ABSTRACT

HOAGLAND, DYLAN SCOTT. A Family of Hybrid Parallel Block JacobiType lterative
Methods& a Nov e | Greendés Function Algorithm for
Transport Equation on Unstructured Grifldnder the directioof Dr. Yousry Y.Azmy).

The growing number of processors on moegay supercomputers has introduced the
chdlenge of developing methods and algorithms for effective scientific simuatiotheclass
of massively parallstomputerarchitectures. In the field of neutron transport specifically, spatially
parallel solution on unstructured grids using the trad#i®@ource IterationSl) method invokes
scheduling difficulties, whiclParallel Block Jacob{PBJ-type methods present an alternative to.
This work presents two primary lines of work &BJmethods with the objective of developing
methods and algorithms that are applicabtéésolution of the transport equation on unstructured
gridsusingmassively parallesupercomputers

The first line of work pertains to the development, analysistestthg of hybrid methods
designed to improve the iterative performanc&B methods in problems containing optically
thin cells.The iterative slowdown incurred 3BJmethods in such problensa consequence of
ther esul t i n g asgnthgooiait.iHenbem@ propose a set of hybrid approaches which
utilize a specified combination ¢¥1BJtype andsweepbasedmethodso solvea given problem.
Spectral analysis of the sequential executioRarallel Block Jacobintegral Transport Matrix
Method(PBJITMM) or Inexact Parallel Block JacolfiPBJ) andSI demonstrates this approach
to achieve iterative robustness in optically thin cells, but suggests that global execution of both
methods is unnecessary. Ensuing numerical tests in serial operatiofd ddagesian grids
including a parametric study and testing on benchmark problems containing void regions
demonstrateshat executingPBJITMM in optically thick regions andPBJ in optically thin
regions greatly increase t he r es ul t i mage oficoneergante, while na inpaetinge 6 s
its potential for efficienparallel solution on unstructured gri@erial operation on-D Cartesian
grids is used for these studies to expedite the development process.

The second line of work concerns the develept of an algorithm for execution BBJ
ITMM on unstructured grids. Solution on unstructured grid$®8&ITMM requires construction

of the associated response matrices. In this worladaeess this challenge dgvelopng a novel



Gr eeno6s F u nCornstrucion(GFIC) Miybrithm, which constructs tHgMM matrices

using preexisting transport codenesh sweeps witlan artificial set of problem parameters
designed to facilitate construction of the desired matridsgng this algorithm, we implement
PBJ-ITMM on 3D unstructured tetrahedral grids in the THOR code for parallel computation using
nonblocking MPI communication. The performanc®Bf}:ITMM compared tdPBJis then tested

in this configuration with strong and weak scaling tests on up to 33)7@8ssors.The
comparison tdPBJis made, asPBJis the currently used alternative to spatially paredlebn
unstructured gridsThese scaling tests are executed on two benchmark problems, Godiva and
C5G7. The results of these scaling testsablish the applicability ?#BJITMM to the massively
parallel solutionof the transport equatioon unstructured grids, solving problem wth >6.8

billion unknowns on 32,768 processors in under 20 minutes. The better performing of the two
methodsstudiedis observed to be dependent on the size of thelsatainsPBJ decomposes a
spatial mesh intathat, in turn determines the rank of the laggble ITMM matrices for that sub
domain PBJ}ITMM requiresshortersolution time thalPBJwhen subdomains are comprised of
fewer cells. The threshold at which this transition occurs is predegendent, occurring ai28
andover 256cells per sullomain for Godiva andC5G?7, respectively The increased threshold

for C5G7 compared to Godiva was due to C5G7 being a more computationally difficult problem,
indicating thatPBJ}ITMM is preferable over a larger range of gldmain sizes in problems most

in nead of parallelizationThese results lead to the conclusion #Bg-ITMM is well suited for
massively parallel solution on unstructured grids, andGiF&€ is a viable construction algorithm

for its implementation. At large processor coun®&kICo s cuctians ttme was mostly
insignificant compared to the total solution time, and the use okxiséing meshsweep
capabilitiesin the target transport codeakes it a practical approach for current production
transport codes utilizing thel iterative soltion method.
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Chapterl:
Introduction

The neutron transport equation,

hoEmion (1.1)
0?0 = mi® Emfiod  + EOr emion

Qmp QO+ B0 O° Om©O mr BmARoh
r_ 00’ B0 + B0 % B0 n BMHoM 0 hp

NOm O HWmv5T BOEAOA

is the mathematical model that describes the collective migration in phase spaogra@fs in a
specified physical configurationl][In this equationp is the neutron speed,, t+ , andt are
the total, scattering, and fission macroscapiss sections (probability of interaction per unit
distance traveled) respectively,O is the energy distribution of fission neutrohsis the average
number of neutrons bornin afissioney&t s t he pr obl e andipisttepxtetnal al d o
source of neutrons. The solution to this equatign iSO , such that BMHIOD ‘Q1jQ As
the expected value of the angular flux of neutrons at locatimaveling withinQmabout direction
m, with energie€) GaboutQ, attime 6. Another important quantity to note%s O , the scalar
flux, which is the angular flux integrated over all angles

To solve the transport equation, Ef.1) must be suplemented by boundary conditions
and an initial condition. For the initial condition at tirtsg there must be a flux distribution,
[ B0 that is known for all values of the other independent variabhes.flux profile can
be produced from multip specifications for the beginning state of a problem, such as the-steady
state solution of the problem before a perturbation or a restaBéeifying boundary conditions
is slightly more involved. In Eq1.1), the spatial gradient (second term on theHeftdside)
comprises a first order spatial derivative. This implies that a mathematical solution of the equation

in Cartesian geometry only requires a single boundary condaioeaich spatial dimension of a



problem, defined for all values of the other independent variables. In practice, however, this is not
generally known, as the outgoing angular flux at the problem boundary is dependent on the solution
of the transport problemtself. The outgoing angular flux is the angular flux along directigns

such thamté 1, € being the outward normal vector to the bounding surface. Therefore, the
boundary conditions are split into Apartialo
each spatial dimension, there are two boundary conditions defined on opposit®tamiadthe

problem domain, each defining the angular flux only for directions whége 1 (incoming to

the problem domain)This allows the neutron transport equation to be solved without requiring
knowledge of the flux exiting the spatial problem domaimuantity which is dependent on the
transport solution.

In general, there are two main types of boundary conditions for the neutron transport
equation, explicit and implicit. The former is the simpler of the two types, with the angular flux
distribution explicitly providedat a boundary point foall m such thatmté 1™ A common
special case of this type is the vacuum boundary condition, wheliadbming angular flux
distribution on the boundary is set to zerorffire 11, implying a scenario in whicthere are no
impingent neutrons onto the problem domain, and where no neutrons which exit the domain
subsequently renter it. [L, 2]

Contrarily, implicit boundary conditions substitute this explicit designation of the
boundary incoming angular flux distribution with a mathematical relation to the boundary
outgoing angular flux distridion. The most common types of implicit boundary conditions used
are reflective (and more generally albedo) and periodic. A reflective boundary condition equates
the incoming angular flux at a point on the boundary to the outgoing angular flux at that same
spatial point, at the same energy, and with the associatededflectr ect i on of t he ne
path. Physically, this describes a scenario in which the problem configuration is reflectively
symmetric about the corresponding boundary plane. Thisidsary condition is useful for
modeling problems with reflective symmetry as it yields a smaller problem dorhgkh. [

Additionally, the reflective boundary condition can be modified to an albedo boundary
condition in which the incoming angular flux at a point on the boundary is set to a prespecified
fraction of the outgoing angulaluk at the same point in the reflected direction. This has been
used toefficiently modelasulbb egi on of a problem which i mpact
but over which the solution is not of interest. Specifically, albedo boundary conditions can
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effectively be used to model the reflector around a nuclear reactor core, simulating a certain
percentage of outgoing neutrons reflecting back into the reactor core. This allows the solution
process to focus computational resources on the important core vegleraccounting for the

effect of the reflector region without having to solve the transport equation in the latter rggion. [

The other type of implicit boundary conidin frequently used is the periodic boundary
condition. This boundary condition equates the incoming angular flux distribution at a point on a
boundary to the outgoing angular flux distribution at the corresponding point on the opposite,
parallel boundaryThis models a problem in which the spatial domain is a singlanceof a
larger, periodically repeated structure,. éugl assembliegl, 2]

The solution to the neutron transport equation is needed for numerous applications in
nuclear nonprolifeation as well as other applications in nuclear engineering. It is often very
difficult to obtain though, as E@L.1) is an integredifferential equation, the solution to which has
seven independent variables. Given the importance of transport solutions as well as the difficulty
of computing them, development of methods and algorithms for obtaining accurate solutions to
the transport equation in an efficient manner is an active areaeddnchWhile this work pertains
to neutron transport, the concepts discussed extend more broadly to neutral particle transport,

including gamma and-rsay transport.

1.1: Discretization of the Neutron Transport Equation

Detaministically solving the transport equation requires the continuous form qfLE&Y.
and its accompanying initial and boundary conditions to be transformed into a discrete linear
system of equations by discretizing each of the independent variables. We will focus on
discretization of the steady state transport equation (i.e. vanishiegdénivative). The energy
domain is traditionally discretized using the multigroup approach that amounts to discretizing the
continuous energy domain into disjoint energy intervals, or groups. The group scalar and angular
fluxes are defined as the corresgding energy dependent fluxes integrated oversganof the
energy group. The group cross sections are then obtained by averaging the energy dependent cross
sections over the range of the group using a suitable weighting spectrum. This invokes the inhere
difficulty that obtaining adequate multigroup cross sections requires knowledge of the energy
dependent angular flux, that is the solution of the transport equation that is sought. This circular

3



dependence is broken by fixing the weighting spectruminedjito generate the multigroup
constants to an energy distribution that is computed on a simplified configuration, e.g. reduced
dimensionality[1, 2]

There are two main approaches for discretization of the angular domaii,ahe thePy
methods. In this work we will employ only tls method, which discretizes the angular domain
into individual directions (discrete ordinates), requiring the neutron transport equation only to be
satisfied for the selected directions. To obtain angularly integrated quantities, each discrete
ordinate is assigned a quadratuveight Any quantity to bentegrated numerically over the
angular domain (such as integrating the angular flux ay& obtain the scalar flux) is then
calculated as a weighted sum over all discrete ordin&jes. [

There exist numerous discretization methods for the spatial dof@amest of which can
be classified into finite difference methods and finite element metHodhis work, weuse a
nodal methodthat is akin to finite differencing methgdsnown as theArbitrary High Order
Transporti Zeroth Order NodalAHOT-NO) method, which is cast in a special form of the
Weighted Diamond Differen¢gVDD) method.

To illustrate the spatial discretization formalism we consider, without loss of generality, a
1-D, 1-group, steady state transport problem with no fission, isotropic scattering, and isotropic

external source. Thdiscretized form of the neutron transport balance equétidhis,

e e, P P (1.2)

wherg andl are the outgoing and incoming angular fluxes, respectively, to a spatial cell,

is the directional cosine with respect to thaxis of the discrete ordinabte and3w is the size of

thei® spatial cell along the-axis. Any flux quantitywithout a superscript is then a celleraged
guantity. Assuming the incoming angular flux to be inferred from either the outgoing angular flux
of an upstream neighbor or from the boundary condition, there are two distinct unknowns in this
eqguation, requing an auxiliary equation relating the incoming, outgoing, and average angular
fluxes to solve simultaneously with Ed.2).

In general WDD methods employ an auxiliary equation of the form,



P T (1.3)

where| | is the spatial weighfor the WDD method, which is between zero and .ombe
distinctiors between the various incarnations WDD methods lie in the auxiliary equations
needed for closure of the discretized linear algebraic system, more specifically in the choice of the
spatialweights. In general, problems with cells of large optical thickness will tend to have larger
weights, as the exponential attenuation through a cell makes the average more heavily weighted
towards the outgoing face. Also, realistic problems will likely en@ells of varying optical
thicknesses, making global weight lessuitable [2]

Methods such a®iamond DifferencgDD) and Stepuse global weights of 0 and 1,
respectively while nodal methods calculate on the fly weights for each discrete ordinate, spatial
cell combination. In this workour focus is on iterative methods, so the selection of spatial
discretization method is secondary. In our test code subsequently disonsesmplement the
AHOT-NO method due to its ability to obtain a desired solution accwrsiogfewer spatial cells
than either of the aforementioned methods due to dynamic weights allowing for a coarser spatial
mesh to be used\dditionally, the iterative methods we are interested in have previously been
studied withAHOT-NO, providing results against which to verify] [The AHOT-NO methal

calculates the spatial weights using the expressin, [

4530 CS S 3 (1.4)
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In multidimensional configurations the WDD auxiliary equatigg.(1.3), is repeated once
per dimension, and the corresponding spatial weight is computedendently in analogy to Eq.

(1.4) using the corresponding cell size and angular cosine.



12 The Source [teratiorMethod for Neutron Transport
Calculations

The discretization methods discussed in the previous section yield a closed linear system
of equations for the entire problem. While direct solution of this system is theoretically possible
by factorization or imersion of the effective matrix, doing so would be infeasibly time consuming
and memory intensive for any problem of realistic size, as the rank of the applicable matrix
operator becomes too largeraditional iterativesolution methodsof transport probles use an
inner / outer iterative strategy which uses the following general form of the discretized transport

equation for a D steady state problem,

N B , (15)

In this general equation the subscriftand i indicate the energy groupnd spatial cell,
respectively On the righthandside,n j contains the external source and the source of particles
which scatter from theurrent group Q) and remain in that energy group. This term is often
referred t egrasuptoh es cfawit tefris thee goursecofipartickes which arrive
in group™Qdue to interaction by a parent neutron with energy in giQup

The latter of these terms is the teamwhich the outer iterations apply. In an outer iteration,
Eq.(1.5) is solved for all energy groups, one group at a tisseiming ali} o j terms are known.
Depending on the details of the outer iteration scheme, partsipf the, terms are inferred from
the previous outer iterationds f 1l ux, and the
i t er dlaxifooatl graups Q) which have already been solved.

With ther o  terms assumed known, and recognizing the dependengeonf%o;, this
equation is still most practical to solve iteratively, resulting in the ifteeations.Our work
addresses exclusively the inner iterations, and outer iterations will not even be presented until
Chapter5. Therefore, for brevity, inthenet i r ety of this work the ter
inner iterations, unless otherwise specifiefilstorically, these iterations work by lagging the

within-group scattering term included iy by an iteration (i.e. setting the group flux used in
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computing the withiyr oup scattering term to the previ o
method is termed th&ource Iteratior{SI) method. Oné&literation typically uses the mesh sweep
algorithm for its solution. If we consider all terms on thétigandside of Eq(1.5) to be known,

then there are three unknown quantities in this equation for a given cell / discrete ordinate

combination in one group,  .[ F 7, @and j j. If we include the auxiliary equation, there are

now three unknownsut onlytwo equations. Howevefor a boundary celilo which the angular
flux of the current discrete ordinate is impingent, the incoming andlutaris known, either
explicitly or implicitly, allowing for the outgoing and cedveraged angular fluxes to be solved for
directly. The downstream adjacent <cell can th
angular flux as its incoming anguléux by applying flux continuity across that face. The entire
spatial domain can then be Aswepto in this mar
sweep for each discrete ordinate starting from a boundary where the incoming flux is known
explicitly or iterating on the incoming angular flux on the boundary otherwise, constitut& one
iteration. Note that while we have provided example equations feb grbblem, these same
concepts are straightforward to extend40 and 3D problems.

With the withingroup source assumed known, all angles in the problem are decoupled
from each other within a singlel. Mathematically the resulting systems of equations (one for
each angle) comprise triangular matrices that can be solved by recursive substitution. The mesh
sweep algorithm effectivelyerforms this operationyielding the solution of these matrix
equations without constcting the subject matrices][

13: Parallel Block JacobBpatial Domain Decomposition

While decoupling the angar domain foiSIsolution provides a simpler method for solving
the withingroup problem, in parallel thdarallel Block Jacobi(PBJ spatial domain
decomposition has also been used, decoupling portions of the spatial dom&@mrefirdsentation
of the PBJ decomposition is depicted in Fif).1. We see that the spatial domain is divided into
multiple subdomains, each of which contains multiple cells (although they may contain as few as
1 cell). From the zoomeith subdomain in the bottom left corner of the domain, we see that all
incoming angulafluxes at the swolomain boundary are considered known, and all outgoing

angular fluxes at this boundary are unknown. The assumption that these incoming angular fluxes
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are simultaneoushjknown for all subdomainsis the defining factor of thBJ decomposion.

For these terms to be assumed as known, they must either be inferred from the boundary conditions
or inferred from the outgoing angular fluxes of an adjacentsmbain from the previous iteration.

This implies that an iterative method must be usedbtain transport solutions using tR&J
decomposition until convergence of the gldmain interface angular fluxes is achieved, although
frequently control of the iterative sequence is based exclusively on testing convergence of the cell
averaged scaldluxes. For the®BJ decomposition, the sutbomain interface angular fluxes are

the only quantities which must be lagged, however, certain iterative methods lag other terms, e.g.
the scattering source. For tiRarallel Block Jacobintegral Transport Matix Method (PBJ

ITMM) method, these incoming angular fluxes on-domain interfaces are the only lagged
guantitieslnexact Parallel Block Jacol§lPBJ) on the other hand, additionally lags the scattering

source.
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Figure 11: PBJSpatial Domain Decomposition. Bold lines indicate-domain boundaries. Thin
lines indicate cell boundaries.



14: DissertationOutline

The motivation for the work presented in this dissertation is to develop, analyze,
implement, and test methods and algorithms that are effective for deterministically solving the
neutron transport equation on unstructured grids (meshes) on massivelyl sagdrcomputers
using Parallel Block Jacob(PBJ)-type methodsin this endeavor, there are two main lines of
development for this work: 1) hybrid methods that paddtype methods with mesh swebpsed
methods to improve the iterative performanc®Bj in problems containing optically thin cells,
while maintaining scalability to massively parallel supercomputers on unstructured grids and 2)
an algorithm for construction of the matrices required for solutioRB&ITMM that is applicable
to unstructued grids. Analysis and testing of the former is conducted in serial operation on
Cartesian, D grids with the assumption that the observed trends extend to parallel solution on
unstructured grids. This simplified testing configuration is chosen for thelayement of our
hybrid methods, as it expedites the implementation and data collection processes, resulting in an
efficient development process. Testing for the latter of our two lines of work is conducted in
parallel execution on unstructured grids. Thenplexity of this configuration is necessary for this
portion of our work, as its purpose is to provide algorithms for the implementation on unstructured
grids of all constituent methods that are used in our hybrid approadiesoutline this
dissertatob s contents as foll ows.

Already in the Introduction, we edcribedthe generalprocess by which the neutron
transport equation is discretized from its continuous form to obtain a linear system of algebraic
equations. We also discussed tBkiterative metlod, which together with the mesh sweep
algorithm is the standard method used for solving theypmip linear system of equations without
construction and factorization of the groupo6s
almost any realistiproblem.PBJtype methods have also been introduced as alternatives to the
Sliterative method.

In Chapter2 we will proceed with a review of the relevant literature. We first discuss the
mathematical analysis which is used to assess the convergence rate of iterative methods and the
known properties of th8l method. We will then discuss several acceleration oastipreviously
developed and currentlyusedtoimpr@@s r ate of convergence. Fina
transport calculationsn both Cartesian anghstructured spatial meshes, and the motivation for

9



implementingPBJtype method$or parallel lutionon the latterassuch applications constitute
our researchods ultimate objective.

Upon concluding the literature review, we separate the butki®fdocumentnto three
segments beginning withtheoretical analysi®f our new hybrid methods and thamatical
formulation of our novel algorithm for construction of tH&IM matrices on unstructured grids,
presented in Chapt& Then in Chapte4 we describe the numerical experiments we performed
t o assess our hybrid approacho® Catesrafi gridmanc e
configurations. Chater 5 is dedicated to reporting the parallel executionP&JITMM on
unstructured grids using our novel algorithm for construction of the required matrices

Theoreticalanalysis(Chapter3) describes the Fourier analysis conducted on B&b
ITMM and IPBJ preconditioned withSI, which are the most basic olur hybrid approaches,
designed for analysis to verify the efficacy of the fundamental approachanalysis is followed
by formulation of the matrix equations that are solved eRBBITMM iteration, with our
developed algorithrdetailed for the matrice6 constructi on.

Results ohumericaltesting of our hybrid approachen proceeth Chapter, beginning
with verification of our 2D, structuredgrids serial operatiotransport code, HARC. We then
verify our Fourier analysis and conduct a set of tests on homogenous problems, followed by a
single heterogeneous test to facilitate discussion of our preconditioning methods and detail
motivation for the development ofdditional hybrid approachesA parametric study then
compares all of our hybrid methods to the individual metlobagichthey are comprised as well
as traditional acceleration methods. This study is used to determine the genarbfmpablem
parameters on the performance of our hybrid methBaslistic test problem configurations
containing void regions then confirm that the findings of our controlled testing configurations
extend to realistic geometriesinally, we provide nurmrical results illustrating the construction
cost associated with algorithms for constructing th#M matrices including our newly
developed algorithm

Finally, in Chapter5 we test bothPBJITMM and IPBJ in parallel execution on
unstructured tetrahedral grids using our developed algorithm for construction ©f N
matrices. These tests, utilizing up to 32,768 processors, quantify the scaling in the artiount of
required to construct tH&@MM matrices and subsequently solve the transport equation iteratively

for multiple problems with varying amounts of parallelization. We then perform tests on a problem
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containing a void region, demonstrating the iterai@vdown our hybrid methods have been
demonstrated to alleviate in Cartesian grids.

After presentation of our analysis and results, conclusions are reachgcdtaniil future
work is describedh Chapter6.

15: Terminology

Robustness: The term Arobustnesso in the cont
finite upper bound on the number of itéoas required by an iterative method to convdmea

given criterion. We describe a method as robust with respect to a given parameter if, in an infinite
homogeneous medium, the method satisfies this requirement for all values of the specified

parameter eer its entire possible range.

Hybrid method abbreviations: In this work, we develop, analyze, and test multiple hybrid methods.
These methods utilize a secondary sweaped method to accelerate the convergence of a primary
PBJtype method. There are two approaches for the hybrid catidin of the two methods,
Preconditioning B) and Asynchronous Hybrid(AH). The differences between these two
approaches will be discussed at length during their development, however, to summarize,
indicates both methods are executed globally in staggaanner, whereasH indicates that a
given subregion of a problem has only one of the two iteration methods applied to it. We
abbreviate the hybrid methods with a thpeet acronym, separated by hyphens. The first letter
indicates the manner in whichd two methods are combind@ r AH), the second indicates the
primary methodRI for PBJ-ITMM or IP for IPBJ), and the third indicates the secondary method
(SlorIP). For example, the asynchronous hybrid combinatid?B¥ITMM andSlis abbreviated
asAH-PI-SI.

Degree of parallelism: Degree of parallelism is a term we use to describe the degree to which a
hybrid method reduces the effectiveness of parallel exatutiabsence of communication costs
compared to the primary method. Neglecting communication timeRBJmethod executes in
parallel with one swolomain per processor and all stkomains comprised of the same number of

cells, all subdomains will fini execution at the same time and the next iteration can begin
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immediately. With hybrid methods, though, the secondary method may cause a delay between the
completion of the?BJ subdomain solution and the point at which the subsequent iteration may
begin.The length of this delay indicates the penalty to the degree of parallelism imposed by the

hybrid method, as this delay effectively increases that@ration execution time.
Unstructured grid (mesh): A spatial mesh of 1@artesian cells with no presloed patterning.
Convergence rate or rate of convergence: The reduction of the iterative error due to the application

of a single iteration. A method with a higher convergence rate converges in fewer iterations. This

term does not imply anything aboutthee | at i ve execution time of a

12



Chapter2
Literature Review

21: Acceleration of Neutron Transport Methods

Since iterative methods are implemented to augigasibly long runtimes in the process
of obtaining transport solutions, much work has been done to assess and improve their convergence
rates. As this work is concerned with accelerating the inner itesatiwe will focus on the
techniques which have previously been used to accelerate these iterations, as opposed to the outer
iterations. First, we discuss ttechniqueresearchers havesed toassess the effectiveness of the
unaccelerate&l method.

This analysis employs a Fourier transformation, projecting the iterative error (the
Adi stanced between the converged solution and
basis. As Fourier functions are periodic in nattine,analysis isconductedn a problemwhose
solution is periodic in spacdhis implies that this analysis must performedon an infinite
medium. Additionally, while the analysis has most frequently been performed in homogeneous
medg, the analysis only strictly requires that thediund s conf i gur ati on (georm
data) be periodic inspace With the iterative error projected onto a Fourier function space
(transforming from the spatial domain to the frequency domain), the scaling of the error from one
iteration to the nexcan bederivedas a function of the Fourier variable(s). These scaling factors
are the eigenvalues of tl& transport operator, scaling their associated eigenfunctionstivath
execution of a singl8literation

Conducting this Fourier analysis on tBEterative methodvith one energy groupielded
a spectral radius (the | argest magnitude eige
scattering ratio in an infinite homogeneous mediufnThis indicates that as the scattering ratio
approaches unity, the spectral radius also approaches unity, making the number of required
iterations grow without bounébr an infinite medium This maximum magnitude eigvalue
occurs at the origin of the Fourier space. This result can alsxpteanedphysically. It is possible
to show that the solution to tisé iteration is the flux of particles which have undergone g to

1 collisions. Therefore, configurationswinich particles, on average, survive many collisions will
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take more iterations to converge, [7] In the following sections, we will discuss several
acceleration methods developed to increase the rate of convergence in these problems. During the
discussion, we will provide equations finathe literature when appropriate, and we will provide

the basic equations used to implement the method for a sample problem type as well as any
eguations necessary to demonstrate specific qualities of the resulting iterative scheme. Note that
while we modfy the notation in these equations to match the notation adopted in the remainder of
this dissertation some methodmay use the same symbols for auxiliary terms as defined in the

source reference.

21.1: Diffusion Synthetic AcceleratiofiDSA)

Accelerating theSI method in problems with scattering ratios close to unity has been an
active area of research. A precursor to some of the earliest work in the f&dlacokleration was
done byKopp[8], who demonstrated that the transport solution could be obtained by the synthetic
met hod, a method which poses the solution as t
WhileKoppd s wor k used t he syntaht®acceterateéiswokdrovided s ol v
the foundation for early attempts to accelerate transport iterations by introducing a low order
operator which would solve theomponentf the transporsolution which were observed to
converge slowlyReed 9] applied this idea of solution synthesis to an iterative process, equating
the current iterate of the scalar flux to the scalar flux obtained by the mesh sweep, plusaraadditi
term that satisfies a diffusidike equation driven by a distributed source proportional to the

iterative change in the scalar flux. This yields the system of equations,

% ~ £ J%o N h (2.1
i T % % B (22)

and
%o % T Ay 4 8 (23)
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In these equations,is the iteration indexA is the matrixrepresentation of a diffusive operator,
vis a diagonal matrix of scattering cross sections, sl the transport matrix. These square
matrix operators have dimensions equal toniivaber ofspatial degrees of freedom. When using

an iterative methowhich utilizes a twestep method of any kind, we us¢o indicate quantities
before the iteratior, - to indicate quantities resulting from the first step (usually the transport

sweep), and+1 to indicate quantities after the second step, whateves#icand step may be
(usually a low order solution). This notation will be used repeatedly throughout this report.

Equation(2.1) is theSl iterative solution in matrix notation, making the first rigiand
side term of Eq(2.3) the scalar flux resulting from the mesh sweeps’if then added to the
second righthandside term, which is a diffusive matrix multiplied by the iterative change in the
scalar flux,r, synthesizing the updated iterative scalar flReedperforms analysis on this
synthetic method to obtain conditiotise employed diffusive operator must meet to ensure
stability of the synthetic method. Numerical testing of this method showed a large reduction in the
number of required iterations over the unaccelerated problem, but also showed instability (lack of
convagence) in problems when the diffusion coefficient was small relative to the size of the spatial
cells.

The synthetic method was later used3sibardandHagemar10] to form theDiffusion
Synthetic AcceleratiofDSA method, which has since become one of the most widely used
accelerators for transport calculatioD§Aemploys a preconditioner technique which will be used
by many of the other acceleratiorethodscovered by thiseview. [6] In general, a preconditioner
is a mathematicatypically low-order, operator inserted within the sequentan iterative scheme
to accelerate its convergence. This dowler operator is an approximation of the transport
operator, with the approximations made in a manner such that the resulting matrix is far cheaper
to factor and solve than the matrix reprdsen the full transport operator. IDSA this
preconditioner matrix is obtained by use of the diffusion approximation, which is derived by
assuming an angular flux with linear angular anisotropy. This approach is used because the
eigenmodes of th8I opeiator which are slowest to converge are those with frequency close to
zero, the saalledfiflatd modes These modes represent the portion of the solution with a nearly
linear dependence of the angular flux on direction, therefore causing diffusion thdmyato
accurate approximation in that region of Fourier spafielie DSAacceleration method applies

the diffusion operator to the stage of computing the iterative residual, thus ensuring that the

15



converged solution will not be altered by the acceleration process and will match the unaccelerated
limit to within the convergenceriterion. This follows from the observation that the acceleration
method will cease to impact the iterative solution as the iterative residual approaches zero with
iterative convergence.

Fourier analysis of th8l methodaccelerateavith DSAIn slab georatry established that
the spectral radius boundedirom aboveby 0.23, wherec is the scattering ratio. This implies
that for highly scattering problems, which were slow to converge using the unaccefrated
method, the number of required iterationd e much smaller wheDSAis used. Additionally,
the analysis establishes tHaBA is robust,sincethe spectral radius is bounded below unity,
implying that the number of iteratiomequired to achieve a fixed convergence critedannot
grow unboundelg as the problem size increases amgd 1. [10]

While most of the computational results reported in the literature support this finding,
instability of DSA-accelerated®l was observed in problems with optically thick cells, with many
of these problems not converging whHeB8Aacceleration was usedlcouffeconjectured this to
be the result of inconsistency between the discretization of theohdgin transprt operatorand
the loworder DSA operator This explained why the instability only occurred in computational
tests, as the theoretical analysis was conducted using the continuum operators. The Fourier analysis
was therefore not subject to inconsistendie$weenthe discretizations of the transport and
diffusion operators. In previous workbg starting point for implementirfigSAwasa continum
diffusion-like low-order equatiorfollowed by the application of a selectdidcretization to obtain
the linaar algebraic system of learder equationsAlcouffedemonstrated that this resulted in
inconsistency between the highder and loworder discretizations, which ultimately caused the
observed instabilityAlcouffederived a newDSAformulation which began with the discretized
transport equation, then applied the diffusion approximation by projection onto Legendre
polynomials of orders less than or equal to one. The resulting acceleration method was shown to
be stable for all cell tkknesses when used with tb® spatial discretization method in ene
dimensional slab geometni.J]

Alcouffd s wor k s u gRSAderivatidn mudt sart with tiekscretized transport
equation, indicating that the learder DSA equations must be derived specifically for the
particular spatial discretization method of the transport equation that they are to be used with. This

motivated work byLarsento derive uncoditionally stableDSAequations in slab geometry for a
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variety of Sy spatial discretization methods and to formalize the derivation process to aid in future
derivations; the resulting pfodasys emé& st aurnmech d
stableDSAmethod based on the festep approach was extended Agmyto two-dimensional
Cartesian geometry for tHOT-NO method. 12, 13] Testing of the method showed it to greatly
reduce the number of iterations reqdireor one and twoedimensional problemsin both
homogeneous and heterogeneous configurations, when usedM@A-NO. The number of
required iterations was observed to be relatively insensitive to scattering ratio and cell optical
thickness, and was fourtd be sensitive to quadrature order only at extremely low ordemy
andLarsen[14] conducted a Fourier analysis of this method and showed its spectral radius to be
close to 0.25 for all cases, thus providing theoresSaalportfor the aforementioned variation in

the number of required iterations being so small.

We provide the following equationgyriginally derived by Azmy [12, 13] which
demonstrate the implementation@$Ain two-dimensional geometry using tA¢1OT-NO spatial
discretization method.

First, the following two equations are solved for'&l terms, the zeroth order Legendre

angularmoments of the scalar flux residualboth dimensions.

gt fh ORri O &t & & Ok & Qg (24)
g it wh Orp "Qgk
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In these equations, the subscrib&ndj indicate the spatial celk(j) on aCartesiargrid,
®wp arethaud i me n AHAT-N®spatial weighting factors for directiom and3-wandaware
thesizeof spatial cellK,j) in thex andy directions, respectively. FinallQ ; j is thep™x direction
/ "y direction Legendre angular moment of the angular flux residual (converged solution minus
current value) in celllj). The superscripi+ refers to the quantity on théy cell face with thet
distinguishing between the right/left and top/bottom faces wirer andy, respectively.

We refer to Eqs(2.4) and(2.5) as thex andy directionDSAequations, as they couple the
edges of a cell to those of its neighbors to the right and top, respectively. When supplemented with
the appropriate boundary conditions, supplieddayny[13], Eqgs.(2.4) and(2.5) form the DSA
matrix which is factored as a ppeocess, then solved after each transport mesh sweep to accelerate
convergence. From these two equations we are able to see the stenciDSRAthmatrix that is
consistent wittAHOT-NO to be a 7striped matrix for 2D, as there are a total of seven unitgae
terms in each of these equations, coupling the edges of two cells in the aforementioned pattern.

This factored matrix equation is solvedf@r at each cell edge within the prebd domain.

With these values knowdzmythen provides the following equations which are used to solve for
"Q and"Q, the first Legendre moments of the angular flux residual, at each cell edge. Recall that
neglecting all Legendre angular moments of higher orders (including bilinear moments) is the
primary approximation of the low ordBxSAequations.
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With the zeroth and first Legendre moments obtaidAechypy s der i vati on t hen

following equations for updating the calveraged scalar flux obtainbgthe SImesh sweep using
these moments.

- P .y f o f oy B (2.19)
I L Q' < i Qp

- P .g ey B 0" . R f (220)
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These equationsomprise thddSAschemédor the AHOT-NO method in twedimensional
geometry and provide a significant reduction in the number of required iterations for convergence
when compared to the unaccelergsthethod. We make note of a trait which is readily apparent
in these equations; that thecaterated method converges to the same solution as unaccefdrated
In Eq.(2.12), we clearly see that as the solution approaches convergence (and the iterative change
in the scalar flux approaches zero), theerms approach zero. We then see that this makes the
right-handsides of Eqg(2.4) and(2.5) approactzero, hence making all values'®f equal to zero
(assuming th®SAmatrix operator is nesingular). Equationg.15) - (2.18) then clearly produce
zero values for all first moment scalar flux residuals. With zeroth and first maoalatr flux

residuals equal to zero, the rigihdndsides of Eqs(2.19) and (2.20) vanish, indicating that

%o %o ~ . This shows that upon convergence, @A acceleration step in the iterative

sequence ceases to change the scalar flux, ensuring that the method converges to the same solution
as the unacderated method.

