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ABSTRACT

CAROLIN M. MALOTT. Maximum Likelihood Methods for Nonlinear Regression
Models with Compound-Symmetric Error Covariance. (Under the direction of Keith E.

Muller).

Statistical methods are developed for fitting nonlinear functions to multivariate
data generated by response variates with compound-symmetric covariance. With
complete data, maximum likelihood estimation of the model and covariance parameters
is described, under an assumption of Gaussian errors. The estimation procedure
accommodates both within-unit and between-unit variability in fitting an expectation
function. Under regularity conditions, the estimation procedure yields asymptotically
normal, unbiased and consistent estimators. However, the focus of this research is on
smail sample properties. Existing general methods for fitting nonlinear multivariate
regression functions produce standard errors for parameter estimates which are
extremely optimistic when small samples are used. By incorporating the compound-
symmetric covariance structure into the model, substantial improvements in the
estimation of the covariance matrix for the parameter estimates are obtained. A two
stage approximate weighted least squares estimation method, analogous to that for

complete data, is developed for incomplete data.

F approximations to modified Wald and likelihood ratio statistics were derived
to address the anti-conservatism of many small sample inference procedures. The
modified statistics are constructed by omitting the covariance estimates in the

computation of the usual statistics and instead using repeated applications of Box’s



i

(1954a) results for characterizing the distributions of approximate x? random variates.
The performance of the complete- and incomplete-data estimation and inference
procedures were evaluated through simulation studies. Type I error rates for both the
usual and modified statistics were only mildly inflated with data that are complete or

up to 10% incomplete when the compound-symmetric covariance is modelled.

The estimation and inference procedures developed in this research are applied
to a real data example involving human thyroid stimulating hormone response to

injection with thyrotropin.
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Chapter 1

INTRODUCTION AND LITERATURE REVIEW

1.1 Introduction

Nonlinear regression models are used to describe processes in many disciplines
such as the physical, chemical, biological and social sciences. Studies may be limited to
small samples when observational units are difficult or expensive to obtain. In such
cases it is common to take several measurements on each unit. In practice, it may not
be possible to obtain a complete set of measurements for each unit. This results in

incomplete or “missing” data.

The objective of this work is to develop maximum likelihood methods for
estimation and inference for a class of nonlinear repeated measurements models with
additive, normally distributed errors and compound symmetric error covariance
structure. In particular, these methods are to be used with small samples and complete
data. In a later section, similar methods are developed which are appropriate for
incomplete data. Important features of the class of models of interest and their designs

are more fully outlined in the following statement of the problem.

1.1.1 Statement of the Problem

In general, a nonlinear model is one which is nonlinear in its parameters. An
inherently nonlinear model is one which cannot be transformed into a linear model. A
nonlinear model for which such a transformation exists may be called transformably

linear [Bates and Watts, 1988). Throughout this paper nonlinear will be taken to



o
mean inherently nonlinear since well-known linear model methods may be applied to
transformably linear models. To make this distinction clear, consider a fixed effect
linear model with response variable y;, i € {1, 2, ..., n}, fixed known predictor z;,
random error e; and fixed unknown parameters 3, and 3;:
Yi=Bo+ B1z; + e, . (1.1)
Additionally, consider the following model which is not linear in its parameters but
which is transformably linear:
¥i = Boexp(8;z;)e; . (1.2)
Taking natural logarithms on both sides of equation (1.2) produces a model in the
linear form of (1.1) with y;. = In(y;), Bo. = In(B,), ;o = In(e;) and B,, = 8,. Thus
linear model methods apply to this model once it has been transformed. The following
logistic model is an example of an inherently nonlinear model since it cannot be
expressed in linear form:
Yi =02/ [1 + exp{-(z,-6,)/83}] + e, . . (1.3)
The choice to use a nonlinear model may be motivated by the desire to correctly
specify the phenomenon being studied and/or the desire for parsimony. Any set of
data may be fitted with a polynomial model. However, a polynomial model is linear in
its parameters even though the “correct” model may be nonlinear [Gallant, 1979;
Sandland and McGilchrist, 1979]. Hence, polynomial parameters may not be useful for
describing the underlying phenomenon. The primary motivation for using a nonlinear
model typically arises from prior knowledge that a particular process exhibits a known
nonlinear form. In this case, the parameters may have interesting and relevant
interpretations. A secondary motivation for using a nonlinear model is the desire for
parsimony. A suitable nonlinear model may require far fewer parameters than a

polynomial model does for the same data.

The following general notation for a nonlinear model is defined below. In

general, the fixed effects model equation for the jth response from the i-th




observational unit, : = {1,“2, ., n}and j= {1, 2, ..., p}, may be written as

Yij = Rzij 8) + e, (1.4)
in which
E(Y.‘j) =f(§.'j, g)
Tifi=14
V {9 ) = ~
(¥ y0) {Qifz';é #
and

¥ij is the j-th response from the i-th observational unit

f(+,*) denotes the nonlinear response function

z;; is the (r x 1) vector of fixed, known predictors for the j-th response
from the i-th observational unit

4 is the (q x 1) vector of fixed unknown parameters for the response
function

ij  is the random error for the j-th response from the i-th observational

unit

Yi is the (p x 1) vector of responses for the i-th observational unit

) is a (p x p) positive definite symmetric covariance matrix.

Two important assumptions regarding this statement of the model should be
emphasized. First, there is independence between observational units and second,
responses within an observational unit are correlated. Additionally, it will be assumed

that the errors are normally distributed and additive.

An important restriction to the class of models considered here involves an
assumption that ¥ be compound-symmetricc. A compound-symmetric covariance
matrix has the form

T =o%(1 - p)lp + p11, (1.5)
in which 0<o?<00 and -1/(p-1)<p<1 are unknown parameters, I, is the (p x p) identity
matrix and 1 is a (p x 1) vector of 1’s. The symmetry is compound in that all variances

2

are equal to 0° and all correlations are equal to p. The restrictions on the ranges of p



and o? ensure ¥ is positive definite. This assumption is reasonable given certain

experimental designs.

The purpose of this thesis is to develop accurate small sample estimation and
inference procedures for the special class of models described above. Comprehensive
sources exist for estimation and inference in both linear multivariate models [see, for
example, Morrison, 1976, Searle, 1971 or Kshirsagar, 1971] and nonlinear multivariate
models [Gallant, 1987 or Seber and Wild, 1989]. Methods for the latter rely on
asymptotic results based on estimation of the covariance matrix among repeated
measurements; hence, the accuracy of estimation and inference procedures in the
general nonlinear multivariate model is highly dependent on sample size [Gallant,
1987]. This is true for linear model methods that rely on asymptotic results as well

(Freedman and Peters, 1984).

Incomplete data occurs when it is not possible to obtain all p measurements on
each observational unit. Let p; denote the number of repeated measurements available
for the i-th observational unit. In order to accommodate incomplete data, model (1.4)
must be generalized to allow p; # p for all i. Hence, methods similar to those for

complete data are developed to address incomplete data.

1.1.2 An Example

An example of the problem described in §1.1 is based on a growth experiment
presented by Rawlings [1988]. Consider four treatments applied to the blue-green algae
Spirulina platensis which differed according to the amount of “aeration” of the

cultures:

1) no shaking and no CO, aeration
2) CO, bubbled through the culture
3) continuous shaking of the culture but no CO,; and

4) CO, bubbled through the culture and continuous shaking of the culture.




Culture growth was assessed daily for 14 days, with each of 14 solutions prepared
independently. It will be assumed here that each solution was aliquotted into four
treatment groups, thus providing four repeated measurements, and that each of these
14 solutions was randomly assigned to one of the 14 times of growth measured in the
study. The dependent variable reported for each treatment is a log-scale measurement
of the increased absorbance of light by the solution. This is used as a measure of algae

density.

It was suggested that the following response function be used to model the

process:

4
Yij = Z{aizlij [1— exp(- ﬂj’-‘z.'j) 1} + e (1.6)
=1
in which i indexes time and j indexes treatment condition, so that ¥i; is the absorbance
of light at the i-th time for the j-th treatment, the z,;; are a set of indicators for the
four treatments and z,;; is the time, in days. For this model, Tyij = Ty for all
i e{1,23, 4}. The parameters for this model have interesting interpretations. The
a; are maximum attainable light absorbances for the four treatments and the B;

essentially describe the rate at which these maximum absorbances are achieved.

An overall hypothesis might concern whether or not algal density, as measured
by light absorbance, increases across time in the same fashion for all four treatments.
As a function of the parameters this leads to a test of coincidence:
Ho: [(@; = a3 = a3 = a4) and (B; = B, = B3 = B,)). This test encompasses two sub-
hypotheses. One is directed at the maximum algal density and the other at the rate of
growth across treatments. Note that the nature of the repeated measurements, arising
from four treatments applied to a single prepared solution, suggests that an assumption

of compound symmetry may be plausible (see 52.1.3,).



1.2 Literature Review

This literature review has been divided into three sections. These concern the
issues surrounding the model formulation and maximum likelihood methods considered.
The first section introduces the notation of the linear model and describes several
important design schemes which are instructive in the understanding of the nonlinear
model. This section also includes a review and clarification of the notation and
terminology appearing in the literature which concerns least squares procedures. Least
squares procedures, under a normality assumption, are equivalently maximum
likelihood.  The compound symmetry assumption and missing data are briefly
reviewed. The second section provides notation for the nonlinear model with spherical
covariance matrix and least squares computational methods. The third section extends
the notation of the previous two sections to include nonlinear models with non-
spherical covariance matrices and least squares computational methods. Finally, a
summary of alternate methods which are relevant to the nonlinear model with general
non-spherical covariance, as well as those methods specific to the nonlinear model with

compound symmetric covariance, is provided.

1.2.1 The Linear Model

In order to lay the foundation for the discussion of the nonlinear mbdel which
follows, it is helpful to introduce the notation and terminology of the general linear
multivariate model with normality (GLMM). The GLMM may be written as

Y=XB+E, (1.7)
in which
row(Y) ~ Np( row;(X)B, £ )s row;(E) ~ ND( 0, % ),

and

Y is an (n x p) matrix of observed responses

-

X is an (n x q) matrix of fixed, known predictors




B is a (a x p) matrix of fixed, unknown parameters
E is an (n x p) matrix of random errors

z is a (p x p) positive definite symmetric covariance matrix.

Let ¢€ {1,2,..,n} denote n independent observational units and assume
rk(X) = q, in which rk(-) denotes rank. The best linear unbiased estimator (BLUE) of

B is

B=x'X)X'y. (1.8)
Furthermore, since normality of the errors is assumed, 1:3 is a maximum likelihood

estimator (MLE). The MLE of L is

a

£=(Y -XB)(Y -X

W

)/ n. (1.9)
The MLE of ¥ is biased since it does not account for estimation of the parameters in

B. Thus, an unbiased estimator of T, [n/(n-q)], is often preferred in practice.

1.2.1.1 Model Formulations

It is convenient to recast a multivariate problem as a univariate one by writing
the data matrix in vector form. Let N=np so that N denotes the full set of
observations. Then n denotes the number of independent observational units which
contribute to N and p denotes the number of repeated measurements from each unit.
In general, for p > 1, this leads to a nondiagonal covariance matrix among the full set
of N observations. In any case, it emphasizes a model classification scheme based on

assumptions regarding the covariance and design matrix structures.

Without loss of generality for the analysis methods used, the GLMM may be
expressed in two different vector forms. Each of these result in error covariance and
design matrices which may be written as Kronecker product forms. Throughout this
paper, ® will be used to denote the Kronecker product such that for any two matrices

A = {ay} and B, A®B = {a;;B}. Borrowing terminology from Gallant [1987], the
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two vector forms are 1) grouped by subject (denoted by subscript “s”) and

2) grouped by equation (denoted by subscript “e”).

For the GLMM, the grouped by subject arrangement appears as:
Ys = Vec (YI) = (}_’1,’ }_’2” “eey }_’n')'

Xs = ).(nxq ® Ip

Bs = Vec (B’)
Qs = V[Vec(E)] =1, ® T . (1.10)
In the above, .3."" is a (1 x p) vector of measurements for the i-th unit, i € {1, 2, ..., n}.
This data arrangement is used, for example, by Winer [1971] in describing the
univariate approach to repeated measures. Typically, the motivation for the grouped
by subject data arrangement is the convenience of writing the (N x N) covariance

matrix, Q, in block diagonal form.

For the GLMM, the grouped by equation arrangment appears as:
Ye = Vee(Y) = (v:s y2's r v0)
Xe =Ip ® Xnxq
Be = Vec (B)
Qe = V[Vec(E)] = £ ® In . (1.11)
Here, Y J-' is a (1xn) vector of observations for the jth response variable,
j€1{1,2,..p}. The block diagonal design matrix, Xe, emphasizes the fact that a

multivariate model may be considered as a set of p equations.

These model formulations can be generalized to produce features shared by the
class of nonlinear models for which maximum likelihood (ML) methods are being
sought. In particular, the grouped by equation arrangement can be generalizéd to
include X; # X for all j. This is sometimes referred to as a multiple design matric
(MDM) model [Srivastava, 1966]. It was this design feature that motivated the

development of seemingly unrelated regressions (SUR) by Zellner {1962, 1963). In
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SUR, it is assumed that the response function for each j-th variable is different.
Alternately, the X ; may differ when one or more covariates are measured separately
for each j-th response. When j indexes time, such covariates have been referred to as
time-varying. More generally, models possessing this feature, in which j indexes some
factor other than time, may be referred to as having a repeated covariates design. An
equivalent situation arises frequently for nonlinear models either from time-varying
covariates or SUR type designs. When X; # X, such as in these generalizations of the
GLMM, iterative methods are necessary to solve the likelihood equations to obtain the
MLE of B. For example, SUR and MDM models possess this feature and therefore

require iterative methods.

1.2.1.2 Least Squares Procedures

It will be useful to carefully distinguish among ordinary (OLS), exact weighted
(EWLS), approzimate weighted (AWLS) and iterated approzimate weighted least
squares (ITAWLS) since various terms are used for these in the literature. Consider a

linear model for some (N x 1) vector, Yy, of observed responses:

y=Xf+e, (1.12)
in which
y is an (N x 1) vector of observations
X is an (N x q) matrix of fixed, known predictors
B is a (q x 1) vector of fixed, unknown parameters, and

is an (N x 1) vector of random errors.

"0

Assume only that E(¢) = 0, and let Q@ = V(e) = ¢?V in which 0<o?<oo and V is an

(N x N) positive definite symmetric matrix.

The least squares criterion may be applied to minimize the objective functions

appearing in Table 1. Each objective function provides distinct least squares
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procedures, although in some special cases the estimators from different procedures will
coincide. These procedures produce estimates of § which are optimal, in one or more
senses, given certain assumptions about V. The fact that the OLS and EWLS
estimates of § are best linear unbiased estimates (BLUE) follows directly from model
(1.12) by the Gauss-Markov theorem, given that the corresponding assumption about
V is met. The asymptotic properties of ,g reported for each procedure require
independence as well. As the last column in Table 1 indicates, for some procedures the
estimates produced will coincide with the maximum likelihood estimates under an

additional assumption of normally distributed errors.

Closed form solutions exist for OLS in linear models making this procedure
computationally simple. If weighted least squares are to be used, and V is known then
EWLS also provide a closed form solution. Typically, when weighted least squares are
to be used, V is not known so that an approximate procedure must be employed. In
general, minimization of the objective function of AWLS and ITAWLS involves a
system of equations which are nonlinear in g and V thereby requiring methods which
iterate between estimation of V and 3. The distinction between AWLS and ITAWLS
is that the former procedure uses a single iteration while the latter involves iteration

until convergence of the sequence of estimates.

With reference to SUR, Zellner [1962] referred to AWLS estimators as two-
stage Aitken estimators since two estimation stages are necessary. In the first stage,
OLS are used to compute an estimate of B. The OLS residuals are then used to
compute an estimate of £. In the second stage, the estimate of ¥ produced from the
OLS residuals is used in the WLS estimation of @; this is the AWLS estimate of 8.

The two estimation stages comprise the first iteration of ITAWLS.

ITAWLS begins with the residuals produced from the AWLS estimation of 3.

These residuals are used to recompute a new estimate of £ which, in turn, can be used
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to obtain a new WLS estimate-of # and so forth. This iteration between estimation of
L and estimation of § may be continued until some convergence criterion is reached.

This produces the ITAWLS estimator of § at the last iteration.

Iterative methods can be computationally intensive, due in part to the number
of covariance parameters to be estimated. An assumption that the error covariance
matrix has some structure may reduce the number of parameters to be estimated in
AWLS or ITAWLS. More important than a possible reduction in computational
effort is the potential reduction in sampling variation in the estimation of constrained
covariance parameters. In the vector version of the GLMM, assumptions about the
structure of ¥ may be made. For example, it may be assumed that £ has an
autoregressive moving average, autoregressive order one or linear covariance structure.
The compound symmetry structure, a special case of a linear covariance structure, will

be discussed in the next section.

Some linear model designs permit a reduction in the computation of iterated
estimates since they either 1) provide convergence in one iteration or 2) produce
iterated estimates which are identical to the OLS estimates. An example of the first
case occurs for some patterned covariance matrices in the GLMM in which explicit
solutions providing ML estimates of the elements of ¥ may be obtained in one
iteration. The necessary and sufficient conditions for this to occur with complete data,
using a scoring algorithm, were presented in Szatrowski [1980]. Examples of the second
case are provided by Zellner [1962, 1963] for SUR. Zellner reported some situations for
which the OLS, AWLS and ITAWLS estimators are identical. Note that for the
GLMM the OLS, EWLS, AWLS and ITAWLS estimators coincide and with Gaussian

errors all but AWLS in turn coincide with the MLE.

The AWLS and ITAWLS estimators of @ in the linear model have both been

demonstrated to be consistent, asymptotically unbiased, efficient and normally
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distributed [Zellner, 1962; Kmenta and Gilbert, 1968]. Moreover, these authors noted
that with the additional assumption of normal errors, only the ITAWLS estimator is
ML. A proof that ITAWLS produces ML estimates in linear models, under an
assumption of normality of the errors, may be found in Srivastava and Giles [1987].
Additionally, the latter authors reported the necessary and sufficient conditions for the
iterative procedure to converge yielding a solution to the system of equations. Note
that in general, additional regularity conditions must be imposed to ensure the

uniqueness of the solution.

An important shift in the focus of objectives occurs between the work
surrounding SUR, or MDM, models and that proposed here. The SUR literature is
dominated by the issue of efficiency in regression parameter estimation {Zellner, 1962
and 1963; Kmenta and Gilbert, 1968; Binkley, 1982 and 1988]). However, the standard
errors of the parameter estimates obtained from SUR or MDM models are typically too
small [Freedman and Peters, 1984]. It should be emphasized that with respect to
inference about the parameters, accurate estimation of the covariance matrix among
the parameter estimates is required in order to avoid an inflated Type I error rate of,
for example, the Wald based hypothesis tests reported by Lightner and O’Brien [1984].
Note that the estimated covariance matrix among the parameter estimates is a
function of the covariance among repeated measurements, £. Hence, accurate error

covariance estimation is sought here.

Two strategies for dealing with the problem of variance estimates which are too
small are 1) to improve the error covariance estimation procedure and apply the usual
inference procedure and 2) to seek improvements to the approximation to the
distribution of a scalar variance estimate used in the computation of test statistics.
The first strategy may be accomplished parametrically or nonparametrically.

Freedman and Peters [1984] provided a nonparametric approach. They suggested

‘ ‘




13

bootstrapping the optimistic variance estimates. They noted, however, that while this
may improve the situation, the bootstrapped estimates may still remain significantly
underestimated. Alternately, for the special case of heteroscedastic linear models, for
which the variances are parametric functions of known regressors, the extent of
underestimation has been evaluated [Carroll and Ruppert, 1985]. Another parametric
approach will be taken here by incorporating the compound-symmetric covariance

structure in the likelihood function.

An example of the second strategy is provided by the work of Box [1954a and
b]. He provided some theorems on quadratic forms applied in the study of analysis of
variance problems. These led to degree of freedom corrections for the within-unit F-
test statistic in the univariate approach to the repeated measures model [Geisser and

Greenhouse, 1958; Greenhouse and Geisser, 1959].

1.2.1.3 The Compound Symmetry Assumption

The compound symmetry assumption arises naturally in several data analysis
settings. In the sample survey literature, several authors have assumed compound
symmetry for data obtained through a two-stage sampling procedure [Scott and Holt,
1982; Christensen, 1984; and Wu, et al, 1988]. This is a reasonable a.ssumptipn in two-
stage sampling if elements chosen at the second stage, within clusters, are pairwise

equally correlated by p. This tends to occur, in expected value, with random sampling.

In the linear mixed effects model literature [see Hocking, 1985 or Winer, 1971],
compound-symmetric ¥ may appropriately be assumed with, for example, a
randomized block design. Arnold [1981] described the relationship between the mixed
model with a randomized block design and the repeated measures model. He reported
that the only real difference is that p can be negative for the repeated measures model

but it is constrained to be positive in the mixed model. In the mixed model, p is
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constrained to be positive since by definition it is a ratio of two variances.
Unfortunately, negative estimates of p from the variance components can occur

[Hocking, 1985].

In certain repeated measurements designs the compound symmetry assumption
is plausible. For example, situations in which a response is measured upon each
presentation of several stimuli will usually lead to this covariance structure when the
stimulus presentation order is counterbalanced. This has also been referred to as the

common correlation model [Winer, 1971].

When the compound symmetry assumption is met, the univariate approach to
repeated measures provides a uniformly most powerful unbiased test of the repeated
measures factor [Morrison, 1976]. Huynh and Feldt [1970] reported that somewhat
more relaxed conditions than compound symmetry are sufficient to produce the same
results. The gain in power is largely attributable to the p repeated measurements.
Depending on the extent of their common correlation, and variance, these provide
additional information about the variability of the parameter estimates. This
illustrates a classic trade-off in statistics: a gain in power may be achieved at the cost

of a strong parametric assumption.

Estimation of compound-symmetric T reduces to estimation of ¢? and p. The
usual estimator of ¢2 is the mean squared error from the model. Furthermore, ¢? is a
scaling factor and, hence, removable in some sense. Thus estimation of the covariance

parameters focuses on p.

Many biased estimators for the intraclass correlation can be found in the
literature. A maximum likelihood estimator for p from a repeated measures design is
reported in Arnold [1981]. Fisher [1950] discussed several estimators and included bias
corrections to improve them. Looney [1986] evaluated four estimators of p and found

them to be similar with respect to mean squared error and bias. He recommended use
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of the average sample correlation, i.e., the average of the off-diagonal elements of the
sample correlation matrix, since it is easy to compute. Unbiased estimation of p is
possible, although it is computationally intensive except for some special cases [Olkin
and Pratt, 1958]. Furthermore, the unbiased estimator has the ﬁndesirable property of

sometimes producing estimates outside the range of possible values.

1.2.1.4 Missing Data

Thus far, it has been assumed that for all n independent observational units
exactly p measurements are available. In practice, data may be lost for a variety of
reasons such as loss to followup, equipment failure, human error, or failure in subject
compliance. If the data are missing completely at random (MCAR), it is often poséible
to ignore the process by which the missing data arose [Rubin, 1976]. The MCAR
assumption is reasonable when lost measurements are due to processes unrelated to the
experimental conditions and to the process under study. Several statistically valid

approaches to estimation and hypothesis testing are available for the MCAR case.

Little and Rubin [1987] provided a broad taxonomy of missing data methods
into four, not necessarily mutually exclusive, classes. The first class includes
procedures based on completely recorded units. For example, listwise deletion of
observational units possessing missing data produces a new set of data. Subsequently
complete data analysis methods may be applied, if sufficient data remain. However,
much information is lost in the deletion step resulting in a less powerful analysis [see
Barton, 1986]. A second class of methods involves imputation of the missing data
_values. A third class of methods is particularly relevant to sample survey data. This
involves using design weights which are inversely proportional to the probability of
selection. These weights are modified to adjust for nonresponse. The fourth class of

missing data methods includes methods which define a model for the partially missing
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data and construct a likelihood function under that model.

A model-based maximum likelihood method for the general incomplete data
situation was proposed by Orchard and Woodbury [1972]. The method of these
authors was based on their “Missing Information Principle.” The principle states that
the missing values are random variables and that the likelihood for the full sample may
be constructed from the conditional distribution of the complete data given the
observed data. These maximum likelihood solutions are often more easily obtained

than ones based on only the observed data.

The EM algorithm described by Dempster, Laird and Rubin [1977] was a
generalization of the method of Orchard and Woodbury. When applied to missing
data, the E and M steps contained within each iteration of this algorithm are as
follows. In the estimation (E) step the sufficient statistics of the hypothetical complete
data are estimated conditional upon the observed data and the current estimates of the
parameter vector. The maximization (M) step produces maximum likelihood
estimators of the parameters based on the complete sufficient statistics. Working with
the sufficient statistics provides a reduction in computation over the method of
Orchard and Woodbury which requires estimation of the hypothetical complete data at

each iteration.

Two competitors of the EM algorithm for producing ML estimates of the
regression and covariance parameters of a linear model are the Newton-Raphson and
Fisher scoring algorithms. All three algorithms were described by Jennrich and
Schluchter [1986] in reference to incomplete repeated measures linear models with
structured covariance matrices. The methods were compared with respect to
computational efficiency. Means for modifying the algorithms to guarantee
convergence and general recommendations concerning which algorithm to use for

certain applications were suggested. The authors noted that for complete data the EM
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and scoring algorithms were equivalent.

1.2.2 The Nonlinear Model with Spherical Covariance Matrix

The nonlinear fixed effects model with spherical covariance structure may be
written as in (1.4) with p = 1. Suppressing the index j in (1.4) produces the following
model equation for the~ i-th unit, i € {1, 2, ..., n},

yi =Rz 8) + e, (1.13)
with obvious notation. The (n x 1) vector form of the model is
y=f@)+e, (1.14)
in which
Y = vy enyn)
£'(8) = (Rz1, 8), K225 8)s s Aznr 8) )
el = e, €5, oy en ) .
It will be assumed that
e ~ Nn( 0,00 ),
with 0<o?<oo and § € ©, in which © is an open convex subset of g-dimensional

Euclidean space, 9.

1.2.2.1 Least Squares Computational Methods

Least squares estimation of the parameters from a nonlinear model requires
minimization, with respect to g, of the following objective function:
Q=(y-£f®) (y-f(©®) . (1.15)

An ijterative procedure is necessary to produce a solution to (1.15).

Many algorithms exist to provide a numerical solution to (1.15). Two of the
most widely used include the modified Gauss-Newton method [Hartley, 1965; Hartley

and Booker, 1965] and the Marquardt method [Marquardt, 1963). A survey of
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algorithms may be found in Chapter 10 of Kennedy and Gentle [1980]. In general, for
a solution to be found it is assumed that the first and second derivatives of f(z:,9)
with respect to 8., r € {1, 2, ..., q} are continuous functions of the elements of § for all
z;. An algorithm is often chosen for a particular application based on its properties of
convergence. However, Kennedy and Gentle [1980] suggested that mathematical proof
of convergence of an algorithm is not a sufficient reason to choose it. These proofs

often assume conditions which are difficult to verify in practice and numerical

inaccuracies in a particular application may still result in non-convergence.

An overview of the modified Gauss-Newton method is presented here because it
is the chosen algorithm for the simulation studies conducted in this research. Jennrich
[1969] identified a set of sufficient conditions to prove that the Gauss-Newton
algorithm is asymptotically numerically stable. This means that the algorithm, given
sufficiently large sample size, will converge to the same fixed point whenever the initial
value is in a neighborhood of that point. Although this is an attractive property of the
Gauss-Newton algorithm, it is indicative of the reliance of this procedure on obtaining
good starting values. Starting values may be chosen from some combination of prior
knowledge of the situation and grid search. The numerous examples in Gallant [1987]

and Bates and Watts [1988] are instructive in this respect.

