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1. INTRODUCTION

This thesis considers a problem arising in the design of
experiments for empirically investigating functional relationships
between a dependent response variable and one or more independent
continuous variables. Suppose that an experimenter wishes to explore
a functional relationship between a response, 1T , and several
independent variables, K15 X9y «eey X, Over some region of
experimental interest in the space of the quantitative factors. The

relationship could be expressed generally as

M= £0xps %ps vons X5 8y5 89 oees 6 (1)

where ei's are unknown parameters which must be estimated by

experimental data.

The response relationship is usually interpreted geometrically as
a response surface in a space of dimension p + 1 where the co-
ordinates are the p + 1 wvariables, X1s X5 eoes Xp and M . To
explore the response relationship N observations of the response 1)
are taken in the region of experimental operability at a set of N
corresponding levels of each xi ; these levels constituting an
experimental design. The data are then used to fit an equation, y ,
intended to estimate 1 over the region of interest, The region of
interest (which will be denoted by R ) is not necessarily the same
as the region of operability (which will be denoted by RO } in which
it is feasible to perform trials. Usually R 1is smaller than or equal
to RO . it is convenient to transform the actual experimental

variables so that their origin (0, 0, ..., 0} is at the center of



the region of interest, R , and so that R is either the p-

dimensional cube defined by =1 < X, < 1 ovr the unit sphere defined

P2
by > X, < 1.
i=1 °*
Lf the true function form N = f{x, B) 1is unknown, as is often

the case, the relationship may be approximated by the low order terms
in the Taylor series expansion of equation (1), which might be

expressed as

Mo

KKK aae
Biik®i%%K

P %
=B+ 2 Byxg+ = Bygmxy+
i=1 igjgk=1
A first order approximation is obtained by disregarding ali terms be-
yond the first summation sign; a second order approximation is
obtained by adding the second summation sign to the first order
approximation, etc, Box and his co=workers have found that in most
experimental situations the first or the second order approximation
will be adequate for practical purposes. The coefficients of such
peiynomials are then the unknown parameters, which are usually estimated
by least squares methods from experimental data. Various properties
of the resulting fitted polynomials have been discussed; in
particular, those properties which mainly depend on the choice of the
experimental design.

The study of design optimality criteria has been of fuundamental
interest to researchers in the area of response surface analysis,
Initially criteria were largely concerned with variance; either of the
iodividual coefficients or of the fitted polynomial as a whole. vOne
of the most popular variance criteria ait present, along with the D=

optimality criterion, is the concept of rotatability due to Box and



Himtetr 5. The rortatable design 1s independent of its crientaticn in
the sense thal the variance of =he fitted vesponse, v , ab a point
X Xyo eesn X 3 in the facter space depends only cp the

S }? 27 M p

dzstance from x  te the center of the design, Bex and Hunter have
devived a group of rotatable designs for fitting second ordex
poivoomiale,

In later work, the question of bias due no inadequacy of the
approximating polyncmial was ¢onsidered by Box ard Draper (3, 4%,

fhey proposed the minimization of the mean squared errot integrated

cver R as a basic

(riterion, This criterion considers bias and

variance sim:ltareously, Consideration of bias =eems pertinent in

caces where a fivst order model is wused; =1nce the questicn arises as

Lo whether or not rhe choice of a design can offer proper profection
against tre puesibiliny of curvatarve in rthe true responce aurface, In
the case of a second crder design, cne might be iaterested in a design
wiiich affcrds protention against the existence of cubic terms in the
trize respoase function,

Suppese an experimenter fits a polvnomial model of crder dL in

bhe region of intercat, R ; however. the true midel 12 a palvnomial

rezponse of grder d, , where d, = d, . The mean :quared error

2 1

integrated vwver R iz

a0 ” 3

} _ ) 2, , . , .
where (0 = JR dzx  anpd o 1& the experimencal error wariance, The

experimental errirs are acsumed to be independent and identically

2

distribnted with variapce @ . L can be readily showe Bhat



L1
+
>

where
Ve %2 fR Var(y(x))dx
o |
and

)

NQ - RN RN o 2
B = [0 TR = n0x] dx .
[e)

J 15 the sum of B , integrated squared bias, and V , integrated
Var{y(x}) .

Estimation requires calculation of the regression coefficients from
experimental dara. Box and Draper used the ztandard least squares
method., Since the mean squared error criterion was introduced many
researchersz have concentrated on experimental design criteria which
include bias as a ccnsideration, Several authors {2, 10, 11, 12> have
suggested different estimators for the regression coefficients to
achieve smaller mean squared error under some circumstances.

All of rhese works regarding design criteria, whether they arve
variance vriented ¢r bias oriented, have cne thing in commen, namely
that they concern the estimation of the height of the respunse in the
facter space rather than the estimaticn of differences in response.,
However, the main stream in statiztical work on rhe design of
experiment:s has been on the ccmparizon of treatments, di.e., on the
estimation of tLceatment contrasts, In this point cf view rhe study
of respense surface designs has been excepticnal since it has mainly
emphasized the estimation of absclute response. This ran be a cericus

cversight. Fstimaricn of differences in respcnse at diffecrent pcints
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in the factor space will often be of great importance. If differences
at points close together are involved, estimation of the local slopes
(the rates of change) of the response surface is of interest, This
problem, estimation of slopes, occurs frequently in practical
Situations. For instance, there are the cases in which we want to
estimate rates of reaction in chemical experiments, rates of change in
the response of a plant to various fertilizers, rates of disintegration
of radioactive material in an animal, etc.

The problem considered in this thesis is, therefore, that of the
choice of the experimental design so as to achieve maximum information
on the estimated slopes of the response surface. In designing these
experiments allowance is made for bias, due to an inadequate model.
The mean squared error of the estimated slope integrated over R will
: Be the basic measure of information provided by the design. Only the
least squares estimator of the slope will be considered.

This problem of estimating slopes is relatively unexplored in the
literature. Several authors have considered the topic, but with
limited discussions. Atkinson (1) mainly considers :first order poly~-
nomials when the true models are quadratic. Ott and Mendenhall (15)
discuss a second order polynomial, but they limit the case to a single
variable and to a quadratic polynomial as a true response., Matteson
(13) and Munsch (14) extend the concept of minimum bias estimation
which was initially suggested by Karson, Manson and Hader (11) to the
estimated slope of response surfaces,

In what follows we will pursue a thorough investigation of the

topic in cases where second order polynomials are fitted for single



and for several independent variables when the trie responses are
either quadratic or cubic, A new design concept called slope-
rotatability will be introduced. Designs with points equally spaced
on one, two or three circles will be investigated extensively. A
computer search routine will be used to find cptimum designs in this

class,



2. ONE FACTOR EXPERIMENTAL DESTIGNS

Suppose the true model is a polynomial of degree d7 s

NGO = w18, + KB,

in a single variable but for one reason or another the experimenter

fits a polynomial of degree d.l < d2 s

N - q
y(X) - ‘}"{’l't')‘l s

where 21 is the least squares estimate of Ql . The mean squared

error integrated over R for the estimated slope, d&/dx , 1is

N dy _ dn,y2 -1 _
02 R,E(dx dx) dx where Q = = IR dx

(48]
|

e} dy . dy.42 NQ dy.  dp-2
2 Jr E[jx - B(gD]Tax + .2 Jr (EGD - 21'2'] dx

Thus J which we want to minimize as the design optimality criterion
is the sum of integrated variance, dencted by V , and integrated
squared bias, denoted by B .

In order that the bias portion can be evaluated the bias of the
polynomial coefficients must first be evaluated, Suppose Xi is a

. . th .
matrix the elements of the i— row of which are the values taken by

,th . . .

the terms of X, for the i~— experimental combination. The least

squares estimator for 21 is

IR
by = (XX Xy



8
where y 1is the vector of the N observations. Then the bias of the

coefficients is given by

E(hyp) - By = 48,

lefX, . The extent of the bias is determined by

. ‘ 5
where A is (Xlxl) 1

the matrix A , the alias matrix.

Designs for one variable are the subject of the following
sections, 1In Section 2.1, designs for the linear model protecting
against quadratic effect will be briefly discussed, and then in
Sections 2.2 and 2.3 designs for the quadratic model when the true
model is either quadratic or cubic will be investigated. The region

of interest, R , is assumed to be -1 < x< 1 .

2,1 Designs for the Linear Model When

the True Response is Quadratic

If the true model is quadratic, 1(x) = BO + le + Bzxz , and the
first order model, §(x) = b0 + blx ,» is fitted, how should experiments
be designed so that the estimate of the slope is as precise as
possible? Suppose the experiment consists of observations at two
fixed factor levels. Atkinson (1) indicates that J is minimized
when the observations are equally divided between the two equally
spaced levels from the center of the design. We will cniy, thereiore,
discuss the designs with the trials equally divided between the (wo

equally spaced factor levels from the design center. (ur emphasgis is

on determining an "optimal® straight line fit with a small number of
g p g



observations rather than on detecting departures from linearity. For

the latter purpcse more than two distinct levels would be needed.
Suppose N (even number) trials are allocated with N/2 trials

on each =h level and h level where h is the distance from the

center of the design. Then one can show that

e} dy _ . dy, .2 -1 al
V = 02 IR E(dX E(dx)) dx where () = = f-l dx
N 1 2
= e E(b, - B,) dx
5 o1 BBy
2% 1 1 1
Since
E(é&) = E(b,) =8
TMdx 1 1 °
Then
N 1
V= -5 I-l Var(bl)dx
2% _
2
N 1 c
= = <= dx
LS
= L
h2
and

e} dyy dm.2
5= [p EGD- Shax

2

. 2 L2
= _.1217). fi] (51 - (51 + 2{32x)) dx = ~—N—2~ j'il (-ZBZX) dx
202 ‘ :

2c

5 N By
=305 .
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Consequently, the mean squared errvor integrated over R 1is

1/h? + 4?3

where

o p .

Observe that the bias, -ZBZX , 18 zerc only at the center of R and
the squared bias, B , is independent of h . Also the integrated
variance, V , is a moncotomnically decreasing function of h . J is
thus minimized for any given « when h takes on the largest feasible
value,

The region of operability could be larger than R ; however, in
nearly all practical problems there is obvicusly some practical limit
or bound en. h . If h is assumed to be bounded by b , then J is
minimized at h = b . Atkinson (1) discusses this case extensively
generalizing R to be the line of length 2c¢ centered at an
arbitrary point X

0 * Atkinson assumes that the region of cperability

is =l<x<g 1.

2.2 Designs for the Quadratic Model When

the True Model iz Also Quadratic

Lf the fitted model happens to be the true mondel, bias is zero,

In this case J is equal to V and the design criterion i3 simply to

minimize the integrated variance of the estimated slope owver R

<
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The estimation of the zlope cf the second order model requires a
minimum of three levels of the independent variable since there are
three parameters in the model, } = bO + blx + bzx2 . It is shown by
de la Garza (7) that the precision matrix (variance-covariance matrix)
of least squares estimators in the model for a dezign at mnre than
three levels of the variable can always be obtained by spacing at just
three judiciously selected levels of the variable. Therefore, in what
follows in this section the selection of rhree levels of the variable
and the allocation of N trials ot the three levels, equally spaced
with the center level at zero, will be considered,

Suppose N trials are allocated as below:

~h 0 h
! ! i

n1 nO nl trials

The same number of trials are allocated to both extreme levels since
one can show that the design criterion is minimized when the both
levels have an equal number of trials. For the above allocation scheme

the design matrix is

2
X X
7 L2
i 1 -h h.,.)l
|1 ~h h"
I v . ce e n, trials
o . S ny tria
1 0 0 i
1 0 0o
X = : y : § oo ) trials
L1 0 0 '
1 h h§
: } ? ? .o n, trials
. @ -2 ]‘
1 h h
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Note thai X ie used instead of Xl since thare is no X? matrix
involved ip this section. One can casily ebtain
~1
RO AN O - - I
N=-2n 2
1 h™(N-2n_)
1
p -1 1
(X5 = 0 - 0 .
2n1h;
-] N
o o U - -..n..z../::,‘ PR
h“(N~2nl) L (N-Zn!)
X 1is

. P ~ 2 .
From the model, v =bh_ + b.x + b?x » the estimated slope at
dy/dx = b1 + 2b,yx . its variance is

4

J% = Var{dy/dx)

= Var(b, + Zb,x)

2

1 2 N o 2
il e B G D B A
2.k anh (N-an)

The integrated variance over R is

Q-l - flﬂ dx

-k

m Fada N U g
IR dx where

Lettirg £ = n. /N
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Equation (3) indicates that to minimize V, h should be as large as
feasible within the region of operability. Once h 1is fixed, the
minimizing value of f , f£%* , can be obtained by solving

dv/df = 0 , which is

| PR
L 3n%) - 273n% 44
f4€ = 2 .

6h

For various choices of h , Table 1 shows the corresponding f*
and Vmin » the minimum value of V , Table 1 provides an interesting
aspect that f% stays within a narrow range as h changes over a
quite wide range. Note that for h =1, £* is equal to 00,2847
which agrees with Atkinson's result. In practice, since ng is an
integer, the optimum f%* can only be approximately achieved unless a
large number cf trials are observed.

