
 

 

ABSTRACT 

KARAMI HALASHI, BEHROUZ. A Reconstructed Discontiuous Galerkin Method for the 

Magnetohydrodynamics on Arbitrary Grids. (Under the direction of Dr. Hong Luo.) 

A reconstructed discontinuous Galerkin (RDG) method based on a Hierarchical 

Weighted Essentially Non-oscillatory (WENO) reconstruction using a Taylor basis, designed 

not only to enhance the accuracy of discontinuous Galerkin methods but also to ensure the 

nonlinear stability of the RDG method, is developed for the solution of the 

magnetohydrodynamics (MHD) on arbitrary grids. In this method, a quadratic polynomial 

solution (P2) is first reconstructed using a Hermite WENO (HWENO) reconstruction from 

the underlying linear polynomial (P1) discontinuous Galerkin solution to ensure the linear 

stability of the RDG method and to improve the efficiency of the underlying DG method. By 

taking advantage of handily available and yet invaluable information, namely the derivatives 

in the DG formulation, the stencils used in the reconstruction involve only Von Neumann 

neighborhood (adjacent face-neighboring cells) and thus are compact and consistent with the 

underlying DG method. The gradients (first moments) of the quadratic polynomial solution 

are then reconstructed using a WENO reconstruction in order to eliminate spurious 

oscillations in the vicinity of strong discontinuities, thus ensuring the nonlinear stability of 

the RDG method. Temporal discretization is done using a 4
th

 order explicit Runge-Kutta 

method. The HLLD Riemann solver, introduced in the literature for one dimensional MHD 

problems, is extended to three dimensional problems on unstructured grids and used to 

compute the flux functions at interfaces in the present work. Divergence free constraint is 

satisfied using the so-called Locally Divergence Free (LDF) approach. The LDF formulation 



 

 

is especially attractive in the context of DG methods, where the gradients of independent 

variables are handily available and only one of the computed gradients needs simply to be 

modified by the divergence-free constraint at the end of each time step. The developed RDG 

method is used to compute a variety of fluid dynamics and magnetohydrodynamics problems 

in one, two, and three dimensions on arbitrary meshes to demonstrate its accuracy, 

efficiency, robustness, and versatility. The numerical experiments indicate that this 

RDG(P1P2) is able to achieve the designed third-order of accuracy: one order accuracy higher 

than the underlying DG method, and outperforms the third-order DG method (DG (P2)) in 

terms of both computing costs and storage requirements. 
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1 

Chapter 1 Introduction 

A background about this research is given in this chapter. The main research effort 

presented in this work is to develop a reconstructed Discontinuous Galerkin Method for 

solving on Magneto hydrodynamic flow problems. First we provide a background about 

magnetohtdrodynamics and its applications. Then we introduce Discontinuous Galerkin 

methods and give a brief review about their history, applications, advantages, and 

disadvantages. Finally, the outline of this research and a brief review of each chapter are 

presented. 

1.1  Background of Magnetohydrodynamics 

MagnetoHydroDynamics (MHD) explains the area that combines classical fluid 

dynamics with electrodynamics. It deals with flows of an electrically conducting fluid which 

are subject to magnetic field or electric field driven by external source. 

The interaction of moving conducting fluids with electric and magnetic fields provides a 

rich variety of phenomena associated with electro-fluid-mechanical energy conversion. 

Effects from such interactions can be observed in liquids, gases, two-phase mixtures, or 

plasmas. Numerous scientific and technical applications exist, such as heating and flow 

control in metals processing, power generation from two-phase mixtures or seeded high 

temperature gases, magnetic confinement of high-temperature plasmas, even dynamos that 

create magnetic fields in planetary bodies. Several terms have been applied to the broad field 

of electromagnetic effects in conducting fluids, such as magneto-fluid mechanics, magneto-
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gas-dynamics, and the more common one used here, magnetohydrodynamics, or “MHD” in 

short.  

The presence of the Lorentz force on the flow of conducting liquids can alter the velocity 

and pressure characteristics of the flow. The interaction with a magnetic field also can 

significantly delay the onset of turbulent fluctuations. These two effects together or 

individually can dramatically alter the heat transfer characteristics and fluid drag in closed or 

open channel flows. Technological applications of such phenomena include cooling systems 

for magnetic fusion reactors and reduced-drag ship hulls and airplane fuselages. 

Practical MHD devices have been in use since the early part of the 20th century. For 

example, an MHD pump prototype was built as early as 1907  [1]. More recently, MHD 

devices have been used for stirring, levitating, and otherwise controlling flows of liquid 

metals for metallurgical processing and other applications  [2]. Gas-phase MHD is probably 

best known in MHD power generation. Since 1959  [3],  [4] major efforts have been carried 

out around the world to develop this technology in order to improve electric conversion 

efficiency, increase reliability by eliminating moving parts, and reduce emissions from coal 

and gas plants. Closed-cycle liquid metal MHD systems using both single phase and two-

phase flows also have been explored. 

Still more novel applications are in development or on the horizon. For example, recent 

research has shown the possibility of seawater propulsion using MHD  [5] and control of  

turbulent boundary layers to reduce drag  [6]. Extensive worldwide research on magnetic 
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confinement of plasmas has led to attainment of conditions approaching those needed to 

sustain fusion reactions  [7]. 

MHD is relatively new topic in science and engineering started with work of Hartmann 

on liquid metal channel flow with strong external magnetic field and Alfven on gas MHD.  

Today MHD has developed to field of applied and fundamental research in engineering and 

physical science. Moreover MHD devices are used in modern metallurgical technologies and 

may become important in power generation in future. As an example of MHD in industry we 

introduce some applications as follow. 

One important application of MHD is electromagnetic pumping of liquid metals. The 

MHD force can be applied in such a way that useful work can be done. For example, EM 

pumps can be designed to precisely control liquid flows, liquid metal flows, in particular, 

where high temperature and corrosive tendencies prohibit the use of seals in standard 

mechanical pumps. Such pumps have no moving parts and are extremely reliable. The 

electrical cross-current I through the liquid interact with the external magnetic field B and 

generate electromagnetic force (Lorenz Force) which pushes liquid through tube. Usually 

high electrical current needed to achieve enough volumetric flow rates. So efficiency of this 

kind of pump is low. But they have advantage of being very simple. This device can be 

constructed with no moving parts and no direct contact with the working liquid. This is a 

distinct advantage if high temperature and/or corrosive liquids must be handled. The absence 

of seals or moving parts leads to a highly reliable system. In addition, EM pumps are 
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typically controllable, and even reversible, by varying the magnitude and direction of the 

applied current. 

Another potential use of EM pumping technology is MHD thrusters for ship 

propulsion. Seawater has a moderate electrical conductivity, of the order of 5 –1m–1, and 

under the appropriate set of conditions can be pumped by the Lorentz force. Care must be 

taken to avoid large losses in conducting walls in this application, but this is more easily 

done when the working fluid is seawater, rather than high temperature liquid metals. 

Conduction pump thrusters  [8] are more commonly envisioned for MHD ship propulsion 

because of the difficulty inducing large currents in poorly conducting water. For a given size 

channel (usually limited by the size of the craft under consideration), a given applied voltage 

(usually limited by the power supply aboard the craft, e.g. a battery) and a given liquid 

(seawater), the mechanical power is maximized at e=50%  [9]This means one half of the 

electrical power supplied is lost as Ohmic heating. Thruster designers must decide whether 

their goal is to maximize mechanical power, or to minimize energy consumption. For a 

moderately sized submarine (10-m diameter, 83-m length) using four conduction thrusters 

with length L=55 m, b=5 cm and a=15 cm, a 5 T field is sufficient to generate reasonable 

thrust and efficiency. At a speed of 36 knots, the thrusters will consume about 66 MW of 

electric power, requiring a 200 MW thermal nuclear plant with a typical thermal conversion 

efficiency (excluding power needed for other boat systems). This level of power is not 

unreasonable for a submarine of this size. Superconducting magnets are necessary for this 

field strength and core size, since the Ohmic losses in resistive magnets would be 
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unacceptable. At least one design using an EM pump thruster has been advanced. The “ripple 

motor” described by Mitchell and Gubser  [10] utilizes a AC solendoidal winding around a 

core of sea water. An annulus of liquid sodium or other liquid metal serves as an intermediate 

layer separated from the sea water by a flexible membrane. The thickness of the sodium layer 

is matched to the skin depth of the AC field. The traveling magnetic field sets up a traveling 

pressure wave in the sodium, and thus a traveling wave on the flexible membrane. This wave 

pushes along the seawater and eventually ejects it out of the trailing end of the thruster, 

providing the thrust. 

MHD forces can have a large effect on the turbulence structure of liquid flows. Not 

only does the induction of a current density result in Ohmic dissipation of energy, a new 

energy loss mechanism that augments the viscous dissipation, but the field also changes the 

average velocity profiles, resulting in new turbulence creation scenarios as compared to non-

MHD flows. The magnetic field is typically thought to laminarize already turbulent flows, or 

to prevent the transition to turbulence in laminar flows. In theory, it is possible to laminarize 

any flow with a sufficiently strong magnetic field. Control of turbulence near the wall of a 

ship or submarine can in theory reduce the overall drag on the structure. Early work on MHD 

channels flows  [11] showed that the pressure drop in an initially turbulent LM duct flow 

could be reduced by the judicious application of a magnetic field. For the control of 

turbulence near ships, one must contend with the fact that sea water is a poor electrical 

conductor, and that induced currents alone will not dissipate enough energy to stabilize a 

turbulent boundary layer. Instead, currents must be generated by an applied voltage. One 
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such scheme to reduce drag on, and radiated noise from, a flat plate is to construct the surface 

with alternating north and south poles magnets interspersed between positive and negative 

electrodes. The criss-crossing lines of magnetic field and current induce a Lorentz force in 

the stream wise direction, acting as a sort of one sided conduction pump. Preliminary 

experiments  [12] have shown that turbulent fluctuations can be reduced over much of the 

boundary layer when the modified interaction parameter is order one or larger. The boundary 

layer is found to approach an asymptotic value, rather than growing indefinitely and breaking 

down due to instability. Work in this area by a number of researchers is continuing. 

Open channel flows of liquids in magnetic fields are of interest for metallurgical and 

welding applications where melts and melt layers are influenced by electric currents and 

applied magnetic fields. There is also interest in open channel MHD flows in magnetic fusion 

energy reactors were it might be advantageous to have high heat flux surfaces facing the 

burning plasma be covered with a flowing liquid metal layer. When the problem of open 

channel MHD flows is examined closely, one finds that the complicated motion of closed 

channel duct flows described above become even more complicated when the liquid interface 

(free surface) is allowed to move in response to MHD forces. The interfacial boundary 

condition for open channel flows requires that the tangential component of the viscous stress 

must be continuous. The term “free surface” implies the less general case where the liquid 

surface is unhampered by friction with a gas phase outside the liquid region, and so the 

tangential component of the stress vanishes. However, this condition is changed in MHD 

flows where the total stress, the sum of the tangential viscous and magnetic stresses, must be 
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continuous. Some simple cases of flow down an inclined plate are analyzed by Alpher  [13], 

Aitov  [14], Morley  [15] and others.  

Since 1959, substantial effort has been devoted to exploring the conditions under 

which a conducting gas moving through a magnetic field might generate useful electrical 

power. 

The primary motivation for the development and use of MHD generators in central-station 

power plants is the production of power at lower cost through reduced fuel costs per unit of 

energy produced, traded off against additional capital and operating costs. Operation at high 

thermal conversion efficiency provides the added benefit of reduced thermal discharge from 

the plant, thus reducing thermal pollution as compared with conventional steam plants with 

~40% or nuclear plants with efficiency as low as 30%. 

As originally envisioned, the MHD generator was a “topping” unit on an otherwise 

conventional steam turbine-generator station. In this case, electric power is generated in the 

MHD unit, and its exhaust heat, with high temperature as high as 2200 K, is used to generate 

steam. The limiting Carnot efficiency for such a station might be raised from a maximum of 

about 65% (T1=850 K, T2=300 K) upward toward 85% (T1=2600 K, T2=420 K). The net 

efficiency of the combined cycle can be expressed as 1+2(1–1), where 1 is the 

efficiency of the MHD generator and 2 is the efficiency of the “bottom” steam plant. 

Typical values are 1=0.25 and 2=0.4, for an overall efficiency of 0.55. 

Perhaps the greatest importance of the MHD steam plant, as now envisioned, is its potential 

for very low air pollution while burning high-sulfur coal  [16]. The SO2, NO2 and particulate 
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emissions are all reduced to very low levels by their interaction with the MHD “seed” 

material. In pilot plant tests, 2.2 wt.% sulfur coal was burned in a cyclone furnace  at 2200°C 

with seed concentration of 1 g.mole K2CO3/kg coal with 99.8% removal of SO2, leaving 

only 5 ppm SO2 in the gaseous effluent. This occurs because of an affinity that the potassium 

seed material has for SO2. So seed recovery in the MHD system, which is necessary for 

economic reasons, also removes the SO2. The seed removal costs are calculated as 

approximately 1/5 of the SO2 removal costs in a conventional coal-fired plant. 

In the same tests, through the use of 2-stage combustion, NOx emissions were reduced below 

150 ppm, and complete combustion of CO was achieved  [16]- [17]. 

Plasma physics is a rapidly expanding field of science. The conjunction of 

magnetohydrodynamics and plasma physics bears the promise of industrial applications, to 

convert directly thermal energy into electricity, without rotating machines. The application of 

MHD makes conversion of heat to electricity possible  [19]. In this way a highly pressurized 

and hot gas (~3500K) and thus ionized gas flow through a nozzle which located in strong 

magnetic field. In this way charge separation occurs at hot gas under imposed external 

magnetic field and an electrical potential difference induced in electrodes inserted in channel 

wall aligned with the direction of the magnetic field. This MHD power generation process 

utilized as topping cycle in a combined thermal power plant gives a potential for high 

thermal efficiency. However there are some problems with respect to corrosion of electrodes 

facing with high temperature gas. 



 

 

9 

Gas MHD has a very important rule in geophysics and astrophysics as many planets 

and stars and even galaxies carry magnetic fields whose existence and origin is explained by 

dynamo effect. The dynamo effect describes the conversion of mechanical energy of fluid 

motion into electromagnetic field energy. For this to occur the fluid must be electrically 

conducting and its motion has to have swirling property and moreover fluid velocity has to 

exceed a certain critical value which depends on the flow pattern and the conductivity. For 

planetary magnetic field such as the earth magnetic field, it is suggested that thermal 

convection inside the liquid core of the earth under the influence of the planets rotation 

provides the energy to sustain the observed magnetic field. 

The plasma is sometimes considered as a particular state of matter. Indeed, matter can 

be found in four different states: solid, liquid, gas or plasma. It is well known that when 

enough energy is added to a solid, the solid will change its state and become a liquid, which 

in turn with enough energy added to it, will become a gas. The molecules of such a gas will 

assume a variety of degrees of freedom. If one keeps adding energy, the kinetic energy of the 

particles will increase and molecular impacts will become so intense that dissociation will 

result between some of electrons and the rest of each molecule. The gas will become a 

conglomeration of positively and negatively charged particles and neutrality particles too, 

which is on the average neutral. The gas will become plasma which physical properties are 

different from gas. The plasma state is actually by far the most common form of matter (up to 

99 per cent in the universe) and it is also the most energetic state. 
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The fields of science and engineering in which plasma physics can be applied are 

increasing more and more in number. Plasma physics applications have been identified with 

those of electrical discharges in gases, but behavior of plasmas submitted to magnetic fields 

is very important. The notions of magnetic contraction of electrical discharges, of magnetic 

confinement in thermonuclear devices, and those applications to plasma physics belonging to 

the vast class of magnetohydrodynamic phenomena, are soon likely to be important fields of 

application in science and engineering. In the earth’s atmosphere, the fast moving bodies 

produce plasmas, which are likely to create new fields of interest in aeronautics and 

communications science. 

1.2  Background of Discontinuous Galerkin methods 

Computational MHD is a very active research field due to the increasing demand for 

quantitative results for realistic magnetic configurations on the one hand and availability of 

powerful computers on the other hand  [20]. Many MHD phenomena cannot be described by 

analytical methods in all of their complexity although simplified analytical models led to 

inaccurate insight into the fundamental physics of MHD Processes. The fast increase of 

computer speed and memory allows simulations with ever more physics in the equation and 

also taking into account full three dimensional geometrical effects. 