The Gauss-Newton method uses a first order Taylor series approximation to
replace f(8) in (1.15). Define

E@={£ﬂ@&*=£ﬁ@) (1.16)

>

to be the (nxq) Jacobian of f(§). The Taylor series expansion of f(8) about some
initial point Q(o) may be written as

£0) = £€) + E@)e - ) + R(g -0, (117)
in which E(Q(°)) is the Jacobian of f(4) evaluated at Q=Q(°) and R(-) is the

remainder term which is composed of quadratic and higher order terms in the series.
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Replacing f(§) by its first order Taylor series approximation about Q(o) in (1.15)
produces the objective function, Q(l), at the first Gauss-Newton iteration,
Q"= (™)
= [y = £ - E@e” - 6Ny - 16 - B@)e® - ).
(1.18)
Let é(l) be the single-step least squares estimator which minimizes (1.18) for an initial
value, Q(o). Define
D) = [E'(¢“)E@“ ) E(E)ly - £(2)] (1.19)
to be the Gauss-Newton step away from Q(o). Note that invertibility of
[E'(8'”)F(8)] requires that F(§‘*’) be of full rank just like the design matrix, X, in
the GLMM. The §*) that minimizes (1.18) is
8V =6 + D). (1.20)
In order to -minimize Q in (1.15) it is necessary to iterate the process defined in (1.18)-
(1.20). More generally, let k index the steps of the iterative process and define é(k) to
be the k-th step least squares estimator which minimizes the k-th step objective
function Q(k) = Q(Q(k)). Then, the Gauss-Newton step away from é(k-l) takes the
form
D™V = p@*) = ('@ EQHINTRE Dy - £, (e
and,
8 = g n | b (1.22)
Since it is not guaranteed for the k-th iteration that Q(é(k)) < Q(Q(k-l)), Hartley [1961]
introduced a modification to the Gauss-Newton algorithm. He showed that there exists
a step length OSz\(k)sl for each Ic-tl; step such that:
Q@) = ™™ +2¥p®) < ™) . (1.23)
Refer to Chapter 10 of Kennedy and Gentle [1980] for a review of some of the various

methods for obtaining an appropriate step length. Iterations are continued until

convergence of the algorithm has been achieved according to some stopping rule. See
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Gill, Murray and Wright [1981] for a discussion of stopping criteria. For simplicity, let
f denote the estimator obtained in the last iteration. More generally, let § denote the

least squares estimator of § from some, not necessarily Gauss-Newton, algorithm.

1.2.2.1.1 Estimation

Comprehensive sources describing the statistical properties of the nonlinear
least squares estimator of §, with spherical covariance, include Ratkowsky [1980],
Gallant [1987] and Bates and Watts [1988]. Jennrich [1969] was first to report the
regularity conditions for consistency and asymptotic normality of the least squares
estimator of §. Malinvaud [1970] provided an alternate proof of the consistency of the
nonlinear least squares estimator. Gallant [1987, chapters 3 and 4] extended these
results to obtain the asymptotic behavior of estimation and inference procedures under
specification error. Gallant used specification error to refer to a situation in which an
analysis is based on a particular nonlinear model when, in fact, some other model had
generated the data. Furthermore, his asymptotic theory of nonlinear least squares
estimation is valid without assuming a particular parametric form for the distribution
function of the errors. As with linear models, and under the regularity conditions
reported in Gallant [1987], when the errors are normally distributed as in the model of
(1.13), the least squares estimator of § is also the maximum likelihood estimator.

Further clarification of this point may be found in §2.2 and §2.3.

Throughout the remainder of this section and §2.3.1, the notation of Gallant
[1987] will be followed closely since it serves to illustrate the similarities between linear
and nonlinear least squares estimators. In particular, the nonlinear least squares
estimators can be characterized as linear and quadratic forms in ¢ which are analogous
to those that appear in linear regression to within an error of approximation. To

clarify this analogy it is helpful to see that F(8) in nonlinear regression plays a role
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similar to that of X in the GLMM since these may be recognized as the Jacobians for
their respective models. In what follows, F(8) will be assumed to have full column

rank.

Define
2 _SSE@) [y —f®)V'ly - @]
=4

=w=q =

(2.2.13)

2 corresponding to the least squares estimator of 4.

to be an estimator of ¢
Additionally, let X = op(an) denote a matrix valued random variable such that for

each element of X, with {as} denoting some sequence of real numbers, X,,;/an

converges in probability to zero as n = «. Letting F = F(8), Gallant [1987] reported

that

8§ =6+ (F'E)'F'e + 0p(1/F) and (1.24)
! - Ipey-1p/
82 = g [In E(E qE) E ]9 + Op(l/ﬂ) . (1.25)
Furthermore,
& % Np( 8, o*(E'E)") and (1.26)
- 2 i

(n Uczx)s 3 x2n-q] (1.27)

in which '-Lo denotes convergence in law, and finally that 4 is independent of s. In
applications it is necessary to approximate o? by s° in (1.16) and (F'F)? by (F'EY?,
in which F = F(8). Thus, an approximate estimate of the variance of § is provided by

V(@) = SE'E). (1.28)

In contrast to the GLUM, the regression parameter estimates from a nonlinear
model are typically biased in small samples. The concept of curvature is instructive in
understanding the dual origins of bias in nonlinear parameter estimation. The term
curvature is used to refer to a property of a given expected value function and data set

combination. Bates and Watts [1980] proposed two measures of curvature and related
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them to the bias expressions produced by M.J. Box {1971]. Consider the plot of the
solution locus for a model/data set combination in n-dimensional sample space. The
curvature of the solution locus in the neighborhood of § is a measure of the intrinsic
nonlinearity. The unequal spacing and lack of parallelism of parameter lines projected
onto the tangent plane to the solution locus is a measure of parameter effects
nonlinearity. The latter measure may change upon reparameterization of a model
while intrinsic nonlinearity will not. This has motivated some authors to strongly
advocate reparameterization of the model function in order to control the parameter
effects nonlinearity to some degree [Ratkowsky, 1983]. A survey of 24 published data
sets (and their chosen models) collected by Bates and Watts [1980] revealed that
intrinsic nonlinearity is, in general, a minor component of total nonlinearity while
parameter effects curvature is sometimes substantial. When intrinsic nonlinearity is
judged to be problematic for a particular application, Hamilton, Watts and Bates
(1982] suggested using a quadratic approximation to f(8) instead of a linear
approximation. @ The curvature measures also hold implications for choosing an
inference procedure since these procedures are differentially sensitive to the two kinds

of nonlinearity.

1.2.2.1.2 Inference

Gallant [1987] provided a comprehensive presentation of a unified asymptotic
theory for the nonlinear regression model, including inference, which borrows from
classical maximum likelihood theory. In the nonlinear model, a least squares objective
function is treated as the analog of the log-likelihood in the classical theory. In this

way, analogs of Wald (W) and likelihood ratio (L) statistics are derived.

The following notation is necessary for definition of the test statistics. Consider

a general statement of an hypothesis:
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Hot h(8) =0 ws. Ha h(8) #0, (1.29)
in which h(8) is a possibly nonlinear (s x 1) vector valued differentiable function of g.
Let H(8) denote an (s x q) matrix of first order partial derivatives of h(§), with respect

to @, evaluated at § = §. Let g denote the least squares estimator of § subject to the

~

constraints imposed by the null hypothesis. Also, let SSE(Q) and SSE(@) denote the
sums of squares of the residuals from the full and constrained models respectively. The

test statistics are

w = M@ [H@) [E’(Q)E(é)]'lf.l’)(é) Yl h(B) /s (1.30)

L = [ SSE() — SSE(8)] /s
SSE(8) / (n-a)

(1.31)

Asymptotically, the W and L statistics each have an F-distribution with s and
(n—q) degrees of freedom, under Hy,. Thus W and L reject H, when they exceed

Fa = F[1-a; s, n—q].

The approximate nature of these statistics means that their small sample
performance varies with respect to one another as well as with respect to different
applications. The Wald statistic performed poorly in large simulations conducted by
Gallant [1975d, 1987]. For a sample size of 12, Gallant [1987, p. 84] used two
nonlinear models with different amounts of nonlinearity. The Wald statistic produced
a Type I error rate of 0.0525 for the nearly linear model and 0.1345 for the highly
nonlinear model with target a = 0.05. The unreliable performance of this statistic is
attributed to its sensitivity to parameter effects curvature [see Donaldson and
Schnabel, 1987 or Ratkowsky, 1983]. However, a counterexample of this phenomenon
also exists [Cook and Witmer, 1985]. In contrast, the L statistic achieved target o for

both models in this same simulation study.
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It should be noted that the L statistic is invariant to reparameterizations of the

model. This demonstrates that this statistic is not sensitive to parameter effects
curvature. This leaves it subject only to the intrinsic nonlinearity of the model and
data from which it is computed, which is often of minor importance. Donaldson and
Schnabel [1987] used a model/data set combination reported by Cook, Tsai and Wei
[1986)] to provide an example with large intrinsic nonlinearity since none of the 20 data
sets in their study were observed to have appreciable intrinsic nonlinearity.
Furthermore, only two of 24 data sets examined by Bates and Watts [1980] possessed

significant intrinsic nonlinearity.

Inversion of either of the test statistics in (1.30)-(1.31) may be used to
construct confidence intervals and confidence regions for the model parameters.
Donaldson and Schnabel [1987] provided a comprehensive Monte Carlo study
comparing confidence procedures based on Wald and likelihood ratio test statistics.
Their results are consistent with the findings of Gallant [1975d, 1987] which concern
the test statistics. Specifically, Wald based confidence intervals and regions were too
small while likelihood based confidené¢e procedures provided more accurate coverage
across a range of parameter effects and intrinsic curvatures. Furthermore, the authors
found the diagnostic measures of Bates and Watts [1980] to be successful at predicting

when the Wald type confidence regions will be poor.

Description of the confidence procedures used by Donaldson and Schnabel
requires some additional notation. Let V denote an estimate of the variance of g. Let
V = $*[F'F]! as in (1.28) although there exist alternate choices based on the
estimated Hessian matrix of SSE(#), i.e., the matrix of second partial derivatives with
respect to § evaluated at § = §. Let § = {6,}, r € {1, 2, ..., q} so that V., denotes
the rr-th element of V. The (1—a) Wald based confidence region for ¢ includes all

values of §* such that
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(@° = 8)'V(@" - §) € aFqnquia (1.32)
and the (1—a) Wald based confidence interval includes all values of 87 such that
163~ 8r) < Vit grase - (1.33)
The (1—a) likelihood ratio based confidence region for § includes all values of §* such
that
SSE(") — SSE(8) / (s*a) < Fqn-q,i-a (1.34)
and the corresponding confidence interval is bounded by the points that maximize
(03 —8,)? subject to

[ SSE(8*)—SSE(8) ] / s°< Fin-q,1-a - (1.35)

Selection of a procedure for estimation of a confidence region may be based on
three properties of these methods. First, consideration is often given to the amount of
computation required. Second, consideration should be given to the structural
characteristics of the estimated regions. Third, and perhaps most importantly, the
accuracy of the method should be taken into account upon choosing a method. The
Wald based regions are guaranteed to be ellipsoidal in two dimensional cross-section
and they are very simple to compute. However, these regions are often too small. In
contrast, likelihood based confidence regions are more computationally intensive and
potentially have undesirable structural characteristics such as being unbounded or
disjoint.  The structural properties occur because likelihood based regions are
guaranteed to contain every minimum, maximum and/or saddle point of the likelihood
surface [Gallant, 1987]. However, Gallant reported that in practice, likelihood based
methods only infrequently produce structurally undesirable regions. Most importantly,
simulation results indicate more accurate coverage than Wald based regions [Gallant,
1987; Donaldson and Schnabel, 1987]. Bates and Watts [1988] provided a thorough
treatment of the computation and presentation of confidence intervals and regions for

the nonlinear model with numerous examples. At the present time, the Wald method



26

remains popular because of its ease of use and desirable structural characteristics

despite producing too small confidence intervals and regions.

A potential improvement to the dilemma posed by using Wald based methods,
at least for confidence intervals, may be found by bootstrapping the bounds of an
interval. Unfortunately, Freedman and Peters [1984] reported that bootstrapping

provided only a partial solution to the general problem of too small variance estimates.

1.2.3 The Nonlinear Model with Non-Spherical Covariance Matrix

This section serves two purposes. First, an extension of nonlinear least squares
theory from spherical to non-spherical covariance structures is provided. Much of the
development of this theory can be credited to Gallant [1975d, 1987] although one
should also recognize the work of Box and Tiao [1973) and Allen [1967]. Gallant
generalized the work of Zellner [1962, 1963] on SUR to nonlinear models. Nonlinear
least squares estimation in the non-spherical covariance model closely parallels that for
the spherical covariance model with the added complication imposed by the need to
estimate the covariance matrix, just as in SUR. Emphasis is given to this method,
which will be called seemingly unrelated nonlinear regression (SUNR), since it forms
the basis for the proposed research methods. A second objective of this section is to
provide a brief survey of other methods relevant to the nonlinear model with general
covariance structure as well as those methods relevant to special covariance structures,

in particular those which are compound symmetric.

Define the following vectors in relation to the nonlinear fixed effects model
y=f@ +e, (1.36)
with non-spherical covariance structure
y= {Zj’} = (¥1’7 }_’2" ey )_’p')’

(Qc’j’ 8) } =( Rz 9), Rza1s )5 - Rzn1s 9)s oo Rznp, 9) ),

™
—~~
(1Y
-
il
-~
)




(V]
-~

e={e./} = (e 2, e’ )
with, j € {1, 2, ..., p} and i € {1, 2, ..., n},
¥i' = (Y15 Y25y s ¥nj )
and
gj' = ( €1y €355 ey €nj ).
It will be assumed that
e ~ an( 0, £QIn ) )

with ¥ a positive definite symmetric covariance matrix and § €0, in which © is an open

convex subset of g-dimensional Euclidean space, R9.

1.2.3.1 Approximate Weighted Least Squares Computational Methods

The nonlinear least squares method for a model with non-spherical covariance
structure closely parallels that for a model with spherical covariance structure.
Additionally, however, it is desirable to take into account the information contained in
the covariance structure. Alternately, one could view this estimation problem as being
parallel to that in SUR with the added complication that the response function is

nonlinear.

Either AWLS or ITAWLS procedures may be used for the general method of
SUNR. The AWLS estimate of § is that § which minimizes the following objective
function:

Q=(y - £8)) (£ ) (y - £(®). (1.37)
Clearly, an estimate of I, Z:J(o), is necessary to solve (1.37). In SUNR it is customary
to compute 2:3(0) from the OLS residuals obtained in an initial step. This initial step as
well as the remaining steps for computing AWLS and ITAWLS estimates are outlined

as follows.

First, OLS nonlinear methods such as those described in §2.2.1 are used to
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estimate the elements of § from each of the p response equations. The residuals from

these model equations, é;-o), may be used to compute an initial estimate of %,

(o) ROIRO)
£ = { 1el el } . (1.38)

Second, Z.I(o) is substituted into (1.37) and an initial AWLS estimate of § is

é(l). é(l)

obtained, Note that the non-iterated, one-step estimator, , is the estimator

reported by Gallant [1975d] in his paper which introduced SUNR. However, the
estimation procedure may be iterated.

é(l) may be used to compute a new set of

When the procedure is to be iterated,
residuals and hence a new estimate of T, 2(1). More generally, define the k-th step
ITAWLS estimator to be the Q(k) which minimizes:

Q¥ = Q™) = (y - 1™ (8" Wel) (y - £6™)) . (1.39)

Similarly, define
2(’=) - { %égk)l {;(.‘,’) } , (1.40)
in which the {ej(k) are the residuals obtained from the j-th response function at the k-th

iteration.

The process is initiated with a vector of starting values, Q(o). Iteration of
(1.39)-(1.40) generates a sequence of estimates
é(o) - 2(0) - é(l) - i:(l) - é(i’) —_—— z::('t) - é(k) —_ ..
in which é(l) is the AWLS estimate and Q(k) is a finite step estimate of §. Thus, Q(l) is
just one of many possible finite step estimates. One may iterate until the sequence of
estimates converges. Then the ITAWLS estimates are defined to be
2:_3(°°) = lim Z:I(k) and é(m) = lim é(k) . (1.41)
k— o0 k=00
These will correspond to a local maximum of a likelihood surface under the regularity

conditions described by Barnett [1976], Charnes, et al, [1976], Jorgensen [1983] and

Gallant [1987]. Furthermore, each of these authors proved the equivalence of the
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ITAWLS and ML estimators for this nonlinear model given that the errors are
normally distributed. Discussion of this equivalence may also be found in Box and

Tsiao [1973] and Bates and Watts [1988].

Gallant [1987] suggested that some algorithm other than ITAWLS, may
provide a more computationally tractable means of computing the ML estimates of §
and L. In particular, he suggested that the natural log of the determinant of the
covariance matrix be used as the objective function. In fact, this was one approach

taken by Allen [1967] in methods proposed for nonlinear growth curve analysis.

1.2.3.1.1 Estimation
The finite step estimates Z:J(k) and Q(k) are consistent estimates of ¥ and §
respectively [Barnett, 1976; Gallant, 1987]. Specifically,
£* =% +0,(1) and (1.42)
19 =9+ 0,1) (1.43)

under weak regularity conditions.

In addition, Barnett [1976] proved the following results for the maximum
likelihood estimators. Let t = p(p+1)/2 denote the number of unique elements in I.
Then, define 7 to be a [(q+t) x 1] vector containing the elements of § followed by the t
unique elements of £. Similarly, define Y to be the corresponding vector containing

the ML estimates of the elements of § and £. Then ‘z(w)

is consistent for 7
7 = 5 4 0p(1) . (1.44)
Additionally, define Ln(¥|:y) to be the likelihood function. A further assumption is that

Ln(yly) is three times differentiable in y. Define the information matrix to be

Mﬂ=—4gf h%@ﬁ»

y8+'

- -
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Gn('_)’) 0

Hn(7y)

, (1.45)

lan)

in which Gp(v) is a (qxq) matrix containing the part of the information matrix
pertaining to the elements in § and Hp(y) is an (t x t) matrix pertaining to the unique
elements in ¥. Finally, also define the Hessian matrix for vy to be

Ba(1) = ~( 357 i Lyl ). (1.46)

which is assumed to be nonsingular for all 7 with probability one as n = oc0. From

Theorem one of Barnett [1976], given j(w)

is consistent by (1.45), then
nBn'(3) = I7(7) + 0p(1) . (1.47)

An ML estimate of y allows a consistent estimate of the information matrix to be
found. In Theorem two of Barnett [1976], for '_‘Z(w) an ML estimate of 7,

WG - 3N 01 )., (1.48)
as n = oo. In a corollary it was proven that

(8 - g) B N0, Gi(p) )., (49
as n = co. The asymptotic theory for the ML estimates may also be found in Gallant

(1987}, with additional generality, and hence loss of clarity, gained by allowing model

misspecification.

1.2.3.1.2 Inference
Again consider hypotheses as in (1.29). It will be assumed that £ and § are any
consistent estimators of ¥ and §. Thus, finite step estimators of ¥ and 6, such as the
AWLS estimates, are sufficient to allow development of the following theory, found in
Gallant [1987]. As for univariate models, Gallant again reported analogs of Wald and
likelihood ratio test statistics. In general define
SSE(8,£) = (y —£() )’ (Eeln) (y - £(8)) (1.50)
to be the error sum of squares from the unrestricted model. In contrast, define

SSE(4,£) to be the error sum of squares from the restricted model, i.e. under Hy as in
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(1.29). Note that the restricted error sum of squares is computed using the estimate of
¥ obtained from the unrestricted model. Let
CO) =[F') (£'el ) E@)]. (1.51)
The following Wald and likelihood ratio type statistics may be defined:
h(9) [HOCOH'(B) I h(§) /s

W= 2! (1.52)
SSE(8,£) / (0 — a)

[ — [SSE(@.L) — SSE(8,£)] /s

) (1.53)
SSE(8,%) / (np — @)

The W and L statistics reject H, when they exceed Fo = F![1-q; s, np—q].

Simulation studies reported in Gallant [1987, p. 350] allow comparison of the
performance of these statistics, as functions of the one-step estimatesof § and L, with
respect to Type I error rate. Using a bivariate function and n = 46, the Type I error
rates for the Wald and likelihood ratio statistics were 0.084 and 0.067 respectively for
a = 0.05. Freedman and Peters [1984] pointed out that variability in the estimation of
T leads to negative bias in the standard errors for §. Subsequently, Gallant attributes
Type I error rate inflation beyond target « in the nonlinear non-spherical covariance

model to estimation of L, just as in SUR [Gallant; 1975d, 1987).

Barnett [1976] derived the classical likelihood ratio test statistic based on the

ML estimates as
An = La(y18) / La(y18°) (1.54)
and proved that -2in), 1 x°[s] as n = co. Gallant [1987] discussed this statistic as well
but he recommended use of (1.53) since the F approximation to the classical test
provided more accurate testing than did (1.54) in his simulations (see also, Milliken

and DeBruin, 1978). Gallant’s motivation for the F approximation to the classical
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likelihood ratio statistic was the desire to compensate for the sampling variation

introduced by estimating X.

Confidence regions and intervals may be computed in a manner completely

parallel to that in §2.2.1.2 so no further discussion will be added here.

1.2.3.2 Survey of Alternate Methods

A variety of analysis strategies, other than SUNR, have evolved for nonlinear
multivariate models. These are typically motivated by a particular application, such as
growth curve analysis. Therefore, methods are not based on common principles nor do
they attempt to provide a unified approach to this problem. Frequently, these
methods do not adequately evaluate inference procedures or, in some cases, even
address them. The survey of methods to follow is meant to provide a brief review of
other nonlinear multivariate methods, their associated assumptions and a comparison
of these methods with respect to small sample estimation and inference. These model-
based methods may be divided into three broad classes which will be addressed in the
following order: 1) general nonlinear multivariate model methods, 2) random effects
based model methods and 3) methods based on models assuming structured

covariance.

Allen [1967] produced a general approach for the analysis of nonlinear growth
curves. His methods are directly applicable to the model described in §1.1, the
statement of the problem. However, these methods do not make use of the compound
symmetry assumption. Allen suggested two estimation methods. One method
minimizes the determinant of the residual covariance matrix while the other minimizes
its trace. The first method provides maximum likelihood estimates, under a normality
assumption, and produces a likelihood ratio test statistic. Gallant (1987; Ch. 5]

suggested that this means of producing ML estimates is more computationally efficient
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than SUNR. The second method may be considered analogous to a modified minimum
x? method. Both methods produce consistent, asymptotically efficient and
asymptotically normal estimators. A small simulation for sample sizes of 12, 24 and 36
indicated that the likelihood ratio test is reasonably approximated by a scaled x?

distribution. However, Allen did not prove this analytically.

A commonly used method of growth curve ahalysis involves a two-stage
procedure described in Bock, et al [1973]. For the purpose of classifying this method, it
may be loosely called a random effects based method since individual growth curve
parameters are implicitly assumed to vary within some population. In the first stage,
least squares are used to separately fit a nonlinear model to each unit’s data. In the
second stage, a measure of precision is computed for the parameter estimates from the
first stage is computed. This measure of precision is based on the average of the
estimated covariance matrices from each observational unit. Furthermore, the
population parameter vector is estimated as the mean of the individual parameter
vectors. As Berkey and Laird [1986] indicated, the real danger of this kind of method
is that the mean parameter curve may not be equivalent to the population mean
growth curve. This type of analysis, though somewhat relevant to the goals of the
research as stated in §1, handles the properties of the covariance among repeated
measurements very differently. Furthermore, inference for this type of growth curve
analysis is aimed at statements about individual differences rather than statements

about populations. Applications of interest for this research involve the latter.

Berkey and Laird [1986] provided a method for the analysis of nonlinear growth
curves which permits estimation of population parameters. Their method is based on a
two-stage random effects linear model described by Laird and Ware [1982]. Berkey and
Laird generalized the two-stage random effects linear model to a nonlinear growth

curve model and included means for handling time-constant covariates. In the first
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stage each individual’s data is fit separately to some nonlinear model. The parameters
of the individuals are assumed to vary in the population, with the population mean of
each parameter dependent upon covariates. Thus, in the second stage the individual
parameter estimates are modelled, using linear model methods, according to the
assumed distribution for the population, and the covariates are included in the
estimation procedure. Berkey and Laird applied their method to just a single data set
and results from the estimation procedure were reported. Inference procedures were

not addressed.

Nonlinear random effects models motivated the analysis methods of Scheiner
and Beal [1980]. These authors proposed a method they call NONMEM, for “nonlinear
mixed effects model.” The method involves a first-derivative linear approximation to
the model function and then uses a maximum likelihood procedure to iteratively
estimate the expected value parameters and covariance matrix among repeated
measurements. These authors model the between unit parameter variation and
incorporate this directly into the WLS procedure in contrast to the two-step methods
of Berkey and Laird or Bock. Scheiner and Beale’s simulation was based on only ten
replications and highly restrictive model assumptions. Furthermore, the methods of
NONMEM are extremely computationally intensive due to the use of a nested iterative

procedure.

Another nonlinear random effects model method, based on a Bayesian
approach, provided accurate estimation in several small simulations [Racine-Poon,

1985]). However, hypothesis testing was not evaluated.

A recent paper by Lindstrom and Bates [1988] proposed a general nonlinear
mixed effects model for repeated measures data. The estimators they define are a
combination of least squares estimators for nonlinear fixed effects models and

maximum likelihood estimators for linear mixed effects models. No discussion of
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inference is included although applications of their estimation method for two examples

with small sample sizes are provided.

Gallant and Goebel [1976] considered'a nonlinear model which was assumed to
have a first order autoregressive covariance structure. The method of Gallant and
Goebel may be considered as a special case of SUNR in which an assumption about the
covariance structure is made. This method is essentially a time series application with
n=1. The estimation method first involves computation of the nonlinear QLS
estimate of §. Then, the residuals from this model are used to estimate the
autoregression parameters. These essentially specify an approximating covariance
matrix, £. This, in turn, is used to conduct a final WLS estimation of 8. As for
SUNR, estimates are asymptotically normal and efficient. However, simulation results
indicate that confidence intervals based on a t-approximation are too narrow [Gallant

and Goebel, 1976].

Glasbey [1979] suggested a maximum likelihood method for obtaining logistic
model parameter estimates for each observational unit under the assumption that each
unit’s errors have a first-order autoregressive covariance structure. In general, the
methods of Glasbey cannot be used to make between-unit comparisons for data in
which the number of observations on each unit differs. Glasbey applied his estimation
method to a single data set with just eight animals and no discussion of inference

procedures was made.

Work by Muller and Helms [1984], Williams [1984] and Hafner [1988] focussed
on nonlinear models in which an assumption of compound symmetry can be made for
the covariance matrix among repeated measurements. The method proposed by Muller
and Helms [1984] is an EWLS procedure based on the separability of the nonlinear
model into “average” and “trends” components. Williams [1984] and Hafner [1988]

reported accurate estimation and excellent Type I error control in their simulations



36

which evaluated this method. However, the necessary and sufficient conditions on the
expected value function needed to insure applicability of the method are quite

restrictive [Hafner, 1988].

Malott [1985], Muller and Malott [1988] and Gennings, et al [1989] proposed an
AWLS method for nonlinear models with a compound symmetric covariance matrix
among repeated measurements. This approach does not rely on separability of the
model and is, therefore, applicable to a wider range of model functions than is the
approach of Hafner. Similar to SUNR, an estimate of ¥ is necessary. Additionally, the
method requires estimation of p as an intermediate step in the estimation of £. In a
simulation study by Malott [1985], parameter estimates were obtained in which the
bias never exceeded 2% of the true value. Furthermore, these same simulation results,
with target a« = 0.05, using the approximate F statistic of (1.54) included reasonable
type I error control (.056) for a sample size of 24. Somewhat higher type I error rate

(.072) was obtained for a sample size of 12.

