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Abstract. We present a deterministic selection-mutation model with a discrete trait vari-
able. We show that for a selection-mutation birth term the deterministic model has a unique
interior equilibrium and we prove that this equilibrium is globally stable. In the pure selec-
tion case the outcome is known to be that of competitive exclusion where the subpopulation
with the largest growth to mortality ratio will survive and the remaining subpopulations will
go to extinction. We then develop a stochastic population model based on the deterministic
one. We show numerically that the mean behavior of the stochastic model in general agrees
with the deterministic one. However, unlike the deterministic one, if the differences in the
growth to mortality ratios are small in the pure selection case, it cannot be determined apriori

which subpopulation will have the highest probability to survive and win the competition.

1 Introduction

Deterministic selection-mutation models, also referred to as distributed rate population mod-
els with closed-open reproduction, have been studied by many researchers [1, 2, 3, 4, 8, 10,
11, 15]. These are models for the density of individuals with respect to some evolutionary
discrete or continuous trait. In [4] a pure selection model (closed reproduction) with logistic
type nonlinearity and a continuous 2-dimensional trait variable (growth and mortality) was
studied. Therein, the authors prove that competitive exclusion occurs and the surviving
subpopulation is the one with the largest growth to mortality ratio. In [3] these results were
extended to a more general population model constructed on the (natural) space of measures.
In this case, the limiting measure (a Dirac delta function) is an element of the state space.
In [1, 2] a nonlinear size-structured population model with discrete trait (a finite number

of subpopulations each having its own growth, mortality, and reproduction functions) was



studied. It was shown that in the case of closed reproduction competitive exclusion occurs
and the winning subpopulation is the one with the highest ratio of reproduction to mortal-
ity. In the case of open reproduction the authors show that survival of all subpopulations is
possible.

In [9] a simple population model with two groups of age (juveniles and adults) for the
mean age at maturity was studied. The authors show the existence and uniqueness of a
globally attractive stationary solution. This simple model is then used in [10] to build a
system of equations for the density of individuals with respect to age at maturity. In this
model there are two birth terms one for selection (closed reproduction) with a probability
(in the form of a coefficient) 1 — e and another for pure mutation (open reproduction) with a
probability e. Therein, the authors prove the existence of L' stationary solutions which tend
to concentrate around the evolutionary stable value of the trait when the open reproduction
term coefficient ¢ — 0. In [11] a pure mutation model is considered. The authors prove
the existence of stationary solutions and they investigate the behavior of these stationary
solutions when the mutation is small.

It is well known that the deterministic and stochastic models may behave differently.
Hence, the goal of this paper is to present a deterministic selection-mutation model, and then
formulate a stochastic differential equation model based on it and compare the dynamics of
these two models. The derivation of the stochastic differential equation model is based on
the method developed in [6, 7, 13], where the variability inherent in the system is only due
to the demographic variability.

This paper is organized as follows: in Section 2 we present a selection-mutation model
with a 2-dimensional discrete trait variable. We recall that in the case of a pure selection
birth term competitive exclusion between the different traits occurs and the winner trait is
the one with highest growth to mortality ratio. In the case of a selection-mutation birth
term we prove the existence of a unique stationary solution and we show that this stationary
solution is globally attractive. In Section 3 we develop an It6 stochastic differential equation
model which is based on the deterministic model. In Section 4 we consider two numerical
examples one for a pure selection case and another for a selection-mutation case. We show
that in both cases the stochastic model behaves like the deterministic model. However,
the main difference is that in the pure selection case if the ratio of growth to mortality of
the first subpopulation is not much larger than the other subpopulations then unlike the
deterministic model the subpopulation with the larger ratio may go to extinction. Section 5

is devoted to concluding remarks.



2 Deterministic Model

The selection-mutation deterministic model that we consider is given as follows:

b=y pyry—bwiy g, =120
> > (2.1)
7j=1 j=1

r;(0) =20, i=1,2,...,n.

n
Here the total population X = ij, and the i-th subpopulation is identified by the 2-
j=1
dimensional discrete trait (a;,b;) € Ri, where a; is a scaled per capita growth rate and b; a
scaled per capita mortality rate. The parameter p;; denotes the probability of an individual
in the jth subpopulation reproducing an individual in the sth population, 0 < p;; < 1 and
n
Z pij = 1. For convenience, we will denote by P = (p;;)n,» the matrix whose (7, j) entry is

i=1
given by p;;. Clearly P is a column stochastic matrix since each of the column sums of P is

equal to one.

