for consensus

problem under undirected graphs or balanced directed graph, the multi-agent systems can be

easily decoupled with orthogonal transformation. But when it comes to unbalanced consensus, the

problem becomes very challenging because the Laplacian matrices of directed graphs are generally

asymmetric, which renders the decoupling of the multi-agent systems far from being easy.

The rest of this chapter is organized as follows. The problem statement and objective are rep-

resented in Section 4.2. The robust consensus control for multi-agent systems with structured

uncertainties under state-feedback protocol, novel output-feedback protocol and under directed

interconnection are proposed in sections 4.3, 4.4 and 4.5, respectively. The effectiveness of the

proposed protocols are demonstrated by numerical examples in section 4.6. Finally, the chapter

concludes in section 4.7.
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4.2 Problem Statement

4.2.1 Model description

Consider a multi-agent system consisting of N dynamic agents with the following general uncertain

linear dynamics subject to structured uncertainty and external disturbance

8
>>>>><

>>>>>:

�xi = Axi + B0pi + B1d i + B2u i

qi = C0xi + D00pi + D01d i + D02u i

ei = C1xi

yi = C2xi + D20pi + D21d i

(4.1)

pi = � i (t )qi , i 2 I [1,N ] (4.2)

where xi 2 Rn is each agent's state. ei is the state consensus error of i th agent relative to the average

state of all agents, i.e., ei = xi � 1
N

P N
j =1 x j , 8i 2 I [1,N ]. d i 2 Rn1 is the external disturbance applied

to i th agent. yi 2 Rm represents the measured output and u i 2 Rn2 represents the control input for

i th agent. pi ,qi 2 Rp are the pseudo-input / output to interconnect with structured uncertainties. All

matrices in (4.1) are known real constant matrices of appropriate dimensions.

The uncertain behavior of each agent is characterized by an upper linear fractional transfor-

mation (LFT) model of its nominal system interconnected with block-diagonal uncertainty matrix.

In the unknown matrix, the perturbation is “structured“ as certain elements are known to be zero.

The word “structured“ is used to speci�cally address the situation when the structured uncertainty

is capable of describing systems with multiple sources of uncertainty at different locations and a

description of these uncertainties must take into consideration of their original locations in the

control loop [29]. Studying multi-agent systems with structured uncertainty is closer to realistic situ-

ations because all the uncertainty source can be considered in modeling by adding norm bounded

blocks. This generally holds for speci�c parts of the plants, such as actuators and sensors [88].

The time-varying structured uncertainty � i , i 2 I [1,N ] obeys the same structure shown below:

� =
�
diagf � 1I r1

, � � � , � s I rs
, � s+1, � � � , � s+ f g:

� j 2 R,j� j j � 1, � j 2 Rm j � m j ,k� j k � 1
	

with
P s

j =1 r j +
P f

j =1 m j = p . To facilitate the handling of structured uncertainty, we will introduce

the scaling matrix set as

� =
¦
diagf � 1, � � � , � s, � s+1Im s+1

, � � � , � s+ f Im s+ f
g: � j 2 S

r j
+ ; � j 2 R,� j > 0

©
.
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It is clear that �� = �� for any � 2 � , � 2 � .

Remark 4.1. It is assumed that all agents have the same nominal dynamics and the same uncertainty

levels but subject to different external disturbance. When time-varying and identical uncertainties

considered, it will lead to homogeneous multi-agent system dynamics. Although the multi-agent

systems containing homogeneous dynamics was studied in [41], structured uncertainty provides the

most general uncertainty description among the current robust consensus research �eld. In fact, the

uncertainty model adopted in [38, 83, 85, 48, 52, 92, 43, 25] can be thought as special cases of structured

uncertainty.

Some assumptions are needed for system matrices and the network graph G associated the

uncertaint multi-agent system (4.1)-(4.2).

Assumption 4.1. The associated network graph G is undirected and connected.

Assumption 4.2. For the system matrices in (4.1), (A,B2) is stabilizable and (A,C) is detectable.

4.2.2 Objective

The objective of this chapter is to design a distributed protocol u i (t ) for the uncertain multi-agent

system (4.1)-(4.2) to solve the following robust H 1 consensus problem.

De�nition 4.1 (Robust H 1 consensus problem) . For the uncertain multi-agent system (4.1)-(4.2),

design a distributed dynamic output feedback protocol u i (t ) such that the closed-loop multi-agent sys-

tem achieves robustH 1 consensus. Speci�cally, the multi-agent system is said to reach the consensus

for any initial value x i (0) if the states of each agent satisfy

lim
t !1

(xi (t ) � x j (t )) = 0 (4.3)

when d i = 0, i 2 I [1,N ].

Moreover, the multi-agent system is said to reach robust H 1 performance if there exists a positive

number 
 such that

Z 1

0

eT (t )e(t )d t < 
 2

Z 1

0

dT (t )d(t )d t , 8d 2 L 2 (4.4)

where the aggregate vectors are de�ned bye := col f e1,e2, � � � ,eN g, d := col f d1,d2, � � � ,dN g. Conse-

quently, the L 2 gain of the uncertain multi-agent system (4.1)-(4.2) is de�ned as

sup
� i 2� , kd k6=0

kek2

kdk2
.
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4.3 Robust consensus control for multi-agent systems with structured

uncertainties: State-feedback protocol

4.3.1 The state-feedback consensus protocol structure

Assuming all states are measurable, we construct the distributed state-feedback control law based

on the relative state information between neighboring agents.

u i (t ) = K
NX

j =1

a i j (xi (t ) � x j (t )), 8i 2 I [1,N ] (4.5)

where a i j are the adjacency elements of network interaction graph G. K is constant matrix of

compatible dimensions to be determined. In the proposed control protocol, xi � x j indicates that

agent i receives relative state information.

4.3.2 Consensus under the state-feedback protocol

By combining the uncertain multi-agent system (4.1)-(4.2) with state-feedback distributed control

protocol (4.5), we obtain the closed-loop system of overall network. Denote the aggregate state and

signal vectors by

x := col f x1, x2, � � � , xN g

v := col f v1, v2, � � � , vN g

p := col
�
p1,p2, � � � ,pN

	

q := col
�
q1,q2, � � � ,qN

	

d := col f d1,d2, � � � ,dN g

e := col f e1,e2, � � � ,eN g.

Then we obtain the closed-loop system

2

6
4

_x (t )

e(t )

q(t )

3

7
5 =

2

6
4

IN 
 A + L 
 B2K IN 
 B1 IN 
 B0

Lc 
 In 0 0

IN 
 C0 + L 
 D02K IN 
 D01 IN 
 D00

3

7
5

2

6
4

x (t )

d(t )

p(t )

3

7
5 (4.6)

p(t ) = diagf � 1, � 2, � � � , � N gq(t ) (4.7)
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where all uncertainty levels are the same, i.e., � i = � 2 � , i 2 I [1,N ] and

Lc =

2

6
6
6
6
4

N � 1
N � 1

N � � � � 1
N

� 1
N

N � 1
N � � � � 1

N
...

...
...

...

� 1
N � 1

N � � � N � 1
N

3

7
7
7
7
5

= IN �
1

N
1N 1T

N .

One may choose a unitary matrix U1 2 RN � N such that last column of U1 is 1p
N

1N . Following

Lemma 3.1, the following relations hold.

U T
1 L U1 =

–
L 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

:= ˜L

U T
1 LcU1 = U T

1 U1 �
1

N
U T

1 1N 1T
N U1 =

–
IN � 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

.

Then we perform the following orthogonal transformation to the networked system (4.6)-(4.7) with

signals de�ned as

~x = (U T
1 
 In )x := col f x̃1, x̃2, � � � , x̃N g

~v = (U T
1 
 Ink

)v := col f ṽ1, ṽ2, � � � , ṽN g

~p = (U T
1 
 Ip )p := col

�
p̃1, p̃2, � � � , p̃N

	

~q = (U T
1 
 Iq )q := col

�
q̃1, q̃2, � � � , q̃N

	

~d = (U T
1 
 In1

)d := col
�
d̃1, d̃2, � � � , d̃N

	

~e = (U T
1 
 In )e := col f ẽ1, ẽ2, � � � , ẽN g

and will obtain the transformed multi-agents model

2

6
4

_~x (t )

~e(t )

~q(t )

3

7
5 =

2

6
6
6
4

IN 
 A + ˜L 
 B2K IN 
 B1 IN 
 B0–
IN � 1 0N � 1

0T
N � 1 0

™


 In 0 0

IN 
 C0 + ˜L 
 D02K IN 
 D01 IN 
 D00

3

7
7
7
5

2

6
4

x̃ (t )

d̃(t )

p̃(t )

3

7
5 (4.8)

~p(t ) = diagf �̃ 1, �̃ 2, � � � , �̃ N gq̃(t ). (4.9)

When all uncertainties are the same, it is easy to show that the transformed uncertainty �̃ i =

�̃ 2 � . That is, the orthogonal transformation will not destroy the uncertainty structure and will not

change its size either.

Dividing ~x = col
�
~x 1 , ~x 2

	
with ~x 1 = col f x̃1, x̃2, � � � , x̃N � 1gand ~x 2 = x̃N , likewise de�ning ~d1 , ~e1 .
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Therefore, the system (4.8) and (4.9) can be divided into the following two subsystems:

2

6
4

_~x
1
(t )

~e1(t )

~q1(t )

3

7
5 =

2

6
4

IN � 1 
 A + L 1 
 B2K IN � 1 
 B1 IN � 1 
 B0

IN � 1 
 In 0 0

IN � 1 
 C0 + L 1 
 D02K IN � 1 
 D01 IN � 1 
 D00

3

7
5

2

6
4

~x 1(t )
~d1(t )

~p1(t )

3

7
5 (4.10)

~p1 = diagf �̃ , �̃ , � � � , �̃| {z }
N � 1 copies

g~q1 . (4.11)

2

6
4

_~x
2
(t )

~e2(t )

~q2(t )

3

7
5 =

2

6
4

A B1 B0

0 0 0

C0 D01 D00

3

7
5

2

6
4

~x 2(t )
~d2(t )

~p2(t )

3

7
5 (4.12)

~p2 = �̃ ~q2 . (4.13)

Remark 4.2. We have the following observations from the above system transformation

• From the property of orthogonal transformation and the de�nition of robust H 1 performance

(4.4) of the system (4.6)-(4.7), (4.8)-(4.9) and (4.10)-(4.11), it can be easily veri�ed that

kek2 < 
 kdk2 , k ~ek2 < 
 k ~dk2 ( k ~e1k2 < 
 k ~d1k2.