Schaff, et al, [1988] described a method for analyzing nonlinear models when the
data are from a split-plot design. Their method involved fitting the nonlinear model to
partitions of the data corresponding to the various treatment and plot combinations in
their design. Subsequently, residual sums of squares were computed for the partitions
and pooled to provide sums of squares for the factors to be evaluated. In this way
their method entails construction of an ANOVA table in parallel to that for the classic
split-plot design for linear models. A notable difference is that the usual split-plot
degrees of freedom are multiplied by the number of parameters in the nonlinear model.
Tests are provided by F ratios as in the usual split-plot analysis. This method was
applied to a single data set without either simulation studies or analytic justification
for its use. Hence it is not known how well these methods perform in general.

Furthermore, an important limitation is that no means for testing hypotheses involving
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the nonlinear parameters is suggested.

In summary, many nonlinear repeated measurements methods have been
developed which provide reliable estimation. However, hypothesis testing, in small
samples, remains a problem due to inflation of the Type I error rate resulting from
overly optimistic standard errors. It appears that the most general of these methods,
SUNR using an AWLS estimate of the parameter vector is subject to unacceptable
Type 1 error rates in some cases due to the sampling variation involved in the
estimation of £. Specifically, inference procedures derived from SUNR rely heavily on
asymptotic properties making these procedures inappropriate for many small sample
situations. Other methods which are more limited in scope, by virtue of making strong
parameter assumptions, include for example the methods of Gallant and Goebel [1976],
Malott (1985] and Muller and Malott [1988]. These appear to perform somewhat
better, with respect to inference, than do the more general methods such as those
presented by Allen [1967] and Gallant [1987]. It is believed that the improvement in
performance is due to the reduction in the number of elements of ¥ that must be
estimated, and subsequent reduction in sampling variability of £, in these SUNR based

methods.

The goal, here, is to propose maximum likelihood methods for the nonlinear
model with repeated measurements which provide both reliable estimation and accurate
hypothesis testing in small samples. This new method will be a special case of SUNR
requiring strong parametric assumptions of compound symmetry and normality. These
limit the applicability of the new method somewhat. However, compound symmetry
and normality are reasonable and common assumptions given certain classes of
frequently encountered experimental situations. A major advantage to the new method
is that it does not involve assumptions about the nature of the expected value function

like those inherent in the method of Muller and Helms [1984] and Hafner [1988].

-



Chapter 2

ESTIMATION FOR COMPLETE DATA

2.1 Introduction

Consider the following regression model with normally distributed errors, e; j

Yij = Rzij8) + e (2.1)

in which ¢ € {1, 2, ..., n} indexes independent observational units and j € {1, 2, ..., p}
indexes repeated measures. Let f{-,-) denote some possibly nonlinear function in the
z;; and 8. The (qx 1) column vector § € © contains unknown parameters and the
(r x1) column vectors z;; € R’ contain known constants associated with the i-th
observational unit. Note that model (2.1) explicitly permits time-varying covariates by

accommodating z,; which may differ across the p repeated measures, within a single

observational unit.

It is convenient to write (2.1) in vector form as y = f(8) + e, in which the
data may be partitioned as y = (Zl’, ey Y"’)' with y; = (y;15 «s y,-p)', and f(¢) and e
are partitioned similarly. Throughout, it will be assumed that for all i,
Yi~ Np(J_‘(g_:i,Q), 2) in which z; = (2, Z;2, - Z;p)» With £ a full rank positive
definite real matrix. Although the full rank assumption is not strictly necessary,
tolerating less than full rank requires additional complexity in notation which only
serves to obscure the major results presented here. Furthermore, the assumption of
full rank ¥ is automatically ensured under compound symmetry. Finally, letting

p(y:) = |21r2|"1/2exp{—%[z.-—[(z;,Q)]'E"[x.-—[(ss,e)l}

denote the normal probability density function for any (p x 1) vector Yi» the log
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likelihood function for a set of n realizations of y may be written as

n
In(yl8, £) = in] [ p(ys)
=1
n
= —J In|2rZ| —%;[z.—J_‘(ﬂ.v.,Q)]'Z"[s_';—f(z.,é’)l
= —§ In|27%| —%29,'2'19, (2.2)

2.2 The Orthonormal Model Transformation

Several properties of orthonormal transformations make them useful tools in
the distribution theory associated with the normal distribution and hen.ce a broad class
of regression models. The following theorem states some interesting properties of
orthonormal model transformations. Two corollaries are obtained by imposing further
conditions which are relevant to the model of interest here. Various forms of these
results may be found in the literature. For related discussion see Kshirsagar [1983; Ch.
10]. These results are provided here in full detail so that they may be referred to by

proofs appearing in later chapters.

Theorem 1: Define V (p x p) such that VV/ = V'V = Ipand T =[I, ® V']
Consider transforming model (2.1):

Ty =Tf(8) + Te,

with obvious notational shift, write

Ye = ,f-(Q) + e.. (2.3)
Assume e ~ an(Q, (_2), with Q = (I, ® £] and r(L) = p. Then,

() e« ~ Nnp(0, 9.) with Q. = [In ® Z.], and L. = V'SV,
n n

() D ene. =),

=1 =1

(#5)  In(yl8, ) = In(y.1¢, T.) .

[1e4

n
iVV'e, = 2 e'es, in which ¢;, = V'e;, and
=1
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Proof: (i) The distribution of e. follows directly from the fact that T defines a

linear transformation of e, a multivariate normal vector. (ii) This part is proven
n n

above. (iii) Substituting for L. = V/TV and €;e Z g,..’g:le,., = Z g,-’E'lg,- and
i=1

i=1

275 = 275[V'[[V| = [27E], then, Ny

n
-2ln(y-l 8,5.) = n Inj278.] + ) e;.'Tile,,
=1

n
=n 2L + Y e,/T,

=1

= -2lh(y18,%) -

Dividing both sides by -2 gives iii). a

It is important to note that the expected value parameter vector § remains
unchanged for this transformation. Thus, an orthonormal transformation affects only
the covariance structure of the model. The following corollary identifies a sufficient

condition for an orthonormal transformation to lead to zero covariance terms. Given

an assumption of normality of the underlying errors this is equivalent to independence

of the transformed errors.

Corollary 1.1: Consider the spectral decomposition £ = VDg())V’ in which
the columns of V are the eigenvectors associated with /.\'=(/\1»---, )\p)', the
eigenvalues of £, and V'V = 1. Assume k(L) = p. Consider transforming model
(2.1) as in Theorem 1 by the eigenvector matrix, V. The errors from the model

transformed in this fashion are independent.

Proof From Theorem 1 we have s ~ an(Q, Q.) with Q. = [I, ® T.] in
which L. = V/TV = Dg(}). Clearly Q. = [I, ® Dg(})] is a diagonal matrix. Given
the multivariate normality of e., the zero covariance terms of Q. indicate that the

elements of e., the transformed errors, are mutually independent. a

An application of Corollary 1.1 provides the rationale for the traditional
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approach to the singular multivariate normal problem in which rk(L) = p. < p. In this
case, a subset of eigenvectors associated with the nonzero eigenvalues of £ are used to
project L into a full rank subspace [see, for example, Kshirsagar 1983]. As stated
earlier, non-singular £ will be assumed here since treatment of the singular case
unnecessarily complicates the development of the model of interest and does not

provide further insight into the proposed methods.

Corollary 1.2: Assume X = 62[(1-p)lp + pl;'] in which 0<o’<oo and
-1/(p-1)<p<1 and consider the spectral decomposition of L. It is easy to show
[Morrison, 1976] that the eigenvalues of L are A, = o%[1 + (p—1)p] and
Ay = o= Ap = o%(1—p). Furthermore, the normalized eigenvector associated with )\,
is 1/yp. The remaining (p—1) eigenvectors may be any set of vectors which are
mutually orthonormal and orthogonal to a vector of ones. For convenience, choose
them to be the normalized orthogonal polynomial coefficients generated by the vector
(1,2, .., p). Consider a transformation of model (2.1) using this set of eigenvectors.

The transformed errors will then be independent; n transformed errors will have

variance A, and n(p—1) transformed errors will have variance A,.

Proof: From Corollary 1.1 we have e. ~ an((_), 9.) with
Q. = [In ® Dg(})] and the elements of e. are mutually independent. Given T
compound-symmetric, A contains just two unique elements, ), with multif)licity one
and A, with multiplicity (p—1). Thus, Q. will contain n and n(p—~1) copies of A; and

Aq, respectively. (8]

In summary, for general ¥, Corollary 1.1 states that an exact orthonormal
transformation exists which, under normality, transforms a set of dependent errors into
a set of independent, heteroscedastic errors. However, Corollary 1.1 merely
demonstrates existence and says nothing about how to obtain the eigenvectors of %.

Thus, for any given set of data, under a general £ assumption, one must estimate V
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and can, at best, produce an approximate transformation to independence. By
Corollary 1.2, the eigenvectors of compound-symmetric £ may be specified exactly

providing an exact transformation to independence.

Given compound-symmetric ¥, it is convenient to write the log likelihood

function in simplified form using the transformed model,

- SS SS
(y-182) = C = gind, — M5iny, — 258 _ 2w, (2.4)

in which C is a constant not involving § or A and
n

ssg = 3 Vire — fina(zar, )1 (2.5)
i=1 :
and,
n P
SSw = Zzz (Yije — fiju(Zijs 0))* . (2.6)
I=lj=

Also note that ) and n = (p, o?) are equivalent as A is a 1:1 function of 1 so that
knowing one, it is possible to solve for the other. Thus one may choose to work with
either A or n for convenience. As eigenvalues, the elements of ) are variances for the
average and trends transformed responses respectively. By  writing
o = (/o)) + [(p-1)/p]A,, 0 may be recognized as a weighted sum of the average and
trends variances. Thus the transformation based on compound symmetry provides
both notational convenience as well as insight into the univariate formulation of the

model for data which meet this assumption.

2.3 Regularity Conditions

The set of regularity conditions put forth by Gallant [1987] are formulated to
cover very general nonlinear models. In particular, his assumptions permit
consideration of random effects models, i.e. he allows for random predictor variables, z,
defined on a probability space (%, 8(%), u) in which B(%F) is used to denote the o-field

generated by the Borel subsets of $. In the fixed effects model, the random vector z is
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degenerate; equivalently, the probability measure is atomic with unit mass tied to the

value set for £. Thus for the fixed effects models considered here, Gallant’s regularity

conditions may be simplified.

In addition, Gallant’s regularity conditions are appropriate for a variety of
estimation procedures defined by various objective functions to be minimized. His
assumptions will be restated below for the special case of maximum likelihood
estimation in which the objective function is proportional to the log likelihood function
(2.2). The regularity conditions will be stated for general, full rank ¥ noting that the

compound symmetry assumption does not alter these conditions in any essential way.

Adoption of Gallant’s regularity conditions validates application of his many
theorems to the methods developed here. Clarification of the notation used in this
section, to be simplified elsewhere, is chosen to follow closely that of Gallant so that
readers may easily refer to the original source. For the remainder of this section, a
parameter vector written with superscripts will be used to denote a set of fired but
perhaps unknown values, while one written without superscripts will be treated as a
variable with respect to some operation. In addition the use of “°” will indicate an
estimate of the associated parameter. Define vech(-) to be an operator which forms a
vector from the unique elements of a symmetric matrix [Searle, 1982; p. 332]. Then

mp(n+1)/2.

r = vech(¥) in which 1 € Conversely, let £(r) denote the mapping of 7

into the elements of X, and set £(zp) = Zp for all n and £(7*) = £* in which 7§ and

7" will be defined in Assumption 4. Write the sample objective function as

sn(8) = JinlE| + zgy — 20y — f(200)] - 2.7)

A M (288) — FEo N (C U (208) — Fzod)]  (28)
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and
s*(8) = 3in|E*| + 3
+ | S (87) — FEO(EYHF(L.87) ~ £(2.0)10u(2)
= 3in|T"| + §

in which w; = p(z;). The simplification in (2.9) results from the fixed effects
assumption. Then, 45 and §* are defined to be the vectors which minimize (2.8) and
(2.9) respectively. In addition, §, and £, = L(%n) are defined as the estimates of 4

and ¥ which jointly minimize (2.2).

Assumption 1: The errors, e;, from each observational unit are independently and

identically distributed with common normal distribution, denoted P(e).

Assumption 2: f(z,9) is continuous on $x0*, ©* ¢ R is compact and ¥ C R'.

In order to develop a uniform strong law of large numbers, Gallant assumed
that the sequence {z;} upon which the results are conditioned is a Cesaro sum
generator, as is almost every joint realization {(e,, z;)}. He stated that in'dependent
variables generated from an experimental design or by random sampling satisfy the
definition of a Cesaro sum generator. A formal definition and statement of this

assumption follow.

Definition: (Gallant and Holly, 1980). A sequence {yv,} of points from a probability

space (¥, B(Y), v) is said to be a Cesaro sum generator with respect to an integrable

dominating function b(yv) if

fm b YAv) = [0) ou()
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for every real valued, continuous function f with |f(y)| < b(v).

Assumption 3: (Gallant and Holly, 1980). Almost every realization of {v;} with
v; = (e, Z;) is a Cesaro sum generator with respect to the product measure
W(4) = [g[g Lale, DOP()M(1)
= [el4te. OP()
and dominating function b(e, ). The sequence {gz} is a Cesaro sum generator with
respect to p and b(z) = Isb(g,g)ap(g). For each £ € % there is a neighborhood N,

such that Jgsupsz(g,g)aP(g)<w. Here, I ,(e, z) = 1if (¢, £) € A, 0 otherwise.

The next assumption may be considered an identification condition in the sense

that it is intended to ensure that a unique minimum of the objective function exists.

Assumption 4: The parameter ¢ is indexed by n, and the sequence {§3} converges to
¢*. Furthermore, for all n, 7§ = r*, \A(£n — ) is bounded in probability for all n,
and £ converges almost surely to 7*. Also, the function s*(¢) has a unique minimum

over the parameter space ©* at §*.

Gallant [1987; Chapter 5, section 6] proved that T£!(r) is continuous and

mp(p+1)/2_

.
differentiable over T C Define B = sup[a'” (r): €T, 5f € {1, 2, ..., p}], in

.
which ¢” denotes the jj'-th element of £}(r). Then, B < oo because T ) is

continuous over the compact set T.

Assumption 5: The parameter space ©" is compact; {#,} is contained in T, which is a
closed ball centered at 7* with finite, nonzero radius. The log likelihood function,

iyl8.1), is continuous and |(y|¢,r)| < b(e,z) on YxExTxO", Y C RP.



46

The next assumption is, perhaps, the major regularity condition cited in the

development of the theory of maximum likelihood estimation of nonlinear parameters. .
It is a technical restriction sufficient for proving asymptotic normality of the scores,

Vn(8/08)sn(8)

4=43’ and subsequently the asymptotic normality of én- In particular, it
“validates the application of maximum likelihood theory to a subset of the parameters
when the remainder are treated as if known in the derivations but are subsequently
estimated” [Gallant, 1987; p. 185]. When a particular application fails to satisfy this

condition, joint estimation of the parameter sets rather than iterative estimation may

provide an appropriate solution.

Assumption 6: The parameter space ©* contains a closed ball @ centered at §* with
finite, nonzero radius such that the elements of
(6/89)[—-Uylg, 1)1 ,
(9%/0608") (- 1(yl8,1)] ,

(8%/0708")[—Uyl8,T)]
and

{(8/89)[-Uy|8,7))(0/88)(—Uyl¢,T)]}

are continuous and dominated by b(e,z) on YxExTxO. Moreover,

1 = 2[g(Zean) (& (e, )omce)
= 23 (&ftz ")) () (M2 ws

in which w; = u(z;), is nonsingular.

Readers desiring a more thorough treatment of these regularity conditions are
directed to Chapter 3 in Gallant {1987} or Gallant and Holly [1980]. Evaluation of
many of these assumptions with respect to any given data analytic setting are

tangential to the present research.
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2.4 Maximum Likelihood Estimation

Gallant [1987; p. 190] stated that “the usual consequence of a correctly
specified model and a sensible estimation procedure is that [§f = §*] for all n.” Thus,
for simplicity, in the remainder of this work, this distinction will be dropped since it
will be assumed that the model is “correctly specified.” Here, correct specification of a
model is taken to mean the correct identification of the functional form which underlies
the data generating mechanism. Model identification must be distinguished from
consideration of alternate models constructed by specifying constraints on the
parameters for a given functional form. Therefore, the theory of constrained
estimation is not related to the notion of model identification used in this way.
Clarification of the notation regarding parameter vectors may be achieved by using a

subscript “o” indicate the true parameter for which an estimate is sought.

Maximum likelihood estimation for the parameters of model (2.1) with
compound-symmetric £, = Dg(),) differs substantially from that for general £,. Only
the compound-symmetric ca.sé will be presented here because the case of general T,
may be found in Gallant [1987] and Barnett [1976] among others. Let Yo = (8o, o)

denote the full (q+2) parameter vector, under compound symmetry.

As is often true in normal theory maximum likelihood estimation, it will be
convenient to maximize the log likelihood function (2.2) noting that this is equivalent
to maximization of the likelihood function itself. Thus, the first partial derivatives of
the log likelihood function will be referred to as the likelihood equations. Closed form
expressions do not exist for the full solution vector to the set of (q+2) likelihood
equations consisting of (8/09'){(y.|8,A) =0 and (8/8)")(y.|8,0) =0. However,

separate solution of each set, conditional upon the other set, is quite feasible.

ML estimation of each parameter set, conditional upon an estimate of the other

set, was termed pseudo-maximum likellhood (PML) estimation by Gong and
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Samaniego [1981]. Under the regularity conditions stated above, iteration between
estimation of the two parameter sets until convergence may be used to compute the
MLE’s. This approach will be taken here with explicitwdescriptions of the two PML
estimation steps for this estimation problem and their iteration to produce ML

estimates provided by Theorems 2-4.

For the sake of clarity, it is necessary to distinguish between two types of
iteration encountered in the ML estimation of the full parameter vector Yo. The term
7-iteration will refer to the process of cycling between PML estimation of §, and ),.
In contrast, §-iteration will refer to the embedded iterative procedure necessary to
estimate 4, for each cycle of a y-iteration. Under compound-symmetry, no iteration is
necessary for PML estimation of the covariance parameters in )\, because, as will be
shown, closed form expressions exist for these estimates. Let g index the steps of 1-

iteration.

Theorem 2: (§-iteration). The PML estimator of §, which maximizes
In(y.IQ,/:\(rl)) is the Q(') € O that solves

E'(@) B e =0, (2.10)

in which ;\(’-1) is a PML estimate of ), from the (g-1)-th y-iteration and

897V =1 @ Dg(A¥™), and E(8) = (8/06")£(2).

Prooft The proof consists of two parts: 1) a statement of the likelihood
equations and 2) demonstration that, with a nonlinear model, solution to the likelihood
equations identifies an MLE. With respect to this second part, achieving an ML
solution is dependent on the numerical algorithm used. The likelihood equations for g,
conditional on /:\(’-1), a PML estimate of ),, are

in(y.12.3) = {g"g;zn(x.le,é""’)} :

in which the r~th equation, r € {1, 2, ..., q}, takes the form




l“( ‘lo ( )) ~ - : : [Yt],# Jlll(:-: ’ 0.)]—_-]!1‘(1.31,0-)

=1

n b
+ A(l.l)zz [Yij- - l]#(‘ttj’ 0)]69 fl]t(-t]’a) . (2'11)
Ay i=lj=2
This notation may be simplified by introducing the following matrices. Let

EF(8) = (E11» ---» Fip, «oey Fnp) be the (np x q) matrix of partial derivatives of f.(8) with
respect to ¢ such that F;; = (6/8@')ﬁj_(gij,Q). Also observe that
[&(g 1)] =[In® Dg{A(g 1)} ] and e. = y» — f«(8). Setting (2.11) equal to zero,
and writing these equations compactly, we have (2.10). The Q(g) which is the solution
to E’(Q)./:\-l(g-l)g. = 0 maximizes In(Y.IQ,z:\(g-l)) provided that the pseudo-likelihood
function has a unique maximum and the estimation procedure converges to that point.
In order to show convergence of the estimation procedure, see for example, the

regularity conditions necessary to ensure convergence of the modified Gauss-Newton

algorithm [Hartley, 1961 or Gallant, 1987, p. 44] or gradient methods [Bard, 1974]. O

Theorem 3: The PML estimators of A, and ),, which locally maximize
In(y«18”,2) are
AP =s5W/m and AP = ss /tne-1)) (2.12)

(9)

with Ssg” = ssg(8) _(,, and ss(’) ssw(8) . in which 8 is the PML
o= =§

(L

estimate of §, at the g-th 7-iteration.

Proof: The first partial derivatives of ln(y.lé(g),é) with respect to A, and A,

are
e (9)
8 39 yy _ __n_, SSB
a,\I’"(Y"Q ) = 3t Py (2.13)
and
(9)
o -1 ss
3y n(r-180) = HED 4 2 (2.14)

Setting these equal to zero and solving, one obtains (2.12). That (2.12) is a local
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maximum is verified by showing that the second derivative matrix is negative definite.

The second partial derivatives of the log likelihood, with respect to ), are

azln(}_"lé(g)’é) —_n_ _ S.s(Bg) (r) 15)
8} T2a a3 -
- ) -
621n.(¥'lg(g 9{.\) _ n(p-1) _ Ssslfl) (r) 16)
E3Y T o2al A2 -
2 5(9)
O%ln(y.]8"77,A
O hly-18 70) _ (2.17)

0r 0,
Evaluating (2.15) and (2.16) at \; = ;\(lg) and A, = J\(Q’) respectively, one obtains
—n/2;\§g) and —[n(p-l)]/z:\gg). Note that :\ig) > 0 and J\‘;” > 0 with probability one
(but in fact > 0 with finite precision). Thus the (2 x 2) second derivative matrix is
diagonal, with negative diagonal terms and hence negative definite, demonstrating that

(2.12) identifies a local maximum of the log likelihood. O

Theorem 4: (7-iteration). If one iterates until the sequence of PML estimates

é(oo) /:\(w)

{(é(g), ;\(g))}, g € {1,2, ..., =} converges, then the converged estimates, and

will correspond to a local maximum of the likelihood surface.

Proof. Proof of the above assertion must address the necessary conditions for
convergence of the sequence of estimates to occur. Under the regularity conditions
stated in §2.2, Gallant [1987; Chapter 5, section 5] provided a brief argument to
support this claim, for general £,. Formal statement and proof may be found in
Barnett [1976], for general £,. The assumption of compound symmetry does not alter

Barnett’s proof in any essential way. a

In what follows, the “s” will be dropped, and, unless otherwise noted, Q and /_\
will be used to denote the converged products of 7-iteration. Under the regularity
conditions stated above as well as regularity conditions to ensure convergence of the

estimation procedure, these estimates will be considered the MLE’s for model (2.1)
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with compound-symmetric Z,.

Theorem 5: The maximum likelihood estimators of ¢2 and p, are

s‘sB‘— s‘svy/(p-n
SSg + SSw

52 — S8 + SSw

P and p = (2.18)

in which SSg and SS\y are the sums of squares defined in (2.5) and (2.6) evaluated at

the MLE for §,.

Proof: Given that A = (A, ,) is the MLE of ), and that the elements of
n = (¢2, p) are one to one functions of the elements of ) (see Corollary 1.2) then one

may solve for the elements of 7 in terms of ) and evaluate them at ) = A to give

(2.18). 0

Theorem 6: The Fisher information matrix is

] 39 O
= , 2.19
3y 0 3, (2.19)
in which
3, = F/AF, (2.20)
and
n/2)\? 0
1, = ot ., |- (2.21)
0 n(p-1)/2X5,

Proof The general form of the Fisher information matrix is

2
3y = - E{g%,/—t,ln(y-w,/.\)} 1=70r (2.22)

in which t,t € {1, 2, ..., (a+2)}. The second partial derivatives of the log likelihood

function, I = In(y.|d,}), are



Q)|
D
B}
Q|
D
I
o

o-f(z:.0)55 ,f(a.r.-,e)}
np
L
i Fe D) g [ (200) — (e D)5 £ (210)
yl ¢ 807'60'_1' =4 06~ =r 60r,~ =4
(2.23)
and

8% _ n _ S 524
Y'Y YRSt (2.24)

91 _ n(e-1) _ SSw 2.2
T 223 N (2.25)

and finally
% _ .
m —_— 0 (_.26)
The mixed pa.rtial derivatives of the log likelihood are
ST = ;1; D1y — £zl f (z8) (2.27)
2 _ 1 3 )
59,0%, — :\-g‘:nﬂ [y: = f(zDgz:£(20:0) - (2.28)
Taking the negative of the expectation of the second partial derivatives gives
~Bl gt = L3 (50050 £ (200)
0,00 , - Al =t ﬂ:- == 80'_,‘- ==
S 9
L <
+ /\2 = agr-f(gng)go_r;-f(gne) ’ (2-29)

2.30
? =5 (2.30)

o




Y

-—E{ l } — _n(p-1) + n(p-1)A, = n(p-1)

223

and

22

921 | _
—E{8A16A2} =0.

Taking the negative expectation of the mixed partial derivatives gives

i _
‘E{a"‘_oraxl} = E{

Concatenating these matrices gives (2.19).

% _
36,.0%,(
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(2.31)

(2.32)

(2.33)

0

Given that Q and ;\ are MLE’s, one may appeal to the well known properties of

MLE’s [see, for example Bickel and Doksum; 1977, Section 4.4.C] and note that 9 and

/:\ are best asymptotically normal estimates.

with asymptotic covariance equal to the inverse Fisher information matrix:

oo 0
= 0 5
[Fo A E,]! 0
= 0 2X3, /n
0 0

0

0

2)2, /n(p-1)

-

Hence, these estimates are consistent,

(2.34)

In practice, evaluation of (2.34) at v, = 7 provides an estimate of the asymptotic

covariance of the parameter estimates.



2.5 Asymptotic Properties of the Parameter Estimates

In what follows, it will be assumed that N = np = co in such a way that p
remains fixed. This corresponds to the number of sampling units, n, going to infinity.
The decision for p to remain fixed follows from consideration of the experimental
design. Given certain experimental designs that may be employed to ensure a valid
compound symmetry assumption, such as counterbalanced stimulus presentation, often

the notion of p =+ oo will not make sense.

The asymptotic equivalence of AWLS (or PML) and ML estimates in nonlinear
models, under the regularity conditions stated above, is well established [Gallant, 1987;
Ch.5, section 5; see also Charnes, et al, 1976]. In addition, for this equivalence relation
to hold, it is necessary that the variance does not depend on the mean of the regression
function [Davidian and Carroll, 1987]. For our model this is taken to mean that ), is
not a function of §, or the z;,. Given the asymptotic equivalence of estimators
obtained from AWLS or ML procedures, it will be convenient to characterize the MLEs
using the basic principles from Gallant’s unified asymptotic theory for nonlinear
parameter estimation which is motivated by least squares (rather than maximum
likelihood) theory. To this end, note that §, the MLE of f,, minimizes the

approximate weighted least squares objective function:

s(g) = rll i [X;’ - I(?ive)]lg-l[gi - f(?ng)]

in which Q™! = [I,®%™"] and £ is the MLE of E,.

As Gallant does not provide an explicit characterization of é from a
multivariate model with general T,, it will be provided here for completeness. The
special case of compound-symmetric I, involves a simple substitution for the
covariance structure in the results that follow. Some preliminary results, largely

attributable to Gallant [1987], must be established.
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The consistency of maximum likelihood estimates is a well known property.
For the situation considered here, a somewhat stronger statement may be made. In
particular it can be shown that £ = £, + op(1/¥0) [Gallant, 1987, p. 356]. Then §

may be characterized to the same order. Define the following functions:

and real-valued matrices:

One important result used in the characterization that follows is:

Zs(80) = —REL Qe
2
n

= —3F. Qi'e — FFbefop(1/VF)
= 3P4 Qe + 0p(1/¥F) . (2:39)

The last line follows from an application of Slutsky’s theorem [Serfling, 1980; p. 19]
using the facts that 1) ﬁlj‘ﬁg -'& Nq((_), EQQ'IEO) implies ﬁlj‘ﬁg is bounded in
probability and 2) 2/4n = o(1).
A second important result used in the characterization that follows is:
30 = %Ez Q-IEO

= 2F} (23 + 0p(1/¥R)] Fo

|
ETY)

Fo Q3'Fo + 3F0 Foop(1/VA)
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= 2F} Qu'Fo + 0p(1/4F) . (2.36)
The last line follows from an application of Slutsky’s theorem using the fact that
%lj‘f, F, converges uniformly to a fixed real-valued matrix [Gallant, 1987; theorem 5, p.