Remark: For the special case where P is identity matrix, i.e., p;; = 1 and p;; = 0 for 7 # j

(2.1) reduces to the following pure selection model:

n
xl:xz(al—bl E LEj), i:1,2,...,n
=1

z;(0) = z?

[

(2.2)
1=1,2,...,n.

Here the quotient % can be thought of as a scaled reproductive ratio, i.e. it is a measure
of the average amount of offspring an individual of trait (a;, b;) produces during its lifetime.
The actual reproductive ratio at population density X is given by b%g It is well known that
if ay/by > a;/b; for i = 2,... n, then solutions to (2.2) satisfy: z;(t) — 0 fori =2,...,n
and z1(t) — a1/b; as t — oo. That is competitive exclusion occurs and the surviving sub-
population is the one with the highest growth to mortality ratio a;/by. In fact, this is true

for a more general selection model which include this one as a special case [3].

Below we establish results concerning the selection-mutation model presented in (2.1).
Let B = diag(by, by, ..., b,), i.e., the diagonal matrix with by, b, ..., b, as its main diagonal
entries, and A = diag(ay, as,...,a,). Let e = [1,1,...,1]7 € R, then the system of (2.1)
can be written in the following vector form:

i = APz — (e"x)Bu,

2.3
z(0) = 27, (23)



where x = [21, 29, ..., 2,]" and 2° = [29,29, ..., 2°]".
We now establish equilibrium and stability results for the model (2.1). In the next
theorem, we show that under some conditions there exists a unique positive equilibrium for

system (2.3).

Theorem 2.1 Suppose that P is an irreducible matriz, then there exists a unique positive

equilibrium for system (2.3).

Proof. Let y = R™'x, where y = [y1, %2, ...,yn]" and R = diag (a1/b1,az/bs,. .., a,/b,) be
the diagonal matrix with a; /by, as/bs,. .., a,/b, as its main diagonal entries. Then by (2.3)

we have

Rjy = APRy — (e" Ry)BRy
Ry(0) = 2°.
Note that since BR = A and R™'A = B, we see that

iy = B[PRy — (r"y)y],

y(0) = B2 (2.4)

where r = Re. In order to show that there exists a unique positive equilibrium for (2.3), we
only need to show that it is true for (2.4). Note that since a;/b; > 0fori =1,2,...,nand P is
a column stochastic irreducible matrix, PR is a nonnegative irreducible matrix. By Perron-
Frobenius theorem, we know that there exists a unique positive normalized eigenvector y

corresponding to the spectral radius p? such that
PRy = py. (2.5)
Clearly e’y =1, ' P = e and e’ R = rT. Therefore, we find that
p'=p'(e"g) = e’ (p"g) = e' PRy = ' Ry =1"7.
By substituting p¥ = r’¢ into (2.5), we have
PRy = (r'9)y. (2.6)

Hence, y is an equilibrium of system (2.4). Suppose that there exists another positive

equilibrium @ for (2.4), then w is a positive eigenvector of PR corresponding to the positive

T T

eigenvalue r*u. By Perron-Frobenius theorem, we have pY = r*u. Since P is column

stochastic, we get
T -T T~
ﬂTe:(PRu) e_u Re:r a_q 2.7)

rTy rTy rTy




This implies that @ is a positive normalized eigenvector corresponding to pY. Hence, u = .
Thus, there exists a unique positive equilibrium g for the system (2.4), which implies that
Ry is the unique positive equilibrium for the system (2.3). m

In the next theorem we prove the global asymptotic stability of the unique interior equi-

librium under some conditions on the model parameters.

Theorem 2.2 Assume that P is an irreducible matriz, and b; = 3 fori=1,2,...,n, where

0 is a positive constant. Then the unique positive equilibrium is globally asymptotically stable.

Proof. Since P is an irreducible matrix, AP is an irreducible matrix. By Perron-Frobenius
theorem, there exists a unique positive normalized eigenvector z correponding to the spectral
radius p* such that APZ = p*Z, and this eigenvalue which is equal to p* is a simple eigenvalue
of AP. Let M = AP — p*I with I being the identity matrix. It is known that there
exists a positive constant ¢ such that tll)rglo exp(Mt)x" = cz (e.g., [5]). Substituting x(t) =

g(t) exp(Mt)z° into (2.3) with g being a scalar function of ¢, we find that

g =glp* — Ble" exp(Mt)a")g]
9(0) = 1.

