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1 INTRODUCTION

In recent years, Metal Matrix Composites have been developed actively as new
materials, which may be adaptable for the super high temperature environment for
the structural components of fusion reactor or space-plane. Then, as one of the
analytical modeling of the composite materials, laminated plates show very
characteristic mechanical behavior compared with uni-homogeneous plates, then
the thermal stress problems of these laminated plates are considered to be im-
portant from analytical viewpoint. However, the reports concerned with these
problems are rarely found out. So far as we know, the thermal stress problems
of simply supported laminated plates have been reported by Tauchert and his co-
worker.  These papers (Tauchert et al, 1980) (Wu et al, 1980), however, have
treated no more than the thermal stress problems under the steady temperature
distribution.

In the present paper, we have analyzed the thermal stress problem of the
laminated slabs in a transient state of heating. And, we have assumed the in-
finitely long laminated slabs consisting of orthogonal or oblique pile of layers
having orthotropic material properties, which are corresponded to the so-called
cross-ply and angle-ply laminates. And then, we have solved the thermoelastic
problem under the condition of uniformly distributed heat supply from upper
and/or lower surfaces of the slabs. Introducing a method of Laplace transform
to the fundamental equation of temperature field, we have obtained the tempera-
ture solution with aid of the residue theorem, and the characteristic behavior
of thermal stresses in a transient state are evaluated by using the elementary
plate theory. As an illustration, we have carried out numerical calculations
for the 5-layered cross-ply and angle-ply laminated slabs.

2 ANALYSIS

We now consider two infinitely long, laminated slabs made of n layers as shown
in Fig.1, which thickness is B. We assume that each layer is composed of dis-
similar plate with orthotropic material properties in x-y plane. And we con-
sider an cross-ply laminate in which principal axis for each layer is parallel
to the X or ¥y axis, and an angle-ply laminate in which the principal axis 1 for
i-th layer is alternated with ply-angle 0p; to the x axis. Letb; be the thick-
ness of the i-th layer, and the origin of a local coordinate z; 1s taken at the
bottom side of i-th layer.

2.1 TEMPERATURE DISTRIBUTION

We assume that the cross-ply and angle-ply laminated slabs are initially at zero
temperature and are suddenly heated uniformly from the lower and upper surface
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by the surrounding media with their temperature given by T, and Tp. We denote
the relative heat-transfer coefficients on the lower and upper surfaces by h,
and  hy . Then the heat conduction problem becomes to one-dimensional one
governed by a coordinate z or zj. Making use of the local coordinate z;y the
heat conduction equation for i-th layer in dimensionless form is shown as

Ty T z;z i 1=1vn (1)

And, the initial and thermal boundary conditions in dimensionless form are taken
in the following forms

=0 : T;=O 3 i=1vn (2)
z,=0 T, ,—z—l- HT=-HT (3)
2;=b;2;,4=0 + T,=T . (4)
P Y i 1=1v(n-1) (5)

i i+
Zn=bn : Th,;;+ HbTh= HbTb (6)

in which a comma denotes partial differentiation with respect to the subscript
it follows. 1In the above expressions (1)-(6), we have introduced the following
dimensionless values.

™o T T — — 2 - —
Tl.—Tl./TO, (Ta,Tb)—(Ta,Tb)/To, 1= Kot/B » Kyi= Kzi/KO
(z,z.)=(z,zi)/B, b,=b./B, A=A,/ A (Ha,Hb)=(ha,hb)B

i
where, T; is temperature change, t is time, Ky; is thermal diffusivity in =z
direction, A,; is thermal conductivity in z direction. Moreover, Ty, Kg and %)
are typical values of temperature, thermal diffusivity and thermal conductivity,
respectively. Introducing a method of Laplace transform, the solution of equa-
tion (1) can be obtained with aid of residue theorem so as to satisfy the condi-
tional equations (2)-(6). The transient part of temperature solution is given as
follows:

_ o Rexp(-w.?t) _ _

= _ 7 ; =
T}u jET oA () (AicosBiwjzi+3151n6iwjzi) (8)
J J

where A is a determinant of the 2nx20 matrix [8k1], and the coefficients Zi and
Ei are defined as determinant of the matrix similar to the coefficient matrix
[akl], in which the (Ri-1)-th column and 2i-th column are each exchanged by the
constant vector {c¢.}. The non-zero elements ap; and cj among the coefficient
matrix [8x7] and the constant vector {cj y are given as follows:

(7)

3197 Hgr 815760y 85, 5y gTcOSBuby, ap, o =SinBub;

21,2417 24412117 A48 I8 Wb, @y, g 5 =X, B cOSB b,

82i+1,2i+2 221418541 3 1=1(n-1)
32n’2n_1becoanubn—Bnusianubn
32n’2n=Hb51nanbn+6nwcosﬁnubn, C1=_HaTa’ C2n=HbTb (9)
where 8, and A’(wj) in Egs.(8) and (9) are defined as
_ — 1/2 ’, —
B;=(1/<,) "%, & (w;)=dbd/dw] o, (10)

and ; represents the j-th positive root of the following transcendental equa-
tion.

A(w)=0 (11)
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On the other hand, the steady part of temperature solution is omitted here for
the sake of brevity.

2.2 THERMAL-STRESS ANALYSIS OF CROSS-PLY LAMINATED SLAB

We shall now evaluate the transient thermal stresses of an cross-ply laminated
slab by using the elementary plate theory. The stress-strain relations for i-th
layer can be written in dimensionless form as

—a .T.)

N _ —
0xxi _ 0111 0121 xx1 xi 1 (12)
%ﬁ %hoﬁl yﬂ ﬁ%
where
2
Q11375201/05> Q12575124/P35 Qp0;75113/D51 D;=511,55:-5 10 (13)

On the other hand, denoting the strain components at the lower side (z=0) of the
laminated slab and the curvatures as (gy,° Eyy ) and (ky,k,) respectively, the
strains in an arbitrary position of i-th layer in dimensio {ess form are shown
as follows:

€. IR ,E -%T 4z% (14)
xxi xx x’ Tyyi Tyy y

In the above expressions (12)-(14), the following dimensionless quantities are
introduced.

= = o0y_ 0 - _
(Crai28k1 1= 081 )/ (0T0) s 91370157 (4BoT) s 8137561450

Oklizokli/EO’ (Kx’Ky):(Kx’Ky)B’ (axi’ayi):(axi’ayi)/ao
where g;7; is the strain component, Okji 1s the stress component, Sp;; is the
elastic compliance constant, Qgj; is the elastic stiffness constant, ag and Eg
are the typical values of the coefficients of linear thermal expansion and the
Young's modulus of elasticity, respectively. Substituting Eq.(14) into Eq.(12),
the thermal stress components of each layer can be written in the following form

o . (Q..Q

(15)

e %z ¢ B

xxi|_| “11i “121 XX x xi| =
S | By Q|| B 042 |7 B | T (16)
yyi 121 <221 vy y yi
where
B 0111 x1 0121 yi’ B 121 x1 022iayi (17)

The above unknown constants Exx ,E ’Ex and K, can be determined from the con-
ditions of equilibrium of resultant force and Tresultant moment in x and y direc-
tions.

2.3 THERMAL-STRESS ANALYSIS OF ANGLE-PLY LAMINATED SLAB

We can evaluate the transient thermal stresses of an angle-ply laminated slab
with the similar manner in the previous section. For i-th layer, the stress-
strain relations in the principal direction of orthotropy can be written in
dimensionless form as

Ori| | Yz Qg O €1157%;T;
%221 |7| %21 %21 © €001 %2; T (18)
%2i) | O 9 Qees)| E12s
where
Q1157550:/057 Q057 5121/ i Q92:7511:/P;
Q6i=1/S661> D375 111522175121 (19)
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Making wuse of the coordinate transformation, the stress components in x and y
directions are

al

xx1 0111 0121 OTéi exxi"fxiz;
Owi=om %ho%i 3ﬁ?ﬁ% (20)
xyi 0611 Q2: 6i €xyi_axyiT'/2
where
5 -5 27 2,5 T
Q) 14= Qqq;m;"+2(Q) ;40 )m *n +0221”i
6*( +o ~20pg )m, 20 240, (m H4m )
Zi 22 661 i 121 n;
n n - 3 -~ 3
Q 1617 (Q 157 %21 Qp)m; " 1;72(Q) 5 0221 +Qq;)myn;
O §_01 +2(Qi2 +0661)m ny +(:)221
i 2004~ 121 Qp)m; +2(Q12 221*Q661 )77 (21)
Q (

