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1. Introduction.

The present work is born from the interplay of
two seeminglyﬁdiépératé'bréﬁches'of“combinaﬁoriéi theory.
The first is the.cldssical calculus of :finlte -differences,
ﬁhich has been in the past more often related to numerical
analysis than to problems of enumeration. In the calculus
of finite differences, there occur several sequences of
polynomials which are used in interpolation, numerical

gquadrature, and several chen'connections. Typical of

such seauences of polynomials:are the lower factorials
(1) pn(x) - (x)n - X(x"l)...-(x"n‘l'l), mm= 0,1,2,

-and the upper factoriéig'

(2) pn(x)“g.x(n):-"x(x+1)..:(x+n-l), n=012 .

Y : .
Less well known, bit equally significant polynocmial sequences

T

are the Abel polyncmiais, studied by Abel, Hurwitz and others:

(3) pn(¥5v- #(x—an)n'l, n=0,1,2,...

and the exponential polynomials, studied by Touchard and others,
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(4) a(x) = T S(n, x)<5,

where S(n,k) denote the familiar Stirling mmbers of the
- second kind. Another significant sequence is the Laguerre
polynomials

(5) In(x) = I oL B0,

which have an extensive litérature. These segquences of
polynomials, &s well as a large number of other sequences
that have arisen in classical analysis and combinatorics,
share a common property: that of being of binomial type.
We say that a sequence of polynomials p, (x), where p (x)
is of exactly of degree of n, is of binomial type when
it satisfieé the sequenceé of identitiles

(6)  py(xty) = k§§ ()P (X)Py i (¥)s D = 0,1,2,... .

It will be shown in the course of this study (and it 1s
verified without difficulty using the results below) that
each one of the sequences of polynomials mentioned above

is of binomial type.
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This work is a study of certain analytic or (more’
suggestively) algebraic-combinatorial properties of
sequences of polynomials of binomial type. The main
problem we aim at is the following: glven two sequences
pn(x) and qn(x), both of binomial type, there clearly

exist coefficients Cri? the so-called connection constants,

(7) | Pp(x) = kiO i (%)

vhich express one sequence of polynomials in terms of the
other. Our problem is to determine as efficiently as
possible the coefflcients c . in terms of minimal data
on the polynamials p (x) and ¢ (x). A few classical
instances of this problem are given below.

In trying to solve this problem we were led to develop.
a systematic theory of polyncmial sequences of binominal
type. The main novelties we 1ntroduqe in this theory are,
first, a systematic use of operator ﬁethods as against
lees efficient generating function methods, which were
used almost exclusively in the past, and secondly a solution
of the connection problem stated above, which eluded past

workers in the field, and which we believe to be remarkably
simple. '
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Patches and bits of the theory developed in this_work
can ﬁe found in the literature of the last 50 years, starting
vith the work of Pincherle and Amaldi in 1900, following
through the Danish and Italian schools of calculus of
finite differences, celminating with the work of the great
panish actuarialist Steffensen. The statement (though not,
alas, the proof) of Theorem 4 below is due to him. A few,
other results, such as the Expansion Theorem, where at
least intuited by Pincherle and his school. But, we believe. "
that our notion of umbral operator (& temm introduced by
. Sylvester and extensively used by the invariant theorists
- and by E.T. Bell, though never correctly defined), together
with our solution of the connection constants problem that
it ylelds, gives a new direction to the calculus of finite
differences, even for workers interested in purely. analytic

matters.

Tt turns out that there is & second and entirely
different point of view from which the theory of polynomials
of binomial types can be looked at. Each of the polynamial
sequences listed above can ve interpreted as counting the
nunber of ways of placing “balls" into phoxes®, subject to
various restrictions. This ties in with the classical
'thedry of distributions and occupancy, which can be



1-5
alternatively considered as making words out of an alphabet,
subject to various restrictions on the successions of |
letters. More precisely, we are given a set S with n
elements and a set X with x elements, and we consider
functions from the set S8 to the set X subject to
various restrictions. The restrictions are such that they
do not 1imit the range of the functions but only the domain.
Thus, for example, the lower factorial powers (1) count the

number of one~-to-cne functions from & set of n elements

' g e
to a set of x elements. Similarly, the upper factorials

(8) x(n) . x(x+1)(x+2)...(xn~1)

count the different ways of placing the balls 8 into the
boxes Xx when a linear ordering is to be chosen of the

balls within each box.

In the same vein, the Abel polynomials
(9) X(x“m)n‘l’ n = O, 1, veey &n<x,
can be considered in combinatorial terms. Indsed, consider

a circle of circumference x, &and a set of n arcs each

of length & and each having the same radius of curvature
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as the circle. If we drop the arcs randomly on the
circumference of the circle then the probabllity that no

two arcs overlap is easily seen to be

(10) x(x-na)n"l

o

Thus the Abel polynomials "count” the ways (1.e., the
measure, since this case is continuous) in which the arcs

may be placed without overlapping.

Whenever we count a sét of functions from & set of S
to a set X, subject to restrictions on the domain, then,
letting p,(x) be the number of such functions, we see
_1mmed1ately that pn(x) is a polynomial and that the
sequence p (x) must be of binomial type. Thus, sequences
of polynomials of binomial type arise naturally as the
unifying concept in the theory of distribution and occupancy.

Accordingly, the present study will be divided into
two parts. In the first (the present) part we concentrate
on the analytic properties of polynomial seguences of binomial
type; the relationship to problems of distributions and -
occuparncy is discussed only in Sections 2 and 10, and 1s
meant only as an introduction to the second part. It turns

out that every sequence of binomial type with positive
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integral coefficients can be associated to a& counting |
A‘problem dr a certain class of "reluctant" functions, as
defined in the next Section. In the second part of this
work we shall intrepret the analytic results derived here
in purely cambinatorial, that is, set-theoretic terms.

Perhaps the most satisfying results of this investigation
are, first, the unexpected relations of sequences of binomial
type with problems of enumeration of rooted labeled trees,
(Section 2), and secondly, the solution of the problem of
the connection constants, which has deep combinatorial

1mpiications.
In several special cases, classical analysis has already
answered the problem of the connection constants. For

example, we have

(11) | 2 - k§° | s('k,n)(x)k .
(12) (x)n - xgo s‘k,n)xx
(13) SR IR O

where s(k,n) and S(k,n) are the Stirling number of the
_ first and second kind. Another example is

(14) x(") « E ol (@hx),
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(25) In(x) = I (-1)* B (Eoh*

where L (x) are the Laguerre polynomials.

We hope that this introuction has given an idea of the
scope of the present investigation. In the next Section
we briefly outline some combinatorial connecticns , there-
after to dismiss them in favor of the analytic theory,
until Section 10.

We thank M, Shalor and 8. Smoliar for help in the.
 preparation of this manuscript, and the Statistics
Department of the University of North Carolina, as well
as the U.S. Army Research Center at the University of
Wisconsin, and Florida Atlantic University for giving us
'the opportunity to' present these results to an actively
contributing audience". |
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2. Reluctant Functions.