Hence, the limiting equation of (2.8) is given by the following logistic model

(2.8)

Joo = Joo [p* - QCQOO]
900(0) =1,

*

which has a unique positive equilibrium g, = P and it is globally asymptotically stable.
c

Furthermore, it is easy to see from (2.8) that g is bounded. Therefore, it follows from the

theory on asymptotically autonomous systems that tlim g(t) = goo (e.g., [16]), which implies

the theorem. m

Remark: By a similar process, we can show that Theorem 2.2 still holds for the more
general system # = APz — 3f(e’x)x, where f is a Lipschitz continuous strictly increasing
function with f(0) =0 and lim f(q) = occ.

q—00

3 Stochastic Differential Equation Model

In this section, an It0 stochastic differential equation system is derived from the deterministic
model (2.1). Let X;(t) be a random variable for the total number of individuals in the ith
population at time ¢, i = 1,2,...,n, X(t) = (X1(t), X2(t),..., X,(t))" be the random
vector, AX;(t) = X;(t + At) — X;(t), i = 1,2,...,n be the incremental change in the ith
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population during the time interval At, and AX = (AX;,AX,,...,AX,)". We assume
that the incremental changes in the population over a short time interval follow a normal
distribution, and that the time interval At is sufficiently small such that at most one single
event can happen, either a birth in a subpopulation or a death in a subpopulation. Hence

there are 2n + 1 possibilities as follows:
m = (1,0,0,...,0)%, 5y = (~1,0,0,...,0)", n3 = (0,1,0,...,0)", my = (0,—1,0,...,0)%,

oo Mane1 = (0,0,...,0, )T, 1 = (0,0,...,0,—1), nopy1 = (0,0,0,...,0)".

The probability of a single birth and death in subpopulation ¢ is given by ¢o; 1 = a; Z pij X; At
j=1

and g9; = b; X; ZXjAt, respectively, © = 1,2,...,n. Then the probability that no change

J=1
n

n
occurs in any subpopulation in the time interval At is go,01 = 1 — (Z aiz Di; X +
=1 j=1

n n
Z b; X; Z X;)At. Therefore, the infinitesimal mean is approximated as follows:
i=1 j=1

ai Zpqu -0 Xy Z X;
j=1 j=1

n n
ol a ZijXj — b2 X Z X;
j=1 j=1

E(AX)~ > g = At (3.1)
i=1
n Y pniXj = baXn Y X;
j=1 j=1
2n+1
Notice that E(AX)E(AX)" is of order At?, and E(AXAXT) = Z ginini . Therefore, we
i=1

2n+1
approximate the covariance matrix V of AX by Z qimim; . Hence, the diagonal element Vj;
i=1

of V'is <ai Zpinj + b; X; Z)Q-) At,i=1,2,...,n, and the off-diagonal elements of V/
j=1 j=1
are 0.

Now we have

j=1 j=1 j=1 7j=1

6



where 1 = 1,2,...,n, and &, &, ..., &, are independent random variables following a normal
distribution with mean 0 and variance At. Clearly the above equation is just an Euler
approximation of X;(t) with time step At. Notice that from [12, 14], it follows that as

At — 0, X (t) converges in the mean square sense to the solution of the following stochastic

system
j=1 j=1 j=1 j=1
where i = 1,2,...,n, and W = (W, Ws,...,W,)" is a n dimensional Wiener process.

4 Numerical Results

In this section, two cases will be studied. In Section 4.1 we study a selection birth term
where for the deterministic model the subpopulation with the highest ratio i:IB%).(.,n{ai /bi}
will survive and all the other subpopulations will die out. In Section 4.2 we study a selection-
mutation case with P being an irreducible matrix (where all subpopulations survive in the
deterministic model).

We use Euler’s method to numerically approximate the sample paths for the stochastic
model (3.3). In all the simulations for the stochastic model, we choose the time mesh size
At = 0.001. The mesh points are given by: t, = kAt, k = 0,1,...,m. Denote by X} the

numerical solution of X;(¢). Then we have the following numerical scheme:

X =XF+ (aiZPinf - bz'XikZXf> At + &£F aiZPz‘ij +biXikZX]]'€7 (4.1)
Jj=1 Jj=1 Jj=1 j=1

where §f , 55 e ,ffj are independent random variables following a normal distribution with
mean 0 and variance At. In the simulation, if X™ < 0, then we set X! = 0.