Another aspect which should be pointed out is that even though
f* is a fairly narrow interval for different values of h , never-
theless the integrated variance is not terribly sensitive to f for
a given h . For example, with h =1, f* = 0,2847 with
Vmin = 7.195 ; however, if £ =0,25, V= 7,333 ., Therefore, 25%
allocation of the trials at an extreme level instead of 28,477 is
quite acceptable as a good design. Incidently, Ott and Mendenhall
(15) recommended 25% allocation to an extreme level based on their

criterion, the minimization cf the rate of curvature of N Var(dy/dx)/c
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Table 1 £* and Vmin for fixed h

h £ Vmin
0.7 0.2695 26.135
0.8 0.2744 15.993
0.9 0.2795 10.452
1.0 0.2847 7.195
1.1 0.2900 5.163
1.2 0.2953 3.835
1.3 0.3005 2.931
1.4 0.3056 2.295
1.5 0.3106 1.835

2.3 Designs for the Quadratic Model When

the True Model is Cubic

In this section we will discuss second order designs which can
afford protection against the existence of a cubic term in the true

response function,
= +B,x +8 x2 + x3
NG =Bg +Byx +Byx" +p83x" .

The class of designs to be considered is the same class we studied in
Section 2.2, that is, designs with three equally spaced levels, <~h ,
0 and h , of the independent variable and allocation of trials, ny o
n, and n o, respectively, on each level, For this class of designs

Xl is identical to X in the previous section and X,

2 is given by

X3 = (-n°, -n%, ..., 0> 0, 0, ..., 0 B3, n3, vee, B

n, trials nO trials n1 trials
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1

The precision matrix, (xlxl)' > 15 equal to (X'X)'—l in the previous

section, and

Hence, the alias matrix is

0
o -1 2
= ty ! =
A= (X)) RIX, h .
0

Here, the vector B, takes the form of the single element 83 » Thus

we can obtain

bO ; “”Ba‘g Ozé
B(b) =E by | =p +ag,= B+ g
bz,‘ | P2 0
Tk
= B+ h283 .
By

Consequently, the bias of the estimated slope at a point x is

. d _ 9
E(dy/ax) - S = B(by + 2b,%) = (B, + %% + 33,x0)

2 2.
(B + 1By + B,x) - (B, + 28,x + 38,x7)

L2 3 2
kLBB - 83x s



and the integrated squared bias over R is

_N g ddy | 02 S
B = R (EGD - 5, where Q= = j_ldx
N al 2 2.2
= =5 [o (0By - 3% %dx
2%
5 VN g
= a«“(b4 - 2h2 + 1.8) where g = — 3 . (4)

c

Note that B is independent of f = nl/N and achieves minimum at
h =1 . Since the integrated variance, V , is the same as that in

Section 2,2, the mean squared error over R is

J=V +B
1 2 2,4 2
= [ 5 + 7 T+a (h - 2h" + 1.8) . (5)
2fh 3fh (1-2f)
Since B is minimized at h =1 and V 1is a monotonically decreasing

function of h , J will be minimized at 1 < h < +c0 for any given
@ . For a fixed value of h one can find the minimizing value of f ,

£% , by setting
dJj/df =0

which implies

a4+ 4) -2 "“\/3112 + 4
= \ Sk -
2 ‘
6h

This is the same equation for f% as appeared in the previous

section, simply because B is independent of f and V has the same
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Table 2 h* and f£* for given o

o, h#* £ v B J J

(Optimum) (when h is
limited to R)

0 > +00o > 0 0 > 7.195

1 1.397 0.3054 2.311 1.706 4.017 7.995

2 1.225 0.2966 3.577 4.202 7-779 10.395

3 1.150 0.2926 4.432 8.136 12.568 14.395

4 1.104 0.2902 5.099 13.566 18.665 19.995
+co  1.000 0.2847 7.195 + oo + <o + o0

form as before., If h is limited to R » =ls=x< 1, the h which
minimizes J (call this h* ) is 1 and f* = 0.2847 for any given
o .
Table 2 is constructed to show how h* and f* depend on ¢ .
The h* and f* are obtained by trial~and-error, and were checked by
substitution into the equation found by setting J3J/3f = 0 and
3J/3h = 0 . The last column in Table 2 shows the values of J when
h is limited to R , that is, when h* =1 and f* = 0,2847 .
Several aspects can be observed from Table 2, As ¢ increases,
h* decreases approaching 1 and f* also decreases approaching
0.2847 . The range of h* as o changes is quite wide, however, f%

stays within a narrow range.,
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3. MULTIFAGTOR EXPERIMENTAL DESTIGNS

The slope of the response surface for a single variable at any
point is a scalar., However, with more than one variable the slope
depends on the direction of measurement. In this chapter the general
method of estimaticn of slope for p variables will first be developed
and then the criterion of rotatability for the variance of estimated
slope will be extensively discussed,

Suppose the dl order polynomial model, §(§) = ﬁ'bl , is

1=

fitted protecting against the bias effect, if any, of the d2 order

polynomial model, 7n(x) = §ﬂ§1 + 35@2 . let Xi be a matrix, the

. v , th .
elements of the i==* row of which are the values taken by the terms

h
of x; for the LE; experimental combination. Also let
”~ - lf/ ™
oy ol
aXl : ax,l
|
3y | A1
&) = =Dyby  and or(w) = ERSUIREP R
- :
|
LAy L.
g aXP ! axp !
. / //

where Dj is a matrix, the iEE row of which is obtained by the
parital differentiation of 5& with respect to X, . The elements of
g(x) are the estimates of the slope of the fitted response surface
and the elements of x(x) are those of the true response surface

along the p factor axes. Therefore, the slope at x on the fitted
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response surface in the direction specified by the p x 1 vector of
direction cosines, k' = (kl’ k2, k3, cees kp) > 13 a linear com-
bination of g , that is k'g . If we let 8 =E(g) - r, then s
represents the vector of biases of the estimated slopes along the p
factor axes estimated at the point x .,

The mean squared error of the estimated slepe in a specified

direction k at a point X 1is

¢ = E(k'g - k'p)°

Var(k'g) + (E(k'g) - k'r)>

k'Var(g)k + (k's)'(k's)

E'DIVar(Ql)DiE + s'kk's (6)

i

V¥* 4+ B¥%

where V¥ = E'DIVar(hl)Dik is the variance component and B* = s'kk's
is the squared bias component. If k were known, experiments would
be designed to minimize equation (6). If the direction of interest,
k , is not specified in advance, one might wish to average J¥* over
all directions in such a way that the distribution over all directions

is uniform, The following lemmas will enable us to average J* over

all directions,

Lemma 1: The average of V¥ over all directions is

7% = o! tr (D, (X'x.) "Iy (7)
D 1¥ %) Pyl
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Proof: Let M= D1Var(§1)Di + The average of V¥ over all
directions in such a way that the distribution over all directions is
uniform is

Ve = Average (k'Mk)
k

L]

Average[ tr(k'Mk)] since k'Mk is a scalar,
k

Averagel tr(Mkk')
k

—

tr[Average (Mkk')]
k

tr[M(Average(kk'))] .
k

Therefore, we have to calculate

Average(kk') = CI kk'dA
k

where C 1is a proper average constant and dA is the area element of

the hypersphere with unit radius.

It can be shown (Appendix 7.9)  that Cf kk'dA is a diagonal
matrix whose diagonal elements are all equal, Let Cf kk' dA = vIp s

then

wta
w

tr(Mvl
(p)

tr(vM)
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's are eigenvalues of M ., Notice that v is independent

where hi
of M and is only associated with CI kk'dA . To find the constant

v suppose M is the identity matrix. The average of k'Mk is 1

and ki =1 for all 1{i . Therefore, v = 1/p and V* becomes

<
o
L£)
]

(1/p)tr(M)

(1/p) £r (D, Var (b, )!)

2
a_ ' -1, . - ' -1 2
> tr(Dl(Xlxl) Dl) since Var(hl) (Xlxl) o .

]

Q. E. D,

Lemma 2: The average of B* over all directions is

[wel ]
[N
¥
]

(1/p)s's . (8)

Proof:

o] ]
.
tS
il

Average (s'kk's)

C[ s'kk'sda

il

s'[¢] kk'dAls  since s is independent of k,
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= (L/p)s's .
Q. E. D.

The relation, v = 1/p , can be verified differently in the following
way in Lemma 2, Suppose s' = (1, 1, ..., 1) . Then s's = p and
B¥ = 1 . Hence, v = 1/p from B* = vs's . From Lemmas 1 and 2 it

is immediately obtained that the average J* over all directions is

\77‘: + Ev’c

ot
“«

2 -
e ) TD + (/p)s's )

]

If we do not specify the point of interest at which the slope 1is
to be estimated, experiments should be designed to minimize the mean
squared error integrated over the region of interest, R . The mean

squared error integrated over R 1is

J = ﬂ% IR J# dx where Q-l = fR dx
= “—DZ [g (@ + Bryax
=V + B
= g tr[(Xixl)-lwllj
+ ﬁ-é- tr[B,By (AW, 1A = 24N 5 + W,,)] <o

where
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A= (XIX ) x12

=
I

-QIRDDdx

=
|

= QfR D'D odx

W

29 QIR D!D dx .

The derivation of equation (10) is obtained in the following way: The

integrated variance is

V= N—% [g Trax
o
NQ 02 1
= - 1 = 1
cz R p tr(D (X X ) Dl)d§

—N;-) fa tr((Xin)-l'DiDl)d§

(11)

N e =Ll
S Er((x,) lwll)

and the integrated squared bias is

B=-‘N—%j Bdx
o
= E% f L a'sdx
p 229X
o

]

Ay [ [0 = D)8, 1 @ - D,8,)dx

since
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[
[

E(g) - x

= DyE(;) - (DB, +DyB,)

=D, (B, + (xixl)'lx'lngz) - (0,8, +D.B,)
= DiABy = DoBy

= (0,A - DB, . (12)

So

B =f§ Jr B3A™! - DSY(D A - DB dx

__.EQ_ ! tnt - AID? - t 1
> j‘R tr(g)(a DPA - A'DID, DyD.A + DiD,)B,)dx

= ;'% er[B B AW A = 2ATW, +W,,)] . (13)

For the case when the first order model is fitted when the true
model is quadratic, a comprehensive study can be found in the paper by
Atkinson (1). Accordingly, we will only consider the cases where the

second order polynomial models are fitted.

3.1 Designs for the Quadratic Model When

the True Model is Also Quadratic

If we fit the quadratic model when the true model is also

quadratic, there is no bias involved and the variance of the estimated
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slope is the only concern. The quadratic model with p variables,

§(E) = Eihl , will have

. 2 2 2

x = (1,x, xz,...,x ,xl,xz,...,xp,xlxz,x XB""’xp-lxp)
and

gi = (b bl’ 2’""bp;bll’b22’""bpp;b12’b13’""bp-l,p) .
In this section X, D , x and b will be used instead of Xl .
D1 > X and 21 for notational convenience since '2 s D2 » Xy
and 22 are not needed. Notice that s = E(g) - r = 0.

As we have obtained before, the average variance of the estimated
slopes at x = (xl, Xy sees xp) over all directions is

2

e ‘;— £r((x'x) " 1p1)

[

which is a function of the coordinates of the point, x , as well as
of the design used and also, of course, of 02 . ¥ can be reduced
by increasing N . The quantity, V(x) = NV*A:z , is thus a
standardized measure of precision of estimation. V(x) will be called
the variance function of the design. In other words, for any
experimental design V(x) provides a standardized measure of the
precision of the estimated slopes averaged over all directions at the
point x in the space of the variables. It is a function of x and
the elements of the precision matrix, (X'X)-1 » and is uniquely de=
fined for every p-dimensional experimental design.

Suppese we have two points which are equidistant from the design
center, If there is a considerable difference between the two points

as far as precision of the estimated slopes is concerned, a certain
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"imbalance" exists in the use of the surface. Therefore, in the study
of response surface design an important and interesting property is
that of rotatability due to Box and Hunter (5). As mentioned in
Chapter 1, for a rotatable design Var(y) will be the same for any
two points which are the same distance from the design center. This
concept ¢f rotatability is now introduced here with respect to the
variance function, V(x) , for the slope estimate, Suppouse  V(x)

for a p=dimensional design is a function only of

P
TS
the distance from the center, so that the variance function contours
in the space of the variables are circles, spheres or hyperspheres
centered at the origin. A design giving such a variance function will

be called a slope=-rotatable design and rotatability in the Box~Hunter

sense will henceforth be called Yy-rotatability,

3.1.1 Properties of Slope=Rotatability

As a first step to develop slope=-rotatable designs, we propose a
theorem giving the conditions for slope-rotatability. The notation

(i,3) will mean a combination of i and o

Theorem 1: The necessary and sufficient conditicns that a design be

slope-rotatable are that

P
1) ZQovai,bii) + jil Covgbj,bij) =0 for all 1,
j#i
P
b sy £ al P A J "'1‘, e . -
2) Z(C”V\bii’bij) + bov(bjj,bij)) + kil Ljv(bik_bjk) 0

k#i, j
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for any (i,j) where i # j .