Given a function f: 8-«X, where from now on 8
will be & finite set with n elements and X will be &
finite set of x elements, we can associate with it
"functorially” two objects: the range ¢ f, namely,the
sub-set of elements of X which are images of socme elements

of 8 under the function f; and the coimage of f, which

consists of the partition of the set X d_erined by the
following equivalence relation: an element a of X 1is
equivalent to an element d of 8 if and only if

£(a) = £(b). Thus, the coimage of f 1is a partition of the
set 3.

We are now going to rather drastically generalize these

concepts.

We define a reluctant function from 8 to X as
follows. It is a function f from 8 to the disjoint

union SuUX, subject to the following restriction. For
every element 8¢S, the element f(f(s')) is defined

if and only if f(s) ¢ 8; similarly, f(f(f(s))) is defined
if and only if r£(f(s)) € 8, etc. Our requirements is
that only & finite number of temn of the sequence 8,

£(s), £(£(s)), £(r(2(s))),... be well-defined. A more
suggestive, 1f less precise, way of stating the same
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condition is the following: for every element s ¢ S,
the "orbit" s,f(s), £(£(s)), £(£(£(8))) ... of s
under iteration of the function f “eventually” ends up
in X, where it stops. Thus, one might say that f
"reluctantly” maps 8 into X.

The range of a reluctant function f will consist

. of those elements of X which are images of some element
of S, Just like in the case of an ordinary function.

On the other hand, we need to generalize the notion of
coimage of an ordinary function, a&s defined above, to the
newly introduced conéaptd & reluctant function. Whereas
the coimage of an ordinary function is simply a partition
of the set 8, the coimage a reluctant function is going
to be more than a partition of 8. In fact, for every
element x of X which is in the range of the reluctant
function f, the inverse image of the element x is
defined as the set of all elements s of 8 such that
the sequence of its successors £(s), £(f(s)), ... eventually
ends up in X. The inverse images of distinct elements of
X are disjoint subsets of S. Thus, to every reluctant
function there is associated a partition of the set 8,
Just like in the case of an ordinary function. However,
within each dblock of such a partition there is a natural
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. -

structure of a forest of rooted trees descridbing the *nistory*
of the elaménta of that Slbck befbfe they end up in X. Thus,
we are led to define the coimage of a reluctant function to
be & partition of ths set 8, together with a lt;ucture of
a rooted forest (1.9.,‘set of rooted trees) defined on each
block of the partition. REach rooted forest covarihg one
block of the colmage is the "inverse image® — in the

generalized sense just described — of an element x of X.

. Note that each block of the coimage can be further
partitioned into the connected components, that is, the
| trees, of the rooted forest. The rosultin; partition is a
refinement of the coimage and has the additional property
that caéh block has the structure of & rooted tree. Ve call
this finer partitidn w of 8, together with the structure

of rooted tree (8es Harary or Moon for definitions) on each

block of g, the pre-image of the reluctant function ¢
(recall thn£~a.root§d tree is a partially ordered sat).
Thus, the coimage of f 1is obtanied by ®piecing togschter®
all those blocks of the pre-image of £ which are "eventually
mapped® to the same element x in X.

Clearly, the pre-image of any reluctant function is a |
rooted labeled forest on the set 8§, following classical
termminology. Given any rooted labeled forest L on 8,
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with k blocks, that is, consisting of Xk rootod trees,
there are ovidcntly } reluctant tuncuom whose pro-ingc e
1s the forest L. ‘

By way of example, let us consider the set of all
reluctant functions from 8 to X (notice that our use |
of the vord."fm" and "to® is not strictly correct, dbut is ..
" nevertheless suggestive 8o we shall keep using it). Let
C,x D¢ the number of rooted labeled forests with k blockl |
- on the set 8. ‘mcn the mnber of roluctant functions from
8 to X 4s evidently given dy the polynanul

O N X ek = Ay(x).

It is easy to see, by & simple combinatorial argument
which imitates the standard set-theorstic proof of the
binomial theorem,that the sequence of polynomials A (x)
is of binomial type. It is less obvious, and it will
trimily follow from the present theory (ses Section 10)
_that the polynomials A,(x) are given by the expression

(2) Ay (x) = x(mn)?",
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 that .v.'u, that they are & special case of the Abel poly-
néniq.la, ‘corresponding to & = -1, This gives immediately
the classical result of Cayley couhting_ the number of rooted
trcn, oinco rooted trees correspond to roluctant functions -
‘having as prc-imgo a partition with one block, and so are

the coefficients ¢ a1 0 (2), which equal n™° -2,

" We define s binomial class B of reluctant functions

as follows. To every set 8 and set X we assign & set

F(8,X) of reluctant functions frou 8 to X. The
assigment is "functorial® — or, in combinatorial language,

. "unltbole_d". m: means that isomorphisms of the sets 8

‘with 8, and X with X, induce & naturel isomorphiss

of the sets F(8,X) with P(8,X)). Thus, if the polynomials

pn(x) denotes the size of the sets F(8,X), the function

' 'pn(x) depends only on the size n the set 8 and the size.

x of the set X. ‘ '

~ We come now to the crucisl condition. In set-theoretic
t.m. the condition states that there is a natural 1sanorph1m

&) P(8,XaY) = r‘:x”s"‘a!;
) (8 XeY) BA;;S( Jar(s-4, )

Here, '@ and I denote disjoint sum of leti, 8 denotes

oW D

product of sets, and = stands for natural isomorphisa.
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. The variable A ranges over all subsets of the set S.
 We set (for good reasons) F(@aX) = 1 for sll non-empty

sets X.

Teking the sizes of both sides of (*) we obtain the

‘equation
Pp(xty) = o ()P, (x)pp_x (¥),

which expresses the fact that the polynomials pn(x) are
a sequence of binomial type. '

Roughly speaking, condition (*) states that by "plecing
togehter® two reluctant functions in the family B, we again
obtain a reluctant function in the family. It is a generalized
set~-theoretic version of the binomial theorem. '

| T™wo important ways of defining binomisl classes B
_of reluctant functions are the following. Let T be a
family of rcoted trees (it is irmaterial whether they are
labeled or unlabeled). The family B(T) will consist of all ¥
reluctant functions whose pre-imsges are ladbeled forests on
8 eech of whose coppen&xtn is isomorphic to a tree in th'o' :
family T. Clearly B(T) 1s a binomisl class of reluctant
functions. In the example considered above, the family T
consisted of all rooted trees. |
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" Thus, we see that the epumeration of labeled forests
is closely commected with the‘theory of polynazials of
riromial type. The family T can be specired'in 1nnumé;lblo
ways, which will be considered in the second_ﬁart of the
present work; For the moment, we shall give some illustrationa
that chow that the classical polynomials listed in Section 1
can be interpreted as enumerating binomial classes of 9
reluctant functions. We have already seen above that the
- Abel polynomials can be interpreted as enumerating the
binomial class of all réluctant functions, as least for
a = -1, A somewhat more elaborate argument would show
that all the other Abel polynomials, for a & negative

integer, enumerate other binomial classes of reluctant function:

‘ Perhaps the simplest example is given by the sequence
»2. This enumerates the binomisl class B(T), where T
consists 6f a single tree, with one root. W
Another interesting exgmple is the sequence of Laguerre
polynomials L (-Xx). These enumerate the binomial class B(T),
where T is the set of all linearly ordered rooted trees.