The governing equations of ideal MHD equations are a set of nonlinear hyperbolic partial 

differential equations. Many suitable combinations of spatial discretizations (Finite Volume 

Methods, Finite Difference Methods, Finite Element Methods, etc) and temporal 
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discretizations (explicit, implicit) can be used to solve this set of equations. However the 

conservation law nature of ideal MHD equations introduces additional challenges when 

discontinuous shock dominated evolutions are computed.  

The discontinuous Galerkin methods
 
(DGM)  [21]-  [29] have recently become popular for 

the solution of systems of conservation laws. Originally introduced for the solution of 

neutron transport equations [21], nowadays they are widely used in computational fluid 

dynamics, computational acoustics, and computational magneto-hydrodynamics. 

The discontinuous Galerkin (DG) methods are locally conservative, stable, and high-

order accurate methods which can easily handle complex geometries, irregular meshes with 

hanging nodes, and allow approximations that have polynomials of different degrees in 

different elements. These properties, which render them ideal to be used with hp-adaptive 

strategies, not only have brought these methods into the main stream of computational fluid 

dynamics, for example, in gas dynamics  [31],  [31],  [32], compressible  [33],  [34],  [36],  [35] 

and incompressible  [37],  [38],  [39] flows, turbo machinery  [40], magneto-hydrodynamics 

 [41], granular flows  [42],  [43], semiconductor device simulation  [44],  [45], viscoplastic crack 

growth and chemical transport  [46], viscoelasticity  [47],  [48],  [49] and transport of 

contaminant in porous media  [50],  [51],  [52],  [53], but have also prompted their application 

to a wide variety of problems for which they were not originally intended like, for example, 

Hamilton-Jacobi equations  [54],  [55],  [56], second-order elliptic problems  [57],  [58],  [59], 

 [60],  [61],  [62],  [63],  [64], elasticity  [65],  [66], and Korteweg-deVries equations  [67],  [68]. 

An introduction to DG methods can be found in the short monograph  [69]. A history of their 
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development and the state of the art up to 1999 can be found in  [70]. Finally, a fairly 

complete and updated review is given in  [71].  

The discontinuous Galerkin methods combine two advantageous features commonly 

associated with finite element and finite volume methods. As in classical finite element 

methods, accuracy is obtained by means of high-order polynomial approximation within an 

element rather than by wide stencils as in the case of finite volume methods. The physics of 

wave propagation is, however, accounted for by solving the Riemann problems that arise 

from the discontinuous representation of the solution at element interfaces. In this respect, 

the DG methods are similar to finite volume methods. The discontinuous Galerkin methods 

have many attractive features: 

1) They have several useful mathematical properties with respect to conservation, 

stability, and convergence;  

2) These methods can be easily extended to higher-orders (>2
nd

) approximation;  

3) These methods are well suited for complex geometries since they can be applied on 

unstructured grids. In addition, the methods can also handle non-conforming elements, where 

the grids are allowed to have hanging nodes;  

4) The methods are highly parallelizable, as they are compact and each element is 

independent. Since the elements are discontinuous, and the inter-element communications are 

minimal, domain decomposition can be efficiently employed. The compactness also allows 

for structured and simplified coding for the methods; 
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5) They can easily handle adaptive strategies, since refining or coarsening a grid can be 

achieved without considering the continuity restriction commonly associated with the 

conforming elements. The methods allow easy implementation of hp-refinement, for 

example, the order of accuracy, or shape, can vary from element to element; 

6) They have the ability to compute low Mach number flow problems without recourse to 

the time-preconditioning techniques normally required for the finite volume methods. 

In contrast to the enormous advances in the theoretical and numerical analysis of the 

DGM, the development of a viable, attractive, competitive, and ultimately superior DG 

method over the more mature and well-established second order methods is relatively an 

untouched area. This is mainly due to the fact that the DGM have a number of weaknesses 

that have yet to be addressed, before they can be robustly used for problems of practical 

interest in magnetohydrodynamics in a complex configuration environment. In particular, 

how to effectively control spurious oscillations in the presence of strong discontinuities, and 

how to reduce the computing costs for the DGM remain the two most challenging and 

unresolved issues in the DGM. Indeed, compared to the finite element methods and finite 

volume methods, the DGM require solutions of systems of equations with more unknowns 

for the same grids. Consequently, these methods have been recognized as expensive in terms 

of both computational costs and storage requirements. 

In order to reduce high costs associated with the DGM, Dumbser et al ‎[72]‎[73]‎[74] have 

introduced a new family of reconstructed DGM, termed PnPm schemes and referred to as 

RDG (PnPm) in this dissertation, where Pn indicates that a piecewise polynomial of degree of 
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n is used to represent a DG solution, and Pm represents a reconstructed polynomial solution 

of degree of m (m≥n) that is used to compute the fluxes. The RDG(PnPm) schemes are 

designed to enhance the accuracy of the discontinuous Galerkin method by increasing the 

order of the underlying polynomial solution. The beauty of RDG (PnPm) schemes is that they 

provide a unified formulation for both finite volume and DGM, and contain both classical 

finite volume and standard DG methods as two special cases of RDG (PnPm) schemes, and 

thus allow for a direct efficiency comparison. When n=0, i.e. a piecewise constant 

polynomial is used to represent a numerical solution, RDG (P0Pm) is nothing but classical 

high order finite volume schemes, where a polynomial solution of degree m (m ≥1) is 

reconstructed from a piecewise constant solution. When m=n, the reconstruction reduces to 

the identity operator, and RDG (PnPn) scheme yields a standard DG method.  

Obviously, the construction of an accurate and efficient reconstruction operator is crucial 

to the success of the RDG (PnPm) schemes. In Dumbser's work, a higher order polynomial 

solution is reconstructed using a L2 projection, requiring it indistinguishable from the 

underlying DG solutions in the contributing cells in the weak sense. The resultant over-

determined system is then solved using a least-squares method that guarantees exact 

conservation, not only of the cell averages but also of all higher order moments in the 

reconstructed cell itself, such as slopes and curvatures. However, this conservative least-

squares reconstruction approach is computationally expensive, as the L2 projection, i.e., the 

operation of integration, is required to obtain the resulting over-determined system. 

Furthermore, the reconstruction might be problematic for a boundary cell, where the number 
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of the face-neighboring cells might be not enough to provide the necessary information to 

recover a polynomial solution of a desired order. Fortunately, the projection-based 

reconstruction is not the only way to obtain a polynomial solution of higher order from the 

underlying discontinuous Galerkin solutions. In a reconstructed DG method using a Taylor 

basis ‎[75]‎[76]‎[77]developed by Luo et al. for the solution of the compressible Euler and 

Navier-Stokes equations on arbitrary grids, a higher order polynomial solution is 

reconstructed by use of a strong interpolation, requiring point values and derivatives to be 

interpolated on the face-neighboring cells. The resulting over-determined linear system of 

equations is then solved in the least-squares sense. This reconstruction scheme only involves 

Von Neumann neighborhood, and thus is compact, simple, robust, and flexible. Like the 

projection-based reconstruction, the strong reconstruction scheme guarantees exact 

conservation, not only of the cell averages but also of their slopes due to a judicious choice of 

the Taylor basis. More recently, Zhang et al. ‎[78]‎[79] presented a class of hybrid DG/FV 

methods for the conservation laws, where the second derivatives in a cell are obtained from 

the first derivatives in the cell itself and its neighboring cells using a Green-Gauss 

reconstruction widely used in the finite volume methods. This provides a fast, simple, and 

robust way to obtain higher-order polynomial solutions. Lately, Luo et al. ‎[80]‎[81]have 

conducted a comparative study for these three reconstructed discontinuous Galerkin methods 

RDG(P1P2) by solving 2D Euler equations on arbitrary grids. It is found that all three 

reconstructed discontinuous Galerkin methods can deliver the desired third order of accuracy 

and significantly improve the accuracy of the underlying second-order DG method, although 
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the least-squares reconstruction method provides the best performance in terms of both 

accuracy and robustness.  

Unfortunately, the attempt to extend RDG method to solve 3D Euler equations on 

tetrahedral grids was not successful. Like the second order cell-centered finite volume 

methods RDG (P0P1), the resultant RDG (P1P2) method is unstable. Although RDG (P0P1) 

methods are in general stable in 2D and on Cartesian or structured grids in 3D, they suffer 

from the so-called linear instability on unstructured tetrahedral grids, when the reconstruction 

stencils only involve Von Neumann neighborhood, i.e., adjacent face-neighboring cells ‎[82]. 

The RDG (P1P2) method exhibits the same linear instability, which can be overcome by using 

extended stencils. However, this is achieved at the expense of sacrificing the compactness of 

the underlying DG methods. Furthermore, these linear reconstruction-based DG methods will 

suffer from non-physical oscillations in the vicinity of strong discontinuities for the 

compressible Euler equations. Alternatively, ENO, WENO, and HWENO can be used to 

reconstruct a higher-order polynomial solution, thereby not only enhancing the order of 

accuracy of the underlying DG method but also achieving both linear and non-linear stability. 

This type of hybrid HWENO+DG schemes has been developed on 1D and 2D structured 

grids by Balsara et al.‎[83], where the HWENO reconstruction is relatively simple and 

straightforward.  

Recently, Luo et al. have develop a reconstructed discontinuous Galerkin method based 

on a Hierarchical WENO reconstruction ‎[84], HWENO(P1P2) ‎[85]‎[86], using a Taylor basis 

for the solution of the compressible Euler equations on unstructured tetrahedral grids. The 
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HWENO(P1P2) method is designed not only to reduce the high computing costs of the DGM, 

but also to avoid spurious oscillations in the vicinity of strong discontinuities, thus effectively 

addressing the two shortcomings of the DGM. In this HWENO(P1P2) method, a quadratic 

solution is first reconstructed to enhance the accuracy of the underlying DG method in two 

steps: (1) all second derivatives on each cell are first reconstructed using the solution 

variables and their first derivatives from adjacent face-neighboring cells via a strong 

interpolation; (2) the final second derivatives on each cell are then obtained using a WENO 

strategy based on the reconstructed second derivatives on the cell itself and its adjacent face-

neighboring cells. This reconstruction scheme, by taking advantage of handily available and 

yet valuable information namely the gradients in the context of the DG methods, only 

involves Von Neumann neighborhood and thus is compact, simple, robust, and flexible. As 

the underlying DG method is second-order, and the basis functions are at most linear 

functions, fewer quadrature points are then required for both domain and face integrals, and 

the number of unknowns (the number of degrees of freedom) remains the same as for the 

DG(P1). Consequently, this RDG method is more efficient than its third order DG(P2) 

counterpart. The gradients of the quadratic polynomial solutions are then modified using a 

WENO reconstruction in order to eliminate non-physical oscillations in the vicinity of strong 

discontinuities, thus ensuring the non-linear stability of the RDG method. The developed 

HWENO(P1P2) method is used to compute a variety of flow problems on tetrahedral grids to 

demonstrate its accuracy, robustness, and non-oscillatory performance. The presented 

numerical results indicate that this HWENO (P1P2) method is able to capture shock waves 
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within once cell without any spurious oscillations, and achieve the designed third-order of 

accuracy: one order accuracy higher than the underlying DG(P1) method, and thus 

significantly increase its accuracy without significant increase in computing costs and 

memory requirements. 

1.3  Outline  

The objective of the efforts presented in this work is to extend the reconstructed 

discontinuous Galerkin method for solving the magnetohydrodynamics (MHD) equations on 

arbitrary grids. The HLLD Riemann solver, introduced in the literature for one dimensional 

MHD problems, and extended for three dimensional problems in the present work, is used to 

compute the flux functions at interfaces. Divergence free constraint is satisfied using the so-

called Locally Divergence Free (LDF) approach. The LDF formulation is especially 

attractive in the context of DG methods, where the gradients of independent variables are 

handily available and only one of the computed gradients needs simply to be modified by the 

divergence-free constraint at the end of each time integration step. Temporal discretization is 

done using a 4
th

 order explicit Runge-Kutta method. Numerical experiments for a variety of 

test cases are conducted to demonstrate the accuracy and efficiency of the developed RDG 

method. 

The remainder of this dissertation is organized as follows: Chapter 2 describers the 

governing equations of Magnetohydrodynamics in conservative form that consist of a system 

of eight nonlinear partial differential equations.  The eigenvalue and eigenvectors of this 
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system are then presented. The numerical methods are discussed in Chapter 3. Some of the 

traditional spatial discretization methods, including Finite Difference, Finite Element and 

Finite Volume methods are first reviewed. A discontinuous Galerkin method based on a 

Taylor basis is then presented followed by a detailed description of the baseline linear 

discontinuous Galerkin method, DG(P1). The different reconstructed discontinuous Galerkin 

(RDG) methods based on Weighted Essentially Non-Oscillatory (WENO) reconstruction are 

finally presented. In this chapter, we also discuss the HLLD Riemann solver to compute 

numerical fluxes at interface for the MHD equations. Some divergence free techniques are 

presented in the last section of this chapter, including the Local Divergence Free (LDF) 

approach used in this research. Chapter 4 reviews some of the classic temporal discretization 

techniques for solving ordinary differential equations. Many of these temporal discretization 

techniques with different order of accuracy and stability limitation can be used for the 

integration of the MHD equations in time. Both an explicit first order Euler method and a 4
th

 

order explicit Runge-Kutta method are described, although the explicit 4
th

 order Runge-Kutta 

method is mainly used for integrating the MHD equations in the current work because of its 

high-order accuracy and large stability bound. The computational results for a variety of 1D, 

2D, and 3D test cases are presented in Chapter 5. Finally, conclusions and suggestions for 

future work are given in Chapter 6.   
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Chapter 2 Governing Equations 

The equations of magnetohydrodynamics can be derived from hydrodynamic equations, the 

Lorentz force and Ohm’s law, and the Maxwell equations. The most important assumption is 

that the macroscopic velocity V, of plasma is much less than speed of light c. the 

displacement current       can be ignored, and the current can be expressed from the 

magnetic field B. the electric field E can be expressed from Lorentz force and the 

conductivity σ. In this way electromagnetic waves are eliminated, which simplify the 

numerical solution. Both the total pressure Ptot and total energy density e will have 

contributions from the magnetic field. Following equations hold: 

  
 

 
    (2.1)  

  
 

 
      (2.2)  

            
   

 
 

   

  
  (2.3)  

     
   

  
 (2.4)  

where ρ, p, and e denote the density, pressure, and specific total energy of the fluid, 

respectively, and V=(u,v,w) and B=(Bx,By ,Bz) are velocity and magnetic field components in 

the x, y, and z-direction, respectively. Furthermore, γ is ratio of specific heat, σ is the electric 

http://www.sciencedirect.com/science?_ob=MathURL&_method=retrieve&_udi=B6WHY-4T13CS3-2&_mathId=mml21&_user=290868&_cdi=6863&_pii=S0021999108003604&_rdoc=3&_ArticleListID=1577928167&_issn=00219991&_acct=C000015398&_version=1&_userid=290868&md5=b4d2ff181ccdc5729dbff2c9452de461
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conductivity. Here the resistivity   
 

 
 will be used, and we choose units of magnetic field 

such that    . 

After eliminating the electric field and the current, the magnetized plasma can be fully 

described by the primitive variables which are functions of time and three spatial coordinates. 

For Ideal MHD   , which in resistive MHD,     is not negligible at least in some parts 

of flow. 