P
3) 4Var(bii) + = Var(b are equal for all i ,
. =1

j#i

ij)

Proof: It can be shown that

2
V% = %_ ted(X'X) DY)

= é er ((X'%) "'o?D'D)

1 P 2 P
=< ¢ Var(b,) += £ x.(2Cov(b.,b..)
P oy i P o 1 1?74
P
+ ¥ Cov(b.,b..))
i=1 3’743
j#L
2 P
+ 5 (izj) xixj[Z(Cov(bii,bij) + Cov(bjj,b. ))
4
i#j
P
+ Z] Cov(bik,b k)]
k#i, j
1 Poa P
+ = ¥ x.[4Var(b,.,) + £ Var(b,.)] . (14)
p .o, i ii ; ij
i=1 =1
i

Note that the conditions in the theorem are sufficient for equation
(14) to be a function only of the distance from the center, If these

conditions are satisfied, then V¥* can be written as
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- 1 p 1 p P 2
Vi = = 3 Var(bi) + m{#Var(b,i) + £ Var(b,.,)] = x, (15)
Pi=1 P R TS| RS
J#i

Suppuse at least one of the three conditions are not satisfied.
Then it is easy to show that there exist two points which are the same
distance from the design center, but which give different values of

v, Therefore, the conditions are also necessary. Q. E. D,

The three corollaries immediately following are based on the

theorem, They are useful in constructing slope-rotatable designs,
Corollary 1: All §-rotatab1e designs are slope~rotatable.

Proof: Box and Hunter (5) show that the covariances associated with
conditions 1 and 2 in theorem 1 are all zero for ?-rotatable designs,
and, furthermore, Var(bii) are equal for all i and Var(bij) are
also equal for all (i,j) where i # j . Therefore, conditions 1,

2 and 3 are obviously satisfied for &-rotatable designs. Thus, they

are slope=-rotatable, Q. E. D,

Corollary 2: If all odd moments are zero, then only condition 3 is

necessary and sufficient for slope-rotatability.

Proof: If all odd moments are zero, then the covariances in
conditions 1 and 2 are all zero, which implies that the two conditions

are satisfied. The only remaining condition is 3. Q. E. D,
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Corollary 3: 1f all odd moments are zero and all mixed fourth
mements are equal, that is
(2% =L 3
k=1
are equal for all (i,j) , i # j , then the necessary and sufficient

condition for slope-rotatability is: Equal Var(bii) for all 1i .,

Proof: Lf all ocdd moments are zero, then only condition 3 is
necessary and sufficient from Corollary 2., 1If all mixed fourth
moments are equal, then it can be shown that Var(bij) are equal for
all (i,j) , i # j . Therefore, the condition that Var(bii) are
equal for all i 1is the only remaining necessary and sufficient

condition. Q. E. D.

If p =2 Corollary 3 is particularly useful, since then there
is only one mixed fourth moment, [1222] , which implies that all
mixed fourth moments are always equal. To make the theorem and its
three corollaries more concrete, the two independent variables case
will be considered in detail.

For the case of p =2, x, b, X, and D take the

following forms:

2 2
! =
X (1, Xpa Xp5 X5 X, xlxz) ,



and

V(x)

30

T .-
) 2 2
*11 %21 *11 *91 *11%21
. 2 2
%12 %92 *12 %92 *12%22
1 ‘ x2 2 X.. X
v *on IN *oN IN*2N
S~ "
// .
0 1 0 2xl 0 x2
0 1 0 0 2%, X,

er(x'x) ")

o=

N .
;:5 [Var(bl) + Var(bz) + 2x1(200v(b13b11)
1 f)l‘
+ Cov(bz,blz)) + 2x2(~60v(b2,b22)
+ Cov(b,,b,.)) + x>(4Var(b..)
1’712 1 11°

+ Var(blz)) + x§(4Var(b22) + Var(blz))

+ 4x1x2(Cov(bllDb12) + Cov(b22’b12))] .
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To be slope-rotatable from Theorem 1, the following conditions should

be satisfied.

ZCov(bl,bll) + Cov(bz,blz) =0,

2Cov(b2,b22) + Cov(bl,blz) =

Cov(bll’bIZ) + Cov(b22’b12) =0 ,

and

4Var(bll) + Var(blz) = 4Var(b22) + Var(blz) .

Notice that the first two equalities come from condition 1 of Theorem
1, the third from condition 2 and the last from condition 3. The last

condition above is, in fact, equal to Var(bll) = Var(b since

22)

Var(b cancels out. If the conditions hold, then the variance

12)
function becomes

N . 2
V(x) = —5 [Var(bl) + Var(bz) + (4Var(bll) + Var(blz))p ]

232

(16)

2 2
where p =X, + X

1 5 o This function, V(x) , depends only on the

distance, p , from the design center, that is, the variance contours
are to be circles surrounding the design center,
. . 2 . .
For example, suppose the nine points of the 3 symmetvic factorial
design with three levels, =1, 0 and 1 for each variable were used,
For this particular symmetric design, it is easy to show that all odd

mements are zero, Var(bl) = Var(bz) = cz/6 , Var(b = Var(b

11 220 T
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2 2 . . .
=g /2 and Var(blz) =g /4 . From Corollary 2 or 3 this design is
slope-rotatable. The variance function for the design iz thus from

equation (16)

o]

\](35) = L\I-é- \-]'b't = % + .é-]:- pz . (17)
<)

The variance contours of equation (17) are shown in Figure 1.

2
Figure 1 Variance contours for 3 factorial design

An interesting point is that this 32 factorial design is not
Y-rotatable. From Corollary 1 we know that all y-rotatable designs
are slope=-rotatable, However, the reverse is not true. The 32
factorial design is an example for the assertion. In fact, there are
many more slope-rotatable designs which are not y-rotatable. Such

designs will appear in subsequent sections,
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Another interesting point for a slope-rotatable design is that
the variance function is a monotonically increasing function of
with a minimum at the design center. It is easy to prove this property,
Consider equation (15). The coefficient 0f 5 ,
1 [4Var(b,.) + ; Var(b,.)] ,
p ii =1 ij
j#iL
is always positive, and consequently dvV(x)/dp > 0 for a slope~
rotatable design. Note that the variance function of a }-rotatable
design is not iﬁ general a monotonically increasing function.
If the point at which the slope is to be estimated could be
anywhere within the region of interest, R , experiments should be
designed to minimize V(x) integrated over R . The integrated

variance 1s then

<
|

-] o
= QIR Vi{x)dx where Q= IR dx

QjR.fi‘v* dx

N cextxy~ L
> tr {((X*'X) wll)

as has been established in equation (11).

As mentioned earlier, with two or more independent variables the
slope at a point X on the response surface depends on the direction
of measurement. 1If the direction, k , is not aspecified, experiments
would be designed to minimize the average wvariance, v . over all

directions at point x . Furthermore, if the point x is ncot
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specified, the experimenter would want to minimize the average
integrated over R . However, as Theorem 2 shows below, it will not
be necessary, under some conditions, to average V% gyver all directions
to find V% » and subsequently V , There is a shortecut method to
evaluate V directly from V* , The region of interest, R , is

assumed to be either the unit circle or the unit square centered at

the origin of the design,

Theorem 2: 1If a design is slope-rctatable and Var(bi) are equal for

all i , then for the design

<<
L]
“oiB

To dx = X Védx
IR = 2 IR i=

for any i where V? is the variance V¥ of the estimated slope

along the X, factor axis.

Proof: We want to show that under the two conditions =- the design
. , . NOY =,

is slope=rotatable and has the same Var(bi) -- V= ng’IR V&dx , the
integrated V* cver R » is the same as the integrated V? over R

for any i where V? is * along the X, factor axis, From

equation (6) for a specified direction k,

V& = k'D Var(bjD'k

= k“D(X'X)-lD'5g2 .

For the direction of the X, factor axis, k is k' = (0,0,...,1,
. . .th . , . .

«oe,0) where 1 appears in the i=== place from the left and all

remaining elements are zero, TIn this case it is easy to show that

.th .
k'D = ii > the i~ row of D matrix. Then
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Vo= d‘(:XuX)-ldv.UZ 0
i i L

Now we want to show that

Jg Tdx = [oveax

under the conditions, It can be shown that

[

pon=l., 2
Tk ? 1]
Vi =4, &%) Tdie

-1 2,
c]é_.i

4,[&'X)

P
Var(b,) + 4Cov(b,,b, )x, + 2 &£ Cov(b,,b. )x.
i 1’71477 12713773

j=1
#i
p p
+4 ¥ x,x.Cov(b,.,b.)) +2 % Cov(b, ,b, Ix x
i ii ik k
=1 . (k,4) LT
j#L k,4#1
k4,
+ 4Var(b 52 . b 2
ar( ii)xi + '2 Var( ij)xj o
j=1
j#i
Notice that if either p or q is odd, then
P4, _
fR xixjdi 0
from the symmetry of R . Therefore,
p
£t = Var i \ -
QIR Vidé Var(bi) + a[4Var(bii) + jil Va-&bijjj (18)
j#FL

where



36

From equation (1l4) and
Pa. _
Jr xixydx =0

if p or q is odd, we can obtain

P P
- [Var(bi) + a(QVar(bii) + j§1 Var(bij))] .
j#i (19)

QIR V*d& = % ,

1

To show

Jr Teax = [ viex

for an arbitrary i , it is necessary and sufficient toc have from
equations (18) and (19) that
P
: 4 ‘ . Y :
Var(bi) + a[,Var(bii) + jil Var(bij,J (20)
i
are equal for all i . Theorem 1! says that if a design is slope-
rotatable,
|%
4Var(bii) + £ Var(b

j=1
J#L

ij)

are equal for all i . Additionally, if Var(bi) are equal for all
i , then equation (20) is true. Hence, the thecrem is proved.

Q. Ea D-

Suppose Q represents the class of V=rotatable designs and S
represents the class of slope=rotatable designs. We know that Q is

a subset of § from Jorollary 1. Now we consider an interesting
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class of designs which contains most of the useful designs known and
which are fairly easy to construct, Let ¢ dencte the class of

designs which satisfies the following four conditions.

1, All odd moments are zero,
2. All pure second moments are equal.
3. All pure fourth moments are equal,

. All mixed fourth moments are equal,

Then the fcllowing relationship i3 true,

Corollary 4: Qc s .,

Proof: The relationship Q ¢ € is immediate since the four
conditions focr C are simply part of the necessary conditions of }-
rotatable designs, Q . The relationship € < S8 follows from
Corollary 3 since the second and third conditions for ( imply that

Var(bii) are equal for all i . Q. E. D.

Jorollary 4 shows that the class of §-rotatab1e designs is a
subset of € and € is a subset of the class of slope=-rotatable
designs.

Now we want toc investigate the moment matrix of € and its
properties, partly because ¢ is an important class of designs and
partly because the mument matrix of S has not been found explicitly.

4

L2
Assume [12] =a, [i]=b and [i"j7] = ¢ . The moment matrix of

C 1is of the form:
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N 2 2 2 ,
X1 Xg eee X x] xz eee X X %o X1X3 vee X -lxp
_—~ \ ' i \
1 % | a a +.0oa ! #
-.—.,'____._..»__ ‘_...__..—....‘ _____ —— — _— S—— ..,.:. — - o~ o - . -
a 0 ... O,
!
a v.. 0 * ! %
. . ’ '
[ ] :l '
* a' !
N S _ S
=1,
N "X'X = b ¢ ... c |
I
b sess C i *
. .
b f
R
C 0 eoe O
(symmetric)
C  ees 0
c
~ e

where the asterisks indicate null submatrices. The inverse matrix can
be obtained from Box and Hunter (5) and the variances and covariances

of the estimated coefficients for a design in © are given by

N Var(bO)

_ (o[ (bmedipe] | N YVArY g
A bl 2 a 3
c (o
N Var(bii) b+(p-23c-(p-l)a2 N Var(biii 1 o
= j o me——— = = (21)
2 A 2 c
(o} (o}

ot )
N Uu\(boabii) ~alb=c)

N bgv(bii’bij? 2

2 A ’ 2 A
o o

and all the remairing covariances are zero. Thus all first and

second degree ccefficients are uncorrelated except the quadratic
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coefficients, In equation (21) p is the number of variables and

2
A = (b=c)((b=c) + p{c=a™)) .

From the fact that € is slope-rotatable the wvariance

function for a design in C can be obtained frem equation (15) and

(21),
V(?‘{) = y-é- {7’?’:‘
[e)
N .1 P 1 . P P
= = = Var(bj) + =-(4\/’&11’°(b,],) + ¥ wvar(b,.,))) T xi]
c” Pi=1 - P R Y| H =
i
L, h(bH(p-2)e=(p=)a?) , p=l, P 2
==+ [ = + 1 v X
a PA cp” T, i
i=1
1 2
= = + K
where
2 ; 2
p = X,
= B
and

