SUMMARY

WANG, YIRAN. Factor Models and Statistical Network Inference. (Under the direction of
Soumendra Nath Lahiri and Minh Tang).

We studied two main problems, factor models estimation and statistical network infer-
ence in this thesis.

In Chapter 2, a novel consistent estimator is proposed to determine the number of
latent factors r in approximate factors models with serial correlation. In contrast to the
existing literature, we allow r to diverge with sample size n and dimension p at the rate
of r = o{min(n, p)}. The proposed estimator is computationally efficient even in large
high-dimensional datasets and does not rely on any tuning parameters. Under mild con-
ditions, we theoretically proved the consistency of this estimator with or without factor
structures when 7, p and r (if any) go to infinity. The simulation results show that our
method outperforms the competitors in most testing cases, with smaller relative estimation
error and robustness through a large range of signal-to-noise ratios. Two applications on
forecasting macroeconomic variables and financial time series are considered to illustrate
its usefulness.

In Chapter 3, we proposed a valid and consistent test for the hypothesis that two latent
distance random graphs on the same node set have the same generating latent positions,
up to some unidentifiable similarity transformations. Our test statistic is based on first
estimating the edge probabilities matrices by truncating the singular value decompositions
of the averaged adjacency matrices in each population and then computing the Spearman’s
rank correlation coefficient between these estimates. Experimental results on simulated
data indicate that the test procedure has power even when there is only one sample from
each population, provided that the number of nodes is not too small. An application to a
dataset of neural connectome graphs showed that we can distinguish between scans from
different age groups while an application to a dataset of epileptogenic recordings showed
that we can discriminate between seizure and non-seizure events.

In Chapter 4, we studied the joint inference methods on network-dependent data.
Prediction of network-dependent data has recently begun to draw interest, assuming that
the covariance of response depends on the network structure. While various methods have
been proposed by incorporating the observed relational information into regression, little
work has taken the latent network structure into account. In this chapter, we propose a

joint likelihood-based algorithm to simultaneously estimate the community assignment



and regression coefficients for the network-dependent data generated by a stochastic
block model. We show that the regression estimates given by our algorithm are consistent
and asymptotically normal as n — oo provided that we initialize our algorithm with a
community assignment that is weakly consistent. As demonstrated in the simulations, (i) the
joint inference procedure outperforms the spectral clustering and other likelihood-based
community detection algorithms using the relational information only; (ii) the regression
estimates and predicted values given by the joint inference procedure are more accurate
compared to procedures such as the OLS that ignores the network information. Lastly, two

real datasets have been analyzed for illustrative purposes.
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CHAPTER

INTRODUCTION

1.1 Estimation of Factor Models

1.1.1 Background

Factor models aim to explain a large number of correlated variables in terms of a potentially
small number of unobserved variables. For t = 1,...,n, let x, = (x;, Xp;, - ,x,g[)T be a p-
dimensional random vector, with the structure captured by r unknown factors, r < p. The

static factor model is defined as
X, =a+Bf,+e; orinmatrixform, X= al; +BF+E, (1.1.1)

where a =(a,,...,a,)" is the mean vector, B=(b,, -, b,)’ € RP*" is an unknown matrix of
factor loadings, f; € R" is a vector of latent common factors, e; € R? is called idiosyncratic
components, X =(x;, -+, x,) ERP*", F=(fi,--, f,) ER™", E=(ey, -+, e,) ERP*" and r is
the number of factors. Note that the only observable component in (1.1.1) is x,. Typically

the following assumptions are made on (1.1.1):



Assumption 1.1. (a) The factor F and noise E are random and independent while the

factor loading matrix B is deterministic.

(b) Foreachdimension1< j<r,{f;,:1<¢<n}areiid.with E(f;;)=0and Cov(f;)=%,
where X € R™" is a positive semi-definite matrix.

(c) Foreach dimension1< j<p,{e;, :1<t<n}arei.id.with E(e;;)=0and Cov(e,)=

3., where X, is a diagonal matrix with entries o7, ..., 0}29 .

Therefore, we have E(x;)=a and Cov(x,)=X, = BZfBT +3,. Note that model (1.1.1)
under Assumption 1.1 is not identifiable. For any invertible matrix A € R™’, (1.1.1) is
unchanged if we simultaneously replace B with BA and f; with A~ f;. To make B identifiable
up to rotation, one common constraint is to assume >y = I, which indicates the latent
factors are uncorrelated and normalized. To reduce the rotation ambiguity, certain further
conditions can be implemented. Bai et al. (2012) proposed five scenarios about the rotation

restriction. For example, it is common to assume B' B is diagonal with distinct entries.
Assumption 1.2. >, =1, and B' B is diagonal with distinct entries.

By solving the identifiability issue, the components in factor models become estimable.
Before estimating the factor loading matrix and factors, we need to determine the number
of factors r, which is unknown and usually estimated by the spectral analysis of the sample
covariance matrix of x,. Under mild conditions, the estimation is consistent when r is
fixed and n, p — 00; see Bai and Ng (2002), Onatski (2010), Lam and Yao (2012), Ahn and
Horenstein (2013) and Wu (2018) for more details. We will explain more about the estimator
of r in Chapter 2.

Based on known number of factors, there has been a large amount of literature about
estimating the factor components; see Wang (2016) for a nice summary. We focus on the
principal component analysis (PCA) based approach. In the next section, we will discuss

the estimation procedure details and the corresponding asymptotic properties.

1.1.2 PCA-based Estimation

PCA, which breaks down the covariance matrix into a series of orthogonal components
and identifies the subspace that explains the most variation of the data, is closely related to
factor analysis; see Fan et al. (2018) for the relationship between them.

Under model (1.1.1) and identification assumption 1.2, it holds that ., = BBT + X,.
Intuitively, if the eigenvalues of BB are much larger than those of ¥, the top-r eigenspace



of X, should be approximately aligned with the column space of B. Thus, it seems to be
natural to estimate B and F through PCA, proposed by Chamberlain and Rothschild (1982).
Denote the sample covariance matrix of x, as ¥,. PCA-based estimators can be obtained
by solving argBr?inHX —BF|% as

B=VAY?and F =AYV "X,

where V € RP*" is composed by eigenvectors of 32, corresponding to the r largest eigenval-
ues and A € R™" is a diagonal matrix of the r largest eigenvalues of ¥, .

The asymptotic properties of PCA-based estimators have been extensively studied.
When n, p — 00, Bai (2003) and Bai and Ng (2013) established the rate of convergence and
asymptotic distribution of PCA-based estimators, respectively.

Assumption 1.3. (a) E(ejt) <C%forsome C<ooforalll<j<pandl1<t<n.
) |Ib;ll,<Cforl<j<p.
() C?<0o%<C*forsome C>0foralll1<j<p.
(d) {a? :1< j < p} are estimated in the compact set [C~2, C?] for some C > 0.
(e) When p — oo, BT B/p converges to a positive definite matrix.

THEOREM 1.1. Under Assumption 1.1, 1.2 and 1.3, when n, p — oo, it holds that I5j LA bj
with rate min(n'/2, p) for 1 < j < p and f, % f, with rate min(n, p'/2) for 1 < ¢ < n.

Fan et al. (2013) extended those results in Bai (2003) in a uniformity sense.

Assumption 1.4. There exist m,, m, > 0 and c;, ¢, > 0 such that forany s >0,1< j < p,
1<i<randl1<t<n,

P(lej,|>s) <exp(—(s/c;)™), P(fi;|>s)<exp(—(s/c)™).

THEOREM 1.2. Under the same assumption of Theorem 1.1 and Assumption 1.4 with n =
o(p?),logp = o(n") for (6y)"' =3m;' +1.5m,"' +1, it holds that

max ||b; — b;|l,= 0, (p™"/* +(logp)"*n""7?),

1<j<p

maXIIf} filla =0, (n™2+p712n ).



An important assumption to derive the aforementioned properties is that the factor
strength is strong forall 1 < j < p, i.e., ||b;||; = O(p), which is not appropriate in many cases
with weak factors. The related discussions can be found in (Lam and Yao 2012; Onatski
2012; Fan and Liao 2020).

1.2 Statistical Network Inference

In this section, we first introduce a few key findings in network modeling, including Erd6s-
Rényi model, f model, latent space model, stochastic block models and their variants.
Then two main issues of statistical network inference, community detection and graph

testing, are reviewed.

1.2.1 Background

The topology of a network is often represented as a graph, denoted by ¥(¥, &), where
¥V ={uv,w,..., v,} is the set of n nodes and & denotes the set of edges connecting nodes. An
adjacency matrix A =(A;;) € R"*" is commonly used to describe the relationship between
two nodes. For an unweighted network, A;; is a binary element encoding the absence or
presence of an edge between node i and j. For a weighted network, A;; > 0 measures the
strength of connections.

The present set of statistical network models can be arranged along several primary
axes in statistics literature. It could be divided into static and dynamic network models, for
example. The study of the generating mechanism of observable edges is the emphasis of
static network models, whereas dynamic network models are primarily concerned with
how networks develop over time. In addition, based on the type of interactions, there are
directed and undirected network models.

We will focus on the undirected, unweighted and static network in this report. Let
A=(A;;)€{0,1}"" where A;; = 1 means the existence of an edge between node i and node
j- Due to the undirected characteristic, A is symmetric. By convention, we assume there is
no self-connection, hence the diagonal entries of A are 0. Let d; =, _; A;; be the degree of
node i. The vector d :=(d;, ..., d,,) is usually called the degree sequence of ¢4. Denote the
network density as p,, =>_. d;/n(n—1).

The key task for network models is to understand how the network is generated, which
is useful in a variety of applications such as studying network evolution over time, learning

hidden user preferences in recommender systems, and predicting missing links in networks



(Xu 2018). As a result, a number of probabilistic models have been presented in order to
better comprehend the underlying network topology.

Erdos-Rényi model. Formal research about network modeling can be traced back to
Erdés and Rényi (1960a). The Erdés-Rényi model assumes A;;’s are generated as inde-
pendent Bernoulli random variables for i < j with a constant edge-probability p. In both
dense and sparse networks, the MLE estimate of p is consistent and asymptotically normal.
Despite its appealing properties, this model has two major limitations: (i) the possible
edges dependency is ignored, and (ii) the resulting degree sequence distribution is Poisson
for large n if np equals a constant, which is inappropriate for modeling real networks with
heavy-tailed empirical degree distributions. Since then, how to model the link dependen-
cies and degree heterogeneity have been two fundamental themes in the field of statistical
network research. Frank and Strauss (1986) studied Markov random graph models under
the assumption that two possible edges are dependent only if they share a common node.
Wasserman and Pattison (1996) further proposed a more general form as exponential ran-
dom graph model (ERGM), which is also called p* model. In ERGM, the random behavior of
Ais fully determined by a d-dimensional statistic T(A) with an unknown parameter 6 € R4,
To estimate the model, Hunter et al. (2008) developed Markov Chain Monte Carlo (MCMC)
type algorithms.

Heterogeneity and homophily. To capture the heterogeneity of degrees, a class of n-
parameters models, named p, model in directed graphs, was proposed by Holland and
Leinhardt (1981). Its undirected version is known as  model (Chatterjee et al. 2011) as-
suming A;;’s are generated as independent Bernoulli random variables for i < j with
edge-probability p;; that is uniquely determined by the nodal parameters f§ € R":

logit(p; ;)= B; + B}, (1.2.1)

where logit(x) =log{x /(1 — x)} for any x €[0, 1]. The sign and magnitude of 3; measure the
propensity of node i to have connections with other nodes. When n is large, Chatterjee
et al. (2011) firstly proved the uniform consistency of MLE of 8 while Yan and Xu (2013)
established its asymptotic normality, both of which require a network density of p, >
1/log’ n for some constant c. This is quite limited since the real networks are much sparser.
Recently, Chen et al. (2021) relaxed the network sparsity requirement to p,, > n~"/? under
a strong assumption that in f8; = c;logn + o(log n) we know c; and only need to estimate
o(logn) part. Furthermore, Zhang et al. (2021) pushed the sparsity requirement down to
nl<p, < n~/2, When a sample is given, Rinaldo et al. (2013) established the sufficient



and necessary condition for the existence and uniqueness of the MLE.

Apart from degree heterogeneity, another distinguishing property of network data is
the homophily phenomenon, which means nodes with similar features are more likely to
be connected. The homophily is best explained by observed covariates specific to nodes
or links. Hoff (2009) firstly studied the § model with covariates in which the logit of edge-
probabilities can be rewritten as

the covariate x;; is either edge-specific or a function of node-specific vectors. The over-
parametrization that results from 8 models having as many parameters as the number of
nodes makes establishing asymptotic properties not trivial, which is even more challenging
by the presence of covariates. Graham (2017) explored the asymptotic properties of two
estimators for the homophily parameter y in (1.2.2). Under both sparse and dense graph se-
quences, the first estimator conditioning on a sufficient statistic for degree heterogeneity is
consistent, whereas the second estimator treating degree heterogeneity as an additional pa-
rameter to be estimated jointly is only consistent under dense graph sequences. Jochmans
(2018) established the consistency and asymptotic normality of y by eliminating the degree
heterogeneity in a conditional-likelihood-based approach. Other related research can be
found in (Yan et al. 2019; Stein and Leng 2020; Zhao et al. 2021).

Models with latent variables. Another important class of network models is latent
space models, first developed by Hoff et al. (2002). The core idea is that each node i is
associated with an unobservable element z; in latent space 2 C R¢, and A; j's are generated

as independent Bernoulli random variables for i < j with edge-probability

pij = f(zi, z)), (1.2.3)

where f is a link function that f : 2 x 2" — [0, 1]. Hoff et al. (2002) studied two types of
latent space models: distance models where f is the sigmoid function of negative euclidean
distance and projection models where f is the sigmoid function of inner product, both of
which regarded the latent vectors as fixed effects. The random dot product graph, proposed
by Young and Scheinerman (2007), is a special case of (1.2.3) with the link function as simple
as f(z;,z j) = zl.Tz j- Its properties have been actively studied; see Athreya et al. (2017) for a
recent survey.

The model (1.2.3) can be generalized to take homophily and degree heterogeneity



parameters into account (Hoff 2003, 2005), for example,

To better describe the clustering feature of social networks, Handcock et al. (2007)
extended the original latent space model (1.2.3) by assuming that the z;’s are drawn from a
finite mixture of K multivariate normal distributions, each representing a different cluster
of nodes. That s, p

Zi~ D MV Ny, 03 1),
k=1

where A, is the probability that a node belongs to cluster k such that A, > 0 and Zle Ar=1
and I, is a d x d identity matrix. For the estimation, Handcock et al. (2007) proposed two
methods. One is a two-stage method that first computes the maximum likelihood estimator
of the (non-clustering) latent space model, and then computes the maximum likelihood
estimator for the mixture model applied to the resulting estimated latent positions. This is
fast and straightforward. However, it does not use the clustering information when esti-
mating latent positions. Thus, they proposed the second Bayesian method using Markov
Chain Monte Carlo (MCMC) sampling. Although it can simultaneously estimate the la-
tent positions and the clustering model, it is computationally intensive and scaling these
approaches to handle large networks is difficult. Recently, Ma et al. (2020) proposed two
consistent fitting algorithms for model (1.2.4) with fixed effects, based on nuclear norm
penalization and projected gradient descent respectively.

This extension of Handcock et al. (2007) is related to the stochastic block model, hence-
forth SBM, which posits a latent community membership for each node. In SBM, n nodes of
a network are partitioned into K < n disjoint communities. Conditional on the community
assignments, edges occur independently with the probability that only relies on the com-
munity membership of nodes. Assuming the community assignments are known, Holland
et al. (1983) firstly proposed the concept SBM for a special case of p; model. Wasserman
and Anderson (1987) extended p, model-based SBM to unknown community assignments.
Instead of restricting to p, model framework, Snijders and Nowicki (1997) developed a more
general SBM for undirected graphs assuming the number of communities is two, which was
then generalized by Nowicki and Snijders (2001) to a directed network with the arbitrary
number of communities.

As mentioned before, we focus on the undirected network. Denote the community

membership vectoras ¢ =(¢,, ..., ¢,)", where ¢;’s are i.i.d multinomial random variables and



¢; = k means node i belongs to community k. For node i, denote a K -dimensional binary
vector z; in which the k-th element is 1 if ¢; = k and 0 otherwise. Define a K x K symmetric
matrix W to measure the connectivity of communities, where W, is the probability of edge
between the node in community k and the node in community /. In SBM, conditional
on the community membership of nodes, the edges are independent Bernoulli random
variables, thatis, for1<i< j<n,

A;il(z5, 25, W)™ Bernoulli(z] W z;), (1.2.5)

and the edges within the same community are identically distributed.

Despite its simplicity, SBM suffers a significant drawback as all nodes in the same
community are exchangeable and thus have the same edge density. In reality, nodes often
exhibit degree heterogeneity even when they belong to the same community. Degree is
the number of edges a node has. Thus, Karrer and Newman (2011) proposed the degree-
corrected stochastic block model (DCSBM) by introducing a degree-corrected parameter
to each node, denoted by ¢ = ({4, ..., ¢,,), which can be interpreted as the popularity or
importance of a node in the network. Under DCSBM, in the same community, a node with a
larger value of degree-corrected parameter is expected to have more connections than those
with smaller values. Given the community membership ¢ and degree-corrected parameter
Y, A;;’s are independent Bernoulli random variables. The (1.2.5) can be rewritten as, for
1<i<j<nm,

Aiil(zi 251,40 5, W) '™ Bernoulli (y 1 2] W z;).

It’s worth noting that SBM and DCSBM both assume that each node only belongs to
one community, which is unrealistic in real-world networks. Airoldi et al. (2008) proposed
a soft clustering approach called mixed membership stochastic block model (MMSBM) to
overcome these constraints. In MMSBM, each node can belong to different communities
when interacting with different nodes. Define a K -dimensional vector 6, for node i in which
the k-th element represents probabilities of node i belonging to community K. Denote
z;; € RX as alatent binary vector whose k-th element is 1 if node i belongs to community
k when interacting with node j, which is drawn from the multinomial distribution with
probabilities 6;. The (1.2.5) can be rewritten as, for 1 <i < j<n,

A;illz z-,-,W)HS'Bernoulli(ziTszﬁ).

ijr<j

The inference and generalization of MMSBM have been actively studied, such as Li et al.



(2016); Fan et al. (2016); Godoy-Lorite et al. (2016), to name a few.

1.2.2 Review of Community Detection

Within SBM and DCSBM frameworks, a fundamental task is to recover the latent commu-
nity membership of nodes from a single observation of the network, referred as community
detection. Various methods have been proposed in recent years, such as modularity maxi-
mization (Newman and Girvan 2004), likelihood-based methods (Bickel and Chen 2009;
Choi et al. 2012; Zhao et al. 2012; Amini et al. 2013; Celisse et al. 2012), belief propagation
(Decelle et al. 2011) and spectral clustering (Rohe et al. 2011; Joseph and Yu 2013; Le et al.
2017; Sussman et al. 2012). We focus on the general review of likelihood-based methods

and spectral clustering.

Likelihood-based methods

There had been little theoretical analysis of community detection until Bickel and Chen
(2009) established the consistency framework for community detection under SBM as the

number of nodes n grows and the number of communities K remains fixed.

Definition 1.1 (Consistency). The community detection criterion Q is consistent if the

estimated community membership vector ¢ = argmaxQ(e) satisfies P[c =7(¢)] — 1 as
e€[K]n
n — oo for some 7 € Sy where Sy is the set of permutations on [K], which is also called

exact recovery.

Since the notion of consistency is very strong by requiring asymptotically no errors,
Zhao et al. (2012) then defined weak consistency, which essentially means the number of

misclassified nodes is of smaller order than the number of nodes.

Definition 1.2 (Weak Consistency). The community detection criterion Q is weak consis-

tent if the estimated community membership vector ¢ = argmaxQ(e) satisfies for any € > 0,
e€[K]n

P [(% Z:.lzl I(m(¢;)# c;) < 6)] — 1 as n — oo for all T € Sy where Sk is the set of permutations

on [K], which is also called almost exact recovery.

Bickel and Chen (2009) studied the profile likelihood under SBM. By treating the true
community membership ¢ as fixed parameters, the log-likelihood of A can be derived,
denoted as /(W, e|A), where e € [ K]". To maximize (W, e|A), we can fix e and maximize



it over W. Thus we obtain the profile likelihood Qgp,,(e). The estimated community la-
bel vector is obtained by maximizing Qsz,, over all possible community assignments via
greedy search. The same method is used in Karrer and Newman (2011) under DCSBM. The
consistency of profile likelihood methods has been proven in both SBM (Bickel and Chen
2009) and DCSBM (Zhao et al. 2012) when 7 goes to infinity but K is fixed.

The consistency properties require certain conditions on the average degree, denoted as
An =22, E(A;;)/n. To obtain consistency of the maximum likelihood estimator (MLE),
A, has to grow faster than log n while to obtain weak consistency, one only needs A,, — oo.
When K is allowed to grow no faster than n'/2, Choi et al. (2012) proved weak consistency
of the MLE holds if A,, grows faster than (logn)**® for some 6 > 0 and the minimum size of
community is proportional to n/K.

However, the profile likelihood method is computationally demanding since it requires
the search over K" possible assignments. To increase the efficiency, Amini et al. (2013) pro-
posed pseudo-likelihood method for fitting SBM and DCSBM and proved the consistency
under the two-community SBM. Let e be an initial membership vector, b = > i Aij 1(e; = k)
and A, = 22:1 A1k The pseudo-likelihood is

n K K
L({b},)=> log (Z pe™ ]_[/15’;2")’
i=1 =1 k=1

where ¢ ={c,, ..., ¢,} ~ Multinomial(1,{p,, ..., px }). Essentially, the pseudo-likelihood they
constructed is the log-likelihood of a Poisson mixture model, thus the standard Expecta-
tion-maximization (EM) algorithm can be applied. It assumes that { b;,, ..., b; ¢ } are mutually
independent conditional on ¢, then the separate computation of posterior probabilities
for ¢; is very fast. Once the EM algorithm converges, e is updated to the most likely label
for each node and the procedure repeats a fixed number of iterations.

Recently, to solve the computational inefficiency in fitting the SBM likelihood function,
Wang et al. (2020) proposed a novel profile-pseudo likelihood method that decouples row
and column labels in the likelihood function. It has a provable convergence guarantee
compared to Amini et al. (2013).

In addition, Daudin et al. (2008) developed a variational approach to fit SBM efficiently.
Bickel et al. (2013) derived the asymptotic distribution and consistency of the variational
method under SBM when A,, grows faster than log . See Tzikas et al. (2008) for a tutorial of
variational approaches.
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Spectral clustering

Alternatively, spectral clustering is one of the most popular methods for community detec-
tion, which is easy to implement and computationally efficient. We shall give a very general

framework of spectral clustering in Algorithm 1 and discuss more details later.

Algorithm 1: Spectral Clustering
Input: Adjacency matrix A € {0, 1}"*" and the number of communities K.

Step 1. (Matrix Calculation) Calculate the similarity matrix M based on A.

Step 2. (Spectral Embedding) Find the eigenvectors v, ..., vx € R” corresponding to the K
largest eigenvalues of M. Form matrix V =(u,..., vx) € R™K,

Step 3. (Clustering) Treating each of the n rows in V as a point in R¥, run a clustering
algorithm, e.g., k-means with K clusters.
Output: We get K non-overlapping sets S, ..., Sy whose union is {1,2,..., n}. This
means that the node i is assigned to community k if the ith row of X is assigned to
Sy in Step 3.

The commonly used similarity matrix is Laplacian matrix, which is, roughly speaking,
the discrete version of Laplacian operator over a function from each node in the network
to a real value, by replacing the derivative with difference. The unnormalized Laplacian
matrix is Lynom := D — A, where D is a diagonal degree matrix with entries D;; = Z;.lzl Ajj
measuring the number of edges of node i. The matrix L,,,m has lots of nice properties,
such as the multiplicity of eigenvalue 0 equals the number of connected components in
the network and its eigenvectors are orthogonal due to symmetry. As stated in Chung and
Graham (1997), unnormalized Laplacian matrix only performs well in regular network
where each node has the same degree. Thus, in general networks, normalized Laplacian
matrix Lyom := I —D~/2AD~'/2 gains the popularity. For spectral clustering in community
detection, a similar version L := D~/2AD~'/2 is commonly studied and correspondingly
the largest K eigenvectors are useful to make inference. Rohe et al. (2011) proved the
normalized Laplacian spectral clustering estimator is weakly consistent under SBM when
the minimum expected degree to be at least the order of n/+/logn.

Laplacian spectral clustering does not perform well in sparse networks because the
minimum degree might be close to 0. Thus, a regularized Laplacian matrix was proposed
by Amini et al. (2013) and its impact was actively studied in recent years, see Joseph and
Yu (2013) and Le et al. (2017). Specifically, the adjacencyy matrix A was replaced with
A;=A+(7/n)117 and then Laplacian matrix is constructed using A, where 7 is a quantity

11



with the same order of average degree A,,.

Despite its empirical advantages, the statistical properties of Laplacian spectral cluster-
ing have not been known well yet. Thus, for theoretical simplicity, many researchers focus
on the spectral clustering directly on the adjacency matrix, referred as adjacency spectral
clustering. The weak consistency of adjacency spectral clustering in SBM was proved by
Sussman et al. (2012) assuming the rank of the community probability matrix is known.
Fishkind et al. (2013) improved this result when the rank is unknown. Lyzinski et al. (2014)
showed the adjacency spectral clustering can achieve consistency in SBM and DCSBM. Lei
and Rinaldo (2015) then extended the consistency of adjacency spectral clustering under

SBM to relatively sparse networks where the order of maximum average degree is logn.

1.2.3 Review of Two-sample Testing

Two-sample hypothesis testing for graphs had attracted recent interests in the statistics
community. Ginestet et al. (2017) derived a central limit theorem for the sample Fréchet
mean of combinatorial graph Laplacians and built a Wald-type two-sample test statistic.
Ghoshdastidar et al. (2020) proposed to compare the underlying graph-generating distribu-
tions with a test statistic based on differences of the estimated edge-probability matrices
with respect to the spectral or Frobenius norms. Ghoshdastidar and von Luxburg (2018)
further developed a test statistic via extreme eigenvalues of a scaled and centralized matrix
as motivated by the Tracy-Widom law. The aforementioned literature generally does not
assume any specific generative model for the observed graphs. For example, Ginestet et al.
(2017) only assumes that the nodes are aligned while Ghoshdastidar et al. (2020) and Ghosh-
dastidar and von Luxburg (2018) only require conditional independence of edges. There is
then an inherent tradeoff between the generality of the generative model and specificity of
the theoretical results; indeed, for these models, a graph on n nodes could require n(n—1)/2
parameters for the pairwise edge probabilities. To address the potential need for estimating
these parameters, Ginestet et al. (2017) assumes that the number of graphs is reasonably
large compared to the number of nodes, while the necessary conditions for consistency of
the test statistics in Ghoshdastidar et al. (2020) and Ghoshdastidar and von Luxburg (2018)
are quite complex.

Various popular generative graph models such as the stochastic block model, latent
space model and their variants, have also been actively studied in the context of two-sample
testing problems. Stochastic block model graphs, first introduced by Holland et al. (1983),
assume that nodes are partitioned into several unobserved blocks and the probability of
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connection is a function of block membership. Under this model, Li and Li (2018) studied
the problem of testing the differences of block memberships and constructed test statistic
via singular subspace distance. The notion of hidden communities in stochastic blockmodel
graphs can be generalized to yield latent space model graphs (Hoff et al. 2002). In the latent
space model each node v; is associated with a latent position x; € R¢ and, conditioned on
the latent positions of these nodes, the edges are independent Bernoulli random variables
with mean p;; = f(z;, z;) where f is a symmetric link function. A special case of a latent
space model is the notion of a generalized random dot product graph (Rubin-Delanchy
et al. 2017) wherein f(z;, z;) = (z;, z;) for some bilinear form (:,-). Random dot product
graphs include, as a special case, stochastic blockmodel graphs and its degree-corrected
and mixed-membership variants, and furthermore, any latent position graphs can be
represented as a random dot product graph with a fixed dimension d or be approximated
arbitrarily well by a random dot product graph with growing d. For the random dot product
graphs, Tang et al. (2017a) considered the two-sample problem of determining whether or
not two graphs on the same node set have the same generating latent positions or have
generating latent positions that are scaled or diagonal transformations of one another;
Tang et al. (2017b) studied a related problem wherein the graphs can have different node
sets with possibly differing numbers of nodes. Another special case of the latent space
model specifies that f is the logit link function and for this choice of f, Durante et al. (2018)
developed a Bayesian procedure for testing group differences in the network structure that
also relies on a low-rank representation of the latent positions together with edge-specific
latent covariates.