Since the work on achieving consistency between the transport and diffusive
discretizationsPSAhas become one of the most widely used acceleration methods in transport
calculations, and hence, research has continued to improve the rapthtmlimplement it for a
wider variety of problems. Ideally, the scalar flux after a transport sweep will always be greater
than the scalar flux preceding the sweep, resulting in a scalar flux iterative residual which is always
positive. Mathematicallythis corresponds to the following equation having aalue of less than

unity; thisrval ue resulting from a &pecific probl emb:
1 %o %o %o p i % %o (221)

In realistic problems, this ideal progression to iterative convergence is often not the case, and the
resulting negative scalar flux residuals hinder iterative stability dd8®method, as this residual

is used in the source term of tB&Aequation.Yanamoto[15] has developed an algorithm for
solving theDSAequations which mitigates this undesirable feature. This algorithm is called plus
and minus sepatian and it works by executing tWidSAsolutionswithin each iteration, one for

the positive scalar flux residuals obtained by the transport sweep and one for the negative. For the

positive DSAproblem, all negative residuals are set to zero and for tegimeDSAproblem, all
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positive residuals are set to zero and the sign of the negative regdiyged. TheDSAproblem

is then solved for each of these flux vectors andX8A solution is the solution to the positive
problem minus the solution tbe negative problem. In numerical testivggmamotdound plus

and minus separation to eliminate large spikes in magnitude of the iterative error that were
otherwise observed during the process of converging a problem. This resulted in a large enough
redudion in the number of required iterations to merit the increased costDBlstep, basically

a doubling of its execution time.

More recently, work has beeperformedto extend the use dDSA to unstructured
tetrahedral spatial mesheSluhammadand Hong [16] have successfully implementddSA
acceleration in such meshes fofirat orderfinite elementspatial discretization. These authors
implemented theDSA method into unstructured grids alongside thiaear Discontinuous
Expansion Method with Subcell Balanceethod [DEM-SCB. LDEM-SCB employs a
discretization which divides a single tetrahedron intatiple subcells. For consistency, the
authors imposed the same discretization fodB& equations. The resultingSAequations are
solved iteratively, thus creating a nested iterative sequence in which the solution of the low order
problem requires itations to solve. The authors use tlirear Fine Mesh Rebalanq&MR)
method to accelerate theB&Aiterations. When tested in a thrdienensional problem with a
scattering ratio of 0.9999 (an extremely slowly converging problem fdgltheethod), thiDSA
with FMR approach was observed in the most dramatic case to reduce the runtime of a problem
from over a day to just over an hour.

Additionally, DSAhas been used [Byévotte[17] to derive an acceleration methfat 3-D
Cartesian gridgalled Piecewise Diffusion Synthetic Acceleratif®fDSA. PDSAIs a diffusion
based accelerator constructed in a manner which allows for parallel solution. For the low order
problem,PDSAdivides the spatial domain into multiple sdbmains. Each of these sdbmains
then undergoes two locBISAsteps which differ by their local stdbmain boundary conditions.

The first step (Neumann step) implements homogeneous Neumann boundary conditigrtte

scalar fluxes obtained from tisstep, on all sulolomain boundaries which are not global problem
boundaries The second step (Dirichlet step) uses Dirichlet boundary conglitibme DSA
equations are solved locally over each-dommain in the Neumann step. The solution obtained
from the Neumann step is then used to compute inhomogeneous Dirichlet boundary conditions for

the ensuing Dirichlet step. These Dirichlet boundary conditionsangantinuity of the scalar
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flux at subdomain interfaces by setting the scalar flux residual at an interface to the arithmetic
average of the solutions on that face obtained in the Neumann step in neighboognsirs.
The Dirichlet step then proceelg solving the samBSAequations as in the Neumann step, but
with different boundary conditions. This tvabep process can be thought of as perforrmiBé
independently inallsud o mai ns, each fAunawareo of the othe
all subdomains still solved independently, but with the condition thaDBA solution will be
continuous across sutbomain boundaries.

Unlike other acceleration methods, the piecewise natureDS8A makesthe explicit
derivationof thespectral radius diicult, if not impossible. Rather, Fourier analysis of the method
was only able to produce an upper bound on the scaling of the iterative error; a bound which is
dependent on the number of sddimains used for theDSAsolution. Numerical testing of the
PDSA acceleration method on a edenensional problem using tHeD spatial discretization
method demonstrated the method to have convergence properties identical to those of traditional
DSAwhen the problem domain is split into only two gldmains. This deonstrates the concept
of PDSAusing the Neumann step solutions to impose the coupling of adjacetdiains onto
the Dirichlet stepb6s boundary conditions, as
all subdomains of the problem are borderirack other. When the number of sddbimains was
increased, however, the scaling of the iterative error grew until, when&osuéins were used,

the method became unstable.

21.2 AdjacentCell PreconditioningAP)

While DSAwas shown to provide acceleration for ®idterative method, one observed
shortcoming was the fact that it was formulated aroundecgle flux quantities rather than eell
averaged quantities. This results in a matfibarger rankdue to the number of edges in a problem
being larger than the nuar of cells. Additionally, the resulting matrix may be less sparse since
there is coupling between aresaltangihalargerendngoersef an d
nontzero matrix elements per rowor example, witibSAa 2D problem results in @-diagonal
matrix instead of a-fliagonal matrix that would resuttt the low order matrix operator thaiupkes
a cell 6s aver age daverpged quantities oé its foar maighbbrimgcells & thé

same 2D problem configuration. Desire fonaacceleration method which uses -@leraged
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guantities led to the developmentlofposed Diffusion Synthetic AcceleratidpSA), a method
similar to DSA that imposes celiveraged flux coupling by neglecting the aforementioned
principles of consistencypetween discretizations with tH@SA method for the purpose of
accelerating using the standard -@shtered diffusion template, rather than a consistent form
derived from the correspondingly discretized transport equafoph8|

While IDSAhas not become widely used as an acceleration scheme, it was a precursor to
theAdjacentCell Precomitioning (AP) method. In addition to being a viable acceleration method,
studies of théA\P acceleration method have demonstrated fundamental concepts which we utilize
in our work.

The AP acceleration method employs the general concept of preconditionitigt it
provides an approximation for the exact transport métaxis significantly simpler and quicker
to solve by inversionfactorization or iterationthan its exact counterparAP achieves this
simplification by coupling the celtentered scatdlux of a given spatial cell to the calentered
scalar fluxes of all axially adjacent, not diagonally adjacent, cells, leading to a 3, 5, and 7 banded
matrix for =D, 2-D, and 3D Cartesian geometrproblems, respectively.19, 20] In these
publications, Azmy derives theAP acceleration for ondimensional and muHidimensional
problems, respectively. While we review the latter here, the general process is sagdeailess
of dimensionality.The AP method formulation begins with the following update formula which
provides the updated iterate of the scalar féx, , by applying the preconditioner matri®,

to the difference between the scalar flux beford after the transport sweep,

%0 %0 A % T % 8 (222)

As will be discussed shortly, theP method is implemented differently depending on the optical

thickness of the pro%l e fidsSH e Ifor optically tmn ot thick s e q u ¢
cells, respectively. The effectivenessAR is contingentupondeveloping a prescription for the
preconditioner matrix whicls simple tosolveand provides sufficient acceleration.

Azmybegins the development of such a preconditioner matrix with the observation that the
performance of preconditioner matrices can vary drastically depending on the optical thickness of

a pr obl e m@dBmethadlthersfore dicthtes the mathematicatesgion for the elements
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of the preconditioner matrix in terms of cell geometric and nuclear properties differently depending
on whether the cells are optically thin or thick, the resulting methods being tBiAieor KAP,
respectively.

Forthedevelopment oKAP, Azmynotes that intuition suggests the exact transport matrix
(which the preconditioner matrix is attempting to approximate) will see the magnitude of its
elements greatly reduced as they become further from the diagonal elemenhvehengr o bl e mo
cells are optically thick. This concept was later proven mathematicalRpbg, AzmyandMorel,
who demonstrated that the exact transport matrix approaches a tridiagonal matrix as the optical
thickness of cells increases foiDlslab geomey problems. 21] We make a special note of this
property, as ifids in certain developments presented in this work

While this property suggests that tideal KAP method would be to simply use only the
elements of the exact transport matrix corresponding to the coupling of a cell to its Cartesian
adjacent neighbors, analysis suggests otherwise, as this prescription does not guarantee
acceleration of thetier ati ve error 6s fl at mode, the mode
iterative slowdown of thé&l iterative method. This is to say that while this formulation for the
KAP prescription may produce a solution close to that of the high order trapsploligm, it fails
to resolvethe component®f the solution which th&l method requires assistance with. Fourier
analysis of theAP methodfor homogeneous media with a uniform mesbduces a stability

condition which is expressed as,

(223

where’'O andO are the diagonal and effiagonal elements of the preconditioning matrix,
respectivelyy is the dimension indeXJ is the number or spatial dimensions in the problem, and
cis the scHering ratio.
Azmyidentifies a formulation for thKAP prescription that satisfies this stability condition
and ensures that the flat mode has an associated eigenvalue of zero. This prescriptiodAliRtates
to have the same diagonal elements as the exact transport matrix. This designation combined with

the stability conditiorgivenby Eq.(2.23) results in the following prescription for the affagonal
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elements of th&AP preconditioner matrix, with the diagonal elements subsequently calculated

with Eq.(2.23).
. A 1T T . S (2.24)
On C o B 1 . h 6 pBh
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In these equations) ; istheudi mensi onos
dimensional thickness of the spatial cell.
Fourier analysis shows thiGAP prescription to provide excellent acceleration when cells
are optically thick, especially when the thickness exceedsrfean free pathénfpg. However,
thisKAPp r e s c r high frequency modes approach instability as the cell optical thickness

tends towards zero, reiterating the need for a separate presciypABnfor optically thin cells.
A NAPprescription for optically thin cells is obtained using the same processousietain

the KAP prescription. For thin cells, the stability condition is,
’ o . ’ (2.27)
O 7 @ C Oy 8

Through Fourier analysisAzmyselects the following prescription for the -affagonal

elements of the precditioner matrix.
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Azmy BIAPprescription satisfies the stability condition obtained through Fourier analysis
and ensures a zero eigenvalue for the flat mode. However, contidAPtahe NAP spectrum
shows rapid acceleration for optically thin ceAslditionally, in optically thidk cells,NAP does
not approach instability d6AP did in optically thin cells, but the achieved acceleration is far less
effective than provided bAP with growing cell thickness.

To completehe AP formulation a mixing formulafor heterogeneous configations and
nonuniform meshesnd boundary conditionsiust be derivedThe development anspectral
analysis ofKAP and NAP reported byAzmyassumed infinite homogenous meeavith uniform
mesh This is not the case with realistic problems, however, piyidn additional complication
when adjacent cells have different properties, potentially even belonging to separate #es of
formulation (i.e. one requiringAP while another requiringNAP). To address this issuézmy
provides a mixing formula alongith comparison of the speatfor NAP and KAP to provide
insight as to which prescriptionust be employed icells ofagiven thicknesses, thus completing
the formulation of thé\P acceleration method.

To apply the mixing formula, offiagonal elementsa calculated for each cell using Egs.
(2.24) and (2.28) for optically thick and thircells, respectively. For the heterogenefarsnon
uniform mesh)case, these are not the final-dfagonal elements of the preconditioner matrix,
they are the offliagonal elements of a hypothetical homogeneous problem comprised of cells
identical to cell(k, j). With homogeneous offiagonal elements for each cell calculated, the

heterogeneous offiagonal elements for cek,(j) are calculated using the mixing formula,

O G30 j (2.29)
h AR R 30, 30 j
Ofr Oy

where,
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(QRQ is a cell adjacent tk(j) in theu dimension andO FRopoare the final offdiagonal

elements for a heterogeneous problem. Note that in Cartesian geometry, there will be two separate
off-diagonal elemenis each dimension. The final diagonal elements for a heterogeneous problem

are then calculated using moddidorms of Egs.(2.23) and (2.27) for thick and thin cells,

respectively,
(2.31)
O P @  Of gy
h
and
0 (2.32)
O i 7 © Of wr s 8

In these final diagonal element equations for a heterogeneous problem, the summati@htver

indicates a summation of the (in theéd2case) four O j . values calculated for neighboring

cells.

Numerical testing of thé\P method shows it to greatly reduce the number of required
iterations compared to tt&d method. AdditionallyAP is found to converge in the same, or fewer
number of iterations than the consistBigAacceleration method for the attemptesit problems.

In problems with optically very thick cell& AP even converges in a single iteratioh9,[20]

While initially observe to be unconditionally stable, later analysisAmmyproves that
there exists no choice of preconditioning matrix elements which couples only-adglyent cells
that is unconditionally stable and robust. The proof of this impossibility is carriech @periodic
horizontal interface problem, which is aD2problem with uniforramesh and homogeneous
material cells in the-direction, but with cells in thg-direction alternating between two optical

thicknesses. This provides the possibility of shagtemal discontinuities when the differee in
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they-directionl ay er s 6 o padsis largel The Hourier lanalgss sf such a problem shows

that for any chosen preconditioner matrix, there exists a problem for which stability_of the

mt modeindicates instability of the -, _  mmode, where_ and_ are the Fourier

variables. While the theoretical analysis wpsrformed for cell-centered preconditioners,
numerical results suggest that this impossibility extends teedgk basedliffusive stencils
(adjacent cell coupling only) preconditioners such as consifi&#t formalisms. 2] This
shortcoming was later observed fOSA and mitigated (for DSA through the use oKrylov
iterative methods 23]

21.3: Coarse Mesh Rebalance

The Coarse Mesh Rebalan¢EMR) method utilizes the fact that, upon convergence, the
solution must satisfy the neutron balance equation, but that any iterate prior to convergence may
break this balance conditio@ MR accelerates the solution by ensuring that this neutron balance
is satisfiel on a potentially coarser spatial mesh. To impler@G&fiR, the spatial cells of a problem
are grouped into sutbomains (denoted with subscript resulting in a coarser mesh. The neutron
balance equation is then integrated over angle, thew@main volume. The resulting equation
balances the incoming and outgoing neutron currents (first angular moment of the angular flux) of
a subdomain with he production and loss of neutrons within the-damain. The set of equations
obtained by applying this procedure to each@aimain results in a sparse matrix, the solution of
which is used to update the solution iterate. In achmensional sphericalepmetry problem, this
amounts to solving the following equation for all correction tefpran a coarse mest2][

Gr QO Q Gp QN (233

In this equation, thaterms are defined by,

=
>

& it % O U 5 oF (2.34)
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@ 6 0" (2.35)
& 5 0" (2.36)
And the coarse mesh source term is defined by,

; o (2.37)

In these equations) is the volume of cell, where the subscript can either dena fine mesh cell

with i or a coarse mesh cell witht is the removal macroscopic cross sectidig the area of a

cell face, and " is the positive or negative partial current. The subseriptdenotes a quantity

on either the positive or negative face of a coarse mesh cell respectively. Upon solving the linear
system of equations resulting from E8.33) globally for "Q, the scalar flux iterate is updated

using,
%o ooy h ON 8 (239

With the CMR acceleration method, it is easy to see that the number @isuhins used
to develop the coarse mesh can drastically aff
the largest shortcoming @MR acceleration, as the number of cells perdaiman can greatly
affect the rate of convergence and can even make the method diverge in some cases. Additionally,
while it seems intuitive that the larger the number otdoimains is, i.e. the lesparse the coarse
mesh is, the faster convergence will BefusandLarsen[24] have shown that this is not always
the case. In their tests, the convergence ra@MR is found to have strong dependence on the
optical thickness ofaprbtbe més cel |l s. Their tests and anal ys
thickness over whiclCMR is most effective, but deviation too far in either direction from this
range can cause divergence of the iterations. They also show that for a testargsee namber
of coarse mesh cells did not always correspond to faster conver@dBdas the benefit over

other acceleration methods that it generally results in a smaller matrix to be solved in the low order
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problem due to the coarsening of the melMme price that is paid for this benefit is that the
performance of the resulting acceleration method can be unpredictable and, at times, di2ergent. [
24]

For this reasonCMR is not as frequently used in modern transport solvers as other
acceleration methods such @SA This fact notwithstanding, some research has continued on
CMR ParkandCho[25] developed &€MRacceleration scheme for the method of characteristics,

a method frequently used in reactor assembly transport simulations because it is able to deal with
severely heterogeneous and +@artesian geometries. These authors usedheenient geometry

of a reactor assembly to make each fuel cell a single coarse mesh cell-dim@vsional
geometry, thus alleviating the uncertainty of requiring a user to specify the coarse mesh and the
possibility to inadvertently cause iterative tadslity. The resulting method was shown to yield
dramatic iterative acceleration over the unaccelerated methodfas2emblyievel calculations.

21.4: Quasidiffusion QD)

The Quasidiffusion(QD) acceleration method is different from all other acceleration
methods discussed so far in the sense that it does not necessarily converge to the same solution as
the unacceleratesll method. Other acceleration methods are derived with the specific ptiescri
that the neutron balance equation and auxiliary equations must hold upon conveRienees
not derived with this constraint, and hence, it can converge to a different limBkHas, 6]

TheQD acceleration method effectively converges the neutron diffusion equation, but with
a more accurate diffusn coefficient calculated in each iteration from the high order transport
iterate. Solving the high order transport problem produces a new iterate of the angular flux which
is used to calculatEddington Factordy dividing the second angular moment of émgular flux
by its zeroth angular moment. Thésddington Factorsre used as effective diffusion coefficients
in the loworder stage of the iterative sequence, a diffusion calculation whose flux solution
comprises the current iterate. While ®@® methal converges to a different solution from the
unaccelerated transport problem, it also converges to a solution differenttfedrof the
equivalent standard diffusion problem because Eddington Factorsdo not assume linear

anisotropy of the angular fluke the standard diffusion coefficient does, 26
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AdamsandLarsen[6] provide equations foQD in onedimensional geometry witbne

energy group, isotropic scattering, and isotropic source. The process begins with the standard mesh

sweep to obtain the angular flux distributipn, ~ off , wheresis the iteration indexx is the
spatial variable, and is the directional case. This angular flux distribution is then used to

calculate théeddington Factorsdefined as,

. Y (2.39)
O ~ wk-* 8
r ~ oot Q

The Eddington Factors are then used to determineupidated scalar flux using the
following low-order equation, obtained by taking the zeroth and first Legendre angular moments
of the transport equation and neglecting all higher order terms.

2 P (2.40)
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Note that the equations we provide are in the continuous form, meaning they must be discretized
before they can be implemented in computer codes. The defining characteristicDintie¢hod
are evident in the continuous form though.

We see from Eq$2.39) and(2.40) how QD differs from other diffusiorbased acceleration
methods. Firstly, the fit term on the lefhandside of Eq(2.40) contains thé=ddington Factors
and thetotal macroscopic cross section rather than the diffusion coefficient. Unlike the standard
diffusion coefficient, theeddington Factorsare not subject to the approximations of diffusion
theory and are not fixed across iterations rendering the iterative operator algebraically nonlinear.
Secondly, for all other acceleration methods, it has begntease how the low order problem
will cease to impact the iterative solution as convergence is approached. This is to say, for all other

acceleration methods considethds far we established that %  approache%o , %o

% ~ approaches ze. For the QD equations, no such feature applies, indicating the
aforementioned property th@D may, and typically does, converge to a solution whiitfers
from that of the unaccelerated problem.
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Anistratovand Cornejo [27, 28] have studiedQD for use in reactor cork-eigenvalue
calculations. These studies have shown a large reduction in the number of required iterations
compared to unaccelerat8twhile producingscalar flux and multiplication factors of comparable
accuracy. Additionally, these authors have studied multil@imethods which implement the
method on a sequence of coarsened energy grids. These multilevel methods obta@ed the
solution to problemsvith a smaller number of low order solutions than the stan@ardhethod,
thus reducing the resulting methoddbds comput at

The QD method has also been extendedViieselquist Anistratoy and Morel [29] to
unstructured twalimensional quadrilateral meshes. This method used short characteristics to
discretize the transport equation and an advanced diffusion equation discretization for unstructured
meshes. This method was tested on a model problem for which the analytical transport solution is
known. These tests demonstrated second order convergence of both the scalar flux and current

solutions obtained on randomized spatial meshes.

21.5. Nonlinear Diffusion AcceleratioQNDA)

Another acceleration method which has become widely use8 fimansport methods is
the Nonlinear Diffusion AcceleratioNDA) method. The underlying principle BIDA is similar
to that ofDSA using a low order, diffusictike operator to accelerate ttransport iterations since
diffusion theory rapidly converges the error modes with frequencies close to zero, as those modes
have linear or nearly linear angular anisotropy of the solution. The developmiiiAoWvas
motivated by the desire for an accetema method that was not subject to the aforementidtossd
of robustnes strongly heterogeneous problems that vedrgervedvith AP andDSA

The NDA method was originally introduced ymithand Rhodes[30]. These authors
introduce the basic concept of acceleratingShmethod using a nonlinear diffusive low order

problem on a coarse mesh with a modifieahlinear diffusion coefficient calculated using,

0 O % % O % % 8 (2.41)

In this equationyis the neutron current (first angular moment of the angular fdig the

diffusion coefficien, O is a modified diffusion coefficient, andlis the coarse mesh cell index,
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with € - denoting the cell edge between cellandn+1. This equation is a modified form of

Fickds Law, with a cor r-eandside The furelameat@nregpeoh d ed t
NDAI s that if O were to be calculated usiiig.41) and fully converged fluxes and currents, then
this same equation can subsequently produce thedonverged current, thus eliminating the
approxi mate nature of Fi c k(®49) arld a aiffusiofikemneutront he ¢
balance equation prales, upon convergence, the same result as the discretized transport equation.
This is referred to as closure between the foigter and loworder problemsSmithandRhodes
find NDAto accelerate the sharply heterogeneous environment of a fuel assembly effectively.

Park, Knoll, andNewman31] and CornejoandAnistratov[32] later testedNDA for use
in k-eigenvalue problems. These authors provide algorithms for the implementat@Aadh k-
eigenvalue problems and provide results shgwacceleratiorcomparable to thapreviously
reported bySmithand Rhodes More importantly for the purposes of our reviegdgrnejo and
Anistratov[32] provide discretizedDA equations, which we modify to be for a fixed source

problem rather thak-eigenvalueand hence, suitable for implementatiorour test code, HAT

2C.In2di mensi onal di screte meshegsedast he modi fi ed
O 5 %o R Yo 0 (242
L')FI _ﬁ = E'O n %o R %o
and
'Oﬁ _ %op, %o, 0 (243
Uﬁﬁ_ vy E’Oﬁ_%oﬁ %o, 8

The indcesk andj denote the spatial cek,(j) with half indces indicating cell edges. The edge

dimensions are calculated using,

30 —— Al Azw — 8 (244)
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Upon completion of asing®li t er at i on,

prescription f

this
modified diffusion coefficients using,
— 'O R — —
Oﬁ _ﬁ 300 _ %0 ﬁ %Oﬁ
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As with previous methods,is the iteration index, with -i ndi cat i

the Sl sweep. Diffusion coefficients at cell edges are calculated using,
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where the standaickll-centerediffusion coefficients are,
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Unlike AP andDSAwhere the high order solution passes the scalar flux (or pnecesely
the iterative change in the scalar flux) to the low order prol\dd\ passes the modified diffusion
coefficients to the low order problem, which were obtained using the high ohde&orsoT he low
orderNDA solution is then the solution of the zeroth angular moment of the transport equation,

which, for a 2D, monoenergetic, steadyate, fixed source problem with isotopic scattering is,

: . . . . . ., (2.50)
o, . L. _ 3W 0. . 0. 3w t a1 R 30 3W%oy
h -h h —h Ah — Ah —

3w 3WN [ 8

This equation imposes no additional approximatitiesiceit possessethe same solution as the
transport equation. lust be supplemented, however, with a relationship bettieaell-edge

current andhecell-averaged scalar fluNDApr ovi des this relation thr
Law of Egs.(2.42) and(2.43) as,

O % § Yo o - (251)
0. . ‘ =0 _ % ;5 Yo
h —h 3w C ~
and
O _ %oz  Y%op o - (252
0. , 0. %y %o 8
hh — 30 ¢ h -

The iterative sequence BbIDA is therefore as follows. Execution of tBésweepsyields
the currentand flux distributions which are then used to calculate modified diffusion coefficients
with Egs.(2.45) and (2.46). These modified diffusion coefficients are then used to solve Egs.
(2.50), (2.51), and(2.52), producing the scalar fluxes that are passete highorder phase of the
subsequent iteraticio repeat the process until convergence is observedNDAequations must

also be supplaented by boundary conditions, which are availabl@&2h [
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The providedNDA equations illustrate a few key aspects of the method. Fitbidge
equations demonstrate the closure of the high and low order prolihendefining feature MDA
Equationg2.45) and(2.46) and Eqs(2.51) and(2.52) are clearly forms of Eq$2.42) and(2.43),
with the only difference being iterationdices Thus, upon convergence, E¢351) and(2.52)
become exact, making the low order solution equivalent to that of the high order problem.
Additionally, the nonlinearity oNDA requires that, unlike wlit linear methods, theDA matrix
must be reconstructed each iteration, as its elements will change. This is clear as the modified
diffusion coefficients change eachragon which appeain matrix elements.

Anistratov[33] also investigated multilevéllDA methods.These multilevel methods use
a nested iteration sequence in which the low order problem itself involves an iterative process.
There are three viaties ofNDA studied,Two Level NDATLNDA), Multilevel NDA(MLNDA),
andGrey NDA(GNDA). In addition to the transport sweep which all of these methods use, there
are two other steps involved. These steps are the multigroup low order iterations which solve the
multigroupNDAe qu at i on s, and Newt on 0 s-graugN®A eatatiomsn s wh i
TLNDAuses the formeGNDAuses the latter, andLNDA uses both with the Newton iterations
used to accelerate the solution of the multigldA equationsGNDAIs found to require almost
nine times the number of transport sweeps as either oftiee two. TLNDAandMLNDA require
the same number of transport sweeps, which is expected as the Newton iteratlbhDiA are
used simply to accelerate the low order solution, not to improve its accuracy. The Newton
iterations iINMLNDA, however, are faud to greatly reduce the number of multigroup low order
iterations required, improving the overafimputational costf the method.

Xiao, Ren andWang[34] have studied the combination BDA andCMR into a method
namedLR-NDA This method strives to improve the convergence rate as well as eliminate the
unpredictable iterative behavior associatgth CMR LR-NDA accelerates by solving the low
orderNDA equations on a coarse mesh. In areas where cells are optically thick though, the coarse
mesh cell is locally refined and tidDA equations are solved on this finer mesh, using local
boundary conditins provided by the mesh sweep solution. The authors note that the added
execution time associated with this refinement is very small, as the refined meshes utilize local
boundary conditions, allowing for solution in regions in need of refinement to bputedin
parallel. When tested on a problem with several regions of optically thick cBHEDA was

observed to have an improved convergence rate@V, and the potential iterative instabilities
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associated witlCMR were eliminated. This comparison @MR demonstrates the ability aR-
NDAto accelerate a problem using a mesh which is, in many regions of the problem, of coarseness
associated witlCMR, but without experiencing the iterative instabilit€§R experiences with
optically thick coarse meslelts.

In addition to the study of algorithms and applications pertainibhd4, researchers have
also studied fundamental modifications to the method itN€lAa d ds a correcti on t
Law as shown in Eq2.41), guaranteeing closure of the high order and low order problems upon
convergence of the solution. The exact form of this correction factor, however, may be changed,
provided that the resulin modi fi ed Fickds Law wil/l be used
shown (i.e. it must be used to calculate the modified diffusion coefficients using the high order
solution, and then to provide a relationship between thesdgk current and cediveragd scalar
flux in the low order problem)n this regardNDA is more of a method class than an individual
method, as this correction factor can take many forms and the iterative performance can vary
greatly depending on its prescriptiofle introduce equeons for one of thee speciaNDA-class
methodspartial-current Nonlinear Diffusion AcceleratidpNDA) [35], as it is used in our work
as a point of comparisan problems wereNDA is observed to be unstable

pNDAdiffers from traditionaNDA in that it breaks net current into positive and negative
components, thus calculating two modified coefficients for each face. We adjust the equations
from [35 to make them applicable 2-D, fixed source, monoenergetic, steadgte problems
with i1 sotropic scatteri ngpNDAishhasedispdi fi ed Fi ck?©
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Upon completion of anSl iteration, the modified diffusion coefficients are calculated in
accordance with the modified Fickds Law using

, - - (2.57)
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With the modified diffusion coefficients calculated from the high order solytdPA6 s modi f i ed

Fickdbs Law then prescribes the current ter ms
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The resulting iterative process fpNDA is identical to that oNDA, but with slightly altered

equations. Upon completion of t&émesh sweeps, the obtained fluxd currentlistributions are

used to calculate modified diffusion coefficients using E28.7) - (2.60). These coefficients are
then used to solve Eq&.50) and (2.62) - (2.65) for the updatedscalar flux distribution. This

iterative process is then repeated until convergeraehieved

2.1.6. Transport Synthetic Accelerati¢ifSA

The final acceleration method for tB&iterative method weliscuss in our review of the
literatureis Transport Synthetic Acceleratidii SA. Ramone, Adamsnd, Nowak|[36] discuss
TSAas an acceleration method which uses a low order transport problem for preconditioning. This
low order problem islesignedo converge a transport problem identical in configuration to the

high order problem, except with a reduced scattering ratio. Since the spectral r&lisknbwn
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to be equal in the infinite homogeneous medium to the scattering ratio, the reductin of
scattering ratio results in a low order problem that is more rapidly converger@8Iitn the high
order problem.

After the transport sweep, tAHe&SAlow order problem takes the following form in two

dimensional Cartesian problem domains.
! ! x - . (2.66)

Pl — o O
_— ww  — %o aw %  ow
C C
In this equation! and— are thex/y direction cosines of angle,f N T1ip is a user specified
input parameter which designattsée | ow or der probl emoé6ssistheduced

iteration index. When supplemented by the numerical integration,

_ (2.67)
0 T aft 0 Qo

it is possible to solve iteratively f6R G using the same mesh sweep algorithm as is used
for the higher order problem. Upon convergence of the low order problem, the following equation
is used to update the scalar flux iterate.

% o % ~ oo O T oo (2.68)

While TSAis observed to be able to converge problems in far fewer iterations than the
unaccelerated method, the cost of the low order calculation is of far more concern than with
previously disussed acceleration methods. As opposed to solving a sparse matrix equation, mostly
diffusion-like, the TSAmethod requires the solution of a full transport problem uSinglbeit a
faster converging problem. Since any scattering ratio less than ortegqualt he pr ob |l e mo6

scattering ratio is usable for ti&Amethod, choice of this reduced scattering ratio is of immense
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importance. While a smaller scattering ratio will obviously make the low order solution converge
quicker, it will also provide lesacceleration due to the larger discrepancy between the low and
high order operators, ultimately requiring more iterations to achieve convergence. In many cases,
a scattering ratio in the low order problem that is reduced too much was found to cabdayinsta
of the overall iterative method. On the other hand, while a scattering ratio of the low order problem
close to that of the high order problem will cause the overall solution to converge in fewer
iterations, these iterations will be costlier, asltdve order problem will take longer to solve.

These issues can be illustrated through examples in the two extremes. In the case where

the | ow order probl embs reduced scattering r .
converge inone meshsweeper all angles. However, if the h
was high, the | ow order problemds solution wi

acceleration will be minimalor potential destabilizingin the other extreme, if thevoorder
probl embs scattering ratio i s TRAgillcmdvergemmortehat o
iteration, as the low order problem is equivalent to converging the high order problem. However,
this one iteration will have the same computatiooast as solving the problem without
acceleration. Given this important property B8A Ramone, Adamsand, Nowak provide
guidelines for selecting a reduced scattering ratio such that the method remains stable and provides
significant acceleration. Addinally, these authors investigate the use of a reduced quadrature
order for the low order problem, as a lower order quadrature set will result in a cheaper solution
of the low order problem, at the presumed cost of an increased spectral radius of timeadomb
method. While this was indeed found to be the case, it was shown that the spectral radius increased
only slightly for a moderate reduction in quadrature order, thus yielding improved overall

execution time[36]

22 Parallel Transport Computations on Cartesian and
Unstructured Grids

The growing number of processors on modern comjubthitecture has prompted a new
challenge for transport simulations, namely parallel iterative methods which effectively use the
large number of available processors. Specifically, in this work we investigate methods for solving

transport problems that can be effeely utilized in the massively parallel regime (100,000+
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processors) and that can be extended to problems with unstructured tetrahedral spatial heeshes.
motivation for using unstructured grids is obvious, as-@Gartesian geometries can be modeled
moreaccurately with fewer cells. Implementation of any solution technique on unstructured grids,
however, is more complicated than on Cartesian grids, with the extension being far simpler for
some approaches than othénsthis section, we discuss multiplepgpaches for parallelization of
transport calculations, the amount of parallelism they can achieve, and their adequacy for extension
to unstructured gridsn general, these parallelization techniques utilize domain decompositions,
dividing one of more athe discretized independent variable spaces (space, angle, and energy) into

subdomains, along which the computational load is divided among processors.

22.1: Angular Domain Decomposition

Decomposition of the angular domai 8&s di sc
mathematically simple in Cartesian geometry. Since angles are uncoupled over the course of an
iteration,the mesh sweeps over different ordinates may be performed in parallel with no additional
algorithmic changes3[7] Parallelism along the angular domain eahieve mierange parallelism,
10s to 100s of processors, depending on the quadrature order used for a given app88htion. [
The solution algorithm foiSI parallelizel along the angular domain is therefore relatively
unchanged from the serial algorithm, with sweeps for different angles conducted in parallel due to
the lagged scattering source. The loop over angles is executed in parallel, with calculations such
as theweighted summation of angular fluxes to obtain the scalar flux requiring either
communication or shared memory.

With parallelization ofSlalong the angular domain not requiring significant alteration of
the Sl solution algorithm, it is readily extendible multiple mesh types, including unstructured.

For example, th#ethod of Characteristic@10C), a raytracing method, frequently uses meshes

that are norCartesian, but not fully unstructured, meshing repeated structures such as nuclear fuel
cells with nesh elements that model the exact problem geometry, but in a structured iBayder.

[39] studied angularly parallel solution ®OC problems using a shared memory, OpéhM
implementation. This implementation achieved 100% parallel efficiency on up to 12 processors,
decreasing to 90% when cores were hyperthreaded. These results indicate the strong applicability

of angularly parallel computations for midnge parallel trap®rt solution, with the independence
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of parallel calculations and potential for shared memory parallelism providing excellent parallel
efficiency.

Angularly parallel solution has also been studied on fully unstructured tetrahedral grids by
Yessayaf38]. This implementation was completed in the THOR catf241], which is also the
code to which we adeBJITMM andIPBJ capabilities in thisworkyessayad s angul ar |l y p
solution was implemented using MPI commuation rather than the shared memory OpenMP
implementation of the previous work, with the motivation of applicability torardye parallelism
on high performance computing (HPC) platforms using 100s of processors. Testing this
implementation on a distribed memory HPC demonstrated similar parallel efficiencies to those

reported byBoyd[39], but decreasing slightly as the processor count extends into the 100s.

