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For the multivariate one-sample location model (relating

to a diagonally symmetric distribution), sequential non-
parametric (point as well as interval) estimators based

on appropriate rank statistics are considered and their
asymptotic properties studied. In this context, asymptotic
risk-efficiency of the proposed estimators and asymptotic
normality of the associated stopping times are established.
These results rest on moment-convergence of the permutation
dispersion matrix to its population counterpart; these

are studied as well. A brief review of some other robust

procedures is made along with.
INTRODUCTION

Let {Xi;i>1} be a sequence of independent and identically distributed (i.i.d.)
random vectors (r.v.) with a continuous distribution function (d.£.) F(.;0),
defined on Ep, for some p>1, where 0e® <EP. It is assumed that

F(x;8) = F(x-8), xeEP (1)
where the p marginal d.f.s of F, denoted by F[l]""’F[p]’ respectively, are
all symmetric about 0; in fact, F is assumed to be diagonally symmetric about
the origin. Thus, © = (61,..
are interested in the estimation of 6. Based on a sample (Xl,...,Xn) of size
n, let In = (Tn1
estimating 6 by Tn is denoted by

.,ep)' is the vector of location parameters, and we

,...,Tnp)' be an estimator of 6. The loss incurred due to

L(n,c; T..8) = pqn,g) +cn, (c>0) )

where p: EPxeP [0,9) is a suitable metric and c is the cost of sampling

.per unit observation. Some commonly adapted forms of p(.) are the following:

p(a,b) = max{[aj-bj|: 1<j<p} (MAX-norm)

-0 Ja,- n
p(g,g). p Zj___llaj bjl (MAD-norm) (3)
p(a,b) = (a-b)'Q(a-b) (QUAD-norm)



where Q is some given positive semi-definite (p.s.d.) matrix. Corresponding to

(2), the risk in estimating 6 by Th is given by
Ap(n,c;8) = EL(n,c;T ,8) = Ep(T ,8) + cn . 4)

Note that the risk in (4) depends on F through the distribution of Tn and the

metric p(.). If Tn is translation-invariant (as will be the case in our subse-

quent analysis), then Gn(F) ='Ep(Tn,6) and AF(n,c) = AF(n,c;G) do not depend
0’ such that Gn(F)

and Gn(F)+0 as n»», For every c>0, we may define then

on 6. Suppose now that there exists a positive integer n

exists for every n>n,

n° = min{m>n_: Ap(m,c) = iEfXF(n,c)} . 5)

c 0

Then, Ino is the minimum risk estimator (MRE) of 9. Note that Gn(F) generally
depends oﬁ F (through some other functionals of F), so that when F is not com-
pletely specified (as is the case in practice), no single nz may lead to the MRE
simultaneously for all FeF, a class of d.f.'s. However, suitable sequential pro-
cedures may be incorporated to achieve this goal in an asymptotic setup where c

is made to converge to 0. Towards this, we assume that for some q(>0), as n
increases,

n“sn(r) + 8(F): 0<8(F)<o (6)

and, further, there exists a sequence {dn} of consistent estimators of &(F).
[For the first two cases in (3), q 1is typically equal to %, while for the last

one, it is equal to 1.] Note that for c+0, (4) may be rewritten as
en +n %A + o™ N
so that asymptotically, as c¢c¥0, we have

nd ~ [ las M Yy 8)

A2e) = Apnl,) ~ (cA(ara s (rt/ (D ®

Motivated by (8) and the stochastic convergence of {dn} (to &8(F)), for every

c(>0), we may define a stopping variable

. 1+ -1 -
N, = 1nf{n3p0: n qu q(d +n h)} , (10)

where h(>0) is a suitable constant, to be chosen later on.

Based on the stopping rule Nc’ we consider the (sequential) point estimator

Ty of 0, defined for every ¢>0, and we denote the corresponding risk by
~N¢ <

Ap(e) = Eo(Ty ,8) + cEN_, >0 . (11)

We say that Ty is an asymptotically MRE of 6, if
Ne <

1imc+0{)\;(c)/)\g(c)} =1, V¥FeF (12)




In the literature, this is referred to as the (first order) asymptotic risk-
cfficiency (A.R.E.) property. Besides this A.R.E., we shall also study the

following results: as c¢¥0,

Nc/ng + 1, in the first mean, (13)
1
() *(Ty -0 ~ N@.D) (14)
where
r= limnamE{n(In-g)(In-g)'} . (15)

[E is also the dispersion matrix of the asymptotic multi-normal d.f. of n%(Tn-S).]
Under some additional regularity conditions, we will also have the asymptotic
normality of the stopping time i.e.,

=1
%) 73N -n%) ~ N@0,y?) , as ci0 , (16)
c c ¢
where Y(0<y<e) is a suitable constant (depending on q and F).