189).

Theorem 7: Under the regularity conditions stated in §2.2 above, consider
model (2.1) with general £,. Then

8 =9, + [FoQ'Fo] 'Fo Q3'e + 0p(1/4) . (2:37)

Proof: (By extension of Gallant [1987; Chapter 4, §3]). Assume that f and 4,

are contained in ©. By Taylor’s theorem [in Gallant, 1987; p. 13],

il s(d) = i s(8.) + Vitoes(3)(@ — 8.)
047" 09 ™=° ogog’ =T T

(l-a)8, for 0<a<l and (0%/89989')s(8) = (8%/8984")s(8) Then

=1

0,(1) and 2 = § + 0,(1), in which § = §,, by Theorem 5 in Gallant [1987; p.

189]. Here o,(-) is used to indicate almost sure convergence. Then it is also true that

e

= 30l =; = 3Q";Q,s(é) = $o + 0u(2) .
By lemma 2 of Chapter 3 in Gallant [1987] we may assume without loss of generality
that YR(8/86)s(8) = op(1). Substituting these equalities into the above and
completing the square with §,, we obtain

0p(1) = Nigss(80) + [§ + o(INA(E ~ 4o)

= \afs(80) + [§ — g0 + 0a(VINA(@ ~ €0) + JoF(d — €) -

Let Op(:) denote bounded in probability. Then [§ — Jo + 0s(1)] = 0,(1) and the
convergence in distribution of Yi(§ — §,) to a normal random vector with mean zero
implies that A(d — o) = O,(1). Hence [} — 3o + 0s(1)]NR(8 — 4o) = 0p(2).
Simplification of the above expression gives
$oA(8 — 80) = — V7 Zis(8:) + 0p(2) -

There is an n’ such that for n>n’ the inverse of 3o exists givin
4 gving

(8 — 8,) = —ﬁ(zo)“aie,s(eo) + 0p(1) .
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Substituting for 3, and (8/96)s(§,) from (2.35) and (2.36) and applying Slutsky’s

Theorem, we obtain
A8 — 8o) = VR[(BFs Q3'Fo)™ + 0p(1/VR)][BFS Q3'e + 0,(1/47)] + 0p(2)
= A[(F6 Qo'Fo) 'Fi Qile + 0p(1/47)] + 0p(1) .

Finally, rearranging terms gives (2.37). |

Corollary 7.1: Under the regularity conditions stated in §2.2 above, consider
model (2.1) in which ¥, is compound-symmetric, then
8 = 0o + (F6 AS'Eo)'Fo Adles + 0p(1/4M) (2.38)

in which Ao, = [In ® Dg()o)] and ), contains the eigenvalues of To.

Prooft Recognize that 8, may be estimated equivalently from either the
transformed or the untransformed model. For convenience, consider the transformed
model, with covariance structure A,. By substituting Ao, = [I, ® Dg(}.)] for Q, and

e. for e in (2.37), the proof is complete. 0

Two lemmas follow from the nature of the asymptotic covariance matrix.
Although their proofs are trivial, these lemmas are essential because they provide a
sufficient condition to ensure the asymptotic independence of certain estimators.
Functions of these estimators are used, in Chapter 3, to construct test statistics. The
characterization of the resulting test statistics relies on the asymptotic independence of

the component parts.

lemma 1: Under the regularity conditions stated in §2.2, consider model (2.1)

with £, compound-symmetric. Applying the transformation from Corollary 1.2, the

maximum likelihood estimates Q and ;\, of §, and )., are asymptotically independent.

Proof: Since é and ;\ are MLEs, they are asymptotically normal with
asymptotic covariance as in (2.34). Applying the definition of asymptotic independence
used by Kendall and Stuart [1970; V.2, p. 56], i.e. asymptotic normality and zero

covariance, independence follows. a
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lemma 2: Under the regularity conditions stated in §2.2, consider model. (2.1)
with ¥o compound-symmetric. Applying the transformation from Corollary 1.2, the
maximum likelihood estimates A, and X,, of A,; and A,,, are asymptotically

independent.
Proof: See the proof of lemma 1 above. 0

The large sample normality of A; and A, is most likely misleading for smaller
samples. It is more typical to approximate variances, or more accurately, scaled sums
of squares, with x? distributions. Recall that a x? variate with degrees of freedom
equal to v converges to a normal as v goes to infinity. In this way, the x? limit
distribution may be thought of as a “smaller sample” result. The following two
theorems provide the rationale for the x? limit distributions for i, and X,. For

! contains the n residuals

convenience, partition &. = (&.,/, &.,’)' such that €.
corresponding to the average transformed responses and {e,z' contains the n(p-1)

residuals corresponding to the trend transformed responses. Similarly, consider such

partitions for the transformed responses, model equations and errors.

Theorem 8: Under the regularity conditions stated in §2.2 above, consider
model (2.1) with compound-symmetric £,. Transform the model as in Corollary 1.2.
then,
ndy = en'en +05(1), (2.39)
and

n(e-DA; = e.o'e.s + 0p(1) . (2.40)

Proof: Recall that &,, =y,, — f.l(é) is a function of 9, and § is consistent for
0. Hence by Serfling [1980; p. 24] n}, = ¢&,,'¢,; = e.,/eu; + 0p(1). A similar

argument may be constructed for (2.40). a
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Theorem 9:
nk, & A x%n) (2.41)
and

n(p-1)A, EA Ao x2[n(p-1)] . (2.42)

Proof Write n),/\, = e,,/Ae.; + 0p(1) in which A = (1/),)I,. The proof is
completed by recalling that e, ~ Nn(Q, /\1In) and MA = I, is idempotent so that
Theorem 2 from Searle [1971] applies giving (2.41). A similar argument may

constructed for (2.42). 0

2.6 Bias Approximations for the Parameter Estimates

A bias approximation for é was developed by M. J. Box [1971]. His derivations
are quite general and include both spherical and non-spherical nonlinear models. In
particular the results for a heteroscedastic model are directly applicable to the
transformed compound-symmetric model considered here. These derivations are based
on a second order Taylor series approximation to the nonlinear expected value
function. This type of bias approximation is intuitively appealing since it is well-known
that measures of nonlinearity (in particular the parameter effects nonlinearity) are
closely related to the second order term from a Taylor series approximation. The bias

for § may be defined as B = E(d - 8,). In addition, let ¥ = F(9) and let H; be

0=39
the (q x q) matrix of second partial derivatives of f(z,,8) with respect to ¢, evaluated
at § = §. Here tr(-) is used to denote the trace of a matrix. Then define m = {m;},

i € {1, 2, ..., np} to be an (np x 1) vector with m; = tr{3;*H,]. An approximation for the

bias in 4, to second order in (8 — 4,), was found by M. J. Box as

{ow}]
(17
-

= =130 A m . (2.43)

An application of (2.43) that is relevant here involves estimation of l,. It is

possible that (2.43) may be used to improve the accuracy of estimation of ),. Two
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means to this end include 1) bias correction of the predicted value vector j_‘(é), by using

a bias corrected version of 4, and hence the residuals upon which computation of Ao is

based and 2) direct application of (2.43) to a Taylor series expansion of ), as a
function of @, about f,. Since the bias in f is zero asymptotically, bias corrected
estimates of 4, retain the same asymptotic properties as the uncorrected estimators.
Bias corrections will not be pursued here, although they offer a possible means to
improvement in variance estimation as well as their obvious potential for improvement

in estimation of §,.




Chapter 3

INFERENCE FOR COMPLETE DATA

3.1 Introduction

Current methods for hypothesis testing in multivariate nonlinear models are
inadequate in two ways. First, many methods are limited to particular types of
hypotheses or médels. Second, the more general methods often do not work well in
small samples. Methods are proposed, here, which are expected to provide more
accurate small sample hypothesis testing than existing methods. The new methods are
essentially a very general extension of the univariate approach to repeated measures
from linear models to nonlinear models. In simulation studies presented in a later
chapter, the new methods will be compared to existing general methods [Gallant,
1987]. A gain in accuracy is expected to be achieved by correctly modelling the
covariance structure, namely one of compound symmetry. A brief review of the

situations for which the new methods will be appropriate is helpful.

Model-based inference procedures may be classified according to whether they
are applicable to linear and/or nonlinear hypotheses for linear and/or nonlinear models.
Hence, the term “nonlinear” may refer to either 1) a type of hypothesis or 2) a type of
model. In this context, the “usual” multivariate statistics, i.e. for the general linear
hypothesis for the GLMM as in (1.7) (see, for example, Chapter 8 in Hocking, 1985),
involve a very restricted set of circumstances: both linear hypotheses and linear
models. The methods evaluated herein are appropriate for possibly nonlinear models

with possibly nonlinear hypotheses.



62

The new test statistics proposed below, as well as those attributable to Gallant
[1987], are based on F approximations to the classic Wald and likelihood ratio
statistics. The basic strategy here will be to construct the test statistics of interest as
ratios of asymptotically independent quadratic forms which correspond to hypothesis
and error sums of squares, denoted SSH and SSE respectively. This allows ease of

comparison of the new statistics to those of Gallant’s.

The new statistics may be viewed as modifications to Gallant’s, however, they
are motivated very differently. The difference in motivations revolves around error
variance estimation. Briefly, the distinction between the two approaches derives from
Gallant’s transformation of the multivariate nonlinear model to one with
approximately N(0,1) errors. The transformation is defined by an estimated weight
matrix so that the transformation is only approximate. Hence distributional properties
of the transformed errors, particularly their independence, are only approximate.
Furthermore, the original scale of the data is lost. Thus the concept of “error
variance” (a scale parameter) is somewhat unnatural in the multivariate methods
proposed by Gallant. In contrast, when ¥, is compound-symmetric, the methods
proposed here involve an exact transformation to independence and use an error
variance estimate for o2, the true variance of the data. When ¥o is not compound-
symmetric, the new methods are still applicable in the spirit of a generalized univariate
approach to repeated measures for nonlinear models. More detailed comparison of the

motivations for the new approach and that of Gallant are contained in §3.2.

Derivation of the sum of squares estimators of Gallant [1987) and of those being
proposed here is provided in §3.2 and §3.3. The proposed estimators are characterized
for general L,, with Q, =1, ® Z,. The results are easily specialized to the case of
compound-symmetric £, = L.; by simply replacing I, with I., throughout.

Moreover, when the exact transformation (and subsequent estimation) method of
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Chapter 2 for compound-symmetric covariance is used, the transformed error structure
may be written £, = Dg(A,), with Qo = A, =1 ® Dg(d,). Thus, these substitutions
may be made for £, and Q,, respectively, to incorporate the estimation method for
compound-symmetry, described in Chapter 2, into the inference procedures of the

present chapter.

Some further notation and an additional assumption must be added. Consider
hypotheses of the following form:

Ho: h(8.) =10 vs. Ha: h(8o) #0 , (3.1)
in which the function h(:) is a once continuously differentiable mapping, RY - RS, so
that r = q—s is the dimension of the parameter space under the constraint imposed by
Ho. Let H(8) = (8/89)h'(8) denote the Jacobian for the function h(§). An additional
assumption will be added at this point which imposes full rank on H and J,, the Fisher
information matrix. This requirement is not strictly necessary because the less than
full rank case can be accommodated in much the same fashion as for linear models.
However, tolerating less than full rank introduces substantial notational and proof

complexity which detracts from the major results to be developed here.

Assumption 13: [in Gallant, 1987; p. 219]). The function h(§) that defines the null
hypothesis Ho: h(6.) =0 is a once continuously differentiable mapping of the
estimation space into RS. Its Jacobian H(@) has full rank at § =¢,. The matrix J, has

full rank. The statement “the null hypothesis is true” means that h(8,) = 0 for all n.

3.2 Error Variance Estimation

With respect to Type I error rate, it is generally accepted that F
approximations perform better than x? approximations for hypothesis testing in

univariate nonlinear models [Gallant, 1987, Ch. 5; Milliken and DeBruin 1978].
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Typically F approximations are constructed by dividing the classic Wald and likelihood
ratio x? statistics by a suitable independent y? denominator. Two approaches to
choosing a denominator x? are considered here; both approaches may be viewed as
choosing an error variance estimator. The first approach uses a divisor which is
approximately equal to one, i.e. the estimated variance of a unit normal [Gallant,
1987]). The second approach, to be proposed here, seeks an estimate of a univariate
measure of error variance, in the scale of the data. This estimator may be adjusted
when independence and/or variance homogeneity are violated. Hence, this second

approach is consistent with a univariate approach to repeated measures.

Gallant’s improvement to the usual asymptotic x? statistics was motivated by
the desire to compensate for sampling variation in having to estimate £,. To this end,
Gallant exploited a byproduct of the AWLS estimation process, namely standardized
residuals. Standardized residuals are obtained from a model which has been
transformed by a Cholesky factor of the sample covariance matrix. The mean square
of the standardized residuals essentially estimates unity. In contrast, the improvement
to the usual asymptotic x? statistics proposed here involves using the mean square of
the unstandardized residuals. In both cases, as will be shown, these estimators may be
shown to be approximately distributed as x% and asymptotically independent of Wald

and likelihood ratio based x2 numerators.

In order to clarify the two mean squared error estimators, define a Cholesky
decomposition of £ as £ = 108 U in which U is upper triangular. The “°” is used to
emphasize that this factor, and hence the following transformation, is approximate. In
general, £ may be any consistent estimate of Lo. Hence, in the theory that follows, it
is sufficient to consider £ computed from the OLS residuals of an untransformed

model. Note that AWLS estimation is equivalent to OLS estimation of the model

transformed by U. Specifically,
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s(8) = [y — f(O'In @ £y — £(8)]
=[y = £(O)In ® U)'[ln ® UMly — £(8)]
= [yor = L@ [yun — forl®)]
in which the subscript “xx” denotes transformation by the estimated (Cholesky) factor
matrix, as distinct from the subscript “x” which will be used throughout to identify the
exact (orthonormal) transformation described in Corollary 2.1. The following two sets

of residuals are defined

1) standardized, e = You — fuu(B)
=[ln ® U]ly — £ - (32)
and
2) unstandardized, é=y — f(é) , (3.3)

Regardless of the nature of £,, the mean squared error computed from (3.2)
estimates a unit variance. However, the interpretation of the mean squared error
computed from (3.3) depends on the nature of L,. With compound-symmetric
covariance and an estimation procedure which utilizes the orthonormal transformation
of Corollary 2.1, the mean squared error computed from (3.3) is estimating an
unstandardized error variance, i.e. the variance of the model in the original metric. For

general covariance, this proposed estimator has no simple interpretation.

The following three theorems provide asymptotic characterizations of 1) a
standardized (unit) error variance estimator 2) a generalized unstandardized error
variance estimator for general £, and 3) an unstandardized error variance estimator

When go = gcg.

Theorem 10: (Gallant’s estimator of standardized (unit) error variance).
Under the regularity conditions of §2.2, consider model (2.1) with general ¥,. An

estimator of standardized error variance is provided by
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m = (3.4)
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in which 8 and ¥ are the ML estimates of fo and £,. Then

(?) (np—a)s? = Q,+ op(1/n),
in which
Qs = e'[23' — Qi'P,, Q0 e (3.5)
and
Pg, = Fo(Fo/Q.F0)'F/,
and
(i1) Qs ~ x*[np—al . (3.6)

Proof:

Proof of (i): (By extension of univariate argument in Gallant [1987; Ch. 4]).

By Taylor’s theorem,

(8))(@ - 8.),
(3.7)

_ 3 8 N5 np,;
s(80) = mos(@) = no(3555(D))' @ ~ €0) + Pl - 2.) (60 7
in which § = af + (1-a)§, for some 0<a<l. Recall that {7p(8/88)s(§) = op(1) and
(8%/6408")s(6) = 4o + 0.(1). Making these substitutions in (3.7) and rewriting gives
no[s(go) — s(8)] = —op(1)VAB(E — 80) + R@ — 8130 + 0u(1))(E — 80) -
Noting that {np(d — 6,) = Op(1), this reduces to

np(s(8.) — s(8)] = 2@ - o>'rgo + 0s(1)I(8 — 80) + 0p(2)

é 3 (@ — 8o) + op(1) .

Applying Theorem 7 to 8 and replacin ng 3o p o'Qo'Fo + op(1/4n),
nes(80) — s(8)] = P{(F/QENEDie + 0p(1/v)}
{BESQIE, + o,,(l/ﬁ)}

{(ESQIENESDie + 0p(1/4W)} + 0p(1)
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= !0 Fo(Fo'Q5 Eo) 'Fo' Q3% + 0p(1) -

Rearranging and substituting for

nps(fo) = ¢'Q7'e

=¢'Q'e + op(1/47)
then
s(8) = d{e''e — ¢/QIEA(E/Q o) 'Fo'Qile + 0p(1/4F)} + 0p(1/n)
= e {0 — QVEL(B/QIE)IES/ Qe fe + op(1/n) .

Multiplying the right hand side by np/(np—q) = 1 4+ o(1) we obtain (3.5).

Proof of (ii): Write Q, = e'A,e in which
Ay = Q) — QUF.(F./Q)F0)Fo/Q3 .
A, is symmetric and A,Q, is idempotent. Then by Theorem 2 in Searle [1971; section
2.5], e'Aje ~ x%[rk(A;Q0)]. Finally, the proof is completed by observing that
rh(A1Q0) = tn(A,Q0)
= tr{lnp — Q5 Fo(Fo'Q5'Fo)'Fo]
= tr(lnp) — t{Q3'Fo(Fo'Q:'Fo) ' E]
=np — ir(lq)

= np—q. 0

An alternate asymptotic distributional result is obtained by applying the
following argument to (3.4). By using the fact that § and £ are jointly consistent for
8, and T, [Barnett, 1976], it can be shown that (np—q)s? = e'Q3'e + 0p(1) and hence
(np—q)s? A x’[rp]. This type of argument relies only on the consistency of # for 6,
rather than the 4n characterization provided in Theorem 7. Of course the two
characterizations of (np—q)sf are asymptotically equivalent because in large samples np

and np—q are indistinguishable. In practice it is preferable to use the results based on
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np—q because the correction in degrees of freedom for estimation of §, has been shown
to provide a better small sample approximation to the error variance in a variety of
situations [see, for example, Harville, 1977]. Of course, for linear models, np—q

provides exact results.

In general, any quadratic form written Q = z/Az with z ~ N(;_l, \_/') and A
symmetric, is distributed exactly as a weighted sum of independent noncentral chi-
squares [Johnson and Kotz, 1970; Ch. 29]. The weights are the eigenvalues of AV.
Exact probabilities of any quadratic form in independent normal variables may be
computed using one of several algorithms [Davies, 1980]. However, these algorithms
are computer intensive and they have not been evaluated with respect to the use of
estimated weights. For the applications considered here, the weights must be

estimated.

It will be shown that the approximate asymptotic distribution of an
unstandardized error variance estimator may be obtained using a method of moments
approach. A brief review of such an approach for approximating the distribution of a

quadratic form in normal variables is helpful.

Consider Q as above. The distribution of Q may be approximated by a single
scaled noncentral chi-square, so that Q ~ cxf,[v,w] in which ¢, » and w are obtained by
equating these to the moments of the quadratic form, Q. An evaluation of the
accuracy of method of moments approximations to quadratic forms related to analysis

of variance applications is available in Box [1954a and b).

It is sufficient for the present applications to consider the case of a central
quadratic form, i.e. p= 0. Applying the formulae for the first and second moments of
a central chi-square variate with degrees of freedom v (see for example Ch. 28, section
4 of Johnson and Kotz, 1970) we have

E(Q) =~ cv (3.8)
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and
V(Q) = 2% . (3.9)
The first and second central moments of Q may be found exactly as
E(z'Az) = tn(AY) (3.10)
and
V(z'Az) = 2[tn(AY)7] . (3.11)
Then (3.8) and (3.9) may be equated to (3.10) and (3.11) respectively and solved
simultaneously for ¢ and v in terms of functions of the traces of AV and (AV)2. This
\
yields
¢ = tr{AV)?/ tr(AV) (3.12)
and
v = [t(AV)]?/ [t(AV)?]. (3.13)
Note that, using the fact that the trace of a matrix is equal to the sum of its
eigenvalues, one may choose to consider ¢ and v as functions of the eigenvalues of AV.
This was the approach taken by Geisser and Greenhouse [1958] in extending Box’s
results to the use of the F statistic in multivariate analyses. In practice, V is not

known so that a consistent estimate of V replaces V in (3.12) and (3.13).

Theorem 11: (An estimator of unstandardized error variance). Under the
regularity conditions of §2.2, consider model (2.1) with general £,. An estimator of

unstandardized error variance is provided by

st = i » (3.14)
in which § is the ML estimate of §,. Then
(7) (np—q)st = Qu + op(1/n) ,

in which

Qu=¢'{lnp — P, 2''llnp — P, 0Qo'le (3.15)
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and
(i) Qu % cux’®[al
in which
cu = tr{(Qo= Pg,)] / 120~ Po,] (3.16)
and
vu = {t(Qo= Pp,)}* / t(Q0= Bp,)?l . (3.17)

Proof of (i): Three algebraic properties of P, aid simplification in the steps
that follow,
(a) Pg,Q:'P,, =P,
() P nof_);l is idempotent and
(¢) Pg, is symmetric .
Replacing f (é) by its first order Taylor series about 4, for every fixed, finite sample
size n,
(no—a)s = [y — f(8) = F@)(@ - o)'ly — £(8) — F(@)(@ — ¢.)]
=[e — F(8)(@ - 0.)]'le — E(8)(@ - 4,)]
=e'e — e'F(8) (8 — 8.) — (8 — 6.)'E'(D)e

)
+ (8 - 0)F'DE@)E - 9.),

~~

in which § = af + (1—a)f, with 0<a<l. Note that F(§) = F(8,) + op(1) by
applying §1.7 of Serfling [1980] and using the fact that § is consistent for f,. Let
Fo = F(8,). Making the appropriate substitutions and applying Theorem 7 we have
(p—a)si = e'e — e'[Fo + 0p(1)][(Fo'Qo'Fo) ' Fo'Qi'e + 0p(1/47)]
— [¢'QEo(Fo'Qe'Fo)™ + 0p(1/4M)][Fo + 0p(1)]e
+ [e'Q3' Fo(Fo'Q3 Fo) ' Fo’ + 0p(1/¥R)][Eo + 0p(1)]
[Fo(Fo'Q3 o) Eo'Qi'e + 0p(1/VR)] .

e'e — e'Pg,Qi'e — ¢/Qi'P e + /0P, Py Qile + 0p(1)
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= 9’[Inp - Enogzlll[lnp - 130093119 + op(1).

Dividing through by (np—a) gives (3.14).

Proof of (4#): Qu is a quadratic form in normal vector ¢ ~ N(Q, Q,), with
A, =(Inp — Enogzl]'[lnp - f_’noQZI] symmetric, although Qu does not exactly follow a
chi-square distribution because A,Q, is not idempotent. Hence a method of moments
approach may be applied to give an approximate distributional result. Then
tr(A,Q0) = tr{{lnp — P, 07''lnp — P, 2100}
= t"{[lnp = EnoQ:’l]’[Qo - Eno]}
= tr{Qo — 2P5,+ P, Q5'P ]
= Q. — Py,],
and similarly, it can be shown that
tr{(A220)°] = tr{(Q. — Pp,)?] .
Substituting these expressions for t{AV) and t{(AV)?] in (3.12) and (3.13) completes

the proof. O

When I, = 0'21,,, the asymptotic distribution of the unstandardized error
variance estimator simplifies to the well known result for the univariate nonlinear
model as the following corollary shows.

Corollary 11.1: Under the conditions of Theorem 11, if £, = o], then

(no—a)sd £ o?x?*[np—aq).

Prooft: When T, = dzlp, Qo = ¢*Inp. Applying Theorem 2 from Searle [1971]
and let A, =(1/0?)[Ipp — Fo(Fo'Fo)'F,/]. The proof is completed by observing that

A2Q0 = [Inp — Fo(Fo'Fo)'F.'] is idempotent with rk(A,Q.) = np—a. O

When the covariance structure is assumed to be compound-symmetric, a
weaker approximate distributional result may be obtained for the estimator of error
variance, o2, based on the unstandardized residual sum of squares. This result is

obtained by using the fact that 8 is consistent for §,, rather than using the n
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characterization of Theorem 7. Partition the residuals from the orthonormally

transformed model into &. = (&.,/, &.,'), such that the first n elements are the
residuals corresponding to average transformed responses and the remaining n(p—1) are

those residuals corresponding to trend transformed responses.

Theorem 12: (An estimator of unstandardized error variance with £, = Z,).
Under the regularity conditions of §2.2, consider model (2.1), with T, = Ze,,
transformed orthonormally as in Corollary 1.2. An estimator of unstandardized error

variance is
&.e.
(np—a)

Scs =

(3.18)
Then
(%) (np—a)s?y = Qes + 0p(1),
in which
Qe = ele.

and

(ii) ch ~ Ccaxz[Vc:] s
with

e = Ao+ (p=1)X%,
i A, + (p=DA,,°

(3.20)

and

ey = (nA,; + n(e—1)),,)°
nA2, + n(p—1)A%,

(3.21)

where A\, = ¢[1 + (p—1)p] and X, = (1 —p).
Lroof:

Proof of (i): This follows immediately from Theorem 8 in Chapter 2.

Partitioning the residuals from the transformed model as above, write

1 1e 13
*
fa
o
+
-
+

e
*
-]
e ]
*
(3]
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n;\l n(p—-l);\z
ap=q + —wp=a

! !
_ €1% €1 €9, €94
=%Fp=q + Fp=§ T op(1) .

Proof of (ii): Using the method of moments approach described above, observe
that Qc, may be writfen as a weighted sum of asymptotically independent chi-squared
variates, :\1 and :\2. Using the fact that :\1 and :\2 are MLE’s, we have

Ea{(np—a)s?,} = n),; + n(p—1)A,,
and
Va{(np—a)si;} = 2nA2] + 2n(p—1)AZ,
in large samples, by Theorem 6 in Chapter 2, where the subscript “s” denotes

“asymptotically.” Setting the above equal to E{cecsx’[Ves]} = cesves and

V{cesx?[Ves]} = 2c¢2sves respectively and solving for cc, and v, completes the proof. O

Again, the case of £, = 021,, poses a special case of interest. It demonstrates
that while the method of moments approach provides the correct asymptotic result for

spherical covariance, in small samples it leads to liberal degrees of freedom.

Corollary 12.1: Under the conditions of Theorem 12, with £, = azlp, Ces = 02

and ves = np.

Proof: When L, = azlp, then )\, = A,, = ¢2. Substituting these equalities

into (3.20) and (3.21) one obtains cc; = 02 and ves = np. 0

Corollary 12.1 suggests that v, in (3.21) ignores estimation of the parameters
in §,. One may interpret v., as a parameter which describes the effective sample size.

In practice, one might choose to use v¢; = (ves — q) degrees of freedom.
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3.3 Development of Hypothesis Sums of Squares

In this section two hypothesis sums of squares are considered. These form the
basis of the Wald and likelihood ratio test statistics. Although asymptotically
equivalent, these two statistics perform very differently with respect to Type I error
rate, for nonlinear models with small samples. In particular, the Wald test tends to
perform worse than the likelihood ratio test. Furthermore, the Wald test performs
very poorly in models possessing large parameter effects curvature. Theorems 13 and
14 extend univariate arguments in Gallant [1987] to the multivariate case of a Wald
based hypothesis sum of squares. Theorem 15 provides an analogous unstandardized
approximator to a Wald based SSH. Theorem 16 provides an asymptotic
characterization of a likelihood ratio numerator using an application of Theorem 10.
Theorem 17 provides an alternative formulation of a likelihood ratio numerator and x?

test statistic based on the unstandardized error variance estimator.