• From the subsystem (4.12), we can see~e2 = 0, which means ~e = 0 is equivalent to ~e1 = 0. Moreover,

~e = 0 indicates the multi-agent system achieves consensus. Therefore,lim t !1 ~e1(t ) = 0 implies

that the multi-agent system achieves consensus.

• From the second equation of (4.12), ~e1 = 0 is equivalent to ~x 1 = 0. To summarise, stability of

reduced-order system (3.9) will ensure robust H 1 consensus of multi-agent system (4.1)-(4.2).

4.3.3 Stability analysis for state-feedback consensus problem

In this subsection, the following theorem will be �rst established for the subsequent consensus and

stability analysis use.

Theorem 4.1. Consider the uncertain multi-agent system (4.6)-(4.7) with the network graph G

satisfying Assumption 4.1 and 4.2. The system achieves the robustH 1 consensus with its performance

less than 
 , if the following N � 1 subsystems

2

6
4

�̄xi (t )

ēi (t )

q̄i (t )

3

7
5 =

2

6
4

Ac l ,i B1 B0

Cc l 0 0

Ec l 1,i D01 D00

3

7
5

2

6
4

x̄i (t )

d̄ i (t )

p̄i (t )

3

7
5 (4.14)

p̄i (t ) = �̄ i q̄i (t ) (4.15)
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are robustly stable and achieve the sameL 2 gain 
 , where

Ac l ,i = A + � i B2K

Cc l = In

Ec l 1,i = C0 + � i D02K

and � i , i 2 I [1,N � 1] are positive eigenvalues of the Laplacian matrix L .

Proof. Since the network graph G satisfy Assumptions 4.1 and 3.2, matrix L 1 in (4.10) is positive

de�nite. Then there exists an orthogonal matrix U2 2 R(N � 1)� (N � 1) such that

U T
2 L 1U

T
2 = diagf � 1, � 2, � � � , � N � 1g:= �

where 0 < � 1 � � 2 � � � � � � N � 1. We perform the following orthogonal transformation to the system

(4.10):

�x = (U T
2

T 
 In )~x 1 := col f x̄1, x̄2, � � � , x̄N � 1g

�d = (U T
2

T 
 In ) ~d1 := col
�
d̄1, d̄2, � � � , d̄N � 1

	

�e = (U T
2

T 
 In )~e1 := col f ē1, ē2, � � � , ēN � 1g

�p = (U T
2

T 
 Ip )~p1 := col
�
p̄1, p̄2, � � � , p̄N � 1

	

�q = (U T
2

T 
 Iq )~q1 := col
�
q̄1, q̄2, � � � , q̄N � 1

	
.

Then we obtain the following multi-agent system

2

6
4

_�x (t )

�e(t )

�q(t )

3

7
5 =

2

6
4

IN � 1 
 A + � 
 B2K IN � 1 
 B1 IN � 1 
 H1

IN � 1 
 Cc l 0 0

IN � 1 
 E1 + � 
 E4K IN � 1 
 E2 IN � 1 
 E3

3

7
5

2

6
4

�x (t )
�d(t )

�p(t )

3

7
5 (4.16)

�p = diagf �̄ , � � � , �̄| {z }
N � 1 copies

g�q. (4.17)

Since � is diagonal, the system (4.16)-(4.17) could be decoupled into N � 1 individual subsystems as

indicated by (4.14)-(4.15), which implies that the robust stability of (4.10)-(4.11) is equivalent to

the robust stability of N � 1 subsystems in (4.14)-(4.15). Moreover, from the de�nition of L 2 gain

performance, we have

kek2 < 
 kdk2 , k ~ek2 < 
 k ~dk2 , k ~e1k2 < 
 k ~d1k2 , k �ek2 < 
 k �dk2.

The last inequality will be ensured if all N � 1 subsystems satisfy kēi k2 < 
 kd̄ i k2, i 2 I [1,N � 1].
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As a result, the uncertain system (4.6)-(4.7) will achieve the robust consensus with an L 2 gain

performance less than 
 if the N � 1 subsystems (4.14)-(4.15) are robustly stable and have L 2 gain

less than 
 .

Remark 4.3. Theorem 4.1 would transform the robust consensus control problem of high dimensional

network (4.6)-(4.7) to scaled H1 control problems of a set of independent n-dimensional linear systems

in (4.14)-(4.15). Therefore, it reduces the computational complexity.

Inspired by [99], the robust stability condition for a single subsystem in (4.14)-(4.15) is derived

as following:

Theorem 4.2. Consider the system (4.14)-(4.15) with i 2 I [1,N � 1], it is robustly stable if there exist a

positive matrix P, a positive scalar � and a scaling matrix � 2 � , such that the following condition

holds:

M s =

–
Ac l ,i P + PAT

c l ,i + ET
c l 1,i � Ec l 1,i + C T

c l Cc l + � I P B0 + ET
c l 1,i � D00

� � � + D T
00� D00

™

< 0, 8i 2 I [1,N � 1].

(4.18)

Proof. De�ne the Lyapunov function

V (x̄i ) = x̄ T
i P x̄i

, for the closed-loop system (4.14)-(4.15), letting d̄ i (t ) = 0, multiplying
”
x̄ T

i p̄ T
i

—
and its transpose

on both asides of inequality (4.18), we obtain

”
x̄ T

i p̄ T
i

—
M s

–
x̄i

p̄i

™

< 0

for all x̄i 2 Rn and p̄i such that
”
x̄ T

i p̄ T
i

—
6= 0. Then integrating the above inequality from 0 to T , we

obtain

V (x̄ (T ))� V (x̄ (0)) +

Z T

0

(� p̄ T
i � p̄i + q̄ T

i � q̄i )d t + �

Z T

0

x̄ T
i x̄i d t +

Z T

0

ēT
i ēi d t < 0. (4.19)

Since �̄ i 2 � , we will have
RT

0
(� p̄ T

i � p̄i + q̄ T
i � q̄i )d t > 0 and

V (x̄ (T ))< � �

Z T

0

x̄ T
i x̄i d t + V (x̄ (0))

� �
�

� ma x (P)

Z T

0

x̄ T
i P x̄i d t + V (x̄ (0)) (4.20)
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Therefore, we obtain

0 � V (x̄ (T )) � V (x̄ (0))

0 �

Z T

0

x̄ T
i P x̄i d t =

Z T

0

V (x̄i )d t �
V (x̄ (0))� ma x (P)

�
, 8T

which will result x̄i (t ) 2 L1 [0,1 ) and

0 �

Z T

0

x̄ T
i x̄i d t �

V (x̄ (0))� ma x (P)

�� min (P)
. (4.21)

Since x̄i is bounded, by the continuity of mapping from x̄i to p̄i and the �rst equation in (4.14) we

have p̄ 2 L1 [0,1 ) and �̄x 2 L1 [0,1 ). Applying Barbalat's Lemma [80], we have lim t !1 x̄ (t ) = 0.

The system (4.14)-(4.15) is robustly stable irrespective of the uncertainty.

4.3.4 Performance analysis for consensus problem

The performance analysis for N � 1 subsystems (4.14) will be represented in this section.

Theorem 4.3. Consider system (4.14)-(4.15) with i 2 I [1,N � 1], the following equivalent conditions

guarantee that system (4.14)-(4.15) is robustly stable and will achieve L 2 gain performance less than


 .

(a) There exists a matrix P > 0 and a scaling matrix � 2 � , such that following LMI holds

M̂ p =

–
M̂ 11 M̂ 12

M̂ T
12 M̂ 22

™

< 0 (4.22)

where

M̂ 11 =

2

6
4

Hef AT
c l ,i Pg P B1 P B0

(P B1)T � 
 2I 0

(P B0)T 0 � �

3

7
5 ,

M̂ T
12 =

–
Cc l 0 0

� Ec l 1,i � D01 � D00

™

,

M̂ T
22 =

–
� I 0

0 � �

™

.
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(b) There exists a matrix P > 0 and a scaling matrix � 2 � such that

M p =

2

6
4

M 11 M 12 M 13

M T
12 M 22 M 23

M T
13 M T

23 M 33

3

7
5 < 0 (4.23)

where

M 11 = Hef AT
c l ,i Pg+ ET

c l 1,i � Ec l 1,i + C T
c l Cc l

M 12 = P B1 + ET
c l 1,i � D01

M 13 = P B0 + ET
c l 1,i � D00

M 22 = D T
01� D01 � 
 2I

M 23 = D T
01� D00

M 33 = � � + D T
00� D00

Proof. De�ne the Lyapunov function

V (x̄i ) = x̄ T
i P x̄i

for the closed-loop system (4.14), then we have

�V = (Ac l ,i x̄i + B1d̄ i + B0p̄i )
T P x̄i + x̄ T

i P(Ac l ,i x̄i + B1d̄ i + B0p̄i )

=
”
x̄ T

i d̄ T
i p̄ T

i

—

2

6
4

Hef AT
c l ,i Pg P B1 P B0

� 0 0

� � 0

3

7
5

2

6
4

x̄i

d̄ i

p̄i

3

7
5 (4.24)

By Schur complement, condition (4.22) can be rewritten as:

2

6
4

Hef AT
c l ,i Pg P B1 P B0

(P B1)T � 
 2I 0

(P B0)T 0 � �

3

7
5 �

2

6
4

C T
c l � ET

c l 1,i

0 � D T
01

0 � D T
00

3

7
5

�

–
� I 0

0 � � � 1

™–
Cc l 0 0

� Ec l 1,i � D01 � D00

™

< 0.
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Then pre-multiplying and post-multiplying above inequality by the vector
”
x̄ T

i d̄ T
i p̄ T

i

—
, we obtain

”
x̄ T

i d̄ T
i p̄ T

i

—

2

6
4

Hef AT
c l ,i Pg P B1 P B0

� 0 0

� � 0

3

7
5

2

6
4

x̄i

d̄ i

p̄i

3

7
5

� 
 2d̄ T
i d̄ i � p̄ T

i � p̄i + ēT
i ēi + q̄ T

i � q̄i < 0

From (4.24) and rewritten above inequality as:

�V � 
 2d̄ T
i d̄ i + ēT

i ēi + q̄ T
i � q̄i � p̄ T

i � p̄i < 0. (4.25)

Integrating both sides from t = 0 to t = T with zero initial conditions, we obtain:

V (x̄i (T )) +

Z T

0

q̄ (t )Ti � q̄i (t ) � p̄ T
i (t )� p̄i (t )d t

� 
 2

Z T

0

d̄ T
i (t )d̄ i (t )d t +

Z T

0

ēT
i (t )ēi (t )d t < 0.