¢ = 4(bt(p=2)ca(p=1)a”) _ p-1
DA - cp

K> 0 can be shown and this indicates that V(x) 13 an increasing
function of p . This result should be true since & i3 siope=
rotatable and the variance function of any slope~cctatable design is

2
an increasing functicn of p. If A = (b=c)}{{(b=2)+p(c=a”)} is zero,

then the moment matrix is singular and some of the coefficients of the
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design are not estimable. A = 0 {implies that b = ¢ or

2
b« ¢ =p(a” =-c¢) , that is

2

[i%7 = %% or [1%) -1i%5%

=i - 5%y . @22

When one constructs a design which belongs to ¢ , one should check

equation (22) to avoid singularity.
g

3.1.2 Second Order Slope-Rotatable Designs

We have shown the precision matrix conditions which a second order
design must satisfy to obtain constant slope=precision on spheres
centered at the origin of the design. We now consider the problem of
finding arrangements of experimental points which satisfy these
conditions. The classes of slope=-rotatable designs we present are by
no means exhaustive but rather are intended to illustrate some of the
possibilities,

From Corollary 1 any ?-rotatable design is slope-tvotatable.
Therefore, the y-rctatable designs which are presented in the paper of
Box and Hunter (5) are slope-rotatable., These slope-rotatable designs
are not discussed here, 1In order to discover some of the slope-
rotatable designs which are not y-rotatable, we now consider
arrangement of points which are equally spaced on circles, spheres or
hypersphetres, i.e., regular figures. Our study beging with the two

dimensional figures,

Two dimensiocnal designs: Suppose n  points are equally spaced on a

circle with radius p . The coordinates of experimental points are



X X

_ 1 2 i

P Cos o f sin o

p cos {6+o) p Sin {6+

p cos (20+w) o sin (20+x)

p cos ({n=-1)8+w) p sin({n~1)6+x}
e P

where o 1is the angle of a point on the circle measured counter=
) ; . ‘ e . _ th
clockwise frum the pesitive x, axis, and § = Zn/n . Any p=—
‘ . P~q,9 ‘ « U :
order moment, [1 2% , where p apnd q are ncn-negative
integers and p = ¢ , can be expressed as

nel

1 -
== £ [cos@ot) P Y sin(uet)]?] .
u=0
We may write
- iete) | -i(ue+e)
[cos(uo+) P74 = [= ; e 1P-9
-(p=q) P2 peq, 164} (p-q-2t)
= 2 v ( . Yo : J
£=0
and
Luota) =1i{uoto)
[sin(uotw)]d = S =5 14

{21) .

q Ny . " -

- i ] -2

q- Z (‘(tl-)el\f-l'e-!v/ (q. "‘r)‘ ‘§"'l)r
r=0

, , ] . th
With the above substitutions the p— ¢rder moment may be expressed

as



1 n-1 p=q ¢ v s S T JOON
R T I L T PRI A et

u=0 t=0 =0 B

5
N

eLy(puZt-Zr) .

If the term

e ; (=1 E P9y 9y 10 (P=26-2¢) _ia(p=2t-2r)
t=0 =0 to'r

were written out in a rectangular array with the terms in r tunning
laterally and the terms in ¢t vertically, the summation could be
preformed diagonally and the result expressed as

P

> Ame
m=0

qie(p-Zm)eia(p-Zm)

Sym=J P=qy . 9
(-1 7 ; )(m_j) .

Therefore, with the understanding that (g) =0 for o «<«B , M may

be written as

n=-1 p . ;
M=K § ¥ Amel“9<p'2m)e“"(p'2m) (23)
M:O m=9

where K = (p/Z)p(I/i)q/n . Examining the terms in equation (23, it
is seen that M =0 if p=-=2m#nl , I an integer, since then
n=1

z
M:Q

oo (p=2m) _ o

by the property of the summation of roots cf unity, M= 0} alro if

p=-2m =0, since then Am =0 ,
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Table 3 0dd moments table

Degree 0dd Moments n=2 n=3 n*4 n=5 026
p=1 (13,027 02 0 0 0 0

p =2 ri2] X ¢ 0 0 0

p =3 r131,r239,11%27, 11229 0 X 0 0o o0

P =4 [1327,112% X 0 X 0 0

p=5 [153,[142],[1322],[124],[2Sj 0 X 0 X 0

4 = vanishes

by = not vanishes

For example, let us find [12] for n =4 . Tn this case p =2
q=1 and m=0, 1 and 2 , Notice that p - 2m could be 2, 0

H

and -2 as m becomes 0, 1 and 2 » respectively. When p = Zm = 2

or =2 ,
n=1 .6 (p~2m)
5 e WOP=cm) 0
=0
since p - 2m ¥ 41 , and when p = 2m = 0 , Am = 0 since
! 1-3 1., 1
Am = A’l = ]'Z() (=1)" - (j)(l_j) ==1+1=0,

Consequently, M = 0 which indicates (127 = 0 . 1In the same

fashicn we can censtrict the above odd moments tabie from equation (23)
to show which odd mements do and do not vanish. Tabie 3 gives

valuable informaticn to construct the moment matrix for a dezign

whose experimental points are equally spaced cn circles,
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For the first four illustraticns of slope=rotatable designs we

consider arrangements with n, peints at the design center, ny

points equally spaced on a circle of radius o and n points

2

equally spaced on a different circle of radius Aszume g 13

Py o
the angle of a pcint on the circle of radius Py from the positive

X axis and B is that ¢f the other circle.

1
Fcr the first illustration suppose n, = 3, n, =3 and n, is
arbitrary, Total ¢bsarvations are N = 6 + ng e From Table 3 it is

seen that [1] = [2] = [12] = [132] = [123] 0 . 1t can be zhown

that the moment matrix for such an arrangement is

2 2 ‘

1 0 0 a a C

-1 a 0 b -b -C
N "X'X =

a -C C -b

3d d 0

(symmetric) 34 0

d

——— e

where

3 2 2
a =55 () *ep) s

w

3 .3 3
b = rl:b? (‘p 1 cus 30‘ + pz cus 38) H]

3 3. 3 .
¢ = Zﬁ‘(pl 3in 3o + py Sin 38) .,

and



The inverse matrix can be szhown to bhe

r“-"Zd -3 ~a .
ey 0 0 — 5 5 ]
2d=a 2(2d=a") 2(2d=a)

d 5 =b i <
B 2B 2B B
d £ ol b
B 2B 2B B
N(X'X)'1 =
e £ 0
(symmetric) € 0
a
B
where
2 2
- b+ ¢,
B = a(d - S )
2 2
2 i
3d - (a” + .,13.._.;"_9__)
e = 2
. 2 2
4024 = 2%y (a - R
and
2 2
( 2 - b™ + C,) - d
f = - <
9 °
2 bz + c

From equaticn (24) it is verified that this arrangement of poinrs

supply usable siovpe~rotatable designs as long as
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2 bz 4 CZ
(2d = a™){d = _m_;_._m} $0 .

2

2
If 2d - a 0 or d = (bz +c)la=10

i

» then the moment matrix is

singular, 1t can be shown that

2 b‘2 + c2
(24 = a3 (d = 2259 40 if 4, .

Therefore, the copclusion is that the above arrangement provides use-
ful slope=rotatable designs for any number of center points and any
angles of o and B if 0 # Py -+ Nute that such an arrangement

of pcints dees not supply a }-rotatable design or a design in ¢ ,
simply because b and c¢ cannot be zere at the same time.

For the second illustraticn consider n, =4
is arbitrary. We have N = 8 + ny o From Table 3 = [17 ,

» Dy, =4 and

n

i

0 "]9
3. .3 ) .2 |
[12] , [17] , [27) , [1727 , and [12°] are all zerc. The mement

matrix of this arrangement is readily shown to be

2 2
Xy X, Xy X, x]x2
7 ——
1 0 0 2a 2a 0
2a 0 0 0 0
1 2a 0 0 0
N "X'X = (25)
b c d/z2
b -d/2
{symmetyric) ¢
L -
where
2 2
P tey
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4, . 4 2,
plgl + cos 2y) + pgﬁi + cos 2B8)
b = N : R

b2, b2,
¢ PLIm Y TRy Sin B

3

N

and

p? sin 4o + Pg sin 4B

d = = , .
N

The inverse matrix is given by
,,. - "~

4 - -9
bte 0 0 2a =2 n

. .

2 2 2
b+c=8a b+c=8a b+c=8a

=

(Za

. =1
4 = '
N(X'X) d

e £ o m i rm  n{

2(c(b=cy=5d*)

+d !

e o miom e e i e s

{symmetric) 2{c(b=c)=5d")

b=c /

5
C(be=c)=%d"

M, e

—~— .

where

2 2,
cib=a ) = d f4

2 2
fooffa mo) =d /b
, -

and
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2
T=¢{b+c=28a")(clb=c)-d7/2 ,

~

which implies that the slope-rctatable comditions are Ratisfied. An
important point to note here is that if the quantity T is zero, then
certain of the variances and covariances are infinite., This can be

attributed tc IX“XI being zero, thus yielding a useless design.

; 2 2 .
This will occur when b + ¢ = 8a° =0 or ¢fb = ¢) = d7/2 = 0,
The quantity b + ¢ = 8a2 15 zero 1if 61 = 09 and ng = 0 , and the
2
quantity c{(b ~ ¢) = d”/2 is zers if @ - B = %’- I, T an iunteger.

Therefore, we conclude that the above arrangement supplies usable
slope-rotatable designs unless o - B = %-- L, T 1is an integer, or

Py = ) in case of DO =0 ,

7

P ° - AN v - LL N
In the moment matrix equation (25) d  is zero if pq B1n 4oy

+ pg sin 48 = 0 . For instance, if o = 0% apnd B = 45" , then
d =0 for any oy and py « Lf d =0, then the moment matcix is
nothing but that of ¢ . In addition to d = 0 » if b =3c , a 'y~
rotatable configuration is obtained. In fact, if Py =Py >

@ =B =< and ) > 0 , then this arrangement supplies a wzeful class
of y=rotatable designs, namely rotatable central composite designz,

n,z5 and n, =3 ., We have N=3 +n. + n Noticing that all

1 2 1 o °

odd mements up to p = 4  are zero in case of n 2 5 , we obtain the

fellowing momert matrix for this arrangement,
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N
NN
"o

(symmetric) 3d 0

where

3
3p cos 38
G St

anN ?

3 .
Bpl sin 3B
P T

4N ?

and

The inversze matrix has the same form as that cof the firrt ilivstration,
equation (243. Therefore, this arrargement provides uszabie #lope-
rotatable designs,

As the fourth illustration of the equiradial arcangement, cin=

sider n. 25, n, =4 and n iz arbitrary. Similariy, it can be

1 2 0
show that tnis avrangement provides usable sicpe=r-matable designs,

Up to now we have presented four clascres of designs which conslse

of twc circles and center points, A8 the last example for tw
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independent variablies, we will consider rhe fellowing configuraticn

given by the dezign matrix with N = 8 + N, o, Whete o i3 the number

0

of center pcints.

xl X,
a1 a2
aJ -a2
-a, a,
-a] -a2 ¢« o . 8 trials
a3 0
-a. G
D o= 3
m 0 a4
0 -34
0 0
0 0 ° o e no trials
0 0
~ —

The moment matrix for this arrangement is
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, 2 2
%4 X, 9 %, X %,
~ 2.2 9 3 7
hal+2a; lha_+2a
1 0 0 S R 0
N N
4ai+2a§
. . { { {
5 D ) §l 0
4a§+2az
e — 0 0 0
-1 N
N "X!'X = (27)
4 22
B A
4al+4a3 4a]a% .
N N

/

4a4+2a4

N 2 4
(symmetric) —5 0
2 2
)

N

The inverse matrix is simple to find from equatiocn (27), hence it is

not written here. From Corollary 3, Var(bll) shieuld be equal to
Var(b??) for slope-rotatability. Let
2.2 2.2
: /i
. 4a1+2a3 4aQ+2§4
N h
£ 2 2
484“}“234 L'{:a a,
Det = i3 i 2
't N g .
4a§+2af
‘ 2 4
{symmetric) e

From the moment matrix equation (27), Var(bli) = Var(hzj} it and
only if
, b b 2., 2 4 4 2,2
o +2 2 ; 2a .,
4a1+ a, 4a1. a3 o 4a2+Za4 &a2+ a,

o ) e — o == [ UL S S LA 7 )e E 7,4 i
( N { N ( 5 Gt and o :

&



which 13 simplified to

o b b 4 4. A, 2.2 2
NLZQaIna?) + (a3-aA)J = ZL£(81+32) + (a3+a

&

L

P~

2 2. L, 2 2. R
EZ(al-az) + fay=a, ] (28}

and Det # 0 , In uther words, equation (28) iz the necessary and
gufficient condition for slope=rotatability for this arrangement,
For equaticon (28) ko be true for an arbitrary N » the following

conditions shenld held.,
4 4., 4 4
’ 2(a =g_ wg )} = (¥
1. _,(a.l as) + (a3 a4) o,

5
2. Z(a;-ag) + (a

3

2 2. PR
~ai) =0 , (290

3. Det # 0 ,

Notice that, for a design in this arrangement. to belong o the class
of designs & , equations (29) is alzo necessary and suffictient,

which can be seen from the moment matrix equation (27) since the

-2 oy 2n
first condition in equation (29) is obtained from L2 =[27] and
. S — _ . .
the next one from [1 7 =727 . For example, with n. = 1} |

&)
(al, 2,5 8, 34) = (2, 2, \(5, 1) or 2, 1, VI7Z, V572 gives a
usable design belomging te ¢ Obvicusly there are infinite aumber
of possible designs belonging to ¢ in this arrapgement, Rooail that
any dexign in { is siope-rotatable.

