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SUMMARY

An efficient modal transformation method is presented for the problem of nonlinear
dynamics with constant mass matrix and modal damping. The basic idear is to derive
uncoupled 2nd order differential equations by moving the nonlinear term to right hand side,
and representing it approximately by piesewise polynomials of time after modal transforma-
tion. Precise integrations are obtained for these differential equations. Interation
continues until unbalanced forces enter in an available tolerance at each time step. If
nonlinear effects do not appear during some load steps, an exact response is obtained to
the external forces expressed by piesewise polynomials in a sense of modal analysis.
Convergence behavior is studied for the proposed method. Two examples of elasté-plastic
dynamic problems are demonstrated to study the basic feature and effectiveness of the
proposed method. Comparisons with the direct integration are also given. For problems
in which the response are approximately expressed by the smaller number of modes, the
proposed method is shown to be economical to obtain an approximation. For problems with
‘strong nonlinearities it is better for m (the number of the lowest modes included) to
remain small by recalculating mode vectors at appropriate time steps. It can be recognized
that m is a measure of the approximation to direct integration, since modal method approach-
es to that as m increases. Excluding insignificant modes leads to an economical solution

reasonably corresponding to the required accuracy.



1. Introduction
Nonlinear finite element analysis of dynamic problem seems to be one of the most
time-consuming problems on the largest computer. Thus, effective numerical techniques for
such problem would be of considerable value in the nuclear reactor techmnology. Various
finite element programs currently in use for nonlinear dynamics are based upon direct inte-
gration schemes which operate directly on the equations of motion coupled with available
time difference schemes without transformation to the other coordinate basis. Basically it
requires nonlinear statics problem to be solved at each time step, and enormous CP cost and
I/0 cost would be expected for a practical problem due to the limited capacity of high-speed
storage. On the other hand modal transformation method attracts attention from an economical
point of view. Since modal method which includes all modes is equivalent to direct integra-
tion, it can be also applied to nonlinear dynamics. In the context of nonlinear structural
dynamics using the finite element method, the application of the modal method has been sug-
gested for the first time by Nickell [1] and Morris [2]. 1In this paper an efficient modal
transformation method coupled with precise integration is proposed for the problem of non-
linear dynamics with constant mass matrix and modal damping. In section 2 a direct integra-
tion scheme employing modified Newton-Raphson method is reviewed, which is used as a refer-
ence solution of the proposed method. 1In section 3 an explicit modal transformation scheme -
coupled with precise integration is developed and convergence behaviour is studied. Section
3 is related to numerical examples to study the basic feature and the effectiveness of the
proposed method. All runs are made on CDC6600.
2. Direct Integration
Dynamic equations can be written in the following matrix form

MXt + CXt + S(Xt) = Ft (1)
where M is the mass matrix, C is the damping matrix, S(X) is the vector of internal forces,
F is the vector of external forces, X is the displacement vector, and the supperposed dot
and subscript t indicate time differentiation and time respectively. We shall assume M and
C are constant and symmetric. The initial value problem for (1) consists of finding a func-
tion X which satisfies (1) and the following initial condition.

X, = W, (2)

.=V (3)

Applying Newmark's average acceleration method to (1) gives following simultaneous nonlinear

equation.
By Xepe ¥ 5 ine) = Frae * (%)
where At denotes a time step, and
KM = Z%;-M + At C (5)
R, = M(Xt+ﬁxt+z‘é_2xt)+c(xt+A—i X)) (6)

Various iterative approaches to the nonlinear equations are possible to obtain a numerical

solution. We shall define the incremental displacement vector U to the ith approximation

i
Xt of Xt+At by i
_ ol
Xewne = Xepne TV 5 (N
A Taylor series expansion of S(Xt+At) about Xt+At negrecting higher order terms gives
=&t i (8)
h s(xt+At) Ku+s (Xt+At) 9
where Ki ) Ei i (9)
- X t+At

—2__ M 6/4



Substituting (7) and (8) into (4), and rearranging the right hand term, the following incre-

mental linear equations are obtained

i

[KM +K]U=R (10)

where . N
i -
= - MX - -5

R Ft+At t+At Cxc+At : (xt+ A:)
R indicates just the sum of external force vector, inertia force vector, damping force vector
and internal force vector. Iteration continues until convergence is achieved, A possible
convergence criterion is

Irl<e ¢ "Ft+At (AL Xeene I+ “S(Xt+At) H an
where " " denotes the vector norm, and € an error tolerance.