The second problem is to provide a confidence set InG:Ep), based on a sample of
size n, such that
p(gexnle) > 1-a(0<o<l) an

maximum diameter of In < 2d(d>0) , (18)

where o and d are preassigned. For this problem too, fixed sample size proce-
dures may not work out (for all FeF), and hence, one may take recourse a sequential
scheme [viz., Chapter 10 of Sen (1981)], where (17)-(18) hold in an asymptotic
setup: d¥0. Asymptotic properties of the stopping times are studied here.

In this paper, we specifically consider the case of R-estimators of location; some
general remarks pertaining to some other robust (viz., M- and L-) estimators of
location are made in the concluding section. Asymptotic properties of these multi-
variate R-estimators are studied in Section 2. Section 3 contains some asymptotic
results on the permutation dispersion matrix which are needed in Section 4 in the
derivation of the asymptotic results in (12, (13), (14) and (16). Section 5 deals
with the confidence set problem. Throughout the paper, we consider the genuine
multivariate case (i.e., p>2). The univariate case has already been studied in
detail in Chapter 10 of Sen (1981) and Juregkové and Sen (1982), among other places.
The last section deals with some other robust estimators of 9 (e.g., M- and L-

estimators), and only the general setup is discussed.
MULTIVARIATE R-ESTIMATORS: ASYMPTOTIC PROPERTIES

For each j (= 1,...,p), let ¢5 = {¢§(u),0<u<l} be a non-decreasing, non-constant,

‘skew-symmetric and square-integrable score-function, and let

65 = To,(w) = 3((+0)/2),0cuct} , 1gisp (19)



For a sample Xi = (X "Xipr’ 1<i<n, of size n, we then introduce a set of

i1’"r”
scores by letting

8y (1) = E6;(U ) or ¢,(i/@e1)) , 1gism; § = Lop (20)

where Un1<"
(0,1) d.f. Further, for every real b, let R;ij(b) be the rank of Ixij-bl
among lej-bl...,lxnj-b[, for i=1,...,n and j =1,...,p. Let S (b) =

(Snl(bl)""’s (b_))' be defined by

.<Unn are the ordered r.v.'s of a sample of size n from the uniform

np-p
. ¢ _ . .
Snj(bj) Zi=1sgn(xij bj)anj(Rnij(bj)) s 1<igp . 1)
Note that for each j (= 1,...,p), snj(b) is \ in b, and Snj(ej) has a dis-
tribution symmetric about 0. Let then
enj = %(sup{b: Snj(b)>0} + inf{b: snj(b)<o}) . (22)
for j = 1,2,...,p, and let
A . ,
6= G o8 ) - (23)

Then §n is a translation-invariant, median-unbiased, robust and consistent esti-
mator of 6 [viz., Chapter 6 of Puri and Sen (1971)]. Let B = Diag(Bl,---,Bp)
be defined by letting

B, = Lcd/dx)dsj (F[5)00dF 5100 5 19 - (24)
Further, let v o= ((vjj,)) be defined by letting
= * *

Cose o . . . _ -
for j,j 1,...,p, where F[ is the bivariate d.f. of (Xij ej,xij, Gj,),

ii'l
for j # j' =1,...,p. Note that the vjj do not depend on F, but vjj" j#E i,
are dependent on F through the joint d.f. F[jj'}’ j # 3'. Finally, let

T= (try500) = 37lvp! - ((v50/B38;,0) (26)

