
ABSTRACT 
 

HOAGLAND, DYLAN SCOTT. A Family of Hybrid Parallel Block Jacobi-Type Iterative 

Methods & a Novel Greenôs Function Algorithm for Massively Parallel Solution of the Neutron 

Transport Equation on Unstructured Grids. (Under the direction of Dr. Yousry Y. Azmy). 

 

 

The growing number of processors on modern-day supercomputers has introduced the 

challenge of developing methods and algorithms for effective scientific simulations on the class 

of massively parallel computer architectures. In the field of neutron transport specifically, spatially 

parallel solution on unstructured grids using the traditional Source Iteration (SI) method invokes 

scheduling difficulties, which Parallel Block Jacobi (PBJ)-type methods present an alternative to. 

This work presents two primary lines of work on PBJ methods with the objective of developing 

methods and algorithms that are applicable to the solution of the transport equation on unstructured 

grids using massively parallel supercomputers.  

The first line of work pertains to the development, analysis, and testing of hybrid methods 

designed to improve the iterative performance of PBJ methods in problems containing optically 

thin cells. The iterative slowdown incurred by PBJ methods in such problems is a consequence of 

the resulting algorithmôs asynchronicity. Hence, we propose a set of hybrid approaches which 

utilize a specified combination of PBJ-type and sweep-based methods to solve a given problem. 

Spectral analysis of the sequential execution of Parallel Block Jacobi-Integral Transport Matrix 

Method (PBJ-ITMM) or Inexact Parallel Block Jacobi (IPBJ) and SI demonstrates this approach 

to achieve iterative robustness in optically thin cells, but suggests that global execution of both 

methods is unnecessary. Ensuing numerical tests in serial operation on 2-D Cartesian grids, 

including a parametric study and testing on benchmark problems containing void regions, 

demonstrates that executing PBJ-ITMM in optically thick regions and IPBJ in optically thin 

regions greatly increases the resulting iterative schemeôs rate of convergence, while not impacting 

its potential for efficient parallel solution on unstructured grids. Serial operation on 2-D Cartesian 

grids is used for these studies to expedite the development process. 

The second line of work concerns the development of an algorithm for execution of PBJ-

ITMM on unstructured grids. Solution on unstructured grids via PBJ-ITMM requires construction 

of the associated response matrices. In this work, we address this challenge by developing a novel 



Greenôs Function ITMM Construction (GFIC) algorithm, which constructs the ITMM matrices 

using pre-existing transport code mesh sweeps with an artificial set of problem parameters 

designed to facilitate construction of the desired matrices. Using this algorithm, we implement 

PBJ-ITMM on 3-D unstructured tetrahedral grids in the THOR code for parallel computation using 

nonblocking MPI communication. The performance of PBJ-ITMM compared to IPBJ is then tested 

in this configuration with strong and weak scaling tests on up to 32,768 processors. The 

comparison to IPBJ is made, as IPBJ is the currently used alternative to spatially parallel SI on 

unstructured grids. These scaling tests are executed on two benchmark problems, Godiva and 

C5G7. The results of these scaling tests establish the applicability of PBJ-ITMM to the massively 

parallel solution of the transport equation on unstructured grids, solving a problem with >6.8 

billion unknowns on 32,768 processors in under 20 minutes. The better performing of the two 

methods studied is observed to be dependent on the size of the sub-domains PBJ decomposes a 

spatial mesh into, that, in turn determines the rank of the applicable ITMM matrices for that sub-

domain. PBJ-ITMM requires shorter solution time than IPBJ when sub-domains are comprised of 

fewer cells. The threshold at which this transition occurs is problem-dependent, occurring at ~128 

and over 256 cells per sub-domain for Godiva and C5G7, respectively. The increased threshold 

for C5G7 compared to Godiva was due to C5G7 being a more computationally difficult problem, 

indicating that PBJ-ITMM is preferable over a larger range of sub-domain sizes in problems most 

in need of parallelization. These results lead to the conclusion that PBJ-ITMM is well suited for 

massively parallel solution on unstructured grids, and that GFIC is a viable construction algorithm 

for its implementation. At large processor counts, GFICôs construction time was mostly 

insignificant compared to the total solution time, and the use of pre-existing mesh-sweep 

capabilities in the target transport code makes it a practical approach for current production 

transport codes utilizing the SI iterative solution method.   
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Chapter 1: 

Introduction 
 

The neutron transport equation, 

 

ρ
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ᶰὈȟπ Ὁ Њȟɱᶰ5ÎÉÔ 3ÐÈÅÒÅ  

(1.1) 

 

is the mathematical model that describes the collective migration in phase space of neutrons in a 

specified physical configuration. [1] In this equation, ὺ is the neutron speed, ɫ,  ɫ, and  ɫ are 

the total, scattering, and fission macroscopic cross sections (probability of interaction per unit 

distance traveled) respectively, …Ὁ is the energy distribution of fission neutrons, ’ is the average 

number of neutrons born in a fission event, D is the problemôs spatial domain, and ή is the external 

source of neutrons. The solution to this equation is ‪ὶᴆȟɱȟὉȟὸ, such that ‪ὶᴆȟɱȟὉȟὸὨɱὨὉ is 

the expected value of the angular flux of neutrons at location ὶᴆ, traveling within Ὠɱ about direction 

ɱ, with energies ὨὉ about Ὁ, at time ὸ. Another important quantity to note is ‰ὶᴆȟὉȟὸ, the scalar 

flux, which is the angular flux integrated over all angles. 

To solve the transport equation, Eq. (1.1) must be supplemented by boundary conditions 

and an initial condition. For the initial condition at time t0, there must be a flux distribution, 

‪ὶᴆȟɱȟὉȟὸ  that is known for all values of the other independent variables. This flux profile can 

be produced from multiple specifications for the beginning state of a problem, such as the steady-

state solution of the problem before a perturbation or a restart file. Specifying boundary conditions 

is slightly more involved. In Eq. (1.1), the spatial gradient (second term on the left-hand-side) 

comprises a first order spatial derivative. This implies that a mathematical solution of the equation 

in Cartesian geometry only requires a single boundary condition for each spatial dimension of a 
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problem, defined for all values of the other independent variables. In practice, however, this is not 

generally known, as the outgoing angular flux at the problem boundary is dependent on the solution 

of the transport problem itself. The outgoing angular flux is the angular flux along directions ɱ 

such that ɱẗὲ π,  ὲ being the outward normal vector to the bounding surface. Therefore, the 

boundary conditions are split into ñpartialò boundary conditions where, in Cartesian geometry for 

each spatial dimension, there are two boundary conditions defined on opposite faces bounding the 

problem domain, each defining the angular flux only for directions where ɱẗὲ π (incoming to 

the problem domain). This allows the neutron transport equation to be solved without requiring 

knowledge of the flux exiting the spatial problem domain, a quantity which is dependent on the 

transport solution.  

In general, there are two main types of boundary conditions for the neutron transport 

equation, explicit and implicit. The former is the simpler of the two types, with the angular flux 

distribution explicitly provided at a boundary point for all ɱ such that ɱẗὲ π. A common 

special case of this type is the vacuum boundary condition, where the incoming angular flux 

distribution on the boundary is set to zero for ɱẗὲ π, implying a scenario in which there are no 

impingent neutrons onto the problem domain, and where no neutrons which exit the domain 

subsequently re-enter it. [1, 2] 

Contrarily, implicit boundary conditions substitute this explicit designation of the 

boundary incoming angular flux distribution with a mathematical relation to the boundary 

outgoing angular flux distribution. The most common types of implicit boundary conditions used 

are reflective (and more generally albedo) and periodic. A reflective boundary condition equates 

the incoming angular flux at a point on the boundary to the outgoing angular flux at that same 

spatial point, at the same energy, and with the associated reflected direction of the neutronôs flight 

path. Physically, this describes a scenario in which the problem configuration is reflectively 

symmetric about the corresponding boundary plane. This boundary condition is useful for 

modeling problems with reflective symmetry as it yields a smaller problem domain. [1, 2]  

Additionally, the reflective boundary condition can be modified to an albedo boundary 

condition in which the incoming angular flux at a point on the boundary is set to a prespecified 

fraction of the outgoing angular flux at the same point in the reflected direction. This has been 

used to efficiently model a sub-region of a problem which impacts the problemôs bulk solution, 

but over which the solution is not of interest. Specifically, albedo boundary conditions can 
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effectively be used to model the reflector around a nuclear reactor core, simulating a certain 

percentage of outgoing neutrons reflecting back into the reactor core. This allows the solution 

process to focus computational resources on the important core region while accounting for the 

effect of the reflector region without having to solve the transport equation in the latter region. [3]  

The other type of implicit boundary condition frequently used is the periodic boundary 

condition. This boundary condition equates the incoming angular flux distribution at a point on a 

boundary to the outgoing angular flux distribution at the corresponding point on the opposite, 

parallel boundary. This models a problem in which the spatial domain is a single instance of a 

larger, periodically repeated structure, e.g. fuel assemblies. [1, 2] 

The solution to the neutron transport equation is needed for numerous applications in 

nuclear nonproliferation as well as other applications in nuclear engineering. It is often very 

difficult to obtain though, as Eq. (1.1) is an integro-differential equation, the solution to which has 

seven independent variables. Given the importance of transport solutions as well as the difficulty 

of computing them, development of methods and algorithms for obtaining accurate solutions to 

the transport equation in an efficient manner is an active area of research. While this work pertains 

to neutron transport, the concepts discussed extend more broadly to neutral particle transport, 

including gamma and x-ray transport.  

 

1.1: Discretization of the Neutron Transport Equation 
 

Deterministically solving the transport equation requires the continuous form of Eq. (1.1) 

and its accompanying initial and boundary conditions to be transformed into a discrete linear 

system of equations by discretizing each of the independent variables. We will focus on 

discretization of the steady state transport equation (i.e. vanishing time derivative). The energy 

domain is traditionally discretized using the multigroup approach that amounts to discretizing the 

continuous energy domain into disjoint energy intervals, or groups. The group scalar and angular 

fluxes are defined as the corresponding energy dependent fluxes integrated over the span of the 

energy group. The group cross sections are then obtained by averaging the energy dependent cross 

sections over the range of the group using a suitable weighting spectrum. This invokes the inherent 

difficulty that obtaining adequate multigroup cross sections requires knowledge of the energy 

dependent angular flux, that is the solution of the transport equation that is sought. This circular 
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dependence is broken by fixing the weighting spectrum required to generate the multigroup 

constants to an energy distribution that is computed on a simplified configuration, e.g. reduced 

dimensionality. [1, 2] 

There are two main approaches for discretization of the angular domain, the SN and the PN 

methods. In this work we will employ only the SN method, which discretizes the angular domain 

into individual directions (discrete ordinates), requiring the neutron transport equation only to be 

satisfied for the selected directions. To obtain angularly integrated quantities, each discrete 

ordinate is assigned a quadrature weight. Any quantity to be integrated numerically over the 

angular domain (such as integrating the angular flux over ɱ to obtain the scalar flux) is then 

calculated as a weighted sum over all discrete ordinates. [2] 

There exist numerous discretization methods for the spatial domain, [2] most of which can 

be classified into finite difference methods and finite element methods. In this work, we use a 

nodal method (that is akin to finite differencing methods) known as the Arbitrary High Order 

Transport ï Zeroth Order Nodal (AHOT-N0) method, which is cast in a special form of the 

Weighted Diamond Difference (WDD) method.  

To illustrate the spatial discretization formalism we consider, without loss of generality, a 

1-D, 1-group, steady state transport problem with no fission, isotropic scattering, and isotropic 

external source. The discretized form of the neutron transport balance equation (1.1) is, 

 

‘
‪ ȟ ‪ ȟ 

ɝὼ
ɫȟ‪ ȟ

ρ

ς
ɫȟ‰

ρ

ς
ή 

 

(1.2) 

where ‪  and ‪  are the outgoing and incoming angular fluxes, respectively, to a spatial cell, ‘  

is the directional cosine with respect to the x-axis of the discrete ordinate m, and ɝὼ is the size of 

the i th spatial cell along the x-axis. Any flux quantity without a superscript is then a cell-averaged 

quantity. Assuming the incoming angular flux to be inferred from either the outgoing angular flux 

of an upstream neighbor or from the boundary condition, there are two distinct unknowns in this 

equation, requiring an auxiliary equation relating the incoming, outgoing, and average angular 

fluxes to solve simultaneously with Eq. (1.2).  

In general, WDD methods employ an auxiliary equation of the form, 
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(1.3) 

 

where ‌ ȟ is the spatial weight for the WDD method, which is between zero and one. The 

distinctions between the various incarnations of WDD methods lie in the auxiliary equations 

needed for closure of the discretized linear algebraic system, more specifically in the choice of the 

spatial weights. In general, problems with cells of large optical thickness will tend to have larger 

weights, as the exponential attenuation through a cell makes the average more heavily weighted 

towards the outgoing face. Also, realistic problems will likely have cells of varying optical 

thicknesses, making a global weight less suitable. [2] 

Methods such as Diamond Difference (DD) and Step use global weights of 0 and 1, 

respectively, while nodal methods calculate on the fly weights for each discrete ordinate, spatial 

cell combination. In this work, our focus is on iterative methods, so the selection of spatial 

discretization method is secondary. In our test code subsequently discussed, we implement the 

AHOT-N0 method due to its ability to obtain a desired solution accuracy using fewer spatial cells 

than either of the aforementioned methods due to dynamic weights allowing for a coarser spatial 

mesh to be used. Additionally, the iterative methods we are interested in have previously been 

studied with AHOT-N0, providing results against which to verify. [4] The AHOT-N0 method 

calculates the spatial weights using the expression, [5] 

 

‌ ȟ ÃÏÔÈ
ɫȟɝὼ

ςȿ‘ȿ

ςȿ‘ȿ

ɫȟɝὼ
 Ȣ 

(1.4) 

 

In multidimensional configurations the WDD auxiliary equation, Eq. (1.3), is repeated once 

per dimension, and the corresponding spatial weight is computed independently in analogy to Eq. 

(1.4) using the corresponding cell size and angular cosine. 
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1.2: The Source Iteration Method for Neutron Transport 

Calculations 
 

The discretization methods discussed in the previous section yield a closed linear system 

of equations for the entire problem. While direct solution of this system is theoretically possible 

by factorization or inversion of the effective matrix, doing so would be infeasibly time consuming 

and memory intensive for any problem of realistic size, as the rank of the applicable matrix 

operator becomes too large. Traditional iterative solution methods of transport problems use an 

inner / outer iterative strategy which uses the following general form of the discretized transport 

equation for a 1-D steady state problem, 

 

‘
‪ȟȟ ‪ȟȟ 

ɝὼ
ɫȟȟ‪ȟȟ ήȟ ή ᴼ ȟ Ȣ 

(1.5) 

 

In this general equation the subscript Ὣ and i indicate the energy group and spatial cell, 

respectively. On the right-hand-side, ήȟ contains the external source and the source of particles 

which scatter from the current group (Ὣ) and remain in that energy group. This term is often 

referred to as the ñwithin-groupò scattering source. ή ᴼ ȟ is the source of particles which arrive 

in group Ὣ due to interaction by a parent neutron with energy in group Ὣ. 

The latter of these terms is the term to which the outer iterations apply. In an outer iteration, 

Eq. (1.5) is solved for all energy groups, one group at a time assuming all ή ᴼ ȟ terms are known. 

Depending on the details of the outer iteration scheme, parts of the ή ᴼ ȟ terms are inferred from 

the previous outer iterationôs flux, and the remaining parts are computed from the current outer 

iterationôs flux for all groups (Ὣ) which have already been solved.  

With the ή ᴼ ȟ terms assumed known, and recognizing the dependence of qg,i on ‰ȟ, this 

equation is still most practical to solve iteratively, resulting in the inner iterations. Our work 

addresses exclusively the inner iterations, and outer iterations will not even be presented until 

Chapter 5. Therefore, for brevity, in the entirety of this work the term ñiterationsò refers to the 

inner iterations, unless otherwise specified. Historically, these iterations work by lagging the 

within-group scattering term included in ήȟ by an iteration (i.e. setting the group flux used in 
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computing the within-group scattering term to the previous inner iterationôs group flux). This 

method is termed the Source Iteration (SI) method. One SI iteration typically uses the mesh sweep 

algorithm for its solution. If we consider all terms on the right-hand-side of Eq. (1.5) to be known, 

then there are three unknown quantities in this equation for a given cell / discrete ordinate 

combination in one group, ‪ȟȟ, ‪ȟȟ, and ‪ȟȟ. If we include the auxiliary equation, there are 

now three unknowns, but only two equations. However, for a boundary cell to which the angular 

flux of the current discrete ordinate is impingent, the incoming angular flux is known, either 

explicitly or implicitly, allowing for the outgoing and cell-averaged angular fluxes to be solved for 

directly. The downstream adjacent cell can then be solved using its upstream neighborôs outgoing 

angular flux as its incoming angular flux by applying flux continuity across that face. The entire 

spatial domain can then be ñsweptò in this manner for a given discrete ordinate. Performing a mesh 

sweep for each discrete ordinate starting from a boundary where the incoming flux is known, 

explicitly  or iterating on the incoming angular flux on the boundary otherwise, constitutes one SI 

iteration. Note that while we have provided example equations for a 1-D problem, these same 

concepts are straightforward to extend to 2-D and 3-D problems. 

With the within-group source assumed known, all angles in the problem are decoupled 

from each other within a single SI. Mathematically, the resulting systems of equations (one for 

each angle) comprise triangular matrices that can be solved by recursive substitution. The mesh 

sweep algorithm effectively performs this operation, yielding the solution of these matrix 

equations without constructing the subject matrices. [6]  

 

1.3: Parallel Block Jacobi Spatial Domain Decomposition 
 

While decoupling the angular domain for SI solution provides a simpler method for solving 

the within-group problem, in parallel the Parallel Block Jacobi (PBJ) spatial domain 

decomposition has also been used, decoupling portions of the spatial domain. A 2-D representation 

of the PBJ decomposition is depicted in Fig. 1.1. We see that the spatial domain is divided into 

multiple sub-domains, each of which contains multiple cells (although they may contain as few as 

1 cell). From the zoomed-in sub-domain in the bottom left corner of the domain, we see that all 

incoming angular fluxes at the sub-domain boundary are considered known, and all outgoing 

angular fluxes at this boundary are unknown. The assumption that these incoming angular fluxes 
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are simultaneously known for all sub-domains is the defining factor of the PBJ decomposition. 

For these terms to be assumed as known, they must either be inferred from the boundary conditions 

or inferred from the outgoing angular fluxes of an adjacent sub-domain from the previous iteration. 

This implies that an iterative method must be used to obtain transport solutions using the PBJ 

decomposition until convergence of the sub-domain interface angular fluxes is achieved, although 

frequently control of the iterative sequence is based exclusively on testing convergence of the cell-

averaged scalar fluxes. For the PBJ decomposition, the sub-domain interface angular fluxes are 

the only quantities which must be lagged, however, certain iterative methods lag other terms, e.g. 

the scattering source. For the Parallel Block Jacobi-Integral Transport Matrix Method (PBJ-

ITMM) method, these incoming angular fluxes on sub-domain interfaces are the only lagged 

quantities. Inexact Parallel Block Jacobi (IPBJ) on the other hand, additionally lags the scattering 

source. 

 

 

Figure 1.1: PBJ Spatial Domain Decomposition. Bold lines indicate sub-domain boundaries. Thin 

lines indicate cell boundaries. 
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1.4: Dissertation Outline 
 

The motivation for the work presented in this dissertation is to develop, analyze, 

implement, and test methods and algorithms that are effective for deterministically solving the 

neutron transport equation on unstructured grids (meshes) on massively parallel supercomputers 

using Parallel Block Jacobi (PBJ)-type methods. In this endeavor, there are two main lines of 

development for this work: 1) hybrid methods that pair PBJ-type methods with mesh sweep-based 

methods to improve the iterative performance of PBJ in problems containing optically thin cells, 

while maintaining scalability to massively parallel supercomputers on unstructured grids and 2) 

an algorithm for construction of the matrices required for solution via PBJ-ITMM that is applicable 

to unstructured grids. Analysis and testing of the former is conducted in serial operation on 

Cartesian, 2-D grids with the assumption that the observed trends extend to parallel solution on 

unstructured grids. This simplified testing configuration is chosen for the development of our 

hybrid methods, as it expedites the implementation and data collection processes, resulting in an 

efficient development process. Testing for the latter of our two lines of work is conducted in 

parallel execution on unstructured grids. The complexity of this configuration is necessary for this 

portion of our work, as its purpose is to provide algorithms for the implementation on unstructured 

grids of all constituent methods that are used in our hybrid approaches. We outline this 

dissertationôs contents as follows.  

Already in the Introduction, we described the general process by which the neutron 

transport equation is discretized from its continuous form to obtain a linear system of algebraic 

equations. We also discussed the SI iterative method, which together with the mesh sweep 

algorithm is the standard method used for solving the per-group linear system of equations without 

construction and factorization of the groupôs full matrix equation, which is infeasibly large for 

almost any realistic problem. PBJ-type methods have also been introduced as alternatives to the 

SI iterative method.  

In Chapter 2 we will proceed with a review of the relevant literature. We first discuss the 

mathematical analysis which is used to assess the convergence rate of iterative methods and the 

known properties of the SI method. We will then discuss several acceleration methods previously 

developed and currently used to improve SIôs rate of convergence. Finally, we will discuss parallel 

transport calculations on both Cartesian and unstructured spatial meshes, and the motivation for 
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implementing PBJ-type methods for parallel solution on the latter, as such applications constitute 

our researchôs ultimate objective. 

Upon concluding the literature review, we separate the bulk of this document into three 

segments, beginning with theoretical analysis of our new hybrid methods and mathematical 

formulation of our novel algorithm for construction of the ITMM matrices on unstructured grids,  

presented in Chapter 3. Then in Chapter 4 we describe the numerical experiments we performed 

to assess our hybrid approachôs performance in serial execution on 2-D Cartesian grid 

configurations. Chapter 5 is dedicated to reporting the parallel execution of PBJ-ITMM on 

unstructured grids using our novel algorithm for construction of the required matrices.  

Theoretical analysis (Chapter 3) describes the Fourier analysis conducted on both PBJ-

ITMM and IPBJ preconditioned with SI, which are the most basic of our hybrid approaches, 

designed for analysis to verify the efficacy of the fundamental approach. This analysis is followed 

by formulation of the matrix equations that are solved each PBJ-ITMM iteration, with our 

developed algorithm detailed for the matricesô construction.  

Results of numerical testing of our hybrid approach then proceed in Chapter 4, beginning 

with verification of our 2-D, structured grids, serial operation transport code, HAT-2C. We then 

verify our Fourier analysis and conduct a set of tests on homogenous problems, followed by a 

single heterogeneous test to facilitate discussion of our preconditioning methods and detail 

motivation for the development of additional hybrid approaches. A parametric study then 

compares all of our hybrid methods to the individual methods of which they are comprised as well 

as traditional acceleration methods. This study is used to determine the general impact of problem 

parameters on the performance of our hybrid methods. Realistic test problem configurations 

containing void regions then confirm that the findings of our controlled testing configurations 

extend to realistic geometries. Finally, we provide numerical results illustrating the construction 

cost associated with algorithms for constructing the ITMM matrices, including our newly 

developed algorithm.  

Finally, in Chapter 5 we test both PBJ-ITMM and IPBJ in parallel execution on 

unstructured tetrahedral grids using our developed algorithm for construction of the ITMM 

matrices. These tests, utilizing up to 32,768 processors, quantify the scaling in the amount of time 

required to construct the ITMM matrices and subsequently solve the transport equation iteratively 

for multiple problems with varying amounts of parallelization. We then perform tests on a problem 
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containing a void region, demonstrating the iterative slowdown our hybrid methods have been 

demonstrated to alleviate in Cartesian grids.  

After presentation of our analysis and results, conclusions are reached and potential future 

work is described in Chapter 6.  

 

1.5: Terminology 
 

Robustness: The term ñrobustnessò in the context of iterative methods refers to the existence of a 

finite upper bound on the number of iterations required by an iterative method to converge to a 

given criterion. We describe a method as robust with respect to a given parameter if, in an infinite 

homogeneous medium, the method satisfies this requirement for all values of the specified 

parameter over its entire possible range.  

 

Hybrid method abbreviations: In this work, we develop, analyze, and test multiple hybrid methods. 

These methods utilize a secondary sweep-based method to accelerate the convergence of a primary 

PBJ-type method. There are two approaches for the hybrid combination of the two methods, 

Preconditioning (P) and Asynchronous Hybrid (AH). The differences between these two 

approaches will be discussed at length during their development, however, to summarize, P 

indicates both methods are executed globally in staggered manner, whereas AH indicates that a 

given sub-region of a problem has only one of the two iteration methods applied to it. We 

abbreviate the hybrid methods with a three-part acronym, separated by hyphens. The first letter 

indicates the manner in which the two methods are combined (P or AH), the second indicates the 

primary method (PI for PBJ-ITMM or IP for IPBJ), and the third indicates the secondary method 

(SI or IP). For example, the asynchronous hybrid combination of PBJ-ITMM and SI is abbreviated 

as AH-PI-SI.  

 

Degree of parallelism: Degree of parallelism is a term we use to describe the degree to which a 

hybrid method reduces the effectiveness of parallel execution in absence of communication costs 

compared to the primary method. Neglecting communication time, if a PBJ method executes in 

parallel with one sub-domain per processor and all sub-domains comprised of the same number of 

cells, all sub-domains will finish execution at the same time and the next iteration can begin 
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immediately. With hybrid methods, though, the secondary method may cause a delay between the 

completion of the PBJ sub-domain solution and the point at which the subsequent iteration may 

begin. The length of this delay indicates the penalty to the degree of parallelism imposed by the 

hybrid method, as this delay effectively increases the pre-iteration execution time.  

 

Unstructured grid (mesh): A spatial mesh of non-Cartesian cells with no prescribed patterning. 

 

Convergence rate or rate of convergence: The reduction of the iterative error due to the application 

of a single iteration. A method with a higher convergence rate converges in fewer iterations. This 

term does not imply anything about the relative execution time of a methodôs iterations. 
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Chapter 2: 

Literature Review 

 

2.1: Acceleration of Neutron Transport Methods 
 

Since iterative methods are implemented to avoid infeasibly long runtimes in the process 

of obtaining transport solutions, much work has been done to assess and improve their convergence 

rates. As this work is concerned with accelerating the inner iterations, we will focus on the 

techniques which have previously been used to accelerate these iterations, as opposed to the outer 

iterations. First, we discuss the technique researchers have used to assess the effectiveness of the 

unaccelerated SI method.  

This analysis employs a Fourier transformation, projecting the iterative error (the 

ñdistanceò between the converged solution and a given iterate of the scalar flux) onto a Fourier 

basis. As Fourier functions are periodic in nature, the analysis is conducted on a problem whose 

solution is periodic in space. This implies that this analysis must be performed on an infinite 

medium. Additionally, while the analysis has most frequently been performed in homogeneous 

media, the analysis only strictly requires that the mediumôs configuration (geometry and nuclear 

data) be periodic in space. With the iterative error projected onto a Fourier function space 

(transforming from the spatial domain to the frequency domain), the scaling of the error from one 

iteration to the next can be derived as a function of the Fourier variable(s). These scaling factors 

are the eigenvalues of the SI transport operator, scaling their associated eigenfunctions with the 

execution of a single SI iteration.  

Conducting this Fourier analysis on the SI iterative method with one energy group yielded 

a spectral radius (the largest magnitude eigenvalue) of this method that is equal to the mediumôs 

scattering ratio in an infinite homogeneous medium. [7] This indicates that as the scattering ratio 

approaches unity, the spectral radius also approaches unity, making the number of required 

iterations grow without bound for an infinite medium. This maximum magnitude eigenvalue 

occurs at the origin of the Fourier space. This result can also be explained physically. It is possible 

to show that the solution to the sth iteration is the flux of particles which have undergone up to sï

1 collisions. Therefore, configurations in which particles, on average, survive many collisions will 
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take more iterations to converge. [6, 7] In the following sections, we will discuss several 

acceleration methods developed to increase the rate of convergence in these problems. During the 

discussion, we will provide equations from the literature when appropriate, and we will provide 

the basic equations used to implement the method for a sample problem type as well as any 

equations necessary to demonstrate specific qualities of the resulting iterative scheme. Note that 

while we modify the notation in these equations to match the notation adopted in the remainder of 

this dissertation, some methods may use the same symbols for auxiliary terms as defined in the 

source reference. 

 

2.1.1: Diffusion Synthetic Acceleration (DSA) 
 

Accelerating the SI method in problems with scattering ratios close to unity has been an 

active area of research. A precursor to some of the earliest work in the field of SI acceleration was 

done by Kopp [8], who demonstrated that the transport solution could be obtained by the synthetic 

method, a method which poses the solution as the superposition of multiple ñpartsò of the solution. 

While Koppôs work used the synthetic method to solve rather than to accelerate, his work provided 

the foundation for early attempts to accelerate transport iterations by introducing a low order 

operator which would solve the components of the transport solution which were observed to 

converge slowly. Reed [9] applied this idea of solution synthesis to an iterative process, equating 

the current iterate of the scalar flux to the scalar flux obtained by the mesh sweep, plus an additional 

term that satisfies a diffusion-like equation driven by a distributed source proportional to the 

iterative change in the scalar flux. This yields the system of equations, 

 

‰ ἕ ▼‰ ή ȟ 
(2.1) 

 

ὶ ‰ ‰  ȟ 
(2.2) 

 

and 

 

‰ ‰ Ἆ ▼ ▼ὶ  Ȣ 
(2.3) 
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In these equations, s is the iteration index, Ἆ is the matrix representation of a diffusive operator, 

▼ is a diagonal matrix of scattering cross sections, and ἕ is the transport matrix. These square 

matrix operators have dimensions equal to the number of spatial degrees of freedom. When using 

an iterative method which utilizes a two-step method of any kind, we use s to indicate quantities 

before the iteration, ί  to indicate quantities resulting from the first step (usually the transport 

sweep), and s+1 to indicate quantities after the second step, whatever that second step may be 

(usually a low order solution). This notation will be used repeatedly throughout this report. 

Equation (2.1) is the SI iterative solution in matrix notation, making the first right-hand-

side term of Eq. (2.3) the scalar flux resulting from the mesh sweep. This is then added to the 

second right-hand-side term, which is a diffusive matrix multiplied by the iterative change in the 

scalar flux, r, synthesizing the updated iterative scalar flux. Reed performs analysis on this 

synthetic method to obtain conditions the employed diffusive operator must meet to ensure 

stability of the synthetic method. Numerical testing of this method showed a large reduction in the 

number of required iterations over the unaccelerated problem, but also showed instability (lack of 

convergence) in problems when the diffusion coefficient was small relative to the size of the spatial 

cells.  

The synthetic method was later used by Gelbard and Hageman [10] to form the Diffusion 

Synthetic Acceleration (DSA) method, which has since become one of the most widely used 

accelerators for transport calculations. DSA employs a preconditioner technique which will be used 

by many of the other acceleration methods covered by this review. [6] In general, a preconditioner 

is a mathematical, typically low-order, operator inserted within the sequence of an iterative scheme 

to accelerate its convergence. This low-order operator is an approximation of the transport 

operator, with the approximations made in a manner such that the resulting matrix is far cheaper 

to factor and solve than the matrix representing the full transport operator. In DSA, this 

preconditioner matrix is obtained by use of the diffusion approximation, which is derived by 

assuming an angular flux with linear angular anisotropy. This approach is used because the 

eigenmodes of the SI operator which are slowest to converge are those with frequency close to 

zero, the so-called ñflatò modes. These modes represent the portion of the solution with a nearly 

linear dependence of the angular flux on direction, therefore causing diffusion theory to be an 

accurate approximation in that region of Fourier space. [7] The DSA acceleration method applies 

the diffusion operator to the stage of computing the iterative residual, thus ensuring that the 
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converged solution will not be altered by the acceleration process and will match the unaccelerated 

limit to within the convergence criterion. This follows from the observation that the acceleration 

method will cease to impact the iterative solution as the iterative residual approaches zero with 

iterative convergence.  

Fourier analysis of the SI method accelerated with DSA in slab geometry established that 

the spectral radius is bounded from above by 0.23c, where c is the scattering ratio. This implies 

that for highly scattering problems, which were slow to converge using the unaccelerated SI 

method, the number of required iterations will be much smaller when DSA is used. Additionally, 

the analysis establishes that DSA is robust, since the spectral radius is bounded below unity, 

implying that the number of iterations required to achieve a fixed convergence criterion cannot 

grow unboundedly as the problem size increases and c g 1. [10] 

While most of the computational results reported in the literature support this finding, 

instability of DSA-accelerated SI was observed in problems with optically thick cells, with many 

of these problems not converging when DSA acceleration was used. Alcouffe conjectured this to 

be the result of inconsistency between the discretization of the high-order transport operator and 

the low-order DSA operator. This explained why the instability only occurred in computational 

tests, as the theoretical analysis was conducted using the continuum operators. The Fourier analysis 

was therefore not subject to inconsistencies between the discretizations of the transport and 

diffusion operators. In previous works, the starting point for implementing DSA was a continuum 

diffusion-like low-order equation, followed by the application of a selected discretization to obtain 

the linear algebraic system of low-order equations. Alcouffe demonstrated that this resulted in 

inconsistency between the high-order and low-order discretizations, which ultimately caused the 

observed instability. Alcouffe derived a new DSA formulation which began with the discretized 

transport equation, then applied the diffusion approximation by projection onto Legendre 

polynomials of orders less than or equal to one. The resulting acceleration method was shown to 

be stable for all cell thicknesses when used with the DD spatial discretization method in one-

dimensional slab geometry. [11] 

Alcouffeôs work suggested that the DSA derivation must start with the discretized transport 

equation, indicating that the low-order DSA equations must be derived specifically for the 

particular spatial discretization method of the transport equation that they are to be used with. This 

motivated work by Larsen to derive unconditionally stable DSA equations in slab geometry for a 
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variety of SN spatial discretization methods and to formalize the derivation process to aid in future 

derivations; the resulting process he termed the ñfour step method.ò [7] Larsenôs unconditionally 

stable DSA method based on the four-step approach was extended by Azmy to two-dimensional 

Cartesian geometry for the AHOT-N0 method. [12, 13] Testing of the method showed it to greatly 

reduce the number of iterations required for one- and two-dimensional problems, in both 

homogeneous and heterogeneous configurations, when used with AHOT-N0. The number of 

required iterations was observed to be relatively insensitive to scattering ratio and cell optical 

thickness, and was found to be sensitive to quadrature order only at extremely low orders. Azmy 

and Larsen [14] conducted a Fourier analysis of this method and showed its spectral radius to be 

close to 0.25 for all cases, thus providing theoretical support for the aforementioned variation in 

the number of required iterations being so small. 

We provide the following equations, originally derived by Azmy, [12, 13] which 

demonstrate the implementation of DSA in two-dimensional geometry using the AHOT-N0 spatial 

discretization method.  

First, the following two equations are solved for all Ὢ  terms, the zeroth order Legendre 

angular moments of the scalar flux residual in both dimensions.  

 

ɡȟɫ ȟȟ Ὀȟȟ ɡ ȟ ɫ ȟ ȟ Ὀȟ ȟὪȟȟ
ȟ  

ɡȟɫ ȟȟ ὈȟȟὪȟȟ
ȟ

 

ɡ ȟ ɫ ȟ ȟ Ὀȟ ȟὪȟ ȟ
ȟ

 

ɡȟȟɫ ȟȟ Ὢȟȟ
ȟ

Ὢȟȟ
ȟ

 

ɡȟ ȟɫ ȟ ȟ Ὢȟ ȟ
ȟ

Ὢȟ ȟ
ȟ

ɡȟὫȟȟ ɡȟȟὫȟȟ  ɡ ȟὫȟ ȟ ɡȟ ȟὫȟ ȟ  

(2.4) 
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ɡȟɫ ȟȟ Ὀȟȟ ɡȟ  ɫ ȟȟ Ὀȟȟ Ὢȟȟ
ȟ

ɡȟɫ ȟȟ ὈȟȟὪȟȟ
ȟ

ɡȟ  ɫ ȟȟ Ὀȟȟ Ὢȟȟ
ȟ

ɡȟȟɫ ȟȟὪȟȟ
ȟ

Ὢȟȟ
ȟ

ɡȟȟ ɫ ȟȟ Ὢȟȟ
ȟ

Ὢȟȟ
ȟ

ɡȟὫȟȟ ɡȟȟὫȟȟ  ɡȟ Ὣȟȟ ɡȟȟ Ὣȟȟ   

(2.5) 

 

These equations utilize the following terms, [12, 13] 

 

” ḳ ύ ɱȟ‌ȟȟ     ό ὼ ÏÒ ώ 
(2.6) 

 

‎ȟ ḳ‌ȟ σ”ɱȟȟ     ό ὼ ÏÒ ώ (2.7) 

 

…ȟ ḳɱȟ‌ȟ ”ȟ     ό ὼ ÏÒ ώ (2.8) 
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(2.9) 
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(2.10) 

 

Ὀ ḳ
ρ

σɝό
ς ɫ

”ȟ     ό ὼ ÏÒ ώ 
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ρ
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ȟ     ό ὼ ÏÒ ώ 

(2.12) 

 

ɡḳ
ρ

—— ρ
 

(2.13) 

 

ɡ ḳ—ɡȟ     ό ὼ ÏÒ ώ (2.14) 

 

In these equations, the subscripts k and j indicate the spatial cell (k,j) on a Cartesian grid, 

ὥȟ  are the u dimensionôs AHOT-N0 spatial weighting factors for direction m, and ɝὼ and ɝώ are 

the size of spatial cell (k,j) in the x and y directions, respectively. Finally, Ὢ ȟȟ is the pth x direction 

/ qth y direction Legendre angular moment of the angular flux residual (converged solution minus 

current value) in cell (k,j). The superscript u± refers to the quantity on the x/y cell face with the ± 

distinguishing between the right/left and top/bottom faces when u = x and y, respectively. 