Theorem 13: Under the regularity conditions of §2.2 and assumption 13 above,

consider model (2.1) with general L,. Defining h(§) = h(8)

then

§=8’

>
(-1

(8) = h(8o) + Ho'(Fo/Q3'Fo)'F./ Qe + 0p(1/47) , (3.22)

in which H(8) = (8/09)h'(¢) and Ho = H(9)

Proof: (adapted from Gallant, 1987, p. 260-261). By Taylor’s theorem

[As -4

rh(8) = h(8.) + H'VR(8 - 4.),

in which H has rows (8/89")h(4,) with 8, = a,§ + (1—q;)8, for 0<a;<1 and

81=9;

le{1,2,..,s}. Then H' = H,' + 0,(1) and

Wh(8) = h(8o) + [Ho' + 0s(1)INR(8 — 8) .
Applying Theorem 7 from Chapter 2,
)

LA 14

VRA(8) = VRh(8o) + VRHo'(8 — 80) + 0s(1)
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= YRh(8o) + Ho/VR[(Fo/Q5'Fo) ' Fo'Qile + 0p(1/4R)] + 04(1)
= k(o) + Ho'VR(F.'Q'Fo) 1Eo'Q3le + 0p(1) .

Dividing both sides of the above equation by ¥n gives (3.22). o

Theorem 14: Under the conditions of Theorem 13, define a Wald based

hypothesis sum of squares as

SSHyy = A'(O)H'(E'QE)H] " A() (3.23)
in which H = Ij(Q)0=,;1 Then
(1) SSHy, = Qw + 0p(1),
in which,
Qw =2'Asz (3.24)
with
z = [h(8) + Ho'(F.'Q'Fo)'Fo'Qite]
and
Ay = [Ho/(F.'Q3'Fo)  HoJ ™,
and
() Qw ~ X’ls, v] ,

in which the noncentrality parameter w is

w = h'(06)Ho' (Fo' Q3 Fo) " Ho] " h(8s) - (3.25)

Proof

Proof of (i): (adapted from Gallant [1987; Ch. 4]). Substituting (3.22) into
(3.23), using the consistency of § for §, and £ for T, and then applying Slutsky’s

Theorem, one obtains

SSHy, = [A(80) + Ho'(E./Q3'Fo)'Fo/Qle + 0p(1/4R)]
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{[H/(Eo'Q5'Fo) "Hol ™! + 0p(1)}
[8(80) + Ho'(Eo'Q3Fo)"Fo'Qile + 0p(1/R)]
=2'A3z + 0p(1)
with z and A ; defined as above.

Proof of (ii): It is easy to show that z ~ Ns(l_'t(Qo), A},I) with A, symmetric
and AgA3' = Is so that applying Theorem 2 of Searle [1971], 2'Asz ~ Xx%[s, w], with
w = h'(8.)A3'8(8o). : 0

An alternate approach to defining a hypothesis sum of squares involves
omitting the covariance matrix, Q'l, in (3.23) and identifying an approximating x?2
distribution for it as follows. In order to be consistent with notation previously

developed, the subscript “s” will be appended to indicate an “unstandardized” form.

Theorem 15: Under the conditions of Theorem 13, define an unstandardized

Wald based hypothesis sum of squares as

SSHy, = h'(§)E'(E'F) A A(E) , (3.26)
in which H = H(8),=; Then
(9 SSHyy, = Qw, + os(1),
in which,
Qw., = 9,“33;& (3.27)

with
Asy = Q' Fo(Fo/Q Fo) ' Ho[Ho'(Fo'Fo) ' Ho ' Ho (Fo Q3 Fo) 1F. Q31

and, under Hq

(#) Qwa ~ cwu X [Pyl »

in which
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owy = (W) / (W), (3.28)
and
vy = (W) / t(W)?, (3.29)
with

W = Ho[Ho/(F./Fo)  Ho THo'(F./Q3 o) .

Proof:

Proof of (i): This follows directly from Theorem 14 part (i), noting that Ag,

replaces Ag.

Proof of (ii): A method of moments approach may be used to approximate the
distribution of (3.27), which is not exactly distributed as x? because A;,Q, is not

idempotent. We have

tr(A3,Q0) = tr(Q3'Fo(Fo/ Q3 Fo) "Ho[Ho (Fo'Fo) "Hol ' Ho/ (Fo/ Q2 Fo) ' F,')

tr(Ho[Ho'(Fo'Fo) 'Ho] 'Ho/(Fo/Q'Fo) ) .

Similarly it can be shown that tr(A3,Q0)? = tr(W)%. Then tn(W) and t{W)? may be
substituted for t{AV) and t(AV)? in (3.12) and (3.13) to obtain cw, and vy, as
above. 0
Corollary 15.1: Under the conditions of Theorem 15, if £, = 0'21,, then
CWu = c? and Vwe = 8-
Proof: If £, = 0%y , Qo = 0%Inp. Substituting for Qo in (3.28) and (3.29),

one obtains ¢y, = o? and Ve = S- |

In contrast to a Wald-based hypothesis sum of squares which relies on the
normality of h(8) one may define a hypothesis sum of squares using the likelihood

ratio. The likelihood ratio, under normality of errors, is defined by the difference
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between error sums of squares from full and reduced models, denoted s?f) and s?r)
respectively. Here, a reduced model is taken to be one which is formulated under the
constraints of the null hypothesis. For a univariate model, the classic likelihood ratio
test for a univariate model may be written as LR = n In(Ly/L,) in which Ly and L,
denote the likelihoods under the null and alternative hypotheses. For a model with q
parameters an F approximation is obtained using the approximation In(1—z) ~ =z,

8S€
LR =~ (n—q)in gg(%-;

8se — $§Sse¢
= (n—q)in (1 + —-(:;SCT(—”)

~ (n_Q) S8 (f)

=sFg

in which LR <& x2 where s is the number of constraints imposed by Hy and the sse.y
are residual sums of squares from reduced (r) and full (s) models. Gallant [1987]
provided support for using Fgp.q to approximate the null distribution of F r for
nonlinear models. Gallant also extended the use of the F approximation to the
multivariate model with n observations and p repeated measurements. However, the
residual sums of squares used by Gallant in the multivariate extension are computed
from standardized residuals. It is proposed here that unstandardized residuals be used.
In what follows, SSH,, and SSH_, will be used to denote approximators of the
difference in reduced and full model, standardized and unstandardized, error sums of

squares, respectively.

It is helpful for what follows to briefly consider the theory of constrained
estimation. The null hypothesis as stated in (3.1) is in the form of a parametric

restriction. Alternately, it may be stated as a functional dependence,
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Ho: 8o = g(¢o) for some ¢, wvs. Ha: 8o # g(¢) for any ¢ , (3.30)

in which Q:Rs-»qu, r+s=aq and g(¢) is twice continuously differentiable. Using the
functional dependence one may write the restricted model as

y=flg(®)] +¢.

Applying the chain rule for differentiation, the Jacobian for the restricted model is

Ela@] = & 1190 (@)
= Flg($)IG(4)
= FG

;
in which F = F[g(¢)] = F(8) appears as before and G is essentially a Jacobian for the
transformation from R® to R%. This greatly simplifies the development of the error
sum of squares for the restricted model. Define
Pa, .,y = FoGo(Go'Fo/Q'FoGo) ' Go'Fo’ (3.31)

in parallel to that of the full model using F(8) and G(4) evaluated at §, and ¢,
respectively. Henceforth use E”o(})’ previously written simply as P, , to denote the
matrix derived from the full model. Furthermore, note the following relations

%) Ba,,,9'Ba,, = Pa,, and

D) Pa,y 85 Ba,y = Pa,,85'Ba, ) = Bay, -

Theorem 16: (Gallant’s likelihood ratio numerator). Under the regularity
conditions of §2.2 and assumption 13, consider model (2.1) with general £, and a
hypothesis as in (3.1) or (3.30). Recall that sf(r) and sf(f) are the mean squared
standardized residuals from the ‘reduced and full models respectively. Define
sse,,) = [np—(q—s)]sf(r) and sse,y) = [np—-q]sf(f) to be the reduced and full model
standardized residual sums of squares. An approximator of the hypothesis sum of
squares is provided by

SSH,, = sse ) = Sse, 4y - (3.32)
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Under the null hypothesis

(2) SSHLs = QL, + OP(I) ’
in which,
_ Ira-1 _ -1
Qu, = ¢'[93(Ba,,, — Pa,, )0k » (3:33)
and,
(i1) Q, ~ xIs) - (3.34)
Proof:
Proof of (i): By repeated application of Theorem 10 to sse’(r) and sse’( 9
SSH_ ,= sse’(r) - sse’(f)
= 9'9;1[(1np - Eno(,)) = (Inp — Eno(j))]QZlg + 0p(1)
=¢'0(Ba,,, — Pa,,)05'e + 0p(1) .
Proof of (ii): Theorem 2 of Searle [1971; section 2.5] may be applied. Let
A, = Q;l(lfno(!) - I_’no(r)){);l, noting that it is symmetric. Using (a) and (b) above,

we have that A ,Q, = Q;l(lfno(f) - l_?no(r)) is idempotent. Specifically,

2 _ -1 — -1 -
(‘5490) - 90 (Eno(,) Eno(r))QO (Eno(” Eno(r))

= 931(1.)00(!) - - Pg

Pay. ory T Bagy)

— 01 _

=9 (Ba,,, = Pa,,))
= A4Q.

The proof is completed by observing that

Th(A 4Q0) = tr(A,Qo)

- -1 -
= tr{Qs (Eno(f) Eno(r))]
_ -1 _ -1
= tr{Q I..)no(!)] tr{Qo lf'na(r))]
= Q3 Fo(Fo.'QoF0) 'Fo']

— t{Q FoGo(Go'Fo'QoFoGo) GoF,]
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= t{Fo/ Q3 Fo(Fo/QoF0) ]

— trGo/Fo' Q3 FoGo(Go'Fo’'QoFoGo) ]
= t"(lq) - t"(lr)
=q-r

=s. a

A technical point regarding the computation of the constrained estimator of §,
and hence residuals must be made. In Theorem 16 it was implicitly assumed that §
was computed by minimizing the sample objective function as in (2.7) subject to the
constraints imposed by Hg. This implies that the estimation procedure must cycle
between estimation of §, and estimation of ¥,. As a product of this procedure a
“constrained” estimate of L,, £, is obtained. Strictly speaking, ¥ is the constrained
MLE of ¥,. However, Gallant [1987; p. 366-367] indicated that an asymptotically
equivalent procedure involves conditional constrained estimation of §, by minimizing
the sample objective function using the previously obtained unconstrained estimate of
Loy Z:J Clearly, this latter procedure is computationally much easier because it involves
only additional §-iterations after having computed ¥, rather than entire 7-iterations
(see Chapter 2). For convenience, both in practice and in the development of the
results that follow, the conditional constrained MLE of g, will be used. Let § denote
this estimate. Note that using the unconstrained MLE of ¥, in place of the

constrained MLE does not alter the conclusions of Theorem 16.

In parallel to the development of standardized and unstandardized error
variance estimators, an alternate estimator of the hypothesis sums of squares is
computed from the unstandardized error variance estimators from full and reduced

models as described in the following theorems.

Theorem 17: Under the regularity conditions of §2.2 and assumption 13,

consider model (2.1) with general covariance and a hypothesis as in (3.1) or (3.30).
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Recall that si(r) and si(f) are the mean squared standardized residuals from the
reduced and full models respectively. Define $8€y(p) = [np—(q—s)]si(r) and
sseyy) = [np—-q]si(f) to be the reduced and full model unstandardized residual sums of

squares. An approximator of the hypothesis sum of squares is provided by

SSH, , = SSe,(r) T 55€ () (3.35)

!

Note that sﬁ(r) = &€ in which g =y — f(é), where § is the estimator of , subject to

h(8,) = 0 and conditional on £, = £. Then, under the null hypothesis

(1) SSHLu = QLu + OP(I) ’

and
C = (F.'Q3'F.)!
and
M = Ho{H,/CH,'H.' , (3.36)
and
(%) Quu * cLuX’lve] s
in which (3.37)
oL = t(Eo[C — CMCIF.))® / tr(Fo[C — CMCIE.)  (3.38)
and
Vi = [(t(EG[C — CMCIE.)? / th(Eo[C — CMCIE.)? . (3.39)
Proof.
Proof of (i): The strategy of this proof relies on characterization of 8, the
conditional constrained MLE of §,. Hence, we seek to minimize the Lagrangean

function
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Q) =1ly — fON'Q 'y — £(8)] + 2¢'n(8) (3.40)
with respect to § and §, in which § is a vector of unknown Lagrangean multipliers.

The set of first derivatives of (3.40) are

f’a—ff) = —2F'(§)Q'[y — £(8)] + 2H'(9)s (3.41)
and )
0Q@) _ o,z
o5 = 2h(@) - (3.42)

Setting (3.41) equal to zero and substituting the first order Taylor series
expansion off(é) about § we obtain

0=-F'Q'y — f(8) — F(8..)(§ —8)] + B's

in which .. = af + (1—a)§ where 0<a<1 and F = F(4) and

ae

1L ]

=§'

8
Also, F(8..) = F + op(1), and, when H, is true, both § and § converge in probability
to g, so that F =Fo+ op(1) and H = H, + 0p(1). Furthermore, recall that
Q = Qo + 0p(1). Then the above simplifies to

0 = —F./Qy — f(8) — Fo(8 —8) + 0p(1)] + H'S + 0p(1) .
Rearranging terms, we obtain

~

§ — & = (E./Q'Fo) ' Fo'Q3y — £(8)] ~ (Fo'Q'Fo) ' Ho'8 + o0p(1)
= (Fo/Q3'Fo) Fo'Qile — (Eo'Q5'Fo) " Ho's + 0p(1) (3.43)
in which the last line results from the facts that 1) y — f(é) =y — f(8.) + 0p(1)

since § is consistent for §, and 2) ¢ = y — f(8o).

Setting (3.42) equal to zero and substituting the first order Taylor series

expansion of A(§) about § we obtain

Ho'(8 — ) + o0p(1) (3.44)

by using arguments similar to those used to obtain (3.43). Substituting (3.43) into
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(3.44) we obtain

0 = h(8o) + Ho'(Fo'Q0'Fo) ' Fo'Q3'e — Ho'(Fo'Q3'Fo) ' Hob + 0p(1) .
Solving for § and noting that when H, is true, 2(8.) = 0, gives

§ = [Ho'(Fo'Q3'Fo) " Hol "Ho'(Fo'Q3'Fo) 'Fo'Qi'e + 0p(1) - (3.45)
Substituting (3.45) back into (3.43) and simplifying gives

6 — 8 =[C—~ CMCIF./Q% + op(1) . (3.46)

The unstandardized error sum of squares, computed from residuals which are
functions of the conditional constrained estimator § may be characterized as follows, by

replacing f (8) by its first order Taylor series about §

ss€y(y) = ly - f(é)]l[Y - .f(é)]

iy
o\
"
o
~~
D
|
D
~—r
+
O
b
~
[
~

=ly - f@OVly - @) + @ -9
= sse,;y + (8 — §)'F/Fo(@ — 8) + 0,(2) . (3.47)

Thus substituting (3.46) for (§ — 8) in (3.47), and simplifying , the proof is complete.

Proof of (ii): Let As = Q3'Fo[C — CMCIF,'Fo[C — CMCIF.'Q:'. A method
of moments approach may be used to approximate the distribution of (3.35). Its
distribution may not be specified exactly as x? because AsQ, is not idempotent. In
order to approximate the scale parameter and degrees of freedom for (3.35) we have
tr(AsQ) = tr{Q'Fo[C — CMCIFE.'F.[C — CMC]F,'}
= tr{C![C — CMCIF.'F.[C — CMC]}

= tr{{Iq — MCIE.'F.[C — CMC]}

tr{Fo'Fo[C — CMC][Iq — MC]}
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Similarly, it can be shown that t{(AsQ.)? = tr{F,[C — CMCJF,.'}2. Then
substituting these equalities for t(AV) and t{(AV)? in (3.12) and (3.13) one obtains

CLy and v . 0

When I, = azlp, the distribution of @ , may be shown to simplify to the

usual univariate result.

Corollary 17.1: Under the conditions of Theorem 17, if £, = azlp then

CLy = o2 and Vi, =Ss-

Proof: If £, = oIy , Qo = 0%Inp. Substituting for Q. in (3.38) and (3.37),

one obtains ¢ , = o? and Vi, =S ]

3.4 Construction of Test Statistics

The following set of theorems establish the distributional properties of the test
statistics formed by computing ratios of appropriately scaled hypothesis and error sums
of squares defined in §3.2 and §3.3. For Theorems 18-23 consider testing hypotheses as

in (3.1) or (3.30). Additionally, let ¢u, Ju, Ccs, Pesy Cyyy> Pw, €L, and P, be

u
computed by replacing §, and T, by § and ¥ in (3.16), (3.17), (3.20), (3.21), (3.28),
(3.29), (3.38) and (3.39) respectively. In practice, negative estimates of SSH, , and

SSHyy, may occur. It is recommended that when these improper estimates arise, they

be set to zero.

Theorem 18: (Gallant’s Wald statistic, assuming general X,). An

asymptotically a-level test of Hy, as in (3.1) is provided by

H
W, = SS_;N# , (3.48)
in which
€] W, = Fy,; + 05(2),

with
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F _ Qw / s
W1 = Q,7 (p—a)°
Then
(i) Fw; ~ Fals, np-q; «] .
Proof:

Proof of (i): Applying part (i) of Theorems 14 and 10 to the numerator and

denominator of (3.48) respectively and applying Slutsky’s Theorem gives (i) above.

Proof of (it): Define
As = Q0Fo(Fo/Q0'Fo) Ho [Ho(Fo Q0 Fo) ' Ho T Ho(Fo' Q3 Fo) EL'QS!
recognizing that SSH,,, = e'Ase when H, is true. Then it is sufficient to demonstrate
that AgQo.A; = 0 as follows
A6Q0A1 = Q' Fo(Fo'Q5'Fo) ' Ho'[Ho(Fo' Qe Fo) ' Ho'T?
Ho(Eo'Q5Fo) 'Fo/03'00[03 — 93'P, (,)05']

QU Fo(Fo/ Q3 Fo) ' Ho [Ho(Eo/ Q3 Fo) 1 H, /]!

Ho(Eo'Q3'Eo) 'Eo'(93) — 93P, 1)0%]

Q2 Eo(Eo' Q5" Fo)  Ho'[Ho(Fo' 25 Fo) BT

Ho(Eo'Q5'Fo) M Eo'Q:! — F./Q3'F,
(Fo'Q5'Fo) ' Fo' Q3]
=0
in order to prove the independence of the Q,,, and Q, when H, is true. Furthermore,
since Qy is just g'z_&sg plus a constant not involving e when Hj, is true, independence
holds under Hy as well. Application of part (ii) of Theorems 14 and 10 to the

numerator and denominator of Fyy, completes the proof of (ii) here. 0

Theorem 19: (new Wald statistic, assuming general £,). An approximately a-

level test of Hq, as in (3.1) is provided by

_ SSHy / (waPwe)
27 ltnp-a)s3) / (2uiru)

(3.49)
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in which
(%) W, = Fuw,+ op(1) ,

with

F = QW / (chVWu)
w2 Qu / (cuvu)

Then, under Hy,

(17) Fywa ~ Falvyy,, vu] .
Proof:

Proof of (i): Applying part (i) of Theorems 15 and 11 to the numerator and

denominator of (3.49) respectively and applying Slutsky’s Theorem gives (i) above.

Proof of (ii): Demonstrating that A3,Q.,A, = 0 is sufficient to prove the
independence of Qy, and Qu, specifically
A3uQo8z = Q3 Fo(Fo/Q5'Fo)  Ho'[Ho(Fo'Fo) ' Ho'T™

Q3

Ho(E'05'Fo)"Fo/ Q5 ollnp — P, , 271 lInp — B,y 0

= Q3'Fo(Fo'Q3 Fo) " Ho/[Ho(Fo'Fo) " H,'T?

Ho(Fo'95'Eo) ' Eo'llnp — Ba,,,05'1'Inp — P, ,03']

Q3 Fo(Eo' Q5" Fo)  Ho'[Ho(Eo'Fo) 'Ho'T?
'O F YR, — F/o - o
I....I,O(Eo QO Eo) [Eo EO QO Eno(f)][.l.ﬂp Eno(f)-' ° ]

Q2 Eo(Eo' Q0" Fo)  Ho'[Ho(Fo'Fo) BT

Ues)

o(Eo'Qa'Eo) ' [Fo’ — Eo'lllnp — By, 0]

il
==}

Additionally, it is necessary to show that é. and ¥4 converge in probability to ¢y and
vu respectively. This follows from the fact that é, and 7y are functions of § and $
which are consistent estimates of §, and £,. Hence, applying section 1.7 from Serfling
[1980], ¢« and Py are consistent for cy and vu. A similar result may be obtained for
Cwy and Py,,. Application of part (i7) of Theorems 15 and 11 to the numerator and

denominator of F\y, and applying Slutsky’s Theorem completes the proof of (i) here. O
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Theorem 20: (new Wald statistic, assuming £, = £.,). An approximately a-

level test of Hy, as in (3.1) is provided by

SSHy / (BwuPw.)
- u u , 3.50
37 np-a)sd] [ [Ees(Pes—a)) (350

in which
(9) W3 = Fys + 0p(1),

with

_ Qw / (cwu¥wa)
Wi = ch / [Cca(Vca—Q)] )

F
Then, under Hy

(11) . Fw3 ~ Fa[VWu, Vc,‘—q] .

Proof.

Proof of (i): Note that e’e = e.'e. by Theorem 1(#). Applying part (i) of

Theorems 15 and 12 to the numerator and denominator of (3.50) respectively, noting

that in large samples ve; = v¢;—q, and applying Slutsky’s Theorem gives (¢) above.

Proof of (ii): When £, = Z.,, s = s,. Hence independence of the numerator
and denominator of F\,; follows directly as in the proof of Theorem 18 (4#t) above. It
is easy to show that &., and P, are consistent for c.; and v¢s. A similar result may be
obtained for ¢y, and P,y,. Finally, applying part (%) of Theorems 15 and 12 to the

numerator and denominator of F\ ,, the proof is completed. a

Theorem 21: (Gallant’s “Likelihood Ratio” statistic, assuming general Zo). An

asymptotically a-level test of Ho, as in (3.1) is provided by

L, = S—rSH"’ A (3.51)
Ss
in which
(1) Ll = FLl + Op ,

with
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F QL, /s
Q. /(- "
Then, under Hy
(%) F , ~ Fqfs, np-q] .

Proof

Proof of (¢): Applying part (i) of Theorems 16 and 10 to the numerator and

denominator of (3.51) respectively and applying Slutsky’s Theorem gives (i) above.

= 0 is sufficient to prove the

Proof of (ii): Demonstrating that A,Q.A,

independence of Q_, and Qs, specifically

84004, = Q' (Ba, ) — )21 Qo(05 — Qi'Bg, Q7

Fa,.)

—_ 0l _ 1 1
= 9B, )9 - 9B, 0)

-n o(r)
— -l -1 _ ol o -t o 5
= Q5 Eno(f)Qo QoPa,,, ¥ — X Pa, P Pa, T

+ @'Bg o(r >~:’IE" (!)";1

Il
9

1 -1 -1 -1 -1
Ba,y9° = 9'Ba, 00 — 05 Pa, 8 + 8oba Qe

i
[{em)

Application of part (ii) of Theorems 16 and 10 to the numerator and denominator of

F| , completes the proof of (i) here. 8]

Theorem 22: (new “Likelihood Ratio” statistic, assuming general T,)

SSHy , / (e1,71,)
= Y Yoy 3.52
[(nP'CI)SizA] / (&ui’u) ( )
in which
Q)] L, =F, +05Q),
with

Q. /s
IEE S W ICTOR

Then, under Hy

(44) F , ~ Faly,, v4] .

Proof:
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Proof of (i): Applying part (i) of Theorems 17 and 11 to the numerator and

denominator of (3.52) respectively and applying Slutsky’s Theorem gives (i) above.

Proof of (ii): Define
A7 = Q'Fo[C — CMCIF.'F.[C — CMCIF.'Q3! .
Demonstrating that A,Q.A, = 0 is sufficient to prove the independence of Q_, and

Qu, specifically

A7Q087 = QUF[C — CMCIF.'Eo[C — CMC]E.'Q3'Qollnp — Py, , 03"
- L
e = Ba,,,0%']
= 95'Fo[C — CMCIE,'Fo[C — CMCIF,/[Inp — P 3

= 9:'Fo[C — CMCIEFo[C ~ CMCIIE.' — Eo'llnp — By, , 93]

i
0

It can be shown that ¢, , and ¥ , converge in probability to ¢, and y_, respectively.
Application of part (ii) of Theorems 17 and 11 to the numerator and denominator of

F_, completes the proof of (i) above. o

Theorem 23: (new “Likelihood Ratio” statistic, assuming Lo = £¢;). An
Lhcorem g

approximately a-level test of Ho, as in (3.1) is provided by

SSHLu / (éLuDLu)

- , 3.53
3 [(np-a)s,] / [Ecs(ies—a)) ( :
in which
0 Ly = F 3 + 0p(1),
with
F .= QLu / (CLuVLu)

Ls = Qc: / [Cc:(Vcs—Q)] )
Then, under Hy
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(11.) FL3 ~ Fa[yLu, ch—q] .
Proof:

Proof of (i): Note that e = e.'e by Theorem 1(i). Applying part (i) of
Theorems 17 and 12 to the numerator and denominator of (3.53) respectively, noting

that in large samples v¢s = v¢;—aq, and applying Slutsky’s Theorem gives (i) above.

Proof of (ii): When L, = Z¢s, 52 = s7,. Hence independence of the numerator
and denominator of F|  follows directly as in the proof of Theorem 20 (i) above. It is
easy to show that ¢é.s and ¥, are consistent for c.s and v¢s. Finally, applying part (i1)
of Theorems 17 and 12 to the numerator and denominator of F, 4, the proof is

completed. a

In addition to the above test statistics, a test of independence of the
untransformed data is easily obtained. Equivalently, this may be viewed as a test of
Ho: p=0 wvs. Ha:p #0. (3.54)
All of the test statistics reported above reduce to the “usual” univariate statistics (for
a nonlinear model) under sphericity, i.e. p =0. Hence, a preliminary step to
hypothesis testing might begin by testing for independence. If the null hypothesis of
independence is accepted one could proceed with a univariate statistic, or alternately
where the independence test is rejected one could choose to use a multivariate statistic.
This approach is naive, it is hoped that one has a better understanding of a particular
study than to resort to such a “data driven” practice. Furthermore, note that the
distribution of the proposed test statistic for independence, reported below, is known
only asymptotically so that, at the very least, one should use caution in applying it to

small samples.

A similar test statistic was reported in Arnold [1981; p. 228] for the linear,
repeated measures model. For the linear model, the distributional properties of the

test statistic are known exactly. Furthermore, Arnold uses numerator and
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denominator degrees of freedom which, in effect, are corrected for the number of
“between” and “within” parameters estimated, respectively. As has been pointed out
earlier, this kind of model separability does not, in general, apply to multivariate
nonlinear models. Hence one is left with the rather crude asymptotic approximation

derived below in Theorem 24.

Theorem 24: Consider the hypothesis as in (3.54) An asymptotically level o
test of (3.54) is provided by

(3.55)

gt te

in which,

X & Faln, n(p-1)] under H,.

Proof Lemma 2 establishes the asymptotic independence of :\1 and :\2 and

hence the asymptotic independence of the numerator and denominator of (3.53). Then

nd, / (no?)
n(p-1)A; / (n(p-1)0?)

y»l >
N e

"’:\1 / (nd)
n(p-1)A, / (n(p-1)A,)

2

because, under Ho, A, = A, = ¢

xX*[n} / n
x*[n(p-1)] / (n(p-1))

1

by Theorem 9 and Slutsky’s Theorem

®

F[n, n(p-1)] . 0

3.5 Comparison of Test Statistics

Tables 2 and 3 provide a summary of the Wald and likelihood ratio based test
statistics under consideration here. Note that these statistics may be computed from
either AWLS or ITAWLS estimates of the expected value and covariance parameters.