What are the ceonditicnz needed for thiz AT rangement. te give Ve

rotatability?  From Box and Hunter it is known that (177 = [27] ard
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4 — w22 . o ~ ) )
(L] = [2] =3[17277 are required to acrieve y=totatability., There-

fore, we can obtain frem equation (Z27) that

2 2 2 -2 -2
2(a»~a2}+’(a3-aé = {) from lej =027,

and

4 L : / D9
2af+a; = 6a_a,_ from [14] = 3[17277 .

— O
RN

Alsc we need Det # 0 for non-singularity of X'X ., For instance,

= = =\l { 3 lies Ve rats [SEE R
a a, » ag a, V@ ay and ng > ) supplie: a y-toratable design

Notice that equaticn (30} satisfies equation (29), which zhould be

k] o~ 3 o
Lrue since the claass of y-reotatable designs is a subset ¢f & .

Three dimensicnal designs: Box and Hunter (5) developed a number of

y=rotatable secend order designs in three dimensions. Amcng them three
bagic y=rotatable designs are: cne based on the 1cosahedron, a 12
pointed, 20 sided regular figure with additiocnal points at tre center;
a second based on rhe dodecahedron which has 20 peints and 12 facesz;
and a third design based on a cube and an cctahedron concentyicalily
placed. Box and Hunter showed for each case that scme strict relativne
ships should hold among the coordinates of experimental points in crder
to give %-rotacabi]ity. We now want to show that for the three

designs above the conditions needed for &-rotacahrj?Ly ars nor
necessary fcr slope=rotatability, in other words, we wiil [nlostrate
three design configurations which are zirpe=rrtatable but may norn be

§-rutatable.
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The first illustraticn is the design configuration based on the

icosahedron, whose design matrix is

Xy X, 2y
o S~
0 a1 a2
0 al -a2
0 --a1 a2
0 -a -a,
a2 0 al
=a2 0 al
-a, 0 -a1
a 0 -a
Dm = 2
dl a2 0
a, -a2 0
-al a2 0
-a, -a2 0
0 0 0
0 0 0
0 0 0
~. —

where there are n center points, The moments of this configuration

N
are given by

-2 2

Lizj = 4(a1 + a%)/N for all 1 ,

4
4{a.

1

(1]

4
+ aé)/N for all 1,
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.

[isz] = 4aia§/N for any i and j where i # j

>

and all odd moments = 0 .,

The matrix of these moments is exactly the same form as that
of C , so that this design configuration supplies slope-rotatable
designs fer any a; and a, « To be Y-rotatable the ratio, al/a2 ,
should be 1,618 . This ratio condition is not necessary for slope-
rotatability.

The second illustraticn is the design configuration based on

the dodecahedron, whose design matrix, with D, center pcints, is

given below. The moments of this configurations are

(8 + 4c2 + 4/c2)/N for all i ,

—
=
[
il

4 4 .
(8 + 4c” + 4/c)/N for all i

™
e
)
4

2

2.2
(17377 = 12/N for any i and j where 1 # j ,

and all odd mements = 0
The matrix of these moments is also of the form of € , hence
the configuration gives slope-rotatable designs, To be &-rotatable,

¢ must be 1,618 which is not a necessary conditicn for slope=

rotatability.



1/c
~-1/c
1/c

~1/c

-c
-c
1l/c
-1l/c
1/c

-1/c

56
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The third illustration is based on a cube and an cctahedron con-

centrically placed. The design matrix is given by

Xl X'2 X3

/'-a -3 -a‘i

|

a -a ~a
~a a ~a

. . Cube
a a a
-a ~-a a
a -3 a
-a a a
D = a a a
m
-b 0 0
b 0 0
o« e e Octahedron
0 =-b 0
0 b 0
0 0 -b
0 0 b
0 0 0
0 0 0
o o e Center

0 0 0

. -

The moment matrix is easy to obtain and it indicates that the design
configuration alsc gives slope-rotatable designs. To be §-rotatab1e,

the ratio, b/a , should be 23/4

% 1.682 , which is not necessary for
slope-rotatability. Any ratio of b/a produces a slope~rotatable

design.
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More than three dimensional designs: There are few regular figures

in more than three dimensions which may be practically useful in the
formation of slope~rotatable designs. They are the hypercube of 2P
points (p~dimensional analogue of the cube), the cross pclytope of 2p
points (p-dimensional analogue of the octahedron) and a 2P 4 2p pointed
figure (i.e., central composite designs) which is a combination of the

two. Central composite designs have the design matrix

xl Xz . ° ° Xp
f'a a ° . o a ]
i a a . . ° =3
j . « Hypercube
=a =a . . . -3
b 0 . . . °
-b 0 L4 . . e
|
0 b . . . .
D = ;
" R .
i+ . Cross Polytope
O O . ° . b
00 . . . -b
0 0 . . . 0 1
0 0 . . . 0
i, , Center
. . . . . cod
0 o ... 0 |
. /;

where N = 2P 4 2p + n The moment matrix of this arrangement

O .
indicates that it supplies slope-rotatable designs for any ratio of

/ A
b/a . Note that b/a should be 2p/4 to be y-rctatable,
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3.2 Designs for the Quadratic Model When

the True Model is Cubic

In the previous section the emphasis has been on the use of slope-
rotatable designs for fitting second order models assuming the fitted
models describe the true response functions properly. 1In many cases
the fitted polynomial is not exactly adequate, Therefore, equally
important i3 the consideration of the bias due to the inadequacy of the
medel,

In this section we discuss quadratic polynomial designs, in
several variables, which afford protection against the existence of
cubic terms in the true response function. The equation of the fitted
model is ?(ﬁ) =-§ih

in which X and b take the forms in

1 1 1
, . _ . = ! !
Section 3.1 and the true relationship is n(x) 5ﬂ§1 +'§2g2 where
3 3 3,2 2 2
1 = ., .
X, (xl, Xos eses Xp’ X Xy X Xas eu, xpxp-l) and the vector QQ

5 terms such

contains the coefficients corresponding to terms in X

as are included.

Br117 Baggs -
The effect of bias on designing experiments and its properties

can be explained well by examining two illustrative examples in detail.

Two particular classes of designs for two independent variables are
studied; one class is the designs whose points are equally spaced on a
circle with center points, and the other class iz the designs with two

circles with four peoints on each circle plus center points, Notice

that for two independent variables XQ and D2 take the forms;
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/
X3 X3 X2 X XZ\
11 21 11721 *11%91
3 3 2 o 2
*12 %22 *19%92 12722
X, =
3 2 2
I Tan o Fion Einon
"~ /
and
e ~
2 ' 2
3x1 0 2x1x.2 XZ
D, = .
2 2 .
0 3x2 Xl lexz
' ~

The matrices X1 and Dl are given previously in Section 3.1,

The reasons why we choose the two illustrations above are as
follows, First, they are commonly known designs, In particular, the
first class contains the hexagonal design and the Yy-rctatable central
composite design, and the latter class contains the 32 symmetric
factorial design, all of which are very useful in response surface
experimentation. Secondly, they are slope-rotatable designs.,
Finally, they supply optimal or near-optimal designs under scme

conditions, which will be discussed in the next chapter,

3.,2.1 Designs With Points Equally Spaced cn a Single Circle

For the case ¢f two independent variables, the equation of the

fitted model iz
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+ b xz + b

. o J2 .
y(£) = by + byx) + byx, + byyx] + by, + boxx,
and the true response function is
Mx) =8, +B.%x, +B.%X, +B X2 + B x2 + B..X.%
- 0 171 22 1171 2272 127172

3 3 2 2
T By By By X Ey B y0x Xy
hence,
3 3 2
! = .
Xy = (X0 %ps Xpx), x1%0)
and

]

@é (Blll’ 5222’ 6112’ 6122) )

Suppose the experimenter wants to place ny 2 6 equally spaced

points on a circle of radius p » augmented by 2 =2 1 center points,

If oy is the rotation of a design point on the circle from the
positive xl-axis, then the design matrix can be written as

X
2

P cos Q/l 0 s51n Q/l

p cos (e"l'all) o Sin (G'I'Q/l)

p cos (29ﬁy1) p sin (29ﬁy1)

o dos ((nl-l). p sin ((nl-l),

e+a1) e+a1)
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where @ = er/n1 » It is of interest now to investigate the moment
matrix and the precision matrix for such designs. These matrices are

obtained as below,

X X %2 2 X_X
- 1 2 1 *2 172
1 0 0 oZE/2 orer2 0
0 2£/2 0 0 0 0
N lox = 0212 0 0 0
Tl 4 4
3,76/8 5 E/8 0
(symmetric) 3p4f/8 0
paf/S
~ pd
and
bl b2 bll bZZ blZ
/ \
Tl§ 0o 0 e = 0
(1-£)p (1-£)p
2 9 0 0 0
2
) £
-1
! =
N(KIX )
2 0 0 0
2
p £
3=2f 2f=1 0
Z 7
£(1-£)p " £(1-£)p
“‘£t£i£i§ 0 %
(1 ;
(symmetric) £(1-£)p g |
e
p £y
N e
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where N = oy + n, and f = nl/N ,» the proportion of trials on the
circle to the total number of trials. It is obvious from the moment
matrix that these designs are @-rotatable, which implies that they are
slope-rotatable,

As mentioned earlier, two types of region of interest are
generally used; one is the unit square and another one is the unit
circle., We discuss both cases to evaluate the design criterion J

H

the mean squared error integrated over R .

The unit square region of interest: The variance of the estimated
slope at x = (xl, x2) along the Xy factor axis is
* = oy
Vf Var(ax )

= Var(b + 2b11x + b12 2)

2

2 2 3-2f 2,8
=5 [+ () + x5
o f £(1-£)p o f

Since the equiradial designs are slope~rotatable and Var(bl) = Var(bz)

Theorem 2 can be used to evaluate V , That is,

= X . -1 _ _ el pl ~
vV = 02 IR VTd& where @] = JRdi = I_lf_ldxldxz =4
3=-2f
[——( + 4x ( ) + x ( )]dx dx
2 f lj 2 F(1- f)p4 2 0 f 2
_ 2 4(5-4f) . (31)

7 T
£o 3f(1~- f)p
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In order to evaluate the integrated squared bias B , the alias

matrix should be found., It is readily shown to be

Bri1 Paaz B By

S
{/ 0 0 0 0
i3 2 1 2
3 2 1 2
° e e 0
= (X ) X1X2 .
‘ 0 0 0 o
0 0 0 0
0 0 0 0 |
L -
The integrated squared bias is then
= N =
B == [p Brdx
o}
= mé- IR -él-g'gd__ since B¥ = 8's/2 from (8)
c
= A AD,)8, 10 AD )8, Jdx dx.  from (12)
432 ~ld=1 2871 272 1 2722771702 ¢ R
1l 2 2 2
= 2 [? [ 0 B111 4P Bygp = BxpByyy +xoByy,
+ 2x xzsllz)] dx dx2
. 2 1 2 2
F Rl Jod o 50 B0p + 50781y = Gugf,yy, + 2 1*P122

2 2 N
+ 5B, ,) 1 dx dx, (32)
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If we assume Blll = 8222 = 8112 = 8122 s then
2
NB .
_ 111 2 2.2,
B = 2 1f 1 - (3x1 + 2xlx2 + xz)) dxldx2
2 8§ 2 28

=a"(p - 30+ —5) (33)

where ¢ = \[N Blllﬁs . Therefore, the mean squared error integrated

2 4(5=4f 2 4 8 2 2
5 + 30 L +aP(" - Fo°+3) . ()
fp 3f(l-f)p

From equation (34) it is observed that V is a monotonically de-
creasing function of , with

lim v=20,

p=+t o
and B is a convex function of p Wwhose minimum is achieved at
p = Vﬁ7§v, that is, approximately 1,155 . From the behavior of V
and B it is easy to see that minimum J is achieved for
1.155 £ p < +co for any given o . Once p 1s fixed the minimizing

value of f , f* , can be obtained by solving
dj/df = 0 ,

which gives

3,2 + 10 - 602 + 20
3p2 + 8

f?'c =

Obviously the [ which minimizes J (call this p*) depends on ¢« ,
and therefore, so does f* , Table 4 shows how p* and f* vary as

o changes,
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Table 4 p* and f* vs. o for the unit square R
o p* f* v B J (Optimum)
0 4 + oo + 0 0 4 0
1 1.577 0.7471 3.371 2.664 6.035
2 1.387 0.7374 5.224 6.728 11.952
3 1.304 0.7332 6.477 13.213 19.690
4 1.260 0.7310 7.308 22.368 29.676
+ oo 1.155 0.7257 9.968 + oo + oo

Notice that as g gets large, p* decreases approaching 1.155 and
f* also decreases approaching 0.7257 . This is the same aspect we
have observed in Section 2.3, Also f* changes very little as g«
changes over the entire interval., However, p* changes widely. 1In
practice, since n, is an integer, the optimum f* can only be
approximately achieved.