22.2 Energy Domain Decomposition

Parallelization along the energy domain occurs at the outer iteration level, as the outer
iterations iterate over energy groups. Energy groups are decoupled from each other, hence the
inner iterative solutions are performed in parallel across groups. While this is conceptually similar
to the angular domain decomposition discussed in the pees@tion, two key differences result
in parallelism along the energy domain being widely regarded as less desirable to parallelism along
the angular domain for transport solution. Firstly, the number of energy groups is very often
smaller than the numbef discrete angles, reducing the number of processors that can be utilized,
and therefore the maximum potential parallel speed#. [

Additionally, decomposing the ergy domain can require imposing additional lagged
terms that are not required to be lagged in the s8tisblution algorithm. While all angles are
decoupled over the course of an inner iteration, all energy groups are not necessarily decoupled
over the ourse of an outer iteration. It is common practice for outer iterations to loop over energy
groups (fastest to slowest), using a curigaTate or lagged betwegroup source term for faster
or slower groups respectively, rather than lagging this fermall energy groups. This practice
allows downscattering to be resolved during a single outer iteration, only requirksgaitfering
and fission production to be resolved iteratively. The required number of iterations can
consequently increase as a restilparallelization along the energy domain. In problems that do

not have ugscattering or fission, in fact, outer iterations are not typically used, as there is no mutual
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coupling between energy groups, making parallelization along the energy domain quiied

for such applications3[/]

While the energy domain decomposition is not frequently used, its extension to

unstructured grids is as conceptualijngie as with the angular domain decomposition, requiring

no fundament al

modi f i

cation

t o

t he

used

al gor

22.3. Koch-Baker-Alcouffe (KBA) Spatial Domain Decomposition on

Cartesian Grids

The angular domain decomposition is the most common technique forangd

parallelism of the neutron transport solution. This technique is linmtsdale, however, by the

size of a

past this range of parallelization into processor counts of 1000s, 10,000s, and ultimately 100,000s+

probl emds

angul ar

guadratur e,

whi

(massively parallel regime), @lelization must be applied along the spatial domain, as this is the

only domain with enough discrete elements to support processor counts of this scale.
The Koch-BakerAlcouffe (KBA) [42, 43] spatial domain decomposition splits the

discretized spatial domain in such a manner as to allowpatially parallel solution of ta SI

method.KBA is currenly used for massively parallel execution of tBeiterative method in

productionlevel transport codes, such as PARTIGM] [ that utilizestructuredneshes. Th&BA

decomposition takes advantage of the fact that, in multidimensional problems, the required
information (all incoming angular fluxes) is usually knowar multiple cells simultaneously.

Parallelization is achieved along the spatial domain through decomposition indorsains, as

depicted for a D Cartesian mesh for solution on four processors inZig.
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Figure 21: Subdomains for a $rocessoKBA decomposition of D Cartesian mesh. Left image
indicates the order of solution for an angle in the first quadrant, right, the processbislt sub

domains are assigned
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The left image in this figure indicates the order in which thedsubains are solved for an
angle in the first quadrant, with swlemains containing the same number being solved
simultaneously on differergrocessors. The solution of a sdbmain consists of a local, serial
mesh sweep over all cells within the sadmain for a specified angle. The parallel sweep over
subdomains progresses as a wavefront across the domain, reaching full parallelism along the
diagonal (4 stage in this example). The image on the kumdside of Fig.2.1 displays the
processor to which the solution of a given-slaimain in assigned. Considwgy this assignment of
subdomains to processors as well as the wavefront progression on theftifithe fully
parallelized solution of the diagonal sdbmains, at each subsequent stage of the wavefront
progression, processors become idle atsdrae stage for which they would be required in the
parallel sweep of another discrete ordinate. To reduce processor downtime, angular pipelining is
used, beginning the sweep of a new angle afte]
diagonalsub-domains. Pipelining is also possible along energy groups.

The synchronicity of these spatial sdbmains is imperative, dkix continuity must be
applied on suglomain interfaceso conduct the synchronous mesh sweep required bplthe
method. Sincehie KBA decomposition only dictates the grouping of cells it will not affect the
converged solution beyondrithmetic precision Additionally, as the decomposition is
synchronous, it will not alter the numberitg#rations required for convergenas thenumber of
participating processors changes.

While the use of multiple processors with no penalty to the number of required iterations
reduces the execution time of transport calculations, execution time is not simply scaled by the
number of processors e, as the addition of processors has an inherent penalty of increased
processor downtime and communication cdstcherandAzmy[43, 45] study the computational
efficiency of parallel transport algorithms for t8émethod, comparing th€BA decomposition
to the angular domain decomposition. Quantitatively, the computatienassociated with the
local solution of a single sutbomain in a3-D transport problem solved with thEBA

decomposition is 43

66606 0 (2.69)
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whereU is the number of cells in the" spatial dimension) is the number of concurrent
divisions of thez direction (blocks which are calculated concurrently on a single processas),
the number of such concurrent blocks in the angular domaims the number of angles used,

0 is the average number of required floatpmnt operationsfoa si ngl e cel | 6s
single direction, andY is the average rate at which the processor is able to perform said

operations. The communication time associated with a locadisubma i n6s s ol uti on

o . (2.70)

whered is the communication latencR,is the bandwidth, and is the size of messages that

must be exchangedhe total computation wattlock time is then given by,

Y 0 0 p O p Y 8 (271
wherel is the number of mesh sweeps. Additionally, the total communication time is given
by,

"Y ¢c0 0 ¢ 10 p Y 8 (2.72)

These equations approximate the computation and communication times associatediidt the

decomposition, taking into account both the cost of passing messages between processors and the

processoidle time associated witKBA.

In computational testingaroblems solved with th€BA decomposition spent a fraction of
their execution time communicating that is similar to problems solved with the angular domain
decomposition. TheKBA decomposition also has an advantage over the angular domain
decomposition irthat it can be used for massively parallel transport solutions, as the number of

processors in these types of problems typically far surpasses the number of angles used.
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224 Parallel Mesh Sweeping on Unstructured Grids

The previous comments regarding tKBA spatial domain decomposition for parallel
execution of th&literative methodhave all assumed the spatial mesh to be structGoetsidering
Fig. 2.1, it is clear that straightforward scheduling of paralleldalmain solutions is an attractive
featue of KBAthat does not extend from Cartesian to unstructured grids. Scheduling parallel sub
domain solutions on unstructured grids requires complex algorithms, previous work on which is
summarized in this section.

The main difficulty identified for mesbweeps on an unstructured grid, parallel or serial,
is determininghe schedulingrecedencef calculationghat retains synchronicit§ven in a serial
sweep, the scheduling is more complex than in structured grids, where the scheduling of serial cell
sweeps is determined trivially from the cell indices and the angular octant in which the swept angle
resides. Firstly, the sweep order in unstructured grids varies between individual angles, i.e. discrete
ordinates, rather than just by angular octant. Adddlly, it is possible for cells within the mesh
to be mutually dependent on each other. The cyclic dependencies of these cells are typically
alleviated by breaking the dependenéea single selected cell on its neighbor in the cycle. This
can be accommhed by simply laggingy one iterationthe celtedge angular flux for one of the
cells involved in the mutual dependency. This process can increase the number of required
iterations but does not alter the solution to which the iterations convergehito tivét convergence
criterion. @6

Despite these added complexitiPautz[46] notes that the scheduling theory required for
determining the sweep order of spatial cells for the serial calculation is relatively simple. For
parallel execution, however, the scheduling becdaranore problematic. The scheduliofgsuch
a parallel sween unstructured grids isast as a graph problem whichN&-complete.Pautz
explains that this indicates it is not possible for an algorithm to efficiently determine the optimal
schedule exceph special cases. Practically, heuristics must be used to determine the scheduling
of cell-angle sweeps in the problem, which will not produce the optimal scheddling7] While
Pautzpresents multiple heuristic algorithms for parallel mesh sweeps, all have the shortcoming
that they have no provable wersisescenario scaling of required executitime to construct the

sweep schedule with respect to the mesh size. Further watirbgr [48] develops an algorithm
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for performing this scheduling task th@bvably scales in the worstisescenario almost linearly
with respect to mesh size.

Complexities notwithstanding, research has been performed on the execution of parallel
mesh sweeps on unstructured grids, much of which focuses on decreasing thepidiegsse
that results from the sutptimal parallel sweep paths that emerge from the scheduler. Work
presented bylimpton[47] tests two enhancements on a parallel swagprithm, designed to
increase the parallel efficiency by decreasing idle processor time. The first of these enhancements
modifies the spatial domain decomposition rather than the sweep algorithm itself. This
enhancement, termd¢BA Priority, attempts to replicate tHeBA decomposition of a Cartesian
grid as closely as possible in unstructured grids. This approach decomposes the unstructured grid
into sections that are approximately columnar, then decomposes these approximate columns into
layers as uniformly as possible. The result of &®A Priority is a spatially decomposed
unstructured grid with a sutbomain structure that is similar to that of a Cartesian grid, thus
improving the ability to sweep across it in parallel while minimizingcpssor idle time.

The second enhancement presente@lbyipton termed 3D Priority, modifies the order
in which cells are solved by a given processor. For a processor, at any stage, there will likely be
multiple cells assigned to that processor for wihii@hinformation is available to solve. Théd3
Priority approach decreases processor idle time by prioritizing the solution of cells that are of
greater importance to other processors. This determination is made by assessing which cell is most
upstream. Me dot product of a cell és centroid and
determines which cell is most upstream, with a lower evaluated dot product corresponding to being
further upstream.

Numerical testing on up to 256 processors demonstrajagicantly improved parallel
efficiency of the parallel sweep algorithm with both of these enhancem@B#s,Priority
achieving greater performance gains thdb Briority. Since these tests were conducted only on
up to 256 processors, communication cosese minimal, with parallel efficiency mainly a
function of processor idle time.

Another approach for decreasing processor idle time is mesh decomposition overloading,
presented byPautzandBailey. [49] Mesh decompaosition overloading is the practice of increasing
the number of subdomains in a spatial domain decomposition past the ideal amount for the number

of available processors, based on a user prescrilpad. iRor example, considering theD2
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Cartesian example in Fig.1, an 8 8 grid (or any other grid larger than 44) of subdomains

may be imposed on the mesh for taeng 4processor solution. Doing so compensates for the fact
that, in unstructured grids, the parallel wavefront does not move across the domain in an easily
predictable manner. With each processor responsible for the solution of a greater number of
smallersubdomains, the probability at any given moment of a processor possessindarsih,
whose required inputs for solution are known, increases. Consequently, the increased idle time
associated with the aforementioned unpredictable wavefront progrdassioitigated. Weak

scaling numerical testing of this approach demonstrated overloading to significantly decrease the

observed execution times. This weak scaling study was conducted on up to 10,000s of processors.

One final approach we review, presented Alams[50], is to require a mesh to be
Cartesian on a coarse level, while allowing it to be arbitrarily unstructured on a fine level. The
coarseCartesian mesh supports tKBA decomposition, the structured configuration of which
avoids the parallel scheduling complications associated with unstructured grids, allowing the
optimal structured gritKBA scheduling to be used. The local gsidmain solubns then serially
sweep over the fine level unstructured mesh. This approach was demonstrated to have
computational efficiency equivalent KBA in Cartesian grids, while allowing slomains to be
locally unstructured. This approach is effective for getvias with repeating, coarsely Cartesian

regions, such as nuclear fuel assemblies, which were the geometries tesfigd in [

22.5:. Parallel Block JacobfPBJ) Spatial Domain Decomposition

Parallel Block Jacob{PBJ) is another spatial domain decomposition that can be used for
spatially paralle transport calculations. Effective methodsd algorithmsfor transport
calculations using theBJdecomposition is the main topic of this work. Our motivation for using
this decomposition is that, by virtue of it being asynchronous, it does not hasehéduling
difficulties incurred by thé&KBA decomposition in unstructured grids. As WKBA, PBJdivides
the spatial mesh into stdbmains, each of which may contain one or multiple cells. The difference
between the two decompositions is tR&Jis asynchronous, meaning that over the course of an
iteration, the sullomains are unable to communicate with each other. While this alleviates the
scheduling difficulty, it also means that tsiandardSl iterative method cannot be used with this

decompasition. This follows from the fact that the incoming angular fluxes tedsurbains must
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be lagged by an iteration precipitating the asynchronous nature d?PBAelecomposition,
rendering global synchronous mesh sweeps imposdiblifie subsequent sectgme review
iterative methods for transport calculations using BRJ spatial domain decomposition.
Ultimately, we are also interested Rarallel GaussSeidel(PGS methods, but since these are

effectively a slight modification d?BJthey will not be overed in further detail here.

22.6:. Iterative Methods for thé&BJ Spatial Domain Decomposition

YavuzandLarsen[51] developed a method for implementiBgin asynchronous spatial
domain decompositions which fundamentally altersSheerative sequence. This methwas
later formally termednexact Parallel Block Jacobwhich is reviewedbelow.

Inexact Parallel Block Jacol§lPBJ) is an iterative method that is compatible with Rtz
decompositiondepicted in Figl.l. Formally,IPBJis described by the same set of mathematical
eguations a$l, but with the incoming angular flux term spib thatit is lagged if the incoming
angular flux is on a sulomaininterface andis otherwisenot laggedIPBJis executed by running
a single local mesh sweep in each-domain over each direction, inferring the incoming angular
fluxes at subdomain boundaries from either the outgoing angular fluxes from adjacent upstrea
subdomains computed in the previous iteration, or from the boundary conditions|Flaeses
mesh sweeps to obtain local solutions, the execution time and memory burden associated with a
subdomai nds | ocal sol uti on cellsiathesslomaimear |y wi tI

Another iterative strategy used with tRBJdecomposition is thParallel Block Jacobi
Integral Transport Matrix Metho(PBJITMM). [52] PBJITMM lags only the quantities required
to be lagged due to the asynchronicity of B decomposition; the incoming angular fluxes at
subdomaininterfaces It is equivalent tohte IPBJ method without lagging the scattering source.
ThePBJITMM method is therefore executed by obtaining a fadilided local transport solution
in each sullomain assuming the incoming angular fluxes at thedsuain boundarieto be
known

The local suldomain solution foPBJITMM, requires the construction tfe associated
matrices prior tahe beginning of iterationg hese matrices are comprisedha coupling factors
between cells, essentially comprising the -dub ma i n 6 s r e s ploentsaditionaha t r i C ¢

algorithm for constructing these matrices is tifedential mesh sweebp, 53], which we briefly
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describe here, but do not mathematically formulate until®28, as we use it in the development
of a new algorithmThe differential mesh sweep is a nesegep in that a sweep is initiated from
each cell through all downstream cells. This sweep solves for the derivative of a quantity in one
cell with respect to theub-domain boundargngular fluxes and the cedveraged scalar fluxes in
upstream cells, wbih i s the coupling (or response) of o
in boundaryor cellaveraged fluxes in another cell. In this regdfd/M can be thought of as a
response matrix methodb4] This differential mesh sweep is used to determine, for all cells, the
coupling of the celaveraged scalar flux to the same quantity in all other cells as well as the sub
domain boundary incoming angulduxes. Additionally, the differential mesh sweep determines
the coupling of the sud o mai n boundaryoés out geaveraged scalag ul ar
fluxes and swaomain boundary incoming angular fluxd@$he four resulting matrices are used
each iteationto first obtain the celaveraged scalar fludistribution over the subdomainfrom
the subdomain boundary incoming angular fluxes, then to obtain thedsaiain boundary
outgoing angular fluxes from both the sadbimain boundary incoming angulaunXes and the just
computed celhveraged scalar fluxe$d)

The use of matriwperationsauses a nonlinear scaling of computational cost and memory
burden for the local solution with respect to%ldmain sizePowelldemonstrates the magnitude
of the memory constrairibr givensub-domain sizs, showing that a-B® problem with a modest
guadature order can exceed 30GB of required RAM usingdarbains with as few as 12 x 12 x
12 cells. b9

To mathematically demonstrate the difference betw&enPBJ, ard PBJ}ITMM, we
provide the discretized balance equation for these three methods respastiodiows [4] These
equations are for a twdimensional, steady stgheoblem with no fission, isotropic scattering, and
an isotropic external source. Additionally, we consider the case fétBAenethods where sub
domains contain a single cell. We presengtpaationgor Si, IPBJ, andPBJITMM, respectively,
for this sanple problem as it will be a model problem ugethe spectral analyses described later

in this work.
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In these equationsjs the iterations index,andj refer to the spatial celk(j), andmis the discrete
angle index. Also, the superscript refers to the outgoing/incoming quantity on thedge of the
cell whereu = x ory. Note that for Eqs(2.74) and(2.75), the incoming angular flux terms are
only universally lagged due to the single cell-slgmains. In implementation, multiple cells may
be used in each stdomain, in which case, only edges on a-damain boundary have their
incoming angular fluxerms lagged.

We see from these three equations $latPBJ, andPBJITMM differ from each other
based on the terms they lag by an iteration. Fron{ZE£y), it is easy to notice that the lod&BJ
solution of a sumlomain over a single iteration is equivalent to one I8taé¢ration over that sub
domain with the lagged incoming fluxes used as boundary conditions. This results in the same
triangular structuref the matrix associated witBl that allowsiterative solutiorvia mesh sweep.
This is what mathematically afford#®BJ the advantage of being able tdtilize the
computationallyeffective mesh sweeps as well. However, this equation also demonstrates a
shortcoming which will be described in the following section; tHBJ has the worst rate of
convergence of these three methods. This is intuitive from these equati®ia) ags every term
that is lagged in either of the other methods.

Analyzing Eq.(2.75), we see thaPBJITMM is the only method which does not lag the

scalar flux within the scattering term. Consequently, a locatisnain noriterative solutbn with
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PBJITMM cannot use the mesh sweep algorithm for solution, as the associated matrix is not
triangular.

PBJmethods are of interest in our work for their simpler applicability to parallel solution
on unstructured grids. Without the scheduling diffies associated witlin this capacity|PBJ
is conceptually simple to extend to unstructured grids, with eac@uhin simply executing the
traditional set serial of mesh sweeps over all angi@skITMM6 s it erati ve sol ut.i
matrix/vecbr operations that are agnostic to the type of mesh used, making it also conceptually
simple to extend to unstructured grids, once A&M matrices are constructed. Previously
developed construction algorithms for these matrices exist, however, they are not readily
extendible to unstructured grids. Consequently, development, implementation, and testing of an

algorithm capable of performingis task is one of the main objectives of our work presented here.

22.7. Iterative Convergence of Methods Usi8J Spatial Domain
Decomposition

Fourier analysis anadumericalexperiments have shown that b&BJmethods mentioned
abovelack robustness in two limits: (1) as the scattering ratio increases towards unity; and (2) as
the optical thickness of cells in the problem decreases towards zero, with the largest magnitude
eigenvalue occurring at the origin in Fourier space. In thaiiafmedium, both methods fail to
converge for configurations with unit scattering rati).While this behavior is analogous to that
of the SI method, the dependem of the spectral radius on cell optical thickness is not. This lack
of robustness in optically thin cells is discussed and addressed in detail throughout this work.

While the lack of robustness with thinning cells and increasing scattering ratiansitihe
takeaway from studies on the iterative convergenéBdimethods, the spectra of these methods
differ depending on the spatial discretization method used AH®T-NO, the generaltrends
described above apply. However, with B method,Azmy Anistratoy andZerr found PBJ
ITMM to be unconditionally unstable in the infinite medium, with the unstable eigenvalue being
negative. 4] These authors also found the spectral radiuBBI to be larger than or equal to that
of PBJ}ITMM for the same problem. This is an expected resultP&s lags all computed
guantities thaPBJITMM lags, plusthe scattering termAdditionally, their study quantified the

penalty from lagging the scattering source. From these studies of the iterative convergfeBde of
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andPBJITMM the primary challenges are identified to be achieving: (1) stability and robustness
with increasing scattering ratio; (2) stability and robustness with decreasing cell thickness; and (3)

stability when these iterative schemes are used witBEheethod. 56

22.8: Acceleration oPBJ-TypeMethods

Recent work has been reported seeking to address the aforementioned challenges,
effectively acceleratind®BJ methods.Rosa, Warsaand Changstudied the use ofSAas an
acceleration method foiPBJ. When usingTraditional TSA(TTSA, the authors found tha
robustness could be achieved in optically thin cells, but only for significantly large scattering ratios
used in the low ordeFSAproblem. Additionally, the resulting method was found to be divergent
for many smaller choices of reduced scattering rdtios prompted the study éflodified TSA
(MTSA as an accelerator fdPBJ. MTSA unlike TTSA does noteduce the total cross section
with the scattering cross sectioli?BJ accelerated usingITSAwas observed to be stable for all
choices of reduced scating ratio. This acceleration technique also achieved robustness in
optically thin cells with scattering ratios smaller than one, and the resulting method was found to
have convergence properties far less sensitive to cell opticalsike. [

To address the instability when used with @ method,Hoagland Azmy and Zerr
studied a modified?BJmethod in which the solution to one modified iteration was defined as the
arithmetic average of the solutions of two succe3®B&ITMM iterations. This idea was founded
on the realization that an eigenvalue equal tovould cause the iterative solutitm oscillate
equidistantly around the limit for the corresponding Fourier mode. Fourier analysis of the modified
iterative method showed the previously unstable mode to have an eigenvalue of zero. The higher
frequency modes, however, remained unstables pioblem was addressed by execufig);

ITMM to a looser convergence criterion, then execusilig the specified criterion, &l rapidly
converges the high frequency modés] [

While theinstability ofPBl6 s hi gh frequency mobDaemethoad,s a tr
the technique of utilizing swedpased iterative methods as a means of acceleratioREdr
methods is also used successfully to mitigate the slamudn optically thin cellsThis is one of

the two main objectives of this work, with associated reference material availdai@-60].
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22.9: Hybrid Domain Decomposition

The final technique used for parallel solution of the neutron transport we review is the
hybrid domain decomposition. This approach aegoses and solves in parallel along multiple
discrete independent variables, typically space and angle. This approach, preseswediby
[61], uses shared memory (OpenMP for CPU, CUDA for GPU) parallelism along the angular
domain and distributed memory MPI parallelism along the spatial domain. An entire node of an
HPC is then assigned to ed€BA subdomain rather than a single processor. Thegesars that
comprise a node then solve a given-domain, sweeping the angles in parallel. The general
concept of this approach is to reduce the numbKB# sub-domains required for execution on a
given number of processors compared to when only thiéakplmain is decomposed. This
reduces the amount of efibode communication that is required to obtain the transport solution,
which is vastly more time consuming tharmede communication or shared memory parallelism.
Numerical testing inq1] demonstrates improved computational performance using this hybrid
approach compared to MPI exclusively. Additionally, the combination of MPI and OpenMP is
observed to result in slightly improved parallel efficiencies compared to MPI and CUDA. The
extension of a hybrid domain decomposition to unstructured grids is the combination of the

challenges associated with extending each individual decompositiondutilize
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Chapter3:
P-PI/-S/ & P-IP-S/ Spectral Analysig Formulation
oftheGr eends FuRaenstuctan | T M,
Algorithm

31 P-PI-SI & P-IP-S/ Theoretical Analysis

As previously statedyne ofthe ultimate objectiveof this work is to provide robufiBJ}
type iterative methods that are scalable tmassively parallel @dution on unstructured spatial
meshesTo do so, we must address the iterative slowd®Bd methods incur in optically thin
cells. As seen ird], the spectral radiof PBJITMM andIPBJ tend towards uty as the optical
thickness of the problembés spati al cell s ten
slowdown is the result of the increased average number of cells traversed by particles before they
are lost via absorption or leakagden thecells are optically thin. After eacRBJ iteration,
information is only exchanged between adjacentdubains. If we consider each iteration to be
generating new information, namely change in the new flux iterate as it approaches the iterative
limit, thenit takes many iterations for that information to reach distanideubains. As the sub
domains become optically thin, the information generated in algoiain during an iteration
becomes increasingly important for the convergence of the solution attdsstadomains,
resulting in an increase in the number of required iterations. This conjecture is supported by the
previously noted fact that the exact transport matrix approaches a tridiagonal structure as cells
become thick in a-D problem P1], which is interpreted as distant cells becoming decreasingly
coupled to each other in this limit. We deduce from this fact that as cells become optically thin,
distant cells become increasingly coupled to each other.

With PBX s i neffectiveness at converging the
distance streaming that we conjecture is due to its asynchronicity, we propese laybrid
approachpairingPBJtypemethods with traditional swedmsed method3 hemotivationbehind
our new class of methods is that the synchronous natuseveépbased methodsS( for the

entirety of this chaptewyill resolve the longdistance streaming in a problem, wHHBJITMM
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will resolve the local scattering which would otherwise require n&itgrations to resolve. With
IPBJunable to resolve local collisions in a single iteration, it was predicteBBi=HT MM would
provethe more effectivePBJtype methodn this hybridapproach. For this reason, we include
analysis and testing of hybrid formalisms with b&BJITMM andIPBJ to confirm thatPBJ
ITMM is necessary and that our understanding of the underlying mechanism of our hybrid
approach is valid.

The analysis and tesg for our hybrid methods is conducted e 2Cartesian grids with
serial execution during numerical tests. This simplified configuration is utilized at this stage as it
significantly expedites the development process. Since our motivation of stikBdmgethods is
to provide alternatives to the complex sweep algorithms associated with spatially Srafiel
unstructured grids, we must assume that the mesh sweeps used by our hybrid methods are not
spatially parallelizable in our target applicatidrhe first and simplest hybrid method that we
propose ifParallel Block Jacobi with Source Iteration Precomatiting (P-PI-Sl or P-IP-Slwhen
usingPBJITMM or IPBJrespectively), an iterative strategy that consistsRB&ITMM or IPBJ
iteration followed by arsliteration. Other hybrid variants will be detailed later in this work, their
development motivated bythe performance observed witR-PI-SI and P-IP-SI. The
preconditioning hybrid approach is used primarily as a proof of concept to demonstrate the
viability of using a sweepased method to mitigate the slowdownRBJtype methods in
optically thin cellsDue to the global mesh sweeps and our constraint that these will not be spatially
parallelized on unstructured grids, the preconditioning approach imposes a large penalty to the
potential degree of parallelisof the PBJ method. The sequential executidhRBJ followed by
S|, however, makes this combination of the two methods ideal for theoretical analysis to gain
insight into the expected iterative performance of this hybrid approach and facilitate the
development presented in the following chapter. Spkahalysis oP-PI-SlandP-1P-Slto obtain

mathematical expressions for their iterative convergence rates is the subject of this section.

31.1 Formulation of P-P/-S/ & P-IP-S/

Before we introduce our analysis BfPI-SI and P-IP-SI, there are a few important
considerations to note. Firstly, it must be noted thBtRi-SI (or P-IP-SI) iteration consists of

both aPBJITMM (or IPBJ) and a singleSl iteration, making a single combinédt er at i on 6
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computational cost equal to the sum of the computational costs of eachAdsageve note that
the SI method lags the cellveraged scalar flux used to compute the saadtesource, whereas
PBJmethods lag the incoming angular fluxes at-domain interfaces (and the scattering source
if IPBJis used). This means that tABJstep provides the ceflveraged scalar flux for tt& step
and theSlI step provides incoming anigu fluxes for thePBJ step plusthe celtaveraged scalar
flux if IPBJis used).

For simplicity, we analyze the iterative performanc®d¢?1-Sl andP-IP-Slin Cartesian
2-D spatial meshes for steadiate, one energy grouporrmultiplying problems with isotropic
scatteringunder the assumption that general performance trends extend to other configurations
While PBJ methods can have silomains of varying sizen number of cellsfor the purposef
spectral analysis we codsr the case where each sidmain consists of only one spatial cell. We
consider this case since single cell-sldmains will result in the slowest iterative convergence
rate, i.e. the largest spectral radius, providing the w@sé scenario in terms dkrative
convergence rate. F@&-PI-Sl the first step of the iterative process iBJ}ITMM iteration,

mathematically expressed for the described problem type by,

, h - R , h - R - (3.1)
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where’ i was previously defined in EqR.76).
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Equations(3.1) - (3.3) represent the particle balance equativveighted Diamond
Difference(WDD) auxiliary equation, and numerical integration of the angular flux into the scalar
flux, respectively. Note that #se equations are reiterated from the literature review, more
specifically from #], but with different iteration indes. In these equations the superscigpt (

indicates the iteration index, where any term withs@aperscript is a quantity which is inferred
from the previous iteration or initial guess, and any term with an- superscript is an unknown

guantity which is solved for in the pres&BJITMM iteration. The subscriptsandj refer to the

spatial cell k, j) of a K x J mesh,m refers to an individual discrete direction in a quadrature
comprised oM angles, andvwnc Or r esponds to that anglebés angul
use an input of the ¢gmed incoming angular fluxes to compute as output theagellaged scalar

flux and outgoing angular fluxes. The calleraged scalar flux is the solution of #BJITMM

iteration stage which is then input into tBés t e quaitering source. Before foutating the

eqguations for th&l step we note that Eq3.2) is valid for anyWwDD scheme, where the weighting

factors () take a value that corresponds to the selected numerical method. dmahjisis we

consider theAHOT-NO method, which determines unique weighting factors for each cell / angle /

dimension combination using the expression,

.. A pE30 5 - 34
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whereu is the dimension subscript= x ory. In theP-PI-Sliterative method, after tHeBJITMM
iteration yields the celiveraged scalar flux, the next step is to use t@sfity in the scattering
source ofanSliteration to obtain the outgoing angular fluxes, as these angular fluxes will be used
as the incoming angular fluxes for adjacsulbdomainsin the ensuind®BJ}ITMM step. For the
previously described-P problem ype, the following equations mathematically describeShe

step ofP-PI-SI.
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(3.6)
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To implement theP-PI-Sl iterative method, Eqq3.1) - (3.3) are solved for each sub
domain simultaneously by constructing and solvingl MM opeiators associated with the local

system of equations. The process by whigsémnatricesareconstructed is discussed later in this

chapter. The celhveraged scalar flufo ~, obtained intie PBHTMM stage is used to solve

Egs.(3.5) and(3.6) for the cell edge angular fluxes, ﬁﬁﬁ andr ﬁﬁﬁ . These equatiorare

solved globally using a single mesh sweep, where the incoming angular fluxes to a spatial cell are
obtained either by boundary conditions or from the outgoing angular fluxes of an upstream
neighboring cell. Upon conclusion of oRePI-Sliteration, thecell-averaged scalar flux in all cells
is tested for relative convergence against a-sisecriterion, and the iterative process repeats until
a maximum number of iterations is reached, or until convergence is achieved.

FormulatingP-IP-SI, only one equation in our sequence changes(Ek). To change the
first step fromPBJITMM to IPBJ, we lag the scalar flux in the scattering source to olikan
following expression from4], reiterated from the literature review with updated iteratnaiices
to reflect the twestep method.

_ (37)
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The IPBJ step is then the solution of E(q8.2), (3.3), and(3.7) which produce the cell
averaged scalar flux required by tBestep. UnlikePBJITMM, IPBJ does not require a matrix
solution. The lagged scalar flux in the scattering source allows a loshl sneep to be used for
the subdomain solution, analogous to the mesh sweep usel, fout on a local scale.

Following thelPBJ step, theSl step progresses identically to tBéstep inP-PI-SI, but
with one additional equation. The lagging of thd-esteraged scalar flux in the scattering source
in IPBJmeans that this quantity must be calculated irSilstep when implementing-IP-SI (this
was not required witR-PI-Sl). This is accomplished with the following equation.
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(38)
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We also note that while tH&l step does not have to calculate the-ae#raged scalar flux when
using P-PI-S|, it is still computed irpracticeas this is the quantitihatis used to test iterative
convergence. It is suppressed in BiBI-SI mathematical formulation though, as it is not strictly

necessary for the following step in the iterative process.

31.2 P-P/-S/ SpectralAnalysis

To theoretically analyze the iterative performancePeRl-Sl, we employ a Fourier
analysis. For this analysis, we consideriafinite homogeneous medium. We then use this
configuratont o det er mine the scaling of the iterat
execution of the combined iterative sequence. An infinite homogeneous (or at least periodic)
medium is required in order to p@mm a Fourier analysis due to the periodicity of the Fourier
ansatz on which we project the iterative error. In the theoretical analysis we determine the scaling
of the error in the celhveraged scalar flux due $ stage followed byyBJ}ITMM stage, with is
the reverse orderingf the implementation dhe two methods within a single hybrid iteration as
previously described. We reverse the order so that we may solve for the scaling of the error in the
cell-averaged scalar flux, which is the quantitgttis input into each iteration wh&is run first.

In the formulation oP-PI-SI, we designateBJITMM to be run first so as to emphasize B+
ITMM is the primary method, arél is being used in a manner akin to an acceleration method.
To performthis Fourier analysis, we begin by subtracting E§%) and(3.6) from their

converged counterpartdecrementing the iteratiandicesby %2,to obtain,

(3.9)
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where,

(3.11)
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with analogous definitions for the other dependent variables in(&E§sand(3.10).
Note that all iteration indices in these equations are % smaller than $hetaationsof

the method formulation to reflect th&t is performed first in the Fourier analysis. We now

introduce the following Fourieansatz

§ 3 . g 3.12

1% B _ R A®m=n§3~a)= ’Q§3~o’o h (312
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and

ho- - (3.14)
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Inthese equationg, _ h. ,w _h ,andwy _ h_ representthe magnitude of the
iterative error in the celveraged scalar flux, cedveraged angular flux, and celtige angular
flux on theu face of he cell, respectively, at the specified frequencies denoted Hy

Additionally, sgin the signumfunction, and3-wand3w are thex andy dimensions of the cell,

respectively.
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We now substitute these Fourarsatz Eqs.(3.13) and(3.14), into the residualwiliary

~

equation, Eq(3.10), solve forw ) _h , employ Eulerds formula, a

following expression.

| @y sot (3.16)

We now substitute all thrensatz Eqs.(3.12), (3.13), and(3.14), into the residual balance

~

equation, Eq(3.9). As we do this, we use the expressiondpr _ h_  we just obtained as
well as Eulerdés formula to obtain the foll owi
ho— L 31
W _h Al ’O;j (317
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In order to eliminate they _ h_ term from this equation, we take into account

that the lefthandside of the residual auxiliary equation, E8}10), does not depend on the choice

of u. Therefore, w equate the rigitandside of Eq.(3.10) with superscripu to the righthand

h
side with superscript. We then substitute ttensatz Eq.(3.14) and solve foy _h to

obtain,
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Ao- O (3.19)

where we define,

. (3.19)

h

For brevity, we omit the dependencefof” and” ; on _ h_ in theseequations. We

~

h
now substitute Eq3.18) into Eq.(3.17) to eliminatew _ h_ . With this term eliminated,

we solve the resulting equation to obtain the following expression that represents the iterative error
eigenmodes in the outgoing angular fluxes as

in the celtaveraged scalar flux,

Fo- . (3.20)

where we define,

K —— — — —
. AI ’OFl "gI k) F] OE” F] ) FIT h OE”IFI | FI OE” FI

With an expression for the scaling of the iterative error due tSltstep, we now examine
the PBJ}ITMM step. We conduct the Fourier analysis of B} TMM using the formalism
reported in 4]]. Our analysis willdiffer from [4] when we combine the analysis with the previous
Sl Fourier analysis to obtain the reduction in efrom the combined iterative sequence. Also, in
[4] the authors obtained the angular dependence of the error, whereas we are only interested in the
reduction in error of the scalar flux, as this is the quantity which will be passed3bdtep. As
with the Sl step, we begin by subtracting tR8JITMM equations, Eq¥3.1) - (3.3), from their
converged counterparts, increasing the iteratidicesby %2 to account for the fact that tR8J

ITMM step is being executed second in the iterative sequence.
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3 f , s f (3.22)
heh 1 Rk 1 & FeR 10 Bh 1M R 1T "h
—“h1%°ﬁ
P | Ahh i P | rhn R (3.23
1M i c i C il
(3.24)
1 %o, (VI [
il ﬁhﬁ

(3.22), to obtain,

The residual auxiliary equation, §§.23), is solved for the outgoing angular flux residual,
, and the resulting expression is substituted into the residual balance equation, Eq.