In light of the structured uncertainty, the orthogonal transformation properties, and the non-

negativity of the Lyapunov function V , we can conclude that

Z T

0

ēT
i (t )ēi (t )d t < 
 2

Z T

0

d̄ T
i (t )d̄ i (t )d t .

Therefore, the closed-loop system (4.14)-(4.15) is robustly stable and kēi k2 < 
 kd̄ i k2,8i 2 I [1,N � 1].

Now we establish the equivalence of conditions (4.22) and (4.23) using Schur complements,

M̂ p < 0 ,

M̂ 22 < 0, M̂ 11 � M̂ T
12M̂ � 1

22 M̂ 12 < 0.

It is easy to verify that M̂ 11 � M̂ T
12M̂ � 1

22 M̂ 12 = M p < 0.

Remark 4.4. • Both M p and M̂ p in Theorem 4.3 are linear in positive de�nite matrices P and � .

An optimal solution to the LMIs (4.22) and (4.23) can be obtained by using convex optimization

algorithms.

• M̂ p is linear in the matrices Ac l ,i , B1, Cc l , Ec l 1,i , E2 and E3, which can be applied in robust

control design in the next section.
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4.3.5 Synthesis Condition for Robust H 1 Consensus

Before we present the synthesis condition for the robust H 1 consensus with distributed output-

feedback control law (4.5), an auxiliary system needs to be introduced. Associated with the uncertain

system (4.14)-(4.15), we will introduce the following auxiliary system with i 2 I [1,N � 1]:

–
�̄xi (t )
ˆ̄ei (t )

™

=

–
Ac l ,i B̂1

Ĉc l D̂1

™–
x̄i (t )
ˆ̄d i (t )

™

(4.26)

where

B̂1 =
”

1

 B1 H1� � 1=2

—
,

Ĉc l =

–
Cc l

� 1=2Ec l 1,i

™

,

D̂1 =

–
0 0

1

 � 1=2D01 � 1=2D00� � 1=2

™

.

The matrices Ac l ,i , B1, Cc l , Ec l 1,i , D01, D00 and B0 are the same as de�ned in the system (4.14)-(4.15).

Theorem 4.4. Consider the uncertain multi-agent system (4.1)-(4.2) satisfying Assumptions 4.1-4.2,

the multi-agent systems (4.1)-(4.2) has robust consensus andL 2 gain performance less than 
 , if there

exists a scaling matrix � 2 � , such that the N � 1 auxiliary system (4.26) is asymptotically stable and

achievesL 2 gain performance 1.

Proof. Denoting Ĵ = diag
¦

In , 1

 In 1, � � 1=2, I , � � 1=2

©
, it can easily verify that

ĴT M̂ p Ĵ =

2

6
6
6
6
6
6
4

Hef AT
c l ,i Pg

”
1

 P B1 H � � 1=2

—
–

Cc l

� 1=2Ec l 1,i

™T

� � I

–
0 0

1

 � 1=2E2 � 1=2D00� � 1=2

™T

� � � I

3

7
7
7
7
7
7
5

=

2

6
4

Hef AT
c l ,i Pg PB̂1 Ĉ T

c l

� � I D̂ T
1

� � � I

3

7
5 < 0 (4.27)

where M̂ p is de�ned in (4.22). By considering (4.27) and bounded real lemma [115], we complete

the proof.

Remark 4.5. Condition (4.27) in Theorem 4.4 illustrates that robust consensus performance of the
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system (4.1)-(4.2) can be achieved if the corresponding auxiliary system (4.26) is asymptotically stable

and achievesL 2 gain performance less than 1 for some � .

Now we are ready to state the distributed control design condition in the following theorem.

Theorem 4.5. Consider the uncertain multi-agent system (4.1)-(4.2) satisfying Assumptions 4.1-4.2, if

there exist positive de�nite matrices Xs > 0,F 2 � and a rectangular matrix Ys, such that the following

condition holds for i 2 I [1,N � 1]. Then the multi-agent system (4.1)-(4.2) has robust consensus and

L 2 gain performance less than 
 .

2

6
6
6
6
6
6
4

Hef AXs + � i B2Ysg � � � �

BT
1 � 
 2I � � �

F BT
0 0 � F � �

Cc l Xs 0 0 � I �

C0Xs + � i D02Ys D01 F E3 0 � F

3

7
7
7
7
7
7
5

< 0. (4.28)

Moreover, the controller coef�cient matrices are given by K = YsX � 1
s .

Proof. From Remark 4.5, the robust consensus problem of high dimensional network (4.1)-(4.2) is

guaranteed by the asymptotic stability and L 2 gain performance 1 of N � 1 auxiliary system (4.26).

Therefore, from Theorem 4.5, if inequality (4.27) holds for i 2 I [1,N � 1], the conclusion can be

reached.

Introducing Xs = P � 1, Ys = K Xs, F = � � 1 and pre-multiplying and post-multiplying (4.22) by

diagf Xs, 
 ,F
1
2 , I ,F

1
2 g, we will arrive the condition (4.28).

Remark 4.6. Theorem 4.5 provides a distributed robust consensus control synthesis condition (4.28)

linear in Xs, Ys and F , which can be solved ef�ciently through semi-de�nite programming. Indeed,

this design condition can be solved by the following LMI-based optimization problem to obtain the

optimal control gains with minimal L 2 gain performance together.

min
Xs,Ys,� i ,F,8i 2 I [1,N � 1]


 (4.29)

s.t . (4.28) .

Based on Theorems 4.5, we have the following steps to design the proposed protocol (4.5).

Algorithm 4.1. (i) Solving LMI-based optimization problem (4.29) to obtain X s and Ys.

(ii) With X s and Ys in hand, the control gains K can be determined by K = YsX � 1
s .
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4.4 Robust Consensus control for Multi-agent systems with structured

uncertainties: Output-feedback protocol

4.4.1 The novel output-feedback consensus protocol structure

We will construct the following distributed output feedback consensus protocol with a novel struc-

ture to ful�ll the objective,

8
>>><

>>>:

�vi = Ek vi + Ak

NX

j =1

a i j (vi � v j ) + Bk

NX

j =1

a i j (yi � yj )

u i = Fk vi + Ck

NX

j =1

a i j (vi � v j ) + Dk

NX

j =1

a i j (yi � yj )

, 8i 2 I [1,N ] (4.30)

where vi 2 Rnk is the state of the distributed controller and its dimension nk is to be determined.

a i j is the adjacency element of network interaction graph G. Ak ,Bk ,Ck ,Dk , Ek and Fk are constant

matrices of compatible dimensions to be designed. In the proposed control protocol, yi � yj indicates

relative measured output and vi � v j is relative controller state.

Remark 4.7. The proposed protocol (4.30) is in the form of dynamic output-feedback, rather than

the observer-based output feedback forms as adopted in [38, 112], which require estimates of the

system states. The structure of protocol (4.30) is similar to the output-feedback control-based protocol

in [100]. Nevertheless, reference[100] imposed constraints between control gains to render upper

triangular structure for the consensus error dynamics. Then using separation principle, consensus

was achieved by assigning the closed-loop poles of error dynamics within left-half plane. The imposed

constraints could lead to conservatism in distributed control design. Moreover, the multi-agent systems

in [100] do not take into account uncertainty and external disturbance, which is often unavoidable in

practical applications. In this work, we will utilise Lyapunov stability argument and derive a new

design condition for distributed output-feedback protocol through congruent transformation without

additional constraints.

By combining the uncertain multi-agent system (4.1)-(4.2) with distributed control protocol

(4.30), we obtain the closed-loop system of overall network. Denote the aggregate state and signal
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vectors by

x := col f x1, x2, � � � , xN g

v := col f v1, v2, � � � , vN g

p := col
�
p1,p2, � � � ,pN

	

q := col
�
q1,q2, � � � ,qN

	

d := col f d1,d2, � � � ,dN g

e := col f e1,e2, � � � ,eN g.

Then we obtain the closed-loop system

2

6
6
6
4

_x

_v

q

e

3

7
7
7
5

=

2

6
6
6
4

IN 
 A + L 
 B2Dk C2 L 
 B2Ck + IN 
 B2Fk

L 
 Bk C2 L 
 Ak + IN 
 Ek

IN 
 C0 + L 
 D02Dk C2 L 
 D02Ck + IN 
 D02Fk

Lc 
 In 0

IN 
 B0 + L 
 B2Dk D20 IN 
 B1 + L 
 B2Dk D21

L 
 Bk D20 L 
 Bk D21

IN 
 D00 + L 
 D02Dk D20 IN 
 D01 + L 
 D02Dk D21

0 0

3

7
7
7
5

2

6
6
6
4

x

v

p

d

3

7
7
7
5

(4.31)

p = diagf � 1, � 2, � � � , � N gq, (4.32)

One may choose a unitary matrix U1 2 RN � N such that last column of U1 is 1p
N

1N . Following

Lemma 3.1, the following relations hold.

U T
1 L U1 =

–
L 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

:= ˜L

U T
1 LcU1 = U T

1 U1 �
1

N
U T

1 1N 1T
N U1 =

–
IN � 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

.

Then we perform the following orthogonal transformation to the networked system eqns. (4.31)-

91



(4.32) with signals de�ned as

~x = (U T
1 
 In )x := col f x̃1, x̃2, � � � , x̃N g

~v = (U T
1 
 Ink

)v := col f ṽ1, ṽ2, � � � , ṽN g

~p = (U T
1 
 Ip )p := col

�
p̃1, p̃2, � � � , p̃N

	

~q = (U T
1 
 Iq )q := col

�
q̃1, q̃2, � � � , q̃N

	

~d = (U T
1 
 In1

)d := col
�
d̃1, d̃2, � � � , d̃N

	

~e = (U T
1 
 In )e := col f ẽ1, ẽ2, � � � , ẽN g

and will obtain the transformed model as

2

6
6
6
4

_~x
_~v

~q

~e

3

7
7
7
5

=

2

6
6
6
6
6
6
4

IN 
 A + ˜L 
 B2Dk C2 ˜L 
 B2Ck + IN 
 B2Fk

˜L 
 Bk C2 ˜L 
 Ak + IN 
 Ek

IN 
 C0 + ˜L 
 D02Dk C2 ˜L 
 D02Ck + IN 
 D02Fk–
IN � 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™


 In 0

IN 
 B0 + ˜L 
 B2Dk D20 IN 
 B1 + ˜L 
 B2Dk D21

˜L 
 Bk D20 ˜L 
 Bk D21

IN 
 D00 + ˜L 
 D02Dk D20 IN 
 D01 + ˜L 
 D02Dk D21

0 0

3

7
7
7
5

2

6
6
6
4

~x

~v

~p
~d

3

7
7
7
5

(4.33)

~p = diagf �̃ 1, �̃ 2, � � � , �̃ N g~q. (4.34)

When all uncertainties are the same, it is easy to show that the transformed uncertainty �̃ i = �̃ 2 � .