We leave the easy verification of this fact to the reader.

A fourth example comes for the inverses of the Abel
polyncmials, considered in Section 10, namely, functional
digraphs, enumerated by the polynomials




2.8

T n kn-kxk
Koo (i) )

ph(x) =

which do not appear at first sight to be of binomial type.
We prove that they are, by showing that they enumerate a
binomial class B(T). Simply take T to be the family of
'all rooted trees, all of whose branches have length at most

two!

Given a binomial class B(T) of reluctant functions,
we can consider the subclass of those functions having the

property that their coimage coincides with their pre-image.

We denote this subclass by B (T), and call it the
monomorphic class associated with B(T); 1t generalizes the

notion of a one-to-one function.

~ 'The monomorphic class associated with » consists
precisely of all one-to-one functions, enumerated by the
lower factorials (x)h. The monomorphic class associated
with the Laguerre polynomials turns out to be enumerated by
the upper factorials x(n) (as follows from the combinatorial

interpretation of x(n) - given é.bove).

ﬁe state without proof (but the proof is easy) an
important result about monomorphic clesses. If the sequence

. -
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i S

n
P(x) = T
n(x) oo nk
enumerates the binomial class B(T), then the seguence of
polynomials |

Wix) = 7 Al

,ehumerates the monomorphic class Eth). This fact makes
formula (14) of the preceeding Sectiocn immediately obvious,
and a similar interpretation can be given -to (11).

The substitution of (5:)k for x*

-

is an instance of'

vmbral substitution, studied generally in Section 7. It

will be seen in the second part of this work that the
general umbral substitulons of one basic sequence into
anothsr have combinatorial interpretations in terms of

"piecing together" trees and other set-theoretic operations. -

These examples such suffice to orient the reader to

_ the combinatorial aspect of the theory we are sbout to

develop. The notion of reluctant function does not exhaust
the interpretation of sequences of polynomials of binomial

. type. For example 1t does not interpret combinatorially
those seguences of polyncmials of binomial type which have
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negative or non-integral coefficients. Nevertheless, we
"shall see in the second part of this work that all sequences
of polynoﬁial type with non-negative coeffiéients can be
set-theoratically (or probabilistically) interpreted by a
generalization of the noﬁion of reluctant function,

whereas those with neg&tiva coefficients cean be interpreted
by §1eving methods (Mobius inversions, etc.). There is
also an obvious connection with the theory of compound

Poiseon processes.

‘Apologizing for this sketchy introduction, we procesd
to begin the analytic theory. |

3
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3. Fundamentals.

Throughout this paper, we shall be concerned with

the algebra (over a field of characteristic zero) of all 0
Ppolynomials in one variable, to be denoted P. |

By a polynaminl sequence we shall denote a sequence of
polyncmials pi(x), i=0,1,2,... where pi(x) is exactly

of degree i, for all 4.

A polyncmial seguence is said to be of binomial type 1f
it satisfies the infinite seguence of identities

pn(x-i-y) - kgo(g)pk(x)pn.k(Y)a n=201,2...

All the polynomial sequences menticned above are oﬁ%inomial
type. For some sequences, such as xn, this is a trivial
obaemtion, ‘but for othcra, such as the Abel and Touchard
polyncmials, the veriﬁcation that they are of dbinomial type
will be a consequencc (a mther simple one, to bs sure) of

our theory.

Our study will revolve pﬁmarily around the study of
linear cpsrators on P considered as a vector space.
Henceforth, all operators we consider will be tacitly
agsuned to be linear. We denote the actio.n of an operator
T or the polynomial p(x) by Tp(x); this notation is not
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strictly correct; a correct version is (Tp)(x). However,
this notational license results in greater readabllity.
By way of orientation, we list scme of the operators of

frequent occurrence .1.n the theory of binomial enumeration.

" The most important are the shift operators. A shift

' operétor, written E°, is an operator which translates the
argument of a polynomial by a, where a is an element of
the field, that 1s, E’p(x) = p(x+a).

An operator T which commutes with all shift operators
4is called a shift-invariant operator, 1i.e.,

" - E°r .

The following ere important examples of shift-invariant

operators:
(1) Jdentity operator I: xX* = X',
(11) Differentiation operator D: & = L,

(111) | Diffsrence qperator & = B-I: (x), = n(x),_3-
| where we write E in place of E', whers 1

i3 the identity of the field.
(iv) The Abel operator D2 = E'D: .x(x-na)n'l -
nx(x=-(n-1)a)™"1.

+1
(v) Bernoulli operator J: p(x) - r p(t)at.
z
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(vi) Backward difference operator A = 1-E1: x(P)onx(n-1
(vii) ILaguerre operator L: p(x) - -f e p (x+t)dt.
(viii) Hermite operator H: p(x) - ,E f et /2 p(x+t)adt.

(ix) Central difference operator

8 = 31/2-E°1/2: P(x) = p(x+ 1/2)-p(x- 1/2).

(x) Euler (mean) operator M = (1/2)(I+E): p(x) -
(1/2)(p(x)+ p(x+1)).

We define a delta operator, usually denoted by the letter

Q, as a shift-invariant operator for which Qx is a non-

zero constant.

Trederivative, difference, backward difference, central

difference, Laguerre, and Abel operators are delta operators.

Delta operators possessmany of the' properties of the

derivative operator, as we proceed to show.

Lemma 1l If Q is a delta operator, then Qa = O

for every constant a.

Proof: Since Q 1s shift invariant, then

QE‘J: - fo.

By the linearity of Q,
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QEPx = Q(x+a) = Qx+Qa = c+Qa,

since Qx 1s equal to some non-zero constant c by definition.
But also

E&Qx-R‘c-c

and so c+Qa = c, Hence Qa = O, Q.E.D.

Lemma 2: If p(x) 1s a polynomial of degree n and
Q 1s a delta operator, then Qp(x) is a polynomial of

degree n-l.

Proof: It is sufficient to prove the conclusion for 3
the special case p(x) = X%, that is, to show that the '
polynomial r(x) = QWS 18 of degree n-l1 (exactly). From
the binomial theorem and the linearity of Q we have

Q(x+a)" = Lo (g)akq;“"f.
Also by the shift invariance of
Q(x+a)” = Q%" = EAQxX - r{x+a)

8o that
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n -k
r(x+ta) = ¢ akan .
(x+a) c 20(.1.;) »
Putting x = 0, we have r expressed as a polynomial in as
. K -k
r(a) = v (Ma [QP*). ..
The coefficient of a" is
-n
Che Jowo = [R1)y0 = °
by Lesma 1. Purther, the coefficient of aP™1 is
(n?]_)[w-mllx_o - n[Q?‘]x.o - anO.