It the region of operability is limited to R , the unit square,

then the largest possible , depends on n, because of the special

1
shape of R . For instance, if n, = 6 , the largest p is 1.035 ,
and if n, = /7 , it is 1.006 , etc. 1t was found by the computer
that if n, 2 6 , the largest possible p is less than 1.155 .

Therefore, both V and B are minimized at the largest possible )

when the region of operability is limited to R .

The unit circular region of interest: Using the same prccedure we

have used for the unit square region of interest, we can obtain the

following:
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Table 5 p* and f* vs. o for the unit c¢ircle R

o p* f£* v B J (Optimum)

0 + +00 » 0 0 -+ 0

1 1.493 0.7523 3.342 2.177 5.519

2 1.297 0.7431 5.353 4.528 9,881

3 1.208 0.7378 6.831 7.898 14.729

4 1.153 0.7346 8.031 12.403 20.434
+00 1,000 0.7257 13.291 + o + o

V=2,  5-4f

and
N B
2 Vv
B =g (p4 - sz + % , Wwhere g = 111 .
o}
-
Consequently, J =V + B = [ 22 + ook 4] + az(p4 - 2p2 + %D . (35

Notice the difference from the previous case that B is minimized at
p =1 and minimum J is achieved for 1 < p < +oo . Also the

minimizing £ for a given , is,

245 Vp 2 g

D .
2% + 4

ff{:go

Table 5 shows the variation of f* and p* as o changes, As
expected, Table 5 shows similar aspects for p* and f* as we have
observed in Table 4. 1If the points are restricted to the region R,

then B is minimized at the largest possible p (i.e., p*¥ = 1)

which also minimizes V term., Note that at p¥* = 1, f* =0,7257 .
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When we calculate the integrated squared bias for the two types
of region of interest, we assumed that 6111 = 8222 = BllZ = 8122 .
What happens if the assumption is relaxed? This is an interesting

problem to study, and we propose the following assertion.

and B for

Theorem 3: For any values of B8 122

111 ° B222 ? B1].2
the designs with pecints equally spaced on a single circle in two
independent variables, the integrated squared bias achieves minimum

at p =1 1if the region of interest is the unit circle, and at

p = 1.155 if the region of interest is the unit square.

Proof: The integrated squared bias is given in equation (32) as
_ X 3.2 1.2
B=—5 [R LG 0By +5 0B,
2o
32 +2 + 2 )]d
- GxyByyg T EBygy + 2xpxpB )] dx

1.2
t 7 b B

+

N 32
;;E.IR (G 178y,

2
(3%,Bypg + 2%X58 15, + x15112)] dx

where Bl is the first term and B2 is the second term in the

expression of B . Suppose the region of interest is the unit circle,

If B # 0 , then B, can be written

111 1

2
=L IR[(4 p + ryp ) - (3x + XyT + 7x1x2r2)] dx dx
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where r) =B 59111 s Fp T By1p/Byyy 0 and @ =N B /o . From
the property that I X xgdxldxz =0 if p or q 1is odd, B, may

be written as

_ 3 1 2 2.4 2
Bl = (Z + 4 rl) o [p - 2p" + constant]
which indicates that B1 is minimized at p =1 , 1If Blll =0, and
8122 # 0 , then B, is
az 1 2 2
B) === IR 50" - (x5 + 2% x,1,)) 2ax. 4%,
= d = ) X ’
where r, 8112/812? and o =\N Blzz/c . It can be shown that
az 2
Bl =Tz (p = 2 + constant)
which also implies that B1 is minimized at p =1 . If Blll = 8122
= 0 , then B1 is independent of ( , hence it is not necessary to
consider this case. Similarly, we can show that B2 is minimized at
p =1 . Therefore, B is minimized at , = 1 if the region of

interest is the unit circle.

Suppose the region of interest is the unit square. If Blll #0 ,
then
ot 3 2.1 2 2 . 2
B = g R [Ge" +3mp” - Gx) 351
+ 2x1x2r2)] dx dx2
vhere t) =Bypp/B11 0 Ty =Bpp/fyyy and @ mYNBy /o . By s
then

_ .23 1 2, 4 8 2
B] = o (4 + A rl) G - 3P + constant)
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which shows that Bl is minimized at , = 1.155 . 1If Blll =0 and
8122 # 0 , then B] can be shown that
2 VN B
o 4 8 2 _ 122
B1 =1 G - 3p * Constant) where g = 5 s
which is also minimized at , = 1.155 . Similarly, B2 is minimized

at p = 1.155 . Therefore, B is minimized at p = 1.155 1if the

region of interest is the unit square. Q. E. D,

Theorem 3 gives valuable information to the experimenter. If he
feels that a significantly large bias exists in the quadratic model
and he wants to use the single circle equiradial designs, then he
might want to take 5 mnear 1 for the unit circular region of
interest, R , and p mnear 1.155 for the unit square R , since

Theorem 3 tells the experimenter that no matter what values B,  's

ijk
are, B 1is minimized at p = 1 for the unit circle R and at

p = 1.155 for the unit square R .

3.2.2 Designs With Points Equally Spaced on Two Concentric Circles

Next consider a design with four equally spaced points on a

circle of radius and another four equally spaced points con a

P1

different circle of radius oo s augmented by n center points. If

0
a point on the first circle makes an angle ¢ and a point on the
second circle makes an angle B with the positive xl-axis, then the
moment matrix and its inverse matrix were found in equation® (25) and
(26). We showed also that this class of designs is slope-rotatable.

Now we want to find V , B and J explicitly to discuss their

properties,
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The unit square region of interest: Lf the region of interest, R ,
is the unit square, wll is given by
— —

o
o

Wi =0 fR Dyb,dx =

Wi ©
L]

Wi~ ©

0
(symmetric) 9
>

and N(Xixl)-l of equation (26) into equation

By substituting wll

(11), it can be shown that the integrated variance is

- l_ l:4c:(b 4a ) d +(b+c 8a )(b-c).J
T3 (b+c-8a )(c(b-c)-/d )

(36)

where a , b, ¢ and d are given in equation (25). Also B is

obtained

N B
- (- 111) ((b+c 2 8 (b;c) .S) 37)

os]
[

assuming

Bi11 = Byop =By =Bypy -

] . . . , 4 4, 2 2
The quantity (b+c)/2a in B is equal to (pl + péﬂbl + p2)9
which is independent of o and B . Therefore, B is independent of

orientations, Note that B is minimized at

4 A
pp T oy
2 p)

/s

==, (38)
3

pl + )
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Relation (38) can be transformed into
2 2.2 2 2.2 _ \8.2

which is a part of the circle with radius V8/3 and the center

2
(2/3, 2/3) on the Cartesian plane of p? and 05 as shown in

Figure 2,
2
P2
N
A///,,»ﬂ*%«mm\\\\
e 4 4
+ (_9 __,)
0,3 7 33
/
/ \
/
/
y - 2
,l4 Cd pl
0 .
P (39 0)
Figure 2, Py and Py for minimum B

Figure 2 shows that any combination of P and which is on

2

the solid circle line gives minimum B , The quantity, minimum B , is

6 VN By o
35

from equation (37) subject to the restriction of Blll = 8922 = 8112

= B2 -
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The unit circular region of interest: If the region of interest is

the unit circle, w11 is

Wyp =Q [g DPydx = i .

(symmetric)

o= O

Similary, it can be shown that

[4C(b 4a ) d +(b+c-8a )(b-c)]

V=G
) T4 (bre=8a2) (c (b=c)-kd?)
and
N B
= (L&Y Lo 4 3

In this case B is minimized at

A

bte _P1¥ P

24 2 .2~
Py ey

and also independent cf the angles, @ and B . The combinations of

and which minimize B are shown in Figure 3. The quantity,

P1 P2

minimum B , for the unit circular region of interest is
g(VN 8111)
3 o

under the assumption, Blll = 8222 = 8112 = 6122 .
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2
P2
\
(Oal)!—-/— +\(1:1)
|
//
Y .'// X 2
T pl
0 -7 (1,0)
Figure 3 Py and oo for minimum B

We have discussed two particular classes of designs. Suppose
one is interested in comparing the two classes of designs. The
comparison could not be done completely without help of the computer,
Note that, for instance, the minimization of J for the latter class
of designs is difficult to accomplish analytically, since J 1is a
function of four unknown parameters, two radii and two angles,
Furthermore, if one wants to include other classes of designs for
comparison, it would be very difficult. For these reasons, an optimum
seeking computer program is necessary. In the next chapter, com-
parison of experimental designs and selection of better designs by the

aid of a computer program will be discussed.
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4. SELECTION OF EXPERIMENTAIL DESIGNS

4,1 The Computer Pregram

If we are able to find an optimal design feor any given number of
observaticns, it would be very useful to an experimenter, However, it
is extremely difficult to find optimal designs by the completely
analytic appreach. Therefore, a computer program was used to aid in
the searching for optimal designs.

The computer program used in this thesis for selection of
experimental designs is a modification of one used by Evans (8). The
major differences from his program are the design uptimality criterion
and the estimator of the polynomial coefficients, Ewvans considered
minimization of the integrated variance cf estimated respcnse y  as
the design criterion using the minimum bias estimator. Our design
criterion is basically minimization of the integrated mean squared
error of estimated slope based on the least squares estimator.

The class of designs considered fur optimization i3 combinations
of equiradial designs. Designs with puints equally spaced on one, two
or three circles which are concentric about the origin will be
investigated to select optimal designs., Therefore, the radius of each
circle and the angle of a reference design point on each circle are
unknown parameters tc be optimized. TIn this computer zearch for
optimal designs we will restrict ourselves to tre caze of two inde-
pendent variables (i.e., p =2 ),

The main features of the program can be briefly sketched as

follows. First, ope of three criteria i3 chosen; V , B or J .
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The shapes and sizes of the region of interest and the region of
operability are seiected, Then possible configurations are con-
structed by cumbining cencentric cirxcles. The program then searches
for an optimal design using a simplex search, suggested by Hendrix (9),
over the region of cperability for the constructed configurations,
The simplex search subroutine is the core part of the program. For
that reason, its function is described below.

The basic search pattern used is the regular simplex in k
dimensions, where k 1is the number of unknown parameters currently
under investigation. The program anchors the original simplex at a

point a' = (al, 855 ey ak) in the region of operability. Using

this point as one vertex, a regular simplex is formed and can be

specified by the (k + 1) x k design matrix

" ™~
%1 ) : . %k
cr+a1 cq+a.2 . N cq+ak
cq+a1 cr+a2 . . cq+aK
DO = cq+a1 cq+~a2 . o cq+ak
cq+a1 cq+a2 o . cr+ak
~— /

where

r =‘E%T§ [(k - 1) +\{k+1],

q= E%W; Wk+1 - 1]
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and

¢ = a scale factor to determine the size of the simplex,

For each point represented by row di of DO a yield Yi (V., B or
J ) is computed. These yields are ranked from smailest to largest.,
Then the rows which give poor yields are replaced by the new rows.
Rules for how to drop rows of a simplex and find the new rows are
explained in detail in Hendrix (9). Once the new simplex is formed,
the process is repeated until it reaches an optimum. As the simplex
approaches the optimum, it is reduced in size periodically by re=-
ducing the value of ¢ . 1In the program c¢ = 0.1 was used as the

initial scale factor and reduced five times, each time by 1/10 .,

4,2 Selection of Optimal and Near-=Optimal Designs

The program was designed to handle any d and d, , the orders

1

of the fitted model and the true model, However, we have exclusively
searched the case cf dl = 2 and d2 =3 for two independent

variables, The case of 'd1 =2 and d2 = 2 has been automatically

considered, because, if the coefficients in the cubic termeof d2 = 3

are assumed to be zero, this is nothing but the case of d1 = 2 and

Two regions of interest are used; one is the unit square and the
other is the unit circle. The region of operability is also divided
into two types; one is limited to the region of interest and the other
is not limited at all. There is obviously scme practical limift or

bound on the region of operability in nearly all design problems.
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Therefore, the latter case shculd be interpreted in such a way that
the region of operability is much larger than the region of interest.

Designs have been studied for observations, 6 < N < 12 . For
N < 6 , there are ne non~singular designs, For 6 < N< 9 a
thorough search was conducted, but for N > 10 » several good patterns
cbtained from N £ 9 were investigated. Before getting into the
results of the computer search for optimal and near~optimal designs,
it is important to introduce some nomenclature.