The appeal, and consequently power and utility, of the latent space formulation for
two-sample testing stems from the fact that a n nodes graph can be parameterized by
the n x d matrix of latent positions {z;}; this is, when n > d, a considerable reduction in
the number of parameters compared to the n(n —1)/2 edge probabilities. This reduction,
however, is possible only if the {z;} can be estimated accurately, and this is generally done
by assuming that f is known; e.g., f is a bilinear form (Tang et al. 2017a,b) or the logistic
function (Durante et al. 2018). By relaxing this assumption of known link function, we
obtain results that are different but complementary to those in the existing literature. See

more details in Chapter 3.
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CHAPTER

2

ESTIMATING THE INCREASING
NUMBER OF LATENT FACTORS

2.1 Introduction

High-dimensional time series data are of increased interest and importance in the mod-
ern machine learning era. The challenge arises from inferring the complex dependence
structure across both serial and cross-sectional outcomes. Often, factor models serve as a
powerful tool to capture such dependence by assuming a few latent factors. This class of
models has been studied and applied extensively in many fields, such as machine learning
(Fan et al. 2018), econometrics (Stock and Watson 2002; Giannone et al. 2008) and finance
(Chamberlain and Rothschild 1982; Fama and French 1993).

Determining the number of latent factors is a crucial step to identify the factor structure.
When datasets are large in both the sample size n and the cross-sectional dimension
p, the traditional criteria such as AIC or BIC is not applicable any more since it is only
consistent when 7 diverges but p is finite. Assuming that the number of factors r is fixed,
Bai and Ng (2002) firstly proposed a consistent estimator as both n and p diverge by
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penalizing the criterion in order to avoid overparametrization. However, it is known to be
non-robust in practical. Alessi et al. (2010) refined this estimator by developing a robust,
data-driven method to tune the choice of the penalty function. As an alternative to the
information criteria method, various testing procedures were explored, such as Onatski
(2009), Kapetanios (2010) and Trapani (2018).

Recently, more estimate methods based on the spectral analysis of covariance matrix
have been actively studied under the same assumption of fixed r. Onatski (2010) developed
an estimator in the form of consecutive eigenvalues difference. Ahn and Horenstein (2013)
proposed two ratio-type estimators and theoretically proved the consistency using random
matrix theory when p and n diverge but r is fixed. Wu (2016, 2018) studied the estimator by
constructing a nonlinear and monotonous function of eigenvalues. Other spectral methods
have been investigated based on autocovariance matrix (Pan and Yao 2008; Lam and Yao
2012) and correlation matrix (Fan et al. 2020).

However, there are several critical restrictions in the aforementioned methods: (i) Most
of them heavily rely on the data-driven threshold or lots of tuning parameters, such as
Onatski (2010), Xia et al. (2015), Wu (2016) and Trapani (2018), which is not robust enough
and hard to be generalized widely. (ii) Several methods require to compute all eigenvalues,
such as Onatski (2010), Ahn and Horenstein (2013) and Wu (2018). The computational
complexity is O{min(p3, n®)}, which is quite intensive in the large high-dimension dataset.
(iii) The asymptotic properties have been rigorously studied only when r is assumed to be
fixed. These restrictions motivate us to investigate a new estimate method with two main
contributions:

First, the proposed novel method is efficient and consistent to estimate the number
of latent factors. By calculating two ratio-type indices of the eigenvalues, the estimated
number of factors is determined by a mutual comparison process based on the compre-
hensive order of two indices. Our method is advantageous since it is formulated without
any tuning parameters or data-driven thresholds and only a few largest eigenvalues need to
be computed. Thus, the time complexity is O{min(p?, n?)} when r is fixed. Even if allowing
r to diverge with n and p, the simulation results show that our method outperforms the
competitors in almost all cases with smaller relative error and robustness through a large
range of signal-to-noise ratios.

Second, we relax the restricted assumption of fixed r and theoretically extend the
asymptotic properties of spectrum-based estimators by allowing r = o{min(p, n)}. It should
be noted that Li et al. (2017) proposed an information criteria based on Bai and Ng (2002)

when r increases at the rate of o{min(p'/!7, n'/16)}. Our theory is different from it in the
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methodology and we allow a much faster and freer divergence rate. Under mild conditions,
the consistency of our estimator is rigorously proved with or without the factor structure.

The remainder of this chapter is organized as follows. In Section 2.2, we describe the
model and the proposed estimator. In Section 2.3, we show the necessary assumptions,
asymptotic properties, and corresponding proofs. Section 2.4 contains a set of simulation
studies. An application to forecast macroeconomics time series is shown in Section 2.5.
Section 2.6 concludes.

2.2 Methodology

Fort=1,...,n,let x, =(x;, Xo/, .., xp[)T be a p-dimensional random vector, with the struc-
ture captured by r unknown factors, r < p. The static approximate factor model is defined
as

x,=Bf,+e, (2.2.1)

where B is a p x r unknown deterministic matrix of factor loadings, f; isa r x 1 vector of
unobservable common factors and e; is the idiosyncratic component. It is usually assumed
that e, is a weakly dependent process with mild cross-sectional dependence but uncorre-
lated with f;. In addition, rank(B) = r otherwise (2.2.1) can be expressed equivalently in
terms of a lower-dimensional latent space.

Under these assumptions, the covariance matrix of the data is given by
Y=Y +5,, (2.2.2)

where X is the covariance matrix of B f; with finite rank r and %, is the covariance matrix
of the idiosyncratic component. Let 1 (M) be the k-th largest eigenvalue of a positive
semidefinite matrix M. By applying Weyl’s inequality, for m =min(n,p)andi=1,...m—r,
we have,

lpr(zx)z¢r(zf)+¢min(n,p)(ze) and wm(Ze)SwH-i(Zx)Swl(Ze)-

Here y,(X,),..., ¥ (2,) are called systematic eigenvalues, capturing most of the structure
features of x, while ¢,,,(2,), ...,y ,,(X,) are called idiosyncratic eigenvalues, bounded by
the eigenvalues of the idiosyncratic term. If the magnitude of ¥, dominates ¥, we expect
a large gap between the r-th largest eigenvalues of 2, and the rest. Actually, under certain
conditions, detailed in next section, ;(%,)’s are bounded for all 1 < i < m and ¢, (X) is
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usually assumed to be diverged at rate p such as Fan et al. (2018).

Based on the facts discussed above, many estimators have been developed. The core
challenge is to identify the gap, which is sometimes not easy to be detected in the finite
sample, especially when the cross-sectional correlation is large, see Onatski (2012). Most
of current estimators require to compute all eigenvalues of the sample covariance matrix
or introduce more than one tuning parameters, which is computationally intensive for
high-dimensional data and sensitive to the choice of those parameters. Motivated by these
imperfection, we consider a novel estimate method without introducing any tuning pa-
rameters except for a preset possible maximum number of factors, say r,,,,. It only needs
to compute around r,,,, largest sample eigenvalues where 3 < r,,,,, < min(p, n) if r is fixed.
We will show the proposed estimator is not sensitive to r,,,, in Section 2.4.

Denote the difference of population eigenvalues y;(3,)—¢ ;1 (X,)as d; fori =1, ..., Fipax-

Consider a one-step ratio index, defined by

_di+1
Mg 1
By Onatski (2010), d; is relatively large for i = 1,---, r, then remains around low values for
i=r+1, -, . after abig drop at i = r. Naturally, we expect that at i = r, the ratio index

I, ; should be large. We add one here to avoid the denominator to be zero and to decrease
the perturbation resulting from extremely small values.

However, in the finite sample, based on the sample eigenvalues ¢; := ¢ ;(X X "/n), the
estimated fl ; may not exactly attain the maximum at i = r, and we cannot get the specific
order of ]'1_,. To avoid this misjudgement, we propose another index as a complement,

two-step ratio index, defined by
d;+1

disp+1’

2,0 —

which provides side information to determine the number of factors. When n and p are
large enough, both of the I ; and I, ; should attain the maximum at i = r. Then, to measure
the magnitude of the indices, instead of introducing a sensitive threshold, we use the orders
of I ; and I, ; to enable the mutual comparison among eigenvalues, the detailed procedure

is shown in Algorithm 2.
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Algorithm 2: Order-of-Indices (OI) Estimator

Input: Data X, sample size n, preset parameter r;,,.

Step 1. Calculate the sample covariacne matrix >, =n~' XX .

Step 2. Obtain the r,,,, largest eigenvalues of ¥, denoted as ¢;, for i =1, ..., I';pax-

Step 3. Fori=1,--, rh.—3, calculate the following two indices
Il,i — $ and Iz,i — $'
€i+1_€i+2+1 £i+2_€i+3+1

Step 4. Get the order of ]’1 ; and Tz ; in descending sequence, respectively, denoted as S, ;
and SZ,i'

Step 5. The estimator of the number of factors r is

For =argmin(S;; +5, ;).
iI<r,

Step 6. If there are ties for the minimum, e.g., S, ; +S,; =S, ; + S, ; for i # j, then

fo[ :maX(l,])

2.3 Theoretical Results

In this section, we will theoretically prove the validity and consistency of the proposed
estimator 7;. The matrix form of (2.2.1) is

X=BF+E, (2.3.1)

where X e R”*", BeRP*", F e R™" and E € RP*".

Notation. We clarify the used notation first. For two non-negative numbers a and b
that possibly depend on n and p, the notation a = O(b) means a < C, b for some constant
C,>0and a =Q(b) means a > C,b for some constant C, > 0. We write a < b if a = O(b)
and a =(b). For a sequence of random variables {Y,}°2 and a sequence of non-negative
deterministic numbers {a,}>2 , we write Y, = O,(a,,) if for any € > 0, there exists C >0 and
ny > 0 such that P(|Y,| > Ca,) < € holds for all n > n,; and we write Y, = o,(a,) if for any
€ >0and C >0, there exists n, such that P(|Y,| > Ca,) < € holds for all n > n,. For a matrix

M, ||M|| denotes the Frobenius norm and ||M ||, denotes the spectral norm. For a vector
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v, ||v|| denote the Euclidean norm. Besides, tr(M) is the trace; ¢ (M) is the k-th largest
eigenvalue; m = min(n, p).

The asymptotic theory is derived by the following assumptions on (2.3.1):
Assumption 2.1. rank(B)=r.

Assumption 2.2. There exists some positive constants C, and ¢, such that

1 1
lim vy, (—BFFTBT) <C, and lim v, (—BFFTBT) > ¢p.
m—o0 np m—oo np

Assumption 2.3. lim p/n — y €(0,00).
m—-0Q

Assumption 2.4. E = A}/ ‘U Aé/ %, where A, and A, are p x p and n x n positive semidefinite
matrices respectively with ||A, ||, < ¢; and ||A,||, < ¢, for some finite constant ¢; > 0, and U
is a p x n matrix whose elements are i.i.d. random variables with mean 0, variance 1 and

finite fourth moment.

Assumption 2.5. For each i =1,...,,r —1, there exists a constant ¢, > 0 such that

lim {1/;,- (LBFFTBT)—%H (LBFFTBT)} > ¢,.
m—0o np np
Remark 2.1. Assumption 2.1 is for factor loadings. We only require rank(B) = r, which
is reasonable otherwise the factor models can be expressed equivalently in terms of a
lower-dimensional latent space, see Lam and Yao (2012). Note that the factor model has
identifiability issues. For any invertible matrix A € R™", simultaneously replacing B with BA
and f, with A™! f, does not change the observation x, in (2.2.1). Thus, various identifiability
assumptions have been made on the factor models: Lam and Yao (2012) assumes the
column of B to be orthonormal; besides, Fan et al. (2018) requires B' B is diagonal and
Cov(f;)=I,, where I, is an identity matrix. However, these conditions are not necessary for
the consistency of our estimator.

Assumption 2.2 guarantees that the sample systematic eigenvalues diverge to infinity.
As a special case, when f;’s are i.i.d. vectors, it is equivalent to require the factor loadings
||b;]|? to be of order p for i = 1,2,...,r. Note that we do not put any restriction on the
common factor f; itself, which is unusual since typically it is assumed to be E||f;||* < ¢, for
t=1,2,...,n,asin Bai and Ng (2002) and Ahn and Horenstein (2013). But we found it is not

necessary once we have Assumption 2.2.
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Assumption 2.3 is sufficient to prove that the idiosyncratic eigenvalues are bounded.
The matrix A; determines the cross-sectional correlations, while A, governs the structure
of serial correlations among the errors. Our paper makes much weaker restrictions on the
idiosyncratic component matrix E, compared with other literature. For example, as the
Assumption D in Ahn and Horenstein (2013), it requires that (i) the smallest eigenvalue of
A, is bounded away from zero and (ii) the asymptotically non-negligible number of the
eigenvalues of A; are bounded below by a positive number, that do not hold when the ratio
n/p is extremely small or a majority of variables are almost perfectly correlated. When
the dataset is large in both sample size and dimension, it is unrealistic to control such
numerous eigenvalues. They make these extra assumptions to guarantee the consistency
of their ratio-type estimators. Although our estimator is also ratio-type, we do not need
these conditions because the formulation of the proposed estimator is essentially a ratio of
difference. Thus, our method is easier to be generalized.

Assumption 2.5 is natural which requires the eigenvalues of (np) ' BF F" BT are distinct
asymptotically.

The following theorem is our main theoretical result.

THEOREM 2.1. Suppose that Assumptions 1-5 hold and r = o{min(n, p)}. Let 1 <7 < 1.
Then

lim P(fp;=r)=1.
n,p—o0
Remark 2.2. The choice of the preset parameter r,,,, is very flexible, which can be as large
as m where m = min(n, p). This condition is much less restrictive than the requirement of
I'max N Other existing estimators. For example, Onatski (2010) requires that r,,,,/m — 0 as
m — oo and Ahn and Horenstein (2013) requires 7y, <[d°*m]—r—1for d° €(0,1].

In the case without factor structure, that is, r = 0, we rewrite our estimator following the
similar method as Ahn and Horenstein (2013) suggested but only use the first r,,,, eigenval-
ues. Recall £, = (X X T/n). To be specific, define a pseudo eigenvalue £, = ZE" ¢;/In(m).
Then 75; can be modified using ¢, as the first step in Algorithm 2 starts from i = 0. Denote

the redefined estimator as 7;. Its consistency is stated in the following corollary:

Corollary 2.1. Under the assumption of Theorem 2.1, for 1 < r < 14y,

lim P(fo;=r)=1.

m—0Q
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To prove Theorem 2.1 and Corollary B.1, we essentially need the following two state-

ments:
e The idiosyncratic eigenvalues of the sample covariance matrix are bounded.

* The systematic eigenvalues of the sample covariance matrix diverge to infinity at the
rate of p?, forsome 0< 6 < 1.

These two statements are proved in Lemma 2.1 and 2.2.

Lemma 2.1. Under Assumption 2.1, 2.3 and 2.4, for j =1,..., m —r, it holds that

Yoy (n7XXT) < 2 max(y, 1)1+ /¥ +0,(1)
where p/n — y €(0,00), m =min(n, p).

Proof. By Assumption 2.1, rank(B) = r, so the r x r matrix B" B is invertible. Inspired by the
proof of Lemma A.8 in Ahn and Horenstein (2013), we rewrite X ' X in the following form:

X"Xx=F*"B"BF*E"Q(B)E,

where F*=F +(B"B)'B'E, Q(B) = 1,—P(B), P(B)= B(B"B)™'B' and I, is an identity
matrix.
Since rank(F*' BTBF*)< r and rank(E " P(B)E) < r, we have

Y (F*' BTBF*)=4,,,(E"P(B)E)=0.
By Wely’s inequality, for j =1,2,..., m —r, it holds that

ETQ(B)E)+4,1(F* B'BF¥)

<yl
i j(E"Q(B)E);
;(E'Q(B)E+E"P(B)E)
Yl

Yl

lpr+j(XT j

;(E"E)

v

E"Q(B)E)+ ,(E"P(B)E)
E'Q(B)E).

J

J

Then, for j =1,2,...,m—r, we have

Y, (XTX) <Y (ETE) <y (ETE).
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By Assumption 2.4,

Y1I(ETE) <y (A (U T UYL (A) < 2, (UU ).

According to Theorem 2 and Remark 1 of Bai and Yin (2008), we have

w( vy’ )K(H\F

max(n, p)

where p/n — y €(0,00) as m — 00, a.s. means almost sure convergence.
Thus, for j =1,2,...,m—r, it holds that

¢r+j(n_1XXT):¢r+j(n_1XTX)
< c?max(y, 1)(1++/y)* +0,(

Lemma 2.2. Under Assumption 2.2, 2.3 and 2.4, we have

lim P( ‘z/;k( XXT) wk(lBFFTBT)

m—oQ

<3C,p" ) 1.
Proof. Recall that
XX"=BFF'B"+BFE"+F'B"E+EE".
Let R=BFE"+F'"B"E + EE'" e RP*P. Weyl'’s inequality thus implies
Y (BFF'BT)+4y,(R)<¢,(XXT) <y (BFF'BT)+,(R)
We note that —||R||, < ,(R) and y;(R) < ||R||,. Hence
Yiu(BFF'BT) =Rl <, (XXT) <y (BFEFTBT)+|R|l,.

Furthermore, we have ||R||5 < 2||BF||,- [|E|l, + || E|l5.
Now by Assumption 2.2, it holds that

IBE|5=4,(BFF'B")< Cynp almost surely.
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We therefore have, with the probability going to 1,
IRI* <3Cynp'".

The lemma is thus proved. O
Now we are ready to prove Theorem 2.1.

Proof of Theorem 1. Firstly, we define
1 T * 1 TRT
Em,k::wk —XX andfmk:zl/)k —BFF'B .
n ’ n

By Lemma 2.1 and Lemma 2.2, as m — o0, we have

& Km,r_ém,r+1 +1
Il,r_

=0,(p).

Zm,rJrl_em,r+2+1 P

Then, fori =1,...,r —2, based on Assumption 2.5,

Ci=lmin+1 eﬂ;n,i"'op(pl/z)_[* .

j _ m,i+1
1" —_ —_— —~ .
Yl it 1 i+ 0, (p12) =0, 1 +1
Similarly, [, ,_; < 1.
By Lemma 2.1, fori =1,..., iy — 7,
. 14 — i+ 1
Iy = i <clmax(y,1)(1++/y) +1+0,(1),
Km,r+i+1 _em,r+i+2 1
since the denominator ¢,,, , ;11— ;412 +12> 1.
Therefore,
lim P(I,, <T,;)=0forall k#r. (2.3.2)

m—-0Q

Following the same steps, we can show that (2.3.2) also holds for ,. Then the consistency
of 7 is proved. -

Corollary B.1 can be proved following the similar arguments in the proof of Theorem
2.1.
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2.4 Simulation Studies

2.4.1 Competitors

In this section, we compare the the proposed 7; with five other estimators, respectively
denoted as 7oy (Onatski 2010), 7z (Wang 2010), 75 (Ahn and Horenstein 2013), 7z (Wu
2016) and 7z, (Wu 2018). The definition for each estimator is listed as follows:

foy =argmax{{;—{; ., >0},
l—rmax
where /; is the i-th largest eigenvalues of the sample covariance matrix, r,,,, is a pre-
specified upper bound for the number of factors and ¢ is a data-driven threshold calculated
by the iterative original least squares regression based on ¢, ...,£,,.
The two ratio-type estimators are
l;

fpr =argmax —
l<rmax £l+l

- argmax (l-l-f /sz ) )
z<rmax]n(1+£z+1/zj>z+l )

The last two estimators based on standard normal distribution are

o 20t 0)= ]
I
S ol +c)—1

Pep =arg max [@{y In(m)¢;} —@{y In(m)¢;,.}],

where m = min(n, p), c is a so-called ridge parameters to avoid the instability of ratio
values resulting from 0/0 ratio proposed by Xia et al. (2015) and ¢ =Inm/(10m); y is a
user-specified constant, which is suggested to be 0.43; ®(-) is the cumulative distribution

function (CDF) of the standard normal distribution.

2.4.2 Data Generating Process

Fori=1,.,pandt=1,...n

.
Xig = Z b frer + \/Eeit»
k=1
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where f;.; A N(0,1); by HA Uniform[—1, 1]. Bai and Ng (2002) and Onatski (2010) applied
the same data generating process. The only difference is that the factor loading matrix
is generated from the uniform distribution instead of the standard normal distribution
in order to control the factor strength more easily, which will generate the same result as
explained in Bai and Ng (2002). We assume that in the base case where ¢;, has no cross-
sectional or serial correlation, the idiosyncratic component has the same variance as the
common factor component, i.e., 8 = r. Generally speaking, 0 is used to adjust the signal-
to-noise ratio.

We also allow the cross-sectional and serial correlation for the idiosyncratic component:

e=pe 1tV + E Bvi_ju

1<jIT

where v;; Ly (0,1). The magnitude of the time series correlation is specified by the control
parameter p. Cross-sectional correlation is governed by two parameters: 3 specifies the
magnitude of cross-sectional correlation and J specifies the number of cross-section units
correlated. We set / = max(1.5r,10) in all of our experiments.

2.4.3 Experiments and Results

We conduct 4 experiments in total. In Simulation 1, we first show that our proposed estima-
tor is valid and advantageous when the number of factors r is allowed to increase with n
and p. Simulation 2 investigates the robustness of the estimators when the signal-to-noise
ratio varies. Next, we explore the minimal sample size required to achieve the accurate
estimation in Simulation 3. The last experiment studies the sensitivity of the estimators to
the preset parameter 7.

Simulation 1: relative error. In our first experiment, we study the relative error (RE) of
averaged 7 after N replications when the number of factors r is allowed to increase with n

and p, which can be expressed as

111 &
RE:—’— f-—r’.
r Nizzl’

We set n € {100,200,300,500,1000}, N = 1000, p € {0.5n,n,1.5n}, r = |p"/?| and 1, =
min(70, p —3). For the correlation parameters (p, ), we consider four cases as (0, 0), (0.5,0),

(0,0.1) and (0.5, 0.1). Due to the space restriction, we only show the result of the case (p, ) =
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Table 2.4.1: Results for Simulation 1. Relative error of averaged estimation after 1000
replications. The minimum of each row is marked in bold and italics.

p n | r | for Ton Tep Fpr  Per  Tgr
100 | 7 | 0.14 0.71 0.43 3.00 2.14 0.29
200 | 10 | 0.20 0.80 0.60 0.50 0.70 0.60
300 | 12 | 0.17 092 0.58 0.67 0.75 0.67
500 [ 15| 0.20 093 047 0.60 0.60 0.60
1000 | 22 0 1.00 0.55 0.45 0.23 041

100 | 10 | 0.10 0.60 0.10 1.40 0.30 0.30
200 | 14 0 093 029 057 071 0.71
n 300 | 17 0 1.00 0.29 0.65 0.76 0.71
500 (22 ] 0.09 1.00 0.05 0.59 0.73 0.68
1000 | 31 | 0.03 1.00 0.71 0.23 0.19 0.03

100 | 12 0 083 0.08 0.83 0.25 0.25
200 | 17 0 1.00 0.12 0.53 0.76 0.71
1.5n 300 | 21| 0.05 1.00 0.10 0.71 0.81 0.76
500 |27 0.11 1.00 0.07 0.70 0.81 0.78
1000 | 38 | 0.24 1.00 0.37 0.55 0.71 0.66

0.5n

(0.5,0.1) in Table 2.4.1 here. In Table 2.4.1, the minimum of each row is in bold and italics. It
is easy to see that our estimator 7; got the smallest relative error compared to others in
almost all cases.

Simulation 2: robustness to the signal-to-noise ratio. In our second experiment, we

explore the robustness of the estimators to the signal-to-noise ratio. Since
r
r/6=> Var(fi,)/Var(v 6e.,),
k=1

then 8 /r is the inverse of signal-to-noise ratio when (p, ) =(0,0). We set n =500, p = n/5,
r=3and ry, =8.

Figure 2.4.1 (a) exhibits the average estimated number of factors for each estimator.
The black horizontal line is the true number of factors r = 3. It shows that our estimators
remain correctness for a considerable range of noise-to-signal ratio 8 /r and other esti-
mators quickly start to underestimate the true number of factors as the noise increases.
Figure 2.4.1 (b) demonstrates the underestimation percentage. For our estimator, when

the signal-to-noise ratio becomes small, the percentages of underestimation and over-
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estimation are approximately the same. For other estimators, they are more likely to be
underestimated. According to Onatski (2010), underestimation of the number of factors
may be more problematic than overestimation. For example, the PCA-based estimators
of the factor space remain consistent only when the assumed number of factors is greater
than or equal to the true number.

Average Estimated r
(%]

Underestimation|%)

0 5 10 15 20
El,fr: noise-to-signal ratio

3
m

. —&— 1.0l (the proposed) 3ED —= BGR
Estimators
-5 2.0N 4ER =& BPR

Figure 2.4.1: Results for Simulation 2. The true number of factors is r = 3. Denote the
upper and bottom subplots as (a) and (b).

Simulation 3: minimal sample size required. To show the minimal sample size required
to achieve accurate averaged 7, we conduct the third experiment with different sample size
n and the ratio p/n. We set replications N = 1000, n €[75,500], p/n €[0.2,1.4], (p,pB) =
(0.5,0.1) and 1, = 8. The true number of factors is r = 5. Figure 2.4.2 shows that the
averaged estimation generated by the proposed method 7,; becomes accurate with much
smaller sample size. Specifically, when p/n = 0.2, the averaged 7,; gets closed to the true
value as n > 300. With the ratio p/n is getting larger, the required sample size becomes
smaller because of the blessing of dimensionality.
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n

Y

Average Estiamted Number of Factors

3

[}

=

=

p/n p/n p/n

Figure 2.4.2: Results for Simulation 3. Estimated number of factors (#) averaged after 1000
replications when n € [75,500], p/n €[0.2,1.4]. The true number of factors is r = 5. The
area of red represents the accurate estimation.

Simulation 4: sensitivity to the pre-set parameter r,,,. We show the estimators’ perfor-
mance in Figure 2.4.3 when r,,,, varies from 4 to 30. We set n = p =100, (p, ) =(0.5,0.1)
and r = 3. It shows that our estimator is not sensitive to the choice of r,,,,, and more accurate
than others.

2.5 Real Data Analysis: Macroeconomics Time Series

In this section, we apply the proposed estimate method to a real dataset used by Stock and
Watson (2012), which consists of monthly observations of 108 U.S. macroeconomic time
series from 01/1959 to 02/2009 for several categories, including production, consumption,
employment, price inflation and interest rates. The data are adjusted to be stationary. We
are interested in forecasting the total index of industrial production. The variables making
up x; are 107 monthly macroeconomic time series, which were standardized. We assume
that x, follows the factor structure as in (2.2.1). We set r,,,, = 8. The estimation results are
listed in the Table 2.5.1.

As shown in the table, our estimator 7; captures 3 factors and 7, detects 2 factors.
Other estimators only find 1 factor. That is primarily because there exists one dominant
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Average Estimated r

10 20 30

r_max
) —#— 1.0l ({the proposed) 3ED = BGR
Estimators
= 2.0M 4ER = BPR

Figure 2.4.3: Result for Simulation 4. The true number of factors is r = 3.