That is, the orthogonal transformation will not destroy the uncertainty structure and will not change

its size either.

Dividing ~x = col
�
~x 1 , ~x 2

	
with ~x 1 := col f x̃1, x̃2, � � � , x̃N � 1gand ~x 2 := x̃N , likewise de�ne ~v1 , ~d1 , ~z1 ,
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~p1 and ~q1 . Therefore, the system (4.33) and (4.34) can be divided into the following two subsystems:

2

6
6
6
4

_~x
1

_~v
1

~q1

~e1

3

7
7
7
5

=

2

6
6
6
4

IN � 1 
 A + L 1 
 B2Dk C2 L 1 
 B2Ck + IN � 1 
 B2Fk

L 1 
 Bk C2 L 1 
 Ak + IN � 1 
 Ek

IN � 1 
 C0 + L 1 
 D02Dk C2 L 1 
 D02Ck + IN � 1 
 D02Fk

IN � 1 
 In 0

IN � 1 
 B0 + L 1 
 B2Dk D20 IN � 1 
 B1 + L 1 
 B2Dk D21

L 1 
 Bk D20 L 1 
 Bk D21

IN � 1 
 D00 + L 1 
 D02Dk D20 IN � 1 
 D01 + L 1 
 D02Dk D21

0 0

3

7
7
7
5

2

6
6
6
4

~x 1

~v1

~p1

~d1

3

7
7
7
5

(4.35)

~p1 = diagf �̃ , �̃ , � � � , �̃| {z }
N � 1 copies

g~q1 . (4.36)

2

6
6
6
4

_~x
2

_~v
2

~q2

~e2

3

7
7
7
5

=

2

6
6
6
4

A B2Fk B0 B1

0 0 0 0

C0 D02Ek D00 D01

0 0 0 0

3

7
7
7
5

2

6
6
6
4

~x 2

~v2

~p2

~d2

3

7
7
7
5

(4.37)

~p2 = �̃ ~q2 . (4.38)

Remark 4.8. We have the following observations from the above system transformation

• From the property of orthogonal transformation and the de�nition of robust H 1 performance

(4.4) of the system (4.31)-(4.32), (4.33)-(4.34) and (4.35)-(4.36), it can be easily veri�ed that

kek2 < 
 kdk2 , k ~ek2 < 
 k ~dk2 ( k ~e1k2 < 
 k ~d1k2.

• From the subsystem (4.37), we can see~e2 = 0, which means ~e = 0 is equivalent to ~e1 = 0. Moreover,

~e = 0 indicates the multi-agent system achieves consensus. Therefore,lim t !1 ~e1(t ) = 0 implies

that the multi-agent system achieves consensus.

• From the last equation of (4.37), ~e1 = 0 is equivalent to ~x 1 = 0. To summarise, stability of

reduced-order system (4.35) will ensure robust H 1 consensus of multi-agent system (4.1)-(4.2).

4.4.2 Stability analysis for output-feedback consensus problem

The following theorem will be �rst established for the subsequent robust consensus and performance

analysis purpose.

Theorem 4.6. Consider the uncertain multi-agent system (4.31)-(4.32) with the same uncertainty

levels and the network graph G satisfying Assumption 4.1 and 4.2. The multi-agent system achieves
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robust H 1 consensus with its L 2 gain less than 
 , if the following N � 1 subsystems withi 2 I [1,N � 1]

2

6
4

�̄xc l ,i

q̄i

ēi

3

7
5 =

2

6
4

Ac l ,i Bc l 0,i Bc l 1,i

Cc l 0,i Dc l 00,i Dc l 01,i

Cc l 1 0 0

3

7
5

2

6
4

x̄c l ,i

p̄i

d̄ i

3

7
5 (4.39)

p̄i = �̄ (t )q̄i (4.40)

are robustly stable and achieve the sameL 2 gain 
 , where

Ac l ,i =

–
A 0

0 0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0 I

C2 0

™

+

–
0 B2

I 0

™–
0 Ek

0 Fk

™

=

–
A B2Fk

0 Ek

™

+ � i

–
B2Dk C2 B2Ck

Bk C2 Ak

™

Bc l 0,i =

–
B0

0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0

D20

™

=

–
B0 + � i B2Dk D20

� i Bk D20

™

Bc l 1,i =

–
B1

0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0

D21

™

=

–
B1 + � i B2Dk D21

� i Bk D21

™

Cc l 0,i =
”
C0 0

—
+ � i

”
0 D02

—
–
Ak Bk

Ck Dk

™–
0 I

C2 0

™

+
”
0 D02Fk

—

=
”
C0 + � i D02Dk C2 � i D02Ck + D02Fk

—

Dc l 00,i = D00 + � i

”
0 D02

—
–
Ak Bk

Ck Dk

™–
0

D20

™

= D00 + � i D02Dk D20

Dc l 01,i = D01 + � i

”
0 D02

—
–
Ak Bk

Ck Dk

™–
0

D21

™

= D01 + � i D02Dk D21

Cc l 1 =
”
In 0n � nk

—

and � i , i 2 I [1,N � 1] are positive eigenvalues of the Laplacian matrix L .

Proof. Since the network graph G satis�es Assumption 4.1, matrix L 1 in eqn. (4.35) is positive
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de�nite. Then there exists a unitary matrix U2 2 R(N � 1)� (N � 1) such that

U T
2 L 1U2 = diagf � 1, � 2, � � � , � N � 1g:= � ,

where 0 < � 1 � � 2 � � � � � � N � 1. We perform the following orthogonal transformation on the system

(4.35)-(4.36) with signals de�ned as

�x = (U2 
 In )~x 1 := col f x̄1, x̄2, � � � , x̄N � 1g

�v = (U2 
 In )~v1 := col f v̄1, v̄2, � � � , v̄N � 1g

�p = (U2 
 Ip )~p1 := col
�
p̄1, p̄2, � � � , p̄N � 1

	

�q = (U2 
 Iq )~q1 := col
�
q̄1, q̄2, � � � , q̄N � 1

	

�d = (U2 
 In1
) ~d1 := col

�
d̄1, d̄2, � � � , d̄N � 1

	

�e = (U2 
 In )~e1 := col f ē1, ē2, � � � , ēN � 1g,

then we obtain the following uncertain multi-agent system

2

6
6
6
4

_�x
_�v

�q

�e

3

7
7
7
5

=

2

6
6
6
4

IN � 1 
 A + � 
 B2Dk C2 � 
 B2Ck + IN � 1 
 B2Fk

� 
 Bk C2 � 
 Ak + IN � 1 
 Ek

IN � 1 
 C0 + � 
 D02Dk C2 � 
 D02Ck + IN � 1 
 D02Fk

IN � 1 
 In 0

IN � 1 
 B0 + � 
 B2Dk D20 IN � 1 
 B1 + � 
 B2Dk D21

� 
 Bk D20 � 
 Bk D21

IN � 1 
 D00 + � 
 D02Dk D20 IN � 1 
 D01 + � 
 D02Dk D21

0 0

3

7
7
7
5

2

6
6
6
4

�x

�v

�p
�d

3

7
7
7
5

(4.41)

�p = diagf �̄ , � � � , �̄| {z }
N � 1 copies

g�q. (4.42)

Since � is diagonal, by letting x̄c l ,i := col f x̄i , v̄i g, i 2 I [1,N � 1], the system (4.41)-(4.42) could

be decoupled into N � 1 individual subsystems (4.39)-(4.40). It implies that the robust stability of

transformed system (4.35)-(4.36) is equivalent to the robust stability of N � 1 subsystems (4.39)-(4.40).

Moreover, from the de�nition of L 2 gain performance, we have

kek2 < 
 kdk2 , k ~ek2 < 
 k ~dk2

(k ~e1k2 < 
 k ~d1k2 , k �ek2 < 
 k �dk2.

The last inequality will be ensured if all N � 1 subsystems satisfy kēi k2 < 
 kd̄ i k2, i 2 I [1,N � 1]. As a

result, the uncertain multi-agent system (4.31)-(4.32) will achieve robust H 1 consensus with its
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L 2 gain less than 
 if N � 1 subsystems (4.39)-(4.40) are robustly stable and have L 2 gain less than


 .

Theorem 4.6 converts the robust H 1 consensus control problem of multi-agent network (4.31)-

(4.32) to the scaled H 1 control problems of a set of independent linear systems (4.39)-(4.40).