In all of the examples below, we simulated N sample paths X;;(t) with [ =1,2,..., N

and ¢ = 1,2,...,n for the corresponding stochastic model. The mean conditioned on

nonextinction for the i-th subpopulation p;(t) is calculated by averaging all the sample

paths conditioned on nonextinction of the total population X (t) = ZXj(t) at time t.
j=1

The sample standard deviation for the i-th subpopulation is represented by o;(t). We use
mi(0,t) = Prob{X;(t) = 0}, i = 1,2,...,n to denote the probability of extinction for the ith
subpopulation at time ¢, and 7(0,0,...,0,t) = Prob{X;(t) = 0, X3(¢t) = 0,..., X,(t) = 0}
to denote the probability that all the subpopulations are driven to extinction at time t. We
denote by 7.(t) = Prob{X;(t) > 0, X5(t) > 0,..., X,,(t) > 0} the probability of coexistence

at time t.



4.1 Pure Selection Case

In this section, we consider a pure selection case, that is, P = I, which means that individuals
in the ith subpopulation can only reproduce individuals in the ith subpopulation. In what
follows, we choose n = 3, T" = 10, and we use ode23 in Matlab to numerically solve the
deterministic model (2.1).

In the first example, we simulated 7000 (N = 7000) sample paths for the corresponding
stochastic model. The initial population size is chosen to be (10,10, 10). The values for all
the other parameters are chosen tobe a; =3, a3 =1, a3 =1, by = 0.1, by = 0.2 and b3 = 0.1.
Notice that since a;/by > a;/b; for i = 2,3, the solution of the deterministic model (2.1)
satisfies

tlggo x1(t) = 30, tlg?o xo(t) =0, tlggo x3(t) = 0.
Three randomly chosen stochastic realizations (out of 7000) and the solution to the determin-
istic model (2.1) for each subpopulation are plotted in Figure 1. This figure shows that both
subpopulations 2 and 3 are driven to extinction after ¢ = 5 and subpopulation 1 survives for

all these three realizations. The mean conditioned on nonextinction (p(t), p2(t), us(t)) and

Subpopulation 1

Subpopulation 2 Subpopulation 3

sample Path
Sample Path

Figure 1: Three randomly chosen stochastic realizations and the solution to the determin-
istic model with (aq,as,a3) = (3,1,1), (b1,b2,b3) = (0.1,0.2,0.1) and P = I. The initial
population size for both stochastic model and deterministic model is (10, 10, 10).

the solution to the deterministic model are plotted in Figure 2, which suggests that the mean
conditioned on nonextinction is close to the deterministic equilibrium (30,0,0). The sample
standard deviation (01(10), 02(10), 03(10)) is approximately equal to (5.6174,0,0.3094). The
probabilities of extinction 7;(0,¢) and 7(0,0,0,¢) are plotted in Figure 3 (left). From this
figure it is clear that subpopulation 2 becomes extinct at approximately ¢ = 3 while popula-
tion 3 becomes almost extinct around ¢ = 5. The numerical approximations at time ¢ = 10

of these probabilities are given as follows:

m(0,10) = 0.001, m(0,10) = 1, m5(0,10) = 0.999, (0,0, 0, 10) = 0.

8



The probability of coexistence 7. (t) is plotted in Figure 3 (right), which indicates that the
subpopulations no longer coexist after ¢ = 3.5. Hence, for this example the stochastic model

behavior is similar to that of the deterministic model.

Subpopulation 1 Subpopulation 2 Subpopulation 3
T T T T T T 1 T T T T T T T T T T T T T

terminist
N
R

and Deterministic Solution

ional Mean and Deterministic Solution

Conditional Mean

Figure 2: The solution to the model (2.1) and the mean conditioned on nonextinction.

Probability of Extinction Probibility of Coexistence
—— T T T T T

=4
@
T

Probability of Extinction
o
@
A AR

Probability of Coexistence

Figure 3: (left) The probability of extinction for each subpopulation and the probability that
all subpopulations are driven to extinction. (right) The probability of coexistence.