2.1  Governing equation of Ideal MHD 

The MHD equations can be expressed in various mathematical forms however, for numerical 

methods the conservative form is preferred. This form is more convenient since we are 

looking for weak solution of these coupled partial differential equations. The 3D resistive 

MHD equations can be written in conservative form as 

            (2.5)  

                           (2.6)  

                                 (2.7)  

                        (2.8)  

The above equation can be expressed in vector form as: 

  

  
 

  

  
 

  

  
 

  

  
   (2.9)  
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In which Q is vector of independent variables and F, G, and H are flux vectors in x, y, and z 

direction respectively: 

  

 

 
 
 
 
 

 
  
  
  
  
  

  

   

 
 
 
 
 

     

 

 
 
 
 
 
 

  

      
    

        

        

                
 

       

        

 
 
 
 
 
 

 

  

 

 
 
 
 
 
 

  
        

      
    

        

                

       

 
        

 
 
 
 
 
 

   

 

 
 
 
 
 

  
        

        

      
    

                
       

       

  

 
 
 
 
 

 

 

(2.10)  

2.2  Eigenvalues of Ideal MHD 

From the flux vectors of  (2.10), we can obtain the Jacobian matrices 

   
  

  
    

  

  
    

  

  
 

(2.11)  

It is observed that G and H can be obtained from properly index permuting. Therefore, Ay 

and Az have similar structure as Ax. The eigenvalues and eigenvectors for Ax have been 

extensively studied by many authors, Brio & Wu  [87]; Ryu & Jones [88]; Roe & Balsara  [89]. 

There are two set of eigenvectors for the eigen-system of Ax. One is a direct extension of the 

one-dimensional system and the other is based on the modification proposed by Powell et al 
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 [92]. In the direct extension, the 6th component is ignored and the rest is identical to the one-

dimensional flux where Bx is a constant. The eigenvalues for the 7 × 7 systems are 

                                      (2.12)  

In which Alfven wave speeds defined as follow: 

        
    

  
 (2.13)  

And sound speed as: 

        
  

 
 (2.14)  

Two fast and slow speeds are defined as follow: 

           
 

  
       

         
          

         
  

 
        

        
  

 
 

 (2.15)  

In the 8 × 8 system of Powell, the corresponding eigenvalues are: 

                                        (2.16)  

Where n is direction normal to the surface. Eigenvalues and eigenvectors of MHD described 

with more details at appendix B 
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Chapter 3 Numerical Methods 

This chapter introduces some spatial discretization techniques used in this research. Some 

fundamental discretization techniques: Finite Difference Method, Finite Element Method 

(FEM), and Finite Volume Method (FVM) are introduced. Based on these, discontinuous 

Galerkin Method (DGM) is described. The spatial discretization to the governing equations 

leads to a semi-discrete system of nonlinear equations. This set of the ordinary differential 

equations (ODEs) can then be integrated in time.  

3.1  The Finite Difference Method 

The finite difference approximations for derivatives are one of the simplest and of the oldest 

methods to solve differential equations. It was already known by L. Euler, in one dimension 

of space and was probably extended to dimension two by C. Runge. The advent of finite 

difference techniques in numerical applications began in the early 1950s and their 

development was stimulated by the emergence of computers that offered a convenient 

framework for dealing with complex problems of science and technology. Theoretical results 

have been obtained during the last five decades regarding the accuracy, stability and 

convergence of the finite difference method for partial differential equations. 

3.1.1 General Principle 

The principle of finite difference methods is close to the numerical schemes used to solve 

ordinary differential equations. It consists in approximating the differential operator by 
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replacing the derivatives in the equation using differential quotients. The domain is 

partitioned in space and in time and approximations of the solution are computed at the space 

or time points. The error between the numerical solution and the exact solution is determined 

by the error that is committed by going from a differential operator to a difference operator. 

This error is called the discretization error or truncation error. The term truncation error 

reflects the fact that a finite part of a Taylor series is used in the approximation. For the sake 

of simplicity, we shall consider the one-dimensional case only. The main concept behind any 

finite difference scheme is related to the definition of the derivative of a smooth function u at 

a point x ϵ R: 

         
   

           

 
 (3.1)  

and to the fact that when h tends to 0 (without vanishing), the quotient on the right-hand side 

provides a ”good” approximation of the derivative. In other words, h should be sufficiently 

small to get a good approximation. The approximation is good when the error committed in 

this approximation (i.e. when replacing the derivative by the differential quotient) tends 

towards zero when h tends to zero. If the function u is sufficiently smooth in the 

neighborhood of x, it is possible to quantify this error using a Taylor expansion. 

3.1.2 Taylor Series 

Suppose the function u is C
2
 continuous in the neighborhood of x. For any h > 0 we have: 

                           
  

 
             (3.2)  
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Where h1 is a value between 0 and h (i.e. x+h1 is point of ]x, x+h[ ). For the treatment of 

problems, it is convenient to retain only the first two terms of the previous expression: 

                             

Where the term O(h
2
) indicates that the error of the approximation is proportional to h

2
. From 

the equation  (3.1), we deduce that there exists a constant C > 0, such that for h > 0 

sufficiently small we have: 

 
           

 
           (3.3)  

for h   h0 (h0 > 0 given). The error committed by replacing the derivative       by the 

differential quotient is of order h. The approximation of u’ at point x is said to be consistent 

at the first order. 

This approximation is known as the forward difference approximant of u’. More generally, 

we define an approximation at order p of the derivative. 

The approximation of the derivative u’ at point x is of order p (p > 0) if there exists a constant 

C > 0, independent of h, such that the error between the derivative and its approximation is 

bounded by Ch
p
 (i.e. is exactly O(h

p
)). Likewise, we can define the first order backward 

difference approximation of u’ at point x as: 

                              

Obviously, other approximations can be considered. In order to improve the accuracy of the 

approximation, we define a consistent approximation, called the central difference 

approximation, by taking the points x − h and x + h into account. Suppose that the function u 

is three times differentiable in the vicinity of x: 
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By subtracting these two expressions we obtain: 

             

  
       

  

 
          

Hence we have the following bound on the approximation error: 

 
             

  
            

This defines a second order consistent approximation to u’. 

3.1.3 Approximation of the Second Derivative 

We suppose u is a C
4
 continuous function on an interval [x−h0, x+h0], h0 > 0. Then, there 

exists a constant C > 0 such that for every h  ]0, h0[ we have: 

 
                   

  
             (3.4)  

The differential quotient 
                   

   is a consistent second-order approximation of 

the second derivative u” of u at point x. 

To prove that, we use Taylor expansions up to the 4
th

 order to achieve the result: 
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Like previously, we write: 

                   

  
        

  

  
           

3.1.4 Finite Difference Formulation for a One-Dimensional Problem 

We consider a bounded domain Ω =]0, 1[ R and the non-homogeneous Dirichlet problem: 

  
                     

             
  (3.5)  

Where c and f are two given functions, defined on Ω, c ≥ 0. 

We introduce the equally distributed grid points (xj)0≤j≤N+1 given by xj = jh, where N is an 

integer and the spacing h is given by h = 1/(N + 1). Typically, the spacing becomes very 

small as the number of grid points will become very large. At the boundary of Ω, we have 

x0= 0 and xN+1 = 1. 

At each of these points, we are looking for numerical value of the solution, uj = u(xj ). We 

impose u(x0) =α and u(xN+1) = β and we use the differential quotient introduced before to 

approximate the second order derivative of the equation  (3.5). 

The unknowns of the discrete problem are all the values u(x1), . . . , u(xN) and we introduce 

the vector uh  R
N
 of components uj , for j   {1, . . . ,N}. The problem is then to find uh   R

N
, 

such that ui ( u(xi), for all i   {1, . . . ,N}, where u is the solution of problem  (3.5). Introducing 

the approximation of the second order derivative by a differential quotient, we consider the 

following discrete problem: 

 
             

                                (3.6)  
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This problem has been discretized by a finite difference method based on a three-point 

centered scheme for the second-order derivative. The problem  (3.6) can be written in the 

matrix form as: 

        

3.2  Finite Element Method 

The Finite Element Method is a numerical method for solving differential equations and 

integrals, and it is primarily used for solving problem in applied engineering and science. The 

Finite Element Method  [99] is a generalization of the well-established variation approach, 

which is based on the idea that the solution u of a differential equation can be approximated 

by a linear combination of the parameter cj and appropriate functions Фj: 

          

 

   

    (3.7)  

In Eq.  (3.7), u stands for the exact and uN for the approximated (with FEM) solution. Thus, u 

stands for the vector of the unknown. 

The parameters cj are generally determined with the help of a weighted integral, so that they 

are a solution of the differential equation of the problem. When selection the functions Фj, 

also called approximation or interpolation functions, it is important that they meet the 

boundary conditions. There are different methods for the variation approaches like for 

example the Rayleigh-Ritz method or the method of weighted residuals, while the latter can 

further be distinguished into the Galerkin method, the least square method, and so on. The 
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mentioned methods mainly differ in the choice of the weighting function ψ and the 

approximation function Ф. The Galerkin method for example requires the weighting function 

to be equal to the approximation function (ψ= Ф). This is the reason why the introduction 

emphasizes this method. 

3.2.1 Method of Weighted Residuals  

Here we refer to the method of weighted residuals with application of the Galerkin method.  

D(u) = q (3.8)  

First we have a look at the general differential equation  (3.8), for which we want to find the 

solution u. Here D is a linear operator, in this case a differential operator, and q is some kind 

of source term. If we substitute the approximation uN from  (3.7) into  (3.8), the initial equation 

is not exactly satisfied anymore, and a remainder, also called residual, is generated. 

                 

 

   

         (3.9)  

Assuming u to be a function of only x and y (i.e. a two-dimensional, steady problem), the 

residual R is also a function of x and y, but also of cj. With help of the method of weighted 

residuals, the parameters cj are chosen so that the residual R approaches zero. The weighted 

integral below has to be solved. 

          

 

                       (3.10)  
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Integration is over the area Ω (two-dimensional area) and ψI are the weighting functions, that 

are principally different from the approximation functions ϕj. Only for the Galerkin method 

ψI and ϕj are set equal.  

Equations  (3.7) to  (3.10) are strictly speaking not a finite element formulation. Equation  (3.7) 

has to be modified first:  

                  
   

 

 

   

      (3.11)  

Where u
e
(x,y) is an approximation of the solution, u(x,y) over the element Ωe with the vertex 

count,   
  is the value of the function of u

e
(x,y) at the vertex j of the element and ψ

e
j (x,y) is 

the approximation function for the element. Note that the definition ψ=ϕ has already been 

made in equation  (3.11) according to the Galerkin method. 

If equation.  (3.11) is substituted into  (3.10), we obtain the following general expression for 

the finite element form according to the method of weighted residuals: 

       
   

 

 

   

         

 

                       (3.12)  

3.2.2 Weak Formulation 

The weak form of a differential equation is a weighted integral similar as in equation  (3.12) 

and it satisfies as well the differential equation it is based on as the natural boundary 

conditions it is connected with. The natural boundary conditions are integrated into the 

weighted integral expression by means of the boundary integrals. 
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A simple example shall clarify the derivation of the weak form. The goal is the steady 

temperature distribution T(x,y) in a two-dimensional isotropic medium Ω with the boundary 

Γ. The following equation (Poisson equation) can be stated to describe this problem: 

  
 

  
  

  

  
  

 

  
  

  

  
     (3.13)  

Where k is the heat conduction coefficient in direction of the x and y axis and Q(x,y) is the 

provided heat generation per volume unit (source term). 

The following boundary conditions are defined prior to solving the differential equations  

           on        (3.14)  

  
  

  
    

  

  
                       (3.15)  

The boundaries ΓT and Γq do not overlap and Γ=Γq+ΓT, S is the coordinate along the 

boundary line, (nx,ny) is the unit vector normal to the boundary and qc is the convective heat 

conduction defined by: 

            (3.16)  

And hc is the convective heat conduction coefficient and Tc is the reference temperature. The 

following finite element approximation is introduced for the variable T (temperature): 

                  
   

 

 

   

      (3.17)  

In analogy to equation  (3.12) an integral for the weighted residuals will be derived as one of 

the first steps for the derivation of the weak form. 

0=    
 

  
  

  

  
  

 

  
  

  

  
        

  
 (3.18)  
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Using chain rule in differentiation: 

     

  
  

  

  
  

  

  
   

  

  
  

  

  
 

     

  
 (3.19)  

And the gradient theorem: 

 
 

    

                
  

   (3.20)  

as well as the substitution: 

   
  

  
     

  

  
 (3.21)  

Equation  (3.18) can be transformed to: 

0=   
  

  

  

  
  

  

  

  

  
           

    
     (3.22)  

Where qn is the heat flux orthogonal to the boundary, which can also be written as: 

    
  

  
    

  

  
   (3.23)  

The variables nx und ny are the components of the normal vector along the boundary. The 

integral expression from equation  (3.22) is called “weak form” of equation  (3.13). If we have 

a look at equation  (3.22), we notice that the order of the differential referring to the variable 

T is not m=2 but m=1 in the integral (reduction), but at the same time a differential for y has 

been added (transport from T to y). Additionally, the natural boundary condition from 

equation  (3.15) has been integrated into the weak form by means of the boundary integral. 

In order to transfer the weak form into a finite element form in the next step, the finite 

element approximation for T from equation.  (3.17) is substituted into equation  (3.22) and we 

obtain: 
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     (3.24)  

After a few modifications, this equation can be written in matrix form 

                   (3.25)  

With 

   
     

   
 

  

   
 

  
  

   
 

  

   
 

  
 

  

     (3.26)  

  
      

 

  
       

     
  

  
    (3.27)  

The matrix [K
e
] is the so-called coefficient matrix, also called stiffness matrix in statics. 

equation  (3.25) above is important in our efforts to understand the finite element method, that 

is to say the (“weak”) finite element form of Eq.  (3.13).  

3.3  Finite Volume Method 

Here we focus on introducing finite volume method for the solution of partial differential 

equations. These methods have been well accepted in recent years for their robustness, their 

straightforward formulation, and their computational advantages. 

The partial differential equation we will focus on is a scalar equation that represents the 

transport of a substance under the influence of advection. The transport equation is frequently 

written in the advective form: 

  

  
                (3.28)  
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Where T is the substance transported, e.g. temperature, u is the velocity field assumed to be 

known, and α is the diffusion. 

The velocity field cannot be arbitrary and must satisfy mass conservation equation. If flow 

assumed to be incompressible, mass conservation equation reduces to: 

        (3.29)  

The advective form can be interpreted as the time evolution of the T field along characteristic 

lines given by u. It is thus closest to a Lagrangian description of the flow where one follows 

individual particles. In the Eulerian frame, however, another important issue is the 

conservation of the tracer T for long period of times. A slightly different form of the equation 

called the conservative form can be derived and forms the starting point for the derivation of 

finite volume methods. Multiplying the continuity equation by T, adding it to the resultant 

equations to the advective form, we can derive the conservative form of the transport 

diffusion equation: 

  

  
                  (3.30)  

3.3.1 Integral Form of Conservation Law 

The partial differential equation is valid at all points in the domain which we could consider 

as infinitesimal volumes. Anticipating that infinitesimal discrete volumes are unaffordable 

and would have to be “inflated” to a finite size, we proceed to derive the conservative form 

for a finite volume δV bounded by a surface δS. The integral over  (3.30) yields: 
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   (3.31)  

 

  
     

  

           
  

           
  

   (3.32)  

Remarks 

• We assume the volume δV to be fixed in space so we can interchange the order of 

integration in space and differentiation in time. The interpretation of the first integral on the 

left hand side of equation  (3.32) is now simple: it is the time rate of change of the T budget 

inside volume δV . 

• We have used the Gauss-divergence theorem to change the volume integrals of the flux and 

diffusion divergence into surface integrals. Here n is the outward unit normal to the surface 

δS. The surface integral on the left hand side accounts for the advective flux carrying T in 

and out of the volume δV across the surface δS; the one on the right hand side accounts for 

the diffusive transport of T across δS. 

• Equation  (3.32) lends itself to simple physical interpretation: the rate of change of the T 

budget in δV is equal to the rate of transport of T through δS by advective fluxes (transport by 

the flow, wind, current) and diffusive fluxes. If the volume δV is closed to advection or 

diffusion:        =0 and         , then the rate of change is zero and the budget of T is 

conserved within δV. 

• If there are additional physical processes affecting the budget of T, such as sources or sinks 

within δV, these should be accounted for also. No additional process is considered here. 
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• The derivatives appearing in the differential equation  (3.28) are: first order for the advective 

term, and second order for the diffusion term, whereas the equivalent terms in the integral 

form have only a zero order derivative and first order derivative respectively. This lowering 

of the derivative order is important in dealing with solution which change so rapidly in space 

that the spatial derivative does not exist discontinuous function do not have derivatives at the 

location of discontinuity and mathematically speaking the partial differential form of the 

conservation equation is invalid there even though the conservation law underlying it is still 

valid. Special treatment is generally required for treating discontinuities and reducing order 

of the spatial derivative helps simplify the special treatment. 