Hence r is of degree n-l, Q.E.D.

Let Q be a delta operator. A polynomial seguence
P,(x) is called the sequence of basic polynomials for Q
irs

(1) po(x) =1

(2) p,(0) = O whenever n>0

(3) Qey(x) = np,_;(x)

]
Using Lemma 2, it is easily shown by induction that

every delta operator has a unique sequence of basic polynomials
aarociated with 1t. For example, the basic polynomials for

ths deriative operator are 2,
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We shall now see that severval properties of the
polynomial sequence x can be generalized to an arbitrary
sexusnce of‘basic polynamials. The first property we
noticed about x" was that it was of binomial type. This
turms out to dbe true for évery sequence of basic polynomials,

and is one of our basic results.

Theorem 1.

(a) If p,(x) 1s a basic sequence for some delta
6perator Q, then it is a secuence of polynomials of
binomial type.

(v) If p,(x) 1is & sequence of polynomials of
binomial type, then it is a basic sequence for some delta

operator.

Proof: |
- (a8) Iterating property (3) of basic polynomials, we
see that '
P, (%) = (n)yePp (%)

end heace that for k = n,

[P, (x) ], = B!
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while

(@, (x)], o = 05 kan.

‘Thus, We may express pn(x) in the following itom:
k( )
Pa(x) = T (5, (x) ], g

Since any polynomial p(x) 4is a linear combination of the
basic polynomisals pn(x), this expression also holds for
all polynomials p(x), 1i.e.,

P(x) = % "( ) T (RP(x)], 0

Now suppose p(x) is the polynomia.l P, (x+y). Then

Pa(@y) = T E\E‘S’—)' (P, (#+¥) 1o

But

[, (=) 1,0 = [, (1)1,
= [FR, (%)),
- ¥ (n)Pnose (%) 0
= (n)yPnx(¥)
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and so

P, (x+y) = kfo(i‘)pk(x)pn.k(v)

which means that p (x) is of binomial type.
(v) Conversely, suppose p (x) isa sequence of
‘binomial type. Putting y = O in the binomial identity,

we have

Pp(x) = kgo(ﬁ)l’k(x)?n_k(f’)

= Pp(X)Pg(010R, 1 (X)P5 (O -

gince each pi(x) is exactly of degree i, it follows
that p,(0) =1 (and hence p (x) = 1) and p;(0) = O
for all other i. Thus properties (1) and (2) of basic

sequences are satisfied.

We now find a delta operator for which such a scquence
- py(x) 4is the sequence of basic polynomials. Let Q be
: the operator defined by the property that on(x) = 0 and
QP,(x) = np,_;(x) for npl. Clearly Qx must be a non-
zero constant. Hence all that remains to be shovm is that
'Q 1s shift-invariant.



3-9 -

R {3

As before wa may trivially rewrite the generalized
bincmial theorem in terms of Q:

Po(x+y) = o k( ) Q’? (YY)
and, ﬁy.,‘une'ari‘ty. this may be extended to all polynomials:
Py (x)
p(x+y) = 8 Gﬁ( )
Now replace p by Qp and interchange x and y on the right
‘to get ﬁ ,‘ (v) |
(@) (my) = £ Er Elp(x).
| k0 ™
But
(@) (x+y) = F(®)(x) = BQp(x)
and

éof%giq““p(x) - 9Lz “("’ 2 )1’

- q(p(x+y))
= @p(x).
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.._-'Ihus vwe have
2ep(x) = QE¥p(x),

for all polynomials p(x), i.e., Q 4s shift-invariant, Q.E.D.
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4.  Expansions.
We shall study next the various ways of expressing
a shift-invariant operator in terms of a delta oper.ator and
- its powers., The difricuities caused by convergence questio‘n,s_.,
are minimal, and we shall get around them in the ea.sié'st
possible way. |

Consider & sequence of shift-invariant operators Tn
on 2. Ve say that the sequence converges to T, written
T, =D if for every polynomial p(x) the sequence of
polyncmials Tnp(x) converges pointwise to the polynomial
Tp(x). The convergence of an infinite series of operators

is to be understood accordingly.

The following theoraﬁ 'generalizes the Taylor expansion
theorem to arbitrary delta operators and basic polynomials.

Theorem 2. (First Expansion Theorems). ILet T be a
shift-invarient operator, and let Q be a delta operator

with basic set p,(x). Then

o % ok

Tw £ Q
k20 KT

where

o = [‘mk(x) ]n-O'
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| Proof: Since the polynomials p (x) are of binomial
type then, as usual, we rewrite the binomial formula as

Pa(oey).= I Pely) ko ().

Now we may resird this as a polynomial in the variable y
~and apply T to both sides to get:

() = £ —% Tp“( 2 Q“p (x)-

' Again, by linearity, this expression can be extended to all
polynomiels p. After doing this and setting Yy equal to

zero we got

™(x) = T [np‘;gy_) Q“p( x) Q.E.D.

cbvioucly, the best-known example of this Theorem 1s
‘When T=1 and Q= D; then Pp(x) = x*, and we have
Taylor's expansion. A second example is Newton's expansion, .
which has three forms. If Q = 4, then p (x) = (x), and
the coefficients are a, = (T(x)k]x_o If Q= v then

pn(x) - x(n)and e = ['.('x(k) ]x-o The basic polynomials for ..
Q=g = xl/ 3.g1/2 will be determined later.
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The following remark will be used occasionallys:

Lemma: If Q 48 a delta operator, and p(x), a(x).
any polynomials, then ) : ' .

(R)e(x)], o = [8(Q)P(X) Lo

Proof: ; By _11nea}1ty, we néed only consider fhe cages
when ¢(x) = p (x) and p(R) = Q®, where p,(x) are the
ba.s_j.c polynamials of Q. But it is easy to see ‘that the
relation holds in this case. Q.E.D.

AB & mrthei' example of the use of the expansion
theorem, we derive the classical Newton-Cotes formulas of
mmerical integration. We wish to find an expansion, in
terms of A, ‘of the Bernoulli operstor Ie defined by:

. - X+P
Ip(x) = [ p(e)at.

Noting that J, is a shift-invariant, we have the identitioes

+AJ=1 A

Jp =3 "D
I+Al -1

- 22 . 3y

vhich reduces the problem to finding an expansion of J;
in terms of A. Using the Pirst Expansion Theorem, this 18

. fairly simple:
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o %k
Jm T A
bOH

where .

" = (3(x)i ) = .i(x)kd‘x

where we note that the a, are the Bernoulli numbers of
the aecond kind. Ja evaluated in this vay gives Simpson's

rule:

*, 1%'6 a%. .. )p(x).

+2h 312
r - p(t)at = 2h(l+4+ t 4+ 1yl
x .
A final emplé is the classical mleri s transformation
T (-1)“:(::} -1/2 1 .‘-312 a™2(0)
k20 | n30 |
Which follows from the identities:
g (=1)FBS - ot
bO( ) WE

- /2y
‘-.1/2 T L‘-L-lnbno
S om0 20

s e as smme e mu s e e v+ - ———— . —— o et M s e Bt e EAe Emeemm i e e st e e
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of course, in this case we are disregarding convergence

questions.