As mentioned earlier, we consider the configurations combining
one, two or three concentric circles. Each configuration is
described by the following way. If there are k concentric circles

and n

o center points, it is described by n, = n

] 2-...-’nk-n0

. .th .
where n, is the number of trials on the i~ circle counted from the
outside circle, For example, 5=4=0 implies the configuration with
five points on the cuter circle, four points in the inner circle and
no points at the design center, We do not consider the configurations
with n, = I for i 21 . However, there is no restricticn on 0y -
The best design obtained by the computer search for a given con-
figuration is described by the notation, (n],el) + (n2,89) + ... +
. . . .th .

(nr,er) , Where nj is the number of points on the j==~ circle and

. : . . . , .th
6. 1is the counterclockwise rotation of a reference point on the j—
circle from the positive xl-axis. Thus, the design (6,0) + (4,%0
consists of two concentric n-gons, The first is a 6-gon (hexagon)
centered at the origin with a point on the positive xl-axisy and the

second is a 4=-gon (square) with a line cennecting the reference vertex

to the origin rotated counterclockwise from the x. =axis throcugh an

1

angle of %= radians, This design is shown in Figure 4.
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/lx\z
X 5 X
N
X | |
l4 : / \
e \
i i / 4 \

N

Figure 4 The design (6,0) + (4;%)

The radius of the jEE n-gon in a design will be specified by
the parameter Py = while the number of trials at the origin will be
denoted by NO . Note that N0 could be different from ny .

In order to find the best design for a given N , all possible
configurations shculd be examined and then by comparing the optimal
designs obtained from each configuration, the best cne is selected for
the given N ., For example, suppose N = 6 . Then all pvssible con-
figurations are; 5=-1, 4=2, 4=2-0, 2-4=0, 3=3-0, 3-2-1, 2-3-1, and
2-2-2-0, Now the computer program finds an optimal design for each

configuration, and by comparing those optimal designs, the best design

for N =6 1is decided.
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Four different cases have been considered according to the region

of interest, R , and the region of operability, RO .

4,2,1 When R and RO are the Unit Square

We first congider the case where the regiocn of operability is
limited te the unit square region of interest. From the fact that one

cannot realistically use the J criterion to find an optimal design

without prior knowledge about Bi' 's for the cubic terms, it is

ik
assumed that they arc alil equal. Table 6 shows the best designs found
for each N when
IRLESTER
o

1.

More than one configuration may give the best design listed in Table
6. For instance, both 4~4=2 and 4-4-2-0 give the best design for

N =10 . 1In Table 6 configuraticn which produces the best design for
each N 1is given., The optimal and ''mear-optimal’ designs are given
in Appendix Table 7.5. If there are more than one configuration which
produce a design, they are also listed in the Appendix.

An impcrtant characteristic is that every optimal design (except
that of N = 6 ) in Table 6 contains one observaticn in each corner
of the region of interest, For N = 6 , the possible configuration
which can give cone observrvation in each cornmer i3 4-2-0, but thig cone
figuration supplies only singular designs. This lack of estimability
helps to explain the jump in the value of J from N=6 to N= 7 .

The optimal designs for N = 9 have the pattern of 32

factorial design with more than one center poirt in case of N = 10 .
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This implies that the 32 factorial design is recommended for a re-
sponse surface second order design when R and RO are the unit
square centered at the origin.

An interesting question which arises is how many points should
one use in the experimental design. Since J 1is a measure per

observation, it can be used to compare the efficiency of different

designs., From Table 6, it is seen that N 10 gives the best

9 and N = 11 are close

il

efficiency., However, the J values of N
to that of N = 11 .

Table 6 i3 based on o =1 . If o« is different from 1 , how
does the different value of ¢ influence the best designs and
efficiency? Appendix Tables 7.1-7.4 summarize results for four
different values of ¢ .

Appendix Tables 7.1-7.4 indicate that N = 10 also gives the best
efficiency for any o and the best configurations obtained for o = 1
in Table 6 are left unchanged for different g's » including o =0
(all-variance design) and @ = +co (all-bias design). Nevertheless,
the best designs obtained have slightly different radii for some N
according to the change of o . For instance, the best design radii
for N =6 remains the same for all o » but for N = 7 they change
as ¢ varies,

It is interesting to study the variation of the best designs by
the change of o . Consider, for example, the 4=f-] configuration of
N =9 . Table 7 shows that the best design (all-bias design) has

= 1,244 and =1 if o =+co.

P1 P2
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Table 7 The variation of the best design of N = 9 by the change of
o
« P P2 °5 % v B J
0 V2 1 m/4 0 8.250 0 8.250
1 \2 1 n/4 0 8.250 1.444 9.694
2 \2 1 n/4 0 8.250 az(l.AAQ) 14,028
3 V2 1 n/4 0 8.250 a2(1,444) 21.250
+0 1.244 1 m/4 0 11.884 a2(4/3) + o

In equation (38) it was shown that B is minimized at

A
Py T oy
53

=4
3
o1 * oy

which should be satisfied by the radii of the all~bias design. For

o < 3 the best designs found are the same as that of o = 0 , the all-

variance design. But as o gets large, oy approaches 1.244 while Po

is left unchanged.
For the other configurations in Appendix Tables 7.1-7.4, we can con-
struct tables similar to Table 7, which show that the best designs for

each configuration are almost identical for moderate values of o .

?

Since Table 7 was constructed under the assumption that all Bi' ]

jk
are equal (i.e., 5111 = 3222 = 5112 = 5122 ) , other ratios of Bijkvs

should be tested. Table 8 shows the data for three different ratics of

Bijk'S regarding the same 4~4-1 configuration as in Table 7.



Table 8 Variation of the best design for N =9 for different
n-;‘
Bi.jk -
! -
Bijk ® o Py P2 8 8, V B J

0 \2 1 m/e 0 8.250 0 8.250
) 1 \2 1 m/4 0 8,250 0.800 9.050
B111P222R 128120 \2 1 m/4 0 8,250 az(o 800)  11.450
= 1:1:0:0 3 \2 1 m/4 0 8.250 g2 (o 800) 15,450

+too \2 1 m/4 0 8.250 @2(0.800) +co
0 \2 1 m/4 0 8.250 0 8.250
B, 2:B.o,iBiniB. o, 1 \2 1 m/4 0 8,25D 0 871 9,121
MEr2ze TH2ZTHEE 5 2 1 /e 0 8.250 o2(0.871) 11.734
= 1:ligey 3 \F2 1 m/4 0 8.250 a2(0 871) 16.090

' +oo 1.327 1 m/4 0 9.802 ¢2(0.859) +oo
0 \2 1 m/46 0 8,250 0 8.250
Bi11BonoiBiioBiyy 1 2 1 m/4 0 8.250 6.600 14.850
111772227711277122 5 1329 1 /4 0 9.768 )(5 979) 33.685
=1:1:3:3 3 1.270 1 n/4 0 1l.164 (5 740)  62.824

+oo 1.169 1 m/4 0 14.446 o2(5.600) +co

In Chapter 3, slope~rotatability is recommended as a desirable
property. Notice that the optimal designs for N = 6, 9, 10, 11 and
12 in Appendix Tables 7.1-7.4 are slope-rotatable, For N =7 , an
experimenter may prefer to use the slope-rotatable (59%6§ design
from the 5-2 configuration in Appendix Table 7.5 rather than the
optimal design from the 4-2-1 configuraticon, Aiszo for N = 8 , the
slope=rotatable (A,ED + (4,0) design may be used, especially since

its J wvalue is very close to that of the optimal design.

4.,2.2 When R i35 the Unit Square and RO is No* Limited

If the region of operability is much larger tran the unit square
region of interest, the optimal and neav-optimal d esigns (Appendix

Table 7.6) are different from the previous case. The best designs
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{

obtained by assuming Bijk

8 are equal and o =2 1 are summarized in
Table 9.

The best efficiency is obtained from N = 9 » but all other N's
also give J wvalues very close to that of the optimal design. It is
shown by the computer program that as leng as o i3 not large, say
o < 2, the optimal configurations in Table 9 remain cptimal, However,
if the ratios of Bi' s are different, the optimal configurations

jk

may change. For example, if B = 1:1:0:0 , then the

1118222811989

6-2-1 configuration replaces 5-2-2«0 as the best for N=9 ,
Nonetheless, the computer search shows that several configurations

such as 6-2=1 , 5-2-2-0 and 6=3=0 for N = 9 provide very good

designs consistently for any ratios of Bi. s .

jk

4.2,3 When R and RO are the Unit Gircle

If the region of operability is identical to the unit circular
region of interest, the optimal designs obtained are all equiradial
designs that consists of only boundary points and center pecints. The
best designs are shown in Table 10 and other near-optimal designs are
listed in Appendix Table 7.7. Table 10 and Appendix Table 7.7 are
also based on the assumption that all Bijkns are equal and o = 1 ,

An important result obtained by the computer search after
examining the best designs for different values of @ 18 that the
optimal designs appearing in Table 10 are a~independent, In otner
words, whatever the value of ¢ is, the designs of Table 10 remain
the best designs. For example, the hexagonal design of N = 9 {is the

best design for any « , which implies that the hexagonal design is the

all-bias design as well as the all=-variance design.
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Table 19 Optimal designs when R and RO

87

are the wunit circle

N  Configuration Design NO 0 v B (a=1) J

6 5=1 (5,0) 1 1 14,400 0,667 15,067
7 5=2 (5,03 2 1 13.300 t.667 13,967
8 6=2 (6,0} 2 1 13.333 0,667 14,000
9 6=3 (6,0) 3 L 13,500 0.667 14,167
10 7=3 {7,0) 3 1 13.333 0.667 14,000
11 8=3 (8,0) 3 1 13,291 0,667 13,958
12 9-3 9,0) 3 1 13.333 3,667 14,0090

For the equiradial designs, we have shown in equation (35) that

yow L, 5chf

2 A
o f  E(l-f)p

and

2,4 2 5
B=Q/(p -2p +§).

In this case when R and RO are the unit circle,

minimized at 5 = 1 and £ = 0,7257 for any g

is 13,235 and minimum B is Zy2/3 . Therefore, minimum J i

J=V + B

is

its minimum V

.3

13.902 if @ = 1 ., 1In Table 10 the best efficiency is obtained from

N =11, whose J walue is 13.958 and whese f

An important pcoint which must be mentioned is that differvent

0,727

ratios of Bi' 8 do nof seem to alter the best designs in Table 10,

jk

To show this, Table Ll i3 constructed for

that there iz no change for the best designs.

N=9 .,

Tabis 11

Cemparing Table 11

indicates

with Appendix Table 7.7, we can alsv notice thart there is no change

in the second best deszign.
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Some of the reasons why the equiradial designs supply the best
designs are that V is a decreasing function of p and B is

minimized at p =1 for any o and any ratios of B.. 's from

ijk
Theorem 3. Since the region of operability is limited to the unit
circle, the maximum p which can be achieved is 1 , at which B is
also minimized. Thus the equiradial designs whose boundary points on

the unit circle precvide the best designs. Observe that the best

designs in Table 10 are all slope-rotatable.

4.2.,4 When R _is the Unit Circle and RO is Not Limited

In this case, exactly the same configurations appearing in Table
9 give the best designs as shown in Table 12. For near~optimal de-
signs, see Appendix Table 7.8. The discussions for different values
of o and Bijk"s are quite similar to the case when R 1is the
unit square and RO is not limited. Therefore, they are not
expressed here again.

We have shown the optimal and near-optimal designs and examined
their properties for feour different cases according to the region of
interest and the region of operability. For simplicify, let us call
them Cases 1, IT, III, and IV in the order they have appeared

previously, In other words:

Case I: When R and RO are the unit square,

Case 11: When R is the unit square and RO 1is not
limited,

Case 111: When R and RO are the unit circle, and

Iv: When R 1is the unit circle and RO 1is not

[
]
1)
o

limited,
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From the data and observations we have had from 4.2.1 to 4.2.4, we can

summarize the following properties regarding the optimal and near-

optimal designs.

lﬂ

Lf ther is no limitation on the region of operability (Cases
1L and IV), the optimal and near-optimal designs for the
unit square region of interest are very similar to those for
the unit circular region of interest. This implies that the
shape of region of interest is not important if limitation is
not imposed on the region of operability. However, if the
region of operability is limited (Cases I and II1), the
optimal and near-optimal designs for the unit square region
of interest are quite different from those for the unit
circular region of interest. Therefore, the experimenter
must know what shape his region of interest is to make use
of the optimal designs when the region of operability 1is
limited,

The J wvalues of the optimal and near-cptimal designs of
Cases Il and IV are closer to each other than those of (ases
I and TI1l. This is probably due to the limited region of
operability for Cases I and IIL,

For all cases, the change ¢f ¢ does not influence the
optimal configurations as long as the values of g remain
modest-gized, say o < 2. Also the wvalue of N which gives

the best efficiency remains the same as o changes,
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For all cases, there is very little change in J values due
te small rotation of the inner circles of the designs
obtained. Usually the change is in the fourth ar fifth
decimal place. Thus the angles given in the Appendices for
the inner circles are not necessarily exactly cptimal, but
are chosen in that way, partly because it is easy to con-
struct designs, and partly because the chosen angles are
very close to the optimal angles,
The optimal designs have some patterns. Fuor Case I, they
follow the pattern of the 32 factorial design. For Case
ILI, they are the equiradial designs which have cbzervaticns
on the unit circle and at the center, where the pruportion
of points between the circle and the center should be close
to 0.7257 . Notice that the 32 factorial and the equi=-
radial designs are slope-rotatable. For Tases LL and 1V,
they follow the pattern that several points are allocated on
the outside circle (more than half of observaticns) and a
few points on the inside circle or at the center such as
5-2-1 , 6=2-2-0 , etc, These cptimal designs are not slope=
rotatable. Therefore, if an experimenter wants to use slope=
rctatable designs for Cases II and IV, he can consult
Appendix Tables 7.6 and 7.8 te select the slope-rcratable
designs, For example, configuration 6-2 fir N = 8 and
configuration 5-4-0 for N = 9 are zlope-roratable,
Since the J value of the best slope-rutatable dezign for
each N 1is close to that of the best design, these sluope~

rotatable designs are usable in the sense of the J-criterion,
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4.3 _GCompatrison of Hexagonal, }-Rotatable‘Central

. , 2 .
Composite and 3 Factorial Designs

Lt was shown in the previous secticn that the 32 factorial for
Case I and the hexagonal fuor Case ILI are the best designs for nine
observations. Ancther design which was introduced by Bex and Wilson
(6) and which has been widely used in response surface designs is the
&-rotatable central composite (r.c.c.) design. These three designs
are slope-rotatable. We now want to investigage and compatre them in
more detail.