We refer to Eqs. (2.4) and (2.5) as the x and y direction DSA equations, as they couple the 

edges of a cell to those of its neighbors to the right and top, respectively. When supplemented with 

the appropriate boundary conditions, supplied by Azmy [13], Eqs. (2.4) and (2.5) form the DSA 

matrix which is factored as a pre-process, then solved after each transport mesh sweep to accelerate 

convergence. From these two equations we are able to see the stencil of the DSA matrix that is 

consistent with AHOT-N0 to be a 7-striped matrix for 2-D, as there are a total of seven unique Ὢ  

terms in each of these equations, coupling the edges of two cells in the aforementioned pattern.  

This factored matrix equation is solved for Ὢ  at each cell edge within the problem domain. 

With these values known, Azmy then provides the following equations which are used to solve for 

Ὢ  and Ὢ , the first Legendre moments of the angular flux residual, at each cell edge. Recall that 

neglecting all Legendre angular moments of higher orders (including bilinear moments) is the 

primary approximation of the low order DSA equations.  
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(2.15) 
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(2.18) 

 

With the zeroth and first Legendre moments obtained, Azmyôs derivation then provides the 

following equations for updating the cell-averaged scalar flux obtained by the SI mesh sweep using 

these moments. 
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These equations comprise the DSA scheme for the AHOT-N0 method in two-dimensional 

geometry and provide a significant reduction in the number of required iterations for convergence 

when compared to the unaccelerated SI method. We make note of a trait which is readily apparent 

in these equations; that the accelerated method converges to the same solution as unaccelerated SI. 

In Eq. (2.12), we clearly see that as the solution approaches convergence (and the iterative change 

in the scalar flux approaches zero), the g terms approach zero. We then see that this makes the 

right-hand-sides of Eqs. (2.4) and (2.5) approach zero, hence making all values of Ὢ  equal to zero 

(assuming the DSA matrix operator is non-singular). Equations (2.15) - (2.18) then clearly produce 

zero values for all first moment scalar flux residuals. With zeroth and first moment scalar flux 

residuals equal to zero, the right-hand-sides of Eqs. (2.19) and (2.20) vanish, indicating that 

‰ȟ ‰
ȟ

. This shows that upon convergence, the DSA acceleration step in the iterative 

sequence ceases to change the scalar flux, ensuring that the method converges to the same solution 

as the unaccelerated method.  

Since the work on achieving consistency between the transport and diffusive 

discretizations, DSA has become one of the most widely used acceleration methods in transport 

calculations, and hence, research has continued to improve the method and to implement it for a 

wider variety of problems. Ideally, the scalar flux after a transport sweep will always be greater 

than the scalar flux preceding the sweep, resulting in a scalar flux iterative residual which is always 

positive. Mathematically, this corresponds to the following equation having an r value of less than 

unity; this r value resulting from a specific problemôs discretization. [15] 

 

‰‏ ‰ ‰ ρ ὶ ‰ ‰  (2.21) 

 

In realistic problems, this ideal progression to iterative convergence is often not the case, and the 

resulting negative scalar flux residuals hinder iterative stability of the DSA method, as this residual 

is used in the source term of the DSA equation. Yamamoto [15] has developed an algorithm for 

solving the DSA equations which mitigates this undesirable feature. This algorithm is called plus 

and minus separation and it works by executing two DSA solutions within each iteration, one for 

the positive scalar flux residuals obtained by the transport sweep and one for the negative. For the 

positive DSA problem, all negative residuals are set to zero and for the negative DSA problem, all 
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positive residuals are set to zero and the sign of the negative residuals is flipped. The DSA problem 

is then solved for each of these flux vectors and the DSA solution is the solution to the positive 

problem minus the solution to the negative problem. In numerical testing, Yamamoto found plus 

and minus separation to eliminate large spikes in magnitude of the iterative error that were 

otherwise observed during the process of converging a problem. This resulted in a large enough 

reduction in the number of required iterations to merit the increased cost of the DSA step, basically 

a doubling of its execution time.  

More recently, work has been performed to extend the use of DSA to unstructured 

tetrahedral spatial meshes. Muhammad and Hong [16] have successfully implemented DSA 

acceleration in such meshes for a first order finite element spatial discretization. These authors 

implemented the DSA method into unstructured grids alongside the Linear Discontinuous 

Expansion Method with Subcell Balance method (LDEM-SCB). LDEM-SCB employs a 

discretization which divides a single tetrahedron into multiple sub-cells. For consistency, the 

authors imposed the same discretization for the DSA equations. The resulting DSA equations are 

solved iteratively, thus creating a nested iterative sequence in which the solution of the low order 

problem requires iterations to solve. The authors use the Linear Fine Mesh Rebalance (FMR) 

method to accelerate these DSA iterations. When tested in a three-dimensional problem with a 

scattering ratio of 0.9999 (an extremely slowly converging problem for the SI method), this DSA 

with FMR approach was observed in the most dramatic case to reduce the runtime of a problem 

from over a day to just over an hour.  

Additionally, DSA has been used by Févotte [17] to derive an acceleration method for 3-D 

Cartesian grids called Piecewise Diffusion Synthetic Acceleration (PDSA). PDSA is a diffusion-

based accelerator constructed in a manner which allows for parallel solution. For the low order 

problem, PDSA divides the spatial domain into multiple sub-domains. Each of these sub-domains 

then undergoes two local DSA steps which differ by their local sub-domain boundary conditions. 

The first step (Neumann step) implements homogeneous Neumann boundary conditions, using the 

scalar fluxes obtained from the SI step, on all sub-domain boundaries which are not global problem 

boundaries. The second step (Dirichlet step) uses Dirichlet boundary conditions. The DSA 

equations are solved locally over each sub-domain in the Neumann step. The solution obtained 

from the Neumann step is then used to compute inhomogeneous Dirichlet boundary conditions for 

the ensuing Dirichlet step. These Dirichlet boundary conditions employ continuity of the scalar 
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flux at sub-domain interfaces by setting the scalar flux residual at an interface to the arithmetic 

average of the solutions on that face obtained in the Neumann step in neighboring sub-domains. 

The Dirichlet step then proceeds by solving the same DSA equations as in the Neumann step, but 

with different boundary conditions. This two-step process can be thought of as performing DSA 

independently in all sub-domains, each ñunawareò of the others, then solving a second time with 

all sub-domains still solved independently, but with the condition that the DSA solution will be 

continuous across sub-domain boundaries.   

Unlike other acceleration methods, the piecewise nature of PDSA makes the explicit 

derivation of the spectral radius difficult, if not impossible. Rather, Fourier analysis of the method 

was only able to produce an upper bound on the scaling of the iterative error; a bound which is 

dependent on the number of sub-domains used for the PDSA solution. Numerical testing of the 

PDSA acceleration method on a one-dimensional problem using the DD spatial discretization 

method demonstrated the method to have convergence properties identical to those of traditional 

DSA when the problem domain is split into only two sub-domains. This demonstrates the concept 

of PDSA using the Neumann step solutions to impose the coupling of adjacent sub-domains onto 

the Dirichlet stepôs boundary conditions, as this would provide exact boundary conditions when 

all sub-domains of the problem are bordering each other. When the number of sub-domains was 

increased, however, the scaling of the iterative error grew until, when 9 sub-domains were used, 

the method became unstable.  

 

2.1.2: Adjacent-Cell Preconditioning (AP ) 
 

While DSA was shown to provide acceleration for the SI iterative method, one observed 

shortcoming was the fact that it was formulated around cell-edge flux quantities rather than cell-

averaged quantities. This results in a matrix of larger rank due to the number of edges in a problem 

being larger than the number of cells. Additionally, the resulting matrix may be less sparse since 

there is coupling between a cellôs edges and its neighborôs edges, resulting in a larger number of 

non-zero matrix elements per row. For example, with DSA a 2-D problem results in a 7-diagonal 

matrix instead of a 5-diagonal matrix that would result in the low order matrix operator that couples 

a cellôs averaged quantities and the cell-averaged quantities of its four neighboring cells in the 

same 2-D problem configuration. Desire for an acceleration method which uses cell-averaged 
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quantities led to the development of Imposed Diffusion Synthetic Acceleration (IDSA), a method 

similar to DSA that imposes cell-averaged flux coupling by neglecting the aforementioned 

principles of consistency between discretizations with the DSA method for the purpose of 

accelerating using the standard cell-centered diffusion template, rather than a consistent form 

derived from the correspondingly discretized transport equation. [9, 18] 

While IDSA has not become widely used as an acceleration scheme, it was a precursor to 

the Adjacent-Cell Preconditioning (AP) method. In addition to being a viable acceleration method, 

studies of the AP acceleration method have demonstrated fundamental concepts which we utilize 

in our work.  

The AP acceleration method employs the general concept of preconditioning in that it 

provides an approximation for the exact transport matrix that is significantly simpler and quicker 

to solve by inversion, factorization, or iteration than its exact counterpart. AP achieves this 

simplification by coupling the cell-centered scalar flux of a given spatial cell to the cell-centered 

scalar fluxes of all axially adjacent, not diagonally adjacent, cells, leading to a 3, 5, and 7 banded 

matrix for 1-D, 2-D, and 3-D Cartesian geometry problems, respectively. [19, 20] In these 

publications, Azmy derives the AP acceleration for one-dimensional and multi-dimensional 

problems, respectively. While we review the latter here, the general process is similar, regardless 

of dimensionality. The AP method formulation begins with the following update formula which 

provides the updated iterate of the scalar flux, ‰ , by applying the preconditioner matrix, Ἆ, 

to the difference between the scalar flux before and after the transport sweep, 

 

‰ ‰ Ἆ ‰ ‰  Ȣ 
(2.22) 

 

As will be discussed shortly, the AP method is implemented differently depending on the optical 

thickness of the problemôs cells. In this equation, ‰ ‰ ȟÏÒ ‰  for optically thin or thick 

cells, respectively. The effectiveness of AP is contingent upon developing a prescription for the 

preconditioner matrix which is simple to solve and provides sufficient acceleration.  

Azmy begins the development of such a preconditioner matrix with the observation that the 

performance of preconditioner matrices can vary drastically depending on the optical thickness of 

a problemôs cells. The AP method therefore dictates the mathematical expression for the elements 
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of the preconditioner matrix in terms of cell geometric and nuclear properties differently depending 

on whether the cells are optically thin or thick, the resulting methods being termed NAP or KAP, 

respectively. 

For the development of KAP, Azmy notes that intuition suggests the exact transport matrix 

(which the preconditioner matrix is attempting to approximate) will see the magnitude of its 

elements greatly reduced as they become further from the diagonal element when the problemôs 

cells are optically thick. This concept was later proven mathematically by Rosa, Azmy, and Morel, 

who demonstrated that the exact transport matrix approaches a tridiagonal matrix as the optical 

thickness of cells increases for 1-D slab geometry problems. [21] We make a special note of this 

property, as it aids in certain developments presented in this work.  

While this property suggests that the ideal KAP method would be to simply use only the 

elements of the exact transport matrix corresponding to the coupling of a cell to its Cartesian-

adjacent neighbors, analysis suggests otherwise, as this prescription does not guarantee 

acceleration of the iterative errorôs flat mode, the mode that is known to be responsible for the 

iterative slowdown of the SI iterative method. This is to say that while this formulation for the 

KAP prescription may produce a solution close to that of the high order transport problem, it fails 

to resolve the components of the solution which the SI method requires assistance with. Fourier 

analysis of the AP method for homogeneous media with a uniform mesh produces a stability 

condition which is expressed as,  

 

Ὀ ρ ὧ ς Ὀȟ ȟ 
(2.23) 

 

where Ὀ  and Ὀȟ are the diagonal and off-diagonal elements of the preconditioning matrix, 

respectively, u is the dimension index, U is the number or spatial dimensions in the problem, and 

c is the scattering ratio.  

Azmy identifies a formulation for the KAP prescription that satisfies this stability condition 

and ensures that the flat mode has an associated eigenvalue of zero. This prescription dictates KAP 

to have the same diagonal elements as the exact transport matrix. This designation combined with 

the stability condition given by Eq. (2.23) results in the following prescription for the off-diagonal 
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elements of the KAP preconditioner matrix, with the diagonal elements subsequently calculated 

with Eq. (2.23). 

 

Ὀȟ

ὧ

ς

‫ ‎ȟ

ρ В ‎ȟ

ȟ      ό ρȟȣȟὟȟ 
(2.24) 

 

where we define, 

 

‎ȟḳ
‭ȟ

ρ ‌ ȟ
ȟ      ά ρȟȣȟὓȠ     ό ρȟȣȟὟȟ (2.25) 

 

and  

 

‭ȟḳ
ςɱȟ

ɫɝό
ȟ      ά ρȟȣȟὓȠ     ό ρȟȣȟὟȢ 

(2.26) 

 

In these equations, ɱȟ  is the u dimensionôs component of discrete ordinate m and ɝό is the u 

dimensional thickness of the spatial cell. 

 Fourier analysis shows this KAP prescription to provide excellent acceleration when cells 

are optically thick, especially when the thickness exceeds five mean free paths (mfps). However, 

this KAP prescriptionôs high frequency modes approach instability as the cell optical thickness 

tends towards zero, reiterating the need for a separate prescription (NAP) for optically thin cells.  

A NAP prescription for optically thin cells is obtained using the same process used to obtain 

the KAP prescription. For thin cells, the stability condition is, 

 

Ὀ
ρ

ὧ
ὧ ς Ὀȟ Ȣ 

(2.27) 

 

Through Fourier analysis, Azmy selects the following prescription for the off-diagonal 

elements of the preconditioner matrix. 
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(2.28) 

 

NAPôs prescription for the diagonal elements then follows using the stability condition, Eq. (2.27). 

 Azmyôs NAP prescription satisfies the stability condition obtained through Fourier analysis 

and ensures a zero eigenvalue for the flat mode. However, contrary to KAP, the NAP spectrum 

shows rapid acceleration for optically thin cells. Additionally, in optically thick cells, NAP does 

not approach instability as KAP did in optically thin cells, but the achieved acceleration is far less 

effective than provided by KAP with growing cell thickness.  

To complete the AP formulation, a mixing formula for heterogeneous configurations and 

nonuniform meshes, and boundary conditions must be derived. The development and spectral 

analysis of KAP and NAP reported by Azmy assumed infinite homogenous media with uniform 

mesh. This is not the case with realistic problems, however, providing an additional complication 

when adjacent cells have different properties, potentially even belonging to separate types of AP 

formulation (i.e. one requiring KAP while another requiring NAP). To address this issue, Azmy 

provides a mixing formula along with comparison of the spectra for NAP and KAP to provide 

insight as to which prescription must be employed in cells of a given thicknesses, thus completing 

the formulation of the AP acceleration method.  

To apply the mixing formula, off-diagonal elements are calculated for each cell using Eqs. 

(2.24) and (2.28) for optically thick and thin cells, respectively. For the heterogeneous (or non-

uniform mesh) case, these are not the final off-diagonal elements of the preconditioner matrix, 

they are the off-diagonal elements of a hypothetical homogeneous problem comprised of cells 

identical to cell (k, j). With homogeneous off-diagonal elements for each cell calculated, the 

heterogeneous off-diagonal elements for cell (k, j) are calculated using the mixing formula, 
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(2.29) 

 

where, 
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ὈȟȟḳɫȟȟɝόὈȟ ȟ
 Ȣ (2.30) 

 

(ὯȟὮ) is a cell adjacent to (k, j) in the u dimension and Ὀȟ ȟȟ ȟ
 are the final off-diagonal 

elements for a heterogeneous problem. Note that in Cartesian geometry, there will be two separate 

off-diagonal elements in each dimension. The final diagonal elements for a heterogeneous problem 

are then calculated using modified forms of Eqs. (2.23) and (2.27) for thick and thin cells, 

respectively, 
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(2.31) 

 

and 
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(2.32) 

 

In these final diagonal element equations for a heterogeneous problem, the summation over ὯȟὮ  

indicates a summation of the (in the 2-D case) four Ὀȟ ȟ
 values calculated for neighboring 

cells. 

Numerical testing of the AP method shows it to greatly reduce the number of required 

iterations compared to the SI method. Additionally, AP is found to converge in the same, or fewer 

number of iterations than the consistent DSA acceleration method for the attempted test problems. 

In problems with optically very thick cells, KAP even converges in a single iteration. [19, 20] 

While initially observed to be unconditionally stable, later analysis by Azmy proves that 

there exists no choice of preconditioning matrix elements which couples only axially-adjacent cells 

that is unconditionally stable and robust. The proof of this impossibility is carried out on a periodic 

horizontal interface problem, which is a 2-D problem with uniform-mesh and homogeneous-

material cells in the x-direction, but with cells in the y-direction alternating between two optical 

thicknesses. This provides the possibility of sharp material discontinuities when the difference in 
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the y-direction layersô optical thicknesses is large. The Fourier analysis of such a problem shows 

that for any chosen preconditioner matrix, there exists a problem for which stability of the ‗

‗ π mode indicates instability of the ‗ , ‗ π mode, where ‗ and ‗ are the Fourier 

variables. While the theoretical analysis was performed for cell-centered preconditioners, 

numerical results suggest that this impossibility extends to cell-edge based diffusive stencils 

(adjacent cell coupling only) preconditioners such as consistent DSA formalisms. [22] This 

shortcoming was later observed for DSA and mitigated (for DSA) through the use of Krylov 

iterative methods. [23] 

 

2.1.3: Coarse Mesh Rebalance 
 

The Coarse Mesh Rebalance (CMR) method utilizes the fact that, upon convergence, the 

solution must satisfy the neutron balance equation, but that any iterate prior to convergence may 

break this balance condition. CMR accelerates the solution by ensuring that this neutron balance 

is satisfied on a potentially coarser spatial mesh. To implement CMR, the spatial cells of a problem 

are grouped into sub-domains (denoted with subscript n), resulting in a coarser mesh. The neutron 

balance equation is then integrated over angle, then sub-domain volume. The resulting equation 

balances the incoming and outgoing neutron currents (first angular moment of the angular flux) of 

a sub-domain with the production and loss of neutrons within the sub-domain. The set of equations 

obtained by applying this procedure to each sub-domain results in a sparse matrix, the solution of 

which is used to update the solution iterate. In a one-dimensional spherical geometry problem, this 

amounts to solving the following equation for all correction terms, f, on a coarse mesh. [2] 

 

ὥȟ Ὢ ὥ Ὢ ὥȟ Ὢ ή (2.33) 

 

In this equation, the a terms are defined by, 
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ᶰ
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ὥȟ  ὃ ὐ
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 (2.35) 

 

ὥȟ  ὃ ὐ
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 (2.36) 

 

And the coarse mesh source term is defined by, 

 

ή  ὠή

ᶰ

 
(2.37) 

 

In these equations, ὠ is the volume of cell i, where the subscript can either denote a fine mesh cell 

with i or a coarse mesh cell with n. ɫ is the removal macroscopic cross section, A is the area of a 

cell face, and ὐȟ  is the positive or negative partial current. The subscript ὲ  denotes a quantity 

on either the positive or negative face of a coarse mesh cell respectively.  Upon solving the linear 

system of equations resulting from Eq. (2.33) globally for Ὢ, the scalar flux iterate is updated 

using, 

 

‰ ȟ Ὢ‰ ȟ ȟ     ὠᶰὠ Ȣ 
(2.38) 

 

With the CMR acceleration method, it is easy to see that the number of sub-domains used 

to develop the coarse mesh can drastically affect the methodôs performance. This fact is ultimately 

the largest shortcoming of CMR acceleration, as the number of cells per sub-domain can greatly 

affect the rate of convergence and can even make the method diverge in some cases. Additionally, 

while it seems intuitive that the larger the number of sub-domains is, i.e. the less-coarse the coarse 

mesh is, the faster convergence will be, Cefus and Larsen [24] have shown that this is not always 

the case. In their tests, the convergence rate of CMR is found to have strong dependence on the 

optical thickness of a problemôs cells. Their tests and analysis show that there is a range of optical 

thickness over which CMR is most effective, but deviation too far in either direction from this 

range can cause divergence of the iterations. They also show that for a test case, a larger number 

of coarse mesh cells did not always correspond to faster convergence. CMR has the benefit over 

other acceleration methods that it generally results in a smaller matrix to be solved in the low order 
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problem due to the coarsening of the mesh. The price that is paid for this benefit is that the 

performance of the resulting acceleration method can be unpredictable and, at times, divergent. [2, 

24]  

For this reason, CMR is not as frequently used in modern transport solvers as other 

acceleration methods such as DSA. This fact notwithstanding, some research has continued on 

CMR. Park and Cho [25] developed a CMR acceleration scheme for the method of characteristics, 

a method frequently used in reactor assembly transport simulations because it is able to deal with 

severely heterogeneous and non-Cartesian geometries. These authors use the convenient geometry 

of a reactor assembly to make each fuel cell a single coarse mesh cell in two-dimensional 

geometry, thus alleviating the uncertainty of requiring a user to specify the coarse mesh and the 

possibility to inadvertently cause iterative instability. The resulting method was shown to yield 

dramatic iterative acceleration over the unaccelerated method for 2-D assembly-level calculations.  

 

2.1.4: Quasidiffusion (QD ) 
 

The Quasidiffusion (QD) acceleration method is different from all other acceleration 

methods discussed so far in the sense that it does not necessarily converge to the same solution as 

the unaccelerated SI method. Other acceleration methods are derived with the specific prescription 

that the neutron balance equation and auxiliary equations must hold upon convergence. QD was 

not derived with this constraint, and hence, it can converge to a different limit than SI. [26, 6] 

The QD acceleration method effectively converges the neutron diffusion equation, but with 

a more accurate diffusion coefficient calculated in each iteration from the high order transport 

iterate. Solving the high order transport problem produces a new iterate of the angular flux which 

is used to calculate Eddington Factors by dividing the second angular moment of the angular flux 

by its zeroth angular moment. These Eddington Factors are used as effective diffusion coefficients 

in the low-order stage of the iterative sequence, a diffusion calculation whose flux solution 

comprises the current iterate. While the QD method converges to a different solution from the 

unaccelerated transport problem, it also converges to a solution different from that of the 

equivalent standard diffusion problem because the Eddington Factors do not assume linear 

anisotropy of the angular flux like the standard diffusion coefficient does. [6, 26] 
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Adams and Larsen [6] provide equations for QD in one-dimensional geometry with one 

energy group, isotropic scattering, and isotropic source. The process begins with the standard mesh 

sweep to obtain the angular flux distribution, ‪ ὼȟ‘, where s is the iteration index, x is the 

spatial variable, and ‘ is the directional cosine. This angular flux distribution is then used to 

calculate the Eddington Factors, defined as, 

 

Ὁ ὼḳ
᷿ ‘‪ ὼȟ‘Ὠ‘

᷿ ‪ ὼȟ‘Ὠ‘
 Ȣ 

(2.39) 

 

The Eddington Factors are then used to determine the updated scalar flux using the 

following low-order equation, obtained by taking the zeroth and first Legendre angular moments 

of the transport equation and neglecting all higher order terms.  

 

Ὠ

Ὠὼ

ρ

ɫ ὼ

Ὠ

Ὠὼ
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(2.40) 

 

Note that the equations we provide are in the continuous form, meaning they must be discretized 

before they can be implemented in computer codes. The defining characteristics of the QD method 

are evident in the continuous form though.  

We see from Eqs. (2.39) and (2.40) how QD differs from other diffusion-based acceleration 

methods. Firstly, the first term on the left-hand-side of Eq. (2.40) contains the Eddington Factors 

and the total macroscopic cross section rather than the diffusion coefficient. Unlike the standard 

diffusion coefficient, the Eddington Factors are not subject to the approximations of diffusion 

theory and are not fixed across iterations rendering the iterative operator algebraically nonlinear. 

Secondly, for all other acceleration methods, it has been easy to see how the low order problem 

will cease to impact the iterative solution as convergence is approached. This is to say, for all other 

acceleration methods considered thus far, we established that as ‰  approaches ‰ , ‰  

‰  approaches zero. For the QD equations, no such feature applies, indicating the 

aforementioned property that QD may, and typically does, converge to a solution which differs 

from that of the unaccelerated problem.  
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Anistratov and Cornejo [27, 28] have studied QD for use in reactor core k-eigenvalue 

calculations. These studies have shown a large reduction in the number of required iterations 

compared to unaccelerated SI while producing scalar flux and multiplication factors of comparable 

accuracy. Additionally, these authors have studied multilevel QD methods which implement the 

method on a sequence of coarsened energy grids. These multilevel methods obtained the QD 

solution to problems with a smaller number of low order solutions than the standard QD method, 

thus reducing the resulting methodôs computational cost.  

The QD method has also been extended by Wieselquist, Anistratov, and Morel [29] to 

unstructured two-dimensional quadrilateral meshes. This method used short characteristics to 

discretize the transport equation and an advanced diffusion equation discretization for unstructured 

meshes. This method was tested on a model problem for which the analytical transport solution is 

known. These tests demonstrated second order convergence of both the scalar flux and current 

solutions obtained on randomized spatial meshes. 

 

2.1.5: Nonlinear Diffusion Acceleration (NDA) 
 

Another acceleration method which has become widely used for SN transport methods is 

the Nonlinear Diffusion Acceleration (NDA) method. The underlying principle of NDA is similar 

to that of DSA; using a low order, diffusion-like operator to accelerate the transport iterations since 

diffusion theory rapidly converges the error modes with frequencies close to zero, as those modes 

have linear or nearly linear angular anisotropy of the solution. The development of NDA was 

motivated by the desire for an acceleration method that was not subject to the aforementioned loss 

of robustness in strongly heterogeneous problems that were observed with AP and DSA.  

The NDA method was originally introduced by Smith and Rhodes [30]. These authors 

introduce the basic concept of accelerating the SI method using a nonlinear diffusive low order 

problem on a coarse mesh with a modified, nonlinear diffusion coefficient calculated using, 

 

ὐ Ὀ ‰ ‰ Ὀ ‰ ‰  Ȣ (2.41) 

 

In this equation, ὐ is the neutron current (first angular moment of the angular flux), Ὀ is the 

diffusion coefficient, Ὀ is a modified diffusion coefficient, and n is the coarse mesh cell index, 
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with ὲ  denoting the cell edge between cells n and n+1. This equation is a modified form of 

Fickôs Law, with a correction term appended to the right-hand-side. The fundamental concept of 

NDA is that if  Ὀ were to be calculated using (2.41) and fully converged fluxes and currents, then 

this same equation can subsequently produce the fully converged current, thus eliminating the 

approximate nature of Fickôs Law. Thus, the conjunction of Eq. (2.41) and a diffusion-like neutron 

balance equation provides, upon convergence, the same result as the discretized transport equation. 

This is referred to as closure between the high-order and low-order problems. Smith and Rhodes 

find NDA to accelerate the sharply heterogeneous environment of a fuel assembly effectively. 

Park, Knoll, and Newman [31] and Cornejo and Anistratov [32] later tested NDA for use 

in k-eigenvalue problems. These authors provide algorithms for the implementation of NDA in k-

eigenvalue problems and provide results showing acceleration comparable to that previously 

reported by Smith and Rhodes. More importantly for the purposes of our review, Cornejo and 

Anistratov [32] provide discretized NDA equations, which we modify to be for a fixed source 

problem rather than k-eigenvalue, and hence, suitable for implementation in our test code, HAT-

2C. In 2-dimensional discrete meshes, the modified Fickôs Law is formulated as, 
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The indices k and j denote the spatial cell (k, j) with half indices indicating cell edges. The edge 

dimensions are calculated using, 
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Upon completion of a single SI iteration, this prescription for a modified Fickôs Law calculates the 

modified diffusion coefficients using, 
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As with previous methods, s is the iteration index, with ί  indicating a quantityôs value after 

the SI sweep. Diffusion coefficients at cell edges are calculated using, 
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(2.47) 

 

where the standard cell-centered diffusion coefficients are, 
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The neutron currents are calculated through the numerical integration, 
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Unlike AP and DSA where the high order solution passes the scalar flux (or more precisely 

the iterative change in the scalar flux) to the low order problem, NDA passes the modified diffusion 

coefficients to the low order problem, which were obtained using the high order solution. The low 

order NDA solution is then the solution of the zeroth angular moment of the transport equation, 

which, for a 2-D, monoenergetic, steady-state, fixed source problem with isotopic scattering is, 
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(2.50) 

 

This equation imposes no additional approximations, hence it possesses the same solution as the 

transport equation. It must be supplemented, however, with a relationship between the cell-edge 

current and the cell-averaged scalar flux. NDA provides this relation through the modified Fickôs 

Law of Eqs. (2.42) and (2.43) as, 
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The iterative sequence of NDA is therefore as follows. Execution of the SI sweeps yields 

the current and flux distributions which are then used to calculate modified diffusion coefficients 

with Eqs. (2.45) and (2.46). These modified diffusion coefficients are then used to solve Eqs. 

(2.50), (2.51), and (2.52), producing the scalar fluxes that are passed to the high-order phase of the 

subsequent iteration to repeat the process until convergence is observed. The NDA equations must 

also be supplemented by boundary conditions, which are available in [32].  
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The provided NDA equations illustrate a few key aspects of the method. Firstly, these 

equations demonstrate the closure of the high and low order problems, the defining feature of NDA. 

Equations (2.45) and (2.46) and Eqs. (2.51) and (2.52) are clearly forms of Eqs. (2.42) and (2.43), 

with the only difference being iteration indices. Thus, upon convergence, Eqs. (2.51) and (2.52) 

become exact, making the low order solution equivalent to that of the high order problem. 

Additionally, the nonlinearity of NDA requires that, unlike with linear methods, the NDA matrix 

must be reconstructed each iteration, as its elements will change. This is clear as the modified 

diffusion coefficients change each iteration, which appear in matrix elements.  

Anistratov [33] also investigated multilevel NDA methods. These multilevel methods use 

a nested iteration sequence in which the low order problem itself involves an iterative process. 

There are three varieties of NDA studied, Two Level NDA (TLNDA), Multilevel NDA (MLNDA), 

and Grey NDA (GNDA). In addition to the transport sweep which all of these methods use, there 

are two other steps involved. These steps are the multigroup low order iterations which solve the 

multigroup NDA equations, and Newtonôs iterations which solve the one-group NDA equations. 

TLNDA uses the former, GNDA uses the latter, and MLNDA uses both with the Newton iterations 

used to accelerate the solution of the multigroup NDA equations. GNDA is found to require almost 

nine times the number of transport sweeps as either of the other two. TLNDA and MLNDA require 

the same number of transport sweeps, which is expected as the Newton iterations in MLNDA are 

used simply to accelerate the low order solution, not to improve its accuracy. The Newton 

iterations in MLNDA, however, are found to greatly reduce the number of multigroup low order 

iterations required, improving the overall computational cost of the method.  

Xiao, Ren, and Wang [34] have studied the combination of NDA and CMR into a method 

named LR-NDA. This method strives to improve the convergence rate as well as eliminate the 

unpredictable iterative behavior associated with CMR. LR-NDA accelerates by solving the low 

order NDA equations on a coarse mesh. In areas where cells are optically thick though, the coarse 

mesh cell is locally refined and the NDA equations are solved on this finer mesh, using local 

boundary conditions provided by the mesh sweep solution. The authors note that the added 

execution time associated with this refinement is very small, as the refined meshes utilize local 

boundary conditions, allowing for solution in regions in need of refinement to be computed in 

parallel. When tested on a problem with several regions of optically thick cells, LR-NDA was 

observed to have an improved convergence rate over CMR, and the potential iterative instabilities 
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associated with CMR were eliminated. This comparison to CMR demonstrates the ability of LR-

NDA to accelerate a problem using a mesh which is, in many regions of the problem, of coarseness 

associated with CMR, but without experiencing the iterative instabilities CMR experiences with 

optically thick coarse mesh cells. 

In addition to the study of algorithms and applications pertaining to NDA, researchers have 

also studied fundamental modifications to the method itself. NDA adds a correction term to Fickôs 

Law as shown in Eq. (2.41), guaranteeing closure of the high order and low order problems upon 

convergence of the solution. The exact form of this correction factor, however, may be changed, 

provided that the resulting modified Fickôs Law will be used in the same manner as previously 

shown (i.e. it must be used to calculate the modified diffusion coefficients using the high order 

solution, and then to provide a relationship between the cell-edge current and cell-averaged scalar 

flux in the low order problem). In this regard, NDA is more of a method class than an individual 

method, as this correction factor can take many forms and the iterative performance can vary 

greatly depending on its prescription. We introduce equations for one of these special NDA-class 

methods, partial-current Nonlinear Diffusion Acceleration (pNDA) [35], as it is used in our work 

as a point of comparison in problems where NDA is observed to be unstable.  

pNDA differs from traditional NDA in that it breaks net current into positive and negative 

components, thus calculating two modified coefficients for each face. We adjust the equations 

from [35] to make them applicable in 2-D, fixed source, monoenergetic, steady-state problems 

with isotropic scattering. The modified Fickôs Law on which pNDA is based is, 
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Upon completion of an SI iteration, the modified diffusion coefficients are calculated in 

accordance with the modified Fickôs Law using, 
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The partial currents in these equations are obtained using the numerical integration, 
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With the modified diffusion coefficients calculated from the high order solution, pNDAôs modified 

Fickôs Law then prescribes the current terms for the low order problem as, 
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The resulting iterative process for pNDA is identical to that of NDA, but with slightly altered 

equations. Upon completion of the SI mesh sweeps, the obtained flux and current distributions are 

used to calculate modified diffusion coefficients using Eqs. (2.57) - (2.60). These coefficients are 

then used to solve Eqs. (2.50) and (2.62) - (2.65) for the updated scalar flux distribution. This 

iterative process is then repeated until convergence is achieved.  

 

2.1.6: Transport Synthetic Acceleration (TSA) 
 

The final acceleration method for the SI iterative method we discuss in our review of the 

literature is Transport Synthetic Acceleration (TSA). Ramone, Adams, and, Nowak [36] discuss 

TSA as an acceleration method which uses a low order transport problem for preconditioning. This 

low order problem is designed to converge a transport problem identical in configuration to the 

high order problem, except with a reduced scattering ratio. Since the spectral radius of SI is known 
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to be equal in the infinite homogeneous medium to the scattering ratio, the reduction of the 

scattering ratio results in a low order problem that is more rapidly convergent with SI than the high 

order problem. 

After the transport sweep, the TSA low order problem takes the following form in two-

dimensional Cartesian problem domains. 
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In this equation, ‘  and –  are the x/y direction cosines of angle m, ‍ᶰπȟρ is a user specified 

input parameter which designates the low order problemôs reduced scattering ratio, and s is the 

iteration index. When supplemented by the numerical integration, 
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(2.67) 

 

it is possible to solve iteratively for Ὢ ὼȟώ using the same mesh sweep algorithm as is used 

for the higher order problem. Upon convergence of the low order problem, the following equation 

is used to update the scalar flux iterate. 

 

‰ ὼȟώ ‰ ὼȟώ Ὂ ὼȟώ 
(2.68) 

 

While TSA is observed to be able to converge problems in far fewer iterations than the 

unaccelerated method, the cost of the low order calculation is of far more concern than with 

previously discussed acceleration methods. As opposed to solving a sparse matrix equation, mostly 

diffusion-like, the TSA method requires the solution of a full transport problem using SI, albeit a 

faster converging problem. Since any scattering ratio less than or equal to the problemôs actual 

scattering ratio is usable for the TSA method, choice of this reduced scattering ratio is of immense 
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importance. While a smaller scattering ratio will obviously make the low order solution converge 

quicker, it will also provide less acceleration due to the larger discrepancy between the low and 

high order operators, ultimately requiring more iterations to achieve convergence. In many cases, 

a scattering ratio in the low order problem that is reduced too much was found to cause instability 

of the overall iterative method. On the other hand, while a scattering ratio of the low order problem 

close to that of the high order problem will cause the overall solution to converge in fewer 

iterations, these iterations will be costlier, as the low order problem will take longer to solve.  

These issues can be illustrated through examples in the two extremes. In the case where 

the low order problemôs reduced scattering ratio is equal to zero, the low order problem will 

converge in one mesh sweep over all angles. However, if the high order problemôs scattering ratio 

was high, the low order problemôs solution will be so far from the high order problemôs that the 

acceleration will be minimal, or potential destabilizing. In the other extreme, if the low order 

problemôs scattering ratio is equal to that of the high order problem, then TSA will converge in one 

iteration, as the low order problem is equivalent to converging the high order problem. However, 

this one iteration will have the same computational cost as solving the problem without 

acceleration. Given this important property of TSA, Ramone, Adams, and, Nowak provide 

guidelines for selecting a reduced scattering ratio such that the method remains stable and provides 

significant acceleration. Additionally, these authors investigate the use of a reduced quadrature 

order for the low order problem, as a lower order quadrature set will result in a cheaper solution 

of the low order problem, at the presumed cost of an increased spectral radius of the combined 

method. While this was indeed found to be the case, it was shown that the spectral radius increased 

only slightly for a moderate reduction in quadrature order, thus yielding improved overall 

execution time. [36] 

 

2.2: Parallel Transport Computations on Cartesian and 

Unstructured Grids 
 

The growing number of processors on modern computer architectures has prompted a new 

challenge for transport simulations, namely parallel iterative methods which effectively use the 

large number of available processors. Specifically, in this work we investigate methods for solving 

transport problems that can be effectively utilized in the massively parallel regime (100,000+ 
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processors) and that can be extended to problems with unstructured tetrahedral spatial meshes. The 

motivation for using unstructured grids is obvious, as non-Cartesian geometries can be modeled 

more accurately with fewer cells. Implementation of any solution technique on unstructured grids, 

however, is more complicated than on Cartesian grids, with the extension being far simpler for 

some approaches than others. In this section, we discuss multiple approaches for parallelization of 

transport calculations, the amount of parallelism they can achieve, and their adequacy for extension 

to unstructured grids. In general, these parallelization techniques utilize domain decompositions, 

dividing one of more of the discretized independent variable spaces (space, angle, and energy) into 

sub-domains, along which the computational load is divided among processors.  