Then, under quite general conditions [cf. Puri and Sen (1971, Ch. 6)], we have for

n-oo )

n*(@n-g) ~ N,y . (27)
Note that the asymptotic normality in (27) does not necessarily ensure (15). If,
however, for some a>0 (not necessarily >1), E||§i||a<<w, then, it follows from
Theorem 2.1 of Sen (1980b) that there exists a positive integer n, (depending on
a), such that E| [§n-9| Iz <o ¥ "i“a- For our purpose, we assume that for every
j (= 1,...,p), for some § (0<8<}%) and K (0<K<),

l@/ae; @l < ka-w T, owwet; x = 0,12, 28)

and  Fiy

derivative- ftj] bounded almost everywhere), such that

has an absolutely continuous densityvfunction f[j] (with a first




s“p{f[jl(")[F[jl("){”[n(x)lrﬁ'”}< ® , for some ™0 , (29)

for j =1,...,p. We write 6 = (4+2T)'1, 7>0. Then, by a direct multivariate

extension of Theorem 2.2 of Sen (1980b), we may conclude that for every k<2(1+1),
mﬁ{nk/zllén-el |k} <w. Note that throughout the paper |!-]| stands for the max-
norm. Then (15) holds under (28)-(29). Actually, the following representation [a
coordinatewise extension of (2.49) of Sen (1980b)] is the key to the above results:

PPV |
n(®,-8) =B SO+ & (30)

where, under (28)-(29), as n-w,
n_!’HEnH + 0 a.s. as well as in the kth mean, (31)

for every k < 2(1+1). Further, {Sn(e),nil} is a martingale sequence [see Sen

and Ghosh (1971)], so that {] [sm(e)-sn(e)llz m>n} is a sub-martingale. Hence
using the Kolmogorov maximal-inequality along with the fact that for every m>n,
E(§m(§)-§n(9))(§m(g)-§n(9))' = (m-n)yn, where Yﬂ-’g as nJo, we obtain by some

standard steps that for every €>0 and n>0, there exist an n* and an €*(>0),

such that for every n>n*,

P{m: lm'-n:)lc<€*n n'!’| |§m(9)'§n(g)“ >el<n . (32)

Consequently, by using (30), (31) and (32), we obtain that

1 A A
Plo. Jmn] <esn P 188112 <n (33)

for every n>n**, Clearly, if {Nn} be any sequence of positive integer valued
r.v.'s, such that n-an-*l, in probability, as n+, then by (27) and (33), as
n-e,

ni@, -8 ~N QD) - (34)
n
Defining g as in (24), we let
© = sup{n-lil |§n(13)—§n(9)+n§lzl [+ 1lvl [<n'%log n} . (35)

Then, as a direct multivariate generalization of (2.37) of Sen (1980b), we obtain
that for ¢ < (4+2T)—1, T>0, there exist two positive constants 1S and an
integer n;, such that

-C
Plo>n !(logn)|8=0} < en T, vy . (36)

This last result yields suitable estimates of B along with théir rates of con-
vergence. Note that under ej =0, Snj (0) ha; a completely specified distribu-
tion, symmetric about 0, and hence, for every a(0<a<1) and n, there exists a
crEJ()x such that Pl{lsn-(O)l > clff;[efo} >a > plls O] > c!EJ;} for j =
1,...,p, where n—’iclgzu*'ra/z\);fj, 1<j<p, . Ta/z being the upper 500% Apo_int of the
standard normal distribution. Let then é{J’I)I = sup{b: Snj (b)>CrEJ’&}, 86‘23\ =

; . @3
inf{b: Snj(b)< cn’a} and Jlet



= 2c(3) 50()_5(H) e
an = 2cn.a/{n(eu,n-eL’n)} , J=1l,...,p . 37)

Then, Bn = Diag(Bn ..,Bnp) is a translation-invariant, robust and consistent

1’°
estimator of B. By (36), (37) and some standard manipulations, we obtain that for
every €>0 and § < (4+2T)_1, >0, there exist a constant C (0<c<») and an

integer ng, such that for every ano,

Pl|8 -8l >e} < en™ T . (38)

Some other properties of Bn are studied in the next section.
RANK BASED ESTIMATORS OF TI': ASYMPTOTIC PROPERTIES

In (20), we replace the ¢j by ¢; and denote the resulting scores by Aa;j(i),
1<i<n, 1<j<p. Let then Rnij be the rank of xij among le,...,an, for i =
l,...,n and j = 1,...,p. Define V = ((vnjj.)) by letting

- -1.n . . s s o
vnjj' n Zi=1anj Rnij)anj'(Rnij‘) , 3,3 1,...,p . (39)
Then Vn is a translation-invariant, robust and consistent estimator of v, de-
fined by (25) [See Puri and Sen (1971, Ch. 5)]. Defining the an by (37), we
let then

/B B ..)) . (40)

~ _ -1 -1 _ A _
F= B VBl = (G500 = (507858

~n ~n n njj
To study the asymptotic properties of fn’ consider first an asymptotic represen-
tation for yn' By (28)-(29) and Theorem 7.5.1 of Sen (1981), we obtain that for
§ < (ae21)7), w0,

