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12.17  Introduction

In Philipp and Stout (1274a) almost sure invariance principles are estah-
lished for certain discrete parameter stochastic processes. This work is sum-
rarized in Philipp and Stout (1974%). The results of Philipp and Stout (1974a)
can be extended in a straightforward fashion to continuous parameter stochastic
processes. Here we illustrate this on processes whose increments are either
jointly Gaussian or ¢-mixing.

Let {£(t), t =2 0} <denote the process under consicderation and let, as

usual, {X(t), t = 0} denote standard Brownian motion. Ue shall establish the
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almost sure invariance principle

1
5-N

2
S(t) - X(t) « t a.s.
as t +» for some n > 0 . Since, usually
1
%N

S(It]) - X(£) <<t  a.s. (12.1.1)

is an immediate consequence of a discrete parameter almost sure invariance

that

1
Z-n

S(t) - S([t]) << t®  a.s. (12.1.2)

as t > o,

12.2 Processes with "aussian Increments

Throughout this section we assume that {S(t), t = 0} 1is a separable

Gaussian process centered at expectations with continuous covariance function

n(s,t) = E{S(s)S(t)} . 0 s <t <,

Theoren 12.1: Suppose that, uniformly in s ,

€

E{S(s + t) - S(s)}2 = 02t + O(tl_ ) (12.2.1)

2 . 2 .
as t > o for some € > 0 . Suppose that o > 0 , assuming o~ =1 without

further loss of generality. JMoreover, assume that, uniformly in s
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2

E((S(s + t + 1) - S(s + t))(S(s + 1) - S(s))}<<t” (12.2.2)
as t -+« . Finally, suppose that

n ‘ 2 2

E{S(s + t) - S(s)} " =9°(t) , 0<st<1, s=212,
where ¢ is an increasing function satisfying

00 -u2
J p{p™" Jdu < = (12.2.3)
1

for some integer p > 1 . Then without changing the distribution of the
process {S(t)} , we can redefine {S(t)} on a richer probability space

together with standard Brownian motion {X(t)} such that

[

-
S(t) - X(t) <t a.s.

N

as t >« for each n < min{1/60, 4e/15) .

Rerark: If R(s,°) is differentiable, then the hynothesis (12.2.2) may be
replaced by the hypothesis that, uniformly in s ,

2
3~ -2
dudv R(u,v) S,S+t «t (12.2.2a)

as t > oo |

Proof: By (12.2.1) and (12.2.2) it follows from Theorem 5.1 of Philipp and

Stout (1974a) (Theorem 7 of Philipp and Stout (1274%)) that (12.1.1) holds on
some prohbability space for each n < min(1/60, 4e/15) . Note that

{8([t]), s(t)} anc {S(t), X(t)} are perhans dafined on different probahility

spaces. By choosing {S(t)} and {X(t)} conditionally independent siven
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{S(ft1)} on still another protakility space the joint distributions of {S(lt1)}
and {X(t)} as well as of {S([t1)} and {Z(t)} are preserved.

8y Fernioue'’s lemma (1664) (see also Marcus (1272))
w 1
3 172 2
p{s”pnst5n+1 [s(t) - s(m)] > n—} <<J . exp(~§u )du « exn(-n%¥) ,
7
n

which implies (172.1.2) in view of the Zorel Cantelli lemma,

forollary 12.1. Let {x(t)} be a reasurable stationary Gaussian process,

centered at expectations. Denote the covariance function by =x(t - s) = r(s,t)
Cuppose that r 1is integrahble and that
2 def *
o° SE 2 [ r(t)dt > 9,
0

. 2 . . .
assuming o =1 without further loss of generality. 'foreover, supnose that

2

r(t) <t (12.2.4)

as t -+ o, Define {%(t), t 2 0} *hy

t
a(t) = J x{s)ds

Then, without changing the distribution of {S(t), t = 0} we can redefine the
process {7(t)} on a ricter nrohability swace together with standard Rrownian
motion {X(t)} such that
1
-?-n
c(t) ~ Z(t) << t” a.s.