In the modified Newton-Raphson method, Kllis not updated through the interations in At,

that is i 3s

) X (12)
Eqs. (10) and (12) are employed as a reference solution to the proposed method later discuss-
ed.

3. Modal transformation method

Consider X to be expressed approximately by

t+it T
Xt =¢Zt (13)
where Zt is the generarized coordinate and ¢ the matrix of m lowest modes of the initial
state, that is
2

T = W, (14)

9] K0¢ i,

ome T 1 s
irn which K is the initial stiffness matrix,rwi 'is a diagonal matrix of the ith element

o J

wi and I is the unit matrix of m x m type.

T .
Substituting (13) into (1), premultiplying ¢ and employing (15) yields

VA 7 7 = (16)
Z + [¢ z + §(Zt) Ft
where
~ T ~ T T
c=9%"¢ , S=09 s(oz) =0 F, (17) ,(18),(19)
’
Assuming modal damping it follows that
. - . B
Z,+ 2hyo. z, + é(zt ) =F (20)

where hi denotes the ith-mode damping ratio [3].
At the time interval in which S(X) i$ a linear function of X, i.e. S(X)=K0X, eq (20) becomes

5 r ; r,2

+ 2hw, Z +w =

Z 1“1 % 1,27 F 2
If external forces are approximately expressed by piese wise polynomials between to and t+At,
precise integrations are obtained in a sense of modal analysis [1]. At the time interval in
which S(X) is nonlinear function of X, the nonlinear term is moved to right hand side as a
quasi-load, and the following scheme is employed to solve (20).
9 r -9 ~,.8-1 .

w = - . < < At

Zowy * 20 20 Ft+Y S(Zyy )» (0O 5y 2 bD) (22)
where Yy denotes the incremental time to t, and supperscript 2 the number of interations in

At. Defining the incremental vector cl(y) and P(Y) corresponding to zt and ?t by

L ; 2 _ .

Ziwy =t v, Fc+y - Fc + PO ,  (23),(24)
we have

L2 ) ) )

Ly T 0 Ty T8 0 (25),(26)
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Substituting (25), (26) and (24) into (22), and employing (20) results in the incremental

expression to (22)

) r
o + 2 hiW

g, L =Em - Gely -8z @n

where
B =% +"2hw 2 +P
) c i, % ) (28)
Since the right hand term of (27) is a known function of Yy, an approximation by piesewise
. -1 .
polynomials Ga (Y) of o degree gives

-1

A
een + g o= e S (29)

where .
2-1 _3 o
6, =Fm - G, ) -8 (30)
Precise integrations to (29) are possible without depending upon numerical solutions.
Iteration continues until the norm of out-of-balance force vector R satisfies the following

equation for a preset tolerance €.

~ a ,Q, X
IRE < e CIFue T2 I+ 18 L0 D (31
however,
52 r 2 L
R = r“t:+At - (Zt+At * Zhiwi 3 zt+At * g(Zt+Ax:) ) (32)

We shall call. this scheme PIa (Precise Integration) for later uses.
Numerical approaches to (20) are also possible. Applying Newmark's average acceleration

method to (22), we can obtain the following linear simultaneous equations,

A 9 _ oA
K Zime = F teae (33)
where
R T4 4 p 4
= —_— w
K 2T Tae Mt G0
~ .. 4 . 4 r : 2 2 ~, -1
= + +2 2 +2hw (2 +-=2 )+ -
F e P E te T2 e By iJ( e T Ee %) Feine S (35)

Since K is a diagonal matrix, (33) is easily solved. Interation continues until the norm
of out-of-balance force vector R defined by (32) satisfies (31) for a preset tolerance €.
We shall call this scheme NI(Numerical Integration) for later uses.