 

2.2.1: Angular Domain Decomposition 
 

Decomposition of the angular domainôs discrete ordinates for parallel execution of SI is 

mathematically simple in Cartesian geometry. Since angles are uncoupled over the course of an 

iteration, the mesh sweeps over different ordinates may be performed in parallel with no additional 

algorithmic changes. [37] Parallelism along the angular domain can achieve mid-range parallelism, 

10s to 100s of processors, depending on the quadrature order used for a given application. [38] 

The solution algorithm for SI parallelized along the angular domain is therefore relatively 

unchanged from the serial algorithm, with sweeps for different angles conducted in parallel due to 

the lagged scattering source. The loop over angles is executed in parallel, with calculations such 

as the weighted summation of angular fluxes to obtain the scalar flux requiring either 

communication or shared memory. 

With parallelization of SI along the angular domain not requiring significant alteration of 

the SI solution algorithm, it is readily extendible to multiple mesh types, including unstructured. 

For example, the Method of Characteristics (MOC), a ray-tracing method, frequently uses meshes 

that are non-Cartesian, but not fully unstructured, meshing repeated structures such as nuclear fuel 

cells with mesh elements that model the exact problem geometry, but in a structured manner. Boyd 

[39] studied angularly parallel solution of MOC problems using a shared memory, OpenMP 

implementation. This implementation achieved 100% parallel efficiency on up to 12 processors, 

decreasing to 90% when cores were hyperthreaded. These results indicate the strong applicability 

of angularly parallel computations for mid-range parallel transport solution, with the independence 
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of parallel calculations and potential for shared memory parallelism providing excellent parallel 

efficiency.  

Angularly parallel solution has also been studied on fully unstructured tetrahedral grids by 

Yessayan [38]. This implementation was completed in the THOR code [40, 41], which is also the 

code to which we add PBJ-ITMM and IPBJ capabilities in this work. Yessayanôs angularly parallel 

solution was implemented using MPI communication rather than the shared memory OpenMP 

implementation of the previous work, with the motivation of applicability to mid-range parallelism 

on high performance computing (HPC) platforms using 100s of processors. Testing this 

implementation on a distributed memory HPC demonstrated similar parallel efficiencies to those 

reported by Boyd [39], but decreasing slightly as the processor count extends into the 100s.  

 

2.2.2: Energy Domain Decomposition 
 

Parallelization along the energy domain occurs at the outer iteration level, as the outer 

iterations iterate over energy groups. Energy groups are decoupled from each other, hence the 

inner iterative solutions are performed in parallel across groups. While this is conceptually similar 

to the angular domain decomposition discussed in the previous section, two key differences result 

in parallelism along the energy domain being widely regarded as less desirable to parallelism along 

the angular domain for transport solution. Firstly, the number of energy groups is very often 

smaller than the number of discrete angles, reducing the number of processors that can be utilized, 

and therefore the maximum potential parallel speedup. [38] 

Additionally, decomposing the energy domain can require imposing additional lagged 

terms that are not required to be lagged in the serial SI solution algorithm. While all angles are 

decoupled over the course of an inner iteration, all energy groups are not necessarily decoupled 

over the course of an outer iteration. It is common practice for outer iterations to loop over energy 

groups (fastest to slowest), using a current-iterate or lagged between-group source term for faster 

or slower groups respectively, rather than lagging this term for all energy groups. This practice 

allows down-scattering to be resolved during a single outer iteration, only requiring up-scattering 

and fission production to be resolved iteratively. The required number of iterations can 

consequently increase as a result of parallelization along the energy domain. In problems that do 

not have up-scattering or fission, in fact, outer iterations are not typically used, as there is no mutual 
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coupling between energy groups, making parallelization along the energy domain poorly suited 

for such applications. [37] 

While the energy domain decomposition is not frequently used, its extension to 

unstructured grids is as conceptually simple as with the angular domain decomposition, requiring 

no fundamental modification to the used algorithm to obtain a given iterateôs solution.  

 

2.2.3: Koch-Baker-Alcouffe (KBA ) Spatial Domain Decomposition on 

Cartesian Grids 
 

The angular domain decomposition is the most common technique for mid-range 

parallelism of the neutron transport solution. This technique is limited in scale, however, by the 

size of a problemôs angular quadrature, which typically does not exceed 100s of angles. To scale 

past this range of parallelization into processor counts of 1000s, 10,000s, and ultimately 100,000s+ 

(massively parallel regime), parallelization must be applied along the spatial domain, as this is the 

only domain with enough discrete elements to support processor counts of this scale.  

 The Koch-Baker-Alcouffe (KBA) [42, 43] spatial domain decomposition splits the 

discretized spatial domain in such a manner as to allow for spatially parallel solution of the SI 

method. KBA is currently used for massively parallel execution of the SI iterative method in 

production-level transport codes, such as PARTISN [44], that utilize structured meshes. The KBA 

decomposition takes advantage of the fact that, in multidimensional problems, the required 

information (all incoming angular fluxes) is usually known for multiple cells simultaneously. 

Parallelization is achieved along the spatial domain through decomposition into sub-domains, as 

depicted for a 2-D Cartesian mesh for solution on four processors in Fig. 2.1. 

 

 

Figure 2.1: Sub-domains for a 4-processor KBA decomposition of 2-D Cartesian mesh. Left image 

indicates the order of solution for an angle in the first quadrant, right, the processors to which sub-

domains are assigned 
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The left image in this figure indicates the order in which the sub-domains are solved for an 

angle in the first quadrant, with sub-domains containing the same number being solved 

simultaneously on different processors. The solution of a sub-domain consists of a local, serial 

mesh sweep over all cells within the sub-domain for a specified angle. The parallel sweep over 

sub-domains progresses as a wavefront across the domain, reaching full parallelism along the 

diagonal (4th stage in this example). The image on the right-hand-side of Fig. 2.1 displays the 

processor to which the solution of a given sub-domain in assigned. Considering this assignment of 

sub-domains to processors as well as the wavefront progression on the left, after the fully 

parallelized solution of the diagonal sub-domains, at each subsequent stage of the wavefront 

progression, processors become idle at the same stage for which they would be required in the 

parallel sweep of another discrete ordinate. To reduce processor downtime, angular pipelining is 

used, beginning the sweep of a new angle after the previous angleôs sweep finishes solution of the 

diagonal sub-domains. Pipelining is also possible along energy groups. 

The synchronicity of these spatial sub-domains is imperative, as flux continuity must be 

applied on sub-domain interfaces to conduct the synchronous mesh sweep required by the SI 

method. Since the KBA decomposition only dictates the grouping of cells it will not affect the 

converged solution beyond arithmetic precision. Additionally, as the decomposition is 

synchronous, it will not alter the number of iterations required for convergence as the number of 

participating processors changes.  

While the use of multiple processors with no penalty to the number of required iterations 

reduces the execution time of transport calculations, execution time is not simply scaled by the 

number of processors used, as the addition of processors has an inherent penalty of increased 

processor downtime and communication costs. Fischer and Azmy [43, 45] study the computational 

efficiency of parallel transport algorithms for the SI method, comparing the KBA decomposition 

to the angular domain decomposition. Quantitatively, the computation time associated with the 

local solution of a single sub-domain in a 3-D transport problem solved with the KBA 

decomposition is, [43] 
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where ὔ  is the number of cells in the uth spatial dimension, ὑ  is the number of concurrent 

divisions of the z direction (blocks which are calculated concurrently on a single processor), ὃ  is 

the number of such concurrent blocks in the angular domain, ὔ  is the number of angles used, 

ὔ  is the average number of required floating-point operations for a single cellôs solution in a 

single direction, and Ὑ  is the average rate at which the processor is able to perform said 

operations. The communication time associated with a local sub-domainôs solution is then, 
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where ὸ is the communication latency, B is the bandwidth, and ὔ  is the size of messages that 

must be exchanged. The total computation wall-clock time is then given by, 

 

Ὕ ὖ ὖ ρ ὔ ρ Ὕ  Ȣ (2.71) 

 

where ὔ  is the number of mesh sweeps. Additionally, the total communication time is given 

by, 

 

Ὕ ςὖ ὖ ς τὔ ρ Ὕ  Ȣ (2.72) 

 

These equations approximate the computation and communication times associated with the KBA 

decomposition, taking into account both the cost of passing messages between processors and the 

processor idle time associated with KBA.  

In computational testing, problems solved with the KBA decomposition spent a fraction of 

their execution time communicating that is similar to problems solved with the angular domain 

decomposition. The KBA decomposition also has an advantage over the angular domain 

decomposition in that it can be used for massively parallel transport solutions, as the number of 

processors in these types of problems typically far surpasses the number of angles used.  
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2.2.4: Parallel Mesh Sweeping on Unstructured Grids 
 

The previous comments regarding the KBA spatial domain decomposition for parallel 

execution of the SI iterative method have all assumed the spatial mesh to be structured. Considering 

Fig. 2.1, it is clear that straightforward scheduling of parallel sub-domain solutions is an attractive 

feature of KBA that does not extend from Cartesian to unstructured grids. Scheduling parallel sub-

domain solutions on unstructured grids requires complex algorithms, previous work on which is 

summarized in this section.  

The main difficulty identified for mesh sweeps on an unstructured grid, parallel or serial, 

is determining the scheduling precedence of calculations that retains synchronicity. Even in a serial 

sweep, the scheduling is more complex than in structured grids, where the scheduling of serial cell 

sweeps is determined trivially from the cell indices and the angular octant in which the swept angle 

resides. Firstly, the sweep order in unstructured grids varies between individual angles, i.e. discrete 

ordinates, rather than just by angular octant. Additionally, it is possible for cells within the mesh 

to be mutually dependent on each other. The cyclic dependencies of these cells are typically 

alleviated by breaking the dependence of a single selected cell on its neighbor in the cycle. This 

can be accomplished by simply lagging by one iteration, the cell-edge angular flux for one of the 

cells involved in the mutual dependency. This process can increase the number of required 

iterations but does not alter the solution to which the iterations converge, to within the convergence 

criterion. [46] 

Despite these added complexities, Pautz [46] notes that the scheduling theory required for 

determining the sweep order of spatial cells for the serial calculation is relatively simple. For 

parallel execution, however, the scheduling becomes far more problematic. The scheduling of such 

a parallel sweep in unstructured grids is cast as a graph problem which is NP-complete. Pautz 

explains that this indicates it is not possible for an algorithm to efficiently determine the optimal 

schedule except in special cases. Practically, heuristics must be used to determine the scheduling 

of cell-angle sweeps in the problem, which will not produce the optimal scheduling. [46, 47] While 

Pautz presents multiple heuristic algorithms for parallel mesh sweeps, all have the shortcoming 

that they have no provable worst-case-scenario scaling of required execution time to construct the 

sweep schedule with respect to the mesh size. Further work by Kumar [48] develops an algorithm 
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for performing this scheduling task that provably scales in the worst-case-scenario almost linearly 

with respect to mesh size.  

Complexities notwithstanding, research has been performed on the execution of parallel 

mesh sweeps on unstructured grids, much of which focuses on decreasing the processor idle time 

that results from the sub-optimal parallel sweep paths that emerge from the scheduler. Work 

presented by Plimpton [47] tests two enhancements on a parallel sweep algorithm, designed to 

increase the parallel efficiency by decreasing idle processor time. The first of these enhancements 

modifies the spatial domain decomposition rather than the sweep algorithm itself. This 

enhancement, termed KBA Priority, attempts to replicate the KBA decomposition of a Cartesian 

grid as closely as possible in unstructured grids. This approach decomposes the unstructured grid 

into sections that are approximately columnar, then decomposes these approximate columns into 

layers as uniformly as possible. The result of the KBA Priority is a spatially decomposed 

unstructured grid with a sub-domain structure that is similar to that of a Cartesian grid, thus 

improving the ability to sweep across it in parallel while minimizing processor idle time.  

The second enhancement presented by Plimpton, termed 3-D Priority, modifies the order 

in which cells are solved by a given processor. For a processor, at any stage, there will likely be 

multiple cells assigned to that processor for which the information is available to solve. The 3-D 

Priority approach decreases processor idle time by prioritizing the solution of cells that are of 

greater importance to other processors. This determination is made by assessing which cell is most 

upstream. The dot product of a cellôs centroid and the discrete ordinate that is being swept 

determines which cell is most upstream, with a lower evaluated dot product corresponding to being 

further upstream.  

Numerical testing on up to 256 processors demonstrates significantly improved parallel 

efficiency of the parallel sweep algorithm with both of these enhancements, KBA Priority 

achieving greater performance gains than 3-D Priority. Since these tests were conducted only on 

up to 256 processors, communication costs were minimal, with parallel efficiency mainly a 

function of processor idle time.  

Another approach for decreasing processor idle time is mesh decomposition overloading, 

presented by Pautz and Bailey. [49] Mesh decomposition overloading is the practice of increasing 

the number of sub-domains in a spatial domain decomposition past the ideal amount for the number 

of available processors, based on a user prescribed input. For example, considering the 2-D 



   

50 

 

Cartesian example in Fig. 2.1, an 8  8 grid (or any other grid larger than 4  4) of sub-domains 

may be imposed on the mesh for the same 4-processor solution. Doing so compensates for the fact 

that, in unstructured grids, the parallel wavefront does not move across the domain in an easily 

predictable manner. With each processor responsible for the solution of a greater number of 

smaller sub-domains, the probability at any given moment of a processor possessing a sub-domain, 

whose required inputs for solution are known, increases. Consequently, the increased idle time 

associated with the aforementioned unpredictable wavefront progression is mitigated. Weak 

scaling numerical testing of this approach demonstrated overloading to significantly decrease the 

observed execution times. This weak scaling study was conducted on up to 10,000s of processors.  

One final approach we review, presented by Adams [50], is to require a mesh to be 

Cartesian on a coarse level, while allowing it to be arbitrarily unstructured on a fine level. The 

coarse Cartesian mesh supports the KBA decomposition, the structured configuration of which 

avoids the parallel scheduling complications associated with unstructured grids, allowing the 

optimal structured grid KBA scheduling to be used. The local sub-domain solutions then serially 

sweep over the fine level unstructured mesh. This approach was demonstrated to have 

computational efficiency equivalent to KBA in Cartesian grids, while allowing sub-domains to be 

locally unstructured. This approach is effective for geometries with repeating, coarsely Cartesian 

regions, such as nuclear fuel assemblies, which were the geometries tested in [50].  

 

2.2.5: Parallel Block Jacobi (PBJ ) Spatial Domain Decomposition 
 

Parallel Block Jacobi (PBJ) is another spatial domain decomposition that can be used for 

spatially parallel transport calculations. Effective methods and algorithms for transport 

calculations using the PBJ decomposition is the main topic of this work. Our motivation for using 

this decomposition is that, by virtue of it being asynchronous, it does not have the scheduling 

difficulties incurred by the KBA decomposition in unstructured grids. As with KBA, PBJ divides 

the spatial mesh into sub-domains, each of which may contain one or multiple cells. The difference 

between the two decompositions is that PBJ is asynchronous, meaning that over the course of an 

iteration, the sub-domains are unable to communicate with each other. While this alleviates the 

scheduling difficulty, it also means that the standard SI iterative method cannot be used with this 

decomposition. This follows from the fact that the incoming angular fluxes to sub-domains must 
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be lagged by an iteration precipitating the asynchronous nature of the PBJ decomposition, 

rendering global synchronous mesh sweeps impossible. In the subsequent sections, we review 

iterative methods for transport calculations using the PBJ spatial domain decomposition. 

Ultimately, we are also interested in Parallel Gauss-Seidel (PGS) methods, but since these are 

effectively a slight modification of PBJ they will not be covered in further detail here. 

 

2.2.6: Iterative Methods for the PBJ Spatial Domain Decomposition 
 

Yavuz and Larsen [51] developed a method for implementing SI in asynchronous spatial 

domain decompositions which fundamentally alters the SI iterative sequence. This method was 

later formally termed Inexact Parallel Block Jacobi, which is reviewed below. 

Inexact Parallel Block Jacobi (IPBJ) is an iterative method that is compatible with the PBJ 

decomposition, depicted in Fig. 1.1. Formally, IPBJ is described by the same set of mathematical 

equations as SI, but with the incoming angular flux term split so that it is lagged if the incoming 

angular flux is on a sub-domain interface, and is otherwise not lagged. IPBJ is executed by running 

a single local mesh sweep in each sub-domain over each direction, inferring the incoming angular 

fluxes at sub-domain boundaries from either the outgoing angular fluxes from adjacent upstream 

sub-domains computed in the previous iteration, or from the boundary conditions. Since IPBJ uses 

mesh sweeps to obtain local solutions, the execution time and memory burden associated with a 

sub-domainôs local solution scales linearly with the number of cells in the sub-domain.  

Another iterative strategy used with the PBJ decomposition is the Parallel Block Jacobi ï 

Integral Transport Matrix Method (PBJ-ITMM). [52] PBJ-ITMM lags only the quantities required 

to be lagged due to the asynchronicity of the PBJ decomposition; the incoming angular fluxes at 

sub-domain interfaces. It is equivalent to the IPBJ method without lagging the scattering source. 

The PBJ-ITMM method is therefore executed by obtaining a fully-collided local transport solution 

in each sub-domain assuming the incoming angular fluxes at the sub-domain boundaries to be 

known.  

The local sub-domain solution for PBJ-ITMM, requires the construction of the associated 

matrices prior to the beginning of iterations. These matrices are comprised of the coupling factors 

between cells, essentially comprising the sub-domainôs response matrices. The traditional 

algorithm for constructing these matrices is the differential mesh sweep [52, 53], which we briefly 
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describe here, but do not mathematically formulate until Sec. 3.2.3, as we use it in the development 

of a new algorithm. The differential mesh sweep is a nested sweep in that a sweep is initiated from 

each cell through all downstream cells. This sweep solves for the derivative of a quantity in one 

cell with respect to the sub-domain boundary angular fluxes and the cell-averaged scalar fluxes in 

upstream cells, which is the coupling (or response) of one cellôs flux quantities to a perturbation 

in boundary or cell-averaged fluxes in another cell. In this regard, ITMM can be thought of as a 

response matrix method. [54] This differential mesh sweep is used to determine, for all cells, the 

coupling of the cell-averaged scalar flux to the same quantity in all other cells as well as the sub-

domain boundary incoming angular fluxes. Additionally, the differential mesh sweep determines 

the coupling of the sub-domain boundaryôs outgoing angular fluxes to all cell-averaged scalar 

fluxes and sub-domain boundary incoming angular fluxes. The four resulting matrices are used 

each iteration to first obtain the cell-averaged scalar flux distribution over the sub-domain from 

the sub-domain boundary incoming angular fluxes, then to obtain the sub-domain boundary 

outgoing angular fluxes from both the sub-domain boundary incoming angular fluxes and the just-

computed cell-averaged scalar fluxes. [52] 

The use of matrix operations causes a nonlinear scaling of computational cost and memory 

burden for the local solution with respect to sub-domain size. Powell demonstrates the magnitude 

of the memory constraint for given sub-domain sizes, showing that a 3-D problem with a modest 

quadrature order can exceed 30GB of required RAM using sub-domains with as few as 12 × 12 × 

12 cells. [55] 

To mathematically demonstrate the difference between SI, IPBJ, and PBJ-ITMM, we 

provide the discretized balance equation for these three methods respectively as follows. [4] These 

equations are for a two-dimensional, steady state problem with no fission, isotropic scattering, and 

an isotropic external source. Additionally, we consider the case for the PBJ methods where sub-

domains contain a single cell. We present the equations for SI, IPBJ, and PBJ-ITMM, respectively, 

for this sample problem as it will be a model problem used in the spectral analyses described later 

in this work.  
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where we define, 
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In these equations, s is the iterations index, k and j refer to the spatial cell (k, j), and m is the discrete 

angle index. Also, the superscript u± refers to the outgoing/incoming quantity on the u edge of the 

cell where u = x or y. Note that for Eqs. (2.74) and (2.75), the incoming angular flux terms are 

only universally lagged due to the single cell sub-domains. In implementation, multiple cells may 

be used in each sub-domain, in which case, only edges on a sub-domain boundary have their 

incoming angular flux terms lagged. 

We see from these three equations that SI, IPBJ, and PBJ-ITMM differ from each other 

based on the terms they lag by an iteration. From Eq. (2.74), it is easy to notice that the local IPBJ 

solution of a sub-domain over a single iteration is equivalent to one local SI iteration over that sub-

domain with the lagged incoming fluxes used as boundary conditions. This results in the same 

triangular structure of the matrix associated with SI that allows iterative solution via mesh sweep. 

This is what mathematically affords IPBJ the advantage of being able to utilize the 

computationally effective mesh sweeps as well. However, this equation also demonstrates a 

shortcoming which will be described in the following section; that IPBJ has the worst rate of 

convergence of these three methods. This is intuitive from these equations, as IPBJ lags every term 

that is lagged in either of the other methods.  

Analyzing Eq. (2.75), we see that PBJ-ITMM is the only method which does not lag the 

scalar flux within the scattering term. Consequently, a local sub-domain non-iterative solution with 
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PBJ-ITMM cannot use the mesh sweep algorithm for solution, as the associated matrix is not 

triangular.  

PBJ methods are of interest in our work for their simpler applicability to parallel solution 

on unstructured grids. Without the scheduling difficulties associated with SI in this capacity, IPBJ 

is conceptually simple to extend to unstructured grids, with each sub-domain simply executing the 

traditional set serial of mesh sweeps over all angles. PBJ-ITMMôs iterative solution is a set of 

matrix/vector operations that are agnostic to the type of mesh used, making it also conceptually 

simple to extend to unstructured grids, once the ITMM matrices are constructed. Previously 

developed construction algorithms for these matrices exist, however, they are not readily 

extendible to unstructured grids. Consequently, development, implementation, and testing of an 

algorithm capable of performing this task is one of the main objectives of our work presented here.  

 

2.2.7: Iterative Convergence of Methods Using PBJ Spatial Domain 

Decomposition 
 

Fourier analysis and numerical experiments have shown that both PBJ methods mentioned 

above lack robustness in two limits: (1) as the scattering ratio increases towards unity; and (2) as 

the optical thickness of cells in the problem decreases towards zero, with the largest magnitude 

eigenvalue occurring at the origin in Fourier space. In the infinite medium, both methods fail to 

converge for configurations with unit scattering ratio. [4] While this behavior is analogous to that 

of the SI method, the dependence of the spectral radius on cell optical thickness is not. This lack 

of robustness in optically thin cells is discussed and addressed in detail throughout this work.  

While the lack of robustness with thinning cells and increasing scattering ratio is the main 

takeaway from studies on the iterative convergence of PBJ methods, the spectra of these methods 

differ depending on the spatial discretization method used. For AHOT-N0, the general trends 

described above apply. However, with the DD method, Azmy, Anistratov, and Zerr found PBJ-

ITMM to be unconditionally unstable in the infinite medium, with the unstable eigenvalue being 

negative. [4] These authors also found the spectral radius of IPBJ to be larger than or equal to that 

of PBJ-ITMM for the same problem. This is an expected result, as IPBJ lags all computed 

quantities that PBJ-ITMM lags, plus the scattering term. Additionally, their study quantified the 

penalty from lagging the scattering source. From these studies of the iterative convergence of IPBJ 
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and PBJ-ITMM the primary challenges are identified to be achieving: (1) stability and robustness 

with increasing scattering ratio; (2) stability and robustness with decreasing cell thickness; and (3) 

stability when these iterative schemes are used with the DD method. [56] 

 

2.2.8: Acceleration of PBJ -Type Methods 
 

Recent work has been reported seeking to address the aforementioned challenges, 

effectively accelerating PBJ methods. Rosa, Warsa, and Chang studied the use of TSA as an 

acceleration method for IPBJ. When using Traditional TSA (TTSA), the authors found that 

robustness could be achieved in optically thin cells, but only for significantly large scattering ratios 

used in the low order TSA problem. Additionally, the resulting method was found to be divergent 

for many smaller choices of reduced scattering ratio. This prompted the study of Modified TSA 

(MTSA) as an accelerator for IPBJ. MTSA, unlike TTSA, does not reduce the total cross section 

with the scattering cross section. IPBJ accelerated using MTSA was observed to be stable for all 

choices of reduced scattering ratio. This acceleration technique also achieved robustness in 

optically thin cells with scattering ratios smaller than one, and the resulting method was found to 

have convergence properties far less sensitive to cell optical size. [57] 

To address the instability when used with the DD method, Hoagland, Azmy, and Zerr 

studied a modified PBJ method in which the solution to one modified iteration was defined as the 

arithmetic average of the solutions of two successive PBJ-ITMM iterations. This idea was founded 

on the realization that an eigenvalue equal to ï1 would cause the iterative solution to oscillate 

equidistantly around the limit for the corresponding Fourier mode. Fourier analysis of the modified 

iterative method showed the previously unstable mode to have an eigenvalue of zero. The higher 

frequency modes, however, remained unstable. This problem was addressed by executing PBJ-

ITMM to a looser convergence criterion, then executing SI to the specified criterion, as SI rapidly 

converges the high frequency modes. [56] 

While the instability of PBJôs high frequency modes is a trait specific to the DD method, 

the technique of utilizing sweep-based iterative methods as a means of acceleration for PBJ 

methods is also used successfully to mitigate the slowdown in optically thin cells. This is one of 

the two main objectives of this work, with associated reference material available in  [58 - 60].  
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2.2.9: Hybrid Domain Decomposition 
 

The final technique used for parallel solution of the neutron transport we review is the 

hybrid domain decomposition. This approach decomposes and solves in parallel along multiple 

discrete independent variables, typically space and angle. This approach, presented by Song in 

[61], uses shared memory (OpenMP for CPU, CUDA for GPU) parallelism along the angular 

domain and distributed memory MPI parallelism along the spatial domain. An entire node of an 

HPC is then assigned to each KBA sub-domain rather than a single processor. The processors that 

comprise a node then solve a given sub-domain, sweeping the angles in parallel. The general 

concept of this approach is to reduce the number of KBA sub-domains required for execution on a 

given number of processors compared to when only the spatial domain is decomposed. This 

reduces the amount of off-node communication that is required to obtain the transport solution, 

which is vastly more time consuming than on-node communication or shared memory parallelism. 

Numerical testing in [61] demonstrates improved computational performance using this hybrid 

approach compared to MPI exclusively. Additionally, the combination of MPI and OpenMP is 

observed to result in slightly improved parallel efficiencies compared to MPI and CUDA. The 

extension of a hybrid domain decomposition to unstructured grids is the combination of the 

challenges associated with extending each individual decomposition utilized.  
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Chapter 3: 

P-PI -SI & P-IP-SI Spectral Analysis & Formulation 

of the Greenôs Function ITMM Construction 

Algorithm 
 

3.1 P-PI -SI & P-IP-SI  Theoretical Analysis 
 

As previously stated, one of the ultimate objectives of this work is to provide robust PBJ-

type iterative methods that are scalable to massively parallel solution on unstructured spatial 

meshes. To do so, we must address the iterative slowdown PBJ methods incur in optically thin 

cells. As seen in [4], the spectral radii of PBJ-ITMM and IPBJ tend towards unity as the optical 

thickness of the problemôs spatial cells tends towards zero. We conjecture that this iterative 

slowdown is the result of the increased average number of cells traversed by particles before they 

are lost via absorption or leakage when the cells are optically thin. After each PBJ iteration, 

information is only exchanged between adjacent sub-domains. If we consider each iteration to be 

generating new information, namely change in the new flux iterate as it approaches the iterative 

limit, then it takes many iterations for that information to reach distant sub-domains. As the sub-

domains become optically thin, the information generated in a sub-domain during an iteration 

becomes increasingly important for the convergence of the solution at distant sub-domains, 

resulting in an increase in the number of required iterations. This conjecture is supported by the 

previously noted fact that the exact transport matrix approaches a tridiagonal structure as cells 

become thick in a 1-D problem [21], which is interpreted as distant cells becoming decreasingly 

coupled to each other in this limit. We deduce from this fact that as cells become optically thin, 

distant cells become increasingly coupled to each other.  

With PBJôs ineffectiveness at converging the solution for problems involving long-

distance streaming that we conjecture is due to its asynchronicity, we propose a new hybrid 

approach, pairing PBJ-type methods with traditional sweep-based methods. The motivation behind 

our new class of methods is that the synchronous nature of sweep-based methods (SI for the 

entirety of this chapter) will resolve the long-distance streaming in a problem, while PBJ-ITMM 
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will resolve the local scattering which would otherwise require many SI iterations to resolve. With 

IPBJ unable to resolve local collisions in a single iteration, it was predicted that PBJ-ITMM would 

prove the more effective PBJ-type method in this hybrid approach. For this reason, we include 

analysis and testing of hybrid formalisms with both PBJ-ITMM and IPBJ to confirm that PBJ-

ITMM is necessary and that our understanding of the underlying mechanism of our hybrid 

approach is valid.  

The analysis and testing for our hybrid methods is conducted on 2-D, Cartesian grids with 

serial execution during numerical tests. This simplified configuration is utilized at this stage as it 

significantly expedites the development process. Since our motivation of studying PBJ methods is 

to provide alternatives to the complex sweep algorithms associated with spatially parallel SI on 

unstructured grids, we must assume that the mesh sweeps used by our hybrid methods are not 

spatially parallelizable in our target application. The first and simplest hybrid method that we 

propose is Parallel Block Jacobi with Source Iteration Preconditioning (P-PI-SI or P-IP-SI when 

using PBJ-ITMM or IPBJ respectively), an iterative strategy that consists of a PBJ-ITMM or IPBJ 

iteration followed by an SI iteration. Other hybrid variants will be detailed later in this work, their 

development motivated by the performance observed with P-PI-SI and P-IP-SI. The 

preconditioning hybrid approach is used primarily as a proof of concept to demonstrate the 

viability of using a sweep-based method to mitigate the slowdown of PBJ-type methods in 

optically thin cells. Due to the global mesh sweeps and our constraint that these will not be spatially 

parallelized on unstructured grids, the preconditioning approach imposes a large penalty to the 

potential degree of parallelism of the PBJ method. The sequential execution of PBJ followed by 

SI, however, makes this combination of the two methods ideal for theoretical analysis to gain 

insight into the expected iterative performance of this hybrid approach and facilitate the 

development presented in the following chapter. Spectral analysis of P-PI-SI and P-IP-SI to obtain 

mathematical expressions for their iterative convergence rates is the subject of this section.  

 

3.1.1 Formulation of P-PI -SI & P-IP-SI 
 

Before we introduce our analysis of P-PI-SI and P-IP-SI, there are a few important 

considerations to note. Firstly, it must be noted that a P-PI-SI (or P-IP-SI) iteration consists of 

both a PBJ-ITMM (or IPBJ) and a single SI iteration, making a single combined-iterationôs 
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computational cost equal to the sum of the computational costs of each stage. Also, we note that 

the SI method lags the cell-averaged scalar flux used to compute the scattering source, whereas 

PBJ methods lag the incoming angular fluxes at sub-domain interfaces (and the scattering source 

if IPBJ is used). This means that the PBJ step provides the cell-averaged scalar flux for the SI step 

and the SI step provides incoming angular fluxes for the PBJ step (plus the cell-averaged scalar 

flux if IPBJ is used).  

For simplicity, we analyze the iterative performance of P-PI-SI and P-IP-SI in Cartesian, 

2-D spatial meshes for steady-state, one energy group, non-multiplying problems with isotropic 

scattering under the assumption that general performance trends extend to other configurations. 

While PBJ methods can have sub-domains of varying size in number of cells, for the purpose of 

spectral analysis we consider the case where each sub-domain consists of only one spatial cell. We 

consider this case since single cell sub-domains will result in the slowest iterative convergence 

rate, i.e. the largest spectral radius, providing the worst-case scenario in terms of iterative 

convergence rate. For P-PI-SI the first step of the iterative process is a PBJ-ITMM iteration, 

mathematically expressed for the described problem type by, 
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where ’ȟȟȟ was previously defined in Eq. (2.76). 
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Equations (3.1) - (3.3) represent the particle balance equation, Weighted Diamond 

Difference (WDD) auxiliary equation, and numerical integration of the angular flux into the scalar 

flux, respectively. Note that these equations are reiterated from the literature review, more 

specifically from [4], but with different iteration indices. In these equations the superscript (s) 

indicates the iteration index, where any term with an s superscript is a quantity which is inferred 

from the previous iteration or initial guess, and any term with an ί  superscript is an unknown 

quantity which is solved for in the present PBJ-ITMM iteration. The subscripts k and j refer to the 

spatial cell (k, j) of a K × J mesh, m refers to an individual discrete direction in a quadrature 

comprised of M angles, and wm corresponds to that angleôs angular weight. These three equations 

use an input of the lagged incoming angular fluxes to compute as output the cell-averaged scalar 

flux and outgoing angular fluxes. The cell-averaged scalar flux is the solution of the PBJ-ITMM 

iteration stage which is then input into the SI stepôs scattering source. Before formulating the 

equations for the SI step, we note that Eq. (3.2) is valid for any WDD scheme, where the weighting 

factors (Ŭ) take a value that corresponds to the selected numerical method. In this analysis, we 

consider the AHOT-N0 method, which determines unique weighting factors for each cell / angle / 

dimension combination using the expression, 

 

ɻȟȟȟ ÃÏÔÈ
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(3.4) 

 

where u is the dimension subscript u = x or y. In the P-PI-SI iterative method, after the PBJ-ITMM 

iteration yields the cell-averaged scalar flux, the next step is to use this quantity in the scattering 

source of an SI iteration to obtain the outgoing angular fluxes, as these angular fluxes will be used 

as the incoming angular fluxes for adjacent sub-domains in the ensuing PBJ-ITMM step. For the 

previously described 2-D problem type, the following equations mathematically describe the SI 

step of P-PI-SI. 
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(3.6) 

 

To implement the P-PI-SI iterative method, Eqs. (3.1) - (3.3) are solved for each sub-

domain simultaneously by constructing and solving the ITMM operators associated with the local 

system of equations. The process by which these matrices are constructed is discussed later in this 

chapter. The cell-averaged scalar flux, ‰
ȟ

, obtained in the PBJ-ITMM stage is used to solve 

Eqs. (3.5) and (3.6) for the cell edge angular fluxes, ‪ ȟȟ
ȟ

 and ‪ ȟȟ
ȟ

. These equations are 

solved globally using a single mesh sweep, where the incoming angular fluxes to a spatial cell are 

obtained either by boundary conditions or from the outgoing angular fluxes of an upstream 

neighboring cell. Upon conclusion of one P-PI-SI iteration, the cell-averaged scalar flux in all cells 

is tested for relative convergence against a user-set criterion, and the iterative process repeats until 

a maximum number of iterations is reached, or until convergence is achieved.  

Formulating P-IP-SI, only one equation in our sequence changes, Eq. (3.1). To change the 

first step from PBJ-ITMM to IPBJ, we lag the scalar flux in the scattering source to obtain the 

following expression from [4], reiterated from the literature review with updated iteration indices 

to reflect the two-step method. 
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The IPBJ step is then the solution of Eqs. (3.2), (3.3), and (3.7) which produce the cell-

averaged scalar flux required by the SI step. Unlike PBJ-ITMM, IPBJ does not require a matrix 

solution. The lagged scalar flux in the scattering source allows a local mesh sweep to be used for 

the sub-domain solution, analogous to the mesh sweep used for SI, but on a local scale.  

Following the IPBJ step, the SI step progresses identically to the SI step in P-PI-SI, but 

with one additional equation. The lagging of the cell-averaged scalar flux in the scattering source 

in IPBJ means that this quantity must be calculated in the SI step when implementing P-IP-SI (this 

was not required with P-PI-SI). This is accomplished with the following equation. 
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‰ȟ ύ ‪ ȟȟ 

(3.8) 

 

We also note that while the SI step does not have to calculate the cell-averaged scalar flux when 

using P-PI-SI, it is still computed in practice as this is the quantity that is used to test iterative 

convergence. It is suppressed in the P-PI-SI mathematical formulation though, as it is not strictly 

necessary for the following step in the iterative process.  

 

3.1.2 P-PI -SI  Spectral Analysis 
 

To theoretically analyze the iterative performance of P-PI-SI, we employ a Fourier 

analysis. For this analysis, we consider an infinite homogeneous medium. We then use this 

configuration to determine the scaling of the iterative errorôs eigenmodes that results from 

execution of the combined iterative sequence. An infinite homogeneous (or at least periodic) 

medium is required in order to perform a Fourier analysis due to the periodicity of the Fourier 

ansatz, on which we project the iterative error. In the theoretical analysis we determine the scaling 

of the error in the cell-averaged scalar flux due to SI stage followed by PBJ-ITMM stage, which is 

the reverse ordering of the implementation of the two methods within a single hybrid iteration as 

previously described. We reverse the order so that we may solve for the scaling of the error in the 

cell-averaged scalar flux, which is the quantity that is input into each iteration when SI is run first. 

In the formulation of P-PI-SI, we designate PBJ-ITMM to be run first so as to emphasize that PBJ-

ITMM is the primary method, and SI is being used in a manner akin to an acceleration method.  

To perform this Fourier analysis, we begin by subtracting Eqs. (3.5) and (3.6) from their 

converged counterparts, decrementing the iteration indices by ½, to obtain, 
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and 
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(3.10) 

 

where, 
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with analogous definitions for the other dependent variables in Eqs. (3.9) and (3.10). 

Note that all iteration indices in these equations are ½ smaller than in the SI equations of 

the method formulation to reflect that SI is performed first in the Fourier analysis. We now 

introduce the following Fourier ansatz, 
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In these equations, ɮ‗ȟ‗ , ɰ ‗ȟ‗ , and ɰ ‗ȟ‗  represent the magnitude of the 

iterative error in the cell-averaged scalar flux, cell-averaged angular flux, and cell-edge angular 

flux on the u face of the cell, respectively, at the specified frequencies denoted by ‗ȟ‗ . 