~
g

W h - : (3.25
=] %o FRRT RE ST
T Ak
P —RAR —HAA
where,
¢ K hh 3.26
L —38 (3:26)
P | fAR

Multiplying by 0

and summing over all directions, utilizing the quadrature formula in
Eq. (3.24), produces the following expression after simplification.

1 %o

h

(3.27)
ARl T RR

where,
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(3.29)

[ ARk O —F v_vﬁﬁﬁ
P —hAR —HhAA
and
” (329
Wp , P
— =k — 0 8
hEPT P —hRR —F kA
We now introduce the followingnsatanto the PBJ}ITMM step
. . . 3.30
1 %o 5 _h AQE!D=Q§360_ Q%&w (330
ho— ho— . (331
1T wr W _h
. - i "p 30
AQB&)=Q—3~(})=QB&(»= @
q q
We substitute these two expressions into(B7) and simplify to obtain,
B _h (3.32)
ho - . i ho- . ,
row _h AgP0O; 1 u _h Agpb0; 8
- _h , Eq.(320).

R
Recall that from thesl step we obtained an expression digr
Therefore, to obtain the scaling of therative error in the celaveraged scalar flux after the

combined iterative segmce, we substitute this expression into the previous equation and divide

by _ h_to obtain,
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5 _h s ] s ] (3.33

Equation(3.33) is the final result of the Fourier analysisfPI-SI, providing the scaling
of the iterative error in the celaveragedscalar flux for the combined iterative sequence as a
function of the Fourier variables. We will also refer to this expression as the eigerofatusP-
PI-Sloperator, as the scaling of the combined iterative sequence represents the eigenvalues of the
hybrid iteration operatorPlots obtained from this equation are presented in4s&c.

31.3 P-/P-S/ SpectralAnalysis

We analyzeP-IP-Slusing Fourier analysignalogously to that d?-PI-SI. Our motivation
for this analysis, however, is different. Thederlying mechanism which our hybrid approach was
founded on was th&l (or other sweegbased methodyould model the longlistance streaming
and aPBJmethod would resolve local collisions, the dominant transport phenomena in optically
thin and thick cefl, respectively. Based on this understanding, it was therefore predictdtBihat
would be ill suited as the primary method in our hybrid appro&ohrier analysisand later
testing,of P-IP-Slis therefore conducted tmnfirm the benefit of employingBJITMM as the
primary method in our hybrid approaeb well as to verifyour understanding of the underlying
mechanism of thigerative technique

As with P-PI-SI, the Fourier analysisf P-IP-SIwill be corducted withSl asthe first step
of thetwo-step iteratiorfor reasoning discussed in the previous secti®éBJ lags the incoming
angular fluxes and the cedveraged scalar flux, indicating that we milestiveexpression$or the
scaling of the error in these two quantities due toShstep.The former of these was already
obtained during th@-PI-SI Fourier analysis, Eq3.20). The latter, however, was not required fo
theP-PI-Slanalysis and must now be obtained dBoivethis expression, we begin by substituting
the ansatz,Eqs. (3.12), (3.13), and(3.14) into the Sl residual balance equation, Hg.9), then
simplifying to obtain,
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_ (3.34)

w o _h
- L - . N
¢Q fuy _h OF1Tj "h W _h OF1j4
&B h 8
.[“ = =
h - .
We then combine the previous equation with E4L5) to eliminatew _h_ andthen
sove fory ~ _h
- @ § 33
W _h B _h 439
T
"h OET "5 OET§
0 0= h A __ A 8

This expression calculates the iterative error in theasaraged angular flux after tis# step in

terms of the error in the cedlveraged scalar flux before tBéstep. To calculate the scaling in the
cell-averaged scalar flux, we subtract £8.8) from its converged counterpart to obtain the
following equation, noting that the iteration index has %2 subtracted from its original value to reflect

Slbeing perbrmed first in the Fourier analysis.

, (3.36)
1 %Oﬁ O 9T R

¢

where,

- - 33

We then introduce the following additioreisatz
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- . . . 3.38
1 %o E ~ _h Ao _ ‘Q§3~(b= Q?&o’o (338)
This ansatzis substituted into Eq(3.36) to obtain the relation betwean ) _h and
B~ _h,
3 _ 3 (3.39
B _h 0 W _h 8

We then multiply Eq(3.35) by 0 and sum over angle, using the previous relation to obtain,

& ’ (3.40)

p C!Q ’HOE,TH ’ FIOE”FI 8
AT 'Of Ny OET; AT 'O Qi OET;

This expression calculates the error in the-aeiraged scalar flux after tisd step ofP-
IP-SI given the error in that same quantity before 8lestep. This provides the additional
expression that is needed to analyzel#J step, thus leaving Eg€3.20) and(3.40) as thefinal
results of the analysis of ti&4# step that we use in subsequent analysis.

To continue our Fourier analysisidiP-SI, we advance to tH&BJstep, analysis of which

begins by subtracting th#P?BJ equations, Eqgs(3.2), (3.3), and (3.7) from their converged

counterpart$o obtain,

- (3.41)

70



and

(343)
1 %o O 17T

= xj
¢
(0]

Note that the iteratiomdiceshave been increased by ¥ in these equations to denote the fact that
IPBJ is the second step in our Fourier analysis instead of the first. The residual terms in these
equations are defined analogously toBd.1). We now solve fdr %o , the derivation of which
directly followsthe previously reported analysis &?BJ. [4] As with P-PI-SI, our analysis will
diverge from that of4] when we combine the results from both of the st@psobtain tle
aforementione@xpression, we combine the residual auxiliary equations with the residual balance
equation for thdPBJ step EQs.(3.42) and(3.41) respectively, and solve for the ceNeraged

angular flux residual,

5¢

o ) - . (344)
T L

O | =
|

= x

= x

= x
|

= x

= xi

¢

Multiplying this equation by) , summing over angleand applying the quadrature summation

for thelPBJstep in the Fourier analysis, H8.43), results in the following expression.

AT 0 - (345
‘]%OH T (]%OFI
T P —hkKh —F Rk
U =&/ An 1 h -
P —h AR — K KK hh
U =k &k . h -
P —h KF —h FKK hh
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In this equationgt andd are simply extra angular indicasedto distinguishthe independent
summations. We then substitute the Fousesatz Egs. (3.30), (3.31), and (3.38) into this

expression, transforming it to the frequency domain.

B _h (3.46)
@ 0 s - _F
T P —h —h -
0 —q h o - .
" 4" T _h AgpO;
P —n ~h
0 —q ho- .
i W _h AgPO;
P —n —h
To complete our analysis, recall that we obtained expression s ~ _h  and
h - .
W _ h_during analysis of th&I step, Eqs(3.20) and(3.40), respectively Substituting

these two expressions into the previous equation and simplifying yields the final result of our

Fourier analysis oP-IP-SI,

& _h @ 0 (347)
.[ 17

-

¢Q OE”
Qi
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In this equation@ is simply another angular index usedndicateseparate summations. The
previous equation is the final result of the Fourier analysR-I6f-Sl, computing the scaling of
the iterative error in the ceflveraged scalar flux due toetexecution of a singke-IP-Sliteration.

Plots obtained from this equation are presented in4s&c.

32 /TMM Matrices Construction Algorithms

Performing transport calculations wiBJITMM requires an algorithm for constructing
the response matrices that solve the transport equation locally oveidaraain to obtain cell
averaged scalar fluxes atite outgoing angular fluxes at stttomain boundaries. Considering a
subdomain to be an independent transportgridblem, these matrices must couple all boundary
incoming angular and cediveraged scalar fluxgassuming isotrap scattering}o all boundary
outgoing angular and cediveraged scalar fluxes in the subject-puttblem. In the construction
algorithms we discuss, tlobjectiveis tocalculatehe coupling of the latter quantities to the former
under the condition cd lagged scattering source, even tholiglM does not lag this quantity.

By initially lagging it though, the construction algorithms are executed using sweep algorithms
akin to those used to execiBkdue to the decoupling of angles. Taking the matrixaggntation

of the transport equation to convergence then allows for the obtained matrices to be used to solve
for the converged local transport solution.

In this section, we introduce the matrix equations whiddM solves along with two
algorithms for the construction of the required matrices. These algorithms are the previously
reported differential mesh swedpMS), developed byAzmy[53] and our newly developed
Gr een 0s 1fFschemdaTheodifferential mesh sweap presentedy Zerr in [52] for 3-D
Cartesian gewoetry. We repeat this derivation forffl2geometry, as this is the dimensionality of
our transport test code, HAZC. We then introduce our new approach with the objective of
supplying an algorithm with similar construction cesDMSthat is suited for wlesonunstructured
meshes. This algorithm utilizes the interpretatioifdM as a response matmxethod imposing
fluxes of unit strength onto the mesh, then executing a single mesh sweep to obtain the response
in all other dependent quantities in the-gubblem. The utilization of the mesh sweep algorithm
which is traditionally used for solution wisl facilitatesI TMM construction in unstructured grids,

as it uses a kernel calculatiand sweep algorithralready present in THOBNd other codes
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321 /TMM Matrix Equation Formulation

ThelTMM matrix equationfiave beempreviously formulated.52] We follow the steps in
thisderivation for a 2D problem. Additionally, the derivation i52] was performed fobD, while
we will implementAHOT-NO (or more generallWVvDD), although this changes very little in the
derivation. For this derivation, we treat a sldmain as a full, independent trangparoblem.
This treatment is valid due to the asynchronicityP8f), which decouples sutbomains over the
course of a single iteratioithe constructionprocess described below is performed separately in
each suldomain, hence it readily lends itself taraiel processing. We begin by considering the
Sltransport equation, E@2.73) and the associated auxiliary equationsABtOT-NO. These, for

a single spatial cell / angle combination can be represented in matrix notation as

P h Rk ARR gy - (349
1y P R I
Ll C e AR >
y Pl rar! w7
P T fuj Ar U
P h FA ILLI RLIIRS
iy Pl il | ~ thag
| C il r h "8
L) P | fEpnll hﬁh i
P n ¢ W [ &n ¥
This matix equation isnrittens uch t hat all the i nputs to a cel

are on the righhandside and all quantities that are outputs are on théeftiside. Additionally,

we see from this matrix equation that the gen@fBID form used is trivial to extend to the more
specific cases dDD or AHOT-NO, with the choice of the weighting factors not impacting the
structure of the matrices. Multiplying each side of this equation by the inverse of the coefficient
matrix on the lefthandside yields the following matrix equation which directly maps the inputs

for a single cell / angle combination to the outputs,
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Nk, (349

~[ jp 1 rﬂ)ﬁ%or1 ﬁll
1 2 11 hhI,I
h h
||—| > 2 “‘|| n >
11 hvh ] hh |— hh Ivl
g h . 1] i 1l
where,
v AR+ RR  hA (3.50)
i K RE 0 RE 0 RR B
» hh + RR + hh

The, terms in this matrix are coupling factors, which indicate the coupling of an output to a
specific input. The first superscript on these terms indicates the output quantity and the second
indicates the input quantitya (s the cellaveraged angular flux if is the first superscript, the
scattering source if it is the secoaddx/ yis the angular flux on the/ y face of the cell, outgoing

if it is the first superscript, incoming if it is the second). For example; would indicate the

cortribution to the celaveraged angular flux from the incoming angular flux onytii@ce for

anglem, andcell (k, j). These terms are calculated analytically with,

» AR + AR - RA (351
* hh * hh * hh
» hh +» hh  hh

(Q . jﬁh h hh 0) 4) A |ﬁﬁﬁ h hh 0)

| h hh A h hh A

Iﬂl) C n ¥ Idl) C n |°|8

y P I hArN U P | ARAN

P n < UL n < U

An analytical expression for this matrix was obtained for our implementation Msitigematica
[62] Equationq3.48) - (3.51) are the onlynatrix-vectorequations that change when the derivation
is performed in 2D for AHOT-NO rather than in-® for DD. The remaining equations in tiasb

section are thereforegeivalent to those previously reported B2]. Considering the full sub
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domain with nonzero boundary conditions, we can represent thaveetiged sdar fluxes of all

cells as a vector calculated with,

=and L are matrices which consist pterms, . is a diagonal matrix of the reciprocals of the
macroscopic total cross sectiorfsis a diagonal matrix of the scattering ratikis a vector of the
external source, is a vector of the incoming angular fluxes on the-datmain boundary, and

is a vector of the celhveraged scalar fluxes, either lagged or the current iterate as indicated by
the superscript. The matricesand = map the inputs on the righandside of Eq(3.49) to the

outputs on the lefhandside.Next, we modify this equation to,

4 =+ =fvya Lios (353
To simplify, we define,
Lk=h (354)
thus resulting in,
- L - +vA L 8 (359

v Is a diagonal matrix of the reciprocals of the macroscopic scattering cross sections. By taking
the iterative limitof this equation, we then solve for thector offully converged scalar fluaver

the subdomain,
Ll L. ky o (3-56)

This equatiorproduceghe celtaveraged scalar flux for each cell in a gldmain given
prescribed incoming angular fluxes the subdomain boundary. To impleme®BJITMM
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though, we must also calculate the outgoing angular fluxes at thdosedin boundary, as these
will be exchanged between adjacent -sldmains after an iteration completes. The equation to

calculate these values is writtennratrix-vectornotationas,

F b= +vA Ly 8 (357)

F is a vector of theutgoing angular fluxes at the sdbmain boundary an and L, are

response matrices which determine these outgoing angular fluxes baked terms. Equations

(3.56) and(3.57) are the two equations which are solved in everydsarhain, each iteration when
executingPBJITMM. Equation(3.56) is solved first, obtaining the cedveraged scalar fluxes

given the incoming angular fluxes at each-dobmai nés boundari es whi ch
the previous it er aidanaiss,tiseddundary condlition,or the idijiabguessn t
Then, these sublomain boundary incoming angular fluxes are used in conjunction with the
obtained celaveraged scalar fluxes to obtain the sddmain boundary outgoing angular fluxes

using Eq(3.57), which are then used by adjacent-si@mains in the nexteration.

Solving these equations is dependent upon deriving expressions for the elements of the
four response matrice$,, L |, L andL, . The following sections present the derivation of these
elements followed by a description of two algamth for their construction. We note here the
dimensions of the matrices for a stddmain of sizeNx x Ny with M angles peangularquadrant
in 2-D: L NuNyx NeNy, &0 NGNy x 4M(Nx + Ny), L2 4AM(Ng+ Ny) x NgNy, and L, : AM(Nx + Ny)

x AM(Nx + Ny).

322 /TMM Matrix Elements

Implementation oPBJITMM requires prescriptions for the elements of the four associated
matrices,l, L | L andL, . Construction of these matrices and factorization bf L s
implemented as a pq@ocess, performed only once for each energy group, as the matrenetem
do not change during the iterative solutidn.obtain expressions for these matrix elements, Eqgs.

(3.55) and(3.57) are differentiated, providing the four following relatiors2][
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r- L (358)
E

1 TE _ (359

r- L (3.60)
TE

- (361)

TH '

Note that before differentiating E(B.57), we lagged the scalar flux, thus rendering the outgoing

angular fluxto bethe (s+ 1) iteratebdbs solution, rat her t he
prescriptions for théTMM matrices are dependent on the lagged scalar flux, a necessary feature

of the construction algorithmsTaking the iterative limit does not change the form of Bd7),

rendering this matrix prescription validlso, the incoming boundary angular fluector,r

does not have an iteration index, as the boundary conditions are treated as fixedTdiMhe
construction. Subsequently, celcoming angular flux terms will contain ag+() iteration index,

which are inferred from the boundary conalitifor subdomain boundary cells. Evaluating each

of these derivatives at individual locations within the matrices yields the following prescriptions

for theelements of the four matrice$?]

3 T % (362
Qr mr ok % -
h h 363
. T oq P Tk (
Qhmrrnr o — AVAR R sR o
TAOF] Tﬁ)oﬁ
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. T J%q L T % (3.64)

Qr ak RA AT AQpq sk ks :

ot TR
. oWe (369
Qf hhh hh T f N

- TRy
Qk Rk F AR —Hh

- Tr ﬁﬁﬁ L

QR R AR A s Al A

y Tk
Qw vh B B R r

The previous four equations prescribe the elements of the four matrices requir&d-for
ITMM. Note that in théastthree equations (Eg8.63), (3.64), and(3.65)) the expressions involve
angular fluxes on the stdomain boundary, implying that thediceswill change depending on
the discrete ordinatectant For this reason, these equations have multiple manifestations, which
change betwedhex andy indicesthat ardixed to the boundary of the sutdmain.The equations
providedare for thecaseof a direction in the first quadrant. For all other quadrants, the boundary
to which an index isssigneds changed tandicatethe boundary corresponding to incoming or
outgoing directions in the subject quadrant for angular fluxes with supersgriptr u+,
respectively. For example, in the third quadrantx atidicesof 1 will change td\y, all x indices
of Nx will change to lally indicesof 1 will change td\y, and ally indicesof Ny will change to 1.
Computing the derivatives on the righandside of Eqs(3.62) - (3.65), theITMM matrix

elementsis the purpose of the algorithms which are discussed in the following two sections.

323 Differential Mesh SweefDMS)

The differential mesh sweef®MS) is a previously developed algorithifb2, 53] for
constructing the four matrices required for obtaining adbmai n6és it er &PB}l ve sol
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MM, L, L L andlk, whods formul ati oTo begihtheDMSect i or

formulation following from [52, 53] for our 2D configuration we differentiate Eq(3.49) to

obtain the nine derivatives for a single cell / direction combinasistfiollows

ol hn T0 s 1T hR ) 259
R R .

:T:F an 1T h:h m h:h :: (I): :: :: ::

T T Y S R Y T, B S RR v RA

:T:f LT ﬁrjﬁ il ﬁrjﬁ ':

T S S B O S

This set of derivatives that @mputable from E(.3.50) provides the building blocks which will
be usedby the DMS algorithmto construct the elements of the matrides & | L and L, .
Henceforth, thelements of Eq366)ar e ref erred todoas fAcore deriv
These matrices are constructeéid DMS through a nested mesh sweep. For a given
directionm, the outer sweefopsoverQ and’Q where these variables span the spatial aells
the subdomain in thex andy dimensions, respectively. The inner sweep ttantsfrom the cell
(Q,Q and sweeps using tiredicesk andj over all cells in the sudlomain which are downstream
from cell (Q, "Q along the given directiom. In each step of the inner sweepe tlesponse of a
quantity in cell k, j) to a change in a quantity in cel( 'Q is calculated, providing the
corresponding matrix element. A nested sweep is conductedfowieach angleonce to calculate
the response due to the lagged-esktragedcalar flux in each cell, then a secdimgle to calculate
the response due to the angular flux incoming to eaclusoiain boundary cell. The former of

these sweeps constructs the elementd-f@and L | and the latter constructs the elementsor
and L, . These sweeps construct the matrix elements as expressed(B.&2)$. (3.65) using the

core derivatives of E(.3.66). The derivatives in Eq$3.62) 1 (3.65) relate thechanges in flux
guantities within a given cell to those of another cell within thedsrbain.To calculate these
using the core derivatives which are differentiated within a common welldifferentiate

recursively as described below.
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We begin with the construction of the elementsoand L . To construct these elements,
consider an arbitrary cell in the sdbmain which we index®, 'Q and an arbitrary directiom
in the first quadrant. The inner swebpginsat this cell index, indicating thak,) = (Q, Q. For
this starting cell, the derivative of the ealleraged angular flux with respect to the lagged cell

averaged scalar qux,ﬁ, is calculated directly using the (1,1) entry of E866). The
h

derivatives of the outgoing angular fluxes with respect to theethggltaveraged scalar flux,
R i

and—_"—, are computed using the (3,1) and (2,1) entries of(E66). Then, the

R f

sweep progresses to adjacent downstream cells, where (0,9 (To continue the inner sweep,

the derivative of the outgoing angular fluxes in cklj) with respect to the lagged celeraged
scalar flux in cell [Q,Q is determinedia recursive differentiationsing derivatives calculated in

adjacent upstream cells taq |),

Tr ﬁﬁﬁ Tr ﬁh RTT Fnriﬁ il ﬁﬁﬁ il F‘r:]ﬁ (367)
T %o T TT ﬁhﬁ T% 1T ﬁhﬁ
and
T TR ﬁr} TR ﬁr} . (369
T %o T 9o TT ﬁhﬁ T % 1T ﬁhﬁ

In each of these equations, two of the derivatives on thehaidside are inferred from adjacent
upstream neighbors while the other two are core derivatives froif8 B@). Note that these are
for the example of a direction in the first quadrant. For quadrants where the sign of the directional
cosine for a dimension is negative, the index corresponding to the adjacent upstrédnorneig

h

D =-Qor

that dimension will have a +1 rather thainla Also note that ik = Qorj ="Q
R
vﬁv
""__ =0, respectivelyThis recursive differentiatiorelies on the synchronicityetween cells
h
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in a common sudomain, thus implying ﬁh ool ﬁhﬁ and | ﬁhﬁ j

[ RA
Equations(3.67) and (3.68) advance the inner sweep of the differential mesh svakgpithm,
with the calculated derivatives allowing these equations to be subsequently evaluated in
downstream adjacent neighbors.

At each cell during the sweep however, there is another calculation required for
constructing!- . The necessary derivative—"" has thus far only been calculated for the case of

f

k j) = (Q 0, as it is simply a core derivative for this case. Whei) ( 0, ’Q(this term must

be calculated using,

T o 1T ﬁhﬁ Tr (369

h h
T %o P90 TT ﬁhﬁ T 9o TT ﬁhﬁ

As with Egs.(3.67) and (3.68), the righthandside of Eq.(3.69) contains two derivatives

calculated in the adjacent upstream neighbors and two core derivasvite sweep progresses,

these—"" values are accumulated. Numerical integratiwar anglethen yields the derivative
R

of theupdateccell-averaged scalar flux in cek,() with respect to the lagged celeraged scalar
flux in cell (Q,Q), [52, 53]

T %o ToRg (3.70)
T %0 Fl T %0 FI

Referring to Eq(3.62), we see that these are the elements ofthmatrix. To minimize memory

usage during this constructior— " values need not be stored. Instead™— may be calculated
R R

as a running summation, as the" values are not subsequentigeded
h

The elements ok , Eq.(3.63), are obtained with E¢3.67) or (3.68) when cell k, j) has a

face on the outgoing stdomainx or y boundary respectively (two calculations for a corner cell
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with two outgoing faces). The inner sweep, when conducted over all directions for a given cell
(Q,"0), constructs one column &f and L after all cells downstream ot)Q) have teen swept.

The outer sweep then increments sedex(Q,'Q and this process is repeated u@iand’Qhave

swept over all cells in the sutbmain, thus constructing all columns of the matriéeand L .

The matricest and L, are then costructed in a manner very similar Yo and L | but
obtaining derivatives with respect to the incoming angular fluxes cdsuiain boundaries rather
than lagged celhveraged scalar fluxes. There are two main consequences différience: (1)
the outer sweep is over incoming sddimain boundary faces rather than cellthin the sub
domain and (2) a matrix column is produced for each individual direction for a given incoming
subdomain boundary face as the derivatives are v@sipect to angular flux, rather than scalar
flux. With these distinctionslt and L, are constructed via the differential mesh sweep as
detailed below, noting that this construction algorithm is for a direction in the first quadrant. The
algorithms forother quadrants are analogous. Lastly, the equations for this algorithm will have
two different forms depending on whether the incomingdainain boundary face is on ther
y boundary, both of which are provided. For the corner cell with two incoracesf each of these
faces initiates its own inner sweep.

We begin with a cell,’Q,Q, that has a face on an incoming sldmain boundaryor
directionm. The inner sweep initiates from celjj such thatKj) = (Q,Q. For this beginning

cell, the derivative of the celhveraged angular flux with respect to its incoming angular flux,

hﬁﬁ or : " is a core derivative, entry (1,3) or (1,2) of £E§66) for a face on an
AR Aok

incoming subdomainxoryboundary respectively. Then, t he

i i i i
angular fluxes—— and —X— or — " and —"-"— with regect to its incoming
R R i R

angular flux are also core derivatives, entries (3,3) and (2,3) or (3,2) and (2, Bdr(s66) for

a face on the incoming sutmmainx or y boundary respectively. Analogously to the construction

of L and L these derivatives provide the starting point for the inner sweep to progress,

recursivelydifferentiating The inner sweep progresses to adjacent downstream cells using,
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T ﬁﬁﬁ T ﬁﬁ RTT ﬁﬁﬁ Tr ﬁﬁﬁ Tr ﬁﬁﬁ (3.71)
h h h h h

Tr B 1T B Y Tr B T wh

and
Tr ﬁﬁﬁ T ﬁﬁ RTT ﬁﬁﬁ Tr ﬁﬁﬁ Tr ﬁﬁﬁ (3.72)
T g roas T0 mr 10 wa 1T &

or
Tr ﬁﬁﬁ Tr ﬁﬁ 1T ﬁﬁﬁ Tr ﬁﬁﬁ Tr ﬁﬁﬁ (3.739
s Tk T r T R T R

and
T ﬁﬁﬁ Tr ﬁﬁ Rl ﬁﬁﬁ Tr F,FIF, T ﬁﬁﬁ (3.74)

! _ ! ! g
' ows  T0 &% 10 &r 10 &% 17 GF

Equations(3.71) and(3.72) pertainto a face on an incoming swlmmainx boundary andegs.
(3.73) and(3.74) pertain to a face on an incoming stimainy boundary. For any cellk(j), if k
="Qorj="Q17 HF‘ Fo=0ortr ﬁﬁﬁ = 0, respectively for either of thepossible
denominators to each derivativdote that the index of 1 which fixes the cé®,Q to the sub
domain boundary is still consideredor ‘Qindex. Equation€3.71) - (3.74) eachcontain two
derivatives on the rigkttandside that are known from upstream neighlkard two that are core
derivatives, Eq(3.66).

Analogously to the construction ¢ and L, this allows the inner sweep to progress

sequentially along downstream cells. In each cell, the derivativd"— or——"— is computed
Ri A

using
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T RR Tr ﬁﬁ ol oRmr TT ﬁﬁﬁ I (3.79
T A (A (R
or
T wk rr ﬁﬁ FoTl R Tr ﬁﬁﬁ T (3.76)
oA (S (S

for a face on an incoming swlmmainx or y boundary respectively. Again, the rigiindsides of
each othese equations consist of two derivatives previously calculated in upstream neighbors and
two core derivatives.

Referring to Eq(3.64), due to the lagging dhescattering source, all angles are decoupled,
implying that an impingent boundary flux along th direction will contribute only to angular

flux quantitiesin this same direction. We are therefore able to numerically integrat 54d),

accounting for all other diret3onsd angul ar
& I oo . U0 hn (3.77)
Qi hh ARV n 1 OQpffr i U —Fx 8
Y T s

ConsequentlyEqg.(3.75) or (3.76) (depending o or y incoming subdomain boundary) supplies
an element ot for each cellk,j) of the inner sweep, calculated usthg previous equation.

When the inner sweep reaches a cell which has a face on the outgoinigoundary, Eq.
(3.71), (3.72), (3.73), or (3.74) then provides an element &f as prescribed by E¢3.65). After
(k,j) sweeps over all cells downstream of céll’(), the inner sweep is complete. The outer sweep
progresses by simply repeating this same process f6QAM @ndm speciications of incoming
subdomain boundary fadéuxes

This concludes the description of the differential mesh sweep algorittom this
construction algorithm, there are a few properties that we note. All the inner sweeps for the
differential mesh sweep only span cells that are downstream ¥hi6).(Any values pertaining

to cells upstream of@®,’Q) are zero, as the contriboti to a quantity in an upstream cell is clearly
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zero. Also, L, couples sulslomain boundary outgoing angular fluxesall directions to sub
domain boundary incoming angular fluxéem all directions. Howeverdue to the lagged
scattering sourcthere s onlynon-zerocoupling between quantities pertaining to the same angle,

andthe majorityoft, 6s el ements are zero for most cases.

matrix is advised to reduce its memory footprint.

324Greenébs Functi onGAICYMMittonstructi i

Implementation oDMSfor PBJITMM solution on unstructured gridkatis the ultimate
goal of this workraisescomplications. The construction &f, . | L ‘andlL, viaDMSrequires
the calculation of the core derivatives, E)66), which is contingent upon the ability to calculate
the, terms using Eq(3.51). On structured grids, analytical inversion of the matrix on the-right
handside of this equation isasy as the cells of the gridave a simpleshapeeven if their
dimensionsvary On unstructured grids, h o we e the nonu
counterpart to Eq3.51) vary in form between cells, thus complicating analytical inversion.

To circumventthis complication, wedevelop a novel respge matricegonstruction
algorithm,aGr eends Functi on a popcepdd thikapproathes toyutilidiegr | y i n
the interpretation of thETMM matrices as response matrices, create an artificial set of problem
parameters that allow traditiondl mesh sweeps to yield the matrix eleme@enerally this is
accomplishedby selectively imposing unit values to flux quantities within thedoimain which
render the solution obtained from a gené&lanesh sweep equivalent to the matebements
obtained withDMS. The use of previously existing code capabilities, namely the mesh sweep
algorithm, renders this approach largely agnostic to the mesh type and spatial discretization
method, which additionally makes the implementation in productionsoma@mally intrusive

The Gr e e n 6 $TMMF Qonstructiom GFIC) algorithm capitalizes on the
interpretation ol TMM as a response matrix method. Considering Th&V matrices to contain
elements that represent the change is one quantity given aechlmagother, we propose an
algorithm where these terms are computationally generated by imposing a change to a quantity in
a manner such that the resulting change in other quantities is computable. To begin, consider the
prescriptions for the elements thie ITMM matrices, Eqs(3.62) - (3.65). Given the linearity of

the neutron transport equation, these derivatives may be expressed as quotients of the discrete
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changes in theorrespondingjuantities, producing the following modified prescriptions for the
elements of théTMM matrices.

N 3-%0 R %o h %o h (3.78)
Qh ki Rk -
3"/)0}:] %Ov %0“
- R i
q 3y ﬁhﬁ [ R IS AT A (3.79)
h h hh h 2%o - %o - %o -
; A f
o 37 ﬁhﬁ [ RR [ hh
hoRRE R R o -~ -~
h h h
N 3%oj, %op; Yop, o (380
QR ki h AA R R R ATA
3w [ Rr [ RE
N 3%o;, %op; Yop,
Qr hk R R F, - -
3 Rk [ R R Rk
. 31 hhﬁ [ ﬁh [ ﬁhh . (381)
Qh h hh oRf 7 = - h
3 i [ kR [ Rg
; f f
B ik [ Rk [ hh 5
Qr hi R AR 7 - - h
3w [ AR [ R
- : R
. 3 R s P
QR & AR h§ 7 - - h Al
3T kg [ R g R
; f f
o af [ AR [ AR
h hh h hh R R R
3 hk [ Rk " hoh
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In these equations;indicates the change in the corresponding quantity. The subsgRfifsand

A0O0 generically refer to val ue gnitidl andfiml. Thasy di f f
by i mposi ng a pGFIC stgies,itha ¢leemtsiofGthaTMiMmatrices are constructed

using the solution obtained with a geneisweepperformed locally in the sudomain For the

fi Ogdate, we prescribe a scenario in which thedrinain has no external source, a zero initial
guess, and vacuum boundary conditions. Under
are clearly equal to zero, thus allowing their elimination ftbenequations. Moving to tHeFIC

state, employing the Greenb6s Function strateg
value which is in the denominator given the c&@hQ (and potentially anglen) corresponding

to the progression withithe outer sweep. Thus, for construction bfand L, we impose
%o - pforthecellQiQ, | eaving all other values the

i 0 0 G&IL state specifications, Eq&.78) and(3.79) become,

Qifiron Y%on (382
T AT A (383
x f
Qi vhomR T R 8
Similarly, to construclt and L, , we imposer ﬁﬁﬁ =lorf ﬁﬁﬁ =1 for an
incoming subdomain boundary face at directiom | eavi ng al | ot her wvalu

st at e. TAFK stftedspecit@ations thus simplify Eq$3.80) and(3.81) to,
Qr i r /i %0 Al ATQF] ERORF %o, (3.84)

and

88



7 h o
Qr F AR AR [ F oA h (389)
~ i o
Qr #f A R [ hA h
~ F] -~
Qn k kR o# [ Foh h Al A
- A
Qr kh kAR [ hh

Equationg3.82) - (3.85) prescribe the elements thie ITMM matrices constructed usi@fIC. In

these equations, note that the-ledindside contains the indices of celRfiQ, while the right
handside doesot These indices correspond to the cell in which the lagge@vweetbhged scalar

flux or incoming angular flux equal to 1 was imposed. The remaining terms in these four equations
with the subscripGFIC refer to the value in celk(j) after the execution of orlecal Sliteration

given the imposed flux in cell@hQ .

In general, the algghm for ITMM construction vicGFICi s si mpl e; cr eat e ¢
the problem, effectively zero values for all relevant quantities, then impose a value of 1 to the
guantity whose effect on other quantities is to be calcult#iedexecute onéocal Sliteration to
obtain these resporse

More specifically, to construct one column of the matribeand L , specify the lagged
cell-averaged scalar flux in cellfhiQ to be equal to 1 with all other lagged ealleraged scalar
fluxes, external sources, and sddimain boundary cotiibns set to zero. Then execute dsle
iterationover the sullomain Upon completion of this iteration, the resulting @ateraged scalar
flux in cell (k j) is the entryQ;  »  , and the resulting outgoing sdemain boundary flux
for direcionm, cell G ,j) or () histheentryQr « rr 7 OF'Qn rr r [ respectively.