We point out that when the highest ratio a; /b, is significantly larger than the ratios as /by
and a3 /b3 as in the above example, the stochastic (in the mean sense) and deterministic model
behave similarly. In order to test if the same outcome occurs when the highest ratio is close
to the other ratios, we give the following example: the initial population size is chosen to
be (20,20,20). The values for all the other parameters are chosen to be a; = 3\, as = 6,
az = 12X\, by = 1, by = 2.01 and b3 = 4.01, where A\ is some positive constant. Since

ay /by > a;/b; for i = 2,3, the solution of the deterministic model satisfies

lim z(t) = 3\, tlim xo(t) =0, tlim z3(t) = 0.

t—o0
Figures 4, 5 and 6 are obtained with A = 90. We simulate 7000 (N = 7000) sample paths

for the corresponding stochastic model. Three randomly chosen stochastic realizations and

9



the solution to the deterministic model for each subpopulation are plotted in Figure 4. The

results show that subpopulations 1 and 3 die out after ¢ = 1 for these three realizations but

subpopulation 2 survives.

Subpopulation 1
T T T

Subpopulation 2

Subpopulation 3

=
8

31| |
- %32

5
8
x> < X

33| 4

=
3

S

5]
8

sample Path

=
8

'
i
60 fy ¢

Figure 4: Three randomly chosen stochastic realizations and the solution to the deterministic
model with (ay, as, as) = (270,540, 1080), (b1, be, b3) = (1,2.01,4.01) and P = I. The initial
population size for both stochastic model and deterministic model is (20, 20, 20).

Subpopulation 1 Subpopulation 2

Subpopulation 3

Figure 5: The solution to the model (2.1) and the mean conditioned on nonextinction.

The mean conditioned on nonextinction (pq(t), ua(t), u3(t)) and the solution to the de-
terministic model are plotted in Figure 5. The results suggest that the mean conditioned on
nonextinction is far away from the deterministic equilibrium (270,0,0). The sample standard
deviation (01(10),02(10),03(10)) is approximately equal to (124.3057,112.9720, 134.2170).
The probabilities of extinction 7;(0,%) and 7(0,0,0,¢) are plotted in Figure 6 (left), from
which we can see that these probabilities are approximately constant for a large range of

times. Their numerical approximations at time ¢ = 10 are given as follows:
71(0,10) = 0.6937, m2(0,10) =~ 0.7691, 73(0,10) =~ 0.5371, 7(0,0,0,10) = 0.

The probability of coexistence m.(t) is plotted in Figure 6 (right), which indicates that the
populations no longer coexist after t = 1.

10
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Figure 6: (left) The probability of extinction for each population and the probability that
all subpopulations are driven to be extinct. (right) The probability of coexistence.

We performed many other numerical simulations with different A values. In these sim-
ulations, we obtain many cases where the stochastic model differs from the deterministic
one in picking the winning trait or subpopulation. The results in Table 1 and Figure 7
are obtained by simulating 1000 (N = 1000) sample paths. The probability of extinction
m1(0,10), m2(0,10) and m3(0,10) for some A values less than 10 and bigger than 200 with
initial conditions (20,20,20) are tabulated in Table 1. We can see that if A is chosen very
small or very big then all the subpopulations are driven to extinction, which is expected for
the stochastic model because of the variance.

A 1 2 5 250 300 400 800 1000
(0,10) [ 0.999 0.882 0.268 0.311 0.219 0.013 0.707 1

m1(0, 10
m2(0, 10) 1 0.998 0.788 0.689 0.781 1 1 1
m3(0, 10) 1 1 0.958 1 1 1 1 1

Table 1: Probability of extinction (0, 10), m5(0, 10) and 73(0, 10) for A values less than 10
and bigger than 200 with initial conditions (20,20,20).

U

The probability of extinction (0, 10), (0, 10) and 73(0, 10) with A values between 10
and 200 are plotted in Figure 7, where the left part is the plot for results with initial conditions
(20,20,20) and the right one is the plot for results with initial conditions (20,40,80). We can
see from Figure 7 that the results remain similar even if we choose the initial conditions to
be (20,40,80), scaled according to the choice of parameters. Both plots indicate that the
stochastic model disagrees with the deterministic model much more in the middle than in
the tails.