Additionally, sg in the signum function, and ɝὼ and ɝώ are the x and y dimensions of the cell, 

respectively. 
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We now substitute these Fourier ansatz, Eqs. (3.13) and (3.14), into the residual auxiliary 

equation, Eq. (3.10), solve for ɰ ‗ȟ‗ , employ Eulerôs formula, and simplify to obtain the 

following expression. 
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where for simplicity, we define, 
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We now substitute all three ansatz, Eqs. (3.12), (3.13), and (3.14), into the residual balance 

equation, Eq. (3.9). As we do this, we use the expression for ɰ ‗ȟ‗  we just obtained as 

well as Eulerôs formula to obtain the following equation after simplifying.  
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In order to eliminate the ɰ
ȟ

‗ȟ‗  term from this equation, we take into account 

that the left-hand-side of the residual auxiliary equation, Eq. (3.10), does not depend on the choice 

of u. Therefore, we equate the right-hand-side of Eq. (3.10) with superscript u to the right-hand-

side with superscript v. We then substitute the ansatz, Eq. (3.14) and solve for ɰ
ȟ

‗ȟ‗  to 

obtain, 
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where we define, 
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For brevity, we omit the dependence of ‍ȟ and ”ȟ  on ‗ȟ‗  in these equations. We 

now substitute Eq. (3.18) into Eq. (3.17) to eliminate ɰ
ȟ

‗ȟ‗ . With this term eliminated, 

we solve the resulting equation to obtain the following expression that represents the iterative error 

eigenmodes in the outgoing angular fluxes as a function of the previous iterateôs error eigenmodes 

in the cell-averaged scalar flux, 
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where we define, 
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With an expression for the scaling of the iterative error due to the SI step, we now examine 

the PBJ-ITMM step. We conduct the Fourier analysis of the PBJ-ITMM using the formalism 

reported in [4]. Our analysis will differ from [4] when we combine the analysis with the previous 

SI Fourier analysis to obtain the reduction in error from the combined iterative sequence. Also, in 

[4] the authors obtained the angular dependence of the error, whereas we are only interested in the 

reduction in error of the scalar flux, as this is the quantity which will be passed to the SI step. As 

with the SI step, we begin by subtracting the PBJ-ITMM equations, Eqs. (3.1) - (3.3), from their 

converged counterparts, increasing the iteration indices by ½ to account for the fact that the PBJ-

ITMM step is being executed second in the iterative sequence.  
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The residual auxiliary equation, Eq. (3.23), is solved for the outgoing angular flux residual, 

ɿ‪ ȟȟ
ȟ

, and the resulting expression is substituted into the residual balance equation, Eq. 

(3.22), to obtain, 
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where,  
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Multiplying by ύ  and summing over all directions, utilizing the quadrature formula in 

Eq. (3.24), produces the following expression after simplification. 
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where, 
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We now introduce the following ansatz into the PBJ-ITMM step. 
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We substitute these two expressions into Eq. (3.27) and simplify to obtain, 
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Recall that from the SI step we obtained an expression for ɰ
ȟ

‗ȟ‗ , Eq. (3.20). 

Therefore, to obtain the scaling of the iterative error in the cell-averaged scalar flux after the 

combined iterative sequence, we substitute this expression into the previous equation and divide 

by ɮ ‗ȟ‗  to obtain, 
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Equation (3.33) is the final result of the Fourier analysis of P-PI-SI, providing the scaling 

of the iterative error in the cell-averaged scalar flux for the combined iterative sequence as a 

function of the Fourier variables. We will also refer to this expression as the eigenvalues of the P-

PI-SI operator, as the scaling of the combined iterative sequence represents the eigenvalues of the 

hybrid iteration operator. Plots obtained from this equation are presented in Sec. 4.2. 

 

3.1.3 P-IP-SI  Spectral Analysis 
 

We analyze P-IP-SI using Fourier analysis analogously to that of P-PI-SI. Our motivation 

for this analysis, however, is different. The underlying mechanism which our hybrid approach was 

founded on was that SI (or other sweep-based method) would model the long-distance streaming 

and a PBJ method would resolve local collisions, the dominant transport phenomena in optically 

thin and thick cells, respectively. Based on this understanding, it was therefore predicted that IPBJ 

would be ill suited as the primary method in our hybrid approach. Fourier analysis, and later 

testing, of P-IP-SI is therefore conducted to confirm the benefit of employing PBJ-ITMM as the 

primary method in our hybrid approach as well as to verify our understanding of the underlying 

mechanism of this iterative technique.  

As with P-PI-SI, the Fourier analysis of P-IP-SI will be conducted with SI as the first step 

of the two-step iteration for reasoning discussed in the previous section. IPBJ lags the incoming 

angular fluxes and the cell-averaged scalar flux, indicating that we must derive expressions for the 

scaling of the error in these two quantities due to the SI step. The former of these was already 

obtained during the P-PI-SI Fourier analysis, Eq. (3.20). The latter, however, was not required for 

the P-PI-SI analysis and must now be obtained. To derive this expression, we begin by substituting 

the ansatz, Eqs. (3.12), (3.13), and (3.14) into the SI residual balance equation, Eq. (3.9), then 

simplifying to obtain, 
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ɰ ‗ȟ‗  

ςὭ’ȟɰ
ȟ

‗ȟ‗ ÓÉÎ”ȟ ’ȟ ɰ
ȟ

‗ȟ‗ ÓÉÎ”ȟ  

ὧ

τ“
ɮ ‗ȟ‗  Ȣ 

(3.34) 

 

We then combine the previous equation with Eq. (3.15) to eliminate ɰ
ȟ

‗ȟ‗  and then 

solve for ɰ ‗ȟ‗ , 

 

ɰ ‗ȟ‗
ὧ

τ“
ɮ ‗ȟ‗  

ρ ςὭ
’ȟ ÓÉÎ”ȟ

ÃÏÓ”ȟ Ὥ‌ȟ ÓÉÎ”ȟ

’ȟ ÓÉÎ”ȟ

ÃÏÓ”ȟ Ὥ‌ȟ ÓÉÎ”ȟ
Ȣ 

(3.35) 

 

This expression calculates the iterative error in the cell-averaged angular flux after the SI step in 

terms of the error in the cell-averaged scalar flux before the SI step. To calculate the scaling in the 

cell-averaged scalar flux, we subtract Eq. (3.8) from its converged counterpart to obtain the 

following equation, noting that the iteration index has ½ subtracted from its original value to reflect 

SI being performed first in the Fourier analysis. 

 

‰‏
ȟ

ύ ‪‏
ȟȟ

 

(3.36) 

 

where, 

 

‰‏
ȟ
ḳ‰ȟ ‰

ȟ
 Ȣ 

(3.37) 

 

 We then introduce the following additional ansatz.  
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‰‏
ȟ

ɮ ‗ȟ‗ ÅØÐὭɫ ‗ Ὧ
ρ

ς
ɝὼ ‗ Ὦ

ρ

ς
ɝώ  

(3.38) 

 

This ansatz is substituted into Eq. (3.36) to obtain the relation between ɰ ‗ȟ‗  and 

ɮ ‗ȟ‗ , 

 

ɮ ‗ȟ‗ ύ ɰ ‗ȟ‗  Ȣ 
(3.39) 

 

We then multiply Eq. (3.35) by ύ  and sum over angle, using the previous relation to obtain, 

 

ɮ ‗ȟ‗
ὧ

τ“
ɮ ‗ȟ‗ ύ  

ρ ςὭ
’ȟ ÓÉÎ”ȟ

ÃÏÓ”ȟ Ὥ‌ȟ ÓÉÎ”ȟ

’ȟ ÓÉÎ”ȟ

ÃÏÓ”ȟ Ὥ‌ȟ ÓÉÎ”ȟ
Ȣ 

(3.40) 

 

This expression calculates the error in the cell-averaged scalar flux after the SI step of P-

IP-SI given the error in that same quantity before the SI step. This provides the additional 

expression that is needed to analyze the IPBJ step, thus leaving Eqs. (3.20) and (3.40) as the final 

results of the analysis of the SI step that we use in subsequent analysis.  

To continue our Fourier analysis of P-IP-SI, we advance to the IPBJ step, analysis of which 

begins by subtracting the IPBJ equations, Eqs. (3.2), (3.3), and (3.7) from their converged 

counterparts to obtain, 

 

’ȟȟȟ ‪ȟȟ‏
ȟ ‪‏

ȟȟ

ȟ
’ȟȟȟ ‪‏ ȟȟ

ȟ
‪‏

ȟȟ

ȟ
‪ȟȟ‏

ὧȟ

τ“
‰‏

ȟ
ȟ 

                                                                  

(3.41) 
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‪ȟȟ‏
ρ ‌ȟȟȟ

ς
‪ȟȟ‏

ȟ ρ ‌ȟȟȟ

ς
‪‏

ȟȟ

ȟ
 ȟ      ό ὼ ÏÒ ώ ȟ 

(3.42) 

 

and 

ȟ‰‏ ύ ‪‏ ȟȟȢ 
(3.43) 

 

Note that the iteration indices have been increased by ½ in these equations to denote the fact that 

IPBJ is the second step in our Fourier analysis instead of the first. The residual terms in these 

equations are defined analogously to Eq. (3.11). We now solve for ‏‰ȟ , the derivation of which 

directly follows the previously reported analysis of IPBJ. [4] As with P-PI-SI, our analysis will 

diverge from that of [4] when we combine the results from both of the steps. To obtain the 

aforementioned expression, we combine the residual auxiliary equations with the residual balance 

equation for the IPBJ step, Eqs. (3.42) and (3.41) respectively, and solve for the cell-averaged 

angular flux residual, 

  

‪‏

ὧȟ
τ“‏‰ȟ ‒ȟȟȟ‏‪ ȟȟ

ȟ
‒ȟȟȟ‏‪ ȟȟ

ȟ

ρ ‒ȟȟȟ ‒ȟȟȟ
 Ȣ 

(3.44) 

 

Multiplying this equation by ύ , summing over angle, and applying the quadrature summation 

for the IPBJ step in the Fourier analysis, Eq. (3.43), results in the following expression.  

 

ȟ‰‏
ὧȟ

τ“

ύ

ρ ‒ȟȟȟ ‒ȟȟȟ
‰‏

ȟ

ύ ‒ȟ ȟȟ

ρ ‒ȟ ȟȟ ‒ȟ ȟȟ
‪‏

ȟȟ

ȟ

ύ ‒ȟ ȟȟ

ρ ‒ȟ ȟȟ ‒ȟ ȟȟ
‪‏

ȟȟ

ȟ
 

(3.45) 
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In this equation, ά  and ά  are simply extra angular indices used to distinguish the independent 

summations. We then substitute the Fourier ansatz, Eqs. (3.30), (3.31), and (3.38) into this 

expression, transforming it to the frequency domain. 

 

ɮ ‗ȟ‗

ὧ

τ“

ύ

ρ ‒ȟ ‒ȟ
ɮ ‗ȟ‗

ύ ‒ȟ
ρ ‒ȟ ‒ȟ

ɰ
ȟ

‗ȟ‗ ÅØÐὭ”ȟ

ύ ‒ȟ

ρ ‒ȟ ‒ȟ
ɰ
ȟ

‗ȟ‗ ÅØÐὭ”ȟ  

(3.46) 

 

To complete our analysis, recall that we obtained expressions for ɮ ‗ȟ‗  and 

ɰ
ȟ

‗ȟ‗  during analysis of the SI step, Eqs. (3.20) and (3.40), respectively. Substituting 

these two expressions into the previous equation and simplifying yields the final result of our 

Fourier analysis of P-IP-SI, 

 

ɮ ‗ȟ‗

ɮ ‗ȟ‗

ὧ
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ύ

ρ ‒ȟ ‒ȟ
 

ύ ρ
ςὭ’ȟ ÓÉÎ”ȟ

ÃÏÓ”ȟ Ὥ‌ȟ ÓÉÎ”ȟ

ςὭ’ȟ ÓÉÎ”ȟ

ÃÏÓ”ȟ Ὥ‌ȟ ÓÉÎ”ȟ
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ρ ‒ȟ ‒ȟ

…
ȟ
ÅØÐὭ”ȟ
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ρ ‒ȟ ‒ȟ
…
ȟ
ÅØÐὭ”ȟ  Ȣ 

 

(3.47) 
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In this equation, ά  is simply another angular index used to indicate separate summations. The 

previous equation is the final result of the Fourier analysis of P-IP-SI, computing the scaling of 

the iterative error in the cell-averaged scalar flux due to the execution of a single P-IP-SI iteration. 

Plots obtained from this equation are presented in Sec. 4.2. 

 

3.2 ITMM Matrices Construction Algorithms 
 

Performing transport calculations with PBJ-ITMM requires an algorithm for constructing 

the response matrices that solve the transport equation locally over a sub-domain to obtain cell-

averaged scalar fluxes and the outgoing angular fluxes at sub-domain boundaries. Considering a 

sub-domain to be an independent transport sub-problem, these matrices must couple all boundary 

incoming angular and cell-averaged scalar fluxes (assuming isotropic scattering) to all boundary 

outgoing angular and cell-averaged scalar fluxes in the subject sub-problem. In the construction 

algorithms we discuss, the objective is to calculate the coupling of the latter quantities to the former 

under the condition of a lagged scattering source, even though ITMM does not lag this quantity. 

By initially lagging it though, the construction algorithms are executed using sweep algorithms 

akin to those used to execute SI due to the decoupling of angles. Taking the matrix representation 

of the transport equation to convergence then allows for the obtained matrices to be used to solve 

for the converged local transport solution.  

In this section, we introduce the matrix equations which ITMM solves along with two 

algorithms for the construction of the required matrices. These algorithms are the previously 

reported differential mesh sweep (DMS), developed by Azmy [53] and our newly developed 

Greenôs Function [1] scheme. The differential mesh sweep is presented by Zerr in [52] for 3-D 

Cartesian geometry. We repeat this derivation for 2-D geometry, as this is the dimensionality of 

our transport test code, HAT-2C. We then introduce our new approach with the objective of 

supplying an algorithm with similar construction cost to DMS that is suited for use on unstructured 

meshes. This algorithm utilizes the interpretation of ITMM as a response matrix method, imposing 

fluxes of unit strength onto the mesh, then executing a single mesh sweep to obtain the response 

in all other dependent quantities in the sub-problem. The utilization of the mesh sweep algorithm 

which is traditionally used for solution with SI facilitates ITMM construction in unstructured grids, 

as it uses a kernel calculation and sweep algorithm already present in THOR and other codes.  
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3.2.1 ITMM  Matrix Equation Formulation 
 

The ITMM matrix equations have been previously formulated. [52] We follow the steps in 

this derivation for a 2-D problem. Additionally, the derivation in [52] was performed for DD, while 

we will implement AHOT-N0 (or more generally, WDD), although this changes very little in the 

derivation. For this derivation, we treat a sub-domain as a full, independent transport problem. 

This treatment is valid due to the asynchronicity of PBJ, which decouples sub-domains over the 

course of a single iteration. The construction process described below is performed separately in 

each sub-domain, hence it readily lends itself to parallel processing. We begin by considering the 

SI transport equation, Eq. (2.73) and the associated auxiliary equations for AHOT-N0. These, for 

a single spatial cell / angle combination can be represented in matrix notation as, 
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Ủ

ụ
Ụ
Ụ
Ụ
ợὧȟ‰ȟ

ήȟ

ɫȟȟ

‪ ȟȟ
ȟ

‪ ȟȟ
ȟ

Ứ
ủ
ủ
ủ
Ủ

 Ȣ 

(3.48) 

 

This matrix equation is written such that all the inputs to a cellôs calculation during a mesh sweep 

are on the right-hand-side and all quantities that are outputs are on the left-hand-side. Additionally, 

we see from this matrix equation that the general WDD form used is trivial to extend to the more 

specific cases of DD or AHOT-N0, with the choice of the weighting factors not impacting the 

structure of the matrices. Multiplying each side of this equation by the inverse of the coefficient 

matrix on the left-hand-side yields the following matrix equation which directly maps the inputs 

for a single cell / angle combination to the outputs, 
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(3.49) 

 

where, 

 

ȟȟḳ

‚ȟȟ ‚ȟȟ ‚ȟȟ

‚ȟȟ ‚ȟȟ ‚ȟȟ

‚ȟȟ ‚ȟȟ ‚ȟȟ

 Ȣ 

(3.50) 

 

The ‚ terms in this matrix are coupling factors, which indicate the coupling of an output to a 

specific input. The first superscript on these terms indicates the output quantity and the second 

indicates the input quantity (a is the cell-averaged angular flux if it is the first superscript, the 

scattering source if it is the second, and x / y is the angular flux on the x / y face of the cell, outgoing 

if it is the first superscript, incoming if it is the second). For example, ‚ȟȟ would indicate the 

contribution to the cell-averaged angular flux from the incoming angular flux on the y face for 

angle m, and cell (k, j). These terms are calculated analytically with, 
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ς
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ρ π
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ς Ứ
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Ủ

 Ȣ 

(3.51) 

 

An analytical expression for this matrix was obtained for our implementation using Mathematica. 

[62] Equations (3.48) - (3.51) are the only matrix-vector equations that change when the derivation 

is performed in 2-D for AHOT-N0 rather than in 3-D for DD. The remaining equations in this sub-

section are therefore equivalent to those previously reported in [52]. Considering the full sub-
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domain with nonzero boundary conditions, we can represent the cell-averaged scalar fluxes of all 

cells as a vector calculated with, 

 

ꜚ ═╒ꜚ ◄▲ ╚ꜚ ⱶ Ȣ (3.52) 

 

═ and ╚ꜚ  are matrices which consist of ‚ terms, ◄  is a diagonal matrix of the reciprocals of the 

macroscopic total cross sections, ╒ is a diagonal matrix of the scattering ratio, ▲ is a vector of the 

external source, ⱶ  is a vector of the incoming angular fluxes on the sub-domain boundary, and 

 ꜚis a vector of the cell-averaged scalar fluxes, either lagged or the current iterate as indicated by 

the superscript. The matrices ═ and ╚ꜚ  map the inputs on the right-hand-side of Eq. (3.49) to the 

outputs on the left-hand-side. Next, we modify this equation to, 

 

ꜚ ═╒ꜚ ═╒▼▲ ╚ꜚ ⱶ Ȣ (3.53) 

 

To simplify, we define, 

 

╙ꜚ ḳ═╒ȟ (3.54) 

 

thus resulting in, 

 

ꜚ ╙ꜚ ꜚ ▼▲ ╚ꜚ ⱶ Ȣ (3.55) 

 

▼  is a diagonal matrix of the reciprocals of the macroscopic scattering cross sections. By taking 

the iterative limit of this equation, we then solve for the vector of fully  converged scalar flux over 

the sub-domain, 

 

ꜚ ╘ ╙ꜚ ╙ꜚ ▼▲ ╚ꜚ ⱶ Ȣ (3.56) 

 

This equation produces the cell-averaged scalar flux for each cell in a sub-domain given 

prescribed incoming angular fluxes on the sub-domain boundary. To implement PBJ-ITMM 
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though, we must also calculate the outgoing angular fluxes at the sub-domain boundary, as these 

will be exchanged between adjacent sub-domains after an iteration completes. The equation to 

calculate these values is written in matrix-vector notation as,  

 

ⱶ ╙ⱶ ꜚ ▼▲ ╚ⱶⱶ Ȣ (3.57) 

 

ⱶ  is a vector of the outgoing angular fluxes at the sub-domain boundary and ╙ⱶ and ╚ⱶ are 

response matrices which determine these outgoing angular fluxes based on the ‚ terms. Equations 

(3.56) and (3.57) are the two equations which are solved in every sub-domain, each iteration when 

executing PBJ-ITMM. Equation (3.56) is solved first, obtaining the cell-averaged scalar fluxes 

given the incoming angular fluxes at each sub-domainôs boundaries which are determined from 

the previous iterateôs solution in adjacent sub-domains, the boundary condition, or the initial guess. 

Then, these sub-domain boundary incoming angular fluxes are used in conjunction with the 

obtained cell-averaged scalar fluxes to obtain the sub-domain boundary outgoing angular fluxes 

using Eq. (3.57), which are then used by adjacent sub-domains in the next iteration.  

Solving these equations is dependent upon deriving expressions for the elements of the 

four response matrices, ╙ꜚ, ╚ꜚ , ╙ⱶ, and ╚ⱶ. The following sections present the derivation of these 

elements followed by a description of two algorithms for their construction. We note here the 

dimensions of the matrices for a sub-domain of size Nx × Ny with M angles per angular quadrant 

in 2-D: ╙ꜚ: NxNy × NxNy, ╚ꜚ : NxNy × 4M(Nx + Ny), ╙ⱶ: 4M(Nx + Ny) × NxNy, and ╚ⱶ: 4M(Nx + Ny) 

× 4M(Nx + Ny).  

 

3.2.2 ITMM  Matrix Elements 
 

Implementation of PBJ-ITMM requires prescriptions for the elements of the four associated 

matrices, ╙ꜚ, ╚ꜚ , ╙ⱶ, and ╚ⱶ. Construction of these matrices and factorization of ╘ ╙ꜚ  is 

implemented as a pre-process, performed only once for each energy group, as the matrix elements 

do not change during the iterative solution. To obtain expressions for these matrix elements, Eqs. 

(3.55) and (3.57) are differentiated, providing the four following relations. [52] 
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‬ꜚ

‬ꜚ
╙ꜚ 

(3.58) 

 

‬ⱶ

‬ꜚ ▼
╙ⱶ 

(3.59) 

 

‬ꜚ

‬ⱶ
╚ꜚ  

(3.60) 

 

‬ⱶ

‬ⱶ
╚ⱶ 

(3.61) 

 

Note that before differentiating Eq. (3.57), we lagged the scalar flux, thus rendering the outgoing 

angular flux to be the (s+1) iterateôs solution, rather than the iterative limit. By doing so, 

prescriptions for the ITMM matrices are dependent on the lagged scalar flux, a necessary feature 

of the construction algorithms. Taking the iterative limit does not change the form of Eq. (3.57), 

rendering this matrix prescription valid. Also, the incoming boundary angular flux vector, ⱶ , 

does not have an iteration index, as the boundary conditions are treated as fixed for the ITMM 

construction. Subsequently, cell-incoming angular flux terms will contain an (s+1) iteration index, 

which are inferred from the boundary condition for sub-domain boundary cells. Evaluating each 

of these derivatives at individual locations within the matrices yields the following prescriptions 

for the elements of the four matrices. [52] 

 

Ὦȟȟȟ ȟ
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(3.62) 
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(3.63) 
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(3.64) 
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(3.65) 

 

The previous four equations prescribe the elements of the four matrices required for PBJ-

ITMM. Note that in the last three equations (Eqs. (3.63), (3.64), and (3.65)) the expressions involve 

angular fluxes on the sub-domain boundary, implying that the indices will change depending on 

the discrete ordinate octant. For this reason, these equations have multiple manifestations, which 

change between the x and y indices that are fixed to the boundary of the sub-domain. The equations 

provided are for the case of a direction in the first quadrant. For all other quadrants, the boundary 

to which an index is assigned is changed to indicate the boundary corresponding to incoming or 

outgoing directions in the subject quadrant for angular fluxes with superscript uï or u+, 

respectively. For example, in the third quadrant, all x indices of 1 will change to Nx, all x indices 

of Nx will change to 1, all y indices of 1 will change to Ny, and all y indices of Ny will change to 1. 

Computing the derivatives on the right-hand-side of Eqs. (3.62) - (3.65), the ITMM matrix 

elements, is the purpose of the algorithms which are discussed in the following two sections.  

 

3.2.3 Differential Mesh Sweep (DMS ) 
 

The differential mesh sweep (DMS) is a previously developed algorithm [52, 53] for 

constructing the four matrices required for obtaining a sub-domainôs iterative solution using PBJ-
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ITMM, ╙ꜚ, ╚ꜚ , ╙ⱶ, and ╚ⱶ, whoôs formulation this section follows. To begin the DMS 

formulation, following from [52, 53] for our 2-D configuration, we differentiate Eq. (3.49) to 

obtain the nine derivatives for a single cell / direction combination, as follows.  
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(3.66) 

 

This set of derivatives that is computable from Eq. (3.50) provides the building blocks which will 

be used by the DMS algorithm to construct the elements of the matrices ╙ꜚ, ╚ꜚ , ╙ⱶ, and ╚ⱶ. 

Henceforth, the elements of Eq. (3.66) are referred to as ñcore derivatives.ò 

 These matrices are constructed via DMS through a nested mesh sweep. For a given 

direction m, the outer sweep loops over Ὧ and Ὦ, where these variables span the spatial cells in 

the sub-domain in the x and y dimensions, respectively. The inner sweep then starts from the cell 

(Ὧ, Ὦ) and sweeps using the indices k and j over all cells in the sub-domain which are downstream 

from cell (Ὧ, Ὦ) along the given direction m. In each step of the inner sweep, the response of a 

quantity in cell (k, j) to a change in a quantity in cell (Ὧ, Ὦ) is calculated, providing the 

corresponding matrix element. A nested sweep is conducted twice for each angle, once to calculate 

the response due to the lagged cell-averaged scalar flux in each cell, then a second time to calculate 

the response due to the angular flux incoming to each sub-domain boundary cell. The former of 

these sweeps constructs the elements for ╙ꜚ and ╙ⱶ, and the latter constructs the elements for ╚ꜚ  

and ╚ⱶ. These sweeps construct the matrix elements as expressed in Eqs. (3.62) ï (3.65) using the 

core derivatives of Eq. (3.66). The derivatives in Eqs. (3.62) ï (3.65) relate the changes in flux 

quantities within a given cell to those of another cell within the sub-domain. To calculate these 

using the core derivatives which are differentiated within a common cell, we differentiate 

recursively as described below.  
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We begin with the construction of the elements for ╙ꜚ and ╙ⱶ. To construct these elements, 

consider an arbitrary cell in the sub-domain which we index (Ὧ, Ὦ) and an arbitrary direction m 

in the first quadrant. The inner sweep begins at this cell index, indicating that (k, j) = (Ὧ, Ὦ). For 

this starting cell, the derivative of the cell-averaged angular flux with respect to the lagged cell-

averaged scalar flux, 
ȟ ȟ

ȟ

, is calculated directly using the (1,1) entry of Eq. (3.66). The 

derivatives of the outgoing angular fluxes with respect to the lagged cell-averaged scalar flux, 

ȟ ȟ

ȟ

ȟ

 and 
ȟ ȟ

ȟ

ȟ

, are computed using the (3,1) and (2,1) entries of Eq. (3.66). Then, the 

sweep progresses to adjacent downstream cells, where (k, j) Í (Ὧ,Ὦ). To continue the inner sweep, 

the derivative of the outgoing angular fluxes in cell (k, j) with respect to the lagged cell-averaged 

scalar flux in cell (Ὧ,Ὦ) is determined via recursive differentiation using derivatives calculated in 

adjacent upstream cells to (k, j), 
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(3.67) 

 

and 
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(3.68) 

 

In each of these equations, two of the derivatives on the right-hand-side are inferred from adjacent 

upstream neighbors while the other two are core derivatives from Eq. (3.66). Note that these are 

for the example of a direction in the first quadrant. For quadrants where the sign of the directional 

cosine for a dimension is negative, the index corresponding to the adjacent upstream neighbor in 

that dimension will have a +1 rather than a ï1. Also note that if k = Ὧ or j = Ὦ, 
ȟ ȟ
ȟ

ȟ

 = 0 or 

ȟȟ
ȟ

ȟ

 = 0, respectively. This recursive differentiation relies on the synchronicity between cells 
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in a common sub-domain, thus implying ‪ ȟ ȟ
ȟ

‪ ȟȟ
ȟ

 and ‪ ȟȟ
ȟ

‪ ȟȟ
ȟ

. 

Equations (3.67) and (3.68) advance the inner sweep of the differential mesh sweep algorithm, 

with the calculated derivatives allowing these equations to be subsequently evaluated in 

downstream adjacent neighbors.  

At each cell during the sweep however, there is another calculation required for 

constructing ╙ꜚ. The necessary derivative, 
ȟȟ

ȟ

 has thus far only been calculated for the case of 

(k, j) = (Ὧ, Ὦ), as it is simply a core derivative for this case. When (k, j) Í (Ὧ,Ὦ), this term must 

be calculated using, 
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 Ȣ 
(3.69) 

 

As with Eqs. (3.67) and (3.68), the right-hand-side of Eq. (3.69) contains two derivatives 

calculated in the adjacent upstream neighbors and two core derivatives. As the sweep progresses, 

these 
ȟȟ

ȟ

 values are accumulated. Numerical integration over angle then yields the derivative 

of the updated cell-averaged scalar flux in cell (k, j) with respect to the lagged cell-averaged scalar 

flux in cell (Ὧ,Ὦ), [52, 53] 

 

‬‰ȟ

‬‰
ȟ

ύ
‬‪ ȟȟ

‬‰
ȟ

 Ȣ 
(3.70) 

 

Referring to Eq. (3.62), we see that these are the elements of the ╙ꜚ matrix. To minimize memory 

usage during this construction, 
ȟȟ

ȟ

 values need not be stored. Instead, 
ȟ

ȟ

 may be calculated 

as a running summation, as the 
ȟȟ

ȟ

 values are not subsequently needed. 

The elements of ╙ⱶ, Eq. (3.63), are obtained with Eq. (3.67) or (3.68) when cell (k, j) has a 

face on the outgoing sub-domain x or y boundary respectively (two calculations for a corner cell 
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with two outgoing faces). The inner sweep, when conducted over all directions for a given cell 

(Ὧ,Ὦ), constructs one column of ╙ꜚ and ╙ⱶ after all cells downstream of (Ὧ,Ὦ) have been swept. 

The outer sweep then increments cell index (Ὧ,Ὦ) and this process is repeated until Ὧ and Ὦ have 

swept over all cells in the sub-domain, thus constructing all columns of the matrices ╙ꜚ and ╙ⱶ. 

The matrices ╚ꜚ  and ╚ⱶ are then constructed in a manner very similar to ╙ꜚ and ╙ⱶ, but 

obtaining derivatives with respect to the incoming angular fluxes on sub-domain boundaries rather 

than lagged cell-averaged scalar fluxes. There are two main consequences of this difference: (1) 

the outer sweep is over incoming sub-domain boundary faces rather than cells within the sub-

domain; and (2) a matrix column is produced for each individual direction for a given incoming 

sub-domain boundary face as the derivatives are with respect to angular flux, rather than scalar 

flux. With these distinctions, ╚ꜚ  and ╚ⱶ are constructed via the differential mesh sweep as 

detailed below, noting that this construction algorithm is for a direction in the first quadrant. The 

algorithms for other quadrants are analogous. Lastly, the equations for this algorithm will have 

two different forms depending on whether the incoming sub-domain boundary face is on the x or 

y boundary, both of which are provided. For the corner cell with two incoming faces, each of these 

faces initiates its own inner sweep. 

We begin with a cell, (Ὧ,Ὦ), that has a face on an incoming sub-domain boundary for 

direction m. The inner sweep initiates from cell (k,j) such that (k,j) = (Ὧ,Ὦ). For this beginning 

cell, the derivative of the cell-averaged angular flux with respect to its incoming angular flux, 

ȟȟ

ȟȟ

ȟ  or 
ȟ ȟ

ȟ ȟ

ȟ , is a core derivative, entry (1,3) or (1,2) of Eq. (3.66) for a face on an 

incoming sub-domain x or y boundary respectively. Then, the derivatives of the cellôs outgoing 

angular fluxes, 
ȟȟ

ȟ

ȟȟ

ȟ  and 
ȟȟ

ȟ

ȟȟ

ȟ  or 
ȟ ȟ

ȟ

ȟ ȟ

ȟ  and 
ȟ ȟ

ȟ

ȟ ȟ

ȟ , with respect to its incoming 

angular flux are also core derivatives, entries (3,3) and (2,3) or (3,2) and (2,2) from Eq. (3.66) for 

a face on the incoming sub-domain x or y boundary respectively. Analogously to the construction 

of ╙ꜚ and ╙ⱶ, these derivatives provide the starting point for the inner sweep to progress, 

recursively differentiating. The inner sweep progresses to adjacent downstream cells using, 
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and 
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(3.74) 

 

Equations (3.71) and (3.72) pertain to a face on an incoming sub-domain x boundary and Eqs. 

(3.73) and (3.74) pertain to a face on an incoming sub-domain y boundary. For any cell, (k, j), if k 

= Ὧ or j = Ὦ, ‬‪ ȟ ȟ
ȟ

 = 0 or ‬‪ ȟȟ
ȟ

 = 0, respectively, for either of the possible 

denominators to each derivative. Note that the index of 1 which fixes the cell (Ὧ,Ὦ) to the sub-

domain boundary is still considered a Ὧ or Ὦ index. Equations (3.71) - (3.74) each contain two 

derivatives on the right-hand-side that are known from upstream neighbors and two that are core 

derivatives, Eq. (3.66). 

Analogously to the construction of ╙ꜚ and ╙ⱶ, this allows the inner sweep to progress 

sequentially along downstream cells. In each cell, the derivative 
ȟȟ

ȟȟ

ȟ  or 
ȟȟ

ȟȟ

ȟ  is computed 

using 
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(3.75) 
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(3.76) 

 

for a face on an incoming sub-domain x or y boundary respectively. Again, the right-hand-sides of 

each of these equations consist of two derivatives previously calculated in upstream neighbors and 

two core derivatives.  

Referring to Eq. (3.64), due to the lagging of the scattering source, all angles are decoupled, 

implying that an impingent boundary flux along the mth direction will contribute only to angular 

flux quantities in this same direction. We are therefore able to numerically integrate Eq. (3.64), 

accounting for all other directionsô angular fluxes to be zero, yielding, [52, 53] 
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(3.77) 

 

Consequently, Eq. (3.75) or (3.76) (depending on x or y incoming sub-domain boundary) supplies 

an element of ╚ꜚ  for each cell (k,j) of the inner sweep, calculated using the previous equation.  

When the inner sweep reaches a cell which has a face on the outgoing x or y boundary, Eq. 

(3.71), (3.72), (3.73), or (3.74) then provides an element of ╚ⱶ as prescribed by Eq. (3.65). After 

(k,j) sweeps over all cells downstream of cell (Ὧ,Ὦ), the inner sweep is complete. The outer sweep 

progresses by simply repeating this same process for all (Ὧ,Ὦ) and m specifications of incoming 

sub-domain boundary face fluxes. 

This concludes the description of the differential mesh sweep algorithm. From this 

construction algorithm, there are a few properties that we note. All the inner sweeps for the 

differential mesh sweep only span cells that are downstream from (Ὧ,Ὦ). Any values pertaining 

to cells upstream of (Ὧ,Ὦ) are zero, as the contribution to a quantity in an upstream cell is clearly 
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zero. Also,  ╚ⱶ couples sub-domain boundary outgoing angular fluxes in all directions to sub-

domain boundary incoming angular fluxes from all directions. However, due to the lagged 

scattering source there is only non-zero coupling between quantities pertaining to the same angle, 

and the majority of ╚ⱶôs elements are zero for most cases. Thus, sparse matrix construction of this 

matrix is advised to reduce its memory footprint.  

 

3.2.4 Greenôs Function ITMM Construction (GFIC ) Algorithm 
 

Implementation of DMS for PBJ-ITMM solution on unstructured grids, that is the ultimate 

goal of this work, raises complications. The construction of ╙ꜚ, ╚ꜚ , ╙ⱶ, and ╚ⱶ via DMS requires 

the calculation of the core derivatives, Eq. (3.66), which is contingent upon the ability to calculate 

the ‚ terms using Eq. (3.51). On structured grids, analytical inversion of the matrix on the right-

hand-side of this equation is easy, as the cells of the grid have a simple shape even if their 

dimensions vary. On unstructured grids, however, nonuniformity of the cellsô shapes make the 

counterpart to Eq. (3.51) vary in form between cells, thus complicating analytical inversion. 

To circumvent this complication, we develop a novel response matrices construction 

algorithm, a Greenôs Function approach. The underlying concept of this approach is to, utilizing 

the interpretation of the ITMM matrices as response matrices, create an artificial set of problem 

parameters that allow traditional SI mesh sweeps to yield the matrix elements. Generally, this is 

accomplished by selectively imposing unit values to flux quantities within the sub-domain which 

render the solution obtained from a generic SI mesh sweep equivalent to the matrix elements 

obtained with DMS. The use of previously existing code capabilities, namely the mesh sweep 

algorithm, renders this approach largely agnostic to the mesh type and spatial discretization 

method, which additionally makes the implementation in production codes minimally intrusive.  

The Greenôs Function ITMM Construction (GFIC) algorithm capitalizes on the 

interpretation of ITMM as a response matrix method. Considering the ITMM matrices to contain 

elements that represent the change is one quantity given a change in another, we propose an 

algorithm where these terms are computationally generated by imposing a change to a quantity in 

a manner such that the resulting change in other quantities is computable. To begin, consider the 

prescriptions for the elements of the ITMM matrices, Eqs. (3.62) - (3.65). Given the linearity of 

the neutron transport equation, these derivatives may be expressed as quotients of the discrete 
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changes in the corresponding quantities, producing the following modified prescriptions for the 

elements of the ITMM matrices. 
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In these equations, ɝ indicates the change in the corresponding quantity. The subscripts GFIC and 

ñ0ò generically refer to values from two different states, often referred to as initial  and final. Thus, 

by imposing appropriate ñ0ò and GFIC states, the elements of the ITMM matrices are constructed 

using the solution obtained with a generic SI sweep performed locally in the sub-domain. For the 

ñ0ò state, we prescribe a scenario in which the sub-domain has no external source, a zero initial 

guess, and vacuum boundary conditions. Under this specification, all terms with the subscript ñ0ò 

are clearly equal to zero, thus allowing their elimination from the equations. Moving to the GFIC 

state, employing the Greenôs Function strategy we may only change from the ñ0ò state the single 

value which is in the denominator given the cell (ὯȟὮ  (and potentially angle m) corresponding 

to the progression within the outer sweep. Thus, for construction of ╙ꜚ and ╙ⱶ, we impose 

‰
ȟ

ρ for the cell (ὯȟὮ, leaving all other values the same as the ñ0ò state. Under these 

ñ0ò and GFIC state specifications, Eqs. (3.78) and (3.79) become, 

 

Ὦȟȟȟ ȟ ‰ȟ  (3.82) 
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(3.83) 

 

Similarly, to construct ╚ꜚ  and ╚ⱶ, we impose ‪
ȟȟ

ȟ
 = 1 or ‪

ȟȟ

ȟ
 = 1 for an 

incoming sub-domain boundary face at direction m, leaving all other values the same as the ñ0ò 

state. The ñ0ò and GFIC state specifications thus simplify Eqs. (3.80) and (3.81) to, 
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and 
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Equations (3.82) - (3.85) prescribe the elements of the ITMM matrices constructed using GFIC. In 

these equations, note that the left-hand-side contains the indices of cell (ὯȟὮ , while the right-

hand-side does not. These indices correspond to the cell in which the lagged cell-averaged scalar 

flux or incoming angular flux equal to 1 was imposed. The remaining terms in these four equations 

with the subscript GFIC refer to the value in cell (k,j) after the execution of one local SI iteration 

given the imposed flux in cell (ὯȟὮ .  