Table 2.5.1: Estimated number of factors in the real data analysis.

r'or Ton Tep Tpr TeErR TGR
3 2 1 1 1 1

factor in the empirical data and most methods fail in this case by ignoring the weak factors
as explained in Ahn and Horenstein (2013). The estimator 7,y proposed by Onatski (2010)
is designed to figure out the weak factor case since it contains a data-driven threshold
to flexibly measure the gap according to the empirical spectral distribution. More advan-
tageously, our method succeeds in capturing the weak factors by a mutual comparison
procedure among a few largest eigenvalues without any tuning parameters or iterative
procedures.

Next, we compare the accuracy of forecasts by setting different numbers of factors. The
rolling window scheme is applied to the last 120 periods for out-of-sample evaluation based
on the relative mean squared forecast errors. The benchmark forecasting method is the
AR(1) model. We consider the 12-ahead forecasting model used in Stock and Watson (2002):

Yesn =B/ fi+€cin (2.5.1)
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where h =12, €,,, is the resulting forecasting error, f; is r-dimension common factors
capturing the major variation of x, in (2.2.1).

For the estimation of f,, we apply the classic principal components solution: B is the
eigenvectors of X X | corresponding to its r largest eigenvalues. f, is the ¢-th column of F,
where £ = BTX/p. We estimate f8; by OLS from the regression of {y,,,}=/" onto {f;}"~".
The metric used here is the relative mean square forecast error (RMSFE) which is defined as

Zt(J/Hh - j’t+h)2

RMSFE = — ,
Zt(J/Hh — Vin)?

where j,, is the prediction from model (2.5.1) and j,,, is the prediction from the bench-
mark AR(1) model.

For different number of factors, 1-RMSFE is reported in Figure 2.5.1. The red point is
the proposed estimator. It shows that the forecast error is minimized when r = 3, which is

exactly the estimation of our proposed method.

]
!

1-RM SFE(%)

r

Figure 2.5.1: Forecasting performance in the real data analysis. The red point represents
the proposed method.
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2.6 Conclusion

In this paper, we study the problem of determining the number of factors in static factor
models with serial correlation by allowing r to diverge as r = o{min(n, p)}. The proposed
estimator is computationally efficient even in the large high-dimensional dataset and
does not rely on any tuning parameters. Monte Carlo simulation results show that our
method outperforms other competitors in most testing cases. An application with real
data is considered to show the validity of the proposed estimator. Possible future research
includes constructing a two-step estimate procedure to capture the strong factors and weak

factors separately and making use of more information from serial correlation.
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CHAPTER

3

TWO-SAMPLE TESTING IN LATENT
DISTANCE RANDOM GRAPHS

3.1 Introduction

In recent years, the increasing popularity of network data in diverse fields has spurred
significant developments in many theoretical and applied research related to random graph
models and their statistical inference (Erdés and Rényi 1960b; Hoff et al. 2002; Holland
et al. 1983; Airoldi et al. 2008; Karrer and Newman 2011). A significant amount of literature
on statistical inference for random graphs has focused on estimation (Chatterjee 2015; Xu
2018) and community detection; see Abbe (2017) and the references therein for a survey of
recent progresses on community detection.

In contrasts, the problem of graph comparisons or two-sample hypothesis testing on
random graphs has not been as well studied in statistics. Graph comparisons are widely used
in neuroscience, with two prominent approaches. One approach advocates comparing the
edges directly as a collection of paired ¢-tests Zalesky et al. (2010) while the other proposes
to compare graph-theoretic measures such as the clustering coefficient, path length, and
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their ratio (Rubinov and Sporns 2010; He et al. 2008; Humphries and Gurney 2008). These
two approaches, while useful, have their own disadvantages. In particular, the pairwise
comparison of edges views a network on n vertices as a collection of n(n —1)/2 edges and
ignores any underlying network structure or topology. The use of graph-theoretic measures,
meanwhile, implicitly assumes that a graph can be reasonably summarized by a few graph
invariants. It is, however, not a priori clear which invariants are appropriate and oftentimes
a graph invariant is chosen due to its computational cost, e.g., number of triangles versus
general cliques. Finally, neither of these approaches consider the statistical implications in
term of validity and consistency of the test procedures.

We consider in this paper a two-sample testing problem for graphs where the vertices
{v;} are associated with latent positions {x;} in a Euclidean space and the probabilities
of having an edge between two vertices v; and v; are given by a link function f of the
corresponding latent positions x; and x;. However, in contrasts to existing works, we neither
assume that the link function f is known nor that it needs to be the same between the two
samples. More specifically, we consider the class of latent distance random graphs wherein
we assume that f(x;, x;) = h(||x; — x;|) for some unknown non-increasing function # that
could differ between the two samples.

The problem is of significant theoretical and practical interest because of the follow-
ing reasons. The first is that many of the currently studied two-sample testing problems
have test statistics that are constructed using the difference of adjacency matrices or the
estimated edge probability matrices. Since we assume the link function is unknown and
possibly different, this commonly used method is no longer valid. As we will clarify later,
even when we know that the link functions are of the same form, they may still depend
on unknown parameters that are different between the two samples, and thus we have
different edge-probability matrices which cannot be compared directly. The second reason
is that, due to the non-identifiability of latent positions, our test procedures allow for more
flexible comparisons than just whether or not the two latent positions are exactly the same,
i.e., our tests are for equality up to general similarity transformation which includes any
transformation that preserves the ordering of pairwise distances.

Our test procedure, even after accounting for all this complex source of non-identifiability,
is quite straightforward. We estimate the edge probabilities matrices by truncating the sin-
gular value decomposition of the averaged adjacency matrices in each population and
then compute our test statistic as the Spearman rank correlation between these estimates.
Significance values are obtained via a bootstrapping scheme.
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3.2 Methodology

We first recall the definition of latent distance random graphs (Hoff et al. 2002).

Definition 3.1 (Latent Distance Random Graphs). Let h be amonotone decreasing function
from R to [0, 1] and assume h(0) = 1 for identifiability. Let nn,d > 1 be given and let X =[x; |

--| x,]" be a n x d matrix with rows x; € R. A n x n adjacency matrix A is said to be an
instance of a latent distance random graph with latent position X and sparsity parameter

p €(0,1]if A is a symmetric, hollow matrix whose upper triangular entries a;;,i < j are

l] )
conditionally independent Bernoulli random variables with pr(a;; = 1) = p h(||x; — x;|]), i.e.,

the likelihood of A given X is

pr(alx) = [ T{onlxi—x; 0} {1-phlllx—x;} .

i<j

The graphs we study are undirected, unweighted and loop-free. Given two adjacency
matrices A and B for a pair of random latent distance graphs on the same set of vertices, we
will propose a valid, consistent test to determine whether the two generating latent positions
are equal up to similarity transformation, e.g., scaling and orthogonal transformation.

If the link functions are assumed to be known, one can easily test the difference of latent

positions by the test statistic
min || X =Y W], (3.2.1)
weo(d)

as studied in Hu (2019). Here ¢(d) denotes the set of d xd orthogonal matrix, X = h~!(P)and
P is estimated from universal singular value thresholding method which will be described
in details later. However, the key assumption of known link functions could be hard to justify
in practice. Furthermore, even when the specific form of the link functions are known, there
could still be unknown parameters. For example, the original latent space model of Hoff

et al. (2002) uses the logistic function, i.e.,

exp(a—Blx; — x;|)
1+exp(a—pB|lx; —x||

h(llx; — x;l)=

where a € R and 3 > 0. Other alternatives were discussed in Raftery (2017). Gollini and
Murphy (2016) replaced the Euclidean distance by the squared distance to allow higher
edge-probability for close points and Rastelli et al. (2016) replaced the logistic function by
a Gaussian kernel h(||x; — x;||) = yexp(—llx,- — x]-||2/(2¢)) where y €[0,1] and ¢ > 0. Even
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if the link functions of networks to be compared are known and in the same form, it is
still reasonable for them to have different parameters, such as ¢,  in the logistic function
and 7, ¢ in the Gaussian function. Finally, even when the link functions are the same with
exactly identical parameters, if the latent positions are similar up to an unknown similarity
transformation then the edge-probability matrices are not equal and cannot be compared
directly. We are thus motivated to consider the following two-sample hypothesis testing
problem.

Let X, Y e R4, We define the edge-probability matrices P = (pij) €eR™" where p;; =
h(l|x; — x;|]) and Q = (g;;) € R"*" where q;; = g(l|y; — y;l|). The link functions h and g are
unknown and possibly different. We shall assume, for identifiability, that h(0) = g(0)=1.
Given Ay, ...,A,, and By, ..., B,, are generated from latent distance random graphs with latent
positions X and Y respectively, where m > 1, the two-sample testing problem is defined

formally as

H():X=3YW+1tT forsome seR, W e 0(d), t eR? against
H,:X#sYW+1t' foranyseR, W € 0(d), t eR’.

The above null hypothesis captures the notion that two latent positions are the same up to
similarity transformations. Our test procedure starts by estimating the edge-probability
matrices using a singular value thresholding procedure. More specifically, we compute
A=m> . A;andlet P be the best rank- K approximation of A with respect to the Frobenius
norm, i.e., P is obtained by computing the singular value decomposition of A and keeping
only the K largest singular values and corresponding singular vectors. The estimate Q of Q
is constructed similarly. Singular value thresholding procedures have been actively studied
in Chatterjee (2015) and Xu (2018). As discussed in Xu (2018), the choice of dimension K
can be determined by a threshold T = ¢,(np)'/? where c, is a universal constant strictly
larger than 4 in the case of np > log(n) and strictly larger than 2 in the case of np > log*(n).
For our simulation and real data analysis, we frequently set K to a fixed value or choose K
using the dimension selection procedure of Zhu and Ghodsi (2006).

Since the link function is assumed to be monotone in latent distance random graphs,
under the null hypothesis, the ordering of the entries in the two edge-probability matri-
ces should be the same, i.e., p;; < py, if and only if g;; < gi,. Thus, several rank-based or
order-based methods can be used to construct similar test statistic, including Kendall’s
7 coefficient, Spearman’s rank correlation coefficient, non-metric multidimensional scal-

ing and isotonic regression. There are, however, important computational or theoretical

35



challenges for some of these methods. In particular, Kendall’s T is computationally inten-
sive with O(n*) time complexity where 7 is the number of vertices. An approximation for
Kendall’s T with O(n?log n) complexity has been developed but its impact on the theoretical
properties of the resulting test statistic is unknown. Non-metric multidimensional scaling
is also computationally intensive as it is generally formulated as a non-convex problem
with multiple local minima and thus one is not guaranteed to find the global minimum.
Using isotonic regression, we can consider p;; = f(g;;) and test whether the function f
is monotone, but the corresponding theory in the case where the values of the predictor
variable are unknown and need to be estimated has not been well-studied.

We thus propose a test statistic defined using Spearman’s rank correlation coefficient,

which is computationally efficient with O(n?) complexity. That is,

1. (,0) = SOIR(PLR(Q)

= — A (3.2.2)
G{R(P)}o{R(Q)}

where R(P) e R™" and R(Q) e R"*" are symmetric matrices whose entries are the ranks of
the corresponding entries in P and Q, cov{R(P), R(Q)} is the sample covariance of these
ranks, and 6{R(P)} and 6{R(Q)} are the standard deviations. Given the significance level
a €(0,1), the rejection region 2 for the test statistic 7, is Z = {tl p-value(t) < a}, where
p-value(t) can be determined via a bootstrapping procedure as described in Algorithm 3.

The parameter n, is important for Algorithm 3 and should be chosen carefully. The
rationale for having the parameter 7 is as follows. Firstly the Spearman correlation T,(P, Q)
between the estimated edge probabilities matrices is an estimate of 7,,(P, Q) for the true but
unobserved edge probabilities matrices. However, under the null hypothesis, 7,(P,Q)=1
and hence lies on the boundary of the parameter space. Standard applications of the
bootstrap can therefore yield incorrect inference results; see e.g., Andrews (2000); Cavaliere
et al. (2016) and DasGupta (2008, Section 29.7). Secondly, the null hypothesis considered
in this paper allows for the link functions to be unknown and possibly different so that
even when X = Y, we can have P # Q. The variability of the bootstrapped test statistics
then depends on the choice of edge probabilities matrices used when generating the
bootstrap samples. More specifically, suppose A and B have the same latent positions
and A is generated using some link function f. Then the variability of 7,(P, Q) when B is
also generated using link function f is different from the variability of T,(P, Q) when B is
generated using a link function g # f, and is also different from the variability of T,(P, Q)

when B is generated using another link function i with h # f and h # g. In summary,
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Algorithm 3: Bootstrap

Input: m adjacency matrices from each population {A;}" ,{B;}!" € R™". Number
of bootstrap replications N. Number of permuted rows/ columns .

Step 1. Average the adjacency matrices A and B. Apply the universal singular value
thresholding on A and B to get P and Q.

Step 2. Calculate the test statistic as t* := Tn(f’, Q)
For k=1,...,N, repeat Step 3 to Step 5:

Step3. Fori=1,..,m, permute Ny rows/ columns of A(l.k Vand B}k) to obtain the reformed

ad]acency matrices Al perm and B, perm- Lake the average as A( . and B S b

Step 4. Apply the universal singular value thresholding on Ag;)rm and B{f) to get the
estimated edge-probability matrices P ' and QW

perm’

Step 5. Calculate the bootstrapped test statistics as
(k) ._ b D (k) A
() =1,(2,PY ) and 1 :=T,(Q,Q¥ ).

Step 6. Calculate p-value:max{ SE (e <), X3 1t gc)< t*)}

Output: The p-value of the proposed testing procedure.
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even when we can generate new pairs of graphs under the null hypothesis using the true
latent positions, the test statistics for these additional pairs can have different variability
compared to that for the original graphs if the link functions are misspecified. See Section B
of the supplementary materials for a simulation example.

Finally, another reason for having n, is that the matrices of latent positions X and Y are
nxd matrices, and hence, as n increases, the null hypothesis constraintthat X = s Y W+1 t7
for some similarity transformation (s, W, t) became more and more stringent, and any
valid test procedure will necessarily have an “indifference” region, i.e., a threshold #,, > 0
depending on 7 such that ming 1y, [|X—sYW +1¢7||z >, but T,,(P,Q)=1—o0(1). Indeed,
we showed in Theorem 3.2 that, under certain mild conditions, T,,(P,Q) — 1 if and only if
ming y, [|X —sY W —1t"|| = 0(n'/?); that is to say, we can have T,(P,Q) — 1 even when X
and Y differs by o(n) rows. For a related result, see Ghoshdastidar et al. (2020) wherein the
authors studied the hypothesis test of H: P = Q against H,: P # Q and showed that, for
any 1) > 0 there exists a threshold 1, (n) such that the minimax type-I plus type-II error rate,
over the parameter space 0 < ||P —Q||z <1,, is atleast 1.

In light of the above discussion, we interpret the parameter n, as specifying either (i) the
size of the “indifference” region, i.e., either the maximum number of rows that are different
between X and Y below which we are willing to not reject the null hypothesis or (ii) the
difference in variability due to the mis-specified link functions for the bootstrapped graphs
and/or (iii) the amount of perturbation of the null hypothesis so that 7,(P,Q) < 1 in the
finite sample case and we are no longer estimating a parameter that lies on the boundary.

We now discuss how to choose 7, in practice. Our approach is based on the idea of
the iterated or doublebootstrap procedure (Hall and Martin 1988; Loh 1987); see also the
discussion in Davison and Hinkley (1997, Section 4.5) on adjusting p-values using double
bootstrap tests. First suppose that m > 1. Then to choose n, for the observed graphs {A;}" ,
we iteratively considered n, = k for k =2, 3,.... For each choice of k, we repeat the following
steps. For b =1, ..., N, we (i) resample 2m graphs with replication from {A;}!" ; (ii) divide
these 2m graphs into two balanced groups, denoted as {A(ib) " and {Agb)}ﬁ’:”m L (i) apply
Algorithm 3 on these resampled groups to get one p-value. After the N, replicates of the
above three steps, we obtain the empirical distribution F; for the p-values associated with
ny = k. We then let ny, = k; where k’, is the value of k whose empirical distribution E,
is closest to the uniform distribution (and is also conservative compared to the uniform
distribution). We can then repeat the same steps using the observed graphs {B;}",, thereby
obtaining another nyz = k. We can then use either ny, = ny,, ny = ngyg, or, to err on the

side of being conservative, n, = max{n,, nyz} to calibrate the p-value for the observed test
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statistic T,(P, Q). That is, we run Algorithm 3 again using the selected 7.

For the case when m =1, that is, we only observe a single graph in each population, then
the previous steps are modified slightly by generating graph pairs from the estimated edge
probabilities P and Q. For example, to get n,, we generate, for each choice of k and each
replicate b =1,2,..., N,, a pair of graphs {A(lb ),A(Zb)} from the estimated edge probabilities
matrix P and apply Algorithm 3 on the pair {A(lb), A(zb)}.

The time complexity for choosing r, using the above iterated bootstrap procedure is
O(kmaxNy N) where k., is the maximum number of possible candidate values for n,; we
found that n, < 10 suffices for all of the simulations and real data examples done in this
paper.

We also propose two optional post-processing steps following the proposed testing

procedure:

e Ifthe null hypothesis is rejected then we can detect a subset of vertices that contribute
the most to the difference. First, calculate the distance D, = |R(P), —R(Q);| for k =
1,..,n(n—1)/2 and form a vector D = (D, ..., Dy(,_1);2). Second, find the ¢-quantile
of D, denoted as ¢(D) and form a new adjacency matrix as A* € R"*" with upper
triangular part as I(D > (D)), where I(-) is an indicator function. That is, only edges
with large difference in ranks are kept. Third, calculate the degree of each vertex as
0, = z i Ajfj for i =1,...,n. We order the vertices according to 6;, i.e., vertices with
larger values of 8; are deemed more likely to contribute toward the difference between

the two samples.

* If we fail to reject the null hypothesis but are still interested in determining whether
or not the link functions are different then we can perform an additional hypothesis
test for the null hypothesis H,: P = Q using the test statistic || P — Q|| z. If we reject the
more restrictive null hypothesis then we have more information about the difference
between the two samples, e.g., we have evidence that the latent positions are close,
up to some similarlity transformation, between the two samples but that the link
functions are different between the two samples. If we fail to reject the more restrictive
null hypothesis then there is neither strong evidence that the latent positions are
different nor strong evidence that the link functions are different between the two
samples. Our proposed test procedure is thus complementary to existing procedures

for testing the more restrictive null hypothesis H,: P = Q.

Simulation results for these post-processing steps are included in the supplementary mate-

rials and their use for real data analysis are presented in Section 3.5.
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Finally, we emphasize that while our test procedure appears to be quite straightforward
in that we first do singular value thresholding on the adjacency matrices to get estimates P
and Q of the edge probabilities matrices and then compute a Spearman rank correlation
between the entries of P and Q, the theoretical results underpinning this test procedure
are highly non-trivial. Indeed, the singular value thresholding step yields noisy estimates P
and Q and while we can guarantee that on average, both |p; i—pijland|g;; — q;;| are small,
it is not obvious that the difference in their ranks |2 (p;;) — % (p;;)| and |%(q;;) — %(q;;)|
are also small. Indeed, for any i < j, the rank of p;; depends on the values of all of the
remaining {p;,} and thus itis certainly possible that a small difference in values is associated
with a large difference in ranks or that a large difference in values is associated with a
small difference in ranks. Theoretical results for our test procedure thus require precise
analysis of the relationship between the estimation error | p; ;—p; ;| and the difference in rank
|2(P; ;)—2(p; ;)|; these analysis in turns depend on a carefully formulated set of assumptions
that delicately balances between being mild enough to be useful in applications and yet
structured enough to yield interesting and meaningful limit results. These assumptions

and the corresponding theoretical results are presented in Section 3.3.

3.3 Main Results

We now establish the main theoretical properties of the proposed test procedure as the
number of vertices n increases. We will assume that the number of graphs m in each sample
is bounded; thus, for ease of exposition, we set m = 1 throughout. The case when m — oo
with increasing n is much simpler and is thus ignored. We start by introducing several mild
assumptions on the link functions g and / and the latent positions {x;}?, and {y;}? .

Assumption 3.1. As n — oo, for any € > 0, there exists 0 > 0 such that [0, 1) can be parti-
tioned into the union of intervals of the form [(k —1)0, ko) for k =1,...,[1/8], such that, for

any k, one of the following two conditions holds almost surely:
(i) Either the number of i j pairs with i < j and p;; € [(k—1)6, k) is at most n(n —1)e/2.

(ii) Orif the number of i j pairs with i < j and p;; €[(k—1)6, k6) exceeds n(n—1)e/2,
then they are all equal for p;; € [(k—1)d, ko).

Assumption 3.2. Define

s R} =[() SR~ D R

i<j i<j
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as the sample variance for the ranks of the entries in P. Define 6 {R(Q)} similarly. Then as
n— oo, G{R(P)} =Q(n?) and 6{R(Q)} = (n?) almost surely.

Assumption 3.3. The link functions / and g are fixed and both are infinitely differentiable.

The latent positions x; and y; belong to fixed compact subsets U and V of R,

Assumption 3.4. There exists a constant C not depending on 7 such that, as n increases,

the sparsity parameter p € (0, 1] satisfies np > Clogn.

Remark 3.1. We now explain the rationale behind the above assumptions.

(@

(i)

(iii)

Assumption 3.1 prevents the setting where a large number of latent positions con-
centrate around a single point x, with increasing n but that these points are not
equal to x,. If this happens then the values of the p;; for this collection of points
would be almost identical but their ranks are substantially different. For example,
suppose there are ¢ n points around a small neighbourhood of x,. Then the p;; for
the cn(cn—1)/2 pairs in this neighbourhood will all be approximately £(0). The rank
of the smallest and the largest of these p;; could, however, differ by cn(cn—1)/2.
Assumption 3.1 arises purely because we do not assume anything about a generative
model for the latent positions {x;}. Indeed, if the latent positions x; are independent
and identically distributed with distribution F, then for any point x,, either F has an
atom at x, which will then force p;; = ¢ for some constant ¢ whenever x; = x; = x,.
Otherwise, if F is non-atomic at x, then the proportion of points x; with ||x; — x,|| < 0

will converge to 0 as 6 — 0.

Assumption 3.2 complements Assumption 1 and prevents the ranks of the entries of
P and Q from being degenerate. Suppose, for example, that there are n —o(n) points
located at a certain position x,. In this case 6 {R(P)} = o(n?) and furthermore the
problem of testing whether X is equal to Y up to a similarity transformation can be
reduced to consider only the subgraphs induced by these o(n) points. We can then
apply the test procedure in this paper, assuming that these induced subgraphs can
be found efficiently. How to identify these subgraphs is, however, outside the scope

of the current paper.

Assumption 3.3 restricts the smoothness of the link functions. This is done entirely
for ease of exposition. The assumption is easily relaxed as it only affects the accuracy
of the universal singular value thresholding procedure used in estimating the edge-

probability matrices, which in turn affects the convergence rate of the test statistic.
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More specifically, suppose the link function /& belongs to a Holder class or Sobolev
class with index s. Then Theorem 1 of Xu (2018) implies # | P —P|5 = Op((np)_z«s%).
The convergence rate of the proposed test statistic will therefore depends on s and is

slower than that for infinitely differentiable link functions as given in Corollary 3.1.

(iv) Assumption 3.4 is identical to that used in Xu (2018) and is done purely so that the

singular value thresholding estimates P and Q are accurate estimates of P and Q.

With the above assumptions in place, we now show that the test statistic 7,, constructed
using appropriately discretized versions of the estimated edge probabilities matrices P
and Q is, asymptotically, the same as that constructed using the true P and Q. The need
for discretizing the entries of P and Q is due mainly to the fact that the estimates {p; it
and {g;;} are inherently noisy. Suppose for example that p;; = 0.1 for all i j pairs. Then
R(p;;)={n(n—1)/2+1}/2, the average of the ranks in {1, ..., n(n —1)/2}. However, because
of the estimation error, the p,; might contain numerous distinct values like {0.101,0.102, ...}
and thus > _._ AR(pij)—R(p; ;/)J? can be quite large even though the estimates p;; are all
approximately equal to the true p;;. We are thus motivated to consider a more robust
estimator obtained by discretizing the {p;,}, i.e., let 1 > 0 and define the n-discretization
of p;; as p;; =[pi;j/n| % n. Recall the above example. By letting 7 = 0.01, we have j;; =0.1
provided that | p;;—0.1|< 0.01 and hence the ranks of these p; ; are the same. We emphasize
that while this discretization step simplifies the subsequent theory considerably, it is not
essential in real data analysis as we can always choose 1) sufficiently small so that p;; is
arbitrarily close to p;;.

THEOREM 3.1. Assume Assumptions 1-4 hold. Then T,,(P,Q)— T,(P,Q) = (1) for suffi-
ciently large n. Here P and Q are the n-discretization of P and Q with (n?p)™! = o(n) as
n— o0.

Theorem 3.1 indicates that T,(P,Q)— T,(P,Q) converges to 0 as n — co. There are,
however, instances in which we are interested in the rate of convergence of T, (P, Q)—T,,(P, Q)
to 0. We derive the rate of convergence under the following more restrictive version of
Assumption 1.

Assumption 3.5. There exists a constant ¢ > 0 independent of 6 such thatfork =1,...,[1/0],

10, j): pi; €l(k—1)8, k81 < ¢ - (7).
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Corollary 3.1. Under the conditions in Theorem 3.1 and Assumption 5, we have
Tn(pr Q)_ T,(PQ)= Op(el/z)r

where (2p)™! = o(n).

Assumption 5 allows us to set ) = € = ¢ 6 in the proof of Theorem 3.1, thereby yielding
the convergence rate of Op(el/ 2)in Corollary 1. If the conditions in Assumption 5 are not
satisfied then there is, a priori, no explicit relationship between 1 and € other than that
€e—0asn—0.

If the null hypothesis is true then 7,,(P,Q) =1 and hence, from Theorem 3.1, we have
T,(P,Q)— 1 almost surely as n — 00. A natural question then is whether or not 7,,(P, Q) — 1
also indicates that the matrix of latent positions X is close, up to some similarity trans-
formation, to the matrix of latent positions Y ? To address this question we shall assume
that the sequences of latent positions {x;}"_ and {y;}!_, satisfy the following denseness

conditions as n — ©o.

Assumption 3.6. Let U c R% and V c R? be bounded and connected. Let2,, = {x,, ..., x,,} C
UandZ=, ={wn, ..., ¥} € V. Then lim,_,,Q, and lim,_,., Z, are dense in U and V,
respectively. Furthermore, for any € > 0 there exist 6 = 6y(e) > 0and 6y =6y (€) > 0
depending on € such thatforall xe U and y € V,

n 'liminf|B(x,€)NQ,|> 6y, n 'liminf|B(y,€)NE,|>dy.

Here B(x, €) denote the ball of radius € centered at x.

Assumption 3.6 is a regularity condition for the minimum number of latent positions
{x;} and {y;} in any arbitrarily small, but non-vanishing subset of U and V. In particular,
Assumption 3.6 prevents the setting where, as n — 0o, the sequence of latent positions
{x;}!, is dense in U, but that, for any sufficiently large n, all except o(n) of these {x;} are
concentrated at some fixed K points »,,... vx € U, i.e,, the denseness of the {x;}"_ is due
to a vanishing fraction of the points. While the removal of these o(n) points from both
{x;} and {y;} does not change the convergence T,(P, Q) to 1, it will lead to very different
geometry for the remaining latent positions. In summary, as we only require 7,(P,Q) — 1,
Assumption 3.6 guarantees that the removal of any o(n) points from the {x;} and {y;} does
not substantially change the geometry of the remaining points, especially since the removal

of any o(n) points does not change the convergence of T,,(P, Q).
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The following result showed that if X and Y satisfy the conditions in Assumption 3.6
then T,(P,Q) — 1 as n — oo if and only if the Frobenius norm distance between X and
some similarity transformation of Y is of order o(n'/?). Since there are n rows in X and Y,
this indicates that 7, (P, Q) — 1 if and only if, for any arbitrary but fixed € > 0, the number
of rows i such that || X; —sWY, —t|| > € is of order o(n) as n increases, i.e., almost all rows

of X are arbitrarily close to the corresponding rows of some similarity transformation of Y.