Therefore, it reduces the complexity of the multi-agent consensus analysis problem. The robust

stability condition for a single subsystem (4.39)-(4.40) is further derived as following:

Theorem 4.7. Consider the uncertain system (4.39)-(4.40) with i 2 I [1,N � 1], each of them is robustly

stable if there exist a positive-de�nite matrix P, a positive scalar � and a scaling matrix � 2 � , such

that the following conditions hold

M s =

2

6
4

¨
Ac l ,i P + PAT

c l ,i

+C T
c l 0,i � Cc l 0,i + C T

c l 1Cc l 1 + � I

«

�

BT
c l 0,i P + D T

c l 00,i � Cc l 0,i � � + D T
c l 00,i � Dc l 00,i

3

7
5 < 0, 8i 2 I [1,N � 1]. (4.43)

Proof. De�ne the Lyapunov function V (x̄c l ,i ) = x̄ T
c l ,i P x̄c l ,i . For the closed-loop system (4.39)-(4.40),

letting d̄ i (t ) = 0, multiplying
”
x̄ T

c l ,i p̄ T
i

—
and its transpose on both sides of inequality (4.43), we

obtain
”
x̄ T

c l ,i p̄ T
i

—
M s

–
x̄c l ,i

p̄i

™

< 0

for all x̄c l ,i 2 Rn +nk and p̄i 2 Rp such that
”
x̄ T

c l ,i p̄ T
i

—
6= 0. Then integrating the above inequality

from 0 to T , we obtain

V (x̄c l ,i (T ))� V (x̄c l ,i (0)) +

Z T

0

(� p̄ T
i � p̄i + q̄ T

i � q̄i )d t

+ �

Z T

0

x̄ T
c l ,i x̄c l ,i d t +

Z T

0

ēT
i ēi d t < 0. (4.44)

Since �̄ i 2 � , we will have
RT

0
(� p̄ T

i � p̄i + q̄ T
i � q̄i )d t � 0 and

V (x̄c l ,i (T ))< � �

Z T

0

x̄ T
c l ,i x̄c l ,i d t + V (x̄c l ,i (0))

� �
�

� ma x (P)

Z T

0

x̄ T
c l ,i P x̄c l ,i d t + V (x̄c l ,i (0)). (4.45)
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Therefore, we obtain

0 � V (x̄c l ,i (T )) � V (x̄c l ,i (0))

0 �

Z T

0

x̄ T
c l ,i P x̄c l ,i d t =

Z T

0

V (x̄c l ,i )d t �
� ma x (P)V (x̄c l ,i (0))

�
, 8T

which will result x̄c l ,i (t ) 2 L1 [0,1 ) and

0 �

Z T

0

x̄ T
c l ,i x̄c l ,i d t �

� ma x (P)V (x̄c l ,i (0))

�� min (P)
. (4.46)

Since x̄c l ,i is bounded, by the continuity of mapping from x̄c l ,i to p̄i and the �rst equation in

(4.39) we have p̄ 2 L1 [0,1 ) and �̄xc l ,i 2 L1 [0,1 ). Applying Barbalat's Lemma [80], we have

lim t !1 x̄c l ,i (t ) = 0. Thus the uncertain system (4.39)-(4.40) is robustly stable irrespective of the

uncertainty.

4.4.3 Performance analysis for consensus problem

The performance analysis for N � 1 subsystems (4.39) will be represented in this section.

Theorem 4.8. Consider the uncertain system (4.39)-(4.40) with i 2 I [1,N � 1], if there exist a matrix

P > 0, a scaling matrix � 2 � and a positive scalar 
 , such that the following LMIs hold:

M p =

2

6
6
6
6
6
6
4

Hef AT
c l ,i Pg � � � �

BT
c l 1,i P � 
 I � � �

BT
c l 0,i P 0 � � � �

Cc l 1 0 0 � 
 I �

� Cc l 0,i � Dc l 01,i � Dc l 00,i 0 � �

3

7
7
7
7
7
7
5

< 0, 8i 2 I [1,N � 1] (4.47)

then the uncertain system is robustly stable and will achieve robust performance with L 2 gain less

than 
 .

Proof. Using the Lyapunov function V (x̄c l ,i ) = x̄ T
c l ,i P x̄c l ,i for the closed-loop system (4.39)-(4.40),

we have

�V = (Ac l ,i x̄c l ,i + Bc l 1,i d̄ i + Bc l 0,i p̄i )
T P x̄c l ,i

+ x̄ T
c l ,i P(Ac l ,i x̄c l ,i + Bc l 1,i d̄ i + Bc l 0,i p̄i )

=
”
x̄ T

c l ,i d̄ T
i p̄ T

i

—

2

6
4

Hef AT
c l ,i Pg P Bc l 1,i P Bc l 0,i

� 0 0

� � 0

3

7
5

2

6
4

x̄c l ,i

d̄ i

p̄i

3

7
5 . (4.48)
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By Schur complement, condition (4.47) can be rewritten as

2

6
4

Hef AT
c l ,i Pg P Bc l 1,i P Bc l 0,i

BT
c l 1,i P � 
 I 0

BT
c l 0,i P 0 � �

3

7
5 �

2

6
4

C T
c l 1 C T

c l 0,i �

0 D T
c l 01,i �

0 D T
c l 00,i �

3

7
5

�

–
� 1


 0

0 � � � 1

™–
Cc l 1 0 0

� Cc l 0,i � Dc l 01,i � Dc l 00,i

™

< 0.

Then pre-multiplying and post-multiplying above inequality by the vector
”
x̄ T

c l ,i d̄ T
i p̄ T

i

—
and its

transpose, we obtain

”
x̄ T

c l ,i d̄ T
i p̄ T

i

—

2

6
4

Hef AT
c l ,i Pg P Bc l 1,i P Bc l 0,i

� 0 0

� � 0

3

7
5

2

6
4

x̄c l ,i

d̄ i

p̄i

3

7
5

� 
 d̄ T
i d̄ i � p̄ T

i � p̄i +
1



ēT

i ēi + q̄ T
i � q̄i < 0.

Using relation (4.48), we can rewrite the above inequality as

�V + q̄ T
i � q̄i � p̄ T

i � p̄i +
1



ēT

i ēi � 
 d̄ T
i d̄ i < 0. (4.49)

Integrating both sides of eqn. (4.49) from t = 0 to T with zero initial conditions, we obtain:

V (x̄c l ,i (T )) +

Z T

0

(q̄ T
i � q̄i � p̄ T

i � p̄i )d t

+
1




Z T

0

ēT
i ēi d t � 


Z T

0

d̄ T
i d̄ i d t < 0.

In light of the structured uncertainty, the orthogonal transformation properties, and the positivity

of the Lyapunov function V , we can conclude that

Z T

0

ēT
i ēi d t < 
 2

Z T

0

d̄ T
i d̄ i d t .

Therefore, the closed-loop system (4.39)-(4.40) is robustly stable and kēi k2 < 
 kd̄ i k2,8i 2 I [1,N �

1].

Remark 4.9. Since both M s and M p in Theorem 4.7 and Theorem 4.8 are linear in positive-de�nite

matrices P and � , the optimal solution to the corresponding LMI conditions can be obtained by

ef�cient interior-point convex optimization algorithms.
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4.4.4 Synthesis Condition for Robust H 1 Consensus

Before we present the synthesis condition for the robust H 1 consensus with distributed output-

feedback control law (4.30), an auxiliary system needs to be introduced. Associated with the uncer-

tain system (4.39)-(4.40), we will introduce the following auxiliary system with i 2 I [1,N � 1]:

–
�̂xc l ,i

êi

™

=

–
Ac l ,i B̂c l 1,i

Ĉc l 1,i D̂c l 11,i

™–
x̂c l ,i

d̂ i

™

, (4.50)

where

B̂c l 1,i =
”
Bc l 1,i 


1
2 Bc l 0,i � � 1

2

—
,

Ĉc l 1,i =

–
Cc l 1



1
2 �

1
2 Cc l 0,i

™

D̂c l 11,i =

–
0 0



1
2 �

1
2 Dc l 01,i 
 �

1
2 Dc l 00,i � � 1

2

™

.

The matrices Ac l ,i ,Bc l 1,i ,Bc l 0,i ,Cc l 1,Cc l 0,i ,Dc l 01,i and Dc l 00,i are the same as in Theorem 4.6.

Theorem 4.9. Consider the uncertain multi-agent system (4.31)-(4.32) with the same uncertainty

levels and the network graph G satisfying Assumption 1. The multi-agent system achieves robust H 1

consensus with its L 2 gain less than 
 , if there exists a scaling matrix � 2 � , such that N � 1 auxiliary

systems (4.50) are asymptotically stable and achieveL 2 gain less than 
 .

Proof. Denoting Ĵ = diag
¦

In , In1
, 


1
2 � � 1

2 , In , 

1
2 � � 1

2

©
, it can be easily veri�ed that

ĴT M p Ĵ =

2

6
6
6
6
6
6
4

Hef AT
c l ,i Pg � � � �

BT
c l 1,i P � 
 I � � �



1
2 � � 1

2 BT
c l 0,i P 0 � 
 I � �

Cc l 1 0 0 � 
 I �



1
2 �

1
2 Cc l 0,i 


1
2 �

1
2 Dc l 01,i 
 �

1
2 Dc l 00,i � � 1

2 0 � 
 I

3

7
7
7
7
7
7
5

=

2

6
4

Hef AT
c l ,i Pg � �

B̂T
c l 1,i P � 
 I �

Ĉc l 1,i D̂c l 11,i � 
 I

3

7
5 < 0, (4.51)

where M p is de�ned in eqn. (4.47). By relating eqn. (4.51) to bounded real lemma [115], we then

complete the proof.

Remark 4.10. Condition (4.51) in Theorem 4.9 illustrates that robust H 1 consensus of the uncertain

multi-agent system (4.1)-(4.2) can be achieved if N � 1 auxiliary systems (4.50) are asymptotically
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stable and achieve L 2 gain less than 
 for some scaling matrix � .

Now we are ready to present the output-feedback control synthesis condition for uncertain

multi-agent systems in the following theorem.

Theorem 4.10. Given a scalar 
 > 0. For the uncertain multi-agent system (4.1)-(4.2) with the same

uncertainty levels and satisfying Assumption 4.1 and 4.2, if there exist positive-de�nite matrices

R 2 Sn
+ and S 2 Sn

+ , rectangular matrices Âk 2 Rn � n , B̂k 2 Rn � m , Ĉk 2 Rn2� n , D̂k 2 Rn2� m , Êk 2 Rn � n

and F̂k 2 Rn2� n , a scaling matrix � 2 � such that the following conditions hold for i 2 I [1,N � 1]

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

¨
AR + R AT + B2F̂k + F̂ T

k BT
2

� i B2Ĉk + � i Ĉ
T
k BT

2

«

? ?

AT + Êk + � i Âk + � i C T
2 D̂ T

k BT
2

¨
SA+ AT S

� i B̂k C2 + � i C T
2 B̂T

k

«

?

BT
1 + � i D T

21D̂ T
k BT

2 BT
1 S+ � i D T

21B̂T
k � 
 I

BT
0 + � i D T

20D̂ T
k BT

2 BT
0 S+ � i D T

20B̂T
k 0

R In 0

C0R + D02F̂k + � i D02Ĉk C0 + � i D02D̂k C2 D01 + � i D02D̂k D21

? ? ?

? ? ?

? ? ?

� � ? ?

0 � 
 I ?