In general, the algorithm for ITMM construction via GFIC is simple; create a ñ0ò state for 

the problem, effectively zero values for all relevant quantities, then impose a value of 1 to the 

quantity whose effect on other quantities is to be calculated, then execute one local SI iteration to 

obtain these responses.  

More specifically, to construct one column of the matrices ╙ꜚ and ╙ⱶ, specify the lagged 

cell-averaged scalar flux in cell (ὯȟὮ  to be equal to 1 with all other lagged cell-averaged scalar 

fluxes, external sources, and sub-domain boundary conditions set to zero. Then execute one SI 

iteration over the sub-domain. Upon completion of this iteration, the resulting cell-averaged scalar 

flux in cell (k, j) is the entry Ὦȟȟȟ ȟ , and the resulting outgoing sub-domain boundary flux 

for direction m, cell (ὔ ,j) or (Ὧȟὔ ȟ is the entry Ὦȟ ȟ ȟȟ ȟ  or Ὦȟ ȟȟ ȟ ȟ  respectively. 

Thus, executing this procedure once constructs one column of both ╙ꜚ and ╙ⱶ. Repeating this 

procedure so that indices Ὧ ÁÎÄ  Ὦ span the sub-domain constructs all columns of these two 

matrices. Note that the SI iteration may be executed over all angles for a given cell (ὯȟὮ  before 

advancing the outer sweep, thus producing the GFIC cell-averaged scalar fluxes directly. 

Alternatively, (ὯȟὮ  may span the sub-domain for a single angle, thus producing GFIC cell-

averaged angular fluxes. The GFIC cell-averaged scalar fluxes in this scenario are calculated as a 

running summation of the GFIC cell-averaged angular fluxes multiplied by their respective 

quadrature weights.  
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Analogously, to construct one column of the matrices ╚ꜚ  and ╚ⱶ, specify the incoming 

sub-domain boundary angular flux for direction m in cell (ρȟὮ  or (Ὧȟρ (for an angle in the first 

quadrant) to be equal to one with all other sub-domain boundary conditions, lagged cell-averaged 

scalar fluxes, and external sources equal to zero. Then, execute one local mesh sweep used in the 

SI solution for direction m. Upon completion of this sweep, the resulting cell-averaged scalar flux 

in a cell (k,j) is the entry Ὧȟȟȟ ȟȟ  or Ὧȟȟȟ ȟȟ  respectively. If the incoming boundary 

angular flux was specified at the x sub-domain boundary, the outgoing sub-domain boundary flux 

for direction m, cell (ὔ , j) or (Ὧȟὔ  is the entry Ὧȟ ȟ ȟȟ ȟȟ  or  Ὧȟ ȟȟ ȟ ȟȟ  

respectively. If the incoming boundary angular was specified at the y sub-domain boundary, the 

outgoing sub-domain boundary flux for direction m, cell (ὔ , j) or (Ὧȟὔ  is the entry 

Ὧȟ ȟ ȟȟ ȟȟ  or  Ὧȟ ȟȟ ȟ ȟȟ  respectively. Executing this procedure once constructs one 

column of both ╚ꜚ  and ╚ⱶ. Repeating this procedure so that the indices ὯȟὮ, and m span all 

incoming sub-domain boundary angular fluxes for all directions constructs all columns of these 

two matrices. Note that the indices stated in this paragraph were for sub-domain boundary 

incoming angular fluxes in the first quadrant. This concludes the description of our new algorithm 

for constructing the ITMM matrices using a standard, but local, SI mesh sweep via the GFIC 

algorithm. 

 

3.2.5 Computational Cost of ITMM  Matrix Construction Algorithms 
 

The GFIC algorithm was developed to enable construction of the ITMM matrices in 

unstructured meshes using the pre-existing capability of SI in a typical SN code. Recall that with 

the differential mesh sweep, the inner sweep only swept over cells downstream from cell (ὯȟὮ). 

In the mesh sweep with GFIC, the same is conceptually true. However, doing so on unstructured 

grids would require modifying the SI mesh sweep algorithm to sweep over only a portion of the 

associated sub-domain, thus diminishing the simplicity of implementation that was our purpose 

for the development of the GFIC algorithm. To avoid this added complication, the SI iteration may 

be executed over the entire sub-domain, which clearly does not change the produced elements, as 

the solution in upstream cells is zero. We refer to the practice of only sweeping over downstream 

cells as the ñideal sweepò and sweeping over the whole sub-domain as the ñfull sweepò. 
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The simplicity of implementation on unstructured grids with the full sweep comes at the 

cost of increased construction time of the ITMM matrices compared to the ideal sweep. We 

therefore conduct theoretical analysis to quantify the difference in cost of constructing the four 

ITMM matrices between the full sweep and ideal sweep. Regardless of the sweep type used, the 

computational work required for each individual cell is the same. Additionally, the required 

number of operations for the GFIC algorithm scales linearly with the number of discrete ordinates. 

For these reasons, we calculate the number of cells that are solved using the ideal or full sweep to 

perform both outer sweeps for a single direction. This provides expressions that are proportional 

to the cost of construction for both sweep types, with the multiplicative factor remaining the same 

for both, namely the SI grind time. 

To begin, consider a 2-D, N × N cell sub-domain and a direction m in any quadrant. To 

perform one outer sweep for a single direction, the number of cells that must be solved for the full 

sweep case is trivial, as the inner sweep spans the whole sub-domain independent of progress 

through the outer sweep. For the full sweep, the number of cells that must be solved to execute 

both single outer sweeps for one direction in 2-D geometry is, 

 

Ὕ ȟ ὔ ςὔ Ȣ (3.86) 

 

This value is proportional to the construction time required to construct the four ITMM matrices 

with the GFIC algorithm using a full sweep. To derive this expression, consider that N2 cells must 

be solved in the inner sweep at every step of the outer sweep. To construct ╙ꜚ and ╙ⱶ, the outer 

sweep must span all cells in the sub-domain, thus requiring the inner sweep to be executed N2 

times for a total of N4 cells to be solved. To construct ╚ꜚ  and ╚ⱶ, the outer sweep spans all 

incoming sub-domain boundary faces, thus requiring the inner sweep to be executed 2N times for 

a total of 2N3 cells to be solved.  

The number of cell solutions required to execute both outer sweeps for a single direction 

using the ideal sweep is more complicated, as the number of cells spanned by the inner sweep 

changes based on position within the outer sweep. For the construction of ╙ꜚ and ╙ⱶ, one inner 

sweep for a direction m in the third quadrant initiated from cell (ὯȟὮ) in the outer sweep spans 

Ὧ Ὦ cells. With the outer sweep for construction of ╙ꜚ and ╙ⱶ spanning all cells in the sub-

domain, the number of cell solutions required to execute one outer sweep for the construction of 
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these two matrices is В ὯВ Ὦ . For the construction of ╚ꜚ  and ╚ⱶ, either Ὧ 

or Ὦ is required to be equal to N, thus resulting in the number of cells to be spanned by the inner 

sweep to be ὔὮ or ὔὯ for incoming sub-domain boundary faces on the x or y boundary 

respectively. Summing over the incoming sub-domain boundary faces that are spanned by the 

outer sweep, the number of cells which must be solved to execute one outer sweep for the 

construction of ╚ꜚ  and ╚ⱶ is В ὔὯ В ὔὮ ὔ ὔ ρ. 

The number of cells that are solved in one outer sweep for a single direction using the ideal 

sweep is therefore, 

 

Ὕ ȟ

ὔ ὔ ρ ὔ υ

τ
 Ȣ 

(3.87) 

 

Equations (3.86) and (3.87) are the required numbers of cell solutions to execute one outer 

sweep of the GFIC algorithm for a single direction using a full or ideal sweep respectively. These 

equations are proportional to the total time required to construct the four ITMM matrices using 

either sweep mechanism with the proportionality coefficient in both formulations equal to the 

standard grind time. They may thus be used as a surrogate for total construction time when 

predicting the penalty of increased construction time associated with the full sweep. These 

theoretical predictions are compared to computational observation in Sec. 4.9. 

For a 3-D, N × N × N sub-domain, analogous calculations yield the following 3-D 

expressions.  

 

Ὕ ȟ ὔ σὔ  (3.88) 

 

Ὕ ȟ

ὔ ὔ ρ ὔ χ

ψ
 

(3.89) 

 

3.3 Summary of Theoretical Analysis 
 

Our theoretical analysis consists of two main elements: Fourier analysis of P-PI-SI and P-

IP-SI, and construction algorithms for the ITMM matrices. The Fourier analysis of P-PI-SI and P-



   

93 

 

IP-SI derived expressions for the scaling of the iterative error eigenmodes due to a single iteration 

of each method as a function of the frequency variables in Fourier space. These expressions, Eqs. 

(3.33) and (3.47) will subsequently be used to verify the implementation of these acceleration 

techniques in a 2-D, Cartesian grid test code, HAT-2C, as well as inform development of 

asynchronous hybrid iterative methods. The Fourier analysis of P-IP-SI is largely used, not in 

support of P-IP-SI, but to confirm conjectures made about the underlying mechanisms of our 

hybrid approach. The primary conjecture which we use this Fourier analysis to successfully 

confirm is that P-PI-SI is effective due to SIôs ability to resolve long-distance streaming and PBJ-

ITMMôs ability to resolve local collision. 

We have also presented algorithms for the construction of the matrices required for ITMMôs 

implementation. The two algorithms discussed were the previously reported DMS and the newly 

developed GFIC algorithms. We developed the latter of these algorithms motivated by its potential 

for direct extendibility to unstructured grids. This algorithm selectively imposes unit flux values 

in cells or on incoming sub-domain boundaries (a discrete Greenôs Function prescription) that 

renders the SI sweep solution equivalent to the DMS solution, thus eliminating the need to 

implement a new kernel calculation module for matrix construction in an existing transport code 

that seeks to employ PBJ-ITMM as a solution option. 
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Chapter 4: 

Numerical Experimentation with Hybrid Methods 

in 2-D Cartesian Geometry with Serial Operation 
 

To continue the development of our hybrid approach as well as preliminarily test GFIC, 

we conduct a set of computational experiments in serial execution on 2-D Cartesian grids. At this 

early development stage, this simplified configuration is preferred for its practicality and to 

expedite the development process. With numerous iterative methods being developed, 

implementation, debugging, and testing progress faster on Cartesian grids than on unstructured. 

Additionally, it is advantageous to verify GFIC on Cartesian grids against DMS as a reference 

before implementing it on unstructured grids. For our studies, 2-D geometry is preferable over 3-

D as it results in greatly reduced execution times, allowing large amounts of data to be collected 

expeditiously. Finally, serial operation is used because the iterative convergence rates of our 

methods are unaffected by whether the operations are performed in series or in parallel. With 

methods in the development stage, serial operation allows expedited development as well as 

execution on a personal desktop computer as opposed to an HPC, which can be a difficult to 

acquire resource for untested methods and may also impose delays due to the large number of 

concurrent users. With this simplified configuration, we develop and test our methods recognizing 

that they are intended to be extendible to the target application of solving the SN equations on 

massively parallel computing platforms on unstructured grids. The main consideration for this is 

that, when decreeing operations as being parallelizable, we must assume that spatially parallel 

sweeps are not available, as our goal is to provide as alternative to such sweep algorithms on 

unstructured grids. With regards to this consideration, in this chapter we frequently discuss 

methodsô degrees of parallelism. For the entirety of this chapter, this degree of parallelism refers 

to the intuitively expected degree of parallelism on unstructured grids and is not based on a 

thorough consideration of parallelization options.  

Our computational experiments utilize a newly developed 2-D, Cartesian grid transport test 

code that uses Fortran 95 to implement the AHOT-N0 spatial discretization for solution of the 

discrete ordinates equations, referred to as the Hybrid Spatial Domain Decomposition (HSDD) 
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AHOT-N0 Transport Solver in 2-D Cartesian Geometries (HAT-2C) code. The iterative solution 

strategies implemented in HAT-2C comprise five iterative method options: SI, PBJ-ITMM, IPBJ, 

P-PI-SI, and P-IP-SI. The SI acceleration schemes implemented include DSA, AP, NDA, and 

pNDA. The matrix solution associated with PBJ-ITMM is performed using the LaPack (Linear 

Algebra PACKage) [63] routines, which compute and store the LU factorization of ╘ ╙ꜚ after 

construction, then directly perform the ITMM matrix equation operations in each iteration. The 

low-order matrix solutions required by DSA, AP, pNDA, and NDA are performed in each iteration 

using DLAP [64], a package for the solution of sparse matrices. The associated matrices are solved 

by DLAP using the BiCGSTAB method with ILU factorization. [65]  

One of the features we have implemented in HAT-2C for our research is the Hybrid Spatial 

Domain Decomposition (HSDD). The HSDD decomposes the spatial domain into sub-regions (not 

to be confused with the sub-domains associated with PBJ), termed ñzonesò. The incoming angular 

fluxes at the zone interfaces are lagged by an iteration, exchanging these values with adjacent 

neighboring zones between iterations. With all zones decoupled from each other, any of the five 

iterative methods implemented in HAT-2C may be specified in any given zone to apply the 

iterative solution. The iterative method specified for any given zone is independent of the method 

specified for all other zones, thus allowing zones to use different iterative methods than others. 

The HSDD was implemented to allow implicit support of the additional iterative methods, AH-PI-

SI (asynchronous PBJ-ITMM / SI hybrid method), AH-IP-SI (asynchronous IPBJ / SI hybrid 

method), and AH-PI-IP (asynchronous PBJ-ITMM / IPBJ hybrid method). These methods execute 

only their primary method in zones containing optically thick cells and only their secondary 

method in zones containing optically thin cells. The development of these methods emerged from 

initial computational experiments described below, and the motivation for these methodsô creation 

will be thoroughly explained as part of that presentation. The results of our numerical experiments 

conducted using HAT-2C are organized as follows. 

Firstly, in Sec. 4.1 we perform verification of previously developed iterative methods for 

which results to compare against are available in the literature. This verification is conducted by 

reproducing tables of the number of required iterations to achieve a set stopping criterion (loosely 

referred to as convergence criterion in previous chapters of this dissertation) or spectral radius 

trends previously reported in the literature.  
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We then use our HAT-2C code in Sec. 4.2 to computationally verify the Fourier analysis 

for P-PI-SI and P-IP-SI. With both the code and our Fourier analyses verified, we discuss the 

results of these Fourier analyses. This theoretical analysis demonstrates three primary concepts: 1. 

IPBJ is likely less effective than PBJ-ITMM as the primary method in our proposed hybrid 

approach due to the lagging of the scattering source; 2. the conjecture that the underlying 

mechanism of an effective hybrid method of PBJ-type and sweep-based methods is the accurate 

modeling of long-distance streaming by SI paired with the resolution of local collisions by the PBJ 

method; and 3. that executing both methods over the entire spatial domain is likely unnecessary.  

Section 4.3 briefly presents the spectral radius of PBJ-ITMM and IPBJ as functions of 

fundamental transport phenomena governed by the nuclear properties ɫ and ɫ. These trends are 

used to conceptually explain PBJ-ITMMôs lack of iterative robustness with respect to scattering 

ratio despite the resolution of the scattering source, as well as subsequent observations of PBJ-

ITMMôs iterative performance in highly scattering media.  

In Sec. 4.4 We perform experiments that compare, in a homogeneous medium, the iterative 

performance of our SI preconditioning methods to that of the individual iterative methods of which 

they are comprised. The results demonstrate that one of the two iterative methods used is largely 

responsible for the convergence of a given cellôs solution with little assistance from the other, thus 

indicating that a more advantageous approach is the asynchronous hybrid methods. This approach 

is tested along with the preconditioning approach on a heterogeneous medium in Sec. 4.5. 

With the asynchronous hybrid approach developed, in Sec. 4.6 we conduct a parametric 

study using a heterogeneous problem with regions alternating between optically thin and thick 

cells. This study is conducted to assess the iterative performance of our hybrid methods in 

comparison to each other as well as against traditional DSA, AP, and pNDA, and how each 

methodôs performance is impacted by various problem parameters. This parametric study is 

extended to extremely large scattering ratios in Sec. 4.7. With the gained understanding of how 

hybrid methods will perform in certain problems, we test our approach on realistic test problems 

containing void regions is Sec. 4.8. 

Finally, in Sec. 4.9 we compare the construction cost of the ITMM matrices when using the 

GFIC algorithm against the DMS. This comparison includes both the ideal and full sweep 

variations of the mesh sweep utilized by GFIC. 
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4.1: HAT-2C Code Verification 
 

We begin the verification process with a comparison of the required number of iterations 

for SI with and without DSA to those previously reported in the literature, specifically reference 

[13]. In the aforementioned work, the author uses SI with and without DSA to solve the problem 

depicted in Fig. 4.1 for a variety of material specifications, presenting the number of iterations 

required. To verify the implementation of SI and DSA in our HAT-2C code, we repeat some of 

these tests, verifying that our code produces comparable iteration counts. 

 

 

Figure 4.1: Setup of verification problem with varying c and cell size for SI and DSA from [13] 

 

The first test we replicate is a homogenous case in which the three materials have identical 

cross sections. The number of iterations required to achieve a 10ï6 relative stopping criterion for 
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this configuration is reported for SI and DSA for various scattering ratios with all other problem 

specifications fixed, in Table 4.1. 

 

Table 4.1: Iteration counts required by HAT-2C to converge the problem depicted in Fig. 4.1 for 

the homogeneous case using SI and DSA for multiple scattering ratios. ɫɝό ρȢπȟό ὼ ÏÒ ώ, 
relative stopping criterion: ‭ ρπ. 

c SI DSA 

0.5 33 7 

0.8 79 8 

0.98 319 8 

 

A second test using the homogeneous medium is displayed in Table 4.2, with the number of 

required iterations shown as a function of cell size. 

 

Table 4.2: Iteration counts required by HAT-2C to converge the problem depicted in Fig. 4.1 for 

the homogeneous case using SI and DSA for multiple cell sizes. ὧ πȢωψ, relative stopping 

criterion: ‭ ρπ . 

Cell Size (mfp) SI DSA 

0.5 165 9 

1.0 319 8 

2.0 493 8 

4.0 651 8 

 

Finally, we replicate a heterogeneous problem configuration from Fig. 4.1, the cross sections and 

required iteration counts for which are displayed in Table 4.3.  
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Table 4.3: Iteration counts required by HAT-2C to converge the problem depicted in Fig. 4.1 for 

the heterogeneous case using SI and DSA and the associated cross sections for the three materials. 

ɝό ςȢπȟό ὼ ÏÒ ώ, relative stopping criterion: ‭ ρπ . 

◄ȟ ▼ȟ ◄ȟ ▼ȟ ◄ȟ ▼ȟ SI DSA 

0.330263 0.314419 0.694676 0.634883 0.499122 0.49446 167 7 

 

The required number of iterations for SI and DSA using our HAT-2C are consistent with 

those previously reported. [13] These results verify the implementation of these two methods in 

HAT-2C. 

We now verify the implementation of AP in HAT-2C, reproducing results from [20]. The 

test problem used to obtain these results is depicted in Fig. 4.2. 

 

 

Figure 4.2: Setup of verification problem for AP from [20]. ɝὼ ρȢπ. 
 

The iteration counts required for converging this problem with our HAT-2C transport code using 

AP are displayed in Table 4.4 for multiple values of different problem parameters. These iteration 

counts are consistent with previously reported data [20], thus verifying our implementation of AP. 
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Table 4.4: Iteration counts required by HAT-2C to converge the problem depicted in Fig. 4.2 using 

AP for multiple values of ɫȟ, ɫȟ, ɝώ, and ɝώ. All other problem parameters are fixed as 

indicated in Fig. 4.2. 

  ɫȟ 

0.01 0.1 1.0 10.0 

ɝÙ  O

ɝÙ  Ȣ

0.01 0.1 1.0 0.01 0.1 1.0 0.01 0.1 1.0 0.01 0.1 1.0 

 

 

 

 

 

 

ɫȟ 

0.01 0.01 4 5 5 5 7 7 7 14 10 17 36 13 

0.1 5 5 5 7 9 8 12 19 15 18 38 22 

1.0 6 5 5 8 10 8 12 12 11 13 15 13 

0.1 0.01 4 5 5 4 8 7 6 11 6 13 20 6 

0.1 6 7 6 6 8 7 9 12 8 19 19 10 

1.0 7 10 7 8 7 7 8 9 9 10 11 10 

1.0 0.01 6 7 6 7 8 7 6 10 5 11 10 5 

0.1 12 16 10 9 12 9 9 11 5 12 7 6 

1.0 10 11 11 8 8 9 6 6 5 6 6 5 

10.0 0.01 12 14 11 8 13 9 7 11 5 13 6 5 

0.1 10 13 10 7 10 9 8 11 6 8 6 5 

1.0 8 10 9 8 9 9 8 9 6 7 7 6 

 

NDA and pNDA results were not available for us to compare against for the dimensionality 

and spatial discretization method employed by HAT-2C. However, for all results presented in this 

chapter, the scalar fluxes were compared across all methods, ensuring that they were equivalent to 

within the stopping criterion. This process helps to verify our NDA and pNDA implementations, 

as the closure between the high-order and low-order problems in NDA methods means that an error 

in implementation would likely result in an erroneous solution that differs from the solution 

obtained by other, verified methods in excess of the stopping criterion. Additionally, the 

convergence rates observed throughout for these methods were consistent with expectation.  

Next, we verify the implementation of PBJ-ITMM and IPBJ in our HAT-2C code by 

measuring spectral radius trends and comparing to the theoretical trends reported in the literature. 

[4] The spectral radius is estimated in HAT-2C each iteration as the relative change in the L2 norm 
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of the iterative change in the cell-averaged scalar flux between two consecutive iterations, a ratio 

that is expected to converge to the spectral radius as the iterations progress towards convergence. 

We plot the converged spectral radius estimates from our code for PBJ-ITMM and IPBJ versus 

cell size for a homogeneous problem with multiple scattering ratios and problem sizes in Figs. 4.3 

and 4.4. 

 

 

Figure 4.3: Computationally estimated spectral radius produced by HAT-2C for PBJ-ITMM versus 

cell size for multiple scattering ratios of a problem with an N × N mesh. 
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Figure 4.4: Computationally estimated spectral radius produced by HAT-2C for IPBJ versus cell 

size for multiple scattering ratios of a problem with an N × N mesh. 

 

The spectral radius trends in Figs. 4.3 and 4.4 verify the implementation of PBJ-ITMM and IPBJ 

in HAT-2C, with the computational spectral radius estimates tending towards the theoretically 

predicted trends previously reported in the literature [4] for the infinite medium as the mesh size 

increases. In addition to verifying the implementation of these methods in HAT-2C, the observed 

spectral radius trends provide a visualization of the aforementioned lack of iterative robustness of 

PBJ methods in optically thin cells, as the spectral radius tends towards unity in thin cells for large 

meshes. This is the feature that our investigation of hybrid methods primarily seeks to address.  

For all subsequently presented results, multiple iterative methods are used to solve the same 

physical problem. Additional verification was performed through testing the scalar flux profiles 

produced by different methods for the same problem to ensure they are equivalent to within the 

relative stopping criterion. From the results provided in this section and the comparison to their 
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respective counterparts in the literature, we conclude that HAT-2C is verified and that results 

produced from it are trustworthy. 

 

4.2: P-PI -SI & P-IP-SI Fourier Analysis Results 
 

With the capabilities of our HAT-2C code verified as well as a frame of reference of IPBJ 

and PBJ-ITMMôs iterative performance provided for comparison, we examine the performance of 

P-PI-SI and P-IP-SI. The theoretical results for the Fourier analyses of these methods were 

obtained using Matlab. [66] We expect the eigenvalues for P-PI-SI and P-IP-SI to be only real and 

that the imaginary components of Eqs. (3.33) and (3.47) all sum to zero over the M angles. Note 

that this was confirmed computationally by testing the imaginary component for all subsequently 

displayed cases to ensure that they are zero across all values of the Fourier variables. With this 

confirmed, the eigenvalues are shown to be real and we henceforth refer to the eigenvalues based 

on this numerically established, and expected, feature.  

We plot the magnitude of the eigenvalues which govern the iterative performance of P-PI-

SI and P-IP-SI, Eqs. (3.33) and (3.47), respectively, versus ‗ and ‗ in Figs. 4.5 - 4.15 for multiple 

scattering ratios and cell sizes using an S6 angular quadrature .  

 

  

Figure 4.5: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ πȢρȟὧ πȢρȟɝὼ ρȟɝώ ρ 
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Figure 4.6: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ πȢρȟὧ πȢυȟɝὼ ρȟɝώ ρ 
 

  

Figure 4.7: P-PI-SI (left) and P-IP-SI (right) eigenvalues:  ɫ πȢρȟὧ πȢωȟɝὼ ρȟɝώ ρ 
 

  

Figure 4.8: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρȟὧ πȢρȟɝὼ ρȟɝώ ρ 
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Figure 4.9: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρȟὧ πȢυȟɝὼ ρȟɝώ ρ 
 

  

Figure 4.10: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρȟὧ πȢωȟɝὼ ρȟɝώ ρ 
 

  

Figure 4.11: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρπȟὧ πȢρȟɝὼ ρȟɝώ ρ 
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Figure 4.12: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρπȟὧ πȢυȟɝὼ ρȟɝώ ρ 
 

  

Figure 4.13: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρπȟὧ πȢωȟɝὼ ρȟɝώ ρ 
 

  

Figure 4.14: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρȟὧ πȢυȟɝὼ ρȟɝώ πȢρ 
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Figure 4.15: P-PI-SI (left) and P-IP-SI (right) eigenvalues: ɫ ρȟὧ πȢυȟɝὼ ρπȟɝώ πȢρ 
 

The primary observation from these eigenvalue plots is that the flat mode ‗ ʇ π 

is the slowest converging mode for both P-PI-SI and P-IP-SI. This is clearly observed as the 

eigenvalue magnitudes are maximized at the Fourier spaceôs origin for all cell sizes and scattering 

ratios displayed, noting that this peak is not unique due to the periodic nature of Eqs. (3.33) and 

(3.47). Since the trigonometric functions in these equations contain the cell optical thickness in 

their arguments, the period of these functions with respect to the Fourier variables becomes smaller 

with increasing cell optical size; a trait clearly observed in our results, with the changing axis 

bounds of the Fourier variables for the half-periods plotted. 

Additionally, the last two eigenvalue graphs for each method are for cases with different 

cell sizes in the two dimensions. Comparing these eigenvalues to their counterparts with square 

cells, we also conclude that the convergence rate of both methods is determined by the optically 

thinner dimension. This is apparent, as the eigenvalue at the Fourier origin for these cases 

compares to the case with both dimensions having optical thicknesses equal to the thinner of the 

two dimensions in the non-square case. 

Concluding that the flat mode is the fundamental mode for P-PI-SI and P-IP-SI, we plot 

the magnitude of this eigenvalue, along with computationally estimated values produced by HAT-

2C, versus cell size for selected values of the scattering ratio to observe the effect of SI 

preconditioning on the iterative convergence rate of PBJ-ITMM and IPBJ.  
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Figure 4.16: Spectral radius of P-PI-SI estimated with HAT-2C for a homogeneous problem with 

an N × N mesh and the theoretically calculated spectral radius. Spectral radius is graphed versus 

cell size for multiple scattering ratios using an S6 angular quadrature. 

 

 

Figure 4.17: Spectral radius of P-IP-SI estimated with HAT-2C for a homogeneous problem with 

an N × N mesh and the theoretically calculated spectral radius. Spectral radius is graphed versus 

cell size for multiple scattering ratios using an S6 angular quadrature. 
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Analyzing Figs. 4.16 and 4.17, the first thing we note is that the computational results agree 

with the theoretical predictions. We also see that for all c < 1, the spectral radius no longer 

approaches unity as the cell size decreases. Without SI preconditioning, as the cell size is 

decreased, cells become more tightly coupled to distant cells (i.e. two distance cellsô solutions 

become more dependent on each other). Since PBJ methods exchange information between sub-

domains only in between iterations, significant coupling between unboundedly distant cells (which 

occurs as the cell size decreases) indicates that the number of iterations required for two 

significantly coupled cells to become ñawareò of a change to the othersô solution also grows 

without bound, thereby reducing robustness. We see that SI preconditioning achieved the desired 

iterative properties. While the spectral radius is still larger in optically thin cells than in uniformly 

thicker cells, the spectral radius remains bounded below unity for all scattering ratios smaller than 

1, thereby recovering the desired robustness for these cases. As stated previously, this is due to 

SIôs synchronous nature which allows all cells to become ñawareò of a change in another cellôs 

solution on which its own solution is dependent.  

A feature of the P-PI-SI and P-IP-SI spectra which must be noted is that the reduction of 

spectral radius in optically thin cells compared to the associated PBJ method is greater for low 

scattering ratios. This is to be expected as the lagged scalar flux in the scattering source of the SI 

equations is known to slow down iterative convergence in problems with scattering ratios close to 

unity. This unfortunately leads to the smallest benefit from SI preconditioning in some of the 

slower converging problems. Returning to the physical interpretation of the P-PI-SI iterative 

process, PBJ-ITMM resolves particle collisions locally within a sub-domain and the SI step then 

allows these particles to stream through the medium until their next collision. In a problem with a 

high scattering ratio and optically thin cells though, particles can scatter and consequently travel 

far across the domain many times. The inability of SI to resolve collisions over the course of a 

single iteration renders it ineffective at accounting for this effect.  

This physical interpretation of P-PI-SI as a method in which SI models long-distance 

streaming while PBJ-ITMM models local collision also suggests that P-IP-SI will be less effective, 

and the comparison of the two methodsô spectra is the first indication that this is true. With the 

scattering source lagged, IPBJ in unable to model multiple collision events in a single iteration. 

The underlying mechanism of P-PI-SIôs iterative efficiency is therefore not applicable to P-IP-SI 

and it was predicted that the inability to effectively resolve multiple collisions would render the 
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method ineffective. The first hard evidence of this comes as the P-IP-SI spectral radius asymptotes 

in the thick regime towards c2, indicating that the method becomes equivalent from the standpoint 

of convergence rate to executing two consecutive SI iterations in the best case scenario. The P-PI-

SI spectrum, however, does not exhibit a lower bound for c < 1. This comparison preliminarily 

suggests P-PI-SI to be a more effective method, having the ability to model a larger portion of a 

problemôs transport phenomena with a single iteration than P-IP-SI.  

 

4.3: Eigenvalues of PBJ methods as functions of 

fundamental transport phenomena 
 

In Fig. 4.3, we present the fundamental eigenvalue of PBJ-ITMM as a function of scattering 

ratio and cell optical thickness. It is clear from this graph that PBJ-ITMMôs iterative performance 

degrades as the scattering ratio increases, which is seemingly discrepant with our physical 

interpretation of a single PBJ-ITMM iteration as the simulation of particles undergoing any number 

of collisions within a sub-domain, only ceasing simulation of particles once they cross a sub-

domain boundary. With this interpretation, it is initially unclear why PBJ-ITMMôs iterative 

performance degrades with increased scattering. To investigate this feature, we begin by 

recognizing that while there are two dependencies for the fundamental eigenvalue of PBJ-ITMM 

(and IPBJ) that may take multiple forms. In addition to the scattering ratio and optical thickness, 

ɫ and ɫ may be used to manifest this dependence, thus representing the fundamental eigenvalue 

as a function of the fundamental transport phenomena of absorption and scattering, respectively. 

The fundamental eigenvalues of PBJ-ITMM and IPBJ, Eq. (3.33) or (3.47), respectively, divided 

by (3.40), are displayed below in Figs. 4.18 and 4.19 as functions of ɫ and ɫ for a problem with 

cells of unit size. 
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Figure 4.18: Spectral radius of PBJ-ITMM vs. ɫ and ɫ with S6 angular quadrature 

 

 

Figure 4.19: Spectral radius of IPBJ vs. ɫ and ɫ with S6 angular quadrature 
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Analyzing Fig. 4.18, we are able to reconcile our physical interpretation of PBJ-ITMM with the 

methodôs fundamental eigenvalue (spectral radius). It is apparent from this graph that the spectral 

radius of PBJ-ITMM is almost entirely determined by ɫ, with the dependence on ɫ being very 

weak. This indicates that, for a fixed value of ɫ, the increase in PBJ-ITMMôs spectral radius with 

increasing c is not due to the increase in scattering, but rather, the decrease in absorption. 

Additionally, while the dependence on ɫ is too weak to be easily discernable, the data on which 

Fig. 4.18 was produced demonstrates that, for a fixed value of ɫ, PBJ-ITMMôs spectral radius 

actually decreases slightly with increasing ɫ, a feature distinguishing PBJ-ITMM from all other 

iterative transport solution methods studied. This feature is explainable because, with PBJ-ITMM 

resolving local scattering within a sub-domain, its convergence rate is based entirely on the average 

number of sub-domain interfaces crossed by particles before loss via absorption (no leakage in the 

infinite medium associated with Fourier analysis). For a fixed value of  ɫ, the average distance 

traversed by particles before absorption is fixed. With increasing ɫ, particlesô flight paths become 

crooked and condensed, reducing the average number of sub-domain interfaces crossed for the 

same total distance traveled, and increasing PBJ-ITMMôs rate of convergence. 

Contrarily, Fig. 4.19 shows IPBJ to be significantly dependent on both ɫ and ɫ. This is 

expected as the lagged scattering source in IPBJ results in the inability to resolve multiple 

collisions within a single iteration. The depiction of the spectra of PBJ-ITMM and IPBJ as 

functions of ɫ and ɫ rather than scattering ratio and cell size as previously presented allows for 

prediction of iterative performance trends based on fundamental transport phenomenon rather than 

mathematical quantities. In subsequent sections, this allows us to explain observations in non-

model problems based on the problemôs physical specifications. In general, this representation 

informs us that, for PBJ-ITMM, convergence rate depends almost solely on how far particles travel, 

on average, before being terminated, either by absorption or leakage. IPBJôs convergence rate will 

depend on this, as well as the total number of collisions, on average, the particles undergo. 

 

4.4: Comparison of P-PI -SI & P-IP-SI to their individual 

iterative constituents 
 

P-PI-SI and P-IP-SI differ from previously discussed acceleration techniques in that they 

are combinations of two high-order iterative methods, each if which is capable of independently 
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converging the transport solution on its own. This presents an opportunity not usually available 

when studying acceleration methods; the ability to compare the combined methodôs performance 

to that of each individual method to determine the specific benefit of combining them. We begin 

this comparison with the spectral radius trends for P-PI-SI and P-IP-SI depicted in Figs. 4.16 and 

4.17. We see that for either iterative method, the spectral radius approaches the scattering ratio as 

the cell size decreases. We also know the spectral radius of SI to equal the scattering ratio. This 

indicates that as the cell size decreases, the addition of PBJ iterations begin to have no effect on 

the rate of convergence.  

To explain this phenomenon, we refer to our physical interpretations of the P-PI-SI 

iterative steps, that the PBJ-ITMM iteration simulates particles scattering within a sub-domain 

until they exit, and an SI iteration simulates particles streaming across the medium until they 

collide. With this in mind, for particles which stream through a sub-domain, the PBJ-ITMM 

iteration produces no additional information, as the SI iteration would have accounted for this 

uncollided streaming phenomena. Therefore, as the cell size decreases and the fraction of particles 

which travel uncollided through a sub-domain tends towards unity, the PBJ-ITMM iterationôs 

contribution to the combined iterative process diminishes and the convergence becomes driven 

solely by SI.  

For P-IP-SI, while the interpretation of the IPBJ step differs from that of PBJ-ITMM, the 

result is the same. The IPBJ step accounts for particles traveling within a sub-domain until they 

either leave the sub-domain or undergo a collision. For streaming, the dominant transport 

phenomenon in optically thin cells, there is nothing modeled by IPBJ that would not have been 

modeled with SI, leaving the convergence rate of P-IP-SI equivalent to that of SI alone. 

Analogously, as the cell size increases, the spectral radius of P-PI-SI approaches that of 

PBJ-ITMM. Based on the physical interpretation of the iterative sequence, SI contributes little to 

the simulation of particles which enter a sub-domain and collide before exiting, as this event would 

be more fully simulated by the PBJ-ITMM iteration. Therefore, as the cell size increases and the 

fraction of particles entering a sub-domain which then interact within that sub-domain approaches 

unity, the SI iteration contributes minimally to the combined iterative sequence, causing the P-PI-

SI spectral radius to tend toward that of PBJ-ITMM.  

In optically thick cells, the scenario for P-IP-SI is different. As the optical thickness 

increases, the P-IP-SI spectrum tends towards c2, which is equivalent to the square of either SIôs 
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or IPBJôs spectral radius in optically thick cells. This indicates that IPBJ and SI become 

comparable in optically thick cells from the standpoint of iterative convergence rate. While the 

contribution of SI to modeling collision-dominated optically thick regimes with P-IP-SI does not 

disappear as was the case with P-PI-SI, the overall benefit of using P-IP-SI as opposed to IPBJ is 

eliminated, as two IPBJ iterations would provide approximately the same reduction in error 

without the penalty to parallelism from SIôs sequential nature.  