Furthermore, because both the AWLS and ITAWLS parameter estimates are




93

consistent, the test statistics computed from either set of estimates possess the same
asymptotic properties indicated in the previous section. F and x? approximations are

provided for both Wald and likelihood ratio based statistics.

W,; and L; will be referred to as standardized Wald and likelihood ratio
statistics, respectively, because they are computed using standardized versions of SSH
and SSE. Development of these statistics is generally attributed to Gallant [1987; Ch.
5], although similar versions of these test statistics and analogous confidence
procedures are used widely (see for example, Donaldson and Schnabel, [1987]).

Alternate proofs of the approximate F distributions of W, and L, are provided in §3.4.

W,, Wg, L, and L; will be referred to as unstandardized statistics because they
are computed from unstandardized versions of SSH and SSE. These statistics are
modified versions of W, and L; respectively. The modifications involve using a very
general univariate approach to repeated measures in the sense that the term for the
estimated covariance matrix, !, may be omitted in the computation of W, and L,
upon including estimates of the appropriate scale and degree of freedom parameters in
the new statistics W5, W3, L, and Lz. These statistics also possess approximate F
distributions. It will be of interest to evaluate the performance of the modified

statistics Wy, W3, L, and Lg in comparison to W, and L,.

In addition, the unstandardized x? statistics W; and Ly may be compared to
the standardized x? statistics W, and L,. Finally, comparison of the set of Wald
statistics to the set of likelihood ratio statistics is interesting for a given model and
hypothesis because it is generally true that for a model with large curvature the
likelihood ratio test performs more accurately than does the Wald test [Gallant, 1987;
p.84]). These comparisons will be evaluated using simulation studies reported in

Chapter 5.
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3.6 Confidence Interval and Confidence Region Estimation

The current knowledge and practice of confidence interval and confidence region
estimation for parameters, or functions of parameters, from a nonlinear model is far
from satisfactory. This is particularly true for multivariate nonlinear regression
models. Recall that a review of the literature in Chapter 1 provided no solution that
was both easy to implement and reliable. Most notably, the Monte Carlo studies by
Donaldson and Schnabel [1987], with univariate nonlinear models, clearly demonstrated
that the commonly used and easy to compute Wald based confidence intervals often
provide poor coverage. In contrast, the more accurate likelihood based intervals are
difficult to compute and occassionally ill-behaved. Moreover, these authors related the
too small coverage of the Wald based intervals to the inadequacy of a linearizing
approximation to the nonlinear function. Despite its poor performance, the Wald
based confidence intervals continue to be widely used in practice. Given the practical
appeal of Wald based confidence intervals, it would be advantageous to find ways to

accurately implement them. This will be the approach taken here.

It is not within the scope of this research to provide a comprehensive solution
to the difficult problem of confidence interval and confidence region estimation.
Rather, Wald based confidence procedures will be discussed in the context of nonlinear
models possessing the compound-symmetric covariance structure. The emphasis, here,
will be on confidence interval estimation since there is some evidence to support the
notion that more accurate coverage is obtained for confidence intervals than for
confidence regions related to a given parameter set [Donaldson and Schnabel, 1987).
The Wald tests discussed in §3.4 will be inverted to provide approximate confidence
intervals. Confidence intervals computed by inverting a Wald test are asymptotically
correct although they are typically too narrow with small samples. In practice,

moderate sample sizes may be necessary to produce coverage close to the nominal level.
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It is hoped that upon correct specification and modelling of the compound-symmetric
covariance structure, reasonable accuracy may be achieved for confidence interval

estimation as well as for the hypothesis tests provided in the previous two sections.

A confidence interval for some (possibly) nonlinear scalar-valued function of §,,
written h(§,), may be obtained by inverting the Wald test as follows. From Theorem
14 we may construct a Wald test (based on a x? distribution with one degree of

freedom, equivalently a z-distribution) which accepts when

OB

- - - - - -— z b
(BB EyE)? ~

in which z,,, denotes the upper a/2 critical point of the z-distribution. For small
samples it is preferable to use the t-distribution replacing z,,, with t,5 q.o/2 in the
above. Adopting this practice, those points § that satisfy the above inequality are in

the interval

h(@) + (' (E'QE) 0 *thp-qiay2 - (3.56)

Thus (3.56) provides an approximate 100(1—a)% confidence interval for h(4,).

Frequently, a confidence interval for just one element of §,, 6, with

r € {1, 2, ..., q}, is sought. This is easily obtained as a special case of (3.56), in which

h(8,) = 6, and H' = 0.1 1, 05-.)'.  Then [H'(E"Q'IE‘)'IH]I/Z = V{2, in which

Vi/%is the rr-th element of (F'Q'F)!. This gives the following approximate
100(1—a)% confidence interval for 6, as

b £ Vit qas - (3.57)

For situations in which h(f,) is of dimension s, Theorem 14 suggests an

approximate 100(1—¢a)% confidence region as the set of § that satisfy

'QE) ] [A(8) — h(8)] < Xils] - (3.58)

)
e 51

[R(8) — h(8)) [H'(
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For small samples it has been suggested that Fa[s, np—q]/s be substituted for x%[s] in

(3.58) [see for example, Gennings, et al, 1989).

A straightforward extension of Theorem 15 provides an alternate, and possibly

conservative, approximate 100(1—a)% confidence region as the set of § that satisfy

(2(8) — A(®)) (H'(E'E)H] [2(8) — h(8)] < ew,XalPw,] - (3.59)

Again, in small samples, Fa[iyy,, p—a]/(Py,) or Fa[d\y,, Pu]/(P\y,) can be
substituted for x?,[i/wu]. In theory, confidence intervals may be defined for any
suitable one-dimensional h(8,) using (3.59). However, when applying (3.59) to obtain
a confidence interval, estimation of a critical value for x?> with so few degrees of
freedom (0 < ¥y, < 1 typically) is expected to be unreliable. Finally, as with the test
statistics of the previous two sections, any of the confidence procedures just described
may be equivalently (in the asymptotic sense) computed using either AWLS or

ITAWLS estimation of the model parameters.

-




Chapter 4

ESTIMATION AND INFERENCE FOR INCOMPLETE DATA

4.1 Introduction

In Chapters 2 and 3, estimation and inference methods were developed under
the assumption that p repeated measurements were available for every observational
unit. In practice, it is often the case that one or more measurements are missing for
some observational units. In many situations it is reasonable to assume that the data
are missing completely at random [Little and Rubin, 1987]. This assumption will be

adopted here.

In §4.3, maximum likelihood estimation methods for nonlinear models with
compound-symmetric covariance will be extended to the case of incomplete data. The
approach to ML estimation taken here is to treat the problem in two steps in parallel
to ML estimation for complete data. Throughout this chapter, the convention of using
“s” to denote the true parameter value will be discontinued with repspect to estimation
of the covariance paramters. Hence, the nature of a “parameter” must be interpreted
from its context. The first step involves pseudo-maximum likelihood (PML) estimation
of two sets of parameters, those contained in §, and those contained in 1]' = (¢2, p)'.
In a second step, the PML steps are iterated until convergence of the full set of
estimates (in practice, until some convergence criterion is reached). This is not to
suggest that this is the only, or even the best, way to proceed. In fact, many
algorithms for finding solutions to sets of nonlinear equations may be found in the
literature. Recall that with complete data, the ML estimation procedure discussed in

Chapter 2 involved a “singly nested iterative” procedure. The overall process was
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referred to as 7y-iteration, where 7-iteration referred to the cycling between estimation
of 8, and estimation of the covariance parameters. It is a “singly nested iterative”
procedure in the sense that for any particular 7-iteration, PML estimation of ¢,
required an iterative algorithm. However, within a particular 7-iteration, PML
estimation of n = (a2, p) via estimation of A was possible non-iteratively. It will be
shown that with incomplete data 7-iteration is a “doubly nested iterative” procedure
since PML estimation of §, and PML estimation of the covariance parameters each
require iterative procedures. Henceforth let r-iteration refer to the PML estimation

procedure for the covariance parameters when there are incomplete data.

For the case of complete data, estimation of the covariance parameters was
greatly simplified by considering an orthonormal model transformation. This yielded
alternate covariance parameters, A, and ),, which are one to one functions of the
original parameters of the model, p and ¢2. PML estimators for A; and A, exist in
closed form. Hence the MLE’s for p and ¢2, in the complete data case, were obtained
as simple functions of the MLE’s for A, and ),. As will be shown in this chapter,
orthonormal transformation of the model, with incomplete data, yields heterogeneous
variances which are functions of the number of available repeated measures. The
transformed data are independent, however, which permits a simple expression for the
log likelihood function. Unfortunately, closed form expressions for the PML estimators
of the covariance parameters do not exist. Thus, in the case of incomplete data
covariance estimation, an iterative procedure must be employed to solve the likelihood
equations for p and ¢?, directly. Hence PML estimates of p and o2 which may be
obtained non-iteratively with complete data must be obtained iteratively when the data

are incomplete.

2

Alternately, estimators for p and o? may be found by using a method of

moments (MOM) approach. These will be derived in §4.4. The method of moments
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estimators will be shown to have the intuitively appealing property that they reduce to
the familiar MLE’s for p and ¢? when complete data are available. In addition, these
estimators are non-iterative so that the computational and numerical difficulties of
obtaining the MLE’s may be avoided. Subsequently, the MOM estimators of p and ¢

may be used to produce an AWLS estimate of §,, as discussed in §4.5.

As for complete data, the orthonormal model transformation is a useful tool.
The next section includes a brief overview of this technique for incomplete data as well

as an introduction of some new notation.

4.2 The Orthonormal Model Transformation

The nonlinear repeated measurements model for the case of incomplete data

may be written as in (2.1)

Vi; = Rzi55 8) + ¢;; -

As before, i € {1, 2, ..., n}. However an important distinction is that with incomplete
data, j € {1, 2, ..., p;}, in which 1 < p; <p. Let y,. = (¥;1, ¥i2s ---» y,-pi)' denote the
possibly incomplete data vector for the i-th unit with corresponding predictor set
2: = (Zits Ligs - Tip,)- 1t will be assumed that ¥5.~Np..(f(:_z_:,~,t_9_), 2) with
= az[plpil,','. + (1—p)lp‘.]. As for complete data, there exist only two unique
covariance parameters for this model, p and o%. However, there are p possible

dimensions for the I; corresponding to having one, two, or as many as p non-missing

repeated measurements.

~ In order to simplify the notation somewhat, define m € {1, 2, ..., p} to be the
number of non-missing repeated measurements available for some set of observations.
Then m may be used to index equivalence classes related to the number of repeated
measurements available for observational units belonging to that class. Let py, denote

the number of repeated measurements available for each observational unit in the m-th
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equivalence class and let n,, denote the number of observational units in the m-th
equivalence class. Within the m-th equivalence class, the set of errors corresponding to
the i-th observational unit has (Pm x Pm) covariance matrix
Em = 0 [plmlm’ + (1—p)Im]. Define p. = %nm(m—l). Without loss of generality,
the data may be grouped by subject within the p equivalence classes allowing the model

to be written in vector form
y-=f.(8) +e., (4.1)

in which n.= Y npm = (n + Enm(m-—l)) = (n 4+ p.) is the dimension of the data
m m

vector in (4.1). The vector of errors for this data arrangement has (n. x n.) covariance

matrix
0 In,®%, 0
Q.= (4.2)

In parallel to the model transformation described in Chapter 2 for complete data, an
orthonormal transformation may be constructed for the case of incomplete data. The
varying dimensions of the yi- must be accommodated by the transformation matrix.
The following lemma, defines the appropriate orthonormal transformation for
incomplete data and proves the independence of the resulting data. Its presentation is
somewhat brief since it uses principles thoroughly covered in Chapter 2. Various forms

of this result have been reported previously (see Schwertman, 1978, Muller, 1989 and

Hafner, 1988).

Lemma 3: Define the Vi, to be (m x m) matrices of eigenvectors associated

with the eigenvalues of the £, and Y:nYm = Ym\j' = Im. Define the following
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transformation matrix

In,®vVy 0 0
0 I,®Vy - 0
T. = . (4.3)

Note that V, =1 so that I ® v/ = In,. Transform model (4.1) by multiplying

both sides by T. yielding the transformed model

Yoo = fo(8) + €0 . (4.4)
Then
(9 e..~ N(0, A.),
in which, r -

ln1®21.- Q Q

0 In,®%,,. 0
A. = (4.5)

0 0 In,®Zp.

With Zm.. = Dg(Alm’ Az, esey /\2). Here
Am = %[l + (m=1)p] and X, = ¢?(1—p), (4.6)
in which the A, occur with multiplicities of nm and A, occurs with

multiplicity p., and

(i) Zn:s: €5 Xn:gi Cines

i=1
() oy 18,2.) = h(y-18,A) -
Proof: Proof of assertions (i)-(iii) above, is obtained from straightforward

extension of Theorem 1 in Chapter 2.

An important consequence of using the orthonormal transformation, for

incomplete data as well as complete data, is that the transformed data are
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independent. For incomplete data (under a normality assumption), this is evident from
the diagonal covariance structure in (4.5). This permits a simple expression for the log

likelihood with incomplete data

SS SS
=C -1 _ b - Bm __ 27w
hiy-1,2) = C = §5nm Inhm — § nd, — 302580 — 0 (47

in which C is a constant not involving § or A." = (A, A, ..., Aims A2),

m
SSgm = Z [Yite = fire-(202.01 (4.8)
i=1
and
n_Pm \
SSw =0 [Yiju = fijurlzijpf)]? . (4.9)
i=1j=2

In the above, the subscript “m” is used to indicate the equivalence class from which an
observation arose. It is important to distinguish the equivalence classes for the
transformed responses corresponding to the “averaging” column of Vm because the
variance of these observations is a function of the number of available repeated
measurements, m, so that Ay = 6%[1 4+ (m—1)p] . This results in m “between” sums
of squares being defined. However, the “trends” transformed responses all have
variance A, = 0?(1—p) so that a single “within” sum of squares is defined. Thus the
methods described in Chapter 2 for obtaining the MLE’s for p and o? are not
applicable. With incomplete data, the MLE’s for p and ¢ must be obtained directly.
Thus it is preferable to write the log likelihood as a function of p and o2. Substituting
the expressions in (4.6) for the A;’s and X, in (4.7), the log likelihood may be

rewritten as

In(y«-18, 0%, p) = C — %;?Nm in{a’[1 + (m—1)p]} — 5 In[e*(1-p)]

_ SSgm __ SSy
Zn: (202[1 + (m—l)p]) 20%(1—p) ° (4.10)

In the next section, ML estimation of §,, p and ¢ from incomplete data is discussed.
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4.3 Maximum Likelihood Estimation

The regularity conditions outlined in Chapter 2 will be assumed here as well.
Many results obtained in Chapter 2 are also applicable here upon making one
important modification. This modification involves a new vector of variances for the
transformed incomplete data, specifically ). = (A5, Appe ..., Ap: X,)! rather than
M = (A, Ay, ooy Ap) associated with complete data. It should be emphasized that the
(p+1) elements of ). are functions of only two unique covariance parameters, o? and p.
Hence the elements of ). should not be confused with specification of a minimal set of
covariance parameters, rather they provide a complete set of heterogenous variances
induced by the model transformation. Keeping this in mind, maximum likelihood

estimation for missing data is easily developed using concepts introduced in Chapter 2.

In Chapter 2, Theorem 2 defined the PML estimator of §,. This result is

applicable to the incomplete data case as well upon replacing the complete data

;\(g-l) /:\.(g-l). With respect to

estimator with one for incomplete data, to be denoted

ML estimation, let ;\.(”-1) be computed as ). evaluated at the PML estimates of p and

1:}.(9-1) may be constructed from

o? obtained at the (g-1)-th 7-iteration. Subsequently,
;_\.(‘-1). Upon substituting 1:\.(’-1) for Q(rl) in Theorem 2, the basic form of the PML

equations is essentially the same as for complete data. Thus the reader is referred to

Chapter 2 for the form of the PML equations relating to 4.

As indicated earlier, PML estimation of the covariance parameters for the case
of incomplete data requires one to solve the PML equations for ¢? and p. Note that as
a special case this includes PML estimation of p and o2 for complete data as well. The

form of the PML estimators for p and ¢? will be stated here without proof.

Proposition 1: (z-iteration). The PML estimators of p and o? which locally

maximize l"(y..|@(’), o2, p) must satisfy the equations



104

() ~(9)
2 _ 1 SSB".I SSW
M D-{;ll Fm-Dp T T=p [ (4.11)
and
e (9) ()

) (9)

in which Ss(g = SsBm(Q)‘ (y) and SSyy/ = SSW(O)

() in which Q(”) is the PML
=4

estimate of #, at the g-th -y-lteratlon.

The left side of equations (4.11) and (4.12) are essentially the first partial
derivatives of the log likelihood function (4.10). In order to obtain the MLE’s, it is
necessary to iterate the sequence of PML estimates of p and ¢? until convergence.
These nonlinear equations may have multiple solutions, only one of which will be the
global maximum lielihood estimator. Thus for a nonlinear model with compound
symmetric covariance among repeated measurements and incomplete data,
computation of the MLE’s, as described here, requires a doubly nested iterative
algorithm to solve the likelihood equations for §,, p and o2. The reader is referred to
Theorem 4 in Chapter 2 for a general argument regarding how the process of iterating

between the two sets of PML estimates (i.e. 7-iteration ) leads to the MLE’s.

The Fisher information matrix for n= (¢2, p) in the incomplete data case, 3.,
may be found by taking minus the expectation of the second partial derivatives of the
log likelihood as follows. Letting I, = Ih(y«-19, 0%, p), the set of second partial

derivatives are

®h, _(n+p) 1 Z SSgm _ _Ssw

AeH? T  20%  4° =1+ (m=1)p]  581—p)"’
0%, - Z SSgm(m—1) SSw
80%0p 20%4(1 + (m—Dp]? | 20°(1—p)2

and
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3 0%y, - nm(m—1)2 SSm(m—1)2 SSyy
9p% 22[1 +m—np? T 3 p)? 22:[1 +(m-1p®  o21—p)°

Let i(x, y) = — E(8%l,./6xdy) and note that considerable simplification results by using
the fact that E(Ssg,) = nmo’[1 + (m—1)p] and E(SSyy) = p.c?(1—p). Taking minus

the expected value of the second partial derivatives gives

n <+ p.
20’4 '

i(az, 0'2) =

e )= 2z[l+(m—1)P] t At

and
.. 9 _ _ p. 1 n_m(nli
(o”, p) = 20,2(1_p) + 202 m [1 + (m—l)P] )
Finally,

i(e2, 0 i(o?, P)

ip, o} ip, p)

As for complete data, it is easy to show that the full ((a+2) x (q+2))

information matrix, 3., for incomplete data is block diagonal

3. 0

e
~2
-

0 3,

in which J,. is essentially the same as 3, for complete data upon making the important
substitution of A. (for A,). One r.nay infer from the form of the information matrix
that the covariance parameters are asymptotically independent of the expected value
parameters. Under the assumption that the ML estimates are asymptotically efficient,
one may use the inverse of the Fisher information matrix, J,., evaluated at the MLE’s

as an asymptotic estimate of the covariance matrix for these incomplete data
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estimators.

It is clear from the above discussion that ML estimation with incomplete data
is more computationally intensive than estimation with complete data. This is entirely
attributable to the nature of the covariance parameters which must be computed
iteratively. Thus an alternate method of estimation for p and ¢ is proposed in the

following section.

4.4 Method of Moments Estimation of the Variance Components

Method of moments estimators of ¢ and p are intuitively appealing and easy
to compute. Furthermore, under quite general regularity conditions, they may be
shown to be consistent, asymptotically normal and unbiased [Bickel and Doksum, 1977;
pgs. 133-135]. In addition, they closely resemble the ML estimators of p and ¢? for

complete data.

In parallel to the complete-data estimators, ;\1 and iz, it is convenient to define
incomplete-data analogs. Let A,. and },. denote these analogs. Consider the
orthonormal model transformation described in §4.2. Let 99.’) denote the residuals
obtained from fitting the transformed model (4.4) using OLS. These OLS residuals
may be partitioned into those corresponding to the “average” transformation and those
corresponding to the “trends” transformation such that §£?)' = (§g3", f;s,:,)__').
Partition the vector of transformed errors, e.. similarly. Furthermore, for convenience,

consider that the “average” transformed residuals are grouped according to equivalence

class. Then define

2(0) 14(2)

A, = B2 B (4.13)
and
~(0) 1.(9)
Sy = W EWe, (4.14)
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Recall that the OLS estimate of §, is consistent so that A,. = (eg, 'eg..)/n + 0p(1)
and A,. = (QW..’QW..)/"- + 0p(1). Then the expections of (4.13) and (4.14), in large

samples, are

Aulng 0 0
. 0 '\121n2 0
EG(A]_-) = % tr
0 0  Agplag
L .
= r'11 Z"m’\lm
m
=1 > nme?lt + (m—1)p)
m
ﬂmo'2 2
= Z — + Enm(m—l)a' P
m m
= o211 + %01, (4.15)
and
Ea(3;) = & toe*a-plp]
= ol(1—p) . (4.16)

Setting ;. and ),. equal to (4.15) and (4.16) respectively and solving these
equations simultaneously for ¢2 and p gives the following MOM estimators

A=A,
M.+ /A,

(4.17)

Pmom

and
Ghom = 221t BAg: (4.18)

Recall that -1/(p—1) € p < 1, so that in practice, one should determine if an estimate
of p using (4.17) is within this bound. If it is not, the estimate should be set to a

proper value. When complete data are available, ;\1 = :\1., :\2. =}, and p. = n(p—1)
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so that (4.17) and (4.18) simplify to the complete data MLE’s » and #2. The MOM

estimates, pmom and &Z%om, may be used to compute estimates of the (p+1) elements of

)., producing Amom as a vector of estimated heterogeneous variances. Similarly, define

Amom to be the (n. x n.) estimated covariance matrix for the transformed incomplete

data.

The asymptotic variances of pmom and &2,0m may be found using the delta
» g

method [see for example, Miller, 1981; pgs. 25-27]. First it is necessary to obtain the

asymptotic covariance matrix , Va(:\l., :\2.), as follows. In large samples,

and

Va(d,)

Va(d,.)

Furthermore, it can be

Afllnl Q Q
Q ’\¥21-n2 Q
= —25 tr
n
2
0 0 Mplng
=3 ;"m’\im

= fg ;"m¢74[1 + (m—1)p)?

4
= ang + Z nm(m—1)20'4p2 + Zz(m—l)p
m DN m m
2

= 2-“‘%,—[n +2p.p + %:nm(m—l)pz] ,

= ﬁ trio*(1—p)*1p ]

_20%(1—p)®
= —p* .

shown that :\1. and :\2. are asymptotically independent so that,
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letting ail. = Va(A,.) and 632. = Va(d,.),

R R 6’2\1- 0
Va(/\l., A2.) =
0 aiz.
Define
_ nAl. + D.Az.
9 2(Ars A2) = =555
and

- Al' - Az-
90(A1es Ag) = Ap- + (p./n)Ag. °

Finally, let p, = Ea(};.) and By, = Ea(X;.). Applying the delta method and

making the appropriate substitutions

Va(6hom) = 03, {6%1. 9 2(kx, s mz.)}’ + 3,. {5)‘-?; 9 2k, » /‘,\2.)}2

_ _ 20 48242
= (n-l-_p)i(n +p. +pp+ %:nm(m 1)“p ) , (4.19)

and

Valomom) = 74, {5 90, i)} + o8, {5 i)

= _'—"32(1_,))2 —1)%)2 n’ 2
= T {(n + 2p.p + ;n:nm(m 1)“p ) + p,(l + (p./n)p) } . (4.20)

Estimates of the asymptotic variances of the MOM estimators, here, can be
obtained by evaluating (4.19) and (4.20) at 02 = ¢%om and p = pmom. Additionally
(4.19) and (4.20) may be used to compute the asymptotic relative efficiencies of these
estimators as compared to the MLE’s. In general, MOM estimators are known to be

less efficient than ML estimators.
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4.5 Approximate Weighted Least Squares Estimation

It is convenient to estimate §, from incomplete, transformed data using AWLS.
In particular, let l:ﬁ,iom provide an approximate weight matrix. Define an AWLS

estimate of §, as the . that minimizes
S(8, Aom) = [y« — f+.(O)) Aomly.. — f..(0)].

Most importantly, note that because 1:\".0", is a consistent estimate of A., the
asymptotic results of §2.4 are applicable here as well. In particular, because Jz\mom
provides a consistent estimate of A., a consistent estimate of the asymptotic covariance
matrix for the AWLS estimate of §, may be computed using J;' evaluated at the

AWLS estimate, §., and Amom.

In addition, most of the asymptotic results reported in Chapter 3 are also
applicable to the case of incomplete data, using Amom in place of Q in practice. The
following section on inference will clarify one important modification to the results of

Chapter 3 for applications involving incomplete data.

4.6 Inference

Most of the results of §3.2-3.4 may be transferred to the case of incomplete data
with compound-symmetric covariance intact, replacing Q, by A. in the theory.
Similarly, W;, W,, L, and L, of §3.4 may be computed for incomplete data by
replacing Q with Amom or 1:\., the MLE for incomplete data. While the test statistic
for testing Ho: p = 0 may be adapted in a straightforward fashion to include the case
of incomplete data, it will not be discussed further because it is not likely to perform

well even for complete data, as indicated earlier. -

The proposed statistics, W3 and L; which make use of the compound
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symmetry assumption must be altered to accommodate the somewhat different pattern

of variance heterogeneity inherent in the transformed model with incomplete data.

These alterations are confined to estimation of the scale and degree of freedom

parameters, c¢cs and v.,, as defined Theorem 12 of Chapter 2. These will be rederived

below for the case of incomplete data.

Theorem 12, part (i) holds for incomplete data as well with “.” appended to e.

and é. to indicate an application involving incomplete data.

for incomplete data is modified as follows

CesVes. = anAlm + DAZ )
m

and

2033.'/@'. = Z2nmxim + 2D.A§ .
m

Solving simultaneously for c¢s. and v,. gives

%:nm/\im + p.A2
Cese = gnmxlm + D.Az !

and

(rzn:nmAlm + D.Az)z
;nmAim + D.Ag

Vess =

Part (ii) of Theorem 12

(4.21)

(4.22)

(4.23)

(4.24)

In practice, (4.23) and (4.24) may be estimated using either the MLE’s or the MOM

estimates for p and o2 (and hence, estimates of A, and the A;m).

For the simulation studies reported in Chapter 5, the MOM estimates of ¢2 and

p will be used for evaluating the performance of the estimation and inference methods

with incomplete data.



Chapter 5

SIMULATION STUDIES

5.1 Introduction

Simulation studies provide an important means for evaluating small sample
properties of nonlinear models. Such studies provide a rational basis for constructing
sensible experimental designs when data are known to exhibit a nonlinear response.
However, there is no replacement for common sense and prudence in any particular

data analytic situation.

For univariate nonlinear models, a great deal of research has been done to show
that a lack of generalizability from one model to the next may be attributed to
differing curvature properties of the models [Ratkowsky, 1983]. Recall from Chapter 1
that curvature is a geometric property of the solution locus for a model and data
combination. Curvature is what distinguishes a nonlinear model from a linear model
and therefore is generally agreed to be at least partially responsible for such properties
as biasedness of nonlinear parameter estimates. However, curvature is essentially a
small sample property since it is well known that under minimal regularity conditions a
nonlinear least squares parameter estimate is asymptotically unbiased and normally

distributed with variance close to the minimum variance bound.