THEOREM 3.2. Suppose that, as n — oo, the latent positions X and Y satisfy Assumption
1 through 4 together with Assumption 6. If T,,(P, Q) — 1 as n — oo then there exists s € R,
orthogonal matrix W € R%*¢ and € R? such that || X —s Y W —1¢ || = o(n'/?). Conversely,
if ming || X —sY W —1¢T||= o(n'/?) for increasing n then T,,(P,Q) — 1.

The proofs of Theorem 3.1 and Theorem 3.2 are given in the supplementary materials.
Theorem 3.1 and Theorem 3.2 can also be reformulated as a consistency result for the
hypothesis test. However, since as n increases, the dimension of our latent positions X, Y €
R™4 and the associated edge probabilities matrices P,Q € R™" also increases, this notion

of consistency had to be defined in terms of a sequence of hypothesis tests as follows.

Definition 3.2 (Consistency). Let (X,,, Y,),.cy be a given sequence of latent positions, where
X, and Y, are both in R"*?, A test statistic 7, and associated rejection region 2 to test the

hypothesis

Hy:X=sYW+1t' forsome seR, W € 0(d), t e R? against
H,:X#sYW+1t' foranyseR, W e 0(d), t eR".

is a consistent, asymptotically level a test if for any € > 0, there exists n, = ny(€) such that:
(i) If n> n,and H is true, then pr(7, € Z) > 1—e€.
(i) If n> ny and H}' is true, then pr(T, € Z) < a—e.

THEOREM 3.3. Let {X,,},-; and {Y,},>, be two sequences of matrices of latent positions
for the latent position graphs with link functions g and h, respectively. Suppose that, as
n — oo, these latent positions and associated link functions satisfy Assumptions 1 through
4 together with Assumption 6. For each fixed n, consider the hypothesis test in Definition 3.2
for the X,, and Y,. Define the test statistic T, (P, Q) as in Eq.(3.2.2). Let a € (0, 1) be given.
If the rejection region is Z = {t e R: t < C} for some constant C < 1, then there exists an

ny, = ny(a, €) € N such that for all n > n,, the test procedure with 7,, and the rejection region
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Z is an at most level « test, that is, if the null hypothesis H, is true, then pr(7,, € Z) < a—e.
Denote by
d,=min||X,—sY,W—1t"||»
s,W,t

the minimum Frobenius norm distance between X,, and some similarity transformation of
Y,,. Then the test procedure is consistent in the sense of Definition 2 over this sequence of

latent positions if, as n — oo, liminf, ., n™"/?d, > 0.

Remark 3.2. In Theorem 3.3, ¢ need not depend on C since we have not derived a non-
degenerate limiting distribution for our test statistic. Theorem 3.3 indicates that, for suffi-
ciently large n, our test procedure has power arbitrarily close to 1 whenever the minimum
Frobenius norm distance between X,, and any similarity transformation of Y, is of order
Q(n'/?). Thus, roughly speaking, the test procedure has power converging to 1 if there does
not exist a similarity transformation mapping the rows of X, to that of Y,; see the discussion

prior to the statement of Theorem 3.2.

Remark 3.3. We now discuss how our test procedure in the current setting of unknown and
possibly different link functions compare with test procedures for the simpler settings with
either known link functions or unknown but identical link functions. Assuming, for ease of
exposition, that the link functions are analytic and p =1, Xu (2018) implies that the universal
singular value thresholding gives |P—P ||2F =0,(n logd n). Then assuming the link function
is known, we can apply f~! element-wise to P to obtain an estimate of the matrix of pairwise
distances between the {X;}. Given this matrix of estimated distances, we can then apply
mutidimensional scaling to obtain an estimate X of X such that miny ¢y [|XW — X||p =
Op(logd/ % n). Similar result holds for ¥ and Y. Therefore, under the null hypothesis, the

Procrustes alignment between X and Y satisfies
min || X—Y W] = 0,(log"* n).
Weo(d) P

Under the alternative hypothesis, as stated in Theorem 4.2.3.2 in Hu (2019), a test procedure

based on miny.,(d)||X — Y W|| is consistent if
in ||X —Y W/ = w(log??n).
Wrrelér(}i)ll lr = w(log™* n)

Similar results also hold when the link functions are unknown but identical. Comparing
these consistency threshold with that given in Theorem 3.3, we see that allowing for f and

g to be unknown and different leads to a substantially more difficult inference problem as
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we can no longer estimate X and Y directly.

In contrast, if the forms of the link functions are known but with possibly unknown
parameters, then, under certain conditions, we can first estimate the parameters by multidi-
mensional scaling then apply the above test statistic, thereby leading once again to a smaller
threshold for consistency. For example, let f(||x; — x;||) = 1/(1 +exp(a + B || x; — x;|). Using
f~', itis easy to estimate the quantities g;; = a + || x; — x,|| where @ and 8 are unknown
parameters and the {x;} are also unknown. Then, applying multidimensional scaling, we
can remove the effect of ¢ (due to the double centering), thereby yielding an estimate of
x; up to translation, scaling by /2, and orthogonal transformation. Applying the same
procedure on Y leads to an estimate of the {y;} (up to some similarity transformation). The
consistency can once again be obtained similarly as in the known link function case.

Finally the aforementioned results can be extended to the case when p,, — 0 and/or f
belongs to either a Holder class or Sobolev class. For example, when p,, =1 and f is Holder
continuous with index s then the threshold for consistency changes to cw(n®/4s+24)1og?/? ).

3.4 Simulation Studies

3.4.1 General Procedure
We first summarize the general setup for the experiments in this section.
(@ Fori=1,..,nand j=1,2, generate x;; ¢ N(0,1) and form X =(x;;) € R™2,
(b) Set Y =X +Z where Z = (z;;) €R"? and z;; ~ N(0,€).
(c) The edge-probability matrices based on X and Y are defined as
pij = h(x;, x;) = exp(—||x; — xj||2)» q:; =8 y;))=exp(—lly;, — J’j||2/2)-
(d) Generate the corresponding adjacency matrices Aand Bas A;; = B;; =0fori=1,....,n

and A;; =Bernoulli(p p;;), B;; = Bernoulli(pg;;) for i, j=1,..,nand i # j.

(e) Apply universal singular value thresholding on A and B to get the estimates of P and
Q as P and Q.

(f) Calculate the test statistic T,(2, Q).

(g) Apply Algorithm 3 to calibrate the p-value associated with T,(P, Q).
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(h) Repeat steps (a) through (g) N, time to get an estimate of the size and power of the

test statistics under the null and alternative hypothesis, respectively.

3.4.2 Experiments

We first study the bootstrapped empirical distribution of p-values under the null hypothesis
in Simulation 1. Then we compare the power of our test procedure with another procedure
that is based on non-metric embedding of the adjacency matrices. Additional simulations
are included in the supplementary materials. R codes for reproducing these simulation
results as well as the real data analysis in Section 3.5 are provided in Wang (2021).

Simulation 1: Empirical distribution of p -values under H,, via bootstrap. This simu-
lation is designed to investigate the empirical distribution of p-values under H, computed
from the bootstrap procedure as described in Algorithm 3. We set the sparsity level as p =1
and we use K =2 in the singular value thresholding step.
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Figure 3.4.1: Q-Q plots against uniform distribution for p-values under H,,. The p-value is
calculated via 1000 bootstrapping. The plot is based on 100 Monte Carlo replicates.

In Figure 3.4.1, we vary the number of graphs from each population as m € {1, 5,10} and
fix the number of vertices as n = 100. We then set the number of permuted rows/columns
used in Algorithm 3 to be n, € {8, 5,4} respectively. Figure 3.4.1 shows that as the sample
size m increases, the empirical distribution of the p-value under H,, is well-approximated
by the uniform distribution. Note that the Q-Q plots in Figure 3.4.1 used fixed values of n,,
i.e., we did not select n, using the iterated bootstrap approach described in Section 4.2. This
is done for both computational expediency and also because it does not have a significant
effect on the experimental results. Indeed, each Q-Q plot in Figure 3.4.1 is based on N, = 100
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p-values. Now if, for each of the p-values, we had selected n, using the iterated bootstrap
procedure, then the time complexity for computing a single p-value is O(IN, V) and hence
the total time complexity for generating one Q-Q plot is O(N, N, N) and, with N, = 100,
N, =100 and N = 1000, quite computationally costly. By fixing the value of n, in each Q-Q
plot, we reduce this computational cost to be O(/N,N). Furthermore, the main aim of the
current simulation is to show that there exists values of n, for which the p-values of the test
statistic are approximately uniformly distributed under H,. Thus, while the selection of r,
is necessary for applying Algorithm 3 in practice, its effect on the empirical distribution of

the p-values is negligible.

n=100 n =200 n =400
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Figure 3.4.2: Q-Q plots of the empirical distribution of the p-values under H, against the
uniform distribution, for various choices of n,. There is only one graph in each sample, i.e.,
m = 1. Each Q-Q plot is based on 100 Monte Carlo replicates. The p-value for each Monte
Carlo replicate is computed according to Algorithm 3 with N = 1000 bootstrap samples.

We next considered, in Figure 3.4.2, the setting where each sample consists of a single
graph from that population and the number of vertices varies as n € {100,200,400}. We
then set n, € {8,9, 10}. For this setting, the distribution of the p-values using the proposed
bootstrap algorithm is conservative and is quite different from the uniform distribution,
especially when compared to the middle and right panel of Figure 3.4.1 when m > 1.
Nevertheless, even though there is a loss in power, a conservative test procedure is still
valid.

One possible explanation for this difference between m =1 and m > 1 is that for m =1
we have to generate bootstrap samples from the null hypothesis using some estimated
edge probabilities matrices; however, it is not clear which edge probabilities matrices
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should be used. Indeed, the null hypothesis considered in this paper allows for the link
functions to be unknown and possibly different so that even when X = Y, we can have
P # Q. The variability of the bootstrapped test statistics then depends on the choice of
edge probabilities matrices used when generating the bootstrap samples. More specifically,
suppose A and B have the same latent positions and A is generated using some link function
f. Then the variability of T,(P, Q) when B is also generated using link function f is different
from the variability of T,(P, Q) when B is generated using link function g # f, and is also
different from the variability of T,,(P, Q) when B is generated using link function & # f and
h # g. Thus, for m = 1, even when we generate bootstrap samples under the null hypothesis
using the true latent positions, the p-values are not necessarily uniformly distributed if
the link functions are misspecified. See Simulation 6 in the supplementary material for
an illustrative example. This also suggests that for m > 1, because we are sampling with
repetitions, we obtain better estimates for the edge probabilities matrices used to generate
the observed graphs compared that for the bootstrapped graphs. This then have the effect
of reducing the difference in variability due to bootstrapping from the mis-specified link
functions.

Simulation 2: Comparison with non-metric multidimensional scaling . We next com-
pare our test procedure with the test procedure proposed in Hu (2019) based on embedding
the adjacency matrices via non-metric multidimensional scaling (MDS). More specifically,
given a n x n weighted adjacency matrix A and an embedding dimension d, non-metric
multidimensional scaling seeks to find a collection of points x,..., x,, in R? such that the
pairwise distances between the {x;} best preserve the pairwise ordering among the entries
of A, i.e., ||x; — x;|| < [[x — x;[| if and only if a; ; > a,,; see Chapter 8 of Borg and Groenen
(2005) for a more detailed overview of non-metric embedding. Given the two collections of
graphs, the test procedure in Hu (2019) first embeds the sample means for each collection
using non-metric MDS. This yields two n x d matrices X and Y. The test statistic is given
by the Procrustes error T(X, Y)=min|| X —sY W —1¢"||; where the minimum is over all
scalar s € R, orthogonal matrix W € R%* and vector ¢ € R,

Figure 3.4.3 compares the finite-sample performance of the two test procedures. The
discrepancy between latent positions is set as € € {0,0.01, ...,0.05}. Other settings are similar
as that of Figure 3.4.2 where the bootstrap uses a single graph from each population while the
non-metric embedding is based on the average of 20 pairs of graphs. Figure 3.4.3 indicates
that the proposed test is substantially more powerful than the non-metric embedding test
procedure when € > 0.02.

It should be noted that the rejection regions for non-metric MDS as presented in Fig-
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Non-metric Embedding Proposed Test via Bootstrap
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Figure 3.4.3: Power estimates for the proposed test and non-metric multidimensional
scaling; significance level is set to @ = 0.05. The power estimates are based on 100 Monte
Carlo replicates.

ure 3.4.3 are based on repeatedly sampling 20 pairs of graphs from the frue null hypothesis,
i.e., the bootstrap samples are generated using both the true latent positions and with the
true link functions, computing the test statistic on these 20 samples, and then taking the
critical value to be the empirical 95% percentile of the resulting test statistic values over the
100 Monte Carlo replicates. This approach to obtaining the critical value does not lead to
an applicable test procedure in practice. To get a valid test procedure, we need to develop
proper resampling techniques akin to the bootstrap procedure in Algorithm 3. We did not
pursue this question here as (i) the computational cost for non-metric MDS is quite high
and hence estimating the power based on 100 Monte Carlo replicates, with each replicate
involving non-metric MDS on 1000 bootstrap or permutation samples is computationally
prohibitive and (ii) the power estimates as presented here for non-metric MDS are quite
optimistic and even then, they are sub-optimal compared to that of the Spearman’s p test
statistic.

3.5 Applications

In this section, we will apply the proposed testing procedure on two real datasets.

3.5.1 Application 1: connectome data across life span

We are interested in determining whether the structural brain networks of healthy individu-

als change across their life span. We used a dataset from Faskowitz et al. (2018) where each

50



network represents connections between 128 brain regions of interest and the edges are
constructed based on the number of streamlines connecting these regions. There are in
total 622 networks. The age for each of the 622 subjects ranges from 7 to 85 years old.

To conduct two-sample comparison, we divide the sample into 3 subgroups according
to the subjects’ ages, i.e., a young-adult group with ages in [18,35], a middle-aged group
with ages in (35,56] and an old-adult group with ages in (56, 85]. The sample sizes for each
subgroup are 171, 173 and 207 graphs, respectively. The number of vertices in each graph is
128 and the average edge densities for the middle-age and old-adult groups are 0.89 and
0.95 that of the young-adult group, respectively. We then perform pairwise two-sample
comparisons between these three age groups. The associated p-values and empirical distri-
butions of the test statistics for the various null hypotheses are obtained by the bootstrap
and are illustrated in Figure 3.5.2. We apply universal singular value thresholding with
dimension K = 3 chosen according to a dimension selection algorithm in Zhu and Ghodsi
(2006). The parameter n, is chosen according to the iterative bootstrap procedure described
in Section 4.2 with N, =100 and N = 1000. Figure 3.5.1 presents a selection of several Q-Q
plots for the empirical distributions of the p-values against the uniform distribution. For
example, the Q-Q plot for ny, =2 in the first row (labeled mid) are the N, = 100 p-values
that were obtained by repeatedly running Algorithm 3 with n, =2 and N = 1000 where,
for each run of Algorithm 3, we select (with replications) 2m =173 x 2 = 346 graphs from
the middle-age group and split these 2m graphs into 2 equal sized samples. According to
Figure 3.5.1 the empirical distributions of the p-values for all three age groups are closest
to the uniform distribution when n, = 3. However, since these empirical distributions are
also slightly anti-conservative for small p-values, we instead choose n, = 4.

After selecting n, = 4, we then perform pairwise two-sample comparisons between
the three age groups using Algorithm 3 with N = 1000. The resulting p-values together
with the histograms of the bootstrapped statistics for each pairwise comparisons are given
in Figure 3.5.2. Note that the p-values in Figure 3.5.2 are marginal p-values and had not
been corrected for multiple comparisons. Applying Bonferroni correction with significance
level 0.05/3 ~ 0.017, we fail to reject the null hypothesis that there is no difference between
the young and the middle-aged group; the value of the test statistic for this comparison is
T, ~0.9932. In contrasts, we reject the null hypothesis for the comparison of young against
old and the comparison of middle-aged against old. If we varies the choice of n, in the
bootstrap as n, € {4,5,6, 7}, then the p-values for Hy: Xpiqaie = Xyoung are 0.11,0.48,0.91 and
1, respectively, while the p-values for Hy: X, ijgqie = Xo1q and Hy: X

yo
The exact value of n, is therefore not too important to our conclusion that the young and

ung = Xoia are always 0.
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Figure 3.5.1: Q-Q plots for the empirical distributions of the p-values under the null
hypothesis against the uniform distribution for various choices of n,. Here N, = 100 and
N =1000 and the rows correspond to graphs from the labeled age group.
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Figure 3.5.2: Histograms of the bootstrapped test statistic for different H,.
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middle aged group are similar, and that both groups are different from the old aged group.

We can also detect which vertices, i.e., brain regions, are plausible explanations for the
difference across life span. By applying the post-processing step described in Section 2 on
the young-adult group and old-adult group, we find that among the top-20 important ver-
tices (as determined by the post-processing step) there are a significant number of vertices
which belong to one of four structural networks, namely (i) the default mode networks, (ii)
the dorsal attention networks, (iii) the auditory network and (iv) the hippocampus-related
network. According to Liu et al. (2017), these structural networks demonstrate significant
linear decline tendencies over time. In particular, Buckner et al. (2008) said that there is
strong evidence pointing towards disruptions in the default mode networks of people with
Alzheimer’s disease and Dubois et al. (2016) discovered that the hippocampus is one of the
first regions of the brain to suffer damage in Alzheimer’s disease. Based on these literature,

we calculate the average precision of our detection as 0.67; see also Table 3.5.1.

Table 3.5.1: Average precision of important vertices detection in application 1.

Pre-set number of

. . 3 4 5 6 7 8 9 10 - 15 - 20
real important vertices
Precision 1 0 067 075 0 067 071 075 0 070 --- 053 --- 0.55
Average precision 0.67

3.5.2 Application 2: epileptogenic data on recording region and brain

state

The second application is on networks constructed from epileptogenic recordings of pa-
tients with epileptic seizure (Andrzejak et al. 2001). The data is available from the UCI
Machine Learning Repository. There are 500 subjects whose brain activity was recorded,
with the epileptogenic recording of each person being divided into 23 one-second snap-
shots containing 178 time points. The data is arranged as a matrix with 23 x 500 = 11500
rows and 178 columns. The 11500 observations are classified into five classes; these classes
are numbered from 1 through 5 and correspond to recordings with seizure activity, an area
with tumour, a healthy brain area, subject with eyes open and subject with eyes closed.
It was noted in Andrzejak et al. (2001) that all subjects whose recordings are classified as

classes 2 through 5 are subjects who did not have epileptic seizure and that only subjects in
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class 1 have epileptic seizure. Most analysis of this data have thus been binary classification,
namely discriminating class 1 with epileptic seizure against the rest.

We constructed networks by thresholding the autocorrelation matrices of the epilepto-
genic data using a procedure similar to that in Ghoshdastidar and von Luxburg (2018). Each
class is randomly divided into four parts with equal size. We then compute the autocorrela-
tion matrices for each part and set the diagonal elements to be 0. Unweighted adjacency
matrices are then obtained by thresholding the largest 25% of the correlation entries to 1
with the remaining entries being 0. The above steps result in 20 adjacency matrices, with 4
from each class. Each adjacency matrix corresponds to a graph on n = 178 vertices.

We then compare, using our test procedure, the graphs from class 1 against the graphs
from class j > 2. The results are summarized in Table 3.5.2. The p-values in the table are
calculated using Algorithm 3 with ny, =2 where n, =2 is chosen according to the iterative
bootstrap procedure described in Section 4.2 using graphs sampled from class j = 1. Figure
3.5.3 presents several Q-Q plots for the empirical distributions of the p-values as n, changes;
the empirical distribution for n, = 2 is closest to the uniform distribution. We see from Table
3.5.2 that class 1 is significantly different from the remaining classes and that this difference

is not too sensitive to the choice of dimension K in the singular value thresholding step.
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Figure 3.5.3: Q-Q plots of the empirical distributions for the p-values under H,, against
the uniform distribution, for various choices of n, (K =5).

3.6 Discussions

In summary, the test statistic constructed based on universal singular value thresholding

and Spearman’s rank correlation coefficient yields a valid and consistent test procedure
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Table 3.5.2: The p-values for epileptogenic correlation networks.

K Ay vsA; AjvsAy, A;vsAs AyvsAy A;vsAsg

5 0.955 0.027 0.011 0 0.001
6 0.984 0.001 0.003 0 0
7 0.977 0.009 0.008 0 0
8 0.956 0 0 0 0

for testing whether two latent distance random graphs on the same vertex set have similar
generating latent positions. A few related questions will be left for future research.

Firstly, for the two-sample hypothesis test we study, one can also develop test statistics
using other techniques, for example, isotonic regression. As we briefly introduced in Sec-
tion 4.2, when the null hypothesis is true then there exists a monotone function f such
that p;; = f(q;;). Thus, given graphs from the latent distance model, we can first estimate p
and Q and then fit a regression model of the form p; i = f(g;;)+ €;; for some nonparamet-
ric function f. The two-sample testing problem can then be reformulated as testing for
whether f is monotone. However, testing for monotonicity against a general alternative
still remains an open problem in nonparametric regression.

The second question concerns the rate of convergence of our test statistic and the class
of alternatives for which the test procedure is consistent against. In particular Theorem 3.2
shows that the test procedure is consistent for class of alternatives where the distance
between the collections of latent positions diverges with rate Q(n'/?), and furthermore, if the
distance between the collection of latent positions diverge at rate o(n'/?) then T,(P,Q) — 1.
Therefore, to show consistency of our test procedure when the distance diverge at rate
o(n'/?), we will need to bound the fluctuations of our test statistic around the neighborhood
of the value 1 and this will require careful analysis of the estimation error in the singular
value thresholding procedure as well as the convergence rate for non-metric embedding in
the presence of noise.

Finally, the critical region for our test procedures are determined using resampling
methods such as bootstrapping graphs from the estimated edge probabilities. The validity
of these resampling techniques are justified by the empirical simulation studies as well as
real data analysis. Nevertheless, our test procedure could be more robust if we are able to
derive the limiting distribution of the test statistic and thereby obtain approximate critical
values. We surmise, however, that this will be a challenging problem. Indeed, while the

limiting variance and distribution of Spearman’s rank correlation in the case of independent
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and identically distributed data are well known (Kendall 1948; Ruymgaart et al. 1972), the
entries in our estimates P and Q are not independent, the original entries of P and Q are
not identically distributed, and finally, under the null hypothesis, the true value of the rank
correlation lies on the boundary of the parameter space.
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CHAPTER

4

JOINT INFERENCE ON
NETWORK-DEPENDENT DATA IN
STOCHASTIC BLOCK MODELS

4.1 Introduction

In the past few decades, the amount of network data with node-specific covariates grew
at a rapid pace. For example, social networks such as Facebook and Twitter contain users’
personal profile information. Numerous procedures had been developed to leverage the
combined power of nodal covariates and network structure; recent examples in the context
of unsupervised learning problems include algorithms for dimension reduction (Yu et al.
2020; Zhao et al. 2021) and community detection (Zhang et al. 2016; Binkiewicz et al. 2017;
Yan and Sarkar 2020).

In this paper we consider the regression problem of predicting a response variable given
a network ¢ and nodal covariates associated with ¢. More specifically we consider the set-

ting of a network ¢ with n nodes where each node i is associated with a (possibly multivari-
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ate) response y; € R? and a covariate matrix/vector x; € RP*9. While the regression problem
for {(y;, x;)I_, } is classical and thoroughly studied, its extension to network-dependent data
has only recently garner interest. We aim for a regression model of y; against x; where the
covariance structure of Y =(y,",---, ])" € R"?, denoted by Cov(Y|%) = =, depends on
the network 4.

As a simple example of our setup, consider the case where the responses are univariate,
the graph ¥ is an undirected and unweighted graph with adjacency matrix A, and the
covariance matrix for Y is of the form X4 = I, + 5, 4; here I, denote the n x n identity
matrix. Then, under this model, the response y; and y; are correlated if and only if A;; = 1;
that is to say y; and y; are correlated if there is an edge between nodes i and j in 9. A
more elaborate version of this model was proposed in Lan et al. (2018) wherein X, was
assumed to be a polynomial function of the adjacency matrix 4, i.e., Xy = ZZ=0 B AF for
some choice of d and coefficients S, 3, ..., 84. The assumption that the covariance of Y
depends on some underlying network structure also arises in the context of spatial and
time series autoregression models. For example Zhou et al. (2017) considered a spatial
autocorrelation model wherein the response Y; at node i is spatially correlated with the
responses of its neighbors via the relationship y; =pd;' >’ jAijyj t+€;; here d; denote the
degree of node i in ¥, p is a spatial autoregression parameter to be estimated and the
{€;} are i.i.d random noises. Similarly, Zhu et al. (2017) studied a vector autoregressive
model wherein the response yl-m of node i at time ¢ depends on (1) the covariate x;, (2)
the response of node i at time ¢ — 1 and (3) the average response of node’s i neighbors
at time ¢ — 1 through the relationship yl.m =Po+pud;! Zj Ajj yj(H) + /jzyi(t_l) +xr+ 6(;);
here By, B, .,y are coefficients to be estimated and the {65—”} are i.i.d random noises. As
another example, Su et al. (2019) considered the problem of modeling time-to-event data
with network dependency by assuming that the conditional Cox hazard function for a given
node i at time ¢ is of the form A;(¢) o< exp(xl.T/j +p€iszijx].Tﬁ); here 3,p,and &; €{0,1}
are coefficients to be estimated with &; = 1 signalling that node i is susceptible to the
influence of its neighbors. Finally we emphasize that the above models all lead to inference
procedures that are distinct from the approach of using ¢ to regularize the regression
estimates. As an example of this latter approach, Li et al. (2019) considered the estimation
of B and a collection of node specific effect terms {a;,..., ¢, } by minimizing the sum of
square error > (y;—x B—a; P +A2, > A;j(a;—a;); the penalty term D, > A; j(a;—a;)?
encourages «; and «; to be “close” whenever nodes i and j are connected.

The aforementioned literature generally does not assume any specific generative model

for the observed networks and only the observed relational information given by the ad-
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jacency matrix is incorporated into the regression. As the network is assumed given and
noise-free, the main focus is in estimating the regression coefficients; furthermore, the
number of parameters to be estimated often times only changes slightly compared to the
setting with no network structure. For example, the vector autoregression model of Zhu
et al. (2017) only include an additional parameter f3; for the network effects.

In this paper we take a somewhat different approach and assume that the observed
adjacency matrix A is a noisy realization sampled from a generative model and that the co-
variance structure for Y depends on the true but unobserved parameters of this generative
model. As such, the covariance structure for Y given only A is unknown and needs to be es-
timated. Various methods have been proposed for modeling networks, such as exponential
random graph model (Frank and Strauss 1986), latent space model (Hoff et al. 2002) and
stochastic block model (SBM) (Holland et al. 1983). In this paper, we specifically study SBM
as it is one of the most popular generative model for random graphs and furthermore there
is a natural link between the community structure of a SBM and the covariance matrix of
Y when we introduce random effects terms. More specifically, recall that a graph % is an
instance of a K -blocks stochastic blockmodel graph if the nodes of ¢ can be partitioned
into K latent communities and the probability of connection between any two nodes i, j
of ¥ is given by Wc,-,cj ; here ¢; and ¢ i denote the (unobserved) community label of nodes i
and j. Welet ¢ =(cy, ¢y,..., c,)" € R" be the community labels for all nodes i of 4. We then
make the natural assumption that the response y; for node i is correlated with other nodes

in the same community. For example, we could consider the model, for y; €R,
yi:xiﬁ +ZI[(C,-=I€)SCL,+€,-, (4.1.1)
k

where 1(-) is the indicator function, s. denote a community effect and ¢, represents the
noise, which is independent from the s . If we further assume s, Wy (0,0%)and ¢; R4
A(0,02), then the covariance matrix for Y = (3, »,...,¥,)" given ¢ can be modeled as
Yy =021,+0%1,—CCT"), where C e R"K is a matrix whose elements are C;; = 1(c; = k).