In order to get a better understanding of the stochastic model dynamics, we consider
three values of A\, A = 20, 100, 180, with initial conditions (20,20,20), and plot the frequency
histograms for X;(10), X»(10) and X3(10) out of these 1000 sample paths in Figures 8, 9
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Figure 7: (left) Probability of extinction 7 (0, 10), m2(0, 10) and 75(0, 10) for A values between
10 and 200 with initial conditions (20,20,20). (right) Probability of extinction (0, 10),
m(0,10) and 73(0, 10) for A values between 10 and 200 with initial conditions (20,40,80).
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Figure 8: Frequency histograms for X;(10), X5(10) and X3(10) out of the 1000 sample
paths with A = 20. (first row) initial conditions (20,20,20) (second row) initial conditions
(20,40,80).

and 10. We repeat the same numerical experiment for the initial condition (20, 40, 80). Both
Figures 8 and 10 show that subpopulation 1 has a greater chance to win the competition
than subpopulations 2 and 3, which agrees with the deterministic case since subpopulation

1 has the highest growth to mortality ratio. However, Figure 9 indicates that subpopulation
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3 has greater chance to win the competition than subpopulations 1 and 2. Hence, it is not
possible to determine apriori which subpopulation will win the competition if the difference

in the growth to mortality ratios are small.

Subpopulationl Subpopulation? Subpopulation3
- T T T T T T T T
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£ 400
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z 4 2
z g
5 400 g 400 T 300
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100 1 100 1
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, , , , rh, 0 ol o _ _#
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 ) 50 100 150 200 250 300 350 400
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Figure 9: Frequency histograms for X;(10), X5(10) and X3(10) out of the 1000 sample
paths with A = 100. (first row) initial conditions (20,20,20) (second row) initial conditions
(20,40,80).

From these two examples, we can see that the agreement between the stochastic model

and the deterministic model is better if the difference among the ratios (a;/b;) are bigger.

4.2 Selection-Mutation Case

In this section, we consider a selection-mutation case. We choose n = 3, T" = 10, and we

use odel5s in Matlab to numerically solve the deterministic model (2.1). The matrix P is

chosen as
0.6 0.2 0.2
P = 0.2 0.6 0.2 ,
0.2 0.2 0.6

Hence, P is an irreducible matrix. The initial population size is set to (10,10,10). The
values for all the other parameters are chosen to be a; = 8, a; = 10, a3 = 17, by = 0.1,
b, = 0.1 and b3 = 0.1. We simulate 7000 (N = 7000) sample paths for the corresponding
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Figure 10: Frequency histograms for X;(10), X5(10) and X3(10) out of the 1000 sample
paths with A = 180. (first row) initial conditions (20,20,20) (second row) initial conditions
(20,40,80).

stochastic model. Three randomly chosen stochastic realizations and the solution to the
deterministic model for each subpopulation were plotted in Figure 11. This figures shows
that all subpopulations survive for these three realizations. We can also observe from this
figure that the sample variance is a bit large. To test if the variance depends on the initial
condition we repeat the same numerical experiment with initial condition (20,20,20) and
present the results in Figure 12. From this figure it seems that the large sample variance
does not depend on the choice of the initial conditions. We point out that since the case
considered in this example is a selection-mutation case and all the populations coexist, the
covariance is function of all the subpopulations (see (4.1)), which may be the reason for such
large sample variance.

The mean conditioned on nonextinction (puq(t), pu2(t), u3(t)) and the solution to the de-
terministic model with initial conditions (10,10,10) are plotted in Figure 13, which sug-
gests the mean conditioned on nonextinction is very close to the deterministic equilib-
rium. The sample standard deviation (o(10),02(10),03(10)) is approximately equal to
(5.3518,6.3403,10.0541). The probability of extinction 7;(0,¢) = 0 fori = 1,2,3, 7(0,0,0,¢) =

0, and the probability of coexistence 7.(t) = 1, which means that the populations coexist.
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Figure 11: Three randomly chosen stochastic realizations out of 7000 sample paths and
the solution to the deterministic model with (ai,as,a3) = (8,10,17) and (b1, bs,b3) =
(0.1,0.1,0.1) under selection-mutation case. The initial population size for both stochas-
tic model and deterministic model is chosen to be (10,10, 10).
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Figure 12: Three randomly chosen stochastic realizations out of 7000 sample paths and
the solution to the deterministic model with (ai,aq,a3) = (8,10,17) and (by, ba, b3)
(0.1,0.1,0.1) under selection-mutation case. The initial population size for both stochas-
tic model and deterministic model is chosen to be (20, 20, 20).
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Hence, the stochastic model and deterministic model have similar behavior in this case.