D00 + � i D02D̂k D20 0 � � � 1

3

7
7
7
7
7
7
7
7
5

< 0 (4.52)

–
R I

I S

™

> 0, (4.53)

where � i , i 2 I [1,N � 1] are positive eigenvalues of the Laplacian matrix L . Then the uncertain

multi-agent system achieves robust H 1 consensus performance using distributed output-feedback

protocol (4.30) with n k = n. Moreover, the controller gains can be solved as

–
Ak Bk

Ck Dk

™

=

–
N SB2

0 I

™� 1 –
Âk B̂k

Ĉk D̂k

™–
M T 0

C R I

™� 1

Ek = N � 1(Êk � SAR� SB2Fk M T )M � T (4.54)

Fk = F̂k M � T ,

where M ,N are any non-singular matrices satisfying M N T = I � RS.

Proof. From Remark 4.10, the robust H 1 consensus problem of multi-agent network (4.1)-(4.2) is
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guaranteed by asymptotic stability and H 1 performance of N � 1 auxiliary systems (4.50). Therefore,

if inequalities (4.51)-(4.53) hold for i 2 I [1,N � 1], the conclusion can be achieved.

Introducing Z1 =

–
R I

M T 0

™

, Z2 =

–
I S

0 N T

™

with P = Z2Z � 1
1 , M N T = I � RS. Then we have

Z T
1 P Z1 = Z T

2 Z1

=

–
I 0

S N

™–
R I

M T 0

™

=

–
R I

I S

™

.

So condition (4.53) ensures the positivity of matrix P.

We also de�ne intermediate controller gains as

–
Âk B̂k

Ĉk D̂k

™

=

–
N SB2

0 I

™–
Ak Bk

Ck Dk

™–
M T 0

C2R I

™

Êk = SAR+ N Ek M T + SB2Fk M T

F̂k = Fk M T .

Pre-multiplying and post-multiplying condition (4.47) by diagf Z T
1 , I , 
 � 1

2 �
1
2 , I , � � 1

2 gand its trans-

pose, it can be shown that

Z T
1 (PAc l ,i )Z1 = Z T

2 Ac l ,i Z1

=

–
AR A

SAR SA

™

+ � i

–
0 B2

N SB2

™–
Ak Bk

Ck Dk

™–
M T 0

C R C2

™

+

–
0 B2

N SB2

™–
0 Ek

0 Fk

™–
R I

M T 0

™

=

2

6
4

AR + � i B2(Ck M T + Dk C2R) + B2Fk M T A + � i B2Dk C2¨
� i

�
(N Ak + SB2Ck )M T + (N Bk + SB2Dk )C2R

�

SAR+ N Ek M T + SB2Fk M T

«

SA+ � i (N Bk + SB2Dk )C2

3

7
5

=

–
AR + � i B2Ĉk + B2F̂k A + � i B2D̂k C2

Êk + � i Âk SA+ � i B̂k C2

™
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Z T
1 (P Bc l 1,i ) = Z T

2 Bc l 1,i

=

–
B1

SB1

™

+ � i

–
0 B2

N SB2

™–
Ak Bk

Ck Dk

™–
0

D21

™

=

–
B1 + B2� i Dk D21

SB1 + � i (N Bk + SB2Dk )D21

™

=

–
B1 + � i B2D̂k D21

SB1 + � i B̂k D21

™

Z T
1 (P Bc l 0,i ) = Z T

2 Bc l 0,i

=

–
B0

SB0

™

+ � i

–
0 B2

N SB2

™–
Ak Bk

Ck Dk

™–
0

D20

™

=

–
B0 + B2� i Dk D20

SB0 + � i (N Bk + SB2Dk )D20

™

=

–
B0 + � i B2D̂k D20

SB0 + � i B̂k D20

™

� � 1(� Cc l 0,i )Z1 = Cc l 0,i Z1

=
”
C0R + D02Fk M T C0

—
+ � i

”
0 D02

—
–
Ak Bk

Ck Dk

™–
M T 0

C2R C2

™

=
”
C0R + D02Fk M T + � i D02(Ck M T + Dk C2R) C0 + � i D02Dk C2

—

=
”
C0R + D02F̂k + � i D02Ĉk C0 + � i D02D̂k C2

—

Cc l 1Z1 =
”
R In

—

� � 1(� Dc l 00,i ) = Dc l 00,i

= D00 + � i D02D̂k D20

� � 1(� Dc l 01,i ) = Dc l 01,i

= D01 + � i D02D̂k D21.

Then we arrive at condition (4.52).

Remark 4.11. (a) The matrix inequalities (4.52)-(4.53) are non-convex because of the coupling

between Lyapunov matrix, intermediate controller gains and scaling matrix. In fact, it is in the

form of bilinear matrix inequality (BMI). Note that this synthesis condition is equivalent to the

corresponding analysis condition (4.47) without conservatism.

(b) The state dimension of output-feedback controller is the same as that of plant states n , as

indicated in eqn. (4.54). By solving conditions (4.52)-(4.53), we obtain R,S, Âk , B̂k , Ĉk , D̂k , Êk
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and F̂k . Then the original controller gains Ak ,Bk ,Ck ,Dk ,Ek and Fk can be determined from

eqn. (4.54) accordingly.

4.4.5 BMI Iteration Algorithm

To synthesize distributed output-feedback protocol, we will solve the following BMI optimization

problem:

min
R,S,Âk ,B̂k ,Ĉk ,D̂k ,Êk ,F̂k ,�


 (4.55)

s.t. (4.52) � (4.53), 8i 2 I [1,N � 1].

There are several approaches to solve this BMI optimization problem, including global optimization

methods [86] and local optimization methods [64, 2, 96, 77]. In the spirit of D-K iteration technique

[64, 115], we will propose a local approach for solving the BMI optimization problem. Generally

speaking, the local approach is to �x some of the variables, then BMI becomes LMI of the remaining

variables, and vice versa. Then one can iterate between them to optimize the performance.

If the scaling matrix � is �xed, condition (4.52) becomes an LMI in the variables of Lyapunov

matrices R,S, controller gains Âk , B̂k , Ĉk , D̂k , Êk , F̂k and performance 
 . On the other hand, after the

controller gains determined, one can construct the closed-loop system (4.39)-(4.40) with the help of

eqn. (4.54). From Remark 4.11, we know that synthesis condition (4.52)-(4.53) is equivalent to the

analysis condition (4.47) i.e.

2

6
6
6
6
6
6
4

Hef AT
c l ,i Pg � � � �

BT
c l 1,i P � 
 I � � �

BT
c l 0,i P 0 � � � �

Cc l 1 0 0 � 
 I �

� Cc l 0,i � Dc l 01,i � Dc l 00,i 0 � �

3

7
7
7
7
7
7
5

< 0. (4.56)

Clearly, the matrix inequality (4.56) forms another set of LMI condition in the Lyapunov matrix

P, scaling matrix � and performance 
 with �xed controller gains Ak , Bk , Ck , Dk , Ek and Fk . This

iterative scheme can be summarized as following.

Algorithm 4.2 (BMI iteration algorithm) . Step 1 Fixing scaling matrix � , solve Lyapunov matrix

R, S and controller gains Âk , B̂k , Ĉk , D̂k , Êk and F̂k from conditions (4.52)-(4.53) as an LMI

problem by minimizing performance 
 k .

Step 2 Fixing controller gains Ak ,Bk ,Ck ,Dk ,Ek and Fk , construct the closed-loop system (4.39) with

the help of eqn. (4.54), then solve Lyapunov matrix P and scaling matrix � in another LMI

optimization (4.56) to further minimize the performance 
 k +1.
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Step 3 Iterate Steps 1 and 2 until j
 k +1 � 
 k j < � , where � > 0 is a given accuracy level.

Note that Algorithm 4.2 is a local method and may result in slow convergence. However, it is an

easy implemented approach and the solution often close to the global optimization.

4.5 Robust Consensus control for Multi-agent systems with structured

uncertainties: Unbalanced Directed graph

In this section, we will extend the result in section 4.4 to the multi-agent system (4.1)-(4.2) with

unbalanced directed graph. As stated in section 2.2, an undirected graph is a special case of a directed

graph with an edge (i , j ) in an undirected graph corresponds to edges (i , j ) and (j , i ) in a directed

graph. In directed graphs, the edge (i , j ) 2 E denotes that agent j can receive information from agent

i , but not necessarily vice versa. The robust consensus problem under undirected graphs or balanced

directed graph is different from the unbalanced graph we considered in this section. Speci�cally, for

consensus problem under undirected graphs or balanced directed graph, the multi-agent systems

can be easily decoupled with orthogonal transformation. However, when it comes to unbalanced

graph consensus, the problem becomes very challenging because the Laplacian matrices of directed

graphs are generally asymmetric, which renders the decoupling of the multi-agent systems far from

being easy.

4.5.1 Directed Robust H 1 consensus description

Consider an uncertain multi-agent system consisting of N dynamic agents described by (4.1)-(4.2),

the associated network graph G is assumed to satisfy the following assumptions:

Assumption 4.3. The associated network graph G is directed and has a spanning tree to connect any

two subsystems in the system.

Assumption 4.4. The Laplacian matrix L associated network graph G is diagonalizable.

The objective of this section is to design a distributed protocol u i (t ) for the uncertain multi-

agent system (4.1)-(4.2) satis�es Assumption 4.3 and 4.4 to solve the following directed robust H 1

consensus problem.

De�nition 4.2 (Directed robust H 1 consensus problem) . For the uncertain multi-agent system

(4.1)-(4.2), design a distributed dynamic output feedback protocol u i (t ) such that the closed-loop

multi-agent system achieves robust H 1 consensus. Speci�cally, the multi-agent system is said to

reach the consensus for any initial value x i (0) if the states of each agent satisfy

lim
t !1

(xi (t ) � x j (t )) = 0 (4.57)
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when d i = 0, i 2 I [1,N ].

Moreover, the multi-agent system is said to reach robust H 1 performance if there exists a positive

number 
 such that

Z 1

0

eT (t )e(t )d t < 
 2

Z 1

0

dT (t )d(t )d t , 8d 2 L 2 (4.58)

where the aggregate vectors are de�ned bye := col f e1,e2, � � � ,eN g, d := col f d1,d2, � � � ,dN gand x :=

col f x1, x2, � � � , xN g. The state consensus error functione(t ) is

e(t ) = x (t ) � [(1r T ) 
 In ]x (t ) = (Lc 
 In )x (t ). (4.59)

where Lc = IN � 1r T . r T is the left-eigenvector of L corresponding to the zero eigenvalue and then

r T 1 = 1. From the de�nition of r , it can be shown that Lc 1 = 0. Then, it follows from (4.59) that

e(t ) = 0 if and only if x1 = x2 = � � � = xN . Therefore lim t !1 ei (t ) = 0 8i 2 I [1,N ] indicates that the

robust H 1 consensus for the multi-agents (4.1)-(4.2) is achieved. Consequently, theL 2 gain of the

uncertain multi-agent system (4.1)-(4.2) is de�ned as

sup
� i 2� , kd k6=0

kek2

kdk2
.