Given {(y;, x;)}!,, the parameters 6 = (3, 0'(2), af) for the model in Eq.(4.1.1) can be easily
estimated by maximum likelihood and EM-based algorithms if ¢ is given. As c is generally
unknown, we can first estimate ¢ from only ¢ using some community detection algorithm
before proceeding with the estimate of 6; see Fortunato (2010); Abbe (2017) for surveys
of recent progresses in community detection. However, separating the problem into two
distinct and unrelated subproblems — community detection and regression — is possibly

sub-optimal. Indeed, as we allude to earlier, the assumption that the observed network
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is a noisy realization of some true underlying network leads to an inference problem that
can benefit from joint modeling and estimation of both the community structure and the
regression coefficients, and it is this joint inference that distinguishes us from earlier work
in which the network is assumed known and deterministic and the focus is on estimation
of the regression coefficients themselves.

Our contributions are thus as follows. We consider a multivariate version of the model
in Eq. (4.1.1) wherein y; € R? and furthermore allow for correlation between y; and y; when
they both belong to the same community as well as when they belong to different commu-
nities. We then propose a joint likelihood-based algorithm to simultaneously estimate the
community assignment and regression coefficients. We show that the regression estimates
given by our algorithm are consistent and asymptotically normal as n — oo provided that
we initialize our algorithm with a community assignment ¢ that is weakly consistent ; a
community is weakly consistent if the proportion of mis-assigned nodes converge to 0 as
n — o0. As demonstrated in the simulations, (i) the joint inference procedure outperforms
the spectral clustering and other likelihood-based community detection algorithms using
the relational information only; (ii) the regression estimates and predicted values given by
the joint inference procedure are more accurate compared to procedures such as ordinary
least squares (OLS) method that ignores the network information.

The rest of the article is organized as follows. We introduce the model and algorithms
in Section 4.2, and investigate the asymptotic properties of the proposed algorithms in
Section 4.3. Simulation results are presented in Section 4.4. We then apply our algorithms
to two real data examples in Section 4.5; the first example contains data extracted from a
Twitter-type social media called Weibo and the second example studied the relationship
between health and lifestyle using data from US national health and nutrition examination

surveys. All proofs are included in the supplementary appendix.

4.2 Methodology

We first recall the definition of stochastic block model (SBM) graphs due to Lorrain and
White (1971) and Holland et al. (1983).

Definition 4.1 (SBM). Let n >2 and K > 2 be integers. Next let W be a symmetric K x K
matrix with entries in [0,1]. Let 7 =(7;,...,Tx)" be a probability vector, i.e., 7, > 0 for all k
and Y, m; =1. A graph ¢ on n vertices with adjacency matrix A is said to be an instance of
stochastic block model with community membership ¢, community-probability matrix W
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if A is generated as follows

1. The vector ¢ =(¢, ¢,,...,¢,)" consists of independent categorical random variables
taking values in {1,2,..., K} with pr(c; = k) =, forall i, k.

2. Conditioned on c, the matrix A is a n x n symmetric matrix whose upper triangular
entries {A;},.; are independent Bernoulli random variables with pr(4;; =1)= W, -

That is to say, the likelihood of A given ¢ and W is

pr(Ale, W) =] [(Woe, )™ (1= W, ) ™. 4.2.1)

i<j
We will always assume that ¢ has no self-loops and so A;; =0 for all i.

We now formulate our regression problem for multivariate responses {y;} where (1)
for each i, the coordinates of y; are possibly correlated and (2) two responses y; and y;
are possibly correlated with correlations depending on the latent/unobserved community
memberships c¢; and ¢;. More specifically we shall assume that we are given a graph ¥
on n vertices where ¥ is an instance of a stochastic block model with community edge
probabilities W and community assignment ¢ where W and c are all unknown. We are also

given a collection of response variables y; e R”,i =1,2,..., n that follows a linear model
Vi =X + Sg,c, + €5 (4.2.2)

where X; is a p x g design (covariates) matrix, € R7 is the vector of regression coefficient,
Sg,,c; € RP represents the information induced by the community membership ¢; and group
membership g; and €; € R? is the noise. In this paper we shall assume that the {¢;};.; and
{5,,¢, }ix1 satisty the following distributional assumptions.

(C.1) Each node i is associated with an observed group g; €{1,2,...,G} and a latent com-
munity ¢; € {1,2,..., K}. We denote by n, the number of nodes i assigned to group g

and by m;. the number of nodes i assigned to community k €1,2,...,K.
(C.2) Thenoisese€; fori=1,2...,narei.i.d ./(0, O'ZIp) random vectors; here o > 0.

(C.3) Foreachg=1,2,...,G, let s, be the vector of the form s, =(s; |, 5, -

Sg.x ERP forall1 <k <K.The Sg forg=1,2,...,G are then i.i.d random vectors with

T T
. «) where
s ~ N (0,92%) for some K p x K p positive semi-definite matrix Q*. For 1 < k < K and

1 <{ < K we denote by 2}, the p x p submatrix of * corresponding to Cov[s, i, S 1.
Note that Q7 , = Var[sg 1, Sg 1 ]-
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(C.4) The noises {¢€,};5, is independent of the community and group effects {s,} 4.

Since g is known, we can assume, without loss of generality, that the nodes with the first n,
indices are assigned to group 1 and then the nodes with the next n, indices are assigned
to group 2, and so forth. More specifically, let #, =0 and define 1, = f,_; + n, for1 < g <G.
Then all nodes with indices i satisfying 1+ £,_; < i < t, are assigned to group g. Now define
Ve =(yi: 1+ 1, < i < t;) €R" by stacking up the responses y; for the nodes i in the gth
group and define X, and €, accordingly. We then have

Ve=XgB+Zyss+ €, (4.2.3)

where Z, = C, ® I, is a ngp x K p matrix in which C, is a n, x K matrix with C,(i, k) =1 if
c; =k and Cg(i, k)= 0 otherwise; the matrix C, represents the community assignment for
all nodes in the gth group. Finallylet % =(y,", y,',..., y4)" € R"” be the stacked response
for all G groups. Then

X S €1
Xo S2 €2
Y=\  |prLe,®---0Z;]| . |+] . (4.2.4)
. SZ’ . .
Xe S €c
- - = = - = -

Here M, ® M, ®---® M; denote the block diagonal matrix whose diagonal blocks are the
matrices M, M,,...,M;.

From the above exposition we have that y, ~ A4 (X,f, V;) for each g > 1 where V, =
ZgQ*ZgT+0'21ngp .Asthe {y,},>, are mutuallyindependent, & ~ A(2 8, Vi@ V2&®---® V). Our
model is thus related to a linear mixed effects models where f is the fixed effects and {s,}
are the random effects. Note, however, that in contrast to the mixed effects models literature,
the design matrices {Z, } for the random effects {s, } in our model are unknown/unobserved;
rather, we only observe the adjacency matrix associated with a graph ¥ constructed using
the same information as that in {Z,}.

We now discuss the condition of having G independent groups in our model formulation.
This condition might appear, at first blush, somewhat confusing and/or redundant as the
model already include a latent community assignment c. The main reason for having the
groups g =1,2,...,G are as follows. Suppose, to the contrary, that there is no group effect or
equivalently that G = 1. Then Eq. (4.2.2) reduces to y; = X; 8 + s, + €; and thus, no matter
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how many response vectors {y;}" | we have, there is only a single realization of the random
effect term s, = (s, S¢,s--+» S¢, )" with s, ~ MVN(0,9*). It is thus not possible to estimate
the covariance structure 2* given these {y;}; rather, as n increases we will only get better
and better “estimates” of the entries of s.. Or in other words, if there is only a single s,
then Cov{%]=ZQ*Z" + 0%1,, where Z = C ® I,, is the np x K p matrix corresponding to
the community assignment ¢ and hence all the entries of % are possibly correlated and
furthermore, in contrast to autoregressive or spatial regression models, there is no notion
of distance in time or distance in space so that Cor(y;, y;) — 0 as |i — j| increases. There is
thus not enough independence among the {y;} to estimate either Q* or Cov{#/].

A natural interpretation of the group effect G can be made through the analogy between
our model and the use of mixed effects in multi-level models and longitudinal data analysis.
For example longitudinal data usually include repeated measurements made on multiple
individuals/subjects and it is usually assumed that the repeated measurements of a single
individual are correlated while the measurements between two different individuals are
independent. This is similar to our requirement that y; and y; are independent if i and j
belong to different groups g; # g; and y; and y; are possibly correlated otherwise where the
correlation between y; and y; depend on the community assignments ¢; and ¢; through the
entries of the p x p sub-matrix (2., of (2. We emphasize that in this case the terminology
“‘community assignments” should not be interpreted literally as the grouping of individ-
uals/subjects into “communities” but rather as a way to model the correlation between
the repeated measurements y; and y; from the same group g; = g; through some latent
features ¢; and c;; for example if the data are collected over a period of time then ¢; and c;
might correspond to some unobserved temporal patterns, e.g., seasonal trends. Similarly,
in multi-level models there is a notion of a hierarchy of sampling units such as students
within a school and schools within a school district, with the implicit assumption that
responses for two students in the same school are correlated while responses for students
in different schools are more likely to be independent. We can then interpret the groups y,
as corresponding to the larger sampling units and view s

8irCi
structure between responses in these larger sampling units.

as inducing the correlation

Finally, as the above discussion indicates, the main parameters of interest in our model
are 3, Q* and 2. The latent community assignment ¢, while important to our subsequent
estimation procedure, is mostly a nuisance parameter. This is an important difference
compared to seemingly related work on covariates-assisted clustering (see e.g., Yan and
Sarkar (2020); Binkiewicz et al. (2017)) where c is the main parameter of interest. Indeed,

because we did not make any assumption on the relationship between X, and c, the
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only informationin % =(y",y,,..., Vs )T about the community assignment c is through
the covariance structure of %. In contrast, for covariates-assisted clustering, it is usually
assumed that the mean of the responses % are related to the community structure c.
Because estimation of the discrepancy between an assumed covariance structure and the
true covariance structure is more complicated than estimating the discrepancy between
an assumed mean structure and the true mean structure, our inference procedure and
theoretical results are substantially different from those for covariates-assisted clustering.

We discuss inference for the parameters 3, Q* and o? in the remainder of this section.
For ease of exposition we first consider in Section 4.2.1 the scenario when c is assumed
known, in which case estimation of these parameters can be done using a simple EM
algorithm. We then consider in Section 4.2.2 the more interesting and challenging scenario

where ¢ is unknown and propose an algorithm for joint estimation of c, ,* and o2.

4.2.1 Conditional estimation given c

Let us assume that ¢ is known. Now define the scaled covariance matrix Q = 0—2Q* and
note that V, = Z,Q*Z] + 0?1, , = 0%(Z,QZ] + I,,,). Dropping the constant term, the log-
likelihood for % is

1< _ _
0(61y,3S.,) :—EZ{ngplogO'Z +10g|V |+ 0 (3, — X, B) V. (g — X )} (4.25)
g=1
where 0 ={Q, 02, B}.
Denote the maximum likelihood estimator (MLE) as 0, = argmax, ¢ (HI{ Ve gzl). If
Z,=27,=---=Zg, then the likelihood in Eq. (4.2.5) is the same as the likelihood of balanced
mixed effects model for which Q. and 6, have closed forms solutions given /3m1e- More

specifically let Z, = Z for g =1, 2,..., G. Then given Brne> We have

6% = Wtr[{l 22" 2) 1ZT}Z |l

1 G
> eel)z(z zy M — (27 2)7,

g=1

O =62(2"2) 1ZT(

mle
where &, = y, — X, ﬁmle. Now, since /3m1e is the generalized least square (GLS) estimate of 3

given {14}, the above formulas yield the following iterative procedure for estimating 6. We

first initialize 8 using the OLS estimator of 8. Next we compute 6% and Q according to the
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above formulas. Given these estimates for o> and Q2 we compute Vg = oA'z(ZgQZgT + Ing p)and
then update $ using GLS. With a new estimate for  we again update 62 and Q using the
above formulas. These steps are then repeated either until convergence or until a stopping
condition is satisfied. We emphasize that the above update formulas are similar to those for
the balanced random-coefficients model where X, = Z, = Z for all g (see e.g. Section 2.3 of
Demidenko (2013)) with the main difference being that the balanced random-coefficients
model also have a close form formula for S, that does not depend on the estimates 62
and €, i.e., the balanced random coefficient model does not require iferative updates to
ﬁ, & and .

In the general case when 7, ,Z; are not the same then there is no longer a sim-
ple closed-form update formula for o2 and . Instead 6, can be found using iterative
procedures similar to that described in Algorithm 4; more specifically Algorithm 4 is an
EM algorithm whose updates are based on the partial derivatives of £ with respect to the
parameters 0 as given below

3= 2K e Ke) 426)
g=1
ol np _, 1 _ g _
G2 7 30 2 XV 0 X 42
g:
5€_1G Tel1 2Tl Ty -1
DN A A T A N EL

Algorithm 4 is guaranteed to converge to a local minima whenever the MLE exists and
furthermore the resulting estimate () is guaranteed to be positive definite if the initial Q)
is also positive definite. See section 2.12 of Demidenko (2013) for more details about the
update formulas and convergence of Algorithm 4.

We present in Section 4.3 the theoretical properties of 0,..c when c is assumed known.
In particular we will show that @, is consistent and asymptotically normal as n — co; we
emphasize that while the proofs of these results do follow from a set of general regularity
conditions given in Sweeting (1980) and Mardia and Marshall (1984), verifying that these
conditions do hold in our current setting is non-trivial and requires a certain amount of

technical derivations.
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Algorithm 4: Estimate of {,2, 0%} conditional on ¢ using EM

Input: { Ver Xg» Zg}g=1 ; Maximum number of iterations S;

Set s = 0. Initialize 9,0, and 629 using the fixed effects estimates of 8, 02,9
given in Section 2.3.12 of Demidenko (2013);

while s < S and 625),00), B not converged do
Update the estimators using formulas for derivatives (4.2.7) and (4.2.8):

o2=G2s—1) } ’
} A1)
~ )
Q:Q(s—l)

G G
a(s) Try7(s))-1 - Trrr(s)—1 (s) _ A(s)pT .
e (_(ZXg(VgS) Xg) (E X, (V,*) yg), where V)= 20921+ 1, ;
8= g=1

26270 (94
6_2(3) (_a.Z(s—l)_i_ {
np do?

N al
Ob—D {_
a0

end
Output: The estimates 3, 2 and 62

4.2.2 Simultaneous Estimation

In this section, we consider a more realistic case with unknown community membership.
Since % and A are conditionally independent given c, the joint log-likelihood function of

(%, A) can be decomposed as follows:

G
(B, 2,0% ¢, WHY IS, A)="> log P(y,|B,2, 0%, ¢)+log P(Alc, W), (4.2.9)
g=1
where logP(ygI/},Q, o?,c)and P(A|c, W) are defined in Eq. (4.2.1) and Eq. (4.2.5) respec-
tively. The parameters 3,9, 02, c and W can be estimated via the optimization problem

max {(B3,Q,0% ¢, W | ¥, A) (4.2.10)
subjectto ¢*>0,Q2>0,W,, €[0,1],c; €{1,..,K}.

From Eq. (4.2.9) we see that both term log P(A| ¢, W) and log P(y, | 8,2, o?,c)depends on
¢ but that, once c is specified, log P(A | ¢, W) can be treated as a constant term and fur-
thermore P(y, | ,, 0, ¢) reduces to a function of $,Q and o only. Therefore Eq. (4.2.10)
can be solved by a two-step approach, namely we first estimate ¢ using a community
detection algorithms (e.g., spectral clustering on A) and then, given the resulting estimate

¢, converting the problem to the conditional model in Section 4 and find 8,9, o? using
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Algorithm 4.

In this section we extend the above two-step approach and develop a computationally
efficient algorithm to simultaneously estimate c, 8,2 and o?. Our algorithm is motivated
by the observation that, because the covariance structure of % contains information about
the underlying community assignments c, the joint estimation of these parameters is likely
to be more accurate than a two-step approach in which the estimation of ¢ uses only
the network structure A and ignore the covariates %. Indeed, as we will demonstrate in
Section 4.4 and Section 4.5, the resulting joint estimation procedure do outperforms the
two-step approach on both simulated and real data applications.

Our algorithm consists of two nested loops of EM-based iterations, namely the inner
loop updates the community assignments ¢ and the block probabilities matrix W using
the current estimates of §,Q and o while the outer loop updates 3,2 and o? using the
current estimates of ¢. The updates for ¢ and W in our inner loop are motivated by the
pseudo-likelihood approach for community detection of Amini et al. (2013) and Wang
et al. (2020). More specifically, because the estimation of the community assignment ¢
using the full log-likelihood function log P(A | ¢, W)is in general a NP-hard problem, Amini
et al. (2013) consider a log pseudo-likelihood function log P(A | ¢, W) that approximates
log P(A | ¢, W) by partially ignoring some of the dependency structure in P(A,| ¢, W). In
particular the pseudo-likelihood P(A | ¢, W) ignores the symmetry in A and also look only
at the likelihood of the row sums within each blocks; here the row sums within a block
k €{1,2,...,K} represent the number of edges connecting a vertex v to other vertices
in community k. These row sums can then be approximated using Poisson distribution
and are then treated as independent random variables. Amini et al. (2013) then show that
finding the maximizer oflog P(A | ¢, W) can be done much more efficiently then that for
logP(A | ¢, W). Subsequently, Wang et al. (2020) found via empirical experiments that
the pseudo-likelihood maximization algorithm in Amini et al. (2013) is not guaranteed to
converge and, to remedy this issue, they propose a different variant of the pseudo-likelihood
function which decouples the row and column community memberships. The resulting
approximation then corresponds to a profile-pseudo likelihood function.

For our paper we have, in addition to the adjacency matrix A, also the covariates % and
% . Hence, with 8,0 and o fixed, we replace log P(A| ¢, W)+ Zg log P(y, | ¢) by the log
pseudo-likelihood log P(A | ¢, W) +> .1ogP(y; | ¢;) where log P(A| ¢, W)is the log pseudo-
likelihood in Wang et al. (2020) and > _;log P(y; | ¢;) is the log-likelihood of the response
% under the assumption that Cov[#]=0?1,,, i.e., > ;log P(y; | ¢;) ignore the correlation

structure among the %. The updates for ¢ based on this log pseudo-likelihood once again
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Algorithm 5: Simultaneous estimation of ¢ and (8,Q, 0?)
Input:{ Ver X, }g 1 A; Number of communities K; Maximum number of iterations S
and T for outer and inner loops;
Set s, t = 0. Initialize ¢© using spectral clustering, {7%(,?’ g {W (0.0) f j—; @s
Eq. (4.2.11) and (4.2.12) and ©,0©, 520 same as the conditional model;
while s < S and 29,0, ) not converged do
while ¢ < T and A1, W9 not converged do
Foreachi=1,..,nand k=1,...,, K, compute T(l‘;c
based on A1 -1 and ¢t
For k,{ =1,..., K, update 2 and Wk;t as Eq. (4.2.14) using 7" and ¢V,
end

2 according to Eq. (4.2.13)

Update labels l( via él( )= argmaxkf ' Dfori=1,.

Update 629,01), ) same as the conditional model, based on ¢,
end

have simple closed-form expressions similar to those provided in Amini et al. (2013); Wang
et al. (2020), with the main difference being the introduction of the term P(y; | ¢;) in these
updates. After updating ¢ and W we update ,0% and W using the same steps as that
described in Algorithm 4.

The formal steps for our estimation procedure are summarized in Algorithm 5. In partic-
ular we first initialize the community membership estimator é © using spectral clustering.
Given this initial estimate ¢©, the regression parameters #©, )%, and 2% can be initial-
ized according to Algorithm 4, with the main change being that the matrices Z, are now
replaced by Z, where Z, = C, ® I, is a ngp x K p matrix with C,(i,k) = 1 if ¢ = k and
Cg(i , k) = 0 otherwise; Cg thus represents the estimated community assignment for all
nodes in the gth group. We then initialize the estimates for the block probabilities matrix
W and the block assignment probabilities 7 via

1 n
~(0,0) A(0)
T, =— E 1¢.7"=k), fork=1,2,...,K, 4.2.11
k n - ( i ) ( )
n n A(0) ~(0)
. > DAL =K1 =1
o0 _ Zin 2 Ayt = k)L , fork,(=1,2,... K. 4.2.12)

In the inner iterations, using the current estimates for /5,Q and 62, we estimate the condi-
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tional probabilities of the true community membership for the nodes i =1,..., n by

T =P(c;=kly;, A, ..., Ain)
P(C = ) (ytlc':k)P(AieriZ)---’Ain|Ci:k)

Z(’ 1 C _E P(J’z|C _e) (Ail)AiZ’“-)AinlCi:E) (4213)
l R 1-A;
B e P(yilei = 1_[]-:1 M/k,éj(l_myfj) ]
- R ~ Ai' ~ l_Al
S mPle =0T Ti, W (1= Vi )

where P(y;]c; = k) = —3{plog6? +1og|Q |+ o2(y; — X, B) k(3 — X: )} and Q. is the
k-th diagonal block of €. Given these [7] € R"*X we update the SBM parameters via

A Zz 121 1 lk]l =1{)

==S"1,, W= . (4.2.14)

Zi:12j:1 ikﬂ(cj— )

After performing a few steps of the inner loop we move to the outer loop and update

the community membership estimates ¢; by maximizing the conditional probabilities
Ti,---,Tig fori =1,...,n. Given ¢ we then update (/3,&2,@). Our algorithm stops either
when a certain number of iterations had been reached or when there is only a small change
in the estimated parameters minimally between any two consecutive iterations.

4.2.3 Adapting Algorithm 5 to Multiple ’s

We note that Algorithm 5 is quite flexible and can be adapted to handle other regression
problems for which the covariates are linked together by some noisily observed network
information. As an illustrative example, we consider a model analogous to that in Eq. (4.2.2)
but now the network information is associated with the coefficient  and hence is associated
with the mean E[%/] rather than with the covariance Cov[%/]. More specifically we assume

Xi(ZﬂkIl(ci=k))+e,-, fori=1,2,...,n (4.2.15)
k
where y; € R? is the response for the ith node, X; € R”*7 is the design matrix for the ith

node, ; € RY is the coefficient vector if node i is in the kth community and €¢; € R? arei.i.d

noise vectors; we emphasize that the {c;} are unobserved. Let % =(y,", »,',..., )T € R"?
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and ' =(X;8X,®..8 X,) eR""*"_Eq. (4.2.15) can be written compactly as

B €1
Y=2(C®IL)| : |+]|:|, Cov¥=07"l,,. (4.2.16)

ﬂK €n

The log-likelihood in terms of the parameters {o?, B, ..., Bx, ¢, W} is then

1 n
0B, 0 y; :’:1):—E{nplogaerU_zZ(yi—Xi/J’ci)T(yi—Xiﬁci)}+logP(A|c, W) (4.2.17)
i=1
where P(A | ¢, W) is as given in Eq. (4.2.1). We can now adapt Algorithm 5 to find the
maximizer of Eq. (4.2.17) by modifying the update step for 8 =(B/,8,,..., ;)" and o2 in

the outer loop, i.e., given the community assignment ¢*) we compute

BO={(CVe1) 2 2(CYeI)} (CYel,) 2T,
A2(s — A(s a(s T Als a(s
620 =(npy ¥ —2(CVe 1)V} (¥ —2(CYe 1)),

where C¥) = 1(¢"” = k). We present in Section 4.4 and Section 4.5 some examples of data
modeled according to Eq. (4.2.15) and show that Algorithm 5 yield accurate estimates of

and small root mean squared error (RMSE) for predicting % for these data.

4.3 Theoretical Properties

In this section, we investigate the asymptotic properties of the maximum likelihood esti-
mators in the conditional model. Denote the parameter vector as 8* = (vec' (U), 87,0%)" €
R™*4+1 where m = K p(K p+1)/2 and U is the upper triangular matrix of Q. We additionally
denote 0 = (vec' (), B7,02)" e RK*P*+a+1,

Define R, = Z; Vg‘lZg, then the negative Hessian matrix of the log-likelihood function
(4.2.5) in terms of parameter vector 0 is:

Hll H12 HIS
H(0)=| H), Hy Hy; |, (4.3.1)
H, H), Hs
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2 Ty—1 —4 Ty/—1 2 1 T
H,=0 ngvg X, Hp=0 ngvg e, Hy=0 e V' Z,8X V' Z,,
g=1 g=1 g=1
G G
_ 6 Ty/—1 —4 _ —4 Ty/—1 Ty/—1
Hy,=0 eng eg—0.5npo ", Hy;3=0.50 Zeng Zg®eng Zg,
g=1 g=1

G
_ 20 Ty/—1 Ty—1 Ty,—1 Ty,—1
H;;=0.5 El{a (Zng e,V Z;®R,+R,®Z V. ege, V, Z)— R, ® Ry}
g:

The information matrix .¢(0) =E[H(0)] can now be written as

oY X VX, 0 0
2(0)= 0 0.5npo 0.5o—zz§:1vecT(Rg) . (43.2)
_ G G
0 0.5072% . vec(Ry) 05> R, ®R,

Similarly, the Hessian matrix that corresponds to 8* can be defined as H(68*), in which the
(1, 3), (2, 3) and (3, 3) blocks are constructed by extracting the rows and/or columns with
respect to U from H,3, H,; and Hz; in (4.3.1). The corresponding information matrix can
be defined in the same way, denoted as .#(6*).

Notation. Recall that m = Kp(Kp + 1)/2 and U is the upper triangular matrix of (.
Denote the covariance parameter vector as ¢* = (02, VECT(U )" € ®, where ® is an open
subset of R”*!, And the full parameter vector is 0* = (vec'(U), BT,02)" €O, where O is an
open subset of R+, Denote 0 = (vec'(Q),5",0%)" € ]RKZ” +4+1 Write — as the uniform
convergence of nonrandom functions over compact subsets of ©, 2, asthe convergence
in distribution and — as the convergence in probability. Denote the i-th, smallest and
largest eigenvalue of matrix M as A;(M), Anin(M) and A, (M) respectively. Write ||M || as
the Frobenius norm and || M||, as the spectral norm.

We first present the result on asymptotic normality of 8* when ¢ is assumed known. The
asymptotic normality of §* can be derived from the following meta-theorem on maximum
likelihood estimation for normally distributed random variable presented in Sweeting
(1980).

THEOREM 4.1. Assume that
(A.1) Cov[?]is twice continuously differentiable on ®.

(A.2) [|.£,1(0)]l,— 0.
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(A.3) 4 12(0%)H,(0%).9,%(0%) 2, I, where T € Rim+a+Dx(m+a+1) ig the identity matrix.

Let é’j be the maximum likelihood estimator, then as n — oo, it holds that
Z,(0772(0:—07) 5 (0, 1).

The main challenge in applying Theorem 4.1 is to verify that condition (A.2) and condi-
tion (A.3) holds. In general, verification of condition (A.2) and (A.3) is done on a case-by-case
basis (Miller 1977; Cressie and Lahiri 1993, 1996). We emphasize that verification of these
conditions is usually non-trivial and do require some amount of technical derivations. For
the setting of our current paper, the following theorem provides a set of simple sufficient
conditions for verifying condition (A.2) and condition (A.3); these conditions are motivated
by those in Mardia and Marshall (1984).

THEOREM 4.2. Suppose that

(B.1) For g =1,..,G, rank(Xg) = ¢, where ¢ is fixed. The variance of error term o2 is a

constant.

(B.2) The communities are balanced in each group. More specifically let m, ; be the number
of nodes in group g assigned to community k. Then there exists a finite constant M

not depending on n such that max;. %'Z <Mforallg=1,2,...,G.
(B.3) G?np—0and G 'p?—0asn— oo.
(B.4) Fori=1,..., Kp, the eigenvalues A,(Q2) = O(p).
Then the conditions of Theorem 4.1 hold.
Remark 4.1.