For these reasons Finite Volumes are preferred over finite differences to solve problems 

whose solution exhibit local discontinuities. 

A slightly different form of equation  (3.32) can be derived by introducing the average of T in 

δV and which we refer to as    and is defined as: 

   
 

  
    
  

 (3.33)  

The integral conservation law can now be recast as a time evolution equation for    

 

  
     

  

           
  

           
  

   (3.34)  

3.4  Discontinuous Galerkin 

The governing MHD equations is discretized using a discontinuous Galerkin finite element 

formulation. To formulate the discontinuous Galerkin method, we first introduce the 
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following weak formulation, which is obtained by multiplying the 
  

  
 

   

   
   by a test 

function W, integrating over the domain Ω, and then performing an integration by parts, 

V=dΩ
x

dΓ+dΩ
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W
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U
       ,0  (3.35)  

Where Γ(=∂Ω) denotes the boundary of Ω, and nj the unit outward normal vector to the 

boundary. We assume that the domain Ω is subdivided into a collection of non-overlapping 

elements Ωe, which can be triangles, quadrilaterals, polygons, or their combinations in 2D 

and tetrahedra, prisms, pyramids, and hexahedra or their combinations in 3D. We introduce 

the following broken Sobolev space Vh
p
  

    ,ΩΩV|v:(ΩLv=V e

m

p
e

Ωh

m

h

p

h  )2  (3.36)  

Which consists of discontinuous vector-values polynomial functions of degree p, and where 

m is the dimension of the unknown vector and  

 ,dip,α:x=V i
i
α

i

m

p  00span  (3.37)  

Where α denotes a multi-index and d is the dimension of space. Then, we can obtain the 

following semi-discrete form by applying weak formulation on each element Ωe Find 
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W
UFWnUFWU      ,  (3.38)  

where Uh and Wh represent the finite element approximations to the analytical solution U and 

the test function W respectively, and they are approximated by a piecewise polynomial 

function of degrees p, which are discontinuous between the cell interfaces. Assume that B is 
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the basis of polynomial function of degrees p, this is then equivalent to the following system 

of N equations 

N1     , 



  i=dΩ

x

B
)(dΓB)(+dΩB

dt

d

e
Ω k

i
hkikh

e
Γ

ki

e
Ω

h UFnUFU  (3.39)  

Where N is dimension of the polynomial space. Since the numerical solution Uh is 

discontinuous between element interfaces, the interface fluxes are not uniquely defined. The 

choice of these fluxes is crucial for the DG formulation. Like in the finite volume methods, 

the flux function Fk(Uh)nk appearing in the boundary integral can be replaced by a numerical 

Riemann flux function Hk(U
L

h,U
R

h,nk) where Uh
L 

and Uh
R 

are the conservative state vector at 

the left and right side of the element boundary. The computation of the viscous fluxes in the 

boundary integral has to properly resolve the discontinuities at the interfaces. This scheme is 

called discontinuous Galerkin method of degree p, or in short notation DG(P) method. Note 

that discontinuous Galerkin formulations are very similar to finite volume schemes, 

especially in their use of numerical fluxes. Indeed, the classical first-order cell-centered finite 

volume scheme exactly corresponds to the DG(P0) method, i.e., to the discontinuous Galerkin 

method using a piecewise constant polynomial. Consequently, the DG(Pk) methods with k>0 

can be regarded as a natural generalization of finite volume methods to higher order methods. 

By simply increasing the degree P of the polynomials, the DG methods of corresponding 

higher order can be obtained.  

In the traditional DGM, numerical polynomial solutions Uh in each element are expressed 

using either standard Lagrange finite element or hierarchical node-based basis as following 
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   ,xBt= i

=i

ih 
N

1

UU  (3.40)  

where Bi are the finite element basis functions. As a result, the unknowns to be solved are the 

variables at the nodes Ui, as illustrated in Figure  3.1 for linear and quadratic polynomial 

approximations. 

  

Q1/P1 Q2/P2 

Figure ‎3.1: Representation of polynomial solutions using finite element shape functions 

 

On each cell, a system of NxN has to be solved, where polynomial solutions are dependent 

on the shape of elements. For example, for a linear polynomial approximation in 2D as 

shown in Figure  3.1, a linear polynomial is used for triangular elements and the unknowns to 

be solved are the variables at the three vertices and a bi-linear polynomial is used for 

quadrilateral elements and the unknowns to be solved are the variables at the four vertices. 

However, numerical polynomial solutions U can be expressed in other forms as well. 
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3.4.1 Discontinuous Galerkin method using a Taylor Basis 

In the present work, the numerical polynomial solutions are represented using a Taylor series 

expansion at the center of the cell. For example, if we do a Taylor series expansion at the cell 

centroid, the quadratic polynomial solutions can be expressed as follows  
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Which can be further expressed as cell-averaged values and their derivatives at the center of 

the cell 
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(3.42)  

where Ũ is the mean value of U in this cell. The unknowns to be solved in this formulation 

are the cell-averaged variables and their derivatives at the center of the cells, regardless of 

element shapes, as shown in Figure  3.2. 
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Figure ‎3.2 Representation of polynomial solutions using a Taylor series expansion 

 

In this case, the dimension of the polynomial space is six and the six basis functions are  
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(3.43)  

The discontinuous Galerkin formulation then leads to the following six equations  
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Note that in this formulation, equations for the cell-averaged variables are decoupled from 

equations for their derivatives due to the judicial choice of the basis functions and the fact 

that 

62       0,1  i=dΩBB

e
Ω

i  (3.45)  

In the implementation of this DG method, the basis functions are actually normalized in 

order to improve the conditioning of the system matrix  (3.44) as follow 
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44 

Where ∆x=0.5(xmax-xmin), and ∆y=0.5(ymax-ymin), and xmax ,xmin, ymax, and ymin are the 

maximum and minimum coordinates in the cell Ωe in x, and y directions, respectively. A 

quadratic polynomial solution can then be rewritten as  
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The above normalization is especially important to alleviate the stiffness of the system matrix 

for higher-order DG approximations. 

This Taylor-basis DG method has a number of attractive features. Theoretically, this 

formulation allows us to clearly see the similarity and difference between DG and FV 

methods. In fact, the discretized governing equations for the cell-averaged variables and the 

assumption of polynomial solutions on each cell are exactly the same for both finite volume 

and DG methods. The only difference between them is the way how they obtain high-order 

(p>1) polynomial solutions. In the finite volume methods, the polynomial solution of degrees 

p are reconstructed using the mean values of the neighboring cells, which can be obtained 

using either TVD/MUSCL or ENO/WENO reconstruction schemes. Unlike the FV methods, 

the DG methods compute the derivatives in a manner similar to the mean variables. This is 

compact, rigorous, and elegant mathematically in contrast with arbitrariness characterizing 

the reconstruction schemes with respect how to compute the derivatives and how to choose 

the stencils in the FV methods. Furthermore, the higher order DG methods can be easily 

constructed by simply increasing the degree p of the polynomials locally, in contrast to the 

finite volume methods which use the extended stencils to achieve higher order of accuracy. 
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3.4.2 Discontinuous Galerkin Method DG(P1)  

The formulation of the Discontinuous Galerkin method DG(P1) is described here, where the 

independent variable Q is approximated using a  linear polynomial as: 

         

 

   

          (3.48)  

where Qi’s are the time dependent coefficients of the series expansion to be determined, and 

Bi’s are the Taylor basis functions as follow: 

     

        

        

        

 

(3.49)  

Applying DG(P1) over system of conservation law leads us to 

  

  
 

   

   
   j=1,2,3 

 

(3.50)  

  
  

  
 

   

   
     

 

 (3.51)  

For first base function as mentioned earlier at equations  (3.44) and  (3.45) we will have  

 

  
                  

  

   (3.52)  

for cell averaged values, and  

 

  
                  

  

    

   

   
    

 

 i=2,3,4 

 

(3.53)  
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for first order derivatives. In the above equations Fi’s are the inviscid MHD fluxes. From 

governing equations of MHD, i.e., equations  (10)(2.9) and  (10)(2.10) we have: 

  

 

 
 
 
 
 

 
  
  
  
  
  

  

   

 
 
 
 
 

          

 

 
 
 
 
 

   

              

              

              

                 
        

        

         

 
 
 
 
 

 

 

(3.54)  

where Fi, i=1,2,3 is as follow: 

                     (3.55)  

The weak formulation  (3.53) leads to the system of three equations and three unknowns for 

first order spatial derivatives 

    

 

  

 

 
 
 

  

  
  

  
  

   

 
 
 

 

 

 
 
 
 
 
 
    

 

       
   

  
  

   

 

       
   

  
  

   

 

       
   

  
  

 

 
 
 
 
 
 
 

   (3.56)  

where local mass matrix M is 3×3 and elements of M are defined as: 

               

 

  (3.57)  

Ω is the cell volume, Γ is the cell surface, and Fn is the numerical flux normal to the cell 

surface. All the integration here is done by numerical technique and appropriate Gaussian 

quadratures. 
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3.4.3 Reconstructed Discontinuous Galerkin Method 

The Discontinuous Galerkin method is more expensive in terms of computational costs and 

storage requirements in comparison with the Finite Volume method since it has more degrees 

of freedom, additional domain integration, and more Gauss quadrature points for the 

boundary integration. The FVM uses the reconstruction methods to achieve higher-order 

accuracy that is relatively inexpensive but less accurate and robust. The DGM that can be 

viewed as a different way to extend a FV method to higher orders are accurate and robust but 

expensive. The idea was originally introduced by Dumbser et al  [72] [73] [74] in the frame of 

PnPm scheme
 
, termed RDG(PnPm) to combine the efficiency of the reconstruction methods 

and the accuracy of the DG methods. In which Pn indicates that a piecewise polynomial of 

degree of n is used to represent a DG solution, and Pm represents a reconstructed polynomial 

solution of degree of m (m≥n) that is used to compute the fluxes and source terms. The 

beauty of RDG(PnPm) schemes is that they provide a unified formulation for both finite 

volume and DG methods, and contain both classical finite volume and standard DG methods 

as two special cases of RDG(PnPm) schemes, and thus allow for a direct efficiency 

comparison. When n=0, RDG(P0Pm) is nothing but classical high order finite volume 

schemes, where a polynomial solution of degree m (m ≥1) is reconstructed from a piecewise 

constant solution. When m=n, the reconstruction reduces to the identity operator, and 

RDG(PnPm) scheme yields a standard DG method. Clearly, an accurate and efficient 

reconstruction is the key ingredient in extending the underlying DG method to higher order 

accuracy. Discussion in this research is mainly focused on a third order RDG(P1P2) method, 

as the benefits of higher-order (>3rd) methods diminish dramatically for engineering 

applications. Nevertheless, its extension to higher order DG methods is straightforward. The 

RDG(P1P2) method is based on a hierarchical Hermite WENO reconstruction and designed 

not only to reduce the high computing costs of the DGM, but also to avoid spurious 

oscillations in the vicinity of strong discontinuities, thus ensuring the nonlinear stability of 

the RDG method. Similar to moment limiters, the hierarchical reconstruction methods [84] 

reconstruct the derivatives in a hierarchical manner. In the case of the RDG(P1P2) method, 
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the second derivatives (curvatures) are first reconstructed and the first derivatives (gradients) 

are then reconstructed.  

We use Taylor expansion in our RDG that in general multidimensional case 

expressed as follow: 

               
 

  
         

 

   

 

   

 

 

              

 

   

 (3.58)  

In which, xi, i=1,2,..,n, are the independent variables, and ai, i=1,2,..,n, are the coordinate of 

the point in which we expand function around it. For two dimensional space, n=2 and we will 

have the following relation for quadratic Taylor expansion  

                

    

  
 

     

          

  
 

     

       

   
  

    
     

      
 

 
   

  

    
     

      
 

 
   

  

   
 

     

            

 
 

                               

 

(3.59)  

And for three dimensional space, n=3, and Taylor expansion of function f is as follow 

                     

    

  
 

        

          

  
 

        

          

  
 

        

       

   
  

    
        

      
 

 
   

  

    
        

      
 

 
   

  

    
        

      
 

 
 

   
  

   
 

        

            

 
   

  

   
 

        

            

 
 

(3.60)  
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But if we use equation  (3.60), we see that it is not conservative, i.e., if we take integral from 

both sides, the resulting term is not equal. 

So the result is as follow 

           
 

              

   
  

    
        

  
      

 

 
   

 

 

(3.62)  

   
  

   
 

        

            

 
                               

 

           
 

             
 

   

    

  
 

        

         
            

  

    

  
 

        

         
            

  

 

    

  
 

        

         
          

  

   
  

    
        

  
      

 

 
   

 

 

   
  

    
        

  
      

 

 
   

 

   
  

    
        

  
      

 

 
 

 

   

   
  

   
 

        

  
            

 
   

 

 

   
  

   
 

        

  
            

 
   

 

 

   
  

   
 

        

  
            

 
 

 

  

                               

 

(3.61)  
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Here we change basis function for second order terms and use cell average value for first 

term, in this way conservation is satisfied. So function u can be reconstructed using 3
rd

 order 

Taylor expansion using averaged values in each cell, i.e.    
  is average of function u at cell i. 

  
     

     
         

         
      

           
           

           
           

            
        

            
         

 

(3.63)  

where the shape functions are expressed as follow: 

     

   
     

  
 

   
     

  
 

(3.64)  
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3.4.4 WENO reconstruction at P2: HWENO(P1P2) 

The reconstruction of the curvatures consists of two steps: a quadratic polynomial solution 

(P2) is first reconstructed using a least-squares method from the underlying linear polynomial 

(P1) discontinuous Galerkin solution, and the final quadratic polynomial solution is then 

obtained using a WENO reconstruction, which is necessary to ensure the linear stability of 

the RDG method  [80]. The resulting RDG method is referred to as WENO(P1P2) in this 

work, where the quadratic polynomial solution is obtained from the underlying linear DG 

solution via a WENO reconstruction. 
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For reconstruction of second order derivative, since we have average value and first order 

derivatives in hand, we need to reconstruct   
  in which j=1,..,m are the adjacent cells to cell i 

 

 

Figure  3.3 Two neighboring cells i and j for reconstruction 

At point Cj (centroid of cell j) we can reconstruct point wise values of variable u and its first 

order derivatives using values of cell i 

  
     

     
   

 
       

   
 
       

   
 
     

(3.65)  

    
   

 
    

      
   

 
   

      
   

 
   

      
   

 
           

   
 
           

    
 

       

   
 

  
    

      
   

 
       

   
 
       

   
 
   

   
 

  
    

      
   

 
       

   
 
       

   
 
   

   
 

  
    

      
   

 
       

   
 
       

   
 
   

For non-dimensionalization of coefficient matrix we multiply both sides of equations of 

derivatives by    : 
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Putting together all the 4 equalities we have system of four equations and six unknowns for 

second order derivatives at cell i obtained from cell j: 

 
 
 
 
 
 
 
   

 
  

 
  

 
  

 
  

 
   

 

   

   
  

 
  

   

   
  

    

   
  

 
 

 
   

   
  

    

   
  

 
  

   

   
  

 

  
   

   
  

 
 

   

   
  

    

   
  

 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

    
   

 

    
   

 

    
   

 

    
     

    
     

    
      

 
 
 
 
 
 
 

 

 
 
 
 
 
 
   

      
     

   
 
    

   
   

 
       

   
 
   

 

       
     

  

       
     

  

       
     

   
 
 
 
 
 
 

 (3.66)  

This matrix will be repeated for all adjacent cells. So for hexahedral cells we have 5 more 

neighboring cells and will have over determined system of  

            

This can be solved by normalization or any appropriate method of solving over-determined 

systems. Here we used the fact that linear polynomial of the reconstruction scheme must be 

conservative, and the values of the reconstructed first derivatives are equal to the ones of the 

first derivatives of the underlying DG solution at the centroid i of each cell. Due to the 

judicious choice of Taylor basis in our DG formulation, these four degrees of freedom simply 

coincide with the ones from the underlying DG solution. In this way we have just six 

unknowns at our RDG that should be obtained. 