= - lgh *
Ynm Bt 8 (41)

s s . R k
where the Wi are i.i.d. random matrices with EWi =V and EIIWi|| <o,
~ Ty -~ ~
¥ ke [0,2+47), and further []E;II = 0(n 1 n) a.s., as n»o, for some n>0.
Actually, by the same proof it follows that for every €>0, there exist a finite

c, and an integer n such that for every nzpo,

1 0’
P{llEx]] e > cln'”/z (42)
Also, for the i.i.d. random matrices {wi}, by the Markov inequality,
~-1.n -k -1lan k -1-1/2
P{||n zizlyi-3|l>e}ie El|n Xi:ﬂl’i“i” < ¢, (€ / ;oc,(e) . (43)

As such, from (38), (40), (41), (42) and (43), we obtain that for n adequately
large, for every €>0,

PUIT -1l >€) <ea TV g (44)

1 1 - -
Let us now write Un =-n1(Vn-v) and Yn = nﬁ(Bnl-B l). Then, by (41) and the

classical central limit theorem (on the Wi),

u o~ N(g,gl) , as me | (45)




where Ql is the dispersion matrix of the W.. The asymptotic normality results
on !n demands some cxtra regularity conditions. We assume that in (28),
l(dZ/du2)¢j(u)| S_K(l-u)'z, 0<u<l (where K<=) and in (29), we assume that for

every n>0, there exists an €>0, such that
/ {Fm(x)[1-F[j](x)]}‘l"“dFU](xie) <w (46)

for every j = 1,...,p. Then, we may use the second order linearity results of
Hufkova (1982), as adapted to the one-sample case, and conlcude that for B;l, a
representation similar to that in (41) holds, where the remainder term is o(n'k)

a.s., as n»»., This representation ensures both the asymptotic multinormality of

% -1 -1 — o, . -1 -1
n (gn —§ ) and the "uniform continuity in probability" of the n (Bn -B 7).
Hence, under these additional regularity conditions,
P
nie 17l ~ N(0,2,) (47)
~N -~ ~ N2
s -1 -1, -k _ -k :
for some p.s.d. 92. Writing Bn =B " +n Yn and Vn =Vv+n Un’ we obtain on
using (40), (45) and (47) that under the regularity conditions mentioned above
L A - - - -
n*( -1y = 2y vB 1, lypls 0,@m % . N@,2%) ; Q% p.s.d. (48)

Also, the asymptotic "uniform continuity in probability" result:

max !i A A
P{mtlm—n|§e'n n [[Em-£n||>e} <n ., Ve, (49)
follows from the above results, so that (48) extends as well to a sequence {Nn}

of integer valued random variables, where n_an-*l, in probability, as n-e.
ASYMPTOTIC PROPERTIES OF Nc AND éN

The asymptotic normality of the R-estimator has already been considered in (27).
Also, after (29), the moment-convergence result in (15) has been studied. In the
sequential case, the study of (11), (12), (13), (14) and (16) depends on the form
of the metric p(-) 1in (2); we assume that the following holds:

(a) For Gn = Ep(?n,g), (6) holds with &(F) depending on F only through
I (which is a functional of F), i.e., &(F) = §(T), and further, G(E) satisfies
the (Lipschitz-type) condition that

8a-8apl <KDl ¥ Il (50)

where K° is independent of the Ej and ||-]| is the max-norm.

(b) With q defined as in (6), there exists a finite, positive Kl’ such

that whenever the expectations exist,

Elod_,0)}7 < KE[18 -0, (2D 1)
Note that (50)-(51) hold for each of the three metrics in (3). Also, note that in
(9), we take dn = 6(fn). The Lipschifz-type condition (50) along with (44) ensure

that for n adequately large, for every- €>0,



P{Idn-G(F)I >el _<__c4n-1—'r/2 IR (52)

Now, by virtue of (44) and (52), we may virtually repeat the proof of the first
part of Theorem 3.1 of Sen (1980b) and conclude that (13) holds. Further, (13)

and (34) ensure (14). To establish the A.R.E. property in (12), we require to
establish some uniform integrability properties, and, for these, we need to put
some restrain on h in (10) and § in (28). We let