Subpopulation 1 Subpopulation 2 Subpopulation 3
T T T T T T - T T T T T T - T T T

and Deterministic Solution

and Determinis

Conditional Mean
Conditional Mean

Figure 13: The solution to the model (2.1) and the mean conditioned on nonextinction.

We performed many simulations for other selection-mutation examples with an irreducible

matrix P. The results were always in agreement with the deterministic model (2.1).

5 Concluding Remarks

In this paper we compared a stochastic and deterministic selection-mutation models. For the
most part the behavior of the mean conditioned on nonextinction of stochastic model follows
that of the deterministic model. In particular, in the case of open reproduction (selection-
mutation) all subpopulation survive in both the stochastic and deterministic models. In
the case of closed reproduction (pure selection) one population survives in both models.
However, a main difference is that if subpopulations have growth to mortality ratios that
are close to each other then in the deterministic case the one with the highest ratio will
win the competition but it is not so in the stochastic model. Because of stochasticity the
population with the lower ratio may out compete the one with the higher ratio. Therefore,
it is not possible to determine apriori which subpopulation will have the highest probability

of winning the competition.

Acknowledgements: The authors would like thank Professor L.J.S. Allen for her thorough
review of this manuscript and for the helpful suggestions she provided. The work of A.S.
Ackleh is supported in part by the National Science Foundation grant # DUE-0531915. The
second author S. Hu is grateful to Dr. H.T. Banks for his encouragement and especially for
support in part by the Joint DMS/NIGMS Initiative to Support Research in the Area of
Mathematics Biology under grant 1RO1GM67299-01.

16



References

1]

[10]

[11]

[12]

A.S. Ackleh and K. Deng, Survival of the fittest in a quasilinear size-structured popu-
lation model, Natural Resource Modelling, 17 (2004) 213-228.

A.S. Ackleh, K. Deng, and X. Wang, Competitive exclusion and coexistence in a quasi-

linear size-structured population model, Mathematical Biosciences, 192 (2004) 177-192.

A.S. Ackleh, B.G. Fitzpatrick, and H. Thieme, Rate distribution and survival of the
fittest: a formulation on the space of measures, Discrete and Continuous Dynamical
Systems series B, 5 (2005) 917-928.

A.S. Ackleh, D. Marshall, H. Heatherly, B.G. Fitzpatrick, Survival of the fittest in a
generalized logistic model, Mathematical Models and Methods in Applied Sciences, 9
(1999) 1379-1391.

G.D. Allen, Toward a dynamics for power and control theory, Journal of Mathematical
Sociology, 17 (1992) 1-38.

E.J. Allen, Stochastic differential equations and persistence time for two interacting
populations, Dynamics of Continuous, Discrete and Impulsive System, 5 (1999) 271-
281.

L.J.S. Allen, An Introduction to Stochastic Models with Applications to Biology, Pren-
tice Hall, 2003.

R. Burger and .M. Bomze, Stationary distributions under selection-mutation balance:
structure and properties. Advances in Applied Probabilities, 28 (1996) 227-251.

A. Calsina and S. Cuardrado, A model for the adaptive dynamics of the maturation

age, Ecological Modelling, 133 (2000) 33-43.

A. Calsina and S. Cuardrado, Small mutation rate and evolutionary stable strategies
in infinite dimensional adaptive dynamics, Journal of mathematical Biology, 48 (2004)
135-159.

A. Calsina and S. Cuardrado, Stationary solution of a selection mutation model: the
pure mutation case, Mathematical Models and Methods in Applied Sciences, 15 (2005)
1091-1117.

T.C. Gard, Introduction to Stochastic Differential Equations, Marcel Dekker, new York
1987.

17



[13]

[14]

[15]

N. Kirupaharan and L.J.S. Allen, Coexistence of multiple pathogen strains in stochastic
epidemic models with density-dependent mortality, Bulletin of Mathematical Biology,
66(2004) 841-864.

P.E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations,
Springer-Verlag, New York 1992.

J. Saldana, S.F. Elena, and R.V. Solé, Coinfection and superinfection in RNA virus
populations: a selection-mutation model, Mathematical Biosciences, 183 (2003) 135-
160.

H.R. Thieme, Convergence results and Poincaré-Bendixson trichotomy for asymptot-
ically autonomous differential equations, Journal of Mathematical Biology 30 (1992)
755-763.

18