We now turn our attention to the Abel polynomials,
The delta operator in this case is 2. Thus, 'the Abel
polynomials are basic polynomials and hence are of binomial
type. Therefore, by Thm. 1 we have proved Abel's identitlz

| (x-o-:r)(x-i-y-na.)n‘l - kZO (g)x(x-ka)k'li(y-(n-r)a)n'k‘l,

‘not eaas.ly pmved by direct methods. We can use tho

_mqmaim 'meoran to get an Apel cxpansion of o*. .Indesq,
- we do got the rollouing besutiful expansion

-' k-1
= T x(x;;l::a) ) eka’
kS0 - &

cenvergent for a«<0..

Theorsm 3. Let Q be a delta operator, and let P
%e the ring of formal power ssries in the variable t, over
the same field. Then there exists an isomorphism from P
onto the ring § of shift-invariant operators, which carriss

et o % ok
£(t) = int T .
(¢) = I g1 into I gr@
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Proof: The mapping is already linesr end by the
Expansion Theorem, it is onto. Therefore, all we have

to verify is that the map preserves products, Let T bDe
the shift-invariant operator corresponding to the formal
power series f(t) and let 8 be the shift-invariant

operator corresponding to

e b .k

g(t) = kgo E’f t.
We n;ust verify f.hat '
(Tep,(x) Iz = kgo(g)‘kbn-k
where pn(;) are the basic pélynomials of Q. Now
~ . ' b
(789, (x)],q = ukgoga‘ngo 23 P12, (5) g
b
- 1,2, 5, S () o

But p,(9) =0 for nx0 and p,(x) = 1. Honce, it follows
that the only none-zero tems of the double sum occur vhen

n ==k, Thus
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(180, (%) o = [ 2 ;“frg’-%-r pe(®)] o

e.kb _ .
= L2, ERERT *P0(¥) 1o

. r .
= P b ' .B.D.

) c«:rollugy_l. A shitt-invarimt operator T is
_:anertible if and only if ’1'1/0

In the to_llouing, we shall write P = p(Q), Where P
is & shift-invariant opei-ator and p(t) 1s a formal power
saries, to indicate that the operator P corresponds to
the fommal power series p(t) under the i1scmorphism of
Theorem 3. Note that p(0) = O and p'(0)40 whenover P 1s a
shift-invariant delta operator. For such formal pmr
series, & unique inverse formal power series P~ (t) ezdsta.

Coxollery 2. Let Q be a dolta operator wi@: basic
polynomiels p,(x), and let ¢(DP) = Q. Let ¢ (t) be the
inverse formal pover seriea. Then

Palx) a_ e

L
T
nyo

Proof: Expand ﬁ" in tems of Q. The coefricientl
s, sre p,(s). Hence '
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"""7“"‘pn(a) Qn = Ea:

v
n.

nz-o
e formula which can be considered as a generalization of
Taylor's formula, and which specializes (for example for
Q = A it gives Newton's expansion) to several classical
expansions. Now use the Isomorphism Theorem, with D as the
delfa. operators. We get

p,(8)
v D g(t)" = &%,
>0 ¢

vhence the conclusia, upon setting u = q(t) and a =« x, Q.E.D.

As an aside, we remark at this point a possibly useful

connection between basic polynomials and orthogonal polynomials:

Proposition. Let p (x), n=0,1,2,... be a sequence

of polynomials of binomial type. Then there exists a unique
inner product (p(x), €(x)), on the vector space P of all
polynomials p(x) , under which the sequence bn(x) is

an orthogonal sequence and '(pn(x), P,(x)) = n!, Under this
inner product we have

[@P(x) 100 = (P(x)sBo(x)/ ot

so that
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p(x) = ngo 5’-;*-,4-’-‘1‘ Rp(x) 1,0 = n§0 33-53-(-)- (p(x),p,(x)).

Proof: Let T be the (uniquely defined)operator

n
mapping pn(x) to x, for all n.

product as follows:

Define the inner

(p(x),a(x)) = [(T0)(R)a(x)]5 0

An argument similar to.the proof of the Lemma preceding
Theorem 2 shows that this bilinear form is symmetric

(set p(x) = p,(x) and ¢q(x) = p (x)), and that Pn(x)
is orthogonal to pk(x) for k#n. Finally,

(P (x)s (%)) = [(To,)(Q)Pn(x) g =

Q7P (x) 10 = 01

which shows that the bilinear form is positive definits. -

It is trivially verified that [Q"p(x)] o =
(p(x),pn(x) )/f'T . Thus the Expansion Theorem, in the form

1(a) = [E*q(x)], 0 = j—?-(i-)- [Qa(x)), o
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is the sanme &s t;m orthogonal expansion of q(x) relativo

to the above inner product, Q.E.D.

We note that for the Laguerre polynamials, discussed
below, the inner product just introduced reduces to the
classical inner product making the Laguerre polynomials

an orthogonal set.

Note that for the operators (i), (ii), (1ii), (iv),
(vi), (vii), (ix) described at the beginning of this
Section the polynomials definsd there are the dasice netg,
as will be showm in the course of this study.

o
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5. Closed Forms.

We now introduce a class of linear operators of -
an altogether different kind. Let p(x) be a polynomial
in the parameter x. Multiplying each tem of p(x) by
Dby
ehid l. R30, e wWe obtain a new polynomial in x which

& factor x, 1.e., replacing each occurrence of x

ve may denote xp(x). The first x in this exprecaion

may be regarded as & linear oparator since it represents

& linear transformation of polynomial into polyncm.ala. Ha
call this the rultiplication operator and we denote it by the

parsmeter x underlined. Thus, x: p(x) =~ xp(x). Note
that ths operator x 1s not shift-invariant.

Befors proceeding further, it should be noted that
F'p(x) = p(x+s) iz a polyncmial in the fomecl parcmster
x+&. Since the multiplication operator is notl shift-mvarimt..
%e have the operator identity: .

E'x = (xa)8%,

vhere x+a: p(x) ~ (x+&)p(x).
Proposition 1. If T 1s a shift-invariont operator,
then '

T = Tx-3T
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is also a shift-invariant operator.

The proof is a st_raiéhtforward verification. We call

T' the Pincherle derivative of the operator T.

¥e saw in the previous Section, as a epecial cass of the
Expansion Theorem, that any shirt-inmiant' operator T coan
be expresssd as an expam‘ion in the delta operator D; i.e.,

Tw ;k-r D where "k - [T’a‘]x-o Further, by the

kzo
iscmorphism theorem, (Theorem 3) the formal power series

corresponding to T 1s k@% t* = £(t). We call r(t)
the indicator of T.

Proposition 2. - If T has indicator f(t), then

T has f'(t) as its indicator.

Proof: Straightforward verification of coefficients
by Theoren 3.