3. Convergence behavior

The proposed method would belong to the initial load method according to the
classification by Argyris at al. [4]. Stiffness equations are not necessary to be solved
in each iteration as equations are already solved. Thus, interative calculations would be
effectively executed. On the other hand the restriction of the time step arises for con-
vergence. - We shall study the convergence behaviour of PI1 and NI. The second term of the
right hand side of (30) is approximately expressed by linear functions of Yy

2 . AN Y
- - L (0 <vy<aAt
Gy (M = (525 -~ SE)) Fb (O <y <80 (36)
Substituting (36) into (27), negrecting the damping term for the sake of simplicity, and
L
solving T~ at Yy = At yields - At2 2-1 x
e = 11F W aydy - =— Sz ) - 5E))

(37)
Employing a taylor series expansion of ﬁ(Zi;it) about Zt’ negrecting higher order -terms,

and using (23) results in

. 2
oo = - (Ag) g &1 o (38)
where .
3s(Z)
kK = 5|2 (39)
9z t
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It is necessary and sufficient for convergence that the norm of the difference operator is

smaller than one. Hence

AEEQ < 1 (40)
where p is the spectral radius of K. The time step At must remain smaller than the critical
time step Atcl for convergence, in which 6 1 2.4

brgy = (P2 % 1)

In the case of NI, the critical time step AtCZ for convergence is also obtained omitting the
proof here as Tho + vthNZ + 4p

bty = ) (42)

If h = o, Atdz is simply written )
AtCZ =T (43)

Comparing (41) and (43), PIi shows better convergence to NI.
4. Numerical example

To study foundamental characteristics of the'proposed method elasto-plastic dynamic
analyses of a simple square plate are done by NI, PI, and DI (Fig. 1). Table 1 shows the
average number of iterations in At and the solution time for thése schemes. PIl shows
better convergence than NI corresponding to (41) and (43). For PI, precise integrations
are possible at the elastic interval (except the interval [te, tp] in Fig. 2) in a sense
of modal analysis. The second example (Fig. 3) is related to elasto-plastic dynamic analyses
of a half ring [3]. Eight-nodes plain stress elements are used to make the finite element
model. Fig. 4 shows the response of the vertical displacement at mid point' by PI1 and DI.
The response of PI1 (m=18) shows relatively good fit to that of DI.
Table 2 shows the comparison of maximum displacements at mid point for various m. As m
increases the maximum displacement approaches to that of DI, on the other hand the total
number of iterations increases rapidly due to the effect of higher modes included which
results in the smaller time step for convergence. According to these numerical experiments
the computation time per one iteration of PI is shown to be less than one fifteenth of that
of DI.
5. Conclusion

The advantage of proposed method is to be able to avoid the calculation of the
stiffness matrix and the solution of linear equations, thus leading to an effective scheme
for the iteration, though an eigen solution is necessary once prioto the response calculation.
If nonlinear effects do not appear during some load steps, an exact response is obtained to
the external forces expressed by piesewise polynomials in a sense of modal analysis. For the
problem in which the response is approximately expressed by the smaller number of modes, the
proposed method is shown to be economical to obtain an approximation. For the problem with
strong nonlinearity, it is better for m to remain small by recalculating mode vectors at the
appropriate time depending upon the problem to be solved. It would be safe to say that m
is a measure of the approximation to DI, since PI approaches to DI as m tends to the number
of unknowns.
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FIG. 1  ELASTO-PLASTIC DYNAMIC RESPONSE OF A SQUARE PLATE
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FIG.2 ELASTO-PLASTIC DYNAMIC RESPONSE OF A SQUARE PLATE
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FIG.3 ELASTO-PTASTIC DYNAMIC RESPONSE
OF A HALF RING
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FIG.4 ELASTO-PLASTIC DYNAMIC RESPONSE
OF A HALF RING

TABLE2 MAXIMUM RESPONSE vis m

TOTAL NUMBER | MAXIMUM CP TIME
TABLEL AVERAGE NUMBER OF ITERATIONSIN 4t . METHOD m OF ITERATIONS| RESPONSE | ( sec )
( T= FUNDAMENTAL PERIOD, 4t= 0.06T, £=107) . : ‘
Pl 5 197 372 | W9
o | o |l ama e
| . PI 7 237 3,78 56
P, ‘ 4 4.9 6.2 PL 1 463 3,90 107
3.95 |
PI, ’ n 3.9 6.5 PI 15 622 i 146
l Pl 18 820 3.97 18
NI ; 4 5.8 7.0
P PI 30 2841 4,00 632
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