Thus, executing this procedure once constructs one column oflbathd L . Repeating this
procedure so that indicé@ AT & spanthe subdomain constructs all columns of these two
matrices. Note that th@l iteration may be executed over all angles for a given €#ikY before
advancing the outer sweep, thus producing @fC cell-averaged scalar fluxes directly.
Alternativdy, (QhQ may span the sutbomain for a single angle, thus produci@IC cell-
averaged angular fluxes. TkEIC cell-averaged scalar fluxes in this scenario are calculated as a
running summation of th&FIC cell-averaged angular fluxes multiplied ligeir respective

quadrature weights.
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Analogously, to construct one column of the matribesand L, , specify the incoming
subdomain boundary angular flux for directiomin cell (ohQ or (Qhp (for an angle in the first
guadrant}o be equal t@ne with all other suldomain boundary conditions, lagged emleraged
scalar fluxes, and external sources equal to zero., Bxenute onéocal mesh sweep used in the
Sl solution for directiorm. Upon completion of this sweep, the resultiej-averaged scalar flux
in a cell kj)isthe entryQr v 5 rr OF Qf k5 i respectively. If the incoming boundary
angularflux was specified at thesub-domain boundary, the outgoing sdbmain boundary flux
for directionm, cell @ , j) or () is the entry’Qy + r 5 5r OF Qi fE § &F
respectively. If the incoming boundary angular was specified at sddomain boundary, the
outgoing sukdomain boundary flux for directiomn, cell © , j) or () is the entry
Qv v rr F R O Qr kr 1 5 respectively. Executing this procedure once constructs one
column of bothlk. and L, . Repeating this procedure so that the indie#sQ andm span all
incoming subdomain wundary angular fluxes for all directions constructs all columns of these
two matrices.Note that the indices stated in this paragraph were fordeaiain boundary
incoming angular fluxes in the first quadrafiis concludes thdescription of our newalgorithm
for constructing thdTMM matricesusing a standard but local, SI mesh sweeia the GFIC

algorithm.

325 ComputationalCost off 7MM Matrix Construction Algorithms

The GFIC algorithm was developed to enable construction of ITidM matrices in
unstructured meshes using the-présting capability ofSlin a typicalSy code Recall that with
the differential mesh sweep, the inner sweep only swept over cells downstream fré@hea!
In the mesh sweep WilBFIC, the same is conceptually true. However, doing so on unstructured
grids would require modifying th8l mesh sweep algorithm to sweep owaty a portion of the
associated sulomain thusdiminishingthe simplicity of implementation that was our purpose
for the development of tH@FIC algorithm. To avoid this added complication, Si#&eration may
be executed over the entire sidamain, which clearly does not change the produced elements, as
the solution in upstream cells is zero. We refer to the practice of only sweeping over downstream

cells as the fAideal eswlepomand sweépiendgfoaVvér s
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The simplicity of implementation on unstructured grids with the full sweep comes at the
cost of increased construction time of thEMM matrices compared to the ideal sweep. We
therefore conduct theoretical analy®squantify the difference in cost of constructing the four
ITMM matrices between the full sweep and ideal sweep. Regardless of the sweep type used, the
computational work required for each individual cell is the same. Additionally, the required
number obperations for th&FIC algorithm scales linearly with the number of discrete ordinates.

For these reasons, we calculate the number of cells that are solved using the ideal or full sweep to
perform both outer sweeps for a single direction. This providesessions that are proportional

to the cost of construction for both sweep types, with the multiplicative fast@iningthe same

for both,namely theSI grind time

To begin, consider a-B, N x N cell subdomain and a directiom in any quadrant. To
perform one outer sweep for a single direction, the number of cells that must be solved for the full
sweep case is trivial, as the inner sweep spans the wheldomdin independent of progress
through the outer sweep. For the full sweep, the number oftbatisnust be solved to execute

both single outer sweeps for one direction4D geometry is,

Y i 0 cb 8 (3.86)

This value is proportional to the construction time required to construct thérfdit matrices
with the GFIC algorithm using a full sweep. To derive this expression, consideNtttatls must
be solved in the inner sweep at every step of the outer sweep. To cokstanctl , the outer
sweep must span all cells in the sidmain, thus regjring the inner sweep to be executet
times for a total olN* cells to be solved. To construét and L, , the outer sweep spans all
incoming subdomain boundary faces, thus requiring the inner sweep to be exeblitiete2 for

a total of N3 cells b be solved.

The number of cell solutions required to execute both outer sweeps for a single direction
using the ideal sweep is more complicated, as the number of cells spanned by the inner sweep
changes based on position within the outer sweep. Fomwtisraction ofl and L, one inner
sweep for a directiomin the third quadrant initiated from celDfQ) in the outer sweep spans
'Q  "Qcells. With the outer sweep for constructionefand L spanning all cells in the sub

domain, the number of cell solutions required to execute one outer sweep for the construction of
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these two matrices B QB ‘0 ——— . For the construction d¢ and L, , eitherQ

or "Qis required to bequal toN, thus resulting in the number of cells to be spanned by the inner
sweep to bed "Qor O Qfor incoming sukdomain boundary faces on theor y boundary
respectively. Summing over the incoming sidmain boundary faces that are spanned by the
outer sweep, the number of cells which must be solved to execute one outer sweep for the
construction oft. andlk, sB 0 Q B 0Q 0 0 p.

The number of cells that are solved in one outer sweep for a single direction using the ideal
sweep is therefore,

0 0 p O v (3.87)

Equationq3.86) and(3.87) are the required numbers of cell solutions to execute one outer
sweep of th&FIC algorithm for a single direction using a full or ideal sweep respectively. These
equations are proportional to the total time required to construct théTiglhd matrices using
either sweep mechanism with the proportionality coefficient in both formot&gual to the
standard grind time. They may thus be used as a surrogate for total construction time when
predicting the penalty of increased construction time associated with the full sWesge
theoretical predictions are compared to computationarebton in Sec4.9.

For a 3D, N x N x N subdomain, analogous calculations yield the followingdd 3

expresmns

2 T (3.88)

0 X (3.89)

P
P
33 Summary of Theoretical Analysis

Our theoretical analysis consists of tmain elements~ourier analysis oP-PI-SlandP-

IP-SI, and construction algorithms for thiEMM matrices. The Fourier analysisPI-SlandP-
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IP-Slderivedexpressions for the scaling of the iterative error eigenmodes due to a single iteration
of eachmethod as a function die frequency variables in Fourier space. These expressions, EQs.
(3.33) and (3.47) will subsequently be used to verify the implementation of these acceleration
techniques in a-B, Cartesiangrid test code, HAT2C, as well as inform development of
asyndironous hybridterative methodsThe Fourier analysis d®-IP-Sl is largely used, not in
support ofP-IP-SI, but to confirm conjectures made about the underlying mechanisimsr of
hybrid approach The primary conjecture which we use this Fourier analygsisuccessfully
confirm is thatP-PI-Slis effective due t&lb s abi | i t y-distamce streaning afBJ | o n g
ITMM6s ability to resolve |l ocal <collision.

We have also presented algorithms for the construction of the matrices requifédNtir s
implementation. The two algorithms discussed were the previously redoki&hnd the newly
developedsFIC algorithms. We developed the latter of these algorithms motivated ppiential
for direct extendibility to unstructured grids. This algorithm selectively imposes unit flux values
in cells or on incomingsud o mai n boundaries (a discrete Gre
renders theSI sweep solution equivalent to tH2MS solution, this eliminating the need to
implement a new kernel calculation modtde matrix constructionn an existing transport code

that seeks to empldyBJITMM as a solution option.
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Chapter:
Numerical Experimentation with Hybrid Mébds
in 2-D CartesiantGeometryith Serial Operation

To continue the development of our hybrid approach as well as preliminarilgFéSt
we conduct a set of computational experiments in serial executioiDo@tesian grids. At this
early development stage, this simplified configuration is preferred for its practicality and to
expedite the development process. With numerous iterativthod®e being developed,
implementation, debugging, and testing progress faster on Cartesian grids than on unstructured.
Additionally, it is advantageous to verifgFIC on Cartesian grids againBMS as a reference
before implementing it on unstructured gridror our studies,-R geometry is preferable over 3
D as it results in greatly reduced execution times, allowing large amounts of data to be collected
expeditiously. Finally, serial operation is used because the iterative convergence rates of our
methodsare unaffected by whether the operations are performed in series or in parallel. With
methods in the development stage, serial operation allows expedited development as well as
execution on a personal desktop computer as opposed to an HPC, which cdiffibaltato
acquire resource for untested methods and may also impose delays due to the large number of
concurrent users. With this simplified configuration, we develop and test our methods recognizing
that they are intended to be extendible to the taagptication of solving th&y equations on
massively parallel computing platforms on unstructured grids. The main consideration for this is
that, when decreeing operations as being parallelizable, we must assume that spatially parallel
sweeps are not avable, as our goal is to provide as alternative to such sweep algorithms on
unstructured grids. With regards to this consideration, in this chapter we frequently discuss
met hodsd degrees of parallelism. Fllelism refére e nt i
to the intuitively expected degree of parallelism on unstructured grids and is not based on a
thorough consideration of parallelization options.

Ourcomputational experiments utilizenewly develope-D, Cartesiargrid transportest
codethat usesFortran95 to implement theAHOT-NO spatial discretization for solution of the

discrete ordinates equations, referred to adHyiarid Spatial Domain Decompositiqii SDD)
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AHOT-NO Transport Solver in-B Cartesian Geometries (HAJC) code. The iterative solution
strategesimplemented in HAT2C comprise five iterative methaxgbtiors: SI, PBJ}ITMM, IPBJ,

P-PI-SI, andP-IP-SI. The Sl acceleration schemes implemented inclif&A AP, NDA, and

pPNDA The matrix solution associatedith PBJITMM is performedusing theLaPack(Linear
Algebra PACKage]63] routines which compute and store thé factorization of L after
construction, then directly perform thEMM matrix equation operations in each iteratidhe
low-order matrix solutionsequired byDSA AP, pNDA andNDA are performed in each iteration

using DLAP B4, a package for the solution of sparse matrices. The associated matrices are solved
by DLAP usng theBIiCGSTABmethod withILU factorization. §5]

One of thdeatureswe have implemented in HAZC for our research is théybrid Spatial
Domain DecompositioHSDD). TheHSDDdecomposes the spatial domain into-sedpons (not
to be confused with the sutbmains associatedwiBB) , t er med fAzoneso. The
fluxes at the zone interfaces are lagged by an iteration, exchanging these values with adjacent
neighboring zones between iterations. With all zones decoupled from each other, any of the five
iterative methodsmplemented in HAF2C may be specified in any given zone apply the
iterative solution. The iterative method specified for any given zone is independent of the method
specified for all other zones, thus allowing zones to use different iterative methodshiban ot
TheHSDDwas implemented to allow implicit supporttbeadditional iterative methodgH-PI-

Sl (asynchronous?BJITMM / Sl hybrid method) AH-IP-SI (asynchronousPBJ / SI hybrid
method) andAH-PI-IP (asynchronou®PBJITMM / IPBJhybrid method). Tiese methods execute

only their primary methodn zones containing optically thick cells and onheir secondary
methodin zones containing optically thin cells. The development of these methods emerged from
initial computational experimentescribed belw, andthe motivation forthe e me tréavod s 6
will be thoroughly explaineds part of that presentatiorhe results of our numerical experiments
conducted using HARC are organized as follows.

Firstly, in Sec4.1 we perform verification of previously developed iterative methods for
which results to compare against are available in the literaktire verification is conducted by
reproducing tales of the number of required iterations to achieve a set stopping crilensely
referred to as convergence criterion in previous chapters of this dissertatigmgctral radius

trends previously reported in the literature.

95



We then use our HARC mde in Sec4.2 to computationally verify the Fourier analysis
for P-PI-SI and P-IP-SI. With both the code and our Fourier analyses vekifige discuss the
results of these Fourier analyses. This theoretical analysis demonstrates three primary concepts: 1.
IPBJ is likely less effective thaf®BJITMM as the primary method in our proposed hybrid
approachdue to the lagging of the scatteringuse; 2. the conjecture that the underlying
mechanism of an effective hybrid methofdPBJtype and sweepased methods the accurate
modeling of longdistance streaming [ paired with the resolution of local collisions by #BJ
method; and 3. that executing both methods over the entire spatial domain is likely unnecessary.
Section4.3 briefly presents the spectral radiusRBJ}ITMM and IPBJ as functions of
fundamental transport phenomena governed by the nuclear properiedt . These trends are
used to conceptually explaPBJ}ITMM6 s | a c tve rolustness with eespect to scattering
ratio despite the resolution of the scattering source, as well as subsequent observ&ighs of
ITMM6s i terative performance in highly scatter:i
In Sec4.4 We perform experiments that comparea homogeneous mediuthg iterative
performance of ousl preconditioning methods to that of the individuat#tive methods of which
they are comprised. The results demonstrate that one of the two iterative methods used is largely
responsible for the convergence of a given cel
indicating that a more advagious approach is tlasynchronous hybrichethodsThis approach
is tested along with the preconditioning approach on a heterogeneous mediundib. Sec.
With theasynchronous hybridpproach developed, Bec.4.6 we conduct a parametric
study using a heterogeneous problem with regions alternating between optically thin and thick
cells. This study is conducted to assess the iterative perfornodnaer hybrid methods in
comparison to each other as well againsttraditional DSA AP, and pNDA and how each
met hodbés performance i s i mp a dhisepdrametsc study isi o u s
extended to extremely large scattering ratios in 8&c.With the gained understanding of how
hybrid methods will perform in certain problems, we test our approach on realistic test problems
containirg void regions is Sed.8.
Finally, in Sec4.9 we compare the constructionstof thelTMM matrices when using the
GFIC algorithm againsthe DMS. This comparison includes both the ideal and full sweep
variations of the mesh sweep utilized®¥IC.
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41: HAT-2C Code Verification

We begin the verification process with a comparison of the required number of iterations
for SIwith and withoutDSAto those previously reported in the literature, specifically reference
[13]. In the aforementioned work, the author uSéwith and withoutDSAto solve the problem
depicted in Fig4.1 for a variety of material specifications, presenting the number of iterations
required. To verify the implementation 8f andDSAIn our HAT-2C code, we repeat some of

these testsjerifying that our code produces cparable iteration counts.

Material
Numbers Vacuum
Boundary
~ Conditions
[~
\%\
N TN T~
1 2 3 1
/ Ny = 32
/
/
2 X 4 Unit
Soiia SgAngular
Quadrature
Yy

X

Figure4.1: Setup of verification problemwith varyingc and cell sizéor SlandDSAfrom [13]

The first test we replicate is a homogenous case in which the three materials have identical

cross sectionsThe number of iterations requiréa achieve a 16 relative stopping dterion for
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this configuration igeportedfor SlandDSAfor various scattering ratios with all other problem

specifications fixed, in Tablé.1.

Table 41: Iteration counts required by HAZC to converge the problem depicted in Ed. for
the homogeneous case usBiggnd DSAfor multiple scattering ratiod. 36  p8td il G
relative stopping criteriofi:  p T .

¢ S| DSA
05 33 7
08 79 8
098/ 319 8

A second test using the homogeneous medium is displayed in Zaplith the number of

required iterations shown as a function of cell size.

Table 42: Iteration counts required by HAZC to converge the problem depicted in Fid.for
the homogeneous case usiBgand DSA for multiple cell sizesw 10 Yrelative stopping
criterion:]  p U .

Cell Size tfp) S| DSA
0.5 165 9
1.0 319 8
2.0 493 8
4.0 651 8

Finally, we replicate a heterogeneous problem configuration fron#Higthe cross sections and

required iteration counts for which are displayed in Tdl8e
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Table 43: Iteration counts required by HAZC to converge the problem depicted in Hid.for
the heterogeneous case usBlgndDSAand the associated cross sections for the three materials.
30 ¢81H i @ relative stopping criteriof: p Tt .

‘ ‘ e & s Sl DSA

4 \i ]
0.330263 0.314419 0.694676 0.634883 0.499122 0.49446 167 7

The required number of iterations B8randDSAusing our HAT2C are consistent with
those previously reportedld] These results verify the implementation of these two methods
HAT-2C.

We now verify the implementation &P in HAT-2C, reproducing results fron2(]. The

test problenused to obtaithese results is depicted in Fg2.

Ny = 4 8 4
I I
I I Ny =
Material c;=1.0
Numbers 4
\x Co = 0.8
™ Sg Angular
ax4 ™ T Quadrature
Unit 1 2 8
Source\ Vacuum Boundary
y \ | Conditions
Stopping
Criterion: 107

X

Figure4.2: Setup of verification problem f&kP from [20]. 300 p8t

The iterationcouns required for converging this problem with (& T-2C transport code using
AP are displayed in Tablk4 for multiple values of different problem parameters. These iteration

counts are consistent with previously reported d&ih fhus verifyingourimplementation oAP.
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Table 44: Iteration counts required by HAZC to converge the problem depicted in Big.using
AP for multiple values oft , t ;, 3w, and3w. All other problem parameters are fixed as
indicated in Fig4.2.

tg
0.01 0.1 1.0 10.0
32U © 001/ 01(10]0.01]01|1.0]/0.01]0.1|1.0]/0.01]0.1]|1.0
3U
0.01] 0.01 4 5 5 5 7 7 7 14 | 10| 17 | 36 | 13
0.1 5 5 5 7 9 8 12 | 19 | 15| 18 | 38 | 22
1.0 6 5 5 8 10| 8 12 | 12 | 11| 13 | 15 | 13
0.1]| 0.01 4 5 5 4 8 7 6 11 6 13 | 20| 6
0.1 6 7 6 6 8 7 9 12 | 8 19 | 19 | 10
1.0 7 10 7 8 7 7 8 9 9 10 | 11 | 10
th 1.0 0.01 6 7 6 7 8 7 6 10 | 5 11 | 10 | 5
0.1 12 | 16 | 10 9 12 9 9 11 5 12 7 6
1.0 10 | 11 | 11 8 8 9 6 6 5 6 6 5
10.0] 001 | 12 | 14 | 11 8 13| 9 7 11 5 13 6 5
0.1 10 | 13 | 10 7 10| 9 8 11 6 8 6 5
1.0 8 10 | 9 8 9 9 8 9 6 7 7 6

NDA andpNDAresults were not availabfer us to compare against for the dimensionality
and spatial discretization method employed by HXO. However, for all results presented in this
chapter, the scalar fluxes were compared across all methods, ensuring that they were equivalent to
within the stopping criterion. This process helps to verify DDA and pNDA implementations,
as the closure between the higitder and loworder problems iNDA methods means that an error
in implementation would likely result in an erroneous solution that diffens fthe solution
obtained by other, verified methods in excess of the stopping criterion. Additionally, the
convergence rates observed throughout for these methods were consistent with expectation.

Next, we verify the implementation d?BJITMM and IPBJ in our HAT-2C code by
measuringpectral radius trends and comparing to the theoretical trends reported in the literature.

[4] The spectral radius is estimated in HA&T each iteration as the relative change irLth@&rm
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of the iterative change in the caelVeraged scalar flux between two consecutive iterations, a ratio
that is expected to converge to the spectdius as the iterations progréewards convergence

We plot the converged spectral radius estimates from our codBtBITMM andIPBJ versus

cell size for a homogeneous problem with multiple scattering ratios and problem sizes48Figs.
and4 4.

0.9
0.8 F
0.7
¢c=0.5, N=10
06 ¢=0.5, N=25
3 T c=0.5, N=100
i g O ¢=0.9,N=10
< 05 2000558 g + =09 N=25
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Figure4.3: Computationally estimated spectral radius produced by-B&TorPBJ}TMM versus
cell size for multiple scattering ratios of a problem witiNex N mesh.
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Figure 4.4. Computationally estimated spectral radius produced by-B&Tor IPBJ versus cell
size for multiple scattering ratios of a problem withNarn N mesh.

The spectral radius trends in Figs3 and4 4 verify the implementation d?BJITMM andIPBJ
in HAT-2C, with the computational speat radius estimates tending towards the theoretically
predicted trends previously reported in the literatdfddr the infinite medium as the mesh size
increasesln addition to verifyinghe implementation ahese methods HAT-2C, the observed
spectral radius trends provide a visualization of the aforementioned lack of iterative robustness of
PBJmethods in optically thin cells, as the spectral radius tendst®unity in thin cells for large
meshes. This is the feature that our investigation of hybrid methods primarily seeks to address.
For all subsequently presented results, multiple iterative methods are used to solve the same
physical problem. Additionalerification was performed through testing the scalar flux profiles
produced by different methods for the same problem to ensure they are equivalent to within the

relative stopping criteriori-rom the results provided in this section and the comparistireiio

102



respective counterparts in the literature, we conclude that-BIATs verified and that results

produced from it are trustworthy.

42: P-PI-S/& P-IP-S/Fourier Analysis Results

With the capabilities of our HARC code verified as well as a frame of referend®Bf
andPB}ITMM6 s i terative performance provided for ¢
P-PI-SI and P-IP-SI. The theoretical results for the Fourier analyseshet¢ methods were
obtained using/atlab. [66] We expect the eigenvalues fiPI-SlandP-IP-Slto be only real and
that the imaginary components of E(&33) and(3.47) all sum to zero over thil angles. Note
that this was confirmed computationally testing the imaginary compondat all subsequently
displayed cases to ensure that they are zenassa all values of the Fourier variables. With this
confirmed, the eigenvalues are shown to be real and we henceforth refer to the eigenvalues based
on this numerically established, and expected, feature.

We plot the magnitude of the eigenvalues whichego the iterative performance BfPI-
SlandP-IP-SI, Egs.(3.33) and(3.47), respectively, versus and_ inFigs.4.5-4.15for multiple

scattering ratios and cell sizes usingsaangular quadrature

Figure4.5: P-PI-Sl (left) andP-IP-SI (right) eigenvaluest 1o 1w  pen p
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The primary observation from these eigenvailgs is that the flat mode_ 1 L1
is the slowest converging mode for bdPI-SI and P-IP-SI. This is clearly observed as the
eigenvalueanagnitude are maximized at the Fourerp a oreid ®r all cell sizes and scattering
ratios displayednoting thatthis peakis not unique due to the periodic nature of E§33) and
(3.47). Since the trigonometric functions in these equations contain the cell optical thiakness i
their arguments, the period of these functions with respect to the Fourier variables becomes smaller
with increasing cell optical size; a trait clearly observed in our reswitls the changing axis
bounds of the Fourier variables for the kadfriods fotted.

Additionally, the last two eigenvalue graphs for each method are for cases with different
cell sizes in the two dimensions. Comparing these eigenvalues to their counterpastpuanth
cells, we also conclud#éhatthe convergence rate of both madkis determined by the optically
thinner dimension. This is apparent, as the eigenvalue at the Fourier origin for these cases
compares to the case with both dimensions having optical thicknesses equal to the thinner of the
two dimensions in the nesquae case.

Concludingthat the flat mode is the fundamental modeRd?I-SI and P-IP-SI, we plot
the magnitude of this eigenvalu®ong with computationally estimated values produced by-HAT
2C, versus cell size for selected values of the scattering ratiobserve the effect oSl

preconditioning ortheiterative convergence rate BBJITMM andIPBJ.
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Figure4.16. Spectral radius d?-PI-Sl estimated with HAT2C for a homogeneous problem with
anN x N mesh and the theoretically calculated spectral radius. Spectral radius is graphed versus
cell size for multiple scattering ratios using&mngular quadrature.
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anN x N mesh and the theoretically calculated spectral radius. Spectral radius is graphed versus
cell size for multiple scattering ratios using@&mngular quachture.
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Analyzing Figs4.16and4.17, the first thing we note is that the computational resujtee
with the theoretical predictions. We also see that forcall 1, the spectral radius no longer
approaches unity as the cell size decreases. WitBbpreconditioning, as the cell sizs i
decreass, cells become more tightly coupled to di
become more dependent on each other). Sh:Emethods exchange information between-sub
domains only in between iterations, significant coupling between unboundedly distant cells (which
occurs as the cell size decreases) indicates that the number of iterations required for two
significantly coupled céls t o become fnAawareo of a change t
without boundthereby reducingobustness. We see ttitpreconditioning achieved the desired
iterative properties. While the spectral radius is still larger in optically thin cellsrthamformly
thicker cells, the spectral radius remains bounded below unity for all scattering ratios smaller than
1, therebyrecoveringthe desired robustne$sr these cased\s stated previously, this is due to
Sbs synchronous nateluite whi b caimeondamwd lhed acfel &
solution on which its own solution is dependent.

A feature of theP-PI-SlandP-IP-Sl spectra which must be noted is thta reduction of
spectral radiusn optically thin cellscompared to the assatédPBJ method is greatefor low
scattering ratios. This is to be expected as the lagged scalar flux in the scattering souré¢ of the
eqguations is known tslow down iterative convergenaeproblems with scattering ratios close to
unity. This unfortuately leads to the smallest benefit fr@hpreconditioning in some of the
slower converging problems. Returning to the physical interpretation oP-®leSlI iterative
processPBJ}ITMM resolves particle collisions locally within a sdbmain and th&l step then
allows these particles to stream through the medium until their next collision. In a problem with a
high scattering ratio and optically thin cells though, particles can scatter and consequently travel
far across the domain many times. The ingbiit Sl to resolve collisions over the course of a
single iteration renders it ineffective at accounting for this effect.

This physical interpretation d?-PI-Sl as a method in whiclsl models lonegdistance
streaming whild®BJITMM models local collisiomlsosuggests thd&-1P-Slwill be less effective,
and the comparison of the two methodsd spectr
scattering source laggelPBJ in unable to model multiple collision events in a single iteration.
The unerlying mechanismdP-PI-SIbs it erative efficienkIRSli s the

and it was predicted that the inability to effectively resolve multiple collisions would render the
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method ineffective. The first hard evidence of this comes d3-tReSl spectal radiusasymptotes

in the thick regime towards, indicating that the method becomes equivalent from the standpoint
of convergence rate #xecutingwo consecutivé&literations in the best case scenario. PHel-

Sl spectrum, however, @s not exhibit a lower bound far< 1. This comparison preliminarily
suggest$>-PI-Slto be a more effective method, having the ability to model a larger portion of a

probl embs transport phenBiP&Sna with a single i

43. Eigenvalues of PBJ methods as functions of
fundamental transport phenomena

In Fig.4.3, we present the fundamehgggenvalue oPBJITMM as a function of scattering
ratio and cell optical thickness. It is clear from this graghPBJ}ITMMO s it er ati ve per
degrades ashe scattering ratio increases, which is seemindigcrepant withour physical
interpretaion of a singld®BJITMM iteration as the simulation of particles undergoing any number
of collisions within a sullomain, only ceasing simulation of particles once they cross-a sub
domain boundary. With this interpretation, it is initially unclear WPBJITMM6 s it er at i \
performance degrades with increased scattering. To investigate this feature, we begin by
recognizing that while there are twlependencietr the fundamental eigenvalue BBJITMM
(andIPBJ) thatmay take multiple forms. In addition tbe scattering ratio and optical thickness,
t andt may be usetb manifest this dependendbus representing the fundamental eigenvalue
as a function of the fundamental transport phenomena of absorption and scattering, respectively.
The fundamental eigenvaluesPBJ}ITMM andIPBJ, Eqg.(3.33) or (3.47), respectively, divided
by (3.40), are displayed below in Figd.18 and4.19 as functions of andt for a problem with

cells of unit size.
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Spectral Radius

Figure4.18: Spectral radius d®?BJITMM vs.+ andt with Ssangular quadrature

Spectral Radius

Figure4.19: Spectral radius dPBJvs.t andt with Ssangular quadrature
111



Analyzing Fig.4.18, we are able to reconcile our physical interpretatioRBJITMM with the

met hodbés fundament al eigenvalue (spectral rad

radius ofPBJITMM is almost entirely determined By, with the dependence dn being very

weak. This indicates that, for a fixed valuetof the increase iRB}ITMMG6 s s pectr al rad

increasingc is not due to the increase in scattering, but rather, the decrease in absorption.

Additionally, while the dependence én is too weak to be easilgiscernablethe data on which

Fig. 4.18 was produced demonstrates that, for a fixed value pPBJ}TMMO6 s spectr al r

actually decreasedightly with increasing , a featurelistinguishingPBJITMM from all other

iterative transport solution methods studi€his feature is explainable because, VA&BJITMM

resolving local scattering within a sdlomain, its convergence rate is basetitely on the average

number of suldomain interfaces crossed by particles before loss via absorption (no leakage in the

infinite medium associated with Fourier analysi)r a fixed value oft , the average distance

traversed by particles before alstoon is fixed. With increasing, parti cl esd6 f 1l i ght

crooked and condensed, reducing the average number -ofosudin interfaces crossed for the

same total distance traveled, and increaBBITMM6 s r at e of convergence.
Contrarily, Fig.4.19 showsIPBJ to be significantly dependent on bdth andt . This is

expected as the lagged scattering sourc&BJ resuls in the inability to resolve multiple

collisions within a single iteration. The depiction of the spectr&@B#ITMM and IPBJ as

functions oft andt rather than scattering ratio andl@ke as previously presented allows for

prediction of iterative performanteendsbased on fundamental transport phenomenon rather than

mathematical quantities. In subsequent sections, this allows us to explain observations in non

model problems basecho t he pr o b Isgeafizaiongpimgereialcthid representation

informs us that, foPBJITMM, convergence rate depends almost solely on how far particles travel,

on average, befotgeingterminagd, either by absorption or leakageBJ6 s ¢ @nce rate vgll

depend on thisgas well aghe total number of collisions, on averatie particles undergo.

44. Comparison oP-P/-S/ & P-IP-S/to their individual
iterative constituents

P-PI-SlandP-IP-Sl differ from previously discussed acceleratteshniquesn that they

are combinations of twhigh-orderiterative methods, each if which is capable of independently
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converging the transposblution on its own. This presents an opportunity not usually available
when studying acceleration methods; the abil:i
to that of each individual method to determine the specific benefit of combining themediie b
this comparisonvith the spectral radius trends f@+PI-SlandP-1P-Sl depicted in Figs4.16 and
4.17. We see that for either iterative method, the spectral radius approaches the scattering ratio as
the cell size decreases. We also know the spectral radigig@mequal the scattieg ratio. This
indicates that as the cell size decreasesadoaéion ofPBJiterations begin to have no effect on
the rate of convergence.

To explain this phenomenon, we refer to our physical interpretations dP-BleSlI
iterative steps, that theBJ-ITMM iteration simulates particles scattering within a-domain
until they exit, and anSl iteration simulates particles streaming across the medium until they
collide. With this in mind, for particles which stream through a-goimain, thePBJITMM
iteration produces no additional information, as $héeration would have accounted for this
uncollided streaming phenomena. Therefore, as the cell size decreases and the fraction of particles
which travel uncollided through a sdomain tends towards uyj thePBJITMM i t er at i on o
contribution to the combined iterative process diminishes and the convergence becomes driven
solely bySl.

For P-IP-SI, while the interpretation of th®BJ step differs from that dPBJITMM, the
result is the same. THEBJ stepaccounts foparticles traveling within a sutbomain until they
either leave the sutbomain or undergo a collision. For streaming, the dominant transport
phenomenon in optically thin cells, there is nothing modeletPBJ that would not have been
modeled withS|, leaving the convergence rateRP-Sl equivalent to that obl alone.

Analogously, as the cell size increases, the spectral radRg?651 approaches that of
PBJITMM. Based on the physical interpretatiof the iterative sequenc®l contributes little to
the simulation of particles which enter a sldmain and collide before exiting, as this event would
be more fully simulated by thieBJITMM iteration. Therefore, as the cell size increases and the
fraction of particles entering a swlomain which then interact within that sdbmain approaches
unity, theSliteration contributes minimally to the combined iterative sequence, causiRgPthe
Sl spectral radius to tend toward thatRBJITMM.

In opticdly thick cells, the scenario foP-IP-Sl is different. As the optical thickness
increases, the-IP-Sl spectrum tends towards$, which is equivalent to the square of eitBdy s
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orlPBX6s spectral radius i n optileBlladdyyl beacdme c k
comparable in optically thick cells from the standpoint of iterative convergence rate. While the
contribution ofSIto modeling collisioaddominated optically thick regimes wiiIP-Sl does not
disappear as was the case Vi#tRI-SI, the oveall benefit of usind-IP-Slas opposed tiPBJis
eliminated, as twdPBJ iterations would provideapproximatelythe same reduction in error
without the penalty to parallelismfroBi6 s sequent i al natur e.

We demonstrate this concept by plotting thenker of iterationsrequiredby HAT-2C to
converge a 100 x 100 homogenemterialproblem usingl, PBJ}TMM, IPBJ, P-PI-SI, andP-
IP-Slversus cell size far= 0.1, 0.5, and 0.9 in Fig4.20- 4.22, respectively. For these numerical

experiments, aBs angular quadrature was used with a relative stopping criterior of 10
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Figure4.20: Iterations required to converge 100 x 100 homogeneous probetl

114

C

e



250

200

=
U
o

Iterations

100

50

Figure4.21: Iterations required to converge 100 x 100 homogeneous probkemM5

700

S|
PBJ-ITMM
P-PI-S|
PB}
P-IP-S|

4 6
Cell Size (mfp)

10

600

500

lterations

200

100

S|
PBJ-ITMM
P-PI-SI
IPB)
P-IP-SI

Figure4.22: Iterations required to converge 100 x 100 homogeneous probemM9

4 6
Cell Size (mfp)

115



From the trends observed in Figs20 - 4.22 the predictions madieom the Fourier analysis are
confirmed. In the optically thin regime, the number of required iteratioridRifrSltends towards
that of SI, and towards that dPBJ-ITMM in the thick regime. In the optically thin regime, the
number of required iterations f&*-IP-Sl also tends towards that 81, and towards % o8l or
IPB’l6s required iterations in the opticksdndey t hi c
in thec = 0.9 case, as the difference in iteration cdrerndsis far more pronounced.

These graphs demonstrate tifaPI-SI converges problems due only to the individual
met hod that iIs most suited f or odtdbing vepylitdtedd e mod s
assist in convergence for homogeneous problems with most values of cell optical thickness.
Similarly, P-IP-SI convergesalmost exclusively due t8lin the optically thin regime and both
IPBJandSlequally in the optically thick ggme. This is not due to tt& preconditioning approach
being more effective folPBJ though. Contrarily, this is becau®BJ sees its convergence rate
approach that o8l in the optically thick regime, as the effect on convergence rate of lagging the
incoming angular fluxes diminishes. TherefdPdP-Sl converges problems in the optically thick
regime using bothPBJ and Sl becauséPBJis unable to achieve the unboundedly fast converge
rates ofPBJITMM in this regime. These results further confirm olam about the underlying
mechanism othe proposed hybri@pproach but they alsoindicate that a more ideal hybrid
approach exists, as using eitt@&rpreconditioning method outside of a narrow regime that lies
between the thin and thick regimes woughose increasecbmputationatostper iterationand a

reduction in the degree of parallelism for only a small increase in convergence rate.