(a) Theorem 4.2 assumes that c is known. In general, there are many community detection
algorithms that can estimate ¢ asymptotically almost surely, i.e., given A and the
number of communities K these algorithms return an estimate ¢ for which there
exists, almost surely, a permutation ¢ of {1,2,...,K} satisfying ¢; = ¢(c;) for alli =
1,2,...,n (Newman and Girvan 2004; Bickel and Chen 2009; Sussman et al. 2012). If
K is unknown then it can be consistently estimated (Jin et al. 2020; Lei 2016; Bickel
and Sarkar 2016; Newman and Reinert 2016) but, for simplicity of exposition, we shall
assume in this paper that K is known a priori.
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(b) (B.3) implies that G cannot be too small that the information matrix will grow with G
instead of n. We allow w(n'/?) < G < n if p is fixed while w(n®**) < G < n if p = o(n'/?).

(c) The above discussion together with Theorem 4.2 indicate that the two-step approach
of first estimating c given only A and then estimating 0 using Algorithm 4 yields a
consistent and asymptotically normal estimate . However, as the empirical results in
Section 4.4 will demonstrates, the joint estimation approach in Algorithm 5 generally
outperforms the two-step approach. While the full analysis of Algorithm 5 is not ad-
dressed in this paper, the following Corollary 4.1 show that the limiting distribution of
0 still holds even when c is unknown and we only have aweakly consistent estimate
¢ forc.

Corollary 4.1. Suppose that the mis-assigned nodes are of rate o(n) in the initial spectral
clustering of Algorithm 5. The asymptotic normality of the maximum likelihood estimator
in Theorem 1 holds under the same regularity conditions in Theorem 4.2.

Corollary 4.1 suggests that if Algorithm 5 is started near the MLE (so that ¢ is weakly
consistent) then the updates in the outer loop yield an estimate  that has the same limiting
distribution as if ¢ is completely known. The proofs of Theorem 4.2 and Corollary 4.1 are

given in the supplementary materials.

4.4 Simulations

4.4.1 Data Generating Process

(a) Set 0? =1 and generate = [B;] € R7 where f; R (0,1). To ensure the positive
semi-definiteness of 2*, we apply LDL decomposition as * = LD L' where L is a
lower unit triangular matrix with off-diagonal entries generated from .4(0,1) and
D is a diagonal matrix with non-negative entries generated from 1+ |.4/(0, 1)|. For
g =1,.., G, generate the covariates matrix X, = [x;] € R"sP*9 where x; L A(0,1).

(b) Generate the community memberships from the multinomial distribution with pa-
rameters (n, 7, = 0.5, 7, =0.5).

(c) Construct the adjacency matrix similarly to Sussman et al. (2012), which is generated
by a SBM with K =2 communities. The communities are set to be balanced with the
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community-wise edge probability matrix W as
0.42 0.42
W= .
0.42 0.5
(d) Generate the network effect s, ~ MVN(0,$2*), €, =[€;] € R"” where €4 N (0,02).
(e) Forg=1,..,G, form y, = X, + Z, s, + €.

(f) Apply estimate methods on A and/or {y, §=1'

(g) Repeat (c)-(f) 100 times. Calculate the mean and standard deviation of the estimation

€ITror.

In all experiments, set p =5 and g = 3. Note that the groups are not necessary to have the
same size, but here for simplicity we set G =|n/4|. The more general case about group

assignments will be illustrated in the later real data applications.

4.4.2 Experiments

Simulation 1: Convergence of the two-step method. This experiment is designed to inves-
tigate the convergence of regression parameters estimates (3, 2*) obtained by the two-step
approach. We will first apply adjacency spectral clustering to estimate community mem-
berships ¢, then other regression parameters will be estimated using Algorithm 4. Set
n € {1000,2000,4000,6000}. We consider two networks with community edge-probabilities
as W and 0.5W. The metric we used is the relative estimation error, defined as ||Q* —
| /11211 and (| — B 1Lo/11B -

As shown in Figure 4.4.1, the relative estimation errors of covariance matrix O* and
regression coefficients § fluctuate slightly when the number of nodes n is small and then
quickly converge to a reasonably small value with the increasing n, which implies the
consistency of maximum likelihood estimators in the two-step method. In a relatively
sparse network with community edge-probabilities as 0.5W, the two-step method still
performs well while it needs larger z to achieve the accuracy of community detection using
the adjacency spectral clustering.

Simulation 2: Accuracy of estimation via Algorithm 5. We next perform an experiment
to evaluate the performance of Algorithm 5 that jointly estimates the mean, covariance and

community membership. For the community detection accuracy, we compare with the
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Figure 4.4.1: Barplots of averaged relative estimation error for different sparsity level and
parameters. The length of yellow error bar represents 2 times standard deviation.

profile-pseudo likelihood (PPL) method proposed by Wang et al. (2020) and the adjacency
spectral clustering (ASC). The proposed method is referred as joint inference on network
data with complex covariance (CCV). The number of nodes 7 is set to be from 600 to
4000. The metric we use to evaluate the community detection performance is the accuracy
defined as

Accuracy—lmaxz L{c(u)=x(c(u))},

ueln]

where ¢ is the set of permutations on [ K ]. Figure 4.4.2a illustrates that our method outper-
forms the two competitors in all cases we considered. When n > 1200, the performance
of profile-pseudo likelihood method is comparable to ours since both are approaching 1
while the adjacency spectral clustering is much worse. In Figure 4.4.2b, the estimations of

the proposed method consistently converges to the true value with the increasing .

Table 4.4.1: Standard deviation of community detection accuracy in 100 Monte Carlo replicates.

n=600 n=700 n=800 n=900 n=1000 n=1100 n=1200

CCvV | 0.1011 0.1970 0.2195 0.1459 0.0657 0.0472 0.0032
PPL | 0.0554 0.1439 0.2016 0.2107 0.1566 0.0775 0.0050
ASC | 0.0168 0.0315 0.0522  0.0937 0.1298 0.1324 0.0742

Table 4.4.1 shows the standard deviation of accuracy in the 100 Monte Carlo replicates.
It should be noted that the other two methods have a smaller standard deviation when n <=

900 just because their estimations remain around the random guess while the proposed
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Figure 4.4.2: Results for Simulation 2.

method starts to generate accurate estimations in these small samples. When n > 1000, the
standard deviation of our estimation consistently converges to 0 and becomes smaller than
others.

Simulation 3: Cross-validation using Algorithm 5. Using the same parameter setting
as Simulation 2, we conduct 5-fold cross-validation to evaluate the prediction performance
of Algorithm 5. The adjacency matrix remains to be complete. For g =1, ..., G, we estimate

S

¢ in model (4.2.3) using the training data in group g as

e _O5T 5 yal —1 A
Sg = QZg,train(Zg,trainQ g, train + Ingym,inp) (yg,train _Xg,trainﬁ)-
To predict the testing data in group g, if §, exists, the predicted response will be
yg,test = Xg,testﬁ + Zg,test§g'

Otherwise, Jg st = Xg,testﬁ. The metric we used is the root mean square error (RMSE),

defined as RMSE; = \/ = > (F1,5— 1,05 for 1 < j < p, where nyeq, is the number of nodes
in the testing set, ; ; represents the predicted j-th dimensional response of i-th node in
testing set while y;, ; is the true value.

Compared to the OLS estimation without network information, Figure 4.4.3 illustrates
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Figure 4.4.3: Results for Simulation 3. The RMSE is averaged from 100 Monte Carlo repli-
cates.

that the proposed method achieves more accurate prediction for all of the 5 dimensions.
The RMSE of our method has an apparent declining trend while the OLS fluctuates around
arelatively large error.

Simulation 4: Adaptation of Algorithm 5. In this experiment, we will evaluate the
performance of Algorithm 5 on the multi-8 model (MTB) defined in (4.2.15). Let 8, =
(1.239,1.070,0.246)" and 3, =(1.782,0.746,1.947)". The predictors Xj, ..., X,, and network A
are generated same as the general data generating process. We first evaluate the community
detection and estimation of [, B,] same as Simulation 2, then measure the prediction
performance by 5-fold cross-validation, similar to Simulation 3. The number of nodes is
set as n € {100, 200,...,1000}.

As illustrated in Figure 4.4.4a, our algorithm significantly stands out in uncovering
the communities with accuracy over 0.9 even if the sample is small (n = 300), while the
competitors keep failing until » > 800. Meanwhile, in Figure 4.4.4b, the proposed algorithm
generates a consistent estimator of the coefficients with decreasing standard deviation.
Finally, Figure 4.4.4c shows the comparison in predicting missing responses. When n > 300,
the proposed method outperforms OLS in all 5 dimensions, and the advantage becomes

larger with increasing n.

4.5 Applications

4.5.1 Weibo Dataset

We next present a real-data example from Sina Weibo (www.weibo.com), which is the
largest Twitter-type social media in China. Users are allowed to follow other users, create
user profiles, post original microblogs or repost others’ to express their opinions.

We collected data of n = 1995 verified users in the fashion or food field (K =2) who (i)
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Figure 4.4.4: Results for Simulation 4. The RMSE is averaged from 100 Monte Carlo repli-
cates.
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are connected with at least one user in the sample and (ii) have both posted and reposted
activities during the crawling period, from 11/13/2020 to 1/13/2021. We crawled 3 user fea-
tures for each user and 9 microblog features for each microblog. The detailed descriptions
are listed in Table 4.5.1

Table 4.5.1: Description of variables in Application 1.

Description Category

The number of likes.
The number of comments.

The number of reposts. Response Components
Microblog If the microblog is original.
Features If the microblog contains photo.
If the microblog contains video. Predictor Components
The number of Chinese characters in the microblog.
The number of collected microblogs.
Days since the post.
User Followers and following. Network Components
Features The verified field. Community Membership
The number of followers. Group Variable

Based on Table 4.5.1, we construct the model elements as follows. The response % € R"?
is 2-dimensional (p =2) where y;, is the the average comunication index (ACI) of i-th user’s
original microblogs and y;, is that of reposted microblogs, which is based on its number of
likes, comments and reposts. Suppose that the number of original microblogs of user i is
m;. Then the ACI of user i’s original microblogs is calculated by

m;

1
Vi1 = o Z 0.17(# of likes); + 0.37(# of comments); + 0.46(# of reposts);.

l j:1

This formula, suggested by a big data artificial intelligence service provider Qingbo (www .
gsdata. cn), represents the user’s popularity and the spread influence. For each dimension,
a set of nodal predictors are collected (g = 4). For each user, average the following data:
(i) if the microblog contains photos (i.e., yes = 1, no = 0), (i) if the microblog contains
video (i.e., yes = 1, no = 0), (iii) number of words and (i v) post index = 0.8(# of collected
microblogs) + 0.2(days since the post).

We assume two users are connected if they are mutually following each other, thus
the edges are undirected. The network density is 1.7% (i.e., 3 ; ; A;;/n?), which indicates a

relatively sparse network. The ratio of community size is 1238:757 (roughly 3:2). According
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to the order of magnitude of their number of followers, we classified the users into G =117
groups with group sizes ranging from 2 to 69. It is reasonable to assume that the groups are
independent since the number of followers is the most dominant factor to the response.
That is, the more followers a user has, the more his microblogs will be liked, commented
and reposted.

We will evaluate two metrics: (i) the accuracy of community detection and (i) RMSE
of response prediction. For the community detection, the proposed joint inference on
network data with complex covariance (CCV) and that on multi- model (MTB) will be
compared with adjacency spectral clustering (ASC) and profile-pseudo likelihood (PPL)

method. For the prediction, we will compare them with OLS.

Table 4.5.2: Results for Application 1. Comparison in community detection accuracy using full
data and edge sampling. CCV and MTB are proposed methods.

Full Data Edge Samplings
Accuracy Mean of accuracy SD of accuracy
CCv 0.914 0.686 0.129
MTB 0.860 0.733 0.108
ASC 0.538 0.542 0.035
PPL 0.569 0.570 0.076

The community detection result is shown in Table 4.5.2. To prove the robustness of
our experiment, we additionally apply the edge sampling on the adjacency matrix (see
Algorithm 1 in Li et al. (2020) for more details). This network sampling schema splits edges
rather than nodes and rebuilds the adjacency matrix by a low-rank matrix completion
algorithm. We set the hold-out ratio as 0.1 and the number of samplings as 20. Table 4.5.2
exhibits that using the full data, CCV achieves the best accuracy over 0.9 while the accuracy
of MTB is 0.86, both of which are far better than the competitors. Using the edge samplings,
while the network structure is incomplete, the proposed methods are still better than the
competitors.

Then, to evaluate the prediction performance, we further conduct 5-fold cross-validation.
The prediction result is shown in Figure 4.5.1. The proposed joint inference algorithm on
two models is better than OLS in ACI of both original microblogs and those reposted. Espe-
cially for the reposted ACI, the advantage of our algorithm is more apparent with a much

smaller mean and a narrower interquartile range.
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Figure 4.5.1: Results for Application 1. Boxplots of RMSE in 5-fold cross-validation. The
black triangles represent the mean.

4.5.2 NHANES Dataset

Several studies have established associations between individual lifestyle such as smoking,
alcohol consumption, physical activity, screen time and sleep duration with health. For
example, screen time is associated with an increased likelihood of metabolic syndrome
(Mark and Janssen 2008), reduced sleep appears to represent a risk factor for obesity (Patel
2009) and smoking heaviness may cause a higher level of resting heart rate (Linneberg et al.
2015).

In this application, we will use the aforementioned lifestyle variables to predict a few
physical examination indexes by assuming the covariance of these indexes is associated
with the examinee’s gender. Our study sample includes n = 2170 participants (> 20-year-
old) from the 2011-2012 US National Health and Nutrition Examination Surveys (NHANES).
For each study participant, we obtained 12 variables and listed them in Table 4.5.3.

The response and predictors can be modeled as % = E(2 B), where % e R4, & e R

and B € R>*, Then it can be transformed using the following formula to fit in our algorithm:
vec(%) = (I, ® Z')vec(B)+ Z(c)S +€.

Thus, p =4 and g = 20. We use the cartesian product of AgeLevel and EduLevel to construct
the independent groups. We omit the first group with age 20 to 24 and 8th-grade educational
level due to a single sample. There are G = 64 groups in total with the range of group size
as 8 to 116. Since the NHANES dataset does not include network connections between
study participants, we use the community membership (gender) to create an artificial

network, by setting the edge-probability as P;; = 0.8 if [c; — ¢;| = 0 and P;; = 0.5 otherwise.
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Table 4.5.3: Abbreviation and description of variables in Application 2.

Abbr. Description Category
BMI Body mass index (kg/m?).
BPDiff Systolic and diastolic blood pressure difference (mm Hg). Response
GluTol2hr  Two hour glucose (mg/dL). p
Pulse 60 sec. pulse.
X, Daily screen time (combined tv, computer and video game use).
X Daily alcohol consumption count.
X3 Participant does moderate or vigorous-intensity sports or fitness.  Predictors
X, Participant has smoked at least 100 cigarettes.
X5 Hours of sleep on workdays.
Agelevel  Age levels: 20-24, 25-29,...,80. Group
Educational levels: 8thGrade, 9-11thGrade, HighSchool, Variables
EduLevel
SomeCollege, or CollegeGrad.
Gender Gender of study participant coded as male or female Community
yp P ’ Membership

The communities are roughly balanced. Therefore, we will not compare the community
detection accuracy but focus on comparison in the prediction performance between OLS
and the proposed joint inference on complex covariance model (CCV) and multiple-f
model (MTB).

BMI BPDiff GluTol2hr Pulse
. 194
[ ]
- 12.5
2ol 184 .|| 60
A
o 174 564 4 12.0- A
=
z N2
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161 11.5
524 °
A
[ ]
6.01 7 11.01

CCV MTB OLS CCV MTB OLS CCV MTB OLS CCV MTB OLS

Figure 4.5.2: Results for Application 2. Boxplots of RMSE in 5-fold cross-validation. The
black triangles represent the mean.

We conduct 5-fold cross-validation to predict the response, evaluated by RMSE. As
demonstrated in Figure 4.5.2, the complex covariance model obtained more accurate
predictions than OLS for all 4 dimensions, especially for BPDiff, while the multiple- 8 model
performed similarly but still slightly better than OLS.
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4.6 Conclusions

In summary, we proposed a joint-likelihood based algorithm to infer the network-dependent
data under the stochastic block models, which yields a valid and consistent regression
parameters estimation and more accurate community memberships than prior community
detection algorithms. A few related questions will be left to be investigated further in the
future.

First, the model in Eq. (4.2.2) can be easily generalized to the form of generalized linear
regression model. That is, for i = 1,...n, assume y; € R for simplicity, then f(y;) = X, +
Sg,.c; + €, where f(-) is a link function such that E(y;|X;) = f~'(X; ). For instance, to handle
the binary outcome, we can take f as f(x) =1log{P(x =1)/P(x = 0)} for x € {0,1}. As a
result, y;’s are dependent and non-identically distributed Bernoulli random variables with
the mean f~'(X; ), wherein the covariance of y; and y; for j # i is still determined by the
community memberships ¢;, ¢; and the group memberships g;, g;. A related work can be
found in Zhang et al. (2018), which incorporated the observed network information A into
the logistic regression to increase the accuracy of classification by assuming that different
¥;’s are independent of each other.

Second, we only consider the stochastic block models in this paper. Actually, our
joint inference algorithm can also be extended to other variants of SBM, such as the
degree-corrected stochastic block model (DCSBM), by replacing WkAC’]f(l — W, ,éj)l—Aij in
P(Ajy, . Aiylc; = k) by Y0 WkA;]’(l — Y Wk,éj)l_A”, wherein 1)); is a degree parameter
of node i. An example of initialization and update of y; for i = 1,..., n can be found in
Algorithm 2 of Wang et al. (2020).

Third, more study is needed into the theory of the pseudo-likelihood based community
detection approach, which is the foundation of our joint inference algorithm. For example,
only the consistency under SBM with K =2 is studied in Amini et al. (2013) and Wang et al.
(2020). It will be quite interesting but also challenging to explore the additional conditions

required for the weak consistency if we allow K to diverge with n at a moderate rate.
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APPENDIX

A

SUPPLEMENTARY MATERIAL FOR
CHAPTER 3

This appendix contains proofs of the theoretical results, additional simulation experiments
and the full table of application 1 in Chapter 3.

A.1 PROOFS FOR CHAPTER 3

In this section, we will show the detailed proof of Theorem 3.1 and 3.2. Before that, let us

recall the necessary notations and assumptions given in Section 3 of Chapter 3.

Notation. Let 7 be the number of vertices. P € R"*" is the binary symmetric edge-probability
matrix. R(P) is a symmetric matrix measuring ranks corresponding to P. Denote univer-
sal singular value thresholding estimated edge-probability matrix as P. For n > 0 and
(n*p)" = o(n), we define the discretization as p;; = [ﬁ,-j/n] x 1. Let ||-||r be the Frobenius
norm.

Assumptions. We made several required assumptions as follows.
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1. As n — oo, for any € > 0, there exists 6 > 0 such that [0, 1) can be partitioned into the
union of intervals of the form [(k —1)0, ko) for k = 1,...,[1/68], such that, for any k,
one of the following two conditions holds almost surely:

(i) Either the number of ij pairs with i < j and p;; € [(k —1)6,k6) is at most
n(n—1)e/2.

(ii) Orifthe number of i j pairs with i < j and p;; € [(k—1)d, k&) exceeds n(n—1)¢/2,
then they are all equal for p;; € [(k—1)6, ko).

2. Define 6 {R(P)} =[(2) " S, (R —()" S, R} | and 6{R(Q)} similarly. T
holds that 6 {R(P)} = Q(n?) and 6 {R(Q)} = Q(n?).

3. The link functions & and g are infinitely many times differentiable.

4. Every edge is observed independently with probability p € (0, 1], where there exists a
positive constant C such that np > Clogn.

5. There exists a constant ¢ > 0 independent of & such that [{(i, j): p;; €[(k—1)0,kd]} <
c-5(3).

6. Let U c R? and V c R?, be bounded and connected sets. LetQ,, = {x;, ..., x,} C U and
2. ={m » .-, ¥} c V. Thenlim,_ ., 2, is dense in U and lim,,_,, =, is dense in V.
Furthermore, for any € > 0 there exists 0; = 0y(€)>0and 6 = 6 (€) > 0 such that

n'liminf|B(x,€)NQ,|> &y, forall x e U.

n~'liminf|B(y,€)NE,|> 6y, forallyeV.

Here B(x, €) denote the ball of radius € around x € R4.

We now prove Theorem 3.1.

THEOREM 3.1 Assume Assumptions 1-4 hold. Then for sufficiently large 7,

Here P and Q are the n-discretization of P and O with (n*p)t=o0(n)asn— oco.
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Proof. From Theorem 3.1 in Xu (2018), along with the conditions in Assumptions 3 and 4,

we have

n logd(np)}
—p )
where d is the dimension of latent positions. Let > 0 be such that (n?p)™ = o(n). Define
S= {( Dilpij—pijl> n} Then by Eq. A.1.1), we have

1P =PIz =0,] (A1)

8I=0[n{log"(np)}/(n*p)]| = 0(n?)
Recall that our test statistic, using the true P and Q, is

cov{R(P), R(Q)}
G{R(P}G{RQ)}

where

cov{R(P), R(Q)} ZR pij)R(qi;)— { ZR(”U} { ZR(q"f)}’
ij
A R(P)}=[ " Z{ (pij)— ZR pi/) }2]1/2
I

i,j

S RQI=[()" S (R - ZR a)}]”

i,j

The test statistic T,(P, Q) using the discretized estimates is defined analogously. We then

have

o _ cov{R(P),R(Q)}  cov{R(P),R(Q)}

Il Q= B )= S R BN (R FRPIGHRWQ)]
_ cov{R(P), R(Q)} —cov{R(P), R(Q)}

& {R(P)}6{R(Q)}

Part]

1 1
+ cov{R(P), R(Q)}[é'{R(p)}UA'{R(Q)} N &{R(P)}é'{R(Q)}]

PartI1

We control Part I and Part II via the following two lemmas.

Lemma A.1. Under assumptions 1,3 and 4, for any € > 0, there exists a positive constant C
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such that

ZR(ﬁu)zR(qij)—zze(pij)zg(q”)’ < Cnle

i<j i<j i<j i<j
Lemma A.2. Under assumptions 1,3 and 4, for any € > 0, there exists a positive constant C
such that

&Z{R(ﬁ)}—ﬁz{R(P)}’ < Cn'e.

Suppose Lemma A.1 and 2 are valid, then we can complete the proof of Theorem
3.1. Lemma A.1 is used to control the numerator in each part while Lemma A.2 is for
the denominator. For any € > 0, we have cov{R(P), R(Q)} — cov{R(P),R(Q)} = Op(n‘*e)
by Lemma A.1 and 6{R(P)} = 6{R(P)} + O,(n?*¢'/?) by Lemma A.2. Under Assumption
2, 6{R(P)} = Q(n?). Thus, it holds that 65{R(P)} = Q,(n?). Similarly, 6{R(Q)} = Q,(n?).
Therefore, we have

cov{R(P), R(Q)} —cov{R(P), R(Q)}

Part 1= b _ =0,(e"?).
O{R(P)}6{R(Q)}

Then,

Q,(n*)
0,(n2€"2)0(n?)+{0,(n*€'/)+ 0(n?)} O, (n?e'/?)
B Q,(n?)
20,(n?e'?)0(n?)+ O, (n*e)
B Q,(n4)

= Op(el/z).

Combining the above bounds yields

T,(P,Q)—T,(P,Q)= O,(¢').

Since € > 0 is arbitrary, we have T,(P,Q)— T,(P,Q) = 0,(1) as desired. O
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We now prove Lemmas A.1 and A.2. The proof of Lemma A.1 depends on the following

result.

Lemma A.3. Under assumptions 1,3 and 4, for any € > 0, there exists a positive constant C
such that
‘Z{R(ﬁij)R(ﬁij)—R(Pij)R(qz'j)}‘ < CnP.

i<j
Proof. Our proofis based on bounding |R(p,;)— R(p,)| and |R(g,s)— R(q.)|. First consider
pairs (i, j) ¢ S. Since |p;; — p; ;| < n and |p;; — p; j| < n, we have | p;; — p; ;| < 2n. Now suppose
that p;; < x. Then p;; < x +21. We therefore have

() pij < xH<WGE j):pij <x+2n}, HG j):pij<xH=HGE j):pij <x—2n}.
Thus, for a given pair (r, s) ¢ ., we have

R(ﬁrs) < |{(lr]) : ’aij < ﬁrs}l < H(l)]) : pij < ﬁrs +277}| < |{(lr]) : pij < Prs +4T]}|
<R(p,s)+5(5)e.

A similar argument shows, for (7, s) € .,

R(i)rs)Z |{(l’]) : f)ij < ijrs}l 2 H(l’]) “Pij < f’rs—ZTIH 2 |{(l’]) *Pij < prs_4n}|
=@ 1) pij < prs =4 =N, J): pij = prs — 40}
2R(Prs)—4(g)€—(g)€ZR(Prs)—5(Z)€-

Therefore, for (r, s) ¢ S and any € > 0, we have
IR(Prs)— R(pr)l <5(5)e. (A.1.2)
A similar argument yields

IR(G,s)— R(q, ) <5(5)e. (A.1.3)
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By applying (A.1.2) and (A.1.3), for (i, j) ¢ S and any € > 0, it holds that

[R(PiR(G)— R(pi; R ;)

R(pij)+ ‘R(ﬁij)_R(pij) ‘R(qij)_R(qij)

< ’R(ﬁij)—R(Pij) R(q;;)+ ‘R(qij)_R(qij)

<5(2)e x R(q;;)+5(2)e x R(p;;) +25(2) ¢

Now consider (i, j) € S. Then by assumption 3 and 4,

2

(i,))eS

R(ﬁ,-]-)R(ﬁl-j)—R(pl-,-)R(ql-,-)( < 0,(IS|- n*)= 0,(n%).

Therefore, for any 1 <i < j < n, there exists a positive constant C such that

Z R(p;;)R(G;;)—R(p;;)R(q;;)

1<i<j<n

< Z (Pij)R(G;;)— R(p;;)R(q;;)| + Z ‘R(ﬁij)R(qij)—R(Pij)R(Clij)

(i,/)¢S (i,j)eS
<5(;)e > R(pi)+5(3)e > R(qi)+25(3) €*+0,(n)
(i,))¢S (i,7)¢S
< Cn°e

as desired.

Proof. (Lemma A.1) By (A.1.2) and (A.1.3),

‘ZR(pu)Zun ZRPU Z qz])

(i,/)¢S (i,/)¢S (i,7)¢S )¢S

<’ Z R(p;j)— Z R(p;;) Z R(qij)"“ Z R(G;j)— Z R(q;})

(i,7)¢S (i,))¢S (i,))¢S (i,))¢S (i, )¢S (i,))¢S
ZR(plj ZRPU ZRqU Zun
(i, /)¢S (i, )¢S (i, /)¢S (i, /)¢S
< Z R(p;;)—R(p;;) Z R(q;;)+ Z R(G;;)—R(q;;) Z R(p;;)
(i, /)¢S (i,j)¢S (i,j)¢S (i,7)¢S
+ Z (Pij)—R(pij) Z R(qij)_R(qij)'
(i, )¢S (i,/)¢S

=10(2)’e- O(n*)+25(")'€* < Cne.

100



For (i, j) € S, under assumption 3 and 4, it holds that

' Z R(pi) Z R(g;;)— Z R(pi;) Z R(q;;)

(i,j)es (i,j)es (i,j)esS (i,j)es

< 0,(ISPn*) = 0,(n®).