¥eo note in passing Pincherls's Formula:

T,zx,,(x)- I (k)“"‘k)p(x)-

Note that by the isomorphiasm theorem of the precseding
Section, vwe also have

(T8)" = T'8+TB',
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Proposition 3. Q 1is & delta operator if and only if
1

G = DP for some shift-invariant operator P, where P~

exists;

Proof: It Q@ is a delta operator, then it can be

uritten

. *x

RS 4
whers

%-[Q}]M-
But

a0 - [Ql]x_o =0
8y = [Qx) £ O
by definiticn of & delta oporator. Thus if we eet
Byl
P xgo T§§§31-'HF

then the conclusion follows at once.
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s

Conversely, suppose Q = DP where P 4is shift-
invarfant and P") exists. Since D and P are shift-
invariant, thew Q hust be also. Purther, shift-invariant
operators commute (by 'meoru'S).' so that |

Qx = DPx = PDx = P1 4 O,

since Pl 4O for an invertible shift-invariant operator.

Hence Q is a'fdélta.'opontor'.?' ' _ ' Q.B.D.
Theorem 4 L(:lovséd”fbn;u'fbr basic m_]._sj. it

pn(x) is a sequence of dbasic polynomials for the delta
operator Q = DP, then

(1) py(x) = QPR

(2)  pp(x) = FTRP - (r )P0l

(3) pylx) = s

(3)°  (Rotriguss-type formula) p,(s) = x(@') T, _;(s).

Proof: We shall first show that (1) :and (2)-deﬁ.no' the
same polynomial ssquence:

QP21 o (pp)rp~0-l

= (D'Rorpt)p 1
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Thus, if we can show that q,(0) = 0 for n>0, we will
complete the proof that qn(x) is the sequence of baaic
‘polyncials for Q, qn_d it will follow that thoy will '
satisfy formulas (1), (2), and (3). Mow, from the equivalenco’
of equations (1), (2), (3) ve see that

) - .

§nd hence vqn(o) = 0 for m_-o Thus (1), (2), and (3)
have been proven, and 4 (x) = p,(x). |

To prove (4), ¥eo first invert formula (1), getting:
P - (Q')"?“"J))n(x).

Hotice that Q' is invertible, as is easily verified.
' Inserting this into the right side of formula (3) we get:

Pp(x) = x~(Qr)" n-1(%)
- *(Q')' Pp.1{*)

m::h 1:' the Rodrigues-type tomh;;. i " Q.R.D.
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The following formulas, numbered (5) and (6), relate -
the basic polynomials of two different delts operators in
an analogous way. Their proof is immediate, | -

Corollary. ILet R=DS and Q = DP De delts .
operators with basic polynomisls r, (x) and p (x), |
respectively, where 8'_'1 and 'P'_l exists. "mqii |

(5)  Fu(x) = QUEDTIE I g (x) |

(6)  my(x) = x(m)x Iry(x).

| Example 1. '_n_:é.nn polynomials are the dasic
' polynomials of the Abel operator I’D. Indeed from formula
' pn(z) ;m-l’

o= x(x-un)n'l.

. Example 2. The lower factorials (x), are the
sequence of basic polmu:ul; for the lower differencs

operator & = B-I. 8ince A' = B, the Rodrigues formula
(¥) gives immediately

- Py(x) = xElpy (%)

which by iteration gives the lower factorial power (‘)n‘
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Note that the basic polynomials for the centrel
difference cperator ‘4 can be obtained from (6) and 4
much as the Abel polyncmisl were obtained from (3).

: B I
. [ P 1 A
'
A6,
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6. g;e"Antanog hism Theorem.

let 2(E) be the algebrs of all linoar operators

~on the algebra of all polyncaials P. Let T be the sub-
~ algebra of shift-invariant operators on P. We now prove
~ our main result. | - |

* . Theorem 5. Let T be an operator ind(p), not
necessarily shift-invariant. Let P and Q be delta
operators with basic polynomials p,(x) and q,(x),
respectively. Assume that |

bn(x) = ¢, (x), for all nx0,

then 71 exists and
| (t.)\ the map 8 - 287"} 1s an sutazorphism of the
algebra L. | |

(b) T maps every sequence of basic polynomials into

& sequence of basic polynomials. |
(c) Lst P=p(D) and Q = q(D), where p(t) end
4(t) are formal power series. Lat tho delts operator R

have formal power series sxpansicn r(D) end bagic polynomisals

rn(x). Thea |

- Tp(x) - ',.(x) - g
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O=e
is a sequence of basic nolynomials Tor the delta ovperator

5 = r(p”(a(D)))s

1l

where p — 1is the inverse Tormal power series of p(t),

that is p(p"l(t)) = p'l(p(t)) = t.
Proof':

(a) We have the string of identities:

TPp, (x) = T(np,_q(x))

t

nTp, ()

= nqn..l ( X)

Qap, (x)

- QP (%)

ant oir.on wvery polynoaial is a linear ccembination of the

iz teevrerials, by linearity, we infer that TPp(x) = QTp(x)
for i woliynemials p(x), that is, TP = QT. It 1s clear
*tush ¢ oL vzrtible, since it maps p;lynomials of degree

i Loy o omisls of desree n, for all n. lHence
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whence

fer all n»0. Let S be any shift-invariant operator and

let the expansion of § in terms of P be

T
s = xn =2p°,
ns>o ni
Then
- a, a
TST™ = T( A e Pyt - A = Q" (1)
I ns .

and thus ’1.‘S‘.I"l is a shift-invariant operator. Further-
more the map S w» TST'l is onto since any shift-invariant
crorntor can be expanded in terms of €. Thus, the map

J¢ #u automorphism, as claimed.

Feiowkr We have also ghrown that T maps delta
onars.iovs into delta operators, since for delta operators

tha corotant cna-mefficient a vanishes.

0
(ot MR sn(x) = Trn(x) and let- S = TRT“l, By
s S

b R T S I s

is a delta operator since R is.
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are the basic polynomlals

To complete the proof that s (x)
of S we need only show that s, (0) =0 for n>0. Now we
can writve
r{x) = % anp(x)
n k>l KK
since ay = 0 because R 1s a deita operator,and hence
r.(2) = 0. Hence
Tr (x) = £ a q.(x) = s_(x)
n k>1 k7K n
50 thuoth

LR 3
CESLYOA,



Ch
1
U

{c) Now & and R can be written as power series
in P, say Q= 1(?) and R = ¢(). In eduation (I)

above let

A n

tvhen

and therefore

R = g(p) = g(p(D))
and

S = g(0) = g(a({D)).
Finally we see that

r(D) = g(p(D))

(D) = r(p~1(D))
and

s = g(Q) = r(o™(a(d))), Q.E.D.
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7. Umbral Lotation.

In order to simplify the complex notation which
has been appearing in many of the above formulas, we will i
make use and for the first'time make rigorous the Yumbral
calculus?” or "symbolic notaticn® first devised by Sylvester
and later used informally by many authors. If {an(x)}
is a polynomial secuence then we simply note that there is
a unique linear operator L on P such that L(xn) = a (x).