45 P-PI/-S/& P-/P-S/in Heterogeneous Problems and the
Asynchronous Hybrid Approach

Given the previous comparison BfPI-SI and P-IP-SI to the iterative methods which
constitute their individual steger homogeneous medithe methodsappeaito be advantageous
only for veryspecificranges oproblem parameters. We propos®greconditioning in order to
makePBJITMM robust in optically thin cells, which accomplishedbut as demonstrated, in
optically thin cells, unaccelerat&lis actually a better option. So far thénigve have only shown
results for homogeneous problems, as necessitated to facilitate comparison to the theoretical

analysis. Almost any reaborld problem of interest willinvolve heterogeneousnaterial
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composition where we expedP-PI-Sl to be a more efective iterative schemelf a problem
contains both optically thin and thick cells, then our physical interpretation of the iterations
suggestghat thePBJITMM step will allow the numerous local collisions in the optically thick
cells to be resolved sing manySliterations, and particles can be modeled streaming across the
optically thin cells in a singl8literation, saving the marBJITMM iterations required for this
to be modeled. With our interpretation|®BJ though, we exped®-1P-Slto be less effective, as
IPBJ in thick cells only sees the negative impact of lagging thedsubain boundary incoming
angular fluxes diminished. UnlikeBJITMM, IPBJdoes not improvéerative robustnessverSl
for modeling tke repeated localized collisions prevalent in optically thick cells.

To test these conjectures, we developpdrandic vertical interfacproblem[22] with both
optically thick cells and optically thin cells. The geometry of this problem is shown id.Bg).
A 100 x 100 cell mesh is imposed on this prob&emfiguration making each stripe 10 cells wide.
Each cell within the thicregions is 1nfpthick and each cell within the thin regions is thip
thick. All boundary conditions are vacuum. We observe the required number of iterations
consumed byHAT-2C to cowerge this problem to a relative stopping criterion of 18ing S|,
PBJITMM, IPBJ, P-PI-SI, andP-IP-SIwith AHOT-NO for various scattering ratipesmployingSs

angular quadrature

Ny=

10 10 10 10 10 10 10 10 10 10
| | | | | | | | | | |
I l I l l l I l l l |
Vacuum
Boundary
Conditions
N, =100
Legend
Thin
Region
y L
X

Figure 423 Layout of heterogeneous stripe problemith uniform unit sourceThick regions
contain 10mfpcells, thin regions contain Orfifp cells.
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In addition to these five iterative methods, we also introduce two more variants in these
numerical experiments, namely tAesyndironously Hybrid Parallel Block Jacobi Integral
Transport Matrix Method / Source IteratigAH-PI-SI) and theAsynchronously Hybrid Inexact
Parallel Block Jacobi / Source IteratigAH-IP-SI) methodsAH-PI-SlandAH-IP-Sl differ from
P-PI-SlandP-IP-S]|, respectively, in that they run orBlin thin cells and only the associateB8J
method in thick cells. The asynchronously hybrid method class was conceived based on the
previous observation thaine of the two individual iterative methods constitutinther of the
preconditioner methods were foundo® more computationally advantageowgh the dominant
method dependent on the optical thickness of cells in a ghadalem We predicted that this effect
would extend to a heterogeneous problem, meahiaigwith P-PI-S|, little improvement would
be realized in the rate of convergence by runi®BgITMM in optically thin cells or by running
Slin optically thick cells. FoP-IP-SI, Sl would still offer improvement of convergencatein
optically thick @lls, but no more thaachievable byunning a secontPBJiteration instead, thus
rendering it an unnecessary penalty to the degree of parall@idfRI-SI and AH-IP-SI were
introduced as a means to reduce the cost of an iteration and incredegréhenf parallelism of
the solution with limited impact on the required number of iterations. The exchange of information
between theiteration steps in the asynchronous hybrid methods is different than in the
preconditioner methods as well. SincBRJ methodandSl are notperformedin the same cells,
only the angular fluxes on the interface between thick andégionsare exchangeth between
the two iterative methods.

While it is trivial to see how the asynchronously hybrid appraoadices the cost of an
iteration over the preconditioning approach, as it only runs one iterative step in each cell as
opposed to two, it may be less obvious how it increasedetpee of parallelisnmRecall that we
originally recognized thadne of the rain sacrifices made when developfd1-Slis the fact that
theSlstep would beequiredto run inspatiallyserial operation, as we are investigaffig-ITMM
as an ultimate means by which to perform massively parallel transport calculations in urestruct
meshesas an alternative tthe complex sweep algorithms required for solution uShdf we
consider the problem represented by BEig3, only 10% of the ppblem must be run in this serial
manner, as all 5 of th8l zones may be executed in parallel with all other zones, wh&tloer
PBJ
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Formally, the asynchronous hybridnethods employ a new type of spatial domain
decomposition, which we will refer to asHybrid Spatial Domain DecompositidilSDD). An
HSDD splitsthe spatial domain into multiple regions (or zones), each of which employs a local
spatial domain decomposition based on the optical thickness of the cells comprising it. Zones with
cells thinnetthan a specified threshold employ standarierations, while cells thicker than this
threshold employBJiterations.

An HSDDhas lagged angular fluxes on zone interfaces. This is the source of the additional
asynchronicity oAH-PI-SIandAH-IP-SI, with zones decoupled from each other over the course
of an iteration. This is reminiscent of the sidimain decomposition used wiBJ, but on a larger
scale. This asynchronous aspect of #8DDis what allows iterative solutions within individual
zones ging different methods at the same time, thus restoring much dégree oparallelism
that was originally sacrificed witR-PI-SlandP-I1P-SI.

The number of iterations required to converge the test problem depicted42Biigpr S|,
PBJITMM, P-PI-SI, AH-PI-SI, IPBJ, P-IP-SI, andAH-IP-Slare shown in Tabld.5.

Table 45: Number of iterations required to converge the heterogeneous striped problem depicted
in Fig. 4.23 with increasinge, using the various iterative strategies ahtOT-NO. Relative

iteration stoppingriterion: 10°, S angular quadratur®BJmethods use one cell per sub

domain.

c Sl PB}ITMM P-PI-SI  AH-PI-SI IPBJ P-IP-SI AH-IP-SI
0.1 8 68 6 8 70 6 10
0.2 10 75 8 10 77 8 13
0.3 13 80 9 11 83 9 16
0.4 17 86 11 13 90 11 20
0.5 21 94 13 15 99 13 25
0.6 28 103 15 17 111 17 32
0.7 39 115 17 20 127 22 44
0.8 59 133 21 25 152 33 66
0.9 116 167 29 35 213 63 129

From the results reported in this table, we first confirm our predictions regarding the
performance oP-PI-S|, as we see a significant improvement over each of the individual methods
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used. As we have discussed, we attribute this to the fact that thietatove methods do not rely

on one another to converge the solution in parts of a problem where the other iterative method is
ineffective. We can see from the required numbé&tB¥ITMM iterations that optically thin cells
within a problem cause signifat iterative slowdown even if the entire domain is not optically
thin. Sl preconditioning is found to dramatically reduce this slowdown by allo®itg simulate

the streaming of particles through the optically thin regionsRBW#HITMM to simulate thedcal
scattering of particles within the optically thick regions. Since most realistic problems will contain
cells of a variety of optical thicknesses, we concludeShateconditioning is an effective method

for alleviating the iterative slowdowRBJITMM experiences due to optically thin cells, as it
shows a significant reduction in the number of required iterations over each of its individual
constituent iterative methods.

With the concept of combining tHeBJITMM method with theSI method proven to be
effective at obtaining solutions without dramatic iterative slowdown in optically thin cells, we now
discuss the results fé&H-PI-SI, which attempts to combine these two methods in a more effective
manner than simply running both metls sequentiallyin all cells. We see from Tabke5 that
AH-PI-Slrequires, at most, 6 more iterations th&RI-Sl for all tested problems. For the given
test prollem configurationAH-PI-Slrequires about half of the computations per iterationRhat
PI-SI requires (the exact reduction in number of computations required per iteration will be
problem dependent). With this consideration al@xté;PI-Sl definitivelydbt ai ns t hi s pr c
solution in shorter execution time th+PI-SI. FurthermoreAH-PI-SlIrestoresnuchof thedegree
of parallelisnthat was originally sacrificed when usiReP1-Sl. For these reasons, we prediet-

PI-SI will be a more effective metlgofor combiningPBJITMM and Sl thanP-PI-SI, obtaining
practically the same improved convergence rate in optically thin cells with a reduced iteration cost
as measured by execution time @mdncreased degree péarallelism

For P-IP-SI, we similarly ge a reduction in the number of required iterations 8vand
IPBJ individually. At high scattering ratios though, the reduction in the number of iterations
compared t&lis less dramatic than was the case WiRI-SI. For thec = 0.9 case, the number
of P-IP-Sliterations required is over twice the number requiredPfBi-SI, and in fact, is roughly
% the number required f@l. Then, moving to the asynchronous hybrid approa¢h)P-Sl is
seen to have a much larger increasédrations oveP-IP-Sl than was the case with tirBJ

ITMM counterparts. All of this is indicative of the understanding B in optically thick cells
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becomes equivalent 8l from the standpoint of convergence r&ensequentlyiPBJ/ Slhybrid
metods incur atrictlimitation on their convergence rate precipitated by a fundamental transport
phenomenon, specifically repeated localized scattering, without an effective mechanism for its

modeling.

46. Parametric Study dflybrid Methods

With AH-PI-SI demonstrating potential as a method which balances applicability in
massively parallel HPC environments with improved convergence rate, we perform a parametric
study using variations of the heterogeneous stripe problem depicteg. 4.23. This study is
designedio assess the iterative performance of hybrid methods in comparison to other hybrid
combinations, their individual iterative components, and traditional acceleration methods as a
function of four independent variables: (1) the number of cells in a sirip&) optical thickness
of the thin and (3) thick cells; and (#)e scattering ratio. The metrics used to assess iterative
effectiveness are: (1) the number of iterations required for convergence; and (2) #aestmitibn
time. By observing the efict of these independent variables on the iterative effectiveness of the
various iterative methods, we generalize these effectmriges ofproblem parameters and
geometry configuration®ote thatpNDA notNDA results are presented for this parametridyg
and subsequent studies that present results for traditional acceleration methods. This is because
NDAwas observed to be iteratively unstable, with its solution divergent for many of the problems
tested in these experiments. In contrast, the impleatientof pNDAin HAT-2C, is observed to
be stable for the parametric study problem configuration.

While Fig.4.23 depicts the generabnfigurationof the problem sed for our parametric
study, changes to the geometmere made to accommodate tharying nature ofselected
parameters within the range investigated in this sté@aygular quadrature and relative stopping
criterion remain unchangédroughout however, lhe optical thickness of cells in either region, the
number of cells per stripe, and the total number of stripes are all subject to change. Additionally,
in previous sections of this chaptBBJmethodautilized single cell sulwomains, as this was the
ca® considered inthe theoretical analysis. Previous work, however, égtablishedhat the
optimal subdomain size foPBJITMM in 3-D geometry is 4 x 4 x dells [55] While the optimal
size is ultimately problem and HPC dependent, this is clearly a feasibidoswdin size for
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practical implementatioTherefore, in the parametric study, 4 gells persubdomain are used
to mimic the convergence rates oéthforemetioned 3-D implementationlPBJ also uses this
size of subdomains to comparBBJ methodsthat possesthe same theoreticaicalability. To
allow stripes to contain a uniform number of cells wRE8J subdomains are of size 4 x 4, the
mesh size is increased to 128 x 128.

Finally, in addition to the hybrid methods previously developed, we introduce another for
this parametric studyH-PI-IP, a hybrid method that implemem®8JITMM andIPBJin regions
containing optically thick and thin cells respective®H-PI-IP was developedasedon the
observation that the iterative performance &fBaltype method is ultimately dependent on the
optical thickness of sutblomains rather than the optical thicknegsndividual cells (these two
guantities were the same in previous stuthas employedinglecell subdomains). WitniPBJ0 s
iterative solution time growing linearly with sidomain size, it was theorized tHBBJ could be
executed in optically thin régns in lieu ofS|, with the optical thickness of sudmmains increased
by increasing the number of cells per-<ldmain to quantities that would likely rend&8JITMM
iterations too costly, either from the standpoinitefative solutiortime or memoryequirement.
Specifically, in theAH-PI-IP formulation, we constrain theseBJ sulbdomains to be of a size
such that their peangle iterative solution time is not longer than the iterative solution time of a
singlePBJITMM sub-domain. Since th#PBJ solution can be angularly parallelizedour target
application this results in a hybrid method that has the same potential degree of parallelism in
unstructured grids &8BJITMM, fully eliminating the primary shortcoming originally associated
with our hylrid approach. For this parametric study, to determine the silBdfsub-domains
for AH-PI-IP, we determinedthe persubdomainiterative computation time required BBJ
ITMM for an 8 x 8 sulmlomain (comparable iterative solution time to 4 x 4 x 4cdkbain in 3
D) and found this to be about%times theSIgrind time (perangle solution time for a single cell).

The maximum number of cells in #ABJ subdomain forAH-PI-IP was therefore designated to
be 2%, obtaining equivalent convergence rateshi® 3D counterpartIPBJ subdomains when
usingAH-PI-IP are sized accordingly in our studies

For readability, only graphs necessary to adequately illustrate general trends are shown in
the main text. For a complete set of the results of the parametly, sefer to AppendiA. To
infer the primary findings of the parametric study, we first show the results for the case of 16 cells

in thex direction per stripeNs),* 30 T3t pandt 30 L8t This is referred to
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as the base case, with subsequemplys then modifying one (ororé of these parameters, leaving
all others fixed at their base value to observe the effect of that (those) parameter(eoatite
me t h ocodverg@ence cost measured in number of iterations and runtime for all gemailiods
considered. The full set of results from this parametric study in Appéngpovide additional
evidence for the conclusions drawn from this study. The results of this@@i@a study were
obtained using the HARC code, withiTMM construction performed usin@FIC with a full
sweep.The reported execution times were measured on an Intel Xeor@®XEbv3 processor
operating at 2.4 GHz with a Linux operating system usingfitwran compiler.

To effectively present this large amount of data, we use the following organizational tools.
When reading any individual graph, tbharves andegendare color coordinated such that all
acceleration methods are varying shades of grdemg¢ghods containingBJITMM or IPBJ are
shades of blue or red respectively (exceptHd?l-IP). ThePBJmethod by itself is the darkest
shade, with theSl preconditioned method a lighter shade, and &sgnchronous hybrid
combination withSl a lightershade still. When comparing separate céseke base case the

figure caption, any parametirat isdecreasedly two data points below the base case are colored

dark red one data point below, ; one data point abovéght blug and two data points
above, dark blue This resuk in the color code,l thip@ fpt, + 306
gt prphr® , andt 36 ph: & fuhp 1.
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Figure 441: Runtime observed for parametric study problem versus scattering ratio:
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Figure 440: Iterations required to converge parametric studplem versus scattering ratio:
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Figure 445. Runtime observed for parametric study problem versus scattering ratio:

b

p @

p @

103

=
(=3
[N]

Iterations

10t

30

Runtime (s)

30

sl

DSA

AP
pNDA
PBJ-ITMM
P-PI-SI
AH-PI-S|
IPB)
P-IP-SI
AH-IP-S|
AH-PLIP

0.2

TIBT ot

0.4

30

0.6

p Tt

0.8

Sl

DSA

AP
PNDA
PBJ-ITMM
P-PI-SI
AH-PI-SI
IPB)
P-IP-SI
AH-IP-5|
AH-PI-IP

TIBT ot

30

p T

0.8

Figure 444: Iterations required to converge parametric study problem vecsittering ratio:

134



103 |

sl

DSA

AP
pNDA
PBJ-ITMM
P-PI-SI
AH-PI-S|
IPB)
P-IP-SI
AH-IP-S|
AH-PLIP

=
(=3
[N]

Iterations

10t

0 0.2 0.4 0.6 0.8 1

Figure 446: Iterations required to converge parametric study problem versus scattering ratio:
0 p@ 30 Tipht 30 p

Sl

DSA

AP
PNDA
PBJ-ITMM
P-PI-SI
AH-PI-SI
IPB)
P-IP-SI
AH-IP-5|
AH-PI-IP

Runtime (s)

Figure 447. Runtime observed for parametric study problem versus scattering ratio:
0 p@ 30 Tipht 30 P

135



Analyzing the results of the parametric study in Figa&4- 4.47, we begin with the iterative
performances dPBJITMM andIPBJ. In terms ofexecution timelPBJis observed to converge
faster thanPBJITMM, butPBJ}ITMMO s it erative perfocinaeasesse degr
with PBJITMM eventually converging in less time thi#@BJ for some cases. In terms of iteration
count hovever,PBJ}ITMM always converges in the same number of fewer iterationd Rtizah
as has been mathematically predicted]. At lower scattering ratiosPBJ}ITMM and IPBJ
converge in almost the same number of iterations. Thenipaseases, the difference in required
iterations betweeRBJITMM andIPBJbecomes on the order of hundreds. The specific magnitude
of this difference is casgependent. Contrasting Figs24, 4.40, 4.42, and4 .44, it is apparent that
the difference in required iterations betwdeBJ}ITMM and IPBJ increases as$ 30
increases. This observation is attributed to the spectral properties of these two methods, displayed
previously in Figs4.3 and4.4. As cell size increases, for nomity scattering ratios, the spectral
radius of PBJITMM tends toward zero, whereas the spectral radiugRBJ tends towards.
Therefore, as the optical thickness of cellshefit hi ck o6 stri pes 1 ncreases
spectral properties of the two methods increases, causing the observed trend. Alterrf@svely, t
trend can be interpreted physically as the di
optical thickness increases, leaving scattering as the dominant transport phenomendPBwhich
ITMM is more effective resolving.

Contrasting Figs4.24, 4.34, 4.36, and4.38, we observe that the difference in the number
of required iterations betweéBJITMM andIPBJis largely independent ¢f 30 . Since
t he optical thiocksntersisp eosf icselslnsaliln, fAtthhei ndi f f er e
two methods diminishes, with the asynchronicity of each method being the primary factor
impacting iterative performance. In generalt as 30  increases, the iterative performaraf
both methods improge except whert 30 is very small, in which case the increased
leakage improves iterative performance. Téxseptions only expected to extend to problems in
which the optically thin cells are on problem boundahesyever.

Contrasting Figs4.24, 426, 4.28, 430, and 4.32, we observePBJ}ITMMO6 s it er at i \
performance to improve whdn is small. Wheni is small, the number of stdibmains that
particles traverse before-emtering an optically thick régn is small, thus limiting the detriment
to convergence rate in optically thin caksulting fromt he met hodds asynchroni

of 0 1, each stripe is only a single sdbmain wide. In this case, streamialpng thex-axis
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acrossan opticdly thin region can therefore be resolved with a sirigfliteration. These same
traits extend tdPBJ as well, but whert is relatively small. Wher becomes large, as we have
noted previouslylPBJ demonstrates little difference between different cases.

Next in our analysis of the parametric studgults we compare the performance of hybrid
methods to their individual iterative constituents. Firstly, we have previously predicted through
theoretical analysis and preliminary testing tiR&J will be ineffective as the primary methadd
such hybrid implementations. This parametric study provides the most conclusive evidence
supportinghisprediction While P-IP-SlandAH-1P-Sl provide significant reductions gxecution
time compared tdPBJwhenc is snall, such problems are known to be rapidly convergent with
unaccelerate&l. Asc becomes large, though, the number of required iteration®P B Sl, and
AH-IP-SIbecome similar, witliP-IP-Slrequiring roughly half thijsumber due to the fact thd®-
IP-Sltwo-step iteratre schemeConsequently, asapproaches,these four methodsonverge in
comparableexecution timesThe similaity in iterative performance of these four methodsigth
scattering ratios indicates that, in such cases, the agyncity of IPBJin insignificant from the
standpoint of convergence rate in comparison toatieerse effects adfggng the scattering
source. WithIPBJ unable to resolve local scattering, there is therefore a fundamental transport
phenomenon left withaeffective method for its resolution, causing hybrid methbds utilize
IPBJ as the primary method to be ineffective in problems witan moderateliarge scattering
ratios.

Contrarily, for hybrid methods involvingBJITMM as the primary methedhee is
significant improvement ovePBJITMM in terms of both required iterations and observed
execution timeeven wherci s | ar ge. The magnitude of a hybr
PBJITMM varies significantly between cases. Contrasting FAgsl, 4.26, 4.28, 4.30, and4.32
(and theirexecutiontime counterparts), the improvement of hybrid methodsaboing PBJ
ITMM over PBJITMM alone is far greater whah is large. AS) becomes small, however, the
diminished performance improvement due to the hybrid approach is not due to a degradation of
hybrid methodsdé per f or mavogosky sigted improvemerd t?PBle r |, du
ITMMO6s it er at i ve UpeconfiessmallaThisatignswhitheonr physical interpretation
of the hybrid approach, &BJmethods are capable of efficiently resolving the streaming across
optically thin regions whethose regions are only a few sdbmains wide. Then, comparing Figs.
424, 440, 442, and 444, hybrid méehods improve in their overall performance when
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t 30 increases. The improvement comparedP®}TMM is relatively constant with
respect tat 30 , though, as the gained iterative performance in these hybrid methods is
due to the gained iterative performanc®BfITMM itself. However, wheh 36  decreases
(Figs. 4.24, 4.34, 4.36, and4.38), the performance of hybrid methods containPgJITMM
improves, thusincreasing the performance gains ov&J}ITMM alone. A2 30  decreases,
i n At hi no -disegce streaming Ibecomes the increasingly dominant transport
phenomenon. Téconsequential decrease in the average number of collisions incurred by particles
while traversing the thin region therefore decreases, increasing the effectiveis#ss tifese
regions. The end result of this effect it that, wREJITMM, in generalbenefits iteratively from
the thickening of all cells, hybrid methods involvinBJITMM perform best in problems in which
cell thicknesses tend towards either extreme (i.e. performance increases as optical thickness
increases or decreases in thick or ttefls, respectively).

In our parametric study, we have included data for multiple hybrid methods tHaBdse
ITMM as the primary method. With the hybrid approach observed to be effective for accelerating
PBJITMM, we now use this data to compare théedént hybrid implementations that usBJ}
ITMM as the primary method. Firstly, we compare the performande$?6SI andAH-PI-SI. P-
PI-Slis, as one would expedgundto converge in fewer iterations th&i-PI-Slin all cases.
AH-PI-SI, however, conuwgles in a shorter runtime th&dPI-SI, almostalways This is due to the
fact that while the preconditioning approach provides a greater reduction in the iterative error per
iteration than the asynchronous hybrid approach, it comes at the cost of id¢ireageer iteration
(sinceP-PI-Slrequires a twestep iterative processach executed globa)lyit is clear from this
data that the reasoning behiAtl-PI1-SIb s devel opment was correct;
one methodasd et er mi n e ds opigal thicknessscpeetiomidantly responsible for the
convergencén a given celthickness regimeAdditionally, the primary shortcoming &%PI-Slis
that t greatlyreduces the degree of parallelism in our target application, due to the$jlsbakp
that must be computed apatiallyserialexecution AH-PI-Sl eliminates this global sweep in favor
of sweeps over th8l zones, which may also be performed simultaneously with all other zones.
With AH-PI-Slobserved to converge in shorter runtimes tRd1-Sl, and with a higher degree of
parallelism in our target application, we conclude that the asynchronous hybrid approach is a more
computationally advantageous approach than the preconditioning approach, with regads to

proposedybrid frameworkfor iterative schemes
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With theasynchronous hybridpproactdeemed preferable to preconditioniog practical
application we compare the performanceAfi-P1-Sl and AH-PI-IP. Recall thatAH-PI-IP was
developed in order to further reduce the penaltyh® degree of parallelismaf PBJITMM
compared t&AH-PI-SI. For our parametric study, thieBJ subdomains within thin zones were of
a size such that there was no reduction to the degree of parallelism. From the collected data, it is
clear that comes dt¢ cost of an increagethe required number of iterations. Thissnevitable
consequence &H-PI-IP, as it imposes asynchronicities that were not presentAdtR1-Sl. In
many cases though, tlalverseampact on convergence rate is small, whigelaimingthe full
degree ofparallelism of PBJ}ITMM in our target application. In our parametric study, two
parameters are seen to impact the difference in convergence rate b&tvBeiS1 and AH-PI-

IP, namely0 andt 306 .As0 increases, the number of iterations (amdcution timg of
AH-PI-IP compared tAH-PI-Slincreases as welhs U increases, witthAH-PI-IP, the number
of IPBJ subdomains per thin region increases, thus increasiagqitimber of iterations required
to model the longlistance streaming prevalent in such regions. Similarly, when30
decreases, the average distance traweitiin thin regiongncreases, increasing the difference in
performance betweeiH-PI-SlandAH-PI-IP. The result is a tradeff between the two methods
betweerthe degree of parallelisand iterative effectiveness.

Recall that for ouAH-PI-IP implementation, we consid#?BJ subdomains of a size such
that the time to sweep the sdbmain over a single angle does not exceedPB&ITMM sub
domain solution time. Therefore, our comparisonAéf-PI-IP to AH-PI-SI provides the two
extremes in this case, with either theBJfull f
subdomains a small as would be possjtadvantageous for such an implementation. In practice,
however,IPBJ subdomains could exceed this size limit, increasing iterative effectiveness at the
cost ofareduceddegree of parallelispwith PBJTMM subdomains completig their iterative
solution, then having to wait fdBPJ subdomains to complete their sweeps before exchanging
angular fluxes. For practical implementation, the optitR&J subdomain size will likely be
betweenthe two extremes, with the ideal size dependent on problem parameters and HPC
environment. For problem#here the asynchronous hybridpproachis applicable, namely
problems with at least one large, contiguous region of optically thin cells, the largegibis is
and the thinner the cells it contains,atee larger the different in convergence rate betwién

PI-SlandAH-PI-IP. As the number of cells in this thin region increases, however, this difference
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is supplemented by the fact that-P1-SI6 s pyaorthee degree of parallelism also increases in
these cases. In general, we may conclude that thelRBakubdomain size foAH-PI-IP will
likely increase as the thin region become optically thinner or as the number of constituent cells
increases.

For the HPC environmefits i mp a c tIPBJdsubdonpain sizaas lwill be discusske
in subsequent sections and chapters, in parallel operation, each iterafic®a communication
time penaltyin addition to the computation time. The effect of this ommication time on the
ideal IPBJ subdomain size in théH-PI-IP method is less obvious. In HPC environmegntsl
computer codewhere the communication time is heavily dominant compared to the computation
time, the reduced iteration countAifl-PI-SI (or AH-PI-IP with increasedPBJ subdomain size)
is preferable, as this will decrease the total number of communication steps. However, this also
increases the pateration communication requirements of the processor solvingPBa sub
domain (orSlzone).These competing effects render the idB&J subdomain size foAH-PI-IP
HPG-specific and not inferable without studying the methothertarget platformOur parametric
study, however, demonstrates bétH-PI-SI and AH-PI-IP to dramatically decreasedmumber
of iterations and runtime comparedR8JITMM, with little to no penalty to the potential degree
of parallelism.

The final analysis of the data collected through our parametric study pertains to the three
traditional acceleration method3$A AP, andpNDA) and the comparison of their performances
to PBJand hybrid methods. From the presented cases it is clear that, in terms of required iterations,
all three acceleration methods perform very similarly, id®A typically underperforming the
othertwo by a very small margiAP andpNDAare extremely similan iteration countswith the
method that performs slightly better depending orsgieificcase. In terms of runtime, however,
AP is almost universally the fastest of the three methods, pNRA requiring slightly longer
runtimes, andSA requiring significantly longer runtimes still. The difference in runtimes so
greatly exceeding the difference in required iterations is a consequence of the different matrix
solution times for the various egleration method®SAis based on cekkdge quantities, resulting

inamatrixofranicO 0 0 0 , making it larger than the matrices faP andpNDA which

arebothofrank 0’ ¢ 0 0 duetothe fact that they are based oncefitered quantities.
Thus, theDSAmatrix consumes longerexecutiontime to solve causingeach iteratiorto take

longer than whe®\P or pNDA are used. While thAP andpNDA matrices are of the same size,

140



AP is a linear method and therefore, #esociatednatrix need only be constructeshd LU-
decomposed onlpnce, as its elements do not change between iterapdi3A however, is
nonlinear, meaning that the matrix elements are themselves dependent onutibe sblthe
transport sweep. These matrix elements consequently chma@geh iteration, requiringepeated
reconstruction of theNDAmatrix. This results itheslightly longerexecution timesbserved for
pNDA despite havingery similar iterationcounts

There is a feature observed wgNDA not present with any other method studied. While
all execution timeobservation trends are not smooth due taitieertaintyassociated with timing
runs,pNDAIs seen to have multiple pronounced spikes in runtivateare not due tihese runtime
uncertaintiesbut rather, actual spikes in the required number of iterations. Upon investigation, it
was discovered that these spikes were due, notto a degradgiibdd s it er ati ve per
in these cases, but die a combination of the closure between the hoger and loworder
problems on whictNDA methods are based, and BI€EGSTARBterations HAF2C uses to solve
thepNDAmatrix. When the low order problem is solved iteratively, its solution containsveerati
error. HAT-2C converges thBiCGSTARBterations for the low order problem to the same stopping
criterion as designated for the transport soluti@@AandAP operate on iterative change, rather
than the scalar flux, and therefore cease to impact thative solution as convergence is
approaché. pNDA on the other hand, produces the updated scalar fluxes directly, retying o
| ow order problemds closure with ttthedamegh or c
solution as the unaccelerated method therefore possible for the iterative error in the low order
problem to delay the determination of convergence efttrative sequence. This conjecture was
tested by manually tightening the stopping criterion of Bi€GSTABIterations. When this
stopping criterion was tightened, the aforementioned spikggNDAO s number of re
iterations were eliminated, thusrdirming that they were a consequence of the iterative error in
the low order solution, rather than a degradatigghDA6 s s pect r al properties.
display those produced whegNDA6 s | ow or der solution iIs conve
stopping criterion, as tightening of this would increaseettecution timdor pNDAIn all cases,
whereas these spikes are only present in a $raationof cases.

AP s found to be the best performing acceleration method of the three considered, almost
universally, and is therefore the standagdinstvhich we compar®BJand hybrid methods. With

a few exceptionsAP requires fewer iterations astiorterruntime to converge thaBJITMM or
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any hybrid method in whicRBJITMM isused. This is expectedsAP is anacceleration method
intendedfor serial execution in Cartesian grids. It is not readily extendible to parallel execution,
much less parallel executi@m unstructured grids. Whil&P is consistently found to converge in
fewer iterations andhorterexecution timeshan any developed hybrid methédd{-PI-IP, and by
extensiorAH-PI-S|, typically execute in times within a factor of ten greater tABin most cases.
With PBJtype methods hieg extendible to the massively parallel regime view this resultas
establishing the case for adopting hybrid iterative schem8s parallel solution algorithms on
unstructured grids
From our parametric study, we have reached 5 primary conclusions:
(1) The asynchronous hybrid approach is effective for acceler®BITMM in
problems containing both optically thick and thin cell
(2) This acceleration is maximized in problems with large regions of very thin cells
(3) Both AH-PI-SI and AH-PI-IP significantly accetdrate PBJ}ITMM, but AH-PI-IP6 s
acceleration decreases when a region of thin cells becomes large enough, indicating
that thelPBJ subdomain size when usinyH-PI-IP will likely be problem and HPC
environment dependent
(4) The hybrid approach is far less effective wWiBBJ as the primary method due to
IPB’l6s inability to resolve scattering evel
(5) While traditional acceleration methods are consigteiound to converge iriewer
iterations andhorterexecutiortimes than our hybrid approadhi-PI-IP andAH-PI-
Sltypically requireexecutiontimes within a factor of tefongerthan these methods,

which are not readily extendible to our target applces
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4.7 Parametric Study with Extreme Scattering Ratios

The parametric study detailed in the previous section shamangeoy T8t prigo Y This
parametric study was replicated for thevalues,© T80 &gy Wy w &I w whpdDp, the
results and analysis of which is the subject of this section. The results of the parametric study for
these extreme scattering ratios are separated from tHierresb reasons. Firstly, our development
of hybrid methods was tartgel at alleviating the iterative slowdown incurred BRJtype
methods in problems containing optically thin cells. This development was not intended or
expected to provide iterative robustness as the scattering ratio approaches unity. The parametric
studywith extreme scattering ratios is therefore intended to examine and quantify this issue, rather
than addressts resolution. Secondly, in this region wheteapproaches unity, the number of
iterations for many methods increases dramatically, with margeelxog our maximum number
of iterations. The data for the parametric study with extreme scattering ratios is therefore better
suited to be displayed in tables, rather than graphs. Below in Taltled.17, we provide results
for selected cases. The full suite of test results is availabA@pendix B. For instructions on
interpreting the color coded table captions, refer to the previous section. In these tables, N/C
indicates a method did not convergehe maximum number of iterations, 500 RoPI-SlandP-
IP-SI, 1000 for all others. N/A is a designation reservedd8Awhenc = 1. Referring to Eq.

(2.12), it is clear tlat theDSAequations in this form incur a divid®/-zero error wher = 1.