We demonstrate this concept by plotting the number of iterations required by HAT-2C to 

converge a 100 × 100 homogeneous-material problem using SI, PBJ-ITMM, IPBJ, P-PI-SI, and P-

IP-SI versus cell size for c = 0.1, 0.5, and 0.9 in Figs. 4.20 - 4.22, respectively. For these numerical 

experiments, an S6 angular quadrature was used with a relative stopping criterion of 10ï6. 

 

 

Figure 4.20: Iterations required to converge 100 × 100 homogeneous problem: c = 0.1 
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Figure 4.21: Iterations required to converge 100 × 100 homogeneous problem: c = 0.5 

 

 

Figure 4.22: Iterations required to converge 100 × 100 homogeneous problem: c = 0.9 
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From the trends observed in Figs. 4.20 - 4.22 the predictions made from the Fourier analysis are 

confirmed. In the optically thin regime, the number of required iterations for P-PI-SI tends towards 

that of SI, and towards that of PBJ-ITMM in the thick regime. In the optically thin regime, the 

number of required iterations for P-IP-SI also tends towards that of SI, and towards ½ of SI or 

IPBJôs required iterations in the optically thick regime. Note that these trends are easiest to observe 

in the c = 0.9 case, as the difference in iteration count trends is far more pronounced.  

These graphs demonstrate that P-PI-SI converges problems due only to the individual 

method that is most suited for the problemôs cell size, with the other method doing very little to 

assist in convergence for homogeneous problems with most values of cell optical thickness. 

Similarly, P-IP-SI converges almost exclusively due to SI in the optically thin regime and both 

IPBJ and SI equally in the optically thick regime. This is not due to the SI preconditioning approach 

being more effective for IPBJ though. Contrarily, this is because IPBJ sees its convergence rate 

approach that of SI in the optically thick regime, as the effect on convergence rate of lagging the 

incoming angular fluxes diminishes. Therefore, P-IP-SI converges problems in the optically thick 

regime using both IPBJ and SI because IPBJ is unable to achieve the unboundedly fast converge 

rates of PBJ-ITMM in this regime. These results further confirm our claim about the underlying 

mechanism of the proposed hybrid approach, but they also indicate that a more ideal hybrid 

approach exists, as using either SI preconditioning method outside of a narrow regime that lies 

between the thin and thick regimes would impose increased computational cost per iteration and a 

reduction in the degree of parallelism for only a small increase in convergence rate. 

 

4.5: P-PI -SI & P-IP-SI in Heterogeneous Problems and the 

Asynchronous Hybrid Approach 
 

Given the previous comparison of P-PI-SI and P-IP-SI to the iterative methods which 

constitute their individual steps for homogeneous media, the methods appear to be advantageous 

only for very specific ranges of problem parameters. We proposed SI preconditioning in order to 

make PBJ-ITMM robust in optically thin cells, which it accomplished, but as demonstrated, in 

optically thin cells, unaccelerated SI is actually a better option. So far though, we have only shown 

results for homogeneous problems, as necessitated to facilitate comparison to the theoretical 

analysis. Almost any real-world problem of interest will involve heterogeneous material 
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composition, where we expect P-PI-SI to be a more effective iterative scheme. If a problem 

contains both optically thin and thick cells, then our physical interpretation of the iterations 

suggests that the PBJ-ITMM step will allow the numerous local collisions in the optically thick 

cells to be resolved saving many SI iterations, and particles can be modeled streaming across the 

optically thin cells in a single SI iteration, saving the many PBJ-ITMM iterations required for this 

to be modeled. With our interpretation of IPBJ though, we expect P-IP-SI to be less effective, as 

IPBJ in thick cells only sees the negative impact of lagging the sub-domain boundary incoming 

angular fluxes diminished. Unlike PBJ-ITMM, IPBJ does not improve iterative robustness over SI 

for modeling the repeated localized collisions prevalent in optically thick cells.  

To test these conjectures, we developed a periodic vertical interface problem [22] with both 

optically thick cells and optically thin cells. The geometry of this problem is shown in Fig. 4.23. 

A 100 × 100 cell mesh is imposed on this problem configuration, making each stripe 10 cells wide. 

Each cell within the thick regions is 10 mfp thick and each cell within the thin regions is 0.1 mfp 

thick. All boundary conditions are vacuum. We observe the required number of iterations 

consumed by HAT-2C to converge this problem to a relative stopping criterion of 10ï6 using SI, 

PBJ-ITMM, IPBJ, P-PI-SI, and P-IP-SI with AHOT-N0 for various scattering ratios, employing S6 

angular quadrature. 

 

 

Figure 4.23: Layout of heterogeneous stripe problem with uniform unit source. Thick regions 

contain 10 mfp cells, thin regions contain 0.1 mfp cells. 
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In addition to these five iterative methods, we also introduce two more variants in these 

numerical experiments, namely the Asynchronously Hybrid Parallel Block Jacobi ï Integral 

Transport Matrix Method / Source Iteration (AH-PI-SI) and the Asynchronously Hybrid Inexact 

Parallel Block Jacobi / Source Iteration (AH-IP-SI) methods. AH-PI-SI and AH-IP-SI differ from 

P-PI-SI and P-IP-SI, respectively, in that they run only SI in thin cells and only the associated PBJ 

method in thick cells. The asynchronously hybrid method class was conceived based on the 

previous observation that one of the two individual iterative methods constituting either of the 

preconditioner methods were found to be more computationally advantageous, with the dominant 

method dependent on the optical thickness of cells in a given problem. We predicted that this effect 

would extend to a heterogeneous problem, meaning that with P-PI-SI, little improvement would 

be realized in the rate of convergence by running PBJ-ITMM in optically thin cells or by running 

SI in optically thick cells. For P-IP-SI, SI would still offer improvement of convergence rate in 

optically thick cells, but no more than achievable by running a second IPBJ iteration instead, thus 

rendering it an unnecessary penalty to the degree of parallelism. AH-PI-SI and AH-IP-SI were 

introduced as a means to reduce the cost of an iteration and increase the degree of parallelism of 

the solution with limited impact on the required number of iterations. The exchange of information 

between the iteration steps in the asynchronous hybrid methods is different than in the 

preconditioner methods as well. Since a PBJ method and SI are not performed in the same cells, 

only the angular fluxes on the interface between thick and thin regions are exchanged in between 

the two iterative methods. 

While it is trivial to see how the asynchronously hybrid approach reduces the cost of an 

iteration over the preconditioning approach, as it only runs one iterative step in each cell as 

opposed to two, it may be less obvious how it increases the degree of parallelism. Recall that we 

originally recognized that one of the main sacrifices made when developing P-PI-SI is the fact that 

the SI step would be required to run in spatially serial operation, as we are investigating PBJ-ITMM 

as an ultimate means by which to perform massively parallel transport calculations in unstructured 

meshes as an alternative to the complex sweep algorithms required for solution using SI. If we 

consider the problem represented by Fig. 4.23, only 10% of the problem must be run in this serial 

manner, as all 5 of the SI zones may be executed in parallel with all other zones, whether SI or 

PBJ.  
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Formally, the asynchronous hybrid methods employ a new type of spatial domain 

decomposition, which we will refer to as a Hybrid Spatial Domain Decomposition (HSDD). An 

HSDD splits the spatial domain into multiple regions (or zones), each of which employs a local 

spatial domain decomposition based on the optical thickness of the cells comprising it. Zones with 

cells thinner than a specified threshold employ standard SI iterations, while cells thicker than this 

threshold employ PBJ iterations.  

An HSDD has lagged angular fluxes on zone interfaces. This is the source of the additional 

asynchronicity of AH-PI-SI and AH-IP-SI, with zones decoupled from each other over the course 

of an iteration. This is reminiscent of the sub-domain decomposition used with PBJ, but on a larger 

scale. This asynchronous aspect of the HSDD is what allows iterative solutions within individual 

zones using different methods at the same time, thus restoring much of the degree of parallelism 

that was originally sacrificed with P-PI-SI and P-IP-SI.  

The number of iterations required to converge the test problem depicted in Fig. 4.23 for SI, 

PBJ-ITMM, P-PI-SI, AH-PI-SI, IPBJ, P-IP-SI, and AH-IP-SI are shown in Table 4.5.  

 

Table 4.5: Number of iterations required to converge the heterogeneous striped problem depicted 

in Fig. 4.23 with increasing c, using the various iterative strategies and AHOT-N0. Relative 

iteration stopping criterion: 10ï6, S6 angular quadrature. PBJ methods use one cell per sub-

domain. 

c SI PBJ-ITMM P-PI-SI AH-PI-SI IPBJ P-IP-SI AH-IP-SI 

0.1 8 68 6 8 70 6 10 

0.2 10 75 8 10 77 8 13 

0.3 13 80 9 11 83 9 16 

0.4 17 86 11 13 90 11 20 

0.5 21 94 13 15 99 13 25 

0.6 28 103 15 17 111 17 32 

0.7 39 115 17 20 127 22 44 

0.8 59 133 21 25 152 33 66 

0.9 116 167 29 35 213 63 129 

 

From the results reported in this table, we first confirm our predictions regarding the 

performance of P-PI-SI, as we see a significant improvement over each of the individual methods 
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used. As we have discussed, we attribute this to the fact that the two iterative methods do not rely 

on one another to converge the solution in parts of a problem where the other iterative method is 

ineffective. We can see from the required number of PBJ-ITMM iterations that optically thin cells 

within a problem cause significant iterative slowdown even if the entire domain is not optically 

thin. SI preconditioning is found to dramatically reduce this slowdown by allowing SI to simulate 

the streaming of particles through the optically thin regions and PBJ-ITMM to simulate the local 

scattering of particles within the optically thick regions. Since most realistic problems will contain 

cells of a variety of optical thicknesses, we conclude that SI preconditioning is an effective method 

for alleviating the iterative slowdown PBJ-ITMM experiences due to optically thin cells, as it 

shows a significant reduction in the number of required iterations over each of its individual 

constituent iterative methods.  

With the concept of combining the PBJ-ITMM method with the SI method proven to be 

effective at obtaining solutions without dramatic iterative slowdown in optically thin cells, we now 

discuss the results for AH-PI-SI, which attempts to combine these two methods in a more effective 

manner than simply running both methods sequentially in all cells. We see from Table 4.5 that 

AH-PI-SI requires, at most, 6 more iterations than P-PI-SI for all tested problems. For the given 

test problem configuration, AH-PI-SI requires about half of the computations per iteration that P-

PI-SI requires (the exact reduction in number of computations required per iteration will be 

problem dependent). With this consideration alone, AH-PI-SI definitively obtains this problemôs 

solution in shorter execution time than P-PI-SI. Furthermore, AH-PI-SI restores much of the degree 

of parallelism that was originally sacrificed when using P-PI-SI. For these reasons, we predict AH-

PI-SI will be a more effective method for combining PBJ-ITMM and SI than P-PI-SI, obtaining 

practically the same improved convergence rate in optically thin cells with a reduced iteration cost 

as measured by execution time and an increased degree of parallelism.  

For P-IP-SI, we similarly see a reduction in the number of required iterations over SI and 

IPBJ individually. At high scattering ratios though, the reduction in the number of iterations 

compared to SI is less dramatic than was the case with P-PI-SI. For the c = 0.9 case, the number 

of P-IP-SI iterations required is over twice the number required for P-PI-SI, and in fact, is roughly 

½ the number required for SI. Then, moving to the asynchronous hybrid approach, AH-IP-SI is 

seen to have a much larger increase in iterations over P-IP-SI than was the case with the PBJ-

ITMM counterparts. All of this is indicative of the understanding that IPBJ in optically thick cells 
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becomes equivalent to SI from the standpoint of convergence rate. Consequently, IPBJ / SI hybrid 

methods incur a strict limitation on their convergence rate precipitated by a fundamental transport 

phenomenon, specifically repeated localized scattering, without an effective mechanism for its 

modeling. 

 

4.6: Parametric Study of Hybrid Methods 
 

With AH-PI-SI demonstrating potential as a method which balances applicability in 

massively parallel HPC environments with improved convergence rate, we perform a parametric 

study using variations of the heterogeneous stripe problem depicted in Fig. 4.23. This study is 

designed to assess the iterative performance of hybrid methods in comparison to other hybrid 

combinations, their individual iterative components, and traditional acceleration methods as a 

function of four independent variables: (1) the number of cells in a stripe, ὔ; (2) optical thickness 

of the thin and (3) thick cells; and (4) the scattering ratio. The metrics used to assess iterative 

effectiveness are: (1) the number of iterations required for convergence; and (2) the total execution 

time. By observing the effect of these independent variables on the iterative effectiveness of the 

various iterative methods, we generalize these effects to ranges of problem parameters and 

geometry configurations. Note that pNDA, not NDA results are presented for this parametric study 

and subsequent studies that present results for traditional acceleration methods. This is because 

NDA was observed to be iteratively unstable, with its solution divergent for many of the problems 

tested in these experiments. In contrast, the implementation of pNDA in HAT-2C, is observed to 

be stable for the parametric study problem configuration.  

While Fig. 4.23 depicts the general configuration of the problem used for our parametric 

study, changes to the geometry were made to accommodate the varying nature of selected 

parameters within the range investigated in this study. Angular quadrature and relative stopping 

criterion remain unchanged throughout, however, the optical thickness of cells in either region, the 

number of cells per stripe, and the total number of stripes are all subject to change. Additionally, 

in previous sections of this chapter, PBJ methods utilized single cell sub-domains, as this was the 

case considered in the theoretical analysis. Previous work, however, has established that the 

optimal sub-domain size for PBJ-ITMM in 3-D geometry is 4 × 4 × 4 cells. [55] While the optimal 

size is ultimately problem and HPC dependent, this is clearly a feasible sub-domain size for 
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practical implementation. Therefore, in the parametric study, 4 × 4 cells per sub-domain are used 

to mimic the convergence rates of the aforementioned 3-D implementation. IPBJ also uses this 

size of sub-domains to compare PBJ methods that possess the same theoretical scalability. To 

allow stripes to contain a uniform number of cells when PBJ sub-domains are of size 4 × 4, the 

mesh size is increased to 128 × 128. 

Finally, in addition to the hybrid methods previously developed, we introduce another for 

this parametric study, AH-PI-IP, a hybrid method that implements PBJ-ITMM and IPBJ in regions 

containing optically thick and thin cells respectively. AH-PI-IP was developed based on the 

observation that the iterative performance of a PBJ-type method is ultimately dependent on the 

optical thickness of sub-domains rather than the optical thickness of individual cells (these two 

quantities were the same in previous studies that employed single-cell sub-domains). With IPBJôs 

iterative solution time growing linearly with sub-domain size, it was theorized that IPBJ could be 

executed in optically thin regions in lieu of SI, with the optical thickness of sub-domains increased 

by increasing the number of cells per sub-domain to quantities that would likely render PBJ-ITMM 

iterations too costly, either from the standpoint of iterative solution time or memory requirement. 

Specifically, in the AH-PI-IP formulation, we constrain these IPBJ sub-domains to be of a size 

such that their per-angle iterative solution time is not longer than the iterative solution time of a 

single PBJ-ITMM sub-domain. Since the IPBJ solution can be angularly parallelized in our target 

application, this results in a hybrid method that has the same potential degree of parallelism in 

unstructured grids as PBJ-ITMM, fully eliminating the primary shortcoming originally associated 

with our hybrid approach. For this parametric study, to determine the size of IPBJ sub-domains 

for AH-PI-IP, we determined the per-sub-domain iterative computation time required by PBJ-

ITMM for an 8 × 8 sub-domain (comparable iterative solution time to 4 × 4 × 4 sub-domain in 3-

D) and found this to be about 213 times the SI grind time (per-angle solution time for a single cell). 

The maximum number of cells in an IPBJ sub-domain for AH-PI-IP was therefore designated to 

be 212, obtaining equivalent convergence rates to the 3-D counterpart. IPBJ sub-domains when 

using AH-PI-IP are sized accordingly in our studies. 

For readability, only graphs necessary to adequately illustrate general trends are shown in 

the main text. For a complete set of the results of the parametric study, refer to Appendix A. To 

infer the primary findings of the parametric study, we first show the results for the case of 16 cells 

in the x direction per stripe (Ns), ɫ ɝό πȢπρ, and ɫ ɝό υȢπ. This is referred to 
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as the base case, with subsequent graphs then modifying one (or more) of these parameters, leaving 

all others fixed at their base value to observe the effect of that (those) parameter(s) on the iterative 

methodsô convergence cost measured in number of iterations and runtime for all iterative methods 

considered. The full set of results from this parametric study in Appendix A provide additional 

evidence for the conclusions drawn from this study. The results of this parametric study were 

obtained using the HAT-2C code, with ITMM construction performed using GFIC with a full 

sweep. The reported execution times were measured on an Intel Xeon® E5-2630 v3 processor 

operating at 2.4 GHz with a Linux operating system using the gfortran compiler. 

To effectively present this large amount of data, we use the following organizational tools. 

When reading any individual graph, the curves and legend are color coordinated such that all 

acceleration methods are varying shades of green, all methods containing PBJ-ITMM or IPBJ are 

shades of blue or red respectively (except for P-PI-IP). The PBJ method by itself is the darkest 

shade, with the SI preconditioned method a lighter shade, and the asynchronous hybrid 

combination with SI a lighter shade still. When comparing separate cases to the base case, in the 

figure caption, any parameter that is decreased by two data points below the base case are colored 

dark red; one data point below, light red; one data point above, light blue; and two data points 

above, dark blue. This results in the color code, ὔ  τȟψȟρφȟσςȟφτ , ɫ ɝό

 πȢππρȟπȢπρȟπȢρȟπȢυ , and ɫ ɝό  ρȟςȢυȟυȟρπ . 
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Figure 4.24: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό υ (Base Case) 

 

 

Figure 4.25: Runtime observed for parametric study problem versus scattering ratio:              

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό υ (Base Case) 
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Figure 4.26: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ τȟɫ ɝό πȢπρȟɫ ɝό υ 
 

 

Figure 4.27: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ τȟɫ ɝό πȢπρȟɫ ɝό υ 
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Figure 4.28: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ψȟɫ ɝό πȢπρȟɫ ɝό υ 
 

 

Figure 4.29: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ψȟɫ ɝό πȢπρȟɫ ɝό υ 
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Figure 4.30: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ σςȟɫ ɝό πȢπρȟɫ ɝό υ 
 

 

Figure 4.31: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ σςȟɫ ɝό πȢπρȟɫ ɝό υ 
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Figure 4.32: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ φτȟɫ ɝό πȢπρȟɫ ɝό υ 
 

 

Figure 4.33: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ φτȟɫ ɝό πȢπρȟɫ ɝό υ 
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Figure 4.34: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢππρȟɫ ɝό υ 
 

 

Figure 4.35: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢππρȟɫ ɝό υ 
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Figure 4.36: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢρȟɫ ɝό υ 
 

 

Figure 4.37: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢρȟɫ ɝό υ 
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Figure 4.38: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢυȟɫ ɝό υ 
 

 

Figure 4.39: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢυȟɫ ɝό υ 
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Figure 4.40: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ρ 
 

 

Figure 4.41: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ρ 
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Figure 4.42: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ςȢυ 
 

 

Figure 4.43: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ςȢυ 
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Figure 4.44: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ρπ 
 

 

Figure 4.45: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ρπ 
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Figure 4.46: Iterations required to converge parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢρȟɫ ɝό ρ 
 

 

Figure 4.47: Runtime observed for parametric study problem versus scattering ratio: 

 ὔ ρφȟɫ ɝό πȢρȟɫ ɝό ρ 
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Analyzing the results of the parametric study in Figs. 4.24 - 4.47, we begin with the iterative 

performances of PBJ-ITMM and IPBJ. In terms of execution time, IPBJ is observed to converge 

faster than PBJ-ITMM, but PBJ-ITMMôs iterative performance degrades slower as c increases, 

with PBJ-ITMM eventually converging in less time than IPBJ for some cases. In terms of iteration 

count, however, PBJ-ITMM always converges in the same number of fewer iterations than IPBJ, 

as has been mathematically predicted. [4] At lower scattering ratios, PBJ-ITMM and IPBJ 

converge in almost the same number of iterations. Then, as c increases, the difference in required 

iterations between PBJ-ITMM and IPBJ becomes on the order of hundreds. The specific magnitude 

of this difference is case-dependent. Contrasting Figs. 4.24, 4.40, 4.42, and 4.44, it is apparent that 

the difference in required iterations between PBJ-ITMM and IPBJ increases as ɫ ɝό  

increases. This observation is attributed to the spectral properties of these two methods, displayed 

previously in Figs. 4.3 and 4.4. As cell size increases, for non-unity scattering ratios, the spectral 

radius of PBJ-ITMM tends towards zero, whereas the spectral radius of IPBJ tends towards c. 

Therefore, as the optical thickness of cells in the ñthickò stripes increases, the difference in the 

spectral properties of the two methods increases, causing the observed trend. Alternatively, this 

trend can be interpreted physically as the diminishing effect of both methodsô asynchronicity as 

optical thickness increases, leaving scattering as the dominant transport phenomenon, which PBJ-

ITMM is more effective at resolving.  

Contrasting Figs. 4.24, 4.34, 4.36, and 4.38, we observe that the difference in the number 

of required iterations between PBJ-ITMM and IPBJ is largely independent of ɫ ɝό . Since 

the optical thickness of cells in ñthinò stripes is small, the difference in spectral radius between the 

two methods diminishes, with the asynchronicity of each method being the primary factor 

impacting iterative performance. In general, as ɫ ɝό  increases, the iterative performance of 

both methods improves, except when ɫ ɝό  is very small, in which case the increased 

leakage improves iterative performance. This exception is only expected to extend to problems in 

which the optically thin cells are on problem boundaries, however.  

Contrasting Figs. 4.24, 4.26, 4.28, 4.30, and 4.32, we observe PBJ-ITMMôs iterative 

performance to improve when ὔ is small. When ὔ is small, the number of sub-domains that 

particles traverse before re-entering an optically thick region is small, thus limiting the detriment 

to convergence rate in optically thin cells resulting from the methodôs asynchronicity. In the case 

of ὔ τ, each stripe is only a single sub-domain wide. In this case, streaming along the x-axis 
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across an optically thin region can therefore be resolved with a single PBJ iteration. These same 

traits extend to IPBJ as well, but when c is relatively small. When c becomes large, as we have 

noted previously, IPBJ demonstrates little difference between different cases. 

Next in our analysis of the parametric study results, we compare the performance of hybrid 

methods to their individual iterative constituents. Firstly, we have previously predicted through 

theoretical analysis and preliminary testing that IPBJ will be ineffective as the primary method in 

such hybrid implementations. This parametric study provides the most conclusive evidence 

supporting this prediction. While P-IP-SI and AH-IP-SI provide significant reductions in execution 

time compared to IPBJ when c is small, such problems are known to be rapidly convergent with 

unaccelerated SI. As c becomes large, though, the number of required iterations for IPBJ, SI, and 

AH-IP-SI become similar, with P-IP-SI requiring roughly half this number, due to the fact that P-

IP-SI two-step iterative scheme. Consequently, as c approaches 1, these four methods converge in 

comparable execution times. The similarity in iterative performance of these four methods at high 

scattering ratios indicates that, in such cases, the asynchronicity of IPBJ in insignificant from the 

standpoint of convergence rate in comparison to the adverse effects of lagging the scattering 

source. With IPBJ unable to resolve local scattering, there is therefore a fundamental transport 

phenomenon left with no effective method for its resolution, causing hybrid methods that utilize 

IPBJ as the primary method to be ineffective in problems with even moderately large scattering 

ratios.  

Contrarily, for hybrid methods involving PBJ-ITMM as the primary method, there is 

significant improvement over PBJ-ITMM in terms of both required iterations and observed 

execution time, even when c is large. The magnitude of a hybrid approachôs improvement over 

PBJ-ITMM varies significantly between cases. Contrasting Figs. 4.24, 4.26, 4.28, 4.30, and 4.32 

(and their execution time counterparts), the improvement of hybrid methods containing PBJ-

ITMM over PBJ-ITMM alone is far greater when ὔ is large. As ὔ becomes small, however, the 

diminished performance improvement due to the hybrid approach is not due to a degradation of 

hybrid methodsô performances, but rather, due to the previously noted improvement of PBJ-

ITMMôs iterative performance when ὔ becomes small. This aligns with our physical interpretation 

of the hybrid approach, as PBJ methods are capable of efficiently resolving the streaming across 

optically thin regions when those regions are only a few sub-domains wide. Then, comparing Figs. 

4.24, 4.40, 4.42, and 4.44, hybrid methods improve in their overall performance when 
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ɫ ɝό  increases. The improvement compared to PBJ-ITMM is relatively constant with 

respect to ɫ ɝό , though, as the gained iterative performance in these hybrid methods is 

due to the gained iterative performance of PBJ-ITMM itself. However, when ɫ ɝό  decreases 

(Figs. 4.24, 4.34, 4.36, and 4.38), the performance of hybrid methods containing PBJ-ITMM 

improves, thus increasing the performance gains over PBJ-ITMM alone. As ɫ ɝό  decreases, 

in ñthinò regions, long-distance streaming becomes the increasingly dominant transport 

phenomenon. The consequential decrease in the average number of collisions incurred by particles 

while traversing the thin region therefore decreases, increasing the effectiveness of SI in these 

regions. The end result of this effect it that, while PBJ-ITMM, in general, benefits iteratively from 

the thickening of all cells, hybrid methods involving PBJ-ITMM perform best in problems in which 

cell thicknesses tend towards either extreme (i.e. performance increases as optical thickness 

increases or decreases in thick or thin cells, respectively).  

In our parametric study, we have included data for multiple hybrid methods that use PBJ-

ITMM as the primary method. With the hybrid approach observed to be effective for accelerating 

PBJ-ITMM, we now use this data to compare the different hybrid implementations that use PBJ-

ITMM as the primary method. Firstly, we compare the performances of P-PI-SI and AH-PI-SI. P-

PI-SI is, as one would expect, found to converge in fewer iterations than AH-PI-SI in all cases. 

AH-PI-SI, however, converges in a shorter runtime than P-PI-SI, almost always. This is due to the 

fact that while the preconditioning approach provides a greater reduction in the iterative error per 

iteration than the asynchronous hybrid approach, it comes at the cost of increased time per iteration 

(since P-PI-SI requires a two-step iterative process, each executed globally). It is clear from this 

data that the reasoning behind AH-PI-SIôs development was correct; that in the hybrid approach, 

one method, as determined by the cellôs optical thickness, is predominantly responsible for the 

convergence in a given cell-thickness regime. Additionally, the primary shortcoming of P-PI-SI is 

that it greatly reduces the degree of parallelism in our target application, due to the global SI sweep 

that must be computed in spatially serial execution. AH-PI-SI eliminates this global sweep in favor 

of sweeps over the SI zones, which may also be performed simultaneously with all other zones. 

With AH-PI-SI observed to converge in shorter runtimes than P-PI-SI, and with a higher degree of 

parallelism in our target application, we conclude that the asynchronous hybrid approach is a more 

computationally advantageous approach than the preconditioning approach, with regards to our 

proposed hybrid framework for iterative schemes.  
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With the asynchronous hybrid approach deemed preferable to preconditioning for practical 

application, we compare the performance of AH-PI-SI and AH-PI-IP. Recall that AH-PI-IP was 

developed in order to further reduce the penalty to the degree of parallelism of PBJ-ITMM 

compared to AH-PI-SI. For our parametric study, the IPBJ sub-domains within thin zones were of 

a size such that there was no reduction to the degree of parallelism. From the collected data, it is 

clear that comes at the cost of an increase in the required number of iterations. This is an inevitable 

consequence of AH-PI-IP, as it imposes asynchronicities that were not present with AH-PI-SI. In 

many cases though, the adverse impact on convergence rate is small, while reclaiming the full 

degree of parallelism of PBJ-ITMM in our target application. In our parametric study, two 

parameters are seen to impact the difference in convergence rate between AH-PI-SI and AH-PI-

IP, namely ὔ and ɫ ɝό . As ὔ increases, the number of iterations (and execution time) of 

AH-PI-IP compared to AH-PI-SI increases as well. As ὔ increases, with AH-PI-IP, the number 

of IPBJ sub-domains per thin region increases, thus increasing the number of iterations required 

to model the long-distance streaming prevalent in such regions. Similarly, when ɫ ɝό  

decreases, the average distance traveled within thin regions increases, increasing the difference in 

performance between AH-PI-SI and AH-PI-IP. The result is a trade-off between the two methods 

between the degree of parallelism and iterative effectiveness.  

Recall that for our AH-PI-IP implementation, we consider IPBJ sub-domains of a size such 

that the time to sweep the sub-domain over a single angle does not exceed the PBJ-ITMM sub-

domain solution time. Therefore, our comparison of AH-PI-IP to AH-PI-SI provides the two 

extremes in this case, with either the full ñthinò zone being swept synchronously, or with IPBJ 

sub-domains as small as would be possibly advantageous for such an implementation. In practice, 

however, IPBJ sub-domains could exceed this size limit, increasing iterative effectiveness at the 

cost of a reduced degree of parallelism, with PBJ-ITMM sub-domains completing their iterative 

solution, then having to wait for IBPJ sub-domains to complete their sweeps before exchanging 

angular fluxes. For practical implementation, the optimal IPBJ sub-domain size will likely be 

between the two extremes, with the ideal size dependent on problem parameters and HPC 

environment. For problems where the asynchronous hybrid approach is applicable, namely 

problems with at least one large, contiguous region of optically thin cells, the larger this region is 

and the thinner the cells it contains are, the larger the different in convergence rate between AH-

PI-SI and AH-PI-IP. As the number of cells in this thin region increases, however, this difference 
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is supplemented by the fact that AH-PI-SIôs penalty to the degree of parallelism also increases in 

these cases. In general, we may conclude that the ideal IPBJ sub-domain size for AH-PI-IP will 

likely increase as the thin region become optically thinner or as the number of constituent cells 

increases.  

For the HPC environmentôs impact on optimal IPBJ sub-domain size, as will be discussed 

in subsequent sections and chapters, in parallel operation, each iteration incurs a communication 

time penalty in addition to the computation time. The effect of this communication time on the 

ideal IPBJ sub-domain size in the AH-PI-IP method is less obvious. In HPC environments and 

computer codes where the communication time is heavily dominant compared to the computation 

time, the reduced iteration count of AH-PI-SI (or AH-PI-IP with increased IPBJ sub-domain size) 

is preferable, as this will decrease the total number of communication steps. However, this also 

increases the per-iteration communication requirements of the processor solving an IPBJ sub-

domain (or SI zone). These competing effects render the ideal IPBJ sub-domain size for AH-PI-IP 

HPC-specific and not inferable without studying the method on the target platform. Our parametric 

study, however, demonstrates both AH-PI-SI and AH-PI-IP to dramatically decrease the number 

of iterations and runtime compared to PBJ-ITMM, with little to no penalty to the potential degree 

of parallelism.  

The final analysis of the data collected through our parametric study pertains to the three 

traditional acceleration methods (DSA, AP, and pNDA) and the comparison of their performances 

to PBJ and hybrid methods. From the presented cases it is clear that, in terms of required iterations, 

all three acceleration methods perform very similarly, with DSA typically underperforming the 

other two by a very small margin. AP and pNDA are extremely similar in iteration counts, with the 

method that performs slightly better depending on the specific case. In terms of runtime, however, 

AP is almost universally the fastest of the three methods, with pNDA requiring slightly longer 

runtimes, and DSA requiring significantly longer runtimes still. The difference in runtimes so 

greatly exceeding the difference in required iterations is a consequence of the different matrix 

solution times for the various acceleration methods. DSA is based on cell-edge quantities, resulting 

in a matrix of rank ςὔὔ ὔ ὔ , making it larger than the matrices for AP and pNDA, which 

are both of rank ὔὔ ςὔ ὔ  due to the fact that they are based on cell-centered quantities. 

Thus, the DSA matrix consumes a longer execution time to solve, causing each iteration to take 

longer than when AP or pNDA are used. While the AP and pNDA matrices are of the same size, 
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AP is a linear method and therefore, the associated matrix need only be constructed and LU-

decomposed only once, as its elements do not change between iterations. pNDA, however, is 

nonlinear, meaning that the matrix elements are themselves dependent on the solution of the 

transport sweep. These matrix elements consequently change in each iteration, requiring repeated 

reconstruction of the pNDA matrix. This results in the slightly longer execution times observed for 

pNDA, despite having very similar iteration counts. 

There is a feature observed with pNDA not present with any other method studied. While 

all execution time observation trends are not smooth due to the uncertainty associated with timing 

runs, pNDA is seen to have multiple pronounced spikes in runtime that are not due to these runtime 

uncertainties, but rather, actual spikes in the required number of iterations. Upon investigation, it 

was discovered that these spikes were due, not to a degradation of pNDAôs iterative performance 

in these cases, but due to a combination of the closure between the high-order and low-order 

problems on which NDA methods are based, and the BiCGSTAB iterations HAT-2C uses to solve 

the pNDA matrix. When the low order problem is solved iteratively, its solution contains iterative 

error. HAT-2C converges the BiCGSTAB iterations for the low order problem to the same stopping 

criterion as designated for the transport solution. DSA and AP operate on iterative change, rather 

than the scalar flux, and therefore cease to impact the iterative solution as convergence is 

approached. pNDA, on the other hand, produces the updated scalar fluxes directly, relying on the 

low order problemôs closure with the high order problem to converge the problem to the same 

solution as the unaccelerated method. It is therefore possible for the iterative error in the low order 

problem to delay the determination of convergence of the iterative sequence. This conjecture was 

tested by manually tightening the stopping criterion of the BiCGSTAB iterations. When this 

stopping criterion was tightened, the aforementioned spikes in pNDAôs number of required 

iterations were eliminated, thus confirming that they were a consequence of the iterative error in 

the low order solution, rather than a degradation in pNDAôs spectral properties. For our results, we 

display those produced when pNDAôs low order solution is converged only to the designated 

stopping criterion, as tightening of this would increase the execution time for pNDA in all cases, 

whereas these spikes are only present in a small fraction of cases. 

AP is found to be the best performing acceleration method of the three considered, almost 

universally, and is therefore the standard against which we compare PBJ and hybrid methods. With 

a few exceptions, AP requires fewer iterations and shorter runtime to converge than PBJ-ITMM or 
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any hybrid method in which PBJ-ITMM is used. This is expected, as AP is an acceleration method 

intended for serial execution in Cartesian grids. It is not readily extendible to parallel execution, 

much less parallel execution on unstructured grids. While AP is consistently found to converge in 

fewer iterations and shorter execution times than any developed hybrid method, AH-PI-IP, and by 

extension AH-PI-SI, typically execute in times within a factor of ten greater than AP in most cases. 

With PBJ-type methods being extendible to the massively parallel regime, we view this result as 

establishing the case for adopting hybrid iterative schemes in SN parallel solution algorithms on 

unstructured grids.  

From our parametric study, we have reached 5 primary conclusions: 

(1) The asynchronous hybrid approach is effective for accelerating PBJ-ITMM in 

problems containing both optically thick and thin cell 

(2) This acceleration is maximized in problems with large regions of very thin cells 

(3) Both AH-PI-SI and AH-PI-IP significantly accelerate PBJ-ITMM, but AH-PI-IPôs 

acceleration decreases when a region of thin cells becomes large enough, indicating 

that the IPBJ sub-domain size when using AH-PI-IP will likely be problem and HPC 

environment dependent 

(4) The hybrid approach is far less effective with IPBJ as the primary method due to 

IPBJôs inability to resolve scattering events in a single iteration 

(5) While traditional acceleration methods are consistently found to converge in fewer 

iterations and shorter execution times than our hybrid approach, AH-PI-IP and AH-PI-

SI typically require execution times within a factor of ten longer than these methods, 

which are not readily extendible to our target applications.  
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4.7: Parametric Study with Extreme Scattering Ratios 
 

The parametric study detailed in the previous section spans the range ὧɴ πȢπρȟπȢωψ. This 

parametric study was replicated for the c values, ὧ πȢωωȟπȢωωωȟπȢωωωωȟπȢωωωωωȟρȢπ, the 

results and analysis of which is the subject of this section. The results of the parametric study for 

these extreme scattering ratios are separated from the rest for two reasons. Firstly, our development 

of hybrid methods was targeted at alleviating the iterative slowdown incurred by PBJ-type 

methods in problems containing optically thin cells. This development was not intended or 

expected to provide iterative robustness as the scattering ratio approaches unity. The parametric 

study with extreme scattering ratios is therefore intended to examine and quantify this issue, rather 

than address its resolution. Secondly, in this region where c approaches unity, the number of 

iterations for many methods increases dramatically, with many exceeding our maximum number 

of iterations. The data for the parametric study with extreme scattering ratios is therefore better 

suited to be displayed in tables, rather than graphs. Below in Tables. 4.6 - 4.17, we provide results 

for selected cases. The full suite of test results is available in Appendix B. For instructions on 

interpreting the color coded table captions, refer to the previous section. In these tables, N/C 

indicates a method did not converge in the maximum number of iterations, 500 for P-PI-SI and P-

IP-SI, 1000 for all others. N/A is a designation reserved for DSA when c = 1. Referring to Eq. 