§<@21) !, t>1+2h, B0 , (53)

so that 6<1/6. Note that by (13), 1
and (11), it suffices to show that

. o _ :
1mcwENc/nc = 1. Hence, by virtue of (4)

1im o (E0 Gy L0)/E0E .0} =1, (54)
c c
or equivalently,
X 0,9, =~ _ N
tingg(ng) BBy &) = 8(H) = 6@ - (55)

By virtue of Theorem 2.2 of Sen (1980b), whenever, for some a>0, EI}Xlla‘=w,
under (28), (29) and (53),

Tim E{(nl’ll§n-gll)k} <w , Vk<2(1+1) . (56)
Therefore, by (51) and (56),
i {nqu(p@n,g))k} <w, Vk<I+T . (57)

With this, we may again follow the line of attack of the proof of Theorem 3.2 of
Sen (1980b), employing the Holder inequality for the two tails and the uniform
integrability of |lsn(e)||k (k<2 +1)) for the central part. For intended brevity,

the details are therefore omitted.
Finally, to prove (16), we note that by (10),
N >n* = [(c—lq)l/(1+q+h]] , with probability 1 , (58) ¢

where n;-*w as c¢¥0. Also, by (10), whenever, Nc>n;,
-1 0.4 1+q 139+l -1 A _1yh
asfy ) NS, DT < eTaly ) nMm o, (59)
where by (8) and (59), taking (nz)q"l = (¢l ,

N1 > (8T ) - sMIBM (60)
(o4

(/a1 < sy _p-s@ism «clann T ed T L e
[

Note that for h>%, .by (8) and (13), as c¥0,

%

clan D@D = 0 (@D = 0 (m)7H (62)

so that from (13), (60), (61) and (62), as c+0,




aOHN /mHY1) ~ 0936, RELIEIRENORE (63)

Further, by virtue of (49) and (50), under (13), as c¥0,

SRR )-emI ~ (n°)*f5(f J-sm} . (64)
ne
Hence, whenever h>% [in (10)] and n (G(F )- S(T)) is asymptotically normal, by

(63) and (64), (n, % {(N /n c)q L1y s also asymptotically normal. Finally, by

the Slutsky theorem, (n°)f{(N /n )q 1-1} asymptotically normal implies that
(nc)%{Nc/nC-l} is also asymptotically normal (with a different asymptotic variance),
and this proves (16). Note that for (64), one needs the extra regularity conditions
due to Hugkové (1982); for other results these are not needed. In any case, her
regularity conditions are not very restrictive, and hold for the common types of

score functions; we shall comment more on these in the last section.
SEQUENTIAL CONFIDENCE SETS
Note that defining Vv as in (25) and sn(e) as in earlier, under 6,
n"les )7 s (8)) ~ X2 (65)
“n~7 <~ Nn~ Xp *
while

1455t RO AV B R CR ORGP (66)

Hence, if x; o stands for the upper 100a% point of the chi-square distribution

with p degrees of freedom, we have from (65) and (66),

P{.™X a7l eom. ol 18t >1-a 67
1<5ep ™ Snj O P559p,al8) 2 1 -0 7
when n is large. Following the steps after (36), we define then
«(3) . . Y
eL,n sup{b: S .(b)>nl’v..xp a} s (68)
*(3) _ . %
o a inf{b: MORE 4 pr o (69)
for j =1,...,p. For every d (>0), consider then a stopping time
= i . max *(J) *(J)
Ny = inf{n>n,: 1<j<p (®yn 8L )s2d} (70)

and the proposed (sequential) confidence set is

Iys - {8: ez(gl)*w <9*(g%,1_<_j§p} ) (71)

If we define, for every d>0,
_ s . -2.2 max
ny = 1nf{n2p0. n>d Xp,u(lfjfp ij)} , (72)

“then our basic concern is to verify (17) for IN; in (71) (when d+0), and to

show- that Né/n5-+l, in probability, as d+0. These results follow directly by
. 2 A
using (35)-(36) [where we let b = n1(ei n-e) and n%(eﬁ n-e)], along the same
= ~L,n < 2u,



line as in the univariate case [See Sen and Ghosh (1971)], and hence, the details

are omitted.
We may also note that

suptn |2 8- | @D tr0)

sl TG, 0 @™ 40) 73)

A

e @ 0d,-01 @0

where ch; stands for the largest characteristic root. Now, by (30)-(31),
n(§n-e)'r-1(§n-e) = n'l(sn(e))'v-l(sn(e)) + o(1) a.s., as n-», Hence, by (65)
and (73), for large n N