4.5.2 Consensus under the output-feedback protocol with directed graph

Following the similar steps in section 4.4, by combining the uncertain multi-agent system (4.1)-(4.2)

with distributed control protocol (4.30), we obtain the closed-loop system of overall network.

2

6
6
6
4

_x

_v

q

e

3

7
7
7
5

=

2

6
6
6
4

IN 
 A + L 
 B2Dk C2 L 
 B2Ck + IN 
 B2Fk

L 
 Bk C2 L 
 Ak + IN 
 Ek

IN 
 C0 + L 
 D02Dk C2 L 
 D02Ck + IN 
 D02Fk

Lc 
 In 0

IN 
 B0 + L 
 B2Dk D20 IN 
 B1 + L 
 B2Dk D21

L 
 Bk D20 L 
 Bk D21

IN 
 D00 + L 
 D02Dk D20 IN 
 D01 + L 
 D02Dk D21

0 0

3

7
7
7
5

2

6
6
6
4

x

v

p

d

3

7
7
7
5

(4.60)

p = diagf � 1, � 2, � � � , � N gq, (4.61)

where all uncertainty levels are the same, i.e., � i = � 2 � , i 2 I [1,N ] and (4.61) could be rewritten as

p = ( IN 
 � )q.
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For a Laplacian matrix that satis�es Assumption 4.3 and 4.4, there exists a non-singular similarity

transformation matrix T1 2 RN � N with its last column as 1 and the last row of T � 1
1 as r T . From the

properties of Laplacian matrix L and matrix Lc , the following relations have been veri�ed in section

3.4.

T � 1
1 L T1 =

–
L 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

:= ˜L (4.62)

T � 1
1 Lc T1 = T � 1

1 T1 � T � 1
1 1r T T1 =

–
IN � 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™

. (4.63)

Then we perform the following similarity transformation to the networked system eqns. (4.60)-

(4.61) with signals de�ned as

~x = (T � 1
1 
 In )x := col f x̃1, x̃2, � � � , x̃N g

~v = (T � 1
1 
 Ink

)v := col f ṽ1, ṽ2, � � � , ṽN g

~p = (T � 1
1 
 Ip )p := col

�
p̃1, p̃2, � � � , p̃N

	

~q = (T � 1
1 
 Iq )q := col

�
q̃1, q̃2, � � � , q̃N

	

~d = (T � 1
1 
 In1

)d := col
�
d̃1, d̃2, � � � , d̃N

	

~e = (T � 1
1 
 In )e := col f ẽ1, ẽ2, � � � , ẽN g

and will obtain the transformed model as

2
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6
4

_~x
_~v

~q

~e

3

7
7
7
5

=

2

6
6
6
6
6
6
4

IN 
 A + ˜L 
 B2Dk C2 ˜L 
 B2Ck + IN 
 B2Fk

˜L 
 Bk C2 ˜L 
 Ak + IN 
 Ek

IN 
 C0 + ˜L 
 D02Dk C2 ˜L 
 D02Ck + IN 
 D02Fk–
IN � 1 0(N � 1)� 1

0T
(N � 1)� 1 0

™


 In 0

IN 
 B0 + ˜L 
 B2Dk D20 IN 
 B1 + ˜L 
 B2Dk D21

˜L 
 Bk D20 ˜L 
 Bk D21

IN 
 D00 + ˜L 
 D02Dk D20 IN 
 D01 + ˜L 
 D02Dk D21

0 0

3

7
7
7
5

2

6
6
6
4

~x

~v

~p
~d

3

7
7
7
5

(4.64)

~p = ( IN 
 � )~q. (4.65)
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Following the similar steps stated in section 4.4, we will have the reduced-order system:

2
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6
6
4

_~x
1

_~v
1

~q1

~e1

3
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7
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=

2
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4

IN � 1 
 A + L 1 
 B2Dk C2 L 1 
 B2Ck + IN � 1 
 B2Fk

L 1 
 Bk C2 L 1 
 Ak + IN � 1 
 Ek

IN � 1 
 C0 + L 1 
 D02Dk C2 L 1 
 D02Ck + IN � 1 
 D02Fk

IN � 1 
 In 0

IN � 1 
 B0 + L 1 
 B2Dk D20 IN � 1 
 B1 + L 1 
 B2Dk D21

L 1 
 Bk D20 L 1 
 Bk D21

IN � 1 
 D00 + L 1 
 D02Dk D20 IN � 1 
 D01 + L 1 
 D02Dk D21

0 0
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(4.66)

~p1 = ( IN � 1 
 � )~q1 . (4.67)

The following theorem will be �rst established for the subsequent robust consensus and perfor-

mance analysis purpose.

Theorem 4.11. Consider the uncertain multi-agent system (4.60)-(4.61) with the same uncertainty

levels and the network graph G satisfying Assumption 4.3, 4.4 and 4.2. The multi-agent system achieves

robust H 1 consensus with its L 2 gain less than 
 , if the following N � 1 subsystems withi 2 I [1,N � 1]

2

6
4

�̄xc l ,i

q̄i

ēi

3

7
5 =

2

6
4

Ac l ,i Bc l 0,i Bc l 1,i

Cc l 0,i Dc l 00,i Dc l 01,i

Cc l 1 0 0

3

7
5

2

6
4

x̄c l ,i

p̄i

d̄ i

3

7
5 (4.68)

p̄i = �̄ (t )q̄i (4.69)
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are robustly stable and achieve the sameL 2 gain 
 , where

Ac l ,i =

–
A 0

0 0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0 I

C2 0

™

+

–
0 B2

I 0

™–
0 Ek

0 Fk

™

=

–
A B2Fk

0 Ek

™

+ � i

–
B2Dk C2 B2Ck

Bk C2 Ak

™

Bc l 0,i =

–
B0

0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0

D20

™

=

–
B0 + � i B2Dk D20

� i Bk D20

™

Bc l 1,i =

–
B1

0

™

+ � i

–
0 B2

I 0

™–
Ak Bk

Ck Dk

™–
0

D21

™

=

–
B1 + � i B2Dk D21

� i Bk D21

™

Cc l 0,i =
”
C0 0

—
+ � i

”
0 D02

—
–
Ak Bk

Ck Dk

™–
0 I

C2 0

™

+
”
0 D02Fk

—

=
”
C0 + � i D02Dk C2 � i D02Ck + D02Fk

—

Dc l 00,i = D00 + � i

”
0 D02

—
–
Ak Bk

Ck Dk

™–
0

D20

™

= D00 + � i D02Dk D20

Dc l 01,i = D01 + � i

”
0 D02

—
–
Ak Bk

Ck Dk

™–
0

D21

™

= D01 + � i D02Dk D21

Cc l 1 =
”
In 0n � nk

—

and � i , i 2 I [1,N � 1] are positive real parts eigenvalues of the Laplacian matrix L .

Proof. Since the network graph G satis�es Assumption 4.3 and 4.4, matrix L 1 in eqn. (4.66) is

diagonalizable. Then there exists a similarity transformation matrix T2 2 R(N � 1)� (N � 1) such that

T � 1
2 L 1T2 = diagf � 1, � 2, � � � , � N � 1g:= � ,

where 0 < � 1 � � 2 � � � � � � N � 1. We perform the following orthogonal transformation on the system
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(4.66)-(4.67) with signals de�ned as

�x = (T � 1
2 
 In )~x 1 := col f x̄1, x̄2, � � � , x̄N � 1g

�v = (T � 1
2 
 In )~v1 := col f v̄1, v̄2, � � � , v̄N � 1g

�p = (T � 1
2 
 Ip )~p1 := col

�
p̄1, p̄2, � � � , p̄N � 1

	

�q = (T � 1
2 
 Iq )~q1 := col

�
q̄1, q̄2, � � � , q̄N � 1

	

�d = (T � 1
2 
 In1

) ~d1 := col
�
d̄1, d̄2, � � � , d̄N � 1

	

�e = (T � 1
2 
 In )~e1 := col f ē1, ē2, � � � , ēN � 1g,

then we obtain the following uncertain multi-agent system
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 A + � 
 B2Dk C2 � 
 B2Ck + IN � 1 
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 Ek

IN � 1 
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 D02Dk C2 � 
 D02Ck + IN � 1 
 D02Fk

IN � 1 
 In 0

IN � 1 
 B0 + � 
 B2Dk D20 IN � 1 
 B1 + � 
 B2Dk D21
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 Bk D20 � 
 Bk D21

IN � 1 
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 D02Dk D20 IN � 1 
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 D02Dk D21

0 0
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6
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�x

�v

�p
�d

3

7
7
7
5

(4.70)

�p = ( IN � 1 
 � )�q. (4.71)

The rest of proof is similar to Theorem 4.6 therefore is omitted.

Remark 4.12. Base on Lemma 3.4, we can extend the stability conditions in Theorem 4.7, performance

conditions in Theorem 4.47 and synthesis conditions in Theorem 4.10 to the multi-agent system

associated with directed graph version by replacing the transpose with conjugate transpose in each

condition.

4.6 Simulations

In this section, four simulations are performed to demonstrate the effectiveness of the proposed

protocols. Firstly, the structured uncertain multiple Mass-Spring-Damper model will be derived

in section 4.6.1. Then the simulation under state-feedback protocol (4.5) is provided in section

4.6.2. Finally, section 4.6.3, 4.6.4 and 4.6.5 simulate the structured uncertain multiple mass-spring-

damper model under output feedback protocol (4.30) with undirected graph, large-scaled network

and unbalanced directed graph, respectively.