Therefore, for 1 <i < j < n and any € > 0, there exists a positive constant C such that

SRS R - R Y Rl

i<j i<j i<j i<j

Proof. (Lemma A.2) By (A.1.2), for (i, j) ¢ S and any € > 0, we have

> R —Ripiy)| <2 3 |R(p)- R(p,])\R pij)+ Z

(6, ))¢S (l'v])¢5 (6,))¢S

<10(3)e- > Rip;;)+25(;
(i,))¢S

=10(2)e- O(n*)+25(2)’€® = Cn®e. (A.1.4)

2

pl] (pij)

Consider (i, j) € S. Similarly, by assumption 3 and 4, it holds that

Z ‘Rz(f)ij)_RZ(pij) <2 Z R(ﬁi]’)—R(Pz] Pz] + Z

(i,j)eS (i,j)eS (i,j)eS

=0,(1SIn") = 0,(n°). (A.1.5)

2

(Pij)—R(p;;)

Thus, combining (A.1.4) and (A.1.5), for 1 <i < j < n and any € > 0, there exists C >0
such that

< CnPe. (A.1.6)

Z‘Rz(ﬁij)_Rz(pij)

i<j

Following the similar procedure of deriving (A.1.6), it is easy to show for any € > 0, there
exists C > 0 such that

e >R} {6 2 ren}

i<j i<j

(A.1.7)
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By (A.1.6) and (A.1.7), for any € > 0, there exists a positive constant C such that

() Z{ ZR } Z{R(pw ZR ”U}

i<j i<j i<j i<j
S(Z)_lz Rz(ﬁ )— Pl, H ZR( l])} { rzz)—lzR(Pij)}z
i<j i<j

Then we will prove Theorem 3.2, which requires the following lemma.

LemmaA.4. Given X =(x,...,x,)' € R and Y =(y,...,y,)' € R"*“. Define P =(p;;) €
R™"and Q =(g;;) € R"™", where p;; = h(||x;—x;||) and g;; = g(||y;—y;|) for some monotone
decreasing functions h, g from R onto R. Under Assumptions 3 and 6, iflim,,_,., 7,(P,Q) =1
then there exists a sequence of monotone increasing functions f, from R onto R such that,
as n — oo,
max|Ly;— ;1| = £, 13— 1) .

Proof. Since T,(P,Q)— 1, for any € > 0 there exists a universal constant C and a n, = ny(€)
such that if n > n, then the number of pairs {i, j} with |R(p;;) — R(q;;)| = (g’)e is at most
C(Z)e. Let . be the set of pairs satisfying

IR(p:i;)—R(q: )l < (5)e. (A.1.8)

Define rank functions normalized by ('21) as f?p, R’q :[0,1]— [0, 1]. We can rewrite (A.1.8) as

&, {&0yi— 30} = R, {1l — 3,0} | < e
According to Assumption 3, f?q o g is uniformly continuous. Thus, for all {i, j} €.,

lyi—yille[g o B Ry o hlllx— x;I) % Ce}

e[g7 o R R, 0 hlllxi—x;)} £e,)
where €, > 0 depends on g'o R;l, C and €. Also, €; — 0 as € — 0 due to the uniform
continuity of R, o g. Define a sequence of functions f, =g~' o R_' o R, o h. We then have,

forall {i, j} .7,
max|||y; —yill— fulllx; = x;]| || = O,
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as n — oo,

We next consider the pairs {i, j} € .&. Suppose first that there exists a pair {k,{} € ¥
such that both R(p;;)— R(py,) < (2)6 and R(q;;)—R(qy,) < (Z)e Then by the continuity and
monotonicity of f,, we have

=yl e(Ilye—nli=Cer) c (Fllx—xl£e)£Ce,)

and by taking € (and hence €,) sufficiently small, we have

1y = yill = fulllx; = x;1) —

as n— oQ.

It remains to consider the pairs {7, j} ¢.7 such that either |R(p; ;) — R(pi,)| = (Z)e for all
{k,(} € 7 or that |R(q;;)— R(qx)| = (Z)e for all {k,(} € . Suppose |R(p;;)— R(py,)l = (Z)e
for all {k,/} € . Then there exists a 6 > 0 such that for all i/, j’, if

Xy —x;1 <6, llxp—x;|l<6

then |R(p; ;) —R(p;;)I < ('2’)6, i.e., we have {i’, j'} ¢ . That is to say, points x; “close” to x;
and x; “close” to x; will have distance [|x;; — x;/|| “close” to ||x; — x;|| and hence the ranks
of p;,;» and p;; are “close”. Assumption 6 then implies that number of points in B(x;,0) is
of order Q(n) as n — oo and since |.¥¢| has at most C ('2’)6 elements, the vertex covering
number for .7 ¢ is of order O(ne'/?) as n — co. We can then remove these vertices from
consideration. We repeat the same procedure for Q.

In summary, if 7,,(P, Q) — 1 then there is a subset of 7 rows of both X and Y such that
|7|=n—0(ne'’?) and

1y = yill= fulllxi = x;1) =0, i, jeT.

As € > 0 is arbitrary, we can have |7 | = n — o(n) for sufficiently large n.
Once again, by Assumption 6, any sequence of n —o(n) elements {x;: i € 7} will be
dense in U as n — 00, and the corresponding {y;: i € 7} will be dense in V. We therefore

have,
max ly: — yill = fulllx; — x;)| — 0

as n — oo as desired.
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THEOREM 3.2 Under Assumption 3 and 6, if 7,,(P, Q) — 1 as n — o0, it holds that there exists
s €R, orthogonal W e R**? and t € R such that

IX—sYW —1t"||p = o(n?).

Conversely, if as n increases, we have ming | X—s Y W—1¢T|| then T,(P,Q) — 1 as n — co.

Proof. We start with the proof of the first part of the theorem, namely that if 7,,(P, Q) — 1
thenming 1y, | X —sYW —1¢T|| = 0(n'/?). Let Z=1lim,_, oo Z,,.

Now take y;, y;, ¥ € E such that ||y; — y;|| < ||y; — yll. There is then an index m such
that y;, y;, ¥« € E,,. Therefore, by Lemma 4, for any 0 < € < (||y; — yill =1y, — ¥;)/2, there
exists a m’ > m such that f,(||x; — x;)Il) < f,(llx; — x,|]) for any n > m’. Since f,,: R— R s
an increasing function, we have || x; — x;|| < [|x; — x||. As y;, y; and y; are arbitrary, we thus
conclude that

lyi = yill <llyi = yell=> llx; — ;|1 < |2, — x| (A.1.9)

for all triples {y;, y;, yi} € E.

Now define ¢: Z— Q where ¢(y;) = x;. Then by Eq. (A.1.9), ¢ is weakly isotonic on =
and, hence, by Theorem 3.1 in Arias-Castro (2017), there exists a similarity transformation
that coincides with ¢ on =. That is, there exists constant s > 0, orthogonal matrix W € Rdxd

and constant vector ¢ € R such that as n — oo,

max ||x; —sWy,—t]|—0.
1<i<n

We therefore have

& 1/2
0<n X —sYW =1tz =(n" D Ilx,—swy,— )

i=1

<max|x;—sy;,W—t||—0
1

as desired.

We now prove the converse. Suppose that X and Y are such that as n increases, we have
ming ., [|X—sY W —1tT||= o(n'/?). Then for any € > 0 there exists an index n, = ny(€) such
that if n > n, then there exists a (s,,, W,, t,,) such that || X; —s, W, Y, —t,|| < € for all n —o(n)

rows indices i. Now let Py be the n x n matrix whose elements are f(s_'||Y;—Y;||) and recall
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Table A.2.1: Power of the proposed test under different sparsity levels (a¢ = 0.05).

p n | e=0 €=002 e=01 €=02 e=05 e=1

€

100 | 0.05  0.11 028 059 095 09
slogn 200 | 0.05  0.07 0.17 050  0.98 1
1

1

n 500 | 0.05  0.03 044 092 1
1000 | 0.05  0.22 0.83 1 1
100 | 0.05  0.06 024 052  0.99 1
slogn 200 | 0.05 0.1 021 061 1 1
nm 500 | 0.05  0.10 0.47 1 1 1
1000 | 0.05  0.24 1 1 1 1

that our original edge probabilities matrix P has entries p;; = f(||X; — X;]|). Since (1) the
latent positions in X and Y all belong to a compact metric space, (2) distances are invariant

with respect to translation and orthogonal transformation, and (3) f is continuous, we have
IPy —PlI%. = o(n?)

as n increases. Let us now view Py as a noisy “estimate” for P. Then following the same

argument as in the proof of Theorem 1, we have

as n — 00. Since T, (Py,Q) =1, we have T,(P,Q) — 1 as desired. O

A.2 Additional Simulation Studies

Simulation 3: Sparsity. This simulation is designed to investigate the the influence of
sparsity of networks. Set dimension of embedding K = 3, sparsity level p satisfying p =
(rlogn)/n where y € {3,5}, n € {100,200,500,1000} and significant level @ = 0.05. The
latent positions are set to be Y = X + Z where Z = (z;;) € R"* and z;; ¢4 N(0,€) and
€€{0,0.02,0.1,0.2,0.5, 1}.

Table A.2.1 illustrates the performance of our test under different sparsity levels. Overall,
it performs quite well especially in the mild sparse case with ¥ > 5. When the network be-
comes more sparse (y = 3), the proposed test is not stable in the case with minor difference
(e £0.1) while it becomes much better and more robust as the difference is relatively larger

(e >0.5), for example, it has power 1 when 7 is 500.
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Simulation 4: Important vertices detection. This simulation is designed to detect which

vertices are critical for the difference, if the result of the proposed testing suggests a signifi-

cant difference between latent positions. First, we generate data and estimate the important

vertices as follows:

Step 1: Define true important vertex (fixed):

(a)

(b)

(©

(d)

(e)

Generate X =(x;;) € R"*? and Z =(z;;) e R"*?, where x;; ~ N(0,1), z;; ~ N(0,1)
independently. Form Y =X + Z.

The edge-probability matrices based on X and Y are respectively defined as
P= (pl]) e R and Q = (ql]) S Rnxn, where

pij=h(x;, x;)=exp(—llx;—x;I7), ;=8 y))=exp(=llyi—y;l* /4.

Apply Procrustes transformation on Y to minimize the squared distance be-
tween Y and X. Then obtain the Procrustes transformed version of Y, denoted
as Y.

Calculate the distance ¥; = ||Y; — X;|| for i = 1,..., n. Find the t-quantile of ¥,
denoted as ¢(V).

Define i-th vertex to be important if | ¥; — X;|| > ¢(T).

Step 2: Estimate important vertex:

(a)

(b)

(9]

(d)

(e)
)

Generate the corresponding adjacency matrices A and B as A;; = B;; = 0 for
i=1,..,nand A;; = Bernoulli(p;;), B;; = Bernoulli(g;;)for i, j=1,..,nand i # j.

Apply universal singular value thresholding on A and B to get the estimates of
P and Q as P and Q.

Define a vector R(M) € R™"~1/2 gs the rank of upper triangular part of matrix
M € R™", Calculate the distance Dy, := |R(P); —R(Q)k| fork=1,..,n(n—1)/2.
Form vector D = (D, ..., D,(y_12)-

Find the (-quantile of D, denoted as ¢(D). Form a new adjacency matrix as
A* e R™" with upper triangular part as I(D > ((D)).

Calculate the degree of each vertex as 8; = Z i A% j fori=1,...,n.

The vertices with s largest degrees 8 are estimated to be important. Count the

number of real important vertices in the estimation, denoted as N, ;.
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For the parameter setting, we fix d = 2, set low dimension in the universal singular
value thresholding to be 3 and « = 0.7. Consider n € {100, 200, ...,2000} and s < {20, 40, 60}.
For each combination of (n, s), Step 2 (a)-(f) are carried out for 100 independently drawn
adjacency matrices. The averaged N,;, is calculated.

Figure A.2.1(a) illustrates the averaged N,,, with standard deviation (represented as
error bar). As n increases, almost all vertices in the estimation are truly important. Larger s
requires larger n to achieve accurate estimation.

Since the number of real important vertices (0.3n) is far larger than the chosen s when
n is large, we are interested in the importance of s vertices in estimation among all vertices.
Thus, we evaluate it by the median of R(¥;) for i in the estimation. The optimal median of
rank is 1 —s/(2n). The results are shown in Figure A.2.1(b) - (d). We can see that with the
increasing n, the median of R(¥;) is approaching the optimal value.

Simulation 5: Similarity of link functions. This experiment is designed to investigate
the post-processing step of testing for equality of the link functions f and g when we fail to
reject the null hypothesis that d(X, Y) > 0, i.e., we fail to reject the hypothesis that X is the
same as Y up to a similarity transformation. Set Y = X and h(||x; — x;||) = exp(—| x; — x;%).
For the other link function g we try a few options including Gaussian kernels with bandwidth
choices ¢ €{0.8,1.5,2,4} and the logistic function exp(—|| y; — y;1)/(1 +exp(—||y; — y;II)). The
power of the test statistic | P — Q|| is presented in Table A.2.2 and it clearly shows that the

similarity of link functions can be inferred.

Table A.2.2: Power of testing the similarity between link functions (a = 0.05).

" exp(—ly;—y;lI*/9) exp(—lyi—y;)
¢=08 ¢=15 ¢=2 ¢=4 1+exp(—llyi—y;l)
50 0.04 0.21 0.75 1 1
100 0.09 0.51 1 1 1
200 0.17 0.97 1 1 1
500 0.56 1 1 1 1
1000 0.99 1 1 1 1

Simulation 6: Misspecified link functions. This experiment is designed to explore the
distribution of bootstrapped p-value under the H,,, when we use the correct generative
model but misspecified link functions. To be specific, three edge-probabilities are consid-

ered: P = [pij] = eXp(_”xi_lelz), R= [rij] = eXp(_”xi_xjHZ/z) and Q = [qij] =exp(—||lx; —
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Figure A.2.1: Result for simulation 4. The length of yellow error bar in each plot represents
the value of 2 times standard deviation. The gray solid line in plot (b) - (d) is the optimal
median.
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x,112/4).

We observe two graphs, namely A, B where A is generated from the edge probabilities
matrix P and B is generated from the edge probabilities matrix Q. We then compute the
test statistic for testing the null hypothesis that A and B have the same latent positions. Let
t* denote the resulting value. To calibrate the p-value for t*, suppose we generate N = 1000
independent pairs of graphs {A;, B, })_, where A, is generated from the edge probabilities
matrix P and B, is generated from the edge probabilities matrix R. Note that the pair
{A,, B, } also satisfies the samenull hypothesis as that for the pair {A, B}, except that the
link function of By, is different/mis-specified compared to the link function of B. Let t(b))
be the value of the test statistics for {A,, B, }. Similarly, let {A, B, };°°? be another N = 1000
independent pairs of graphs where A} and B, are generated from the edge probabilities
matrices Q and R, respectively and let tgg be the value of the test statistics for the pair
{A}, B, }; once again {A), B, } satisfies the same null hypothesis as that for {A, B}, but now
the link function of A} is different from that of A. Now let
N N
pr5(BR) =D I(t*< 1) p(r5(QR)= D 11" < 15)
b=1 b=1
These are the (empirical) p-values associated with the value ¢* when we calibrate ¢* using
graphs generated from (P, R) and (Q, R) respectively. We repeat the above steps 100 times
to obtain the empirical distributions of the p-values; these empirical distributions are
presented in Figure A.2.2 for the case when the graphs have either n = 100 or n = 200
vertices. The p-values in Figure A.2.2 are anti-conservative, thereby indicating that even if
we can generate graphs with the same latent positions as the observed graphs, we might
not be able to use these graphs to calibrate the p-values for our test statistic if their link
functions are different from the link functions of our observed graphs.

We also repeat the above simulation, but now assume that the test statistics are com-
puted for graphs generated from the edge probabilities matrices Q and R while calibration
of the test statistics are done using graphs generated from the edge probabilities matrices
P and Q or P and R. The empirical distributions for the resulting p-values are given in
Figure A.2.3 and, in contrast to Figure A.2.2, these p-values are now conservative.

In summary, Figure A.2.2 and Figure A.2.3 demonstrates that the variability of our test
statistics depend on the choice of link functions used to generate the graphs, even when
these graphs have the same latent positions and hence satisfy the same null hypothesis.

Furthermore, since we do not know a priori whether the null hypothesis is true nor do we
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know the true edge probabilities matrices, there is no way for us to bootstrap the graphs
using the correct link functions. The parameter n, in Algorithm 1 of the main manuscript
can therefore be interpreted as inducing a small amount of extra variability to the test
statistics for the bootstrapped graphs compared to that of the observed graphs, thereby
correcting for possible anti-conservativeness of the p-values due to the mis-specified link

functions.

n=100 n =200

0.75+

0.54

dd

0.254

sample

0.754

0.54

¥0

0.254

0 0.25 05 0.75 10 0.25 05 0.75 1
theoretical

Figure A.2.2: Q-Q plots for p-values against uniform distribution under H,. The p-value is
calculated via 1000 bootstrapping. The plot is based on 100 Monte Carlo replicates. Here the
values of the test statistics ¢* are computed using graphs generated with edge probabilities
matrices P and Q, while calibration of the p-values for ¢* are done using graphs generated
with edge probabilities matrices P and R (firstrow) or Q and R (second row). These p-values
are anti-conservative.
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Figure A.2.3: Q-Q plots for p-values against uniform distribution under H,,. The p-value is
calculated via 1000 bootstrapping. The plot is based on 100 Monte Carlo replicates. Here the
values of the test statistics ¢* are computed using graphs generated with edge probabilities
matrices Q and R, while calibration of the p-values for ¢* are done using graphs generated
with edge probabilities matrices P and Q (first row) or P and R (second row). These p-values

are now conservative.
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A.3 Full Table for Application 1

The full result of important vertices detection in application 1 is shown in Table A.3.1. The

original label of all vertices can be found in the GitHub of ThomasYeoLab.

Table A.3.1: Top-20 most important brain regions for the change across life span by com-
paring young group and old group.

Vertex Network Name Full Component Name

102  defaultA temporal

108  defaultB anterior temporal

69 dorsal attention A  parietal occipital

68 dorsal attention A temporal occipital

57 temporal parietal  temporal parietal

113 default C parahippocampal cortex
12 dorsal attention A  parietal occipital

56 default C parahippocampal cortex
95 control B temporal

107  defaultB temporal

114  temporal parietal  temporal parietal

37 control B temporal

58 central visual striate cortex

88 limbic A temporal pole

50 default B inferior parietal lobule
59 central visual extrastriate cortex

90 control A temporal

10 somatomotor B auditory

11 dorsal attention A temporal occipital
111  defaultC inferior parietal lobule
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APPENDIX

B

SUPPLEMENTARY MATERIAL FOR
CHAPTER 4

This appendix contains proofs of the theoretical results in Chapter 4.

B.1 PROOFS FOR CHAPTER 4

Let us first recall the notation, important matrices and theorems in Chapter 4.

Notation. Recall that m = Kp(Kp +1)/2 and U is the upper triangular matrix of Q2. De-
note the covariance parameter vector as ¢* = (o?,vec' (U))" € ®, where ® is an open subset
of R"™*!. And the full parameter vector is 8* = (vec'(U), 87,0?%)" € ©, where O is an open
subset of R”*7*1, Denote ¢ = (02, vec' ()" € RK*P*+1 9 = (vecT (), BT, 02T € RK*P*+a+1,
Write — as the uniform convergence of nonrandom functions over compact subsets of
o, <, asthe convergence in distribution and 2, as the convergence in probability. De-
note the i-th, smallest and largest eigenvalue of matrix M as A;(M), A,in(M) and A, (M)

respectively. Write || M || as the Frobenius norm and ||M||, as the spectral norm.
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First let us recall the negative Hessian, information matrix, Theorem 4.1 and Theorem

4.2. The negative Hessian matrix in terms of the parameter vector 6 is:

Hll H12 H13

H(0)=|H), Hy Hs; |, (B.1.1)
T T
H| H

oQ

G G G
H, :a_ZZXTVg_ng, Hy,= a—‘*ZXgT Ve, Hy= U_ZZ e V'Z,eX V7
g=l1 8=

Q
—

G
H,, = 0762 eg-r ngl e, —0.5npo™", Hy=050" egT V;Zg ® egT Vgilzg’
1 g=1

g:
G
— —2(7Ty/—1 Ty/—1 Ty/—1 Ty/—1
Hyy =05 {074(Z]V, ee] V., Z, @ Ry+ Ry ® Z] V. ege V' Z,)— Ry ® Ry}

The information matrix, which is the expected negative Hessian, can be expressed as

#(0)= (ﬂﬂ,ﬁ ﬂﬁ.fp)

Jop To0
—2\"6 Ty/—1
o2 Ye XTVX, 0 0
= 0 0.5npoc™ 0.50_22gzlvecT(Rg) ,  (B.1.2)
e G
0 0.5072%,_vec(R) 05> R, ®R,

where ¢ =(0?,vec'()" and R, =Z V"' Z,.

Similarly, the Hessian matrix that corresponds to 8* can be defined as H(0*). Its (1, 3),
(2, 3) and (3, 3) blocks are constructed by extracting the rows and/or columns with respect
to U from H,3, Hy; and Hz; in (4.3.1). The corresponding information matrix can be defined
in the same way as .#(6*).

THEOREM B.1. Assume that
(A.1) Cov[?]is twice continuously differentiable on ®.
(A2) [|.9,1(0")l,— 0.

(A.3) £ 12(0%)H,(0%).2,1/%(0%) 2, I, where T € Rim+a+Dx(m+a+1) ig the identity matrix.
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Let HA; be the maximum likelihood estimator, then as n — oo, it holds that
2,0°72(07—0%) -5 H(0, 1),

THEOREM B.2. Suppose that

(B.1) For g =1,..,,G, rank(Xg) = ¢, where ¢ is fixed. The variance of error term o is a

constant.

(B.2) The communities are balanced in each group. More specifically let m, ;. be the number
of nodes in group g assigned to community k. Then there exists a finite constant M

not depending on n such that max;. % <Mforalg=1,2,...,G.
(B.3) G?np—0and G 'p?—0asn— oo.
(B.4) Fori=1,...,Kp, the eigenvalues A,(2) = O(p).
Then the conditions of Theorem B.1 hold.

Proof. Since in our model, Cov[#%] is a linear combination of ¢* = (g2, vec' (U)), thus, the
condition (A.1) holds. The following lemmas established the properties for the parameter
vectors 6, which is helpful to show the condition (A.2) and (A.3) for 6*.

Specifically, (i) Lemma B.1 shows that (B.1), (B.2), (B.3) and (B.4) are sufficient for
||an_1(0)||2 = 0(1), which implies that the condition (A.2) holds; (ii) Lemma B.2 and B.3
imply that (B.1), (B.2) and (B.3) are sufficient for condition (A.3). O

We now show the required Lemmas and the corresponding proofs.

Lemma B.1. Under assumptions (B.1), (B.2), (B.3) and (B.4), it holds that ||,ﬂn_1(0)||2 =0(1)

for @ =(vec'(Q), BT, 02T e RK*P +a+1,

Proof. Using the matrix block-inverse formula, we obtain

g0
L(0) " =|"FP : (B.1.3)
0 ﬂq;,}p

-1 _ 5+2(\NC Ty/—1 —1

where 9, =0 (Zgleg VX
To prove the convergence of ||.#(6)7!||,, we will respectively show that IIﬂﬁ_ 1ﬁ||2 and
IIﬂ(i;}p ||, converge to 0. Denote My, = maxg ;. Mg . and My, = ming ;. Mg i, which means

each community appears at least m,;, times and at most m,,,, times in each group.
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According to assumption (B.2), forall g =1, ..., G, it holds that

Muyinlxp < ZJ Zg < My (B.1.4)

Kp-
By Weyl’s inequality and (B.1.4), we have

Amax(Ve) = Amax(I + ZgQZgT) =1+ AmaX(ZgQZgT) =1+ AmaX(ZgTZgQ)

<1+ Ao QY2 M I = 1+ O(Myae D)

since | V1| 2 12,1, (Vo)L |, s0 that [| 0 XTVAX N 211300, AL (Vo)X ] Xl Thus,

>oxvix)
g=1

=0(Mmyn ') =0(1). (B.1.5)

Q

G

-1
1754, < o < imaxna (| (57 %) |
g=1

Now we consider .9, 4. Denote that .%, , = 25:1 M, where

[ 0.5ngpo~  0.50 %vec'(R,)
¢ \0507%vec(R,) 05R,®R, )

By Proposition 13 in Demidenko (2013), we can show that for each g = 1,...G, M, is pos-
itive definite because of assumption (B.2) and the fact that ng—K =0. Thus, M, = el
where € > 0 is independent of n and G (and only depends on ¢, and K). Therefore,
ﬂq)_lqj <(eG)'Igx,—0as G — oco.

The lemma is proved. O

Lemma B.2. Under assumptions (B.1) and (B.3), it holds that .9 ZZHQW Iy, ¢/ ? converges in

probability to an identity matrix.

Proof. Since mean square convergence implies convergence in probability, it is sufficient
to show

E(1.9, 3" Hpp Iy’ —Ixepeal?) = 0(1).
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Since E (H¢,¢) =Ip0 then, by denoting Jﬁﬁ =Aand H, 4 =B, we have,

E(|AV?BAY?*—I|")= E{t(BABA— BA)} = E{tr(BABA)} —tr(Ix:,2,,)
=E[tr{(A;, By, + A12B1)* + 2(A11 By + A1 Byy)(Ag Byy + Agy By )+ (Ag Bra + Agy Byy)*}]
_K?pP—1
=E(Ay1B;1A;1By1)+4E(Ay1 B11A13Byy) +2E(A 3By A1 By )+ 2E (A1 Byp Ay By )
Part 1 Part 2 Part 3 Part 4
+2E(A13ByAg Byy)+4E (A 3By Ayy By )+ E(tr(Agy By Ayp Byy)) — K2 2—1.

Part 5 Part 6 Part 7

We will consider Part 1 to 7 respectively as follows. Using the matrix block-inverse formula,
we have

g1 =

20k —20%ky'U!
0.9

—20%kU Yy 2U Y +2kU T vyTU?

where k=(np—v'U 'y, U= Zg  R;®R, and v= z vec(R,). Since we have shown
that I¢ip < (eG) 'k, in the proof of Lemma 1, it holds that 207k < (eG)™. Thus, k =
o(G™).