143



Table 46: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratidgs: p @ 30 T8t pt 30 v (Base
Case)
c= 0.99 0.999 0.9999 0.99999 1.0
S 935/89.62 N/C N/C N/C N/C
DSA 18/19.48 26 /32.47 32/45.16 34/47.70 N/A
AP 15/5.35 23/9.33 29/13.40 31/14.40 31/14.42
pNDA 13/6.39 19/11.33 22 /14.22 23/14.88 23/14.95
PBJ}ITMM 200/59.93 590/171.69 N/C N/C N/C
P-PI-SI 64/27.63 331/128.88 N/C N/C N/C
AH-PI-SI 83/17.81 380/75.88 774/152.69 872/171.91 885/174.44
IPBJ N/C N/C N/C N/C N/C
P-1P-SI 482 /93.82 N/C N/C N/C N/C
AH-IP-SI 982/97.81 N/C N/C N/C N/C
AH-PI-IP 96/19.99 405/79.81 820/160.30 923/180.25 936/182.13

Table 47: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratigs: th 30 T8t bt 30 L
c= 0.99 0.999 0.9999 0.99999 1.0
Sl 917 /97.09 N/C N/C N/C N/C
DSA 26 /25.13 49/ 64.33 88/125.19 98/142.78 N/A
AP 23/7.74 47 1 20.74 84/41.48 94 /45.79 95/45.00
pNDA 21/10.88 41/35.12 65/ 65.47 68 /67.97 69 /69.04
PBJITMM 136/45.61 735/235.16 N/C N/C N/C
P-PI-SI 71/32.29 398/163.23 N/C N/C N/C
AH-PI-SI 105/22.56 581/117.24 N/C N/C N/C
IPBJ N/C N/C N/C N/C N/C
P-I1P-SI 494 /105.14 N/C N/C N/C N/C
AH-IP-SI 980/99.30 N/C N/C N/C N/C
AH-PI-IP 109/23.43 593/118.92 N/C N/C N/C
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Table 48: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratios: (b 30 a3t pt 30 v
c= 0.99 0.999 0.9999 0.99999 1.0
S 920/ 95.20 N/C N/C N/C N/C
DSA 20/21.35 36/50.42 53/85.32 57/91.83 N/A
AP 171/6.29 34/16.51 49 [/ 25.97 53/27.31 54 /27.61
pNDA 15/7.78 29/22.89 36/31.49 38/ 33.66 38/33.22
PBJITMM 154 /49.56 665/203.52 N/C N/C N/C
P-PI-SI 68/31.02 361/152.50 N/C N/C N/C
AH-PI-SI 91/20.58 450/94.99 980/ 206.53 N/C N/C
IPBJ N/C N/C N/C N/C N/C
P-1P-SI 475/ 101.67 N/C N/C N/C N/C
AH-IP-SI 973/98.27 N/C N/C N/C N/C
AH-PI-IP 96/21.68 468/ 99.99 N/C N/C N/C

Table 49: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratios: o &t 30 T3t pt 30 0]
c= 0.99 0.999 0.9999 0.99999 1.0
Sl 931/97.60 N/C N/C N/C N/C
DSA 17/21.19 221 27.97 241 32.16 25/33.22 N/A
AP 14/5.73 19/7.64 21/9.09 22/9.76 22 /9.49
pNDA 11/5.89 16/8.77 17/9.67 171/9.43 17/9.02
PBJITMM 259/76.84 531/154.57 N/C N/C N/C
P-PI-SI 59/25.24 335/130.42 N/C N/C N/C
AH-PI-SI 76/16.14 398/77.77 976/188.63 N/C N/C
IPBJ 992 /98.50 N/C N/C N/C N/C
P-IP-SI 480/93.30 N/C N/C N/C N/C
AH-IP-SI 975/ 95.50 N/C N/C N/C N/C
AH-PI-IP 107/22.13 409/80.30 993/193.28 N/C N/C
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Table 410: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratigs: ¢ t# 30 T8t Pt 30 v
c= 0.99 0.999 0.9999 0.99999 1.0
SI 921/88.29 N/C N/C N/C N/C
DSA 16/16.72 18/18.81 18/19.31 19/ 20.66 N/A
AP 12/4.25 14/4.93 15/5.72 15/5.68 15/5.82
pNDA 10/4.61 12 /5.60 13/6.18 13/6.43 13/6.37
PBJITMM 193/58.23 471/137.40 N/C N/C N/C
P-PI-SI 57 /24.50 357 /139.48 N/C N/C N/C
AH-PI-SI 72/15.11 470/91.08 N/C N/C N/C
IPBJ 965/ 95.92 N/C N/C N/C N/C
P-1P-SI 474 192.20 N/C N/C N/C N/C
AH-IP-SI 963 /94.08 N/C N/C N/C N/C
AH-PI-IP 77116.25 470/91.80 N/C N/C N/C

Table 411: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratids: p @ 30 v
c= 0.99 0.999 0.9999 0.99999 1.0
Si 930/100.57 N/C N/C N/C N/C
DSA 27141.11 43/77.08 54/101.46 56/105.33 N/A
AP 21/9.67 35/18.74 45/ 25.93 48/ 27.07 48 /26.98
pNDA 17/10.38 25/ 18.62 29/21.79 29 /22.30 29/21.85
PBJITMM 195/58.42 563/164.13 N/C N/C N/C
P-PI-SI 61/26.29 316/123.12 N/C N/C N/C
AH-PI-SI 79/16.86 362/72.35 716/141.30 801/158.37 812/160.42
IPBJ N/C N/C N/C N/C N/C
P-IP-SI 479/93.10 N/C N/C N/C N/C
AH-IP-SI 977197.28 N/C N/C N/C N/C
AH-PI-IP 90/18.87 384/76.59 756/147.79 845/165.02 856/167.13
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Table 412: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratids: p @ 30 30
c= 0.99 0.999 0.9999 0.99999 1.0
S 955 /97.62 N/C N/C N/C N/C
DSA 12/8.59 13/12.15 13/13.93 13/13.97 N/A
AP 10/2.43 11/3.60 11/4.03 11/4.07 11/4.20
pNDA 10/3.39 11/4.86 12 /5.83 12/5.94 12 /6.03
PBJITMM 22217228 743/235.22 N/C N/C N/C
P-PI-SI 102 /42.07 465/183.74 N/C N/C N/C
AH-PI-SI 140/29.08 563/111.54 N/C N/C N/C
IPBJ N/C N/C N/C N/C N/C
P-1P-SI 497 | 96.55 N/C N/C N/C N/C
AH-IP-SI N/C N/C N/C N/C N/C
AH-PI-IP 162 /32.86 608/119.17 N/C N/C N/C

Table 413 Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratiégs: p @ 30 30
c= 0.99 0.999 0.9999 0.99999 1.0
SI 964 /103.48 N/C N/C N/C N/C
DSA 8/3.51 8/5.16 9/7.53 9/8.02 N/A
AP 711.37 71/1.81 71222 712.40 71229
pNDA 10/2.53 10/3.45 10/3.94 11/4.78 11/5.00
PBJITMM 211/72.12 846/ 269.40 N/C N/C N/C
P-PI-SI 160/ 69.04 N/C N/C N/C N/C
AH-PI-SI 382 /80.87 N/C N/C N/C N/C
IPBJ N/C N/C N/C N/C N/C
P-I1P-SI N/C N/C N/C N/C N/C
AH-IP-SI N/C N/C N/C N/C N/C
AH-PI-IP 403/ 85.47 N/C N/C N/C N/C
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Table 414: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratids: p @ 30 T3t b 30 p
c= 0.99 0.999 0.9999 0.99999 1.0
SI 722 177.96 N/C N/C N/C N/C
DSA 21/29.14 28/45.12 30/47.46 30/49.30 N/A
AP 19/8.58 26/ 13.69 29/15.11 29/14.79 29/14.88
pNDA 20/ 12.56 25/17.47 26 /18.61 26 /19.39 26/18.93
PBJ}ITMM | 390/121.99 900/ 283.49 N/C N/C N/C
P-PI-SI 188/84.10 493/203.68 N/C N/C N/C
AH-PI-SI 238/51.22 604/127.48 728/150.79 744/148.69 745/147.09
IPBJ N/C N/C N/C N/C N/C
P-1P-SI 414/ 89.83 N/C N/C N/C N/C
AH-IP-SI 899 /89.35 N/C N/C N/C N/C
AH-PI-IP 256 /51.14 643/125.86 775/152.91 791/154.38 793/154.95

Table 415: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratiégs: p @ 30 T3 b
c= 0.99 0.999 0.9999 0.99999 1.0
SI 878/91.81 N/C N/C N/C N/C
DSA 20/ 24.59 28/41.09 32/49.81 33/50.51 N/A
AP 17/6.91 25/12.31 29/14.55 30/15.09 30/14.78
pNDA 15/8.40 22/14.53 24 116.25 25/17.34 25/17.18
PBJITMM 264 /83.94 772/ 238.55 N/C N/C N/C
P-PI-SI 106/46.12 447/ 186.15 N/C N/C N/C
AH-PI-SI 133/29.33 516/108.36 805/168.21 856/179.15 862/180.15
IPBJ N/C N/C N/C N/C N/C
P-I1P-SI 466 / 98.61 N/C N/C N/C N/C
AH-IP-SI 965/ 102.52 N/C N/C N/C N/C
AH-PI-IP 147 /33.01 548/118.57 853/184.26 906/197.05 912/196.36
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Table 416: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratids: p @ 30 T3 P 30 p T
c= 0.99 0.999 0.9999 0.99999 1.0
Si 963/101.54 N/C N/C N/C N/C
DSA 16/ 16.97 23/30.05 31/48.21 34 /54.02 N/A
AP 14/ 4.77 21/9.01 29/14.51 31/15.67 32/16.06
pNDA 11/5.40 16/10.12 20/13.35 21/14.95 21/14.75
PBJITMM 153/49.89 423/132.91 N/C N/C N/C
P-PI-SI 39/18.91 217/89.58 N/C N/C N/C
AH-PI-SI 54 /12.05 252/50.87 692/138.55 864/170.99 889/176.55
IPBJ N/C N/C N/C N/C N/C
P-IP-SI 489/ 95.76 N/C N/C N/C N/C
AH-IP-SI 988 /98.94 N/C N/C N/C N/C
AH-PI-IP 68/14.61  272/54.27 734/144.04 914/179.22 941/186.04

Table 417: Iterations required (left) and runtime observed (right) to converge parametric study

problem with extreme scattering ratiés: p @ 30 rpht 30 p
c= 0.99 0.999 0.9999 0.99999 1.0
S 806 /77.27 N/C N/C N/C N/C
DSA 11/8.37 12/11.32 12/11.98 12/12.16 N/A
AP 10/2.73 10/3.25 11/3.76 11/3.81 11/3.73
pNDA 12/4.37 13/5.63 13/5.95 13/5.80 13/5.98
PBJITMM 432 /126.18 N/C N/C N/C N/C
P-PI-SI 248 [ 97.26 N/C N/C N/C N/C
AH-PI-SI 322 /64.44 N/C N/C N/C N/C
IPBJ N/C N/C N/C N/C N/C
P-I1P-SI 476 / 92.56 N/C N/C N/C N/C
AH-IP-SI 993/ 98.66 N/C N/C N/C N/C
AH-PI-IP 349 /68.98 N/C N/C N/C N/C

149



From the parametric study with extreme scattering ratios, we analyze the performance of
PBJhybrid methods as the scattering ratio approaches unity. From these resglesait that no
PBJor hybrid method studied is iteratively robust with respectéaitering ratio. This result is
expected, with the hybrid approach designed to improve iterative performance in optically thin
cells, not large scattering ratios, and all theoretical analysis indicating a lack of robustness in this
regime. In the origingbarametric study, while bo®BJITMM andIPBJ experience@n increase
in iterationcouns ascincreases, the increase was far sharperlWBJ. It is clear that, whil®BJ
ITMM is less sensitive tothanIlPBJ, whenc becomes very large (>0.99BJ}TMM6 s 1t er at i \
performance also begins to degrade dramatically. In our extreme scattering ratio parametric study,
however, this approach @bservedo improve iterative performance asapproaches unity for
many cases. In some casibl-PI-Sl (and potentiallyAH-PI-IP) is (are) seen to converge in fewer
than 1,000 iterations with unity scattering ratio.

Interestingly, the effects of some problem parameters on the convergence RBE of
ITMM and hybrid methods containing it revetsendswhen the scattering rati@pproaches.1
Contrasting Tabled 6, 4.11, 4.12, and4.13, ast 30 increases, the performance RBJ
ITMM becomes worse, contrary to the results of the previous parametric study and predictions
pertaining toPBJ}ITMM6 s it erati ve behavior. To eAXBl ain t
This graph demonstrates theBJITMM6 s spectr al radi uasanalysisis t he i
dependent almost entirely dn. As the scattering ratio approaches unity,approaches zero.
Thus, as the scattering ratio approaches unity, the benéB¥TMM6 s it er ati ve per
from increased optical thickness disappears, with the lack of @lmsoresulting in particles
crossing many sutlomain boundaries, regardless of how optically thick thosedsatains may
be. Therefore, wheh approaches zero as a consequenaeapiproaching unity, the benefit of
increased leakage outweighs the benefit of slightly increasetpéibsgand iterative performance
actually improves wheh 36  decreases.

With + 30 being larger that 30 , this phenomenon occurs at a larger
scattering ratio, since will tend towards zero with increasimgslower due to the increaséd.
This phenomenon is therefore not observed WB3-ITMM in our study, as the method exceeds
1,000 iterations before the scattering ratio become large enough. However, for the cases where we
change 30 (Tables4.6,4.14, 4.15, and4.16), bothAH-PI-SlandAH-PI-IP converge for

all scattering ratios. In the original parametric study, both of these methods converge faster when
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t 30 is larger, which is a déct consequence ¢fBJITMM converging faster in such
circumstances. Contrasting the aforementioned tables, though,AbbBI-SI and AH-IP-IP
converge faster wheh 30 is smaller. While not directly observed due to iterations
exceedindl,000, all evidence suggests tR&J1TMM would exhibit the same phenomenarere
there to be no limit on the number of iterations

The convergence rates BBJtype methods an&l are determined by the number of
particleterminatng events (crossing suiomain boundaries foPBJITMM, scattering forS|,
either forlPBJ) thatparticles undergo on average, beflagsvia absorption oleakage. From the
parametric study with extreme scattering ratios, we learn that,basomes large, absorption
becomes egligible and conveene becomes based entirely on how maayticleterminating
events particles undergo before exiting the problem domain. WhileBddype or developed
hybrid methods are able to providsbust iterativeconvergence in this regime fargeneral case,
AH-PI-SI and AH-PI-IP provide significantly improved performance owBJITMM and S|,
converging in under 1,000 iterations for many cases, even g#ien

48: Test Problem€ontainingVoid Regions

With theoretical analysis and numerical testingsionpletest problems completed for our
hybrid approach, we perform numerical testing using F2&£Ton previously developeealistic
test problems for deterministic neutron transport. We begin with thobéeprs from a benchmark
test suite of problems containing void regior&7][Initially intended as a solution accuracy
benchmark for problems subject to severe ragotff the large void regions in these problems
provide excellent testonfigurationsfor our hybrid approach. These problems were originally
proposed irB-dimensionabgeometry Since HAF2C is a 2D code, the geometries are projected
onto a 2D plane. Thes problems are solved with HAZC using the 11 previously discussed
iterative methodsg|l, DSA AP, pNDA PBJITMM, P-PI-SI, AH-PI-SI|, IPBJ, P-IP-SI, AH-IP-S],
andAH-PI-IP), for a variety of scattering ratios and optical thicknesses afdheoid regions.
The reported values are required iterattons andmeasured execution timés converge the
problems to a relative stopping criterion of .0he problem configurationgerformanceesults
and their discussiofor these three téproblemsare covered in the remainder of this section.
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Figure 448. Geometry, mesh, and problem parameters for the Center Void Problem

Table 418: Iterations required to converge Center Voidlfem

c= 0.5 0.9 0.98
R 0.1 1.0 5.0 0.1 1.0 5.0 0.1 1.0 5.0
SI 24 65 172 100 324 807 234 974 N/C
DSA 8 26 N/C 13 38 72 15 19 50
AP 8 28 58 13 43 72 15 21 69
pNDA N/C N/C N/C 13 N/C N/C 14 N/C N/C
PBJ}ITMM | 325 463 359 750 641 470 N/C N/C 920
P-PI-SI 22 36 44 86 121 93 200 336 200
AH-PI-SI 127 64 54 376 160 104 821 432 224
IPBJ 334 474 418 807 840 N/C N/C N/C N/C
P-IP-SI 22 43 95 88 198 424 205 N/C N/C
AH-IP-SI 140 115 207 451 462 885 1000 N/C N/C
AH-PI-IP 150 138 109 427 234 165 921 550 335
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Table 419: Runtime observed in seconds to converge Center Void Problem

c= 0.5 0.9 0.98
k 0.1 1.0 5.0 0.1 1.0 5.0 0.1 1.0 5.0
Sl 165 480 1179 717 2219 5732 1606 6668 N/C
DSA 78 226 N/C 139 343 574 159 195 446
AP 159 418 587 297 741 951 341 454 1166

pNDA N/C N/C N/C 155 N/C N/C 166 N/C N/C
PBJITMM | 3458 5012 3829 8552 6724 5022 N/C N/C 9929

P-PI-SI ar7 779 854 1691 2179 1803 3574 5868 3550
AH-PI-SI 1214 730 562 3744 1516 1092 7472 4258 2090

IPBJ 1282 1822 1618 3328 3228 N/C N/C N/C N/C

P-IP-SI 236 482 1016 996 2116 4774 2193 N/C N/C
AH-IP-SI 575 513 848 1874 1897 3967 4132 N/C N/C
AH-PI-IP 1387 1394 1028 3930 2122 1540 8130 4896 3021

The center void probl embds 448 candftheghumbertofi o n
iterations to achieve the stopping criterion and the execution time for all considered iterative
schemes and various combinationscafnd are reported in Tabldsl8 and 4.19, respectively.

From the results, it is clear that this configuration is exceedingly difficuRBdrtypemethods to
converge. This is an expected result, as the void region is fully surrounded by-tredhoegion,
with the source in the center of the void. Consequently, in addition to the asynchroniRBy of
causing iterative slowdown, if the n@oid region is heavily attenuating, this problem will have
very little leakage. As a result, maRBJITMM andIPBJcases fail to converge in 1000 iterations.
In general, the trends observed in the parametric study are observed in this test prétkSh.
gredly decreases the number of iterations required compardeBEHTMM, with AH-PI-SI
generally incurring only a modest increase in iteration count. FurtheribBr@)-IP generally
requires a small enough number of iterations greater Ata&PI-SI to make itjustifiable,
especially considering that the large, continuous void region in this problem would likely cause a
significant penalty to the degree of parallelism when ugiWgPI-SI. Also, consistent with
expectations, hybrid methods usitigBJ as the primry method do not provide sufficient

acceleration as those usiR8JITMM, nor is the acceleration as consistent across cases.
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The exception tothdHappr oachds per f olrymampcUnderctisme s wh
condition, AH-PI-Sl is observed to require farare iterations for convergence th&dPI-S],
indicating thatSI contributes significantly to convergence of the 4void region. This is also
supported by the observation tiBJITMM andIPBJrequire comparable numbers of iterations
under this conditionndicating that the ability oPBJITMM to resolve scattering in the neoid
region is of little consequence relative to the effecPBflo s asynchronicity. T
observed in the parametric study, with the hybrid method providing less adoelevaen the
optical thickness of the thick regions was decreased, even though it was never observed to this
degree as the optical thickness of the thick regions was never made this small. Evrd-Rith
Sl and AH-PI-IP, under this condition, requiring far more iterations tRaRI-Sl, though, both
hybrid methods provide significant acceleratioP&JITMM, while maintaining most or all of
its degree of parallelism.

From the center void problem, the primary conclusemsthat the trends observed in the
parametric study extend to this configuration that is closer to realistic applications than the periodic
vertical interfacdestproblem and thatAH-PI-IP provides substantial accelerationRBJ}ITMM

while not reducig its degree of parallelism.
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Figure 449: Geometry, mesh, and problem parameters for the Straight Duct Problem

Table 420: Iterations required to converge Straight Duct Problem

c= 0.5 0.9 0.98
R 0.1 1.0 5.0 0.1 1.0 5.0 0.1 1.0 5.0
SI 25 54 169 96 270 628 202 829 N/C
DSA 13 30 N/C 24 55 61 30 42 70
AP 13 33 63 24 60 76 N/C 46 96
pNDA N/C N/C N/C 22 N/C N/C 27 N/C N/C
PBJ}ITMM | 224 199 184 471 335 249 880 629 434
P-PI-SI 22 30 43 82 101 74 172 285 159
AH-PI-SI 131 54 52 356 135 86 704 370 183
IPBJ 232 218 284 535 512 757 N/C N/C N/C
P-IP-SI 23 36 93 84 164 330 176 N/C N/C
AH-IP-SI 145 97 203 428 385 689 858 N/C N/C
AH-PI-IP 140 81 77 374 163 113 735 400 219
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Table 421: Runtime observed in seconds to converge Straight Pratiem

c= 0.5 0.9 0.98
R 0.1 1.0 50 0.1 1.0 50 0.1 1.0 5.0
S| 103 229 706 402 1150 2663 830 3562 N/C
DSA 76 160 N/C 151 314 319 193 247 408
AP 138 267 361 290 576 558 N/C 485 942
pNDA N/C N/C N/C 153 N/C N/C 190 N/C N/C
PBHTMM | 1448 1310 1239 2992 2277 1653 5512 4269 2880
P-PI-SI 286 390 513 912 1163 841 1834 3128 1768
AH-PI-SI 780 376 348 2049 854 539 4257 2215 1099
IPBJ 534 542 676 1244 1261 1751 N/C N/C N/C
P-1P-SI 148 243 612 545 1098 2118 1129 N/C N/C
AH-IP-SI 338 242 490 1008 964 1625 2001 N/C N/C
AH-PI-IP 829 534 512 2156 1043 700 4140 2322 1322
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16 4
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Figure 450: Geometry, mesh, and problem parameters for the Dog Leg Duct Problem
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Table 422: Iterations required to converge Dog Leg Duct Problem

c= 0.5 0.9 0.98
i 0.1 1.0 5.0 0.1 1.0 5.0 0.1 1.0 5.0
Sl 24 54 168 90 263 623 192 801 N/C
DSA 15 28 N/C 28 39 62 37 68 86
AP 15 31 63 28 43 77 37 74 126
pNDA N/C N/C N/IC 24 N/C N/C 27 N/C N/C
PBJ} 213 249 242 486 345 377 907 655 456
ITMM
P-PI-SI 21 29 42 78 98 73 164 276 156
AH-PI-SI | 122 55 51 340 131 86 676 360 180
IPBJ 223 260 289 546 487 730 N/C N/C N/C
P-IP-SI 21 36 93 79 160 327 167 534 N/C
AH-IP-SI | 135 95 201 407 374 682 821 N/C N/C
AH-PI-IP | 131 80 81 358 151 110 707 385 208
Table 423. Runtime observed in seconds to converge Dog Leg Duct Problem
c= 0.5 0.9 0.98
B 0.1 1.0 5.0 0.1 1.0 5.0 0.1 1.0 5.0
Sl 105 222 717 383 1120 2579 789 3292 N/C
DSA 99 160 N/C 204 250 330 259 441 548
AP 217 324 432 445 573 781 561 1019 1555
pNDA N/C N/C N/C 190 N/C N/C 207 N/C N/C
PBJITMM | 1504 1605 1685 3304 2196 2428 5683 4455 3092
P-PI-SI 276 387 524 916 1075 812 1751 2906 1792
AH-PI-SI 714 374 353 2011 753 516 3687 1987 1132
IPBJ 513 633 717 1333 1209 1774 N/C N/C N/C
P-1P-SI 135 242 631 535 1027 2101 1142 3106 N/C
AH-IP-SI 315 243 505 1018 927 1592 1986 N/C N/C
AH-PI-IP 752 519 521 2128 860 640 3857 2121 1254
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The configurations of the straight and deg duct problems are shown in Figs19 and
450, respectively. The number of iterations required to satisfy the stopping criterion and the
corresponding execution time are listed in Talle® and4.21, respectively, for the straight duct
problem, and in Table&22and4.23, respectively, for the delgg duct problem. These results are
consistent with the observed trends for the center void problem, even Btypeand hybrid
methods converge faster for both of these problems across all Thsess due to the altered
problem configuration, with the void region extending to the global boundary, thus increasing the
loss of particles via leakage.

49. ComputationalCost Comparison oMM Matrix
Construction Algorithms

In Chaptei3 we discussed theMSalgorithm for constructing thE MM matrices and our
newalternative GFIC, for its simplicty in extension to unstructured grids. Additionally, we noted
that in the ideal circumstance, the inner sweep of either of these algorithms only sweeps over cells
that are downstream from the current cell of the outer sweep. Executing this in unstrgitised
however, would require further decomposition of the mesh, thus eliminating the ability to construct
the ITMM matrices usinghe existingmesh sweep algorithrof the THORcode. We therefore
have twovariantsof our new GFIC algorithm, the ideal sweethat only sweeps over the
mathematicallyrequired downstream cells, and the full sweep that sweeps over the ertire sub
domain, simplyassigningzerosto upstream cells by nature of the transport equation with lagged
scattering source.

We derived expressns for thescalingof our algorithnd s c on st rusirgtothon t i n
sweep typeq3.86) and(3.87), which are proportional to the theoretical construction coStHd€
using the full and ideatweeps, respectively, under the assumption thaSthgrind time is
independent of sudomain size. The measured construction times using our-MATode are
plotted in Fig.4.51 along with theoretical trendlinesrom Egs.(3.86) and (3.87), using the
measured! grind time in HAT-2C.
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Figure 451: Measuredpoints) and predicted (linespnstruction times foiTMM matrices using
HAT-2C for a single sublomain usindMSandGFIC (ideal and full sweepjersus\, indicating
anN x N subdomain size.

The measured construction times @¥FIC with both the ideal and full sweep follow the
predicted trends very closelzompared taDMS, GFIC with the ideal sweep is observed to
construct the matrices faster. Since these two algorithms sweep over the same number of cells, this
indicates that the kernel calculation fDMS is more expensive than that of the standard
soluion. Additionally, whileGFIC consumes more time when the full sweep is used compared to
when the ideal sweep is used, the measureesyielomain construction times are all below one
second, for sudomains up to 16 16 cells in size. Given the advaneéagis construction times
observed and the benefits of implementation usingegigting code capabilitie§FIC with the
full sweep was chosen as dliMM construction algorithm to implement into THOR. Note that in
order to make our-P Cartesiangridstudis as i1 ndicative as possi bl e
3-D unstructured grids3FIC with a full sweep was used by HAACT for all timing data reported

in this chapter.
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410 Summary of Serial Operation Numerical
Experiments or2-D Cartesian Grids

There weresevenmain objectivedor our numerical experimentgl) verify our HAT-2C
c o d enplesmentation of the consideré@rative schemes(2) quantify results of our Fourier
analyses; (3) conduct homogeneous test problem iterative performance studies; (4) conduct
heterogeneous test problem iterative performance studiematinvhtethe development of the
asynchronously hybrid approach; (®rform a parametric study to elucidate dependencies of the
observed iterative performance on problem paramdi@ysest the iterative performance of our
hybrid methods on realistic problem configurations containing void regan;{) compare
ITMM matrix constructiorexecutiontimes among the available algorithms.

Iterative capabilities of our HARC code were verified by reproducing convergence rates
consistent with previously reported werkOur Fourier analyses &PI-SlandP-IP-Slwere then
sucessfully verified. These results showed the error mode at the origin in Fourier space to be the
slowest converging for both methods and that the convergence rate is determined by the optically
thinner di mension of a problembés cell s.

Additionally, while tie results of our Fourier analyses demonstrated the robustriess of
PI-SlandP-IP-Slin optically thin cells, they also suggested that in most homogeneous problems,
it would be more advantageous to run only one of the methods comprising the precogditionin
method. This was demonstrated by observing the required number of iterations for homogeneous
problems. In this study, we four®BJ methods in problems with thick cells aB#lin problems
with thin cells to be more advantageous than the correspondingngitener method. This
prompted a study of the methodsdé6 performance
development of the asynchronously hybrid approach, by establishing that executing both methods
in most cells is unnecessary.

With all methods dveloped and a basic understanding of their underlying convergence
mechanisms achieved, we conducted a parametric study that assessed the iterative performance of
all developed methods and traditional acceleration methods as a function of several problem
parameters of a heterogeneous stripe problem configuration. From the results of this study, we
concluded thalPBJis less suitablas the primary method in our hybrid approt@dmPBJITMM
is. AH-PI-SlandAH-PI-IP wereshown to take significantly longés converge thaBSA AP and
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pNDA but had runtimes on the same order as these methods, sugipestargviable approaocss
for massively parallel solutiomn unstructured gridsparticularly AH-PI-IP, as its degree of
parallelism matches that &BJITMM. Finally, this studydemonstrate@dur hybrid approacko
provide the most acceleratiam problems with large regions of very optically thin celidghile
AH-PI-IP6s i ncrease i n it AH-Rl-Blbezame largenas thessize af threptlanr e d
regions increased, these are also the problems for whldPI-Slhas the greatest reduction to the
degree of parallelism.

Lastly, we observed the time required by BMS and GFIC algorithms to construct the
ITMM matices. The construction time for the latter algorithm using a full sweep was shown to be
slightly longerthan either other option for large sdbmains. However, considering a sddimain
size consistent with what has previously been determined to peatttecalsize, the construction
times between all algorithms are similar, with a modest increase in construction cost associated
with GFIC when using a full sweep. ThuSFIC with a full sweep is deemed a viable algorithm
for ITMM matrix constructioron ungructured gridsdue to its ease of implementation in such

cases
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Chaptel5:
GF/CConstruction &BJ Solutionin Parallel
Executionon 3D Unstructured Tetrahedral Grids

The previous chapter demonstrated the effectiveness of our hybrid approach for
accelerating the convergenceRBJITMM, a method which is of interest for its applicatian
SDD (Spatial Domain Decompositiopparallel solution on unstructured grids. Asadissed is
Chapter3 though, implementation &#BJITMM on unstructured grids requires a novel algorithm
to construct the associatezsponsenatrix operatorsyith previously used construction algorithms
not having simple implementation strategies founstructuredgrids. In Sec.3.2.4, we
mathenatically formulated an algorithnGFIC, that constructs thEPMM matricesindependent
of the mesh type, using the pegisting kernel calculation and sweep algoritiypically available
in transport codes. The parallelized implementation and test@& k&, PBJITMM, andiPBJon
unstructured grids is the topic of this chapteith IPBJ implemented as the currently used
alternative to spatially paralle§l on unstructured grids, against which we compare the
performance ofthe newly implementedPBJITMM on this platform Thesemethodswere
implemented in the THOR codé(, 41], a 3D productionlevel transport code which solves the
short characteristianethodwith arbitrarily high order local expansiom unstructure tetrahedral
grids for both fixed source akeeigenvalue problem3he zeroth order local expansion is used in
this work. THOR is a steady state code with multigr@una anisotropic scatterimgpability. Note
that because THOR is a multigroup code hiis thapter, we muslistinguishbetween inner and
outer iterations. The sections of this chapter are structured as follows.

Our presentation commences with a description of the necessary implementations we have
added to the THOR code to enable parallel solutio®P@&I TMM andIPBJ. This begins in Sec.
5.1 with a discussion of the process by which we produce a set of loedbsudin THOR meshes
from a physical problem geometry. The primary contribution to this process from our work is the
developed THOR nsh partitioner, which converts a global THOR mesh to a specified number of
subdomain meshes, each with the information of neighboringdsufiains required for parallel
solution. Next, in Se®.2, we discuss the implementation of our novel algorithm for construction

of theITMM matrices on unstructured gridsfFIC, whose formulation was reported in Sg2.4.
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This discussion focuses on the specific means by which the input parameters are modified by
THOR to produce those required by B&IC algorithm. Finally, with lhe appropriate inputs
created an@FIC implemented, we discuss the implementatioRB3I TMM andIPBJin THOR
including code flowcharts in Se6.3, with the MPI communication scheme utilized discussed in
Sec.54.

Following the presentation of our THOR implementationspveeeed to numerical tests
and results. This begins in Sé&c5 with a demonstration of the RAM requirements for THOR
execution withPBJITMM, as memory utilization is of concern due R8J}ITMMO s matr ri X
solution. Then, the performance BBJ}ITMM andIPBJ are tested with a set of scaling tests in
Sec.5.6 on up to 32,768 processors. These tests include weak and strong scaling of the time
consumed by each component of the iterative solution process, as well as the scali@ft€Cthe
constriction time with respect to sedlomain size. With the parallel performanceP&JITMM
and IPBJ tested, Sec5.7 presents the solution CPU time 8BJITMM andIPBJ, neglecting
communication time, compared to the solution time required by the previousemasion of
THOR. This comparison demonstrates the relative total computation requirements for the existing
SImethod and theBJmethods thaare proposed as alternatfer spatially parallel solution on
unstructured grids.

Next, in Sec5.8, we present the performanceRBJITMM andIPBJ as implemented in
THOR on a series of problems containing void regions with varying material properties. These
tests demonstrate the iterative slowdowrP8f}type methods in problems containing optically
thin cells, justifying the work prestad in previous chaptemn alleviating this feature with our
developed hybrid approach. Finally, the work of this chapter is summarized and conclusions are
reached in Se&.9.

51: THOR Mesh Decomposition PR¥ocessing

Parallel execution of THOR viaBJdecomposition requires ppgocessing to partitiothe

global meshinto subdomains The approach used fdhis tasktargeting execution on0
processors is to divide the global mesh file intosmaller mesh files with cell faces that lie on

processor (sukdomain)boundaies given a separate boundary condition designation. With this
approach, each processsimply reads in and solvake cells ofits local mesh file, with the
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incoming angular fluxes on processor interfaces being treated as boundary cotligti@mne
updated after each inner iteration. In this implementation, we require the number espreead

the number of sukdomains to be equal. Note that in this chapter, adjacent or neighboring
processors refenot to processors that are physically adjacarihe HPC, but to processors which
are responsible for the solutionpifysicallyadjacenbr neighboring sutdlomains.

The process by which a setf subdomainTHOR mesh files are created from a global

geometry configuration is depicted by the flow chart in Bigy.

Physical GMSH Gilobal
Geometry Geometry (.geo)
(" ¢ )

GMSH Mesh Generator

\ J
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Global GMSH Mesh
File (.msh)
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THOR Mesh Converter
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Number of

THOR Mesh Partitioner
Processors

Figure 51: Flow chart of process to create partitioned THOR mesh files

Thep r o b Ipkyscdlgeometry is input to GMSIAg] in the form of a .geo file. GMSH

is a mesh generation software tool which we use to cteatglobalmesh. The GMSH mesh
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generator is run on the .geo file to create a .msh mesh file of the mygoitee THOR mesh

converter, a prexisting tool in THOR, then converts this mesh to a .thrmTiléfOR6s nat i v
mesh file format. This global .thrm file is the file that THOR would require for serial execution

prior to the implementatiorof our new soltubn algorithns. To produce thé local mesh files

required for parallel executiomith PBJmethods, we have created a THOR mesh partitioner, the
flowchart for which is in Fig5.2. This partitioner produce$ .thrm.p files, each containing the

local mesh file for the™ subdomain.

Global THOR Mesh File
(.thrm)

4 N

Number of

METIS Input Converter
Processors

\ V.

v

METIS Input File

\/\

= N

METIS Partitioner

v

METIS Partitioning
Output File

THOR Mesh
Reconstruction Tool

\ 7

Figure 52: Flow chart of THOR mesh partitioner tool

Our THOR mesh partitioner tool converts the global THOR meshiintocal subdomain

THOR meshes. The partitioning is performed using ME®E}, an opersource software tool for
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partitioning graphs and meshes. Our mesh partitioner convertotientsof the global mesh
.thrm file and the desired number of processors to a METIS ifiputifen executes the METIS
partitioner on this input fileproducingthe METIS partitiomg output file. Our THOR mesh
reconstruction tool converts this METIS output, which simply lists cell numbers with their
associated processor numbers) to.thrmp files. These local mesh files are of similar format to
the global mesh file used for serial execution, but with a few pieces of additional data. Firstly, a
THOR mesh file contains the number of cells and the number of vertices (points, four of which
makeup one tetrahedron). The local .thrm.p files contain these values both for the local sub
domain as well as the global problem. Additionally, there is another valid boundary condition
specifier for faces, a stdtomain boundary interface. Finally, the a@jacy list contains one extra
entry per line. The adjacency list typically consists of lines with four entries representing two cell
and facenumber combinationthat are the same face, indicating neighboring cells. The extra per
line entry in .thrm.p filegndicates the processor to which a neighboring cell belongs. These pieces
of additional information allow a processor to execute all required tasks, reading only its local
mesh file.

For all partitioned meshes utilized in the chapter, the tolerancettiiqméng load balance
was set to 3%, instructing METIS to produce a partitioning in which the largest and smalest sub

domains are within 3% of the average sutpmain size, measured in number of cells.