With univariate models, the curvature measures of Bates and Watts [1980] can
often be used to predict when parameter estimates will be biased [Ratkowsky, 1983]. It
is generally agreed that of the two curvature measures, intrinsic and parameter effects

(PE) nonlinearity, the latter is far more important in predicting the accuracy of
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estimation and confidence procedures in small samples. Donaldson and Schnabel [1987]
showed that higher PE curvature values were associated with lower coverage
probabilities for confidence procedures across a range of univariate nonlinear models.
However, even for situations in which nonlinear parameter estimates are biased only by
a negligible amount, hypothesis tests may still exhibit inflated Type I error rates,
particularly with small samples [Malott, 1985]. This raises the question of the
usefulness of curvature measures or bias in parameter estimation in predicting when
inference procedures will be anti-conservative, i.e. Type I error rates higher than
nominal a or confidence interval coverage smaller than (1—a)%. Furthermore, the
interaction of these phenomenon with multivariate data is currently not well
understood. Simulation studies with multivariate nonlinear models, such as the
following, help to lay the ground work for future analytic work as well as provide

recommendations for researchers currently faced with such data.

5.2 Models Simulated

The multivariate models upon which the simulation studies are based were
constructed by considering n independent experimental units in which the p-dimensional
response vector for a single experimental unit may be described by a nonlinear model.
For these models, the p responses correspond to p design points. Furthermore, a
common correlation was induced among errors from a single experimental unit with a
common variance induced for each response. The same equicorrelation structure was

induced for each experimental unit.

The experiments chosen for these simulations provide interesting models which
are based on data which have appeared in the literature and for which information on
nonlinear behavior was available [Bates and Watts, 1988]. Two one-compartment

pharmacokinetic models, one with low PE curvature and one with moderate PE
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curvature, were chosen for the simulation studies. This choice was made so that the
PE curvature measures obtained from a single experiment could be evaluated as a
predictor of accuracy of estimation and inference for a situation involving n sets of
independent experimental units and correlation among the p responses. It is important
to recognize that measures of multivariate curvature have not been proposed or

studied.

The one-compartment pharmacokinetic model function used for these
simulations may be written
Yij = 01[1 — ezp(—0,z;)] + e;; , (5.1)
in which i € {1, 2, ...,n} and j € {1, 2, ..., 6}. The simulation studies are based on
two sets of data from a Master’s thesis entitled “Biochemical oxygen demand data
interpretation using the sum of squares surface,” by Donald Marske [University of
Wisconsin, 1967]. This data was published in Draper and Smith [1981, p. 522] as part
of the exercises for nonlinear estimation. Subsequently, Bates and Watts [1988, p. 257]
fitted one-compartment pharmacokinetic models to these two sets of data and
estimated intrinsic and PE curvatures for them. Unfortunately, neither of the latter
two sources provide additional information regarding the experimental design which
would be helpful in adapting them to the multivariate setting sought here. Hence, each
set of data from Marske’s thesis is used to provide a population response curve in the
simulation studies. Furthermore, consider the set of design points, z, to be fixed. The
design points, parameter estimates and mean squared error, &2, for the two models
which formed the basis of the simulation studies are
MODEL 1: ¢/ =(1,2,3,5,6,7)
§' = (892.56, .245)’
6% = 844.1, (5.2)

and
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MODEL 2: ' = (1, 2, 3, 5, 7, 10)’

9’ = (213.81, .547)/
2 = 292.0 . (5.3)

Plots of the data and fitted curves for these models are provided in Figures la and b.

Both models possess scaled intrinsic effects values which are sufficiently small to
indicate that these models possess solution loci which are reasonably linear [Bates and
Watts, 1988]. However, both models possess scaled PE values which are sufficiently
large to suggest that estimation may be biased. Based on the sample of 67 models and
data combinations reported in Bates and Watts [1988, p. 256-259], these scaled
intrinsic and PE values are among the most frequently encountered in practice. The
scaled parameter effects values for models 1 and 2 are 3.09 and 1.17, respectively, with
values closer to zero (as would be found for a linear model) considered ideal. Upon
surveying a variety of model and data combinations, Donaldson and Schnabel [1987,
Figure 5] found that the decrement in coverage for a 95% Wald-based confidence
region dropped off linearly as a function of the logged scaled parameter effects values.
They observed, for several model and data combinations with scaled parameter effects
curvatures less than or equal to one, that confidence regions achieved approximately
95% coverage. In turn, interpolation on their Figure 5 indicates that for a scaled
parameter effects curvature of three, one might expect coverage which is five to ten

percent less than nominal.

It should be re-emphasized that these curvature measures are defined for data
obtained from completely independent observational units. Hence these may not be
appropriate for predicting estimation properties in a multivariate model with multiple
observational units. In the absence of suitable multivariate measures, these univariate
measures provide a rational, though possibly inadequate, basis for the choice of models

for these simulation studies. A final note in this regard is that even univariate analytic
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curvature measures sometimes fail dramatically to predict estimation behavior so that
such measures are often used in conjunction with simulation studies. Ratkowsky [1983,

§9.5] provided several interesting examples of this phenomenon.

It is often of interest to test whether different treatment groups exhibit the
same response curve. For the purpose of evaluating hypothesis testing, the following
hypothesis of no difference between treatment groups was chosen:

Ho: 8y = le vs. Ha: 8y # Qg' ’ (5.4)
in which g € {1, 2} indexes treatment group and g # g¢'. For the models under
consideration, §,’ = (811, 05;) and 9, = (812, 855)'. Note that this hypothesis is a
“neither A nor B” type hypothesis in the terminology of Arnold [1981]. Furthermore,
the model chosen for these simulation studies does not possess a form which permits
the methods of Hafner [1988] to be used. Hence this combination of nonlinear model
function and hypothesis test provides a testing ground which is ina.ccessjble with the
methods of Hafner. However, for situations in which the methods of Hafner do apply,
they would be preferable due both to their simplicity of implementation and accuracy

with respect to Type I error rate.

Unconstrained covariance estimation may be used in practice despite the fact
that ignoring the nature of the compound-symmetric covariance structure amounts to a
model misspecification which may have implications in a nonlinear model for which
unbiasedness and efficiency of parameter estimates are only asymptotic properties.
Gallant [1987] proved, even when the covariance structure is ignored in the estimation
procedure the usual inference methods are still asymptotically correct. However, with
small samples, correct covariance specification is expected to play an important role in
inference for multivariate nonlinear models. Further consider that a population
correlation of zero corresponds to a special case of compound symmetry, namely

sphericity. For simulated cases with p = 0, subsequent data analysis using either the

' ‘
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constrained or unconstrained covariance structure may be considered a second kind of
model misspecification since the true covariance structure involves only one parameter.
To the extent that p can be accurately estimated, the constrained covariance
estimation procedure is likely to fare better than one based on an assumption of a
general, unspecified covariance structure. The inclusion of the p = 0 case essentially
provides an evaluation of the effect of estimation of p on the analysis methods
evaluated here. From work by Hafner [1988] it is reasonable to expect Type I error
rates near the nominal level when the data possess spherical covariance and OLS are
used. For data simulated with p = 0 and to the extent that p is estimated without

bias, the AWLS method would approximately coincide with OLS.

5.3 Simulation Design

Two simulation studies were conducted to evaluate the methods developed in
Chapters 2, 3 and 4. Errors were generated to follow a multivariate Gaussian
distribution, with compound-symmetric covariance. One study was constructed to
address estimation and inference procedures when complete data are available while a
second study was designed to evaluate the methods of Chapter 4 for incomplete data.

For both studies, data was generated under the null hypothesis of no group difference.

The parameter estimates for models 1 and 2 above were used as the fixed
population parameters in the simulation studies. In addition it was assumed that the
same number of experimental units were present in each of the two groups so that
ng = n/2 for g € {1, 2}, and that the same fixed parameter values applied to both

groups within a given model.

For the complete data simulation study, a 2'5 factorial design was used to

investigate the effect of the following factors on estimation and/or inference:
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1) moderate vs. low parameter effects curvature in the underlying response
curve,

2) constrained vs. unconstrained covariance estimation,

3) approximate vs. iterated approximate weighted least squares estimation,

4) sample sizes of n € {10, 20, 40}, and

5) population correlation of p € {0, 0.3, 0.6} .

In order to reduce the number of conditions to be simulated an incomplete factorial
design was constructed from the full design by eliminating consideration of some
sample size and population correlations combinations. Figure 2 illustrates the

particular choice of conditions used in the complete data simulation design.

Until very recently [see Gennings and Chinchilli, 1989], the compound-
symmetric covariance structure in conjunction with a nonlinear model was typically
ignored in the estimation procedure. Subsequent analysis of such data also ignores the
compound symmetry [see for example Gallant, 1987, Chapter 5 or Seber and Wild,
1989, Chapter 11]. While Gennings and Chinchilli provided an example using
constrained covariance estimation, they did not compare their results to those which
would have been obtained using unconstrained covariance estimation. Furthermore,
they did not address the issue of small sample size. A major objective of this research
is to evaluate the small sample accuracy of inference for multivariate nonlinear models
with compound-symmetric covariance for which an estimation procedure addressing
this structure has been used. Hence an appropriate comparison is provided by the

unconstrained covariance method.

For the incomplete data simulation study, a 2% complete factorial design was

used to evaluate the effects of the following factors on estimation and inference:

1)  sample size of n € {10, 20},
2) population correlation of p € {0.3, 0.6} and

3) 5% vs. 10% randomly missing data.
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Only model 1, with moderate parameter effects curvature, was used. The proposed
approximate weighted least squares estimation methods of Chapter 4 were evaluated,
which disallowed unconstrained covariance estimation. Furthermore, the proposed
incomplete data estimation procedure has no iterated analog, so that only an AWLS
procedure was evaluated. Hence, ML methods for incomplete data were not evaluated

here.

The simulations were accomplished using code written by the author in SAS’s
PROC IML (available upon request). The steps of the algorithm used to generate the
data are outlined below. For each replicated data set, from a given model, the

following steps were taken:

STEP 1: An (n x p) matrix, Z, of i.i.d. N(0, 1) random variables was constructed
using the RANNOR function.

STEP 2: An (n x p) matrix of correlated errors, E, was constructed by applying
the following transformation to Z. E = Z[Dg(/_\)]l/zl‘:’, where F was

obtained as the set of p column orthonormal vectors from the ORPOL

function and the elements of A are the ordered eigenvalues corresponding

to the eigenvalue decomposition of a fixed population covariance

matrix obtained from the population values for p and o2,

Thus, V[row,(E)] = Z¢, for i € {1, 2, ..., n}.

STEP 3: An (n x p) matrix of simulated responses was constructed by adding the
error matrix from step 2 to the matrix of nonlinear expected values, M,
in which M = {m,;} with m;; = 6,[1 — ezp(—0,z;)]. This produced
the matrix of simulated responses Y = M + E consistent with the

null hypothesis of no group effects.

(STEP 4): (for the missing data simulations only). “Missingness” was induced

for each simulated dataset as described below.
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(STEP 5): (for the constrained estimation methods only). The simulated data were

transformed a priori, using a columnwise orthonormal matrix. For

complete data, the transformation matrix used was F obtained
from the ORPOL function producing Y. = YF. For incomplete data,
refer to Chapter 4 for the form of the transformation matrices

applied.

STEP 6: OLS was used to fit the full model to the data in order to obtain the
OLS residuals.

STEP 7: An estimate of the covariance matrix (constrained or unconstrained)

was computed from the OLS (or for iterated methods, AWLS residuals).

STEP 8a: AWLS, using the estimated covariance structure from step 7,
was used to fit the unrestricted model to the data producing the

expected value parameter vector 8./ = (8,,, 04, 8., 8,,).

STEP 8b: AWLS, using the estimated covariance structure from step 7,

was used to fit the restricted model to the data producing the

expected value parameter vector 4. = (4,, 4,)’.

STEP 10: A set of statistics sufficient to conduct the tests described in
Chapter 3 and/or 4 were computed.

Expected value parameter estimates, test statistics and diagnostic measures of the
performance of the algorithm were stored. For all of the complete data simulations
with n =10 or 20, steps 7 and 8 were iterated until the convergence criterion was
reached and a corresponding set of parameter estimates from this ITAWLS procedure

were stored.

Let SSE, and SSE,,, denote the sums of squares obtained at two successive 8- -
iterations.  g-iteration was terminated for ¢, = (SSE, — SSE;,,)/SSE, < 1 x 1078,
Recall that a modified Gauss-Newton algorithm, described in Chapter 1, was used for

the §-iterations so that a halving step was employed in cases where overshoot occurred.
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However, if 10 halving steps did not permit the sum of squares to decrease at that
iteration, the algorithm was terminated and the replicate was omitted from further

analysis. As will be shown, this was a very rare occurrence.

Let g index successive y-iterations and define the following sum of squares

SSE = S(8,5) = 3 lys — [T ly: — £(0)] - (5.5)

i=1

Gallant [1987] showed that 7-iteration convergence could be monitored by evaluating
€ = S(8:,5441) — S(B141,5541) at each v-iteration. For these simulations y-iteration
was terminated for €4 < 1 x 10°8. Inadvertently, ¢, was not scaled in the same fashion
that ¢, was. Hence, the convergence criterion for 7-iterations was much more stringent

than for §-iterations.

For the incomplete data simulations, an additional step (4) was included which
“tagged” either 5% or 10% of the observations missing. The identification of the
missing data was done so that missingness was generated completely at random so that
the exact number of missing values desired was achieved for each case. Furthermore,
the selection of the missing data values was such that at least one observation
remained for each of the n experimental units. Missingness was generated without
regard to the specification of the two treatment groups, hence it was random with
respect to the full (n x p) matrix of simulated data. The RANUNI function was used to
generate indices identifying a particular data value to be tagged as missing.
Subsequently, these indices were carried throughout the algorithm to induce the
appropriate missingness structure where necessary. For example, the subsequent a
priori orthonormal model transformation in step 5 utilized the missingness indices to

produce the appropriate “customized” transformation required for each replicate.

The seed values used to generate the errors for the simulated data and the

indices of missingness were five digit positive integers obtained by giving the RANUNI
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function a single starter seed. The same seeds were used for corresponding evaluation
of the complete data models using the constrained and unconstrained covariance
estimation procedures. This was done to ensure the comparability of competing data
analytic techniques applied to identical data. In all other cases, unique seed values

were used for each simulation task.

For the complete data simulation study, 1000 replications of each condition
were produced. For the incomplete data simulation study, where CPU time rapidly
increased with both sample size and percent of missing data, 500 replications of each
condition were produced. Refer to Table 4 for approximate 95% confidence intervals
associated with a range of observed Type I error rates and number of replications

relevant to these simulation studies.

5.4 Results of the Complete Data Simulation Study

The objectives of the complete data simulation study are outlined as follows.
First, the cémputational efficiencies of the constrained and unconstrained covariance
estimation methods are to be compared. Second, determination of whether parameter
effects curvature measures for a single response curve predict nonlinear behavior in a
multivariate model will be made. Third, the effects on estimation and inference related
to the covariance estimation method (constrained or unconstrained) will be assessed.
Fourth, the effects on estimation and inference related to using an iterated (ITAWLS)
or one-step (AWLS) estimation procedure will be assessed. Fifth, the performance of
estimation and inference methods using small samples will be evaluated. Sixth, the
effects of population correlation on estimation and inference methods will be examined.
Seventh, a comparison of the Type I error rates for the new, unstandardized,
approximate F statististics to those for the existing, standardized, approximate F

statistics will be made. Finally, for the cases in which the Type I error rate is close to
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the nominal level, the conformity of the associated observed statistics to their

hypothesized distributions will be evaluated.

The first objective will be met by examining the number of ¢- and y-iterations
necessary to fit the models being studied. The second through sixth objectives will be
met by examining the bias in parameter estimates and their estimated asymptotic
covariance matrix, as well as examination of Type I error rates for the various
simulation conditions. The eighth objective will achieved by conducting one-sample
Kolmogorov-Smirnov tests of the goodness of fit for the approximate F statistics as
compared to their hypothesized distributions. Additionally, F-plots corresponding to
tests which exhibit close to nominal Type I error rates will be used to compare the

observed to the hypothesized distributions of the associated statistics.

5.4.1 Evaluation of the Estimation Methods

It is apparent from Table 5a that the algorithms employed to fit the full and
reduced models worked very well for model 1. Failure to achieve the convergence
criteria occurred only rarely. Failure to converge was more frequent upon fitting the
reduced models than the full models. This may be rt;.la.ted to the fact that the
estimated covariance matrix used for fitting a reduced model was that obtained from
the previous full model fit [see §3.3]. For model 2, only one occurrence of a failure to

converge occurred (for a reduced model with n = 40, p = 0.3).

The average number of iterations until convergence criteria were reached, for
model 1, are reported in Table 5b. Similar results were found for model 2. For
brevity, these are not reported. For the ITAWLS estimation methods, the number of
g-iterations refers to the total number of §-iterations accumulated across all of the y-
iterations. In the AWLS procedures, the modal number of §-iterations is 2.9 and

remained relatively consistent across combinations of sample size and correlation. The



124

average number of iterations was generally slightly higher for the unconstrained
covariance estimation method than for the constrained covariance estimation method.
For the ITAWLS estimation procedures, the number of §-iterations is larger than for
AWLS due to the y-iteration process. The number of 7y-iterations increases with
correlation, but not sample size, for the constrained covariance estimation method.
Finally, the number of 'Z-itera.tions required for the unconstrained covariance
estimation method is roughly three times that observed for the constrained covariance
estimation method. It is clear that the constrained covariance estimation method is
much more computationally efficient than the unconstrained covariance estimation
method when ITAWLS are used. In contrast, the computational efficiency of this
algorithm when AWLS are used is not dependent on the type of covariance estimation
used. Note that, despite a very stringent convergence criterion for the Z-iteration
process (corresponding to eight digits of accuracy), relatively few iterations were

required to fit these models.

It is evident from Tables 6a and 6b that regardless of estimation procedure
(ITAWLS vs. AWLS or constrained vs. unconstrained covariance estimation), sample
size or population cbrrelation, that on the average, parameter estimates were only
slightly biased. Estimation of #; (or #,; and 6,,) in model 1 is consistently positively
biased, though only by a negligible amount which never exceeds 0.3% of the population
value. A similar result was found for estimation of 8, (or ,, and 8,,) in model 2. For
both models 1 and 2 estimation of #, (or ,;, and 8,,) is nearly unbiased. From Tables
6a and 6b it appears, in practical terms, that PE curvature was not evident in either
model 1 or 2. This may be due to the relatively much larger amount of data available
in this multivariate design as compared to estimation based on a single response curve.
It is well known that the effects of PE curvature disappear asymptotically. However, it
is not clear whether reduction of PE curvature, or bias in parameter estimation, is

more easily achieved by including more design points (corresponding to increasing the

. b
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number of repeated measures in these models) or simply providing additional
observations at each existing design point (corresponding to increasing sample size in
these models). Ratkowsky [1983, §6.2] provided an interesting example of the former.
The effectiveness of the former approach is related to directly improving the resolution
of the solution locus. The latter approach corresponds to simply reducing the pure

error variance.

In order to better understand the reduction in the bias of parameter estimation
incurred by increasing the sample size, a small simulation was conducted using the
reduced model 1, with spherical covariance, 500 replications and sample sizes of one,
two and five (per design point). The sample size of one corresponds exactly to the
model upon which the PE curvature measure was computed. For that case, the
average of the estimates for 6, was 900.98 which represents an average bias of about
1%. The average of the estimates for 8, was 0.248, which represents an average bias of
about 1.4%. It appears that for model 1, despite possessing a moderate PE curvature
value, bias in parameter estimation is not particularly problematic even without
duplicate design points. Doubling the sample size reduced the average bias in
estimation of 4, and 6, to 0.3% and 1.2% respectively. For a sample size of five, the
average biases were further reduced to 0.3% and nearly 0% for these parameter
estimates. The number of independent observational units appears to be a very

effective way of reducing bias in parameter estimation.

Mean elements of the estimated asymptotic covariance matrix for §' = (4,, 4,)’
from the reduced model 1 appear in Table 7a. In addition, this table provides the
percent of the sample values achieved by these estimates as a relative measure of bias.
There is close agreement between the mean asymptotic variance estimates and the
sample values when constrained covariance estimation was gsed. Although typically

the mean asymptotic estimate is smaller than the sample estimate as evidenced by
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percents of sample value achieved which are less than 100%. However, when
unconstrained covariance estimation was used this discrepancy is much larger. With
constrained covariance estimation the mean asymptotic estimate is no worse than 90%
of the sample value while with unconstrained covariance estimation this falls as low as
51% and never achieves better than 82%. There is virtually no difference between
covariance estimates obtained from AWLS as compared to ITAWLS when constrained
covariance estimation was used. In contrast, when unconstrained covariance
estimation was used, ITAWLS produced mean asymptotic estimates which typically
achieve 10% less of the sample values than those produced using AWLS. Hence, it
appears that when unconstrained rather than constrained covariance estimation is
used, the iterated estimation method produces more biased estimates of the asymptotic
covariance among parameter estimates. The mean elements of the estimated
asymptotic covariance matrix for § in the reduced model 2 using constrained
covariance estimation appear in Table 7b. Comments similar to those regarding Table

7a apply to Table 7b as well.

The average estimated variance components and their percent of population
value achieved for the transformed models 1 and 2 are reported in Tables 8a and b,
respectively. The percents appearing in the last two columns, which are all less than
100%, consistently indicate negative bias. The largest biases are observed for the
smallest sample size, n = 10, as might be expected. Bias decreases with sample size
with generally less than 5% relative bias for estimates obtained from samples of size 40.
Most notably, the bias is much greater for A, than for X;, even for the cases when
p = 0 for which A\; = A\, = o®. This is most likely related to the fact that estimation
of A, is based on only n observations while that of A, is based on n(p—1) observations.
Improvement in the relative bias, particularly for estimation of ),, is observed for
AWLS and ITAWLS as compared to OLS when p = 0. However, the AWLS and

ITAWLS estimates of A, and A, differ very little.
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The average estimated variance components and their relative biases for models
1 and 2 are reported in Tables 9a and b respectively. Estimation of ¢? tends to be
somewhat less biased than estimation of p, especially for the smallest sample size
n= 10 and p = 0.3. It appears that p is more biased for smaller p using the relative
scale for bias. Using an absolute scale for bias, i.e. bias = p — p, estimation of p is
actually much less biased when p = 0 than for larger p. In any case, estimation of

these variance components is consistently negatively biased.

In summary, estimation of @ is nearly unbiased for these models. Furthermore,
the average bias is typically negligible. In contrast, estimation of the covariance matrix
for Q is consistently negatively biased, though generally by no more than 10%. This is
most likely related to the bias in estimation of the variance components. Estimates of
the variance components are consistently negatively biased, often by 10% or more of

the population values.

Some comments regarding the consistent negative bias of the elements of the
estimated asymptotic covariance matrix for é is warranted. Recall that the asymptotic
covariance matrix for § is a function of the covariance matrix among repeated
measurements, ¥. Estimation of L, throughout, was based on np degrees of freedom.
Particularly in small samples, it is appropriate to multiply ¥ by a factor of
[(np)/(np—a)] in order to produce a less biased estimate. For a sample sizé of n =10
this factor is equal to 1.07 and it is equal to 1.03 for a sample size of n = 20. With
regard to estimation, such correction is clearly advisable with one important exception.
This exception concerns estimation of the covariance matrix among repeated
measurements when compound symmetry is assumed and the orthonormal
transformation has been applied to the model. In this case £ = Dg(},A,, ...,A,), and
estimates of A; and A, are based on n and n(p—1) degrees of freedom respectively.

Estimators for both A\, and A, depend on the g-dimensional estimate of § from the full
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model. However, if one were to correct both sets of degrees of freedom by q, the pooled
degrees of freedom would be np — 2q, rather than the desired np—gq. Hence, it is
unclear what constitutes a small sample degree of freedom correction for these

estimators.

Note that the inflation factors mentioned above, despite being “worst case”
estimates, are relatively small so that it is not clear how using them will affect
subsequent inference procedures. It should also be noted that for certain applications,
the small sample degree of freedom corrections to variance estimates are irrelevant. In
particular, these correction factors would cancel out of the numerator and denominator
of the standardized F statistics and would never appear in the unstandardized F
statistics so that hypothesis testing would remain unaffected. However, Wald based
confidence intervals are affected since they rely directly on the estimated covariance
matrix. It will be shown in the next section that for the situations studied here these

effects are negligible.

For situations in which the underlying covariance structure is modelled
correctly, there is little difference in the estimates obtained from either AWLS or
ITAWLS. However, ITAWLS provides more highly biased estimates than AWLS
under misspecification. In either case, it appears that there is little to be gained by

going to the extra trouble to do ITAWLS.

5.4.2 Evaluation of the Inference Methods

The Type I error rates for the approximate F-tests of no group difference for
models 1 and 2 are reported in Tables 10a and b respectively. An important finding
for this simulation study, which is well illustrated in Tables 10a and b, is that in many
cases Type I error rates close to the nominal 0.05 level may be achieved for the

approximate F-tests when the model covariance structure is correctly specified and

. ~
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subsequently the constrained covariance estimation method is wused. This is
particularly true for sample sizes of 20 or 40. However, when unconstrained covariance
estimation was used, all of the simulation conditions gave significantly inflated Type I
error rates which were often three to four times the nominal rate of 0.05.
Furthermore, when constrained covariance estimation was used, the Type I error rates
for ITAWLS are essentially the same as those for AWLS. In contrast, when
unconstrained covariance estimation is used, the Type I error rates for ITAWLS are
much worse than those for AWLS. The underlying population correlation appears to

have no effect on the Type I error rate.

It is interesting to observe that the unstandardized, approximate F statistics
(W,, W3, L, and Lj) appear to perform similarly to the standardized approximate F
statistics (W,; and L,), under H,, for a variety of sample sizes and population
correlations when constrained covariance estimation is used. In contrast, when
unconstrained covariance estimation is used, the unstandardized statistics (W, and L,)
appear to have smaller Type I error rates than the standardized statistics (W, and L,).
However the Type I error rates for all of the approximate F-tests are unacceptably
high when unconstrained covariance estimation is used. This indicates that the
unstandardized statistics possess some ability to compensate for the misspecification in
the modelling of the covariance structure. It is likely that in some circumstances this
compensation would be sufficient to allow the unstandardized statistics to provide
nearly correct Type I error rates. For a few of the cases presented here, the Type I
error rate of the unstandardized statistics used with unconstrained covariance

estimation approaches an acceptable level, particularly for the largest sample size of 40.

For the hypothesis of no group difference used here in conjunction with the one-
compartment pharmacokinetic models 1 and 2, the set of Wald statistics perform very

similarly to the set of likelihood ratio statistics. The likelihood ratio statistic (L;) may
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be expected, in some circumstances, to provide less biased Type I error rates than the
Wald statistic (W,;) for example when PE curvature is a significant feature of the
model and data being considered. However, when PE curvature is small or absent (as
for a linear model) these two statistics may be expected to perform similarly. Hence,
this observation is consistent with the estimation results which do not support the

notion that PE curvature was a prominent feature for either model.

The Type I error rates for the approximate x? tests of the no group difference
hypothesis are presented in Tables 11a and b for models 1 and 2 respectively. These
tests were constructed by considering only the numerators of the approximate F tests.
Refer to Tables 2 and 3 for the form of these approximate x? statistics relative to the
approximate F statistics. The approximate F tests generally provide better Type I
error control than do x? tests. This is supported by the comparison of Tables 11a and
b to Tables 10a and b respectively. As is true for the approximate F tests, when
unconstrained covariance estimation is used, the Type I error rate of the approximate
x? tests is badly inflated with some improvement seen for the unstandardized versions
as compared to the standardized versions of the test statistics. Also, as is true for the
approximate F tests, with unconstrained covariance estimation, ITAWLS provides

much more inflated Type I error rates than does AWLS.