109



4.6.1 Structured uncertain multiple Mass-Spring-Damper model description

To demonstrate effectiveness of the distributed consensus protocol for multi-agent systems, we

consider a network of mass-spring-damper systems with uncertain parameters and external distur-

bance, described by:

m i ÿi + ci �yi + k i yi = u i , 8i 2 I [1,N ] (4.72)

where yi is the displacement from certain reference position, m i is the mass, ci and k i are the

damping and spring constants, respectively. In actual systems, the physical parameters (mass,

damper constants and spring constants) are not known exactly. However, it can be assumed that

their values are within certain known intervals. Speci�cally

m i = m̄ (1+ pm � m )

ci = c̄ (1+ pc � c ), 8i 2 I [1,N ]

k i = k̄ (1+ pk � k )

(4.73)

where m̄ , c̄ and k̄ are the nominal mass, damping and spring constants of all systems. For each

mass-spring-damper system, � m , � c and � k denote the same parameter variations such that � 1 �

� m , � c , � k � 1. pm , pc and pk represent up to pm % uncertainty in the mass, pc % uncertainty in the

damping coef�cient, and pk % uncertainty in the spring stiffness.

Denote the state vector of i th agent by xi =
”
yi �yi

—T
. The block diagram of uncertain mass-

spring-damper systems is represented by Fig. 4.1

Figure 4.1 Block diagram of uncertain mass-spring-damper systems

Based on the description of LFT, the uncertain parameters m i , ci and k i can be characterized as

LFTs. The three constant blocks 1=m i , ci and k i in the block diagram of Fig. 4.1 can be replaced by
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the block in terms of m̄ , pm , � m , etc. We note the block 1=m i can be represented by an upper LFT in

� m

1

m
=

1

m̄ (1+ pm � m )
=

1

m̄
�

pm

m̄
� m (1+ pm � m )� 1 = FU (M mi , � m )

with M mi =

–
� pm

1
m̄

� pm
1
m̄

™

Figure 4.2 LFT form of m i

Similarly, the block c and k can be represented as an upper LFT in � c and � k , respectively.

c = FU (M c , � c ); k = FU (M k , � k );

with

M c =

–
0 c̄

pc c̄

™

M k =

–
0 k̄

pk k̄

™

Figure 4.3 LFT form of ci and k i

To represent the system model as an LFT of the unknown perturbation � m , � c and � k , we denote

the inputs and outputs of � m , � c and � k as wm , wc and wk , respectively, as shown in Fig. 4.4.

Therefore, the equations relating all inputs to corresponding outputs of the unknown perturba-
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Figure 4.4 LFT representation of uncertain mass-spring-damper systems

tion can now be obtained as

–
zm

ẍ

™

=

–
� pm

1
m̄

� pm
1
m̄

™–
wm

u � vc � vk

™

–
zc

vc

™

=

–
0 c̄

pc c̄

™–
wm

�x

™

–
zk

vk

™

=

–
0 k̄

pc k̄

™–
wk

x

™

wm = � m zm

wc = � c zc

wk = � k zk

By eliminating the variables vc and vk , the equations governing the system dynamic behaviour

are given by

8
>><

>>:

�xi = Axi + B0pi + B1d i + B2u i

qi = C0xi + D00pi + D01d i + D02u i

yi = C2xi + D20pi + D21d i

(4.74)

p = � i (t )q , i 2 I [1,N ] (4.75)
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with

A =

–
0 1

� k̄
m̄ � c̄

m̄

™

, B0 =

–
0 0 0

� pm � pc
m̄ � pk

m̄

™

, B1 =

–
0
1
m̄

™
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0
1
m̄

™
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6
4
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3

7
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4
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0 0 0
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3

7
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4
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0
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5

C2 =
”
1 0

—
, D20 =

”
0 0 0

—
, D21 = 1

� i =

2

6
4

� m 0 0

0 � c 0

0 0 � k

3

7
5 .

Let Gmc k represents nominal dynamics of the mass-damper-spring system. Since Gmc k only

depends on m̄ , c̄ , k̄ , pm ,pc ,pk and contains no uncertain parameters. The unknown perturbation

� m , � c , � k forms the structured uncertainty � i . Then the mass-spring-damper system with un-

certain parameters can be depicted in Figure 4.5. Different from the example in [43], which only

Figure 4.5 Input / output block diagram of the mass-damper-spring system.

considered unknown spring constants, the above uncertain system model not only captures un-

known damping and spring constants, but also takes unknown masses into consideration.

4.6.2 Simulation 1: State feedback robust consensus protocol

In this section, we will simulate the structured uncertain multiple mass-spring-damper model (4.72)

with the state-feedback protocol (4.5).

Considering the multiple mass-spring-damper system consisting of 6 subsystems. The controlled

output function ei represents the disagreement of agent i to the average state of all agents and is
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given by

ei = xi �
1

6

6X

j =1

x j .

The Laplacian matrix of interconnected network G is given as

L =

2

6
6
6
6
6
6
6
6
4

4 � 1 � 1 � 1 � 1 0

� 1 2 � 1 0 0 0

� 1 � 1 3 0 0 � 1

� 1 0 0 2 � 1 0

� 1 0 0 � 1 3 � 1

0 0 � 1 0 � 1 2

3

7
7
7
7
7
7
7
7
5

.

Therefore, non-zero eigenvalues of the Laplacian are � 1 = 1.3820, � 2 = 1.6972, � 3 = 3.618, � 4 = 4 and

� 5 = 5.3028. Moreover, the network graph is shown in Figure 4.6.

Figure 4.6 Undirected network graph of six interconnected agents.

The nominal values of mass-spring-damper systems are chosen as k̄ = 7N =m , c̄ = 5N s=m and
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m̄ = 2.5kg . Consequently, the uncertain linear multi-agent system of 6 subsystems is given by

�xi =

–
0 1

� 2.8 � 2

™

xi +

–
0 0 0

� pm � 0.4pc � 0.4pk

™

pi

+

–
0

0.4

™

d i +

–
0

0.4

™

u i

qi =

2

6
4

� 2.8 � 2

0 5

7 0

3

7
5 xi +

2

6
4

� pm � 0.4pc � 0.4pk

0 0 0

0 0 0

3

7
5 pi

+

2

6
4

0.4

0

0

3

7
5 d i +

2

6
4

0.4

0

0

3

7
5 u i

yi =
”
1 0

—
xi + d i ,

with � i = diagf � m , � c , � k g, i 2 I [1,6].

Then we choose the uncertainty level pm = 0.3, pc = 0.4 and pk = 1 for the simulation study.

Utilizing the above system data to solve the optimization problem (4.29) through Algorithm 4.1, we

obtain the optimal H 1 control solution with the minimal L 2 gain 
 = 2.6279and the control gain

K can be obtained as: K =
”
� 933161.5207 � 292087.7179

—
.

The disturbance vector applied to each agent are formed as the following random like noise

signal [107].

d(t ) =

8
>>><

>>>:

h
10d0(t ) � 5sin(2t )d0(t ) � 10sin(10t )d0(t ) 5cos(0.1t )d0(t )

5d0(t ) � 5cos(0.3t )d0(t )
i T

if t 2 [0,3]sec

0 otherwise

with d0(t ) = (5sin(7t ) + 11sin(
p

17t ) + 3cos(11t ) + 7cos(17t )) =12. This disturbance pro�le d(t ) is

shown in Fig. 4.7.

Given initial conditions of the ten agents as x1(0) =
”
4 2.5

—T
, x2(0) =

”
2 6

—T
, x3(0) =

”
� 5 0

—T
,

x4(0) =
”
8 � 4

—T
, x5(0) =

”
1 2

—T
, x6(0) =

”
� 2 3

—T
. Under the random-like disturbance, the simu-

lation results are provided in Figs. 4.8-4.9. In particular, Sub�gs. 4.8(a)-(b) provide the six agent's

state information. Fig. 4.9 shows the corresponding controlled output for each agent. As we can see,

after certain disagreement movement during the initial period due to the external disturbance, the

robust consensus H 1 performance is indeed achieved.
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Figure 4.7 Disturbance pro�le

4.6.3 Simulation 2: output feedback robust consensus protocol with undirected net-

work

In this section, the simulation of the structured uncertain multiple Mass-Spring-Damper model

(4.72) with the output-feedback protocol (4.30) under undirected graph will be examined.

Considering the multiple mass-spring-damper system consists 6 subsystems. The controlled

output function ei and the Laplacian matrix of interconnected network of G are as the same as

given in section 4.6.2.

The nominal values of mass-spring-damper systems are chosen as k̄ = 7N =m , c̄ = 5N s=m and

m̄ = 2.5kg . The uncertain linear multi-agent system of 6 subsystems is given as the same as in

section 4.6.2.

Utilizing the above system data to solve the optimization problem (4.55) through Algorithm 4.2,

we obtain suboptimal H 1 consensus results with minimal L 2 gains for different uncertainty levels.

Table 4.1 shows the relationship between uncertainty level and system performance.

Then we choose the uncertainty level pm = 0.3, pc = 0.4 and pk = 1 for the simulation study. For

this case, Table 4.2 shows the correlation between system performance and the number of iterations.

In addition, the control gains of distributed output-feedback protocol in this case can be obtained
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(a). First state xi ,1

(b). Second state xi ,2

Figure 4.8 State consensus under disturbance with state-feedback protocol.

as

Ak =

–
� 116209.0356 120211.5922

� 34951.8555 36155.6928

™

, Bk =

–
224765.5885

67602.0959

™

Ck =
”
0.1545 � 0.1599

—
, Dk = � 0.2988

Ek =

–
185.5929 � 6984.5606

56.0418 � 2108.8496

™

, Fk =
”
0.9449 � 73.4840

—
.
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Figure 4.9 Controlled output pro�le with state-feedback protocol.

Table 4.1 Comparison of L 2 gains under different levels of uncertainty.

Uncertainty Level L 2 gain

pm = 0.15,pc = 0.2,pk = 0.25 0.4048
pm = 0.3,pc = 0.4,pk = 0.5 5.2828
pm = 0.6,pc = 0.8,pk = 1 54.9536

Table 4.2 Computed L 2 gains vs. different number of iterations when pm = 0.3,pc = 0.4,pk = 1.

Iteration number L 2 gain

1 10.2442
2 10.2441
5 10.2439
10 10.2430
15 10.2423

The initial conditions of the 6 agents are set as x1(0) =
”
4 2.5

—T
, x2(0) =

”
2 6

—T
, x3(0) =

”
� 5 0

—T
,

x4(0) =
”
8 � 4

—T
, x5(0) =

”
1 2

—T
, x6(0) =

”
� 2 3

—T
. The unknown perturbations for each agent are

assumed to be � m = 0.3, � c = 0.4 and � k = � 1.

Now we are ready to simulate the multi-agent systems under external disturbance. The distur-
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