We say that L is the umbral representation of the sequence

{an(x)1. In particular, an operator T with the properties
specified in the preceding Theorem will be called an

umbral operator.

If f(x) is a polynomial then we use the notation
f(a(x)) to denote the image of f(x) under the operator
L. For example, a(x) denotes a,(x), wvhile [g(x)]2
denotes a,(x). Similarly, [a(x)+v][a(x)+c] denotes
ay(x)+(brc)a, (x)+bc. This is in essence the umbral
notation, which we signify by boldface lettering.

Loosely speaking, umbral notation i1s a simple
technique using exponents to denotec subscripts. For example,
the definirr property for a polynomial sequence to be of

binomial type
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- n -
P (x+y) = k§O ()P (%) P 1 (¥)
can be restated umbrally as

P (x+y) = [p(x)}+p(y)1".

Note that, in view of our definition in terms of the operator

L, this identity has & well-defined meaning.

Theorem 6. If P and Q are delta operators with
basic sequences pn(x) and qn(x), _and expansions p = p(D)

and Q = q(D), then the umbral composition

1p(x) = pp(a(x))

is the sequence of basic polynomials for the delta operator

R = p(a(D)).

Proof: Let T be the umbral operator defined by

X = g (x).

By the Automorphism Theorem of the preceeding Section, 1t
follows that T takes any basic sequence into another basic

gsequence. ﬂow if

(x) = T oyt T
P.{x) = ¢ 8&,X P ¥
n 1m0 1
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then

Tp (x) = T( 5 a.x)
X) = X a.xX
n i=0 i

n i
s a,Tx
k=0 <

T aq(x)
= ¥ a,0,(Xx
o M1l

p,(a(x)):

Thus rn(x) is a sequence of basic polynomials and by the

Automorphism Theorem, it i1s the basic sequence for
R = TPT™* = p(a(D)), Q.E.D.

Corollary: If p,(x) is a sequence of basic poly-

nomials then there exists a basic sequence ¢, (x) such that

p(a(x)) = x".

We say that q (x) is the inverse sequence of P, (x).

Theorem 7. (Summation Formula). Suppose pn(x) and -

qn(x) are the basic sequences for the delta operators P

and Q respectively. If qn(x) is inverse to pn(x), then



The proof is similar to the preceeding and is left to

the reader.

We are now in a position to solve the problem stated in
the Introduction: given basic sequences p (x) and a (x),
with delta operators P = p(D) and Q = «(D), how are
the coefficients c ,

6 (x) = kZO ©niPk (%)

linking the p,(x) to the qn(x), the so-called connection

constants, to be determined? The answer is dismayingly

simple. Consider the polynomials
r (x) = % c,.X
n( ) k>0 nk™
and consider the umbral operator T defined by
n
Tx = p,(x).

Then clearly

4 (x) = T (x) = rp(p(x)),



\n
(0)

T=5
so that r (x) are of binomial type and R = r(D) being
trheir delta operator, we find q(t) = r(p(t)), or
r{t) = q(p'l(t)). Tneoren 4 then provides explicit
expressions for tre rn(x). Cne couldn't expect a simpler

answer.

As an example, consider the connection constants between
n . . ..
a(x) = x° and p (x) = (x),- Here g(t) =% and p(t) =
t
e -l. Thus, r(t) = log (1+t) and, as we shall see below,
the polynomials rn(x) turn out to be the exponential

polynonials mn(x), discussed below.

(x), and q (x) = x(0),

An easy computation shows that =r(t) = t/(t-1), whose basic

As a second example, let p (X)

polynomials are the Laguerre polynomials, also discussed below.

AR instructive example the reader may work out for him-
self — thereby cbtaining & number of classical and new
. . . . n-1
identities, is to take p,(x) = x(x-na) and g (x) =
x(x-nb)n"l for afb. These examples could be multiplied
ad infinium, and a great number of combinatorial identities

in the literature can be seen to fall into the simple pattern

we nave just outlined.

-

Remark. It can be shown that every automorphism of
the algebra ¥ is of the form S - pst™1 for some umbral

operator T, but this fact will not be needed, so we omit

the proof.
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5. The Exponential Polwvnomialce.

The expoanential polynomials, studied by Touchard
and other authors, are a good testing ground for the theory
developed so far. We shall see that their basic properties
and the identities they satisf& are almost trivial consequences

of the theory.

Consider the sequence of lower factorials (x)n,
which as we have seen is the basic sequence for the delta
operator A = eD-I. In this case thelinverse sequence 1s
the sequence of basic polynomials for the operator
Q = log(I+D). We denote these polynomials by ¢n(x);
these are the exponential polynomials.

From the Corollary above we have umbrally

n
X .

m(=1)(n=2). .. (p-01) =

Further by the summation formula

Kk k

oy (X) T

H]
v ™

= % S8(k,n)x<, "
k>0

where S(n,k) denote the Stirling numbers of the second kind.



L
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N

Al R 3 o . ~ = <} ] [P > P P . S - - ~
Wow let ug @oply the Kodrigues Jormule Yo see what we zeb.

: \ - . - -1 .y
Since ¢ = log(I+D), we have @' = (I+D) and nence

w (X)) = 7(Q') T, 3 (%)

= x{(I+D)7,_1(%)

[

xpn_l(x)+x3'n_l(x),

’

which is the recursion formula for the exponential poliyncmials.

The next property of these exponential polynomials which

we shall prove is expressed umbrally as
n
mn+l(x) = X(e+1)7.

Let T be the umbral operator that takes (x), into X,
so that X' = v (x). Hence

. -~
=i

Tx(x-1), _; = X

or changing n to n+l



can be rewritten as
TXE H(x), = xT(x),.

We can extend this by lineafity to all polynomials p(x)

50 that
myp— t
TxE "p(x) = xTp(x).
Replacing p(x) by p(x+l) we have
-}
TXE “p(x+l) = xTp(x+l).

Hence Txp(x) = xTp(x+l).

Since TX" = ?,(x) then Tp(x) = p(n(x)) and it follows
that

Txp ()

a(x)p(=(x))

= XTp(x+l)

xp (3 (X)+1) -

If we let p(x) = x7  then



Bwdy

; 1 - Y
Oper(7) = D3(x) 7T = o(x) {n(x) 17

= X[a{x)+1}"

wnich is what we wanted to prove.

In a similar vein one can prove iae remarkable Dobinsky-

type formula:

kn
x ol

O A
A

Pp(x) = e
n k>0

which we shall leave as an exercise to the reader.
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9. Laguerre Polyncmials,

As a further example of the above thecry, we shall
develop some properties of the laguerre polynomials. The

aguerre operator L 1is defdned Uy
p® -3
Lp(x) = =" e "p'(xtt)dt.
o

It is a delta operator and as such has a sequence of baslc
polynomials wanicn we shall call Lr(x). By straightforward
calculation , we find that the expansion of L in terms of

D has coefficients

n
[Tx ]x=0 = n!, n3l
= 0, n=0
and hence we find that

Hence from formula (3) of Theorem 4 we have

nxn-l

.