111 221 0121“066 Jm;%n; +066 (m;“+n ")
061 161 1/21 Qg0 261/2

- _= 2, T~ 2
.= .m. + .n . (X “(X +0!.
O ™%93M5 "0 yi 11 21

Onyi/'?:(o“l

2
1

m.n. m.=cose n.=sin®
)m ii’ i i 01

i7%i 0i’
On the other hand, the strain components in an arbitrary position of i-th layer
are glven by the strains at the lower side (z=0) of the laminated slab (EXX ’

°, Exy %) and the change of curvatures and twist (Ky s Kyy Ky ). Substituting
tﬁese equatlons into Eq.(20), the thermal stress components of each layer can be
shown in the following form

o e %z k-0 .T

XX1 % XX X X1 1

_ _ R

o .|=[0. € %z k —a .T. (22)
Tyyi (o, Tyy T TyTyii

o . € %z« [2-a .T./2

xyi xy Xy xyi 1

The above unknown constants e,,°, € Kyy Ky, and K,,/2 are also deter-
mined from the conditions of equlll%rlum of resultant force and resultant moment
in x and y directions.

3 NUMERICAL EXAMPLES AND DISCUSSION

As an illustration of numerical calculations, we assume that each layer of
laminated slab consists of the same in-plane orthotropic plate, and consider the
5-layered angle-ply laminated slab composed from Al 203 fiber reinforced aluminum
composite, in which the principal directions of ort otropy are oriented at £0g
to the x axis. The numerical results are presented for the following values.

Té=1.0, Tb-1 .0 (symmetric heat supply)

7;=0.0, Tb=1.0 (unsymmetric heat supply)

Ha=Hb=10.0, bi=0.2 (i=115), 601=—902=903=—904=605=60

6,=0°, 15°, 30°, 45°, 60°, 90°
And the material constants are taken as

— 2 = - 2 -
E1i—2.2X1O (GPa)—EO, E21—1.38X1O (GPa), G12i 4.8x10(GPa)

— — -6 oMy = - -6 ) . Fe
v121—0.244, a1i—7.2x10 (1/ C)-ao, a,,=20.0x10"°(1/°C) ; i=1"5

21
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where Eq; and Ey; are Young's modulus of elasticity, Gip; is shear modulus, V104
is Poisson's ratio. The results of ply-angle eo=45° corespond to the case of
cross-ply laminated slab.

The results under the condition of symmetric heat supply are given in Figs.2-

4. Fig.2 shows the one-dimensional temperature variation along the layer. The

temperature distribution along the layer shows the smooth curve, because the
thermal diffusivity of the thickness direction in each layer is the same.
Fig.3(a) and (b) show the thickness variations of normal stress o,, and shear
stress Oy,. From Fig.3(a), as the laminated slab corresponds to the orthotropic
plate witﬁ a thickness B in the case of ply-angle 6p=0° or 90°, the stress dis-
tribution along the layer become to be continuous._ From Fig.3(b), as the ply-
angle increase, the distribution of shear stress oy, becomes large gradually.
And in the case of the ply-angle 6p=45°, the shear stress O, becomes to maxi-
mum. Figs.4(a) and (b) show the variations of radial stress Oy, and hoop stress
Ogg on 6=Hg. From these figures, as the ply-angle increase, the discontinuity
on the interfaces becomes

remarkably. On the other hand, the z

=
.y
results under the condition of un- y\‘§
symmetric heat supply are given in \\‘§

=

Figs.5-7. Fig.5 shows the one- \\/

dimensional temperature variation aa
along the layer. Figs.6(a) and (b)
show the variations of _radial
stress Err and hoop stress ogg on
6=0¢g- Fig.7_shows the variation
of curvatures Kyr K and twist k,

Ty

with time. We can be seen that the Z T hw
values of curvatures and twist l&HllHllH THITTIAL T
depend on the ply-angle =
remarkably. .

In the concluding remarks, we 'TNirufr” 'T”fﬂpug:r xy
may extend our analytical develop- _
ment into the several thermoelas- i zi 5]

tic problems of the anisotropic
laminated slab such as simply-
supported and non-uniformly heated
one.

Fig.1. Coordinate system and thermal
boundary conditions
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Fig.2. Temperature variation

along the layer (a) stress Oxy (b) stress Oxy

Fig.3. Thermal stress variations
along the layer
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Fig.5. Temperature variation
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Fig.4. Thermal stress variations
along the layer
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Fig.6. Thermal stress variations and twist with time
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