But the least square reconstruction for three-dimensional problems specially with tetrahedral 

cells, suffers from the so-called linear instability, that is also observed in the second-order 
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cell-centered finite volume methods, i.e., RDG(P0P1)  [82]. This linear instability is attributed 

to the fact that the reconstruction stencils only involve Von Neumann neighborhood, i.e., 

adjacent face-neighboring cells. The linear stability can be achieved using extended stencils, 

which will unfortunately sacrifice the compactness of the underlying DG methods.  

Furthermore, such a linear reconstruction-based DG method cannot maintain the non-linear 

instability, leading to non-physical oscillations in the vicinity of strong discontinuities. 

Alternatively, ENO/WENO can be used to reconstruct a higher-order polynomial solution, 

which can not only enhance the order of accuracy of the underlying DG method but also 

achieve both linear and non-linear stability. Specifically, the WENO scheme introduced by 

Dumber et al. is adopted in this work, where an entire quadratic polynomial solution on cell i 

is obtained using a nonlinear WENO reconstruction as a convex combination of the least-

squares reconstructed second derivatives at the cell itself and its four face-neighboring cells, 

k

nm

N

k

ki

nm xx
w

xx 












UU
21

1

2

 (3.67)  

where N is number of neighboring cells of cell i the normalized nonlinear weights wk are 

computed as 
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The non-normalized nonlinear weights iw~ are functions of the linear weights λi and the so-

called oscillation indicator oi 
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where ε is a small positive number used to avoid division by zero, and γ an integer parameter 

to control how fast the non-linear weights decay for non-smooth stencils. The oscillation 

indicator for the reconstructed second order polynomials is simply defined as 

2/12
2

])[( k

nm

k
xx
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
  (3.70)  

The linear weights λi can be chosen to balance the accuracy and the non-oscillatory property 

of the RDG method. Note that the least-squares reconstructed polynomial at the cell itself 

serves as the central stencil and the least-squares reconstructed polynomials on its four face-

neighboring cells act as biased stencils in this WENO reconstruction. This reconstructed 

quadratic polynomial solution is then used to compute the domain and boundary integrals of 

the underlying DG(P1) method. As demonstrated in  [80], the resulting WENO(P1P2) method 

is able to achieve the designed third order of accuracy, maintain the linear stability, and 

significantly improve the accuracy of the underlying second-order DG method without 

significant increase in computing costs and storage requirements. 

3.4.5 WENO reconstruction at P1: HWENO(P1P2) 

Although the WENO (P1P2) method does not introduce any new oscillatory behavior for the 

reconstructed curvature terms (second derivatives) due to the WENO reconstruction, it 

cannot remove inherent oscillations in the underlying DG (P1) solutions. Consequently, the 

WENO (P1P2) method still suffers from the non-linear instability for flows with strong 

discontinuities. In order to eliminate non-physical oscillations in the vicinity of strong 

discontinuities and thus maintain the non-linear instability, the first derivatives need to be 
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reconstructed using a WENO reconstruction. The resulting reconstructed discontinuous 

Galerkin method based on this Hierarchical WENO reconstruction is termed as 

HWENO(P1P2) at this work, where a hierarchical reconstruction (successively from high 

order to low order) strategy  [84] is adopted. 

The WENO reconstruction for the first derivatives is based on the reconstructed quadratic 

polynomial solutions of the flow variables for each cell in the mesh. The stencils are only 

chosen in the Von Neumann neighborhood in order to maintain the compactness of the 

underlying DG method. More precisely, for a cell i, (Tetrahedral for example) the following 

four stencils (i,j1,j2,j3), (i,j1,j2,j4), (ie,j1,j3,j4), and (i,j2,j3,j4), where j1, j2, j3, and j4 

designate the four adjacent face-neighboring cells of the cell i, are chosen to construct a 

Lagrange polynomial such that 
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and the following four stencils (i,j1), (i,j2), (i,j3), and (i,j4) are chosen to construct a Hermite 

polynomial such that 
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These reconstructed gradients (
R

zi

R

yi

R

xi UUU  and,, ) serving as the biased stencils and the 

gradient from the DG solution itself at cell i ( ziyixi UUU  and,, ) acting as the central stencil 
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are used to modify the first derivatives based on the WENO reconstruction as a convex 

combination of these nine derivatives 
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where the normalized nonlinear weights wk are computed as 
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The non-normalized nonlinear weights iw~ are functions of the linear weights i  and the so-

called oscillation indicator oi 
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where ε is a small positive number used to avoid division by zero, and γ an integer parameter 

to control how fast the non-linear weights decay for non-smooth stencils. The oscillation 

indicator is simply defined as 
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The present choice of stencils is symmetric, compact, and most importantly consistent with 

the underlying DG methods, as van Neumann neighbors are only involved in the 

reconstruction. This means that no additional data structure is required and the compactness 

of the DG methods is intact. Note that this WENO reconstruction at P1 is the extension of a 

HWENO limiter developed for the DG(P1) by the authors in  [23]. From the perspective of 

both computational cost and solution accuracy, the above WENO reconstruction on P1 should  
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only be used in the regions where strong discontinuities exist. All numerical experiments 

presented in the next section are performed by applying the P1 reconstruction everywhere in 

an effort to ensure that the computational results are not affected by a shock detector, and to 

demonstrate the superior properties of the designed HWENO(P1P2) method. 

3.4.6 WENO reconstruction at P1: HWENO(P1P1) 

Clearly, a HWENO limiter developed for the DG(P1) by the authors in  [23] is now becoming 

the WENO(P1P1) method in the present frame work of RDG formulation based on WENO 

reconstruction, where the first derivatives are reconstructed based on a Hermite 

reconstruction. Like any higher-order schemes (>1), the discontinuous Galerkin methods will 

suffer from non-physical oscillations in the vicinity of discontinuities that exist in problems 

governed by hyperbolic conservation laws. Classical techniques of slope limiting are not 

directly applicable for high-order DGM because of the presence of volume terms in the 

formulation. Therefore, the slope limiter is not integrated in the computation of the residual, 

but effectively acts as a post-processing filter. Many slope limiters used in the finite volume 

method (FVM) can then be used or modified to meet the needs of the DGM. Unfortunately, 

the use of the limiter will reduce the order of accuracy to first order in the presence of 

discontinuities. Furthermore, the active limiters in the smooth extremas will pollute the 

solution in the flow field and ultimately destroy the higher-order accuracy of DGM  [103]. 

Indeed, the limiters used in TVD/MUSCL finite volume methods are less robust than the 

strategies of essential non-oscillatory (ENO) and weighted ENO (WENO) finite volume 

methods. The ENO schemes were initially introduced by Harden et al.  [104] in which 
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oscillations up to the order of the truncation error are allowed to overcome the drawbacks 

and limitations of limiter-based schemes. ENO schemes avoid interpolation across high-

gradient regions through biasing of the reconstruction. This biasing is achieved by 

reconstructing the solution on several stencils at each location and selecting the 

reconstruction which is in some sense the smoothest. This allows ENO schemes to retain 

higher-order accuracy near high-gradient regions. However, the selection process can lead to 

convergence problems and loss of accuracy in regions with smooth solution variations. To 

counter these problems, the so-called weighted ENO scheme introduced by Liu et al.  [105] is 

designed to present better convergence rate for steady state problems, better smoothing for 

the flux vectors, and better accuracy using the same stencils than the ENO scheme. WENO 

scheme uses a suitably weighted combination of all reconstructions rather than just the one 

which is judged to be the smoothest. The weighting is designed to favor the smooth 

reconstruction in the sense that its weight is small, if the oscillation of a reconstructed 

polynomial is high and its weight is order of one, if a reconstructed polynomial has low 

oscillation. Qiu and Shu initiated the use of WENO scheme as limiters for the DG method 

 [106] for solving 1D and 2D Euler equations on structured grids. 

Later on, they constructed a class of WENO schemes based on Hermite polynomials, termed 

as HWENO (Hermite WENO) schemes and applied this HWENO as limiters for the DG 

methods  [107] [108]. The main difference between HWENO and WENO schemes is that the 

former has a more compact stencil than the latter for the same order of accuracy. 
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Unfortunately, implementation of both ENO and WENO schemes is fairly complicated on 

arbitrary meshes, especially in 3D. In fact, there are very few results obtained using 

ENO/WENO on unstructured grids in 3D especially for higher-order reconstruction. Harden 

and Chakravarthy  [109], Abgrall  [110], and Sonar  [111] presented the first implementation of 

ENO schemes on unstructured triangular grids. Implementations of WENO methods on 

unstructured triangular grids were also presented by Friedrich  [112] and Hu and Shu  [113]. 

In the present work, a WENO reconstruction scheme based on the Hermite polynomials is 

presented and used as a non-linear limiter for a discontinuous Galerkin method to solve the 

MHD equations on arbitrary grids. The new reconstruction scheme makes use of the 

invaluable information, namely derivatives that are handily available in the context of the 

discontinuous Galerkin method, thus making the implementation of WENO schemes 

straightforward on unstructured grids in both 2D and 3D. Only the van Neumann 

neighborhood is required for the construction of stencils, regardless of the order of solution 

polynomials to be reconstructed. The resulting HWENO reconstruction keeps full 

conservation of mass, momentum, and energy, is uniformly accurate with no overshoots and 

undershoots, is easy to implement on arbitrary meshes, has good convergence properties, and 

is computationally efficient. 

A typical WENO cell-centered finite volume reconstruction scheme for a function u consists 

of the following steps: 
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1. Identify a number of admissible stencils S1; S2; . . . ; Sm for a cell Ωe consisting of the 

neighboring cells, such that the cell itself Ωe belongs to each stencil. Note that a stencil can 

be thought of as a set of cells that can be used to obtain a polynomial reconstruction. 

2. Reconstruct the function u for each stencil Si by a polynomial Pi based on the mean values 

of the function u on each cell in the stencil Si 

3. Compute an oscillation indicator oi for each reconstructed polynomial Pi. 

4. Calculate weights wi for each Pi using oscillation indicator such that the sum of wi is one. 

5. Find the reconstruction polynomial p as the weighted sum of the Pi,      
 
      

There are some contradictory arguments here, On the one hand, the stencils should have a 

small diameter and are well centered with respect to Ωe to obtain high accuracy and stability 

in smooth regions. The number of stencils should be small to reduce the computational cost; 

On the other hand, ENO methods are based on the idea that in case of non-smooth regions 

one-sided stencils are chosen to avoid interpolation across discontinuities. The number of 

stencils should be large enough to avoid any oscillation in the solutions and keep the scheme 

stable. 

For the construction of a polynomial of degree p, the dimension of the polynomial space, N 

=N(P,d) depends on the degree of the polynomials of the expansion p, and the number of 

spatial dimensions d. One must have 3, 6, and 10 cells in 2D and 4, 10, and 20 cells in 3D for 

the construction of a linear, quadratic, and cubic Lagrange polynomial, respectively. 

Undoubtedly, it is an overwhelmingly challenging, if not practically impossible, task to 

judiciously choose a set of admissible and proper stencils that have such a large number of 
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cells on unstructured grids especially for higher-order polynomials and higher dimensions. 

This explains why the application of higher-order ENO/WENO methods hardly exists on 

unstructured grids, in spite of their tremendous success on structured grids and their superior 

performance over the MUSCL/TVD methods. 

However, the number of cells needed for a polynomial reconstruction can be significantly 

reduced, if a Hermite polynomial is used instead of a Lagrange one. This is only possible, if 

the first derivatives of the function to be reconstructed are known on the cells. Fortunately, 

this is exactly the case for the discontinuous Galerkin methods where the derivatives are 

handily available on each cell. Here, we confine ourselves to the case of Hermite WENO 

reconstruction for a linear polynomial P1. However, the idea can be used for the 

reconstruction of higher-order polynomials as well, though the second and higher derivatives 

need to be taken into consideration. The reconstruction process of the HWENO schemes for 

the DG methods is based on the approximation of mean and first derivative values of the 

flow variables for each cell in the mesh. The stencils are only chosen in a Von Neumann 

neighborhood in order to be compact and consistent with the DG method. More precisely, for 

cell Ωe, the following three stencils (ΩeΩaΩb; ΩeΩbΩc; ΩeΩcΩa), shown in Figure  3.4, are 

chosen to construct a Lagrange polynomial such that 
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Figure ‎3.4 Von Neumann neighborhood of cell e to use in Hermit WENO reconstruction 

 

 

    
      
  

   
 

    
      
  

   

 

    
      
  

                       

 

(3.77)  

and the following four stencils (ΩeΩe; ΩeΩa; ΩeΩb; ΩeΩc) are chosen to construct a Hermite 

polynomial such that 

 

    
      
  

   
 

    
 

   

   
   

  

    

   
 
 

             

 

(3.78)  

The present choice is unique, symmetric, compact, and most importantly consistent with the 

underlying DG methods, as only van Neumann neighbors are involved in the reconstruction. 

This means that no additional data structure is required and the compactness of the DG 

methods is maintained. Note that the number of the resulting stencils, except the solution 

polynomial itself, is six in 2D, exactly the same as the ones used in  [104]  [115] and eight in 

3D. Since the first derivatives are handily available in the DG method, there is no need to 



 

 

64 

actually reconstruct the four Hermite polynomials in 2D (five in 3D) and only the three 

Lagrange polynomials in 2D (four in 3D) need to be reconstructed, representing a big saving 

in computing costs. 

After the polynomial reconstruction is performed for each cell, an oscillation indicator is 

sought to assess the smoothness of P. Following the results presented in the literature  [115], 

the oscillation indicator used in the present work is the one proposed by Jiang and Shu  [116], 

which was later modified by Friedrich  [115]. The oscillation indicator for the reconstructed 

polynomial Pi can be defined as 

         
   

   
 

 

  
  

 

 
 

 (3.79)  

where h is the mesh width. 

Unlike the ENO schemes, the WENO schemes use all the computed polynomials. These 

polynomials are added together through the use of weights which are determined for each 

one of the polynomials as proportional to its respective oscillation indicator. The main idea in 

the WENO reconstruction is to attribute the computed weights for each polynomial with the 

aim of reconstructing a new polynomial as      
 
      . The weights are computed as 

   
          

  

           
   

   

 (3.80)  

where γ is a positive number. This type of limiting is fundamentally different from the one 

used in TVD schemes. Reconstruction scheme based on the WENO limiting weights 

gradients obtained from neighboring stencils in order to continuously eliminate these which 

cause oscillations. From the perspective of both computational cost and numerical accuracy, 
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the above HWENO limiting should only be used in the regions where strong discontinuities 

exist. This can be accomplished using the so-called discontinuity detectors, which are helpful 

to distinguish regions where solutions are smooth and discontinuous. The beauty of this 

HWENO limiter is that in case that the limiting is mistakenly applied in the smooth cells, the 

uniform high-order accuracy can still be maintained, unlike the slope limiters, which, when 

applied near smooth extrema, will have a profoundly adverse impact on solution in the 

smooth region, leading the loss of the original high-order accuracy. This remarkable feature 

of the HWENO limiter in turn alleviates the burden on the discontinuity detectors, as no 

discontinuity detectors can really either in theory or in practice makes a distinction between a 

stagnation point and a shock wave, as flow gradients near the stagnation point are even larger 

than the ones near the shock wave in some cases. All numerical experiments to be presented 

in the next section are performed by applying the limiters everywhere in an effort to ensure 

that the computational results are not affected by a shock detector, and to demonstrate the 

superior properties of the designed HWENO limiter. 