*) Ly(x) = x(D-I)
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Since for all polynomial »n(x) we alsc have

e"De™¥p(x) = (e %p 1 (x)-e"%p(x))
= (B-I)p(x)
then e*De”™® = D-I and hence
e*p%e™* = (D-1)".

Therefore we obtain the classical Rodrigues formula,

-X_N=1

Ly(x) = xe e XX,
From formula (*) we find by binomial expansioh that
n! n-l k
T (x-1)(-x)

L (x) =

1

L

where the coefficients

are known as the Lah numbers. Our notation for the poly-

nomials Ln corresponds to the notation in Bateman for the

polynomials Ln('l), that is,
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(-1) 1.
Ln (x) = ET'“n(x)‘

We now come tc the most important fact abcut the

t
Laguerre polynomials. The indicator of L is

T
£(t) = =
and nence
L
t-1 t
f(f(t)) = 5 T =TT " t
£ -

Thus, by the Automorphism Theorem we infer that the

Laguerre polynomials are a self-inverse set. Thus, we have

as aqiﬁmediate conseguence the beautiful identity

2 m 2B EDED D0 = ().

Other identitlies concerning Laguerre polynomlals stem

from the fact that

Since L. (x) are the basic polynomials of L we have



In fact, il we expand ﬁgw into series form

tJ

ninl
cne— % —D - ‘f::’z')‘-'f- "D(x"‘"J"D +o-o)

we can use ihlis to get other known recursion formulas.
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10. A Glimpse of Combinatorics.

Although we intend to leave most of the combinatorial
appiications of the preceeding theory to the second part of
this work, we shall outliné two typical results which we
hope will orient the reader to applications to problems of

enumeration,typicai of the second part of this work.

Theorem 8. Let P be an invertible shift-invariant
operator. Let p, (x) be a sequence of basic polynomials

satisfying
[x‘lpn(x) oo ™ n[P"an.;l(") ) xmo?

for all n»0. Then pn(x) is the sequence of basic poly-
nomials for the delta operator Q = DP.

Proof: Define the operator Q by Q1 = 0 and

Qpn(x) ol npn-l(x)

and extending by linearity. Note that Q is shift-invariant.
Tn terms aof Q, the preceding identity can be rewritten in

the form

£x~1pn(x)]x-0 = [P~ Qpn(x)]x--O‘
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By linearity, this extends'to an identity for all poly~-

nomials p(x) — an argument we have often used in this work.
Thus, recalling that [x'lp(x)}xao = [DP(X)]xso whenever
p(0) = 0, we have

[Dp(x)], 0 = [F7HR(x)], q

for all polynomials p(x), dincluding those for which
p{0) # 0. Setting .p(x) = q(x+a) we obtain, using the
shift-invariance of P and Q,

pa(a) = [P RE*a(x)],
= [2*P71Ra(x) 0

= P"lqa(a)

for all constants a. Butthis means that D = P'lQ, or

Q - DP; . QoEoDo

Corollary 1. Given any sequence of constants

Chpr D = 1,2,..., there exists a unique sequence of basic
polynomials pn(x) such that [x'lpn(x)]xFo = Cpnqs that is,

po(x) = E cnkxk, n=12...

kzl
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Corollary 2. Let g(x) be the indicator of @ in

k
i -1 t
the above. Then g = f where f(t) = ¢ ¢ .
! k>0 k,1 kT
Proof: From above
D=QP = % ¢ ?ﬂ-}:-f(a)
kiO k,1 ki
and the result follows.
We now give -some applications of the above theory.

Application 1. Let tn X be the numver of forests of
} 4

rooted labeled trees (i.e., trees with a distinguished

vertex) with n vertices and k components, then

An(x) = kEO tn'kxk = x(x+n)n'l.

Proof: Since t, , 1s the number of rooted trees
on n vertices, then tn,l - nAn_l(l) since each such
tree on n vertices may be obtained by mapping & forest
oﬁ n-1 vertices onto & single new root vertex. The
resulting root may be labeled in n ways, l.e., either by
using a new symbol or by using one of ype n-1l old symbols
and replacing it by the new symbol. But this relation may

be written

(X0 R, (%) T = IBA, 3 (%) 1,00
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1

and hence the delta operator for A, 1is DE ~ by Theorem

8. Thus the assoclated polynomials are the Abel polynomials
x(xén)?L, |

Corollary (Cayley). The number of labeled trees on

n vertices is n—2.

Proof: Since the number of rooted labeled trees 1s
nn'l the number of unrooted trees is nn"2 since each free

tree can be labeled in n ways.

Application 2. Let Sn be a symmetric group on n

symbols and let Ch. k be the number of group elements which
¢4
k

consist of precisely k cycles., If C,(x) = EO . k¥
, K ’

then C,(x) = x(n),

Proof: We note that in this case cﬁ,l = (n-1)!
vhich is clearly the number of group elements consisting
of just one cycle, and thus by Corollary 2 this is the

required sequence.

Functional Digraphs. A digraph, D, (with loops

permitted) on n symbols is a functional digraph if and
~lv 4f it satisfies the following two postulates,

1) eacn component of D contains precisely one

consistently directed circuit; and
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2) each ncn-circuit edge is directed towards the

circult contaired in its couvonent.

An ldempotent is a functional digraph all of whose
components contein a distinguished vertex which meets every

edge of that component.

Application 3. The polynomial pn(x) = ¥ (ﬁ)kp'k
' k>0

xk is of binomial type. Let hn,k be the numger of
idempotent on n symbols with precisely k components.
Then hn,k = (ﬁ)kn—k since the k distinguished vertices,
V, mey be chosen in (2) ways and the remaining n-k |
points may be directed into V in k™°F ways. However,

we may also view each idempotent as a structure generated

by its components. It is interesting to note that the

- coefficients hn,l ; n and the assoclated delta operator
has indicator f['l](t) where f(t) = te®. Thus these
polynomials are the inverse seguence of the Abel polynomials.
Several identities for them may be derived in much the same

way as we related the exponential polynomials to the lower

factorials in Section 6.

Anticipating some developments in the second part of
this paper, wé may state the following principle. In order
to enumerate by & sequence Sh 2 class of rooted trees,

graded by the number of vertices, one forms the associated
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basic set, whicﬁ will enumerate & class of reluctant functions,
and then proceedsto apply Theorem 8 or a variant of it,

which will refiect the "composition rule" of such class of
trees. The connection constants between two polyncmial |
sequences enumerating sequences of reluctant functions have
& combinatorial interpretation in terms of "piecing together"
one set of trees in terms of another. Thus our starting '
point in the second part of this work will be: given two
families F, end F, of rooted labeled forests, in how
many ways can be a member of F, be "pieced together"

from members of 'Fl? Tﬁe.slmplest case of this is Cayley's
theorem above, where Fl consists of a gingle edge and Fp

consists of all labeled rooted forests.
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