As a measure of comparison, we consider the following cirteriac

1. Minimization of J ,
2. Minimization of the rate of curvature of thes variance
function, and

3. Minimization of B

where criteria 2 and 3 are based on a proper standardizaticn of
the independent variables,

The J criterion has been used thus far as the basic criterion,
Suppose all Bijkcs are equal., Let o represent (N Blll/c as
usual and let the vegion of interest be the unit “quare, The

expressions for J for the designs are from Secticn 3,2,

3,144, 2.4 8 2 28
Tthexy =3+ 53] + oo = 307 +551
p Y
; 9 39 2. 4 8 2 28. s
Jeveien) = [Zg§’+ R 3o *tgl €39
e p
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where p vrepresents the radius which is shown in Figure 5. 1f the

s ,f‘ N l\\\ e
N X X WK K
-\x ﬁf ", - o \ -
T %N“~h§rrﬂw """ T e
2
Hexagonal Design r.c.c. Design 37 Facterial
Design
Figure 5 The three designs

region of infterest is the unit circle instead of the unit square, then

they are
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Tables 13 through 16 are coastructed in order t. compare the
designs by the J criterion under the four differenr cases described
earlier,

For Cases 11 and IV the hexagonal deszign is best in terms of J

. , 2 A ‘
values followed by the 3 factorial design for any vaioe of o .
. ‘ . - . . 2
However, the J values are not much different. For Casze T the 3
factorial design is much better than the others, and the next best is
the hexagenal design regardless of o . For Gasze 1LY the hexagona
design is best and the Yy-rotatable central compesite design i3 the
next best. In this case also the value of g deces not influence the
ranking, The 3 factorial design is far behind the others,

Summarizing the tables, we notice that the hexagonal design 13

2
best under three cases and the 3 facteorial design is the best on
cne case, mainly because the best design is affected by the chrice of
the region of cperability., But an important result 13 that the
hexagonal design dominates the §-rotatab1e central compozite design
for all four cases.

The second criterion we want to discuss for comparison is the
variance function. The variance functicn of a second crder slopee
rotatable design for two independent variables i3 frem equaticn (160

2 = e TVar(h.) + Varth ) + d2ed varch Y s tarh a1
Vig) = ¢ 3 [Var( 1 + Var{ 2) + (4 mdf\bli) + Var 1?))]
2o
2 2 2 , , )
where d = X + X, . Therefore, for the three deszigns ir can he

shown that the variance functicns are

; ) (221,
hexagen: V{x) = 2§'+ d Q{i) 5

o
o
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4o bo
37 v(x) = ,_Zi, +d (é]_z)
20 85

where d is the distance of a point % from the origin and p is
the design radius. Tc compare the designs, we want to standardize the
radii (subsequently the coordinates of two variables) of the designs
in such a way that the integrated variances V of the three designs
are all equal. The designs are then compared on the rates of
curvatures of the variance functions. In other words, keeping the
average V constant, we want to compare the behavior of the variance
functions., Certainly, a small rate of curvature is desirable.
Suppocse the region of interest is the unit square and V = 12 is
designated. From the variance portion of equation (39) p should be
L.101 to accomplish V = 12 for the hexagonal design. The variance

function for the hexagonal design is then given by
2
V(x) = 2,475 + 14,289 d

in which the rate of curvature is 14,289 . Similarly, we can obtain

V{x) 1.640 + 15,540 d2 for r.c.c. ,

and

2
1.840 + 15,240 4~ for 32 )

Vix)

where the rates of curvatures are 15,540 and 15.240 , respectively,
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Therefore, at V = 12 , the hexagcnal design has the least rate of
curvature, If V is different from 12 , which design has the least
rate of curvature? Similar comparison was made for a number of other
values of V , spanning the interval from V =4 to V = 18 . For all
values checked, the hexagonal design shares the smallest rate of
curvature.,

The third criterion to be used to compare the designs is based on
the integrated squared bias, B . We adopt the same standardization
scheme employed in the second criterion., After standardization the
designs are not compared on B . Suppose the region of interest is the
unit square and the predetermined V 1is 10 . Then from equaticen (39)
p should be 1.159 to accomplish V = 10 for the hexagonal design
and subsequently B becomes 1.333 az . Similarly, o = 1.225 and
B = 1.367 az for the Y=rotatable central composite design, and

0.949 and B = 1.361 qz for the 32 facterial design., Therefore,

p

for the given standardization of V = 10 » the hexagonal design is
better than the &-rotatable central composite design., However, the
differences are quite small. 1In the same way Figure 6 is constructed
to show how B changes for any choice of V in the range of

5< V<25 . We can observe that if V < 11.2 , the order of designs
from the best is the hexagonal design, the 32 factorial design and
the r.c.c, design, If V > 12,6 , the r.c.c. design takes the first
place and the 32 factorial design is the second cne, Nonetheless,
the experimenter may, most likely, wish to standardize the designs
with a reasonably small value of V . Tf this is the case, the con=-

clusion is that the hexagonal design is the best one under this
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B 32: r.c.c.

2 \
2.1y T ‘\f\

2 ’
2.0 \"
1.9(1/2 T
108“2 T

2
1.7 Hexagon 7~

2 ,./’/
1.6 - 32

/
L’ p o\ T - —
. "r.c.C.
1o |
1.3 |
1.2% 4
; : | ! — V
5 10 15 20 25
Figure 6 B as a function of V

critericn. 1L1f the region of interest is the unit circle instead of
the unit square, it can be shown that similar results hold true.

We have ccnsidered three different criteria to compare the three
designs. In conclusian, the hexagonal design is better than the &-
rotatable central compozsite design under any of these three criteria,

f 2 , .
and it is alsc better than the 3 factorial design except for the
case when the criterion is J=minimization under the unit square region

of interest and region of operability.
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5. SUMMARY

This work has concerned itself with extending two main criteria
to experimental designs for estimating the slope of response surfaces
by second order polynomial equations when the true response is quad-
ratic or cubic. One is the criterion of rotatability advanced by Box
and Hunter (5) and the other one is the criterion of J , mean squared
error integrated cver a region of interest, which was introduced by
Box and Draper (3,4). The least juares estimators of the polynomial
coefficients were used to estimate the slope of response surfaces.

In cases where there is only one independent variable, the class
of designs with three symmetric levels (x = -~ h , 0 and h , and ny

n and n

0 trials on each level, respectively) was considered. It

1
was shown that h should be taken as large as possible to minimize V s
and f%* , the optimum f = nl/N ,» Stays within a narrow range as h
changes over a quite wide range. It was also observed in the case when
the true model is cubic that, as o = VN 83/0 increases, f* de=
creases approaching 0,2847 and h* , which minimizes J , also de-
creases approaching 1 .

In the case when the true response is quadratic for more than a
single variable, the concept of the estimated slope variance function
for an experimental design was advanced. A desirable criterion was
introduced, which required the variance function to depend only on the
distance from the origin of the design. Such designs ipsure that the
estimated slope has a constant variance at all points which are the

same distance from the center of the design. Designs having this pro-

perty were called slope~-rotatable designs. The necessary and
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sufficient conditions for slope=rotatability for a design were
developed and the properties of slope-rotatable designs were dis=
cussed, 1t was shown that the class of §-rotatab1e designs is a
subset of the cliass of slope-rotatable designs. A number of second
order slope-rctatable designs which are not y-rotatable were presented
and discussed,

In the case where a second order peolynomial is fitted but the
true model is cubic, the criterion used for optimizing designs was to
minimize J , the integrated mean squared error of the estimated slope.
This criterion considers not anly the variance but also the bias due to
the inadequacy of the fitted polynomial model., For this case two
classes of designs were discussed in detail with emphasis ¢n the inte-
grated squared bias. One class is the set of designs whese points are
equally spaced on a circle with center points, and the other is the
designs of two circles with four peints equally spaced on each circle.

A computer program was written to aid in the search for optimal
designs under the J-criterion. Optimal and near-optimal designs in
two dimensions were constructed through computer search for four
different cases according to the square or circular region of interest,
and the limited or unlimited region of operability. The resulting
optimal and near-optimal designs were catalogued and compared, This
compariscn showed that when the regions of interest and operability
were the unit square the optimal pattern followed the shape of 32
factorial design and when the regions of interezt and cperability were
the unit circle, the optimal pattern was the design with points equally
spaced on a single circle., Both optimal design patterns are zlope=

rotatable,



105

Finally, three commonly known designs for nine observations, the
hexagonal design, the y-rotatable central composite design and the
32 factorial design were compared under three different criteria,
The result indicated that the hexagonal design is better than the ¥-
rotatable central compcosite design under all three criterion, and it
is also better than the 32 factorial design except for one
particular case, namely the unit square region of interest with design

points restricted to the regicn.
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Appendix Table 7.1

Optimal designs when
interest and the region of operability are the
unit square
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and the region of

N

Configuration

v

10

11

12

(4, 1) +(2,0)

(470 +(2,004(2,5)
i \

(4,7 +(4,0)

(4,)+(4,0)

(4,5)+(4,0)

(4,5 +(4,0)

17.568

12,541

9.634
8.250
8.214
8.539

9.000
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Appendix Table 7.4 Cptimal designs when o = +00 and the regicn f
interest and the region of operability are the
unit square

N Configuration Design N0 P1 P2 P3 vV B

6 5=l (59%5) i 1,012 == == 17.568 aﬁZ?iZEEEL’
7 4e2-1 4,0y +(2,0) 1 1,183 1 == 15.750 @ (1.340
8  4m2=2al) (4,%9+(2,0)+(2,¥9 0 1.258 1 0.839 15.873 q°(1.333;
A (4. 0+(4,0) 11,244 1 == 11.884 g (1.33%:

10 4eba? (4,2&+{4,0) 2 1.244 1 == 10.852 g (1.333

11 4ete3 (4,5 +(4,0) 31,264 1 == 10.892 g (1.333)

12 4etie (4,5)+(4,0) L1265 1 == 11.266 @20 1.333)
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Appendix 7.9

Derivation of

Clkk'dA =v]
- -2
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We want to show that I kk'dA is a diagonal matrix whose diagonal

elements are all equal, Ilet E' = (cos @) COS &y +es €COS ap) where

P
z
i=1
Then,
!( r‘("sQZQ/
|
|
|
k' =
|
L
Edwardsl/

co3 al

oS

cos QB

a2=

COS @.COS o,

cOs cOs
i % ok

2
cos o, cos @,C08 o3

2
cos @4

(symmetric)

cos P >
sin ¢, cos Py s

sin @y sin ¥y €O8 @3 ,

= 3in sin vee Sin
®1 ®2 P

l/Edwardsg C.H.

1973,

3

cO3

= sin @, sin @, ... sin ®pe2 cos

shows that the spherical coordinates mapping

sin ¥, sin Py cve Sin @p_z 51in 6 ,

cos . cos

COS QZCOS

cos 03

C082
d ap

Advanced Calculus of Several Variables.
Press, New Yotk, New York and London, England.

coOs

i~ /

is defined by
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and maps the interval 9 € [0,m] , 8 ¢ [0,2n] onto the surface of the

unit ball Bp . FEdwards also shows that

dA = sinP~%,. sinP™3 sin’ sin de.d d ds
. (pl . sz se e cpp-3 . C,pp-z Cpl sznco Cpp-z .

Therefore, it can be readily shown that the off~diagonal elements of
the matrix, IEE'dA » are all zero, and the diagonal elements of the
matrix are all equal, that is
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