For Part 1: Note that A,; =20k, By, = _ng e Vg 'e,—0.5npo—*. Then we have

g
AllBllAllBll
G G
o 4 —6 Ty-1, —4 4 —6 Ty-1, —4
=20 k(a Zeng e;—0.5npo )20 k(a Zleng e;—0.5npo )
8= 8=
G G G
_ 81.2 —12 Ty—1 Tyr—1 _ —10 Ty—1 2.2 _—8
=40k (O‘ Zeng egZegV eg—npo egV e, +0.25n"p“o )
g=1 g=1 g—l
=4k*c~ Ze Z v, k*o~ ane e, +k*n’p’.

g=1

Because of the independence among groups, we knowVar(Z::1 egT V. eg)= 25:1 Var( egT V. le)=
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20*np and QS el

iy Vg‘1 e,) = o*np, which implies

Part1=E(A,; B, A, By)

=4k20_4E(i e, Ve i e, V! eg) —4k20_2an(i e, Vg_leg) + k*n?p?
g=1 g=1

g=1
G G G
:4k20_4{Var(Z egT Vg_leg) + Ez(z eg-r v eg)} —4k20_2an(Z egT v eg) + k*n*p?
g=1 g=1 g=1
=4k’c*(20*np +o'*n’p*)—4k*c*npoinp + k*n’p* =8k*np + k*n’p*
=k*n*p*+o(1). (B.1.6)

For Part 2: Recall that A;; =20%k, B;;=0° Z§=1 e, V,'e,—0.5npo, A, =—20%kv U

and B, =0.507*Y." | ZIV-le,®Z] Ve, Then

AnBiA By
G G
:204k(0_6 Z e; Vg_1 e, — 0.5np0_4)(—202k »' U_l)(O.Sa_4 Z ZgT Vg_1 e, ® ZgT Vg_1 eg)

g=1

pm
=— (Zka_zi egTVg_leg — knp)(a_zk v iU iZgT V. 'e, ®ZTV_1eg)
g=1

g g
g=1
G G G

_ 2 _—4 Ti~1, ~Trr-1 Ti/—1 Ti/-1 -2 2. Trr-1 Ti/—1 Ti/-1

=—2k°o eng e, v U ZZng eg®Zng e, +0 npk“v' U ZZng eg®Zng €g)
g=1 g=1 g=1

which implies

E(AIIBHAIZBZI)

:—2k20_4{E(i e, Ve, VTU_liZgT Ve ®ZgTVg_1eg)} +npk*v'Uuly
g=1 g=1

G G

7.2, —4 Ty—1 Try—1 Tyr—1 Ty/—1

=—2k‘c Cov(Zeng e, v U ZlZng eg®Zng eg)
g= g=

—2k20_4E(i eTVg_1 eg)E(VTU_1 iZ;Vg_leg tX)ZgT v eg)-i— npk*v'u 'y

4
g=1 g=1
G G
572, 4 Ty—1, Trr—1 Ty -1 Ty-1, ) 2 Trr-1
=—2k% COV(Zeng e,V U Zzgvg e, ®Z] Ve, )—npk*y Uy, (BL7)
8= 8=
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Letu,=0"" Vg‘l/ 2e, and note that u, ~ .0, I, ). Furthermore, u, and u;, are mutually
independent whenever g # h. We then have
Cov(D egVyew VU Y 2V e 07,V e,
g g
_ 4 T Trr—1 T 1 —1/2 Ty, —1/2
=0 ZCOV(ug ug, v u Zg Vg ug®Zg Vg ug).
g

We now note the following simple algebraic facts

T onnT
U, g =Vec (Ingp)(ug ® Uyg),

Trr—1y 7T 1 —1/2 To=1/2 (T 771\ 7T 1/~1/2 o0 7T 17—1/2
(U )(Zng u®Z, V, u)=('u )(Zng ®Z,V, Nug ® uyg).

We therefore have

Cov( ugT ug, v’ Uleér Vg’l/2 U, ® ZgT Y2 ug)

g
:Cov{vecT(Ingp)(ug ® ug), V' U_l(ZgT Vg‘l/2 ® ZgT Vg_l/z)(ug ® ug)}

=vec' (I, ,)Var(ug ® u )V, 2 Z, @ V12 Z)U " .
Let us now invoke Lemma 12 of Demidenko (2013). We have
Var(ug ® u,)= Ingpy + Kingpyes

where K(ng pp is the (ng p)? x (ng p)? commutation matrix.
Multiplying out the above expressions, we have

.
vec! (L )i e (V2 Z, @ V2 2) = {(2] V2 0 2] V. vec(T,, )}

ngp

_ T Ty, —1/2 —-1/2 _ T
=vec (Zng LV, Zg)=vec (Ry).

Next, using properties of the commutation matrix (see Theorem 3.1 of Magnus and Neudecker
(1979)), we have

vec' (I, p)King pp(V, ' Zy ® Vg—l/zzg) =vec'(I )(Vg—l/zzg ® Vg_l/ng)K(

ngp g ngp ngp)?

.
= VecT(Rg)Kngp = {I((,:gp 2Vec(Rg)}

)
—{K‘l vec(R )}T—VecT(RT)—vecT(R )
= Kgppvecllelp = )= g):
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Combining the above two expressions, we obtain
Cov( u; ug, v' U_lZgT Vg‘l/2 Uy ® ZgT Vg_l/2 ug) =2vec'(R,)U v
and hence, upon summing over g =1,2...,G, we get

Ty, —1 Trr—1 Ty,/—1 Ty—1 _ 4 T 1., _ 4 Trr—1
Cov(Zeng e, v U ZZng eg®Zng eg)—Zo Zvec (RIU " v=20"v U™ .
g g g

(B.1.8)

Thus, by substituting (B.1.8) into (B.1.7), we have
Part2=—4npk?v' U 'v+o(1). (B.1.9)

For Part 3: Recall that A,, =—202?ky'U ' and B,; =0.50* Z§=1 ZgT Vg‘1 e,® ZgT Vg_1 e,. Then

G G
ABpApBy =0 kU (D 2]V e 0 2] Ve, |yTUT (D 2]V e 0 2] Ve, ).
8=1 g=1

Using the same procedure as (B.1.8), we can get
Tr7-1 Ty—1 T -1 Trr—1 T /-1 Ty—1
Cov{ U (D ZIv e 02 Ve, ), v U (D 2] vl 0 2] Ve, )}

G
g '8
g=1 g=1

G
_ 4 Trr—1r Ty —1/2 Ty —1/2 ~1/2 ~1/2 1
=0 ZVU (Z Ve 2] VI WVar(uy @ u (V. Z, @ V2 Z) Uy
g:
=20*v U .
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Then

E(A12321A12BZI)

Q

=0~ k*E{»' U‘l(iZgT Vile,0Z Vile v U (D 2] v e 0 2] Ve, )}

g=1 g=1
=o~k*Cov{»’ U—l(i ZIV e, ®Z Ve, ), v U™ (i Zv e, @z Ve, )}
g=1 g=1
G

+o k2B (v U™ ZZ; Ve, @z Ve,
=
=22V U v+ K2y U v U y=0)+ K2y U vy Uy
Thus,
Part3=2k*y'U ' v» U v+0(1). (B.1.10)

_4~=G _ _ _
For Part 4: Recall that A, =20k, B,; =0.50 4zgle;Vg 1eg®ZgTVg ‘e, and Ay, =2U7"' +
2kU'vy"U~'. Then

Q
Q

4 4 4

A BiApBy =07k Y e V' Z @] VI Z(UT + kU v U™ Y 2V e 0 2]V ey,
g=1 g=1

Using the same procedure as (B.1.8), we can get

G G
Ty, -1 Ty -1 Ty, -1 Ty—1
COV(ZIZng o 02V ey D 2V e 0 L, &)
g= g=

@

—o* Z(ZgT Vg_l/2 ® ZgT Vg‘l/z)Var( Uy ® ug)(lg,_l/ng ® Vg_l/ng) =20"'U.
g=1
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Then

E(AIIBIZAZZBZI)
G G
_ 4 -1 Ty—1 Ty,—1 Ty—1 Ty,—1
=o~ktr{U E(legv:g e, ®Z V., egzlegvg Z,®e V"' Z,)}
8= 8=

G
—47.2 —1 Trr—1 Ty/—1 Ty—1
+o kP u{UuT W UTE(D Z]v e, 0 Z] Ve
g=1 g=1
=ktr{U U + vv" )} + k2 te{U vy U 2U + vv")}
=2kK’p*+kv' U v+ 2k*v' U v+ K2V U v Uy

=0(1)+ kv U v+ kv U vy U .
Thus,
Part4=2kv' U v+ 2>y U v U v+ 0(1). (B.1.11)

For Part 5: Recall that B;; =0 Zgzl egT Vg‘1 e,—0.5npo, A, =—20%ky'U ™" and B, =

G — Ty — Ty — Ty/— Tyr—
0.5 {0722V, ege, V' Z, ® Ry + R, ® Z] V' ege] V' Z,)— R, ® Ry }. Then
AIZBZZAZIBH

G
=20k U (0.5 {0 XZ] V. ege] V' Z, @ R+ Ry ®Z] V. ' ege] V. Z,)— Ry ® Ry} |
g=1

D

202kU™! V{O'_GZ Ve — 0.5np0_4}
g=1

o)

G
_ Trr—1 Tiy-1, ,Ti/-1 27T —47.77-1 Ty-1, -2 -1
={2kv'U Elzgvg ege] V' Z, @ R,— kv H2o kU vEleng eg—0 2knpU~" v}
8= 8=

G G
_ —471.2 Trr—1 Tyr—1 Ty/—1 -1 Ty/—1 2 Trr—1
=40~ K2V U (Zzgvg ee] V' Z, @ R, |U vZeng e, +k2npv Uy
g= g=

Q

—21.2 Tr7—1 Tyr—1 Tyr—1 —1 2712, T77—1 Tyr—1
—20k"npv' U ( Zng egeng Zg®Rg)U y—20 kv U vZeng €g)

G
g=1 8=
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which implies

E(AIZBZZAZIBII)
_40—4k2tr[E{(Z )(iZgTV ege] V. Z,® R, )} U vy U | —3k*npy Uy
g=1

=4k2tr{ZZZ;V,;”2_E(ug wgu,ul )V, ? 2, ®RhU_1VVTU_1}—3k2np YU,
h
(B.1.12)

We first consider g = h. Note that E (u UgUg ug) is a ngp x nyp matrix whose elements are

of the form ), uZu;u;. Now cons1der the case where i # j, we then have

E(Zuiuiuj):E( Z uiuiuj+u?uj+u,~u?)=0.

k ke{i,j}

Now for i = j, we have

E(uqui):E(u?)-%E(z 2 2) +(ngp—1)=nyp+2.

k ki

Therefore E(ugugugu;) (n p+2)I . Next, for g # h, thenE(u UgUpl, N= ngpl,,. Thus,
{ZZ (Zy Vi Pl uguyu Vi Zy) @ Ry |
:ZZ Zy Vi Pngp L, Vi Pz e Ry +2> (2] VoL, VI Z )@ Ry
=(np+2)U. (B.1.13)
By substituting (B.1.13) into (B.1.12), we have
Part5=2F(A;,By A, By;)=2k*np v U v+ 0(1). (B.1.14)

For Part 6: Recall that A;, = —202k1:;T U, B, =050""* Zgleg V. e ®ZgT V. ey, Ay =
- 1y, T~ _ 27 Ty—1, pT1— Ty-1, »Ty—
2U ' 2kU T vyv'U 1andez—O.SZg:l{a 2(Zg 4 1egeg 4 lZg®Rg+Rg®Zg v 1egeg 4 'Zy)—
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R; ® R.}. Then

G
Ay, By, =20 2U ZZ; Vlege] Vo' Z, ® Ry— Iape

g
g=1
G
1. Trr—1, -2 Tyv—1, Ty-1 —1.,.T
+2kU v U o legvg ege, V' Z, @ Ry—kU ' vy, (B.1.15)
g:
which implies
E(tr(Ag; Bip Az Byy))

G G

_ —4 -1 Ty/—1 Ty/—1 —1 Ty—1 Ty—1

=—20"'kU YD e/ V' Z, e V' Z,UT Y 21V e e VI Z @ R,
g=1 g=1

G G
—471.2771—-1 Ty/—1 Ty/—1 -1 Trr—1 Tyr—1 Ty/—1
—207* kU vZeng Zyoe V' Z, U vy'U Zzgvg ege, V' Z, ® R,
8= 8=
+kv U v+ VU vy U, (B.1.16)

Recall that u, = o Vg_l/ 24, then we have

G
=ZvecT(Rg) =y, (B.1.17)
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Similarly,

G G
—4 Ty,r—1 Ty,r—1 —1 Tr7—1 Tyr—1 Tyr—1 Tl T
o E(Zleng Z,®e] V' Z,U " vTU legvg ege] V. Z,® R, )= v U vy,
8= 8=
(B.1.18)
Thus, by substituting (B.1.17) and (B.1.18) into (B.1.16), we have
Part 6 = 4 E(tr(A,; By Ay Byy)) =—4kvU v —ak®>y U vy U . (B.1.19)

For Part 7: By (B.1.15), we have
tr{E(Azz By Az By )}
G G
_ —477-1 Ti—-1, Ti,-1 -1 Ti—1, Ti/—1
=4tr{E(0c™'U Zzgvg ege] V' Z, @ R,U ZZng ege, V.'Z, @Ry}
- =

+8ktr{E(o™*U~ ZZT ege, Vo' Z, @ RU™ vy U™ ZZT le,e] VIZ,® R, )}
g=1
—3t(Ig2pe)—6kV U v—3k*y U vy Uy

+4k2tr{( Uty U ZZT leye] VI Z,®@ RUT v U™ ZZT eeVIZ®R)}

8=1 g=1
(B.1.20)

Recall that u, =0 Vg_l/ 2e,, then

{E(a ‘- 15:2 V'Z,®R,U" ZZT le el V' Z, ® R )}
g=1 g=1

Ty—1/2 Ty/—1/2 Ty,—1/2 1/2 4 )
E{a(z] v P ugul vz, 20V P g v Zh)}tr(U R,U'Ry)

E(u] Vo2 z, 2 v, P uyuy Vi 2, 2] v uy ) (U R, UT'R,)

M 2 TP
Mo 1 11

tr(R,, Ry) (R, U R,U ™) = tr{ U~ ZRthRhU ZR ®R,)

oQ

Il
—
=

Il
—

—K2p2. (B.1.21)
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Similarly,

G G

—477-1 Ty-1, Ti/—1 —1 . Tyr—1 Ti—1, Ty/—1

w{E(o™U Elzgvg ege, V' Z, @ R,UT v U Elzgvg ege] V' Z,® R, )}
8= 8=

=y U . (B.1.22)

G G
—4y7—1, . Trr—1 Ty/—1 Ty/—1 —1.,.Tr7—1 Ty/—1 Ty/—1

w{E(c~* U~ w'U Zzgvg ege, V' Z, @ R,UT v U Zzgvg ee] V' Z, @R, )}
8= 8=

=y U vy U . (B.1.23)

Thus, by substituting (B.1.21), (B.1.22) and (B.1.23) into (B.1.20), we have
Part7=K’p*+2kv U v+ K*u' U vy U . (B.1.24)

Recall that k = np — v" U~ v. Therefore, combining the above seven parts, it holds that

E(|AYBA? — 1|1
=k*n’p? —anpk®>v' U w42k U v U w42k v U v+ 2Ky U vy Uy
~———

Part 1 Part 2 Part 3 Part 4
2k2npy U v—4k v U v—ak* v U v U v+ K2 p? 42k v U v+ K2V U v Uy
Part 5 Part 6 Part 7

—K*p*—1+o0(1)

=k*n’p* —2npk* v U v+ K>y U vy U v—1+ K?*p*—K*p? +0(1)
(np—v'Uv)?

:(np— TR —14+K*p*—K?*p*+0(1)

=o(1).

The lemma is proved. O

Lemma B.3. Under assumptions (B.1), (B.2) and (B.3), it holds that .9, }5/ ZHMJ’; },/ ? con-

verges to a zero matrix in probability.

Proof. Similar as the idea in Lemma B.2, it is sufficient to show E(||J/;}5/2Hﬁy9j9_,;/2||2) =0(1).
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Note that

E(I195 7 Hy 0 555 *?) =E{te(Hy, 0.9, 5 HY 1 9550}

-1 T
SN+ 2E{te(H,,.9; H .9,

T+ E{tu(Hy 95 HL 9!

13711

=E{u(H,,9,'H., %

12711

Part 1 Part 2 Part 3

where H,,, H,; are defined in (B.1.1) and .#! is defined in (B.1.3). We will respectively show
that Part 1, 2 and 3 converge to 0.

For Part 1: Recall that k = 0(G™), H, =0~ 25:1 XgT Vg_leg, It =20% and 9! =
0'2(2;:1 XgT Vg_ng ), then we have

e Vg_lxg(i X, Vg_lxg)_l

g:l g:]

12711

MQ

1 T 42— —2 Tyr—1
Hy, 9, H) .9 =2ka ngvg e,

which implies

Part 1 =E {tr(H,,.9;; H.9 ")} = ZkU_zE{ie;Vg_ng(ZG:X; %—lxh)_lixgxgleg}
g=1 =1 g=1
—2ka_ZZE{egTV X (ZXT X)XV e,)
g=1
+2ko ziiE{e;vg—lxg(ix,th—lxh) XV le,
g=1g'#g h=1

_2chtr{ VX, (ZX lxg)_IXgT}
=24-0(G™")=o(1). (B.1.25)

For Part 2: Recall that H,, = o ~* Zgzl XgT Ve, Hz=07 Zg . gTV 'z, ®XT V—IZg’ g1 =
oY, X] V71X, )" and 95! =—202k v U, Then

D

Hy, 9 H 97 > —2cko™ ZXT teg > el VI Z(I+Q)Z] V' X (ZXT lX)l,
g=1

13711 g
8= g=1
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which implies

0>E(tr(H,,.%; HL9")

G
>—2c0ka—2ZE{e Vo Z(T+9)Z] VX (ZXT 1Xh) X[V}
g=1 h=1
G —1
Tv,—1 Tyr—1 Ty/—1 Ty -1
—2¢pka™ ZZ {e]vizu+oz]v, Xg(hZXth X)) X,V 'ey}
8= =1
G G .
1/2 T 1/2 —1/2 Tyr—1 Tyr—1/2
Z—ZCOth{V PZ1+Q)Z]V, /} {Vg /Xg(;xhvh Xh) XV, /}
g: =
G G .
- Tyr—1 Ty, -1
= ZCOkZItr{(I+Q)Rg}tr{(;XhVh X,) X]V'X,}
g: =
G e
— 2 Ty,r—1 Tyr—1
——ZCOkatr{(hZ;Xth X;,) ngvg X}
= g:
=—2¢/Kq-0(pG)=0(1).
Thus, by squeeze theorem, we have
Part 2 =2E(tr(Hy, 95, HL9"))=0o(1). (B.1.26)
For Part 3: Recall that H13_ _2Zg . gTV 'Z, ®XT _lZg,ﬂggl:2U_1+2kU_1VVTU_1
and 9! = o( Z ' X,)"'. Then
Hy 9, HL 9!
G G G .
_ 2 T 1 Tyr—1 —1 Tyr—1 Tyr—1 Tyr—1
=202 e V' Z, @ X V' Z, U > 2TV e 0 Z] VX, (D X VX,
g:1 g:1 g:l
G G G .
-2 Ty,—1 Ty,—1 —1., . Try-1 Tyr—1 Ty,—1 Ty,—1
+2ko o Vy 2@ XV ZUT U legvg e, ®Z V. Xg(zlxgvg X,)
8= g= g=

Q

G G
-1
-2 Ti—1 T -1 -1 Ti—1 T -1 Ti—1
<207 ) ¢V, 2,0 X[V Z,G EI(I+Q)Zng e, ®([+0Z] V, Xg(glxgvg X,)
8= 8= 8=

G G

27. 2 Ty/—1 Ty/—1 Ty/—1 Ty—1

+2c2ko 1ngg Z (I +Q)Z] V, eg§1egvg Z(I+Q)Z] V' X,
8= &=

OEMQ
Nal
S
N——
- i
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which implies

E(tr(Hy3 95 H,.91)

G G G
-1
—2 -1 Ty -1 Tr—1 Ty/—1 Ti—1 Ty -1
<2072G El EIE{eng Z(I+Q)Z, Ve yur{ XV Z,(1+0)Z] V> Xg,(hE X vi'x,) )
g=1g'= =1

G G G
-1
+2¢2ko 2D D" E{egT VIZ(1+9)z] Vg—lxg(z el Vh—lxh) XV Z (I +Q)Z) V! eg,}
g=1g'=1 h=1
<2¢K*qp*GT' +2¢)Kq-0(pG~)=0(1).

Thus,

Part 3 = E(tr(H,5.9; H,,.%,")) < o(1). (B.1.27)

Therefore, combining (B.1.25), (B.1.26) and (B.1.27), we have
0< E(.95 0 Hp 9.9, ¢ *IP) < 0(1).

The lemma is proved. O

Corollary B.1. Suppose that the mis-assigned nodes are of rate o(n) in the initial spectral
clustering of the simultaneous model. The asymptotic normality of the maximum likelihood

estimator in Theorem B.1 holds under the same regularity conditions in Theorem B.2.
Before we prove Corollary B.1, we need to show the following Lemma first:

Lemma B.4. Under the same condition of Corollary B.1, it holds that 1.%,(0)—.2,(0)|, =
0(|1.2,(0)|l,), where .%,(8) is the information matrix based on the estimated community
memberships.

Proof. Recall condition (B.3) implies that w(n'/?) < G < nif p is fixed while w(n**) < G < n
if p = 0(n'/?). Based on it, we consider the following two cases in terms of the order of G.
Case 1: Suppose that G < n and ng = 0(1). Define

o2 X VX, 0 0
S g(0)= 0 0.5n,po~  0.50 %vec'(Ry) |, (B.1.28)
0 0.50%vec(R,)  05R,®R,
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where ‘7g = ZgQZgT + Iy ps f?g = ZgT V;Zg and Zg € R%P*K? is a function of the estimated

label ¢. Then we can rewrite the estimated information matrix as

G
G0)=D Ing0)= D I g0)+ D Ig(6), (B.1.29)
g=1

ges gesc

where ¥ ={g: Zg = Z,}. Denote the number of mis-assigned node as n™. Since n™ = o(n)
implies that || =G —o(G). )

Case 2: Suppose that G < n and n, is unbounded. We define ., = {g : % <n} for
n>0.Then n™ = o(n) implies that|.#| = G —o(G). Thus (B.1.29) can be rewritten as

I,0)=D I s(0)+ D 9,,(0).

ges geSy

For g € &, we have Zg = Zy + M, where |[M|| = o(|| Zg||). Define &, = Z,t such that
t"t=Qand £, &} =Z,QZ]. Then

1V = Vell =118 g8y —EgE Il <2018 — gl gl +11E g — E P
<2(1Zg = Z I Zg 1 + 12 — Z 17121
= o(lIZglll|[[[| Zg [1)- (B.1.30)

Then we will show that
- T
1 Z 112 Z I = 11 Zg2Z, |- (B.1.31)
It is straightforward that || Z,QZ g | < 1Z 11211 Zg|l. For the other direction, we have
IIZgQZgTII =1 Zgtl* = C Amin( N Z I = Gl Zg 11211 Zg
for some constants 0 < C; < C, < 0. Then, by substituting (B.1.31) into (B.1.30), we have

1Vg = Vell = oIV ). (B.1.32)
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Thus, it holds that

1V = Vol = OV, = V)V Vel = 107, = V) Vo =V < 1, = VIVl =

=1V, = VIV 0V, = o7, ) = o1, ).

(B.1.33)

Using the same method of deriving (B.1.32), we can show
IRy — Rell2 = o(lIRg ). (B.1.34)
Combining (B.1.34) and (B.1.33), we can prove Lemma B.4 in Case 2. O

Now we move to the proof of Corollary B.1.

Proof. Denote MLE obtained by the two-step method as 9 s*, Recall that 8* = (vec'(U), BT, 0
©, where O is an open subset of R”*9*! and m = K p(K p +1)/2. We want to prove that there
exists a nonrandom matrix M,,(6*) such that

M0 03— 6%) -5 4 (0,1), (B.1.35)

n

which requires

L IM;}(6%)]l,— 0;

2. M;V2(0%)H,(09)M 2075 1,
where H,(6*) is the Hessian matrix of the negative likelihood using Z(é), ¢ is the estimated
community memberships. One possible choice for M,,(6*) is .%,(0*) := E(H,(6*)). Same as
the proof of Theorem 4.2, we will first show (i) ||.#, ()|, = ( 1)and (ii) j,;l/zw)ﬁn(e ).412(0)
converges to an identity matrix in probability for 8 = (vec'(Q2), 87, 0%)". Then the conditions

of 8* hold. From now on, we write .%,(68) and .#,,(0) as .%, and £, for simplicity.
From Lemma B.1 and Lemma B.4, we have

. 1 1 1
I, = — < - = =o(||.# )= 0(1).
” " ”2 Amin(<¢n) Amin(jn_jn)+xmin(jn) 0(||jn”2)+lmin(jn) (” " ”2) ( )
(B.1.36)
Next, we will prove
1, = Hyllo = o(Il Hyllo). (B.1.37)
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Based on the Hessian matrix expression in (B.1.1), besides the equation (B.1.34) and (B.1.33),

we need to additionally prove
1V 2=V Zgllo = 0(I V" Zg ). (B.1.38)
Since

y—1 5 -1 _ -1, -1 -1\ % -1

||‘/g Zg_‘/g Zg”Z_”(‘/g +‘/g _‘/g )Zg_Vg Zg”2
<NV Zg = Z o+ 100 = V) 2l
_ -1
= oIV, ll11ZglD),

then, similarly as (B.1.31), we can show || Vg‘1||2||Zg|| =|| Vg—lzg||2. Thus, the equation (B.1.38)
is proved. Combining (B.1.34), (B.1.33) and (B.1.38), we can prove (B.1.37).

Note that p||.%,|,(.#, —.#,) — 0 in probability since by Lemma B.4 for some constants
Cy > 0, it holds that

5 C .,
i ol S = Sl = o).

Similarly (B.1.37) implies that p E (1 H,,|I,)(H,, — H,) 2,o0. Then, by continuous mapping
theorem and Slutsky’s theorem, it holds that

15ally EUH, )5, 21,9, = 92 12 Lo, (8.1.39)
By Lemma B.2 and Lemma B.3, we have

E(1H,|l,)= E(|\H, — %, + %,]l,)
<E(H,—5,l12)+1.9,]l,
=E(|l.9)%(9,"°H,.9,"* = 1.9 |1,)+1.9,l,
<\l E(L9, 2 H, 972 =TI + (1.9,
=(L+o(1)[I.2,]l..

The other direction can be similarly proved, that is, E(||H,,||,) = (1—0(1))||-%,|l,. Thus, we
have E(||H,|l)Il.%,II," 2,1, By substituting this result into (B.1.39), together with Slutsky’s
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theorem, we finally prove

grg, g 2y, (B.1.40)
Thus, Corollay (B.1) is proved by (B.1.36) and (B.1.40). O

B.2 Derivation of MLEwhen Z, =Z forg=1, ..., G.

The following derivation is from Demidenko (2013) by fixing a few typos. The log-likelihood
function is

1 G
t=—5{npino’+Glogll +292"|+ 3 0~y =XeP) 1+ 202 (3= X, P} (B2.)
g=1

Taking the derivative of (B.2.1) with respect to ¢?, it is easy to get the maximizer as

G
1
~2 T T\-1
0" =— —X 1+7207 — X, ). B.2.2
oy 2= X 70— Xeh) (B.2.2)
Denote e, = y, — X, 3, EET =Z§:1 ege; and V=1+ZQZT. We can obtain
1 < 1
o’=—> e/ Ve = —tr(EETV_l)
np & np

1 1
—t(EE")——t(EE Z@ ' +272)"Z)
n np
1 1
— t(EET)— — tr(EETZQ(Q + (ZTZ)—I)—I(ZTZ)—IZT). (B.2.3)
np np
For the derivative of (B.2.1) with respect to (2, the maximizer satisfies the equation
GZ'V'Z—02Z"VEE'V'Z =0. (B.2.4)
We have

Zvil=ZTI—-zQ'+Z2'zy' zY=(1-Z2"z '+ 2"z Z"
— Q—I(Q—l + ZTZ)_IZT — {(ZTZ)_I + Q}_I(ZTZ)_IZT — M—l T,
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where M =(Z7Z)"'+Qand T =(Z"Z)'Z". Then we can rewrite (B.2.4) as
GM™' -0 M 'TEE'T'M™ =0.
Thus
0= # TEE'T"—(Z"2). (B.2.5)

Substituting (B.2.5) into (B.2.3), we can get

ol = ({EET)— Ltr[EETZ{é TEE" TT—(ZTZ)—l}(é TEE" TT)_1 T]

np np
zﬁ t(EE")— % ol EET{P,— TT(é TEE" TT)_l T}]

:Ltr{EET(I—PZ)}+Ltr{EETTT( TEETTT)_lT}
np np

Go?

1 1
= tr{EE'(I-P,)}+ —0°GKp,
np np

where P, =Z(Z"Z)'Z" is the projection matrix. Thus,

1 G
62 =——— tr{EE'"(I-P)}=————tr{(I—Z(Z"2)"'Z") ) e,e]}l,
me  p(n—KG) p(n—KG) { ; 8 }
Ao 1 TopT T o1 T o157 T T -1
lee_mTEE T —(Z"2) U‘mle(Z zy'z ( E ege] )2(27Z) ' — (27 2)
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