3.5  HLLD Riemann Solver 

In Finite Volume (FVM) method and also Discontinuous Galerkin (DG) Method we use 

integral form of equations. To do so, for example in traditional FV that is base for DG we 

take integral of equation  (2.9) over domain Ω: 

  
  

  
 

  

  
 

  

  
 

  

  
 

 

     (3.81)  

Applying divergence theorem over equation  (3.81): 
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         (3.82)  

In which      is outward unit vector normal to boundaries Γ of domain Ω: 

                      (3.83)  

It is more convenient for Finite Volume (FV) method to write equation  (3.82) as below: 

  
     

  
 

 

      

 

     (3.84)  

In which Fn is flux vector normal to the interface between two cells (normal to the boundary 

of domain): 

   

 

 
 
 
 
 

   

              

              

              

                 
        

        

         

 
 
 
 
 

 (3.85)  

Where normal velocity and normal magnetic vectors are defined as below: 

                                              (3.86)  

                                                    (3.87)  

We define Alfven wave speeds as follow normal to boundary: 

        
    

  
 (3.88)  

In which Bn is the magnetic vector normal to boundary and ρ is density. Also speeds of sound 

as follow: 
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 (3.89)  

Where γ is specific heat ratio and p is pressure. In MHD there are two fast and slow waves 

defining as below: 

           
 

  
       

         
          

         
  

 
        

        
  

 
 

 (3.90)  

With these definitions flux vector Fn at equation  (3.85) has 8 eigenvalues as below: 

                                        (3.91)  

As we see in equation  (3.84), we face with Riemann problem. To solve this problem there are 

different ways. The Godunov method and its high-order extensions require the solution of the 

Riemann problem. In practical computation this is solved billions of times, making the 

Riemann problem solution process the single most demanding task in the numerical method. 

The exact Riemann solvers requires an iterative procedure to solve a nonlinear problem and 

the associated computational effort may not always be justified. This effort may increase 

dramatically by the complexity of the equations of state or the complexity of the particular 

system of equations being solved. For MHD, the exact Riemann solver is far more costly 

than the case of Hydrodynamic. 

The HLLC-type Riemann solvers for MHD as reviewed by Miyoshi and Kusano  [93] may 

have some inconsistency with respect to the jump conditions without a particular treatment. 

They suppose that the HLLC-type solvers may include inconsistency between the assumption 

of constant normal velocity and the two-state approximation of the intermediate states in the 

Riemann fan. Therefore, they constructed the multi-state (more than two-state) HLL 
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Riemann solver for the MHD equations based on the same basic assumption as that in the 

HLLC Riemann solver for the Euler equations. 

They assumed that the normal velocity is constant over the Riemann fan. Their assumption 

which is the same as in the HLLC solver  [94] leads to the following noticeable conclusions: 

The normal velocity in the Riemann fan corresponds to the speed of the middle (entropy) 

wave. The total pressure is constant over the Riemann fan. Slow shocks cannot be formed 

inside the Riemann fan. Rotational discontinuities propagating with the Alfve´n waves, on 

the other hand, may be generated. The latter two conclusions suggest that, in order to 

construct a more accurate HLL Riemann solver for MHD than the single-state HLL solver, 

the Riemann fan may be divided into four intermediate states,   
   

    
    

  as 

illustrated in Figure  3.5. Therefore, we consider the approximate Riemann problem in the 

four-state Riemann fan separated by one entropy and two Alfve´n waves, SM and SL; SR. 

Miyoshi and Kusano  [93] developed their formulation for MHD problem in x direction and 

neglected flux terms in y and z direction. Here we extend their formulation for general one 

dimensional problem normal to the boundaries as we need in FV and DG method. Here we 

use equations of  (3.84) and  (3.85) and vector values are normal values.  

The choice of SM, in the present solver, is to evaluate the average normal velocity from the 

HLL average  (3.91) as Batten et al.  [95] and Gurski  [96] did: 
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   (3.92)  

In order to obtain the exact upper and lower bounds of the signal speeds for the Riemann 

problem, complicated exact solutions for the MHD Riemann problem are needed [95]. 

Therefore, SL and SR may be estimated approximately by  [93] or  [96]. Here we have the 

explicit expressions of the largest and smallest eigenvalues for MHD in  (3.90) and  (3.91), 

other estimations may be utilized, for instance such that 

SL=min(vn,L  , vn,R) - max(Cfast,L  , Cfast,R) (3.93)  

SR=max(vn,L  , vn,R) + max(Cfast,L  , Cfast,R) (3.94)  

Having SL and SR in hand, we can write jump condition around SL and SR : 
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  SR 

  
   

   

Figure ‎3.5 Schematic structure of 4 states Riemann fan for HLLD Riemann Solver 
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(3.95)  

In which α is L or R and BM is defined as below: 

   
         

 
 (3.96)  

The normal velocity and total pressure assumed to be constant all over the Riemann fan; this 

assumption is consistent with jump condition 

    
      

      
       

      (3.97)  

    
      

      
       

     
  (3.98)  

    
                         

      
       (3.99)  

First row of equation  (3.95) gives us the following relation for density at star region 

  
    

       

     
 (3.100)  

Manipulating rows 2-4 of equation  (3.95) gives the following relations for velocity at star 

region: 
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    (3.101)  

  
  

 
 

 
 

                             

                              

    
                 

 

 
                       

    (3.102)  

  
    

                             

                              

    
                

                        
    (3.103)  

From fifth equation we have the following relation for total energy 

  
   

  
  

                                            
    

  

       
 (3.104)  

We also do same thing for rows 6-8 for magnetic filed 

    
  

    
                            

       
 (3.105)  

    
  

    
                            

       
 (3.106)  

    
  

    
                            

       
 (3.107)  

From jump condition around any wave speed S*: 

  
    

   (3.108)  

We also define the intermediate wave speeds: 

  
     

    

   
 

  
     

    

   
 

 (3.109)  

If      writing jump condition around SM: 

  
      

           
      

     
  

  
      

           
      

     
  

  
     

          
      

     
  

 (3.110)  
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Substituting equations  (3.108),  (3.109), and  (3.110) into integral conversation law over the 

Riemann fan, i.e. : 

      
    

     
       

         
    

      
       

  

                   
(3.111)  

Gives the following relations for vector components: 

  
   

 
    

    
          

    
                   

                            

 

 
    

   
 

 
    

   
 
 

  
(3.112)  
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And finally writing jump condition around   
  and   

  the following relations for total energy 

obtained: 
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     (3.118)  

  
    

     
   

             
     

    
      

     
     (3.119)  

In which “sign” is Sign function. Finally we calculate fluxes using the following relation: 

      

 
 
 
 

 
 
 

                  

  
          

 

  
      

      

  
           

 

  
     

      

                    

  (3.120)  

After above assumption for ** regions we see that variables for   
   and   

   are the same. So 

as shown in Figure  3.6 the four states Riemann fan reduces to three states Riemann fan. 

Miyoshi Kusano  [93] named this Riemann solver as HLLD Riemann solver in which HLL 

comes from Harten, Lax, and Van Leer. Here, ‘‘D’’ stands for Discontinuities. In absence of 

magnetic field equation  (3.109) reduces to SM and HLLD Riemann Solver become HLLC 

Riemann solver. 
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  SR 

    

   

Figure ‎3.6: Final 3 states Rimann fan for HLLD Riemann solver after above assumptions 
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3.6  Divergence Free 

For multidimensional MHD one also needs to handle the non-trivial       constraint. 

Even if satisfied at t=0 one can still generate       numericallydue to the nonlinearity of 

the equations. Beside the fact that this is undesirable physically, if no correction taken at all, 

accumulated errors can lead to numerical divergence of the method. 

A through comparison of seven different methods on nine different two dimensional test 

cases has been done on  [97]. Here we briefly mention few different methods to handle 

divergence free criteria in modern state of the art MHD codes. 

3.6.1 Vector Potential  

One way of satisfying divergence free is replacing magnetic field by a vector potential 

defined by: 

      (3.121)  

Analytically it guarantees the solenoidal magnetic field, but when evaluating B in some 

discrete manner from A the operator should still be chosen to satisfy  

          (3.122)  

Using A unavoidably increases the order of the occurring spatial derivatives. The need to 

express boundary conditions on A instead of B when using ghost cells is also a non-trivial 

complication. This can be avoided by directly prescribing fluxes at the boundary instead. 

From the discussion of characteristic based solvers, it is clear that they conflict with using the 

vector potential as basic solvers, though the vector potential can be successfully exploited. 
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3.6.2 Projection Method  

This method originally proposed by Brackbill and Barnes  [98] in this method one can 

combine any multi-dimensional method with a projection scheme strategy which controls 

numerical values of divergence of magnetic field (       in a particular discretization to 

a given accuracy. The Idea is to correct the B
*
computed numerically which does not satisfy 

divergence free (      ) by projecting it on the sub-space of zero divergence solutions. 

Hence, we modify B
*
 by subtracting the gradient of a scalar field ϕ to be computed from the 

poison equation 

         (3.123)  

By construction this yields a solenoidal         which is then used in the next time 

step. This process can be repeated after each or only after certain number of time steps. It is 

important to note that accuracy up to which the poison problem is solved need not be 

machine precision, and that this approach keeps the order of accuracy of the base scheme, 

while not violating its conservation properties  [97]. This elliptic divergence cleaning 

indirectly affects the local balance of thermal to kinetic contributions to the total energy. It is 

possible to rather keep thermal energy unmodified, at the cost of given up exact conservation 

of total energy. 

The projection scheme in essence uses numerical concept from incompressible fluid flow and 

on uniform Cartesian grids was shown  [97] to make the smallest possible correction to 

remove the divergence created by the base scheme. It corresponds to minimizing        
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under the solenoidal constraint. For the cases that initial state is not known analytically, it 

may even be useful to determine finite numerical divergence errors of the discrete initial B. 

3.6.3  Locally Divergence Free 

The idea of Locally Divergence Free (LDF) first used in Maxwell equations by Cockburn et 

al.  [90] then extended to satisfying divergence free criteria in MHD by Li and Shu  [91]. The 

advantage of this method is the use of approximate solutions that are exactly divergence-free 

inside each element for the magnetic field. As a result, using LDF has a smaller 

computational cost than the traditional discontinuous Galerkin method with standard 

piecewise polynomial spaces. They formulate the locally divergence-free discontinuous 

Galerkin method for the ideal MHD equations and performed extensive one and two-

dimensional numerical experiments for both smooth solutions and solutions with 

discontinuities. their results showed that the locally divergence-free discontinuous Galerkin 

method, with a reduced cost comparing to the traditional discontinuous Galerkin method, can 

maintain the same accuracy for smooth solutions and can increase the numerical stability of 

the method and reduce certain nonphysical oscillations in some of the test cases. 

They tried to find Uh ∈Vh, such that for all v ∈Vh such that equation  (3.38) holds, where Vh 

is the solution space, which is the same as the test space and given by 

     
               

   

  
 

   

  
   

        (3.124)  

with P
k
(K)=(P 

k
(K)), and P

k
(K) denotes the space of polynomials in K of degree at most k. 

By this definition, they had solution spaces which contain magnetic fields with zero 
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divergence within each element. They call these spaces the locally divergence-free spaces, 

and call the discontinuous Galerkin methods with these solution spaces the locally 

divergence-free discontinuous Galerkin methods. Since the solution space is a subspace of 

the standard piecewise polynomial space, we expect a saving in computational cost by using 

the locally divergence-free spaces. For   
      

   
 and   

      

   
 one set of orthogonal bases 

for two dimensional problems would be 

when k=1 

 
 

 
   

    

   
 
 
      

 
       

 

 
      

 

 
  (3.125)  

And for k=2 the following term should be added 

 
       

 
   

     
 
  

   
        

  
 
    

 
   

        
 

  
 

       
 

   
 

  
  (3.126)  

Here for our three dimensional MHD we try to find Uh ∈Vh, such that for all v ∈Vh equation 

 (3.38) holds, where Vh is the solution space, which is the same as the test space and given by 

     
               

   

  
 

   

  
 

   

  
   

        (3.127)  

Here after each time step we force divergence of magnetic field to be zero, i.e. after each 

time step we substitute derivative of Bz in z direction by sum of derivative of Bx in x direction 

and derivative of By in y direction.  
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Chapter 4 Temporal Discreitization 

In this Chapter, we discuss two different approaches for temporal discretization. First we 

introduce simple 1
st
 order Euler method, and then 4

th
 order Runge-Kutta method. Since our 

spatial discretization is at least 2
nd

 order, here we do not use 1
st
 order Euler method, because 

the temporal discretization is dominant and it will deteriorate the accuracy. We use 4
th

 order 

Runge-Kutta, and since we use CFL˂1.0 and the method is 4
th

 order, temporal discretization 

error is not dominant anymore, so we can study spatial order of our method. Here 1
st
 order 

Euler method is presented just for comparison with 4
th

 order Runge-Kutta. 

4.1  Euler’s Method 

Euler’s method is a numerical technique to solve ordinary differential equations of the form 

    00,, yyyxf
dx

dy
  (4.1)  

So only first order ordinary differential equations can be solved by using Euler’s method. As 

an example we have the following equation 

  50,3.12   yey
dx

dy x
 (4.2)  

Rewriting in the form of equation  (4.1) we will have 

  50,23.1   yye
dx

dy x
 

In this case 

  yeyxf x 23.1,    
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At 0x  we are given the value of .0yy   Lets call 0x  as 0x . Now since we know the 

slope of y  with respect to x , which is  yxf , , then at 0xx  , the slope is  00 , yxf . Both 0x  

and 0y  are known from the initial condition   00 yxy  . 

 

 

 

 

So the slope at 0xx   as shown in Figure  4.1 is 

Slope 
Run

Rise


01

01

xx

yy




  00 , yxf  (4.3)  

From here 

  010001 , xxyxfyy   (4.4)  

Calling 01 xx  the step size h , we get 

 y 

Φ 

Step size, h 

x 

),( 00 yx  

True value 

y1, Predicted value 

1x  

Figure ‎4.1 Graphical interpretation of the first step of Euler’s method. 



 

 

80 

 hyxfyy 0001 ,  

One can now use the value of 1y  (an approximate value of y  at 1xx  ) to calculate 2y , and 

that would be the predicted value at 2x , given by 

 hyxfyy 1112 ,  

hxx  12  

Based on the above equations, if we now know the value of iyy   at ix , then 

 hyxfyy iiii ,1   (4.5)  

This formula is known as Euler’s method and is illustrated graphically at Figure  4.2. In some 

books, it is also called the Euler-Cauchy method. 

 

 

Euler’s method has large errors. This can be illustrated using the Taylor series. 

 Φ 

Step size 

h 

 

yi 

y 

True Value 

 yi+1, Predicted value 

x 
xi xi+1 

Figure ‎4.2 General graphical interpretation of Euler’s method. 
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      ...
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1
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1
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1   ii

yx

ii

yx

ii

yx

ii xx
dx

yd
xx

dx

yd
xx

dx

dy
yy

iiiiii

    ...),(''
!3

1
),('

!2

1
))(,(

3

1

2

11   iiiiiiiiiiiii xxyxfxxyxfxxyxfy  

(4.6)  

As you can see the first two terms of the Taylor series 

 hyxfyy iiii ,1   

are Euler’s method. If we divide both sides by h, the true error in the approximation is given 

by 

   
...

!3

,

!2

, 2 





 h
yxf

h
yxf

E iiii
t  (4.7)  

So this method is first order and is not appropriate for our simulation in which we want to 

solve MHD equation with DG method that is at least 2
nd

 order accurate in space. 

4.2  Forth order Runge-Kutta Method 

Runge-Kutta methods are single-step methods, however, with multiple stages per step. These 

methods do not require derivatives of the right-hand side function f in the code, and are 

therefore general-purpose initial value problem solvers. Runge-Kutta methods are among the 

most popular ODE solvers. They were first studied by Carle Runge and Martin Kutta around 

1900. Modern developments are mostly due to John Butcher in the 1960s. The Runge-Kutta 

4
th

 order method is based on the following 

 hkakakakayy ii 443322111   (4.8)  

where knowing the value of y=yi at xi we can find the value of y=yi+1 at xi+1 and 
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ii xxh  1  (4.9)  

Equation  (4.8) is equated to the first five terms of Taylor series 

     

 41,4

4

3

1,3

3
2

1,2

2

1,1

!4

1

!3

1

!2

1

iiyx

iiyxiiyxiiyxii

xx
dx

yd

xx
dx

yd
xx

dx

yd
xx

dx

dy
yy

ii

iiiiii









 (4.10)  

Knowing that  yxf
dx

dy
,  and xi+1-xi=h 

 

        4'''3''2'

1 ,
!4

1
,

!3

1
,

!2

1
, hyxfhyxfhyxfhyxfyy iiiiiiiiii   (4.11)  

Based on equating equation  (4.8) and equation  (4.10), one of the popular solutions used is  

 hkkkkyy ii 43211 22
6

1


 

 ii yxfk ,1   









 hkyhxfk ii 12

2

1
,

2

1

 









 hkyhxfk ii 23

2

1
,

2

1

 

 hkyhxfk ii 34 ,   

(4.12)  

Here as an example we evaluate the following heat transfer problem to investigate 4
th

 order 

Runge-Kutta method. 