as t > o for each n < 1/69 .
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This is an immediate consequence of Theorem 12.1. Indeed, ty (12.2.4)

t v
2 I J r(u)dudv
n o

E{S(s + t) - S(S)}Z

00 o] t t
2t J r(u)du - 2t f r(u)du - 2 J J T (u)dudv
0 t

t + 0(log t)
establishing (12.2.1). Similarly, using the stationarity of {x(t)}
2 to 2 2
E{8(s + t) - ()} < 2r(™ I J dudv = r(9) - t7 = 7 (t) , say.
0’0

Hence (12.2.3) is satisfied. Finally, using (12.2.4)

[E((S(s + t + 1):- S(s + ©))(S(s + 1) - 5(s))}]

IA

rS+1 Js+t+1

)

% x(u)x(v) |dudv «t™? .

s+t
This proves (12.2.2) and ttus the corcllary.
Oodaira (1973) shows that the integral
t
S(t) = J x(s)ds (12.2.%9)
0

of the Ornstein-Thlenbeck process {x(t)} oteys Ctrassen’s functional law of
the iterated logarithm. (The Ornstein-Thlenheck process has covariance

function r({t - s) = %y exp(uy(t - s)) for s <t .) It follows from Corollary
12.1 that for {9(t)} ar almocst sure invariance principle holds. In his
paper Oodaira considers some more examples of x(t) vwhose integral S(t)

obeys the functional law of the iterated logarithm, such as processes with
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2

2 2 92—
spectral density f£(x) = A[{(A" - 62) + 0 A7) 1 where A >0 and a, B are

real numbers, (the spectral density of the solution to the second order stochast

differential equation

+ g%x(t) = AX' (1)

’x(t) , wdx(t)
at

at?

the Ornstein-UChlenbeck process being a special case). Corollary 12.1 shows
that an almost sure invariance princivle holds for the corresponding processes
s(t) .

It should be remarked that various authors ohtain laws of the iterated
logarithm and related upper and lower class results for stationary Gaussian
processes {x(t), t = 0} (as contrasted with our study of S(t) given by
{12.2.5). See the pavers by Codaira (1972), (1973), by Lai (1973) and by Pathak

and Qualls (1273).

12.2 Procasses with Hixine Incrarents

Ye will consider only processes with ¢-mixing increments, since it will he
obvious how to handle other kinds of mixing. For a given stochastic process,
let FZ be the o-field generated by {S(t) - S(a), a <t <h} . Then
{S(t), t 2 0} is said to have ¢-mixing increments if there exists a non-

s

decreasing function ¢(t) + 9 such that for s 20, t =20, Ace Fn R

B e Fs+t we have
|P(AR) - P(AYP(R)] < 4(E)P(R) . (12.3.1)

¥'e assume throughout that {S(t)} has ¢-mixing increrents with
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2
Im ¢ (t)dt < = | (12.3.2)
1

We will say that {S(t)} has strictly stationary increments if the process

{S(s + t) - 5(s), t 20} has the same distribution for each s 2 0 . “unpose

throughout that S§(0) =9, ©ES(t) =90, t =0 and that for some § > 0
. 248
E SUBh<r <y |&(t)| (12.3.3)
Now (12.3.2) is easily seen to imply the existence of the limit
2 . 1. &2
= i }.‘ ' .3.4
o ll'nn_>°° n ) (12 )

(see Lemma 4.2.2 of Philipp and Stout (1974a)). We assume throughout that

2 . . 2
6“ > 0 so that without loss of generality we can assume that o¢“ = 1

Thegrerm 12.2. Let {£(t)} be a separable process, with ¢-mixing and strictly

stationary increments, centered at expectations and satisfying (12.3.2), (12.3.3;
2

and (12.3.4) with o¢” =1 . Then, on an anpropriate protability space,
1
7 n
a(t) - (1) <<t a.s,

as t -+« for each n < §/(12 + £6)