(2.12), it is clear that the DSA equations in this form incur a divide-by-zero error when c = 1. 
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Table 4.6: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό υ (Base 

Case)  

c = 0.99 0.999 0.9999 0.99999 1.0 

SI 935 / 89.62 N/C N/C N/C N/C 

DSA 18 / 19.48 26 / 32.47 32 / 45.16 34 / 47.70 N/A 

AP 15 / 5.35 23 / 9.33 29 / 13.40 31 / 14.40 31 / 14.42 

pNDA 13 / 6.39 19 / 11.33 22 / 14.22 23 / 14.88 23 / 14.95 

PBJ-ITMM 200 / 59.93 590 / 171.69 N/C N/C N/C 

P-PI-SI 64 / 27.63 331 / 128.88 N/C N/C N/C 

AH-PI-SI 83 / 17.81 380 / 75.88 774 / 152.69 872 / 171.91 885 / 174.44 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 482 / 93.82 N/C N/C N/C N/C 

AH-IP-SI 982 / 97.81 N/C N/C N/C N/C 

AH-PI-IP 96 / 19.99 405 / 79.81 820 / 160.30 923 / 180.25 936 / 182.13 

 

 

 

Table 4.7: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ τȟɫ ɝό πȢπρȟɫ ɝό υ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 917 / 97.09 N/C N/C N/C N/C 

DSA 26 / 25.13 49 / 64.33 88 / 125.19 98 / 142.78 N/A 

AP 23 / 7.74 47 / 20.74 84 / 41.48 94 / 45.79 95 / 45.00 

pNDA 21 / 10.88 41 / 35.12 65 / 65.47 68 / 67.97 69 / 69.04 

PBJ-ITMM 136 / 45.61 735 / 235.16 N/C N/C N/C 

P-PI-SI 71 / 32.29 398 / 163.23 N/C N/C N/C 

AH-PI-SI 105 / 22.56 581 / 117.24 N/C N/C N/C 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 494 / 105.14 N/C N/C N/C N/C 

AH-IP-SI 980 / 99.30 N/C N/C N/C N/C 

AH-PI-IP 109 / 23.43 593 / 118.92 N/C N/C N/C 
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Table 4.8: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ψȟɫ ɝό πȢπρȟɫ ɝό υ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 920 / 95.20 N/C N/C N/C N/C 

DSA 20 / 21.35 36 / 50.42 53 / 85.32 57 / 91.83 N/A 

AP 17 / 6.29 34 / 16.51 49 / 25.97 53 / 27.31 54 / 27.61 

pNDA 15 / 7.78 29 / 22.89 36 / 31.49 38 / 33.66 38 / 33.22 

PBJ-ITMM 154 / 49.56 665 / 203.52 N/C N/C N/C 

P-PI-SI 68 / 31.02 361 / 152.50 N/C N/C N/C 

AH-PI-SI 91 / 20.58 450 / 94.99 980 / 206.53 N/C N/C 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 475 / 101.67 N/C N/C N/C N/C 

AH-IP-SI 973 / 98.27 N/C N/C N/C N/C 

AH-PI-IP 96 / 21.68 468 / 99.99 N/C N/C N/C 

 

 

 

 

 

Table 4.9: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ σςȟɫ ɝό πȢπρȟɫ ɝό υ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 931 / 97.60 N/C N/C N/C N/C 

DSA 17 / 21.19 22 / 27.97 24 / 32.16 25 / 33.22 N/A 

AP 14 / 5.73 19 / 7.64 21 / 9.09 22 / 9.76 22 / 9.49 

pNDA 11 / 5.89 16 / 8.77 17 / 9.67 17 / 9.43 17 / 9.02 

PBJ-ITMM 259 / 76.84 531 / 154.57 N/C N/C N/C 

P-PI-SI 59 / 25.24 335 / 130.42 N/C N/C N/C 

AH-PI-SI 76 / 16.14 398 / 77.77 976 / 188.63 N/C N/C 

IPBJ 992 / 98.50 N/C N/C N/C N/C 

P-IP-SI 480 / 93.30 N/C N/C N/C N/C 

AH-IP-SI 975 / 95.50 N/C N/C N/C N/C 

AH-PI-IP 107 / 22.13 409 / 80.30 993 / 193.28 N/C N/C 
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Table 4.10: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ φτȟɫ ɝό πȢπρȟɫ ɝό υ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 921 / 88.29 N/C N/C N/C N/C 

DSA 16 / 16.72 18 / 18.81 18 / 19.31 19 / 20.66 N/A 

AP 12 / 4.25 14 / 4.93 15 / 5.72 15 / 5.68 15 / 5.82 

pNDA 10 / 4.61 12 / 5.60 13 / 6.18 13 / 6.43 13 / 6.37 

PBJ-ITMM 193 / 58.23 471 / 137.40 N/C N/C N/C 

P-PI-SI 57 / 24.50 357 / 139.48 N/C N/C N/C 

AH-PI-SI 72 / 15.11 470 / 91.08 N/C N/C N/C 

IPBJ 965 / 95.92 N/C N/C N/C N/C 

P-IP-SI 474 / 92.20 N/C N/C N/C N/C 

AH-IP-SI 963 / 94.08 N/C N/C N/C N/C 

AH-PI-IP 77 / 16.25 470 / 91.80 N/C N/C N/C 

 

 

 

 

Table 4.11: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢππρȟɫ ɝό υ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 930 / 100.57 N/C N/C N/C N/C 

DSA 27 / 41.11 43 / 77.08 54 / 101.46 56 / 105.33 N/A 

AP 21 / 9.67 35 / 18.74 45 / 25.93 48 / 27.07 48 / 26.98 

pNDA 17 / 10.38 25 / 18.62 29 / 21.79 29 / 22.30 29 / 21.85 

PBJ-ITMM 195 / 58.42 563 / 164.13 N/C N/C N/C 

P-PI-SI 61 / 26.29 316 / 123.12 N/C N/C N/C 

AH-PI-SI 79 / 16.86 362 / 72.35 716 / 141.30 801 / 158.37 812 / 160.42 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 479 / 93.10 N/C N/C N/C N/C 

AH-IP-SI 977 / 97.28 N/C N/C N/C N/C 

AH-PI-IP 90 / 18.87 384 / 76.59 756 / 147.79 845 / 165.02 856 / 167.13 
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Table 4.12: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢρȟɫ ɝό υ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 955 / 97.62 N/C N/C N/C N/C 

DSA 12 / 8.59 13 / 12.15 13 / 13.93 13 / 13.97 N/A 

AP 10 / 2.43 11 / 3.60 11 / 4.03 11 / 4.07 11 / 4.20 

pNDA 10 / 3.39 11 / 4.86 12 / 5.83 12 / 5.94 12 / 6.03 

PBJ-ITMM 222 / 72.28 743 / 235.22 N/C N/C N/C 

P-PI-SI 102 / 42.07 465 / 183.74 N/C N/C N/C 

AH-PI-SI 140 / 29.08 563 / 111.54 N/C N/C N/C 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 497 / 96.55 N/C N/C N/C N/C 

AH-IP-SI N/C N/C N/C N/C N/C 

AH-PI-IP 162 / 32.86 608 / 119.17 N/C N/C N/C 

 

 

 

 

Table 4.13: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢυȟɫ ɝό υ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 964 / 103.48 N/C N/C N/C N/C 

DSA 8 / 3.51 8 / 5.16 9 / 7.53 9 / 8.02 N/A 

AP 7 / 1.37 7 / 1.81 7 / 2.22 7 / 2.40 7 / 2.29 

pNDA 10 / 2.53 10 / 3.45 10 / 3.94 11 / 4.78 11 / 5.00 

PBJ-ITMM 211 / 72.12 846 / 269.40 N/C N/C N/C 

P-PI-SI 160 / 69.04 N/C N/C N/C N/C 

AH-PI-SI 382 / 80.87 N/C N/C N/C N/C 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI N/C N/C N/C N/C N/C 

AH-IP-SI N/C N/C N/C N/C N/C 

AH-PI-IP 403 / 85.47 N/C N/C N/C N/C 



   

148 

 

Table 4.14: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ρ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 722 / 77.96 N/C N/C N/C N/C 

DSA 21 / 29.14 28 / 45.12 30 / 47.46 30 / 49.30 N/A 

AP 19 / 8.58 26 / 13.69 29 / 15.11 29 / 14.79 29 / 14.88 

pNDA 20 / 12.56 25 / 17.47 26 / 18.61 26 / 19.39 26 / 18.93 

PBJ-ITMM 390 / 121.99 900 / 283.49 N/C N/C N/C 

P-PI-SI 188 / 84.10 493 / 203.68 N/C N/C N/C 

AH-PI-SI 238 / 51.22 604 / 127.48 728 / 150.79 744 / 148.69 745 / 147.09 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 414 / 89.83 N/C N/C N/C N/C 

AH-IP-SI 899 / 89.35 N/C N/C N/C N/C 

AH-PI-IP 256 / 51.14 643 / 125.86 775 / 152.91 791 / 154.38 793 / 154.95 

 

 

 

 

Table 4.15: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ςȢυ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 878 / 91.81 N/C N/C N/C N/C 

DSA 20 / 24.59 28 / 41.09 32 / 49.81 33 / 50.51 N/A 

AP 17 / 6.91 25 / 12.31 29 / 14.55 30 / 15.09 30 / 14.78 

pNDA 15 / 8.40 22 / 14.53 24 / 16.25 25 / 17.34 25 / 17.18 

PBJ-ITMM 264 / 83.94 772 / 238.55 N/C N/C N/C 

P-PI-SI 106 / 46.12 447 / 186.15 N/C N/C N/C 

AH-PI-SI 133 / 29.33 516 / 108.36 805 / 168.21 856 / 179.15 862 / 180.15 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 466 / 98.61 N/C N/C N/C N/C 

AH-IP-SI 965 / 102.52 N/C N/C N/C N/C 

AH-PI-IP 147 / 33.01 548 / 118.57 853 / 184.26 906 / 197.05 912 / 196.36 
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Table 4.16: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢπρȟɫ ɝό ρπ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 963 / 101.54 N/C N/C N/C N/C 

DSA 16 / 16.97 23 / 30.05 31 / 48.21 34 / 54.02 N/A 

AP 14 / 4.77 21 / 9.01 29 / 14.51 31 / 15.67 32 / 16.06 

pNDA 11 / 5.40 16 / 10.12 20 / 13.35 21 / 14.95 21 / 14.75 

PBJ-ITMM 153 / 49.89 423 / 132.91 N/C N/C N/C 

P-PI-SI 39 / 18.91 217 / 89.58 N/C N/C N/C 

AH-PI-SI 54 / 12.05 252 / 50.87 692 / 138.55 864 / 170.99 889 / 176.55 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 489 / 95.76 N/C N/C N/C N/C 

AH-IP-SI 988 / 98.94 N/C N/C N/C N/C 

AH-PI-IP 68 / 14.61 272 / 54.27 734 / 144.04 914 / 179.22 941 / 186.04 

 

 

 

 

Table 4.17: Iterations required (left) and runtime observed (right) to converge parametric study 

problem with extreme scattering ratios: ὔ ρφȟɫ ɝό πȢρȟɫ ɝό ρ 
c = 0.99 0.999 0.9999 0.99999 1.0 

SI 806 / 77.27 N/C N/C N/C N/C 

DSA 11 / 8.37 12 / 11.32 12 / 11.98 12 / 12.16 N/A 

AP 10 / 2.73 10 / 3.25 11 / 3.76 11 / 3.81 11 / 3.73 

pNDA 12 / 4.37 13 / 5.63 13 / 5.95 13 / 5.80 13 / 5.98 

PBJ-ITMM 432 / 126.18 N/C N/C N/C N/C 

P-PI-SI 248 / 97.26 N/C N/C N/C N/C 

AH-PI-SI 322 / 64.44 N/C N/C N/C N/C 

IPBJ N/C N/C N/C N/C N/C 

P-IP-SI 476 / 92.56 N/C N/C N/C N/C 

AH-IP-SI 993 / 98.66 N/C N/C N/C N/C 

AH-PI-IP 349 / 68.98 N/C N/C N/C N/C 
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From the parametric study with extreme scattering ratios, we analyze the performance of 

PBJ hybrid methods as the scattering ratio approaches unity. From these results it is clear that no 

PBJ or hybrid method studied is iteratively robust with respect to scattering ratio. This result is 

expected, with the hybrid approach designed to improve iterative performance in optically thin 

cells, not large scattering ratios, and all theoretical analysis indicating a lack of robustness in this 

regime. In the original parametric study, while both PBJ-ITMM and IPBJ experienced an increase 

in iteration counts as c increases, the increase was far sharper with IPBJ. It is clear that, while PBJ-

ITMM is less sensitive to c than IPBJ, when c becomes very large (>0.98), PBJ-ITMMôs iterative 

performance also begins to degrade dramatically. In our extreme scattering ratio parametric study, 

however, this approach is observed to improve iterative performance as c approaches unity for 

many cases. In some cases, AH-PI-SI (and potentially AH-PI-IP) is (are) seen to converge in fewer 

than 1,000 iterations with unity scattering ratio. 

Interestingly, the effects of some problem parameters on the convergence rates of PBJ-

ITMM and hybrid methods containing it reverse trends when the scattering ratio approaches 1. 

Contrasting Tables 4.6, 4.11, 4.12, and 4.13, as ɫ ɝό  increases, the performance of PBJ-

ITMM becomes worse, contrary to the results of the previous parametric study and predictions 

pertaining to PBJ-ITMMôs iterative behavior. To explain this phenomenon, we refer to Fig. 4.18. 

This graph demonstrates that PBJ-ITMMôs spectral radius in the infinite medium analysis is 

dependent almost entirely on ɫ. As the scattering ratio approaches unity, ɫ approaches zero. 

Thus, as the scattering ratio approaches unity, the benefit to PBJ-ITMMôs iterative performance 

from increased optical thickness disappears, with the lack of absorption resulting in particles 

crossing many sub-domain boundaries, regardless of how optically thick those sub-domains may 

be. Therefore, when ɫ approaches zero as a consequence of c approaching unity, the benefit of 

increased leakage outweighs the benefit of slightly increased absorption, and iterative performance 

actually improves when ɫ ɝό  decreases. 

With ɫ ɝό  being larger than ɫ ɝό , this phenomenon occurs at a larger 

scattering ratio, since ɫ will tend towards zero with increasing c slower due to the increased ɫ. 

This phenomenon is therefore not observed with PBJ-ITMM in our study, as the method exceeds 

1,000 iterations before the scattering ratio become large enough. However, for the cases where we 

change ɫ ɝό  (Tables 4.6, 4.14, 4.15, and 4.16), both AH-PI-SI and AH-PI-IP converge for 

all scattering ratios. In the original parametric study, both of these methods converge faster when 
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ɫ ɝό  is larger, which is a direct consequence of PBJ-ITMM converging faster in such 

circumstances. Contrasting the aforementioned tables, though, both AH-PI-SI and AH-IP-IP 

converge faster when ɫ ɝό  is smaller. While not directly observed due to iterations 

exceeding 1,000, all evidence suggests that PBJ-ITMM would exhibit the same phenomenon, were 

there to be no limit on the number of iterations.  

The convergence rates of PBJ-type methods and SI are determined by the number of 

particle-terminating events (crossing sub-domain boundaries for PBJ-ITMM, scattering for SI, 

either for IPBJ) that particles undergo on average, before loss via absorption or leakage. From the 

parametric study with extreme scattering ratios, we learn that, as c becomes large, absorption 

becomes negligible and convergence becomes based entirely on how many particle-terminating 

events particles undergo before exiting the problem domain. While no PBJ-type or developed 

hybrid methods are able to provide robust iterative convergence in this regime for a general case, 

AH-PI-SI and AH-PI-IP provide significantly improved performance over PBJ-ITMM and SI, 

converging in under 1,000 iterations for many cases, even when c=1.  

 

4.8: Test Problems Containing Void Regions 
 

With theoretical analysis and numerical testing on simple test problems completed for our 

hybrid approach, we perform numerical testing using HAT-2C on previously developed realistic 

test problems for deterministic neutron transport. We begin with three problems from a benchmark 

test suite of problems containing void regions. [67] Initially intended as a solution accuracy 

benchmark for problems subject to severe ray effects, the large void regions in these problems 

provide excellent test configurations for our hybrid approach. These problems were originally 

proposed in 3-dimensional geometry. Since HAT-2C is a 2-D code, the geometries are projected 

onto a 2-D plane. These problems are solved with HAT-2C using the 11 previously discussed 

iterative methods (SI, DSA, AP, pNDA, PBJ-ITMM, P-PI-SI, AH-PI-SI, IPBJ, P-IP-SI, AH-IP-SI, 

and AH-PI-IP), for a variety of scattering ratios and optical thicknesses of the non-void regions. 

The reported values are required iteration counts and measured execution times to converge the 

problems to a relative stopping criterion of 10ï6. The problem configurations, performance results 

and their discussion for these three test problems are covered in the remainder of this section. 
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Figure 4.48: Geometry, mesh, and problem parameters for the Center Void Problem 

 

Table 4.18: Iterations required to converge Center Void Problem 

c = 

 ȟ  

 

0.1 

0.5 

1.0 

 

5.0 

 

0.1 

0.9 

1.0 

 

5.0 

 

0.1 

0.98 

1.0 

 

5.0 

SI 24 65 172 100 324 807 234 974 N/C 

DSA 8 26 N/C 13 38 72 15 19 50 

AP 8 28 58 13 43 72 15 21 69 

pNDA N/C N/C N/C 13 N/C N/C 14 N/C N/C 

PBJ-ITMM 325 463 359 750 641 470 N/C N/C 920 

P-PI-SI 22 36 44 86 121 93 200 336 200 

AH-PI-SI 127 64 54 376 160 104 821 432 224 

IPBJ 334 474 418 807 840 N/C N/C N/C N/C 

P-IP-SI 22 43 95 88 198 424 205 N/C N/C 

AH-IP-SI 140 115 207 451 462 885 1000 N/C N/C 

AH-PI-IP 150 138 109 427 234 165 921 550 335 
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Table 4.19: Runtime observed in seconds to converge Center Void Problem 

c = 

 ȟ  

 

0.1 

0.5 

1.0 

 

5.0 

 

0.1 

0.9 

1.0 

 

5.0 

 

0.1 

0.98 

1.0 

 

5.0 

SI 165 480 1179 717 2219 5732 1606 6668 N/C 

DSA 78 226 N/C 139 343 574 159 195 446 

AP 159 418 587 297 741 951 341 454 1166 

pNDA N/C N/C N/C 155 N/C N/C 166 N/C N/C 

PBJ-ITMM 3458 5012 3829 8552 6724 5022 N/C N/C 9929 

P-PI-SI 477 779 854 1691 2179 1803 3574 5868 3550 

AH-PI-SI 1214 730 562 3744 1516 1092 7472 4258 2090 

IPBJ 1282 1822 1618 3328 3228 N/C N/C N/C N/C 

P-IP-SI 236 482 1016 996 2116 4774 2193 N/C N/C 

AH-IP-SI 575 513 848 1874 1897 3967 4132 N/C N/C 

AH-PI-IP 1387 1394 1028 3930 2122 1540 8130 4896 3021 

 

The center void problemôs configuration is depicted in Fig. 4.48, and the number of 

iterations to achieve the stopping criterion and the execution time for all considered iterative 

schemes and various combinations of c and are reported in Tables 4.18 and 4.19, respectively. 

From the results, it is clear that this configuration is exceedingly difficult for PBJ-type methods to 

converge. This is an expected result, as the void region is fully surrounded by the non-void region, 

with the source in the center of the void. Consequently, in addition to the asynchronicity of PBJ 

causing iterative slowdown, if the non-void region is heavily attenuating, this problem will have 

very little leakage. As a result, many PBJ-ITMM and IPBJ cases fail to converge in 1000 iterations. 

In general, the trends observed in the parametric study are observed in this test problem. P-PI-SI 

greatly decreases the number of iterations required compared to PBJ-ITMM, with AH-PI-SI 

generally incurring only a modest increase in iteration count. Furthermore, AH-PI-IP generally 

requires a small enough number of iterations greater than AH-PI-SI to make it justifiable, 

especially considering that the large, continuous void region in this problem would likely cause a 

significant penalty to the degree of parallelism when using AH-PI-SI. Also, consistent with 

expectations, hybrid methods using IPBJ as the primary method do not provide sufficient 

acceleration as those using PBJ-ITMM, nor is the acceleration as consistent across cases.  
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The exception to the AH approachôs performance comes when ɫȟ πȢρ. Under this 

condition, AH-PI-SI is observed to require far more iterations for convergence than P-PI-SI, 

indicating that SI contributes significantly to convergence of the non-void region. This is also 

supported by the observation that PBJ-ITMM and IPBJ require comparable numbers of iterations 

under this condition, indicating that the ability of PBJ-ITMM to resolve scattering in the non-void 

region is of little consequence relative to the effect of PBJôs asynchronicity. This effect was 

observed in the parametric study, with the hybrid method providing less acceleration when the 

optical thickness of the thick regions was decreased, even though it was never observed to this 

degree as the optical thickness of the thick regions was never made this small. Even with AH-PI-

SI and AH-PI-IP, under this condition, requiring far more iterations than P-PI-SI, though, both 

hybrid methods provide significant acceleration of PBJ-ITMM, while maintaining most or all of 

its degree of parallelism.  

From the center void problem, the primary conclusions are that the trends observed in the 

parametric study extend to this configuration that is closer to realistic applications than the periodic 

vertical interface test problem, and that AH-PI-IP provides substantial acceleration to PBJ-ITMM 

while not reducing its degree of parallelism.  
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Figure 4.49: Geometry, mesh, and problem parameters for the Straight Duct Problem 

 

Table 4.20: Iterations required to converge Straight Duct Problem 

c = 

 ȟ  

 

0.1 

0.5 

1.0 

 

5.0 

 

0.1 

0.9 

1.0 

 

5.0 

 

0.1 

0.98 

1.0 

 

5.0 

SI 25 54 169 96 270 628 202 829 N/C 

DSA 13 30 N/C 24 55 61 30 42 70 

AP 13 33 63 24 60 76 N/C 46 96 

pNDA N/C N/C N/C 22 N/C N/C 27 N/C N/C 

PBJ-ITMM 224 199 184 471 335 249 880 629 434 

P-PI-SI 22 30 43 82 101 74 172 285 159 

AH-PI-SI 131 54 52 356 135 86 704 370 183 

IPBJ 232 218 284 535 512 757 N/C N/C N/C 

P-IP-SI 23 36 93 84 164 330 176 N/C N/C 

AH-IP-SI 145 97 203 428 385 689 858 N/C N/C 

AH-PI-IP 140 81 77 374 163 113 735 400 219 
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Table 4.21: Runtime observed in seconds to converge Straight Duct Problem 

c = 

 ȟ  

 

0.1 

0.5 

1.0 

 

5.0 

 

0.1 

0.9 

1.0 

 

5.0 

 

0.1 

0.98 

1.0 

 

5.0 

SI 103 229 706 402 1150 2663 830 3562 N/C 

DSA 76 160 N/C 151 314 319 193 247 408 

AP 138 267 361 290 576 558 N/C 485 942 

pNDA N/C N/C N/C 153 N/C N/C 190 N/C N/C 

PBJ-ITMM 1448 1310 1239 2992 2277 1653 5512 4269 2880 

P-PI-SI 286 390 513 912 1163 841 1834 3128 1768 

AH-PI-SI 780 376 348 2049 854 539 4257 2215 1099 

IPBJ 534 542 676 1244 1261 1751 N/C N/C N/C 

P-IP-SI 148 243 612 545 1098 2118 1129 N/C N/C 

AH-IP-SI 338 242 490 1008 964 1625 2001 N/C N/C 

AH-PI-IP 829 534 512 2156 1043 700 4140 2322 1322 

 

 

 

Figure 4.50: Geometry, mesh, and problem parameters for the Dog Leg Duct Problem 
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Table 4.22: Iterations required to converge Dog Leg Duct Problem 

c = 

 ȟ  

 

0.1 

0.5 

1.0 

 

5.0 

 

0.1 

0.9 

1.0 

 

5.0 

 

0.1 

0.98 

1.0 

  

5.0 

SI 24 54 168 90 263 623 192 801  N/C 

DSA 15 28 N/C 28 39 62 37 68  86 

AP 15 31 63 28 43 77 37 74  126 

pNDA N/C N/C N/C 24 N/C N/C 27 N/C  N/C 

PBJ-

ITMM 

213 249 242 486 345 377 907 655  456 

P-PI-SI 21 29 42 78 98 73 164 276  156 

AH-PI-SI 122 55 51 340 131 86 676 360  180 

IPBJ 223 260 289 546 487 730 N/C N/C  N/C 

P-IP-SI 21 36 93 79 160 327 167 534  N/C 

AH-IP-SI 135 95 201 407 374 682 821 N/C  N/C 

AH-PI-IP 131 80 81 358 151 110 707 385  208 

 

 

Table 4.23: Runtime observed in seconds to converge Dog Leg Duct Problem 

c = 

 ȟ  

 

0.1 

0.5 

1.0 

 

5.0 

 

0.1 

0.9 

1.0 

 

5.0 

 

0.1 

0.98 

1.0 

 

5.0 

SI 105 222 717 383 1120 2579 789 3292 N/C 

DSA 99 160 N/C 204 250 330 259 441 548 

AP 217 324 432 445 573 781 561 1019 1555 

pNDA N/C N/C N/C 190 N/C N/C 207 N/C N/C 

PBJ-ITMM 1504 1605 1685 3304 2196 2428 5683 4455 3092 

P-PI-SI 276 387 524 916 1075 812 1751 2906 1792 

AH-PI-SI 714 374 353 2011 753 516 3687 1987 1132 

IPBJ 513 633 717 1333 1209 1774 N/C N/C N/C 

P-IP-SI 135 242 631 535 1027 2101 1142 3106 N/C 

AH-IP-SI 315 243 505 1018 927 1592 1986 N/C N/C 

AH-PI-IP 752 519 521 2128 860 640 3857 2121 1254 
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The configurations of the straight and dog-leg duct problems are shown in Figs. 4.49 and 

4.50, respectively. The number of iterations required to satisfy the stopping criterion and the 

corresponding execution time are listed in Tables 4.20 and 4.21, respectively, for the straight duct 

problem, and in Tables 4.22 and 4.23, respectively, for the dog-leg duct problem. These results are 

consistent with the observed trends for the center void problem, even though PBJ-type and hybrid 

methods converge faster for both of these problems across all cases. This is due to the altered 

problem configuration, with the void region extending to the global boundary, thus increasing the 

loss of particles via leakage.   

 

4.9: Computational Cost Comparison of ITMM  Matrix 

Construction Algorithms 
 

In Chapter 3 we discussed the DMS algorithm for constructing the ITMM matrices and our 

new alternative, GFIC, for its simplicity in extension to unstructured grids. Additionally, we noted 

that in the ideal circumstance, the inner sweep of either of these algorithms only sweeps over cells 

that are downstream from the current cell of the outer sweep. Executing this in unstructured grids, 

however, would require further decomposition of the mesh, thus eliminating the ability to construct 

the ITMM matrices using the existing mesh sweep algorithm of the THOR code. We therefore 

have two variants of our new GFIC algorithm, the ideal sweep that only sweeps over the 

mathematically required downstream cells, and the full sweep that sweeps over the entire sub-

domain, simply assigning zeros to upstream cells by nature of the transport equation with lagged 

scattering source.  

We derived expressions for the scaling of our algorithmôs construction time using both 

sweep types, (3.86) and (3.87), which are proportional to the theoretical construction cost of GFIC 

using the full and ideal sweeps, respectively, under the assumption that the SI grind time is 

independent of sub-domain size. The measured construction times using our HAT-2C code are 

plotted in Fig. 4.51 along with theoretical trendlines from Eqs. (3.86) and (3.87), using the 

measured SI grind time in HAT-2C. 
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Figure 4.51: Measured (points) and predicted (lines) construction times for ITMM matrices using 

HAT-2C for a single sub-domain using DMS and GFIC (ideal and full sweep) versus N, indicating 

an N × N sub-domain size.  

 

The measured construction times for GFIC with both the ideal and full sweep follow the 

predicted trends very closely. Compared to DMS, GFIC with the ideal sweep is observed to 

construct the matrices faster. Since these two algorithms sweep over the same number of cells, this 

indicates that the kernel calculation for DMS is more expensive than that of the standard SI 

solution. Additionally, while GFIC consumes more time when the full sweep is used compared to 

when the ideal sweep is used, the measured, per-sub-domain construction times are all below one 

second, for sub-domains up to 16  16 cells in size. Given the advantageous construction times 

observed and the benefits of implementation using pre-existing code capabilities, GFIC with the 

full sweep was chosen as our ITMM construction algorithm to implement into THOR. Note that in 

order to make our 2-D Cartesian grid studies as indicative as possible of methodsô performance in 

3-D unstructured grids, GFIC with a full sweep was used by HAT-2C for all timing data reported 

in this chapter.  
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4.10: Summary of Serial Operation Numerical 

Experiments on 2-D Cartesian Grids 
 

There were seven main objectives for our numerical experiments: (1) verify our HAT-2C 

codeôs implementation of the considered iterative schemes; (2) quantify results of our Fourier 

analyses; (3) conduct homogeneous test problem iterative performance studies; (4) conduct 

heterogeneous test problem iterative performance studies and motivate the development of the 

asynchronously hybrid approach; (5) perform a parametric study to elucidate dependencies of the 

observed iterative performance on problem parameters; (6) test the iterative performance of our 

hybrid methods on realistic problem configurations containing void regions; and (7) compare 

ITMM matrix construction execution times among the available algorithms.  

Iterative capabilities of our HAT-2C code were verified by reproducing convergence rates 

consistent with previously reported works. Our Fourier analyses of P-PI-SI and P-IP-SI were then 

successfully verified. These results showed the error mode at the origin in Fourier space to be the 

slowest converging for both methods and that the convergence rate is determined by the optically 

thinner dimension of a problemôs cells.  

Additionally, while the results of our Fourier analyses demonstrated the robustness of P-

PI-SI and P-IP-SI in optically thin cells, they also suggested that in most homogeneous problems, 

it would be more advantageous to run only one of the methods comprising the preconditioning 

method. This was demonstrated by observing the required number of iterations for homogeneous 

problems. In this study, we found PBJ methods in problems with thick cells and SI in problems 

with thin cells to be more advantageous than the corresponding preconditioner method. This 

prompted a study of the methodsô performance in heterogeneous problems and informed the 

development of the asynchronously hybrid approach, by establishing that executing both methods 

in most cells is unnecessary.  

With all methods developed and a basic understanding of their underlying convergence 

mechanisms achieved, we conducted a parametric study that assessed the iterative performance of 

all developed methods and traditional acceleration methods as a function of several problem 

parameters of a heterogeneous stripe problem configuration. From the results of this study, we 

concluded that IPBJ is less suitable as the primary method in our hybrid approach than PBJ-ITMM 

is. AH-PI-SI and AH-PI-IP were shown to take significantly longer to converge than DSA, AP and 
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pNDA, but had runtimes on the same order as these methods, suggesting they are viable approaches 

for massively parallel solution on unstructured grids, particularly AH-PI-IP, as its degree of 

parallelism matches that of PBJ-ITMM. Finally, this study demonstrated our hybrid approach to 

provide the most acceleration in problems with large regions of very optically thin cells. While 

AH-PI-IPôs increase in iteration counts compared to AH-PI-SI became larger as the size of the thin 

regions increased, these are also the problems for which AH-PI-SI has the greatest reduction to the 

degree of parallelism. 

Lastly, we observed the time required by the DMS and GFIC algorithms to construct the 

ITMM matrices. The construction time for the latter algorithm using a full sweep was shown to be 

slightly longer than either other option for large sub-domains. However, considering a sub-domain 

size consistent with what has previously been determined to be the practical size, the construction 

times between all algorithms are similar, with a modest increase in construction cost associated 

with GFIC when using a full sweep. Thus, GFIC with a full sweep is deemed a viable algorithm 

for ITMM matrix construction on unstructured grids due to its ease of implementation in such 

cases.  
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Chapter 5: 

GFIC Construction & PBJ Solution in Parallel 

Execution on 3-D Unstructured Tetrahedral Grids 
 

The previous chapter demonstrated the effectiveness of our hybrid approach for 

accelerating the convergence of PBJ-ITMM, a method which is of interest for its application in 

SDD (Spatial Domain Decomposition) parallel solution on unstructured grids. As discussed is 

Chapter 3 though, implementation of PBJ-ITMM on unstructured grids requires a novel algorithm 

to construct the associated response matrix operators, with previously used construction algorithms 

not having simple implementation strategies for unstructured grids. In Sec. 3.2.4, we 

mathematically formulated an algorithm, GFIC, that constructs the ITMM matrices independent 

of the mesh type, using the pre-existing kernel calculation and sweep algorithm typically available 

in transport codes. The parallelized implementation and testing of GFIC, PBJ-ITMM, and IPBJ on 

unstructured grids is the topic of this chapter, with IPBJ implemented as the currently used 

alternative to spatially parallel SI on unstructured grids, against which we compare the 

performance of the newly implemented PBJ-ITMM on this platform. These methods were 

implemented in the THOR code [40, 41], a 3-D production-level transport code which solves the 

short characteristics method with arbitrarily high order local expansion on unstructured tetrahedral 

grids for both fixed source and k-eigenvalue problems. The zeroth order local expansion is used in 

this work. THOR is a steady state code with multigroup and anisotropic scattering capability. Note 

that because THOR is a multigroup code, in this chapter, we must distinguish between inner and 

outer iterations. The sections of this chapter are structured as follows.  

Our presentation commences with a description of the necessary implementations we have 

added to the THOR code to enable parallel solution via PBJ-ITMM and IPBJ. This begins in Sec. 

5.1 with a discussion of the process by which we produce a set of local sub-domain THOR meshes 

from a physical problem geometry. The primary contribution to this process from our work is the 

developed THOR mesh partitioner, which converts a global THOR mesh to a specified number of 

sub-domain meshes, each with the information of neighboring sub-domains required for parallel 

solution. Next, in Sec. 5.2, we discuss the implementation of our novel algorithm for construction 

of the ITMM matrices on unstructured grids, GFIC, whose formulation was reported in Sec. 3.2.4. 
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This discussion focuses on the specific means by which the input parameters are modified by 

THOR to produce those required by the GFIC algorithm. Finally, with the appropriate inputs 

created and GFIC implemented, we discuss the implementation of PBJ-ITMM and IPBJ in THOR 

including code flowcharts in Sec. 5.3, with the MPI communication scheme utilized discussed in 

Sec. 5.4. 

Following the presentation of our THOR implementations, we proceed to numerical tests 

and results. This begins in Sec. 5.5 with a demonstration of the RAM requirements for THOR 

execution with PBJ-ITMM, as memory utilization is of concern due to PBJ-ITMMôs matrix 

solution. Then, the performance of PBJ-ITMM and IPBJ are tested with a set of scaling tests in 

Sec. 5.6 on up to 32,768 processors. These tests include weak and strong scaling of the time 

consumed by each component of the iterative solution process, as well as the scaling of the GFIC 

construction time with respect to sub-domain size. With the parallel performance of PBJ-ITMM 

and IPBJ tested, Sec. 5.7 presents the solution CPU time for PBJ-ITMM and IPBJ, neglecting 

communication time, compared to the solution time required by the previous serial SI version of 

THOR. This comparison demonstrates the relative total computation requirements for the existing 

SI method and the PBJ methods that are proposed as alternatives for spatially parallel solution on 

unstructured grids.  

Next, in Sec. 5.8, we present the performance of PBJ-ITMM and IPBJ as implemented in 

THOR on a series of problems containing void regions with varying material properties. These 

tests demonstrate the iterative slowdown of PBJ-type methods in problems containing optically 

thin cells, justifying the work presented in previous chapters on alleviating this feature with our 

developed hybrid approach. Finally, the work of this chapter is summarized and conclusions are 

reached in Sec. 5.9. 

 

5.1: THOR Mesh Decomposition Pre-Processing 
 

Parallel execution of THOR via PBJ decomposition requires pre-processing to partition the 

global mesh into sub-domains. The approach used for this task targeting execution on ὔ  

processors is to divide the global mesh file into ὔ  smaller mesh files with cell faces that lie on 

processor (sub-domain) boundaries given a separate boundary condition designation. With this 

approach, each processor simply reads in and solves the cells of its local mesh file, with the 
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incoming angular fluxes on processor interfaces being treated as boundary conditions that are 

updated after each inner iteration. In this implementation, we require the number of processors and 

the number of sub-domains to be equal. Note that in this chapter, adjacent or neighboring 

processors refer, not to processors that are physically adjacent on the HPC, but to processors which 

are responsible for the solution of physically adjacent or neighboring sub-domains.  

The process by which a set of ὔ  sub-domain THOR mesh files are created from a global 

geometry configuration is depicted by the flow chart in Fig. 5.1. 

 

 

Figure 5.1: Flow chart of process to create partitioned THOR mesh files 

 

The problemôs physical geometry is input to GMSH [68] in the form of a .geo file. GMSH 

is a mesh generation software tool which we use to create the global mesh. The GMSH mesh 
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generator is run on the .geo file to create a .msh mesh file of the geometry. The THOR mesh 

converter, a pre-existing tool in THOR, then converts this mesh to a .thrm file, THORôs native 

mesh file format. This global .thrm file is the file that THOR would require for serial execution 

prior to the implementation of our new solution algorithms. To produce the ὔ  local mesh files 

required for parallel execution with PBJ methods, we have created a THOR mesh partitioner, the 

flowchart for which is in Fig. 5.2. This partitioner produces  ὔ  .thrm.p files, each containing the 

local mesh file for the pth sub-domain. 

 

 

Figure 5.2: Flow chart of THOR mesh partitioner tool 

 

Our THOR mesh partitioner tool converts the global THOR mesh into ὔ  local sub-domain 

THOR meshes. The partitioning is performed using METIS [69], an open-source software tool for 
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partitioning graphs and meshes. Our mesh partitioner converts the contents of the global mesh 

.thrm file and the desired number of processors to a METIS input file, then executes the METIS 

partitioner on this input file, producing the METIS partitioning output file. Our THOR mesh 

reconstruction tool converts this METIS output, which simply lists cell numbers with their 

associated processor numbers, to ὔ  .thrm.p files. These local mesh files are of similar format to 

the global mesh file used for serial execution, but with a few pieces of additional data. Firstly, a 

THOR mesh file contains the number of cells and the number of vertices (points, four of which 

make up one tetrahedron). The local .thrm.p files contain these values both for the local sub-

domain as well as the global problem. Additionally, there is another valid boundary condition 

specifier for faces, a sub-domain boundary interface. Finally, the adjacency list contains one extra 

entry per line. The adjacency list typically consists of lines with four entries representing two cell 

and face number combinations that are the same face, indicating neighboring cells. The extra per-

line entry in .thrm.p files indicates the processor to which a neighboring cell belongs. These pieces 

of additional information allow a processor to execute all required tasks, reading only its local 

mesh file.  