A ball at 1200 K is allowed to cool down in air at an ambient temperature of 300 K. 

Assuming heat is lost only due to radiation, the differential equation for the temperature of 

the ball is given by  



 

 

83 

     K12000,1081102067.2 8412   


dt

d
 

where   is in Kelvin and t  in seconds. We want to find the temperature at 480t  seconds 

using Runge-Kutta 4
th

 order method. Assume a step size of 240h  seconds. 

  8412 1081102067.2   


dt

d
 

    8412 1081102067.2,   tf  

  hkkkkii 43211 22
6

1
   

 For 0i , 00 t , K12000   

  001 ,tfk   

  1200,0f  

  8412 10811200102067.2    

 5579.4  

 







 hkhtfk 1002

2

1
,

2

1
  

     







 2405579.4

2

1
1200,240

2

1
0f  

  05.653,120f  

  8412 108105.653102067.2    

 38347.0  
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 







 hkhtfk 2003

2

1
,

2

1
  

     







 24038347.0

2

1
1200,240

2

1
0f  

  0.1154,120f  

  8412 10810.1154102067.2    

 8954.3  

  hkhtfk 3004 ,    

   240894.31200,2400  f  

  10.265,240f  

  8412 108110.265102067.2    

 0069750.0  

 hkkkk )22(
6

1
432101   

       240069750.08954.3238347.025579.4
6

1
1200   

   2401848.21200   

 K65.675  

1  is the approximate temperature at 

 1tt   

   ht  0  
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             2400  

             240  

  2401    

                K65.675  

For K65.675,240,1 11  ti  

  111 ,tfk   

            65.675,240f  

            8412 108165.675102067.2    

           44199.0  

 







 hkhtfk 1112

2

1
,

2

1
  

 

    







 24044199.0

2

1
65.675,240

2

1
240f

 

  61.622,360f  

  8412 108161.622102067.2  

 

 31372.0  

 







 hkhtfk 2113

2

1
,

2

1
  

     







 24031372.0

2

1
65.675,240

2

1
240f  

  00.638,360f  
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  8412 108100.638102067.2    

 34775.0  

  hkhtfk 3114 ,    

             24034775.065.675,240240  f  

            19.592,480f  

            8412 108119.592102067.2    

           25351.0  

 hkkkk )22(
6

1
432112   

        24025351.034775.0231372.0244199.0
6

1
65.675   

   2400184.2
6

1
65.675   

 K91.594  

2  is the approximate temperature at  

 2tt   

 ht  1  

           240240  

              480  

  4802    

 K91.594  
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Figure ‎4.3 Comparison of Runge-Kutta 4
th

 order method with exact solution for different step 

sizes 

 

Figure  4.3 compares the exact solution with the numerical solution using the Runge-Kutta 4
th

 

order method with different step sizes. Table  4.1 and Figure  4.4 show the effect of step size 

on the value of the calculated temperature at t=480 seconds. 

Table ‎4.1 Value of temperature at t=480 second for different step sizes 

Step size, h   480  tE
 

480 -90.278 737.85 

240 594.91 52.660 

120 646.16 1.4122 

60 647.54 0.033626 

30 647.57 0.00086900 
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Figure ‎4.4 Effect of step size in Runge-Kutta 4th order method. 

 

In Figure  4.5 the exact results with Euler’s method (Runge-Kutta 1
st
 order method), Heun’s 

method (Runge-Kutta 2
nd

 order method), and Runge-Kutta 4
th

 order method are compared. 

 

Figure ‎4.5 Comparison of Runge-Kutta methods of 1
st
 (Euler), 2

nd
, and 4

th
 order. 
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The formula described in this chapter was developed by Runge. There are other versions of 

the 4
th

 order method just like there are several versions of the second order methods. The 

formula developed by Kutta is 

 hkkkkyy ii 43211 33
8

1


 

 ii yxfk ,1   









 12

3

1
,

3

1
hkyhxfk ii

 









 213

3

1
,

3

2
hkhkyhxfk ii

 

 3214 , hkhkhkyhxfk ii   

(4.13)  

This formula is the same as the Simpson’s 3/8 rule, if  yxf ,  is only a function of x . 
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Chapter 5 Results  

Computational results for a number of test cases are presented in this Chapter. All the 

algorithms presented above are coded using the programming language Fortran F95. Since 

the present RDG method is developed and implemented on arbitrary grids, which can contain 

one or combination of the four most common element types: tetrahedra, prisms, pyramids, 

and hexahedra, the resultant RDG3D code has the ability to compute 1D, 2D, and 3D 

problems, which greatly alleviates the need and pain for the code maintenance and upgrade. 

Results for one-dimensional flow problems can be readily obtained by setting the number of 

cells in both y- and z-directions to be 1 using a hexahedral grid. For two-dimensional 

problems, the number of cells in the z-direction is simply set to be 1, while both hexahedral 

and prismatic cells can be adopted, that are equivalent to quadrilateral and triangular grids in 

2D, respectively. A number of test cases are chosen to test if the designed RDG(P1P2) 

method is able to achieve the designed third-order rate of convergence for smooth flows 

problems, while a number of test cases are used to assess the non-oscillatory property of the 

HWENO(P1P2) method for flows with strong discontinuities. Time integration is carried out 

by the 4
th

 order Runge-Kutta method to ensure that the spatial discretization errors are 

dominant in these cases.  

5.1  One Dimensional Problems 

Two one-dimensional shock tube problems presented at  [93] are considered in this section. 

The numerical solutions are obtained using 800 grid cells and a CFL number of 0.6. The   
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initial conditions for the first test are the following : (ρ ,p ,u ,v ,w ,Bx ,By ,Bz )=(1.0 ,1.0 ,0.0 

,0.0 ,0.0 , 0.75, 1.0 , 0.0 ) for 0≤x≤0.5 and (ρ ,p ,u ,v ,w ,Bx ,By ,Bz )=(0.125 ,0.1 ,0.0 ,0.0 ,0.0 , 

0.75, -1.0 , 0.0 ) for 0.5≤x≤1.0. The numerical solutions obtained by the three DG(P0), 

DG(P1), and WENO(P1P1) (DGP1-WENO limiter) methods at time t=0.1 are presented in 

Fig. 5.1. Since this is 1D problem, the flux functions in both Y- and Z- directions, G and H, 

are set to be zero. 
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Figure ‎5.1 One dimensional shuck tube problem with γ=5/3 at time t=0.1 Results of different 

solvers DGP0, DGP1, and DGP1-WENO-limiter are shown for density, pressure, u,v, and By 
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 The initial conditions for the second test case are set to be  (ρ ,p ,u ,v ,w ,Bx ,By ,Bz )=(1.08 

,0.95 ,1.2 ,0.01 ,0.5 , 4/    , 3.6/     , 2.0/     ) for 0≤x≤0.5 and (ρ ,p ,u ,v ,w ,Bx ,By ,Bz 

)=(1.0 ,1.0 ,0.0 ,0.0 ,0.0 , 4/    , 4.0/     , 2.0/     ) for 0.5≤x≤1.0. This problem has a 

strong discontinuity in the middle of domain that propagates in terms of shock and expansion 

waves across domain. The numerical solutions at time t=0.2 obtained by the DG(P0) and 

DG(P1) and WENO(P1P1), are presented in Figure 5.2, where the HLLD Riemann solver is 

used to compute the numerical fluxes at interfaces. One can observe that DG(P1) with 

WENO limiter, ie., the WENO(P1P1) method yields the best results among the three methods, 

being less dissipative and dispersive around sharp corners, though all three methods produce 

the same results for the constant smooth regions as expected. 
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Figure ‎5.2 One dimensional shuck tube problem with γ=5/3 at time t=0.2 Results of different 

solvers DGP0, DGP1, and WENO limiter-DGP1 with HLLD Riemann solvers are shown for: 

density(top left), Pressure (top right), u (mid left), v (mid right) By(bottom left) 
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5.2  Two Dimensional Test Cases 

This section presents the numerical results obtained using the RDG methods for the two-

dimensional MHD problems on both structured and unstructured grids. Since these are 3D 

simulations of 2D problems, the number of cells in the Z-direction is set to be one.   

5.2.1 MHD Blast Wave 

The classical MHD blast wave problem  [93] is considered in this test case, where γ=1. The 

computational domain for this problem is a square with a length of unity, i.e. [0,1]*[0,1]. In 

the middle of domain there is a high pressure part with a radius of 0.1 which has pressure of 

1000 and pressure at rest of domain is 0.1. Initially, the flow is at rest and has density of 

unity and    = (100/     ,0 ,0). Figure  5.3 shows two types of computational grids used for 

this MHD blast wave problem. The computational results at time t=0.01 obtained on 

structured hexahedral grids are shown in Figs 5.4-11, while those obtained on unstructured 

prismatic grids are shown in Figure  5.12-5.19. Figure 5.20 compares the density profiles at 

y=0.5 obtained by the DG(P0) and WENO(P1P1) solutions with different values of γ in Eqa. 

(3.80). Clearly, the numerical solutions are not very sensitive to the choice of weighting 

coefficient γ. Note that the DG(P1) method suffers from the non-linear instability because of 

the strong shocks, unable  to produce a stable solution for this problem. 
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Figure ‎5.3 Hexahedral and Prismatic cells used for MHD Blast wave in a domain of 

[01,1]*[0,1] 
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Figure ‎5.4 Density contours for MHD blast wave 
on hexahedral grid 

 

Figure ‎5.5 Pressure contours for MHD blast wave 
on hexahedral grid 

 

 

 

Figure ‎5.6 X-velocity component contours for 
MHD blast wave on hexahedral grid 

 

Figure ‎5.7 Y-velocity component contours for 
MHD blast wave on hexahedral grid 
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Figure ‎5.8 Bx contours for MHD blast wave on 
hexahedral grid 

 

Figure ‎5.9 By contours for MHD blast wave on 
hexahedral grid 

 

 

 

Figure ‎5.10 Velociy magnitude contours for MHD 
blast wave on hexahedral grid 

 

Figure ‎5.11 Magnetic field magnitude contours 
for MHD blast wave on hexahedral grid 
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Figure ‎5.12 Density contours for MHD blast wave 
on Prismatic cells 

 

 

 

Figure ‎5.13 Pressure contours for MHD blast 
wave on Prismatic cells 

 

Figure ‎5.14 X-velocity contours for MHD blast 
wave on Prismatic cells 

 

Figure ‎5.15 Y-velocity contours for MHD blast 
wave on Prismatic cells 
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Figure ‎5.16 Bx contours for MHD blast wave on 
Prismatic cells 

 

 

 

Figure ‎5.17 By contours for MHD blast wave on 
Prismatic cells 

 

Figure ‎5.18 Velocity magnitude contours for 
MHD blast wave on Prismatic cells 

 

Figure ‎5.19 Magnetic field magnitude contours 
for MHD blast wave on Prismatic cells 
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Figure ‎5.20 Effect of WENO limiter on DGP1 results for MHD blast wave. Density values at 

y=0.5 

 

5.2.2 Two Dimensional Vortex 

The convection of an inviscid isentropic vortex is a well-known test case, which is widely 

used in the literature to assess the accuracy of the numerical methods. The exact solution for 

this case at any time t is the initial solution translated over a distance V∞t for a convecting 

vortex, providing a valuable reference for measuring the accuracy of the numerical solution. 

The initial condition is a linear superposition of a mean uniform flow with some 

perturbations.1 The domain assumed to have a uniform flow with initial conditions (ρ , u , 

v , p ,Bx,By,Bz)=(1,1,1,1,0,0,0) all over the field. The perturbation as follow is added to the 

main flow 
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Where          
        

 , x0 and y0 are the coordinate of center of vortex, and ε is 

the vortex strength. From ρ=ρ∞+δρ, u=u∞+δu, v=v∞+δv, T=T∞+δT, and the isentropic relation, 

other physical variables can be determined as follows 
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In this test case, the vortex strength is ε=5, and the center of vortex is located at (5,5). The 

computational domain is a square of [0,10]x[0,10] and the periodic boundary conditions are 

imposed. The numerical solutions are obtained after one period of time t=1, and compared 

with the exact solution simply given by the initial condition. Figure  5.21 shows the two 

different types of meshes used in this test case. The computed results obtained on these two 

grids are presented in Figure  5.22-5.26. Figs. 52.27-5.28 provide the details of the spatial 

convergence in terms of L1-, L2-, and L∞-norm for this numerical experiment obtained by the 

DG (P1) and RDG (P1P2) methods on prismatic and hexahedral grids, respectively. As 

expected, on both prismatic and hexahedral grids, the DG method exhibits a full O(h
p+1 

) 

order of convergence and the RDG method does offer a full O(h
p+2

) order of the 

convergence, adding one order of accuracy to the underlying DG(P) method. 
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Figure ‎5.21computational grid used for isentropic vortex, left: Hexahedral cells on x-y plane, 

Right Prismatic cells in x-y plane 

 

 

 

Figure ‎5.22 Density contours for fluid vortex problem, left: density on structured grid, right: 

density on unstructured grid 
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Figure ‎5.23Pressure contours for fluid vortex problem, left: pressure on structured grid, right: 

pressure on unstructured grid 

 

 

 

Figure ‎5.24 u contours for fluid vortex problem, left: velocity on structured grid, right: 

velocity on unstructured grid 
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Figure ‎5.25 v contours for fluid vortex problem, left: velocity on structured grid, right: 

velocity on unstructured grid 

 

 

 

Figure ‎5.26 Velocity magnitude contours for fluid vortex problem, left: velocity on structured 

grid, right: velocity on unstructured grid 
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Figure ‎5.27Error and order of accuracy for fluid vortex problem on Hexahedral cells. left: 

DGP1, right: RDG 

 

 

  

Figure ‎5.28 Error and order of accuracy for fluid vortex problem with Prismatic cells. left: 

DG(P1), right: RDG(P1P2) 
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5.2.3 Two Dimensional MHD Vortex 

This test case is the two-dimensional isentropic vortex problem [20] and very similar to the 

previous isentropic vortex, but here there exists perturbation at magnetic field as well. The 

vortex is initialized on a square [0:10]*[0:10] with periodic BC’s. The uniform flow 

condition is (ρ ,p ,u ,v ,w ,Bx ,By ,Bz )=(1.0 ,1.0 ,1.0 ,1.0 ,0.0 , 0.0, 0.0 , 0.0 ) with perturbation 

on primitive variables as follow 

 
   

   
  

 

  
     

    

 
  

      

       
  

 
   

   
  

 

  
     

    

 
  

      

       
  

                
 

   
     

    

 
  

where (xc ,yc ) is the coordinate of center of domain, and          
        

 
, γ=5/3, 

η=ξ=1. All the computations are performed using a CFL number of 0.5. The computed 

density pressure, velocity, velocity magnitude  
        

 
 , and magnetic pressure  

  
    

    
 

 
  

contours at t=10 are presented in Fig. 5.29-5.37, respectively. For the sake of brevity, we just 

show the results obtained on prismatic grids, as the results obtained on  hexahedral grids are 

virtually identical. As observed DGP1 is 2
nd

 order and RDG is 3
rd

 order accurate in this 

problem. Figs. 5.38-5.39 provide the details of the spatial convergence  in terms of L1-, L2-, 

and L∞-norm for this two dimensional MHD vortex problem obtained by the DG(P1) and 

RDG(P1P2) methods on prismatic and hexahedral grids, respectively. Again, on both 

prismatic and hexahedral grids, the DG(P1) method exhibits a designed second order of 
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convergence and the RDG(P1P2) method offers a third order of the convergence, adding one 

order of accuracy to the underlying DG(P1) method.   
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Figure ‎5.29 Density contours for MHD vortex on Prismatic cells 

 

 

 

Figure ‎5.30 Pressure contours for MHD vortex on Prismatic cells 
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Figure ‎5.31 u contours for MHD vortex on Prismatic cells 

 

 

 

Figure ‎5.32 v contours for MHD vortex on Prismatic cells 
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Figure ‎5.33Velocity magnitude contours for MHD vortex on Prismatic cells 

 

 

 

Figure ‎5.34 Bx of magnetic field contours for MHD vortex on Prismatic cells 



 

 

116 

 

Figure ‎5.35 By of magnetic field contours for MHD vortex on Prismatic cells 

 

 

 

Figure ‎5.36 Bz of magnetic field contours for MHD vortex on Prismatic cells 
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Figure ‎5.37Magnetic pressure contours for MHD vortex on Prismatic cells 

 

  

Figure ‎5.38 Error and order of accuracy for MHD vortex problem on hexahedral cells. left: 

DGP1, right: RDG 
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Figure ‎5.39 Error and order of accuracy for MHD vortex problem on Prismatic cells. left: 

DGP1, right: RDG 

 

5.3  Three Dimensional Problems 

Finally, a three dimensional MHD problem is considered in this test case. This test case is 

chosen to assess the accuracy of the RDG method for 3D problems.   