Preof: By Theorem 4.1 of Philipp and Stout (19742) (Theorem 2 of Philipp and

Stout (1974b)),relation (i2.1.1) holds on some probahility space. CSeparability

and stationarity imply that sup, . la(t)y| and SUD oo ls(e) - sm)|
have the same distribution. Thus by (12.3.3)
1
s < 27" « 2"
P SUPL t<n+l Is(t) - w(n)| >n = P SUDn <1 |U(t)|> n
_(?+5)E§_ ‘
248 TN -1-6/3

< E SUPy.. g le(t) ] n «



(12.1.2) follows now from the Borel-Cantelli lemma. The theorem is proved.

. . b \ .
For a given stochastic nrocess {x(t)} let Gg be the o-field generated

ty {x(t), a<t<b}l. Tren {x(t)} is said to be ¢-mixing if there exists

. . . . S
a nonincreasing function &(t) ¥+ 8 suc™ that for 211 s 20, t =20, Ace GO
00
,q\ al
and B e Gé+t

[P(aR) - P(A)P(B)| < ¢ (t)P(A)
We assume throughout that {x(t)} 1is measurable and that for all t > 0
t
J Flxts)|?*® as < w . (12.3.5)
0
Here § > 0 is a fixed number. Yrite
t
o) = [ x(s)ds . {12.3.6)
0
It is easy to see that if {x(s)} is a ¢-mixing process, {S(t)} has ¢-mixing

increments with the same ¢

Corollary 12.2. Let {x(t)} %e strictly stationary, measurahle, centered at
y

expectations and ¢-mixing satisfying (12.%.2) and (12.2.5). Let S(t) be
defined by (12.%.€). CSuppose 02 =1 in (1?2.3.4). Ther on an avnpropriate
probability space

1
Zen

5(t) - ¥X(v) «ttz a.s.

as t >« for some n > .
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This corollary is an immediate consecuence of Theorem 12.2, noting that

(12.3.5) implies (12.3.3).

12.& Markov Processes Satisfving Deoerlin's Condition

As an aponlication of the results of the previous section we briefly discuss
functionals of Markov processes satisfving Doeblin's condition. Let (S,B) be
an abstract state space, where B is the o-field of subsets of S . Assume
stationary transition protabilities for a Markov vrocess defined on (5,R)

Under the Doeblin condition, the Markov transition function (p(t,x,B), t=20,
eSS, Be B) has & unique stationary distribution = . Moreover (see Doob,

Stochastic Processes, p. 256) convergence to this distribution is exponentially

fast:

t

lp(t,x,B) - m(B)} < vp (12.4.1)

for‘sdme"v“>-0',"pt<‘1“,“unifofm1y in xeS and B e B . With this in
mind, we define a Doeblin process to be a stationary Markov process
{x(t)} such that (12.4.1) holds. Tt is easily showm that discrete parameter

¥

. _— . N )
Doeblin nrocesses are ¢-nixing with ¢(n) =Cp , p < 1

Thecrer 12.3. Let {y(t)} be a Doeblin rrocess with abstract state space

(8.B) . Let f be a real valued function cdefined on (£,8) . Suppose that

(xt)} € (ely))?
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is measurable with

2+6
<

[#s]
-
~
<O
~—
n
[we]
0
=
Qu
£r1

|x(M ] m (12.4.2)

for some 6 > 9, Let
ft
o(t) = J x{s)ds

. 2 .
define {S(t)} . Sunpose that ¢ =1 in
(12.3.4). Then, without changing the distrihution of the process {S(t)} , we
can define {S(t)} on a richer prohability smace together with standard

Brownian motion such that

%“n
S(t) -~ Y(t) <«<t a.s. (t =+ =) (12.4.3)
holds for some n > 0

This theorem is an immediate consequence of Corollary 12,2,
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