SUP oy py =35 py (R -3 % ®q-
P{£¢o(§ 23] IL'(gn g)l <n chl(z)xp,alg} l1-a . (74)
Motivated by (74) and (44), we may define a stopping time Ng (for every d>0)},
by letting
o _ . . 832 42
Nd = 1nf{nzp°. "ZChl(En)xp,ad 1o (75)

In this case, if we define, for every d>0,

o . 2 -2
ng = min{n>n : 113ch1(§)xp,ad Yo, (76)

then by (44),
o, 0
Nd/nd +1, a.s., as d¥0 , (77)

while (17) follows from (74), (76) and (33). The same method of proof of the
asymptotic normality of the stopping time as in (58)-(64) works out here; we need
(48)-(49) in this context, and in turn, these require the more stringent regularity

conditions due to Huskovd (1982).
SOME GENERAL REMARKS

In this paper, only the case of sequential R-estimators has been treated in detail.
In the univariate case, Juretkovd and Sen (1982) have considered sequential M- and
L- estimators. Multivariate generalizations of these estimators follow on parallel
lines. The coordinatewise uniform integrability of these estimators, established
in Juregkové and Sen (1982) goes to the vector case as well. For the M-estimators,
based on the vector ? of score functions, the sample (aligned) mean (score-)
product matrix can be used to estimate the true mean product matrix, and under the
assumption that E[[?[]1-<w, for some r>4, results parallel to (41)-(42) hold
for this covariance matrix too. The estimator of the diagonal matrix with the
elemeq;s JYL (x)dF . (x), 1<j<p is the (diagonal) matrix with the marginal estima-
tors,ﬁconsidired in Jurefkovd and Sen (1982), aﬁd hence, the convergence properties
[parallel to (38) and (47)] hold under the same regularity conditions. In view of

the fact that the score function ¥ are taken to be essentially bounded, the extra




regularity conditions of Hugkové (1982) are not needed here. Similarly, for the
L-estimators, the (univariate) decomposition of Gardiner and Sen (1979) goes
through in the multivariate case, and this yields the asymptotic normality as well
as the rates of convergence of the estimated covariance matrices of such L-
estimators. In this context, the jackknife procedure for obtaining this estimated
covariance matrix also work out well; we may refer to Sen (1982) where the close

connection of these estimators are discussed in detail.

We have considered only the first order A.R.E. property. Much more elaborate anal-
ysis will be needed to pursue higher order A.R.E. results. These are posed as open
problems. We conclude this section with a closer examination of the Hugkové-
condition (46). It suffices to consider the right hand tail
oo
6(a,d) = [ {1-F(x)} 1™aF(x-d) , d>0, n>0, a>0 . (78)
a
[Note that G(a,-d) <G(a,0) = n_I{I-F(a)}n'<w, ¥ n>0, d>0, while the lower tail
will follow by symmetry.] We write
1-F(x) = exp{-H(x)} and h(x) = (d/dx)H(x) |, (79)
so that h(x) is the failure rate (FR) and H(x) is increasing in x with

H(®) = ». Then, we have

G(z,d) = [ exp{(1-n)H(x+d)}d(1 - exp{-H(X)}) . (80)
a-d

Hence, to verify (46), it suffices to show that for every n>0, there exists a
dn (>0), such that

u';;uP{H(ﬁd)/H(x)} <amt, v O<dzd, . (81)

Towards this, we note that if

Wl S /M < c <o (82)

X0
then for all x (sufficiently large), H(x+d)/H(x) < exp(cd), for every d>0.
Consequently, choosing dn (>0) such that exp(-cdn) >1-n, (81) follows from
(82). Hence, we may verify (82) as well. Note that H(x)i» as xt»o, so that for
the entire class of d.f.'s with bounded or non-increasing FR, (82) holds trivially
(with c¢=0). For distributions with increasing failure rates (IFR), note that to
verify (82), it suffices to show (by integration) that

lim sup, -1
om X

and this general condition holds for almost all IFR d.f.'s (including some of the
extreme value d.f.'s). Thus, (46) [via (82)-(83)] may not be regarded at all very
restrictive. Finally, note that the condition that I(dz/du2)¢j Wl < x(-w2,

V O<u<l, holds for all the commonly adapted score functions (including particularly

log(-log{l-F(x)N} < c <= , (83)

the normal scores and the Wilcoxon scores).
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