5.3.1 Three Dimensional MHD Vortex 

The initial condition for this problem comes from the two dimensional MHD vortex, where 

we rotate vector of initial condition for two dimensional MHD, 45 degree around y axis. The 

initial conditions are again (ρ , u , v , p ,Bx,By,Bz)=(1,1,1,1,0,0,0) all over the field. The 

perturbation added to the main flow is as follows 
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where          
        

 , x0 and y0 are the coordinate of center of vortex, and ε is 

the vortex strength. The three dimensional rotation matrix around the y axis is  

       
             

   
              

  

 
 
 
 
   

 
 

  

 
   

 
  

 
 

  

  
 
 
 
 

 

where   
 

 
. The new coordinate system is then  

 
  

  

  

  

 
 
 
 
   

 
 

  

 
   

 
  

 
 

  

  
 
 
 
 

 
 
 
 
  

Using this new coordinate system at equations ** for initial condition and the rotational 

matrix over vector variables we will have the final initial condition 

 
 
 
 

  

 
 
 
 
   

 
 

  

 
   

 
  

 
 

  

  
 
 
 
 

 
     
     

 

  

 

  

  

  

  

 
 
 
 
   

 
 

  

 
   

 
  

 
 

  

  
 
 
 
 

 
   

   

 

  

In this test case, the vortex strength is ε=5, and the center of vortex is located at (0, 0). The 

computational domain, before rotation is a cube extended from [-5, 5] in three directions with 
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periodic boundary conditions. The numerical solutions obtained by both DG(P1) and 

RDG(P1P2) are presented at one period of time t=10. Fig. 5.40 provides the details of the 

spatial convergence in terms of L1-, L2-, and L∞-norm for this three dimensional MHD vortex 

problem obtained by the DG(P1) and RDG(P1P2) methods, respectively. Similar to the 2D 

test cases, one can observe again that the DG(P1) method exhibits a designed second order of 

convergence and the RDG(P1P2) method offers a third order of the convergence, adding one 

order of accuracy to the underlying DG(P1) method for this 3D MHD problem. Finally, the 

computed density pressure, velocity, velocity magnitude (u
2
+v

2
+w

2
)/2, and magnetic 

pressure (b_x
2
+b_y

2
+b_z

2
)/2 contours at t=10 are presented in Fig. 5.41-5.48, respectively. 

  

  

Figure ‎5.40 Errors and order of accuracy for DGP1 and RDG, three dimensional MHD 

vortex on Hexahedral cells 
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Figure ‎5.41 Density contours for three 
dimensional MHD vortex 

 

Figure ‎5.42Pressure contours for three 
dimensional MHD vortex 

 

 

 

Figure ‎5.43 u contours for three dimensional 
MHD vortex 

 

Figure ‎5.44 v contours for three dimensional 
MHD vortex 
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Figure ‎5.45 Bx of magnetic field contours for 
three dimensional MHD vortex 

 

Figure ‎5.46 By of magnetic field contours for 
three dimensional MHD vortex 

 

 

 

Figure ‎5.47 Bz of magnetic field contours for 
three dimensional MHD vortex 

 

Figure ‎5.48 Magnetic pressure contours for 
three dimensional MHD vortex 
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Chapter 6 . Concluding Remarks 

 A reconstructed discontinuous Galerkin method based on a Hierarchical WENO 

reconstruction: HWENO (P1P2), originally introduced for solving the compressible Euler 

equations, has been extended to solve the ideal Magnetohydrodynamic (MHD) equations on 

arbitrary grids in this research. The HWENO (P1P2) method is designed not only to enhance 

the accuracy of the underlying discontinuous Galerkin method, but also to avoid non-

physical oscillations in the vicinity of strong discontinuities. The Locally Divergence Free 

(LDF) technique is adopted to satisfy the divergence-free constraint in this work. The 

implementation of the LDF method is especially simple and straightforward in the context of 

our DG formulation, as the first derivatives of the solution are handily available due to the 

use of a Taylor basis in our DG formulation. The HLLD Riemann solver, introduced in the 

literature for one dimensional MHD problems, has been reformulated in the context of 

unstructured grid methods in the present work and extended to compute the flux functions at 

interfaces for three dimensional problems. A number of numerical experiments for a variety 

of flow conditions have been conducted to demonstrate the accuracy, robustness, and non-

oscillatory performance of the HWENO (P1P2) method. The numerical results obtained 

indicate that the developed HWENO (P1P2) method is able to provide sharp resolution of 

shock waves without over- and under-shoots in the vicinity of strong discontinuities and 

achieve the designed third-order of accuracy for smooth flows: one order accuracy higher 

than the underlying DG method, thus significantly increasing the accuracy of the underlying 

DG method without significant increase in computing costs and memory requirements.  
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Three main contributions have been made in this research towards the development of a 

higher-order numerical method to simulate 3D MHD flows on hybrid grids: extension of the 

RDG methods for solving MHD equations, extension of the HLLD scheme for computing the 

numerical fluxes of the MHD equations at interfaces, and adoption and implementation of the 

LDF scheme to impose the divergence-free constraint. Although some attractive features of 

the RDG methods, including more efficient per degree of freedom than either the FV or DG 

methods and lower memory requirement for implicit schemes to achieve a given order of 

accuracy than the DG methods, have been demonstrated for solving the CFD problems, the 

research conducted in this work strongly indicates the potential of the RDG methods for 

solving the MHD problems. A number of Riemann solvers, including the Roe Riemann 

solver, HLL Riemann solver, HLLC Riemann solver, Lax-Friedrich scheme, and HLLD 

Riemann solver, have been developed in the literature to compute the numerical fluxes at 

interfaces for the MHD equations which are much more complex than the compressible Euler 

equations. The HLLD Riemann solver, originally developed for one-dimensional problems 

and mainly used on Cartesian and structured grids, has been successfully extended to 

compute the fluxes for the MHD equations on hybrid grids. The HLLD method is less 

dissipative and more accurate and robust than other Riemann solvers for MHD problems and 

enjoys the property of positivity preserving. Divergence free of magnetic field is a constraint 

that should be satisfied in numerical MHD solutions implicitly, which still represents a great 

challenge on unstructured or hybrid grids. A number of different numerical methods have 

been developed in the literature to satisfy the divergence free constraint. Locally Divergence 
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Free (LDF) technique have been adopted and successfully implemented in our RDG method. 

The use of the LDF strategy is especially attractive and advantageous in the context of our 

DG formulation, where the first order derivatives of independent variables are handily 

available due to the use of the Taylor basis. In our implementation, one of the spatial 

derivatives of the magnetic field is simply replaced by the sum of the other two derivatives at 

the end of each time step, leading to a simple and efficient approach to impose the 

divergence free constraint. 

The current work only represents a first step towards developing an accurate, efficient, and 

robust computer code to simulate a variety of 3D MHD flows on arbitrary grids. The future 

work in the direction of the present research can be concentrated in two main categories: first 

the improvement and extension of the RDG method, and second the assessment and 

application of the developed RDG code to the MHD problems of practical and scientific 

interests.  

An implicit temporal discretization method will need to be implemented in order to obtain 

steady solutions or effectively simulate the problems of low reduced frequency phenomena 

with disparate temporal and spatial scales. As demonstrated for CFD problems in the 

literature, the development of such an implicit method for solving MHD problems can 

tremendously benefit from the RDG formulation, where the memory requirement for the 

RDG methods is substantially lower than for the DG methods. The low storage requirement 

is especially important for solving the MHD equations, consisting of a nonlinear system of 

eight equations in 3D. Although the RDG formulation has the potential of delivering higher 
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accuracy with less computing cost for solving the MHD equations, the overall computational 

requirements are still very substantial for complex problems. As a consequence, practical 

computations for complex geometries require the use of parallel computing to produce results 

within an acceptable timescale. This is true both for production calculations and during the 

code development. The current RDG code needs to be transformed to run on massively 

parallel computing architectures so that it can become practically useful for realistic MHD 

flow applications. 

The current RDG code must undergo extensive validation and verification process against 

benchmark test cases and test cases of interest to NASA before it can be trusted and used for 

simulating a variety of MHD flows. This is especially crucial for a MHD code, because of a 

lack of available experimental data in MHD. The performance of the developed RDG code 

needs to be assessed in terms of both accuracy and efficiency in comparison with the 

ADAPT3D code at NASA Goddard Space Flight Center for these test cases. A comparative 

study between the RDG and ADAPT3D codes will ultimately tell us if the higher-order RDG 

code can outperform the second order finite volume-based ADAPT3D code for these test 

cases relevant to the NASA mission. 
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Appendix A: Derivation of Governing Equations  

At this appendix we present the conservation equations for MHD. Since Maxwell equations, 

which are fundamental equations of electrodynamics, used in derivation of equations, they 

are introduced first. The Maxwell equations describe how electric and magnetic field 

generated, interact with each other are defined as a set of PDE’s as flow  [119]: 

      (A. 1)  

      (A. 2)  

     
  

  
 (A. 3)  

        (A. 4)  

For conversation of mass we have continuity equation as follow: 

  

  
          (A. 5)  

Where the ρ is density and V is the velocity vector. The first term here is time variation of 

density in control volume and the second term is convection of mass flux. 

 Conservation of momentum we have  

   

  
                  (A. 6)  

In which J is electrical current and B is magnetic field. The pressure tensor can be written as 

its diagonal and stress tensor. So the pressure tensor is 

          (A. 7)  

Where p is the scalar pressure and τ is tension tensor. Replacing pressure tensor in 

conservation of momentum equation  
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                        (A. 8)  

Here we observe that momentum equation for MHD is the same as fluid dynamic momentum 

plus    . This term is body force added to the momentum equation because of electrical 

conductivity of fluid and presence of magnetic field. We can express this body force in terms 

of magnetic field using Maxwell equation  (A. 4) 

  
 

  
    

After some Vector algebra and manipulation we will have 

    
 

  

        
 

  
        

 

 
           (A. 9)  

For further simplification we substitute Maxwell equation  (A. 2) in equation  (A. 9).  

    
 

  
        

 

 
    (A. 10)  

So the momentum equation of MHD is as follow: 

   

  
                     

 

  
        

 

 
    (A. 11)  

Here we see that        acts like force and    acts like pressure at field. Here we use the 

shear stress tensor for definition of stress tensor.  

        
   

   
 

   

   
  

 

 
        (A. 12)  

Here μ is viscosity which is property of fluid and is function of temperature, i, j are indices 

correspond to spatial coordinates ( v1=u, v2=v, v3=w ).  
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 The relationship between the total conduction current J=nee(Voli-Volie) is known as 

generalized ohm’s law. To obtain Ohm’s law, the electron conservation of momentum is 

obtained by multiplication of the ion’s electric charge and subtraction from the ion 

momentum equation which is multiplied by ions charge. The first approximation mades in 

Ohm’s law is that electron’s inertia is neglected. The resulting equation is 

  

  
 

  

  
       

 

  
    

 

  
              (A. 13)  

Which describe how electric current varies in time. We approximate that characteristic 

frequencies is much lower than the electron frequency allows us to neglect left hand side. 

The electron pressure tensor is expressed in terms of electron tension tensor and the electron 

scalar pressure as   
                 . Using some simplification 

      
 

  
    

 

  
         

 

  
              (A. 14)  

This equation is known as generalized Ohm’s Law. The first term in right hand side is 

contribution of Hall’s current in the Ohm’s law. The second term is electron diamagnetic 

drift effect. The third term is divergence of electron stress tensor and normally is neglected 

due to its low order of magnitude relative to Hall current and diamagnetic effect. The fourth 

term represents the contribution of momentum transfer in electron-ion collisions and      is 

plasma electric resistivity tensor. With this assumption 

      
 

  
    

 

  
              (A. 15)  

Since we use Ideal MHD equation 

        (A. 16)  
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From equation  (A. 3) we drive the variation of magnetic field with time. Substituting 

equation  (A. 16) in equation  (A. 3) the induction equation becomes 

  

  
 

 

  
              (A. 17)  

The energy equation is obtained as 

  

  
         

 

   
        

 

  
                 

 

  
 
              (A. 18)  

Where      is thermal, conductivity tensor, T is temperature. 
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Appendix B: Eigenvalues of Ideal MHD Flux Jacobian 

The conservative variable of ideal MHD written in vector form is 

                           
 

 (B.1)  

And the primitive variables are 

                       
 

 (B.2)  

Starting with one dimensional conservation law, the formulation for transformation from 

conservative to primitive flux Jacobian is found 

  

  
 

  

  
 

  

  
   

  

  
   (B.3)  

To write conservative equation in terms of primitive equations we apply chain role over 

equation  (B.3) 

  

  

  

  
   

  

  

  

  
   (B.4)  

Where    
  

  
 is flux Jacobian derived in terms of conservative variables. By Multiplying equation 

 (B.4) with  
  

  
 

  
 we will have, 

  

  
  

  

  
 

  

  

  

  

  

  
 

  

  
   

  

  
   (B.5)  

Where    
  

  
 is flux Jacobian derived in terms of primitive variables. 

So the transformation from primitive to conservative flux Jacobian is 

   
  

  
  

  

  
 (B.6)  

The transformation matrices are 
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And 
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Where V
2
=u

2
+v

2
+w

2
 and γ’=γ-1. 

The left and right eigenvector of the flux Jacobian can also be transformed from primitive to 

conservative form and vise-versa. The transformation formula for eigenvector matrices are 

obtained starting from the eigenvector decomposition of the primitive flux Jacobian 

         
  

  
  

  

  
 

  

  
     

  

  
 (B.9)  

 

Where Λ is diagonal matrix having eigenvalues of the flux Jacobian as elements. Identifying 

terms in equation  (A. 9) (B.9) will give us transformation formulas 



 

 

151 

   
  

  
      

  

  
   

     

  

  
      

  

  
 

 

(B.10)  

For example here we explain the flux Jacobian in x direction and its corresponding 

eigenvalue and eigenvectors. The eigenvectors are not normalizaed and first published by 

Powell  [118].  

 The flux Jacobian in direction normal to cell face calculated in terms of primitive 

variables in equation  (B.2) and its  
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 (B.11)  

The expression of flux Jacobian derived using primitive variables is simpler than that of 

conservative variables. The set of eigenvalues and eigenvectors of flux Jacobian in equation 

 (B.11) are: 

Entropy wave       

               (B.12)  

            
 

  
 
 

 (B.13)  

Alfven waves          
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 (B.14)  

  
           

   

  

   

  
 

 

 (B.15)  

Fast magneto-acoustic waves:          
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Slow magneto-acoustic waves:          

  
         

      

   
    

  
      

   
    

  
     

 

   
    

 

     
 

   
    

    

 

 (B.18)  

  
         

       

   
    

  
       

   
    

  
     

 

   
    

 

     
 

   
    

   

 

 (B.19)  

Magnetic flux wave       

                (B.20)  

                (B.21)  

In which ca is Alfven speed and cf,s are fast and slow magneto acoustic waves respectively. 

These speeds are defined as follow: 

   
  

  
 (B.22)  
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Where the fast magneto-acoustic wave corresponds to the plus sign in front of square root 

and slow magneto-acoustic wave correspond to minus in front of square root. Also  

     
    

    
  