It is interesting to note that for model 1, with constrained covariance
estimation and sample sizes of 20 or 40 the Type I error rates of the approximate x?
tests often approach or achieve the nominal rate of 0.05. However, it is generally
recommended that a test based on an F approximation as opposed to a x?2
approximation be used in practice. The inclusion of the approximate x? statistics was
meant to provide a way to evaluate the effect of using an unstandardized numerator as
opposed to a standardized numerator in the approximate F statistics. In this regard,

recall that W, and L, may be considered standardized statistics while W5 and Lg are

. ‘
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unstandardized. It is clear from Tables 11a and b that the unstandardized statistics
may result in Type I error rates that are either more or less inflated than standardized
statistics. Therefore, it is not possible to claim that they consistently perform better

(or worse) than their standardized counterparts.

Slightly more accurate Type I error rates are observed for model 1 as compared
to model 2. This is most likely to be related to sampling variation or inter-model
differences which are not well understood. In any case, this observation is in the

opposite direction to that expected for PE curvature to have been responsible.

The percent coverage of approximate 95% Wald type confidence intervals
(obtained by inverting the W, test) on 8, and 8, from model 1 are reported in Table
12. The coverage for all of the sample size or population correlation combinations is
excellent when constrained covariance estimation was used. However, when
unconstrained covariance estimation was used, the confidence interval coverage falls to
less than 90% in most cases. Some improvement is seen with a sample size of 40. As
might be expected, these findings are consistent with the corresponding Type I error
rates reported for the W, statistics in Table 10a. In order to follow up on the
comments made in §5.4.2 about small sample degree of freedom corrections, the 95%
Wald type confidence intervals were re-computed using variance estimates based on
np—q, rather than np, degrees of freedom. Improvement in coverage probabilities never
exceeded 1% so that with constrained covariance estimation the average coverage
probability for the smallest sample size went from about 94% to 95%. With
unconstrained covariance estimation the average coverage probability for n = 20 went
from about 84% to 85%. For brevity, the many exact numbers are not reported. In
practice, it is recommended that the small sample degree of freedom correction be used
in computing Wald based confidence intervals because this does provide some

improvement to the typically too small coverage probability.
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One-sample Kolmogorov-Smirnov tests of the goodness of fit of the
approximate F statistics, W, and L,, to an hypothesized F distribution with 2 and
np—q degrees of freedom are reported for models 1 and 2, with AWLS constrained
covariance estimation, in Table 13. In addition the observed F value associated with
the Kolmogorov-Smirnov statistic, Dmaz, appears in Table 13. Note that Dmaz is the
maximum difference in probability corresponding to a comparison of the observed vs.
hypothesized cumulative probability plots. A Bonferroni-corrected nominal o = 0.003
was used to evaluate the p-values from the set of 18 goodness of fit tests performed on
each model. The goodness of fit hypothesis was accepted for all but some of the cases
with the smallest sample size of 10. This provides confirmation of the appropriateness
of these statistics for applications involving small samples as well as a basis for
comparison to the unstandardized approximate statistics, W,, W,, L, and L;. Noting
that all of the critical values for these cases were between 3.00—3.70, only one instance
of a significantly large discrepancy between observed and hypothesized distributions
occurred in the neighborhood of the critical value. This occurred for the L, statistic in

model 1 with n = 10 and p = 0, in which F = 3.79.

F-plots were constructed to correspond to the test statistics evaluated in Table
13. An F-plot is constructed by plotting the hypothesized and observed F values, as
functions of the hypothesized values, for each replication. The observed F values were
obtained by evaluating the inverse F function at the sample quantile for that F
statistic. The approximately 45° line represents the hypothesized F distribution. The
starred “+” points correspond to the observed F values as a function of the
hypothesized F values. A vertical reference line was drawn at the critical F value for
the test under consideration. The F-plot for the W, test statistic from model 1 with
n=20 and p = 0.6 is provided in Figure 3 in order to provide an example of the
conformity of the standardized approximate statistics to their hypothesized

distribution. Reasonable conformity is evidenced by slopes close to one for the observed

. .
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values. Note that this is seen for all but the largest values of F. For every sample size
and population correlation combination reported in Table 13 the F-plots for W; and L,

appeared to be very similar so that only the one F-plot is shown for brevity.

The unstandardized, approximate F statistics use degrees of freedom which are
estimated from each set of data generated so that the observed F statistics cannot be
compared to a single hypothesized F distribution. This makes a one-sample
Kolmogorov-Smirnov test inappropriate. Alternately, analogs to F-plots were
constructed for these unstandardized, approximate statistics so that judgement of
conformity of the computed statistics to their expected counterparts could be made
empirically. The F-plot analogs for the unstandardized statistics used the sample mean
degrees of freedom for evaluating the inverse F function. In general, the appearance of
these plots was largely indistinguishable from the F-plots obtained from the weighted
approximate F-statistics. Hence, it appears that for the range of sample sizes and
population correlations studied, under Hg,, the approximations provided by the
unstandardized F-statistics are reasonably accurate. Refer to Figures 4a and b for F-
plot analogs of W, and W5 in model 1 with n =20 and p = 0.6. These F-plots are

representative of the full set of plots constructed.

Further understanding of the nature of the approximations obtained when using
the unstandardized statistics may be gained by examining the average correction
factors and degrees of freedom for the various sample size and population correlations
with model 1. The correction factors are ratios of the scale factors obtained for the
numerator and denominator approximate x? variates. The correction factors may be
viewed as multipliers on the basic F statistic formed by the ratio of the hypothesis and
error sums of squares. The average correction factors are reported for model 1 using
unconstrained and constrained covariance estimation in Tables 14a and b respectively.

The estimated degrees of freedom for model 1 using unconstrained and constrained
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covariance estimation are reported in Tables 15a and b respectively.

When constrained covariance estimation is used, the average correction factor
hovers around one for the various sample size and population correlation combinations.
In contrast, when unconstrained covariance estimation is used, the average correction
factor appears to be both more variable and typically larger than one. However, from
Tables 15a and b, it is seen that the mean estimated degrees of freedom are
consistently smaller than those used for the standardized statistics, using either
covariance estimation method. Furthermore, the maximum estimated degrees of
freedom never exceed those which would be used for the corresponding standardized
statistic. Specifically, numerator degrees of freedom never exceed two and denominator
degrees of freedom never exceed np—q for W, and L, or np for W3 or L;. As might be
expected, both numerator and denominator degrees of freedom decrease with increasing
population correlation. Hence, the modified degrees of freedom account for an increase

in correlation.

The average numerator degrees of freedom are comparable for similar sample
size and population correlation combinations for constrained and unconstrained
variance estimation. In contrast, the average denominator degrees of freedom with
unconstrained variance estimation are substantially smaller than those with constrained
variance estimation. Thus, the error variance approximation described in ‘Chapter 2

seems to take into account the number of covariance parameters that were estimated.

In order to better understand the effect that these correction factors and
estimated degrees of freedom have on the Type I error rates of the respective tests it is
helpful to relate them to the work of Box {1954a and b] and Geisser and Greenhouse
(1958]. When using the univariate approach to repeated measures in an ANOVA
model, one fits the model using OLS and computes the usual F test for a

“between x within” hypothesis.  This statistic is compared to a critical F with




135

numerator and denominator degrees of freedom multiplied by what has come to be
known as the “Geisser-Greenhouse epsilon” [Geisser and Greenhouse, 1958].
Straightforward application of their suggestion to the general class of nonlinear models
here unfortunately does not permit such simplification. Specifically, the ratio of the
scale factors multiplied by the ratio of the degrees of freedom does not equal the ratio
of the “usual” degrees of freedom and therefore appears in the calculation of the
approximate F statistics described in Chapter 3 and evaluated here. For example, in

the notation of Chapter 3 for the W, statistic, (cuvu)/(cyyuywu) # (np—a)/s.

5.5 Results for Incomplete Data Simulation Study

The main objective of the incomplete data simulation study was the evaluation
of the effect of missing data on estimation and inference procedures. From the
complete data study it is clear that modelling the compound-symmetric covariance
structure was the greatest determinant of the performance of any of the test statistics.
Furthermore, it.; was seen that ITAWLS provided no clear advantage over AWLS with
respect to reducing the bias in estimation of the variance of parameter estimates or
controlling the Type I error rates. Hence applying the AWLS incomplete data
estimation method of Chapter 4 and proceeding with the approximate F statistics of
Chapter 3 is expected to provide reasonable results. Given the comparability of results
for models 1 and 2 of the complete data study, only model 1 was used for the

incomplete data study.

5.5.1 Evaluation of the Estimation Method

The number of converged replications for each condition of the incomplete data
study are reported in Table 16. As for complete data, non-convergence occurred only

infrequently. The incomplete data (AWLS) estimation method is comparable to that
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for complete data with respect to the number of §-iterations required to achieve the
convergence criterion as seen in Table 17. Roughly three §-iterations are necessary to
achieve the convergence criterion with sample sizes of n = 10, 20, p = 0.3, 0.6 and 5%

or 10% missing data.

Estimates of the elements of § from either a full or reduced model are
consistently positively biased though by a negligible amount (see Table 18). The
average bias never exceeds 0.5% of the population value. In Table 19 it appears that
the mean estimates of the asymptotic variances for 91 and 92 are negatively biased by
about 10% more than similar estimates from complete data; asymptotic variance
estimates from incomplete data typically achieve 85% of the sample variance as
compared to 95% when complete data are used. However, this bias in estimation of
the variance of the parameter estimates is not consistently greater for 10% than 5%
missing data. Furthermore, this bias is relatively consistent across the sample size and

population correlations examined here.

The average of the estimates of the variance components across varying
conditions of sample size and correlation are reported in Table 20. Comparing Table
20 to Table 9a, it may be seen that estimates of the variance components computed
from incomplete data are no more biased than those computed from complete data.
The bias is larger for p = 0.6 than for p = 0.3 and it is somewhat larger for n = 10
than for n = 20. As for the complete data estimates of the variance components, some
improvement in the bias is seen for estimates computed from the AWLS residuals as
compared to those computed from the OLS residuals. A small increase in the bias of

&% and ) is seen for 10% missing data as compared to 5% missing data.
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5.5.2 Evaluation of the Inference Methods

The Type I error rates for the approximate F tests described in Chapter 3,
applied to incomplete data, are reported in Table 21. The most striking finding for the
incomplete data as compared to the complete data is the consistent appearance of
overly conservative Type I error rates for the W, and L, statistics. Otherwise,
comparison of Table 21 to Table 10a shows that the remaining statistics computed
from incomplete data perform similarly, though with slightly higher Type I error rates,

to those for complete data.

Consistent with the slight increase in bias for the mean asymptotic variance
estimates for 4, and 8,, the corresponding coverages of Wald-based confidence intervals
are somewhat less for incomplete data than for complete data. This may be seen by
comparing Table 22 for incomplete data to Table 12. This amounts to only a 2-4%

loss of coverage for 53-10% missing data as compared to complete data.

One-sample Kolmogorov-Smirnov tests comparing the approximate F statistics,
W, and L;, to an hypothesized F distribution with 2 and np—q—m degrees of freedom,
where m is the number of missing data values, were conducted. The Dpmqr statistic, its
p-value and the corresponding observed F statistic are reported in Table 23. In
general, good agreement between observed and hypothesized distributions were found
for all conditions when a Bonferroni corrected a = 0.003 was used for the set of 18
tests. However, it is clear by examining the set of p-values for these tests that less
good conformity occurs with the smallest sample size, n = 10. Even for cases in which
the Dmar statistic is significant, the observed F value corresponding to the deviation
from the hypothesized cumulative probability plot is not in a region near the critical

value for that test. Note that all of the critical F values are greater than three.

As for complete data, F-plots for the W, and L, statistics and analogous plots

for the W,, W3, L, and L; statistics were constructed and examined. For brevity only
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the plots of W,;, W, and W, with n = 20, p = 0.6 and 5% missing data are included as

examples since there is little variability in the appearance of plots across simulation
conditions. Refer to Figure 5 for a plot of W, and to Figures 6a and b for plots of W,
and W;. In general, F-plot analogs for the unstandardized statistics showed them to
follow their hypothesized distributions reasonably well as evidenced by slopes close to
one for the observed values. The F-plot for W, shows that this statistic follows its

hypothesized distribution less well, with a slope somewhat greater than one.

The mean correction factors for the various combinations of sample size and
correlation are reported in Table 24. These are consistently less than or equal to one.
Although this indicates that on the average they make the test statistics smaller, for
any given analysis situation they may act to make them larger as evidenced by the
maximum values wich are consistently greater than one. The mean correction factors
for the W, and L, statistics are notably consistently smaller than for the other
statistics. This appears to explain the excessively Vsmall Type I error rates seen for

these statistics in Table 21.

As for complete data, the estimated degrees of freedom reported in Table 25 are
consistently less those for the corresponding standardized statistics. Both numerator
and denominator degrees of freedom decrease with increasing p. However, only the
denominator degrees of freedom decrease for 10% as compared to 5% missing data.
Finally, the estimated degrees of freedom do not decrease with 10% as compared to 5%

missing data.




Chapter 6

AN EXAMPLE

6.1 Overview of the Study

The theory developed and evaluated in the previous chapters can be applied to
many areas of research in the biological, chemical and physical sciences. One example
is provided by a recent study of blood levels of thyroid stimulating hormone (TSH) in
humans conducted by the Department of Psychiatry at the University of North
Carolina at Chapel Hill. There were 17 subjects (7 females and 10 males) representing
three different diagnosis groups. The three diagnosis groups included five alcoholic, six
depressed and six normal subjects. Each subject was given an injection of thyrotropin
(TRH) on four separate occasions, three to seven days apart. After each TRH
injection, blood was drawn immediately and then six more times at 15 minute
intervals. Each blood sample was divided in half. One half-sample was assayed for
TSH level, in ¢U/ml, soon after it was taken while the other half-sample was assayed,
after a considerable delay in months, using a new method. The average of the blood
levels of TSH across the four occassions was computed for each subject at each time
point. These mean TSH blood levels provided the analysis variable of interest. Note
that for two subjects, both females with a diagnosis label of normal, the mean blood
levels of TSH at the last two time points are missing. It will be assumed that these

measurements are missing completely at random.

One objective for analysis of these data concerned comparison of the new assay
method to the old one. The new method of performing TSH assays is replacing the old

one, which will no longer be available. In particular, formulae for converting old TSH
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results into new ones are being sought. In this regard, it was also of interest to
determine whether different formulae should be used for males and females, or for
subjects with different diagnoses. These latter objectives, involving comparisons
between the response curves for males vs. females and among the response curves for
the three diagnosis groups, will be addressed here using results obtained from the old
assay method. The analyses conducted here are strictly for the purpose of illustrating
the methods developed in this research. @ They are not meant to provide a

comprehensive analysis for these data.

6.2 Model Selection

Preliminary scatterplots of the data confirmed the compatibility of the response
curves with a simultaneous uptake and elimination pharmacokinetic model, i.e. roughly
the form of a convex parabola. In constructing a plausible model, the nature of the
errors were considered with respect to whether they were multiplicative or additive and
with respect to their homogeneity across time. In order to simultaneously address
multiplicative errors and variance heterogeneity for these data, the natural logs of both

sides of the proposed model were taken.

The logged simultaneous uptake and elimination model appears as

in which y;; is the mean blood level of TSH for the j-th time point from the i-th
subject, t; is the j-th time point and e;; is the random error associated with the j-th
repeated measurement from the i-th subject. For these data i € {1, 2, ..., 17} and
j€{0,1,..,6}. In model (6.1), 4, is essentially an “intercept” parameter in the sense
that it represents the mean TSH blood level at the time of TRH injection and 4,

represents the asymptotic blood level of TSH achievable if there was no simultaneous
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elimination of this hormone from the bloodstream. Finally, 65 is a rate parameter
characterizing the uptake or elimination of TSH from the bloodstream, respectively. A
more general model would have included separate rate parameters for the uptake and
elimination of TSH in the blood. Attempts to fit the more general model repeatedly
failed indicating that the data do not support different rate parameters. In particular,
examination of the parameter estimates at each iteration showed that estimation of the
two rate parameters, but not the intercept or asymptote parameters, was unstable.

Hence, model (6.1) was adopted for the following analyses.

In order to verify the appropriateness of the expectation function for these
data, and compute an estimate of the residual covariance matrix to be examined with
respect to an assumption of compound-symmetry, model (6.1) was fitted to these data
using OLS. Using OLS for this preliminary analysis made it possible to ignore the
missing data and permitted computations to be done in readily available software,
SAS’s PROC NLIN. At this point in the data analysis, separate parameters were not
sought for the various membership groups, which simplified finding starting values for
the parameters. The starting value for 6, was easily obtained as the mean TSH blood
level at t; = 0, the time of injection with TRH. It is clear that #, must be larger than
the largest TSH level observed since it is an asymptote parameter. However, a good
starting value for 6; was not obvious. A grid search using the following values was
conducted: ¢, =4, 6, =20,30,40 and 845 = 0.001, 0.01, 0.1, 1. Using the best
starting parameter set from the grid search, the algorithm rapidly converged to the

values shown in Table 26.

Model fit was evaluated in several ways. The asymptotic correlation matrix for
the parameter estimates also reported in Table 26 shows that there is moderate
correlation among the parameter estimates. The fact that no excessively large

correlations appear indicates the model is neither over-parameterized nor poorly
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parameterized. The appropriateness of the expectation function was also substantiated
by a plot of the predicted values superimposed on the observed responses. This plot is
omitted for brevity. A plot of a final descriptive model for these data will be provided
later. Model fit was also assessed by plotting the residuals from the logged model (6.2)
as a function of time. These revealed generally random behavior with homogeneity of

variance across time.

The covariance and correlation matrices of residuals were computed separately,
for the females and males, and examined with respect to the compound-symmetry
assumption. Noting that the two gender groups each involve small samples, inspection
of the respective covariance matrices revealed them to be reasonably consistent with
each other and with the assumption of compound-symmetry. The variance of the
repeated blood measurements ranged from 0.11 to 0.22 for the females and 0.08 to 0.12
for the males. The correlations among repeated measurements ranged from 0.59 to
nearly 1 for the females and from 0.82 to 0.98 for the males. The median correlations
were 0.96 for the females and 0.94 for the males. Formal testing of the consistency of
these covariance matrices to each other and to one of compound-symmetry were not
undertaken because such tests tend to be too sensitive to departures from normality
[Morrison, §7.4]. Similar evaluation of the covariance and correlation matrices
computed separately for the alcoholic, depressed and normal subjects was done with

similar results found.

A normal probability plot of the residuals (omitted for brevity) showed that
their distribution is consistent with that of a normal random variable, substantiating
an assumption of Gaussian errors. Recall that the Gaussian error assumption is
necessary to ensure validity of the a priori orthonormal model transformation, which is

integral to the missing data estimation method.

It was surprising to find that the various sub-group covariance matrices more
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closely followed a pattern of compound symmetry than that of an autoregressive
pattern. The latter pattern is more typical of observations made across time.
However, the correlations within a particular correlation matrix were relatively uniform

and, in this case, consistently high.

Armed with the OLS parameter estimates as starting values for the missing
data AWLS estimation method of Chapter 4 and the knowledge that the model
assumptions are plausible, subsequent analyses were accomplished using SAS code

written in PROC IML (written by the author and available upon request).

6.3 Research Hypotheses

Although it would have been desirable to evaluate the interaction of diagnosis
group by gender, this was not practical due to the small freqency of observations
within each cell of such a design, given only 17 subjects. Therefore, the example
analysis of the TSH response was directed at the following two “main effect”

hypotheses.

(H1) H,,: response curves for males and females coincide
vs.

H,;: response curves for males and females do not coincide
and
(H2) Hg,: response curves for the three diagnosis groups coincide

vs.

H,,: response curves for the three diagnosis groups do not coincide.

A more general form of model (6.2) may be written in order to incorporate different

“between-subjects” groups as follows
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In(y:j4) = (81 + 6251 — e'039t"]e'93’t") + ey (6.2)

in which g € {f, m} indicating females and males for H1 and g € {a, d, n} indicating
alcoholic, depressed and normal groups for H2. Hence the full model parameter set
corresponding to H1 is 8’ = (8165 0155 03¢5 O1m> O3m, 0sm) and to H2 is
8’ = (8,2, 932, 93a, 614> 245 03q> O1ns O2ns f3n)'. The null hypothesis for H1 may be

written analytically as

b1¢ — 01m
hy(8) =| O — bam |=0,
03¢ — O3m

and the null hypothesis for H2 may be written analytically as

612 — 61n |
023 - 02"
@ =] 270 g
019 = O1n
02d — 8an
i 03d - 93“ |

A Bonferroni corrected nominal « = .05/2 =.025 will be used to evaluate the

significance of these two tests.

6.4 Results and Conclusions

The full and reduced models related to testing H1 were fitted using the AWLS
estimation method for missing data described in Chapter 4. This was done using code
written by the author in SAS’s PROC IML. The full model converged estimates, their
asymptotic standard errors and asymptotic 95% confidence intervals appear in Table
27. In general, it is not reccommended that multiple tests directed at the same
hypothesis be used. For the purposes of illustration of the new statistics, the full set of

six weighted and unweighted approximate F statistics described in Chapter 3, as well
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as their degrees of freedom and p-values for testing H1, are presented in Table 28.

Tests based on W, and L, reject H,, while those based on W,, W3, L, and L,
accept H,;. Examination of the full model parameter estimates indicate that of the
three pairs of parameters involved in a test of coincidence, only the pair of asymptote
parameters appears to differ substantially, 53.89 for females wvs. 41.14 for males.
However the asymptotic 95% confidence intervals for these asymptote estimates
overlap to a large extent, despite the fact that these may be too narrow given the small
sample size from which they were computed. Pairwise comparison of confidence
intervals in this fashion corresponds loosely to conducting Wald based stepdown tests

of the equality of pairs of parameter estimates.

The full and reduced models related to testing H2 were fitted as before, using
the AWLS method for missing data from Chapter 4. The full model parameter
estimates, their asymptotic standard errors and asymptotic 95% confidence intervals
are reported in Table 29. The full set of approximate F statistics, degrees of freedom
and p-values for testing H2 are reported in Table 30. For this test, all six statistics
reject Hy,. Furthermore, examination of the parameter estimates and their asymptotic

95% confidence intervals substantiates this finding.

Refer to Figure 7 for a plot of the data superimposed on prediction curves for
the three diagnosis groups, in the original scale of the data. A plot of the residuals as a
function of time revealed them to be randomly dispersed with homogeneous variance
across time. No remarkable outliers were found. A normal probability plot showed
that the distribution of residuals is consistent with that of a normal random variable,
substantiating the assumption of Gaussian errors. The asymptotic correlation matrix
among the parameter estimate is reported in Table 31. It appears that the fully
parameterized model for the three diagnosis groups fits the data very well. There is a

clear ordering of responses among the three groups. The alcoholic group exhibits a
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very diminished TSH response curve as compared to the group of normals, with the
depressed group giving a response which is intermediate between the alcoholics and

normals.

Note that an alternative procedure for evaluating the above two hypotheses
could have been done using linear model methods available in standard software
packages. Quadratic polynomials could have been fitted to the various “between-
subjects” groups and tests of coincidence conducted. There are two potential
disadvantages to such an analysis. First, the coefficients from a quadratic model are
not particularly meaningful, while the nonlinear model parameters for a one-
compartment pharmacokinetic model are scientifically interesting. Second, many
widely used statistical software packages use listwise deletion of observations with
missing data. Such an analysis would be less powerful than the analysis presented here
by virtue of not using all of the available data. Note, however, that a careful choice of
software would permit alternate strategies for handling the missing data. In
conclusion, the example analysis of the TSH data clearly demonstrates the applicability

of the methods of Chapters 2, 3 and 4 to a real situation.




Chapter 7

SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH

7.1 Summary

The goal of this research was to provide accurate analysis methods for
nonlinear regression models with compound-symmetric error covariance for each
experimental unit and small samples of data. Two approaches were undertaken
simultaneously. First, improvement of existing estimation methods was sought by
incorporating the compound-symmetric covariance structure into the model. By
reducing the number of covariance parameters to be estimated, variability in
estimation of the covariance matrix among parameter estimates is reduced. In turn,
this reduced the negative bias in the standard errors of the parameter estimates. This
is especially relevant for small samples, where it is often not reasonable to expect
reliable estimation of a relatively large number of covariance parameters. Hence, when
the compound-symmetry assumption is tenable, estimation methods which incorporate
the covariance structure into the model are recommended. Second, modifications of
existing F' approximations for Wald and likelihood ratio based statistics were sought.
The modifications used applications of Box’s [1954a] results for characterizing
approximate x? variates. The scale and degree of freedom estimates supplied an
alternate way of incorporating the covariance among repeated measurements into the

computation of the approximate F statistics.

It was clearly demonstrated in the complete-data simulation studies that using
an estimation method which incorporates the compound-symmetric covariance

structure into the model can provide a dramatic improvement over methods which
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ignore this structure. In particular, test statistics, computed from parameter estimates
obtained by using an estimation method which incorporates the covariance structure
into the model, exhibited only mildly inflated Type I error rates as compared to rates
which are three to four times the nominal a = 0.05 level, when the covariance
structure is misspecified. Similarly, Wald based confidence intervals provide reasonably
accurate coverage for a correctly specified model, even in very small samples. The
performance of the modified, unstandardized statistics was comparable to that of the
standardized statistics when the model was correctly specified. However, under
misspecification, the unstandardized statistics provided somewhat lower, though still
inflated, Type 1 error rates as compared to the standardized statistics. One-sample
Kolmogorov-Smirnov tests of the standardized statistics showed that these follow their
hypothesized F distributions in small samples when the covariance structure is
correctly specified. F-plots of the unstandardized statistics showed them to be

consistent with their hypothesized distributions.

The approximate equivalence of AWLS and ITAWLS (ML under correct model
specification) appears to hold even for samples as small as n = 10. Under a variety of
sample sizes and population correlations the non-iterated AWLS estimation method
appeared to perform at least as well as, and under model misspecification better than,
the iterated method. With regard to the application of these methods with small

samples, it appears that little is to be gained by using the iterated estimation method.

The incomplete-data estimation method, again by virtue of addressing the
compound-symmetric covariance structure, offers a statistically valid analysis when the
data are missing completely at random. This estimation method requires only slightly
more computational effort than the complete-data methods developed for compound-
symmetric covariance. Most importantly, with small samples and 5-10% missing data,

inference procedures applied in conjunction with the new estimation method appear to
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work nearly as well as complete data methods.

The major recommendation to come out of this effort regards the careful design
of experiments involving small samples and response functions which are known to be
nonlinear. If at all possible, it is desirable to plan such experiments in a way which
might permit the plausibility of the compound-symmetric error covariance structure.
This clearly affords the opportunity to conduct a more accurate analysis than one
based on a general covariance structure. For example, compound symmetry may be
induced in the error structure by using counter-balanced stimulus or treatment
presentation within experimental units. Occasionally, the compound symmetry
assumption may be appropriate for repeated measures collected over time, although it

is likely that some other error structure may be more correct.

7.2 Suggestions for Further Research

First, the robustness of the estimation methods to violations of the compound
symmetry assumption should be evaluated. Similarly, evaluation of the robustness of
this method to violations of the normality assumption are recommended. Recall that
the normality assumption is a necessary condition for the orthonormal model

transformation to produce the convenient results described in §2.2.

Second, extensions of the constrained covariance estimation methods discussed
here to include other interesting covariance structures such as autoregressive or moving
average structures would greatly broaden the scope of applicability. Furthermore,
these alterﬁate structures address situations which are simply inaccessible given the
compound-symmetry assumption. In particular, these include many types of

longitudinal data.

Third, given the equivalence in Type I error rates of the unstandardized and

standardized approximate F statistics, it would be most interesting to compare these
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with respect to power. The derivation of the unstandardized statistics was directed at
Type I error control. However, a similar approach with specific types of linear models
is well known to produce more powerful test statistics. Hence, evaluation of the
performance of the unstandardized statistics with respect to this second criterion would

be most valuable.

Fourth, multivariate measures of curvature might provide a useful tool both for
statisticians attempting to better understand nonlinear multivariate models and for
researchers who routinely encounter and analyze such data. The role of the covariance
among repeated measurements on the nonlinear response surface is not well
understood. Analytic measures of this phenomenon, generalizing those put forth by

Bates and Watts [1980] for univariate situations, might be similarly enlightening.
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