For all partitioned meshes utilized in the chapter, the tolerance to partitioning load balance 

was set to 3%, instructing METIS to produce a partitioning in which the largest and smallest sub-

domains are within  3% of the average sub-domain size, measured in number of cells. 

 

5.2: GFIC Implementation in THOR  
 

We have updated THOR with capabilities to solve problems via either PBJ-ITMM or IPBJ 

using the previously discussed ὔ  sub-domain mesh input files. To solve using PBJ-ITMM, we 

implemented the GFIC algorithm formulated in Sec. 3.2.4 into THOR. During the pre-solve phase, 

GFIC is the primary process executed when PBJ-ITMM is the solution method used. However, 

instructions for the processorsô MPI communications are also generated and transmitted to 

adjacent processors during this phase, whether PBJ-ITMM or IPBJ is the specified solution 

method. For a full description and mathematical formulation of GFIC, refer to Sec. 3.2.4. 

To implement PBJ-ITMM in THOR, we effectively execute the program in its entirety 

twice, under different conditions. We refer to these as the pre-solve and solve phases. During the 

pre-solve phase, each processor reads in its mesh, recalling that this mesh is the portion of the 
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problem which is directly accessible to that individual processor, a single sub-domain. Note that 

this process occurs in parallel over all processors, each for its associated sub-domain. We store the 

actual sub-domain boundary conditions, external source, and maximum number of iterations (both 

outer and inner) to temporary variables and impose values to all of these variables to transform the 

transport solver into a GFIC routine. First, to create the ñzeroò state, we set all boundary conditions 

to vacuum and the external source to zero. Note: THOR automatically uses a zero initial guess. 

Were the code to accept a non-zero initial guess, this process would be required for the initial guess 

as well. Logical tests are used to skip all calculations which add contributions to the external 

source, such as fission, between-group scattering, and between angle scattering. Additionally, for 

optimized performance, all unnecessary tasks, such as convergence checks are skipped during the 

pre-solve phase.  

In the GFIC stage, the maximum number of outer iterations is set to one and the maximum 

number of inner iterations is set to ὔ ὔ , where ὔ  is the number of cells in a processorôs 

domain and ὔ  is the total number of boundary faces in the processorôs sub-domain. ὔ  is the 

number of inner iterations required to construct ╙ꜚ and ╙ⱶ and ὔ  is the number of inner iterations 

required to construct ╚ꜚ  and ╚ⱶ (since each inner iteration loops over all angles). With the single 

outer iteration looping over energy groups, this is therefore the correct iteration structure to 

construct the ITMM matrices for all groups.  

With the ñzeroò state initialized and the correct iteration structure setup, the bulk of GFIC 

is implemented by using logical statements to impose unit fluxes to the correct cell or face and to 

store the resulting data appropriately in the target ITMM matrix. For the first ὔ  inner iterations, 

a unit cell-averaged scalar flux is imposed to a different cell each iteration for ╙ꜚ and ╙ⱶ 

construction. Afterwards, a unit incoming angular flux is imposed on a single sub-domain 

boundary face for ╚ꜚ  and ╚ⱶ construction, with the discrete ordinate of the imposed flux changing 

after each angle is swept, rather than only after each inner iteration. Note that since, typically, half 

of the angles will be outgoing for a given face, the mesh sweep is skipped for angles that are 

outgoing or parallel to the given face on which unit fluxes are being imposed. After each iteration 

(or individual angle sweep for ╚ꜚ  and ╚ⱶ), the outgoing angular fluxes on the processor domainôs 

boundary are stored to a column of ╙ⱶ (or ╚ⱶ) and the cell -averaged scalar fluxes are stored to a 

column of ╙ꜚ (or ╚ꜚ ).  
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In Cartesian grids, ordering the fluxes within these matrices is trivial due to the structured 

nature of the sub-domains. In unstructured grids, however, there is no natural ordering to cells and 

edges. For our implementation, we index the ITMM matrices based on the arbitrary ordering of the 

cells and faces utilized by THOR. For the sub-domain boundary angular fluxes, this ordering is 

saved to vectors for mapping. These vectors are referred to as instructions, as they inform which 

value an entry in an angular flux vector represents. Consequently, these vectors can be used to 

instruct which processor entries from ⱶ▫◊◄ are to be sent to and the locations in ⱶ░▪ to which 

values received from processors are to be assigned. As this communication is required for both 

PBJ-ITMM and IPBJ, these instructions must be generated regardless of which method is 

specified. Therefore, when IPBJ is used, the pre-solve phase still occurs, but without performing 

the ITMM matrix construction operations. The result is simply a set of sweeps without any 

computations, generating the needed communication instructions. 

These communication instructions are used to create packing instructions for a processor, 

designed to separate the ⱶ▫◊◄ vector into ὔ  smaller vectors, ὔ  being the number of sub-

domains that border a given processorôs sub-domain. The relevant portions of the communication 

instructions are then exchanged between adjacent sub-domains using MPI. The received 

communication instructions are used by the receiving processor to create unpack instructions. 

These unpack instructions map the values from the vectors that will be received each iteration from 

adjacent processors to populate ⱶ░▪ during the PBJ-type iterations. 

Another consequence of the non-trivial indexing of the ITMM matrices and vectors is the 

sparse storage of ╚ⱶ. Recall that ╚ⱶ is frequently the largest of the ITMM matrices, however, it is 

very sparsely populated. In unstructured grids it is not trivial to pre-calculate the number of non-

zero entries in ╚ⱶ, as the irregularly shaped sub-domains make determination of the number of 

boundary outgoing angular fluxes that are downstream from a given boundary incoming angular 

flux difficult.  Additionally, the location of these non-zero elements within ╚ⱶ is not easily 

predeterminable. The most obvious technique for overcoming this obstacle is to construct the full 

╚ⱶ matrix, count the number of non-zero values, then transfer these values along with their 

respective locations within the matrix to sparse storage. While this prevents unnecessary 

calculations when computing ╚ⱶⱶ  each iteration, when we initially implemented this strategy, 

it was found that the memory consumption by the full ╚ⱶ matrix even in this temporary capacity 
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was excessive, severely limiting the scope of problems to which PBJ-ITMM was applicable. To 

mitigate this memory consumption issue, we implemented a dynamic strategy that constructs ╚ⱶ 

in sparse storage directly. This strategy begins with a guessed number of non-zero elements, 

determined by the number of cells in the sub-domain and the number of angles in the quadrature. 

When a ╚ⱶ element is to be stored, if the sparse storage is full, it is reallocated to double its current 

size. At the conclusion of the construction process, the completed sparse ╚ⱶ matrix is then 

reallocated to its final size, eliminating any trailing zeros. This process mitigates excessive 

memory consumption when construction ╚ⱶ without having to reallocate it in memory an 

exorbitant number of times, which can be costly. Note that for multigroup problems, this process 

only occurs when constructing the ITMM matrices for the first group, as the number and location 

of non-zero values does not change between groups for a given angular quadrature.  

Upon completion of the GFIC algorithm, the LU factorization of (╘ ╙ꜚ) is computed and 

stored. Afterwards, all ITMM matrices, the LU factorization of ╘ ╙ꜚ , which doesnôt change 

between iterations in the same energy group, and instructions for packing and unpacking angular 

flux vectors before and after each communication step, are constructed for all energy groups. The 

pre-solve phase then terminates by reverting all artificially imposed parameters, namely, maximum 

number of outer and inner iterations, boundary conditions, and external source, to their original 

values. The pre-solve phase then ends, returning to the beginning of the THOR code to commence 

the solve phase.  

 

5.3: PBJ-ITMM  and IPBJ Implementation in THOR  
 

The solve phase utilizes the same iteration structure already present in THOR. In this 

structure, each outer iteration loops over energy groups, calculating the production in the current 

energy group from other groups to create a between-group external source. The inner iterations 

then run to converge the within-group problem. For solution via PBJ-ITMM, the inner iterative 

solution is modified from a series of mesh sweeps to the ITMM matrix operations and, for parallel 

execution, this iterative solution is followed by packing operations and communication. 

Additionally, communication is required for global calculations such as the convergence check 
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and the calculation of keff, which are performed using the MPI_ALLREDUCE function. The inner 

iteration process for PBJ-ITMM is depicted in Fig. 5.3.  

 

 

Figure 5.3: Flow chart of PBJ-ITMM inner iteration process on a single processor in THOR 
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This is a typical parallel inner iterative process as executed on a single processor in parallel 

with the same on all participating processors, with a solver followed by a convergence check and 

communication, repeated until the stopping criterion is satisfied or the maximum number of inner 

iterations is exceeded. Note that exceeding the maximum number of iterations does not mean that 

the program terminates unsuccessfully. Rather, it progresses to the next group. Since the inner 

iteration process comprises the bulk of the required computational load, it is common practice to 

set the maximum number of inner iterations low, thus allowing the production from external 

groups to be updated more frequently, reducing the total number of inner iterations required for 

convergence. The pack and unpack operations are performed using the instructions created during 

the pre-solve phase, and the MPI send and receive operation is discussed in Sec. 5.4.  

The ITMM solver in THOR is a newly developed solution module which replaces the 

traditional mesh sweep with the PBJ-ITMM method for obtaining the sub-domain iterative 

solution. This module solves Eq. (3.56) to obtain the vector of cell-averaged scalar fluxes, followed 

by Eq. (3.57) to obtain the vector of sub-domain boundary outgoing angular fluxes. The external 

source in these equations includes the production from all other groups, a term which updates after 

each outer iteration. The incoming angular flux vector is obtained by global boundary conditions, 

the initial guess, or communication from adjacent processors. The solution of Eq. (3.56) utilizes 

the LU  factorization of (╘ ╙ꜚ) computed during the pre-solve phase, solving the matrix equation 

using LaPACK. [63] 

IPBJôs implementation in THOR follows a similar inner iterative structure as PBJ-ITMM, 

depicted for a single processor in Fig. 5.4.  
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Figure 5.4: Flow chart of IPBJ inner iteration per process in THOR 
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The inner iterative process for IPBJ in THOR is similar to that of PBJ-ITMM, except for 

two key differences. Firstly, the ITMM solver is replaced by calling the pre-existing mesh sweep 

routine, executing a sequence of mesh sweeps over the processorôs sub-domain. Additionally, in 

the communication phase, there are two ñangular flux mappingò stages. Since IPBJ is not a matrix 

solution, it produces cell-edge angular fluxes for all cells, rather than the compact vector of sub-

domain boundary outgoing angular fluxes produced by PBJ-ITMM, ⱶ▫◊◄. The outgoing angular 

fluxes of cell faces that are on the sub-domain boundary, ⱶ▄▀▌▄ȟ▫◊◄ are mapped to the proper 

locations in ⱶ▫◊◄ based on the order of indices that was assigned in the pre-solve phase. Likewise, 

IPBJ does not use the input of a ⱶ░▪ vector, but rather, requires the incoming angular fluxes on 

cell edges that lie on the sub-domain boundary to be known. Therefore, the ⱶ░▪ vector that is 

unpacked after the communication phase is mapped to ⱶ▄▀▌▄ȟ░▪, the cell-edge angular fluxes that 

lie on the sub-domain boundary and are incoming to the sub-domain, based on the order prescribed 

during the pre-solve phase.  

These PBJ-ITMM and IPBJ implementations utilize pre-existing capabilities of THOR; 

capabilities which are also present in most unstructured grids SN transport codes. While PBJ-ITMM 

replaces the solver routine, the implemented solver is a simple matrix solution. Because the 

matrices required for this solution are constructed with GFIC using the pre-existing kernel 

calculation and solution algorithm, the construction is agnostic to the codesô other features, such 

as the spatial discretization method. Consequently, the implementation of this entirely different 

iterative method does not require re-coding functionality that developers of production codes may 

have invested substantial amounts of programming effort and time into developing and verifying. 

Rather, due to GFICôs utilization of the pre-existing mesh sweep, the ITMM matrices are 

constructed to model the same physics that the standard SI solution would. This feature greatly 

increases GFICôs desirability for implementation in production codes, as it does not require large 

overhaul of the existing code.  

 

5.4: MPI Implementation for Processor Communication 
 

The inter-processor communication required for both PBJ-ITMM and IPBJ is performed 

using Message Passing Interface (MPI) library routines. MPI executes ὔ  (number of processes) 

instances of a program, assigning each instance a different MPI rank, and allowing messages to be 
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sent and received based on this rank identifier. In this work we avoid overloading, so the number 

of processors on which THOR runs in parallel is also ὔ . Codes using MPI for parallelism must 

therefore be designed to specify the tasks assigned to a given processor based on this rank. For 

THOR, this rank indicates the partitioned mesh that will be read by a processor, assigning each 

processor a sub-domain. MPI communication is then used for the primary function of 

communicating sub-domain interface angular fluxes between processors after each inner iteration, 

packaged into one message per neighbor. The location of this communication within the inner 

iterative algorithms for PBJ-ITMM and IPBJ are shown in Figs. 5.3 and 5.4 respectively. With 

ὔ  angular flux vectors packaged for transmission, the communication between adjacent 

processors is accomplished using MPI_ISEND and MPI_IRECV. These functions send and 

receive, respectively, data to or from a processor of specified rank that corresponds to a 

neighboring sub-domain. Consequently, using these functions for all neighboring processors 

achieves the communication required for either PBJ-ITMM or IPBJ, noting that the 

communication requirements are identical for the two methods. Also, note that in unstructured 

grids with sub-domains comprising more than one cell per sub-domain, the number of neighbors 

is not fixed, hence the communication penalty is not uniform across processors. 

The ñIò preceding ñSENDò or ñRECVò specifies non-blocking communication. Blocking 

communication dictates that the code will not progress past a send command until the processor is 

notified that its sent message has been received. Likewise, the code will not progress past an 

receive command until the requested message arrives at its destination. Conversely, non-blocking 

communication specifies that MPI_ISEND will send the message, which MPI stores in buffer 

memory until it is requested by the target processor, and the sending processor will proceed to 

execute through the code without waiting for the message exchange to complete. Likewise, 

MPI_IRECV submits a request to MPI for a message from a processor. The requesting process 

will continue executing code though, regardless of whether or not the message has arrived.  

Non-blocking communication is used because of the arbitrary ordering of neighboring 

processors associated with unstructured grids. With nothing to guarantee that neighboring 

processors will attempt to communicate with each other at the same time, deadlock cycles become 

inevitable if blocking communication is used. To illustrate this concept, consider three processors 

(P1, P2, and P3), all of which neighbor the other two. If P1 first attempts to communicate with P2, 

P2 with P3, and P3 with P1, then blocking communication will deadlock, with all three processors 
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waiting for communication with a processor which will never resolve. Non-blocking 

communication is therefore used to avoid this complication. Specifically, a processor first calls 

MPI_IRECV for all adjacent processors, requesting messages. The receive function is called first 

so that messages are received and removed from the buffer as quickly as possible after they are 

sent. Processors then call MPI_ISEND for all adjacent processors. Afterwards, MPI_WAITALL  

is called. This function forces a processor to wait until all sent messages are received and all receive 

requests are filled. This is performed on all participating processors so that the following iteration 

does not begin without updated incoming angular flux information.   

While transfer of sub-domain boundary angular fluxes between iterations is the primary 

MPI communication, there are a couple of other MPI communications used in THOR as well. 

Generally, these communications are used for global calculations and processes. Specifically, in 

k-eigenvalue problems, MPI_ALLREDUCE is used after each outer iteration to update the 

multiplication factor (criticality). MPI_ALLREDUCE sends a set of data to the root processor, 

which performs a specified operation on the data (summation, maximum/minimum value, etc.), 

the result of which is sent back to all processors. For calculation of keff specifically, the sub-domain 

fission production is sent with the MPI_ALLREDUCE function using the SUM operation, 

returning the global fission production as required for calculation of criticality. The 

MPI_ALLREDUCE function is also used after each iteration (inner or outer) to determine 

convergence, sending each sub-domainôs maximum relative iterative change in a tested quantity 

with the MAX function to determine the maximum relative iterative change in this quantity across 

all processors. Convergence must be assessed globally because otherwise, if all sub-domains do 

not converge in the same iteration, which they usually do not, then processors on which 

convergence has been observed will terminate the current iterative sequence, while other 

processors continue to iterate and become deadlocked, waiting for messages from processors that 

have converged and are no longer iterating. Finally, MPI functions are used after the solver 

completes its work for postprocessing output quantities such as calculating region-wise scalar 

fluxes.  
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5.5: PBJ-ITMM  Memory Requirements 
 

When implementing PBJ-ITMM, memory (RAM) requirements associated with storing the 

response matrices is of concern, [55] as the sizes of these matrices scale super-linearly with the 

number of cells per sub-domain and bilinearly with the number of cells per sub-domain and 

quadrature angles. In our implementation of PBJ-ITMM in THOR, each processor is required to 

store all four ITMM matrices associated with its sub-domain for each energy group, with  ╚ⱶ 

utilizing the sparse construction and storage strategy discuss in Sec. 5.2. To quantify the total 

memory requirement associated with PBJ-ITMM in THOR, we execute a series of problems, with 

the Linux operating system reporting the maximum amount of RAM allocated by the program at 

any time during a run. This quantification therefore represents the total amount of memory per 

processor required to execute THOR using PBJ-ITMM, not just to construct and store the ITMM 

matrices.  

The problem used for this test is the Godiva benchmark. A full description of this problem 

configuration is available in Sec. 5.6.1. However, for testing the memory requirement, the problem 

configuration is largely irrelevant, as the required amount of RAM is dependent on the number of 

cells per sub-domain, the number of energy groups, and the quadrature order, not the material 

composition of cells. The maximum memory allocated per processor by THOR when using PBJ-

ITMM to solve Godiva for a variety of sub-domain sizes and quadrature orders is presented in 

Table 5.1, with sub-domainôs containing cell counts of approximate powers of two. While the 

number of energy groups is not varied, all data structures of significant size scale linearly with 

respect to the number of groups. Godiva is a six-group problem. To ensure that memory usage 

associated with MPI communication is accounted for, all cases are executed with 16 processors. 

While the number of cells in a sub-domain varies slightly across processors, the memory 

requirement is collected from the root processor. We therefore provide the number of cells in the 

sub-domain allocated to the root processor. Note that any value with one * indicates the case was 

executed only on eight processors and any value with two ** indicates the case was executed only 

on four processors. These processor counts are reduced for selected cases due to the limited 

memory available on the desktop computer on which this test was conducted.  
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Table 5.1: RAM (GB) per processor consumed by THOR to solve Godiva using PBJ-ITMM with 

N cells per sub-domain with varying quadrature orders 

N S4 S6 S8 S12 S16 

8 0.014 0.014 0.015 0.016 0.018 

16 0.015 0.016 0.017 0.021 0.027 

31 0.016 0.018 0.021 0.029 0.040 

62 0.021 0.027 0.036 0.061 0.095 

131 0.041 0.067 0.103 0.195 0.323 

244 0.090 0.158 0.251 0.502 0.846 

500 0.257 0.470 0.757 1.533 2.600 

988 / 984* / 988** 0.786 1.986 2.332 4.872* 8.240** 

 

Table 5.1 provides measurements that can be used to estimate the amount of RAM one 

would expect to require to solve a problem with PBJ-ITMM given the quadrature order and number 

of cells per sub-domain. The primary conclusion from this data is that on modern HPC and desktop 

platforms memory requirements are, in general, not a severe barrier for PBJ-ITMM. However, 

there are certain conditions under which the required memory can become problematic. The 

supercomputer used for the scaling tests in subsequent sections is Sawtooth [70] at Idaho National 

Laboratory. A single node of Sawtooth is comprised of 48 Intel Xeon® Platinum 8268 cores and 

196 GB of RAM. Sawtoothôs network is a 9-D enhanced hypercube using EDR and HDR 

InfiniBand. On such a platform, only the cases with ~1024 cells per sub-domain and S12 or S16 

quadrature would be expected to exceed the available memory. Our testing of THOR on Sawtooth 

utilizes an S4 quadrature, the associated memory requirements for which are well below the 

available RAM. 

For applications extending past our ensuing tests, though, the memory requirement must 

be taken into account. For higher order quadratures, ~1024 cells per sub-domain would likely 

exceed the memory available on an HPC system. Recall, however, that the optimal number of cells 

per sub-domain for PBJ-ITMM was previously estimated to be 64. [55] While the optimal number 

will inevitably change with HPC architecture and has likely changed since the time of publication 

of [55] due to hardware improvements, 1024 cells per sub-domain is still expected to be well above 

the optimal size. Hence, it is used as the maximum sub-domain size for our tests because it was 

far enough above previous estimates of the optimal size that it was assumed it would exceed the 
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range of sub-domain sizes over which PBJ-ITMM is effective. Therefore, while 1024 cells per sub-

domain is included in our testing suite, it is a sub-domain size that is not likely to be used for 

application, and the associated increase in the required memory is not a significant shortcoming.  

One foreseeable manner in which the required memory can become of concern though, is 

in problems with a large number of energy groups. For modest quadratures such as S6, memory 

would still likely not be of concern, as the number of groups would have to greatly exceed 300 

before the Sawtooth systemôs available memory would be expended, assuming linear scaling of 

the required memory with number of groups and ~128 cells per sub-domain. At increased 

quadrature orders, however, problems with 100+ energy groups will likely require more RAM than 

is available, even at sub-domain sizes of ~128 cells. There are mitigation strategies for these 

scenarios though. One strategy is to implement PBJ-ITMM such that each processor solves 

multiple sub-domains analogous to the Red/Black Gauss-Seidel iterative scheme reported in [52]. 

Due to the nonlinear scaling of the ITMM matricesô sizes, for a given mesh size and processor 

count, this would reduce the memory requirement. Additionally, when solving the inner iterations 

for a group, only the ITMM matrices associated with that group are needed. Therefore, it is possible 

to write the ITMM matrices to files, having the program store in memory only the matrices for a 

certain number of groups simultaneously. To avoid excessive strain on the file system that would 

be caused by all processors opening and reading files repeatedly, a staggering approach can be 

used, having different processors read in new matrices between different energy groups. While 

this approach would be costly due to the repeated file reading, this obstacle is only foreseen in 

problems with very high angular and energy resolution, using a method that is intended for use 

with multi-million cell problems. These are therefore extremely computationally intensive 

problems that will benefit greatly from massively parallelized calculation. 

The main finding of these memory requirement tests is that RAM utilization is not expected 

to be of concern for our testing suite, nor is it expected to be a major issue for most applications. 

Additionally, for the specific applications mentioned for which RAM utilization may be a 

significant issue, mitigation strategies exist. 
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5.6: PBJ-ITMM  and IPBJ  Scaling Tests with THOR 
 

To test the performance of our PBJ-ITMM and IPBJ implementations on unstructured 

tetrahedral meshes using parallel processing, we perform strong and weak scaling, and evaluate 

the scaling of GFICôs construction time, on two test problems, Godiva [71] and C5G7 [72]. Strong 

and weak scaling are two traditional approaches for assessing the parallel performance of a code. 

Strong scaling studies the trend of a programôs execution time for a constant amount of work with 

increasing processor count. The objective of strong scaling is thus to determine the degree to which 

a program can parallelize a problem and the minimum amount to which the per-processor work 

can be reduced and still maintain parallel efficiency. By continually adding more processors to the 

same problem, the amount of work per processor decreases until it reaches a level that cannot be 

further reduced. The time associated with performing this work is referred to as the serial cost of 

a program, as it represents the portion of the total work that cannot be conducted in parallel. By 

identifying this serial cost, strong scaling provides a quantification of how much the execution 

time of a program can be diminished for a given problem with an excessive amount of 

computational resources allocated.  

Contrarily, with weak scaling as the number of processors is increased, the total amount of 

work is increased proportionately, thus keeping the amount of work per processor constant. The 

objective of weak scaling is thus not to determine the degree to which a code can parallelize the 

solution process for a fixed problem, but to observe the performance of a program as problem size 

increases. With the amount of work per processor constant, the ideal weak scaling trend is a 

horizontal line, with execution time constant as the problem size and processor count increase 

proportionality to each other. However, as processor count increases, sources of parallel 

inefficiency inevitably arise, such as increased communication costs, rendering weak scaling 

trends of increasing execution time as processor count increases. The rate at which this execution 

time increases dictates the size of problem that a code is effective at solving. The combination of 

these two scaling tests provides a broad view of a programôs parallel effectiveness.  

A specific detail of strong and weak scaling that must be addressed for our studies is the 

exact definition of ñwork.ò Work can be defined in multiple ways, each of which results in a 

different scaling test. For our studies, our interest is in the iterative properties of PBJ-ITMM and 

IPBJ as well as their scalability. Since quadrature order and number of groups will be constant 
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across a scaling trend, we define work as being proportional to the number of cells. Consequently, 

the effects of PBJ-ITMM and IPBJôs iterative properties, mainly their iterative slowdown as sub-

domains become thin, are not neglected from our results.  

All problems solved in this section are eigenvalue problems that utilized an S4 angular 

quadrature, an inner iteration relative stopping criterion of 10-7, and outer and k-eigenvalue relative 

stopping criteria of 10-6. Additionally, for all scaling tests, we use a maximum number of inner 

iterations equal to two. This means that in an outer iteration, only a maximum of two inner 

iterations per group will be executed. This is a common strategy for executing the nested inner-

outer iterations in a multi-group calculation with up-scattering as it reduces the total number of 

inner iterations consumed, with the between-group production updated more frequently than if the 

inner iterations were executed to convergence within each outer iteration. 

 

5.6.1: Godiva Scaling Results 
 

Our first test problem used for strong and weak scaling is Godiva [71], a critical 

homogeneous sphere of highly enriched Uranium (HEU), the cross-sections for which have six 

energy groups and isotropic scattering. For scaling tests on Godiva, we impose upper and lower 

limits on the mesh size, number of processors, and number of cells per sub-domain. Then our 

testing suite is produced by every combination of each power of two that falls between the bounds 

of each parameterôs range. For number of cells per sub-domain, we impose a minimum value of 8 

and a maximum value of 1024 (210). The minimum value is chosen because there is a lower limit 

on the sub-domain size that METIS can reliably partition into. The maximum value is chosen 

because it significantly exceeds what we expect to be the ideal sub-domain size for PBJ-ITMM. 

The minimum and maximum number of processors are 1 and 32,768 (215), respectively. This upper 

limit is based on the availability of HPC resources, not on observed limitation of either method. 

Finally, the minimum and maximum mesh sizes are 8 and 8,388,608 (223), respectively. The lower 

mesh size limit is based on the minimum number of cells per sub-domain as well as the minimum 

mesh size obtainable from GMSH. The maximum mesh size is based on the maximum number of 

processors and 256 cells per sub-domain. Larger meshes were not constructed due to the limited 

number of data points that could be tested on them given our processor limit of 32,768. These 

limits result in the testing suite for Godiva presented in Table 5.2. 
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Table 5.2: Godiva scaling test suite 

  Number of Processors (Sub-Domains) 

  Cells per Sub-Domain 

Target Mesh Size 1024 512 256 128 64 32 16 8 

8 (23) - - - - - - - 1 

16 (24) - - - - - - 1 2 

32 (25) - - - - - 1 2 4 

64 (26) - - - - 1 2 4 8 

128 (27) - - - 1 2 4 8 16 

256 (28) - - 1 2 4 8 16 32 

512 (29) - 1 2 4 8 16 32 64 

1024 (210) 1 2 4 8 16 32 64 128 

2048 (211) 2 4 8 16 32 64 128 256 

4096 (212) 4 8 16 32 64 128 256 512 

8192 (213) 8 16 32 64 128 256 512 1024 

16,384 (214) 16 32 64 128 256 512 1024 2048 

32,768 (215) 32 64 128 256 512 1024 2048 4096 

65,536 (216) 64 128 256 512 1024 2048 4096 8192 

131,072 (217) 128 256 512 1024 2048 4096 8192 16,384 

262,144 (218) 256 512 1024 2048 4096 8192 16,384 32,768 

524,288 (219) 512 1024 2048 4096 8192 16,384 32,768 - 

1,048,576 (220) 1024 2048 4096 8192 16,384 32,768 - - 

2,097,152 (221) 2048 4096 8192 16,384 32,768 - - - 

4,194,304 (222) 4096 8192 16,384 32,768 - - - - 

8,388,608 (223) 8192 16,384 32,768 - - - - - 

 

The Godiva scaling test suite presented in Table 5.2 was produced from all powers of two 

within the prescribed ranges for the three parameters, mesh size, cells per sub-domain, and number 

of processors. In this table, the cases comprising a row are of constant mesh size, providing the 

cases for a strong scaling trend. A column is comprised of cases with a constant number of cells 

per sub-domain, providing the cases for a weak scaling trend. Note that the mesh sizes in this table 
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are approximate. While we attempt to produce mesh sizes that are powers of two, obtaining meshes 

of an exact prescribed number of cells with GMSH is not feasible. Thus, the actual mesh sizes are 

not exact powers of two. The actual mesh sizes are displayed in Table 5.3. Additionally, the 

number of cells per sub-domain are approximate, both due to the difference in actual mesh size 

from target mesh size as well as the fact that the sub-domains produced by METIS for a given 

mesh are of slightly varying sizes. Note that for readability, in the text we refer to mesh sizes and 

sub-domain sizes by their approximate power of two size. The actual sizes are used in the plots, 

though. In addition to the mesh sizes, Table 5.3 presents the percentages of the physical Godiva 

problem volume that are modeled by each mesh. 

 

Table 5.3: Target and actual mesh sizes and percent of physical volume modeled for Godiva 

scaling test suite 

Target Mesh Size Actual Mesh Size Relative Difference Percent of Volume 

8 (23) 6 -25.00% 77.94% 

16 (24) 19 18.75% 77.94% 

32 (25) 34 6.25% 91.25% 

64 (26) 59 -7.81% 94.67% 

128 (27) 130 1.56% 96.85% 

256 (28) 258 0.78% 98.13% 

512 (29) 495 -3.32% 98.68% 

1024 (210) 976 -4.69% 99.27% 

2048 (211) 2149 4.93% 99.60% 

4096 (212) 3977 -2.91% 99.71% 

8192 (213) 7970 -2.71% 99.82% 

16,384 (214) 15,956 -2.61% 99.88% 

32,768 (215) 31,767 -3.05% 99.92% 

65,536 (216) 63,523 -3.07% 99.95% 

131,072 (217) 129,722 -1.03% 99.96% 

262,144 (218) 254,121 -3.06% 99.97% 

524,288 (219) 509,827 -2.76% 99.98% 

1,048,576 (220) 1,022,111 -2.52% 99.98% 

2,097,152 (221) 2,124,877 1.32% 99.99% 

4,194,304 (222) 4,128,322 -1.57% 99.99% 

8,388,608 (223) 8,249,741 -1.66% 99.99% 
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The Godiva geometric configuration is a homogeneous sphere of radius 8.741 cm. 

Computationally, this is modeled as one octant of the sphere with three reflective boundary 

conditions on the flat surfaces. We provide three sample Godiva meshes from our testing suite in 

Figs. 5.5 - 5.7. The visualization tool used to generate all mesh illustrations in this chapter is 

ParaView. [73] 

 

 

Figure 5.5: Godiva tetrahedral mesh with ~32 cells 
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Figure 5.6: Godiva tetrahedral mesh with ~512 cells 

 

 

Figure 5.7: Godiva tetrahedral mesh with ~16,384 cells 
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These meshes present an important detail of our Godiva scaling tests. The distinction 

between two meshes of different size is not in the physical size of the problem, but in the respective 

levels of refinement. Consequently, as the mesh size increases, the optical thickness of its 

constituent cells decreases. As a result, we can predict that the degradation of iterative performance 

associated with PBJ methods in optically thin cells will cause an increase in the number of 

iterations as processor and cell counts are increased proportionately with weak scaling. While PBJ 

strong scaling with our definition of work is expected to yield an increase in iterations as processors 

are added due to the decreased number of cells per sub-domain, this effect is expected to be 

exacerbated by the decreased cell size of larger meshes. As will be discussed in the subsequent 

sub-section, C5G7 will be set up in a manner such that the increase in cells is due to increased 

problem volume, rather than mesh refinement. This allows us to have one scaling test problem that 

is greatly impacted by the iterative slowdown PBJ methods experience with mesh refinement and 

one in which the iterative properties of PBJ are less impactful. The current test problem under 

discussion, Godiva, is of the former type.  

Samples of partitioned ~16,384 cell Godiva meshes from our test suite are presented in 

Figs. 5.8 - 5.10. In these figures, each color represents a different sub-domain, with the mesh 

overlain. Note that due to the large number of sub-domains, some sub-domains have very similar 

colors, but are clearly separated by other sub-domains.  

 

 

Figure 5.8: Godiva ~16,384 cell mesh, partitioned over 16 sub-domains 
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Figure 5.9: Godiva ~16,384 cell mesh, partitioned over 512 sub-domains 

 

 

Figure 5.10: Godiva ~16,384 cell mesh, partitioned over 2048 sub-domains 
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With meshes generated and partitioned for each case in the Godiva test suite, all cases listed 

in Table 5.2 are executed on Sawtooth. Before presenting the measured performance data, we 

briefly discuss verification procedures for the implementation of PBJ-ITMM and IPBJ in THOR, 

as well as the Godiva problem inputs. For verification purposes, we present the k-eigenvalue 

produced by THOR for Godiva as a function of mesh size in Fig. 5.11. The progression of k 

towards the benchmark value near 1 (0.996878 for the largest mesh) verifies the integrity of the 

THOR inputs generated for this testing suite, with the trend also correlating to the percentages of 

the Godiva problem modeled, displayed in Table 5.3. Additionally, the fact that the values of k 

produced for a given mesh size are identical, regardless of the method or number of partitions 

used, increases confidence in our PBJ method implementations. For additional verification, we 

compared our results for certain meshes to those produced by the standard serial version of the 

THOR code, verifying that the results are equivalent to within the convergence criterion.  

 

 

Figure 5.11: k-eigenvalues for Godiva produced by parallel THOR vs. mesh size 
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With our PBJ implementations and Godiva problem inputs verified, the first timing metric 

we consider is the time required by GFIC to construct the ITMM matrices for a given sub-domain 

size, as GFIC is the novel algorithm developed in this work which allows these matrices to be 

constructed in parallel on unstructured grids. The construction times for each Godiva case are 

displayed in Fig. 5.12. Note that each point color in this plot represents a different global mesh 

size. We omit a legend from this plot, however, since the global mesh size should not affect the 

construction time, as this is a local process. We include the data points from all mesh sizes to 

demonstrate that the observed construction time follows this expectation and is only dependent on 

sub-domain size. 

 

 

Figure 5.12: Time consumed by GFIC to construct ITMM matrices for Godiva in THOR (points) 

and leading order of theoretical construction time, Eq. (3.88) (line) 
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From this plot, it is confirmed that GFICôs construction time follows the same leading 

order as Eq. (3.88), which was derived based on Cartesian grids, but with full expectation that it 

would be applicable to unstructured grids as well. Additionally, the construction time is very 

consistent across global mesh sizes. This was also expected, as the construction process is purely 

localized on each processor. Finally, this trend demonstrates that GFIC constructs the ITMM 

matrices expeditiously. For the largest sub-domain size (~1024 cells), the construction time is only 

a few minutes for Godiva, which is a 6-group problem. This sub-domain size is well above what 

is expected to be ideal, and at this size, construction time is still a reasonable one-time setup cost.  

With GFICôs construction cost found to be both reasonable and consistent with 

expectation, we proceed to the strong scaling results for Godiva. With our scaling tests we report, 

for both PBJ-ITMM and IPBJ, the number of required iterations (both outer and inner) and multiple 

execution times associated with the solution process. These times include the total solution time 

consumed as well as the times associated with the three constituents of the solution, pre-process, 

computation, and communication. Total solution time is defined as the time required to reach 

observable convergence after the initial I/O and problem setup has completed. Pre-process time is 

all time associated with the solution that precedes the start of the iterative process. This includes 

GFIC construction and matrix factorization (for PBJ-ITMM), communication instructions 

generation, transmission of communication instructions between processors, and the generation of 

pack and unpack instructions. Computation time is then defined as all time during the iterative 

process that is not associated with MPI communication or pack/unpack processes. These 

communication and pack/unpack processes comprise the communication time. The sum of these 

three constituent times is equal to the total solution time. We present the times consumed by these 

constituent processes to expose which process dominates the solution time, to what degree it 

dominates, and how this varies across cases.  

To create a strong scaling trend, we plot the measured time for one row from the Godiva 

test suite, Table 5.2. To best present the important findings, we consider strong scaling trends from 

a mesh size of ~32,768 to ~262,144 cells, the required iterations and solution times for which are 

presented in Figs. 5.13 - 5.20. These selected mesh sizes limit the trends to those which span the 

studied range of sub-domain sizes, neglecting smaller meshes due to the associated small processor 

counts. Full iteration and timing data from the Godiva testing suite, Table 5.2, is available in 

Appendix C. 
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Figure 5.13: Iteration strong scaling for Godiva: ~32,768 cell mesh 

 

 

 

Figure 5.14: Solution time strong scaling for Godiva: ~32,768 cell mesh 
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Figure 5.15: Iteration strong scaling for Godiva: ~65,536 cell mesh 

 

 

 

Figure 5.16: Solution time strong scaling for Godiva: ~65,536 cell mesh 
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Figure 5.17: Iteration strong scaling for Godiva: ~131,072 cell mesh 

 

 

 

Figure 5.18: Solution time strong scaling for Godiva: ~131,072 cell mesh 




























































































































































































































































































