52 GF/Cimplementation in THOR

We haveupdatedTHOR with capabilitiego solve problems via eith@BJITMM or IPBJ
using the previously discusséd subdomain mesh input files. To solve usiR@J}ITMM, we
implemented th&FIC algorithm formulated in Se8.2.4into THOR. During thg@re-solve phase,
GFIC is the primary processxecuted whe®BJ}ITMM is the solution method usedowever,
instructions for the processoiPl communications are also generataad transmitted to
adjacent processomuring this phasewhetherPBJITMM or IPBJ is the specified solution
method For afull description and mathematical formulation@FIC, refer toSec.3.2.4.

To implementPBJTMM in THOR, we effectivelyexecutethe program in its entirety
twice, under different conditions. We refer to these as thegwe and solve phases. During the

pre-solve phase, each processor reads in its mesh, recalling that this mesh is dineopdhie
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problem which is directlyaccessibléo that individual processor, a single sddmain. Note that

this process occurs in parallel over all processors, each for its associatdraib. We store the

actual sudomain boundary conditions, exteksaurce, and maximum number of iterations (both

outer and inner) to temporary variables and impose values to all of these variables to transform the
transport solverinto@FICr out i ne. First, to create the fAzer
to vacuum and the external source to zero. Note: THOR automatically uses a zero initial guess.
Were the code to accept a Rpgro initial guess, this process would be required for the initial guess

as well. Logicaltestsare used to skip all calculations whiadd contributions to the external
source, such dsssion,betweengroup scatteringandbetween angle scattering. Additionally, for
optimized performance, all unnecessary tasks, such as convergence checks are skipped during the
pre-solve phase.

In theGFIC stage, lhe maximum number of outer iterations is set to one and the maximum
number of inner iterations is setlio 0 ,whered is the number of cell
domain and) s the total number of boundary facesit he pr odomansiorifthke s ub
number of inner iterations required to constriicandL and  is the number of inner iterations
required to construde and L, (since each inner iteration loops over all angles). Withitiges
outer iteration looping over energy groups, this is therefore the correct iteration structure to
construct théTMM matrices for all groups.

With the fAzeroo state initialized GFCd t he
is implementedy using logical statements to impose unit fluteethe correct cell or facand to
store the resulting data appropriatelyhe targetTMM matrix. For the first) inner iterations,

a unit cellaveraged scalar flux is imposed to a different cell each iteratiorl-faand L

construction Afterwards, a unit incoming angular flux is imposed on a singledsufiain

boundary face fok andL, constructionwiththediscrete ordinatef the imposed flux changing

after each angle is swept, rather than only after each inner iteration. Note that since, typically, half

of the angles will be outgoing for a given face, the mesh sweep is skipped for angles that are
outgang or parallel to the given face on which unit fluxes are being imposed. After each iteration
(orindividual angle sweepfde andlk,) , t he outgoing angul ar f 1l uxe
boundary are stored to a columnlbf(or L, ) and the ck-averaged scalar fluxes are stored to a

column ofL (or L ),
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In Cartesian grids, ordering the fluxes within these matrices is trivial due to the structured
nature of the subdomains. In unstructured grids, however, there is no natural orderietistaid
edges. For our implementationgmdex thel TMM matrices based on the arbitrary ordering of the
cells and faces utilized by THOR. For the gldmain boundary angular fluxes, this ordering is
saved to vectors for mapping. These vectors are rdfesras instructions, as they inform which
value an entry in an angular flux vector represents. Consequently, these vectors can be used to
instruct which processor entries fram , gre to be sent to and the locations-in.to which
values receivedrom processors are to be assigned. As this communication is required for both
PBJITMM and IPBJ, these instructions must be generated regardless of which method is
specified. Therefore, whdPBJ is used, the prsolve phase still occurs, but without foeming
the ITMM matrix constructionoperations The result is simply &et of sweepg without any
computatios, generating the neededmmunicationnstructions.

These communication instructions are used to createngaidstructions for a processor
desgned toseparate the ,  \gector into0 smaller vectors) being the numbeof sub
domai ns that bor de-domain. The relevant portiooscoetise cammongatienu b
instructions are then exchanged between adjacentd@miains using MPI. The received
communication instructions are used thye receivingprocessor to createnpack instructions.
These unpack instructions map the values from the vectors that will be received each iteration from
adjacent processors to populate.during thePBJtype iterations

Another consequence of the awivial indexing of thelTMM matices and vectors is the

sparse storage &, . Recall thatl, is frequentlythe largest of théTMM matrices, however, it is

very sparsely populated. In unstructured grids it is not trivial tecal@ulate the number of nen

zero entries ink, | as tke irregularly shaped sufomains make determination of the number of

boundary outgoing angular fluxes that are downstream from a given boundary incoming angular

flux difficult. Additionally, the location of these narero elements withink, is not easily

predeterminableThe most obvious technique for overcoming this obstacle is to construct the full

L, matrix, count the number afonzero valuesthen transfethese values along with their
respective locations within the matrio sparse storage. W this prevents unnecessary

calculations when computing, + each iteration, when we initially implemented this strategy,

it was found that the memory consumpttonthe full L, matrix even in this temporary capacity
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was excessive, severely limmig the scope of problems to whi&iBJITMM was applicable. To
mitigate this memory consumptidssue we implemented dynamicstrategy that constructs,
in sparse storage directly. This strategy begins with a guessed number-zdrocglements,
determined by the number of cells in the-sldmain and the number of angles in the quadrature.
When al, element is to be stored, if the sparse storage istfisireallocated to double its current
size. At theconclusionof the constructiorprocess the completed sparsk, matrix is then
reallocated to its final size, eliminating any trailing zeros. This process mitigates excessive
memory consumption wheponstruction k, without having to reallocaté in memory an
exorbitant number of times, which can be costly. Note that for multigroup problems, this process
only occurs when constructing tiEMM matrices for the first group, as the numbed location
of nonzero values does not change between gréanes given angular quadrature

Upon completion of th&FIC algorithm, theLU factorization of ¢ L) is computed and
stored. Afterwards, allTMM matrices, the U factorization of £ L | wh i ¢ hchadgee s n 6
between iterations the same energy grouand instructions for packing and unpacking angular
flux vectors before and afteachcommunicatiorstep are constructed for all energy groups. The
pre-solve phase theerminatedy reverting all arficially imposed parameters, namely, maximum
number of outer and inner iterations, boundary conditions, and external source, to their original
values. The prsolvephasehen ends, returning to the beginning of TiOR codeto commence

the solve phase.

53: PBJ-ITMM and /PBJ Implementation in THOR

The solve phase utilizes the same iteration structure already present in THOR. In this
structure, each outer iteration loops over energy grarghculating the productiom the current
energy group from other groups create a betweegroup external sourcdhe inner iterations
thenrun to converge the withigroup problem. For solution viaBJITMM, the inner iterative
solution is modified fom a series of mesh sweepshelTMM matrix operationsand for parallel
execution, this iterative solution is followed by packing operations and communication.

Additionally, communication is required for global calculations such as the convergence check
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and the calculation d&s, which are performed using the MPI_ALLREDUCE function. The inner
iteration process fdPBJITMM is depictedn Fig. 5.3.
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Figure 53: Flow chart ofPBJ}ITMM inner iteration processn a single processor THOR
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This is a typical parallel inner iterative processxecuted on a single processor in parallel
with the same on all participating processevih a solver followed by a convergence check and
communication, repeated urttie stopping criteriors satisfiedor the maximum number of inner

iterations is gceeded. Note that exceeding the maximum number of iterations does not mean that

the program terminates unsuccessfully. Rather, it progresses to the next group. Since the inner

iteration process comprises the bulk of teguiredcomputationaload, it is common practice to

set the maximum number of inner iterations low, thus allowing the production from external
groups to be updatedorefrequently, reducing the total number of inner iterations required for
convergence. The pack and unpack operationsesifermed using the instructions created during
the presolve phase, and the MPI send and receive operation is discussedsd.Sec.

The ITMM solverin THOR is anewly developed solution module which replaces the
traditional mesh sweep with theBJITMM method for obtaining the stdomain iterative
solution. This module solves H8.56) to obtain the vector of cellveraged scalar fluxes, followed
by Eq.(3.57) to obtain the vector of sulomain boundary outgoing angular fluxes. The external
source in these equations includes the production &tbathergroups, a term which updates after
each outer iteration. The incoming angular flux vector is obtained bylgbmundary conditions,
the initial guess, or communication from adjacent processors. The solution (@38 utilizes
theLU factorization of £ L) computed during the psolve phase, solving the matrix equation
usingLaPACK. [63]

IPB’l6s i mpl ementation in THOR f ol IPBW&Ma si

depictedfor a single processan Fig.5.4.
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The inner iterative process f*BJin THOR issimilar to that ofPBJ}ITMM, except for
two key differences. Firstly, th@ MM solver is replaced by calling theegpexisting mesh sweep
routine, executing aequenc®@ f mesh sweeps o0 v-aomaint Addtionally,onc e ss or
the communication phase, there dPB&isnotawmatrikangul
solution, it produces ceidge angular tixes for all cells, rather than the compact vector of sub
domain boundary outgoing angular fluxes produced®By-ITMM, + . . he outgoing angular

fluxes of cell faces that are on the sidmain boundary: _mps e @re mapped to the proper

locations in+ . , Rased on the order ofdicesthat wasassigned in the prsolve phase. Likewise,
IPBJ does not use the input ofta: .vector, but rather, requires the incoming angular fluxes on
cell edges that lie on the sdlomain boundary to be kwn. Therefore, the . .vector that is
unpacked after the communication phase is mapped 0y, the celiedge angular fluxes that
lie onthe subdomain boundargnd are incoming to the swlmmain based on the order presmd
during the presolve phase.

ThesePBJITMM and IPBJ implementationsutilize preexisting capabilities of THOR
capabilities which are also present in most unstructured §rttiansport codes. WhiRBJITMM
replaces the solver routine, the implemensetier is a simple matrix solution. Because the
matrices required for this solution are constructed VBfRIC using the preexisting kernel
calculation and solution algorithm, the construction is agnostitetoodes 6ther featurgssuch
as the spatialidcretization method. Consequently, the implementation of this entirely different
iterative method does not requireaading functionality thatlevelopers oproduction codes may
have invested substantial amounts of programgraffort and timento develging and verifying
Rather, due toGFICd autilization of the preexisting mesh sweep, thdMM matrices are
constructed to model the same physics that the sta@laaution would. This feature greatly
increaseGFICOs desirabi | it yprdduction dodaeq dset doesnbtaequireolargei n
overhaulof theexisting code.

54: MPI Implementation for Processor Communication

The interprocessor communication required for b&®BJITMM andIPBJ is performed

using Message Passing Interface (MPijary routines MPI execute® (number of process)

instances of a program, assigning each instance a diffdR&Intank, and abbwing messages to be
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sent and received based on this rank identifirethis work we avoid overloading, so the number
of processors on which THOR runs in parallel is @lsoCodes using MPI for parallelism must
therefore be designed to specify the sasbsigned t@ given processor based on this rank. For
THOR, this rank indicates the partitioned mesh that will be read by a processor, assigning each
processor a subbomain. MPI communication is then used for the primary function of
communicating swolomain interface angular fluxes between processors after each inner iteration
packaged into one message per neighbbe location of this communication within the inner
iterative algorithms foPBJITMM andIPBJ are shownin Figs.5.3 and5.4 respectively. With
0 angular flux vectors packaged for transmission, the communication between adjacent
processors is accomplished using MPI_ISEND and MPI_IRECV. These functions send and
receive, respectively, data tr from a processor of specified rartkat corresponds ta
neighboring suflomain Consequently, using these functions for all neighboring processors
achieves the communication required for eiteBJITMM or IPBJ, noting that the
communication requirements are identical for the two methdlds, note that in mstructured
grids withsulb-domairs comprising more than one cell per gldmain, the number of neighbors
is not fixed, hence the communication penalty is not uniform across poeess

The fl o0 precedi ng A SE NMWogkingcomniuRdatoNBlmckiagp e c i f i
communicatiordictatesghat the code will not progress pastend commandntil the processor is
notified that its sent message has been received. Likewise, the code will not progress past an
receive commandntil the requested message arrigegs destinationConversely, noilocking
communication specifies that MPI_ISEND will send the message, which MP$ stobeiffer
memory until it is requested by the target processor, and the sending procespovosiid to
execute through the codeithout waiting for the message exchange to compleieewise,
MPI1_IRECV submits a request to MPI for a message from a processor. The requesting process
will continue executing code though, regardless of whether or not the message has arrived.

Non-blocking communication is used because of the arbitrary ordering of neighboring
processors associated with unstructured grids. With nothing to guarantee that neighboring
processors will attempt to communicate with each other at the same time, deadlock cyahes beco
inevitableif blocking communication is usedo illustrate this concept, consider three processors
(P1, P2, and P3), all of which neighbor the other two. If P1 first attempts to communicate with P2,
P2 with P3, and P3 with P1, then blocking commuracetvill deadlock, with all three processors
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waiting for communication with a processor which will never resolve. -blooking
communication is therefore used to avoid this complication. Specifically, a processor first calls
MPI1_IRECYV for all adjacent prossors, requesting messages. The receive function is called first
so that messages are received and removed from the buffer as quickly as possible after they are
sent. Processors then call MP1_ISEND for all adjacent processors. Afterward3VFALL
is cdled. This function forces a processor to wait until all sent messages are received and all receive
requests are filled. This is performed all participating processoss that the following iteration
does not begin without updated incoming angular ifdigrmation.

While transfer of suislomain boundary angular fluxes between iterations is the primary
MPI communication, there are a couple of other MPI communications used in THOR as well.
Generally, these communications are used for global calculathehpracesses. Specifically, in
k-eigenvalue problesy MPI_ALLREDUCE is used after eacbuter iteration to update the
multiplication factor (criticality). MPI_ALLREDUCE sends a setdsdta to the root processor,
which performs a specified operation the data (summation, maximum/minimum value, etc.),
the result of which is sent back to all procesdéos.calculation okes specifically, thesub-domain
fission production is sent with the MPI_ALLREDUCE function using the SUM operation,
returning the global fission production as required for calculation of criticalitye
MPI1_ALLREDUCE function is also used after each iteration (inner or outer) to determ
convergencesending eachsubo mai n6s maxi mum r e latestedguantiyt er at
with the MAX function to determine the maximum relative iterative chamgfas quantityacross
all processorsConvergence must be assessed globally becdhsewise, if all suldomains do
not convergein the same iteration, which they usually do not, then processorahich
convergence has been obserwetdl terminate the current iterative sequeneenile other
processors continue to iterate dretomedeadocked waiting for messages from processthrat
have converged@nd are no longer iteratingrinally, MPI functions are used after the solver
complets its workfor postprocessin@utput quantities such as calculating regise scalar

fluxes.
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55. PBJ-ITMM Memory Requirements

When implementing?BJITMM, memory (RAM) requirements associated with storing the
responsenatrices is of concern5§| as the sizeof these matrices scalsuperlinearly with the
number of cells per sutbtomain andbilinearly with the number ofcells per sullomain and
guadrature angles. In our implementatadrPBJ}ITMM in THOR, each processor is required to

store all fourlTMM matricesassociated with its suttomainfor each energy group, withk,

utilizing the sparse construction and storage strategy discuss ith.3e€o quantify the total
memory requirement associated WtBJITMM in THOR, we execute a series of problems, with
the Linux operating system reporting the maximum amount of RAM allocated by the program at
any time during a run. This quantification therefore representtotakamount of memory per
processor required texecute THOR usin§@BJITMM, notjust toconstruct and sterthe ITMM
matrices.

The problem used for this test is the Godiva benchmark. A full description of this problem
configuration is available in Se&6.1. However, for testing the memory requirement, the problem
configuration is largely irrelevant, as the required amount of RAM is dependent on the number of
cells per sullomain, the numberfenergy groups, and the quadrature order, not the material
composition of cells. The maximum memory allocated per processor by THOR whef®Bsing
ITMM to solve Godiva for a variety of sudbmain sizes and quadrature orders is presented in
Table5.1, with susd o mai ndés containing cel/l c.OMhiretthe o f
number of energy groups is not varied, all data structures of significant sizdirseaty with
respect to the number of groups. Godiva is agsoup problemTo ensure that memory usage
associated with MPI communication is accounted for, all cases are executed with 16 processors.
While the number of cells in a swlomain varies slighy across processors, the memory
requirement is collected from the root processor. We therefore provide the number of cells in the
subdomain allocated to the root processor. Note that any value with one * indicates the case was
executed only on eight pressors and any value with two ** indicates the case was executed only
on four processors. These processor counts are reduced for selected cases due to the limited

memory availale on the desktop computer on which this test was conducted.
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Table 51: RAM (GB) per processor consumed by THOR to solve Godiva BB TMM with
N cells per sullomainwith varying quadrature orders

N S S 3 Si2 Sie
8 0.014 0.014 0.015 0.016 0.018
16 0.015 0.016 0.017 0.021 0.027
31 0.016 0.018 0.021 0.029 0.040
62 0.021 0.027 0.036 0.061 0.095
131 0.041 0.067 0.103 0.195 0.323
244 0.090 0.158 0.251 0.502 0.846
500 0.257 0.470 0.757 1.533 2.600
988 / 984* | 988** 0.786 1.986 2.332 4.872* 8.240**

Table5.1 provides measurements that damused to estimatbe amount of RAM one
would expect to require to solve a problem viABUJ-ITMM given the quadrature order and number
of cells per sulmlomain. The primary conclusion from this data is tmamodern HPC and desktop
plattormsmemory requirements are, in general, not a severe barri@®BdITMM. However,
there are certain conditionsnder which the required memory can become problematic. The
supercomputer used for the scaling tests in subsequent sections is Sak@ladtidpho National
Laboratoy. A single node of Sawtooth is comprised ofld&l Xeon® Platinum 8268 coseand
196 GB of RAM.Sawt oot hds rDeaenhancedkhypéeraube aisin@ EDR and HDR
InfiniBand. On such a platform, only the cases with ~1024 cells pedsuiain andS; or Sie
guadrature would be expected to exceed the available memory. Our testing of THOR on Sawtooth
utilizes anS quadrature, the associated memory requirements for which are well below the
available RAM.

For applications extending past our ensuing testsgthaine memory requirement must
be taken into account. For higher order quadratures, ~1024 cells pdorsaln would likely
exceed the memory available on an HPC system. Recall, however, that the optimal number of cells
per subdomain forPBJITMM was preiously estimated to be 6465 While the optimal number
will inevitably change with HPC architecture and has likaigngedsince the time of publication
of [55] due to hardware improvements, 1024gedr subdomain is still expected to be well above
the optimal sizeHence it is used as the maximum sdbmain size for our testebause it was

far enough above previous estimates of the optimal size that it was assumed it would exceed the
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range of sullomain sizes over whidPBJ}ITMM is effective. Therefore, while 1024 cells persub
domain is included in our testing suite, it isu-glomain size that is not likely to be used for
application, and the associated increase in the required memory is not a significant shortcoming.

One foreseeable mannarwhich the required memory can become of concern though, is
in problems with a larg number of energy groups. For modest quadratures sughrasmory
would still likely not be of concern, as the number of groups would have to greatly exceed 300
before the Sawtoot h soylseepaidedassuming lineabscating afe mor y
the required memory with number of groups and ~128 cells peda@ulin. At increased
guadrature orders, however, problems with 100+ energy groups will likely require more RAM than
is available, even at sudbmain sizes of ~128 cells. There are mitigatstrategies for these
scenariosthough One strategysito implementPBJ}ITMM such that each processor solves
multiple subdomainsanalogous to the Red/Black Gat&sidel iterative scheme reported 5.
Due to the nonlinear scaling of theMM mat r i cesdé si ze s, for a give
count, this would reduce the memory requirement. Additionally, when solving the enagions
for a group, only théTMM matrices associated with that group are needed. Therefore, it is possible
to write thelTMM matrices to files, having the program storenemoryonly the matrices for a
certain number of groups simultaneously. To awxdessive strain on the file system tauld
be caused by all processors opening and reading files repeatedly, a staggering approach can be
used, having different processors read in new matrices between different energy groups. While
this approach woultbe costly due to the repeated file reading, this obstacle is only foreseen in
problems with very high angular and energy resolution, using a method that is intended for use
with multi-million cell problems. These are therefore extremely computationalgnsive
problems that will benefit greatfyom massively parallelized calculation.

The main finding of these memory requirement tests is that RAM utilization is not expected
to be of concern for our testing suite, nor is it expected to be a major issnedapplications.
Additionally, for the specific applications mentioned for which RAM utilization may be a

significant issue, mitigation strategies exist.

178



56. PBJ-ITMM and /PBJ Scaling Tests with THOR

To testthe performance of ouPBJTMM and IPBJ implementationson unstructured
tetrahedral meshes using parallel processing, we perform strong and weak scaliegaluate
the scaling oGFIC6 s ¢ o n s t rontwd testoproblams, @edivad]] and C5G172]. Strong
and weak scaling are two traditidragoproaches for assessing the parallel performance of a code.
Strong scaling studies the trend of a progr am
increasing processor count. The objective of strong scaling is thus to determine the delgicre to
a program can parallelize a problem and the minimum amount to which tpeopessor work
can be reduceand still maintain parallel efficiency continually adding more processors to the
same problem, the amount of work per procedsareasesrtil it reaches a level that cannot be
furtherreduced. The time associated with performing this work is referred to as the serial cost of
a program, as it represents the portion of the total work that cannot be conducted in parallel. By
identifying this seal cost, strong scaling provides a quantification of how much the execution
time of a program can be diminished for a given problem with an excessive amount of
computational resources allocated.

Contrarily, with weak scaling as the number of procedsanereased, the total amount of
work is increased proportionately, thus keeping the amount of work per processor constant. The
objective of weak scaling is thus not to determine the degree to wkimtheacan parallelize the
solution process for faxed problem, but to observe the performance of a progrgmnoddem size
increases. With the amount of work per processor constant, the ideal weak scaling trend is a
horizontal line, with execution time constant as the problem size and processor count increase
proportionality to each other. However, as processor count increases, sourpeasaltsi
inefficiency inevitably arise such as increased communication costs, rendering weak scaling
trendsof increasingexecution time as processor count increases. Taatavhich this execution
time increases dictates the size of probteata code is effective at solving. The combination of
these two scaling tests providesraadv i ew of a programbés parall el

A specific detail of strong and weak scalithat must be addressed for our studies is the
exact definition of Awor k. o Work can be def i |
different scaling test. For our studies, our interest is in the iterative properi@&s}ot MM and

IPBJ as well & their scalability. Since quadrature order and number of groups will be constant
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across a scaling trend, wlefine work adeing proportional tthe number of cell€Consequently,
the effecs of PB}ITMM andIPBJ6 s i t er at mairgytheirritergbive slawdosvis gsub
domainsbecome thin, are not neglected from our results.

All problems solved in this section are eigenvalue problems that utiliz&d amgular
quadrature, an inner iteration relative stopping criterion df 48d outer ank-eigenvalue relative
stopping criteria of 18. Additionally, for all scaling tests, we use a maximum number of inner
iterations equal to two. This means that in an outer iteration, only a maximum of two inner
iterations per group will be executed. Thissisommon strategjor executng the nested inner
outer iterations in a mulyroup calculation with wgcattering as it reduces the total number of
inner iterations consumed, with the betwggoup production updated more frequently than if the

inner iteations were executed to convergence within each outer iteration

56.1: Godiva Scaling Results

Our first test problem used for strong and weak scaling is Godith & critical
homogeneousphere of highly enriched Uranium (HEWhe crosssectionsfor which have six
energy groups and isotropic scatterifgr scaling tests on Godiva, we impose upper and lower
limits on themesh size, number of processors, and number of cells patosudin. Then our
testing suite is produced by every combination of each power ohatdetls between the bounds
ofeachpar amet er 6s r ange. -Bomain, weumpbse a mimnmumoatué df& per
and a maximum value of 1024 The minimum value is chosen because there is a lower limit
on the suldomain sizehat METIS can eliably partition into. The maximum value is chosen
because it significantly exceeds what we expe be the ideal sudomain size foPBJITMM.
The minimum and maximum number of processors are 1 and 32758d8pectively. This upper
limit is based a the availability of HPC resources, rant observed limitation of either method.
Finally, the minimum and maximum mesh sizes are 8 and 8,388 &)g¢2pectively. The lower
mesh size limit is based on the minimum number of cells pedsoiain as welas the minimum
mesh size obtainable from GMSH. The maximum mesh size is based on the maximum number of
processorand256 cells per sullomain Larger meshes were not constructed due to the limited
number of data points that could be tested on thenmgiue processor limit of 32,768 hese

limits result in the testing suite for Godiva presented in Talle
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Table 52: Godiva scaling test suite

Number of Processors (Silmmains)

Cells per Sukbomain
TargetMesh Size | 1024 512 256 128 64 32 16 8
8 (2 - - - - - - - 1
16 (2) - - - - - - 1 2
32 (&) - - - - - 1 2 4
64 (%) - - - - 1 2 4 8
128 (2) - - - 1 2 4 8 16
256 (%) - - 1 2 4 8 16 32
512 (2) - 1 2 4 8 16 32 64
1024 (29 1 2 4 8 16 32 64 128
2048 (2h 2 4 8 16 32 64 128 256
4096 (27 4 8 16 32 64 128 256 512
8192 (29 8 16 32 64 128 256 512 1024
16,384 (2% 16 32 64 128 256 512 1024 2048
32,768 (29 32 64 128 256 512 1024 2048 4096
65,536 (29 64 128 256 512 1024 2048 4096 8192
131,072 (27 128 256 512 1024 2048 4096 8192 16,384
262,144 (28 256 512 1024 2048 4096 8192 16,384 32,768
524,288 (29 512 1024 2048 4096 8192 16,384 32,768 -
1,048,576 (2°) 1024 2048 4096 8192 16,384 32,768 - -
2,097,152 (&Y 2048 4096 8192 16,384 32,768 - - -
4,194,304 (P 4096 8192 16,384 32,768 - - - -
8,388,608 (¥ 8192 16,384 32,768 - - - - -

The Godiva scaling test suite presented in T&ldevas produced from all powers of two

within the prescribed ranges for the thrempzeters, mesh size, cells persigmain, and number

of processors. In this tablthe cases comprising a row arecohstant mesh size, providing the

cases for a strong scaling tredcolumn iscomprised of cases witha@nstant number of cells

per subdomain providing the cases for a weak scaling trend. Note that the mesh sizes in this table
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are approximate. While we attempt to produce mesh sizes that are powers of two, obtaining meshes
of an exact prescribed number of cells with GMSH is not feadiblgs, the actual mesh sizes are

not exact powers of two. The actual mesh sizes are displayed in Fablkdditionally, the

number of clbs per subdomain are approximate, both due to diféerence in actual mesh size

from target mesh sizas well as the fact that the sdbmains produced by METIf®r a given
meshare of slightly varying sizes. Note that for readabilitythe textwe rder to mesh sizes and
subdomain sizes by their approximate power of two size. The actual sizes are tiseglats,
though.In addition to the mesh sizes, Tabl8 presents the percentages of the physical Godiva

problem volume that are modeled by each mesh.

Table 53: Targetand actual mesh sizesd percent of physical volume modeled Godiva
scaling test suite
Target Mesh Size Actual Mesh Size  RelativeDifference  Percent of Volume

8 (%) 6 -25.00% 77.94%

16 (2 19 18.75% 77.94%

32 (2 34 6.25% 91.25%

64 (2) 59 -7.81% 94.67%
128 (2) 130 1.56% 96.85%
256 (&) 258 0.78% 98.13%
512 (2) 495 -3.32% 98.68%
1024 (29 976 -4.69% 99.27%
2048 (29 2149 4.93% 99.60%
4096 (29 3977 -2.91% 99.71%
8192 (29 7970 -2.71% 99.82%
16,384 (2% 15,956 -2.61% 99.88%
32,768 (29 31,767 -3.05% 99.92%
65,536 (29 63,523 -3.07% 99.95%
131,072 (3" 129,722 -1.03% 99.96%
262,144 (%) 254,121 -3.06% 99.97%
524,288 (2°) 509,827 -2.76% 99.98%
1,048,576 (&) 1,022,111 -2.52% 99.98%
2,097,152 (2 2,124,877 1.32% 99.99%
4,194,304 (P 4,128,322 -1.57% 99.99%
8,388,608 (&) 8,249,741 -1.66% 99.99%
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The Godivageometric configuration i homogeneoussphereof radius 8.741 cm.
Computationally, this is modeled as one octahthe spherewith three reflective boundary
conditions on the flat surfaces. We provide three sample Godiva meshes from our testing suite in
Figs.5.5 - 5.7. The visualization tool usetb generateall meshillustrations in this chapteis
Pard/iew. [73]

Figure 55: Godivatetrahedramesh with ~32 cells
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Figure 56: Godivatetrahedramesh with ~512 cells

Figure 57: Godivatetrahedramesh with ~16,384 cells
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These meshes present an important detail of our Godiva scaling tests.sfiinetioin
between two meshes of different size is not in the physical size of the problem, but in the respective
levels of refinement. Consequently, as the mesh size increases, the optical thickness of its
constituent cells decreases. As a result, we can predittédegradation of iterative performance
associated witiPBJ methods in optically thin cells will cause an increase in the number of
iterations as processor and aglns are increasgaroportionatelywith weak scaling. Whil©BJ
strong scalingvith our definition of workis expected tgield an increase in iterations as processors
are added due to the decreased number of cells petosodin, this effect is expected to be
exacerbated by the decreased cell size of targshes. As will be discussedthre subsequent
subsection, C5G7 will be set up in a manner such ttha increase in cells is due to increased
problem volume, rather than mesh refinement. This allows us to have one scaling test problem that
is greatly impacted bthe iterative slowdowi®BJmethods experience with mesh refinement and
onein which the iterative properties &BJ are less impactfulThe current test problenmder
discussion, Godiva, isf the formertype

Samples of partitioned ~16,384 cell Godiva meshes from our téstasei presented in
Figs.5.8 - 5.10. In these figures, each color represents a differendsuiain, with the mesh
overlain. Note that due to the large number ofdaimains, some suttomains have very similar

colors, but are clearly separated by otherdoimains.

Figure 58: Godiva ~16,384 cell mesh, partitioneder 16 subdomains
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Figure 510: Godiva~16,384 celmesh, partitionedver2048 subdomains
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With meshes generated and partitioned for each case in the Godiva test saisesdisted
in Table5.2 are executed oSawtooth Before presenting the measured performance data, we
briefly discuss verification procedures for the implementatioRB¥ TMM andIPBJin THOR,
as well @& the Godiva problem inputs. For verification purposes, we presetdigenvalue
produced by THOR for Godiva as a function of mesh size in3id. The progression df
towards the benchmark value near B9®8® for the largest mesh) verifies the integrity of the
THOR inputs generated for this testing suite, with the trend also correlating to the percentages of
the Godiva problem modeled, displaym Table5.3. Additionally, the fact that the values kbf
produced for a given mesh size are identical, regardless of the method arrafrpartitions
used, increases confidence in ®BJ method implementations. For additional verification, we
compared our results for certain meshes to those produced by the standard serial version of the
THOR code, verifying that the results are equewalto within the convergence criterion.

0.95

0.9

0.85 -

0.8 |-

0.75 I 1 ! 1 |
20 25 210 215 220 225

Mesh Size (Number of Cells)

Figure 511: k-eigenvalues for Godiva produced by parallel THOR vs. mesh size
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With ourPBJimplementations and Godiva problem inputs verifiggfirst timing metric
we congiler is the time required WyFIC to construct théTMM matrices for a given sutbomain
size, asGFIC is the novel algorithm developed in this work which allows these matrices to be
constructedn parallelon unstructured grids. The construction times facheGodiva case are
displayed in Fig5.12. Note that each point color in this plot represents a different global mesh
size. We omit a lgend from this plot, however, since the global mesh size should not affect the
construction time, as this is a local process. We include the data points from all mesh sizes to
demonstrate that the observed construction time follows this expectationoatgldependent on

subdomain size.

=k — —
< o o
N ) .

GFIC Construction Time (s)
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N

10-3 1 I 1 1 1 1 I 1 |
52 3 ot 5 6 o7 o8 59 510 i1
Number of Cells per Sub-domain

Figure 512: Time consumed b&FIC to construciTMM matrices for Godiva in THOR (points)
and leading order of theoretical construction time,(B&8) (line)
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From this plot, it is confirmed thadFIC6 s construction time f ol
order as Eq(3.88), which was derived based on Cartesian grids, but with full expectation that it
would be apptableto unstructured grids as well. Additionally, the construction time is very
consistent across global mesh sizes. This was also expected, as the construction process is purely
localized on each processor. Finally, this trend demonstrate$H&t congructs thel TMM
matrices expeditiously. For the largest-gldmain size (~1024 cells), the construction time is only
a few minutes for Godiva, which is agéoup problem. This sulomain size is well above what
is expected to be ideal, and at this sizestwction time is still a reasonable etirae setup cost.

With GFICO s construction cost found to be b o
expectation, we proceed to the strong scaling results for Godiva. With our scaling tests we report,
for bothPBJITMM andIPBJ, the number of required iterations (both outer and inner) and multiple
execution times associated with the solution process. These times include the total solution time
consumed as well as the times associated with the three constituents ditiba,qureprocess,
computation, and communication. Total solution time is defined as the time requiregicto
observableonvergence after the initial I/O and problem setup has completegrd®ess time is
all time associated with the solution tipaécedeghe start of theterative process. This includes
GFIC construction and matrix factorization (fd?PBJITMM), communication instructions
generation, transmission of communication instructions between processors, and the generation of
pack and unpachistructions. Computation time is then defined as all time during the iterative
process that is not associated with MPI communication or pack/unpack processes. These
communication and pack/unpack processes comprise the communication time. The sum of these
three constituent times is equal to the total solution time. We present the times consumed by these
constituent processes &xposewhich process dominates the solution tin@ what degree it
dominatesand how this varies across cases.

To create a strong scaling trend, we pha&t measured time fame row from the Godiva
test suiteTable5.2. To best present the important findings, we consider strong scaling tremds
a mesh size 0f32,768to ~262,144ells the required iterations and solution times for which are
presented in Figh.13- 5.20. These selected mesh sizes limit the trendbdse which span the
studied range of subomain sizes, neglecting smaller meshes due to the associated small processor
counts.Full iteration and timing data from the Godiva testing suite, Talfleis available in

AppendixC.

189



lterations

10

T

Figure 513

108

R R A LI I A e

D)

107!

28 29

Number of Processors

210

211 212

. Iteration strong scaling for Godiva: ~32,768 cell mesh

PBJ-ITMM
Inners
PBJ-ITMM
Quters
IPBJ
Inners
IPBJ
Outers

PBJ-ITMM
Total Solution
PBJ-ITMM
Pre-Process
PBJ-ITMM
Computation
PBJ-ITMM
Communication
IPBJ
Total Solution
IPBJ
Pre-Process
IPBJ

~ Computation

IPBJ
Communication

27

28 2°
Number of Processors

210

211

212

Figure 514: Solution time strong scaling for Godiva: ~32,768 cell mesh
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Figure 516: Solution time strong scaling for Godiva: ~65,536 cell mesh
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Figure 518: Solution time strong scaling for Godiva: ~131,072 cell mesh
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